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Modern day networks, both physical and virtual, are designed to support increas-

ingly sophisticated applications based on complex manipulation of information flows. On

the flip side, the ever-growing scale of the underlying networks necessitate the use of

low-complexity algorithms. Exploring this tension needs an understanding of the relation

between these flows and the network structure. In this thesis, we undertake a study of

three such processes: aggregation, dissemination and filtering. In each case, we charac-

terize how the network topology imposes limits on these processes, and how one can use

knowledge of the topology to design simple yet efficient control algorithms.

Aggregation: We study data-aggregation in sensor networks via in-network compu-

tation, i.e., via combining packets at intermediate nodes. In particular, we are interested

in maximizing the refresh-rate of repeated/streaming aggregation. For a particular class

of functions, we characterize the maximum achievable refresh-rate in terms of the under-

lying graph structure; furthermore we develop optimal algorithms for general networks,

and also a simple distributed algorithm for acyclic wired networks.
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Dissemination: We consider dissemination processes on networks via intrinsic peer-

to-peer transmissions aided by external agents: sources with bounded spreading power,

but unconstrained by the network. Such a model captures many static (e.g. long-range

links) and dynamic/controlled (e.g. mobile nodes, broadcasting) models for long-range

dissemination. We explore the effect of external sources for two dissemination models:

spreading processes, wherein nodes once infected remain so forever, and epidemic process,

in which nodes can recover from the infection. The main takeaways from our results

demonstrate i. the role of graph structure, and ii. the power of random strategies. In

spreading processes, we show that external agents dramatically reduce the spreading time

in networks that are spatially constrained; furthermore random policies are order-wise

optimal. In epidemic processes, we show that for causing long-lasting epidemics, external

sources must scale with the number of nodes – however the strategies can be random.

Filtering: A common phenomena in modern recommendation systems is the use

of user-feedback to infer the ‘value’ of an item to other users, resulting in an exploration

vs. exploitation trade-off. We study this in a simple natural model, where an ‘access-

graph’ constrains which user is allowed to see which item, and the number of items and

the number of item-views are of the same order. We want algorithms that recommend

relevant content in an online manner (i.e., instantaneously on user arrival). To this end,

we consider both finite-population (i.e., with a fixed set of users and items) and infinite-

horizon settings (i.e., with user/item arrivals and departures) – in each case, we design

algorithms with guarantees on the competitive ratio for any arbitrary user. Conversely,

we also present upper bounds on the competitive ratio, which show that in many settings

our algorithms are orderwise optimal.
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Chapter 1

Introduction

In this dissertation, we consider the problem of designing algorithms for controlling

information flows on networks arising from three applications, referred to herein via the

generic subheadings – aggregation, dissemination and filtering. We adopt a stochastic

modeling perspective towards these problems, as follows: we model network information

flows as random processes evolving on an underlying graph, with appropriate dynamics

that reflect the application under consideration, and use these models to understand the

performance of various control algorithms for these processes.

Stochastic modeling has been, and still is, widely used in the study of point-to-point

data transmission in communications networks. The applications we consider, however, all

involve more complex control and manipulation of information flows. Furthermore, these

applications arise in the context of very large-scale underlying networks. The setting for

this dissertation is thus most accurately described as the control of complex stochastic

processes in large networks – this is a nascent, albeit burgeoning field, driven by the

steady development of ever-larger networks, with new technologies and applications (for

example, see [74, 27, 23] for excellent surveys of the field). In the subsequent sections, we

place our three problems within this larger context, discuss some of their similarities and

differences, and provide a road-map for the rest of the dissertation.
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1.1 Overview

We consider settings where a number of nodes are connected via a graph, which

constrains the flow of information between these nodes; such a graph can be used to model

many different settings: physical connections (communicating nodes connected by wires,

transportation networks), geographical/temporal proximity (wireless transceivers, con-

tact graphs between people), social/professional ties (online social networks, collaboration

graphs), preference/affinity for content (recommendation graphs), etc.

Against this backdrop, we are interested in information flows – processes via which

some data is transported between nodes along the edges of the network. Though we focus

on information transfer, the underlying processes we consider are also useful for modeling

many other phenomena, as we point out in the subsequent chapters. Our focus in this

dissertation is algorithmic – we want to understand how to design control policies when

allowed to perform complex manipulations of the information flows; this is best understood

when contrasted with standard information-flow control algorithms in data-networks.

The canonical information-flow control problem in networks is that of point-to-

point (or unicast) data transmission: given a network and a set of data flows, each with a

source and a destination node, how can one coordinate the transmissions of the nodes so

as to transfer the data to their destinations. This problem has been extensively studied in

various settings, under different assumptions and with different objectives. However in a

vast majority of this literature (in particular, in the networking literature; refer [85, 31] for

surveys), the algorithms proposed for unicast data-transmission have two notable features:

1. The algorithms are agnostic of the information content: they are based only on the
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general features of the flow (source, destination, size, etc.), and not on the content

(or any associated parameters such as quality, relevance, etc.).

2. The algorithms obey flow-conservation at nodes: for a non destination node, any

information in-flow results in a corresponding quantity of information out-flow in the

future, and similarly, for a non-source node, an in-flow is preceded by a corresponding

out-flow from a neighboring node 1.

Modern day networks are designed to accommodate more advanced applications

and services compared to unicast traffic, and algorithms for such applications often inval-

idate the above two assumptions; an algorithm violating one or both of these conditions

results in what we refer to herein as a complex manipulation of an information flow (or

complex information flow, in short). In particular, we consider three scenarios which

necessitate such complex information flows:

• Aggregation: The paradigm of in-network function computation in networks (in

particular, sensor networks), wherein data is aggregated by combining it at inter-

mediate nodes, while routing to an aggregator. Such a flow violates data-agnostic

control (as the nodes need to perform computations on the sensor data), and flow-

conservation at nodes (as the flows are combined at nodes).

• Dissemination: The problem of broadcasting data to all nodes in a network, where,

in addition to in-network ‘peer-to-peer’ dissemination, there is additional contribu-

tion due to external agents, i.e., information sources unconstrained by the underlying

network, but with limited bandwidth. Such a scenario violates the flow-conservation

1There are however some notable exceptions to this assumption in literature; for example, flow con-
servation is violated when nodes can broadcast to multiple neighbors, or when network coding is used to
increase throughput/reduce delays.
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assumption in several ways: nodes can transmit the same data to multiple neighbors;

they can receive information from an external source rather than their neighbors;

finally, we also consider settings where, over time, nodes can lose the received data.

• Filtering: The problem of online recommendation given an access-graph between

users and content. Here, the system earns a reward by recommending content to a

visiting user. However this reward is a function of content-quality, which in turn is

inferred from user-feedback – thus there is a tension between exploring new items

and exploiting previously-explored high-value items. Such a scenario violates both

data-agnostic flow control (one must learn content-quality to maximize rewards) and

flow conservation (only a subset of available content can be shown to a user).

We consider each of these problems separately in the subsequent chapters, providing the

necessary background, system model and results. The three problems are outwardly quite

different, arising as they do from widely differing settings – however they share significant

underlying similarities. Furthermore, the questions we ask of each are the same, namely:

• What are the bottleneck network features that constrain the flows? What funda-

mental bounds do they impose on these flows?

• In light of the large-scale nature of the problems, can we design algorithms which

are simple/greedy/distributed, but with rigorous performance guarantees?

• Can we use the knowledge of the network topology to perform some pre-processing

so as to obtain better algorithms?

These three questions provide a loose framework for our work in each problem; we highlight

this throughout this dissertation, and in particular, in the conclusion in Chapter 6.
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1.2 Contributions of the Thesis

A brief summary of our work in each of the four problems we consider, is as follows:

(Aggregation) In-network Function Computation: In Chapter 2, we consider the prob-

lem of designing network algorithms for function computation in sensor networks – a set-

ting wherein a central node in a network wishes to compute a function of some distributed

data stored in the other nodes, and the nodes are capable of performing computations

on the data in addition to transmitting it. More specifically, we want dynamic joint

aggregation, routing, and scheduling algorithms for streaming computation; further, we

want algorithms that have analytically provable performance benefits due to in-network

computation as compared to simple data forwarding.

To this end, we consider a class of functions, the Fully-Multiplexible functions, for

which we characterize the maximum achievable refresh rate in terms of an underlying graph

primitive – the stochastic min-mincut. In acyclic wired networks, we present a throughput-

optimal algorithm that is dynamic, distributed, and only uses local information. For

general networks (including wireless networks) we suggest pre-processing the network into

a set of aggregation trees – given such a set, we give an algorithm based on dynamic flow

splitting and a MaxWeight-style scheduling policy, which we prove is throughput-optimal.

(Dissemination) We next consider the complementary problem of information dissemi-

nation, wherein the system desires to broadcast information to all nodes in the network.

Such processes are of two types: persistent dissemination processes (or spreading pro-

cesses) and transient dissemination processes (or epidemic processes). We consider both

of these in different chapters; however our common focus in both is to study ways of
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enhancing these processes via the use of external agents.

Spreading Processes with External Agents: In Chapter 3, we study the persistent dis-

semination (i.e, one-way spreading of information) in large networks, when the spread is

assisted by a small number of external agents: infection sources with bounded spreading

power, but whose movement is unrestricted vis-à-vis the underlying network topology. For

networks which are ‘spatially constrained’, we show that dissemination can be significantly

sped up even by a few such agents infecting randomly. Conversely, for certain common

classes of networks such as line graphs, grids and random geometric graphs, we also de-

rive lower bounds on the order of the spreading time over all (potentially network-state

aware and adversarial) external-infection policies; these adversarial lower bounds match

(up to logarithmic factors) the spreading time achieved by a random external-infection

strategy. This demonstrates that random, state-oblivious spreading by an external agent

is order-wise optimal for persistent dissemination in such spatially constrained networks.

Epidemic Processes with External Agents: In Chapter 4, we continue the theme of the

previous chapter by studying the effect of external agents on transient dissemination or

epidemic processes – the main difference from before is that nodes can now lose the received

information over time. Such processes have been known to demonstrate phase-transition

phenomena – below a certain threshold, the epidemic dies out in very short time, whereas

if the infection rate exceeds the threshold, then the epidemic is long lasting. We provide

a detailed characterization of the impact of external agents on such phase-transitions for

the widely studied SIS and SIR models. Under SIS dynamics, we show that any external

infection strategy with constant-order virulence either completely fails to significantly

affect the epidemic lifetime, or at best, extends it to a polynomial in the number of nodes.
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On the other hand, a random external-infection strategy, with rate increasing linearly

with the number of infected nodes, succeeds (under some conditions) in sustaining an

exponential epidemic lifetime. We obtain similar sharp thresholds for the SIR dynamics,

and discuss the relevance of our results in a variety of settings.

(Filtering) Large-Scale Online Recommendation on Graphs: We consider a model where

an algorithm has to display relevant items from a large available content set to dynamically

arriving users – specifically we want to capture four critical features: (i) use of user-

feedback for inferring unknown content value (exploration vs. exploitation tradeoff), (ii)

the presence of an access graph, which constrains which items can be shown to which users,

(iii) the inherent non-stochastic nature of content value and (iv) the surfeit of content

often far exceeding the attention-span of users. We propose a model that captures all

these features, and study how they affect the design of recommendation algorithms.

Our model in brief: we are given an underlying bipartite user-item graph, which

constrains what items each user can be shown. Users earn rewards from recommended

items according to an unknown reward-function, which can be learned from user-feedback.

Our task is to design an algorithm to select a set of valuable items to display to each

user upon arrival, while simultaneously using their feedback to learn the item-values; the

objective is to maximize the total reward accrued by the users. We develop algorithms

for both static (i.e., with finite user/item populations) and dynamic (i.e., with user/item

arrivals and departures) settings – in all cases, we provide guarantees on their competitive

ratio. Conversely, we also present upper bounds on the competitive ratio, which show that

in certain settings our algorithms are orderwise optimal.
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1.3 Structure of the Thesis

We present our work in four chapters, each covering one of the problems described

above. More specifically: Chapter 2 contains our work on the in-network function compu-

tation problem; Chapters 3 and 4 presents our study of dissemination with external agents

– the case of spreading processes is considered in Chapter 3, while epidemic processes are

dealt with in Chapter 4; our study of online recommendation on graphs is presented in

Chapter 5. Each chapter is self-contained with respect to motivation, model and results

– however, we only provide proof outlines of the results within the chapter, deferring the

complete proofs to the Appendices. We conclude with a brief summary of the main themes

of this dissertation in Chapter 6.
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Chapter 2

Aggregation: In-Network Function Computation in
Networks

2.1 Introduction

The first problem we consider is that of aggregating information in a network -

specifically, we are interested in settings wherein a central node in a network is interested

in a function of some distributed data, and the other nodes in the network are capable of

both forwarding the data as well as performing computation on it. Such a setting is of

particular importance in sensor networks - this is the setting we consider in this chapter.

2.1.1 Motivation

In-network function computation is a paradigm that increases the efficiency of

sensor networks v́ıs-a-v́ıs conventional data networks. Sensor nodes, in addition to sens-

ing/communication, are equipped with data-processing capabilities. Depending on the

task for which they are deployed, a sensor network can be viewed as a distributed plat-

form for computing a function of the sensor data. For example, a network for environment

monitoring may be designed to track the average temperature/humidity in a region. Sim-

ilarly ‘alarm’ networks for detecting forest fires need to track the maximum temperature.

The baseline approach for performing such tasks is to aggregate the data at a central node

and then perform offline computations; the premise of in-network computation is that

distributed schemes can provide sizable improvement in the network performance. How-
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ever, from the perspective of designing network algorithms, in-network computation poses

a new challenge: the freedom to combine and compress packets, as long as the desired

information is preserved, destroys the flow conservation laws central to data networks.

In this chapter, we develop a (queue-based) framework for such systems, and use

it to design and analyze network algorithms. By network algorithms, we refer to cross

layer algorithms that jointly perform the following tasks:

1. Aggregating the data at nodes via in-network computation,

2. Routing packets between nodes, and

3. Scheduling links between nodes for packet transmission.

Cross-layer algorithms for data networks [89, 3, 31] are concerned only with the scheduling

and routing aspects; hence, there is a need for a new framework and new algorithms for in-

network computation. More specifically, our aim is to design network algorithms that are

dynamic (i.e., the algorithm should not be designed assuming static network parameters,

but rather, use the network state to adaptively learn the network parameters), robust

(i.e., the algorithm adapts to temporal changes in traffic and network topology), capable

of dealing with a large class of functions (i.e., if the function being computed by the

network changes, then one should only need to make minor changes to the scheduling and

routing algorithms), and generalizable to all network topologies.

2.1.2 Summary of Contributions

We consider a sensor network G(N,L), where N are sensor nodes, and L are the

links between them (wired or wireless, for details see Section 2.2). Each sensor node

records data, and the aim is to transmit a function of the data to a special aggregator

10



node a. Further, this process of data-collection happens repeatedly in discrete sensing

rounds; the frequency of these sensing rounds is defined to be the refresh-rate. Our main

contributions in this chapter are as follows:

• We identify a class of functions, the Fully-Multiplexible or FMux functions, for which

we provide a tight characterization of the maximum refresh-rate with in-network

computation, i.e., the maximum rate at which the sensors can generate data such

that the computation can be performed in a stable1 manner. More formally, we show

that for these functions, if the refresh-rate exceeds a certain graph parameter (the

stochastic min-min-cut, which we define formally in Section 2.3.1), then the system

is transient under any algorithm, whereas for any rate lower than this parameter,

we can always define a policy that stabilizes the system.

• Leveraging the results of Massoulié et al. [66] for network broadcasting, we obtain a

routing algorithm for aggregation via in-network computation of FMux functions in

directed acyclic networks with wired links; a highlight of this algorithm is that the

routing is completely decentralized, and requires only local knowledge.

• For general wireless networks we develop dynamic algorithms based on a centralized

allocation of routes (dynamic flow-splitting) and MaxWeight-type scheduling. In

particular, we show that loading data-rounds on trees in a greedy manner (whereby

an incoming round is loaded on the least weighted aggregation tree), coupled with an

appropriate scheduling rule, is throughput-optimal for computing FMux functions.

1By stability, we refer to the standard notion of the existence of a stationary regime for the corresponding
stochastic process [3, 31].
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2.1.3 Related Work

Mirroring the wide range of applications, there exist many models for function-

computation in networks. The pioneering work of Giridhar and Kumar [32] considers the

function computation problem from the capacity scaling perspective [39]; they quantify

scaling bounds for certain function classes and graphs under the protocol model of wireless

communications. Other works consider the problem from the perspective of information

theory [76, 63] and communication complexity [57, 70], characterizing various metrics for

different function classes. All these works, however, consider idealized models not directly

suitable for designing practical algorithms. Another approach is to study function com-

putation from the perspective of source coding [4, 45]: these works show the existence of

optimal coding schemes for noiseless, wired networks; they do not however explicitly define

these policies. In contrast to the ‘bottom-up’ approach of the above works, others [58]

adopt a more ‘top-down’ approach, using simple ‘fluid’ models to quantify the performance

gains of in-network computation. Finally, an closely related setting is that of in-network

compression (i.e., wherein only compression, not merging of flows, is permitted) at source

[86] or at designated ‘compressor’ nodes [7].

Queue-based algorithms have enjoyed great success in communications networks;

they provide a common framework for understanding various performance aspects such

as throughput [89, 3], delay [16, 73], flow utility maximization [62, 15, 61], network utility

maximization [96, 87], distributed algorithms [42], etc. (for an overview, refer to [31]).

However, they do not allow data-flows to be combined. This framework has been extended

to fork-and-join networks [97], and resource allocation in processing networks[43] - unlike

our work, these use fixed routing, which may often lead to suboptimal performance.
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2.2 System Model and Function Classes

In this section we describe the system model we study in the rest of the chapter.

We use calligraphic fonts (Q,A, etc.) to denote sets and the corresponding capital letter

(Q,A, etc.) to denote their cardinality. We interchangeably use ∪ or + for adding elements

to sets, and − for deleting elements from sets, and sometimes for brevity of exposition,

use the element u to denote the singleton set {u} (in particular, for a set S and element

u, S + u , S ∪ {u}). We use the shorthand [N ] , {1, 2, . . . , N}.

Communication Graph: We model the network as a directed graph G(N,L), with

|N| = N nodes, and L is a set of L directed links which determine the connectivity

between nodes. There is a special node, a ∈ N, referred to as the aggregator, and the

remaining nodes are sensor nodes. Directed link (u, v) ∈ L represents that there exists a

communication channel from node u to node v (in wired networks, this corresponds to a

physical channel, while in wireless it represents the fact that the nodes are in radio range).

Transmission Model: Following the convention in literature [3, 66], we consider a con-

tinuous time system in case of wired systems, whereas in the case of wireless networks,

we assume that time is slotted, and state all rates in bits per slot. In wired networks,

we define a vector of link rates ĉ = {cuv}(u,v)∈L; one bit is assumed to traverse a link

(u, v) ∈ L with a random transit time with distribution Exponential(cuv). The transit

times are independent across links and across packets crossing the same link.

For wireless networks, we assume that the channels between nodes are constant

(but can be extended to time varying channels with added notation, see [3]). The wireless

nature of the network is reflected in the interference constraints as follows: for transmission
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schedule I ∈ 2L, c(I) = {cuv(I)} denotes the link-rate vector of transmission rates over

the links under the chosen schedule. We define I ⊆ 2L to be the set of valid schedules that

obey the interference constraints (henceforth referred to as independent sets).

A joint vector of rates c(I) is said to be admissible if the link-rates can be achieved

simultaneously in a time slot; Γ = {c(I) : I ∈ I} is the set of all admissible c(I), and

is assumed to be time invariant as stated above. Further, we assume that cuv(I) ≤

cmax ∀ (u, v) ∈ L, I ∈ I. Similarly, rate vector ĉ is said to be obtainable if ĉ ∈ CH(Γ),

the convex hull of Γ. An obtainable link-rate vector can be achieved by time sharing over

admissible link-rate vectors. Further, from the definition of the convex hull, we have that

for every obtainable rate vector ĉ ∈ CH(Γ), there exists a probability measure π ∈ R|I|+

over I such that ĉ ≤ {
∑

I∈Î π(I)cuv(I), (u, v) ∈ L}. The vectors π are called Static Service-

Split (or SSS) rules[3], and represent time sharing fractions between different independent

sets in order to achieve the rate ĉ.

Up to this point, the system is identical to one considered for data networks. To

highlight the unique features of a network performing function computation (and how

they affect the modeling of such a system), consider the following example:

Example 1: Consider a rectangular grid of N temperature sensors, with a single aggregator

at the center, engaged in recording the maximum temperature over these sensor readings.

Each node is connected to its four immediate neighbors in the grid via links with a fixed

capacity c. Every node senses the temperature synchronously, and the aggregator desires

the MAX of these synchronous measurements. Suppose the network operates by transfer-

ring all the data to the aggregator, and then calculating the MAX offline; the maximum

rate at which the measurements can be made is then Θ( 1
N ), as all the packets must pass
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through one of the 4 links entering the aggregator. On the other hand, if we allow in-

network computation, wherein nodes on receiving multiple packets can discard all but the

one with highest value, then the network can operate at a rate of Θ(1), as the bottleneck

is now the minimum-cut of the graph (again the 4 links entering the aggregator).

Keeping this example in mind, we now outline the rest of our system model.

Traffic Model: We consider a symmetric arrival model, where each node senses the

environment synchronously at a rate λ (the refresh-rate of the network). The aim of an

algorithm is to support the maximum possible λ while ensuring that the network is stable.

In case of wired networks, packets are generated synchronously at all nodes i ∈ N

following a Poisson process with rate λ. In case of wireless networks, the arrival process

Ai[t] in time slot t consists of a random number of packets per time slot generated in a

synchronous manner , i.e., Ai[t] = Aj [t] = A[t]∀ i, j ∈ N, and further A[t] is i.i.d across

time. In this case, we define the refresh-rate as λ = E[A[t]], and also assume that A[t] has

finite second moment2 which we denote as mA = E[A[t]2].

We associate all simultaneously generated packets with a unique identifier called

the round number; this encodes the time when the packet was generated. A method of

doing so is as follows: we number the packets sequentially in ascending order of their

generation time, and update the round numbers when packets complete being aggregated

(Thus the oldest unaggregated packet in the network always has round number 0 and so

forth). This scheme is henceforth referred to as the generation-time ordering.

2Note that this assumption is not the most general possible restriction on the input process, but one
we choose for ease of exposition. For more general conditions on the arrival process, refer to [3].
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Now in order to develop a queueing model, we need a framework to capture the

data aggregation operations. We restrict our attention to a specific class of functions,

which we denote as Fully-Multiplexible or FMux functions - for these we can exactly

quantify the gains from in-network computation. The intuition behind the FMux class is

that they support maximum compression upon aggregation: when two (or more) packets

combine at a node, the resultant packet has the same size as the original packets.

Computation Model: Suppose each sensor records a value in finite set X, and let f be

the function of the sensor values that needs to be computed at the aggregator a. We use

fk to denote the function f operating on k inputs, i.e., fk : Xk → R(f, k), where R(f, k)

denotes the range of function when it takes k inputs.

We say function f is divisible[32] if: (i) |R(f, k)| is non-decreasing in k, and (ii)

given any partition Π(S) = {S1, S2, . . . , Sj} of S ⊆ [n], there exists a function gΠ(·) such

that for any x ∈ XN , we have that f(xS) = gΠ(f(xS1
), f(xS2

), . . . , f(xSj )). Intuitively,

this means that for any partition of the nodes, f can be computed by performing a local

computation over each set in the partition, and then aggregating them. Finally, we define

a divisible function f to be Fully-Multiplexible or FMux if its range is independent

of the number of inputs: formally R(f, k) = R(f, j) = R(f) for all j, k ∈ [n]. Some

important functions that fall in this class are MAX, k-th order statistics, parity, etc. For

example, consider computation of the parity of the sensor values: X = {0, 1}, f({xi}ni=1) =

x1⊕x2⊕ . . .⊕xN (where ⊕ represents the binary XOR operator). Node i stores the value

xi as a packet of size log |X| = 1 bit. Next, when two or more packets of the same round

arrive at a node, they are combined using the XOR operation. Finally, the aggregator

obtains the parity by taking XOR of all the packets of a given round that it receives. We
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now develop a queueing model for FMux functions.

Queueing Model: Each node maintains a queue of packets corresponding to different

rounds. For node i,Qi[t] ∈ 2N0 is a subset of N0 representing the round numbers of all

packets queued up at that node. We also define Qi[t] = |Qi[t]|.

When a packet corresponding to round r arrives at node i from any neighboring

node, it is combined with node i’s own packet corresponding to round r to result in a single

packet of the same size (using the FMux property, e.g. by taking XOR for parity). In case

node i does not have a packet of round r in queue, it needs to store the new packet. Thus,

upon arrival of packet of round r in time slot t (ignoring other arrivals and departures),

the queue is updated as: Qi[t + 1] = Qi[t]
⋃
{r}1{r/∈Qi[t]}, where we use {r}1{r/∈Qi[t]} as

shorthand for ‘r if r /∈ Qi[t], else φ’. The complete queue update in a time slot is obtained

by extending this definition to all arrivals and departures.

Suppose the round number allocation is done via generation-time ordering, as

described before: the system now forms a Markov chain (under any stationary algorithm3)

- further, it can be showed to be irreversible and aperiodic. We will now focus on the above

queueing dynamics for the design of scheduling and routing algorithms.

We note here that the queueing model we have described above accounts only for

routing and aggregation of packets belonging to the same round. We have not allowed

packets from different rounds to be combined together in any way, thereby negating the

possibility of block coding and network coding. In the case of parity, it is known however

that there is no improvement possible by using schemes with block/network coding [32, 56].

3i.e., an algorithm that takes as input only the current network state.
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2.3 Main Results and Discussion

We now present our main results for in-network computation of FMux functions.

We first give a general upper bound on the refresh-rate in terms of the graph structure.

Next, we give a simple algorithm for acyclic wired networks, and also, a general algorithm

for all networks (wired and wireless) which achieves the maximum refresh-rate.

2.3.1 Maximum Refresh Rate and Tree Packing

Existing approaches for function computation [58, 97, 64] often assume that routing

is done on a single aggregation tree, where each node aggregates data from its children

before transmitting to its parent. However it’s not a priori clear that a single optimal tree,

or a collection of optimal trees exists (or if acyclic aggregation structures are sufficient),

and if it does, how it can be found dynamically; to see this, consider the following:

Example 2: Consider G to be the (wired) complete graph on N nodes, with every link

having capacity 1. If we use a single aggregation tree for routing, then the maximum

refresh-rate for computing the parity function is 1, as every edge is a bottleneck. However,

by using a collection of aggregation trees (in fact, it can be shown that a particular set of

N − 1 trees are sufficient), one can achieve a refresh-rate of N − 1. This, as we will show

in the next section, is optimal as it turns out to match the min-mincut of the graph.

In this section, we derive an algorithm-independent upper bound on the refresh-

rate for FMux computation in terms of an underlying graph primitive- the min-mincut

of the graph. Further, we show this bound is tight by constructing a class of optimal

randomized policies. Without loss of generality, we state our results for wireless networks.

Given a rate vector ĉ ∈ CH(Γ) and any node i ∈ N, we define the min-cut between
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the node i and the aggregator a as δi(ĉ) = min{S⊂N:i∈S,a/∈S}
∑

u∈S,v /∈S ĉuv. Further, we

define the min-mincut of the network under rate vector ĉ as δ∗(ĉ) = mini∈N δi(ĉ). Then

we have the following Theorem 4

Theorem 1. Consider a network performing in-network computation for an FMux func-

tion f . We define the maximum refresh-rate as:

λ∗ = (log |R(f)|)−1 max
ĉ∈CH(Γ)

δ∗(ĉ).

Then a refresh-rate of λ can not be stabilized by any algorithm if λ > λ∗, and there exists

a static, randomized algorithm to stabilize it if λ < λ∗.

The above theorem essentially has two components - a converse result (that any

λ > λ∗ leads to instability under any algorithm in our setting), and an achievability result

(that any λ < λ∗ can be stabilized). We prove each part separately.

Proof sketch of Theorem 1: Converse result. The upper bound on the refresh rate follows

by tracing the steady state flow of packets from any sensor node to the aggregator. We

argue that for a stable system with refresh-rate λ, we must have an flow of packets at rate

λ from any node i to the aggregator - thus by the max-flow-min-cut theorem, λ is less

than or equal to the minimum i−a cut. Since this property is true for any node i, we can

use this fact to obtain a bound for λ in terms of the stochastic min-mincut. The formal

proof is presented in Appendix A.1.

4Note that the link-capacities are in bits-per-time-slot, and to obtain refresh-rate λ in terms of packets-
per-time-slot, we need to scale them by a factor of (log |R(f)|)−1; this is henceforth present in all bounds
for the refresh-rate.
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The achievability result, i.e., that an λ < λ∗ can be stabilized, is shown by ex-

hibiting a randomized strategy based on SSS rules (similar to [3]) - we elaborate on this

in the rest of this section.

From the converse result in Theorem 1, it is evident that the min-mincut of the

graph (under an appropriate SSS rule) is the bottleneck for computing an FMux function.

Now we use a theorem of Edmonds in order to simplify the space of policies we need to

consider. We state the theorem in its original form whereby it is applicable to a one-to-all

network broadcast scenario (informally, a directed graph with a special source node, where

the aim is to transmit the same packets from the source to all the nodes in the network).

However given a sensor network, we can apply Edmonds’ Theorem on it by reversing the

directions of all the edges while keeping their capacities the same.

Consider a directed graph G(N,L) with a distinguished source node s ∈ N, and

suppose each edge (u, v) ∈ L of the graph is associated with a capacity cuv > 0. As before,

the min-mincut of the graph G is defined as:

δ∗(G) = min
i∈N\{s}

min
S⊂N:i∈S,s/∈S

∑
u/∈S,v∈S

ĉuv.

Let T to be a set of all spanning trees of G rooted at s (i.e., every t ∈ T is a spanning

tree with s as the first element in its topological order). The max-spanning-tree-packing

number, Λ∗(G) is defined to be the solution to the following optimization problem:

Maximize
∑

τ∈T λτ ,

subject to ∑
τ∈T:(u,v)∈τ

λτ ≤ cuv ∀ (i, j) ∈ L,

λτ ≥ 0 ∀ τ ∈ T.
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Then we have the following theorem.

Theorem 2. (Edmonds, 1972 [28]) For a directed graph G(N,L) with distinguished

source vertex s and edge capacities cuv, (u, v) ∈ L, the min-mincut δ∗(G) is equal to the

max-spanning-tree-packing Λ∗(G).

Edmonds’ Theorem guarantees the existence of a tree packing which has the same

weight as the min-mincut of the graph. Now in the case of one-to-all broadcast in networks,

wherein a node can transmit copies of any packet it has received, it is clear that the

subgraph traced out by a packet in reaching all nodes forms a tree. Returning to the

wireless setting, we now sketch out how to construct a randomized routing and scheduling

algorithm that is throughput-optimal, using the technique developed by Andrews et al [3].

Proof of Theorem 1: Achievability. Suppose we know the point c̃∗ ∈ CH(Γ) in the obtain-

able rate region which maximizes the min-mincut5, then we can schedule according to the

corresponding SSS rule to achieve an ergodic rate of c̃∗uv across any link (u, v). The net-

work is now converted into a wired network, i.e., with edges having fixed capacities. Next

we can use Edmonds’ Theorem to obtain a tree packing for this fixed-capacity network,

which determines how the input flow should be balanced between spanning trees. Com-

bining these two steps, we obtain a scheme whereby we split the incoming flow according

to the tree packing, and schedule using the SSS rule corresponding to c̃∗ to stabilize the

system. By a similar argument, we can obtain a tree packing given the optimal SSS rule

5Note that such an optimal rate point exists as the min-mincut is a continuous function of the rates,
which lie in a compact set CH(Γ)
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for the FMux function computation problem. Here each round is associated to a span-

ning tree such that the total incoming flow (which is equal to the refresh-rate) is split

according to the above tree packing. This tree is henceforth referred to as the aggregation

tree of the round, and determines the route followed by the packets in that round. The

routing thus taken care of, the scheduling is done according to the optimal SSS rule, and

in combination, they stabilize the network.

The problem with such a static algorithm is that it needs prior calculation of

the min-mincut and associated optimal rate point (to obtain the optimal packing of ag-

gregation trees). A better alternative is to use the queues as proxy for learning these

through dynamic algorithms based on the current system state (akin to algorithms for

data networks [3, 89]); in the rest of the chapter we develop such algorithms.

2.3.2 Scheduling with Random Packet Forwarding in Wired Networks

In this section we give a routing algorithm for acyclic wired networks based on

random packet forwarding with aggregation. This algorithm is based on an algorithm for

one-to-all network broadcast in wired networks by Massoulié et al.[66], which demonstrates

that random ‘useful’-packet forwarding achieves the min-mincut bound. We modify their

approach to obtain a dual version applicable to FMux computation in wired networks.

In in-network FMux computation, as described before, a new round of packets

arrives at all sensor nodes in a synchronous manner, and need to be routed to the ag-

gregator. For the broadcast problem (where packets arrive at the source and need to be

routed to all other nodes), an optimal algorithm[66] is as follows: for any idle link in the

network, the source node randomly picks a packet that the receiver does not have (defined
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as a ’useful’ packet) and transmits it on that link. We now define an analogous notion

of a useful packet for in-network aggregation, and show how it can be used to derive an

optimal random routing algorithm for FMux function computation.

A natural invariant in broadcast is that the trace of a round of packets always

follows a spanning tree. This is not in general true in aggregation; however in the case

of acyclic networks, one can impose additional constraints to ensure that a transmission

does not lead to an isolated packet, i.e., a packet at a node such that no neighboring node

has a packet from the same round, thus preventing its aggregation. This can be ensured

by defining an appropriate notion of a ’useful’ packet and only transmitting useful packets.

We define a packet in node i to be useful to neighbor j if (a) j has a packet of the same

round (hence ensuring aggregation); and (b) transferring the packet to j does not result

in an isolated neighbor k of i. Figure 2.1 illustrates the above conditions for determining

whether a packet is useful with respect to a link. The routing algorithm (Algorithm 1)

now consists of randomly forwarding useful packets whenever a link is idle. In Appendix

A.2, we prove that this definition leads to packets being routed on spanning trees.

We can now define the Random Useful-Packet Forwarding Algorithm - we only outline

the main details here, and provide a rigorous definition in Appendix A.2.

Algorithm 1 Random Useful-Packet Forwarding Algorithm

Input: An idle link (u, v), i.e., a link with no packet transmitting on it.
Output: A routing decision of which packet to transmit on (u, v).

if ∃ useful packets across (u, v) then
Pick a useful packet uniformly at random and start transmitting.

else
Leave link idle.

end if
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Figure 2.1: Illustration of notion of ‘useful’ packet: For the single round in the above
network, packets are not useful for: (a) Link (2, 1) because of violating the aggregation
condition (node 1 has no corresponding packet), (b) Link (3, 0) because of violating the
non-isolation condition (node 2’s packet gets isolated). (c) The packet is useful for link
(2, 3).

And finally we have the main theorem for the stability of the algorithm.

Theorem 3. For a directed acyclic network operating under algorithm 1, the network is

stable if λ < (log |R(f)|)−1δ∗, where δ∗ , minS∈S
∑

v∈S
∑

u/∈S cuv.

Proof Outline. The proof closely follows the proof of Massoulié et al.[66] modified for

aggregation rather than broadcast. Similar to [66], it proceeds in three stages - (i) defin-

ing the fluid limit of the Markov chain, and associated convergence results; (ii) defining

a Lyapunov function for the fluid system, and proving stability via exhibiting negative

drift; (iii) using the fluid stability and convergence results to show stability of the original

system. The critical additions that we make are in the appropriate definition of a use-

ful packet, and in identifying the appropriate counter variables (and proving associated

combinatorial properties) that capture FMux aggregation in networks. The details of the

proof are provided in Appendix A.2.
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2.3.3 Scheduling With Aggregation-Tree Routing in Wireless Networks

The presence of interference in wireless networks necessitates efficient scheduling

of independent sets in addition to routing. Given an SSS rule, we can modify Theorem 3

to show that random packet aggregation supports a rate upto the min-mincut under the

corresponding SSS rule. However dynamic scheduling in order to achieve the optimal SSS

rule π∗ (i.e., with the largest min-mincut) needs an alternate routing technique.

We now describe an alternate approach to throughput-optimal dynamic schedul-

ing and routing for in-network FMux computation over wireless networks. Unlike wired

networks, where routing was performed via random packet forwarding, we now focus on

schemes based on pre-allocating the route to be followed by the packets of each round,

and then scheduling under these routing constraints. Building on the intuition that the

“correct” routing structures for FMux computation are spanning trees rooted at the ag-

gregator (henceforth referred to as aggregation trees), we split the algorithm into two

components: (i) a routing component that maps incoming rounds to aggregation trees.

Once a round is assigned to a tree, its packets follow the edges of the tree to the aggre-

gator; (ii) a scheduling component uses the knowledge of the next hop of each packet to

determine an optimal independent set for transmission.

In this section we present a dynamic algorithm of this type, and prove it is through-

put optimal for general (wired/wireless) networks. Specifically, we present a throughput-

optimal algorithm based on ‘greedy’ routing (whereby aggregation trees are chosen in a

greedy manner) and ‘MaxWeight’-type scheduling (whereby links are scheduled by solving

an appropriate maximum weighted-independent-set problem).
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At a high level, the algorithm is as follows: when a round of packets arrives

in the network, we first ‘load’ all packets of the round on an aggregation tree (thereby

fixing the routing); next, in each time slot, scheduling is done according to a modified

MaxWeight policy. More specifically, the routing is performed using a greedy tree-loading

policy, wherein all incoming rounds in a time slot are loaded on the tree with smallest sum

useful-queue, i.e., least number of useful packets. Formally, we have:

Algorithm 2 Greedy Tree-Loading Algorithm for Routing

Input: Time slot t, queues {Qτ,nui [t],Qτ,ui [t]}i∈N,τ∈T, incoming rounds.
Output: A routing decision associating each incoming round with a tree τ ∈ T.

Step 1: Calculate Wτ =
∑

i∈N (Qτ,ui [t]) for all τ ∈ T.
Step 2: Find the minimum loaded tree τ∗[t] as:

τ∗[t] = arg min
τ∈T

Wτ [t].

Step 3: Assign all incoming rounds to aggregation tree τ∗[t].

The scheduling algorithm is similar to the MaxWeight policy[3], in that it picks a maximum

independent set with weights given by the product of the rate and the maximum queue

across an edge. Formally we have the following algorithm:
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Algorithm 3 MaxWeight Scheduling Algorithm

Input: Time slot t, queues {Qτ,nui [t],Qτ,ui [t]}i∈N,τ∈T, incoming packets Ai[t], admissible
rate region Γ.

Output: A scheduling decision
{
cτ(i,pτ (i))[t]

}
i∈N

.

Step 1: Place packets arriving on tree τ at node i in Q
τ,nu
i [t] for non-leaf nodes, and

Q
τ,u
i [t] for leaf nodes.

Step 2: Calculate Pij [t] = maxτ∈T:(i,j)∈τ Q
τ,u
i [t]. Also define τ∗(i, j)[t] as the tree which

maximizes Pij [t].
Step 3: Compute schedule c∗[t] as:

c∗[t] = arg max
c∈Γ

∑
(i,j)∈L

Pij [t]cij [t].

Step 4: Consider link (i, j). If c∗ij [t] > 0, then transmit the first min(c∗ij [t], Q
τ∗(i,j)[t],u
i [t])

packets from Q
τ∗(i,j)[t],nu
i [t].

For the sake of completeness, we note that in the above algorithms, tie-breaking

rules as well as the service discipline (i.e., among a set of multiple packets suitable for

transmission, which one gets priority) are assumed to be random. Now we can state and

prove the throughput optimality of this algorithm.

Theorem 4. The dynamic queue based policy consisting of greedy tree loading (Algorithm

2) and MaxWeight scheduling (Algorithm 3) stabilizes the system for any refresh-rate λ

that is less than the maximum refresh-rate λ∗.

Proof Outline. Similar to previous works [3, 89], we use a quadratic Lyapunov function

for showing stability; however our technique for bounding the Lyapunov drift is quite

different from those used for point-to-point data. The difficulty arises from the fact that

although Edmonds’ Theorem guarantees the existence of an optimal tree-packing for the

network, the trees in this optimal packing are unknown to the algorithm – consequently it
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is unclear whether routing over all trees could lead to instability via packet accumulation

on trees not involved in the optimal packing. We circumvent this by showing the existence

of two intermediate tree packings between the optimal and the desired refresh-rates which

allows us to derive uniform bounds. Using these intermediate packings, we show that the

MaxWeight scheduling rule and the Greedy Tree-Loading routing lead to the Lyapunov

function having the required negative drift.

2.4 Conclusions

We have presented a queueing-based framework for in-network function compu-

tation. We have used this framework to gain insights into designing dynamic and dis-

tributed algorithms for in-network function computation and to quantify the performance

gains over data-download. We have focused on a class of functions, the FMux functions,

which exhibit maximum compression on aggregation. For such functions, assuming we

do not mix packets across rounds, we developed scheduling and routing algorithms under

different settings. For wired networks, we have extended the random routing scheme of

Massoulié et al. [66] for aggregation. For wireless networks, we have provided a fixed-

routing via dynamic flow splitting along with MaxWeight-like scheduling, which is shown

to be throughput-optimal.
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Chapter 3

Dissemination: Network Spreading Processes with External
Agents

3.1 Introduction

We now turn to the problem of dissemination, or broadcast of information/infection

in networks - in a sense, this is the complementary problem of aggregation, as now the

objective is to transmit some data to all the nodes in the network. In many settings,

the dissemination of information is due to the interaction of two processes - (i) a local

dissemination process in the underlying network, and (ii) a global dissemination process

due to external agents - sources which are unconstrained by the network, but have limited

bandwidth. We are interested in understanding the impact of such external infection

sources on dissemination. As mentioned in Chapter 1, we develop this theme over two

chapters - here, we focus on spreading processes, i.e., for the dissemination of persistent

information, while in Chapter 4, we consider epidemic processes, where nodes over time

lose the received information (or recover from being infected).

3.1.1 Motivation

Various natural and engineered phenomena involve the spread of information or

infection through different kinds of networks. Rumors and news stories propagate among

people linked by various means of communication; diseases diffuse through populations

by various modes; plants disperse pollen and seeds, and thus genetic traits, geograph-
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ically; riots spread across pockets of communities; advertisers aim to disseminate in-

formation about goods through networks of consumers; computer viruses, email worms

and software patches piggyback across computer networks. Understanding how infec-

tion/information/innovation can travel across networks through such dissemination pro-

cesses has been a subject of extensive study in disciplines ranging from epidemiology

[10, 92, 2], sociology [81, 36] and computer science [49, 55, 48] to physics [77], informa-

tion theory/networking [30, 79, 82, 37, 83] and applied mathematics [25, 51, 9], yielding

insights into qualitative and quantitative aspects of spreading behavior in networks.

At a high level, dissemination processes can be divided in two groups - those in

which nodes once infected remain forever in such a state, and those in which nodes can

recover from the infection. To distinguish between the two, throughout this thesis, we

refer to the former as spreading processes (which form the focus of this chapter), reserving

the term epidemic process for the latter (which are studied in Chapter 4). Spreading

processes help understand the dynamics of one-way, or persistent dissemination of some

object in a network - for example: a rumor, a software update, a fitter genetic mutation,

etc. On the other hand, epidemic processes are used to study transient infection processes,

i.e., those which spread for a while but eventually die out. Thus, in spreading processes,

the information eventually spreads to all nodes in the network; epidemic processes instead

are characterized by their transient behavior - information disseminates in the network

for some time, but eventually disappears.

In both these dissemination processes, we are primarily interested in understanding

the impact of external agents. To this end, we propose a model for network dissemination

that decomposes into two distinct components - an intrinsic dissemination component
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involving local spreading/infection among neighboring nodes (thus constrained by the un-

derlying graph topology), and an additional external dissemination component, in which

‘external agents’ (potentially unconstrained by the underlying graph) can carry infection

far from its origin, helping it disseminate globally. More specifically, we use this model

to quantify the effect of omniscient (i.e. network-state aware) and adversarial (i.e. at-

tempting to maximize the rate of infection) external agents on the time required to spread

infection throughout the network.

We stress that the generic terms ‘intrinsic spread’ and ‘external spread’ serve to

model a variety of situations involving heterogeneous modes of spreading. In the context

of wireless communication, for instance, consider the increasingly studied propagation

[93, 68] of viruses and worms that exploit the connectivity afforded by both modern short-

range personal communication technologies like Bluetooth and long-range media such as

SMS/MMS and the Internet. To paraphrase Kleinberg [53], outbreaks due to such worms

are well-modeled by local spreading on a fixed network of nodes in space (i.e. short-

range Bluetooth wireless transmissions between neighboring quasi-static users) aided by

relatively unrestricted paths through the network (i.e. long-range, faster-timescale emails

and messages through SMS/MMS/Internet). Other, more classically-studied, examples

of multi-scale spreading include those of natural human diseases [10, 80] and bio-terror

attacks [44], where infection can spread locally through spatial pathways (i.e. interpersonal

contact) and through large-scale geographic means (e.g. human movement through airline

routes) [18]. In all these and allied cases, a form of agency, external to the underlying

graph, is responsible for long-range proliferation of an otherwise locally diffusive contagion,

and it is the effect of this external agency that we wish to investigate.
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Given the applicability of our model, a characterization of the impact of external

sources on spreading processes has a twofold utility:

1. (Adversarial perspective) Whenever malicious infections (such as those described be-

fore) threaten to spread via both intrinsic and external means, it becomes important

to understand the worst-case long-range spreading behavior (this is the component

that can potentially accelerate the spread) in order to deploy appropriate counter-

measures.

2. (Optimization perspective) In cases where propagation is desirable and the external

component can be controlled, an adversarial study of external-agent assisted spread-

ing can constructively help design fast externally-aided spread strategies (e.g. viral

advertising [48], network protocol design [47] and diffusion of innovations [81]).

3.1.2 Summary of Contributions

We consider large graphs G = (V,E) in which a spreading process starts at a

designated node and commences spreading through two interacting processes: an intrinsic

spread which follows the standard Susceptible-Infected (SI) dynamics [30] (also termed

contact process [25, 51]) with i.i.d. exponentially distributed propagation times for each

edge, and an additional external infection. To model the external infection process, we

allow every node in the graph to get infected at a potentially different (including zero)

exponential rate at each instant; thus at time t, the state of the network consists of a

set of nodes which are infected (therefore determining the intrinsic infection process) and

a |V |-dimensional vector L̄(t) of external infection-rates for each node. The virulence of

the external agents is measured by ||L̄(t)||1 (i.e., the sum rate of external infection). We
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allow L̄(t) to be chosen as a function of the network state and history (omniscience) and

further, chosen in an adversarial manner, i.e., designed to minimize the time taken to

infect all nodes; in Section 3.2 we discuss how this model generalizes various models for

long-range infection spreading.

In this setting, our main message is somewhat surprising–in spite of the ‘adversarial

power’ external agents have for spreading infection, we show that for common spatially-

constrained graphs (i.e., having high diameter/low conductance), a simple random strategy

is order-optimal. More formally, our contributions in this chapter are as follows:

1. We develop general upper bounds on the order of the infection time (expectation and

concentration results) for large graphs when the external infection pattern is random,

i.e. when every node is susceptible to the same external-infection rate, irrespective of

the infection-state and graph topology. The bounds are based on the graph topology

(in particular, diameter/conductance of appropriate subgraphs) and a lower bound

Lmin(n) on the virulence (which can scale with the network size). We also analyze

an alternate greedy infection policy based on the same graph partitioning scheme,

for which we obtain better bounds.

2. For common classes of structured graphs (ring/line graphs, d-dimensional grids) and

random graphs (geometric random graphs) which have high diameter/low conduc-

tance (spatially-constrained), and given an upper bound Lmax(n) on the virulence,

we use first-passage percolation theory [51] to derive lower bounds on the order

of infection times (again, both in expectation and w.h.p) over all (possibly omni-

scient and adversarial) external-infection policies. These lower bounds match the

upper bounds for random spreading up to logarithmic factors, showing that ran-
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dom external-infection policies are order-wise optimal for such spatially-constrained

graphs. Furthermore, they match exactly for the greedy policies, indicating that

these bounds are tight.

3. Apart from results for specific graphs and policies, the general bounds (and related

techniques) are of independent interest in that they provide a fairly complete picture

of the dependence of spreading time on external virulence and graph topology in a

wide regime; in particular, it is tight for graphs with polynomially-bounded diameter

(i.e., diameter D(n) = Ω(nα) for some α > 0) and sub-linear external virulence

(i.e.,||L(t)||1 = o(n)). To demonstrate this, we discuss how other spreading mod-

els (graphs with additional static or dynamic edges, and/or mobile agents) can be

analyzed in our framework, and what our bounds translate to in such cases.

3.1.3 Related Work

Prior work concerning network spreading, though diverse in scope and treatment,

does not address the impact of adversarial external-agent-assisted spreading in spatially-

constrained networks. Moreover, to the best of our knowledge, it lacks a consistent ana-

lytical framework in which the effects of different forms of external agency on spreading

time can be compared. There has been much work in studying the static spreading pro-

cesses using various notions of influence and susceptibility, both using field data and/or

extensive simulations [77, 81, 36, 49, 34], and analytically [30, 25, 51, 9, 84]. For the case

of spreading via external agents, many numerical studies have investigated the spread

of infectious diseases with specific mobility patterns, e.g. via airline networks [8, 18],

heterogeneous geographic means [10, 92], and recently, electronic pathways [53, 93, 68].
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Several notable works in communication engineering include studies in which all network

nodes are simultaneously mobile– for designing gossip algorithms [83, 47] or improving

the capacity of wireless networks [37] –and analysis of rumor spreading on fully-connected

graphs [79, 82]. Other design-oriented studies include the investigation of optimal seeding

in networks for maximum spread from a computational perspective [48], efficient routing

over spatial networks with fixed long-range links [55] and tight bounds on deterministic

spreading with external-agents in d-dimensional hypercubes [1].

3.2 Model for Spreading Processes with External Agents

Consider a sequence of graphs Gn = (Vn, En) indexed by n, with the n-th graph

having n nodes (labeled from 1 to n); for instance, Gn could be the ring graph with n

nodes, or a (2-dimensional)
√
n×
√
n grid. For convenience, we will drop the subscript n

for all quantities pertaining to the graph Gn when the context is clear.

We model a spreading process on the underlying graph Gn (or G) using a contin-

uous time spreading process (S(t))t≥0. At each time t, S(t) = (S1(t), . . . , Sn(t)) ∈ {0, 1}V

denotes the ‘infection state’ of the nodes in V : Si(t) = 0 (resp. Si(t) = 1) indicates that

node i ∈ V is ‘healthy’ (resp. ‘infected’) at time t. Let us denote by S(t) the set of infected

nodes at time t, i.e. S(t)
4
= {i ∈ V : Si(t) = 1}, and use N(S(t)) to denote its size. In

order to capture the effect of external agents, the evolution of S(t) is assumed to be driven

by the following modes of infection spread:

• Intrinsic infection: Initially, at t = 0, all nodes are healthy, except for a single

node (node 1, say) that is infected. Once any node is infected, it always remains

infected, and infects each of its neighboring (w.r.t. G) healthy nodes at random

35



times, independent and exponentially distributed with mean 1. We term this form

of spread as infection via basic contact.

• External infection: At time t, in addition to being infected by its neighbors in

G, each node i is susceptible to an external infection (alternately, a long-range

contact) with an exponential infection-rate Li(t). The external infection-rate vector

L̄(t) ≡ (Li(t))i∈V can vary with time t and depend on the state of the network S(t)

We note here that the dependence of the external infection rate L̄(t) on the network state

allows us to model the propagation of infection through a wide range of external infection

processes transcending the structure of the underlying network (G). For instance:

1. L̄(t) = 0 represents infection occurring only through edges of the underlying graph

(the standard contact process).

2. Well-known studies by Kleinberg [65] and Watts-Strogatz [94] show that adding a

few fixed long-range edges onto structured networks can dramatically reduce routing

time and diameter. The above long-range contact model captures the dynamics of

infection spreading with L such additional edges, say, by letting Li(t) be the number

of long-range edges incident on node i that have an infected node at the other end

at time t.

3. Long-range edges over the underlying graph, instead of being drawn in a static

manner, can be dynamically added and deleted as time progresses. For instance,

infected nodes can “throw out” fresh sets of long-range edges at certain times –

this corresponds to choosing fresh sets of long-range infection targets depending on

network state or other parameters.

4. Moving beyond long-range structures, the external infection vector can also be used
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to model “virtual mobility”; the external infection could be caused by one or several

mobile agents, whose position is unconstrained by the graph, and which thus spread

infection to various parts of the network with corresponding rates L̄(t).

5. At an even more abstract level, the external agent can be viewed as an external

information source with bandwidth ||L̄(t)||1, which can share its bandwidth across

nodes of the graph. Such a model can be used to design optimal spreading processes

for viral advertising, spread of software updates, etc.

Throughout this chapter, we have used the term intrinsic infection (likewise ex-

ternal infection) interchangeably with basic contact (likewise long-range contact). Now,

to complete our system description, we term the quantity ||L̄(t)||1 as the long-range vir-

ulence at time t, i.e., the power of the infection to spread through long-range contact.

In our work, we restrict ourselves to scenarios where L(t) is uniformly upper and lower

bounded by functions Lmax(n), Lmin(n) respectively (that can potentially scale with the

network size n). Finally, we define the finish time or spreading time of the process as

T
4
= inf{t ≥ 0 : S(t) = 1n}, i.e., the time at which all nodes in V get infected. Our con-

cerns are both to (a) analyze the finish time under certain natural long-range spreading

dynamics, and (b) show universal lower-bounds on the finish time for common structured

networks, over a wide class of long-range spreading dynamics.

General Notation: We use Z and R for the set of integers and reals respectively,

and also use standard Landau notation (O, Θ, Ω) for the asymptotic growth rate of

functions. For random variables X and Y , the notation X ≤st Y and Y ≥st X means

that Y stochastically dominates X, i.e. P[Y ≥ z] ≥ P[X ≥ z] for all z. Where necessary,

we follow the convention that 1/∞ 4
= 0.
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3.3 Main Results and Discussion

We now state our main results, and discuss what they translate to for different

models of local spreading processes aided by spreading via external agents.

We state our results for general external virulence L(t) (more specifically, in terms

of the bounds Lmin(n) and Lmax(n) on ||L(t)||1) in two parts: upper bounds for spread-

ing time for general graphs under specific policies (in particular, a random policy and a

greedy policy), and lower bounds under any policy for certain specific graphs (in partic-

ular, rings/line graphs, d-dimensional grids and the geometric random graph), which are

spatially-constrained, and where the bounds are tight. We conclude the section with a

discussion of the applicability of our bounds and techniques; in particular, we show how

our bounds can be used to obtain results on spreading time for various models of external

infection such as long-range links and mobile agents, and discuss their limitations.

3.3.1 Upper Bounds for Specific Policies

Our first main result is an upper-bound on the finish time (both in expectation

and with high probability) of the homogeneous external virulence policy, or as we refer to

it hereafter, the random spread policy, for a general graph G. Such a policy is equivalent

to one in which the (single) external agent chooses a node uniformly at random and starts

infecting it; hence the name ‘random spreading policy’. The following result states that

if G can be broken into a (large) number of uniformly-sized pieces, then the time taken

by random spreading to finish is of the order of the number of pieces or the piece size,

whichever dominates.

Theorem 5 (Upper bound for Homogeneous External Virulence: Diameter version).
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Suppose Li(t) = Lj(t), i, j = 1, . . . , n, and ||L̄(t)||1 ≥ Lmin(n) ≥ 0 for all t ≥ 0. Suppose

also that for each n, the graph Gn admits a partition Gn =
⋃g(n)
i=1 Gn,i by g(n) connected

subgraphs Gn,i, each with size Θ(s(n)) and diameter O(d(n)). Then,

1. (Mean finish time) E[T ] = O(h(n) log n), where h(n) ≡ max
(

g(n)
Lmin(n) , d(n)

)
.

2. (Finish time concentration) If g(n) = Ω(nδ) for some δ > 0, then for any γ > 0

there exists κ = κ(γ) > 0 such that P[T ≥ κh(n) log n] = O(n−γ).

To understand how this result is applied, consider a line graph on n nodes–this

can be partitioned into
√
n segments of length (diameter)

√
n each, and hence by the

above result, the random spreading policy takes O(
√
n log n) time to infect all nodes. We

formally state and derive such results subsequently.

Next we obtain a spreading time bound for a greedy spreading policy, which we

call the Greedy Subgraph Infection (or GSI) policy. The policy is based on the (optimal)

partitioning of the graph that we constructed in the above theorems, and is as follows:

given the subgraphs Gi, i ∈ {1, 2, . . . , g(n)}, they are infected through sequential greedy

(as opposed to homogeneous) long-range contact, i.e., ||L(t)||1 = Lmin(n), and L(t) is

supported on a single node j(t) within any maximally healthy subgraph at time t (i.e., one

which minimizes |Gi ∩ S(t)|). The finish time of the GSI policy is O(h(n)) in expectation

and w.h.p., which we state as follows:

Theorem 6 (Upper bound for GSI Policy). Suppose for each n, the graph Gn admits par-

tition
⋃g(n)
i=1 Gn,i of connected subgraphs Gn,i, each of size Θ(s(n)) and diameter O(d(n)).

Further, d(n) = log n+ω(1). Then for spreading via the Greedy Subgraph Infection policy,

we have E[T ] = O(h(n)), where h(n) ≡ max
(

g(n)
Lmin(n) , d(n)

)
.
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Again, applying this to the line graph with n nodes, we now get a spreading time

of O(
√
n), which improves on the previous bound by a factor of log n.

Our final upper bound is an alternate bound for the finish time with random

external-agents in terms of a different structural property intimately related to spreading

ability in graphs – the conductance (also called the isoperimetric constant). The conduc-

tance Ψ(G) of a graph G = (V,E) is defined as

Ψ(G)
4
= inf

S⊂V :1≤S≤ |V |
2

E(S, V \ S)

|S|
,

where for A,B ⊆ V , E(A,B) denotes the number of edges that have exactly one endpoint

each in A and B. The conductance of a graph is a widely studied measure of how fast a

random walk on the graph converges to stationarity [13, 84].Analogous to Theorem 5, the

next result formalizes the idea that spreading on a graph is dominated by the larger of (a)

the number of pieces it can be broken into, and (b) the reciprocal of the piece conductance.

Theorem 7 (Upper Bound for Homogeneous External Virulence: Conductance version).

Suppose that for each n, the graph Gn admits a partition Gn =
⋃g(n)
i=1 Gn,i by g(n) connected

subgraphs Gn,i, each with size Θ(s(n)) and conductance Θ(Ψ(n)). Then,

1. (Mean finish time) E[Tπr ] = O(k(n) log g(n)), where k(n) ≡ max
(

g(n)
Lmin(n) ,

log s(n)
Ψ(n)

)
.

2. (Finish time concentration) There exists κ > 0 independent of n such that

P[Tπr ≥ κk(n) log g(n)] = O
(

(log g(n))−2
)
.

3.3.2 Results: Lower Bounds for Specific Topologies

Having estimated the spreading time of random and greedy external-infection poli-

cies, a natural question that arises at this point is: How do these policies compare with the

40



best (possibly omniscient and adversarial) policy, i.e., with the lowest possible spreading

time among all other infection strategies? To this end, we show that for certain com-

monly studied spatially-limited networks (i.e., with diameter Ω(nα) for some α > 0), such

as ring/line networks, d-dimensional grids and random geometric graphs, random spread-

ing yields the best order-wise time up to a logarithmic factor (and the GSI policy yields

the best order-wise time) to spread infection. In particular, for each of these classes of

graphs, we establish lower bounds on the finish time of any spreading strategy, that match

the upper bounds established in the previous section.

Rings/Linear Graphs: Let Gn = (Vn, En) be the ring graph with n contiguous vertices

Vn
4
= {v1, . . . , vn}, En

4
= {(vi, vj) : j − i ≡ 1 (mod n)}. By partitioning Gn into

√
n1

successive
√
n-sized segments, where the diameter of each segment is

√
n, an application

of Theorem 5 gives:

Corollary 1 (Time for random spread on ring graphs). For the random spread policy πr

on the ring/line graph Gn, we have

1. E[Tπr ] = O
(√

n
Lmin(n) log n

)
,

2. For any γ > 0 ∃α = α(γ) > 0 such that P
[
Tπr ≥ α

√
n

Lmin(n) log n
]

= O(n−γ).

i.e., the finish time on an n-ring, with random external infection, is O(
√
n log n)

in expectation and with high probability.

Our next main result is the following lower bound for the spreading time on ring

graphs due to any external-infection policy.

1For ease of notation, we assume that fractional powers of n take integer value; if not, the bounds can
be modified by appropriately taking ceiling/floor.
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Theorem 8 (Lower bound for ring graphs). For the ring graph Gn with n nodes, and

given that ||L̄(t)||1 ≤ 1∀t ≥ 0, there exists c > 0 independent of n such that for any

spreading policy π,

P
[
Tπ < c

√
n
]

= O
(
e−Θ(1)

√
n
)
.

Moreover, we have

inf
π∈Π

E[Tπ] = Ω
(√
n
)
.

d-dimensional Grids: Building on the previous result, we next show that the random

spread strategy achieves the order-wise optimal finish time even on d-dimensional grid

networks where d ≥ 2. Given d, the d-dimensional grid graph Gn = (Vn, En) on n nodes

is given by Vn
4
= {1, 2, . . . , n1/d}d, and En

4
= {(x, y) ∈ Vn × Vn : ||x− y||1 = 1}.

Consider a partition of Gn into (n/Lmin)1/(d+1) identical and contiguous ‘sub-grids’

Gn,i, i = 1, . . . , n1/(d+1) . With such a partition, an application of Theorem 5 shows that

Corollary 2 (Time for random spread on d-dimensional grids). For the random spread

policy πr on an n-node d-dimensional grid Gn, we have

1. E[Tπr ] = O
((

n
Lmin(n)

)1/(d+1)
log n

)
,

2. For any γ > 0 there exists α = α(γ) > 0 with P
[
Tπr ≥ α

(
n

Lmin(n)

)1/(d+1)
log n

]
=

O(n−γ).

i.e., the finish time with random external-infection on a d-dimensional n-node grid

is O

((
n

Lmin(n)

)1/(d+1)
log n

)
in expectation and with high probability.

Further we show that any external-infection policy on a grid must take time

Ω

((
n

Lmax(n)

)1/(d+1)
)

to finish infecting all nodes with high probability, and consequently

also in expectation, thereby showing the above bound is order-optimal.
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Theorem 9 (Lower bound: d-dimensional grids, bounded long-range virulence). Let Gn

be a symmetric n-node d-dimensional grid graph. Suppose that ||L̄(t)||1 ≤ Lmax(n) = ω(n)

for all t ≥ 0. Then, there exist c1, c2 > 0, not depending on n, such that

P

[
T ≤ c1

(
n

Lmax(n)

) 1
d+1

]
= O

(
e
−c2

(
n

Lmax(n)

) 1
2d+2

)
.

Furthermore, if Lmax(n) = O(n1−ε) for some ε ∈ (0, 1], then

E[T ] = Ω

((
n

Lmax(n)

) 1
d+1

)
.

Geometric Random Graphs: Finally, we shift focus from structured graphs to a popu-

lar family of random graphs, widely used for modeling physical networks. The Geometric

Random Graph (RGG) is a random graph model wherein n points (i.e. nodes) are placed

i.i.d. uniformly in [0, 1]× [0, 1]. Two nodes x, y are connected by an edge iff ||x− y|| ≤ rn,

where rn is often called the coverage radius. The RGG Gn = Gn(rn) consists of the n

nodes and edges as above.

It is known that when the coverage radius rn is above a critical threshold of√
log n/π, the RGG is connected with high probability [38]. In our last set of results,

we show that similar to before, random spreading on RGGs in this critical connectivity

regime is optimal up to logarithmic factors. First, we show with high probability that

random spreading finishes in time O( 3
√
n log n):

Theorem 10 (Time for random spread on RGGs). For the planar random geometric

graph Gn(rn), if rn ≥
√

5 logn
n , then there exists α > 0 such that

lim
n→∞

P[Tπr ≥ α 3
√
n/Lmin(n) log n] = 0.
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Finally, we follow this up with a converse result that shows that no other policy

can better this time (order-wise, up to the logarithmic factor) with significant probability.

This directly parallels the earlier results about finish times on 2-dimensional grids, where

random external infection spread exhibits the same optimal order of growth.

Theorem 11 (Lower bound for RGGs). For the planar geometric random graph Gn with

rn = O(
√

log n/n) and any spreading policy π with Lmax(n) = O(n1−ε) for some ε ∈ (0, 1],

∃ β > 0 such that limn→∞ P
[
Tπ ≥ β

3
√
n/Lmax(n)

log4/3 n

]
= 1.

3.3.3 Discussion and Extensions

The framework of spreading processes with external sources encompasses many

models for network dissemination with long-range contacts (as we discussed previously in

Section 3.2): this is done by appropriately specifying L̄(t) ∈ R|V |+ as a function of time t,

topology and network-state S(t). For example, the presence of a single additional ‘static

long-range’ link (i, j) ∈ V 2 is equivalent to setting Li(t) = β1Sj(t)=1, Lj(t) = β1Si(t)=1

and Lk(t) = 0∀k /∈ {i, j} (where β is the rate of spreading on the edge). We now discuss

the implications of our results and techniques on such models of long-range contact.

Static Links: To demonstrate our results in the context of a graph overladen with

additional static edges, consider a d-dimensional grid with L(n) additional static links.

Then we have the following lower-bound for the spreading time T (obtained by setting

Lmax(n) = L(n) in Theorem 9).

Corollary 3. Let Gn be a symmetric n-node d-dimensional grid graph, with L(n) addi-

tional static links. If L(n) = O(n1−ε) for some ε ∈ (0, 1], then E[T ] = Ω

((
n

L(n)

) 1
d+1

)
.
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Note that by combining this with Theorem 6, we can also get the same lower bound

on the diameter D(n) of the resultant graph. To see this, observe that by considering the

entire graph as a single partition, Theorem 6 gives that the spreading time is O (D(n)),

and thus D(n) = Ω
(

(n/L(n))
1
d+1

)
by the above Corollary. One consequence of this is

in the context of ‘small-world graphs’ [65, 94] wherein the diameter of a d-dimensional

grid on n nodes is reduced to Θ(log n) by adding Ω(n log n) random long-range edges.

The usefulness of the above result is to show that it is not possible to obtain such sub-

polynomial diameters by adding O(n1−ε) edges.

We note also that this bound is tight. We can see this from the following simple

example: partition the graph into L(n) identical segments, and add an edge between

a chosen vertex i and a single vertex in each segment. Now for a spreading process

starting at node i, it is easy to see that the resultant process is equivalent to the 2-phase

spreading process in the proof of Theorem 6. Hence, the spreading time for this process

is O
(

(n/L(n))
1
d+1

)
.

Dynamic Links and Mobile Agents: A more surprising result is obtained by consid-

ering spreading on a grid with additional dynamic links, i.e., long-range links which can

change their endpoints as time progresses. Unlike a static link which can transmit the

infection only once (before both its endpoints are infected), such dynamic links can be

re-used over time to help spread the infection. However, we can again use Theorem 9 to

show that using dynamic links does not reduce the order of the spreading time:

Corollary 4. Let Gn be a symmetric n-node d-dimensional grid graph, with L = O(n1−ε)

additional dynamic links, for some ε ∈ (0, 1]. Then E[T ] = Ω
((

n
L

) 1
d+1

)
.
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Related to dynamic links are models of spreading via mobile agents - in such a

context, assuming L(n) mobile agents, each with constant infection-rate, Theorem 9 again

gives the same converse for spreading time, i.e., Ω
(

(n/L(n))
1
d+1

)
for d-dimensional grids.

Furthermore, the techniques of Theorems 5 and 6 can be used to give upper bounds

for various models of mobility: for example, for L mobiles moving randomly on a d-

dimensional grid (where each mobile is unconstrained by the graph as to its next location),

Theorem 5 shows that the spreading time is O
(

(n/L(n))
1
d+1

)
.

3.4 Conclusion

In this chapter, we have modeled and analyzed dissemination via spreading pro-

cesses on graphs when assisted by external agents. For general graphs, we have provided

upper bounds on the spreading time due to external-infection with bounded virulence for

random and greedy infection policies; these bounds are in terms of the diameter and the

conductance of the graph. On the other hand, for certain spatially-constrained graphs such

as grids and the geometric random graph, we have derived corresponding lower bounds:

these indicate that random external-infection spreading is order-optimal up to logarithmic

factors (and greedy is order-optimal) in such scenarios.

The question we take up in the next chapter is how this scenario changes if nodes

can recover from the infection at some rate - we refer to such processes as epidemic

processes. The treatment of such processes turns out to be much harder than spreading

processes; the results, though similar in spirit (in particular, with respect to the role of

network topology and efficacy of random strategies) are much more subtle.
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Chapter 4

Dissemination: Network Epidemics with External Agents

4.1 Introduction

While in the previous chapter, we focused problem on spreading processes, in this

chapter we turn instead to epidemic processes – nodes can now over time lose the received

information/recover from being infected, and the focus is now on the transient properties

of the process. More specifically, we focus in this chapter on characterizing phase transition

behavior in SIS/SIR epidemic processes in the presence external infection sources.

4.1.1 Motivation

As with spreading processes, epidemic processes are used to model various kinds of

real-world phenomena – human infections, computer viruses, rumors, information broad-

cast, product advertising, etc. More specifically, while spreading processes help under-

stand the dynamics of one-way dissemination in a network (for example: rumors, software

updates, fitter genetic mutations, etc.), epidemic processes are used to study transient

infection processes, i.e., those which spread for a while but eventually die out.

The prototypical model for a spreading process, which formed the focus of Chap-

ter 3, is the SI (Susceptible-Infected) dynamics – recall that this corresponds to a model

wherein a ‘susceptible’ node (S) transitions to being ‘infected’ (I) at a rate proportional

to the number of infected neighboring nodes. The two most widely-used models for
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epidemic processes are the Susceptible-Infected-Susceptible (SIS) and the Susceptible-

Infected-Recovered (SIR) dynamics [30, 22], which are variants of the SI process, as we

describe below. In this chapter, we study the impact of external sources on phase transition

phenomena in SIS/SIR epidemics.

The model in brief: in the SIS dynamics, a node in ‘susceptible state’ (S) transitions

to the ‘infected state’ (I) at a rate equal to an infection rate times the number of infected

neighbors, and an infected node transitions back to the susceptible state (S) according

to a cure rate – the critical parameter herein is the ratio of the infection to cure rate,

denoted as β 1. In the SIR dynamics, the only difference from the SIS is that a node in

state (I), on being cured, enters a ‘recovered state’ (R), whereupon it is removed from the

system. Note that the absorbing states of the SIS/SIR models correspond to the epidemic

becoming extinct – for the SIS process, this is when all nodes are in state (S), and for the

SIR process, when all nodes are either in state (S) or (R)2.

The characterizing metric for spreading processes is the spreading time, i.e., the

time taken for all nodes to get infected. Our main observation in Chapter 3 was that

external infections can dramatically shorten the spreading time of the SI process. In

contrast, the quantity of interest in epidemic processes is the extinction time – the time

when the infection dies out in the system. Interestingly, epidemic processes often exhibit

phase transition phenomena: when the infection rate exceeds a certain threshold, then the

infection abruptly switches from being short-lived to being persistent (i.e., with a very

1It turns out that without loss of generality, we can normalize the cure rate to 1 – the ratio of the two
is sufficient to characterize the system

2Specifically, an absorbing state of the SIR model consists of any connected component of nodes in
state (R), and the rest in state (S)
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large extinction time; in case of infinite graphs, they never die out).

In addition to technical contributions to the understanding of epidemic processes

(in terms of new techniques and intuition for threshold phenomena), our results are signif-

icant in terms of their interpretation for certain real-world settings. Our analysis captures

both the worst-case perspective (by how much can the extinction time of a ‘harmful’

epidemic be extended via an adversarial external agent?) and the design perspective

(how can we design the external policy to prolong the lifetime of ‘useful’ epidemic). In

particular, it is instructive to keep in mind two contrasting examples:

• Epidemiology: Characterizing the spread of a human disease/computer worm in a

network, aided by external agents. Here the aim is to understand the worst case sce-

nario that could be induced by external agents unconstrained by locality/geography.

In human diseases, the external agents correspond to long-distance travellers; for the

propagation of computer viruses spreading on a local network, long-range jumps are

via the Internet, or sometimes, through portable disks.

• Product advertising: Enhancing brand recall amongst consumers via viral means

(word-of mouth, viral ads on online social networks, etc.) coupled with long-range

‘broadcast’ advertising (TV advertising, targeting customers for special offers, etc.).

The aim here is the exact opposite of the previous case – how can product awareness

be sustained for a longer time via well-designed advertising strategies.

4.1.2 Our Contributions

We consider large graphs Gn = (V,E), parametrized by the number of nodes

|V | = n, in which an epidemic commences spreading through two interacting processes:
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an intrinsic spread, and an additional external infection. The intrinsic spread follows

either the SIS or SIR dynamics (refer Section 4.1 for an informal description, and Section

4.2 for details). For the external infection process, similar to the model in Chapter 3,

we allow every node in the graph to get infected (if susceptible) at a potentially different

(including zero) exponential rate at each instant in addition to the intrinsic process; thus

at time t, the external infection can be viewed as a |V |-dimensional vector L̄(t) of external

infection-rates for each node. We allow the external rates to be chosen as a function of the

network state and history (omniscience) and further, potentially designed to maximize the

extinction time (adversarial) – the only limitation on the external process is that it has

bounded virulence, i.e., the total external rate at any instant is less than some parameter

µ (which can be a function of n). Further, we assume that the external source exists iff

there is at least one infected node in the network – this ensures that our process has the

same absorbing states as the original epidemics.

We focus on characterizing the time to extinction E[TSIS ] in the SIS model, and

the number of infected nodes in the SIR model, as a function of four factors: i. the intrinsic

infection rate β (with the cure rate normalized to 1), ii. the external virulence µ, iii. the

graph topology, and iv. the external infection policy. Our main results are as follows:

1. (Subcritical SIS epidemic): Under the SIS dynamics with µ = O(1) (constant

external infection), for any graph G with maximum degree dmax, and any external

infection policy, if βdmax < 1, then E[TSIS ] = O(1), i.e., the epidemic dies out

in constant time. For comparison, the critical threshold for subcritical epidemics

without external infection is βλ1 < 1 [30], where λ1 is the leading eigenvalue of the

graph adjacency matrix; note that davg ≤ λ1 ≤ dmax.
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2. (Critical SIS epidemic): Under the SIS dynamics with µ = O(1), for any graph

if 1
dmax

<< β < 1
λ1

(i.e., order-wise greater than d−1
max, but less than λ−1

1 ), then there

exists an external infection policy resulting in an extinction time which is at least

polynomial in n.

Furthermore, this is tight in that for any graph with sufficiently large maximum-

degree, and any infection policy with the above choices of β and µ, the extinction

time is also bounded by a polynomial in n. To the best of our knowledge, this is the

first rigorous demonstration of such a polynomial-lifetime regime in SIS epidemics.

3. (Supercritical SIS epidemic): Next, we consider the problem of designing an

external infection strategy so as to result in a supercritical epidemic, i.e., E[TSIS ] =

en
Ω(1)

. Without external infection, the best-known sufficient condition for this is

βη ≥ 1 [30], where η is the graph conductance 3. We show that if the external rate

µ grows with the number of infected nodes |I| as γ|I|, for some constant γ > 0,

and up to some |I| = nα, then even a random external infection strategy ensures

exponential epidemic lifetime provided βη + γ ≥ 1.

4. (Subcritical SIR epidemic): Finally, we show that µ = Θ(1) is a tight threshold

for subcritical epidemics in the following sense – if βdmax < 1, then the number of

infected nodes is sub-polynomial in n, whereas if β is orderwise greater, then it is

possible to infect a polynomial number of nodes independent of where the infection

starts spreading. A unique feature of our analysis is that unlike most existing work on

the SIR epidemic which essentially reduce the problem to studying a static process,

3more specifically, the local conductance, i.e., the isoperimetric number of all sets of size ≤ nα for some
α > 0
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our model necessitates an understanding of the dynamics of the SIR model – we

achieve this via a coupling between the SIS and SIR models.

We formally state these results in Section 4.3. In addition, in Section 4.3.5, we highlight

the importance of our results to several different settings.

4.1.3 Related Work

As mentioned in Chapter 4, understanding how infections/information/innovations

can travel across networks through epidemic processes has been a subject of extensive

study, as can be ascertained from surveys of the field arising from a variety disciplines

– epidemiology [2, 46, 19], sociology [81], physics [78], computer science [49], networking

[23] and applied probability [60].

The SIS/SIR processes has been widely studied to characterize its phase transi-

tions. The foundational work in the probability community focused on infinite regular

graphs, in particular, grids and trees [60]. For finite graphs, phase transitions were first

characterized via empirical [49, 77], and also approximate (mean-field) techniques [17, 90].

Other works have provided a more rigorous analysis of phase transition – in particular,

Ganesh et al. [30] for general graphs, and some specific families, and Berger et al. [11] for

the preferential attachment graph. These papers provide conditions for subcritical and

supercritical regimes under the SIS model. Draief et al. [22] undertake a similar program

for the SIR model. Our work follows in the line of these results, providing a rigorous

characterization for epidemics with external sources.

The role of external sources in epidemic spread has been studied under different

models. Various authors have investigated the spread of infectious diseases with specific
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mobility patterns, e.g. via airline networks [18], heterogeneous geographic means [92],

multi-scale networks [8] etc. This is paralleled by studies of epidemics on computer/mobile

phone networks [53, 69, 93]. Finally, in the context of social networks, Myers et al. [72]

consider a model similar to our model of random external infection, and use Twitter data

to estimate the extent of external influence.

On the design side, two typical settings considered in literature involve enhancing

epidemics via designing the seed set [48], or changing the graph topology via additional

long-range links [17]. The latter in some sense is an optimization view of the famous

‘small-world’ graph constructions [52, 75]. Wagner and Anantharam [91] consider redis-

tributing edge infection-rates in a line network so as to ensure long-lasting epidemics. A

complementary setting to this is considered by Borgs et al. [12], wherein the cure-rate can

be redistributed among nodes to minimize the infection spread. All of these works only

consider static (or one-shot) policies – we instead allow our external agents to dynamically

change their policies.

Finally, the closest work to this chapter is that presented in Chapter 3, where the

same model of external infection is considered under the SI dynamics – however unlike

spreading processes (where external agents always speed up spreading), this chapter shows

that the situation is much more subtle and non-trivial for epidemic processes.

4.2 Model for Epidemic Processes with External Agents

General Notation: We use Z0 and R0 for the set of non-negative (i.e., ≥ 0) integers

and reals respectively, and also use standard Landau notation (O, Θ, Ω) for the asymptotic

growth rate of functions. For random variables X and Y , the notation X ≤st Y and
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Y ≥st X means that Y stochastically dominates X, i.e. P[Y ≥ z] ≥ P[X ≥ z] for all z.

Intrinsic infection: As mentioned before, we consider epidemic processes on an

underlying graph G(V,E) (with |V | = n). The process evolves in continuous-time t

following either the SIS or the SIR dynamics.

In the SIS model, a node exists in one of the two states: susceptible (0) or infected

(1). The state of the network at any time t is given by X(t) ∈ {0, 1}n (with Xi(t) the state

of node i at time t). Infected nodes propagate the epidemic to neighboring susceptible

nodes at rate β, and revert to being susceptible at a rate 1. Hence at a time t the transition

for a node j in the network follows a Markov process with transitions:

0→ 1 : at rate β ·

 ∑
i:(i,j)∈E

Xi(t)

 , 1→ 0 : at rate 1

In the SIR model, a node can take 3 states: susceptible (0), infected (1) or resistant

(e). Now an infected node, i.e., with state (1), upon recovering transitions to a resistant

state (e) – subsequently it plays no further part in the dynamics. Thus the transition for

node j follows a Markov process:

0→ 1 : at rate β ·

 ∑
i:(i,j)∈E,Xi(t)6=e

Xi(t)

 ,

1→ e : at rate 1

Note that state (e) is an absorbing state for a node.

External infection: We formally model the external infection as a time-varying

vector L(t) = {Li(t) : i ∈ V }, where Li(t) ≥ 0 is the extra rate (i.e., in addition to

any intrinsic infection rate) at which the external source tries to infect node i at time t.
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We define the external virulence as ||L(t)||1 ≤ µ – one way to visualize this is that the

external source’s infection times follow a Poisson process with rate µ, and during each

infection event (say at time t), the external source infects a single node j with probability

Lj(t)
µ . The external infection-rate vector L(t) (and the virulence µ) can vary with time t

and can depend on the state of the network S(t). Our model of external infection-agents

generalizes several models for long-range infection spreading, in particular:

• µ = 0 reduces to the underlying SIS/SIR process.

• Static long-range edges: µ is the number of additional edges added; Li(t) at time t

is the number of long-range edges incident on node i that have an infected node at

the other end.

• Dynamic long-range edges: Same as above, but the set of additional edges can be

changed over time.

• Mobile agents: The external infection is caused by one/several ‘mobile’ agents, whose

position is unconstrained by the graph. This can also model targeted advertising,

giving ‘special offers’ for individuals, etc.

• Broadcasting with bandwidth constrains: An external source with bandwidth µ, which

can be shared across any set of nodes. Such a model can be used for broadcast

advertising (eg., TV/magazine ads), or dissemination of software updates from a

central server, etc.

Note that we do not claim our results are the tightest possible under all models of infection

via external sources. Some of the above have been studied before, and it is sometimes

non-trivial to analyze particular models of external infection, such as additional long-

range links [17] or agents performing random walks on the graph [21]. However, our
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model and analysis does capture many of the salient features of these models, reproducing

some existing results, and more importantly, helping characterize many new settings. At

a higher level, our work suggests that such models for external infection exhibit a certain

dichotomy – external infection sources either do not affect the phase transition points (if

µ is insufficient), or if they do change the threshold (i.e., if µ is large enough), then they

do so even if the strategy is random.

4.3 Main Results and Discussion

We now state our main results, and discuss their implications for different graphs

and different models of external agents. We present the results and discussions here, with

brief proof outlines – the complete proofs are deferred to Appendix C.

4.3.1 Subcritical SIS Epidemic

For an SIS epidemic X(t) = {Xi(t) : i ∈ V }, we study the extinction time:

TSIS = inf{t : X(t) = 0}.

Note that this definition remains consistent under our model of external agents, as we

define the external infection vector L(t) to be 0 when X(t) = 0. Note also that the

distribution of TSIS depends on the initial condition X(0).

Recall that the subcritical regime is one wherein the extinction time of an epidemic

is small (usually O(1) or O(log n)). Our main result for subcritical SIS epidemics in the

presence of external infection agents is as follows:

Theorem 12. Given an SIS epidemic with intrinsic infection rate β on a graph G with

maximum degree dmax, if the initial number of infected nodes is O(1) (arbitrarily chosen)
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and βdmax < 1, then for any external infection strategy with rate µ = O(1), we have:

E[TSIS ] = O(1).

Prior work for the intrinsic SIS epidemic (i.e., without external agents) reveals

that the subcritical threshold for β is related to 1
λ1

, where λ1 is the largest eigenvalue (or

spectral radius) of the adjacency matrix. This fact, though earlier known empirically and

via mean-field approximations, was formally established by Ganesh et al. [30], who showed

that if βλ1 < 1, then E[TSIS ] = O(log n)4. Note that for any graph, davg ≤ λ1 ≤ dmax

(where davg is the average degree). Thus for d-regular graphs, the spectral radius is equal

to the maximum degree; moreover, for any graph, βdmax < 1 is a sufficient condition for

the sub-critical regime.

What Theorem 12 shows is that under constant external infection (i.e., µ = O(1)),

βdmax < 1 remains a sufficient condition for sub-critical epidemics – as long as the initial

infected set is of size O(1), the epidemic has O(1) extinction time, under an arbitrary

choice of the initial infected nodes, and arbitrary external infection strategies (including

omniscient and adversarial strategies).

Proof outline. We first embed the multi-dimensional chain in a suitable 1-dimensional

Markov chain – we do this by considering the total number of infected nodes in the

network and embedding it in a Markov chain via stochastic domination arguments. Similar

techniques were used to show supercritical behavior in [30, 11] – however the resulting

Markov chains in those works have an absorbing state at 0 (i.e., if there are no infected

4Note that this result does not make any restrictions on the size of the initial infected set. The logn
factor is then inevitable – essentially, it is the expected time for n isolated infected nodes to recover.
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nodes in the network). A critical contribution of our work is to show that it is possible to

further embed the process in an ergodic Markov Chain, by adding some virtual transitions,

while preserving the quantities of interest (in this case, the time to absorption). This

technique allows us to easily compute closed-form bounds for the absorbing time,even

under complex external-infection policies. The detailed proof is given in Appendix C.

4.3.2 Critical SIS Epidemic

Suppose now µ is still O(1), but d−1
max << β < λ−1

1 – in other words, it is not large

enough to escape the subcritical regime without external aid, but larger than the sufficient

condition in Theorem 12 for O(1) extinction time with external aid. The question now is

whether this regime is also subcritical, or if there is a fundamental shift in the epidemic

lifetime in this region brought about by the external agents. This is particularly important

in settings where dmax and λ1 differ greatly – for example, graphs with a power law degree

distribution.

In this section we show that there is in fact a fundamental shift in this regime –

for a large class of graphs, the presence of the external source causes an orderwise change

in the epidemic lifetime, which we characterize in a tight manner. First, existing results

for subcritical epidemics without external aid (in particular, Theorem 3.1 in [30]) can be

bootstrapped to derive the following upper bound on the extinction time:

Theorem 13. For an SIS epidemic with βλ1 < 1, originating from any set of initially

infected nodes, and aided by any external infection strategy with µ = O(1), we have

E[TSIS ] = nO(1),

i.e., the lifetime is at most polynomial in the number of nodes.
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Proof Outline. The main intuition behind this result is that within any time interval that

is O(log n), the external infection has a 1
nΘ(1) probability of failing to infect even a single

node. Further, the results for O(log n) extinction-time for the intrinsic infection hold

for any initial set of infected nodes. Now we can combine these two facts to create a

dominating process wherein whenever the external agent successfully infects a node, we

instead infect all the nodes in the system – however this can happen at most a polynomial

number of times. The complete proof is given in Appendix C.

Thus we know that the epidemic can last for a time at most polynomial in n –

however can this be achieved? The answer to this is provided in the following result:

Theorem 14. For SIS epidemics on graphs with dmax = Ω(nα) for some α > 0, suppose

β = Ω
(
n−α(1−ε)) for some ε > 0. Then, for any initial infected set, there exists external

infection policies with µ = O(1) such that, for some λ = Θ(1):

E[TSIS ] = Ω(n−λ).

The implication of this theorem is as follows: if we consider any graph with suffi-

ciently large maximum degree (i.e., scaling polynomially with n), then an intrinsic infection

rate of β >> d−1
max coupled with a constant external infection is sufficient to ensure that

the epidemic lifetime is at least polynomial in n. Now the first eigenvalue of the adjacency

matrix satisfies max{davg,
√
dmax} ≤ λ1 ≤ dmax – thus it can be order-wise less than dmax.

For example, for the star graph on n nodes, we have λ1 =
√
n while dmax = n. The above

theorem now implies that for such graphs, it is possible to choose an intrinsic infection rate

such that d−1
max << β < λ−1

1 , and then design an appropriate external infection strategy
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to ensure polynomial lifetime. Note that this is not unique to the star graph – for many

graphs, like power-law and other heavy-tailed degree distributions, it turns out that the

maximum degree is polynomial in number of nodes, and further, there is an order-wise dif-

ference between λ1 and dmax. The above theorem implies that constant external-infection

can cause a polynomial-lifetime critical regime in such networks.

Proof outline. The proof proceeds in three steps. First, given any initial infected set, the

external source can infect the node with degree dmax with at least constant probability

(by focusing its entire virulence at that node). Next, by coupling arguments, the process

subsequently can be stochastically dominated by considering an SIS process on a single

star of degree dmax. The main technical ingredient is showing that the SIS infection on a

star on dmax = nα nodes lasts for a time that is at least polynomial in n if aided by an

external source of at least constant virulence – note that this is not true if the external

source is absent (from results in [30, 11]). The complete proof is given in Appendix C.

4.3.3 Supercritical SIS Epidemic

The results in the previous two sections indicates that O(1) external infection is

insufficient to push an epidemic from the subcritical to the supercritical regime - it can

at most increase the lifetime to a polynomial function of n, but not to an exponential.

The question we address now is what conditions on µ are sufficient to ensure exponential

epidemic lifetimes – i.e. E[TSIS ] = en
Ω(1)

.

More specifically, we want to design an external-infection scheme that guaran-

tees that epidemic is in the supercritical regime; ideally, this policy should work for any

graph/initial infected set/intrinsic infection rate β. The results from the previous section
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show that we need µ to grow with n to have any chance of reaching the supercritical

regime. In fact, it turns out that just scaling with n is not sufficient, as we prove the

following refinement of Theorem 12, that demonstrates that even if µ grows slowly with

n, it can not escape sub-exponential extinction times:

Theorem 15. For the SIS epidemic on graph G, if βdmax < 1 and the initial infected set

is O(1), then:

1. µ = o
(

logn
log logn

)
5 results in sub-polynomial lifetime, i.e., E[TSIS ] = no(1).

2. µ = O (polylog(n)) results in sub-exponential lifetime, i.e., E[TSIS ] = O(epolylog(n)).

Thus, in order to achieve exponential epidemic lifetimes, it would appear that we

need µ to be at least polynomial in n. However this is impractical for real-world settings

– for example, it implies having a very high advertising budget, or a large number of

infected long-distance travelers. Further, such an assumption is somewhat trivial from a

mathematical point of view, as essentially the external infection dominates any effects of

the intrinsic infection.

However, it turns out we can circumvent this problem in the following way: instead

of considering a fixed, large µ, we allow µ to scale with the size of the infected population

(upto some maximum size). Note that from the previous theorem, it is clear that we need

the maximum size to be polynomial in n, however the required external rate over time

may be much smaller. This is the situation we consider next; in Section 4.3.5, we discuss

the relevance of this assumption in various settings.

5Recall f(n) = o(g(n)) means that limn→∞
f(n)
g(n)

= 0
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To state our results, we first need to recap the best known conditions for the

supercritical regime for the SIS epidemic without external infection. For this, we need to

introduce the generalized isoperimetric constant η(m) of a graph G[30], defined as follows:

η(m) = min
S⊆V :|S|≤m

|E(S, Sc)|
|S|

,

where S is any subset of nodes (of size ≤ m, with its complement Sc = V \ S), and

E(S, Sc) is the set of edges with one endpoint in S and one in the complement (i.e., in the

corresponding cut of set S). The isoperimetric constant captures the notion of a bottleneck

set : one which has the smallest number of edges exiting it, normalized by the number of

nodes in the set. It is related to the notion of expansion on graphs – in particular, the

above definition is equivalent to a (mn , η(m))-expander [11]. Further, via the Cheeger’s

inequality, it is also related to the second largest eigenvalue λ2 of the adjacency matrix –

we discuss this further in Section 4.3.5. Finally, it is known [30] that if βη(nα) > 1, then

for any initial set of infected nodes, we have E[TSIS ] = Ω(en
α
). We now show how this

can be improved with external sources.

Suppose we define the set of infected nodes at time t as I(t) ⊆ V . Now we have

the following sufficient condition for the epidemic to enter the supercritical regime:

Theorem 16. Consider the SIS epidemic on graph G: given any α > 0, suppose the

external infection rate µ scales linearly with the number of infected nodes |I| as µ = γ|I|

for |I| < nα. Now if the intrinsic infection rate satisfies βη(nα) + γ > 1, then under an

external infection strategy which infects nodes uniformly at random, we have

E[TSIS ] ≥ enα .
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We can unravel this result as follows – to achieve supercriticality, we require:

• The external infection-rate scale linearly with the number of infected nodes |I| upto

a maximum limit which is at least polynomial in n (though it can be of as small an

order as we desire).

• The slope of the line γ must obey γ > 1 − βη(nα): essentially, it must compensate

for the gap between the intrinsic rate and the critical threshold.

• The external infection need not be specifically designed – in fact, it can be random.

More specifically, it is sufficient to try to infect each node at a rate µ
n , irrespective

of whether it is already infected or not.

The proof is given in Section C.2 of Appendix C.

Combining all the previous theorems, we get the following summary for the SIS

epidemic with external agents: suppose we have an intrinsic infection with rate β which is

below the critical threshold, then adding a constant amount of additional external infection

will either leave the extinction time unaffected (in a scaling sense, if βdmax < 1), or at

best, if designed carefully, improve it to a polynomial in n (if βdmax >> 1). If however,

we want to push the epidemic into the supercritical regime, we can do so by making the

external rate grow linearly with the number of infected nodes, at a rate equal to how much

β is below the threshold. The three regimes are summarized in Figure 4.1. We interpret

these results in more detail via several examples in Section 4.3.5.

4.3.4 Phase Transition in the SIR Epidemic

Next we turn to the case of the SIR epidemic (see Section 4.2 for definitions).

Recall that in this model, an absorbing state consists of a connected set of nodes in state
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Figure 4.1: Illustration of the 3 regimes in SIS epidemics with external infection sources:
For µ = O(polylog(n)), we get subcritical and critical regimes, depending on β; µ scaling
linearly with |I| results in a supercritical epidemic.

(e), and the rest in state (0). We define the time to extinction TSIR of the epidemic as

before. However a more important object of study here is the number of nodes eventually

infected by the epidemic – we denote this as NSIR = |I(TSIR)|.

We assume throughout that the initial number of infected nodes is O(1), and they

are chosen arbitrarily – this can be generalized, but since we are interested in the number

eventually infected, this assumption is appropriate. We also note that there are two models

which are referred to as the SIR model in literature – the one we define in Section 4.2,

wherein the nodes transition from state (1) to (e) according to an Exponential(1) clock,

and an alternate model wherein the nodes transition from (1) to (e) after a deterministic

time (usually 1 unit). We consider only the former model in this work; the results can be

generalized to the latter in a straightforward way.

Sufficient conditions for subcritical SIR epidemics, i.e., with small E[NSIR], have

been (rigorously) established – in particular, Driaef et al. [22] show that βdmax < 1, then
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E[NSIR] = O(1) 6. We generalize this result for the setting with external agents:

Theorem 17. For the SIR epidemic on graph G with external infection-rate µ = O(1), if

β(dmax − 1) < 1, then for any external infection policy, we have:

E[NSIR] = O(1).

Further, if µ = o
(

logn
log logn

)
then E[NSIR] = no(1), i.e., it is sub-polynomial.

This means that any infection with intrinsic rate less than d−1
max can infect only a

vanishing fraction of the nodes if the external infection strength is less than logn
log logn .

Proof Outline. As existing bounds on the SIR epidemic are obtained by observing the

structure of the infection as t → ∞[22], it is difficult to take the same approach to

incorporate external infection. We instead build on our results for the SIS epidemic spread

via a coupling argument. The main observation is that for SIS and SIR epidemics on the

same graph, with identical intrinsic rate β, as well as external rate µ (and identical external

infection strategies), the extinction time for the SIS infection stochastically dominates that

of the SIR infection. Using this, we can use various coupling arguments to get the result.

The complete proof is given in Appendix C.

Again as in the case of SIS infections, we can show that this can not be significantly

tightened – in particular, in case of graphs with sufficiently large (polynomial) degree:

6One can also get results for the case when βλ1 < 1, but the bounds are in terms of the eigenvectors of
the adjacency matrix, making them harder to interpret in general.
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Theorem 18. Consider a graph G with an SIR epidemic such that the maximum degree

dmax = Ω(nα) for some α > 0; further β = Ω (nε−α) for 0 < ε < α, and µ = Ω(1). Then

there exists an external infection policy such that E[NSIR] = Ω(nk) for some k > 0.

The above theorems can be together paraphrased as follows – if a graph has a node

of polynomial degree, then an SIR infection with intrinsic rate β > d−1+ε
max and an external

infection of µ = Ω(1) is sufficient to infect a polynomial number of nodes. Note that this

covers many important classes of real-world graphs – in particular power-law graphs.

4.3.5 Discussion and Examples

We conclude by discussing how our results can be applied to various settings.

Epidemiology: Both SIS and SIR models are widely used to model human epidemics

[77], and also computer viruses/worms [49]. SIR dynamics is used when recovery from an

infection prevents re-infection (E.g., resistance in humans, patches for computer viruses);

the SIS dynamics more closely models cases where an infection may return via mutations in

the parasite; this is true even for computer worms, which have been known to circumvent

patches by exploiting multiple vulnerabilities. Finally, external sources have long been

known to promote the spread of such epidemics, be it via long-distance air travel/shipping

propagating human diseases, or worms spreading via the Internet.

What do our results imply for such settings? On the positive side, Theorems 12

and 13 show that an external source of constant virulence can not cause an infection to

become supercritical – further, Theorem 14 reaffirms the intuition that highly-connected

nodes need to be protected against the infection. This is in a sense complementary to the

results of Borgs et al. [12], who show that an effective strategy for distributing antidotes
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(i.e., augmenting recovery rates) is to provide it to nodes proportional to their degree.

Our result can be viewed in terms of designing preventive measures – to control epidemic

spread, one should vaccinate/quarantine nodes with a high degree.

However, it can be argued that in many cases, the number of external agents

actually does scale as γ|I| - for example in case of long-distance travel, if we assume that

the people traveling are randomly chosen (irrespective of whether infected or not), then the

number of infected people traveling does scale linearly as the number of infected people.

In such a regime, the import of Theorem 16 is more grim – it suggests that an infection

can become supercritical if such travel is not curbed before a certain point, and further

this is not affected if the travel is random. This matches the empirical observation that

epidemics which have a long incubation period (i.e., do not show symptoms in carriers till

long after infection) often tend to become more widespread.

Advertising: It is widely accepted that the recall of a product in the minds of consumers

is jointly affected by its prevalence in social circles (e.g., if many your friends use a certain

product, then you would tend to use it as well) and the use of advertising. Moreover,

advertising can be both via broadcast media (e.g., TV/magazine ads, billboards) and also,

increasingly, viral media (e.g., word of mouth, videos on Youtube, etc.). This scenario is

very well modeled by the SIS/SIR epidemic – the epidemic represents the recall of a brand,

which is strengthened by local interactions, and also by broadcast advertising; further, the

rate of TV/magazine ads are subject to advertising budgets.

In this domain, our results make very clear recommendations – for any brand,

a constant advertising budget is not sufficient to ensure long-lasting recall. However,

increasing the advertising budget proportional to the number of customers (which is viable
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since the revenues also increase) can achieve supercritical behavior. In terms of advertising

strategy, our results suggest that if the budget is small, then targeted advertising, biased

towards highly-networked consumers, is more beneficial - however, if the budget is large

enough (and scaling linearly with the number of customers), then broadcast advertising

(which can be thought of as a random infection strategy) is sufficient.

Popular Models for Network Formation: Our results can be applied to specific

graph families to obtain thresholds for the different regimes – however, they may not be

the tightest in all graph families. Such a program is carried out in [30], who characterize

λ1 and η(m) for several families of graphs, including random graph families such as the

G(n, p) and certain families of power-law graphs – since our thresholds are also in terms

of the same quantities, these results carry over to our setting, and in addition we get

additional results for the case of external infection; for example, for graphs with sufficiently

high maximum degree, we show that O(1) external infection rate is sufficient to push the

lifetime to poly(n).

However, our results allow for analysis of more sophisticated models of external

infection. To illustrate this, consider the example of Kleinberg’s small-world network

construction [52] – this consists of a 2-dimensional grid, where each node has an additional

long range link, the other end of which is selected according to some given distribution.

Viewing these long-range links as external-infection sources, we see that the external

infection rate increases roughly as β|I| (in particular, if the long-range link is chosen

uniformly, then µ = β
(
|I| − n−1+α

)
as long as |I| ≤ nα). Now, using Theorem 16, we

have that if β > 1, then the epidemic is supercritical.
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4.4 Conclusions

Chapters 3 and 4 characterize dissemination processes in the presence of external

agents. Specifically, we have considered one model of a spreading process (SI), and two

models of epidemic processes (SIS and SIR) – in each case, assuming bounded external

sources, we have characterized the limits of the process. On one hand, we have obtained

impossibility results under omniscient and adversarial external-infection strategies, while

on the other hand, we have shown near-tight achievable strategies in many regimes. Fur-

ther, our achievable strategies have tended to be either greedy (the GSI policy in Chapter

3; targeting the maximum-degree node in this chapter), or random.

Dissemination processes have received much attention in recent times, starting

with simple, infinite graphs, and subsequently, general results for finite graphs. Our work

continues in this line, by giving a detailed characterization of the impact of external

sources. The maturity of this field means that such models are now being used to study

network inverse problems (learning underlying causal networks, learning sources of rumors,

etc.) and also as primitives for engineering applications (distributed cache protocols, gossip

algorithms, etc.). To this end, we have tried to give clear intuition and concise proofs for

our results – we hope this will help further the use of such models in varied applications.
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Chapter 5

Filtering: Large-Scale Content Recommendation on
Networks

5.1 Introduction

The final problem we consider is that of large-scale online recommendation subject

to an access graph constraint. This problem, in addition to transmission of information

flows, introduces an aspect of learning - data packets now have an associated value, which

must be inferred from feedback in order to make better control decisions. Despite the

increased complexity, we can again characterize the bottlenecks introduced by the graph,

and design simple yet efficient strategies with rigorous guarantees.

5.1.1 Motivation

The modern internet experience hinges on the ability of content providers to effec-

tively recommend content to users. In such online recommendation settings, user feedback

often provides the best guide to the ‘value’ of a piece of content. In content-curation web-

sites like Digg and Reddit, article recommendation is often done in terms of ‘popular

stories’, i.e. content other users found interesting on viewing. In social networks like

Twitter and Facebook, each user is shown a (often small) subset of all content generated

by her friends/contacts; the selection is based, among other things, on feedback (‘likes’)

from other users. In online advertising, ads that have been shown to a lot of users without

much uptake are less likely to work than others with good uptake. In all these settings, as
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the amount of available content grows far in excess of what users can consume, algorithms

for recommending relevant content become more critical, but also harder to design.

Any system that both recommends items to users, and then leverages their feed-

back to improve the recommendations, faces an exploration-exploitation trade-off: should

a user be shown a new item of unknown value, in the hope of benefiting future users?

Or should she be shown an item that is already known to give her good value? In the

applications we describe above, this trade-off is complicated by the fact that the available

content is of the same order as the total content-views across all users (and far exceeding

what a single user can be shown) – for example, every social network user is both a con-

sumer and also a creator of content, at comparable rates. Furthermore, a crucial feature of

such settings is the presence of an underlying access graph between users and items, which

constrains what items a user can be presented with. For example, in a social network,

users only want to view content uploaded by their friends – the access graph here is the

friendship/follower graph. In content-curation, users may ‘subscribe’ to a set of topics,

indicating that they are only interested in content related to these topics.

The focus of this chapter is to study the effect of such an access graph on rec-

ommendation algorithm design. We consider the following natural model: we are given

a bipartite access graph between users and items, which specifies which items each user

can potentially be shown. Both users and items arrive to the system according to some

random process. For each visiting user, the algorithm needs to select a subset of ‘neigh-

boring items’ to present to the user. Each item has an associated value, which can be

arbitrary – this reflects the fact that in such recommendation settings there are often no

good stochastic models for the content values (due to periodic trends, one time events,
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etc.). Furthermore, item values are a priori unknown to the algorithm – to learn them,

the algorithm depends on feedback from users. We capture this dependence via the fol-

lowing condition: for any user, the algorithm can identify the corresponding highest valued

items from the set of pre-explored items – where an item is said to be pre-explored if the

algorithm has presented it to at least one user (or more generally, some finite number of

users). The performance of an algorithm is measured in terms of the competitive-ratio –

the ratio of the reward that the algorithm earns for an arbitrary user, to the best available

reward for that user (or equivalently, the reward earned by a ‘genie-aided’ algorithm, with

complete knowledge of the item-values).

In content-rich settings (i.e., number of items is comparable to the number of user-

visits), it is not possible that all items be presented more than some constant number of

times to users. Thus, the act of presenting a popular item to many users may result in

other items never being presented to anyone. In a sense, the critical distinction in content-

rich settings is between items for which there are no ratings, and those for which there

are some – this is precisely what our model captures.

Given that the algorithm knows the value of pre-explored items, a sufficient condi-

tion for guaranteeing a good per-user competitive-ratio is as follows: the algorithm should

explore items in a manner such that for any user, her most relevant items are explored

before she arrives in the system. It is not hard to see that this is a desirable property, but

it may appear too strong a requirement; surprisingly however, we show a milder condition

– the above property holding with a non-vanishing probability – is in fact achievable in

many settings, and using very simple algorithms. On the other hand, competitive per-

formance is by no means guaranteed for all algorithms in this scenario – we show that
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certain ‘natural’ algorithms turn out to have vanishing competitive ratio. Furthermore,

we derive minimax upper bounds on the competitive ratio which show our results are

orderwise optimal in many settings.

Exploration-exploitation trade-offs has been extensively studied in online recom-

mendation literature; in particular, a popular model for online recommendation is the

stochastic bandit model and its variants. The main assumption in bandit settings is that

each item (or arm), upon being displayed, gives an i.i.d reward from some distribution

with unknown and arbitrary mean ([5]; see also [14] for a survey of the field). Algorithms

for these settings are closely tied to this assumption – they focus on detecting suboptimal

items via repeated plays, where the number of plays scale with the number of items. Our

content-rich setting corresponds to having a very large, possibly infinite, number of arms

with arbitrary values, which become known upon exploring them for the first time – this

is a fundamentally different assumption from bandit settings. Indeed using bandit algo-

rithms implies a 0 competitive-ratio in our setting (which is not surprising since traditional

bandit algorithms are designed for a different setting). We discuss the relation to bandit

settings in more detail in Section 5.1.3.

We present our results for the case where an item needs to be explored once to

know its value; however, we can extend the algorithms to settings where the algorithm

needs to present each item to a finite number of users in order to estimate its value to

within a multiplicative factor (as discussed in Section 5.3). Empirical observations [88, 95]

indicate that this model is reasonable: in large social networks/content-curation sites, the

popularity of an item can be reliably inferred by showing it to a small number of users.

Furthermore, work on static recommendation [50, 41] also provide guarantees for learning
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item-value from a few ratings under alternate structural assumptions; these observations

tie in well with our model.

5.1.2 Summary of Our Contributions

We consider two settings – a finite-population setting and an infinite-horizon set-

ting. The first is a good model for ad-placement and content-curation, wherein items arrive

in batches; the infinite-horizon model is more natural for applications like social-network

updates, which have continuous arrivals and departures.

Model: In the finite-population model (Section 5.2.1) we assume there is a bipartite

access graph between a (fixed) set of nU users and nI items – a user can view an item

if and only if she is connected to it. Users arrive in a random order, and are presented

with r item-recommendations. Each item i has an intrinsic value V (i) – the total reward

earned by a user is the sum of rewards of presented items. The item values are a priori

unknown to the algorithm but become known after an item is recommended for the first

time. Thus, for any user, the algorithm can always identify the top r pre-explored items.

In the infinite-horizon model (Section 5.2.2), the underlying access-graph G is be-

tween a finite set of users Nu and a finite set of item-classes NC . The system evolves

in time, with user/item arrivals and departures. Each user makes multiple visits to the

system, according to an independent Poisson process; similarly, for each item-class, in-

dividual items arrive according to an independent Poisson process. Items have arbitrary

values, which are a priori unknown; again, we assume that the algorithm can identify the

top r pre-explored items for each user. Furthermore, each item is available only for a fixed

lifetime. To the best of our knowledge, ours is the first work which provides guarantees
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for online recommendation under Markovian dynamics but arbitrary item-values.

Our algorithms are as follows: given r slots to present items to an arriving user, we

split them between explore and exploit slots uniformly at random. In the exploit slots, we

present the highest-valued pre-explored items (which by our assumption can be identified).

For the explore slots, we present previously unexplored items – the crucial ingredient is

the policy for choosing these items. Our results are as follows:

1. Exploration via Balanced Partitions: In the finite setting, we present an algorithm

based on picking unexplored items via balanced semi-matchings (or balanced item-

partitions). We show this achieves a competitive-ratio guarantee of Ω(r/d∗(G))

(Theorem 19), where r is the number of recommendations per user, and d∗(G) is the

minimum makespan of the graph G.

2. Exploration via Inverse-Degree Sampling : We also present an alternate algorithm

that does not use pre-processing, and further only requires node-degree information.

For each user, the algorithm chooses items for exploration by randomly picking

neighborhood items with a probability inversely proportional to their degree. This

policy achieves a competitive-ratio guarantee of Ω(r/Zmax(G)) (Theorem 20), where

Zmax(G) is a measure of the non-regularity of the graph – it is greater than the

makespan d∗(G), but the two are close when the graph is near-regular.

3. In the case of regular graphs, both the above algorithms have competitive-ratio guar-

antees of Ω(rnI/nU ). Conversely, in the finite setting, we show that for all graphs,

no algorithm can achieve a competitive ratio better than O(rnI/nU ) (Theorem 23).

4. Exploration via Uniform Latest-Item Sampling : In the infinite-horizon setting, we

propose a competitive algorithm based on discarding items if not explored by the
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first neighboring user. Each user is presented items drawn uniformly and without

replacement from the set of latest-items – those which have not had the chance to

be viewed by any prior user. When all arrival processes (of users/items) have rate

1, we prove that this achieves a competitive-ratio of Ω(r/Zmax(G)) (Theorem 21).

5. Finally, we show that two classes of intuitive algorithms – those which always ex-

ploit if sufficiently high-valued items are available, and those which pick nodes for

exploration uniformly/biased towards larger degree nodes (or in fact, proportional

to any polynomial function other than inverse-degree) – have 0 competitive-ratio.

In both models, our algorithms and results generalize to the setting where an

item needs to be viewed by f users to approximately determine the value – within a

multiplicative (1± δ(f)) factor for some δ(f) ∈ [0, 0.5). Further, we do not require for our

results that the value be known, but rather, that the top r pre-explored items for a user

be identified by the algorithm. This allows for various extensions – in particular, the value

can depend on the user identity, i.e., V (i) is replaced by V (i, u) where i corresponds to

the item and u to the user identity. We refer to Section 5.3 for a more detailed discussion.

5.1.3 Related Work

Static Recommendation: Learning from feedback in large-scale settings is far from

being a new idea; however most of the work in this space does not capture user-item

dynamics and the explore-exploit tradeoff. Instead, the dominant view is one of taking

the user feedback data as a static given [50, 41]; in contrast, our model captures the fact

that there is a selection to be made of what user data can be collected, and this selection

affects the performance.
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Bandit Algorithms: Bandit models refer to settings where choosing an action (or arm)

from a set of actions both yields a reward as well as some feedback about the system,

which then affects future control decisions. There are two broad classes of problems

that go under the title of bandit problems – finite-time bandits and infinite-horizon (or

Markovian) bandits.

Markovian bandits [33] focus on settings where each arm has an underlying state,

and playing an arm results in a state-dependent reward, as well as a possible transition

to another state; the other arms remaining unaffected. Both rewards and state transition

matrices are assumed to be known, and the aim is to maximize the discounted sum reward.

However there are often no good stochastic models for item-values in our settings.

Finite-time bandit problems were originally proposed by Lai and Robbins [59].

They come in several forms, each differing in assumptions imposed on the item values.

Algorithms for these settings control the additive loss (or regret) w.r.t. the best policy by

bounding the number of times a suboptimal action is chosen. These bounds are in terms of

some increasing function of the number of users (plays); however, in content-rich settings

where the number of content pieces is of the same order as the number of content-views,

it is infeasible that all arms get shown more than a constant number of times. Thus using

existing bandit algorithms in these settings leads to 0 competitive ratios. For example,

consider a setting with n users, n items and a complete bipartite access graph. Suppose

one item has a value of 1 and the rest 0, and each user is presented with 1 item (i.e., r = 1)

– then a bandit algorithm will sample all items at-least once (in particular, the standard

UCB algorithm of Auer et al. [5] will sample each arm once just during initialization),

thereby getting a competitive-ratio of γ = O(1/n)→ 0. On the other hand, the algorithms
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we present in this chapter achieve a competitive-ratio of 1
8 .

Furthermore, though a notion of an access graph is incorporated in some bandit

models such as the Contextual Bandits [24] or Sleeping Bandits [54] models, the graph

and user dynamics are assumed arbitrary. The graph is not used to inform the algorithm

design except in that it constrains what items can be shown – essentially this corresponds

to having arbitrary access-constraints, which leads to the results being very pessimistic.

Instead, by imposing natural stochastic assumptions on user/item dynamics, we can guar-

antee strong competitive-ratios by using appropriate algorithms.

Online Matching and its Variants: Although having the appearance of a bandit

problem, our setting is in fact much closer in spirit to certain online optimization problems

on graphs. Online auction design problems [67] incorporate the fact that an item can

be displayed to multiple users, constrained by an underlying graph. However, in such

problems the node weights (bids) are known, which often allows greedy algorithms to be

constant-factor competitive. Related problems include the generalized secretary problem

[6] and online transversal-matroid selection [20]; both are based on a bipartite graph

between a ‘static set’ and an ‘online set of nodes’, where node weights (of online nodes)

are automatically revealed upon arrival. In contrast, in our problem, the reward-function

is unknown, and becomes known only via exploration – this may affect many future users

in a non-trivial manner.

5.2 Main Results

We first consider a finite-population setting, where the number of users and items

is fixed, and users arrive uniformly at random. Next, we consider infinite-horizon settings,
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wherein users/items arrive and depart from the system. Finally, we discuss some converse

results for the finite setting, as well as some negative results that show certain alternate

algorithms are non-competitive.

5.2.1 The Finite-Population Setting

The finite-population setting is a good model for certain content-curation problems

like news-aggregators (e.g., Google News), where a large number of articles appear together

(at the beginning of a day), and expire at the end of the day – in the meantime, throughout

the day, users appear uniformly at random. Furthermore, it also lets us present our main

ideas in a more succinct form, avoiding the technical aspects of the infinite-setting while

still conveying the main ideas and challenges.

System Model

Access Graph: G(NU , NI , E) represents the (given) bipartite access graph between users

NU and items NI (with |NU | = nU and |NI | = nI). For a user u ∈ NU , we define its

neighborhood as N(u) := {i ∈ NI |(u, i) ∈ E}, and degree du = |N(u)|; similarly for item

i ∈ NI , we can define N(i) and di. Items are always present in the system, while users

arrive to the system according to a uniform random permutation.

Item Exploration: Each item has an associated non-negative value V (i), which is a priori

unknown; however, presenting it to even one user reveals V (i) exactly. Upon arrival, a

user is presented a set of r items from N(u). We define the N expl
I at any instant to be the

set of pre-explored items, i.e., which have been presented to at least 1 user in the past. We

assume that N expl
I = φ at the start; however, all our results hold for any initial N expl

I .
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Figure 5.1: Illustration of the finite-population setting: Items i1 and i4 (highlighted) have
V (i) = 1 and the rest all have value 0. Each user is presented 1 item (r = 1). Past users u1

and u2 have explored items i2 and i1 respectively. The recommendation algorithm needs
to decide which item to recommend to user u3: i1 (exploit) or i4 (explore).

Objective: For any user u, upon arrival, algorithm A presents r items {iA1 (u) . . . iAr (u)}.

Thus, for given item rewards V , the total reward earned by u under algorithm A is

RA
r (u) =

∑r
k=1 V (iAk (u)). Further, suppose the r highest-valued neighboring items for u

be {i∗1(u) . . . i∗r(u)} – we define the optimal reward R∗r(u) =
∑r

k=1 V (i∗k(u)). Finally, we

define the competitive-ratio γAr (G) for algorithm A (for graph G, r-recommendations) as:

γA(G, r) = inf
V ∈RnI+

inf
u∈NU

E
[
RA
r (u)

]
R∗r(u)

.

The expectation here is both over random user arrivals as well as any randomness in

algorithm A; however, note that R∗r(u) is uniquely determined for all users given G and

item-values V . The competitive-ratio thus captures a worst case guarantee for individual

users and all non-negative item values.
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Exploration via Balanced Item-Partitions:

For each user, the algorithm splits the r recommendations between explore and

exploit uniformly at random. The exploration step is based on the following pre-processing

step: we partition the item-set NI into nU sets by associating each item with exactly one

of its neighboring users – we do so in a manner such that the partitions are balanced, i.e.,

we try to minimize the cardinality of the largest set.

Definition 1. (Balanced Partition) Given graph G, we define a semi-matching M =

{M(u)}u∈NU to be a partition of the item-set such that M(u) ⊆ N(u)∀u ∈ NU (i.e., each

set M(u) is a subset of the neighbors of user u). Given a semi-matching M , we define the

load of user u as dM (u) = |M(u)|. Then a balanced item-partition M is a solution to the

optimization problem:

d∗(G) = Minimize
{M :semi-matching}

[
max
u∈NU

dM (u)

]
.

The above is known, in different communities, as the minimum makespan problem

[35] or the optimal semi-matching problem [40]. We henceforth refer to d∗(G) as the

makespan of graph G. Efficient algorithms are known for finding a balanced item-partition,

with a complexity of O(m
√
n log n) ([29]), where m = |E|, n = nU + nI . Using this as a

pre-processing step, we obtain the Balanced Partition Exploration Algorithm, or BPExp:

Theorem 19. Given graph G, reward-function V (u, i) and uniformly random user-arrival

pattern, using the BPExp algorithm (Algorithm 1) we get:

γBPExp(G, r) ≥ ·min

{
r

8d∗(G)
,
1

4

}
.

Remarks:
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Algorithm 1 BPExp: Exploration via Balanced Item-Partitions

1: Generate a balanced item-partition M of G. Initialize N expl
I = φ.

2: for arriving user u ∈ NU do
3: Choose R1(u) ∼ Binomial(r, 1

2) slots for exploration, and the rest R2(u) = r−R1(u)
slots for exploitation.

4: {Exploration}: Choose R1(u) items from the set M(u) uniformly at random,
without replacement.

5: {Exploitation}: Recommend the R2(u) highest-valued items from N(u) ∩N expl
I .

6: Update N explored
I by adding the R1(u) items explored by u.

7: end for

• An immediate corollary of this result is as follows: given any graph G that contains

a perfect matching, then the competitive-ratio guaranteed by the BPExp algorithm

on this graph is min
{
r
8 ,

1
4

}
. More generally, if G is a bi-regular graph, with nI ≥ nU

(i.e., if all nodes in NU have the same degree, and similarly all nodes in NI), then

γBPExp(G, r) ≥ rnU
8nI

.

• BPExp guarantees a linear scaling with r. However, note that we compare the

reward earned by BPExp to the optimal reward for r recommendations. In settings

where there are Ω(r) high-valued items, the optimal reward scales linearly with r –

in such cases, BPExp’s reward scales quadratically. In Section 5.2.3, we show that

linear scaling of γ(G, r) with r is in fact the best achievable by any algorithm.

• Consider a graph, where each user is connected to d∗(G) items of degree 1 – in this

case, it is clear that the best possible competitive-ratio is r
d∗(G) . This example is

somewhat trivial as it offers no scope for using feedback – at the other extreme, in

Section 5.2.3, we show that no algorithm can have a better competitive-ratio than

rnU
2nI

in the complete bipartite graph, where d∗(G) = nI
nU

. The above theorem shows

that on the other hand Ω
(

r
d∗(G)

)
is achievable in all graphs.
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Proof Outline: We provide some intuition for this result in the r = 1 case: The proof rests

on the following observation – any user u is guaranteed to be presented its corresponding

highest-valued item i∗(u) if either: 1. the user u′ responsible for exploring i∗(u) comes

to the system before u, or 2. u′ chose to explore, and explored i∗(u); u chose to exploit.

The former happens with probability 1
2 due to randomness in user arrivals. Further, the

way we define the BPExp algorithm allows the probability of the latter to be bounded.

Combining the two we get the result. The complete proof is in Appendix D.1.

Exploration via Inverse-Degree Sampling:

Although it has a good competitive-ratio, the BPExp has several drawbacks:

1. Finding a balanced item-partition is computationally expensive for large graphs.

2. The pre-processing step is centralized and requires extensive coordination between

the users. This may be infeasible (due to complexity, privacy concerns, etc.).

3. The exploration policy is static. If the underlying graph changes, the item-partition

has to be updated.

We now present an alternate approach which overcomes these problems by using

a distributed and dynamic exploration policy. The main idea is that a user, upon arrival,

picks a neighboring item for exploration with a probability inversely proportional to the

degree of the item. This can be done with minimal local knowledge of the graph (in fact,

the degree information is often publicly available, e.g., followers on Twitter, friends on

Facebook/Google+). The resulting competitive-ratio bounds are weaker – in particular,
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the makespan d∗(G) is now replaced a quantity Zmax(G), defined as follows:

Zmax(G) := max
u∈NU

Z(u), where Z(u) :=
∑
i∈N(u)

d−1
i .

Note that Z(u) is the normalization in inverse-degree sampling, i.e., when all neighboring

items are unexplored, then user u samples item i with pui = d−1
i /Z(u). To avoid prob-

lems with conditioning in the proof, we perform an additional step – for each user, we

independently partition the neighboring items as follows:

Definition 2. (Greedy Neighborhood Partitioning) For user u, given neighboring-

items set N(u) with degrees {di}, we sort the items in descending order of d−1
i and then

generate partition Pu = {P 1
u , P

2
u , . . . , P

r
u} by iteratively assigning each item to the set P ku

with smallest sum-weight.

Again, note that item-partitioning is done independently for each user – it is not

centralized. Now we define the Inverse Degree Exploration Algorithm, or IDExp:

Algorithm 5 IDExp: Exploration via Inverse-Degree Sampling

1: for arriving user u ∈ NU do
2: Generate item-set partition Pu = {P 1

u , P
2
u , . . . , P

r
u} using Greedy Item-Set Parti-

tioning.
3: Choose R1(u) ∼ Binomial(r, 1

2) slots for exploration, and the rest R2(u) = r−R1(u)
slots for exploitation.

4: {Exploration} Pick R1 sets without replacement from Pu, and from each, pick one
item i with probability proportional to d−1

i .

5: {Exploitation}: Recommend the R2(u) highest-valued items from N(u) ∩N expl
I .

6: Update N explored
I by adding the R1(u) items explored by u.

7: end for

Theorem 20. Given graph G, reward-function V (u, i) and uniform random user-arrival
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pattern, the IDExp algorithm (Algorithm 5) for recommending r items guarantees:

γIDExp(G, r) ≥ ·min

{
r

8eZmax(G)
,

1

2e

}
.

Remarks:

• Compared to Theorem 19, the above guarantee is weaker by a factor of d∗(G)
Zmax(G) (ig-

noring constants). In the two extreme cases we considered before (complete bipartite

graph, and disjoint item-sets), it is easy to check Zmax(G) has the same value as

d∗(G); thus we again have that no algorithm can be orderwise uniformly better over

all graphs. Further, in case of bi-regular graphs, the two quantities are almost equal

(in particular, Zmax(G) = nI
nU

, and d∗(G) = d nInU e).

• In general, we have d∗(G) ≤ bZmax(G)c. However there is no O(1)-bound in the

other direction, and one can construct graphs where Zmax(G)/d∗(G) is Ω(nI). This

shows that the IDEXP algorithm performs best when the graph is close to regular,

but may deteriorate with increasing non-regularity.

• The fact that Zmax(G) is large due to non-regularity can result in the above bound

being weak; however, in real-world social network graphs, the performance of the

IDEXP algorithm is often much better than the bound. This is because the above

bound is for the worst-case node; in real-world graphs, removing a few nodes often

improves Zmax(G) by a large amount.

• It is somewhat non-intuitive to explore items with a probability inversely propor-

tional to its degree – for example, if an item has the same value for all neighboring

users (i.e., V (u, i) = V (i)), then not exploring a high-degree item with a high value

may seem costly. However, in Section 5.2.3, we show that inverse-degree random-

85



ization is the only competitive approach in the following strong sense: any algorithm

that explores item i with a probability proportional to d−1±ε
i has 0 competitive-ratio.

Proof Outline: To see the intuition behind the inverse-degree sampling scheme, note that

for any item with degree d, each of its neighboring users try to explore it with probability

d−1 – thus in a sense, every item is explored with near-constant probability. From the

point of view of any user u, its top item(s) are explored with some constant probability

– further, due to random dynamics, there is a constant probability that the user arrives

after the items are explored. We provide the complete proof in Appendix D.1.

5.2.2 The Infinite-Horizon Setting

We now consider a setting with arrivals and departures, which is a more natural

model for social-network news feeds, and some content-curation sites like Digg/Reddit,

where content is posted in a more continuous manner.

System Model

We assume that he system evolves in continuous time, and that there is an under-

lying access graph G(NU , NC , E) between users NU and item-classes NC (with |NU | =

nU , |NC | = nC). For example a content-curation website consists of users and article-

topics – each user visits the website periodically to view articles from topics of interest;

correspondingly, for each topic, new articles arrive from time to time. In the case of

Social-network, users are also producers of content. Access to content is restricted by the

‘follower’ graph – a user can only see updates from people whom she follows.

Each user generates a series of visit events according to a Poisson process of rate
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1. Each visit is denoted by a unique index s ∈ N+, and corresponds to a marked Poisson

process of rate nU , where each visit s has a random mark U(s) corresponding to the

visiting user. A user in each visit is presented r items, chosen from available items in her

neighboring item-classes; she accrues rewards from these, provides feedback and leaves

instantaneously.

In parallel, we have an infinite stream of items, where for each item-class, individual

items arrive according to independent Poisson(1) processes. Each item is denoted by a

unique index i ∈ N+, and is characterized by three parameters: item-class C(i), reward-

function V (i), arrival time T (i). Also each item has a lifetime τ after which it expires –

we assume the lifetime is the same for all items.

Each item has an arbitrary value – this can depend on the item class, but not on the

specific sample path. We can formally define this as follows – each item-class c is associated

with an infinite sequence of positive values Vc, and the kth item of class c arriving in the sys-

tem has associated value Vc(k). We say an item-sequence I = {C(i), V (i), T (i), τ(i)}i∈N+

is valid if it satisfies the above assumptions. We also define N expl
I to be the set of pre-

explored items (i.e., presented during at least one prior visit) currently in the system. As

before, we assume the highest-valued pre-explored items can be identified by the algorithm

(see Section 5.3 for approximate identifiablity from a finite number of user-views).

Objective: Given valid item-sequence I, and a visit s, we define R∗r(s) as the optimal offline

reward for visit s; note that this is a random variable which depends on which user U(s)

corresponds to visit s, which items are in the system, etc. Similarly, for a given algorithm

A, we can define RA
r (s). Combining these, we can define the competitive-ratio of algorithm
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Figure 5.2: Illustration of the infinite-horizon setting: There are 4 users and 4 item-
classes. Users visit according to independent Poisson(1) processes, and similarly items are
generated in each class according to an independent Poisson(1) process. Items disappear
after a fixed lifetime.

A (given graph G, r recommendations) as:

γA(G, r) = inf
Valid item-sequence I

inf
s ∈ N+

E
[
RA
r (s)

R∗r(s)

]
.

Uniform Latest-Item Exploration

Given our results for the finite-population setting, a first idea for the infinite-

horizon setting would be to apply the IDExp algorithm on the set of available items. This

however does not guarantee a competitive ratio, as the number of unexplored items only

decreases by at most r after each user-visit. The main idea in designing an exploration

policy in this setting is that exploration should be biased towards more recent items, while

discarding older unexplored items. Let Ts and Ti be the arrival times of visit s and item

i respectively. Then, for item i ∈ N, we can define its first neighbor S1(i) as the first visit

after Ti by a neighboring user (i.e., S1(u) = min{s|Ts ≥ Ti, i ∈ N(s)}). Correspondingly,
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for visit s, we can define the set of latest-items L(s) as the set of available items, for which

it is the first neighbor (i.e., L(s) = {i|s = S1(i), Ts < Ti + τ}). Now we have the Uniform

Latest-Item Exploration Algorithm (ULExp):

Algorithm 6 ULExp: Uniform Latest-Item Exploration

1: for session s ∈ N+ do
2: Determine L(s), the set of latest items.
3: Choose R1(s) ∼ Binomial(r, 1

2) slots for exploration, and the rest R2(s) = r−R1(s)
slots for exploitation.

4: {Exploration} Pick R1 items from L(s) uniformly at random, and without replace-
ment.

5: {Exploitation}: Recommend the R2(s) highest-valued neighboring items in N expl
I .

6: Update N expl
I by adding the R1(s) items explored by u.

7: end for
8: Remove items from N expl when they leave the system.

Recall in Section 5.2.1, we defined Zmax(G) := maxu∈NU Z(u), where Z(u) :=∑
i∈N(u) d

−1
i . We now have the following theorem for the competitive-ratio of the ULExp

algorithm:

Theorem 21. Given graph G, with both users and items arriving according to independent

Poisson(1) processes, using the ULExp Algorithm, we have:

γULExp(G, r) ≥ r

4(5Zmax + 2)
.

Remarks:

• We do not need to assume that all the Poisson processes have the same rate – in

fact, in Appendix D.2, we prove the result for general {λu, λc}. Note that we do not

need to know these rates for the algorithm.
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• On the practical side, recommendation via showing the latest items, as done on

Twitter, can be thought to be a form of uniform latest exploration – our result

suggests that for good recommendation, this should be equally mixed with items

which are popular (‘trending’).

Proof Outline: Using the reversibility of the Poisson processes, we can show that for any

visit s, the average number of items in its latest-item set is bounded by Zmax – to see

this, note that for visit s and any neighboring item-class c, the number of items in L(s) of

class c is one less than a Geometric
(

di
di+1

)
random variable. This suggests that uniform

latest-item exploration ensures that any item is explored with high enough probability.

The technical difficulty arises in the fact that for any visit, we want such a guaran-

tee for the corresponding highest-valued item for that visit – this item is selected based on

the sample-path and the sequence of rewards, which is arbitrary. Note that the rewards

can affect which item is the highest-valued – for example, it the sequence of item rewards

is strictly decreasing, then the most valuable item is the oldest available item. Thus we

can not argue that the probability of the highest-valued item being explored is the same

as that of a typical item. We present a more refined counting argument that accounts for

this conditioning – the complete proof is given in Appendix D.2.

5.2.3 Converse Results

We present some converse results to put in perspective the performance of our

algorithms. We present two types of results – upper bounds on the competitive-ratio

over all possible online algorithms, and negative results (0 competitive-ratio) for specific

algorithms. All the results in this sections are for the finite-population setting.
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Upper Bounds: Define the binary rewards setting as one wherein each item has a value

V (i) ∈ {0, 1} – in a sense, this is the most restrictive choice of item values. First, we show

that when item values are picked according to this model, then for the family of complete

bipartite graphs on nU × nI nodes, no algorithm can achieve a competitive-ratio better

than nU/2nI . Note that for these graphs Zmax(G) = nU
nI

, and d∗(G) = dnUnI e.

Theorem 22. For complete bipartite graphs on nU × nI nodes and binary rewards, no

randomized online algorithm can achieve γ(G, 1) > nU
2nI

.

Further, for any algorithm that is allowed to show r items, for binary rewards and complete

bipartite graphs, we show that no algorithm can achieve better than linear scaling in r:

Corollary 5. For nU ×nI complete bipartite graphs and binary rewards, for r recommen-

dations per user, no randomized online algorithm can achieve γ(G, r) > rnU
2nI

.

Finally, note that for all our results, we only assume that for each user, the top pre-

explored items can be identified by the algorithm. As we discuss in Section 5.3, this

admits a more general definition of item values, wherein user u receives a value of V (u, i)

from item i; this reward-function is a priori unknown but is revealed to the algorithm

when item i is explored for the first time. Now if we consider this more general definition

of an item reward-function, then we have the following converse, which upper bounds the

competitive-ratio for any given graph G.

Theorem 23. For any given nU × nI bipartite graph and an arbitrary collection of item

reward-functions, no randomized online algorithm can achieve γ(G, r) > rnu
nI

.

Negative Results: In the IDExp algorithm, items were chosen for exploration with a

probability inversely proportional to their degree. This choice is somewhat non-intuitive
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– a more natural choice would seem to be to bias towards higher degree items (as they

can reward more users in the universal rewards setting). However, it turns out that a

sampling distribution which is proportional to any other polynomial in the degree in fact

has vanishing competitive-ratio.

Theorem 24. Given any algorithm A which choses item i for exploration with probability

proportional to d−1±ε
i for any ε > 0, then ∃ a sequence of graphs Gn (with Zmax(Gn) = 2),

and a corresponding collection of item values V ∈ RnI+ , such that for r = 1,the competitive-

ratio γA(Gn, 1) goes to 0.

The formal construction of Gn and proof is presented in Appendix D.3. We note that for

the graph family Gn used the above result, IDExp achieves a competitive-ratio of r
8e .

Finally, in all our algorithms, we split the recommendation slots between explore

and exploit recommendations uniformly at random. It is not clear if we need this random-

ization – however we can show that some simple intuitive schemes for deciding between

explore and exploit are non-competitive.

Theorem 25. Suppose we are given a recommendation algorithm A where the exploit vs.

explore decision based on one of the following rules:

• Exploit-when-possible: exploit whenever there is a non-0 valued available item, else

explore.

• Exploit-above-threshold-t: Exploit when the best available item gives a reward > t

for some fixed threshold t > 0.

Then, independent of the choice of exploration policy, ∃ a sequence of graphs Gn (with

Zmax(Gn) = 2), and corresponding collection of item values V ∈ RnI+ , such that for r = 1,
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the competitive-ratio γA(Gn, 1) goes to 0.

5.3 Discussion and Extensions

So far, we have presented results for the case where any item i has a value V (i)

and which is revealed to the algorithm the first time i is explored. We now discuss some

natural generalizations of this model. Finally, we give brief proof outlines of our results –

the complete proofs are provided in Appendix D.

5.3.1 Inferring Item Values from Multiple Ratings

First, we have assumed that the algorithm knows the value of an item once it has

been explored by at least one user. However, as we mentioned in the Section 5.1, a more

general condition would be that once an item is viewed by at least f users, its value is

known to the algorithm within a multiplicative factor of (1±δ(f)), for some δ(f) ∈ [0, 0.5).

This generalizes the case considered so far, which corresponds to f = 1 and δ(1) = 0 – we

now show how we can modify our algorithms to handle this more general setting.

We now define an item to be pre-explored if it has been presented to at least f

users – the set of pre-explored items is still denoted N expl
I . To provide competitive-ratio

guarantees for this setting, we modify the algorithms as follows:

• For every user u (or visit s in the infinite-horizon setting), the algorithm chooses

R1(u) ∼ Binomial(r, f
f+1) slots for exploration, and the rest for exploitation.

• The exploration policies are modified in a natural way so as to allow for items to get

explored up to f times (see below).

• For the exploitation, the algorithm still picks the top items from the pre-explored
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items, based on the noisy estimates of item-value.

Now suppose for a user u, its top item i∗1(u), has been explored by at least f users

before u arrives. Further, suppose the user decides to exploit at least one item (i.e.,

R2(u) ≥ 1) then either item i∗1(u) is chosen, or another item i′ 6= i∗1(u), but such that

V (i′) ≥ (1 − 2δ(f))V ∗(i∗k(u)). The last statement follows since only then i′ has higher

value than i∗1(u). Thus the competitive-ratio is reduced at most by a factor (1− 2δ(f)).

We now briefly discuss how the exploration step can be done in the infinite-horizon

setting for the ULExp algorithm (Algorithm 6) – the arguments for the finite-population

setting are similar. Recall that in the algorithm, during each visit s, the visiting-user was

presented R1(s) items chosen uniformly from the set of latest-items – those for which it

was the first neighbor. We now modify it as follows: each item has a counter, initialized

to 0, which is incremented whenever a neighboring user makes a visit (note: the item

may or may not be presented during the visit). Once the counter reaches f , the item is

declared to be pre-explored if it had been presented to all its f visiting neighbors, else it

is discarded. Finally, during each visit s, given R1(s) slots for exploration, the algorithm

first chooses R1(s) numbers {l1, l2, . . . , lR1(s)} from the set {0, 1, . . . , f − 1} uniformly at

random with replacement, and then, for each lj , chooses an item uniformly at random

from amongst neighboring items whose counter equals lj . It is easy to see that for f = 1,

this is precisely uniform latest-item exploration. We call this the ULExp-f algorithm, and

we have the following theorem:

Theorem 26. In the infinite-horizon setting, given graph G, users and items arriving

according to Poisson(1) processes, and given that for any item, its value is known to
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within (1± δ(f)) after it is explored f times; then the ULExp-f algorithm guarantees:

γULExp-f(G, r) ≥ 1

(f + 1)f+1
·
(

r

5Zmax + 2

)f
· (1− 2δ(f))

Note that substituting f = 1 and δ(f) = 0 gives back the result from Theorem 19.

Proof Outline: By expanding the latest-item set to items which have seen < f neighboring-

user visits, we show that the (expected) size of the latest item set (for the top item corre-

sponding to visit s) can now be bounded by f ·(5Zmax +2) (where (5Zmax +2) is the bound

on the latest-item set for f = 1 which we derive in the proof of Theorem 21). Thus for any

visit, its item is explored by all of the first f neighboring users with probability at least(
fr
f+1 ·

1
f(5Zmax+2)

)f
. Furthermore, the user corresponding to s exploits with probability

1
f+1 , and if her top item I∗1 (s) is pre-explored, it is either presented, or substituted by

another pre-explored item with a true value greater than (1− 2δ(f))V (I∗1 (s)). Combining

these, we get the result. The formal proof is given in Appendix D.2.

5.3.2 More General Reward Models

Till now, we have focused on the universal rewards scenario, wherein the reward

given by item i to all neighboring user is V (i). This model is studied for ease of exposition

and notation; however our proofs allow for more general reward-functions:

Personalization: Item i has intrinsic value V (i), but gives neighboring user u a reward

of V (u, i) = fui(V (i)), where fui(·) are (non-negative, invertible) functions known to the

algorithm. This can capture different preferences a user may have vis-à-vis different items.

Collaborative Ranking: In several setting, the reward earned due to recommending an

item may not be possible to quantify – however, the algorithm can still succeed if it is
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able to infer a ranking of the explored items from user-feedback. This is reminiscent of

the Secretary problem [6], and also allows for techniques such as in [41].

Probabilistic Predictability: In many cases, we may be only able to identify the top

item for a user with some probability Ppred; for example, in collaborative filtering algorithms

such as matrix completion [50]. In this case, all our competitive-ratio bounds get scaled

by Ppred.

5.3.3 Proof Techniques

We now give an overview of the proofs of our results – the complete proofs are

provided in Appendix D.

Proof Outline of Competitive-Ration Guarantees:

We briefly recall some definitions from before. In the finite-population model, we

are given graph G(NU , NI , E) users NU and items NI (|NU | = nU , |NI | = nI). For a user

u ∈ NU , we define N(u) , {i ∈ NI |(u, i) ∈ E}, du = |N(u)| (similarly for items). In the

infinite-horizon model, the definitions essentially remain the same except that instead of

the set of items we have the set of item-classes NC (where |NC | = nC). Further, we can

define the neighborhood of a user-visit s as items of neighboring classes currently in the

system (and similarly for items).

In the finite-population model, when a user arrives, the recommender algorithm A

presents r items {iA1 (u) . . . iAr (u)} ⊆ N(u) – given reward-function V , such that the user u

earns a reward of V (u, i) from item i (or V (i) if the reward is the same for all users; see

Section 5.3) , the total reward earned by u is
∑r

k=1 V (u, iAk (u)). Further, for a given user u,
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we define the ordering {i∗k(u)}duk=1 of its neighboring items sorted in decreasing order of their

values. Then the algorithm’s competitive-ratio (for graph G, r-recommendations per user)

is γA(G, r) = infV infu∈NU
E[RA

r (u)]
R∗r(u) . Note that the expectation here is over randomness in

user arrival-pattern and the algorithm A; note also that R∗r(u) is not random given G and

reward-function V . For the infinite-horizon setting, again the definitions are similar, but

instead of users, we consider visits – we will then have γA(G, r) = infV infs∈N+ E
[
RA
r (s)
R∗r(s)

]
– here even the optimal reward is a random variable.

Finally, we use R+ for the sets of positive reals (x ≥ 0), and N+ for natural

numbers (x ∈ {1, 2, . . .}). For any n ∈ N+, we define [n] = {1, 2, . . . , n}. We also use the

shorthand a ∨ b = max{a, b}, a ∧ b = min{a, b}.

Some Preliminary Lemmas

We first state and prove two lemmas which we use extensively in our proofs. The

first lemma is regarding the sub-additivity of R∗r , which we formalize as follows:

Lemma 1 (Sub-additivity of R∗r). In both finite-population and infinite-horizon settings,

and given any graph G and reward-function V , the optimal reward for a user is sub-

additive. Formally, ∀ a, b ∈ N+, and for any user u (correspondingly in the infinite-setting,

for any user-visit s) we have:

R∗(a+b)(u) ≤ R∗a(u) +R∗b(u)

Proof. From definition of the offline optimal, we have:

R∗(a+b) =
∑
u

[
a∑
k=1

V (u, i∗k(u)) +

a+b∑
k=a+1

V (u, i∗k(u))

]
.
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Also ∀u ∈ NU , k
′ ≥ k, we have V (u, i∗k(u)) ≥ V (u, i∗k′(u)) (i.e., an item lower in the

ordering gives a lower reward); hence we have
∑a+b

k=a+1 V (u, i∗k(u)) ≤
∑b

k=1 V (u, i∗k(u)).

Combining, we get the result.

In particular, the above lemma gives that R∗r ≤ 2R∗r/2; thus if we have an algorithm

with r recommendations that is greater than an α fraction of R∗r/2 (the offline optimal on

r/2 recommendations), then its overall competitive-ratio is α
2 .

The next lemma encapsulates the simple idea that in order to be competitive,

it is sufficient to ensure that for every user, with a near-equal probability, the algorithm

should recommend its corresponding highest-valued item. For ease of exposition, we state

the lemma for the finite-population setting. For the infinite-horizon setting, we can get

an identical result with user u replaced with user-visit s, and conditioned on the items

currently in the system during visit s.

Given algorithm A and reward-function V , for any pair (u, i) where i ∈ N(u) we

define 1A
u→i to be an indicator random variable that is 1 if user u is shown item i by

algorithm A, and else 0. Then we have:

Lemma 2. Given a graph G and reward-function V , then for any algorithm A displaying

r items, we have:

E[RA
r (u)] ≥

(
inf
u∈NU

min
1≤k≤r

E
[
1A
u→i∗k(u)

])
R∗r(u)

Proof. For non-negative reward-functions (i.e., if V (u, i) ≥ 0 ∀ (u, i), for any r′ ≤ r), we
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can bound the reward earned by user u under algorithm A as:

E[RA
r (u)] ≥ E

∑
k∈[r]

V (u, i∗k(u))1A
u→i∗k(u)

 =
∑
k∈[r]

V (u, i∗k(u))E
[
1A
u→i∗k(u)

]
≥
(

min
k∈[r]

E
[
1A
u→i∗k(u)

]) ∑
k∈[r]

V (u, i∗k(u)) =

(
min
k∈[r]

E
[
1A
u→i∗k(u)

])
R∗r(u)

Taking infimum over u ∈ NU (or s ∈ N+ in the infinite-horizon case), we get the result.

Given these lemmas, a general outline for competitive-ratio guarantees for Algorithms 1,5

and 6, is as follows:

• Divide the r recommendations uniformly at random between explore and exploit

recommendations (i.e., the number of exploration slots R1 ∼ Binomial(r, 1
2), rest

are for exploitation).

• For the exploitation step, the algorithm leverages our assumption that for any user,

the highest-valued pre-explored items can always be identified.

• For the exploration step, we proposed 3 different exploration policies – essentially

these are designed such that they exploit the graph topology, and the randomness

in the dynamics, to ensure balanced exploration: for any neighboring user-item pair,

we can lower-bound the probability that the item is explored before the user arrives

to the system.

We formally carry out the above program to obtain our competitive-ratio lower bounds in

Appendix D (in SectionsD.1 and D.2).
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Proof Outlines of Converse Results:

The main technique we use to obtain converse results is Yao’s minimax principle

(see [71]): essentially it states that the competitive-ratio of the optimal deterministic

algorithm for a given randomized input (where the measure over inputs is known to the

algorithm) is an upper bound for the competitive-ratio.

In case of Theorems 22, 5, the underlying graph is the complete bipartite graph

on nU × nI nodes: now for an i chosen uniformly at random from NI , we set V (u, i) =

1 ∀u ∈ N(i), and V (u, i) = 0 for all other (u, i) pairs. Note that the above choice implies

that the reward-function V is a binary uniform reward-function. Theorem 23 is more

involved – essentially we show that the competitive-ratio is bounded above by that of an

easier ‘search’ problem, where an adversary chooses an item-node, and the users sample r

nodes each to try and discover this chosen node. Finally, the negative results in Theorem

24 require constructing a sequence of graphs Gn with associated reward-functions Vn for

which Zmax(G) is constant, but the competitive-ratio for non-inverse-degree sampling rules

goes to 0. For the full proofs, refer to Appendix D.3.
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Chapter 6

Overall Conclusions of the Thesis

To recap the dissertation in brief: we have presented and analyzed control algo-

rithms for three network-based applications: aggregation (function computation on sen-

sor networks), dissemination (enhancing spreading/epidemic processes on networks using

external sources) and filtering (content recommendation with simultaneous learning of

content-value from user-feedback). More specifically, in each of the four preceding chap-

ters, we have described how a particular network application can be modeled as a stochastic

process, how these models can be used to understand the limits imposed by the network,

and how we can design efficient algorithms, with rigorous performance guarantees.

The problems we considered were born in different domains, from different appli-

cations; they had different objectives, necessitating different performance metrics (stabil-

ity/spreading time/lifetime/competitive ratio); the techniques used to design algorithms

differed greatly. This naturally suggests the following questions: Is there any underpin-

ning framework that unites these problems? Are there any common lessons that can be

drawn from their solutions? To conclude this document, we go back to some of the themes

raised in Chapter 1, and try to provide an answer to these questions.
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Modeling Philosophy

When modeling a real-world problem, one has to decide the appropriate perspective

– adversarial or stochastic – for the model assumptions/performance metrics. Tradition-

ally, models were strictly in one of the two camps – however, increasingly, researchers have

started considering models which strike a balance between the two. This is the pattern

we adopt in all our work, as follows:

• For in-network function computation, we assume that the sensor data is arbitrar-

ily distributed, while the channels (link capacities) are stochastic; the performance

metric is the refresh-rate which is the maximum rate of data-generation such that

exact computation can be performed in a stable manner.

• For spreading/epidemic processes with external sources, we combine random peer-

to-peer spreading with engineered external spreading – the external agents can be

adversarial and omniscient. Our performance metric is the average spreading time

(for spreading processes), or the average lifetime (for epidemics); however, whenever

possible, we also provide worst-case (concentration) guarantees.

• Finally in the case of online recommendations on bipartite graphs, we assume that

the reward-function is chosen in an adversarial manner, but there is randomness in

the user arrivals; our metric is the competitive ratio, i.e., the expected ratio, for an

arbitrary user, of the reward achieved by our algorithm to the best possible reward

with full knowledge of content values.
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The Role of Network Structure

Our work serves to reinforce the increasing recognition of the role of networks

in designing control algorithms. This theme is a counterpoint to the study of network

formation and structure in real-life settings – together the two themes form the pillars of

the fast-emerging field of network science [74, 27]. The formation and structure of networks

has received a lot of attention, and is now fairly well understood, both at an empirical

level, but more importantly, through rigorous mathematical models [26, 23]. The effect of

the network on stochastic processes evolving on it, is lesser understood (though there is a

ever-growing literature in this field) – our work helps develop this theme further.

A common feature across the problems we consider, and arguably across all engi-

neered processes on graphs, is that the process in each case is limited by a certain critical,

or ‘bottleneck’, topological property of the graph. The canonical example of such a bot-

tleneck is the min-cut between two nodes, which determines their maximum unicast flow

between them. Our results in this vein are as follows: For data-aggregation, we show

that the refresh-rate is bounded by the graph min-mincut, i.e., the minimum over all

nodes of the mincut between that node and the aggregator. In case of spreading, the

bottleneck corresponds to a balanced partition of the graph, while in epidemic processes,

it corresponds to sets with low expansion. For online recommendation, we show that the

makespan or balanced semi-matching is the critical property. Identifying such structures

plays a dual role of both providing impossibility results and also ideas for algorithms –

this is a theme central to all our work.
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Harnessing Randomness

As we mentioned in Chapter 1, we want algorithms that scale to large networks –

hence, the focus is not so much on getting the optimal performance, but rather, guaran-

teeing acceptable performance via low-complexity algorithms. An important underlying

philosophy that runs throughout our work is that one can achieve this by appropriately

using the inherent randomness in the system – furthermore, one can do this in a way that

takes advantage of the network scaling.

A common narrative of our results in each problem is as follows: We first identify

the aforementioned bottleneck property of the underlying graph, and use it to design and

analyze low complexity algorithms. These algorithms are not in general optimal – they are

either optimal only in specific scenarios (wired acyclic graphs for data-aggregation, regular

bipartite graphs for data-filtering), or have suboptimal performance (greedy spreading,

inverse-degree exploration). In the latter case, however, we provide rigorous performance

guarantees in the form of approximation/competitive ratios. Another technique we use

repeatedly is graph pre-processing – as an alternate to greedy/distributed algorithms,

we propose algorithms which utilize some pre-calculated structures from the underlying

network; for example, spanning trees for data-aggregation, balanced partitions for fast

spreading, balanced semi-matchings for online recommendation.

We believe that such a philosophy – of jointly utilizing the structure of the network

and the randomness in the process dynamics for the design of low-complexity control

algorithms – is the appropriate perspective for such problems. We submit this thesis as

evidence of this, and hope the ideas herein will prove useful towards furthering this view

in other problems in this field.
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Appendix A

Proofs from Chapter 2

In this appendix, we give formal proofs of the results in Chapter 2.

A.1 Maximum Refresh-Rate for In-Network Function Computation

Proof of Theorem 1: Converse Result. The proof follows from tracing the steady state

flow of packets from any sensor node to the aggregator. More specifically, for a refresh-

rate λ, suppose the network is stabilized by some algorithm. Then the Markov Chain

described by the packets in the network (under the generation time ordering round number

allocation, as described above) has a stationary regime. Further, due to the network

constraints, the average service rate on each edge of the network in the stationary regime

is given by some c̃ ∈ CH(Γ) (in bits per slot).

Next under the stationary regime, for a sensor node i ∈ N, we can trace the packets

as they travel from node i to the aggregator (in order to do so, we start tracing a packet

when generated at i, and subsequently whenever that packet is aggregated, we trace the

aggregated packet). Now for every directed path from i to a, we obtain an average flow

of packets which travel along that path. This gives us a set of flows from i to a. Due to

the unchanging packet size (due to the FMux assumption), the sum of these flows is equal

to λ. However, due to the network constraints, the sum of flows on an edge (u, v) is less

than or equal to c̃uv, and thus by the max-flow-min-cut theorem, λ is less than or equal

106



to the minimum i− a cut with edge capacities given by c̃. Now since this is true for any

node i, we have that λ ≤ (log |R(f)|)−1δ∗(c̃). Maximizing over all c̃ ∈ CH(Γ), we get our

result by contradiction.

A.2 Scheduling with Random Packet Forwarding

We now present the proof for the throughput-optimality of Algorithm 1 in directed

acyclic graphs. Since the proof closely follows that of Massoulié et al.[66], we do not go into

complete details, but highlight the modifications we make in order to perform aggregation.

First, we formalize some of the notions outlined in Section 2.3.2. Algorithm 1 can

be viewed essentially as a work-conserving policy, whereby each node i ∈ N ensures that

an outgoing edge (i, j) ∈ L is engaged in transmitting packets iff there are packets in i

that are useful to j. For a node i, we define N−(i) = {j ∈ N : (j, i) ∈ L}, N+(i) = {j ∈

N : (i, j) ∈ L} to be the in-neighborhood/out-neighborhood of i respectively. Now at a

given time t, packets of a round r can be in 3 states:

1. Successfully aggregated, i.e., present only at aggregator a.

2. Idle, i.e., not being transmitted anywhere. Packets of an idle round r are present

at nodes of some set S ⊆ N, henceforth called the footprint-set of round r, denoted

FPr[t]. Further, for all S ⊆ N, XS [t] , is a count of idle rounds located in S.

3. Active, i.e., being transmitted on at least one edge. The collection of active rounds

is denoted by A[t] , {R1[t], R2[t], . . . , Rm[t]}, where round each round Rk[t] has

an associated pair (FPk[t], Ek[t]) ∈ 2N × 2L; here FPk[t] is the footprint-set, and

Ek[t] ⊂ L is the set of edges on which packets of round Rk[t] are being transmitted.

The pair ({XS [t]}S⊆N,A[t]) forms a complete description of the system; henceforth, for
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ease of exposition, we suppress the dependence on time. Now we can formalize the notion

of a useful packet, as defined in Section 2.3.2. We define an edge (u, v) to be idle if

(u, v) /∈ Er∀r ∈ A[t] (i.e., no packet it being transmitted on it). For a given idle edge

(u, v) at time t, a packet of round r (idle or active) is said to be useful if:

1. (Aggregation Condition) Both u and v are in FPr[t].

2. (Non-isolation Condition) For all w ∈ FPr[t] ∩ N−(u), there is an alternate route

for aggregation, i.e., |FPr[t] ∩N+(w)| ≥ 2.

Suppose we define a valid footprint-set to be one where the subgraph induced by

the set contains a spanning tree rooted at a (equivalently, each node in the footprint set

has a directed path to a); the collection of such sets is denoted as S. The crucial property

we now have is that useful-packet forwarding is consistent with valid footprint-sets: by

ensuring transmission of only useful packets, we ensure that the footprint of any round

must be a valid footprint set (i.e., always contains a spanning tree rooted at a).

Lemma 3. For a round of packets with footprint S ∈ S, the transmission of a useful

packet results in a new footprint S′ which is also a valid footprint set.

Proof. We define N ∈ S, for otherwise the min-mincut is 0. Since the underlying graph is

directed acyclic, we re-label the nodes as {0, 1, 2, . . . , N −1} according to their topological

ordering, where node 0 is the aggregator a, and all edges are from a higher numbered node

to a lower numbered node. Further, given a round of packets on a valid footprint set S,

we have that each node k ∈ S has at least one route to a using only nodes in S; for short,

we refer to such a route as a path from k to a in S.
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Since we are operating in continuous time, with probability 1 only one packet

transmission occurs at an instant; further, we assume that the local state information is

available at the time of making routing decision. Now suppose a useful packet is trans-

mitted on edge (j, i), where i < j, resulting in a new footprint set S′ = S \ {j}. For S′

to be a valid footprint, we need that even after the transmission, each node k ∈ S′ has a

path to a in S′. To check this, we partition nodes in S′ into 3 classes:

• Node k ∈ S′ such that k < j in the topological order: a path from k to a in S is

clearly unaffected by the packet transmission from j to i.

• Node k ∈ S′, k > j in the topological ordering, and there exists a path from k to a in

S which does not include j: such a path is also unaffected by the packet transmission

from j to i and hence is still present in S′.

• Node k ∈ S′, k > j such that all paths from k to a in S pass through j: we show

by contradiction that this case is impossible under the rules of useful packet trans-

mission. For any path from k to a in S, let k′ ≤ k be the node immediately before

j (i.e., the path is k → . . . → k′ → j → . . . → a). Then k′ has no path to a in

S that does not pass through j, for otherwise we have a path from k to k′, and

then to a, which does not pass through j. This means that k′ becomes isolated

upon transmission of packet from j to i, which violates the non-isolation condition

of useful packet forwarding.

Thus we have that S′ is a valid footprint set.

Algorithm 1 can be understood to obey work conservation as follows: define X+u−v ,∑
S∈S:v∈S,u/∈S XS+u to be the number of useful idle packets across edge (u, v), and similarly
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Xa
+u−v to be the number of active packets at u which are useful to v. Then we impose

the following activity condition - ∀ (u, v) ∈ L, either u ∈ F for some (W,F ) ∈ A, or

X+u−v = 0, Xa
+u−v = 0 (i.e., an edge is active as long as there is at least one useful packet

across it). Now we can write the dynamics of the ‘footprint-set counters’ {XS}S∈S:

• Arrival of new round : XN → XN + 1 (i.e., creating a packet with footprint N, since

packets of a new round are simultaneously generated at all the nodes).

• Completion of packet transfer : For an active packet r ∈ A with corresponding

(FPr, Er) and (u, v) ∈ Er, we have:

FPr → FPr \ {u}, Er → Er \ {(u, v)}, Er = φ⇒ XFPr = XFPr + 1.

The first equation corresponds to removing the edge over which packet transmission

was completed, and updating the footprint of the packet; the second updates the list

of idle rounds, in case there is no other instance of this round being transmitted.

• Initiation of a new transfer at an idle link : If (u, v) /∈ Er ∀ r ∈ A, then a new packet

transfer is formally described as:

– Select a useful packet of an idle round with footprint S ∈ S, v ∈ S, u /∈ S, w.p.

pS =
XS+u

X+u−v +Xa
+u−v

,

Select a useful packet of an active round r ∈ A with (FPr, Er) ∈ A w.p.

pr =
1

X+u−v +Xa
+u−v

.

– If an idle round with footprint S is selected: XS → XS − 1,A → A ∪ {r} and

(FPr, Er) = (S, (u, v)); if active round r is selected, then Er → Er ∪ {(u, v)}.
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Note that the node itself does not need to know the footprint-set counters to perform

packet selection; rather, the dynamics emerge from the use of the random useful packet

forwarding. This idea of relating the local packet selection rule to the global counters is

crucial in proving the optimality of the algorithm. Observe also that in order to determine

the flow into a footprint set S, we need to consider the collection of sets which include S

and have one extra node. We now define the fluid limits of the system - this is similar

in spirit to the fluid limit of the system in [66]. The existence of the limit also follows

immediately from standard convergence results, so we omit it due to lack of space and

refer interested readers to [66] for technical details.

The fluid limits of the system: The fluid trajectories t→ xS(t), S ∈ S corresponding

to the system are defined as follows:

• ∀ (u, v) ∈ L, ∀Ss.t.v ∈ S, u /∈ S,∃t→ φS+u,(u,v)(t) such that:

xN(t) = xN(0) + λt−
∑

S∈S:∃u∈Ns.t.S+u=N

∑
N∈S,(u,v)∈L

φN,(u,v)(t)

xS(t) = xS(0) +
∑
v∈S

∑
u/∈S,(u,v)∈L

φS+u,(u,v)(t)−
∑

S′∈S:∃u∈Ns.t.S′+u=S

∑
v∈S′:(u,v)∈L

φS,(u,v)(t).

• Work Conservation: At almost every t, φS,(u,v)(t) is differentiable and if x+u−v(t) > 0

(where x+u−v(t) is the fluid trajectory associated with X+u−v), then we have

dφS+u,(u,v)(t)

dt
= cuv

xS+u(t)

x+u−v(t)
.

• φS,(u,v)(t) are non-decreasing, Lipschitz continuous, with Lipschitz constant cuv, and∑
S∈S:v∈S,u/∈S φS+u,(u,v)(t) is cuv-Lipschitz.
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For any y ∈ R|S|+ , S(y) , set of all fluid trajectories with initial condition ∈ C([0,∞),R|S|+ ),

and further, we define {XN
S (t)}S∈S as the state of the Markov Chain with initial conditions

(XN (0), AN (0)), Y N
S (t) =

XN
S (zN t)
zN

. Now, as in [66], for a sequence of initial conditions

(XN (0), AN (0)), N > 0 s.t. for a sequence of positive numbers (zN )N>0, limN→∞ zN =∞

and the limit

lim
N→∞

XN (0)

zN
, x(0),

exists in R|S|+ , we have that ∀T > 0, ε > 0:

lim
N→∞

P[ inf
f∈S(x(0))

sup
t∈[0,T ]

||Y N (t)− f(t)|| ≥ ε] = 0.

The fluid Lyapunov function: Next we define the candidate Lyapunov function that

we use to analyze the stability of the system. In [66], the function was defined in terms

of queues (or counters) that counted all the packets whose footprint was contained inside

a set S. The advantage of these queues for studying broadcast was that their rate of

increase was controlled by external arrivals to the system, while they were drained due to

transfers across the cut defined by the set S.

For the purpose of studying aggregation, we need to identify an equivalent set

of queues to reflect the unique dynamics of the system. In particular, we consider for

each set S a queue of all rounds whose footprints are not entirely contained within S.

These queues (counters) exhibit similar properties to the ones considered for broadcast in

that every incoming round is counted by all these queues (as every node in the network

generates a packet), while the drain of these queues is controlled by flow across the cut

defined by the set S. Formally, we have the following theorem:
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Theorem 27. Let {xS}S∈S denote the fluid trajectories. ∀S ∈ S, define:

x*S =
∑

S′∈S,S′*S

xS′ .

Then (given λ, cuv) ∃β1, β2, . . . , βK−1 > 0, ε > 0 such that the Lyapunov function

L({xS}S∈S) , max
S∈S

β|S|x*S (A.2.1)

verifies

L(x(t)) ≤ max(0, L(x(0))− εt). (A.2.2)

Similar to [66], before proving this theorem, we first we need a (combinatorial) lemma:

Lemma 4. Let α > 0 be fixed (but arbitrary). We define:

βi =

(
1 +

1

α

)i−1

, i = 1, . . . ,K.

Then ∀ {xS}S∈S ∈ R|S|+ , the following conditions hold:

1. ∀S ∈ S, v ∈ S, u /∈ S, we have

x+u−v < (1 + α)−1x*S ⇒ β|S|+1x*S+u > β|S|x*S .

2. ∀S ∈ S such that ∀ v ∈ S, u /∈ S, x+u−v ≥ (1 + α)−1x*S, if ∃v ∈ S, u /∈ S and some

S′ * S, v ∈ S′, u /∈ S′ such that xS′+u > αx+u−v, then

β|S∪S′|x*S∪S′ > β|S|x*S .

Note that Lemma 4 does not depend on the algorithm, or the fluid model in any way. It is

a pure combinatorial property of the way that the quantities are defined. In other words,

any function mapping the sets S ∈ S to R+ obeys the lemma for any α > 0. Later we use

the ability to control α to obtain uniform bounds on the Lyapunov drift.
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Proof. For the first condition, consider S ∈ S, v ∈ S, u /∈ S such that

x+u−v < (1 + α)−1x*S .

Then we have

x*S = x*S+u + xS+u ≤ x*S+u + x+u−v < x*S+u + (1 + α)−1x*S ,

and thus

x*S <

(
1 + α

α

)
x*S+u.

However, from the definition of the βi, we have that βi
1+α
α = βi+1 ∀ i = [N − 1]. Hence

we have that

β|S|+1x*S+u > β|S|x*S .

For the second condition, consider S ∈ S such that∀ v ∈ S, u /∈ S, x+u−v ≥ (1 +

α)−1x*S . Further, consider set S′ such that S′ * S, v ∈ S′, u /∈ S′ and satisfying

xS′+u > αx+u−v.

Then we have

β|S∪S′|x*S∪S′ ≥ β|S∪S′|xS′+u ≥ β|S∪S′|αx+u−v ≥ β|S∪S′|α(1 + α)−1x*S .

Thus for our condition, we need

β|S∪S′|α(1 + α)−1 ≥ β|S|,

and noting the fact that βi are increasing with i, it is sufficient to ensure

βi+1

βi
≥ 1 + α

α
, ∀ i ∈ [K − 1].

This in fact holds with equality because of our choice of βi. Thus, given any α > 0, we

can construct βi such that the two conditions hold.
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Now we use Lemma 4 to prove Theorem 27 - the proof closely follows the program in [66].

Proof of Theorem 27. Given α > 0, we define βi as in Lemma 4. Then, for any y ∈ R|S|+ , if

S∗ is a set which belongs to arg-max of maxS∈S β|S|x*S , then xS∗+ > 0 (unless all the fluid

sample paths are identically 0). Now we use the optimality of S∗ to obtain some relations

between xS∗+ and the weight across its cut-edges.

∀ v ∈ S∗, u /∈ S∗ such that (u, v) ∈ L, we have (from the contrapositive of the first

condition of Lemma 4) that:

x+u−v ≥ (1 + α)−1x*S∗ .

Similarly from condition 2, ∀ v ∈ S∗, u /∈ S∗, S′ * S∗ such that v ∈ S′, u /∈ S′, we have

that xS′+u ≤ αx+u−v. Now we have:

d

dt
x*S∗ =

∑
*S∗

d

dt
xS = λ−

∑
v∈S∗,u/∈S∗

∑
S⊆S∗:v∈S

d

dt
φS+u,(u,v)

=λ−
∑

v∈S∗,u/∈S∗

cuv − ∑
S′*S∗,v∈S′,u/∈S′

d

dt
φS′+u,(u,v)


=λ−

∑
v∈S∗,u/∈S∗

cuv

1−
∑

S′*S∗,v∈S′,u/∈S′

xS′+u
x+u−v

 ,
(From defn of fluid trajectories)

≤λ−
∑

u∈S∗,v /∈S∗
cuv +

∑
u∈S∗,v /∈S∗

cuv
∑

S′*S∗,v∈S′,u/∈S′
α

(From previous observation)

≤λ−
∑

v∈S∗,u/∈S∗
cuv + max

(u,v)∈L
cuv|L|2Kα.
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Choosing α and ε as:

α =
1

2

δ∗ − λ
|L|2K max(u,v)∈L cuv

, ε =
1

2
(δ∗ − λ) ,

we get that, for all S∗ ∈ arg maxS∈S β|S|x*S ,

d

dt
x*S∗ ≤ −ε1y(t)6=0.

Recall we defined the Lyapunov function as L(x(t)) = maxS∈S β|S|x*S ; to argue that

the above implies negative drift, i.e. L(x(t)) ≤ max(0, L(x(0)) − εt), we observe that by

definition β|S| ≥ 1∀S ∈ S. Finally, using the Lipschitz continuity of the trajectories, it is

sufficient to show this property holds for the sets S∗ ∈ arg maxS∈S β|S|x*S .

Finally we can prove Theorem 3 using the stability of the fluid limit process along with

standard techniques from literature; for technical details, see [66].

A.3 Scheduling With Aggregation-Tree Routing

We now present the proof of the throughput optimality of the routing/scheduling

scheme presented in Section 2.3.3. Before proceeding, we point out a particular novel

aspect of the proof of this theorem. Similar to previous work [3, 89], we use a quadratic

Lyapunov function for showing stability; however our technique for bounding the Lya-

punov drift is quite different from those used for point-to-point data. The difficulty arises

from the fact that although Edmonds’ Theorem guarantees the existence of an optimal

tree-packing for the network, the trees in this optimal packing are unknown to the algo-

rithm; consequently it is unclear whether routing over all trees could lead to instability

via packet accumulation on trees not involved in the optimal packing. We circumvent this
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by showing the existence of some intermediate tree packings between the optimal and the

desired refresh rates, which allow uniform bounding of the Lyapunov drift.

Proof of Theorem 4. We define a candidate Lyapunov function V [t] as

V [t] =
∑
i∈N

∑
τ∈T

Qτ,ui [t]2,

with corresponding Lyapunov drift given by

∆V [t] = E[V [t+ 1]− V [t]|Q[t]].

It is easy to see that V [t] ≥ 0 for all states of the system, and that ∆V [t] <∞. We need

to show that given δ > 0, there exists Qmax such that if Qτ,ui [t] > Qmax for some i, then

∆V [t] < −δ. Now we have:

∆V [t] =
∑
i∈N

∑
τ∈T

E
[
(∆Qτ,ui [t])2 + 2Qτ,ui [t]∆Qτ,ui [t]|Q[t]

]
,

and defining Aτ,ui [t] to be arrival of useful packets on tree τ to node i, we have:

∆Qτi [t] = Aτ,ui [t]−Dτ
(i,pτ (i))[t].

Thus (∆Qτi [t])2 ≤ mA + (Lcmax)2 (due to external arrivals plus inter-node transmissions).

Let M2 = N |T|(mA + (Lcmax)2) - we have:

∆V [t] ≤M2 + 2
∑
i∈N

∑
τ∈T

Qτ,ui [t]E
[
Aτ,ui [t]−Dτ

(i,pτ (i))[t]|Q[t]
]
.

From the definition of λ∗, we know ∃ an optimal rate point {c∗uv}(u,v)∈L ∈ CH(Γ)

and the corresponding optimal SSS rule π∗ that maximizes the min-mincut. Consider

now a refresh rate λ less than the λ∗, such that λ∗ − λ = ε > 0. Note that the algorithm
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can potentially split the incoming flow λ over every spanning tree of the network, in

order to dynamically arrive at the optimal packing. To uniformly bound the Lyapunov

drift, we first need to construct two tree packings: (i) an ‘achievable’ packing {λ′τ} s.t.∑
τ∈T λ

′
τ ≥ λ, which serves as a proxy for the flow-splitting, and (ii) a ‘near-optimal’

packing {λ̂τ} s.t.
∑

τ∈T λ̂τ ≥ λ∗−
2ε
3 and further which has the property that λ̂τ −λ′τ ≥ ε4

uniformly over all spanning trees (for some ε4 > 0 defined below). We do so as follows:

Assume that there exists cmin > 0 such that if any edge (u, v) ∈ L is scheduled

alone (i.e. I ′ = (u, v)), then cuv(I
′) ≥ cmin (this is simply a formal definition of existence

of a link). We can now perturb the optimal SSS rule to get a new rate point {ĉuv}(u,v)∈L ∈

CH(Γ) with the following two properties:

1. Every edge (u, v) ∈ L has capacity ĉuv ≥ ε1 > 0.

2. The min-mincut of the network at the rate point {ĉuv}(u,v)∈L is ≥ λ∗ − ε
3 .

This ensures that the ‘near-optimal’ packing λ̂τ has some mass on each edge of the graph.

To construct the perturbed SSS rule π̂, consider the optimal SSS rule {π∗(I)}I∈I.

We define I′ = {I ∈ I : π∗(I) > 0} (i.e., the set of independent sets that have some mass

under π∗) and πmin = minI∈I′{π∗(I)} (which is > 0 as the cardinality of |I| is finite). Now

we reduce each π∗(I), I ∈ I′ by ε2 = min{πmin
2 , ε

3|L|cmax
}. This reduces the min-mincut by

at most ε
3 . To see this, note that the capacity of any edge (u, v) reduces from c∗uv to ĉuv

where:

ĉuv ≥ c∗uv(1− ε2) = c∗uv −min

{
c∗uvπmin

2
,

c∗uvε

3|L|cmax

}
≥ c∗uv −

c∗uvε

3|L|cmax
≥ c∗uv −

ε

3|L|
.

Further, the maximum number of edges across the min-mincut is bounded by L. Thus

the min-mincut of the network at the rate point {ĉuv}(u,v)∈L is ≥ λ∗ − ε
3 .
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Next, suppose L′ is the set of edges with zero flow under π∗. We now complete

the definition of the perturbed SSS rule π̂ (using the fact that singleton edges are valid

independent sets) as follows:

π̂(I) =


π∗(I)− ε2 : I ∈ I′,
|I′|ε2
|L′| : I = {(u, v)} ∀ (u, v) ∈ L′,

0 : otherwise.

To see that this is a valid SSS rule, note that 1−
∑

I∈I′ π̂(I) = |I′|ε2, which is the weight

we have distributed equally over all links in L′. The rate point under this SSS rule is

henceforth denoted as {ĉuv}. Then for edges in L′ we have ĉuv ≥ |I′|ε2cmin

|L′| . Now since

there are only L edges, each with positive capacity ĉuv, therefore there exists some ε1 > 0

such that every edge (u, v) ∈ L has capacity ĉuv ≥ ε1 under SSS rule π̂. Finally, applying

Edmonds’ Theorem (Theorem 2) on the network under π̂, we get a packing {λ∗(π̂)τ}τ∈T

such that we have ∑
τ∈T

λ∗τ (π̂) ≥ λ∗ − ε

3
.

Before proceeding further, we need the following definitions:

• L∗ , {(u, v) ∈ L : ĉuv −
∑

τ :(u,v)∈τ λ
∗
τ (π̂) = 0}.

• T∗ , {τ ∈ T : λ∗τ (π̂) > 0}.

• ε3 , min(u,v)∈(L∗)c{ĉuv −
∑

τ :(u,v)∈τ λ
∗
τ (π̂)}.

• λmin , minτ∈T∗{λ∗τ (π̂)}.

Note that ε3 > 0 as ĉuv > ε1 and the packing is not tight on the finite set (L∗)c. Similarly,

λmin > 0. Now we can construct the tree packings (on the network under SSS rule π̂) that

we need to bound the Lyapunov drift:
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1. The ‘achievable’ tree packing, {λ′τ}τ∈T is defined as:

λ′τ =

{
max

{
λ∗τ (π̂)− 2ε

3|T∗| , 0
}

: τ ∈ T∗,

0 : τ /∈ T∗.

Then clearly λ′τ is a packing (as we are only removing mass from a valid packing)

and further: ∑
τ∈T

λ′τ ≥
∑
τ∈T

λ∗τ (π̂)− 2ε

3
≥ λ∗ − ε = λ.

2. The ‘near-optimal’ tree packing, {λ̂τ}τ∈T is defined as:

λ̂τ =


λ∗τ (π̂)− ε

3|T∗| : τ ∈ T∗, λ∗τ (π̂) > 2ε
3|T∗| ,

λ∗τ (π̂)− λmin
2 : τ ∈ T∗, λ∗τ (π̂) ≤ 2ε

3|T∗| ,

min
{

λmin
2|(T∗)c| ,

ε
3|T∗||(T∗)c| ,

ε3
|(T∗)c|

}
: τ /∈ T∗.

First we need to show that this is a valid tree packing. To see this, note that the

maximum load added on any edge is bounded by min
{
λmin

2 , ε
3|T∗| , ε3

}
(since in the

worst case, all the trees in (T∗)c can contain some edge). For any edge in (L∗)c, this

is less than the slack (≥ ε3 by definition) that was already present. For an edge in

L∗, we know at least one tree in T∗ contained it (as every edge in the graph has

positive capacity under the SSS rule π̂), and hence we subtract a load of at least

min
{

λmin
2|(T∗)c| ,

ε
3|T∗||(T∗)c|

}
, which is again greater than the amount of load we add.

Thus {λ̂τ}τ∈T is a valid packing. Further we have that

∑
τ∈T

λ̂τ ≥
∑
τ∈T∗

λ̂τ ≥ λ∗ −
2ε

3
.

In addition, we get that λ̂τ − λ′τ ≥ ε4 ∀ τ ∈ T, where we define:

ε4 = min

{
ε

3|T∗|
,
λmin

2
,
λmin

2|(T∗)c|
,

ε

3|T∗||(T∗)c|
,

ε3
|(T∗)c|

}
,
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Thus we have constructed the two tree packings we need. We now return to

bounding the Lyapunov drift. From above, we have

∆V [t] ≤M2 + 2
∑
i∈N

∑
τ∈T

Qτ,ui [t]E
[
Aτ,ui [t]−Dτ

(i,pτ (i))[t]|Q[t]
]
.

Now, let cτ(i,pτ (i))[t] be the rate for packets on aggregation tree τ on link (i, pτ (i)) allocated

by the policy in time slot t (thus
∑

τ∈T c
τ
(i,pτ (i))[t] = c(i,pτ (i))[t]). Then we have

∑
i∈N

∑
τ∈T

Qτ,ui [t]E
[
Dτ

(i,pτ (i))[t]|Q[t]
]

=
∑
i∈N

∑
τ∈T

Qτ,ui [t]E
[
cτipτ (i)[t]−max{cτipτ (i)[t]−Q

τ,u
i [t], 0}|Q[t]

]
≥
∑
i∈N

∑
τ∈T

Qτ,ui [t]E
[
cτipτ (i)[t]−max{cmax −Qτ,ui [t], 0}|Q[t]

]
≥
∑
i∈N

∑
τ∈T

Qτ,ui [t]E
[
cτ(i,pτ (i))[t]

]
−NL|T|c2

max.

Further, from the definition of the policy, we know that

∑
i∈N

∑
τ∈T

Qτ,ui [t]E
[
cτ(i,pτ (i))[t]|Q[t]

]

= E

max
c∈Γ

∑
(i,j)∈L

max
τ∈T:(i,j)∈τ

{Qτ,ui [t]} cij [t]|Q[t]


≥ max

c∈Γ

∑
(i,j)∈L

max
τ∈T:(i,j)∈τ

{Qτ,ui [t]}E [cij [t]|Q[t]]

≥ max
c∈CH(Γ)

∑
(i,j)∈L

max
τ∈T:(i,j)∈τ

{Qτ,ui [t]}E [cij [t]|Q[t]]

≥ max
c∈CH(Γ)

∑
(i,j)∈L

∑
τ∈T:(i,j)∈τ

Qτ,ui [t]E
[
cτij [t]|Q[t]

]
(where cτij [t] is any tree-packing of a given c ∈ CH(Γ))

≥
∑

(i,j)∈L

∑
τ∈T:(i,j)∈τ

Qτ,ui [t]ĉτij ,
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where for any edge (i, j), ĉτij represents any valid split of ĉij between trees lying on that

edge, i.e., ĉ ∈ CH(Γ). In particular, therefore, we can use the tree packing {λ̂τ}τ∈T to get

∑
i∈N

∑
τ∈T

Qτ,ui [t]E
[
cτ(i,pτ (i))[t]|Q[t]

]
≥
∑
i∈N

∑
τ∈T

Qτ,ui [t]λ̂τ .

Combining inequalities, and defining M3 , N |T|
(
mA + (Lcmax)2 + Lc2

max

)
, we get

∆V [t] ≤M3 + 2
∑
i∈N

∑
τ∈T

Qτ,ui [t]
(
E [Aτi [t]|Q[t]]− λ̂τ

)
.

Finally, define Aτi [t] to be the rate of rounds arriving on tree τ . Then from the greedy

round-tree assignment algorithm, and using the fact that each round results in exactly

one useful packet at each node, we get

∑
i∈N

∑
τ∈T

Qτ,ui [t]E [Aτ,ui [t]|Q[t]] =
∑
i∈N

∑
τ∈T

Qτ,ui [t]E [Aτi [t]|Q[t]]

= E

[
min

{Aτ [t]}:
∑
τ∈T A

τ [t]=A[t]

{∑
τ∈T

(∑
i∈N

Qτ,ui [t]

)
Aτi [t]

}∣∣∣∣∣Q[t]

]
≤ min
{Aτ [t]}

∑
i∈N

∑
τ∈T

Qτ,ui [t]E [Aτi [t]|Q[t]] ≤
∑
i∈N

∑
τ∈T

Qτ,ui [t]λ′τ .

Thus we get

∆V [t] ≤M3 − 2
∑
i∈N

∑
τ∈T

Qτ,ui [t](λ̂τ − λ′τ ) ≤M3 − 2ε4
∑
i∈N

∑
τ∈T

Qτ,ui [t].

In order to have ∆V [t] < −δ if Qτi [t] ≥ Qτ,ui [t] > Qmax for some i, τ , we can choose

Qmax > M3+δ
2ε4

. Thus V [t] is a valid Lyapunov function and by Foster’s Theorem, our

policy is stabilizing for any λ < λ∗.
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Appendix B

Proofs from Chapter 3

In this appendix, we give formal proofs of the results in Chapter 3.

B.1 Spreading-Time Bounds for Specific Policies

In this section, we formally prove the upper bounds on spreading time we stated

in Section 3.3.1. We first prove the diameter-based upper-bound on the finish time of the

random spread policy for a general graph G.

Theorem (Theorem 5: Upper bound for Homogeneous External Virulence: Diameter

version). Suppose Li(t) = Lj(t), i, j = 1, . . . , n, and ||L̄(t)||1 ≥ Lmin(n) ≥ 0 for all t ≥ 0.

Suppose also that for each n, the graph Gn admits a partition Gn =
⋃g(n)
i=1 Gn,i by g(n)

connected subgraphs Gn,i, each with size Θ(s(n)) and diameter O(d(n)). Then,

1. (Mean finish time) E[T ] = O(h(n) log n), where h(n) ≡ max
(

g(n)
Lmin(n) , d(n)

)
.

2. (Finish time concentration) If g(n) = Ω(nδ) for some δ > 0, then for any γ > 0

there exists κ = κ(γ) > 0 such that P[T ≥ κh(n) log n] = O(n−γ).

In other words, given any partition of a large graph, the spreading time of an

epidemic process, assisted by random external infection, is determined by both (a) the

time taken for spread to start in each segment of the partition and (b) the worst possible

time taken by the intrinsic spread within each segment.
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Proof. Under the homogeneous (or random) external infection policy, we have that Li(t) ≥

Lmin(n)/n for all i = 1, . . . , n. As before, (S(t))t≥0 denotes the infection state process.

Now observe that each subgraphGn,i ≡ Gi is prone to infection (i.e., some node inGn,i con-

tracts infection) due to long-range contact with an exponential rate of Ω (Lmin(n) · s(n)/n).

Consider an alternative infection-spreading process (S̃(t))t≥0 which evolves in two phases:

• Phase-1: Throughout this phase, infection spread occurs only due to long-range

contact, and not through basic/static contact. The phase starts from time t = 0

and ends when at least one node in each subgraph Gi is infected. Let T1 be the end

time of this phase.

• Phase-2: In this phase, infection spread occurs only due to basic contact through

neighbors in G, and not through long-rang contact. At time T1, for each subgraph

Gi, only the first node infected in phase-1, say Ni, is assumed to be infected, and

all other nodes in Gi are considered healthy, even if some of them were infected on

phase-1 subsequent to Ni. The process S̃(·) proceeds from time T1 onwards by the

usual static spread dynamics within each Gi, i.e. with the restriction that infection

does not spread across edges that connect different subgraphs. Denote by T2 the

additional time taken (since T1) for all nodes in all the Gi to get infected.

A standard coupling argument establishes that N(S(t)) stochastically dominates

N(S̃(t)) for all t, i.e., S̃ is a ’slower’ process than S. Thus, the finish time for S̃(·)

stochastically dominates that of S(·), i.e.

T ≤st T1 + T2. (B.1.1)

It remains to estimate the means of T1 and T2, and their tail probabilities, to finish the
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proof. The analysis for T1 follows a standard coupon-collecting argument: memorylessness

of the exponential distribution implies that T1 is stochastically dominated by the maxi-

mum of g(n) i.i.d. exponential random variables with parameter Ω(Lmin(n) · s(n)/n), i.e.,

Ω(Lmin(n)/g(n)). Hence, using a well-known result about the expectation of the maximum

of i.i.d. exponentials, we obtain

E[T1] = O

(
Hg(n)

Lmin(n)/g(n)

)
= O(g(n) log g(n)/Lmin(n)), (B.1.2)

where Hk
4
=
∑k

i=1 i
−1 = O(log k) is the kth harmonic number. Also, by a union bound

over the tails of g(n) i.i.d. exponential random variables, for any κ > 0 we can estimate

the tail of T1:

P[T1 ≥ κg(n) log g(n)]

≤ g(n)e−(Θ(Lmin(n)/g(n))κg(n) log g(n))

= g(n)−Θ(κLmin(n))+1. (B.1.3)

To estimate the statistics of T2, we further consider the following ‘slower’ mode of

(static) spread than that of phase-2: for each subgraph Gi (with diameter O(d(n))), let Wi

be a shortest-path spanning tree of Gi rooted at the node Ni which is infected in phase-1.

Such a tree has diameter O(d(n))) and can, in principle, be obtained by performing a

Breadth-First Search (BFS) on Gi starting at Ni. If we now insist that the phase-2 static

infection process in Gi spreads only via the edges of Wi, then again, a standard coupling

can be used to show that the time T̂2 when all nodes in G get infected thus stochastically

dominates T2.
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Before proceeding, we need the following simple lemma, which we state without

proof:

Lemma 5. For aij ∈ R, i ∈ [m], j ∈ [n], we have maxmi=1

∑n
j=1 aij ≤

∑n
j=1 maxmi=1 aij.

Now for each tree Wi, let its leaves be labeled Ni1, . . . , Nil(i). Each leaf Nij has a

unique path pij starting from Ni to itself, of length O(d(n)). Let T̂jk be the time taken

for the infection to spread across the kth edge on this path pij , i.e. the (exponentially

distributed) interval between the times when the (k− 1)th node and the kth node on the

path are infected. Then, the time T̂2,i taken for all nodes in Wi (hence Gi) to get infected

can be upper-bounded by using Lemma 5:

T̂2,i =
l(i)

max
j=1

|pij |∑
k=1

T̂jk ≤
O(d(n))∑
k=1

(
l(i)

max
j=1

T̂jk

)
,

and a further application of the lemma bounds the phase-2 finish time T̂2 = max
g(n)
i=1 T̂2,i

as

T̂2 ≤
g(n)
max
i=1

O(d(n))∑
k=1

(
l(i)

max
j=1

T̂jk

)

≤
O(d(n))∑
k=1

(
g(n)
max
i=1

l(i)
max
j=1

T̂jk

)
.

The term in brackets is simply the maximum of the infection spread times across all stage-

k edges of all the trees Wi within G. Hence, it is stochastically bounded above by the

maximum of n i.i.d Exponential(1) random variables (say Z1, . . . , Zn), using which we can

write

E[T2] ≤ E[T̂2] ≤
O(d(n))∑
k=1

O(Hn) = O(d(n) log n). (B.1.4)
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Again, using the union bound to estimate the tail probability of T2, we have, for any

κ > 0,

P[T2 ≥ κd(n) log n] ≤ P[T̂2 ≥ κd(n) log n]

≤ O(d(n))P[Z1 ≥ κ log n]

≤ n · ne−κ logn = n−κ+2. (B.1.5)

We now have all the required pieces. Combining (B.1.1), (B.1.2) and (B.1.4) with

the fact that g(n) = O(n) proves the first part of the theorem. For the second part, the

hypothesis that g(n) = Ω(nδ), together with (B.1.3), gives

P[T1 ≥ κh(n) log n] ≤ P[T1 ≥ κg(n) log g(n)]

≤ n−δΘ(κLmin(n))+δ,

which, together with (B.1.1) and (B.1.5), gives

P[Tπr ≥ 2κh(n) log n] ≤ P[T1 + T2 ≥ 2κh(n) log n]

≤ n−δΘ(κLmin(n))+δ + n−κ+2

≤ 2n−min{δ(Θ(κLmin(n))−1),κ−2}

Choosing κ s.t. min{δ(Θ(κLmin(n))− 1), κ− 2} ≥ γ yields the bound in the second part

of the theorem.

The factor of log n in the bound of the above theorem is actually only due to the

‘coupon-collector’ effect phase-1 time T1; a more refined analysis of the phase-2 time T2

shows that if d(n) = log n + ω(1), i.e. the piece diameter is sufficiently large, then T2
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is order-wise d(n) in expectation and w.h.p. This is the intuition behind the spreading

time bound for the Greedy Subgraph Infection policy. Recall the GSI policy was defined as

follows: given the subgraphs Gi, they are infected through sequential greedy (as opposed

to homogeneous) long-range contact, i.e., ||L(t)||1 = Lmin(n), and L(t) is supported on a

single node j(t) within any maximally healthy subgraph at time t (i.e., one which minimizes

|Gi ∩ S(t)|). Then we have:

Theorem (Theorem 6: Upper bound for GSI Policy). Suppose for each n, the graph Gn

admits partition
⋃g(n)
i=1 Gn,i of connected subgraphs Gn,i, each of size Θ(s(n)) and diameter

O(d(n)). Further, d(n) = log n + ω(1). Then for spreading via the Greedy Subgraph

Infection policy, we have E[T ] = O(h(n)), where h(n) ≡ max
(

g(n)
Lmin(n) , d(n)

)
.

Proof. Using the same notation as the earlier proof, we consider the slower, two-phase

spreading process, such that T ≤st T1 + T2: in this case however, phase-1 consists of a

sequential ‘seeding’ of each subgraph (it is clear that this is stochastically dominated by the

greedy subgraph infection). Thus T1 now corresponds to the sum of g(n) i.i.d exponential

random variables with parameter Ω(Lmin(n)) (i.e., there is no coupon-collector effect), and

thus, via standard results, concentrates around around its mean which is O(g(n)/Lmin(n)).

To complete the proof, we need to tighten our previous bound for T̂2 (and hence, T2),

which, using our previous notation, can be written as:

T̂2 =
g(n)
max
i=1

T̂2,i =
g(n)
max
i=1

l(i)
max
j=1

|pij |∑
k=1

T̂jk,

i.e., T̂2 is the maximum sum of infection times over all leaves in all trees Wi. Since the
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total number of leaves in all the trees Wi is at most n, a union bound yields, for any α > 0,

P[T̂2 > αd(n)] ≤ nP

d(n)∑
i=1

Zi > αd(n)

 ,
where all the Zi are independent Exponential(1) random variables. A Chernoff bounding

technique yields

P

d(n)∑
i=1

Zi > αd(n)

 ≤ e−ψαd(n)E
[
eψ
∑d(n)
i=1 Zi

]
= e−ψαd(n)

(
E
[
eψZ1

])d(n)

= e−ψαd(n)(1− ψ)−d(n)

where 0 ≤ ψ < 1. With ψ = 1/2 and any α > 0, we have,

P[T̂2 > αd(n)] ≤ n · 2d(n)e−
αd(n)

2 .

Finally, for estimating E[T̂2] we have,

E[T̂2] =

∫ ∞
0

P[T̂2 > x]dx

≤ (2 log 2 + 2)d(n)

+ d(n)

∫ ∞
2 log 2+2

P[T̂2 > αd(n)]dα.

≤ 3d(n) + 2nnd(n)

∫ ∞
2 log 2+2

e−
αd(n)

2 dα

= 3d(n) + 2ne−d(n) = O(d(n))

Thus we have E[T ] = O
(

max
(

g(n)
Lmin(n) , d(n)

))
.

We conclude this section with the conductance-based upper bound on the finish

time with random external-agents.
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Theorem (Theorem 7: Upper Bound for Homogeneous External Virulence: Conductance

version). Suppose that for each n, the graph Gn admits a partition Gn =
⋃g(n)
i=1 Gn,i by

g(n) connected subgraphs Gn,i, each with size Θ(s(n)) and conductance Θ(Ψ(n)). Then,

1. (Mean finish time) E[Tπr ] = O(k(n) log g(n)), where k(n) ≡ max
(

g(n)
Lmin(n) ,

log s(n)
Ψ(n)

)
.

2. (Finish time concentration) There exists κ > 0 independent of n such that

P[Tπr ≥ κk(n) log g(n)] = O
(

(log g(n))−2
)
.

Proof. As in Theorem 5, we study an associated two-phase spreading process (S̃(t))t≥0,

where the first phase takes time T1 to infect at least one node in each Gi, and the infection

takes a further time T2 to spread within every (connected) Gi. A coupling argument

establishes that Tπr ≤st T1 + T2.

As before, T1 is distributed as the maximum of g(n) Exponential(Θ(Lmin(n)/g(n)))

random variables, and standard results yield (for κ > 0):

E[T1] = O(g(n) log g(n)/Lmin(n)), (B.1.6)

and for the variance:

Var[T1] =
1

Θ(Lmin(n)2/g(n)2)

g(n)∑
i=1

1

i2

= Θ
(
g(n)2/Lmin(n)2

)
. (B.1.7)

Next we have that T2 is the maximum of the times T2,i for infection to spread in each

subgraph Gi. We stochastically dominate each T2,i as follows: for each subgraph Gi,

consider a continuous time Markov chain (Ẑi)t≥0 on the state space 1, . . . , |V (Gi)| with

Ẑi(0) = 1 and transitions j → j + 1 at rate jΨ(n) if 1 ≤ j ≤ |V (Gi)|/2, and at rate
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(|V (Gi)| − j)Ψ(n) if |V (Gi)|/2 < j ≤ |V (Gi)| − 1. Let T̂2,i be the time taken for the

Markov chain Ẑi to hit its final state |V (Gi)|; T̂2,i =
∑|V (Gi)|−1

j=1 T̂2,i,j where T̂2,i,j is the

sojourn time of Ẑi in state j. We claim that T̂2,i stochastically dominates T2,i. To see this,

note that at any time t, if the number of infected nodes in the phase-2 spreading process

in Gi is 1 ≤ j ≤ |V (Gi)|/2, then by the definition of conductance, the rate at which a new

healthy node in Gi is infected is at least jΨ(n). Similarly, if the number of infected nodes

is |V (Gi)|/2 < j < |V (Gi)| (i.e. the number of healthy nodes is (|V (Gi)| − j)), then the

rate at which a new healthy node is infected is at least (|V (Gi)|/2 − j)Ψ(n). Hence, by

standard Markov chain coupling arguments (e.g., see [30]), we have that T2,i ≤st T̂2,i.

By independence of the original phase-2 spreading processes within the Gi for all

i = 1, . . . , g(n), we have

T2 = max
i
T2,i ≤st max

i
T̂2,i = max

i

|V (Gi)|−1∑
j=1

T̂2,i,j

≤
|V (Gi)|−1∑

j=1

max
i
T̂2,i,j

Hence we have

E[T2] ≤
|V (Gi)|−1∑

j=1

E
[
max
i
T̂2,i,j

]
= 2

|V (Gi)|/2∑
j=1

log g(n)

jΨ(n)

= O

(
log s(n) log g(n)

Ψ(n)

)
(B.1.8)

Also,

Var

|V (Gi)|−1∑
j=1

max
i
T̂2,i,j

 =

|V (Gi)|−1∑
j=1

Var

(
max
i
T̂2,i,j

)

= 2

|V (Gi)|/2∑
j=1

Θ

(
1

j2Ψ(n)2

)
= Θ

(
1

Ψ(n)2

)
. (B.1.9)
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Combining (B.1.6) and (B.1.8) gives the first part of the theorem. For the second part,

we have

P[Tπr ≥ κk(n) log g(n)] ≤ P[T1 + T2 ≥ κk(n) log g(n)]

≤ P
[
T1 + T2 ≥

κ

2

(
g(n) +

log s(n)

Ψ(n)

)
log g(n)

]
.

Now, using the variance estimates (B.1.7) and (B.1.9) with Chebyshev’s inequality, we

have for large enough κ > 0

P[Tπr ≥ κk(n) log g(n)]

≤
Var

(
T1 +

∑|V (Gi)|−1
j=1 maxi T̂2,i,j

)
log2 g(n)

(
g(n) + log s(n)

Ψ(n)

)2

= O

 g(n)2

Lmin(n)2 + 1
Ψ(n)2

log2 g(n)
(
g(n) + log s(n)

Ψ(n)

)2


= O

(
(log g(n))−2

)
.

This completes the proof.

B.2 Lower Bounds for Specific Graphs

In the previous section, we have estimated the time taken by random (and greedy)

external-infection policies to infect all nodes in a network. In this section, we derive

corresponding lower bounds for certain commonly studied spatially limited networks, in

particular, line/ring networks, d-dimensional grids and random geometric graphs. As

discussed in Section 3.3.2, for each of these classes of graphs, we establish lower bounds

on the finish time of any spreading strategy (possibly omniscient and adversarial) that

132



match the upper bounds (upto logarithmic factors for random spread, and exactly for the

GSI policy).

B.2.1 Ring/Linear Graphs

As before, for each n we define Gn = (Vn, En) to be the ring graph with n con-

tiguous vertices Vn
4
= {v1, . . . , vn}, En

4
= {(vi, vj) : j − i ≡ 1 (mod n)} . In the context

of Theorem 5, let us partition Gn into
√
n successive

√
n-sized segments, i.e. Gn,i is the

subgraph induced by v(i−1)
√
n+1, . . . , vi

√
n, where i ranges from 1, . . . ,

√
n. The diameter

of each segment is
√
n, and a straightforward application of the theorem gives

Corollary (Corollary 2:Time for random spread on ring graphs). For the random spread

policy πr on the ring/line graph Gn, we have

1. E[Tπr ] = O
(√

n
Lmin(n) log n

)
,

2. For any γ > 0 ∃α = α(γ) > 0 such that P
[
Tπr ≥ α

√
n

Lmin(n) log n
]

= O(n−γ).

i.e., the finish time on an n-ring, with random external infection, is O(
√
n log n)

in expectation and with high probability.

We now prove that the finish time on a grid or line graph with any (possibly

infection-state aware) external-infection spread strategy must be Ω(
√
n), both in expec-

tation and with high probability. This establishes that for ring graphs (or 1-dimensional

grids), random external-infection is as good as any other form of controlled infection in

an order-wise (up to a logarithm) sense. Furthermore, we use this theorem to introduce a

general technique for obtaining lower bounds based on stochastic dominance via a parallel

cluster-growing process. For ease of notation, we assume ||L̄(t)||1 ≤ 1 in this proof–in
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the next section, we obtain the more general bound (with dependence on Lmax(n)) for

d-dimensional grids.

Theorem (Theorem 8: Lower bound for ring graphs). For the ring graph Gn with n

nodes, and given that ||L̄(t)||1 ≤ 1 ∀t ≥ 0, there exists c > 0 independent of n such that

for any spreading policy π,

P
[
Tπ < c

√
n
]

= O
(
e−Θ(1)

√
n
)
.

Moreover, we have

inf
π∈Π

E[Tπ] = Ω
(√
n
)
.

Proof. To keep the proof general, we use a parameter β for the intrinsic spreading rate over

an edge (assumed to be 1 earlier). Along with the spreading process (Sπ(t))t≥0 induced

by the policy π, consider a random process (S̃(t))t≥0 described as follows:

1. At all times t, S̃(t) consists of an integer number (C̃t) of sets of points called clusters,

where (C̃t)t≥0 is a Poisson process with intensity Lmax(n) = 1, and C̃0 = 1 (the 1

denotes an ‘initial’ cluster in which static infection starts spreading).

2. Once a new cluster is formed at some time s, it grows, i.e. adds points, following a

Poisson process of intensity 2β (recall β is the intrinsic spreading rate for an edge

in the graph).

Via a coupling argument, it can be shown that for all spreading strategies π ∈ Π,

at all times t ≥ 0, the total number of points in S̃(t) (denoted by Ñt) stochastically

dominates that in Sπ(t) (informally, this is due to two reasons: first, that the rate of

‘seeding’ of new clusters by π is at most as fast as that in S̃(·); secondly, each cluster in
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S̃(·) grows independently and without interference from other existing clusters, as opposed

to clusters that could ‘merge’ in the process Sπ(·)). Figure B.1 graphically depicts the

structure of the dominating process S̃(·).

β2Mobile agent

Ring/line 
graph

Actual infection 
spread process

Dominating 
spread process

Coupling

C
lusters

0tt =

1tt =

2tt =

β2

β2

β2

Origin

Figure B.1: Dominating the infection spread using independently growing clusters

Let T̃
4
= inf{t ≥ 0 : Ñt = n} be the time when the number of points in S̃(·) first

hits n. Owing to the stochastic dominance N(Sπ(t)) ≤st Ñt, we have that

T̃ ≤st Tπ ∀π ∈ Π. (B.2.1)

Knowing the way S̃(·) evolves, we can calculate E[Ñt]:

E[Ñt] = E[E[Ñt|C̃t]]

=
∞∑
k=0

P(C̃t = k)E[Ñt|C̃t = k]

=
∞∑
k=0

e−ttk

k!
E[Ñt|C̃t = k].

Since C̃t is a Poisson process, conditioned on {C̃t = k}, the k cluster-creation instants are

distributed uniformly on [0, t]. Let the times of these arrivals be T̃1, . . . , T̃k; then [T̃i, t] is

the time for which the ith cluster has been growing. Since every cluster grows at a rate of

2β, conditioned on {C̃t = k}, the expected size of the ith cluster is 2β(t− T̃i), 1 ≤ i ≤ k.
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Also, the expected size of the ‘0-th’ cluster at time t is 2βt. Using E[T̃i|C̃t = k] = t/2, we

obtain

E[Ñt|C̃t = k] = 2βt+
k∑
i=1

E[2β(t− T̃i)|C̃t = k]

= β(k + 2)t

⇒ E[Ñt] =

∞∑
k=0

e−ttk

k!
E[Ñt|C̃t = k]

=

∞∑
k=0

e−ttk

k!
β(k + 2)t

= βt2 + 2βt.

Hence, we have

P (T̃ > t) = P (Ñt < n) = 1− P (Ñt ≥ n)

≥ 1− E[Ñt]

n
≥ 1− β(t+ 1)2

n
.

by an application of Markov’s inequality. This means that

E[T̃ ] =

∫ ∞
0

P(T̃ > x)dx ≥
∫ √

n
β
−1

0
P(T̃ > x)dx

≥
∫ √

n
β
−1

0

(
1− β(x+ 1)2

n

)
dx

=
2

3

√
n

β
− 1 +

β2

3n2

= Θ(
√
n).

Together with (B.2.1), this forces infπ∈Π E[Tπ] = Ω(
√
n), and the first part of the theorem

is proved. For the second part, if we denote the size of the ith created cluster at time
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s ≥ Ti by X̃i(s), then for any time t we can write(
2et⋂
i=0

{X̃i(t+ Ti) < 4eβt}

)⋂
{C̃t < 2et}

⊆

C̃(t)⋂
i=0

{X̃i(t+ Ti) < 4eβt}

⋂{C̃t < 2et}

⊆

C̃(t)⋂
i=0

{X̃i(t) < 4eβt}

⋂{C̃t < 2et}

⊆ {Ñt < 8βe2t2}.

Applying a standard Chernoff bound (P[Y ≥ 2eλ] ≤ (2e)−λ for Y ∼ Poisson(λ)) to C̃t ∼

Poisson(t) and X̃i(t+ Ti) ∼ Poisson(2βt) above, we can write

P[Ñt ≥ 8βe2t2]

≤ P[C̃t ≥ 2et] +

2et∑
i=1

P[X̃i(t+ Ti) ≥ 4eβt]

≤ (2e)−t + 2et · (2e)−2βt

= O(e−t(1∧2β)).

In conclusion, using the stochastic dominance (B.2.1):

P
[
Tπ <

√
n

8βe2

]
≤ P

[
T̃ <

√
n

8βe2

]
= P

[
Ñ√ n

8βe2
> n

]
= O

(
e−Θ(1)

√
n
)
.
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B.2.2 d-Dimensional Grid Graphs

Extending the previous result, this section shows that the simple, state-oblivious

random external-infection spreading strategy achieves the optimal order-wise finish time

on d-dimensional grid networks for d ≥ 2. For such a dimension d, the d-dimensional grid

graph Gn = (Vn, En) on n nodes is given by Vn
4
= {1, 2, . . . , n1/d}d, and En

4
= {(x, y) ∈

Vn × Vn : ||x− y||1 = 1}.

Consider a partition of Gn into (n/Lmin)1/(d+1) identical and contiguous ‘sub-

grids’ Gn,i, i = 1, . . . , n1/(d+1). By this, we mean that each Gn,i is induced by a copy

of {1, 2, . . . , (n/Lmin)1/(d+1)}d (and thus has (n/Lmin)d/(d+1) nodes). For instance, in the

case of a planar
√
n×
√
n grid (with Lmin = 1), imagine tiling it horizontally and vertically

with 3
√
n identical 3

√
n× 3
√
n sub-grids (Figure B.2). With such a partition, an application

of Theorem 5 shows that

Corollary (Corollary 2: Time for random spread on d-grids). For the random spread

policy πr on an n-node d-dimensional grid Gn, we have

1. E[Tπr ] = O
((

n
Lmin(n)

)1/(d+1)
log n

)
,

2. For any γ > 0 there exists α = α(γ) > 0 with P
[
Tπr ≥ α

(
n

Lmin(n)

)1/(d+1)
log n

]
=

O(n−γ).

i.e., the finish time with random external-infection on a d-dimensional n-node grid

is O

((
n

Lmin(n)

)1/(d+1)
log n

)
in expectation and with high probability.

In what follows, we show that any external-infection spreading policy on a grid

must take time Ω

((
n

Lmax(n)

)1/(d+1)
)

to finish infecting all nodes with high probability,

and consequently also in expectation. Barring a logarithmic factor, this shows that such a
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nn ×
grid

33 nn ×
sub-grid

Figure B.2: Partitioning a planar grid into sub-grids

a random policy is as good as any other (possibly state-aware) policy for the class of grids.

In order to derive this lower bound, we first need the following lemma from the theory of

first-passage percolation [51], which essentially lets us control the extent to which infection

on an infinite grid has spread at time t:

Lemma 6. Let (Z̃(t))t≥0 ∈ {0, 1}Z
d

represent a static/basic infection spread process on

the infinite d-dimensional lattice Zd starting at node (0, 0, . . . , 0) at time 0. Then, there

exist positive constants l, c3, c4 such that for t ≥ 1,

P[N(Z̃(t)) > tdld] ≤ c1t
2de−c2

√
t.

Proof of Lemma 6. Let

B̃(t)
4
= {v ∈ Zd : Z̃v(t) = 1} ⊂ Zd (⊂ Rd)

be the set of infected nodes at time t in Z̃. We use the following version of a result,

from percolation on lattices with exponentially distributed edge passage times, about the

‘typical shape’ of B̃(t) [51]:

(Theorem 2 in [51]) There exists a fixed ( i.e. not depending on t) cube B0 =
[
− l

2 ,
l
2

]d ⊂
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Rd, and constants c1, c2 > 0, such that for t ≥ 1,

P
[
B̃(t) ⊂ tB0

]
≥ 1− c1t

2de−c2
√
t. (B.2.2)

It follows from (B.2.2) that for t ≥ 1,

P[N(Z̃(t)) > tdld] = P[|B̃(t)| > tdld]

≤ P[B̃(t) * tB0] ≤ c1t
2de−c2

√
t.

Lemma 7 allows us to control the growth of individual seeded clusters of infected

nodes; this is analogous to the use of the dominating spread process (growing at rate 2β)

for line graphs. We thus obtain the following lower bound.

Theorem (Theorem 9: Lower bound: d-dimensional grids, bounded long-range viru-

lence). Let Gn be a symmetric n-node d-dimensional grid graph. Suppose that ||L̄(t)||1 ≤

Lmax(n) = ω(n) for all t ≥ 0. Then, there exist c1, c2 > 0, not depending on n, such that

P

[
T ≤ c1

(
n

Lmax(n)

) 1
d+1

]
= O

(
e
−c2

(
n

Lmax(n)

) 1
2d+2

)
.

Furthermore, if Lmax(n) = O(n1−ε) for some ε ∈ (0, 1], then

E[T ] = Ω

((
n

Lmax(n)

) 1
d+1

)
.

Proof. Let us introduce a (dominating) counting process (S̃(t))t≥0, described as follows:

• ∀ t ≥ 0, S̃(t) consists of an integer number (C̃t) of sets of points called clusters,

where (C̃t)t≥0 is a Poisson process with intensity Lmax(n), and C̃0 = 1 (denoting an

‘initial’ infected node).
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• Each cluster grows as an independent copy of a static infection process on an exclu-

sive infinite d-dimensional grid Zd starting at (0, 0, . . . , 0).

Mobile agent

0tt =

Dominating spread processActual infection spread process

1tt =

2tt =

Coupling (0,0)

Figure B.3: The grid graph: Coupling infection spreading with external sources to a
dominating ‘cluster-growth’ process

Note that in the process S̃, the growth of each cluster follows the natural static infection

dynamics within a d-dimensional grid graph. Again, a standard coupling argument shows

that at all times t ≥ 0, the total number of points in S̃(t) (denoted by Ñt) stochastically

dominates that in S(t)–this is essentially due to (a) cluster ’seeding’ at the highest possible

net exponential rate Lmax(n), and (b) the absence of ’colliding’ or multiple infections

incident at any single node (Figure B.3). Let T̃
4
= inf{t ≥ 0 : Ñt = n} be the time when

the number of points in S̃(·) first hits n. Then we have

N(S(t)) ≤st Ñt ⇒ T̃ ≤st T. (B.2.3)

Let us denote by X̃i(s) the size of the ith created cluster of S̃(·) at time s ≥ Ti. Then, for

t ≥ 0, we have(
2et⋂
i=0

{X̃i(t+ Ti) < tdld}

)⋂(
{C̃t < 2eLmax(n)t}

)
⊆ {Ñt < 2eLmax(n)ldtd+1},
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Now each random variable X̃i(t+ Ti) is distributed as the number of infected nodes in a

static infection process on an infinite grid at time t. Thus, using Lemma 6 and a standard

Chernoff bound for C̃t ∼ Poisson(tLmax(n)), we can write

P
[
Ñt ≥ (2eLmax(n)ld)td+1

]
≤ P

[
C̃t ≥ 2eLmax(n)t

]
+

2eLmax(n)t∑
i=1

P
[
X̃i(t+ Ti) ≥ tdld

]
≤ (2e)−Lmax(n)t + 2eLmax(n)t · c3t

2de−c4
√
t

= O(Lmax(n)e−c4
√
t).

With the stochastic dominance (B.2.3), this forces

P

[
T ≤

(
n

2eLmax(n)ld

)1/(d+1)
]
≤ P

[
T̃ ≤

(
n

2eLmax(n)ld

)1/(d+1)
]

= P

[
Ñ(

n

2eLmax(n)ld

)1/(d+1) ≥ n

]

= O

(
e
−c2

(
n

Lmax(n)

)1/(2d+2)
)
, (B.2.4)

for the appropriate c2, establishing the first part of the theorem. To see how this implies the

second part, note that the estimate (B.2.4), together with the fact that Lmax(n) = O(n1−ε)

and the Borel-Cantelli lemma, gives us

P

[
T̃ ≤

(
n

2eLmax(n)ld

)1/(d+1)

for finitely many n

]
= 1,

⇒ lim inf
n→∞

T̃

(n/Lmax(n))1/(d+1)

a.s.
≥ c4

4
=

1

(2eld)1/(d+1)
> 0

By Fatou’s lemma,

lim inf
n→∞

E

[
T̃

(n/Lmax(n))1/(d+1)

]
≥ E

[
lim inf
n→∞

T̃

(n/Lmax(n))1/(d+1)

]
≥ c4 > 0.

This shows that E[T ] ≥ E[T̃ ] = Ω
(

(n/Lmax(n))1/(d+1)
)

, and concludes the proof.
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B.2.3 Geometric Random Graphs

We finally prove the upper and lower bounds for the Geometric Random Graph

(RGG). Recall that an RGG is a family of random graphs wherein n points (i.e. nodes)

are picked i.i.d. uniformly in [0, 1] × [0, 1]. Two nodes x, y are connected by an edge iff

||x−y|| ≤ rn, where rn is often called the coverage radius. The RGG Gn = Gn(rn) consists

of the n nodes and edges as above.

It is known that when the coverage radius rn is above a critical threshold of√
log n/π, the RGG is connected with high probability [38]. In this section, we state and

prove two results that show that random spreading on RGGs in this critical connectivity

regime is optimal upto logarithmic factors. First, we show with high probability that

random spreading finishes in time O( 3
√
n log n), and follow it up with a converse result

that says that no other policy can better this order (up to the logarithmic factor) with

significant probability. This directly parallels the earlier results about finish times on

2-dimensional grids, where random external infection spread exhibits the same optimal

order of growth.

Theorem (Theorem 10: Time for random spread on RGGs). For the planar random

geometric graph Gn(rn), if rn ≥
√

5 logn
n , then there exists α > 0 such that

lim
n→∞

P[Tπr ≥ α 3
√
n/Lmin(n) log n] = 0.

Proof. Divide the unit square [0, 1]×[0, 1] into square tiles of side length rn/
√

5 each; there

are thus 5/r2
n such tiles, say k1, . . . , k5/r2

n
. If n points are thrown uniformly randomly into
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[0, 1]× [0, 1], then, with E denoting the event that some tile is empty,

P [E] ≤ 5

r2
n

P [tile 1 empty] =
5

r2
n

(
1− r2

n

5

)n
≤ 5

r2
n

exp

(
−nr

2
n

5

)
≤ n

log n
exp(− log n) =

1

log n

n→∞−→ 0. (B.2.5)

By construction, note that the maximum distance between points in two horizontally

or vertically adjacent tiles is exactly rn. Hence, two nodes in horizontally or vertically

adjacent tiles are always connected by an edge. Also, a node in a tile is not connected to

any node in a tile at least three tiles away in either dimension.

Dividing [0, 1] × [0, 1] into (bigger) square chunks of side length 1/ 6
√
nLmin(n)2

each, we obtain 3

√
n

Lmin(n) such square chunks, each containing a
√

5
rn 6√n ×

√
5

rn 6√n grid of

square tiles. In the case where no tile is empty, it follows from the arguments in the

preceding paragraph that the diameter of the subgraph induced within each chunk is

O

(
1/ 6
√
nLmin(n)2

rn

)
= O

(
1

rn
6
√
nLmin(n)2

)
= O

 3

√
n

Lmin(n)
√

log n


since rn ≥

√
5 log n. An application of Theorem 5 in this case shows that E [Tπr |E] =

O( 3
√
n/Lmin(n) log n), and for some α, γ > 0, P

[
Tπr ≥ α 3

√
n/Lmin(n) log n | E

]
= O(n−γ).

Using (B.2.5), we conclude that

P[Tπr ≥ α 3
√
n/Lmin(n) log n] = O

(
1

log n

)
n→∞−→ 0.

Consider an infinite planar grid with additional one-hop diagonal edges, i.e. G =

(V,E) where V = Z2, E = {(x, y) ∈ Z2 : ||x−y||∞ ≤ 1}. Let an infection process (S(t))t≥0
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start from 0 ∈ Z2 at time 0 according to the standard static spread dynamics, i.e. with

each edge propagating infection at an exponential rate µ, and let I(t) denote the set of

infected nodes at time t. The following key lemma helps control the size of I(t), i.e. the

extent of infection at time t:

Lemma 7. There exists c1 > 0 such that for any c2 > 0 and t large enough,

P [∃x ∈ I(t) : ||x||∞ ≥ (c1µ+ c2)t] = O
(
(c1µ+ c2)t · e−c2t

)
.

Proof.

P[∃x ∈ I(t) : ||x||∞ ≥ ct] ≤ P[∃v ∈ Z2 : ||v||∞ = bctc, T (v) ≤ t]

≤
∑

v∈Z2:||v||∞=bctc

P[∃ a path r : 0→ v, T (r) ≤ t].

Observe that for any v with ||v||∞ = bctc and any path of edges r from 0 to v, there

must exist bctc + 1 nodes v0 = 0, v1, . . . , vbctc on the path r such that ||vi||∞ ≤ bctc and

||vi+1− vi||∞ = 1. Indeed, each edge on a path can increase the || · ||∞ distance from 0 by

at most 1. Therefore, continuing the above chain of inequalities, the sought probability is

bounded above by

∑
{v:||v||∞=bctc}

∑
v0,...,vbctc

P [∃ a path r : 0→ v passing successively through the vi, T (r) ≤ t]

≤
∑

{v:||v||∞=bctc}

∑
v0,...,vbctc

P

[
∃ a path r through the vi,

bctc−1∑
i=0

T (vi, vi+1) ≤ t

]

≤
∑

{v:||v||∞=bctc}

∑
v0,...,vbctc

P

bctc−1∑
i=0

T (vi, vi+1) ≤ t

 , (B.2.6)

where the second sum runs throughout over all vi with v0 = 0, ||vi||∞ ≤ bctc and ||vi+1 −

vi||∞ = 1, and T (x, y) represents the infection passage time from node x to node y. Letting
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T ′(vi, vi+1) be random variables identically distributed as T (vi, vi+1) but independent for

i = 1, . . . , bctc − 1, we can write, for ψ > 0,

∑
v0,...,vbctc

P

bctc−1∑
i=0

T (vi, vi+1) ≤ t

 =
∑

v0,...,vbctc

P

bctc−1∑
i=0

T ′(vi, vi+1) ≤ t


≤

∑
v0,...,vbctc

eψt
bctc−1∏
i=0

E
[
e−ψT

′(vi,vi+1)
]

= eψt
∑

v0,...,vbctc

bctc−1∏
i=0

E
[
e−ψT

′(vi,vi+1)
]

= eψt

 ∑
{u:||u||∞=1}

E
[
e−ψT

′(0,u)
]bctc .

In the last step of the above display, we have successively summed over vbctc, vbctc−1, . . . , v0,

and have used the fact that infection spread times are translation-invariant, i.e. for any

x, y, a ∈ Z2,

T ′(x, y)
d
= T (x, y)

d
= T (x+ a, y + a)

d
= T ′(x+ a, y + a).

For any u ∈ Z2 such that u is a neighbour of 0 (i.e. ||u||∞ = 1), we must have

T (0, u) ≥ minw:||w||∞=1 t((0, w)), where t(e) ∼ Exp(µ) is the travel time of the infection

across edge e ∈ E. Since the number of neighbours of 0 in G is exactly 8 (4 up-down/left-

right and 4 diagonal), T (0, u) stochastically dominates an exponential random variable

with parameter 8µ. Thus,

E
[
e−ψT

′(u,v)
]
≤ E

[
e−ψT̂

]
=

(
1 +

ψ

8µ

)−1

,

(where T̂ ∼ Exp(8µ))

⇒ eψt

 ∑
{u:||u||∞=1}

E
[
e−ψT

′(0,u)
]bctc ≤ eψt(8

(
1 +

ψ

8µ

)−1
)bctc

. (B.2.7)
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Setting ψ = 8µ(8e− 1) so that 8(1 + ψ/µ)−1 = e−1, (B.2.7) becomes

eψt

( ∑
{u:||u||∞=1}

E
[
e−ψT

′(0,u)
])bctc

≤ e8µ(8e−1)t · e−ct+1.

Finally, letting c1 = 8(8e− 1) and c = c1µ+ c2, we obtain the desired result from (B.2.6)

and the above:

∑
{v:||v||∞=bctc}

∑
v0,...,vbctc

P

bctc−1∑
i=0

T (vi, vi+1) ≤ t

 ≤ |{v : ||v||∞ = bctc}| · e−c2t+1

≤ (4ct) · e−c2t+1 = O
(
(c1µ+ c2)t · e−c2t

)
.

Using Lemma 7, we can finally state our converse result for the geometric random graph:

Theorem (Theorem 11: Lower bound for RGGs). For the planar geometric random graph

Gn with rn = O(
√

log n/n) and any spreading policy π with Lmax(n) = O(n1−ε) for some

ε ∈ (0, 1], ∃ β > 0 s.t. limn→∞ P
[
Tπ ≥ β

3
√
n/Lmax(n)

log4/3 n

]
= 1.

Proof sketch. The method of approach is along the lines of that used to prove Theorem 9

along with certain geometric considerations for the case of the random geometric graph.

We introduce a spreading process that spreads ‘faster’ than π, and show using Lemma 7

that even this process must take at least the claimed amount of time to spread. For ease

of exposition, we break the proof into two steps:

Step 1: Divide the unit square [0, 1]× [0, 1] row and column-wise into rn× rn tiles;

there are thus 1/r2
n tiles, say k1, . . . , k1/r2

n
. By standard balls-and-bins arguments, with

the n nodes thrown randomly into n/ log n tiles, each tile receives a maximum of O(log n)

nodes with probability 1− o(1).
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Step 2: Within the event in step 1, we introduce the following associated spreading

process which, via coupling arguments, can be shown to dominate the spread due to π at

each time t: first, take each tile to be the vertex of a square grid where adjacent diagonals

are connected. Also, set the rate of infection spread on every edge to be Exp(µ log2 n).

This effectively upper-bounds the best rate of spread among neighboring tiles. Create

a dominating process by creating non-interfering clusters at a Poisson rate 1, with each

cluster growing independently on an infinite square grid with diagonal edges and the

above spread rate. Lemma 7 shows that w.h.p., by time t, O(t) clusters are formed, and

each cluster has at most O(t2 log4 n) nodes. Thus it takes at least O
(

3√n
log4/3 n

)
time for

spreading to finish w.h.p.
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Appendix C

Proofs from Chapter 4

In this appendix, we give formal proofs of the results in Chapter 4.

C.0.4 Embedding in a Dominating Ergodic Markov Chain

The main idea for the results in the subcritical and supercritical regimes is to

study the dynamics of the total number of infected nodes in the network at time t. This

depends on the exact network topology; however it is possible to stochastically dominate

it via appropriate 1−dimensional Markov Chains.

Figure C.1: Dominating chain for the total number of infected nodes. The transition
rates {r(i)} are appropriately chosen to over/under dominate the underlying process. A
‘virtual’ 0→ 1 transition makes the chain ergodic.

Similar techniques have been used before [30, 11]; however in all prior work, state

0 is an absorbing state, and the absorption time is estimated via Martingale techniques. A

technical novelty in our proof is that we embed the chain in an ergodic Markov chain, in a

way that preserves the absorption time. This allows us to obtain closed-form expressions
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for the absorption time, and also consider more complex external infection strategies. We

now outline this technique.

First, consider the continuous-time Markov chain for the aggregate infected nodes

– note that transitions from any state (i.e., increase/decrease in the number of infected

nodes) happen at a rate at least 1 and at most βn2 + n + µ ∼ poly(n). This allows us

to consider a uniformized discrete-time Markov chain; from the previous observation, we

see that the number of time-slots till absorption for the discrete chain is within a poly(n)

factor of the time to absorption for the continuous chain. This is the reason this technique

is most useful for the subcritical/supercritical regimes, but not fine-grained enough to

capture the intermediate critical regime.

Now consider a DTMC Uk, k ∈ Z0 on {0, 1, · · · , n} with state-transition rates

pi,i+1, pi,i−1 > 0 for 1 ≤ i ≤ n−1, pn,n−1 = 1, and remaining transitions having probability

0 – i.e., a birth-death chain, with absorbing state at 0 and reflection at n. Next, consider

another DTMC, denoted Ũk, on the same state space with the same transition matrix

as Uk, but in addition, with p0,1 = 1 (i.e., a reflection at 0 instead of absorption). Note

that Uk has an absorbing state and hence is not an ergodic DTMC; Ũk, however, is an

irreducible, aperiodic, finite state Markov chain, and hence ergodic[13].

The chain Ũk is often referred to as the Ehrenfest Urn Process [13]; we denote π̃

as the stationary distribution of Ũk. Now let T1,0 be the time to hit 0 for the DTMC U

starting from state 1 (i.e., the time to absorption with initial state 1). Then we have the

following lemma:
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Lemma 8.

E[T1,0] + 1 =
1

π̃(0)

More specifically, in terms of the transition probabilities of Uk, with p0,1 defined to be 1,

we have:

E[T1,0] =
n∑
k=1

k∏
i=1

pi−1,i

pi,i−1

Proof. First note that the distributions of T1,0 and T̃1,0 are same – this is because a sample

path from state 1 to state 0 for Ũk does not experience a 0 to 1 transition. Further, since

the transition from 0 to 1 happens with probability 1, T̃0,0 = 1 + T̃1,0 a.s,. and as Ũk is

an ergodic Markov chain, the expectations for both the random variables exist, and also

the expected return time for any state i is π̃(i)−1. Putting these together we get the first

claim. For the second, observe that for a birth-death DTMC with transition provabilities

pi,i+1 and pi,i−1, we can exactly evaluate the steady state distributions using detailed

balance equations – this gives us the closed-form expression for E[T1,0].

The above lemma can be extended to a setting where the initial number of infected

nodes is some L > 0. As before, we construct a Markov chain ULk that has the same

transition probabilities as Uk, but now with an additional transition p0,k = 1 – again

we have ULk is irreducible, finite state, and hence ergodic. Let πL denote the stationary

distribution for ULk . We have the following lemma:

Lemma 9.

E[TL,0] =

L∑
k=1

fk + fL

n∑
k=L+1

k∏
i=L+1

pi−1,i

pi,i−1

where fks are quantities that depend only on the transition probabilities for states in

{0, 1, · · · , L}.
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Proof. The proof is identical to that of Lemma 8 – the only difference is that the chain is

a birth-death chain for states ≥ L. Thus the expression for the stationary probability of

state 0 has additional terms which depend on transition-rates of states between 1 and L;

in our applications, the terms fk, fL are all O(1), and do not affect the scaling.

C.1 Subcritical SIS Epidemics with External Agents

We now prove the results stated in Sections 4.3.1.

Proof of Theorem 12. As transitions in X(t) are via exponential clocks, hence the system

is a continuous time Markov chain – further TSIS , the time when X(t) hits 0, is a stopping

time with respect to this Markov chain. Our aim is to upper-bound the time E[TSIS ].

To do so, we study the one-dimensional chain induced by the number of infected

nodes in the network – more specifically, we stochastically dominate the total number of

infected nodes as follows: Consider a Markov chain Z(t) ∈ {0, 1, 2, . . .} with Z(0) = |X(0)|

and the state transition rates being the following:

i→ i+ 1 at a rate βdmaxi+ µ for i > 0

i→ i− 1 at a rate i for i > 0

We claim that Z stochastically dominates |X(t), and consequently, the time to hit 0 for

Z is a.s. larger than TSIS . This can be formally argued via a coupling argument, but

essentially it arises from the fact that for any state X(t), the maximum rate at which the

infection can grow (i.e at which |X(t)| can increase) is β|X(t)|dmax + µ – this is because

a node can try to infect at most dmax nodes and the external infection can increase the

number of infected nodes at a maximum rate of µ. Also note that for the original process
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|X(t)| is the rate at which infection decreases, since each node recovers at rate 1. Thus

whenever Z(t) = |X(t)| = i, the rate of growth for Z is higher than that for |X|, while

the rate of decrease are the same for both the processes. Hence, we can instead focus on

finding an upper bound on time to hit zero for the process Z.

Note that Z is a process on a finite state space [n] and is irreducible, with an

absorbing state at 0 – hence the expected time to hit state 0 is finite. We next consider

ZD, the embedded discrete-time chain (i.e., jump chain) of Z, whose transitions (∀ i > 0)

are given by:

pi,i+1 =
βdmaxi+ µ

(βdmax + 1)i+ µ
, pi,i−1 =

i

(βdmax + 1)i+ µ

Note that as the rate of jumps for any state i > 0 is lower bounded by 1 – hence the

expected time spent in any state is O(1), and the time to absorption in the discrete time

chain is orderwise equivalent to the absorption time in the original chain. Now we can use

Lemma 9 to compute the expected hitting time to zero for ZD, given initial state is 1 (or

some fixed K). Note that for any fixed K > 0, the transition probabilities of ZD do not

scale with n for states in [K]; hence for the stated result, it is sufficient to show that the

contribution due to the states i ∈ {K,K + 1, . . . , n} is O(1). We have:

n∑
k=K

k∏
i=1

pi,i+1

pi,i−1
≤

n∑
k=1

k∏
i=1

βdmaxi+ µ

i

≤
n∑
k=1

(βdmax)k exp

(
k∑
i=1

µ

iβdmax

)

≤
∞∑
k=1

(βdmax)k(k + 1)

(
µ

βdmax

)

Now note that for βdmax < 1 and µ = O(1), the RHS in the last expression can be upper
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bound by a constant order moment of a geometric random variable – hence it is O(1).

This completes the proof.

Thus we have that βdmax < 1 and µ = O(1) is a sufficient condition for subcritical

epidemics. We can also now generalize the above argument to prove Theorem 15, wherein

we bound the extinction time for µ scaling with n.

Proof of Theorem 15. We define γ = 1
βdmax

> 1 – further we can always assume γ = O(1),

as otherwise, we can increase β, which can only increase the extinction time. Now following

identical arguments as in those for Theorem 12, we get that

E[TSIS ] ≤
n∑
k=1

(βdmax)k(k + 1)

(
µ

βdmax

)
≤ γ

n∑
k=2

γ−kkγµ

≤ γ
∫ ∞

1
γ−xxγµdx ≤ γΓ(γµ+ 1)

(log γ)γµ+1
,

where Γ(x + 1) = x!. Now using Stirling’s formula, and the fact that γ = Θ(1), we get

that E[TSIS ] = O(µ2µ). Now suppose µ = f(n) logn
log logn , where f(n) is some function such

that limn→∞ f(n) = 0 (i.e., µ = o
(

logn
log logn

)
, and f(n) = o(1)) – substituting, we have

E[TSIS ] = O(nf(n)) = no(1) – similarly we can show that µ = polylog(n) is not sufficient

for an exponential lifetime.

C.1.1 Critical SIS Epidemics with External Agents

Next we turn to Theorem 13, wherein we derive a polynomial upper bound for the

extinction time in the case when βλ1 < 1:

Proof of Theorem 13. From existing results (E.g., Theorem 3.1 of Ganesh et al. [30]), we

have that in the absence of external agents, the time to extinction T iSIS for the intrinsic
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SIS process obeys E[T iSIS ] = O(log n) for any initial set of infected nodes, if βλ1 < 1. We

now bootstrap this to obtain our result.

Note that the external sources, under any strategy, can infect at most at a rate

µ - thus to upper-bound E[TSIS ] (the extinction time with external sources), we can

stochastically dominate it as follows: at time 0, assume all nodes are infected, and start

an exponential clock with rate µ. Clearly the underlying SIS infection expires if all nodes

recover before this clock expires; if however the clock stops before the SIS process dies, we

restart the process with all nodes infected, and start another exponential clock with µ. By

standard coupling arguments, the time to extinction for this new process stochastically

dominates TSIS for the original process.

Given an SIS process starting with all nodes initially infected, the time to ex-

tinction without external sources is T iSIS ; further, let Zµ ∼ Exponential(µ). Then we

have:

P[Zµ > T iSIS ] = E[exp(−µT iSIS)]

≥ exp(−µE[TSIS ]) ≥ n−C ,

where C > 0 is some constant (independent of n); the second inequality above follows from

Jensen’s inequality, and also we have used the fact that E[T iSIS ] = O(log n) and µ = O(1).

Note that the above quantity lower-bounds the probability that, in the constructed

process, the infection process expires before the clock (corresponding to the external

source) stops. Hence the expected number of regenerations that take place before the

process expires is upper-bounded by O(nC). Further, the expected time between each
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regeneration is E[min{T iSIS , Zµ}] - this is upper-bounded by E[Zµ] = 1
µ = O(1). Thus

E[TSIS ] = O(nO(1)).

Finally we show that polynomial extinction-times are in fact achievable for any

graphs with sufficiently large (i.e., polynomial) degree. We consider the following strategy:

the external agent targets any susceptible node with degree Ω(nα−ε+δ) (henceforth referred

to as a high-degree node); else it infects a susceptible node chosen at random (in fact,

for ease of exposition, we assume in the proof that the external node only infects the

maximum-degree node; however it is easy to see that the above strategy is sufficient to

show polynomial lifetime).

A crucial result we use in our proof is as follows: note that as β scales as nε−α,

the expected number of infection attempts due to an infected high-degree node before it

recovers is Ω(nε). Suppose now we have that a high-degree node is infected, but none of

its neighbors is infected - we show that with high probability (i.e., at least 1− 1
poly(n)

), the

number of neighbors in infected state at the time the first node recovery occurs is poly(n).

Subsequently, we show that given a poly(n) number of infected neighbors, a node gets

infected with a probability at least 1−n−Ω(1) in presence of O(1) external infection - note

that this is not true in the absence of the external agents (when βλ1 < 1). Combining these

observations, we show that the expected time to extinction of the epidemic is poly(n).

Lemma 10. Given a star-graph on m nodes, and an SIS infection with β = Ω(mε−1), for

some constant ε > 0. Suppose only the hub is infected at time t = 0 - then at the time

when the first node recovery occurs, the number of infected nodes in the system is Ω(mε/3)

with probability at least 1−O
(

1
mε/3

)
.
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Proof. First, note that decreasing the value of β can only make it less likely to have several

infections before a recovery - hence we can assume that ε < 1. Define k = mε/3. Now

let Nt be the number of infected nodes at time t (thus N0 = 1), and T be the first time

that some infected node recovers. For some constants c1, c2 > 0, we want to show that

P[NT ≥ c1k)] with probability 1− c2k
−1.

For the system at a time t < T , suppose Nt = i - note that the hub is still infected,

since no recoveries have occurred. Then there are 2 possible events - either Nt goes to

state i+ 1 at rate β(m− i+ 1), or it stops (due to node recovery) at rate i. Now we have:

P[NT ≥ k] ≥ P[Nt reaches k before stopping]

=
k∏
i=1

(
β(m− i+ 1)

β(m− i+ 1) + i

)

≥
(

1 +
k

β(m− k + 1)

)−k
≥ 1− k2

β(m− k + 1)

= 1− m2ε/3

mε −m5ε/3−1 +mε−1
≥ 1− m−ε/3

1− o(m)

Choosing m sufficiently large, we get the result

Proof of Theorem 14. We assume henceforth that the external agent only tries to infect

the (unique) node with maximum degree - this is without loss of generality for the scaling

results. First, note that irrespective of the initial state, the maximum-degree node gets

infected with probability at least µ
1+µ = Ω(1) - thus the expected lifetime with any initial

set of infected nodes is at least a constant fraction of the expected lifetime if the epidemic

started at the maximum-degree node. Further, note that the lifetime of the epidemic on

graph G if some edges are removed is stochastically dominated by the lifetime on G -

this means that to complete the proof, it is sufficient to show that the SIS epidemic has a
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lifetime which is poly(n) if on a star graph with a hub and nα leaf-nodes, and an additional

infection-source of rate µ = O(1) for the hub.

We now construct the following process which under-dominates the epidemic on

the star: at time 0, we assume that only the hub is infected; subsequently, when either the

hub or any of its neighboring leaf-nodes recovers for the first time, we instead make the hub

recover - this clearly under-dominates the epidemic, as we have the same recovery rate,

but a smaller infection rate in the system. We then show that with probability at least

1−n−Ω(1), the hub gets re-infected before all the infected leaf-nodes get recovered. If this

happens, we can again restart the system with only the hub infected (and all leaf-nodes

susceptible) - note that this implies the expected number of such regenerations is nΩ(1),

and the time spent in each epoch is at least Ω(1), which gives us the desired polynomial

expected lifetime.

First, suppose the hub is infected at some time t - then from Lemma 10, we have

that when any infected node in the neighborhood recovers for the first time after t, then the

number of infected nodes in the system is Ω(nαε/3) with probability at least 1−Ω
(
n−αε/3

)
.

As we described above, we now assume that the hub is the node which recovers first, and

thus there are ñ = Ω(nαε/3) infected neighbors.

Next, given that there are ñ infected neighbors when the hub recovers - then the

probability of the event Añ that the hub is not re-infected before all the neighbors recover

is given by the following.

P[Añ] =

ñ−1∏
i=0

ñ− i
µ+ (ñ− i+ 1)(1 + β)

To see this, note that if k neighbors are infected, then the probability that one of them
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recovers before the hub is re-infected is the same as that among three exponential random

variables of rate µ, kβ and k, the one with rate k is minimum, i.e., k
µ+k(1+β) ; subsequently,

we can use the memoryless property of the exponential distribution. We can now bound

the above as follows:

P[Añ] =

ñ−1∏
i=0

ñ− i
µ+ (ñ− i+ 1)(1 + β)

≤
ñ∏
i=1

1

1 + β + µ
i

≤ exp

(
−

ñ∑
i=1

(
β +

µ

i

)
+

ñ∑
i=1

1

2

(
β +

µ

i

)2
)
,

where we use that 1 + x ≥ ex−
x2

2 . Now, using the fact that log n+ 1 ≤ Hn ≤ log(n+ 1),

we get:

P[Añ] ≤ exp

(
−βñ− µ(1 + log ñ) +

β2

2
ñ+ βµ log(ñ+ 1) +

π2

12
µ2

)
≤ C(ñ+ 1)−µ(1−β) = O

(
n−αεµ/3

)
,

where we have used the fact that βλ1 ≤ 1 and hence is β ≤ 1. Combining the two (via

the union bound), we get the probability that the hub gets re-infected before the infection

dies in the network is at least 1 − O
(
n−αεµ/3

)
= 1 − n−Ω(1). Thus, there are nΩ(1) such

regenerations on average before the infection dies in the network.

C.2 Supercritical SIS Epidemics with External Agents

We now give a sufficient condition for supercritical SIS epidemics in the presence

of external sources.

Proof of Theorem 16. To obtain a sufficient condition for supercritical behavior, we need

to lower bound E[TSIS ] – for this, we stochastically under-dominate the process via the
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following (one-dimensional) Markov chain: let Y (t) be a continuous time Markov chain

on the state space {0, 1, · · · ,m} with the following transition rates.

i→ i+ 1 at rate βη(i)i+ µ for i > 0,

i→ i− 1 at rate i for i > 0,

and all other transitions having rate 0. Essentially, η(i) captures the bottleneck cut for

all sets of size ≤ i – standard coupling arguments show that this process is stochastically

dominated by |X[t]|.

To lower bound the time to absorption for this chain we use an approach similar

to that in the proof of the theorem 12 – we construct an appropriate discrete-time ergodic

Markov chain, so that we can use Lemma 8. Note that to find a lower-bound on the

expected time to hit zero, it is sufficient to consider an initial state where only 1 node is

infected.

The embedded chain Y D corresponding to Y has transition probabilities pi,i+1 =

βη(i)i+µ
βη(i)i+µ+i and pi,i−1 = i

βη(i)i+µ+i for all i > 0 (note we still assume i ≤ m), and all other

transition probabilities being 0. Defining TD1,0 to be the time for the embedded chain to

hit state 0 starting from 1, then from Lemma 8), we have:

E[TD1,0] =
n∑
k=1

k∏
i=1

(
βη(i) +

µ(i)

i

)

Next, we want to lower bound the time that the system spends in each state. Let

M = βn2 + n + µ – then the expected time spent at any state of the continuous time

Markov chain Y is lower-bounded by 1
M . Hence E[TSIS ] = Ω

(
en
α

M

)
which is en

Ω(1)
as long

as M = O(poly(n)).
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Thus we have that a sufficient condition for supercritical behavior is given by

E[TD1,0] = Ω
(
en

Ω(1)
)

. Now if ∀ i ∈ {1, 2, . . . , nα} for some α > 0, we have βη(i)+µ(i)
i ≥ 1+ε

for some ε > 0, then the LHS of the above equation is Ω
(
en

α)
, which is what we desire.

To obtain the condition given in Theorem 16, note that random infection strategy

is successful at a rate that equals µ̃(i) = µ(i)
(
1− i

n

)
, when |I| = i. Now suppose we have

βη(nα) + γ ≥ 1 + ε for some ε > 0. Then we have:

E[TD1,0] ≥
nα∑
k=1

k∏
i=1

(
βη(nα) + γ

(
1− i

n

))

≥
nα∑
k=1

k∏
i=1

(
1 + ε− γi

n

)
.

Now we can choose n large enough such that we have γnα−1 < ε
2 - this then ensures

E[TD1,0] = en
Ω(1)

.

C.3 SIR Epidemics with External Agents

As we discussed in Section 4.3.4, Studying thresholds for the SIR model with

external infection requires understanding the transient behavior of the process. To this

end, we develop the following coupling argument relating the dynamics of the SIR to the

SIS model:

Lemma 11. Consider an SIR epidemic on graph G with intrinsic infection-rate β and

a given external infection policy with infection-rate µ. For an SIS epidemic on the same

graph with identical external infection policy (i.e., same L(t)∀ t), we have:

TSIS ≥st TSIR.
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Proof. The result follows from a simple coupling argument, wherein when a node gets

recovered in the SIR model, it becomes susceptible in the SIS model. Now, given that

the external infection policies are identical, the SIS epidemic dominates the SIR epidemic

with respect to extinction time.

Proof of Theorem 17. We first consider a standard technique for bounding the size of

eventual infection without external agents (for example, in [22]).The main observation is

that the probability of a node i to get infected eventually is dependent on its being infected

initially and its neighbors N(i) = {j ∈ V |(i, j) ∈ E} being infected eventually. We have:

P[Xi(∞) = e] ≤ P[Xi(0) = 1] +
β

β + 1

∑
j∈N(i)

P[Xj(∞) = e]

Next, to account for the external sources, we can add an additional term to the

RHS to capture the probability that the node i is infected by external agent at some

time. Recall that we defined L(t) to be an inhomogeneous Poisson process representing

the external infection at node i - then the probability of i being infected via the external

source is given by 1 − exp(
∫ TSIR

0 Li(t)dt), which is upper-bounded by
∫ TSIR

0 Li(t)dt for

each i. Adding up the inequalities for all the nodes, we get:

n∑
i=1

P[Xi(∞) = e]

(
1− βdi

β + 1

)
≤ E[N0] + E

[
n∑
i=1

∫ TSIR

0
Li(t)dt

]
,

where N0 =
∑

i 1{Xi(0)=e} is the number of initially infected nodes. Reorganizing, and

using di ≤ dmax and β(dmax − 1) < 1, we get:

E[NSIR] ≤ E[N0] + µE[TSIR]

1− βdmax
β+1

162



To conclude the proof, we need to bound E[TSIR] - however from Lemma 11, we know it

is sufficient to bound E[TSIS ]. Further, from Theorem 15, we have that if µ = o
(

logn
log logn

)
,

then TSIS = subpoly(n). This completes the proof.
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Appendix D

Proofs from Chapter 5

In this appendix, we give formal proofs of the results in Chapter 5.

D.1 Performance Analysis: Finite-Population Setting

Before presenting our proofs, we need one additional definition: in the finite-

population setting, we define a user-arrival pattern to be a permutation π ∈ SnU (where

SnU is the symmetric group on NU ) – we assume that π is chosen uniformly at random.

Performance Analysis for BPExp Algorithm

Proof of Theorem 19. Suppose we are given a reward-function V , and a user-arrival pat-

tern π ∈ SnU chosen uniformly at random. For any user u, recall R1(u) is the number of

items explored by u. Then, from the definitions of the BPExp algorithm and the makespan

d∗(G), we have that for any neighboring user-item pair (u, i), the probability pui that u

explores i is ≥
[
R1(u)
d∗(G)

]
· 1{(u,i)∈M}, where M is the balanced item-partition that we use

for exploration (see Algorithm 1).

Now, for any item i ∈ NI , let us define uM (i) to be the (unique) user connected

to it in the item-partition M . Recall we define 1BPExp

u→i to be the indicator that user

u is shown (neighboring) item i by algorithm BPExp (for notational convenience, we

henceforth suppress the superscript indicating that various quantities are calculated under
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the BPExp algorithm). Then for any user u ∈ NU , and any item i∗k(u), k ∈ [r] (i.e., one

of the top r items for u), we have that 1u→i(u) = 1 iff:

• u = uM (i∗k(u)) AND u explores i∗k(u),

OR

• uM (i∗k(u)) = u′ 6= u arrives before u in arrival-pattern π AND u′ explores i∗k(u).

The first condition implies u explores i∗k(u) (via the R1(u) slots used for exploration)

– conditioned on R1(u), this happens with probability ≥ R1(u)
d∗(G) . The second condition

implies that i∗1(u) is explored by the time u arrives, and hence u can exploit it via its

R2(u) exploration slots. Note that the above options are mutually exclusive; M and V

uniquely determine which of the above conditions holds.

In the first case, we have that:

E
[
1u→i∗k(u)

]
≥ E

[
E
[

k

d∗(G)

∣∣∣∣R1(u) = k

]]
=

r

2d∗(G)

In the second case, note that since π is chosen uniformly at random from SnU , then

for any two users u, u′ ∈ NU , the probability that the first arrives before the second is

1
2 . Further, from the above calculation, the exploration of i∗k(u) (by u′) happens with

probability ≥ r
2d∗(G) . Finally, we claim that ∀ k ∈ [r], whenever item i∗k(u) is in the set of

pre-explored items, then user u exploits it with probability at least 1
2 . To see this, note

that choosing R2 ∼ Binomial(r, 1
2) is equivalent to choosing to independently exploit,

with probability 1
2 , the top r available pre-explored items. Thus, in the second case (where
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uM (i∗k(u)) = u′ 6= u), we have:

E
[
1u→i∗k(u)

]
= E

[
1{u′ arrives before u}1{u′ explores and u exploits i∗k(u)}

]
≥ 1

2
· r

2d∗(G)
· 1

2
=

r

8d∗(G)

Thus, in either case, we have that ∀u ∈ NU and k ∈ [r], E
[
1u→i∗k(u)

]
≥ 1

8d∗G .

Finally by Lemma 2, we have that:

E[RBPExp
r (u)] ≥

(
min
k∈[r]

E
[
1
alg
u→i∗k(u)

])
R∗r(u) ≥ R∗1

8d∗(G)
.

Taking infimum over users u ∈ NU , we get the result.

Performance Analysis for IDExp Algorithm

Next, we prove Theorem 20; refer Section 5.2.1 for details and theorem statement.

We first need a lemma characterizing Greedy Neighborhood Partitioning (Definition 2):

Lemma 12. If {Pu}u∈NU is generated using Greedy Neighborhood Partitioning indepen-

dently for each user u ∈ NU , then Zmax(G, r, {P}) , maxu∈NU maxk∈[r]

∑
i∈Pku d

−1
i obeys:

Zmax(G, r, {P}) ≤ 2Zmax(G)

r
.

Proof. First, note that by definition,
∑

i∈N(u) d
−1
i is bounded by Zmax(G) for all u. Further,

d−1
i ≤ 1 for all i. Together, this implies that the optimal balanced neighborhood partition

{P̃ ku }k∈[r] for any user u has the property that maxk∈[r]

∑
i∈P̃ku

d−1
i ≤

Zmax(G)
r . The above

claim now follows from the existing result of Graham [35], which shows that greedy set

partitioning has an approximation ratio of 1
2 .
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Proof of Theorem 20. Consider any user u. First, from Lemma 2, we get:

E[RIDExp
r (u)] ≥

(
min
k∈[r]

E
[
1IDExp

u→i∗k(u)

])
·R∗r(u)

As before, we drop the superscript indicating that relevant quantities are conditional

on using the IDExp algorithm. We now show that the algorithm results in a uniform

lower bound over all users u ∈ NU , and ∀ k ∈ [r], of E
[
1u→i∗k(u)

]
≥ 1

4e

(
r

2Zmax(G) ∧ 1
)

;

substituting this in the above equation, we get our result.

We can stochastically dominate the proposed algorithm by assuming that each user

tries exploring all its neighboring items, irrespective of whether they have been explored

before – clearly this can only make the performance worse (under our assumption that an

items value is known once explored). Further, we define Z = 2Zmax(G)
r ∨ 1. Now, for any

user u and neighboring item i, we claim that the probability that u explores i, given by

pui, obeys:

pui ≥
d−1
i

2Z

To see this, first note that from Lemma 12, we have that for every user u, and every

neighborhood partition P ku , k ∈ [r], we have that
∑

i∈Pku d
−1
i is bounded by Z. Now for user

u, the number of explore slots is R1(u) ∼ Binomial(r, 1/2) – thus pui ≥ E
[
R1(u)
rZ

]
=

d−1
i

2Z .

Given reward-function V and user arrival-pattern π chosen uniformly at random

from SnU , consider any user u ∈ NU with associated highest-valued r items i∗k(u), k ∈ [r].

Consider item i∗k(u) – let At be the event that there are t ∈ {0, 1, . . . , di − 1} neighbors

of i∗k(u) who arrive in the system before u in arrival-pattern π; we denote these users as

{ak}tk=1. Conditioned on At, under the IDExp algorithm, 1u→i∗k(u) = 1 iff i∗k(u) is explored

by u OR by explored by one of the t neighbors of i∗k(u) who arrived before u, and exploited
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by u. As in the proof of Theorem 19, we have that the probability that i∗k(u) is exploited

by u when it is pre-explored is at least 1
2 . Using i as shorthand for i∗k(u), we have:

E
[
1u→i∗k(u)

∣∣∣At] ≥ 1

2

[
1− (1− pui)Πt

k=1(1− paki)
]

≥ 1

2
[pa1i + (1− pa1i)pa2i + (1− pa1i)(1− pa2i) . . . (1− pati)pui] .

Note that
d−1
i

2Z ≤ pui ≤
1
di

. Now we have:

E
[
1u→i∗k(u)

∣∣∣At] ≥ 1

2

t∑
k=0

(
1− 1

di

)k d−1
i

2Z
=

1

2Z

(
1−

(
1− 1

di

)t+1
)

Since π is drawn uniformly at random from SnU , we have that P[At] = 1
di

. Thus:

E[1u→i1(u)] ≥
1

di
· 1

4Z

di∑
t=1

(
1−

(
1− 1

di

)t)

=
1

4Z

(
1

di
+

(
1− 1

di

)di+1
)

≥ 1

4Z

(
1

di
+

1

e

(
1− 1

di

)2
)
,

since
(
1− 1

d

)d ≥ 1
e −

1
ed ∀ d ∈ N+. Thus we have:

E[1u→i∗1(u)] ≥
1

4Z

(
1

e
+

1

di

(
1− 2

e

)
+

1

ed2
i

)
≥ 1

4eZ
,

where Z = 2Zmax(G)
r ∨ 1. This completes the proof.

D.2 Performance Analysis: Infinite-Horizon Setting

In the infinite-horizon setting, recall that each item i has an item-class C(i) (ac-

cording to the underlying independent Poisson processes), a lifetime τ (same for all items)

and a reward-function V (i). More specifically, for each item-class c, we define Vc to be an
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arbitrary, infinite sequence of reward-functions, such that the kth item of class c has the

kth reward function in the sequence (i.e., Vc(k)).

We define S1(i) to be the first visit by a neighboring user u ∈ N(C(i)) after item i

arrives to the system (and before it expires). Complementary to this, for visit s, we defined

the latest-items set L(s). Finally the Uniform Latest-Item Exploration strategy is based

on randomly picking R1(s) ∼ Binomial(r, 1/2) items from L(s) without replacement, for

exploration during visit s.

The main idea behind latest-item exploration is that it can be shown that for

any typical item, the expected size of the latest-items set is bounded by 2Zmax(G) + 1.

Coupled with Jensen’s inequality, this result suggests that the probability that any typical

item is explored is greater than 1
2Zmax(G)+1 – however this is not sufficient to obtain our

result because for a given user, we are interested in the latest-item set as seen by its

corresponding highest-valued items. This however is determined by the reward-function

V , and it is not clear how the dependence can be quantified. This is the main technical

challenge in the proof.

The main idea of our proof is as follows – for any visit s arriving at time Ts, we

consider the arrivals in the time-interval [Ts − τ, Ts] – since each item has a lifetime of τ ,

the items in this interval are the only ones which matter. We argue that the statistics

of these arrivals are unaffected by the reward-function V , and further, using the ULExp

scheme, we can control the probability with which a particular item is explored. For this,

we first require the following combinatorial lemma:

Lemma 13. Given a uniform permutation of R red and B blue balls, let Ncons(i), i ∈ [R]

be the number of consecutive red balls (i.e., bounded on either side by either a blue ball or
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a boundary) containing the ith red ball. Then we have:

max
i

E[Ncons(i)] ≤
4R

B + 1
+ 2

Remarks: For ease of notation, let N(R,B) = maxi E[Ncons(i)|R red, B blue balls].

N(R,B) is clearly greater than the expected number of consecutive balls (which, by sym-

metry is R/(B + 1)); a more subtle fact is that N(R,B) is greater than the expected

number of consecutive red balls as seen by a random red ball (unlike, for example, the

PASTA property for queueing processes). This is due to the presence of boundary condi-

tions – for example, for B = 1, we can compute the expected consecutive sequence seen by

a random ball to be (2R+1)/3, while we show in the proof below that N(R,B) in this case

is (3R + 1)/4. Crucially however, our bound on N(R,B) is much less than the expected

value of the maximum number of consecutive balls – in the case where B = R = n, it is

known that the longest sequence is Θ (log n/ log logn), while our bound on N(n, n) is 6.

Proof. First, note that when B ≤ 3, the bound given in the lemma evaluates to a value

≥ R, which is a trivial upper bound on the length of a consecutive subsequence. Hence,

we essentially need to prove it for B > 3 and general R – further, in this range, we can

lower bound the RHS by 4(R+1)
B+1 + 1, which is the bound we will prove. The proof outline

is as follows – first we exactly evaluate the quantity N(R, 1) (i.e., for the case B = 1) –

subsequently we use an induction argument, wherein we bound N(R,B) by a function of

N(R,B − 1). We show that this function is increasing as long as B > 3, and then verify

the inequality inductively.

First we explicitly compute N(R, 1). Here, it is easy to see that the index of the

red ball which sees the longest expected consecutive sequence is i∗ = dR/2e – for any
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other index i, the number of consecutive red balls is either the same (if the lone blue ball

falls on the same side of i and i∗) or less (if it falls in between). Now in case R is odd, we

have:

N(R, 1) =
1

R+ 1

(
2.
R+ 1

2
+ 2.

R+ 3

2
+ . . .+ 2.R

)
=

3R+ 1

4

Similarly, in case R is even, we have:

N(R, 1) =
1

R+ 1

(
R

2
+ 2.

R+ 2

2
+ . . .+ 2.R

)
≤ 3R+ 1

4

Thus, combining the two cases, we get N(R, 1) ≤ 3R+1
4 .

Now to obtain the bound on N(R,B) for larger values of B, we bootstrap the above

result as follows: Suppose we define X(R,B − 1, i) to be the length of the consecutive

sequence as seen by the ith red ball after we drop B − 1 blue balls uniformly at random.

Then from the above argument, we have:

E[X(R,B, i)|X(R,B − 1, i) = k] ≤ k + 1

R+ 1
.
3k + 1

4
+

(
1− k + 1

R+ 1

)
.k

=
−k2 + 4(R+ 1)k + 1

4(R+ 1)
,

and taking expectations, via Jensen’s inequality, we get:

E[X(R,B, i)] ≤ −E[X(R,B − 1, i)]2 + 4(R+ 1)E[X(R,B − 1, i)] + 1

4(R+ 1)
,

Now note that f(k) = −k2 + 4(R+ 1)k + 1 is increasing for k ≤ 2(R+ 1) – hence we can

further upper bound the RHS by replacing E[X(R,B−1, i)] by N(R,B−1). Finally, since

the resulting expression is independent of i, we can replace E[X(R,B, i)] with N(R,B).

Rearranging the above inequality, we have:

N(R,B) ≤ N(R,B − 1) +
1−N(R,B − 1)2

4(R+ 1)
,
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Finally, suppose we have that N(R,B − 1) satisfies the required bound. Again, since the

RHS is increasing as long as N(R,B − 1) ≤ 2R+ 2, thus for B > 3, we have:

N(R,B) ≤ 4(R+ 1)

B
+ 1− 16(R+ 1)2/B2 + 8(R+ 1)/B

4(R+ 1)

≤ 4(R+ 1)

B
+ 1− 4(R+ 1)/B + 2

B

≤ 1 + 4(R+ 1)
B − 1

B2
≤ 1 +

4(R+ 1)

B + 1

This completes the proof.

Proof of Theorem 21. From Lemma 2, we have that for any visit s:

E [RULExp
r (s)] ≥ E

[
min
k∈[r]

E
[
1ULExp

s→I∗k (s)

]
R∗r(s)

]
Here the inner expectation is over the randomness in the algorithm, and the outer expec-

tation is over randomness in the sample path. We henceforth suppress the superscript.

To complete the proof, for any user-visit s, and for all k ∈ [r], we need to show

that the corresponding kth-top item, denoted I∗k(s) satisfies E
[
1ULExp

s→i∗k(s)

]
≥ r

4(5Zmax(G)+2) .

We will in fact prove a more general result – suppose items of any item-class c arrive at

rate λc, and each user u visits at rate λu. We now obtain that E
[
1s→I∗k (s)

]
≥ r

4(5Z+2) ,

where:

Z = max
u∈NU

∑
c∈N(u)

λc∑
u′∈N(c) λu′

When λu = λc = 1∀u, c, we get the claimed result.

Now suppose we denote L(I∗k(s)) to be the size of the latest-item set of the first-

neighbor of item I∗k(s) (formally, in our notation, L(S1(I∗k(s))) – we use L(I∗k(s)) as a
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shorthand for this). Then we have that the probability of I∗k(s) being explored by S1(I∗k(s))

under the ULExp policy is given by:

P[I∗k(s) is explored by S1(I∗k(s))] = E
[
R1(S1(I∗k(s)))

|L(I∗(s))|

]
≥ r

2E [|L(I∗(s))|]
,

where for the last inequality, we have used that R1(S1(I∗k(s))) is independent of L(I∗k(s)),

and further bounded it via Jensen’s inequality. Further, via similar arguments as in

Theorems 19 and 20, we have that:

E
[
1s→i∗k(s)

]
≥ 1

2
P[I∗k(s)] is explored by S1(I∗k(s))] ≥ r

4

1

E
[
|L(I∗k(s))|

] . (D.2.1)

Thus a lower bound on the competitive-ratio essentially involves upper bounding

E [|L(I∗k(s))|] = E [|L(s′)||i = I∗k(s), s′ = S1(i) ≤ s]. Note that the conditioning depends on

the bipartite-graph G, and also, on the reward-function sequence V ; it can not be removed

in a trivial manner (i.e., we can not argue that E [|L(I∗k(s))|] = E [|L(s′)|] for some ‘typical’

visit s′). Instead, we need to exactly characterize and bound the dependence on the graph

and reward-function.

We do so as follows: given user s arrives at time Ts, we consider all sample-paths

of the process parametrized by two sets of random variables:

• Il(s) = {Il(s, c)}c∈NC are the indices of the most recent items for each item-class.

• Rs = {Rc}c∈NC are the number of items of each class that arrived in the interval

[Ts − τ, Ts], and similarly Bs = {Bu}u∈NU are the number of visits by each user in

the same time interval.

Since all items have a lifetime of τ , it is clear that I∗k(s) must have arrived in the interval

[Ts−τ, Ts]. Further, given Il(s),Rs and Bs, I
∗
k(s) is deterministic – we can now define c∗ =
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C(I∗k(s)) = c∗ ∈ N(U(s)), and further i∗ to be the index (or position) of I∗k(s) among all the

items of class c∗ arriving in the interval (i.e., i∗ ∈ {1, 2, . . . , Rc∗}). The crucial observation

is that conditioning on {Rs,Bs} item/user-visits arriving in the interval implies that any

ordering of these {Rs,Bs} events is equally likely – further, this remains unchanged given

Il(s). This now puts us in a position where we can use Lemma 13.

Recall that we want an upper bound on E[|L(I∗k(s))|] – as we argued, given the

conditioning presented above, this corresponds to the item of class c∗ with index i∗

among all items of that class in the interval [Ts − τ, Ts]. Now we define L(I∗k(s), c) to

be the number of latest items of item-class c encountered by S1(I∗k(s)) – thus L(I∗k(s)) =∑
c∈N(u(s)) L(I∗k(s), c). Note that the first-visit of I∗k(s) could correspond to any neighbor-

ing user; from Lemma 13, we thus have:

E [|L(I∗k(s), c∗)|] ≤ E

[
4Rc∗

1 +
∑

u∈N(c∗)Bu
+ 2

]
+ E[Lprior],

where Lprior is the number of additional items which arrived before Ts − τ , but were

potentially in L(I∗k(s)). Now note that Rc∗ ∼ Poisson(λc∗τ), and further, for its neigh-

boring users,
∑

u∈N(c∗)Bu ∼ Poisson(
∑

u∈N(c∗) λuτ) (since they are a sum of independent

Poisson processes). Thus we have:

E [|L(I∗k(s), c∗)|] ≤ E [4Rc∗ ]E

[
1∑

u∈N(c∗)Bu + 1

]
+ 2 +

λc∗∑
u∈N(c∗) λu

≤
4λc∗τ

(
1− exp(−τ

∑
u∈N(c∗) λu)

)
∑

u∈N(c∗) λuτ
+ 2 +

λc∗∑
u∈N(c∗) λu

≤ 5λc∗∑
u∈N(c∗) λu

+ 2

To complete the proof, we need to get a bound on E [|L(I∗k(s), c)|] ∀ c 6= c∗. Consider

any visit s′ in the interval [Ts − τ, Ts] – conditioning only on {Rs,Bs}, it follows from
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symmetry that

E
[
|L(s′)||{Rs,Bs}

]
≤

∑
c∈N(U(s′))

Rc
1 +

∑
u∈N(c)Bu

+
λc∑

u∈N(c) λu
,

where the second term accounts for the arrivals prior to Ts − τ . In our case, we are

interested in L(S1(I∗k(s)), c) – so we need to take into account the condition that visit s′

saw I∗k(s) in its latest-item set. However, in case of items of class c∗, we have that the

number of items in the latest-item set of S1(I∗k(s)) can at most increase by a factor of 4.

Thus, via similar arguments as above, we can show that:

E [|L(I∗k(s), c)|] ≤ E

[
4Rc

1 +
∑

u∈N(c)Bu

]
+

λc∑
u∈N(c) λu

,

and thus we have, for all user-visits s and for all k ∈ [r]:

E [|L(I∗k(s))|] ≤ E [|L(I∗k(s), c∗)|] + E

 ∑
c∈N(S1(I∗k (s))),c 6=c∗

|L(I∗k(s), c∗)|


≤ 2 + E

 ∑
c∈N(S1(I∗k (s)))

4Rc
1 +

∑
u∈N(c)Bu

+
λc∑

u∈N(c) λu


≤ 2 + max

u∈NU

∑
c∈N(u)

[
5λc∑

u′∈N(c) λu′

]
= 2 + 5Z

Now can substitute this in Equation D.2.1, to get the result.

D.3 Converse Results

D.3.1 Upper Bound: Competitive-ratio for the Complete Bipartite Graph:

Proof of Theorem 22. Recall that we restrict ourselves to the binary rewards setting. The

main technique used to show upper bounds on γ over any online algorithms is Yao’s

minimax principle (refer [71]): the competitive ratio of the optimal deterministic algorithm
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for a given randomized input is an upper bound for the competitive ratio. Note that the

algorithms are aware of the input distribution.

Consider the complete bipartite graph G(NU , NI , E), i.e., E = {(u, i) ∀u ∈ NU , i ∈

NI}, with |NU | = nU and |NI | = nI . We choose a single item i∗ uniformly at random from

NI and set V (i∗) = 1; the remaining items have V (i) = 0 – thus R∗(u) = 1 for any user

u. We denote the competitive ratio of the best deterministic algorithm in this setting to

be γdet(G, 1). Then by Yao’s minimax principle, we have that for any randomized online

algorithm that makes a single recommendation: γ(G, 1) ≤ γdet(G, 1).

Let the expected reward achieved by the best deterministic algorithm be Rdet(u).

Further, let the sum rewards be R∗ and Rdet for the optimal and the algorithm respectively

– from symmetry, we have that R∗(u) = R∗

n , and Rdet(u) = Rdet
n ∀u. Furthermore, again

from symmetry arguments, it is clear that this value is stochastically equivalent to a setting

where i∗ is fixed, and the following random policy is used: until item i∗ is explored, users

are shown unexplored items picked uniformly at random, and after item i∗ is found, it is

shown to all subsequent users. Then we can show:

Rdet =


nU (nU + 1)

2nI
: nU ≤ nI

2nU − nI + 1

2
: nU > nI

.

Further, we have R∗ = nU , and Zmax(G) = nI
nU

, we have that for any ε > 0, for large

enough nI , we have γ(G, 1) ≤ 1
2·(Zmax(G)∨1)

+ ε.

D.3.2 Upper Bound: Scaling with Number of Recommendations:

Proof of Theorem 5. Consider the complete bipartite graph G(NU , NI , E) in the binary

rewards setting, as in the proof of Theorem 22. V ∗ = {i ∈ NI |V (i) = 1} is now cho-
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sen to be a uniformly-random set of r items from NI ; thus the sum of optimal rewards

R∗r = rnU . Now consider an alternate problem where we have a complete bipartite graph

G
′
(N ′U , N

′
I , E

′), where N ′I = NI and V ′∗ = V ∗, but |NU | = rnU – essentially, G
′
is derived

from graph G by making r copies of each user. We henceforth use G and G
′

as shorthand

to refer to these two problems.

Suppose now in problem G
′
, we can recommend only a single item. Then clearly

R∗1
′ (the optimal offline reward in G

′
) is rnU . Let Rdet,r(G) and R′det,1(G

′
) denote the

expected reward earned by the optimal deterministic algorithms, i.e., with r recommen-

dations on graph G and with 1 recommendation on graph G
′

respectively. Then we have

that R′det,1(G
′
) ≥ Rdet,r(G); this follows from the fact that any deterministic algorithm

that recommends r items on graph G can be converted to a deterministic algorithm for

graph G
′
(by recommending to the first r users of G

′
the same r items as recommended to

the first user in G, and so on for each block of r users in G
′
) such that they have the same

rewards. However the class of all deterministic algorithms for G
′
is larger (in particular, it

includes algorithms that recommend the same item to multiple users in a block of r con-

secutive users, which in the aforementioned mapping would correspond to recommending

the same item multiple times to the same user in G). Finally, by symmetry, we have that

the per-user competitive ratio is the same as the ratio of the total reward earned by the

algorithm (Rdet)to the total optimal reward R∗. Thus, we have that:

γdet(G, r) ≤ γdet(G
′
, 1) =


rnU
2nI

+
1

2nI
: rnU ≤ nI

1

2
+
rnU − nI + 1

2rnU
: rnU > nI

,

and note also that Zmax(G) = nI/nU . Hence by Yao’s minimax principle, for any ε ≥ 0

and any randomized online algorithm that recommends ≤ r items, we have γr ≤ r
2Zmax

+ε.
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Finally since the competitive ratio is, by definition, ≤ 1, we have our result.

D.3.3 Upper Bound: Competitive-ratio for General Graphs

Proof of Theorem 23. We now consider a more general reward-function, where V (u, I) is

the reward that user u earns from item i (see Section 5.3). Given a graph G, we prove this

bound by exhibiting a reward-function V (u, i) for which no algorithm can get a better

competitive-ratio than rnU/nI . In particular, we consider the set of reward-functions

V wherein for any Vui ∈ V, we have Vui(u
′, i′) = 1u,i, i.e., for some given neighboring

user-item pair (u, i), we have Vui(u
′, i′) = 1 iff u′ = u, i′ = i, else Vui(u

′, i′) = 0.

We again want to use Yao’s Minimax Principle to derive the bound. To this end,

we pick Vui ∈ V according to the following distribution: we first pick an item i ∈ NI

uniformly at random, and then pick neighboring user u ∈ N(i) uniformly at random.

Even for this distribution, it is difficult to directly find the best deterministic policy – we

get around this by reducing the problem to a simpler ‘search’ problem as follows:

In the online recommendation problem above, with reward-function Vui, the reward

earned by an algorithm is 1 iff i is explored before u arrives. Now consider another problem

where the reward earned by the algorithm is 1 iff i is explored (irrespective of when

u arrives) – clearly the overall reward in the latter problem sample-pathwise dominates

the reward earned in the former (for the same algorithm). Since the optimal reward in

both cases is 1, we have that the competitive-ratio of the best deterministic algorithm for

the latter problem (with the same measure on V) is an upper bound on the competitive-

ratio for any algorithm for the online recommendation problem. Finally, since Vui is such

that the ‘good’ item i is chosen uniformly at random, it is easy to see that the optimal
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deterministic algorithm for the new problem is essentially to explore as many items as

possible – however the number of explored items is bounded by rnU ∧ nI – thus, the

competitive-ratio is bounded by rnU
nI
∧ 1.

D.3.4 Negative Result: Non Inverse-Degree Dynamic Exploration

Proof of Theorem 24. We first define a family of graphs, which we use in our subsequent

proofs: for n ∈ Z+, we define Ĝn(NU , NI , E):

• |NU | = n and |NI | = 2n; each user has an index in [n], and similarly each item an

index in [2n].

• Each user is connected to the item with the same index, i.e., (j, j) ∈ E ∀ j ∈ [n].

• The remaining items are connected to all users, i.e., (u, i) ∈ E ∀u ∈ [n], i ∈ {n +

1, n+ 1, . . . , 2n}

One can show that Zmax(Ĝn) = 2 ∀n; thus recommendation via the IDExp algorithm

(with r = 1) guarantees a competitive ratio of 1
8e for any predictable reward-function.

For the subsequent examples, we use the more restrictive binary rewards setting, i.e.,

V (i) ∈ {0, 1} ∀ i; we also define V ∗ = {i ∈ NI |V (i) = 1}.

Now we show that given ε > 0, picking item i for exploration with a probability

proportional to d−1±ε
i gives a vanishing competitive ratio. Note that due to the symmetry

of the graph, all user arrival patterns are equivalent.

• Consider an algorithm that picks items to explore with probability proportional to

d−1+ε
i . Choose rewards such that V ∗ = {1, 2, . . . , n}, i.e., the first n items. Since

each of these items is connected to the user with same index, therefore R∗(u) = 1.

Now for user 1, the probability of picking item 1 is given by p11 = 1
1+n·nε−1 = 1

1+nε ,
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and for user k + 1, irrespective of the choices made by the previous users, we can

show that:

p(k+1)(k+1) ≤
1

(n− k) · (n)ε−1

Thus we have that the total reward summed across all users obeys:

E[Ralg] ≤
n∑
k=1

1

(n− k) · (n)ε−1
= O(n1−ε log n)

Finally, by symmetry we have that the per-user competitive ratio is the same as

the ratio of sum reward to sum of optimal rewards for all users. Hence γ(G, 1) =

O(n−ε log n) = o(n).

• Next consider an algorithm that picks items to explore with probability proportional

to d−1−ε
i . Let V ∗ = {n + 1}, i.e., the (n + 1)st item, which is now connected to all

users, and hence the sum of optimal rewards over all users is R∗ = n. Now the

probability that item n+ 1 is first explored by user k + 1 is given by:

pk+1 ≤
(

1

1 + (n− k) · n−1−ε

)k ( n−1−ε

1 + (n− k) · n−1−ε

)
=

nk+kε

(n− k + n1+ε)k+1
≤ n−1−ε

Thus we have:

E[Ralg] =

n−1∑
k=0

pk+1 · (n− k) ≤
n∑
j=1

jn−1−ε = O(n1−ε)

and hence (again via symmetry arguments) γ(G, 1) = O(n−ε) = o(n).
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D.3.5 Negative Result: Deterministic Policies For Explore Vs. Exploit

Proof of Theorem 25. Exploit-when-possible is not competitive: In Exploit-when-possible,

a user u exploits whenever a non-zero valued item is available in N(u)∩N expl
I , and explores

otherwise (via some arbitrary policy). Given any ε ∈ (0, 1), we consider the complete

bipartite graph on n × n nodes (i.e., nI = nU = n). We consider the item values to be

generated as follows: an item i∗ ∈ NI is picked uniformly at random, and V is defined to

be:

V (i) =

1 : i = i∗

δ : i 6= i∗

Again, via symmetry arguments, we focus on the ratio of the sum of rewards earned

by the algorithm to the sum of optimal rewards across users. For an arbitrary user-arrival

pattern π, we have that an algorithm which exploits whenever a user has a neighboring

item with value > 0 will earn an expected reward of Ralg1 = 1 + nδ(1 − 1
n), and hence

γalg1 = δ + 1−δ
n . Now given ε > 0, we can choose n ≥ 1

ε and δ < nε−1
n−1 to get γalg1 < ε.

Exploit-above-fixed-threshold is not competitive: A possible fix for the above problem could

be to assume that a user u exploits whenever a the highest-valued item in N(u)∩N expl
I has a

value greater than some threshold t ∈ R+ (and explores otherwise, again via some arbitrary

policy); note that such a deterministic threshold is part of the algorithm specification and

hence assumed to be known to the adversary. Similar to the previous case, we now show

that such a strategy is also non-competitive.

Consider again the complete bipartite graph on n × n nodes (i.e., nI = nU = n).
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Given a threshold t ∈ R+, we pick an item i∗ ∈ NI uniformly at random and define V as:

V (i) =

δ : i = i∗

0 : i 6= i∗

Then clearly R∗1 = nδ. Now suppose δ < t; for any arbitrary user-arrival pattern π we

have that an algorithm which exploits above threshold t will give an expected reward of

Ralg1 = δ and hence γalg1 = 1
n . Again, given ε > 0, we choose n ≥ 1

ε to get γalg1 < ε.

D.4 Inferring Item-Values from Multiple Ratings

Proof of Theorem 26. As before, for k ∈ [r], we define 1ULExp-f

s→I∗k (s) to be 1 if the user cor-

responding to visit s is presented with the kth highest valued available item. Suppose

δ(f) = 0, i.e., an item’s value is exactly known after f explorations. Then, from Lemma

2, we have that for any visit s, E [Rr(s)] ≥ E
[
mink∈[r] E

[
1ULExp-f

s→I∗k (s)

]
R∗r(s)

]
, where the inner

expectation is over the randomness in the algorithm, and the outer expectation is over

randomness in the sample path. Now since we assume that algorithms know the value of

pre-explored items (defined now as those which have been explored at least f times) have

their value known to within a multiplicative factor of (1± δ(f)), then we have that when

I∗k(s) is in N expl
I , then with probability 1

f+1 , either it is explored or a lower valued item is

explored, with a value at least (1± δ(f))V (I∗k(s)). In the worst case, this affects all r top

items; via linearity of expectation, we get:

E [Rr(s)] ≥ (1− 2δ(f))E
[

min
k∈[r]

E
[
1ULExp-f

s→I∗k (s)

]
R∗r(s)

]

To complete the proof, for any visit s, and for all k ∈ [r], we need to show that the

corresponding kth-top item I∗k(s) satisfies E
[
1ULExp

s→i∗k(s)

]
≥ 1

(f+1)f+1

(
r

(5Zmax(G)+2)

)f
. Note
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that for I∗k(s), visit s may correspond to one the first f neighboring users, or may come

after I∗k(s) has already had f chances to be viewed – in the latter case, in order to be

presented to s, we need that the item I∗k(s) have been seen by all of its first f neighboring

users. Since this is the least likely of the above events, we need to lower bound this

probability to complete the proof.

In the proof of Theorem 21, we had shown that for any visit s and any k ∈ [r], the

latest-items set L(I∗k(s)) satisfied E[|L(I∗k(s))|] ≤ 5Zmax+2. Now for the same user, and for

any of its first f neighboring visiting-users, we have that under the ULExp algorithm, it is

picked independently with probability at least rf
f+1 ·

1
f ·

1
E[|(I∗k (s))|] . Thus the probability that

it is explored by all f of its first visiting users is at least
(

r
(f+1)(5Zmax+2)

)f
. Furthermore,

the user corresponding to s exploits the kth highest-valued available item with probability

at least 1
f+1 . Combining these, we get the result.
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