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But his will is in the law of the Lord, and
on his law he shall meditate day and night. And
he shall be like a tree which is planted near the
running waters, which shall bring forth its fruit, in
due season. And his leaf shall not fall off: and all
whatsoever he shall do shall prosper.
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Davi Máximo Alexandrino Nogueira, Ph.D.

The University of Texas at Austin, 2013

Supervisor: Dan Knopf

In 2002, Feldman, Ilmanen, and Knopf [15] constructed the first exam-

ple of a non-trivial (i.e. non-constant curvature) complete non-compact shrink-

ing soliton, and conjectured that it models a Ricci flow singularity forming on

a closed four-manifold. In this thesis, we confirm their conjecture and, as a

consequence, show that limits of blow-ups of Ricci flow singularities on closed

four-dimensional manifolds do not necessarily have non-negative Ricci curva-

ture.

viii



Table of Contents

Acknowledgments vi

Abstract viii

List of Figures xi

Chapter 1. Introduction 1

1.1 Ricci flow: from basics to singularities . . . . . . . . . . . . . . 3

1.1.1 Ricci flow singularity formation . . . . . . . . . . . . . . 4

1.1.2 Singular analysis . . . . . . . . . . . . . . . . . . . . . . 6

1.2 Kähler geometry and Kähler-Ricci flow . . . . . . . . . . . . . 9

1.3 Summary of results . . . . . . . . . . . . . . . . . . . . . . . . 10

Chapter 2. Proof of Theorem A 15

2.1 U(2)-invariant Kähler metrics . . . . . . . . . . . . . . . . . . 15

2.1.1 Curvature Terms . . . . . . . . . . . . . . . . . . . . . . 17

2.1.2 The effect of Ricci flow . . . . . . . . . . . . . . . . . . 18

2.1.3 Soliton metrics on L and M . . . . . . . . . . . . . . . . 19

2.2 Dilation Variables, Type-I blow-up,
and convergence modulo Diffeomorphisms . . . . . . . . . . . . 20

2.2.1 Dilation Variables . . . . . . . . . . . . . . . . . . . . . 20

2.2.2 Equations in φ, τ variables . . . . . . . . . . . . . . . . 22

2.2.3 Comparison and convergence modulo diffeomorphisms for
a large class of potentials . . . . . . . . . . . . . . . . . 24

2.3 End of proof of Theorem A . . . . . . . . . . . . . . . . . . . . 34

2.4 The cone of metrics with non-negative Ricci curvature . . . . . 36

Appendices 37

Appendix A. The Hamilton-Ivey pinching estimate 38

ix



Appendix B. Line bundles over CP1 40

Appendix C. Comparison principle 42

Bibliography 44

x



List of Figures

1.1 A forming singularity . . . . . . . . . . . . . . . . . . . . . . . 5

1.2 Blowing-up a singularity . . . . . . . . . . . . . . . . . . . . . 6

xi



Chapter 1

Introduction

In recent decades, geometric flows have become an important subject of

modern mathematics, especially for their connection with some central themes

of differential geometry: (a) understanding spaces in terms of their curvature;

(b) finding and classifying optimal geometries; and (c) studying rigidity prop-

erties of optimal geometries.

The basic idea behind this subject is to evolve a given geometry through

a heat equation-like PDE such that, after a while, it becomes a better geometry.

Along these lines, a quite successful evolution is Ricci flow: given a smooth

closed1 Riemannian manifold (M, g0), one evolves the metric g0 according to

the (weakly) parabolic system

∂

∂t
g = −2Rc(g), g(0) = g0, (1.0.1)

where Rc(g) stands for the Ricci curvature of g. Formally, the Ricci curvature

tensor takes the form

Rc(g) = O(g−1∂2g + g−2(∂g)2),

1Compact without boundary.

1



and thus Ricci flow resembles a quasilinear heat equation with a diffusion

term and a quadratic reaction term. The diffusion term tends to spread the

geometry evenly around, while the reaction tends to accumulate it. This com-

petition indicates two possible cases: either the curvature will spread around

as the flow converges to a constant curvature metric; or there will be a region

of M where curvature is accumulated and a singularity is formed.

Consider, for example, the very first Ricci flow result:

Theorem 1 (Hamilton [18]). Let (M, g0) be a closed three-manifold with posi-

tive Ricci curvature. Moreover, let g(t), t ∈ [0, T ), denote the unique maximal

solution to the Ricci flow with initial metric g0. Then the rescaled metrics

1
4(T−t)g(t) converge to a metric of constant sectional curvature 1 as t↗ T .

And from years later, the following higher-dimensional result, known

in the literature as the Sphere theorem of Brendle and Schoen:

Theorem 2 (Brendle, Schoen [6]). Let (M, g0) be a closed Riemannian man-

ifold of dimension n ≥ 4 with strictly 1/4-pinched sectional curvature in the

pointwise sense. Let g(t), t ∈ [0, T ), denote the unique maximal solution to

the Ricci flow with initial metric g0. Then the rescaled metrics 1
2(n−1)(T−t)g(t)

converge to a metric of constant sectional curvature 1 as t↗ T .

Since a manifold with constant sectional curvature 1 must be diffeomor-

phic to a quotient Sn/Γ [35], where Sn is the standard sphere of Rn+1 and Γ

is a finite group of isometries acting freely, the above normalized convergence
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results have the immediate non-trivial topological consequence: they classify,

respectively, the diffeomorphism type of all closed three-manifold with positive

Ricci curvature, and n-dimensional (n ≥ 4) closed Riemannian manifolds with

strictly 1/4-pinched sectional curvature in the pointwise sense.

Remark 3. From a topological standpoint, Theorem 2 is particularly interest-

ing since it is not known whether the standard four-sphere admits more than

one differentiable structure.

For general metrics, however, it is likely that a local singularity will

form. In such cases, a careful singular analysis is usually required before

making possible any topological application. We will discuss singularities soon

after recalling some basics of Ricci flow analysis.

1.1 Ricci flow: from basics to singularities

We start by mentioning the basic results on the analysis of Ricci flow:

(i) Short-time existence and uniqueness: the parabolic theory for Ricci flow

states that for any given initial smooth metric g0 on a closed manifold

M , one can can always solve (1.0.1) uniquely (and smoothly) on a short

interval of time.

(ii) Regularity: If the flow becomes singular at some finite time T <∞ then

lim
t↗T

max
x∈M
|Rm(x, t)| =∞,

where Rm denotes the Riemann curvature tensor
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In other words, it is always possible to smoothly extend Ricci flow g(t)

past a finite time t0 as long as the norm of the Riemann curvature tensor

remains bounded as t↗ t0.

With the above regularity result in mind, we next illustrate why we

expect Ricci flow to exist only for finite time. Starting from an arbitrary

initial data (Mn, g), consider the evolution of the scalar curvature2:

∂

∂t
R = ∆g(t)R + 2|Rc(g(t))|2 ≥ ∆g(t)R +

2

n
R2. (1.1.1)

By the parabolic maximum principle we see that a finite time singularity is

inevitable if the scalar curvature ever becomes everywhere positive.

Remark 4. For an initial metric with positive scalar curvature, in particular

for any metric satisfying the assumptions of Theorem 1 or Theorem 2, one can

see from the above that the Ricci flow can only exist for finite time. Therefore,

letting g(t), t ∈ [0, T ), denote the unique maximal solution to the Ricci flow

with initial metric g0 in the statements of Theorem 1 or Theorem 2 is actually

not an extra assumption, but follows from the analytical theory of Ricci flow.

1.1.1 Ricci flow singularity formation

Normalized convergence results as Theorems 1 and 2 rely heavily on

the curvature conditions of the initial metric g0. In general, without curvature

hypothesis on g0, one expects singularities to form on certain regions of the

2The scalar curvature is defined as the trace of the Ricci curvature
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two-sphere

Figure 1.1: A forming singularity

manifold. To get a feel of this process, we start by considering a schematic

process of singularity formation called neckpinch that was rigorously confirmed

by Angenent and Knopf in [4]. We begin with the following “dumbbell” metric

on the three-sphere S3 and try to imagine its evolution under Ricci flow:

Let e1, e2, e3 be orthonormal vectors at the point indicated in the above

picture, with e3 orthogonal to the indicated cross-sectional two-sphere S2. Note

that the sectional curvatures Ke1∧e3 and Ke2∧e3 are slightly negative, while

Ke1∧e2 is very positive. Therefore

Rc(e1, e1) = Ke1∧e2 +Ke1∧e3 = very positive
Rc(e2, e2) = Ke1∧e2 +Ke2∧e3 = very positive
Rc(e3, e3) = Ke1∧e3 +Ke2∧e3 = slightly negative

Hence, we expect distances to shrink rapidly in the e1 and e2 directions,

but expand slowly in the e3 direction. Thus, the evolution wishes to quickly

contract the cross-sectional S2 indicated, while slowly stretching the neck.

At later times, therefore, we expect the S2-neck to pinch and form a local

singularity. At this point, we can see that whenever Ricci flow runs into a

singularity, we need to have a good understanding about singularity formation

before being able to make any topological conclusion.
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blow-up

singularity profile

Figure 1.2: Blowing-up a singularity

1.1.2 Singular analysis

To analyze Ricci flow singularities, one follows the conventional wisdom

of singular analysis from non-linear PDEs and does a blow-up at the singu-

larity using the scaling symmetry of the equation. Depending on how much

compactness is at hand, one can extract a singularity model from a sequence

of such blow-ups, which will usually have a better geometry than the original

Ricci flow.

Moreover, if one has a good knowledge about the possible singularity

models, then one is able to understand the structure of the singularity for-

mation and see how to perform surgery while controlling the geometry and

the topology of the manifold, thus arriving at the so-called Ricci flow with

surgeries.

The above blow-up analysis in three-dimensional Ricci flow has been

proved quite successful by the work of Hamilton (e.g. see [19]) and Perelman

([27], [29], [28]) on the Poincaré and Geometrization conjectures (see also Cao
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and Zhu [11], Morgan and Tian [26], Kleiner and Lott [21], or Tao [33]), and a

lot of their theory carries on to higher-dimensional settings, which is an area

of active research.

Indeed, for an n-dimensional Ricci flow g(t) on a maximal time interval

[0, T ) with T < ∞, it follows from Hamilton-Perelman’s theory that one can

choose a sequence of points pi ∈M and times ti ↗ T with

λi = |Rm|(pi, ti) = sup
x∈M, t≤ti

|Rm|(x, t) −→∞

such that the rescaled flows

gi(t) = λig

(
ti +

t

λi

)
will converge (in a suitable sense, modulo sequential diffeomorphisms and up

to subsequence) to a complete Ricci flow (N, g∞(t)), which one calls singularity

model. Moreover, if the singularity is of Type-I, i.e., the curvature blows up

like

lim sup
t↗T

max
M
|Rm|(T − t) <∞,

by the work of Enders, Müller, and Topping in [14] the above limit (N, g∞(t))

will be a non-flat gradient shrinking soliton, that is, a self-similar Ricci flow,

where the metric g∞ evolves only by scaling and diffeomorphism. This means

there will exist a time dependent function f defined on N such that one can

obtain the Ricci flow g∞(t) from pullbacks of an initial metric g∞(0) by dif-

feomorphisms φt of N generated by 1
T−t∇f , that is,

g∞(t) = (T − t)φ∗tg∞(0),

7



and one can check this is the case whenever the soliton equation

Rc(g∞) +∇∇f =
1

2
g∞ (1.1.2)

is satisfied at some point in time (see Cao [10] for a survey on metrics satisfying

the above equation).

In dimension three, the Hamilton-Ivey pinching estimate [19, 20] roughly

states that if the flow has a region with very negative sectional curvature,

then the most positive sectional curvature is much larger still (see Appendix

A for a more detailed description). This implies that limits of blow-ups of

three-dimensional Ricci flows will have non-negative sectional curvature and

thus drastically constrains the singularities that can appear, making three-

dimensional Ricci flow with surgeries plausible.

In higher dimensions, one has that such limits will have non-negative

scalar curvature by the work of Chen [12], but this type of estimate is lacking

for more useful curvature conditions.

One of the main result of this thesis is to prove that a similar estimate

cannot exist for Ricci curvature in dimension four, i.e., that limits of blow-ups

of four-dimensional Ricci flows do not necessarily have non-negative Ricci cur-

vature. We achieve this by solving a conjecture left by Feldman, Ilmanen, and

Knopf in [15], which we state soon after some Kähler geometry preliminaries.
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1.2 Kähler geometry and Kähler-Ricci flow

We next introduce Kähler manifolds and cite their properties that will

be used in these thesis.

Definition 5 (Kähler manifold). A Riemannian manifold (Mn, g) is called

a Kähler manifold if it admits a smooth tensor J : TM → TM such that

J ◦ J = −Id and J is compatible with metric g, i.e., g(JX, JY ) = g(X, Y )

and ∇J ≡ 0.

One can check from the definition that a Kähler manifold (Mn, g, J)

must have dimension n = 2k and admit holomorphic coordinates modeled by

Ck. In addition, both g and Rc must be J-invariant and the 2-forms:

ω(X, Y ) = g(JX, Y ), ρ(X, Y ) =
1

2
Rc(JX, Y )

are closed and real. We call ω and ρ respectively by the Kähler and Ricci

forms. As a consequence, in local coordinates z = (z1, z2, . . . , zk), g and Rc

are given by potentials:

gαβ̄ = ∂α∂β̄P (1.2.1)

Rcαβ̄ = ∂α∂β̄(− log det g), (1.2.2)

and the cohomology class [ρ] = c1(M) is the first Chern class of M . In par-

ticular, [ρ] depends only on the underlying complex structure, in spite of the

fact that we used the metric g to construct the Ricci form ρ.

9



Now consider a Kähler manifold (Mn, g0, J0) and suppose we are inte-

rested in evolving it by Ricci flow3

∂

∂t
g = −Rc(g), g(0) = g0. (1.2.3)

Writing down the above evolution (1.2.3) in local coordinates z =

(z1, z2, . . . , zk), 2k = n, using potentials as in (1.2.1) for g and Rc(g), one

can see that (1.2.3) is equivalent to a complex parabolic Monge-Ampère equa-

tion, see e.g. Cao [8]. A spoil of that is that (Mn, g(t), J0) remains Kähler as

long as Ricci flow exists and, for that reason, we refer to (1.2.3) as Kähler-Ricci

flow.

The main results of this thesis are concerned with Kähler-Ricci flow on

certain two-dimensional complex manifolds, in other words, Ricci flow on four-

dimensional real manifolds that admit a Kähler structure. They are related in

spirit to a series of conjectures by Song and Tian [31] on singularity formation

of Kähler-Ricci flow.

1.3 Summary of results

Let M be CP2 blown-up at one point and L be C2 blown-up at zero.

We invite the reader not familiar with these spaces to see Appendix B before

reading what follows.

3In the context of Kähler geometry, Ricci flow appears in the literature as ∂tg = −Rc(g)
instead of the usual ∂tg = −2Rc(g). This only changes things by scaling.
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We will think of M as C2\{0} with one CP1 glued at 0 (the section Σ0)

and another at∞ (the section Σ∞) and of L as C2\{0} with a CP1 glued only

at 0. Both M and L are line bundles over CP1, M with line CP1 and L with

line C. We consider Kähler metrics on manifold M and evolve them by Ricci

flow.

Let g(t) be a one-parameter family of Kähler metrics evolving by Kähler-

Ricci flow (1.2.3) on M . The Kähler class [ω(t)] of the metric g(t) will evolve

by

∂t[ω(t)] = −[Rc(ω)] = −c1(M), (1.3.1)

where c1(M) is the first Chern class of the complex surface M . In particular,

[ω(t)] = [ω(0)]− tc1(M). (1.3.2)

On M , the cohomology classes of the divisors [Σ0] and [Σ∞] span

H1,1(M ;R), so any Kähler class [ω] can be written uniquely as

[ω] = b[Σ∞]− a[Σ0]

for constants 0 < a < b, and the first Chern class satisfies c1(M) = −[Σ0] +

3[Σ∞]. This and equation (1.3.2) give

[ω(t)] = b(t)[Σ∞]− a(t)[Σ0] (1.3.3)

for a(t) = a(0) − t and b(t) = b(0) − 3t. Thus, if initially b(0) > 3a(0), then

a(t) → 0 as t ↗ T = a(0) and the class [ω(T )] will not be Kähler. This will

mean that the CP1 of the section [Σ0] has collapsed to a point and thus Ricci

flow must have become singular at a time no later than t = T .

11



In [15], Feldman, Ilmanen, and Knopf conjectured that indeed, at least

for U(2)-invariant metrics, if b(0) > 3a(0) then a Type-I singularity will develop

along Σ0 precisely at time t = T and the blow-up limit of such singularity is

the gradient shrinking soliton they have constructed on L, the FIK soliton.

Remark 6. The FIK soliton was constructed in [15] and was the first example

of a non-trivial ( i.e. non-constant curvature) complete non-compact shrinking

soliton. It has Ricci curvature of mixed sign.

Since [15], a lot of investigation has been done on Kähler-Ricci flow of

general Kähler manifolds. Of relevance to the work of this thesis are Tian and

Zhang [34], Song and Weinkove [32], and the more recent Song [30].

When restricted to the Kähler-Ricci flow of U(2)-invariant metrics of

M as above, [34] gives the singular time to be exactly T = a(0), and in [32] the

authors prove, among other things, that the singularity at t = T will develop

only along Σ0, with g(T ) being a smooth metric on M\Σ0. Finally, Song [30]

proved that such a singularity is Type-I, and using the compactness at hand,

he argued that limits of blow ups of the flow will subconverge in the Cheeger-

Gromov-Hamilton sense to a complete non-flat gradient shrinking Kähler-Ricci

soliton on a manifold homeomorphic to C2 blown up at one point. Moreover,

the isometry group of this soliton contains the unitary group U(n); but since

the complex structure might jump in the limit (see e.g. [13]), one is not able

to argue using Cheeger-Gromov-Hamilton convergence that this soliton is in

fact the FIK soliton.
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The main result of this thesis is a proof of the Feldman-Ilmanen-Knopf

conjecture for a large set of initial metrics:

Theorem A. Let g(t) be metrics on M evolving by Kähler-Ricci flow (1.2.3).

For a large open set 4 of U(2)-invariant initial metrics g(0) belonging to the

Kähler class b(0)[Σ∞]− a(0)[Σ0] with b(0) > 3a(0), one has the following:

(i) the flow is smooth until it becomes singular at time T = a(0),

(ii) at t=T the flow develops a Type-I singularity in the region Σ0 and g(T )

is a smooth Riemannian metric on M\Σ0,

(iii) parabolic dilations of g(t) converge uniformly on any parabolic neighbor-

hood 5 of the singular set Σ0 to the evolution of the FIK soliton.

As we have pointed out, (i) follows from the now standard general

result of [34] and (ii) is proved by putting together the results in [32] and [30].

Our proof of (iii) is based on comparison principle techniques applied to the

evolving metric potentials, and thus gives a Kähler limit with respect to the

same original complex structure. We first prove convergence to the FIK metric

in C0,1 topology without making any Type-I blow up assumptions. To prove

higher regularity without making further restrictions on the class of initial

data, we then use the Type-I blow up for the scalar curvature proved in [30].

4See Definition 18 in Section 3 for a precise statement on the set of initial metrics.
5This notion is made precise in Section 3 too. See also Remark 23.
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Remark 7. We point out that comparison principle techniques have also been

used to study another type of Ricci flow singularity, neckpinches, see Angenent

and Knopf [4], [5], Angenent, Caputo, and Knopf [1], Angenent, Isenberg, and

Knopf [2, 3], Wu [36], and Gu and Zhu [16].

Theorem A has the following two consequences. Since the FIK soliton

has Ricci curvature of mixed sign near Σ0:

Theorem B. Limits of blow-ups of Ricci flow singularities on closed four-

dimensional manifolds do not necessarily have non-negative Ricci curvature.

Moreover, after constructing a metric on M with strictly positive Ricci

curvature that satisfies the conditions of Theorem A, we will have:

Corollary 8. Positive Ricci curvature is not preserved by Ricci flow in four

dimensions or higher.

The above results shows a contrast between Ricci flow in dimensions

three and four. Moreover, Corollary 8 is related to a previous result of the

author [25] and Zhang [37], which provides other examples that imply the same

result stated in the corollary. Finally, the construction above provides explicit

examples of solutions demonstrating the linear instability of the Cao-Koiso

soliton [9, 22] that was proved by Hall and Murphy [17].

Theorems A and B of this thesis were proved in the reference [24], which

was posted by the author on the arXiv in April of 2012, and has been accepted

for publication in the Journal für die reine und angewandte Mathematik.
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Chapter 2

Proof of Theorem A

2.1 U(2)-invariant Kähler metrics

In this section we consider rotationally symmetric Kähler metrics on

C2\{0} to derive Kähler metrics on any given Kähler class of the complex

surface M , following an ansatz introduced by Calabi [7, Section 3].

Let g be a U(2)-invariant Kähler metric on C2\{0}, the latter with

complex coordinates z = (z1, z2). Define u = |z1|2, v = |z2|2, and w = u+ v.

Since g is a Kähler metric and the second de Rham cohomology group

H2(C2\{0}) = 0, by the ∂∂̄-lemma one can find a global real smooth function

P : C2\{0} −→ R such that

gαβ̄ =
∂2

∂zα∂z̄β
P. (2.1.1)

The further assumption of g being rotationally symmetric allows us

to write P = P (r), where r = logw.1 We then set ϕ(r) = Pr(r) (we use a

subscript for the derivative since later P will be regarded as a function of time

as well) and compute from (2.1.1)

g = [e−rϕδαβ + e−2r(ϕr − ϕ)z̄αzβ]dzαdz̄β, (2.1.2)

1Depending on the purpose of the computation, one coordinate might be preferable than
the other and we will use both r and w in the rest of the paper.
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and:2 (
g11̄ g12̄

g21̄ g22̄

)
=

1

w2

(
vϕ+ uϕr (ϕr − ϕ)z̄1z2

(ϕr − ϕ)z1z̄2 uϕ+ vϕr

)
.

Because det(gαβ̄) = e−2rϕϕr, one can quickly note that a potential P

on C2\{0} gives rise to a Kähler metric as in (2.1.1) if, and only if,

ϕ > 0 and ϕr > 0. (2.1.3)

Given a metric as above, Calabi’s Lemma [7, Section 3] tells us that g

will extend to a smooth Kähler metric on the complex surface M if ϕ satisfies

the following asymptotic properties − henceforth called Calabi’s conditions:

(i) There exists positive constants a0 and a1 such that ϕ has the expansion

ϕ(r) = a0 + a1w + a2w
2 +O(|w|3) (2.1.4)

as r → −∞;

(ii) There exists a positive constant b0 and a negative constant b1 such that

ϕ has the expansion

ϕ(r) = b0 + b1w
−1 + b2w

−2 +O(|w|−3) (2.1.5)

as r →∞.

Remark 9. We note that ϕr > 0 for r finite, but ϕr = 0 for r = ±∞.

Summarizing the above:

2The matrix (g) is actually a 4× 4 matrix: (g) =

(
A 0
0 A

)
, where A =

(
g11̄ g12̄

g21̄ g22̄

)
.
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Lemma 10 (Calabi, [7]). Any potential ϕ satisfying conditions (2.1.3), (2.1.4)

and (2.1.5) will give rise to a U(2)-invariant Kähler metric on M . Moreover,

this metric will belong in Kähler class b0[Σ∞]− a0[Σ0], and satisfy |Σ0| = πa0

and |Σ∞| = πb0.

2.1.1 Curvature Terms

On Kähler manifolds, the Ricci tensor is given locally by

Rcαβ̄ = − ∂2

∂zα∂z̄β
log det g.

In particular, for g as in (2.1.2), one has globally

Rcαβ̄ = e−rψδαβ + e−2r(ψr − ψ)z̄αzβ (2.1.6)

where ψ = −∂r(log det g) = 2− ϕr
ϕ
− ϕrr

ϕr
. From equations (2.1.2) and (2.1.6),

we compute the eigenvalues of the Ricci curvature endomorphism3

λ1 = ψ
ϕ

with eigenvector U = z̄2 ∂
∂z1

+ z̄1 ∂
∂z1

λ2 = ψr
ϕr

with eigenvector V = z1 ∂
∂z2

+ z2 ∂

∂z2
.

(2.1.7)

and, in particular, the scalar curvature

R(r, t) =
2

ϕ

(
2− ϕr

ϕ
− ϕrr
ϕr

)
+

2

ϕr

[(
−ϕr
ϕ

)
r

+

(
−ϕrr
ϕr

)
r

]
. (2.1.8)

Using Calabi’s conditions we find for r near −∞

λ1 = 1
a0

+O(er)

λ2 = − 1
a0
− 2a2

a21
+O(er),

(2.1.9)

3The map Rc : TM −→ TM obtained by raising one index.
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and for r near +∞
λ1 = 3

b0
+O(e−r)

λ2 = 1
b0

+ 2b2
b21

+O(e−r).
(2.1.10)

Moreover, for the Riemann curvature, a direct computation shows

Rαβ̄γδ̄ = e−4r

[
−ϕrrr + 4ϕrr − 2ϕr + 2ϕ− 4

ϕ2
r

ϕ
+
ϕ2
rr

ϕr

]
z̄αzβ z̄γzδ

+e−3r

[
ϕr − ϕrr − ϕ+

ϕ2
r

ϕ

]
(z̄αzβδγδ + z̄αδβγzδ

+δαβ z̄γzδ + δαδz
β z̄γ) + e−2r [−ϕr + ϕ] (δαβδγδ + δαδδβγ).(2.1.11)

2.1.2 The effect of Ricci flow

From equations (2.1.2) and (2.1.6), one can see that g(t) evolves by

Ricci flow ∂tg = −Rc(g) if, and only if, ϕ evolves by ϕt = −ψ, that is,

ϕt =
ϕrr
ϕr

+
ϕr
ϕ
− 2. (2.1.12)

Remark 11. Equation (2.1.12) looks alarming from the PDE point of view, as

it might degenerate. On the other hand, we recall that for potentials ϕ that

yield Kähler metrics on C2\{0} we have ϕr > 0 and this condition is preserved,

so (2.1.12) is parabolic.

The Kähler class will evolve as in (1.3.3) and

ϕ(−∞, t) = a(t) = a0 − t, ϕ(+∞, t) = b(t) = b0 − 3t,

so the flow will become singular no later than t = a(0). In fact, a general

result in Kähler-Ricci flow, see [34], says that the Kähler-Ricci flow exists and

is smooth up until the first time t = T where the Kähler class [w(T )] ceases
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to be Kähler. In our case, because b(0) > 3a(0), this happens precisely at

T = a(0). Furthermore, since |Σ0| = πa(t), the section Σ0 will vanish when

t = T and, as it turns out, g(T ) is still smooth in M\Σ0, see [32].

The following scale invariant estimate is an immediate consequence of

the maximum principle and will be useful later.

Lemma 12. Let F = ϕr
ϕ

. Then, 0 ≤ F (r, t) ≤ max{maxF (·, 0), 1}.

Proof. Because of (2.1.3), F ≥ 0. To prove the upper bound, let r0 be a local

spatial maximum of F , at which we must have

Frr(r0) ≤ 0 and Fr(r0) = 0.

We then compute the evolution of F

Ft =
Frr
ϕr

+
Fr
ϕ

(
1− Fr

F 2

)
+ 2

F

ϕ
(1− F ),

and thus note that

Ft(r0) =
1

ϕ

[
Frr
F

+ 2F (1− F )

]
≤ 2

ϕ
F (1− F ).

So, at a local spatial maximum where F (r0) > 1 (respectively ≥ 1), F (x, t) is

decreasing (respectively non-increasing) in time, and the lemma follows since

F ≡ 0 in the boundary points r = −∞,+∞.

2.1.3 Soliton metrics on L and M

Following [15], consider a U(2)-invariant gradient shrinking soliton met-

ric on L or M , normalized such that |Σ0| = π. Then it must have a potential
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ϕ satisfying

ϕrr
ϕr

+
ϕr
ϕ
− Cϕr + ϕ− 2 = 0, (2.1.13)

for some constant C and with limϕ = 1 as r → −∞ and another asymptotic

condition as r → +∞, depending on whether one is looking for a soliton on

M or L.

In the case one is looking on M , by the independent work of Koiso in

[22] and Cao in [9], C must be a constant between 1
2

and 1 and there will exist

only one such potential, modulo translations in r. This soliton has positive

Ricci curvature, as Cao observed in [9], and satisfies a0 = 1, b0 = 3.

For a soliton on L, Feldman-Ilmanen-Knopf proved that the C must be
√

2 and that there exists only one such potential, again modulo translations in

r. For our purposes, it is relevant to note that this soliton has Ricci curvature of

mixed sign: λ2 < 0 for r near −∞. In fact, using the soliton equation (2.1.13)

and the expression (2.1.7) for the eigenvalue one finds that λ2 = 1 −
√

2ϕrr
ϕr

and since lim
r→−∞

ϕrr
ϕr

= 1, we have that λ2 is negative near the section Σ0.

2.2 Dilation Variables, Type-I blow-up,
and convergence modulo Diffeomorphisms

2.2.1 Dilation Variables

What we know so far about the singularity formation is that it occurs

along the section Σ0, which shrinks to a point by [32], and that it is Type-I

[30]. Hence it will be useful to use parabolically dilated variables that allow us

to zoom in on Σ0 in a Type-I fashion.
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Given an evolution ϕ(r, t) with singular time T as before, we define the

dilated time variable τ = − log(T − t), the dilated spatial variable ρ = r + τ

(which correspond to complex coordinates ζ = eτ/2z) and set

φ(ρ, τ) = eτϕ(r(ρ, τ), t(τ)). (2.2.1)

The function φ(ρ, τ) evolves by

φτ =
φρρ
φρ

+
φρ
φ
− φρ + φ− 2 (2.2.2)

and is a Kähler potential on M in complex coordinates ζ. To see that, we note

that it must satisfy φ, φρ > 0 for all τ , and the Calabi conditions (2.1.4) and

(2.1.5) — or, alternatively, that φ represents the metric ḡ(τ) on M equivalent

to g(t) scaled by eτ = 1
T−t and pulled back by the diffeomorphism z −→ e−τ/2z.

Now that ρ, τ are defined, we explain what we mean by zoom in Σ0 in

a Type-I fashion, first on the level of the potential and then on the level of the

metric.

For fixed ρ, we let t↗ T and thus have τ ↗ +∞ and (r(ρ, τ), t(τ))→

(−∞, T ). The dilation

φ(ρ, τ) =
1

T − t
ϕ(ρ− τ, t)

is then a Type-I (note the factor 1
T−t) zoom in on how ϕ is going to zero along

Σ0, since ϕ(ρ− τ, t)→ ϕ(−∞, T ) = 0.

Geometrically, the metric ḡ(τ) given by φ(ρ, τ) is just 1
T−tg(t) modified

by diffeomorphism, and if g(t) has a Type-I singularity at t = T , ḡ(τ) has
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bounded curvature as τ ↗ +∞. Moreover,

|Σ0|ḡ(τ) = π

|Σ∞|ḡ(τ) = [(b0 − 3a0)eτ + 3]π,

which indicates that as τ ↗ +∞, Σ∞ is being blown away and suggests that

the metrics ḡ(τ) on M are becoming more and more like metrics on L where

|Σ0| = π, as one recalls from Appendix B.

Our goal is to prove that indeed the limit of these metrics will be mo-

deled by the evolution of the FIK soliton metric on L constructed in [15].

But there are major difficulties that do not allow us to prove directly such

convergence by working with ρ, τ . One comes from the fact that the FIK

potential is not stationary in these coordinates; in fact, the soliton is still

moving by diffeomorphisms, or more precisely, it is translating in the ρ variable.

The other is the fact that there actually exist a whole family of FIK potentials,

generated by the translations in r. These difficulties lead us to the approach

presented in the next section.

2.2.2 Equations in φ, τ variables

Let τ = − log(T − t) and ρ = r+ τ be the dilation variables introduced

above. Because φρ > 0 along the flow, we can actually write ρ as a function

of φ at any fixed time τ and thus consider the function

y(φ, τ) = φρ(ρ, τ), (2.2.3)
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which, for any given τ , is defined on the inverval [1, (b0−3a0)eτ +3], satisfying

y(1) = y((b0 − 3a0)eτ + 3) = 0 and y(φ) positive otherwise.

We next find the evolution equation of y(φ, τ). First we note: since

φρ = y, we have φρρ = yρ = yφy and φρρρ = yφφy
2 +y2

φy. And we then compute

∂τ
∣∣
ρ
y, which in our notation means the derivative of y with respect to τ while

fixing ρ.

∂τ
∣∣
ρ
y = φρτ

=
φρρρ
φρ
−
(
φρρ
φρ

)2

+
φρρ
φ
−
(
φρ
φ

)2

+ φρ − φρρ

= yφφy +
yφy

φ
−
(
y

φ

)2

+ y − yφy.

Finally, since ∂τ
∣∣
φ
y = ∂τ

∣∣
ρ
y − yφφτ , we have

∂τ
∣∣
φ
y = yφφy +

yφy

φ
−
(
y

φ

)2

+ y − yφy − yφφτ

= yφφy + (2− φ− yφ)yφ + y

(
1− y

φ2

)
. (2.2.4)

Remark 13. Because of Lemma 12, y
φ

is uniformly bounded in time.

The advantages of these variables are two-fold. First of all, they do not

see translations in the ρ variable and thus the whole family of FIK potentials

are represented by just one stationary potential Y = Y(φFIK). Secondly, the

non-linearities of (2.2.4) are mild when compared with (2.2.2), and this allow

us to develop a barrier method based on the comparison principle in the next

section.
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Remark 14. In fact, one can check that all the FIK potentials satisfy the same

equation when written using the coordinates as above

Y(φ) = φρ =
φ(φ− 2) +

√
2(φ− 1) + 1√

2φ
,

and also that ∂τ
∣∣
φ
Y = 0.

2.2.3 Comparison and convergence modulo diffeomorphisms for a
large class of potentials

In this section we use techniques based on the comparison principle to

prove an important step towards Theorem A, which is convergence modulo

diffeomorphisms for a large class of potentials.

Notation. In what follows we will write just ∂τ as short for ∂τ
∣∣
φ
. In par-

ticular, ∂τ and ∂φ are commuting derivatives.

The first thing we prove is that for any initial data satisfying the con-

ditions of Theorem A, one always has a C1 bound.

Lemma 15. For any data y(φ, τ) coming from Ricci flow as in Theorem A,

the derivative yφ is uniformly bounded in time.

Proof. Since at the boundary yφ takes values 1 or −1, we only need to deal

with interior spatial maxima and minima. We write the evolution equation

for yφ:

yφτ = yyφφφ + [2− φ− yφ]yφφ − 2
yyφ
φ2

+
2y2

φ3
. (2.2.5)
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If yφ has a negative local spatial minimum at φ0, then yφφ(φ0) = 0, yφφφ(φ0) ≥

0, and thus

yφτ (φ0) = yyφφφ(φ0)− 2
yyφ
φ2

(φ0) +
2y2

φ3
(φ0) > 0,

so yφ is uniformly bounded from below.

Finally, let φ0 be a local spatial maximum of yφ, so that yφφ(φ0) = 0

and yφφφ(φ0) ≤ 0. By Remark 13, y
φ
< C for some constant C independent of

time. Suppose yφ(φ0) > C, then

yφτ (φ0) = yyφφφ(φ0)− 2
yyφ
φ2

(φ0) +
2y2

φ3
(φ0)

≤ 2
y

φ2

[
−yφ +

y

φ

]
< 0.

We hence conclude yφ is uniformly bounded from above too and the

lemma is proved.

Remark 16. The above lemma, together with Remark 13, says that the evolu-

tion (2.2.4) has bounded coefficients on any compact interval [1, φ0].

Remark 17. Because yφ = φρρ
φρ

, the lemma will be useful to prove C2 bounds

for φ.

We next construct upper and lower barriers that for “most” initial data

will trap the solution to evolution (2.2.4) and squeeze it to the FIK potential

Y(φ) = φ(φ−2)+
√

2(φ−1)+1√
2φ

.

Definition 18 (Metrics in the class C). Let C be the class of all initial U(2)-

invariant metrics on M belonging to the Kähler class b(0)[Σ∞]−a(0)[Σ0] with
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b(0) > 3a(0), and such that, moreover, the parabolic blow up φ of the potential

ϕ satisfies, when writing φρ in φ coordinates as before,

y(φ, 0) > Y(φ)− 1

5
φ2.

Let us remark that Y(φ)− 1
5
φ2 will be exactly the initial barrier that we

will use for the evolution (2.2.4), thus we are restricting ourselves to potentials

that are initially strictly above it. This barrier is mostly negative, but is

positive and small (strictly less than 0.06) on a small neighborhood of φ = 2.

This implies that a large family of initial data belongs to the class C.

Proposition 19. For any initial data y(φ, 0) in the class C, one has that

y(φ, τ) remains in the class C and converges uniformly on compact subsets to

Y(φ) as τ ↗∞.

We note that the “elliptic” operator in (2.2.4)

E [y] = yφφy + (2− φ− yφ)yφ + y

(
1− y

φ2

)
can be written as a linear plus a quadratic part

E [y] = L[y] +Q[y],

where L[y] = (2 − φ)yφ + y and Q[y] = yyφφ − y2
φ −

y2

φ2
. The non-linearity of

E [·] is such that for given functions y(φ), s(φ):

E [y + s] = L[y + s] +Q[y + s]

= L[y] + L[s] +Q[y] +Q[s] +M[y, s]

= E [y] + E [s] +M[y, s],
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where M[y, s] = syφφ + ysφφ − 2yφsφ − 2 ys
φ2

is bilinear in y and s. This mild

non-linearity suggests the barrier approach.

Proof of Proposition 19. Let

Y(φ) =
φ(φ− 2) +

√
2(φ− 1) + 1√

2φ

be the FIK potential and consider s(φ, τ) = −λ(τ)φ2, where λ̇ = −δλ for some

δ ∈ R. We compute (∂τ − E)(Y + s) :

(∂τ − E)[Y + s] = ∂τs− L[s]−Q[s]−M[Y , s]

= λ
(
δφ2 + L[φ2]− λQ[φ2] +M[Y , φ2]

)
,

and once substituting L[φ2],Q[φ2], and M[Y , φ2], we have

(∂τ −E)[Y + s] = λ
(

(δ + 3λ− 1)φ2 + 2(2−
√

2)φ− 3φ−1(2−
√

2)
)
. (2.2.6)

Let y(φ, τ) be a solution coming from Ricci flow. Suppose that y(φ, 0)

belongs to the class C of initial data.

Choose λ(0) = 1/5 and let δ be a positive number smaller than 10−6

to be fixed. Then, by (2.2.6) the function

y1(φ, τ) = Y(φ)− 1

5
e−δτφ2

satisfies (∂τ − E)[y1] < 0 for all times τ > 0, i.e., y1(φ, τ) is a subsolution to

our evolution problem.

By the comparison principle (Appendix C), if a solution y of (∂τ−E)y =

0 initially starts above y1, then y will stay above y1 for all later times, as long

as the boundary data behave as such.
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A general solution y that initially belongs to class C satisfies the as-

sumption y(φ, 0) > y1(φ, 0) and has the boundary conditions:

y(1) = y((b0 − 3a0)eτ + 3) = 0.

It is clear that y(1) = 0 > y1(1) for all times. Also:

y1(φ, τ) = Y − 1

5
exp(−δτ)φ2 < φ− 1

5
exp(−δτ)φ2 < 0

if φ > 5 exp(δτ) (here we are using that Y(φ) is always below φ). Because

(b0 − 3a0)eτ + 3 > 5 exp(δτ), if δ is chosen to be small enough, then we have

y((b0 − 3a0)eτ + 3) = 0 > y1((b0 − 3a0)eτ + 3). Thus, the subsolution y1

stays below y at the boundary, and therefore everywhere, for all later times

τ > 0. In particular, because λ is decreasing in magnitude, this implies y(φ, τ)

belongs to C for all later times.

Furthermore, for the same initial data y(φ, 0) ∈ C, we choose

y2(φ, τ) = Y + λ0e
−τ/2φ2

where λ0 is big enough so that y2(φ, 0) = Y + λ0φ
2 > y(φ, 0). Moreover, by

equation (2.2.6) we will have that (∂τ − E)[y2] > 0 for all τ > 0. Moreover,

one can check that the boundary data of y2 stay above those of y for all times.

Thus, again using comparison, y2 stays above y for all later times.

Hence we have proved that

y1(φ, τ) ≤ y(φ, τ) ≤ y2(φ, τ), (2.2.7)
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and since on compact intervals for φ we have y1(φ, τ)↗ Y(φ) and y2(φ, τ)↘

Y(φ) uniformly, we must have y(φ, τ) converging to Y(φ) uniformly on compact

subsets and the proposition thus is proved.

Proposition 19 gives us uniform C0-convergence for y(φ) = φρ on com-

pact subsets. We next prove that one actually has uniform C1,1-convergence.

For that we will use the Type-I blow up of the scalar curvature proved by Song

in [30], i.e., there exists a constant C > 0 such that

−C ≤ Rg(t) ≤
C

T − t
.

In particular, for the dilated flow g(τ) this implies

−Ce−τ ≤ Rg(τ) ≤ C,

and since Rg(τ) = 4
φ

(1− yφ) − 2yφφ, we must have yφφ is uniformly bounded

by Lemma 15.

Proposition 20. For any initial data y(φ, 0) in the class C, one has that

y(φ, τ) converges uniformly in the C1,1 topology on compact subsets to Y(φ) as

τ ↗∞.

Proof. Since we have uniform C2 bounds for y on compact intervals, the C1,1-

convergence follows from the following standard argument and Proposition 19.

Since the spatial derivative yφφ is uniformly bounded in time, for any sequence

of times, yφ will converge uniformly up to subsequence. Moreover, since the

convergence is uniform, the limit of yφ along any such subsequence must be
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the spatial derivative Yφ of the stationary state Y . Because the latter does

not depend on the subsequence, we have that yφ converges uniformly in time

to the derivative Yφ. Since y converges uniformly in C1 while yφφ is uniformly

bounded, the proposition is then proved.

Remark 21. For the reader’s convenience, we point out the relation between

the Riemann curvature and derivatives of y. By the rotational symmetry of

ḡ(τ), we reduce our analysis to a point of the form (z1, z2) = (ξ, 0), and use

(2.1.11) to compute

|Rm(ḡ(τ))| ≤ 2|R11̄11̄|+ 2|R22̄22̄|+ 2|R11̄22̄|

≤ 2

∣∣∣∣ 1

φ2
ρ

(
−φρρρ +

φ2
ρρ

φρ

)∣∣∣∣+ 4

∣∣∣∣−φρ + φ

φ2

∣∣∣∣+ 2

∣∣∣∣− φρρφφρ
+
φρ
φ2

∣∣∣∣
= 2

∣∣∣∣∣ 1

φρ

(
φρρ
φρ

)
ρ

∣∣∣∣∣+
4

φ

∣∣∣∣−φρφ + 1

∣∣∣∣+
2

φ

∣∣∣∣−φρρφρ +
φρ
φ

∣∣∣∣ . (2.2.8)

Moreover, since ḡ(τ) = 1
T−tg(t), we note that by Song’s [30] Type-I result there

exists a uniform constant C > 0 such that

|Rm(ḡ(τ))| ≤ C.

Recalling that φρρ
φρ

= yφ, 1
φρ

(
φρρ
φρ

)
ρ

= yφφ, and also that one has φρ
φ

uniformly

bounded by Lemma 12, we see from the above that Type-I blow up is what

one really needs to establish a second derivative bound for y.

Combining Proposition 20 with Song’s Type-I result [30] we have the

following:
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Theorem 22. Let g(0) be a metric on M belonging to the class C. Then the

Ricci flow (1.2.3) starting at g(0) will develop a Type-I singularity along Σ0.

Moreover, parabolic dilations g(τ) of g(t) as in (2.2.1) will converge, modulo

diffeomorphisms and uniformly on a corresponding time-dependent neighbor-

hood of the singular region Σ0, to one of the FIK solitons.

Proof. We let ϕ be in the class of initial data C and consider the dilation

variables ρ, τ as well as the dilated potential φ(ρ, τ). We apply the following

gauge-fixing construction: by the implicit function theorem, we can find a

smooth function C(τ) such that if we define µ = ρ+ C(τ) and then define

φ(µ, τ) = φ(µ− C(τ), τ),

we will have φ(0, τ) constant in time, say equal to 2. Moreover, φµ is related

to φ just as φρ is related to φ, and thus we have by Proposition 20, y(φ)

converges C1,1 uniformly to Y(φ), so that φ converges C2,1 uniformly (in

compact φ intervals, so in particular for −∞ ≤ µ ≤ 0) to the unique φFIK

that satisfies φFIK(0) = 2.

Finally, since we know that the singularity along Σ0 is Type-I [30],

the Riemann curvature Rm(ḡ(τ)) will be bounded uniformly in the region

−∞ ≤ µ ≤ 0. Shi’s local estimates for higher derivatives of the Riemann

curvature under Ricci flow then dictate that one actually has bounds of any

higher order and that thus convergence is smooth.

A few remarks are now in order.
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Remark 23. For any fixed ρ ∈ R, consider the parabolic neighborhood

N(ρ) = {z ∈ C2 | ρ(z) ≤ ρ} = {z ∈ C2 | |z|2 ≤ eρ(T − t)}.

Theorem 22 says that for metrics of the class C, there exist diffeomorphisms

Ψτ (corresponding precisely to the C(τ) change of gauge) such that as τ ↗∞

Ψ∗τ ḡ(τ) −→ gFIK

uniformly on the neighborhood Ψ−1
τ (N(ρ)). In the next section, we will prove

that the diffeomorphisms Ψ−1
τ correspond to the 1-parameter family of diffeo-

morphisms by which the FIK solitons move under Ricci flow, i.e., we will prove

that for large τ one has asymptotically

C(τ) = (
√

2− 1)τ ± constant.

This will conclude the proof of Theorem A that parabolic dilations ḡ(τ) of g(t)

converge to the flow of an FIK soliton uniformly on any parabolic neighborhood

N(ρ).

Remark 24. If we write ϕ in non-logarithmic coordinates as ϕ(r, t) = f(w, t),

where w = er, and expand φ(µ, τ) = φ(µ − C(τ), τ) = eτϕ(µ − C(τ) − τ, t)

around w = 0 we get

φ(µ, τ) = eτf(eµ−C(τ)−τ , t)

= 1 + eµe−C(τ)fw(0, t) + · · ·
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Because φ must converge smoothly to FIK for fixed µ, we must have that 4

fw(0, t) ∼ eC(τ).

Remark 25. Finally, we note that by Theorem 22 the scalar curvature at the

singular region Σ0 must blow up like:

Rg(t)

∣∣∣
Σ0

=
4− 2

√
2

T − t
+O

(
(T − t)α−1

)
, (2.2.9)

for some α > 0. In fact, by the barrier argument in Proposition 19, there must

exist positive constants C0 and δ0 such that |y−Y| ≤ C0e
−δ0τ holds uniformly

in time on a fixed interval of the form [1, φ0], and by Theorem 22, the higher

derivatives of y are uniformly bounded in time on [1, φ0]. Moreover, we can

use an interpolation inequality of the form: (e.g., Corollary 7.21 of [23])

||∂φ(y − Y)||p ≤ ε||∂φφ(y − Y)||p +
C

ε
||y − Y||p, (2.2.10)

on [1, φ0], where p > 1, || · ||p is the usual (spatial) Lp-norm, ε is any positive

number, and C is a universal constant that does not depend on y,Y , ε, or

p, and we can thus argue that whenever ||∂φφ(y − Y)||1/2p 6= 0, by setting

ε =
||y−Y||1/2p

||∂φφ(y−Y)||1/2p

in (2.2.10), one has

||∂φ(y − Y)||p ≤ (1 + C)||y − Y||1/2p |∂φφ(y − Y)||1/2p ,

and if ||∂φφ(y − Y)||1/2p = 0, what we want follows directly from (2.2.10).

Furthermore, because [1, φ0] has finite measure, we can send p to infinity and

4This notation means that there exist constants 0 < C1 < C2 such that C1e
C(τ)−τ ≤

fw(0, t) ≤ C2e
C(τ)−τ as τ ↗∞, et cetera.
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pass the above inequality to the limit:

||∂φ(y − Y)||∞ ≤ (1 + C)||y − Y||1/2∞ |∂φφ(y − Y)||1/2∞ , (2.2.11)

and since ||∂φφ(y − Y)||1/2∞ is uniformly bounded in time and ||y − Y||∞ ≤

C0e
−δ0τ in [1, φ0], we find positive constants C1, δ1 such that:

||yφ − Yφ||∞ ≤ C1e
−δ1τ .

Moreover, by bootstrapping the argument above, we can also find positive

constants δ2, C2 such that on [1, φ0]:

||yφφ − Yφφ||∞ ≤ C2e
−δ2τ .

Finally, since

(T − t)Rg(t)

∣∣∣
Σ0

= Rg(τ)

∣∣∣
Σ0

= −2yφφ(1, τ),

and Yφφ(1) =
√

2− 2, e−τ = T − t, (2.2.9) follows for α = δ2 > 0.

2.3 End of proof of Theorem A

In this section, we finish the proof of Theorem A. This is done by using

Theorem 22 and the remarks following it.

Let ϕ(r, t) be a potential belonging to the class C, φ(ρ, τ) its corres-

ponding dilated potential as in (2.2.1), and φ(µ, τ) and C(τ) as in Theorem

22. By Remark 23, and since (unnormalized) FIK potentials move under Ricci

flow by the diffeomorphisms

z −→ e−
√

2τ/2z,
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it is enough to prove that asymptotically for large τ one has

C(τ) = (
√

2− 1)τ ± constant. (2.3.1)

Note that Remark 24 tells us that if we write ϕ in non-logarithmic

coordinates as ϕ(r, t) = f(w, t), we must have then

fw(0, t) ∼ eC(τ).

This allows us to use estimate (2.2.9) on the blow-up of the scalar

curvature along Σ0 to study C(τ) for large τ . In fact, recalling the Ricci

eigenvalues,

Rg(t)

∣∣∣
Σ0

= 2λ1

∣∣∣
Σ0

(t) + 2λ2

∣∣∣
Σ0

(t),

where λ1

∣∣∣
Σ0

(t) = 1
T−t , estimate (2.2.9) tells us that the eigenvalue λ2

∣∣∣
Σ0

(t)

must blow up like

λ2

∣∣∣
Σ0

(t) =
1−
√

2

T − t
+O

(
(T − t)α−1

)
, (2.3.2)

for some α > 0. Moreover, we can compute λ2

∣∣∣
Σ0

(t) directly from (2.1.7) in

the coordinate w and find

λ2

∣∣∣
Σ0

(t) = −fwt(0, t)
fw(0, t)

. (2.3.3)

Integrating (2.3.3) and using (2.3.2) we find that

fw(0, t) ∼ (T − t)1−
√

2 = e(
√

2−1)τ , (2.3.4)

and this gives (2.3.1) by Remark 24. Theorem A is then proved.
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2.4 The cone of metrics with non-negative Ricci curva-
ture

In this section we prove Corollary 8 by constructing a metric on M

with strictly positive Ricci curvature and belonging to the class C. We recall

that by (2.1.10) one has for the eigenvalues of Ricci and r near +∞ that:

λ1 = 3
b0

+O(e−r)

λ2 = 1
b0

+ 2b2
b21

+O(e−r)

Let ϕKC be the potential for the Cao-Koiso soliton, which has positive Ricci

curvature everywhere. The metric ϕKC is not the metric we are looking for

only because b0 = 3a0. In fact, one can check explicitly that the Cao-Koiso

metric is above the barrier as required in Definition 18. Thus we can perturb

ϕKC by a small amount near r = +∞, to obtain a metric potential ϕ with

b0 > 3a0. Since the perturbation is only made near r +∞, where the above

expansion for the eigenvalues holds, ϕ will still have strictly positive Ricci

curvature everywhere, and also belong to the class C.

Remark 26. The construction above provides explicit examples of solutions

demonstrating the linear instability of the Cao-Koiso soliton that was proved

by Hall and Murphy [17].
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Appendices
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Appendix A

The Hamilton-Ivey pinching estimate

In what follows, we make a precise statement of the Hamilton-Ivey

curvature pinching estimate.

As mentioned in the introduction, the estimate roughly says that if

a solution to the Ricci flow on a three-manifold becomes singular (i.e., the

curvature goes to blows up) as time t approaches the maximal time T , then

the most negative sectional curvature will be small compared to the most

positive sectional curvature.

For a precise statement, we work with the eigenvalues of the Riemann

curvature tensor instead of the sectional curvatures. The first difficulty in ad-

dressing this estimate in higher dimensions is precisely the fact that the curva-

ture tensor is a more complex object in higher dimensions, and the relationship

between its eigenvalues and the sectional curvatures is more complicated.

Theorem 27 (Hamilton [19], Ivey [20]). Suppose we have a solution to Ricci

flow on a three-manifold which is complete with bounded curvature for each

t ≥ 0. Assume at t = 0 that the eigenvalues λ ≥ µ ≥ ν of the curvature

operator at each point are bounded below by ν ≥ −1. The scalar curvature

R = λ + µ + ν is their sum. Then at all points and all times t ≥ 0 we have
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the pinching estimate R ≥ (−ν)[log(−ν)− 3], whenever ν < 0.

For the proof of this theorem, we refer to the reader the original papers

[19] and [20], as well as the more recent [11], [26], [21], or [33].
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Appendix B

Line bundles over CP1

On the complex projective space CP1 with projective coordinates [z1 :

z2], let ϕ1 : U1 = {[z1 : z2] ∈ CP1 : z1 6= 0} −→ C and ϕ2 : U2 = {[z1 : z2] ∈

CP1 : z2 6= 0} −→ C denote its usual charts given by ϕ1([z1 : z2]) = z2/z1 and

ϕ2([z1 : z2]) = z1/z2.

We consider two topologically distinct line bundles over CP1 denoted

by L and M described as follows. L has the complex line C as fibers:

L = [(U1 × C) t (U2 × C)] quotient by ∼

where U1 × C 3 ([z1 : z2]; ξ) ∼ ([y1 : y2], η) ∈ U2 × C if, and only if, [z1 : z2] =

[y1 : y2] and η =
(
y2
z1

)
ξ. The manifold M has fibers C ∪ {∞}:

M =
[
(U1 × CP1) t (U2 × CP1)

]
/ ∼

where U1 × CP1 3 ([z1 : z2]; ξ) ∼ ([y1 : y2], η) ∈ U2 × CP1 if, and only if,

[z1 : z2] = [y1 : y2] and η =
(
y2
z1

)
ξ.

For our geometric purposes, we think of L and M in the following

alternative manner. On M , consider the global sections Σ0 = {[z1 : z2]; 0}

and Σ∞ = {[z1 : z2];∞} and define a map Ψ : C2\{0} −→ M̂ , where M̂ =
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M\(Σ0 ∪ Σ∞), given as

Ψ : (z1, z2) 7→ ([z1 : z2]; zα)

if zα 6= 0. Because ([z1 : z2]; zα) ∼ ([z1 : z2]; zβ) whenever zα 6= 0 and zβ 6= 0, Ψ

is well defined. Moreover, one can check that Ψ is biholomorphism. We then

think of M as C2\{0} with one CP1 glued at 0 (the section Σ0) and another

at ∞ (the section Σ∞) and of L = M̂ ∪ Σ0 as C2\{0} with a CP1 glued at 0.
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Appendix C

Comparison principle

The comparison principle used in Section 3 for equation (2.2.4) is similar

in spirit to Lemma 3 in [1]. For the reader’s convenience, we outline the proof

in what follows.

Since the evolving function y in Section 3 is non-negative for all times,

any point of contact between y and one of the barriers must be a point where

the barrier is non-negative. Moreover, one can check that the barriers used

have spatial second derivative bounded in time. We can then reduce our

analysis to the following:

Proposition 28. Let y−(φ, τ) and y+(φ, τ) be non-negative sub- and super-

solutions, respectively, of (∂τ−E)[·] on the interval [1, (b0−3a0)eτ+3]. Suppose

that either y+ or y− satisfy yφφ < C for some constant C <∞ on a compact

space-time set [1, (b0 − 3a0)eτ + 3]× [0, τ ]. Moreover, assume that

(i) y+(φ, 0) > y−(φ, 0) in (1, b0 − 3a0 + 3);

(ii) y+(1, τ) ≥ y−(1, τ) and y+((b0− 3a0)eτ + 3, τ) ≥ y−((b0− 3a0)eτ + 3, τ),

for any τ ∈ [0, τ ].

Then, one must have y+(φ, τ) ≥ y−(φ, τ) in (1, (b0 − 3a0)eτ + 3)× [0, τ ].
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Proof. Suppose first that y+
φφ < C. For some λ > 0 to be chosen later and any

α > 0, define

w = e−λτ (y+ − y−) + α (C.0.1)

Then w > 0 on the parabolic boundary of our evolution. We will prove w is

also positive in the interior of our domain and the lemma will follow by letting

α↘ 0.

Assuming the contrary, there must be an interior point φ0 and a first

time τ0 such that w(φ0, τ0) = 0. Then wτ (φ0, τ0) ≤ 0, and at (φ0, τ0):

y+ = y− − αeλτ0 , y+
φ = y−φ , y+

φφ ≥ y−φφ.

Thus, at that point, we have 0 ≥ eλτwτ and

eλτwτ = y+
τ − y−τ − λ(y+ − y−)

≥ y−(y+
φφ − y

−
φφ) + (y− − y+)

[
λ− y+

φφ − 1 +
y+ + y−

φ2

]
.

But if we use the uniform bound y+
φφ < C, we have

0 ≥ wτ > αeλτ
[
λ− C − 1 +

y+ + y−

φ2

]
,

and, since y++y−

φ2
≥ 0, this is a contradiction for any λ > C + 1. The result

then follows in the case y+
φφ < C.

To prove the lemma in the case that the subsolution y− satisfy the

uniform bound y−φφ < C, one uses the fact that at a first interior zero (φ0, τ0)

of w one has:

eλτwτ ≥ y+(y+
φφ − y

−
φφ) + (y− − y+)

[
λ− y−φφ − 1 +

y+ + y−

φ2

]
.
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[33] Terence Tao, Poincaré’s legacies, pages from year two of a mathematical

blog. Part II, American Mathematical Society, Providence, RI, 2009. MR

2541289 (2010h:00021)

[34] Gang Tian and Zhou Zhang, On the Kähler-Ricci flow on projective man-

ifolds of general type, Chinese Ann. Math. Ser. B 27 (2006), no. 2,

179–192. MR 2243679 (2007c:32029)

[35] Joseph A. Wolf, Spaces of constant curvature, fifth ed., Publish or Perish

Inc., Houston, TX, 1984. MR 928600 (88k:53002)

[36] Haotian Wu, On type-II singularities in Ricci flow on Rn+1, Preprint

(2012), arXiv:1210.4089v1 [math.DG].

[37] Zhou Zhang, Ricci lower bound for Kähler-Ricci flow, Preprint (2011),

ArXiv:1110.5954 [math.DG].

48


