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Radio-frequency microelectromechanical systems (RF MEMS) are widely used 

for contact actuators and capacitive switches. These devices typically consist of a 

metallic membrane which is activated by a time-periodic electrostatic force and makes 

periodic contact with a contact pad. The increase in switch capacitance at contact causes 

the RF signal to be deflected and the switch thus closes. Membrane motion is damped by 

the surrounding gas, typically air or nitrogen. As the switch opens and closes, the flow 

transitions between the continuum and rarefied regimes. Furthermore, creep is a critical 

physical mechanism responsible for the failure in these devices, especially those 

operating at high RF power. Simultaneous and accurate modeling of all these different 

physics is required to understand the dynamical membrane response in these devices and 

to estimate device lifetime and to improve MEMS reliability. It is advantageous to model 

fluid and structural mechanics and electrostatics within a single comprehensive numerical 

framework to facilitate coupling between them.  

In this work, we develop a single unified finite volume method based numerical 

framework to study this multi-physics problem in RF MEMS. Our objective required us 

to develop structural solvers, fluid flow solvers, and electrostatic solvers using the finite 



 vii 

volume method, and efficient mechanisms to couple these different solvers. A particular 

focus is the development of flow solvers which work efficiently across continuum and 

rarefied regimes. A number of novel contributions have been made in this process.  

Structural solvers based on a fully implicit finite volume method have been developed for 

the first time. Furthermore, strongly implicit fluid flow solvers have also been developed 

that are valid for both continuum and rarefied flow regimes and which show an order of 

magnitude speed-up over conventional algorithms on serial platforms. On parallel 

platforms, the solution techniques developed in this thesis are shown to be significantly 

more scalable than existing algorithms. The numerical methods developed are used to 

compute the static and dynamic response of MEMS. Our results indicate that our 

numerical framework can become a computationally efficient tool to model the dynamics 

of RF MEMS switches under electrostatic actuation and gas damping. 
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Chapter 1:  Introduction 

1.1. MOTIVATION 

Radio frequency micro-electro-mechanical systems (RF MEMS) have become 

increasingly popular as MEMS switches due to their low power consumption, low loss, 

and higher off-state isolation, compared to traditional semiconductor switches [1, 2]. 

As shown in Figure 1.1, these devices consist of a metallic membrane which 

deforms under electrostatic actuation [3, 4] through the application of a voltage pulse. A 

schematic of the device is shown in Figure 1.2, and appropriate dimensions, voltages, and 

response times are listed in Table 1.1. When the membrane is in its down state, there is a 

sharp increase in switch capacitance, which causes the RF signal to be cut off. The switch 

may be operated in either single or multiple contact mode, depending on the application. 

A number of different physics, including fluid dynamics, structural mechanics, and 

electrostatics must be solved together in order to predict the dynamic membrane response 

in these devices. Precise calculation of these coupled physics is essential to understanding 

the dynamic behavior of these devices, and to improving their stability and reliability. 

 

 

 

Figure 1.1: RF MEMS showing nickel membrane, contact pads, and anchors [4]. 

Ni membrane  

Anchors  

Contact 

 pads  
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Figure 1.2: Schematic of RF MEMS switch 

 

Membrane length (µm) 400 

Membrane width (µm) 100 

Membrane thickness (µm) 1 – 3 

Surrounding environment N2 or air 

Actuation voltage (V) 40 – 100 

Hold down voltage (V) 5 – 15 

Switching frequency (Hz) 100 – 10000 

Response time (µs) 3 – 10 

 

Table 1.1: Parameters in RF MEMS switch 

Pull-down electrode 

(Au ~0.5 m thick  

Ti layer ~ 250 A) 

Ni membrane (~1-3 m thick) 

Ti layer (~250 A)  
Dielectric 

(SiO2/Si
3
N

4
 ~200 nm) 

Anchor 

Gap 
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Unfortunately, in spite of rapid technological innovations in the MEMS 

community over the last several years, these devices are prone to unexpected failures, the 

causes of which are not well understood. Therefore, the reliability of these switches over 

billions of cycles of operation has not yet been established. This has hindered their large 

scale deployment in civilian and defense applications. Some of the major failure 

mechanisms are creep [5-9], dielectric charging [10, 11], fatigue [12], and contact 

degradation [13]. Creep creates permanent deformation in MEMS switches, which affects 

device parameters like pull-in voltage and can lead to the permanent closing of these 

switches [9]. Furthermore, previous research has demonstrated that the lifetime of RF 

MEMS switches is strongly affected by gas pressure [14], which has been postulated to 

change fluid damping and contact velocities. Accurate modeling of creep deformation 

and micro-scale gas damping in these devices is important for the prediction of device 

lifetime and to optimize RF MEMS design. 

The deformation of the metallic membrane in MEMS switches is governed by the 

interaction between electrostatic force, the membrane spring force, and the fluid damping 

force. A number of investigations have been conducted over the years to develop reduced 

order models for the characterization of these switches [15, 16]. These models are 

sufficient for quick analysis of these switches and for understanding the underlying 

physical phenomena at a broad level. Unfortunately, they lack sufficient detail for 

accurate prediction of the dynamic membrane response under electrostatic actuation and 

in the presence of gas damping. This necessitates coupled 3D simulations to understand 

the underlying multi-physics phenomena in these devices.  

The accuracy and complexity of 3D multi-physics simulations for MEMS devices 

depends on the proper handling of a number of factors. The membranes are frequently 

very thin, with aspect ratios of over 100. This can cause shear-locking in structural 
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simulations if proper care is not taken to address them [17]. The properties of the 

membrane may be different at the micro-scale than in the bulk, and accurate values of 

those properties are needed for comparison of numerical results with experimental 

results. Reliable characterization of the MEMS switches also depends on the correct 

computation of the electrostatic forces on the membrane. Therefore, commonly-used 

parallel plate assumptions in electrostatic force computations [18] may lead to 

inaccuracies in calculating the dynamic membrane response. The problem of micro-scale 

gas damping is complicated by the transition of the flow between the continuum and 

rarefied regimes as these switches open and close at high frequency. Macroscopic 

constitutive laws are insufficient to model these flows, and a description which spans 

both rarefied and continuum flow regimes is essential. 

All of these different physics – fluid dynamics, structural mechanics, and 

electrostatics - are strongly coupled in MEMS devices. Simulations of the dynamical 

switch response thus require the coupled solution of structural response, electrostatics, 

and fluid damping. Traditionally structures have been solved using finite element 

methods, whereas fluid flows have been solved using finite volume techniques. However, 

having separate numerical formulations for solids and fluids is inconvenient in multi-

physics problems. Therefore, it is important to develop a unified numerical methodology 

addressing all the aspects in coupled MEMS simulations. 

1.2. OBJECTIVES 

The main goal of this work is to accurately model the interplay between fluid dynamics, 

structural mechanics, and electrostatics in microstructures to predict the dynamical 

response of RF MEMS switches. The specific objectives are: 
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 To develop an efficient finite volume method (FVM) for structural analysis of 

MEMS membranes and to use it to investigate quasi-static and dynamic pull-in 

voltages in RF MEMS devices. 

 To extend the finite volume solution technique to address creep, and use the 

technique to study long-term creep deformation of RF MEMS devices. 

 To develop fast and accurate computational methods for fluid flow which work 

equally well for both continuum and rarefied regimes. 

 To develop an integrated solution procedure for fluid dynamics, structural 

mechanics, and electrostatics to ensure efficient coupling between these different 

physics. 

 To demonstrate the applicability of this methodology to model the dynamics of 

electrostatically actuated RF MEMS switches. 

In the following sections, a detailed literature review of important components of this 

multi-physics problem is performed. 

1.3. STRUCTURAL ANALYSIS OF MEMS SWITCHES 

1.3.1. Overview 

As previously explained, the focus of our research is a RF MEMS switch, shown in 

Figures 1.1 and 1.2. In these devices, a metallic membrane deforms under electrostatic 

actuation and makes repeated mechanical contact with a thin dielectric film [3]. These 

membranes are typically 400 µm long, 100 µm wide, and 1-3 µm thick. Furthermore, the 

gap width between the membrane and the bottom electrode is about 1-4 µm. Accurate 

modeling of membrane deformation is necessary to estimate device parameters such as 

pull-in/pull-out voltages.  

The deformation in a solid body is governed by the following equation: 
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where w is the displacement vector, ρ is the density, f is the body force vector per unit 

volume, and σ is the stress tensor. The strain tensor ε is defined as: 
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The small gap between the membrane and the bottom electrode implies that the 

maximum deformation of the membranes is small compared to their length (typically 

1µm deformation per 100 µm length or less). A small deformation theory is therefore 

sufficient for these membranes, and we can use a linear elasticity model for their 

structural analysis. Under the assumption of small displacements in the elastic solid body, 

the stress tensor can be related to the strain tensor ε by Hooke’s law: 

 Ι tr2                                                    (1.3) 

In the above equation, I is the unit tensor, μ and λ are the Lamé coefficients, and are 

given by: 
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Equation (1.1) can be discretized using either finite element or finite volume techniques. 

1.3.2. Finite Element (FE) and Finite Volume (FV) Simulation Approaches 

Over the last several decades, solid mechanics problems have traditionally been solved 

using finite element (FE) methods, whereas heat transfer and fluid flow problems have 

traditionally been modeled using finite volume (FV) methods. One of the popular FE 

approaches is to solve the governing differential equations by the method of weighted 
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residuals, and employ pre-defined shape functions to approximate the variation of the 

physical variables across element boundaries [19]. In comparison, FV methods usually 

employ second-order spatial discretization of the integral form of the conservation 

equations as the starting point [20]. FV methods are advantageous in that they ensure 

conservation of transported variables. Though the underlying discretization techniques 

are different, common techniques for incorporating coupling and non-linearity may be 

used with both, as can common iterative solution techniques. 

In spite of the apparent differences between FE and FV approaches, they 

essentially solve for similar forms of the governing equations. In fact, we may consider 

the FV methods to be a particular instance of the method of weighted residuals, with non-

Galerkin weighting [21]. Previous research has already demonstrated that the two 

schemes are equivalent in many respects [22]. Motivated by this result, researchers have 

applied FV schemes for structural analyses and FE schemes for fluid flows. Over the last 

two decades, many multi-physics problems have been simulated within either the FE or 

FV framework. On the FE side, various researchers have tried to use finite element 

techniques for modeling fluid flows [23-25]. Researchers have also tried to use finite 

element models to study fluid-structure interaction (FSI) problems [26-28]. The 

deforming-spatial-domain/stabilized space-time (DSD/SST) methodology has been 

extensively used to simulate fluid flows with moving boundaries [29-32]. The flow-

condition-based interpolation (FCBI) scheme proposed by Bathe [33-36] for modeling 

incompressible flows has been applied to study general fluid flows with structural 

interactions [37, 38]. Within the FV framework, a cell-centered FV based structural 

solver was first developed by Demirdžić et al. [39] to study thermo-elastic problems. This 

method has subsequently been extended to unstructured meshes in complex geometries 

[40], and to study coupled heat transfer, fluid flow and stress analysis problems [41]. FV 
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based structural solvers have also been applied to study linear elasticity problems [42], 

thermo-elasto-plastic stress analysis [43], and thermo-elastic problems in anisotropic 

materials [44]. In addition to the cell-centered approach, vertex-based FV schemes have 

also been developed to study elastic solid mechanics problems on unstructured meshes 

[45, 46]. These schemes have also been extended to study elastic/visco-plastic problems 

[47], dynamic structural response of elastic solids [48], and dynamic fluid-structure 

interaction problems [49]. Though both cell and vertex based FV schemes may be 

developed for structural analysis, cell-based schemes are geometrically more simple 

because they avoid the cost of constructing expensive duals [50, 51] on which they 

impose conservation. 

In the 1970’s finite volume based approaches were developed to study fluid flows 

on simple geometries [51, 52]. These techniques were subsequently extended to 

unstructured meshes [41, 53]. The desire to extend finite volume methods to irregular and 

complex geometries also led to the development of control volume finite element 

methods (CVFEM) which combined features of finite element and finite volume methods 

[50, 54]. These methods ensured conservation of transported variables, while maintaining 

the geometric flexibility associated with finite element methods. Over the last three 

decades, a number of formulations of both finite volume and control volume finite 

element methods have been developed for a wide variety of applications including single-

phase fluid flows [55, 56], multiphase flows [57, 58], solid-liquid phase change [59], 

conduction, convection, and radiative heat transfer [60-62], submicron thermal transport 

[63], and combustion [64]. However, the potential of these techniques in developing a 

unified formulation in multi-physics problems in RF MEMS was never recognized. In 

this work, we extend cell-based FV techniques for structural analysis in coupled fluid-

structure-electrostatics interaction problems in RF MEMS. 
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1.3.3. Approximate Models for Large Aspect Ratio Domains 

Frequently, the membranes used MEMS switches are very thin, with aspect ratios as high 

as 1:500. This renders three-dimensional structural modeling unnecessary for these 

membranes, and suggests that models based on the theory of plates would be useful to 

describe them. Over the years, a large number of finite element (FE) formulations have 

been developed for analyzing plates and shells [65]. A significant issue in simulating 

large aspect ratio domains has been the phenomenon of node locking in the bending 

analysis of thin plates and shells. The main reason behind locking is the generation of 

spurious transverse shear stresses in the case of pure bending. These shear stresses do not 

have any physical significance, and arise due to numerical artifacts. Furthermore, they 

lead to an additional, artificial stiffness. This transverse shear stiffness scales as h
2
/t

2
, 

compared to bending stiffness, where h is the mesh spacing and t is the thickness of the 

beam [17, 66]. Thus the transverse shear stiffness has the dominant effect in large aspect 

ratio plates (low values of t) [66], causing the mesh elements to “lock” against 

deformation, and produce lower values of deformation. This artificial stiffness can only 

be minimized by using a large number of mesh elements, resulting in small values of h. 

However, that drastically increases the computational effort in thin membranes. Early FE 

research on plate modeling focused on avoiding locking behavior by using uniform 

reduced integration or selective reduced integration [67-69]. In the uniform reduced 

integration technique, both bending and shear terms are integrated with lower order 

integration schemes [67], whereas in selective reduced integration only the shear term is 

integrated with lower order schemes [70]. The uniform reduced integration technique has 

been shown to yield poor results in the thin plate limit [71]. Initially selective reduced 

integration was shown to give better results than the uniform reduced integration 

technique [70]. However, subsequent research has indicated a lack of invariance with 
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respect to coordinate transformations [72], which has reduced the use of this technique in 

plate bending analysis. FE techniques were also developed based on mixed and hybrid 

formulations [73, 74]. However, the complexity and computational expense of these 

formulations made them unpopular in typical FEM solvers. Amongst the more commonly 

used FE techniques that have been developed to avoid locking phenomena are the 

assumed natural strain (ANS) method [75], the discrete-shear-gap (DSG) method [76], 

and the stabilized conforming nodal integration (SCNI) scheme [77, 78]. 

Within the FV community, formulations for plate modeling were first developed 

in [79, 80] using Mindlin-Reissner plate theory. The methods were shown to be locking-

free, and gave accurate results for both high and low aspect-ratio plates. The predictive 

capability of the FV formulation for plate bending analysis was further improved over 

[80] by using shape functions to approximate the variation of the unknown variables 

across the faces of the control volumes [81]. As mentioned before, the algebraic 

equations that result from the finite volume discretization of governing equations for 

plate bending analysis embody conservation principles on the control volume, and are 

easy to interpret in physical terms. 

Navier-Stokes equations for fluid flows are inherently non-linear. FV schemes for 

fluid flows use implicit treatment for only a portion of the stress tensor (typically for 

diffusion-like terms), since iterative updates are necessary in any case. FV schemes for 

fluid flows treat the diffusion term implicitly and the transpose and divergence parts of 

the stress tensor explicitly. However, for structures, the transpose and divergence parts of 

the stress tensor carry most of the physics. Therefore, explicit treatment for these terms 

would slow down convergence rates of structural solvers. Unfortunately, none of the FV 

formulations that have been developed so far for either three-dimensional structural 

analysis or for plate bending analysis are fully implicit [40, 41]. They treat the transpose 
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and divergence parts of the stress tensor explicitly, and therefore suffer from poor 

convergence properties. Jasak and Weller [42] tried to partially linearize the transpose 

and divergence parts of the stress tensor. However, that did not completely alleviate the 

problem associated with explicit treatment of the stress tensor. This motivates us to 

develop fully implicit structural solvers using the finite volume method which can be 

easily coupled to fluid flow solvers based on the finite volume method to study multi-

physics problems in RF MEMS devices. 

1.3.4. Creep Modeling and Simulation 

Creep deformation of the membrane material in RF MEMS poses a major reliability 

problem for their long-term operation. The problem is exacerbated under high stress and 

high temperature conditions. Membranes can suffer permanent deformation due to creep, 

which can lead to a decrease in gap between the membrane and pull-down electrode over 

time. This can affect device parameters like pull-in voltage, and switches may become 

permanently closed due to creep [9]. 

There has been a growing interest in studies involving creep in the MEMS 

community over the last ten years. Vickers-Kirby et al. [82] studied creep in MEMS 

cantilever accelerometers. He compared three different MEMS materials - silicon, nickel, 

and gold, and found that creep was most pronounced in gold out of the three materials. 

Gils et al. [8] studied creep in electrostatically-actuated RF MEMS switches made up of 

aluminum, and optically measured the deformation of the suspended beam for 15 hours. 

They also performed finite element simulations based on the measured macro-scale creep 

response. However, there were discrepancies between the numerical results and the 

experimental results. Yan et al. [9] studied the importance of stress relaxation on device 

performance in capacitive RF MEMS switches. They measured stress relaxation in gold 
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films, and explained the decrease in the effective elastic modulus and restoring force 

based on the measurements of the gold film. Investigators have studied the effects of 

fabrication, film thickness, and strain rate on the creep behavior of nanocrystalline gold 

films [83]. It was found that there was a marked decrease in maximum strength, effective 

Young’s modulus, and yield strength in gold thin-films at low strain-rate due to the 

effects of dislocation creep. Studies have also been conducted on creep behavior in 

tunable RF MEMS resonators [84]. 

The problem of creep in RF MEMS is a multi-physics problem, and requires 

simultaneous modeling of beam dynamics and electrostatic fields. Since it is an important 

failure mechanism in RF MEMS switches, we develop modeling strategies for creep both 

within a full 3D structural analysis framework and using a plate element model in the 

present work. 

1.4. NON-EQUILIBRIUM RAREFIED FLOWS 

As previously explained, RF MEMS switches consist of metallic membranes which are 

typically about 400 μm long, 100 μm wide, and 1 - 3 μm thick. These membranes are 

suspended about 1 – 4 μm above the substrate. Under electrostatic actuation, these 

membranes make repeated mechanical contact with the substrate. The opening and 

closing of the switches changes the gap between the metallic membrane and the substrate 

and causes the flow between them to transition between continuum and rarefied regimes, 

along with a corresponding change in the Knudsen number. The Knudsen number is 

defined as Kn = λ/L, where λ is the molecular mean-free path and L is the characteristic 

length scale. The open position of the switch is associated with low Knudsen numbers 

(~0.01), whereas the closed position is associated with arbitrarily large Knudsen 

numbers. Fluid flow simulations based on continuum theory are accurate for Kn < 0.01. 
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When the characteristic length scale in the flow becomes small and comparable to the 

molecular mean-free path, continuum theory breaks down and it can no longer be used. 

Such systems have to be modeled using the Boltzmann equation which is valid over the 

entire range of Knudsen numbers, provided that distribution functions can be usefully 

defined. The Boltzmann equation is expressed as [85]: 
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The probability of finding a gas molecule within infinitesimal velocity space volume dc 

near c is given by fdc, where f is the distribution function for molecular velocity. The 

right hand side of the equation is the net result of two separate processes [86]: collisions 

between molecules of velocities c and c1 leading to depletion in the number of molecules 

of velocity c, and collisions between molecules of velocities c
*
 and c1

*
 replenishing the 

molecules with velocities c. Here g is the magnitude of the relative velocity, i.e. g = |c – 

c1|, and σ represents the collision cross-section. 

1.4.1. Direct Simulation Monte Carlo 

One of the most widely used particle-based approaches for solving the Boltzmann 

equation is the Direct Simulation Monte Carlo (DSMC) method which solves it by 

stochastic simulations [85, 87]. It models gas flows using simulation molecules, each of 

which represents a large number of real molecules. The fundamental assumption in 

DSMC is that the motion of the molecules and their collisions are de-coupled over time 

periods that are smaller than the physical collision time [88]. The motion of the 

molecules and their interactions with the boundaries and with each other are calculated, 

enforcing the conservation of momentum and energy. The macroscopic flow properties in 

the domain are obtained by sampling the molecular properties in each cell. Even though 

DSMC was originally developed for hypersonic applications, it has subsequently been 
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extended to model micro-channel flows [89, 90]. However, DSMC can become 

computationally very expensive for low-speed and unsteady flows. This is because a 

large number of samples are required to reduce noise-to-signal ratio in stochastic DSMC 

solutions. To solve this problem, an information preservation (IP) method, which 

preserves macroscopic flow information, has been developed for low speed micro-scale 

gas flows [91-93]. Over the years, a large number of hybrid continuum/particle methods 

have also been developed [94-96] for multi-scale system simulation. These methods solve 

Euler/Navier-Stokes equations in regions of near-equilibrium and DSMC in regions of 

non-equilibrium. A hybrid particle scheme was formulated in [97] where both continuum 

and rarefied regimes were modeled with particle-based methods. It modeled rarefied 

regions using DSMC, whereas it used a DSMC-based low diffusion particle method for 

inviscid flow simulation in the remaining regions of the flow. 

1.4.2. Boltzmann Model Kinetic Equations 

As an alternative to stochastic solution techniques, deterministic approaches can be also 

used to solve the Boltzmann equation. They are noise-free and are also advantageous in 

terms of coupling to other deterministic solvers in multi-physics problems. However, 

because of the three-dimensional nature of the phase space in the Boltzmann equation, a 

three-dimensional gas flow problem in physical space becomes six-dimensional when 

phase space is included. This renders numerical solution of the Boltzmann equation 

prohibitively expensive, mainly due to the quadratic cost of the velocity discretization of 

the collision kernel. 

To overcome this problem, researchers have tried to develop model equations 

which are easier to solver than the Boltzmann equation, and which satisfy the mass, 

momentum, and energy conservation properties of the Boltzmann equation. Cercignani 
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[98] developed a methodology to deal with the complicated form of the collision integral 

in the Boltzmann equations that is still used today. The details associated with two-body 

interaction are unlikely to significantly affect many experimentally measured quantities. 

This provides the motivation to replace the full collision integral in the Boltzmann 

equation with simplified models. Any Boltzmann type equation where the full collision 

integral is replaced by a collision model is called a model kinetic equation. Kinetic 

models are advantageous in that they can reproduce macroscopic quantities like density, 

gas velocity, temperature, and pressure at a much reduced computational effort than the 

Boltzmann equation. It has also been noted that kinetic models allow analytical solutions 

to be obtained for some problems for which analytical solutions cannot be obtained using 

the Boltzmann equation [98]. 

1.4.2.1. Bhatnagar-Gross-Krook (BGK) Equation 

One of the most popular model kinetic equations with a relaxation-type collision term is 

the Bhatnagar-Gross-Krook (BGK) equation [99]. Because of the straightforward nature 

of the collision term, these equations are much easier to solve than the original 

Boltzmann equation. In this model, the velocity distribution function f(t,x,c) is given by: 
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where fγ is a Maxwellian distribution function, and ν is the collision frequency. The BGK 

model always gives non-negative production of entropy, and thus satisfies the Boltzmann 

H-theorem. Furthermore, it reproduces a Maxwellian distribution at equilibrium. 

However, a shortcoming of the BGK model is that the Prandtl number is always unity, 

instead of the correct value of 2/3 for a monatomic gas and 3/4 for a diatomic gas. 
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1.4.2.2. Ellipsoidal-Statistical Bhatnagar-Gross-Krook (ESBGK) Equation 

The Ellipsoidal-Statistical Bhatnagar-Gross-Krook (ESBGK) model [100, 101], where fγ 

is replaced by an anisotropic Gaussian distribution, is a modification of the BGK model. 

In this model, the phase density f(t,x,c) is given by: 
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where fG is the anisotropic Gaussian distribution, and is given as: 
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This allows the ESBGK model to reproduce transport coefficients corresponding 

to any arbitrary Prandtl number, whereas the BGK model always gives Pr = 1. The 

ESBGK model, like the BGK model, also satisfies the conservation equations for mass, 

momentum, and energy. However, for many years, it could not be conclusively said 

whether ESBGK model ultimately leads to the equilibrium state or not. Recently, 

researchers have proved that ESBGK model satisfies the H-theorem [101-103]. This has 

motivated researchers to apply ESBGK model to study various types of non-equilibrium 

rarefied flows. Over the years, researchers have expanded the scope of ESBGK model 
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from single species monatomic gases to gas mixtures and gases with polyatomic 

molecules [103]. 

1.4.3. Solution Techniques for BGK and ESBGK Equations 

Initially most of the studies on BGK and ESBGK models were focused on the 

applicability of these models in determining shock-wave structure [104-106]. Cercignani 

and Tironi [107] were the first researchers to apply the ESBGK model in Fourier flows 

over a range of Knudsen numbers. Their work has led other researchers to apply the 

ESBGK model in a wide range of problems including low pressure shock-tubes [108], 

spacecraft re-entry [109], and squeeze film damping in microstructures [110]. The 

ESBGK model has also been found to give accurate results for heat and tangential 

momentum transport between parallel walls [111].  

A recent extensive review of ESBGK modeling techniques is given in [111]. An 

implicit solution technique for the BGK model kinetic equations with a collision 

dependent frequency was developed in [112]. A similar formulation was also developed 

in [113]. However, [113] used an explicit treatment for the equilibrium distribution 

function, which reduced the convergence rate of the solver in comparison to the solution 

procedure proposed by Mieussens [114]. A 3D unsteady deterministic solver for the 

ESBGK model kinetic equations was first developed in [115] to study rarefied gas 

dynamics problems in complex geometries. It was based on the finite volume method for 

physical space discretization and the discrete ordinates method for velocity space 

discretization. Unfortunately, although a number of researchers have tried to address 

accuracy issues with the ESBGK solvers, there has been a paucity of research on the 

convergence behavior of these solvers. ESBGK solvers based on the combined finite 

volume and discrete ordinates method have been shown to have good convergence 
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properties in the rarefied regime. Unfortunately, the convergence rate of these solvers 

decreases dramatically as the Knudsen number decreases. This behavior can be explained 

by the sequential nature of the solution algorithm in velocity space. In these solvers, the 

physical space and velocity space are first discretized. A discrete ordinate in the velocity 

space is chosen, and all distribution functions in the physical space for that velocity 

ordinate are solved. The next ordinate in the velocity space is subsequently chosen, and 

again all the distribution functions in physical space are solved. One loop over all 

velocity ordinates completes one global iteration. Many such global iterations are 

required for convergence. This sequential solution procedure in the velocity space leads 

to explicit coupling of the distribution functions in velocity space. Therefore, these 

schemes work well in the rarefied regime when the Knudsen number is large and the 

magnitude of the scattering term, which scales as Kn
-1

, is small.  In the limit  Kn  , 

ie, in the ballistic limit, the Boltzmann model kinetic equations for different velocity 

ordinates are completely uncoupled, and thus explicit solution procedure in the velocity 

space has no negative consequences. As the Knudsen number decreases, distribution 

functions become strongly coupled in the velocity space through the fγ and fG terms in 

Eqs. (1.7) and (1.8), and an explicit solution procedure in velocity space slows down the 

convergence rate of the solvers. This makes it difficult to develop a single fluid flow 

solver which works well over entire range of Knudsen numbers. Solution techniques are 

needed to accelerate convergence of deterministic solvers if they are to be used in 

complex 3D problems. 

1.4.4. Solution Acceleration Schemes for Related Equations 

A number of studies have been performed in the thermal radiation area to accelerate the 

convergence rate of numerical solvers for the radiative transfer equation (RTE). The form 
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of the RTE with isotropic scattering is similar to the Boltzmann model kinetic equation; 

with the space of solid angles replacing the velocity space in the Boltzmann model 

kinetic equation. Equations in the solid angle space are coupled in the RTE due to 

photon-photon scattering. Some of the published methodologies that seek to accelerate 

convergence rates for the RTE are corrective in nature [116-118], in which a corrective 

equation is formulated from some form of angular integration at each spatial location. 

Other techniques seek to synthetically increase the relaxation rate in order to accelerate 

convergence. Examples of such techniques include the successive over-relaxation and 

synthetic acceleration [118].  An equation for angular average intensity was formulated 

by Hassanzadeh [119] in order to accelerate convergence. A Coupled Ordinates Method 

(COMET) was formulated in [120] which tried to accelerate convergence by solving a 

point coupled equation for all angular directions at each location in the physical space. 

The apparent similarity in the form of the RTE and Boltzmann model kinetic 

equations motivates us to implement similar solution acceleration schemes as COMET in 

the context of non-equilibrium rarefied flows in the present work. In this method, at each 

cell in the physical domain, we will solve the distribution functions for all velocity 

ordinates simultaneously along with the macroscopic gas velocities. This will result in an 

implicit solution procedure in the velocity space. This coupled solution will be used as 

the relaxation sweep in a geometric multigrid method in the spatial domain to promote 

spatial coupling. Furthermore, the COMET algorithm will lead to an arrowhead structure 

for the Jacobian matrix at each spatial cell, which can be solved very efficiently using 

only O(N) computational cost. The point-coupled nature of the solution algorithm in 

COMET also makes it particularly amenable to efficient parallelization, even for small 

workload per processor. 
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1.5. COUPLING OF FLUID, STRUCTURE, AND ELECTROSTATICS 

1.5.1. Arbitrary Lagrangian-Eulerian (ALE) Method 

Modeling of dynamic RF MEMS response requires efficient coupling of fluid dynamics, 

structural mechanics, and electrostatics in these systems. A major challenge in this class 

of problems is the accurate calculation of the deformation of the membrane under 

electrostatic actuation and gas damping, and finally its contact with the substrate. One of 

the most-popular techniques to couple different physics in moving body and fluid-

structure interaction problems is the Arbitrary Lagrangian-Eulerian (ALE) method. In 

these schemes, an Eulerian treatment is used for the fluid, and a Lagrangian treatment is 

used for the solid deformation and the motion of the solid mesh. The meshes for the solid 

and the fluid are conformal at the interface. Furthermore, in these techniques, the fluid 

mesh is deformed as the solid body deforms and moves through it [41, 121]. The major 

advantage of these methods is the presence of a sharp interface, and the relative ease with 

which boundary conditions may be applied at the interface. However, one of the major 

drawbacks of these schemes is that large membrane deformation may necessitate either 

partial or complete re-meshing of the fluid and solid meshes, leading to increased 

algorithm complexity and errors due to mesh skewness and interpolation between 

meshes.  

1.5.2. Immersed Boundary Method (IBM) 

An alternative approach for coupling fluid dynamics and structural mechanics is the class 

of immersed boundary methods (IBM) which obviates the need for re-meshing. A recent 

comprehensive review of this class of methods is given in [122]. Another review deals 

with the application of IBM in turbulent flows [123]. In these methods, the fluid motion 

is solved on a background mesh, and the structural dynamics is computed on a separate 
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solid mesh, which is independent of the background mesh. Solid body motion causes the 

solid mesh to cut through the background mesh arbitrarily. Therefore, the governing 

equations must be modified in order to incorporate the boundary conditions 

corresponding to the fluid-structure interface. Unlike ALE schemes, there is no need for 

conformal solid and fluid meshes in IBM schemes. This is one of the major advantages of 

IBM because mesh generation in these techniques is relatively straightforward. This is 

especially true for problems involving moving boundaries. On the other hand, the 

negative aspect of using IBM for FSI problems is that imposing boundary conditions is 

not straightforward in these techniques, which may affect the accuracy and conservation 

properties of the computed solution. 

IBM was first formulated by Peskin [124] in the context of flow simulation 

through heart valves. In his original formulation, he used a set of nodal forces to mimic 

the deformable valve wall. These nodal forces were subsequently incorporated into the 

Navier-Stokes equations as line forces. A smeared delta function was used to represent 

them, which led to fuzzy interface between the fluid and solid. The interface was also 

smeared over a number of cells. This method has been demonstrated to work well for 

flows around elastic bodies. Therefore, this method has been extensively used to model 

cardiac flows [124, 125], aquatic animal locomotion [126, 127], and cochlea dynamics 

[128]. Following this work, a number of studies have been published that have sought to 

improve upon this IBM formulation to extend its applicability to rigid bodies [129, 130]. 

In recent years, Fadlun et al. [131] developed an alternate IBM formulation which 

overcomes some of the challenges associated with the representation of the interface in 

Peskin’s formulation. In his alternate formulation, the fluid nodes closest to the fluid-

structure interface are first identified. Then a velocity is interpolated from the interface 

and an appropriate interior fluid neighbor, and is subsequently imposed on the near-
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interface nodes. Another formulation was developed in [132] in which the interface was 

represented using unstructured triangular meshes which allowed the identification of a 

crisp interface between the fluid and solid. This formulation has later been combined with 

a material point method to solve for solid deformation in [133], coupled with IBM 

treatment of fluid-structure interaction. 

However, almost of these published IBM works were based on a Cartesian 

background mesh. This is because these works were based on the assumption that the 

solid was the main source of geometric complexity in FSI problems. However, this 

assumption may not be valid in complex flows involving shocks or boundary layers. In 

such cases, the fluid flow may require locally adaptive meshes, and this is of course most 

easily facilitated using unstructured meshes. Therefore, it is advantageous to perform 

fluid-flow simulations using unstructured meshes for general-purpose applications. 

Recently, an IBM formulation based on cell-centered unstructured finite volume method 

was developed in [134] using a co-located velocity-pressure formulation. It was 

demonstrated to have second-order accuracy, and was also shown to give accurate results 

for damping ratio of a cantilever beam freely vibrating in air. Further improvements to 

this formulation were made in [135] when modifications to the cell-marking scheme were 

made to identify the solid, fluid, and interface regions. The scheme was also shown to 

accurately predict the pull-in voltages in electrostatically-actuated MEMS devices. 

In this work, we use both of the above-described approaches to couple fluid 

dynamics, structural mechanics, and electrostatics. In the first approach we use conformal 

meshes and develop an ALE-based mesh-deformation solver to couple the different solid 

and fluid regions. In the second approach, we extend the IBM formulation, developed in 

[135], to model fluid-structure-electrostatics interaction problems in microstructures in 

the transitional and rarefied flow regimes. 
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1.6. SCOPE AND CONTRIBUTIONS OF THE DISSERTATION 

The main goal of this dissertation is to develop a single unified numerical framework for 

solving fully coupled fluid-structure-electrostatic interaction problems in MEMS and to 

demonstrate its use in solving coupled fluid-structure-electrostatics problems in MEMS. 

The thesis aims to make the following contributions: 

Development of a Finite Volume Solver for Structural Analysis: In this work, we 

first develop numerical methods for structural analysis using the finite volume method. 

Two different types of structural solvers are developed in this work – a general purpose 

3D structural solver employing 3D linear elastic constitutive equations and a plate 

element solver for high aspect-ratio membranes. A unique feature is the development of a 

fully-implicit formulation for structural analysis which removed the impediments to fast 

convergence encountered in previous FV schemes [42]. We have demonstrated the 

usefulness and computational advantages of these techniques in modeling deformation of 

MEMS devices under electrostatic actuation in [136, 137]. 

Application of the Structural Solvers for Creep Analysis: We extend the structural 

solvers developed in this work to study creep in RF MEMS switches. We implement 

creep models both within the 3D structural model framework and the plate element 

model framework. Two different creep mechanisms have been modeled in the present 

study. However, the formulation can handle any arbitrary creep mechanism described by 

a powerlaw relationship between stress and strain rate. The numerical results for creep 

deformation in nanocrystalline nickel are validated against experimental results. Our 

results demonstrate that the present formulation can become a practical tool in studying 

long-term creep in  RF MEMS devices. 

Development of the COMET Algorithm for Rarefied Gas Dynamics: We develop 

the Coupled Ordinates Method (COMET) formulation for rarefied gas dynamics. This 
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solver strongly couples distribution functions in velocity space which improves 

convergence rate of numerical solution of ESBGK equations at lower Knudsen numbers. 

The coupled solution is used as the relaxation sweep in a geometric multigrid scheme to 

maintain strong coupling in the physical space as well. Due to the implementation of 

strong coupling both in velocity space as well as in physical space, COMET gives 

excellent speedup results over conventional solution techniques for the ESBGK 

equations. In typical squeeze film damping problems in microstructures, COMET is 

shown to give about 5x – 6x speedup in CPU time over conventional sequential solution 

techniques on one processor. COMET also performs much more work per processor than 

the traditional solution techniques. Thus COMET is demonstrated to yield very good 

scaling on multiprocessor platforms. We demonstrate that the speedup of COMET over 

conventional sequential solvers increases as the number of processors is increased. 

COMET is also found to give almost linear scaling for up to 500 processors, even for a 

very small workload of 1000 spatial cells per processor. COMET thus makes the solution 

of complex 3D time-dependent rarefied flows possible for the first time.  

 Application of Immersed Boundary Method for Fluid-Structure-Electrostatics 

Simulations in MEMS: Finally, fluid dynamics, structural mechanics, and electrostatics 

solvers are coupled through an Immersed Boundary Method to model the dynamical 

behavior of electrostatically-actuated MEMS devices. To our knowledge, this is the first 

attempt at performing coupled fluid-structure-electrostatics interaction (FSI) simulations 

in the context of rarefied gas dynamics in MEMS, and certainly the first exploring IBM 

in this application. The numerical methods and the solutions so obtained are verified 

against exact solutions and validated against experimental measurements [138]. Thus, we 

demonstrate that the methodology developed in the present work is an effective solution 

technique for modeling the performance of RF MEMS switches. 
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1.7. STRUCTURE OF THE DISSERTATION 

The dissertation is organized as follows: 

We develop a 3D finite volume method for linear structural analysis in Chapter 2. 

We first explain the governing equations for elastic solid mechanics. We then develop a 

cell-centered finite volume discretization of the governing equations, including the 

complete linearization of the stress tensor. The solver is first tested for accuracy on a 

number of test problems. It is then used to investigate quasi-static and dynamic pull-in 

voltages of electrostatically actuated RF MEMS switches.  

In Chapter 3, we develop a plate element model based on Mindlin-Reissner plate 

theory for high aspect-ratio (thin) membranes. We compute the transverse deflection and 

bending moment distributions for canonical test problems, verifying the accuracy of the 

method. We then present results for the pull-in voltage of a fixed-fixed MEMS device, 

modeled as a thin plate under electrostatic actuation, and verify our results by comparing 

to an approximate theory for pull-in voltage.  

In Chapter 4, we describe the implementation of a Coble creep model [139] both 

within the 3D structural model and the plate element model formulations. First, the 

applicability of plate element model in simulating creep is studied as a function of the 

membrane aspect ratio. Creep results obtained with the plate element model are 

compared with those obtained with the 3D structural model to quantify the accuracy and 

computational advantage of the plate element model over the full 3D structural model. 

Results are finally shown for creep deformation of electrostatically actuated MEMS 

devices.  

In Chapter 5, we describe the development of the Coupled Ordinates Method 

(COMET) to accelerate the convergence rate of rarefied gas dynamics simulations. The 

speed-up of COMET over a conventional sequential algorithm is first studied on two test 
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problems. Then the performance improvement of COMET over the sequential algorithm 

is evaluated for squeeze film damping simulations in microstructures, and significant 

acceleration is demonstrated. Results for the parallel performance of COMET on multiple 

processors are also presented in this section, and show excellent scaling.  

In Chapter 6, we describe the coupling of the numerical formulations for fluid 

dynamics, structural analysis and electrostatics. We demonstrate solver performance by 

computing dynamic MEMS beam deformation under electrostatic actuation and gas 

damping. We also investigate the dynamic pull-in phenomenon in electrostatically-

actuated RF MEMS switches. 

Finally in Chapter 7, we summarize the main contributions of this work and make 

suggestions for future improvements and extensions. 

  



 27 

Chapter 2: Finite Volume Method for Structural Analysis 

In this chapter, we describe the development of a finite volume method for linear 

structural analysis. As described in Chapter 1, the focus of our research is a RF MEMS 

switch, shown in Figure 1.1. In these switches, a metallic membrane makes periodic 

contact with a thin dielectric layer. The membranes in these devices are typically 400 µm 

long, 100 µm wide, and 1-3 µm thick, and are suspended about 1-4 µm above the 

substrate. The medium surrounding the membranes in these devices is typically air or 

nitrogen. The actuation voltage in these devices is around 40-100 V, and the hold down 

voltage is around 5-15 V. Furthermore, the response time in these membranes is around 

3-10 µs. Under electrostatic actuation, the membranes are pulled down. This causes the 

surrounding fluid to be squeezed out of the sides, which then applies a damping force on 

the membranes. It is necessary to accurately model structural deformation in these 

membranes, so as to be able to calculate device parameters, such as pull-in/pull-out 

voltages. 

Because of the small gap (1-4 µm) between the membrane and the bottom 

electrode, the maximum deformation of the membranes is small compared to their length 

(typically 1µm deformation per 100 µm length or less). It is therefore reasonable to 

assume that the theory of small deformation is valid for these membranes, which also 

allows us to use a linear elasticity theory for their structural analysis. In this chapter, we 

develop a finite volume method based numerical solver to study membrane deformation. 

In contrast to previously published finite volume schemes for structural analysis [40, 42], 

an important contribution of the present work is the complete linearization of the stress 

tensor, which allows us to develop a fully implicit finite volume solver for structural 

analysis. In this chapter, we describe the discretization procedure used in the present 
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work. We subsequently present a series of test problems to verify the accuracy and order 

of discretization in the structural solver. Finally, we apply the methodology to investigate 

quasi-static and dynamic pull-in voltages in RF MEMS switches. The present chapter 

focuses on elastic deformation. In Chapter 4, we extend the present methodology to study 

long-term creep deformation of the metallic membranes in RF MEMS switches. 

2.1. STRUCTURAL MODEL GOVERNING EQUATIONS 

The governing equation for structural mechanics is: 
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where w is the displacement vector, ρ is the density, f is the body force vector per unit 

volume, and σ is the stress tensor. The strain tensor ε is defined as: 
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Under the assumption of small displacements in an elastic solid body, the stress tensor 

can be related to the strain tensor ε by Hooke’s law [140]: 

   Ι tr2                                                             (2.3) 

In the above equation, I is the unit tensor, μ and λ are the Lamé coefficients, and are 

given by:                   
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where ν is the Poisson’s ratio and E is the Young’s modulus. Using Eqs. (2.2), (2.3), (2.4), 

and (2.5), Eq. (2.1) can be written as: 
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2.2. FINITE-VOLUME DISCRETIZATION 

We develop a cell-centered finite volume scheme to discretize Eq. (2.6). The 

computational domain is divided into a number of non-overlapping cells or control 

volumes. In the cell-centered method, the displacement vector is stored at the cell 

centroids and at the centroids of the boundary faces. Finite volume discretization involves 

the integration of the governing equation for structural dynamics over the control 

volumes C0, shown in Figure 2.1, to yield cell balances of inertial, surface and body force 

terms as follows: 
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We consider each of the above terms in turn. 

2.2.1. Rate of Change 

The transient term is in Eq. (2.7) calculated using a first-order backward differencing 

procedure, using three consecutive time levels as follows: 
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Here w
N 

is the displacement vector at the current time level, w
N1

 and w
N2

 are the 

displacement vectors at the previous two time levels, and the time increment is given by 

Δt = t
N
 - t

N1
. Second-order time schemes are also easily incorporated within this 

framework, using four consecutive time levels as follows: 
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2.2.2. Stress Term 1 

This term is the second term on the LHS of Eq. (2.7), and is discretized using an implicit 

procedure as follows: 
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Here μf, Af and   fw are Lamé coefficient, the outward-pointing area vector and the 

gradient of the displacement vector associated with the face f respectively. For 

unstructured meshes, we use an approach described in [141], and decompose this stress 

term into primary gradient and secondary gradient components, as follows: 
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Here eξ  is the unit vector aligned with the line joining the centroids of the two cells C0 

and C1 on either side of the face f, as shown in Figure 2.1, and w0 and w1 are the 

displacement vectors in cells C0 and C1. The quantity Ψf is the secondary gradient term, 

and only has contribution for non-orthogonal meshes. 
 

 

Figure 2.1: Nomenclature associated with cells C0 and C1 for finite volume discretization 

in unstructured meshes 

 

2.2.3. Stress Term 2 

We consider two different formulations for discretization of the transpose and divergence 

parts of the stress tensor. In the first case, we treat these terms as an explicit source term. 
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In the second case, these terms are linearized completely. We describe each approach in 

turn. 

Formulation 1: Explicit Source Term 

In this formulation, the transpose and divergence terms are treated explicitly, and 

therefore included in the source term, along with the body force term: 
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Here the subscript f denotes the face value, associated with the face f shown in Figure 2.1. 

The value of the gradient w in Eq. (2.12) that is associated with face f is linearly 

interpolated from the gradients in the cells C0 and C1, which are calculated using a linear 

least-squares formulation detailed in [142]. In this approach, the primary gradient term 

(the first term on the RHS of Eq. (2.11)) is treated implicitly, but the secondary gradient 

term Ψf and all the terms in Eq. (2.12) are treated explicitly. The result is a scheme which 

has implicit coupling only to face-neighbor displacements in the same coordinate 

direction, but not to displacements in other coordinate directions. The computational 

stencil thus consists only of face-neighbor cells of C0. This approach has previously been 

taken by Demirdžić and Muzaferija [40, 41]. 

Formulation 2: Complete Linearization of Stress Tensor 

The explicit discretization procedure described above has poor convergence 

characteristics [42]. Furthermore, it requires extensive under-relaxation to obtain 

convergence of iterative procedures. This behavior can be explained by the fact that the 

explicit part of the stress tensor ensures coupling between different directions, and hence 
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carries more information than the implicit part [42]. This motivates us to fully linearize 

the stress tensor. The linearization scheme is briefly explained next. 

We first calculate the cell gradient of any scalar or vector ϕ0 in the cell C0 using 

the linear least-squares approach [142] in the following way:  

    
nb
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where ϕnb is the value of the corresponding scalar or vector in the neighboring cell Cnb, 

and nbg  is a function of the mesh geometry. We then define Gij as: 
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where wi is the i
th

 component of displacement vector.
 
 The derivative of Gij with respect to 

the k
th

 component of the displacement vector is given as: 
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Here G0,ij denotes the value of Gij in the cell C0, w0,k and wnb,k  denote the k
th

 component 

of the displacement vector in the cells C0 and Cnb respectively, and δik is the Kronecker 

delta. The force on any face f is given by: 

      ffffff wIAwAwAF  tr
T

                          (2.16) 

As mentioned before, the subscript f denotes the face value. We denote the individual 

components of F as 1F , 2F , and 3F , where 1F , 2F , and 3F  are given by: 
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It may be shown that: 
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The required components of the Jacobian are 
j

iF

w


, which may be computed using the 

chain rule as: 
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Since the face gradient w  has been linearly interpolated from the gradients in cells C0 

and C1, the derivative 
j

iF
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is non-zero with respect to the displacements wk in cells C0, 

C1, and all their face-neighbor cells. The Jacobian entries 
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lead to implicit 

coupling between the displacements in different coordinate directions. Furthermore, their 

inclusion expands the normal stencil of cells included in typical cell-centered finite 

volume discretizations such as those used in [40, 41]. 

The Jacobian of the residual for cell C0 is: 
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where R is the cell value of the residual of the discrete equation and the summation is 

over all the faces of the cell. The first term in Eq. (2.20) is the contribution to the 

Jacobian of the forces on the faces of the cell C0, while the second term is the 

contribution of source and unsteady terms. Newton linearization of the equation R = 0 

uses the Jacobian in Eq. (2.20). This above-described discretization scheme enables the 

complete linearization of the governing structural deformation equation, and this allows 

the fully implicit treatment of the stress tensor. 
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This discretization procedure is the first published study to completely linearize 

the entire stress tensor in a finite volume framework. Nearly all published FVM-based 

stress analysis techniques employ Formulation 1 [40, 41]. Jasak and Weller [42] sought to 

improve the convergence of their cell-based scheme through partial linearization, 

including parts of stress term 2 in stress term 1, but leaving the rest of the stress tensor 

explicit. In our experience, this approach does not entirely alleviate the problems 

associated with explicitness of the numerical procedure. 

2.3. STRUCTURE-ELECTROSTATICS INTERACTIONS IN MEMS 

A schematic of the RF MEMS switch considered is shown in Figure 2.2. The electrostatic 

field in the air gap is governed by the Laplace equation: 

  airin 02                                                                (2.21) 

Here ϕ is the electrostatic potential. The surface charge density σt on the top electrode is 

given as: 
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where εair is the permittivity of air, and n represents the normal to the surface. An 

analytical expression for the electrostatic force Felec on the beam can be obtained as 

[143]:  
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where b and L represent the width and length of the electrode. The beam is assumed to be 

an equipotential surface. The deforming membrane and the domain outside it are 

separately meshed, with the two meshes being conformal at the interface, as shown in 

Figure 2.3a. 
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Figure 2.2: Simplified representation of an RF MEMS 

 

 
 

 

Figure 2.3: RF MEMS switch: (a) undeformed state, (b) deformed state 
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The FVM discretization of Eq. (2.21) involves the integration of Eq. (2.21) over 

the control volumes C0, along with application of the divergence theorem to yield: 
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Here   f  represents the gradient of the electrostatic potential associated with face f. 

For unstructured meshes, Eq. (2.24) is discretized using an implicit procedure. It is thus 

decomposed into primary gradient and secondary gradient components [141], and written 

in the following way: 
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where f is the secondary gradient term associated with face f, and is non-zero for non-

orthogonal meshes only. As previously explained in the context of structural analysis, the 

first term in Eq. (2.25) is treated implicitly, while the second is treated explicitly. 

2.4. INITIAL AND BOUNDARY CONDITIONS 

2.4.1. Structure Model 

For transient problems, w and 
t

w
need to be specified at time t = 0. The boundary 

condition may be of the following types: 

1) Specified displacement 

2) Specified traction 

3) Symmetry 

4) Free surface (zero traction) 

For the specified displacement boundary condition (Dirichlet boundary condition) we 

have: 

    Arwrw  ,b                                                         (2.26) 
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where r is the position vector on the surface A, and wb is the specified displacement 

vector on the surface of the boundary. For specified traction or free surface (zero traction) 

boundary conditions (Neumann boundary conditions) we have: 

    Artrt  ,b                                                         (2.27) 

Here tb is the specified traction on the boundary. For symmetry boundary conditions we 

have: 
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where n is the normal to the symmetry boundary surface, wn and wt are the displacement 

components normal and tangential to the symmetry surface. 

2.4.2. Electrostatics Model 

For the electrostatics model, the boundary condition may be of following types: 

1) Specified potential 

2) Specified potential gradient 

For the specified potential boundary condition (Dirichlet boundary condition) we have: 

    Arr  ,b                                                       (2.29) 

where r is the position vector on the surface A, and ϕb is the specified potential on the 

surface of the boundary. For specified potential gradient boundary condition (Neumann 

boundary condition) we have: 

    Arr
r

 ,b
d

d



                                                  (2.30) 

Here b  is the specified potential gradient on the boundary. 

2.5. MESH MOTION STRATEGY 

Under electrostatic actuation, the membrane in the MEMS switch undergoes deformation, 

which decreases the air gap in which the potential equation is solved. This is illustrated in 
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Figure 2.3b. This requires us to develop a strategy to deform the mesh for air gap. Our 

mesh deformation strategy is similar to that developed in [144]. The mesh deformation 

scheme is explained with a sample 2D mesh in Figure 2.4. The left and right sides of the 

domain are fixed, whereas the displacement is specified on the top and bottom surfaces. 

The objective is to find the deformation of the internal nodes of the domain, based on the 

specified displacement on the top and bottom surfaces. First, for every internal node (is), 

the node on the moving wall (iswall) that is closest to it is determined by an efficient KD-

tree based search algorithm [145]. The distance between the internal node is and the 

corresponding closest wall node iswall is identified as d(is). The maximum of all d(is) is 

denoted by dmax. Then the deformation δr(is) of the internal node is is obtained as the 

product of a distance function f(is) and the specified deformation δr(iswall) of the closest 

wall node iswall as follows: 

     swallss iifi δrδr                                                       (2.31) 

Here the distance function f(is) is obtained using two exponential damping functions: 
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Here f1(is) and f2(is) are given by the following relations: 
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The function f(is) has a value close to 1 for internal nodes close to the moving walls, and 

tends to 0 when d(is) approaches dmax. This form of the distance function produces a rigid 

grid near the walls and far away from the walls. The rest of the area is relatively elastic 

and can be easily deformed. However, the above mesh deformation procedure may not be 

sufficient to produce a valid mesh in large deformation problems. Thus the calculated 
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deformation of every internal node is further smoothed out using a spring analogy. The 

deformation δrk of node k is determined as the weighted average of the deformations of 

the neighboring nodes:  
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Here nnodes(k) is number of nodes surrounding node k, and the weight ki is equal to the 

inverse of the magnitude of the distance between the node k and the neighboring node i. 

This procedure ensures that if in some sensitive regions of the domain we have a fine 

mesh, then the mesh will remain fine in that region even after mesh deformation. 

 

 

 

 

Figure 2.4: Nomenclature for mesh deformation 
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2.6. SOLUTION METHODOLOGY 

A sequential solution procedure is used to couple structural and electrostatics solvers, and 

is explained in the flowchart in Figure 2.5. At the beginning of each time-step, the 

traction on the beam is computed, following which the structural solver is used to obtain 

the beam deformation. The cell-centered structure displacements thus obtained are 

interpolated to obtain nodal displacements, which are then used to deform the beam. The 

beam displacement at the nodes of the structure mesh at the structure-electrostatics 

interface is used as a specified displacement boundary condition for deformation of the 

mesh on which the electrostatics model is solved. The mesh for the air gap is then 

deformed using our mesh deformation scheme, and the mesh metrics are recalculated. Eq. 

(2.21) is next solved to obtain the electrostatics potential in the air gap. The above 

procedures within each time-step constitute an outer iteration loop. Since we use 

Formulation 2 for discretizing the stress tensor for the structure, only one outer iteration 

need be performed within each time-step for linear elastic problems. However, for non-

linear problems, multiple outer iterations are performed before time is advanced to the 

next time-step. 
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Figure 2.5: Flowchart showing solution methodology. 

 

For either the structure or electrostatics model, our finite volume discretization gives rise 

to a set of linear algebraic equations of the form: 

  0bx M                                                             (2.36) 

where M is a symmetric and diagonally dominant N x N sparse matrix where  N is the 

number of control volumes, and b is the source vector. For the structure model, x is a 

vector containing the values of the displacement vector components at the N control 

volume centroids, whereas for the electrostatics model, x is a vector containing the values 

of the electrostatics potential at the N control volumes. The linear system can be solved 

iteratively with a BCGSTAB solver [146]. Equation (2.36) can also be represented as:     
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  0RδM                                                            (2.37) 

where R is the residual, and δ is given as: 

  
kk
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Here x
k
 is the solution to the linear system at the k

th
 iteration. For the structural solution, 

if Formulation 1 is used for discretizing the stress tensor, it is not necessary to solve the 

above linear system to a tight tolerance, since the source vector b contains explicit terms. 

Therefore reduction of residuals by an order of magnitude is considered sufficient. In this 

case, once the above system of equations is solved, the source vector b is updated using 

the newly available values of the displacement vector and the process is repeated [40]. It 

is therefore important to have an outer iteration loop, and the procedure is considered 

converged when the sum of the normalized absolute residuals has decreased by 3 - 4 

orders of magnitude for each displacement component. For transient problems, this 

procedure is repeated for each time-step. 

On the other hand, if Formulation 2 is used, for linear elastic problems, the system 

of discretized algebraic equations for the structure can be solved within one outer 

iteration if the convergence criterion for inner iterations in the linear solver is set to a low 

enough value. For transient problems, this procedure is repeated for each time-step. 

2.7. RESULTS 

In this section, we first verify the accuracy and performance of the structural solver, and 

then apply the proposed method to the solution of structure-electrostatics interaction in 

MEMS. 
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2.7.1. Comparison of Explicit and Implicit Stress Linearization 

We first evaluate the efficacy of the stress tensor linearization scheme. To that end, we 

study the problem of steady-state deflection of a fixed-fixed beam, shown in Figure 2.6, 

under uniform load. 

 

 

 

Figure 2.6: Fixed-fixed beam subjected to uniform loading. 

 

The solution to the problem is given by the Euler-Bernoulli beam theory, and the 

deflection of the beam is given as: 
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where α is the force per unit length, E is the Young’s modulus, I is the second moment of 

inertia, and L is the length of the beam. A plane stress condition is assumed for this 

problem. Young’s modulus of the material is E = 200 GPa, and Poisson’s ratio is ν = 0.31. 

We solve the problem using two different discretization schemes. Formulation 1 denotes 

the case which involves splitting up of the stress tensor into implicit and explicit parts, 

and Formulation 2 denotes the case of complete linearization of the stress tensor that has 

been developed in this work. For Formulation 1, the reduction of residuals by an order of 
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magnitude is taken as the tolerance criteria for the linear solver, while the reduction of the 

global residuals by 8 orders of magnitude is taken as the convergence criteria for the 

outer iteration loop. For Formulation 2, the reduction of the residuals by 9 orders of 

magnitude is set as the convergence criteria for both the inner and outer iteration loop. 

Initially, simulations are performed on three successively refined meshes of sizes 80x8, 

160x16, and 320x32. It is found that the 160x16 mesh is sufficient to produce a mesh-

independent solution of steady-state deformation in the beam, and is therefore chosen for 

this study. Both Formulation 1 and Formulation 2 give the maximum deformation of the 

fixed-fixed beam as wmax = -0.155 µm, which is within 0.8% of the solution predicted by 

Euler-Bernoulli beam theory. However, for convergence, Formulation 1 took 998 outer 

iterations and 113.67 s. On the other hand, Formulation 2 took 1 outer iteration and 0.57 s 

for convergence. This shows that the complete linearization scheme in Formulation 2 has 

provided a speedup of approximately 200 over conventional FVM based structural 

solvers with explicit discretization of the stress tensor. Therefore Formulation 2 will 

henceforth be used to discretize the governing equations for all structural problems 

described in this thesis. 

2.7.2. Static Deformation of Cantilever Beam 

In this test, we study the static deformation of a cantilever beam, shown in Figure 2.7, 

with concentrated load at the free end [45]. 
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Figure 2.7: Cantilever beam with concentrated load at the free end. 

A zero-displacement boundary condition is imposed on the surface AD, whereas 

traction-free boundary conditions are specified on the surfaces AB, BC and CD. A 

downward vertical surface force is specified on the face of the control volume adjacent to 

the node C, and directly added to the force balance for that control volume. We use a 

plane stress condition for this problem. The Young’s modulus of the material is E = 210 

GPa, and Poisson’s ratio is ν = 0.25. The displacements of node C can be derived 

analytically as wx = -0.3125 μm and wy = -2.16 μm in the x and y directions respectively. 

A mesh convergence study is performed on this problem. The percentage errors in the x-

displacement of node C, with respect to the analytical solution, are tabulated in Table 2.1 

for different mesh sizes. It is seen that the error decreases to 0.25% for the 320x32 mesh. 

The FVM displacements of node C obtained with this mesh are wx = -0.3117 μm and wy 

= -2.153 μm. It is therefore revealed that the FVM scheme accurately calculates the 

displacements for node C. The spatial discretization order of the structural solver is 

finally obtained by analyzing the errors presented in Table 2.1. The logarithm of the 

errors is plotted against the logarithm of the mesh spacing in Figure 2.8. The figure 

reveals that the order of spatial discretization is 2.10, which is consistent with the second-

order spatial discretization scheme used for the structural solver. 
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Mesh Size 
Percentage Error in 

x-displacement 

40x4 23.39 

      80x8 11.61 

160x16 4.59 

320x32 0.25 

 

Table 2.1: Mesh convergence study for static deformation of cantilever beam 

 

 

 

 

Figure 2.8: Spatial discretization order for structural model: Static deformation of 

cantilever beam 
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2.7.3. Stress Concentration around Circular Hole  

This popular test problem [40, 42, 147] consists of a plate with a circular hole which is 

subjected to unidirectional tensile load, as shown in Figure 2.9. 

 

 

Figure 2.9: Plate with a circular hole at the center loaded by uniform unidirectional 

tensile stress (OA = 0.5m, AB = ED = 1.5m, BC = CD = 2m). 

There is an analytical solution for stress distribution in this problem for infinitely 

large plates in which the hole radius is small compared to the plate dimensions [148]: 
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where a is the radius of the hole, tx is the applied tensile load, and 22 yxr  and 

xy1tan  represent the polar coordinates. We take into account the symmetry of the 

problem, and therefore simulate only one-fourth of the domain. Tractions calculated from 

the analytical solution are imposed as boundary conditions on faces BC and CD, and the 
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circular arc AE is assumed to be a free surface. We further impose symmetry boundary 

conditions on faces AB and DE. A sample mesh for this problem is shown in Figure 2.10. 

 

 

 

 

Figure 2.10: Computational mesh for stress concentration problem. 

 

A plane strain condition is assumed for this problem. Young’s modulus of the 

plate material is E = 10
7
 Pa, and Poisson’s ratio is ν = 0.3. The applied tensile load is tx = 

10
4
 Pa. A mesh convergence study is first performed. For this purpose, the volume-

weighted root mean square (RMS) errors in the stresses are computed for different mesh 

sizes. The RMS error is defined as: 
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Here Vi denotes the volume of cell i. The volume-weighted RMS errors in σxx are 

presented in Table 2.2.  
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Mesh Size 
xx

RMS (Pa) 

1450 16.32 

5800 5.28 

23200 1.79 

98000 0.62 

 

Table 2.2: Mesh convergence study for stress concentration around circular hole: RMS 

errors in stress versus mesh size 

 

It is observed that for the coarsest mesh with 1450 cells the RMS error is less than 

0.2 per cent, with respect to the applied tensile load of tx = 10
4
 Pa. The error decreases to 

0.006 per cent for the mesh with 98000 cells. Therefore, this mesh is used for plotting the 

contours of the stress distribution. The contours of σxx, σyy, and σxy are shown in Figure 

2.11 for the FV scheme. The contours of the percentage absolute errors in the stresses, 

with respect to the applied tensile load, are plotted in Figure 2.12 for the mesh with 1450 

cells. These errors are defined as: 
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The contours show that the errors are maximum in the area of stress concentration. It is 

also seen that mesh skewness also leads to some errors. 

There is also an analytical solution for displacement in this problem for infinitely 

large plates in which the hole radius is small compared to the plate dimensions [148]: 
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Here wr and wθ represent the displacements along the radial and tangential directions, 

respectively, and κ = (3-ν)/(1+ν) for a plane stress problem. 

The volume-weighted root mean square (RMS) errors in the displacement 

magnitude are computed for different mesh sizes. The RMS error is defined as: 
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The volume-weighted RMS errors in the displacement magnitude are presented in Table 

2.3. The errors are next analyzed in Figure 2.13, by plotting their logarithm against the 

logarithm of mesh spacing. It is found that the order of spatial discretization in the 

structural solver is 2.0, commensurate with a second-order discretization scheme. 

 

Mesh Size w
RMS (µm) 

1450 1.92 

5800 4.81x10
-1

 

23200 1.20x10
-1

 

98000 3.00x10
-2

 

 

Table 2.3: Mesh convergence study for stress concentration around circular hole: RMS 

errors in displacement magnitude versus mesh size 
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Figure 2.11: Contours of stress (Pa) for FVM scheme: (a) σxx, (b) σyy, (c) σxy. 

(a) 

(c) 

(b) 
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Figure 2.12: Contours of percentage absolute errors in stresses: (a) δxx, (b) δyy, (c) δxy. 

 

(a) (b) 

(c) 
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Figure 2.13: Spatial discretization order for structural model: Stress concentration around 

a circular hole 

 

2.7.4. Transient Vibration of Fixed-Free Beams 

The temporal accuracy of the structural solver is next tested by studying the undamped 

vibration of a cantilever beam, shown in Figure 2.14, subjected to shear stress at the free 

end. The natural frequency Ω of a cantilever beam [149] can be derived as: 

  
bh

EI

L  22

516.3
                                                             (2.45) 

where b is the width, h is the thickness, and ρ is the density of the beam. The beam 

material has an Young’s modulus of E = 200 GPa, Poisson’s ratio of ν = 0.31, and density 

of ρ = 7854 kg/m
3
. The natural frequency of the beam is calculated according to Eq. 

(2.45) to be Ω = 8.15 Hz. 
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Figure 2.14: Cantilever beam subjected to shear stress at the free end. 

 

To simulate this problem, the beam is assumed to have w = 0 and 
t

w
= 0 as 

initial conditions. At time t = 0, a shear stress τ = 1000 Pa is imposed on the right face. 

The applied shear stress on the right face is linearly ramped up for the first 0.02 sec, and 

then maintained at a constant value of τ = 1000 Pa. This causes the beam to vibrate in a 

periodic motion with the above mentioned natural frequency. A plane stress condition is 

assumed for this problem. Furthermore, a 160x16 mesh is used for this problem, based on 

the mesh-convergence study performed in Section 2.7.1. Initially, simulations are 

performed with successively smaller time-steps of Δt = 10
-4

 s, 10
-5

 s, 10
-6

 s, and 10
-7

 s. It 

is found that the time-step of Δt = 10
-5

 s produced a time-step independent solution. The 

time-step in this problem is therefore taken to be Δt = 10
-5

 s, which gives a maximum 

wave speed Courant number of Co = 0.5, where the Courant number is defined as: 

  
x

t
uCo



                                                                  (2.46)                                     

Here u is the unconfined solid wave speed given by: 

  


Eu                                                                  (2.47)                                     

The deflection at the neutral axis on the free end of the beam is shown in Figure 

2.15 as a function of time. The FVM result for natural frequency of the beam is Ω = 

8.106 Hz, which is within 0.55% of the analytical result. 
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Figure 2.15: Temporal variation of the deflection at the free end of the cantilever beam 

 

The order of temporal discretization for the structural solver is verified next. For 

this purpose, results obtained with a time-step of Δt = 10
-7

 s is assumed to be the 

reference solution. RMS errors in tip deflection for time-steps of Δt = 10
-4

 s, 10
-5

 s, and 

10
-6

 s, with respect to that obtained with time-step of Δt = 10
-7

 s, are analyzed in Figure 

2.16. It is found that the order of temporal discretization is 1.02, consistent with a first-

order scheme. 

Finally, the effect of the order of temporal discretization is analyzed. Simulations 

are performed on the 160x16 mesh with a time-step of Δt = 10
-4

 s, corresponding to a 

Courant number of Co = 5, with both first and second order temporal discretization 

schemes. The deflection at the neutral axis on the free end of the beam is shown in Figure 

2.17 as a function of time. It is seen that the vibration of the cantilever beam gets damped 
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out with time when a first order scheme is used. This is a consequence of numerical 

dissipation associated with first order schemes [42]. To overcome this problem, smaller 

time-steps are required if first-order temporal discretization schemes are used. On the 

other hand, the second order scheme does not show any evidence of numerical 

dissipation, even at a relatively large time-step of Δt = 10
-4

 s. Second order temporal 

discretization schemes are therefore useful for structural analysis. 

 

 

 

 

Figure 2.16: Temporal discretization order for structural model: Transient vibration of 

fixed-free beams 
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Figure 2.17: Effect of temporal discretization order for structural model: Temporal 

variation of the deflection at the free end of the cantilever beam 

 

2.7.5. Pull-In Voltage in MEMS  

The methodology developed here is finally used to study quasi-static and dynamic pull-in 

voltages for an RF MEMS switch shown in Figure 2.2. The Young’s modulus of the 

material is E = 200 GPa, and Poisson’s ratio is ν = 0.31. The beam has a length of 400 µm 

and a thickness of 4 µm. Under electrostatic actuation, an electrostatic force Felec, which 

is given by Eq. (2.23), is generated which pulls down the beam. The electrostatic force 

varies non-linearly with gap width, and varies as Felec ~ g
-2

, where g is the gap width. The 

restoring mechanical force Fm varies linearly as the change in gap width, Fm ~ g0 – g, 

where g0 is the zero-voltage gap width. An equilibrium position is reached when these 
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two forces balance each other. However, as the dc voltage is increased beyond a critical 

limit called the pull-in voltage VPI, the restoring mechanical force can no longer balance 

the electrostatic force, and the gap closes. A simplified expression of pull-in voltage is 

obtained as [150]: 
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                                                           (2.48) 

where ε0 is the permittivity of free space. For a fixed-fixed beam, Keff is given as: 

  
3

3ˆ32

L

bhE
Keff                                                           (2.49) 

where Ê is the modified Young’s modulus. Ê is equal to E if b ~ h, and is equal to E/(1-ν
2
) 

if b > 5h. The effects of residual stress, non-linear stiffening and axial stretching have 

been neglected in deriving Eq. (2.48). Furthermore, the effective electrode area Aeff can 

simply be expressed as bL. 

Two cases are simulated to study the pull-in phenomenon. In the first case, the 

length of the bottom electrode is the same as the length of the beam, as shown in Figure 

2.2. In the second case, the bottom electrode has a length of 80 µm, as shown in Figure 

2.18. 

 

 

Figure 2.18: RF MEMS with partial bottom electrode. 
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Initially, simulations were performed with 500x10, 1000x20, and 2000x40, and 

4000x80 meshes for both structural and electrostatic solvers. It was found that the 

1000x20 mesh was sufficient to produce mesh-independent solution in the maximum 

deformation of the membrane. This mesh is therefore selected for both the structural and 

electrostatics solvers in this study. To obtain quasi-static deflection of the beam, the 

electrostatic potential is first obtained in the air gap using Eq. (2.21). The electrostatic 

force on the beam is then calculated using Eq. (2.23). Subsequently, the structural 

deformation of the beam is obtained by solving Eq. (2.6). The cell-based displacements 

are subsequently interpolated to obtain nodal displacements, which are used to deform 

the beam. The mesh for the air gap is then deformed using the nodal displacements on the 

beam-air gap interface as a Dirichlet boundary condition and employing our mesh 

deformation strategy. The electrostatic field in the air gap is again solved using Eq. 

(2.21), and the entire process is repeated until convergence. For the dynamic analysis, the 

entire procedure is repeated over a number of time-steps. Initially, dynamic pull-in 

simulations are performed with successively smaller time-steps of Δt = 1.76x10
-8

 s, 

8.8x10
-9

 s, and 4.4x10
-9

 s. It is found that the time-step of Δt = 8.8x10
-9

 s produced a 

time-step independent solution in the maximum deformation of the membrane. The time-

step for transient simulations is therefore taken to be Δt = 8.8x10
-9

 s, which is about 

1/1000
th 

of the pull-in time. 

The maximum deflection at the bottom surface of the top electrode is shown in 

Figure 2.19 as a function of the applied voltage. 
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Figure 2.19: Quasi-static pull-in voltage for RF MEMS. 

 

It is observed that for the case in which the bottom electrode has the same length 

as the beam, the pull-in voltage is around 181 V, which matches relatively well with the 

approximate analytical solution of 177 V. It is further seen that the pull-in voltage for the 

case of partial bottom electrode is around 270 V. This can be explained by the fact that 

with partial bottom electrode, the electrostatic force is applied only over the middle 

region of the beam. Thus it requires a larger force to deform the beam, which results in a 

higher pull-in voltage. To investigate the validity of small deformation theory, the 

contours of the εxx and εyy strains in the beam with a full bottom electrode are plotted in 

Figure 2.20. It is seen that the maximum strain is less than 0.001, or 0.1%. Thus the small 

deformation assumption in the structural model is not violated, even when the beam 

deformation is maximum at pull-in. 

Transient simulations are also performed for this problem, and the dynamic pull-

in voltage for the case when both of the electrodes have the same length is found to be 
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165 V, which is less than the corresponding quasi-static pull-in voltage by around 9%. 

This result is similar to what has been reported in [151]. 

 

 

 

 

Figure 2.20: Strains in the beam with full bottom electrode at pull-in: (a) εxx, (b) εyy 

 

2.8. DISCUSSION 

In this Chapter, a cell-centered FV solver for structural analysis has been developed. The 

FVM scheme has second-order spatial discretization and both first and second order 

temporal discretization of the governing equation for structural dynamics. An important 

contribution of the present work is the linearization of the stress tensor, which creates a 

fully implicit FV-based structural solver. This is the first published work for a fully 

a) 

b) 
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implicit cell-centered FVM solver for structural analysis. It is found that the present 

implicit solver gives a speedup of 200 in CPU time over conventional partially-linearized 

FVM schemes for structural dynamics. The FVM solver has been verified on three 

different test cases: (1) deformation of a cantilever beam with concentrated load at the 

free end, (2) stress concentration around a circular hole, and (3) transient vibration of 

cantilever beams. The solver is next used to investigate quasi-static and dynamic pull-in 

voltages for the RF MEMS devices. It is also found that quasi-static pull-in voltages 

match relatively well with the approximate analytical solution. It is also found that the 

dynamic pull-in voltage is less than the quasi-static pull-in voltage by around 9%, 

consistent with the literature 

The work demonstrates that robust and accurate solvers based on the finite 

volume method may be developed for structure-electrostatics interaction. In the present 

Chapter, we studied elastic deformation in RF MEMS switches under electrostatic 

actuation. In Chapter 4, we will implement creep models in the structural solver to study 

long-term creep deformation of the metallic membranes in RF MEMS switches. One 

major problem for the structural solver developed in this chapter is that it suffers from 

poor convergence characteristics for thin membranes with high aspect ratios. This is a 

well-known problem in computational mechanics and is known as shear locking [17]. To 

overcome this problem, we model these membranes using the theory of plates and make 

use of Mindlin-Reissner plate theory. We call this new model as the plate element model. 

The theory behind the plate element model, the numerical method and its implementation 

are explained in the next chapter.  
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Chapter 3:  Plate Element Model for Structural Analysis of Thin Plates 

As described in Chapter 1, it is common in RF MEMS applications to encounter aspect 

ratios of 1:100 – 1:500. This renders three-dimensional structural analyses of the 

membranes unnecessary. Furthermore, without proper modification of discretization 

schemes, structural solvers can develop very poor convergence characteristics when they 

are used to model thin membranes [17, 19, 152]. This happens due the phenomenon of 

shear locking, in which spurious transverse shear stresses are generated in the case of 

pure bending. The resulting spurious stresses lead to an additional, artificial stiffness. The 

ratio of this transverse shear stiffness and the bending stiffness is proportional to 1/t
2
, 

where t is the thickness of the beam [19]. Thus this ratio increases without limit as the 

aspect ratio of the membranes increases. This means that the solution in thin membranes 

is dominated by unphysical shear stresses, instead of bending stresses [66]. The mesh 

elements in thin membranes therefore “lock” against deformation, and produce bending 

displacements which are much smaller than the true value. 

Previous research has indicated that the artificial stiffness is also related to h
2
, 

where h is the mesh spacing [17]. This implies that a large number of mesh elements is 

required in thin membranes to minimize the unphysical shear stiffness. However, that 

would drastically increase the computation cost of structural analysis of thin membranes. 

To overcome this problem, a number of modifications to discretization schemes have 

been proposed in the literature [67-69, 73, 74]. Alternatively, simplified theories for thin 

membranes have also been developed [153, 154]. These theories model the membranes as 

plates, and are therefore called plate models. These models, when applied to individual 

plate elements, are called plate element models. Since plate element models are 

developed for individual plate elements, it is no longer necessary for the whole plate to be 
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a flat surface. These plate element models are therefore valid for mildly deformed 

membranes, and provide an attractive option to simulate deformation in the thin 

membranes in RF MEMS switches. 

In the present chapter, we develop a finite volume method based plate element 

model to study membrane deformation in MEMS switches. The model uses the Mindlin-

Reissner plate theory [153, 154], which is valid for thin to moderately thick membranes. 

As was done in Chapter 2, the present work also completely linearizes the stress tensor, 

which allows the development of a fully implicit finite volume solver for plate bending 

analysis. Details of the discretization scheme are presented in this chapter, along with a 

description of the Mindlin-Reissner plate theory. Subsequently, transverse deflection and 

bending moment distributions are computed for canonical test problems, verifying the 

accuracy of the method. Finally, results are presented in this chapter for a fixed-fixed RF 

MEMS switch, modeled as a thin plate, under electrostatic actuation.  

3.1. MINDLIN-REISSNER  PLATE THEORY 

The plate element model is based on Mindlin-Reissner theory [153, 154]; we summarize 

its essential features here.  A number of approximate theories have been published for the 

bending analysis of thin plates and shells [153-158]. The popular and widely-used 

Kirchhoff-Love plate theory [159] neglects the effects of lateral shear, and is thus valid 

only for thin plates. In contrast, the Mindlin/Reissner hypothesis takes into account shear 

deformations through the plate thickness, which extends the validity of the plate theory to 

moderately thick plates. It assumes that the displacement varies linearly across the plate 

thickness, and the thickness does not vary during deformation. This is analogous to a 

plane stress condition in this model. Using the assumptions of Mindlin-Reissner plate 
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theory and small displacement bending theory, the displacements of a plate at any 

arbitrary location (x,y,z) may be obtained as: 

 yxzu x ,                                                                   (3.1) 

   yxzv y ,                                                                   (3.2) 

   yxww ,                                                                     (3.3) 

where u, v, and w are the displacement components in the x, y, and z-directions 

respectively, and βx and βy denote the rotations of the normal to the plate mid plane in the 

xz and yz planes respectively. The notations for rotations, shear forces, and moments are 

shown in Figure 3.1 and Figure 3.2. 

 

 

Figure 3.1: Moments and shear forces on plate 
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Figure 3.2: Section rotations associated with Mindlin-Reissner plate theory 

 

The bending strain is given by: 
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                                                            (3.4) 

 

3.2. PLATE ELEMENT MODEL 

When using the plate element model, the computational domain is essentially a 2D 

surface representing the mid-surface of the plate.  Within the FV framework, this 2D 

surface is divided into a number of control volumes or plate elements, each associated 

with a thickness equal to that of the plate. The governing equations for an individual 

control volume are obtained by balancing the forces in the z-direction and moments along 

the x and y axes: 

  wIFz


1                                                         (3.5) 
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  xx IM 3                                                          (3.6) 

  yy IM 3                                                          (3.7) 

where I1 and I3 are the inertia moments. The moments M and shear forces Q can be 

obtained by using Mindlin-Reissner plate theory as: 


aDM
                                                            (3.8) 

aQ ~ G                                                             (3.9) 

kGhG                                                           (3.10) 

In the above equations, 
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Using Eqs. (3.1), (3.2), and (3.3), the lateral shear deformation is given by: 
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In the above equations, E is Young’s modulus, G is the shear modulus, h is the plate 

thickness, and k is the lateral shear correction factor [160]. 

3.3. FINITE-VOLUME DISCRETIZATION 

The governing equation is discretized using the finite-volume discretization scheme. As 

mentioned earlier, the mid-plane of the plate is divided into a number of non-overlapping 

2D cells or control volumes, with an implied thickness h normal to the cells. We solve for 

the unknown rotations βx and βy, and the transverse deflection w, and these three variables 

constitute the solution vector u. Thus u0 = βx, u1 = βy, and u2 = w. In our cell-centered 

methodology, the solution vector u is stored at the cell centroids. The governing equation 

for plate dynamics is integrated over the control volumes C0, shown in Figure 2.1, to 

yield cell balances of moments and forces as follows: 
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where the superscript f denotes the value associated with face f, (xf, yf) are the centroids of 

the face f, (x0,y0) are the centroids of the cell C0, A0 is the area of cell C0, and q is the 

applied load per unit area on the cell C0. The face value of any variable is found as the 

volume-weighted average of the values in the two adjacent cells.  

We first consider Eqs. (3.17) and (3.19); the treatment of Eq. (3.18) is similar to 

that of Eq. (3.17). These may be written in the form 
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054321  FFFFF                                                (3.20) 

0876  OqAFFF                                                  (3.21) 

The expressions for moments and shear forces are next used from Eqs. (3.8) and (3.9) to 

write the terms in Eq. (3.20) as, 
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Here D = Eh
3
/12(1-ν

2
). For the force balance equation in the z-direction, the terms F6, F7, 

and F8 are obtained as:  
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The discretization of these terms is discussed below. 

3.3.1. Rate of Change 

The transient term is discretized using a first-order backward differencing procedure as 

follows: 
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where superscripts N, N1, and N2 are the values of the variables at the current time level, 

and the previous two time levels respectively, and the time increment is given by Δt = t
N
 - 

t
N1

.  

3.3.2. F2, F4, and F7 Terms 

The forms of these terms are similar, and these terms are therefore discretized using an 

implicit procedure as: 

  
f

ffDF xA 2                                                (3.32) 

   
Of

f

ff xxwGF  
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f

ff wGF A7                                               (3.34) 

where A
f
 is the outward-pointing area vector, and   f

x and   f
w denote the gradients 

of βx and w associated with face f. The face values of the gradients in the above equations 

are linear interpolated from the gradients in the cells C0 and C1, which are calculated 

using a linear least-squares formulation detailed in [142]. Following [141], these terms 

are discretized using primary and secondary gradient approach as: 
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Here (βx)0 and (βx)1 are the values of βx in cells C0 and C1. The quantity Ψf is the 

secondary gradient term, and is non-zero only for non-orthogonal meshes [141]. Similar 

formulations may be derived for the F4 and F7 terms. 

3.3.3. F3, F5, and F8 Terms 

These terms are linearized following the technique introduced in the context of the 3D 

structure model. The cell gradient of any variable ϕ0 is first calculated using the linear 

least-squares approach [142] in the following way:  

  
nb

0nbnb0  g                                                  (3.36) 
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where ϕnb is the value of ϕ in the neighboring cell Cnb, and nbg  is a function of the mesh 

geometry. The required components of the Jacobian are 
j

iF

u


, which may be computed 

using the chain rule as: 
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where Fi is F3, F5, or F8, and 
j

i

ij
x

G





u
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The Jacobian of the residual for cell C0 is: 
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where R is the residual of the discrete equation and the summation is over all the faces of 

the cell. Here the moments and shear forces contribute to the Jacobian through the first 

term, whereas the transient term contributes to the Jacobian through the second term. 

Newton linearization of the equation R = 0 employs the Jacobian in Eq. (3.38). This 

procedure enables the complete linearization of the governing equations, and allows the 

implementation of a fully implicit scheme. 

In the present work, it is found that by discretizing parts of Eqs. (3.17), (3.18), 

and (3.19) using the primary and secondary gradient approach, and linearizing the 

remaining parts leads to dramatic improvement in the convergence rate. This is especially 

true for thin membranes with high aspect-ratios. 

3.4. INITIAL AND BOUNDARY CONDITIONS 

u and 
t

u
must be specified as initial conditions for transient problems. Two different 

types of boundary conditions have been implemented in the plate model: 

1) Specified displacement 

2) Specified moments and force 
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For the specified displacement boundary condition (i.e., a Dirichlet boundary condition),   

    Aruru  ,t, b                                                      (3.39) 

where r is the position vector on the surface A, and ub is the specified solution vector 

consisting of the transverse deflection and rotations on the surface of the boundary. For 

specified moment/shear force boundary conditions (Neumann boundary conditions) we 

have: 

  ArMrM  ,t, b                                                   (3.40) 

  ArQrQ  ,t, b                                                   (3.41) 

Here Mb and Qb are the specified moment and shear force on the boundary. The above 

two equations may be modified using Eqs. (3.8) and (3.9), and equations in the rotation 

components βx and βy and transverse deflection w can be derived.  

3.5. SOLUTION METHODOLOGY 

The discretization of the governing equations produces a set of linear algebraic equations 

of the form Mx + b = 0, where M is a symmetric and diagonally dominant N x N sparse 

matrix, x is a vector containing the values of the solution vector at the N control volumes, 

and b is the source vector. These equations can be solved iteratively with a BCGSTAB 

solver [146]. Due to linearization of the stress tensor, the solution to linear elastic 

problems can be solved in one outer iteration if the convergence criterion for inner 

iterations in the linear solver is set to a low enough value. For transient problems, this 

procedure is repeated for each time-step. 

3.6. RESULTS 

We first test the performance of the plate element model on three different test problems 

for a range of aspect ratios: (i) a cantilever plate subjected to shear stress at the free end, 
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(ii) a square clamped plate subjected to uniform load, and (iii) transient vibration of 

fixed-fixed plates. 

3.6.1. Cantilever Plate Subjected to Shear Force at Free End 

The robustness of the plate element model is first tested on a cantilever plate, shown in 

Figure 3.3, subjected to shear force at the free end. Two aspect ratios are used for this 

case, L/h = 10 and L/h = 100. The beam theory with shear effects included [148] is used 

to compute the analytical value of the membrane deflection at the free end for 

comparison with the plate element simulations: 
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where 

2
2











L

h

k
 . Here P is the shear force on the free end, h and L are the thickness 

and length of the plate respectively, and k is the lateral shear correction factor. A uniform 

shear force of P = -100 N/m is applied along the right boundary of the plate. 

 

 

Figure 3.3: Cantilever plate subjected to shear force at the free end. 
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The analytical values for the deflection at the free end are calculated according to 

Eq. (3.42) as w = -2.012x10
-6

 m and w = -2.00012x10
-3

 m for L/h = 10 and L/h = 100 

respectively. 

An error analysis is first performed on this problem. Simulations are performed 

for four successively refined meshes: 5x5, 10x10, 20x20, and 40x40. The percentage 

errors in the FVM plate element solution, with respect to the analytical solution, are 

presented in Table 3.1. It is seen that with even the coarsest 5x5 mesh, the percentage 

errors in FVM solution is only around 0.5% for both aspect ratios of 10 and 100. Thus the 

plate element model accurately predicts the deflection at the free end of the plate for both 

thick and thin plates. The spatial discretization order of the plate element model is finally 

obtained by analyzing the errors presented in Table 3.1. The logarithm of the errors is 

plotted against the logarithm of the mesh spacing in Figure 3.4. The figure reveals that 

the order of spatial discretization is 1.99, which is consistent with the second-order 

spatial discretization scheme. 

 

 

Mesh L/h = 10 L/h = 100 

5x5 0.497 0.5 

10x10 0.124 0.125 

20x20 0.031 0.031 

40x40 0.008 0.008 

 

Table 3.1: Percentage Errors in FVM solution for cantilever plate 



 75 

 

Figure 3.4: Spatial discretization order for plate element model: Cantilever plate 

subjected to shear force at the free end 

 

3.6.2. Square Clamped Plate Subjected to Uniform Load 

This test is used to evaluate the performance of the plate element model for a range of 

aspect ratios from 5 to 1000. The test consists of a square plate clamped on all sides, 

shown in Figure 3.5, subjected to uniformly distributed load. 
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Figure 3.5: Square plate with all sides clamped subjected to uniform distributed load. 

The test is performed for aspect ratios of L/h = 5, 10, 100, 200, and 1000. On all 

sides of the plate, zero vertical displacement and zero rotations are imposed as boundary 

conditions. The transverse deflection at the plate center is normalized with respect to the 

Kirchhoff solution for thin plates, which is given by: 

Dqawk /1026.1 43                                                   (3.43) 

where a is the side of the square. The convergence characteristics for the plate element 

model are shown in Figure 3.6 for four successively refined meshes. 
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Figure 3.6: Mesh convergence of clamped plate subjected to uniform distributed load. 

 

The plot reveals an aspect ratio independent convergence rate. The plate element 

model also does not show any evidence of locking behavior for thin plates. The 

normalized deflection w/wk at the plate center is plotted against log L/h in Figure 3.7 for a 

40x40 mesh. Also shown in the plot are the results obtained by Fallah [81], and Batoz 

and Lardeur [161]. Results show that the present plate element model gives accurate 

results over the entire range of aspect ratios from 5 to 1000. It is also seen that transverse 

shear is important for clamped plates subjected to uniform load.  
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Figure 3.7: Influence of aspect ratio L/h on transverse deflection of clamped plate. 

 

The results for non-dimensional transverse plate deflection w/wref and moments 

Mx/Mref at the plate center and the maximum moment Mx,max/Mref  are presented in Table 

3.2, 3.3, and 3.4, respectively. The tables also show the results from published literature. 

The reference values for non-dimensionalization are wref = qa
4
/1000D and Mref = qa

2
. 

There is a thin plate solution for these quantities, and they are given by w/wref = 1.26, 

Mx/Mref = 0.0231, and Mx,max/Mref = 0.051. It is observed that that there is good agreement 

between the present FVM results and the results published in the literature for all aspect 

ratios. 
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L/h 5 10 100 200 

Present Formulation 2.172 1.505 1.269 1.267 

Ref [81] 2.168 1.498 1.26 1.258 

Ref [161] 2.112 1.48 1.265 1.264 

Ref [162] 2.054 1.47 1.25 1.213 

Ref [163] 2.16 1.52 1.28 NA 

Ref [164] 2.134 1.495 NA NA 

 

Table 3.2: w/wref at the plate center (Note: NA = Not Available) 

 

 

L/h 5 10 100 200 

Present Formulation 0.0235 0.0232 0.0229 0.0229 

Ref [81] 0.0237 0.0233 0.023 0.023 

Ref [161] 0.0231 0.023 0.023 0.023 

Ref [162] 0.0243 0.024 0.0237 0.0237 

Ref [163] NA NA NA NA 

Ref [164] 0.0261 0.0244 NA NA 

 

Table 3.3: Mx/Mref at the plate center (Note: NA = Not Available) 
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L/h 5 10 100 200 

Present Formulation 0.0420 0.0446 0.0460 0.0460 

Ref [81] 0.0462 0.0494 0.0514 0.0514 

Ref [161] 0.0481 0.0481 0.0496 0.0496 

Ref [162] 0.0454 0.048 0.0424 0.0371 

Ref [163] NA NA NA NA 

Ref [164] 0.0454 0.0493 NA NA 

 

Table 3.4: Mx,max/Mref (Note: NA = Not Available) 

 

3.6.3. Transient Vibration of Fixed-Fixed Plates 

In this test, we study the undamped vibration of a thin membrane, modeled as a fixed-

fixed plate and shown in Figure 3.8, subjected to a uniformly distributed load.  

 

 

Figure 3.8: Fixed-fixed plate subjected to uniform distributed load 
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The transient deflection of the plate is given by Euler-Bernoulli beam theory, and the 

natural frequency Ω is derived as [165]: 

  
2

03.1
L

hE


                                                          (3.44) 

where L is the length, h is the thickness, E is the Young’s modulus, and ρ is the density of 

the plate. The plate has an aspect ratio of L/h = 200. The plate material has Young’s 

modulus and density of E = 200 GPa and ρ = 7854 Kg/m
3
 respectively. The analytical 

value of the natural frequency of the plate is calculated according to Eq. (3.44) to be Ω = 

6.497x10
4
 Hz. To simulate this problem, the plate is assumed to have u = 0 and 

t

u
= 0 as 

the initial conditions. At time t = 0, a uniform load of q = -1 Pa is applied on the plate, 

which causes the plate to develop periodic vibration. Initially, simulations are performed 

on three successively refined meshes of sizes 20x20, 40x40, and 80x80. It is found that 

the 40x40 mesh is sufficient to produce a mesh-independent solution in the deflection at 

the center of the plate, and is therefore chosen for this study. Subsequently, simulations 

are performed with the 40x40 mesh and successively smaller time-steps of Δt = 2x10
-8

 s, 

10
-8

 s, 5x10
-9

 s, 2.5x10
-9

 s, and 1.25x10
-9

 s. It is found that the time-step of Δt = 10
-8

 s 

produced a time-step independent solution in the deflection at the center of the plate. The 

time-step in this problem is therefore taken to be Δt = 10
-8

 s, which is approximately 

1/1000
th

 of the time period of vibration. The deflection at the plate center is shown is 

Figure 3.9 as a function of time. 

The plate element model computes a plate natural frequency as Ω = 6.485x10
4
 Hz 

which is within 0.2% of the analytical result. This result establishes the temporal 

accuracy of the plate element model. 

The order of temporal discretization for the plate element model is verified next. 

The instantaneous deflections at the plate center at a time of t = 25 µs obtained with three 
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different time-steps are presented in Table 3.5. These deflections are then analyzed using 

Richardson’s formula [166, 167], to obtain the order of temporal discretization. 

Richardson’s formula is given as: 

12
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ww

ww
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                                                   (3.45) 

In the above equation, p is the order of temporal discretization, r21 is the ratio of the time-

steps Δt2/Δt1 used in the analysis, and w1, w2, and w3 are the instantaneous deflections 

obtained with the three time-steps. Using Eq. (3.45), we obtain the order of temporal 

discretization as p = 0.992, which is consistent with a first order scheme. 

 

 

 

Figure 3.9: Temporal variation of the deflection at the center of the plate 
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Time-step (ns) Deflection (x10
-10

 m) 

5 -8.64166 

2.5 -8.66507 

1.25 -8.67684 

 

Table 3.5: Deflection at the center of the plate as a function of time-step 

 

3.6.4. Pull-In Voltage in MEMS 

The methodology developed here is finally used to investigate quasi-static and dynamic 

pull-in voltages for an RF MEMS switch shown in Figure 3.10. Young’s modulus of the 

material is E = 200 GPa, and Poisson’s ratio is ν = 0.31. The top electrode has length of 

400 µm and thickness of 4 µm. 

 

 

Figure 3.10: Simplified representation of an RF MEMS switch 
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Two cases are simulated to study the pull-in phenomenon. In Case (a), the length 

of the beam and the bottom electrode are the same, as shown in Figure 3.10. In Case (b), 

the bottom electrode has a length of 80 μm, as shown in Figure 3.11. 

 

 

 

 

Figure 3.11: RF MEMS with partial bottom electrode. 

 

The RF MEMS device is modeled as a thin fixed-fixed plate. Furthermore, a 

40x40 mesh is used for this analysis, based on the mesh convergence study performed in 

Section 3.6.3. Because of the large magnitude of the ratio of the beam length and 

thickness of the air gap, the potential gradient is approximated as: 

gz

bottomtop

air 














 
                                                (3.46) 

where Δg is the width of the air gap, and ϕtop and ϕbottom represent the electrostatic 

potential on the beam and bottom electrode respectively. To obtain the quasi-static 

deflection of the plate, the electrostatic force is first calculated using Eq. (2.23), and 

applied on the plate. The deformation of the plate is then obtained using the present plate 

element model formulation. Subsequently, the electrostatic force is recalculated using Eq. 
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(2.23), and the entire process is repeated until convergence. For the dynamic analysis, the 

entire procedure is repeated over a number of time-steps. The time-step for transient 

simulations is therefore taken to be Δt = 10
-8

 s, based on the time-step independence 

study performed in Section 3.6.3. 

The FVM result for the maximum deflection at the center of the membrane is 

compared with that obtained using the in-house FVM structural solver [136], developed 

in Chapter 2, in Figure 3.12 as a function of the applied voltage. It is seen that the 

membrane deformation, obtained with the plate element model compares reasonably well 

with that obtained with the FVM structural solver. However pull-in voltage is slightly 

overestimated (around 3%) by the plate element model. The pull-in voltages obtained 

with the in-house structural solver are 181V and 270V for Case (a) and Case (b) 

respectively, whereas those obtained with the plate element model are 187 V and 273 V 

respectively. The higher pull-in voltage obtained with the plate element model can be 

explained by non-linear stretching effects which are absent in the model. Non-linear 

stretching leads to an increase in the deformation rate and thus cause a decrease the pull-

in voltage. Transient pull-in voltage simulations have also been performed and the 

dynamic pull-in voltage for the case when both of the electrodes have the same length is 

found to be 171 V, which is less than the corresponding quasi-static pull-in voltage by 

9%. Similar results have reported in [136, 151]. Furthermore, the structural solver took 

around 12 hours for the dynamic pull-in voltage simulation on a single processor on the 

Hansen cluster at Purdue University [168], whereas the plate element model took only 3 

minutes for a similar study. Thus the plate element model can provide reliable analysis of 

membrane deformation in RF MEMS switches in a computationally affordable manner. 
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Figure 3.12: Quasi-static pull-in voltage for RF MEMS switch 

 

3.7. DISCUSSION 

In this section, the Mindlin-Reissner plate theory is utilized to develop a fully-implicit 

cell-centered FVM solver for plate bending analysis. The FVM scheme employs second-

order spatial discretization and first order temporal discretization. The robustness of the 

plate element model is first evaluated on three different test cases for a range of aspect 

ratios: (1) deformation of a cantilever plate with applied load at the free end, (2) 

deformation of a square clamped plate subjected to uniform distributed load, and (3) 

transient vibration of fixed-fixed plates. It is seen that the plate element model accurately 

predicts the deflection over the entire range of aspect ratios from 5 to 1000. Furthermore, 

the convergence rate of the solver is independent of the aspect ratio. Thus solver does not 

show any evidence of shear locking in thin plates. The solver is next used to investigate 
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the quasi-static and dynamic pull-in voltages of an RF MEMS device, modeled as a 

fixed-fixed plate. Results are compared with those obtained with the in-house structural 

solver, developed in Chapter 2, which is based on a 2D linear elasticity model. It is found 

that the pull-in voltage obtained within the current plate element model is within 3% of 

that obtained with the structural solver. The slight overestimation of the pull-in voltage by 

the plate element model is attributed to non-linear stretching effects which are absent in 

the model. It is also observed that the dynamic pull-in voltage is less than the quasi-static 

pull-in voltage by around 9%, which is similar to that reported in the literature. 

Having verified the accuracy of the elastic deformation of membranes obtained 

with the plate element model, we focus next on implementing a creep model in the 

structural solvers. This is described in the next chapter. 
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Chapter 4:  Creep Model for RF MEMS Applications 

Creep deformation of metallic membranes plays an important role in the failure of RF 

MEMS switches [6]. Nickel, aluminum, gold, copper and silicon are commonly used as 

the membrane material in RF MEMS switches and display creep behavior, particularly at 

high temperatures [169]. During the operation of MEMS switches in the presence of RF 

signals, metallic membrane heats up. This, in combination with the mechanical stresses in 

the membrane material, can worsen creep deformation [5, 6]. Creep results in permanent 

deformation in the metallic membrane, thereby leading to a decrease in the gap between 

the membrane and pull-down electrode over time. This can drastically alter device 

parameters such as pull-in/pull-out voltages, and can lead to the permanent closing of the 

switch [8, 9], thereby resulting in failure. In contrast to the time-scale for electrostatic 

actuation, which spans microseconds, creep is a long-term failure mechanism and occurs 

over a time scale of   hundreds or thousands of hours. It is important to accurately model 

long-term creep deformation in RF MEMS switches in order to optimize their design. 

Recent studies have indicated that nanocrystalline metals possess excellent 

properties, which make them better candidates as materials for RF MEMS switches, 

compared to coarse-grained materials [170-172]. For example, the ultimate strength of 

nanocrystalline nickel is five times higher than that of coarse-grained nickel [173]. Over 

the years, a large number of studies have been published to investigate creep deformation 

in the metallic membranes in MEMS devices [7-9, 82-84, 169]. Initially research was 

conducted into creep behavior in coarse-grained materials [7-9, 82]. Recently, researchers 

have also focused on creep in nanocrystalline materials [83, 84, 169]. The RF MEMS 

switch in the present study is made of nanocrystalline nickel. We have implemented a 
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Coble creep model [170], based on measurements at Purdue University [4], to study 

creep in nanocrysalline nickel. 

Creep in RF MEMS switches is a multi-physics phenomenon, and creep modeling 

requires simultaneous solution of beam dynamics and electrostatic fields in the presence 

of creep. In this chapter, we develop modeling strategies for creep both within the full 3D 

structural model framework outlined in Chapter 2, and the plate element model 

framework described in Chapter 3. The present formulation is versatile, and can be used 

to model any creep mechanism in both nanocrystalline metals and coarse-grained 

materials. 

This chapter is organized as follows: We first describe the creep model used in 

this study. We next separately explain the discretization procedure for creep for the 3D 

structural model and the plate element models. Next, we explain our solution 

methodology.  We first present results for creep in fixed-fixed plates for a range of aspect 

ratios using the plate element model. Results are compared with those obtained with the 

3D structural model to study the accuracy and computational advantage obtained with the 

plate element model over the full 3D structural model. The methodology is finally used to 

investigate long-term creep deformation in a frogleg RF MEMS varactor [169], which 

employs a membrane composed of nanocrystalline nickel. 

4.1. CREEP MODEL 

A typical creep curve is shown in Figure 4.1. As is evident from this figure, creep has 

three distinct stages: primary or transient creep, secondary or steady-state creep, and 

tertiary or accelerating creep. 
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Figure 4.1: Creep curve for a pure metal. Stages I, II, and III are primary, secondary, and 

tertiary creep respectively. 

During primary creep (stage I), strain rate decreases with time. The secondary 

creep stage lasts longest, and is characterized by constant strain rate. Accurate modeling 

of secondary creep is very important for lifetime predictions since this stage lasts the 

longest. Tertiary creep is characterized by rapid increase in the strain rate, which 

eventually leads to rupture. 

The secondary creep strain rate is given as [139]: 
m

p
G











                                                             (4.1) 

where p is the creep strain-rate, G is the shear modulus, and m is the creep stress 

exponent. 

By using different values of m, we can identify different creep mechanisms: m = 1 

models diffusion creep, m = 2 models grain boundary sliding, and m > 3 models power-

law creep. Even though a number of studies have been published over the years to model 

creep mechanisms in coarse-grained materials [139], there is a paucity of research on 

creep in nanocrystalline materials [174, 175]. Creep in nanocrystalline materials has been 

found to be dominated by Coble creep, which is a particular type of diffusion creep, and 
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is important at room temperature [170]. The versatility of the present numerical 

methodology to model any arbitrary creep mechanism is demonstrated with two tests 

involving different creep mechanisms. We first simulate creep deformation in a fixed-

fixed plate with m = 2. Subsequently, we study creep in a RF MEMS varactor composed 

of nanocrystalline nickel with m = 1, which is consistent with the Coble creep mechanism 

in nanocrystalline nickel. The creep rate, given by Eq. (4.1), can be expressed in the 

form: 
m

y

p A


















                                                        (4.2) 

where A is a material-dependent constant. In the present work, a strain-hardening relation 

of the following form is used [169]: 

  neff

pyy B   10                                                  (4.3) 

Here 
eff

p is the effective or von-Mises part of creep strain, and 0y  is the initial yield 

stress. 

4.2. GOVERNING EQUATIONS 

In the present work, the creep model is first implemented in the 3D structural model 

[176] and next within plate element model framework [137]. We describe each of these 

formulations separately. 

4.2.1. 3D Structural Model 

The governing equation for solid-body equilibrium is given by Eq. (2.1), and is repeated 

here for completeness. 
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where w is the displacement vector, ρ is the density, f is the body force vector per unit 

volume, and σ is the stress tensor. The strain tensor ε is now assumed to be the sum of 

elastic e  and plastic p  components: 

   pe  
T

2

1
ww                                                  (4.4) 

The stress tensor is related to the elastic part of the strain tensor as follows: 

   Ιpp   tr2                                                 (4.5) 

In the above equation, I is the unit tensor, μ and λ are the Lamé coefficients, and are 

given by Eqs. (2.4) and (2.5)                   
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where ν is the Poisson’s ratio and E is the Young’s modulus. Using Eq. (4.4), (4.5), (2.4), 

and (2.5), Eq. (2.1) can now be written as: 
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4.2.2. Plate Element Model          

It is assumed that only bending contributes to plastic deformation. Therefore, the bending 

strain ε is assumed to be the sum of elastic e  and plastic p  components: 
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Since shear strain does not contribute to plastic deformation, it only has elastic 

component: 
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The domain is divided into control volumes or plate elements. As explained in Chapter 3 

in the context of elastic solid mechanics within the plate element model framework, the 

governing equations for an individual control volume are obtained by balancing the 

forces in the z-direction and moments along the x and y axes, and are given by Eqs. (3.5) 

– (3.7). The moments and shear forces may be obtained by using Mindlin-Reissner plate 

theory as: 
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Here D = Eh
3
/12(1-ν

2
). Furthermore, the bending moments that arise due to plastic 

deformation are given as: 
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The shear force is still given by Eq. (3.9). In the above equations, E is the Young’s 

modulus, G is the shear modulus, h is the plate thickness, and k is the lateral shear 

correction factor [160]. 
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4.3. FINITE-VOLUME DISCRETIZATION 

4.3.1. 3D Structural Model 

Equation (4.6) in the structural model is discretized using the finite-volume scheme. The 

computational domain is first divided into a number of non-overlapping cells or control 

volumes. Equation (4.6) is integrated over the control volumes C0, shown in Fig. 2.1, to 

yield cell balances of inertial, surface and body force terms as follows: 

 
      

  












0

tr2d

trddd
T

2

2

V

pp

V

VVV

dVV

V
t

o

ooo






If

wIwAwA
w

                (4.15) 

The discretization of the transient and stress terms in the above equation is exactly the 

same as that for elastic solid mechanics in Chapter 2. We now explain the discretization 

of the term associated with creep. 

Creep Term 

The last integral in Eq. (4.15), appears due to effects of creep: 

   

0

tr2
V

pp dV IS                                           (4.16) 

This term is treated as a source term. It is evaluated at the old time level, and treated 

explicitly. We therefore have an explicit formulation of creep in this work. 

4.3.2. Plate Element Model    

The governing equation in the plate element model is also discretized using the cell-

centered finite-volume discretization scheme described in Chapter 3. The governing 

equations for plate dynamics, Eqs. (3.5) - (3.7), are integrated over the control volume C0, 

shown in Figure 2.1, to yield the same cell balance equations of moments and forces as 

Eq. (3.17) – (3.19). However, in the presence of creep, Eq. (3.17) is now written 

154321 SFFFFF                                                   (4.17)                              
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Similarly Eq. (3.19) may be written in the form 

2876 SqAFFF O                                                     (4.18) 

Using Eq. (3.9), (4.9), (4.10), and (4.11), it may be shown that the terms F1 to F8 have the 

same form as that in the Eqs. (3.22) – (3.29). It may also be shown that the source terms 

in Eq. (4.17) and (4.18) are: 
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The discretization of the terms F1 to F8 is same as that in Chapter 3 in the context of the 

plate element model for elastic solid mechanics. We next explain the discretization of the 

terms S1 and S2 that are associated with creep. 

S1 and S2 Terms  

These terms appears due to effects of creep. Using Eqs. (4.12) - (4.14), these terms can be 

expressed as: 

 
 

  






































f

f

y

f
h

h

p

xy

f

x

f
h

h

p

y

p

x Adzz
E

Adzz
E

S

2/

2/

2/

2/

21
121







             (4.21) 

 
    







































f

f

y

f
h

h

p

x

p

y

f

x

f
h

h

p

xy Adzz
E

Adzz
E

S

2/

2/

2

2/

2/

2
112







             (4.22) 

An explicit formulation for creep is used in the present work. Thus these terms are treated 

as explicit source terms, and are evaluated at the previous time level. However, we need 

to know how plastic strain and stress vary along the thickness of the plate. For this 

reason, the plate thickness is resolved using a specified number of grid points, typically 

20 in number, at which the plastic strains and stresses are stored. The stresses along the 

thickness of the plate are first calculated as: 
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The plastic strain along the plate thickness is then evaluated using Eq. (4.2). 

Subsequently, moments arising due to creep p

xM , 
p

yM , and 
p

xyM are calculated by Eqs. 

(4.12) - (4.14) using any numerical integration technique. Simpson’s rule for numerical 

integration is used in the present work. We emphasize that this is only for the purpose of 

performing numerical integration and evaluating the plastic components of the moments; 

the plate elements themselves are purely two-dimensional. 

4.4. INITIAL AND BOUNDARY CONDITIONS 

The initial and boundary conditions are the same as those explained in Section 2.4 for 

structural model and Section 3.4 for plate element model. 

4.5. SOLUTION METHODOLOGY 

The discretization of the governing equations produces a linear system of the form Mx + 

b = 0 in both the structural solver and the plate element model. The linear system is 

solved iteratively using a BCGSTAB solver [146]. In the present work, we employ an 

explicit Euler time-stepping scheme for integrating the constitutive non-linear 

relationship between stress and strain-rate. The numerical procedure is described below: 

Step 1: It is assumed that values of N , 
N

p , and w
N
 are known at time level N. 

Step 2: Stress N is calculated at time level N. 

Step 3: Creep strain rate  NN

p F    is subsequently calculated, using Eq. (4.2). 

The change in creep strain is calculated as: 

tN

p

N

p                                                           (4.26) 

Step 4: Time is advanced as: 
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ttt NN 1                                                      (4.27) 

Step 5: Creep strain is updated at the current time level using explicit Euler 

procedure: 

N

p

N

p

N

p  1
                                                  (4.28) 

Step 6: The contribution due to creep is explicitly calculated, which appears as 

source term S on the right hand side of Eq. (4.15) for the structural model, and as 

source terms S1 and S2 on the right hand side of Eq. (4.17) and (4.18) for the plate 

element model. 

Step 7: Solve Eq. (4.6) in the structure model and Eqs. (3.17) - (3.19) in the plate 

element model to obtain deformation at new time level, w
N+1

. 

Step 8: Return to Step 1. 

4.6. RESULTS 

4.6.1. Creep in Fixed-Fixed Plates 

The creep formulation in the plate element model is first used to simulate long-term creep 

deformation in fixed-fixed membranes for a range of aspect ratios from L/h = 10 to L/h = 

60. The objective of this test is to evaluate the performance of the plate element model 

against the 3D structural model in simulating creep as a function of aspect ratios. A 

schematic of the fixed-fixed plate, subjected to distributed load, is shown in Figure 4.2. 
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Figure 4.2: Fixed-fixed plate subjected to uniform distributed load. 

 

The membrane material has a Young’s modulus, Poisson’s ratio, and density of E 

= 200 GPa, ν = 0.3, and ρ = 7854 kg/m
3
 respectively. The membrane has fixed left and 

right faces, whereas the other two faces are free. Under the application of a transverse 

load, the membrane develops an instantaneous elastic deformation. The deformation 

subsequently increases with time as creep sets in. For this test, we assume that the 

dominant creep mechanism is grain boundary sliding. The relevant creep parameters used 

in the simulation are A = 8.33x10
-6

/s, B = 1.8x10
8
, m = 2, n = 2, and σy0 = 1 GPa. A time-

step of Δt = 1 hr is used in the simulation. It was found that this time-step was sufficient 

to produce a time-step independent result. Creep simulations are also performed using the 

3D structural model, developed jointly in Chapter 2 for elastic analysis and the present 

chapter for creep analysis. We consider a fixed-fixed 3D beam which has the same length 

and width as the fixed-fixed plate. The 3D beam is h µm thick. By varying the thickness 

of the beam, we perform creep simulations on beams with aspect ratio ranging from L/h = 

10 to L/h = 60. The 3D beam material has the same Young’s modulus, Poisson’s ratio, and 

density as that of the plate. The meshes used for the plate element model simulations and 

3D structural analyses are listed in Table 4.1, along with the applied loads. 
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L/h 
Plate Model 

Mesh 
3D Structural 

Model Mesh 

Load q 

 (x10
4
 Pa)  

10 81x21 121x21x20 400 

20 81x21 151x21x20 60 

30 81x21 201x21x20 6 

40 81x21 401x21x20 6 

50 81x21 501x21x10 6 

60 81x21 751x21x10 6 

 

Table 4.1: Mesh and applied load for different aspect ratios 

Since the plate mesh has only 1701 cells, a direct solver is used for solving the 

linear system.. The temporal variation of the total and creep deformation at the plate 

center obtained with the plate element model are compared with those obtained with the 

3D structural model in Figure 4.3 – 4.5. Significant differences between the plate element 

model and 3D structural model are seen for thicker membranes with aspect ratios of L/h = 

10 and L/h = 20. It is believed that the assumption in the present formulation that the 

shear strain (which plays an important role in thick plates) only has an elastic 

contribution is responsible for the discrepancy when L/h < 20. For thin plates with aspect 

ratios L/h > 20, there is good agreement in the creep and total deformations obtained 

using the Mindlin-Reissner plate theory and the full 3D structural model. The percentage 

errors in the plastic deformation obtained with the plate element model with respect to the 

3D structural model after 500 hours are listed in Table 4.2, along with the CPU time 



 100 

taken for the simulations. It is seen that the percentage errors are less than 0.5% for thin 

plates with aspect ratios of L/h > 20. Furthermore, it is also observed that the plate 

element model is much more computationally efficient than the full 3D structural model. 

The plate element model takes the same computational time for creep simulation over the 

entire range of aspect ratios. This is because a direct solver is used along with the same 

81x21 mesh for both thick and thin plates. The computational advantage with the plate 

element model over the full 3D structural model increases as the plate becomes thinner. 

For a membrane with aspect ratio of 60, the computational time taken by the plate 

element model is less than that taken by the full 3D structural model by more than a 

factor of 3000. 
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Figure 4.3: Creep and total deformation in the plate for different aspect ratios: (a) L/h = 

10, (b) L/h = 20. Here, wp is the maximum plastic deformation of the plate, 

and wt is the maximum total deformation of the plate. 

 

(a) 

(b) 
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Figure 4.4: Creep and total deformation in the plate for different aspect ratios: (a) L/h = 

30, (b) L/h = 40. Here, wp is the maximum plastic deformation of the plate, 

and wt is the maximum total deformation of the plate. 

 

(a) 

(b) 
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Figure 4.5: Creep and total deformation in the plate for different aspect ratios: (a) L/h = 

50, (b) L/h = 60. Here, wp is the maximum plastic deformation of the plate, 

and wt is the maximum total deformation of the plate 

 

(a) 

(b) 
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L/h 
Percentage 

Error 

Plate Model 

CPU Time 

(hrs) 

3D Structural 

Model CPU 

Time (hrs)   

10 16.76 0.03 3.85 

20 4.32 0.03 7.36 

30 0.15 0.03 13.76 

40 0.42 0.03 34 

50 0.24 0.03 47.14 

60 0.5 0.03 97.43 

 

Table 4.2: Percentage error (after t = 500 hrs) and CPU time for different aspect ratios 

 

4.6.2. Creep in Frogleg RF MEMS Varactor 

Next, we study the long-term creep deformation of a frogleg RF MEMS varactor, shown 

in Figure 4.6, composed of nanocrystalline nickel. The relevant dimensions of the device 

are listed in Table 4.3. The movable parts of the varactor consists of a 300 µm x 220 µm 

nickel top plate with four legs attached to anchors. Three gold electrodes are placed under 

the nickel top plate. There is a sensing electrode at the center, and two actuation 

electrodes at the two sides. The experimental setup is explained in detail in [169]. 

Young’s modulus, Poisson’s ratio, and the density of the material are taken to be E = 205 

GPa, ν = 0.31, and ρ = 8912 kg/m
3
 respectively, consistent with nanocrystalline nickel. 
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Figure 4.6: Schematic of frogleg RF MEMS varactor 

 

Coble creep is the dominant creep mechanism in nanocrystalline nickel. The 

relevant creep parameters are A = 2.08x10
-10

/s, B = 20, m = 1, n = 0.5, and σy0 = 0.7 GPa. 

Initially, a mesh independence study is performed for this problem. Creep simulations are 

performed to study the gap between the membrane and bottom electrode as a function of 

time for three successively refined meshes with 3226, 12904, and 51616 cells and a time-

step of Δt = 1 hr. Results are shown in Figure 4.7. It is found that the difference in the 

gap at a time of t = 500 hr for meshes with 3226 and 51616 cells is only around 0.2%. A 

plate mesh with 3226 cells is therefore chosen for this study. A time-step independence 

study is also performed. Creep simulations are performed to compute the gap between the 

membrane and the bottom electrode as a function of time for three successively refined 

time-steps of Δt = 1, 0.5, and 0.25 hrs, and a plate mesh with 3226 cells. Results for this 

analysis are shown in Figure 4.8. It is found that a time-step of Δt = 1 hr is sufficient to 
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produce a time-step independent solution, and is therefore chosen for this study. The 

plate mesh with 3226 cells that is used for the present study is shown in Figure 4.9. From 

the experimental results shown in Figure 4.10, it is seen that the duration of the initial 

primary creep is only about 50 hours. 

 

 

 

wp 220 

wa 40 

ws 120 

wb 20 

lp 300 

l1 40 

l2 90 

l3 30 

g0 3 

tb 3 

 

 

Table 4.3: Dimensions of the frogleg RF MEMS varactor in microns 
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Figure 4.7: Mesh independence study in comparison of numerical and experimental data 

for gap between nickel top plate and bottom electrode [169] with meshes 

with 3226, 12904, and 51616 cells and time-step of Δt = 1 hour 

 

 

Figure 4.8: Time-step independence study in comparison of numerical and experimental 

data for gap between nickel top plate and bottom electrode [169] with time-

steps of Δt = 1, 0.5, and 0.25 hours and mesh with 3226 cells 
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Figure 4.9: Mesh for RF MEMS varactor 

 

 

 

 

Figure 4.10: Comparison of numerical and experimental data for gap between nickel top 

plate and bottom electrode [169]. 
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The creep model used in the current study is developed for computing long-term 

secondary creep, and therefore it is unable to predict the short-term primary creep stage 

in nanocrystalline nickel. However, the objective of this simulation is to accurately model 

the long-term steady-state creep deformation in the device. It is seen that the beam 

deflection reaches a steady-state after time t = 50 hr. On extrapolation of the linear region 

of the experimental results for gap to time t = 0, it is found that the gap after 

instantaneous elastic deformation should be g = 1.43 µm at time t = 0 hr. In the present 

simulations, we assume an initial gap of g0 = 1.8 µm, which instantaneously reduces to a 

gap of g = 1.43 µm after elastic deformation at time t = 0 hr. The stresses in the device 

along the x and y axes after elastic deformation at time t = 0 hr are shown in Figure 4.11. 

 

 

 

 

Figure 4.11: Stresses (Pa) after elastic deformation at time t = 0 hr: (a) σxx, (b) σyy. 

 

It is seen that there is significant stress concentration at the corners of the legs, 

which implies that we need to accurately model these high-stress regions in order to 

simulate creep in the device. This further implies that simplified beam models based on 

Euler-Bernoulli beam theory would be unable to accurately predict the long-term creep 
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deformation of the RF MEMS varactor. The temporal variation for the gap between the 

nickel top plate and bottom electrode obtained with the plate element model is compared 

with the experimental results in Figure 4.10. It is seen that the plate element model 

accurately predicts the gap in the secondary creep stage. 

4.7. DISCUSSION 

In this chapter, we have extended the 3D structural model and the plate element model, 

which were developed in Chapters 2 and 3, respectively, in the context of elastic solid 

mechanics, to model creep in RF MEMS devices [177]. The present formulation is 

versatile and can be used to model any creep mechanism described by the power law 

relationship in Eq. (4.1). The solver is first used to study creep dominated by grain 

boundary sliding in fixed-fixed plates for a range of aspect ratios. Results are compared 

with those obtained using the 3D structural model. It is found that the plate element 

model can accurately predict creep in thin membranes when the aspect ratio L/h > 20. 

However, the plate element model does not give accurate results for thicker membranes 

with aspect ratios L/h < 20. It is believed the assumption in the model that shear strain 

does not have any plastic component is responsible for the errors for thicker plates. It is 

also found that the present plate element model is computationally much more efficient 

than the full 3D structural model, with the computational advantage increasing with an 

increase in the aspect ratio. In fact, when the aspect ratio L/h = 60, the CPU time required 

by the plate element model is about 3 orders of magnitude lower than that for the full 3D 

structural model. The solver is next applied to study Coble creep in a frogleg RF MEMS 

varactor composed of nanocrystalline nickel. The numerical results for the gap between 

the membrane and the bottom electrode match relatively well with experimental results. 
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The results demonstrate the applicability of the plate element model to study long-term 

creep deformation in a real-life RF MEMS device. 

It is to be noted that the creep models implemented in this thesis are only valid in 

the secondary creep regime, and they cannot be used to predict failure due to rupture in 

the tertiary creep regime. The present numerical formulation can therefore only be used 

to predict long-term secondary creep in metallic membranes. The methodology can also 

be used to predict failure in RF MEMS when secondary creep causes the membrane to 

collapse on to the bottom electrode, but it cannot be used to model primary and tertiary 

creep in metallic membranes. 

Having developed structural solvers to study both elastic and long-term creep 

deformation in RF MEMS, we next address fluid damping. In Chapter 5, we develop an 

efficient solution methodology for computing fluid flow and damping using the ES-BGK 

model. 
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Chapter 5:  Coupled Ordinates Method (COMET) for Rarefied Gas 

Dynamics 

As explained in Chapter 1, it is important to accurately model gas damping in RF MEMS 

switches to capture their dynamical behavior. In this chapter, we focus on developing a 

new fluid flow algorithm called the coupled ordinates method (COMET) which is valid 

over the entire range of Knudsen numbers.  

The metallic membranes in the RF MEMS switches under consideration are about 

400 μm long, 100 μm wide, and 1 - 3 μm thick, and they are held about 1 – 4 μm above 

the substrate. Membrane deformation under electrostatic actuation leads to a change in 

the gap between the metallic membrane and the substrate. This causes flow between the 

membrane and the substrate to transition between the rarefied and continuum regimes as 

the switch opens and closes. Knudsen numbers may range from low (~0.01) in the open 

position to arbitrarily high values as the switch closes. Continuum-based flow modeling 

approaches are invalid in the rarefied flow regime. It therefore becomes necessary to 

solve the Boltzmann equation, which is valid over the entire range of Knudsen numbers. 

  Our focus in this thesis is on deterministic simulation techniques for the 

Boltzmann transport equation, in contrast to stochastic simulation techniques such as 

DSMC. These are advantageous because they can be easily coupled to other deterministic 

solvers in multi-physics problems without the introduction of spurious noise. However, 

numerical solution of the Boltzmann equation is computationally expensive because of 

the quadratic form of the collision kernel. To overcome this problem, simplified forms of 

the collision kernel are often considered. BGK [99] and ESBGK [100, 101] are two 

model kinetic equations with relaxation type collision terms that have become 

increasingly popular over the years to simulate rarefied gas flows. However, whereas the 

BGK model can only predict flows with Prandtl number of Pr = 1, the ESBGK model 
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does not suffer from any such limitations. In the present work, the ESBGK model is 

therefore used to study gas damping in RF MEMS switches. 

Traditional solution techniques for the BGK and ESBGK equations involve a 

sequential solution procedure in the velocity space [115]. The solution methodology 

involves looping over the velocity ordinates sequentially, and solving for the velocity 

distribution functions in the physical space. This leads to an explicit discretization 

scheme in the velocity space, and an implicit discretization scheme in the physical space. 

These techniques work well in the rarefied regime where the distribution functions are 

loosely coupled in the velocity space. However, as the Knudsen number decreases, the 

distribution functions become more strongly coupled in the velocity space. Therefore, 

these explicit solution techniques have poor convergence rates at lower Knudsen 

numbers. In this work, we extend a novel numerical algorithm called  the coupled 

ordinates method (COMET), developed a few years ago in the context of participating 

thermal radiation [120], to accelerate the convergence rate of the ESBGK model kinetic 

equations. The main objective in COMET is to strongly couple the distribution functions 

in the velocity space while simultaneously using a geometric multigrid scheme  to 

promote spatial coupling. The point-coupled nature of the solution technique in the 

physical space in COMET also makes it particularly amenable to efficient domain-

decomposition based parallelization. In this chapter, we will describe the formulation and 

performance of the COMET solver. 

Details about the discretization procedure for COMET are presented in this 

chapter, along with a description of the methodology used to parallelize the COMET 

algorithm. Results are first shown which verify the accuracy of the COMET algorithm. 

Subsequently, results are presented for the speed-up of COMET over the traditional 
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sequential solver on a single processor. Finally, scaling results are presented for both 

COMET and the sequential solver on multiple processors. 

5.1. NUMERICAL MODELING APPROACHES 

The governing equation considered in this thesis for fluid flow in RF MEMS switches is 

the ESBGK equation, described in Eq. (1.8). The equation is repeated here for 

completeness.  
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                                      (1.8) 

Here c = (cx, cy, cz) is the molecular velocity, ν is the collision frequency, and fγ is the 

equilibrium distribution function. In the ESBGK model, fγ is replaced by an anisotropic 

Gaussian distribution. In this section, we describe the discretization procedures for the 

ESBGK equation. 

5.1.1. Velocity Space Discretization 

The velocity space can be discretized using either Cartesian or spherical type grids, as 

shown in Figure 5.1. A Cartesian velocity grid is used for both sequential and COMET 

solvers for all cases studied in this work. The Cartesian mesh consists of a uniformly 

spaced velocity grid. Thus we have: 
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where N1 is the number of grid points use to discretize cx. The velocities cy and cz are 

discretized in a similar manner. Thus the size of the velocity grid is N = N1 x N2 x N3. The 

velocity is stored as an array of vectors, where the j
th

 element of the array is cj = (cx, cy, 

cz)j and the corresponding weight is stored as ωj. For a uniform Cartesian velocity grid, 

all velocity ordinates have equal weights and thus ωj = 1 where j ranges from 1 to N. The 

macroparameters can be reconstructed from the distribution functions as follows: 
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j

jj wf                                                             (5.2) 
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Here ωj is the weight associated with the j
th

 ordinate in velocity space. It should be noted 

that the quantities in Eqs. (5.2) – (5.6) are in non-dimensional form [115]. 

 

 

Figure 5.1: Velocity meshes: (a) Cartesian, (b) Spherical. 

5.1.2. Physical Space Discretization 

The governing equation is discretized using a cell-centered finite volume approach in 

physical space. Thus Eq. (1.8) is integrated over the control volumes C0, shown in Figure 

2.1. After application of the divergence theorem, this leads to cell balances of transient, 

convection and collision terms as follows: 
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Rate of Change 

Equation (5.7) is discretized using an implicit discretization scheme. The temporal 

derivative is obtained using a second-order backward differencing procedure, using three 

consecutive time levels: 
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 d                                   (5.8) 

where f
N 

is the distribution function at the current time level, and f
N1 

and f
N2

 are the 

distribution functions at the previous two time levels, and the time increment is given by 

Δt = t
N
 - t

N1
.  

Convection Term 

The second term on the LHS of Eq. (5.7) has the form of a standard convection operator 

in a typical finite volume method (FVM) and is treated implicitly as: 

  




oV f

fff ff AcAdcC                                          (5.9) 

where Af and ff are the outward-pointing area vector and the distribution function 

associated with the face f respectively. A first-order upwind scheme is used in this work. 

Thus, for a velocity ordinate j for which c.Af > 0, the face value of the distribution 

function ff is set to be the value on the C0 cell shown in Figure 2.1, i.e. ff = fC0. Similarly 

for velocity ordinate j for which c.Af < 0, we have ff = fC1. 

Collision Term 

For the BGK equations, as suggested in [112], the equilibrium distribution function 

fγ(xi,tk,cj) is chosen in the form: 

pβ ef 1                                                          (5.10) 

 5432 ,,, β                                                  (5.11) 

             Tzyxzyx wcvcucwcvcuc  ,,,
222
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The coefficients α1 to α5 can be found using discretized forms of conservation of 

mass, momentum, and energy equations: 0 dcmS , 0 dcSmcx
, 0 dcSmcy

, 

0 dcSmcz
, and        0

2

222
 dcSwcvcuc

m
zyx , where S = -(f-fγ) is the 

scattering term. Using the expressions for macroparameters, the discretized forms of the 

above conservation equations can be written in the form: 
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These equations are solved iteratively using Newton’s method to obtain the 

coefficients α1 to α5. 

Similarly, the ESBGK equilibrium distribution function is of the form: 

pβ ef 1                                                            (5.18) 

 1098765432 ,,,,,,,,  β                                  (5.19) 

      Tzyzxyxzzyyxx cccccccccccc  ,,,,,,,,
222

p                           (5.20) 

Here ucc xx  , vcc yy  , and wcc zz   represent the thermal velocities. For the 

ESBGK model, we have 10 unknowns, α1 to α10. In addition to the conservation of mass 

and momentum, we solve six additional higher moments of equilibrium distribution 

function to obtain these coefficients: 
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j

xyjyx uvwfcc                                                   (5.24) 
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Here the normal and cross components are respectively  
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where fγ,BGK is the BGK equilibrium distribution function. The above equations Eqs. 

(5.13) – (5.16) and Eqs. (5.21) – (5.26) are solved iteratively using Newton’s method to 

obtain the 10 coefficients. 

Collision Frequency 

The non-dimensional form of collision frequency is obtained as: 
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                                                  (5.29) 

Here the non-dimension pressure P is expressed in terms of density ρ and temperature T 

as: P = ρT. The viscosity is calculated using a power law expression: 
w

ref

ref
T

T














                                                      (5.30) 

where μref, Tref, and w are given by Bird [87]. 

5.2. BOUNDARY CONDITIONS 

The boundary conditions in this thesis are of the following types: specular or diffuse 

walls, pressure boundaries, and symmetry boundaries. Symmetry boundary conditions are 
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treated in the same manner as specularly reflecting walls. The different boundary 

conditions are described below. 

5.2.1. Wall Boundary 

For a wall at temperature Tw moving with velocity Vw = (uw, vw, ww) and with outward 

surface normal n, the distribution function values f in the outgoing direction (Vw.n ≥ 0) 

are found by extrapolation from the internal cells. For directions incoming to the domain 

(Vw.n < 0), the distribution function values f for a fully diffuse wall are given as [115]: 
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Here nw is the wall number density and is calculated using conservation of mass flux as 

[115]: 
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                     (5.32) 

For a specularly reflecting wall, a map of incident and reflected directions [ji,jr] is 

first created using the method detailed in [115]. Then the distribution function for each 

reflected direction is set to be equal to that for the corresponding incident direction: 

    0 ncallforjfjf ir                                          (5.33) 

It is also possible for a wall to have a combination of specular and diffuse 

characteristics. Thus for a wall with accommodation coefficient σ (0 ≤ σ ≤ 1), the 

distribution function in the direction incoming to the domain is given as: 

  speculardiffuse fff   1                                           (5.34) 

5.2.2. Pressure Boundary 

The distribution functions in the directions outgoing to the domain are again extrapolated 

from the interior cells. For the directions incoming to the domain, the distribution 
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function is set to a Maxwellian at the specified pressure, temperature, and zero velocity as 

[115]: 
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                                    (5.35) 

In the above equation, nboundary is the boundary density and is found from ideal gas 

equation. 

5.3. SOLUTION METHODOLOGY 

Equation (5.7) represents a set of coupled, non-linear equations. Non-linearity arises 

through the collision term on the R.H.S where the equilibrium distribution function at any 

spatial location is a non-linear function of the distribution function in the velocity space. 

For a system with L spatial cells, and N velocity ordinates, the total number of unknowns 

is L x N. Theoretically, these L x N unknowns can be solved simultaneously using any 

iterative solver. However, such a solution procedure would lead to a very large coefficient 

matrix, and would result in huge memory requirements even for relatively coarse spatial 

and velocity meshes. Therefore, these equations are generally solved using a sequential 

solution procedure [115]. 

5.3.1. Sequential Solver 

In this procedure, only the spatial coupling of the distribution function for each velocity 

ordinate is treated implicitly. At each spatial cell, the influence of all other discrete 

distribution functions in the velocity space is treated explicitly, using the latest available 

values. A flowchart for the solution methodology in the sequential solver is shown in 

Figure 5.2. 
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Figure 5.2: Flowchart showing solution methodology in sequential solver 
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solving for the distribution function for that ordinate in the entire spatial domain. Thus 
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for each velocity ordinate j, the discretization of the governing equations produces a set 

of linear algebraic equations of the form: 

  0bx  jjjM                                                        (5.36) 

where M is a symmetric and diagonally dominant L x L sparse matrix, x is a vector 

containing the values of the solution vector at the L spatial control volumes, b is the 

source vector, and L is the size of the spatial mesh. The linear system in Eq. (5.36) can be 

solved iteratively with an algebraic multigrid (AMG) solver [146]. One global iteration of 

the sequential solution procedure requires visiting all the velocity ordinates sequentially, 

and solving for the distribution functions in the physical space. Several such global 

iterations are required for convergence. Because of the explicit coupling of the 

distribution functions in the velocity space, the method has slow convergence in low 

Knudsen number systems. To overcome this problem, we propose a novel solution 

technique called COMET to provide strong coupling in both the velocity and spatial 

domains. 

5.3.2. COMET Algorithm 

In this solver, the goal is to strongly couple the distribution functions in both the velocity 

and physical spaces without incurring the computational and memory overheads of a 

direct solution procedure. A flowchart showing the solution methodology in COMET is 

shown in Figure 5.3. 
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Figure 5.3: Flowchart showing solution methodology in COMET 
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The distribution functions in different velocity ordinates are coupled to each other 

through the collision term in Eq. (5.7). From Eqs. (5.10) – (5.12) and Eqs. (5.18) – (5.20), 

it is seen that the BGK and ESBGK equilibrium distribution functions for each velocity 

ordinate depend on the macroscopic velocities u, v, and w. Moreover, from Eqs. (5.3) – 

(5.5), it is seen that the macroscopic velocities are reconstructed from the distribution 

functions in all velocity ordinates. Combining Eqs. (5.10) – (5.12), (5.18) – (5.20), and 

(5.3) – (5.5), it is apparent that distribution function for each velocity ordinate is coupled 

to distribution functions in all other velocity ordinates. Coupling between the distribution 

functions in velocity space also arises through the coefficients α’s in Eqs. (5.10), (5.11) 

and Eqs. (5.18), (5.19). 

The central idea behind COMET is to couple the velocity ordinates strongly 

through a point-implicit direct solution of the distribution functions in each cell, and to 

traverse the spatial cells in a Gauss-Seidel procedure. The Gauss-Seidel scheme is 

embedded as a relaxation sweep in a geometric mutigrid in physical space. This ensures 

strong coupling in both velocity and physical space without incurring the computational 

and memory cost of a direct solution procedure. We describe the COMET procedure in 

detail below. 

Point-Implicit Gauss Seidel Scheme 

In COMET, we first change the order of solution loops. We thus solve sequentially in 

physical space. Thus for each spatial cell c, we again get a linear system of the form: 

0bx  cccM                                                     (5.37) 

If we directly try to couple distribution function in a velocity ordinate to 

distribution functions in all other velocity ordinates, M will be a fully dense N x N matrix 

(N being the size of the velocity mesh). Moreover, M is also not diagonally dominant. 
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Therefore, Eq. (5.37) must be solved using direct methods. However, the cost of inverting 

a fully dense N x N matrix is very high (order ~ N
3
), rendering the scheme 

computationally impractical. To overcome this problem, the distribution function for each 

velocity ordinate in a spatial cell is only coupled to the macroscopic velocities u, v, and 

w. Since the macroscopic velocities are reconstructed from all distribution functions in 

velocity space, this procedure ensures strong coupling in velocity space without having a 

detrimental effect on the matrix structure of M. Thus for each spatial cell, the distribution 

functions and macroscopic velocities are solved together, and hence again give rise to a 

linear system of the form in Eq. (5.37). The size of M is now (N+3) x (N+3). For all 

internal spatial cells in the domain, Eq. (5.37) can also be represented as: 

0

3

2

1

3

2

1

321

321

321

333

3

3

222

2

2

111

1

1





































































































































































































































































































w

v

u

NN

w

N

wwww

v

N

vvvv

u

N

uuuu

NNN

N

N

R

R

R

R

R

R

R

w

v

u

f

f

f

f

w

R

f

R

f

R

f

R

f

R

v

R

f

R

f

R

f

R

f

R

u

R

f

R

f

R

f

R

f

R

w

R

v

R

u

R

f

R

w

R

v

R

u

R

f

R

w

R

v

R

u

R

f

R

w

R

v

R

u

R

f

R

           

(5.38) 

The Jacobian matrix M has a special structure (similar to an arrowhead matrix) as 

shown above. For the first N rows of the matrix, only the diagonal components and 

components in the last 3 columns are non-zero. This ensures coupling of the distribution 
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function for each velocity ordinate to the macroscopic velocities. For the last 3 rows of 

the matrix, only components in the first N columns and the diagonal terms in the last 3 

columns are non-zero. An efficient storage algorithm is implemented for this matrix. 

Furthermore, the matrix structure is exploited to solve it with O(N) computational cost. 

For boundary cells with diffuse boundaries, the distribution function for each 

direction incoming to the domain is dependent on the distribution functions in all 

directions outgoing to the boundary surface. This is evident from Eqs. (5.31) and (5.32), 

as the wall number density can be expressed in terms of outgoing distribution functions. 

However, if the distribution function for each incoming direction is directly coupled to all 

the distribution functions in the outgoing directions, then the special matrix structure of 

Eq. (5.38) will no longer exist. It then becomes an expensive operation (order ~ N
3
) to 

invert a dense N x N matrix. This is also true for surfaces with specular walls. To 

overcome this, boundary cells are still treated in the same way as internal cells, i.e. the 

distribution function for the directions incoming to the domain are only coupled to the 

macroscopic gas velocities and not to the distribution functions outgoing to the domain. 

The linear systems in Eq. (5.38) are solved sequentially in physical space using 

Gauss-Seidel iteration. Thus the distribution function in each spatial cell uses the latest 

available values for distribution functions in the neighboring cells. The Gauss-Seidel 

iteration is embedded as the relaxation sweep in a geometric multigrid procedure [120], 

as described in the next section. 

One global Gauss-Seidel iteration of the point-coupled COMET solver involves 

visiting each cell sequentially and solving for the distribution functions for all velocity 

ordinates and the macroscopic velocities. After each global iteration, the macroscopic 

parameters such as density, pressure, and temperature are recalculated for each spatial 

cell from the distribution functions. Then the equilibrium distribution functions are 
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solved for each cell using the Newton iteration technique, as described previously in 

section 5.1.2. 

It is important to understand that the Gauss-Seidel procedure in itself is 

insufficient to obtain solution acceleration. The procedure improves the coupling between 

the distribution functions in velocity space. However, we have explicit coupling between 

distribution functions in the neighboring cells in the physical space. The Gauss-Seidel 

procedure is slow in transmitting boundary information to the interior of the physical 

domain. This is because we have a local computational stencil in the physical space, and 

hence only high frequency errors are sufficiently reduced in the iterative process, and not 

the low-frequency errors. To improve the convergence characteristics in the physical 

domain, a geometric multigrid procedure is implemented in the COMET solver [120]. 

The Gauss-Seidel procedure described above is used as a relaxation sweep in the 

multigrid procedure. This is a critical component of the COMET algorithm without which 

performance gains cannot be obtained; the multigrid procedure is described below. 

Geometric Multigrid 

We employ a geometric multigrid scheme to promote spatial coupling in the COMET 

algorithm. In this method, a hierarchy of coarse level meshes is first created by 

agglomeration of fine level meshes. Then Eq. (5.7) is directly discretized on these coarse-

level meshes. For unstructured fine level meshes, coarse level meshes may have non-

convex polyhedral cells. Discretization on such cells poses no problems because of the 

absence of diffusion-like terms in Eq. (5.7) which lead to the loss of boundedness and 

diagonal dominance in non-convex cells [141]. The coarse level matrices are recomputed 

for each spatial cell when it is visited. 
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To better illustrate the methodology, two adjacent coarse level cells CI and CJ are 

shown in Figure 5.4. The dashed lines represent the faces between fine level cells. The 

Jacobian matrices on the coarse levels are computed by direct discretization of the 

governing equation on these cells. The convection term in Eq. (5.9) is computed using the 

faces c-d and d-e. The problem is further optimized by agglomerating faces between 

neighboring cells at the coarse levels. Thus, for cell CI, the convection term is discretized 

using face c-e instead of faces c-d and d-e separately. Since the number of faces for 

coarse level cells can be very large, this procedure leads to significant reduction in 

computational time. Furthermore, since Eq. (5.7) is a non-linear equation, we use a full 

approximation scheme (FAS) to take care of the non-linearity [178, 179], as described 

below 

 

 

 

Figure 5.4: Coarse-level grid 
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Full-Approximation Scheme 

We first consider a linear system of the form Au = f, where A is the Jacobian matrix, u is 

the exact solution and f is the source. Suppose v represents an approximation to the exact 

solution. Then e = u – v represents the error, and r = f - Av represents the residual. By 

using the exact solution, it is seen that the residual equation can also be represented as Ae 

= r.  

For simplicity, we describe a two-level multigrid scheme. In such a  scheme, first 

an iterative method like Gauss-Siedel is applied at the fine-level. This smooths the error 

at the fine level and removes high frequency errors. The smoothed error becomes a high 

frequency error on coarser meshes, which can effectively remove them with very low 

computational cost. The fine level residual is computed and restricted to the coarse level. 

The coarse grid residual equation is next solved to obtain the coarse level error, which is 

next interpolated to fine level and provides correction to the fine level approximation. By 

recursively applying a two-level process, a multigrid scheme with an arbitrary number of 

mesh levels may be constructed. 

A number of different strategies may be used to develop a multigrid cycling 

scheme. Cycling strategies basically represent the manner in which coarser levels are 

visited. A V-cycle [180] is employed in the work presented here. In such as cycle, n1 

relaxation sweeps are performed at the each level in the multigrid scheme, starting with 

the finest level. This residual is then restricted to the next coarser level. This is repeated 

recursively until the coarsest level specified in the simulation is reached. The coarsest 

grid residual equation is next solved. Corrections from the coarse level are then 

propagated to the solution at the next fine level, in which another n2 relaxation sweeps are 

performed. The above procedure constitutes one V-cycle. Each level is twice visited in 

this cycle, once during the down-leg and again during the up-leg. Similarly, W and F 
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cycles [178] can also be developed and are distinguished by the manner in which each 

level is visited, as shown in Figure 5.5. 

 

 

Figure 5.5: Cycling strategy in multigrid schemes: a) V-cycle, b) W-cycle, c) F-cycle 

 

We now consider a non-linear system A(u) = f. The Jacobian matrix A now 

depends on the solution u. The residual is now defined as r = f - A(v). The error is still 

represented as e = u – v. The residual equation is now represented as A(u) – A(v) = r. 

Because of the non-linearity in A, in general, A(u – v) = A(e) ≠ r. Thus we have to use the 

residual equation A(u) – A(v) = r on the coarse levels. A two-level full approximation 

scheme (FAS) may now be explained as follows: 
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Step 1: Smooth non-linearly A
h
(v

h
) = f

h
 on the fine level (mesh spacing h) with 

initial guess v
h
. 

Step 2: Restrict fine-level approximation and residual hh

h

h vIv 22   and 

  hhhh

h

h vAfIr  22  to the coarse level, where h

hI 2  is the restriction operator 

from fine to coarse level. 

Step 3: Solve coarse-level equation     hhhhh rvAwA 22222   

Step 4: Compute coarse-level correction hhh vwe 222   

Step 5: Interpolate errors to fine-level hh

h

h eIe 2

2  

Step 6: Correct fine-level approximation hhh evv   

Again, by recursively applying the two-level process, any arbitrary level non-linear 

multigrid scheme may be constructed. A V-cycle is used for all cases in this thesis. 

5.4. PARALLEL IMPLEMENTATION 

The Message Passing Interface (MPI) library is used to parallelize the COMET solver. 

The present methodology uses the ParMETIS library [181] to partition the global 

simulation domain into subdomains, with each subdomain being solved on a separate 

processor. The local meshes on the individual processors use one layer of ghost cells 

across the mesh boundary to exchange information, as shown in Figure 5.6. In this figure, 

red cells denote the ghost cells. In our first-order upwind discretization for the convection 

term, only one layer of ghost cells is sufficient. For higher-order schemes, additional 

layers of ghost cells would need to be implemented. 
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Figure 5.6: Mesh partitioning using ParMETIS library: (a) global mesh, (b) partitioned 

meshes 

For the geometric multigrid scheme in the COMET solver, coarse level meshes 

are formed from fine level meshes by agglomerating fine level cells. Each fine level cell 

is agglomerated to the neighboring cell with which it shares the largest face area. A 

coarse index is assigned to each fine level cell. Moreover, each fine level cell and its 

pairing cell share the same coarse index. The coarse indices between neighboring 

partitions are then communicated through point-to-point MPI calls to populate ghost cell 

values. An algorithm for the parallel implementation of COMET is given below: 

Step 1: Read the mesh. Partition the global mesh into subdomains using the 

ParMETIS library. 

Step 2: Initialize the problem. 

Step 3: Set boundary conditions. 

ParMETIS 

a) 

b) 

Processor 0 Processor 1 
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Step 4: For n = 0, maxCoarseLevels: 

Step 5: Create coarse level meshes for the geometric multigrid scheme by 

agglomerating fine level cells. 

Step 6:  Communicate coarse indices of fine level cells across domain 

boundaries using MPI calls (MPI_Send and MPI_Recv). 

Step 7: Create coarse level mesh connectivity. 

Step 8: Start solve. Advance iter = iter + 1: 

Step 9: For each cell in the spatial domain, solve all distribution functions 

in the velocity space and macroscopic gas velocities according to the 

COMET algorithm using the full approximation scheme (FAS) for the 

geometric multigrid procedure [178].  

Step 10: Solve density and temperature using Eq. (5.2) and Eq. (5.6). 

Step 11: Solve for the equilibrium distribution functions. 

Step 12: Communicate distribution functions for all velocity ordinates 

across domain boundaries using MPI calls (MPI_Send and MPI_Recv) 

Step 13: Compute the residual for each processor and sum the residual 

over all processors in the simulation using MPI_Allreduce(…,MPI:SUM) 

to compute the global residual r
global

. 

Step 14: If r
global 

< tolerance, stop. Else, go to Step 8. 

 

For transient problems, steps 8 – 14 are repeated for each time step.  

Similarly, the algorithm for the parallel sequential solver is as follows:  

Step 1: Read the mesh. Partition the global mesh into subdomains using the 

ParMETIS library. 

Step 2: Initialize the problem. 
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Step 3: Set boundary conditions. 

Step 4: Start solve. Advance iter = iter + 1: 

Step 5: For j = 0, N: 

Step 6: Communicate distribution functions for j
th

 velocity ordinate 

across domain boundaries using MPI calls (MPI_Send and 

MPI_Recv) 

Step 7: Solve distribution functions for j
th

 velocity ordinate at the L 

spatial cells. 

Step 8: Solve density, macroscopic velocities, and temperature using Eqs. 

(5.2) - (5.6). 

Step 9: Solve for the equilibrium distribution functions. 

Step 10: Compute the residual for each processor and sum the residual 

over all processors in the simulation using MPI_Allreduce(…,MPI:SUM) 

to compute the global residual r
global

. 

Step 11: If r
global 

< tolerance, stop. Else, go to Step 4. 

For transient problems, steps 4 – 11 are repeated for each time step.  

The most significant difference between the parallel COMET algorithm and the 

parallel sequential algorithm is the amount of computation done per processor per MPI 

call. In the sequential solver, for each velocity ordinate j we create a linear system in the 

distribution functions in physical space. Thus the amount of work done per processor per 

MPI call is proportional to the time taken in solving for the distribution functions for j
th

 

velocity ordinate over the L spatial cells. In comparison, distribution functions are solved 

sequentially in physical space in the COMET solver. Thus the amount of work done per 

processor per MPI call is proportional to the time taken in solving for all the N 

distribution functions in velocity space over the L spatial cells of the domain. Since N is 
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O(10
3
), the computation/communication time per processor is much higher in COMET, 

and thus it is expected to give much better parallel performance than the sequential 

solver. 

5.5. RESULTS 

5.5.1. Results on Single Processor 

To study the performance of COMET, we compare the convergence characteristics of the 

COMET with that of the sequential solver. Since the discretization schemes are same in 

the two approaches and only path to solution is different, the results at convergence are 

expected to be the same with both approaches. In the present formulation, we consider 

the results as having converged when the scaled residual for the global iteration has 

decreased by 10
-6

. For the sequential solution procedure, a 10
-1

 reduction in residual is set 

as the tolerance criteria for each inner iteration in the AMG linear solver. We first verify 

the accuracy and discretization order of COMET by comparing the numerical results in 

Couette flow with analytical solution. We next present validation results for damping 

ratio in free cantilever beams to validate COMET solver against experimental data. 

Subsequently we present a number of test problems to study the speedup of COMET over 

the sequential solver. In this section, we will only study the speedup results on one 

processor. In subsequent sections, we will present speedup results on multiple processors. 

Verification Test: Couette Flow 

The first verification test for COMET is one-dimensional plane Couette flow, shown in 

Figure 5.7. The domain contains argon gas between two plates H = 1m apart maintained 

at a temperature of Tw = T0 = 273.15 K. The bottom wall is fixed, whereas the top wall 

moves to the right at a velocity of uw = 10 m/s. Initially, the argon gas is at a temperature 

of T0 = 273.15 K and a density of ρ0 = 9.28 x 10
-6

 kg/m
3
, corresponding to a pressure P0 = 
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0.528 Pa. The gas viscosity is obtained by Eq. (5.30), with μ0 = 2.117 x 10
-5

 kg/ms and w 

= 0.81. There is an analytical solution to the problem, given as [87, 112, 115]: 
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where σ is the accommodation, and Kn is the Knudsen number. This analytical solution is 

based on a first order slip theory, and is therefore valid only at relatively low Knudsen 

numbers. Therefore, comparisons of numerical solution obtained with COMET with 

analytical solution are not performed for Knudsen numbers which are higher than 0.1. A 

linear velocity profile is used as the initial condition in this study. Furthermore, an 

accommodation coefficient of σ = 1 is used in the problem, to represent a fully diffuse 

wall. Simulations are performed for a range of spatial meshes, which are successively 

refined in the y-direction (i.e., the cross-flow direction) to study the order of spatial 

discretization in the COMET solver. A uniform 10x10x10 velocity mesh was used for the 

simulation on each spatial mesh. For this mesh-convergence study, the root mean square 

(RMS) errors in the x-velocity (i.e., the axial velocity) are computed for different mesh 

sizes. The RMS error is defined as: 
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Here Ny denotes the number of cells in the y-direction. The RMS errors in the x-velocity 

at a Knudsen number Kn = 0.1 are presented in Table 5.1. It is found that the error is 

7.92% when only 10 spatial cells are used to discretize the y-direction, and it decreases to 

1.15% when 160 spatial cells are used in the y-direction. The order of spatial 

convergence is next found by analyzing the errors from four meshes with 10, 20, 40, and 

80 spatial cells in the y-direction, and is shown in Figure 5.8. It is found that the order of 

spatial discretization is 0.92, commensurate with a first order spatial discretization 
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scheme. The velocity profiles in the domain obtained with COMET are next compared 

with the analytical solution for two different Knudsen numbers of Kn = 0.01 and Kn = 0.1 

on a 10x80 spatial mesh and 10x10x10 velocity mesh in Figure 5.9. It is seen that the 

velocity profile obtained with COMET matches the analytical solution very well for both 

Knudsen numbers. 

 

 

 

Figure 5.7: Couette flow in a square domain 
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Number of cells in y-

direction 

Percentage RMS 

Error 

10 7.92 

20             4.05 

40 1.97 

                     80 1.21 

160 1.15 

 

Table 5.1: Mesh Convergence in COMET 

 

 

 

 

Figure 5.8: Order of spatial discretization in COMET 
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Figure 5.9: Non-dimensional x-velocity profile in Couette flow at Knudsen numbers of 

Kn = 0.01 and Kn = 0.1 

 

Validation: Damping Ratio in Free Cantilever Beams 

The  COMET solver is  validated by comparing the computed values of the damping 

ratios in a cantilever beam with the experimental results [138]. The nominal 

manufacturer-specified dimensions of the tip-less polycrystalline silicon cantilever, 

shown in Figure 5.10, are as follows: L = 100 μm, b = 35 μm, t = 1 μm. The experiments 

were performed in a MMR vacuum-probe station (MMR Technologies) at the Sandia 

National Laboratories, New Mexico, using five phosphorous-doped silicon 

microcantilevers. The microcantilever chip was mounted on dither piezo to inertially 

excite the microcantilever. The vibration mode shape and frequency response functions 

(FRFs) of 30 grid points, which represent the ratio of the velocity of a point on the 
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microcantilever to the velocity at the base, were measured with a scanning laser-doppler 

vibrometer (MSA400 from Polytec, Inc.). Ten repeated sets of data were averaged at each 

value of operating pressure to obtain the experimental data used in this study. Data were 

collected over a range of operating pressures from 1.33x10
-1

 Pa to 8.36x10
4
 Pa. The 

experimental FRFs are used to estimate the total damping ratio ζ for pressures greater 

than 100 Pa. For pressures lower than 100 Pa, the envelope of freely decaying motion of 

microcantilevers is used to estimate the total damping ratio ζ. The structural damping 

ζstructural is extracted, as explained in [182, 183], and then subtracted from total damping 

ratio ζ to obtain the gas damping ζgas. 

For a micro beam of mass m, the damping coefficient cf and quality factor Q are 

defined as: 
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where E is the Young’s modulus of the beam material, I = bt
3
/12 is the area moment of 

inertia, and F is the damping force. For the first three modes of cantilever beams, γn = 

[1.8751, 4.6941, 7.8548]. Similarly, for the first three modes of fixed-fixed beams, γn = 

[4.7300, 7.8532, 10.9956]. 
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Figure 5.10: Tip-less silicon cantilever [138] 

 

Steady-state rarefied gas dynamics simulations were performed using the 

COMET solver. Since the microcantilever is long compared to the width, gas flow 

calculations are restricted to the cross-section of the microcantilever [138]. Therefore, 2D 

simulations are performed in this study. Furthermore, the symmetry of the computational 

domain is utilized to reduce the computational cost. A schematic of the computational 

domain is shown in Figure 5.11. The figure also shows the boundary conditions that were 

used in the problem. 
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Figure 5.11: Schematic of the computational domain in free cantilever damping (not 

drawn to scale) 

 

A number of tests were initially performed with successively larger computational 

domains of sizes 75 µm x 100 µm, 100 µm x 150 µm, 125 µm x 200 µm, and 150 µm x 

250 µm to study the influence of the boundary conditions on the top, right, and bottom 

surfaces on the solution (steady-state velocity, pressure, and temperature). It was found 

that the solution in the domain became independent of the domain size when a 

computational domain of size 125 µm x 200 µm was used. This domain is therefore used 

in this study. Subsequently, spatial and velocity mesh independence was studied for this 

problem. Initially, simulations were performed with spatial meshes of sizes 250x500, 

300x750, 350x980, 400x1200 on the 125 µm x 200 µm computational domain with a 

uniform 10x10x10 velocity mesh. It was found that the solution became independent of 

the spatial mesh when a 350x980 spatial mesh was used. This spatial mesh is therefore 

used for this study. Finally, simulations were performed using uniform Cartesian 8x8x8, 

10x10x10, 14x14x14 velocity meshes on a 125 µm x 200 µm computational domain with 
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a 350x980 spatial mesh. It was found that a uniform 10x10x10 velocity mesh caused the 

solution to become independent of the velocity mesh size, and this velocity mesh is 

therefore used for this study.  

Simulations are performed in this study on the 125 um x 200 um computational 

domain with a 350x980 spatial mesh and a uniform Cartesian 10x10x10 velocity mesh. A 

constant velocity of 0.1 m/s was imposed on the beam. The study was performed over a 

range of operating pressures from 1.33x10
-1

 Pa to 8.36x10
4
 Pa, which corresponds to a 

Knudsen number range of Kn = 1.17x10
3
 to Kn = 1.85x10

-3
. FVM simulations based on 

the Navier-Stokes equations were also performed in the continuum regime over the 

operating pressure range of 1.11x10
4
 Pa to 8.36x10

4
 Pa, which corresponds to a Knudsen 

number range of 1.40x10
-2

 to 1.85x10
-3

.  

The contours of the non-dimensional x-velocity and y-velocity in the domain 

obtained with the COMET solver at an operating pressure of 0.66 Pa are shown in Figure 

5.12. The percentage errors in the numerical solution for the damping ratios obtained 

with COMET, with respect to the experimental results, are tabulated in Table 5.2 over a 

range of operating pressures from 4.67 Pa to 2.25x10
4
 Pa, which corresponds to a 

Knudsen number range of Kn = 33.28 to Kn = 6.91x10
-3

. It is found that the maximum 

deviation in the numerical result for the damping ratio is less than 12%. The numerical 

values of the damping ratios obtained with the COMET solver are further compared with 

the experimental results and those obtained with the Navier-Stokes solver in Figure 5.13. 

It is seen that the numerical results for the damping ratio match relatively well with the 

experimental results over the entire operating range of pressure, expect at the lowest 

pressure of 1.33x10
-1

 Pa where there is a big discrepancy between the numerical and 

experimental results. Since only the gas damping ratios are plotted in Figure 5.13, it is 

expected that the plot of gas damping ratio versus pressure should pass through the point 
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(0, 0). The fact that there is a big change in the slope of the experimental damping ratio 

versus pressure curve at the lower values of pressure suggests that either structural 

damping has not been completely eliminated from total damping to compute gas 

damping, or that there are errors in the experimental measurements at the low pressure 

range. Furthermore, the rating of the pressure gauge in the experiments was reported to 

be +/- 1.33x10
-1

 Pa [138], while the lowest pressure in this study is also 1.33x10
-1

 Pa. 

Therefore, it is possible that the discrepancy between the numerical and experimental 

results at the lowest pressure is due to errors in the experimental measurements. 

However, it is not possible to draw a definite conclusion about the source of discrepancy 

between the numerical and experimental results at 1.33x10
-1

 Pa. 
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Pressure (Pa) 
Knudsen 

Number 

Percentage Deviation in 

Damping Ratio 

4.67E+00 33.28 11.32 

9.33E+00 16.66 0.73 

1.89E+01 8.22 0.96 

3.85E+01 4.04 3.95 

7.83E+01 1.98 0.72 

1.59E+02 9.77x10
-1

 9.98 

3.23E+02 4.81x10
-1

 5.99 

6.55E+02 2.37x10
-1

 1.20 

1.33E+03 1.17x10
-1

 6.75 

2.71E+03 5.73x10
-2

 11.47 

5.48E+03 2.84x10
-2

 12.30 

1.11E+04 1.40x10
-2

 10.15 

2.25E+04 6.91x10
-3

 11.44 

 

 

Table 5.2: Percentage errors in damping ratio in free cantilever damping test 
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Figure 5.12: Contours of non-dimensional (a) x-velocity, (b) y-velocity  

 

 
 

Figure 5.13: Damping ratios in the cantilever beam [138]. “FVM” indicates the results of 

Navier-Stokes simulations [134] 

(a) (b) 
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1D Heat Transfer 

The first test of the convergence behavior of COMET consists of a 1D heat transfer 

problem in a square domain. The top and bottom walls are fully diffuse and are 

maintained at temperatures T1 = 327.78 K and T2 = 273.15 K respectively. The left and 

right surfaces have specularly reflecting walls. The domain contains argon gas and is 

initially at an ambient temperature of T0 = 273.15 K and a density of ρ0 = 9.28 x 10
-6

 

kg/m
3
, corresponding to a pressure P0 = 0.528 Pa. The gas viscosity is obtained by Eq. 

(5.30), with μ0 = 2.117 x 10
-5

 kg/ms and w = 0.81. The length of the domain is varied 

from L = 1 cm to L = 1 m to vary the Knudsen number from Kn = 1.0 to Kn = 0.01 

respectively. Simulations are performed with both the sequential and COMET solvers for 

Knudsen numbers Kn = 1.0, 0.1, and 0.01. Two different spatial meshes are used in the 

simulation: a uniform 40x40 mesh and a uniform 80x80 mesh. A 10x10x10 uniform 

velocity mesh is used for all cases. The non-dimensional temperature contours in the 

domain obtained with the 80x80 spatial mesh at Kn = 0.1 with sequential and COMET 

solvers are shown in Figure 5.14. It is evident that the contours from the two different 

numerical schemes match very well. The computational cost of COMET is compared 

with that of sequential solver in Table 5.3. It is to be noted that each iteration in COMET 

is a single V-cycle in the geometric multigrid scheme [120]. It is seen that COMET takes 

fewer V-cycles than iterations in the sequential solver for all cases. However, a single 

multigrid cycle in COMET is much more expensive than a single iteration in the 

sequential solver. For higher Knudsen numbers, the distribution functions are more 

strongly coupled in physical space and weakly coupled in velocity space. It is thus seen 

that at Knudsen number of Kn = 1.0, COMET is actually slightly slower than the 

sequential solver. However for these higher Knudsen number cases, the total 

computational time is very small. So COMET does not result in any significant 
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disadvantage. The distribution functions become more strongly coupled in velocity space 

as the Knudsen number decreases. This is why the advantage of COMET increases over 

the sequential solver as the Knudsen number decreases. In fact at Kn = 0.01, COMET is 

about 6x and 7x faster than the sequential solver for 40x40 and 80x80 spatial meshes 

respectively. 

 

 

 

 

 

Figure 5.14: Non-dimensional temperature contours in 1D heat transfer for 80x80 mesh 

at Kn = 0.1: (a) sequential solver, (b) COMET. 
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Kn Mesh 
SEQ 

Iteration 

COMET 

Iteration 

SEQ Time 

(hrs) 

COMET 

Time (hrs) 

Speed 

Up 

1.0 40x40 26 10 0.045 0.075 0.6 

1.0 80x80 26 12 0.19 0.368 0.52 

0.1 40x40 114 8 0.176 0.064 2.75 

0.1 80x80 116 9 0.736 0.282 2.61 

0.01 40x40 2653 63 3.238 0.533 6.08 

0.01 80x80 3197 67 15.302 2.212 6.92 

 

Table 5.3: Performance of the sequential solver versus the COMET solver for for 1D heat 

transfer 

 

 Flow in a Lid Driven Cavity 

In this second test case, we simulate a lid driven cavity problem in a square domain 

containing argon gas. All the walls in the domain are fully diffuse, and the top wall 

moves to the right at a velocity of uw = 10 m/s. Initially the gas is at an ambient 

temperature of T0 = 273.15 K and density of ρ0 = 9.28 x 10
-6

 kg/m
3
, corresponding to a 

pressure of P0 = 0.528 Pa. The gas viscosity is obtained by Eq. (5.30), with μ0 = 2.117 x 

10
-5

 kg/ms and w = 0.81. As before, the length of the domain is varied from L = 1 cm to L 

= 1 m to correspondingly vary the Knudsen number from Kn = 1.0 to Kn = 0.01. The 

non-dimensional x-velocity contours in the domain obtained with the 80x80 mesh at Kn = 

0.01 are shown in Figure 5.15 for both sequential and COMET solvers. As expected, the 

contours match exactly. The performance of COMET is next compared with that of the 
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sequential solver in Table 5.4. Trends for this lid driven cavity case are similar to those 

for the 1D heat transfer case. At Kn = 1.0, COMET is somewhat more expensive than the 

sequential solver. However, the overall computational times for higher Knudsen number 

cases are much less than those for lower Knudsen number cases. The speed-up of 

COMET over the sequential solver increases as the Knudsen number decreases. At Kn = 

0.01, COMET is around 8.5x and 9.5x faster than the sequential solver for 40x40 and 

80x80 meshes respectively. This makes COMET an attractive solver to simulate systems 

with a range of Knudsen numbers or systems with low Knudsen numbers. 

 

 

 

 

 

Figure 5.15: Non-dimensional x-velocity contours in lid driven cavity for 80x80 mesh at 

Kn = 0.01: (a) sequential solver, (b) COMET. 
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Kn Mesh 
SEQ 

Iteration 

COMET 

Iteration 

SEQ Time 

(hrs) 

COMET 

Time (hrs) 

Speed 

Up 

1.0 40x40 16 10 0.029 0.077 0.38 

1.0 80x80 18 13 0.137 0.397 0.35 

0.1 40x40 75 8 0.116 0.063 1.84 

0.1 80x80 78 10 0.496 0.312 1.59 

0.01 40x40 1111 21 1.389 0.163 8.54 

0.01 80x80 1319 22 6.469 0.684 9.46 

 

Table 5.4: Performance of the sequential solver versus the COMET solver for lid driven 

cavity 

 

 Squeeze Film Damping 

We consider next the problem of squeeze film damping in microstructures. A microbeam 

vibrates in close proximity to a substrate. As it vibrates, a damping force is generated on 

the microbeam as the thin gas layer in the gap is periodically squeezed out or sucked in. 

Depending on the gap between the beam and the substrate, the flow transitions from the 

rarefied to the continuum regime. It would be advantageous to be able to use a single 

numerical solver which works efficiently for all flow regimes. The beam has a width of w 

= 18 µm, thickness t = 2.25 µm, and gap of g = 1.4 µm. Because of symmetry, only the 

half right of the domain is simulated as shown in Figure 5.16. The left, top, right, and 

bottom surfaces have symmetry, pressure, pressure, and diffuse wall boundary conditions 

respectively. Simulations are performed on a 27 µm x 12 µm computational domain for a 
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50x50 and a 100x100 mesh. The Knudsen number based on the gap height is Kn = 0.389. 

A 10x10x10 velocity mesh is used for this study. The non-dimensional x-velocity 

contours in the domain obtained with 100x100 mesh for a beam moving up at 2 m/s are 

shown in Figure 5.17 for both the sequential and COMET solvers. As expected, the 

contours match exactly. A number of cases are simulated with a range of positive and 

negative beam velocities. The performance of COMET is compared with that of the 

sequential solver for a 50x50 spatial mesh in Table 5.5, which also shows damping forces 

obtained with both solvers. It is seen that at small beam velocities, the magnitude of the 

damping force is the same for both positive and negative beam velocities. However, as 

the beam velocity increases, the direction of beam motion strongly affects the magnitude 

of the damping force. Computations are most expensive when a beam moves towards the 

substrate at high velocities. For these cases, the non-linearity in the collision term is 

strongest, leading to increased computational time. From Table 5.5, it is seen that both the 

sequential and COMET solvers give the same damping force, as expected. However, for 

all cases COMET is much more computationally efficient than the sequential solver. For 

the case of the beam moving towards the substrate at 2.44 m/s, COMET is about 5x faster 

than the sequential solver. The performance of COMET is also compared with that of the 

sequential solver for a 100x100 mesh in Table 5.6. Similar trends in the computational 

performance are obtained as for the 50x50 mesh case. For the case of the beam moving 

toward the substrate at 2.44 m/s, COMET is about 6x faster than the sequential solver. 

Thus, the speed-up of COMET over the sequential solver increases for finer spatial 

meshes. 

Finally, the order of velocity discretization is verified for the COMET solver. For 

this purpose, simulations are performed on a 18 µm x 9 µm computational domain with 

the 50x50 spatial mesh, and three successively refined uniform Cartesian velocity meshes 
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of sizes 10x10x10, 20x20x20, and 40x40x40. A negative beam velocity of -2.44 m/s is 

used for this study. Since a uniform Cartesian mesh is used for the present analysis, the 

order of velocity discretization is expected to be 2. The damping forces obtained with the 

three successively refined velocity meshes are presented in Table 5.7. These forces are 

then analyzed using Richardson’s formula [166, 167], given by Eq. (3.45), to obtain the 

order of velocity discretization as p = 2.96. Since we are analyzing damping forces, 

which are found by integrating the distribution functions over the velocity space, the 

numerical order of velocity discretization from this analysis is expected to be higher than 

the true order of velocity discretization. This is confirmed by the findings from this study. 

 

 

 

 

Figure 5.16: Squeeze film damping in microstructure 

 

 

 



 154 

 

 

Figure 5.17: Non-dimensional x-velocity contours in squeeze film damping for 100x100 

mesh: (a) sequential solver, (b) COMET 

 

 

Beam 

Velocity 

(m/s) 

SEQ 

Iteration 

COMET 

Iteration 

SEQ 

Force 

(N) 

COMET 

Force 

(N) 

SEQ 

Time 

(hrs) 

COMET 

Time 

(hrs) 

Speed 

Up 

2.44 616 35 -0.0376 -0.0376 1.575 0.335 4.70 

-2.44 1046 56 0.0518 0.0518 2.664 0.531 5.02 

1.5 672 38 -0.0244 -0.0244 1.704 0.364 4.69 

-1.5 930 50 0.0297 0.0297 2.360 0.474 4.98 

0.8 720 40 -0.0136 -0.0136 1.839 0.375 4.90 

-0.8 857 47 0.0151 0.0151 2.152 0.441 4.88 

0.1 775 43 -0.0018 -0.0018 1.945 0.390 4.98 

-0.1 792 44 0.0018 0.0018 1.982 0.399 4.97 

  

Table 5.5: Performance of the sequential solver versus the COMET solver for squeeze 

film damping: 50x50 mesh 
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Beam 

Velocity 

(m/s) 

SEQ 

Iteration 

COMET 

Iteration 

SEQ 

Force 

(N) 

COMET 

Force 

(N) 

SEQ 

Time 

(hrs) 

COMET 

Time 

(hrs) 

Speed 

Up 

2.44 625 34 -0.0382 -0.0382 6.998 1.271 5.51 

-2.44 1064 53 0.0526 0.0526 11.839 1.940 6.10 

1.5 684 37 -0.0248 -0.0248 7.672 1.365 5.62 

-1.5 947 48 0.0301 0.0301 10.519 1.716 6.13 

0.8 734 39 -0.0138 -0.0138 8.198 1.402 5.85 

-0.8 873 45 0.0153 0.0153 9.703 1.612 6.02 

0.1 790 41 -0.0018 -0.0018 8.734 1.437 6.08 

-0.1 807 42 0.0018 0.0018 8.887 1.422 6.25 

 

Table 5:6: Performance of the sequential solver versus the COMET solver for squeeze 

film damping: 100x100 mesh 

 

Velocity Mesh Damping Force (N/m) 

10x10x10 0.0525 

20x20x20                  0.0494 

40x40x40 0.0490 

 

Table 5.7: Damping force (N/m) for different velocity meshes 
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5.5.2. Results on Multiple Processors 

Having verified the accuracy and performance of the serial version of COMET for a 

range of test problems, we next present benchmark studies for the parallel 

implementation of COMET. All simulations were run on the Hansen cluster at Purdue 

University [168]. Hansen consists of three sub-clusters: Hansen-A, Hansen-B, and 

Hansen-C. Hansen-A has 96 nodes and uses 96 GB RAM, Hansen-B has 92 nodes and 

uses 192 GB RAM, whereas Hansen-C has 5 nodes and uses 512 GB RAM. The 

configuration for Hansen is shown in Table 5.8. Simulations were performed on Hansen-

A using 4 and 8 cores per node. It was found that results were almost identical for both 

cases. The results reported in this paper are obtained with 8 cores per node. 

 

 

Total CPUs CPU Speed 
Cores per 

Node 

Memory per 

Node 

High-Speed 

Interconnect 

6176 2.3 GHz 48 
96 / 192 / 

512 GB 
10 GigE 

 

Table 5.8: Configuration of Hansen cluster 

 

Strong Scaling on Small Meshes 

The first test case of the parallel version of COMET is the same squeeze film damping 

problem in microstructures, as shown in Figure 5.16. The Knudsen number based on the 

gap height is Kn = 0.389. A 10x10x10 uniform Cartesian velocity grid is used for this 
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study. Coarse levels are created for the geometric multigrid scheme in the COMET solver 

until the minimum number of cells in the domain is 16. 

Simulations are performed on a 18 µm x 9 µm computational domain for a 50x50 

and a 100x100 mesh for up to 16 processors. The mesh sizes are held fixed while the 

number of processors is increased to study strong scalability. The non-dimensional x-

velocity contours in the domain obtained with the 100x100 mesh with 16 processors are 

shown in Figure 5.18 for both the sequential and COMET solvers. The solvers use the 

same discretization procedure, and only differ in the path to solution. Thus at 

convergence they are expected to give same solution. From Figure 5.18, it is seen that 

both sequential and COMET solvers give same results. They also produce the same 

damping force Fdamping = 0.0537 N/m.  

We next use three metrics to quantify parallel performance: speedup, normalized 

speedup, and efficiency. Speedup is the factor by which the simulation speeds up in terms 

of CPU time when run on multiple processors. However, in implicit numerical 

formulations, the number of iterations to convergence may be different when simulations 

are run on multiple processors. Thus we use a second metric, called normalized speedup, 

which is the speedup normalized by number of iterations, to quantify parallel scalability. 

Normalized speedup gives a direct measure of how inter-processor communication 

affects the parallel scalability of the solver. Finally, efficiency is the ratio of the actual 

speedup and the ideal speedup expressed as a percentage.  

The speedup obtained with COMET on multiple processors is compared with that 

of the sequential solver in Figure 5.19. It is seen that the speedup factors obtained with 

COMET are significantly higher than those obtained with the sequential solver. For a 

50x50 mesh, COMET speeds up by a factor of 13.38 on 16 processors, whereas the 

sequential solver speeds up by a factor of only 1.71 on 16 processors.  For a 100x100 
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mesh, COMET speeds up by a factor of 14.11 on 16 processors, whereas the sequential 

solver speeds up by a factor of 4.51 on 16 processors.  It should be noted that when 

simulations are run on 16 processors the number of cells in each processor is only about 

133 for the 50x50 mesh and about 531 for the 100x100 mesh. Thus the 

computation/communication cost per processor is very low in the sequential solver which 

results in poor scaling characteristics. However, as discussed previously, the 

computation/communication ratio is significantly higher in COMET compared to that in 

sequential solver, and results in far better scaling performance even for very small 

meshes.  

The number of iterations is independent of the number of processors for the 

sequential solver. However, it is dependent on the coarse-level connectivity in the 

geometric multigrid scheme in COMET because the mesh is not coarsened across 

processors. Thus, the number of iterations required for convergence may increase as the 

number of processors is increased. The number of iterations required for convergence for 

the COMET solver is shown in Figure 5.20 as a function of the number of processors. It 

is seen that the number of iterations remains relatively constant for the 50x50 mesh case. 

However, for the 100x100 mesh the number of iterations increases from 40 for a 1- 

processor case to 45 for a 16-processor case. The normalized speedup, indicating parallel 

implementation efficiency, is shown for the COMET solver in Figure 5.21 for both the 

50x50 and the 100x100 meshes. It is seen that when COMET simulations are performed 

on 16 processors, normalized speedups of 12.8 and 15.88 are obtained for the 50x50 and 

100x100 meshes respectively. A normalized speedup of 15.88 on 16 processors for the 

100x100 mesh with only 531 cells per processor is considered excellent parallel 

performance.  
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Finally, the absolute speedup of COMET over the sequential solver is shown in 

Figure 5.22 for both the 50x50 and the 100x100 meshes. We define absolute speedup as 

the ratio of the CPU times taken in the sequential solver and COMET. It is seen that the 

absolute speedup increases as the number of processors increases for both 50x50 and 

100x100 meshes. The absolute speedup is higher for the 50x50 mesh case because the 

parallel performance of the sequential solver is extremely poor for this case. When 

simulations are run on 16 processors, COMET is about 32 and 20 times faster than the 

sequential solver for the 50x50 and 100x100 meshes respectively. These results indicate 

that COMET can become an effective parallel numerical solution procedure for rarefied 

gas dynamics simulations. 

 

 

 

 

                  

 

 

 

Figure 5.18: Non-dimensional x-velocity contours in squeeze film damping for 100x100 

mesh obtained with 16 processors: (a) sequential solver, (b) COMET 

 

b) a) 
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Figure 5.19: Speedup on multiple processors for sequential and COMET solvers 
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Figure 5.20: Iterations versus processors for COMET solver: (a) 50x50 mesh, (b) 

100x100 mesh 

 

a) 

b) 
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Figure 5.21: Normalized speedup on multiple processors for COMET solver 

 

 

           

 

Figure 5.22: Absolute speedup of COMET over sequential solver on multiple processors 
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Weak Scaling  

In this test, we perform squeeze film damping simulations in microstructures with 

COMET with configurations similar to the previous test. However, in this study, we 

perform simulations on three successively-refined meshes with 8500, 34000, and 136000 

cells using 2, 8, and 32 processors respectively. Thus the number of cells per processor 

for each case is 4250. Since the load per processor is same, this is a test of weak scaling. 

Under ideal circumstances, the CPU time should be same for each case. For this test, 

coarse levels are created for the geometric multigrid scheme in the COMET solver until 

the minimum number of cells in the domain is 200. The total time and the normalized 

CPU time (i.e. the time normalized by the number of iterations) are shown for each case 

in Figure 5.23. It is seen that for each case, the total and normalized CPU times are 

relatively similar (the maximum difference is within 10%). This indicates good weak 

scaling characteristics for the COMET solver. 

 

 

Figure 5.23: Weak scaling for COMET: total and normalized CPU times (hrs) on meshes 

with 8500, 34000, and 136000 cells 
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Strong Scaling on Large Meshes 

Here we present strong scaling results with COMET on a larger 800x800 mesh for up to 

512 processors. We use the same squeeze film damping configuration as the previous 

tests. The number of iterations is shown in Figure 5.24 as a function of the number of 

processors. It is seen that the number of iterations start to increase when number of 

processors is increased beyond 128. It is believed that the dependence of COMET’s 

iteration count on the coarse level connectivity and the number of coarse levels in the 

geometric multigrid scheme will decrease when simulations are run on larger spatial 

meshes. The current mesh size of 800x800 is still considered to be very small to be run 

on 512 processors. Speedup and normalized speedup results for COMET are next shown 

in Figure 5.25. It is seen that we obtain almost linear scaling for up to 128 processors. 

However, when the number of processors is increased beyond 128, performance degrades 

a little due to increase in the number of iterations. A speedup of 224 is obtained on 256 

processors, indicating an efficiency of 88%. This is considered to be very good, because 

the number of cells per processor is only about 2125. When run on 512 processors with 

only 1012 cells per processor, a speedup of 359 is obtained indicating an efficiency of 

70%. When normalized by the number of iterations, we get exactly linear scaling for up 

to 512 processors, as is evident from Figure 5.25. This implies we have achieved 

excellent parallel implementation of the COMET solver. 
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Figure 5.24: Iterations versus processors in COMET solver for 800x800 mesh 

 

 

 

 

Figure 5.25: Speedup and normalized speedup on multiple processors for COMET solver 

for 800x800 mesh 
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5.6. DISCUSSION 

In this work, a new numerical solution algorithm called COMET has been developed for 

non-equilibrium rarefied flows. The solver strongly couples distribution functions in 

velocity space; a geometric multigrid scheme improves spatial convergence. The solver is 

shown to give significantly faster solutions than the sequential solver at low Knudsen 

numbers. The speed-up of COMET over the sequential solver increases as the Knudsen 

number decreases. One disadvantage of COMET is that it is somewhat slower than the 

sequential solver at higher Knudsen numbers. However, at higher Knudsen numbers, the 

total computational cost is much lower than that at lower Knudsen numbers. This makes 

COMET an attractive solver to simulate flows with a range of Knudsen numbers or 

systems with low Knudsen numbers. Furthermore, the point-implicit nature of COMET 

implies that a large amount of computational work is done locally, and this means that it 

can be parallelized very efficiently on multiple processor platforms.  

In this chapter, we also presented an MPI-based parallel implementation of 

COMET for non-equilibrium rarefied flows.  The solver performs much more work per 

processor per MPI call compared to the traditional sequential solver. This results in 

excellent scaling for COMET on multiple processors even with very small spatial 

meshes. It is seen that COMET speeds up by 13.38 and 14.11 times on 16 processors for 

50x50 and 100x100 meshes respectively. This implies that COMET is 84% efficient on 

16 processors even for cases where the load per processor is only 133 cells (50x50 mesh). 

The efficiency increases to 88% on 16 processors when the number of cells per processor 

is 531 cells (100x100 mesh). It is also found that if simulations are performed on 

successively refined meshes and the number of processors is also increased successively 

so that the load per processor remains same, the CPU time remains relatively constant for 

all cases. This implies that COMET has good weak scaling characteristics. Finally, strong 
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scaling performance of COMET is studied on large spatial meshes. Squeeze film 

damping simulations are performed on an 800 x 800 mesh for up to 512 processors. It is 

seen that COMET gives almost linear scaling up to 128 processors. It speeds up by a 

factor 224 on 256 processors (88% efficiency) and by a factor of 359 on 512 processors 

(70% efficiency). However, the normalized speedup, which is the iteration count 

independent speedup, shows exactly linear scaling up to 512 processors. This is 

considered to be excellent parallel scaling, especially when taking into account the fact 

that for 512 processors the number of cells per processor is only about 1012.  

One negative aspect of the COMET algorithm as currently implemented is that 

the iteration count starts to increase if the number of processors is increased beyond a 

certain limit. The iteration count is seen to depend on the coarse-level connectivity in the 

geometric multigrid scheme for small meshes. The finest mesh that we used in this study 

(800x800) is still relatively small to be run on 512 processors. It is believed that for large 

spatial meshes, the iteration count will be independent of the number of levels and 

coarse-level connectivity in the geometric multigrid scheme and will thus remain more or 

less constant as the number of processors is increased.  

Overall, the results show that COMET is an attractive numerical solver to 

simulate large-scale non-equilibrium rarefied flows on multiple processors. Having 

developed structural solvers in the previous chapters and the COMET solver in this 

chapter, we next focus on coupling COMET to the finite-volume based structural and 

electrostatics solvers to model fully coupled fluid-structure-electrostatics interaction 

problems in microstructures over the entire range of Knudsen numbers. 
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Chapter 6:  Coupling Fluid, Structure, and Electrostatics 

In the previous chapters, we developed finite volume formulations for fluid dynamics, 

structural mechanics, and electrostatics. The accuracy of these different formulations was 

individually tested on standard test problems. In this chapter, we will develop an 

integrated numerical framework for the coupled interaction of fluid dynamics, structural 

mechanics, and electrostatics and demonstrate the numerical method so developed by 

computing the dynamical response of a MEMS cantilever switch under electrostatic 

actuation. 

 As mentioned in Chapter 1, there are two different methods to couple fluid and 

structure. The first method is the moving mesh method, which belongs to the class of 

Arbitrary Lagrangian-Eulerian (ALE) techniques. A moving mesh method was developed 

in Chapter 2 in the context of structure-electrostatics interactions in MEMS. The major 

advantage of the moving mesh method is the relative ease with which boundary 

conditions can be applied at the interface between solid and fluid. However, a critical 

issue with the moving mesh method is the difficulty of generating valid meshes under 

extreme solid deformation. When domain connectivity changes due to deformation, 

meshes must be re-generated and old flow field data interpolated to the new mesh, with 

attendant loss of accuracy. 

 As an alternate to ALE techniques, the Immersed Boundary Method (IBM) can 

also be used to couple the different physics together. In IBM, solid deformation and 

dynamics are computed on a solid mesh. There is also a fixed background mesh on which 

fluid dynamics and electrostatics are computed; the solid traverses the fluid/electrostatics 

mesh as it deforms and moves.  The cells of the background mesh are identified as solid 

cells, fluid cells, or immersed boundary (i.e. interface) cells using appropriate marking 
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techniques, and appropriate interpolation procedures are developed to transfer 

information between the two meshes. There is no need to have conformal meshes for 

solid and fluid in IBM, which makes it particularly amenable to fluid-structure interaction 

problems involving complex structural shapes. In this chapter, we will explain the 

strategy used to couple the different physics in MEMS switches through IBM. We first 

describe the IBM formulation in detail. Next, we present the solution methodology. The 

accuracy of the IBM formulation is verified by studying the dynamic pull-in voltages of 

electrostatically actuated cantilever MEMS switches and comparing predictions against 

simplified theory. Finally, results are shown for coupled fluid-structure-electrostatics 

interaction problems in a cantilever MEMS switch over multiple cycles. 

6.1. IMMERSED BOUNDARY METHOD (IBM): FORMULATION 

The basic IBM employed in this chapter in an extension of  the method described in [134, 

135] for fluid-structure-electrostatics interaction, coupling solid motion to a flow solution 

based on the Navier-Stokes equations.  The scheme employs a second-order accurate cell-

centered unstructured finite volume discretization using a co-located velocity pressure 

formulation [134, 135].  Extension of this scheme to the present problem requires a 

number of advances: (i) the formulation must be extended to incorporate solid body 

dynamics and structural deformation, using the finite volume algorithm for structural 

dynamics developed in chapters 2 - 4, (ii) it must be extended to address rarefied gas 

dynamics and integrated with the COMET algorithm.  In the formulation developed in 

this chapter, the fluid flow and electrostatic potential are computed on a fixed background 

mesh, whereas the structural deformation is computed on a separate solid mesh 

superimposed on the background mesh. A previously-implemented cell marking scheme 

[135] is used to find the intersection between the solid and background meshes, along 
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with a suitable interpolation scheme to transfer information from the background mesh to 

the solid mesh and vice versa.  

6.1.1. Cell Marking 

In IBM, the fluid-structure interface must be identified at each time step. Subsequently, 

cells in background mesh must be marked as fluid, solid and immersed boundary (IB) 

regions, i.e, cells containing the fluid-structure interface. In the present formulation, two 

assumptions are made in this process: (1) the solid body forms a closed surface, and (2) 

the solid body never moves out of the background mesh. These are reasonable 

assumptions for the MEMS problems that are the focus of the present work. The marking 

procedure, taken from [135],  is described below. 

Step 1: All cells in the background mesh are initially marked to be of the 

UNKNOWN type. 

Step 2: A surface mesh is created from the solid representing the solid boundaries. 

Step 3: The CGAL AABB package [184] is used to find the intersections of the 

background mesh with the solid surface mesh. 

Step 4: The intersected cells in the background mesh are marked as immersed 

boundary (IB) cells. The overall collection of IB cells represents the fluid-

structure interface. 

Step 5: The boundary cells at the background mesh are marked to be of the type 

FLUID if they are of type UNKNOWN. 

Step 6: This step is started from the boundary cells that are marked to be of the 

type FLUID. Their face-neighbor cells are searched and if they are of type 

UNKNOWN, they are marked as FLUID. A recursive search operation is used to 

identify all the fluid cells in the domain. The closed surface formed by the IB cells 
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between the solid and the fluid make sure that the search will not penetrate the 

solid.  

Step 7: The cells in the domain that are left UNKNOWN are marked as SOLID. 

Step 8: The faces between IB cells and FLUID cells are marked as IB faces. 

The above 8-step operation ensures that the cells in the background mesh are properly 

identified as FLUID, SOLID and IB cells. Furthermore, the faces separating FLUID and 

IB cells are marked as IB faces after this procedure, as shown in Figure 6.1. 

 

 

                     

    

Figure 6.1: An illustration of cell marking in IBM 

 

6.1.2. Interpolation 

The cell marking process is followed by creation of an interpolation matrix that is used to 

exchange information between the fluid mesh and the solid mesh. Membrane motion 

through the background mesh requires that the interpolation matrices be re-computed at 

every time-step. The interpolation technique is described in detail in [134]. 
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Information about the solid velocity must be transferred to the fluid at the fluid-

structure interface. When the fluid flow is solved using the Navier-Stokes equations, as in 

previously-published work [134, 135],  the fluid velocity at the IB face is interpolated 

from a set of neighboring fluid and solid cells. This interpolated velocity serves as the 

boundary condition in the fluid solution.  However, in the present work, the focus is on 

the BGK and ESBGK equations, and the extension of IBM to these physics. Here, in 

addition to the fluid velocity, distribution functions must also be properly interpolated to 

the IB faces. This is accomplished using the following procedure, first described in [185]: 

Step 1: The distribution functions on the solid faces for directions incoming to the 

solid faces are first interpolated from the fluid cells. 

Step 2: A mass balance is imposed on the solid faces to obtain the distribution 

functions on the solid faces that are incoming to the domain. 

Step 3: The distribution functions on the IB faces in the directions incoming to the 

domain are interpolated from the fluid cells and the solid faces. 

The fluid traction and electrostatic forces are calculated on the background mesh and are 

interpolated back to the solid surface mesh. These are included in the finite volume 

solution in the structural solver. These interactions necessitate the setting up of a neighbor 

list. A second order interpolation matrix is then formulated to enable the transfer of 

information. 

The current methodology requires the specification of the number of neighbors, 

and the neighbors are identified by using the cell-to-cell connectivity in the mesh. A 

second order least squares interpolation [186] is used to formulate the interpolation 

matrices.  
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6.2. SOLUTION PROCEDURE 

A sequential iterative solution of the fluid, structure and electrostatics equations is used in 

the present work. The fluid motion is solved using the COMET algorithm. The structural 

solution is obtained using the fully-implicit technique described in Chapter 2. The 

electrostatic field is solved on the background mesh using the finite volume method 

(FVM)-based discretization technique described in Section 2.3. A BCGSTAB linear 

solver with an algebraic multigrid preconditioner is used for the solution of linear 

equations for structural mechanics. 

The solution procedure is explained in Figure 6.2. At start, the background and 

solid meshes are read and initial and boundary conditions are imposed. At each time step, 

the structure, electrostatics and fluid dynamics are solved sequentially. First, the cells in 

the background mesh are marked as FLUID, SOLID, or IB cells. Next, the interpolation 

matrices which enable the transfer of information between the solid and background 

meshes are computed. The electrostatics and fluid flows are then solved with the 

interpolated boundary condition from the membrane. The electrostatics force and fluid 

traction are then computed and interpolated back to the structure surface mesh. The cell-

centered beam displacements are next obtained by solving the structural model. The cell-

centered displacements are interpolated to obtain the nodal displacements, which are used 

to deform the solid mesh. IBM interpolation necessitates multiple iterations for 

electrostatics and fluid flows. This completes a single time step solution. The procedure is 

repeated over multiple time-steps in transient problems. 
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Figure 6.2: Flowchart showing solution methodology. 
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here for completeness. It involves vortical flow in a square domain. The method of 

manufactured solutions is used to establish the order of accuracy of the formulation.  

 

 

 

Figure 6.3: Simulation domain and velocity field of the convergence test [135] 

The computational domain, shown in Figure 6.3, consists of a square domain with 

side of 1.0 units and an inner circle with radius of 0.2 units. The exact velocity and 

pressure solutions in the domain are given by the 2D Navier-Stokes equation as: 

    Re2 2

sincos t

x eyxu                                             (6.1) 

    Re2 2

cossin t

y eyxu                                              (6.2) 

  Re4 2

2cos2cos25.0 teyxp                                       (6.3) 

These exact velocity and pressure fields are imposed on the outer surfaces of the 

square (real boundary) and the IB surface (inner circle). The solution in the domain is 

then obtained by solving the 2D Navier-Stokes equations. The maximum errors in the 

velocity magnitude and the pressure with respect to the exact solution are plotted in 

Figure 6.4. The order of convergence p is obtained by analyzing the slope of the curve of 
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log(Error) versus log(h), where h represents the mesh spacing. It is seen that a second 

order spatial discretization is achieved both for velocity and pressure. 

 

 

Figure 6.4: Second-order convergence rate [135] 

 

6.4. DYNAMICS OF FLUID-STRUCTURE-ELECTROSTATICS INTERACTION IN A 

CANTILEVER MEMS SWITCH 

We simulate a fluid-structure-electrostatics interaction problem in a RF MEMS switch, 

modeled as a cantilever beam, for two different cases. In the first case, simulations are 

performed at an actuation voltage Vact = VPI, dynamic, where VPI, dynamic is the dynamic pull-in 

voltage of the RF MEMS switch. In the second case, the actuation voltage Vact < VPI, 

dynamic, causing the switch to vibrate in a periodic motion. 

Case 1: Vact = VPI, dynamic 

The IBM framework is first verified by studying the dynamic pull-in voltages in a RF 

MEMS switch, modeled as a cantilever beam, under electrostatic actuation and gas 
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damping. A schematic of the switch is shown in Figure 6.5. The membrane is 45 µm 

long, 1.5 µm thick, and suspended 1.5 µm above the bottom electrode. The domain 

contains air at a temperature of T0 = 300 K and a density of ρ0 = 1.58 x 10
-1

 kg/m
3
, 

corresponding to a pressure P0 = 1.36 x 10
4
 Pa. The gas viscosity is obtained by Eq. 

(5.30), with μ0 = 1.712 x 10
-5

 kg/ms and w = 0.74. 

 

 

 

 

 

 

 

 

 

 

 

Figure 6.5: Schematic of RF MEMS switch 

 

The membrane is represented as the surface ABCD, where the surface AD is 

fixed. The box EFGHI represents the computational domain. The bottom electrode is 

placed along the surface IH. The background domain used in the simulation has 

dimensions of 75 m × 10 m. The models used for structural analysis, fluid damping, 

and electrostatics, as well as boundary conditions, and parameter values are listed in 

Tables 6.1 – 6.3. As explained in these tables, structural analysis is performed on the 

membrane using the structure model developed in Chapter 2, fluid damping is calculated 
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by solving the ESBGK equations on the background mesh using the COMET solver, and 

the electrostatic potential is computed in the background mesh by solving the Laplace 

equation Eq. (2.21). For the membrane, a zero displacement boundary condition is 

specified on the surface AD, whereas the electrostatics and fluid forces that are 

interpolated from the background mesh on to the solid surface mesh are specified as 

traction boundary conditions on the surfaces AB, BC, and CD. For the fluid, pressure 

boundary conditions are applied on the surfaces EF, FG, and EI, whereas diffuse wall 

boundary conditions are applied on the bottom surface GHI. The velocity and distribution 

functions are imposed on the IB faces in the background mesh, using the interpolation 

technique described in Section 6.1.2. 

 

 

Type of Model Structure Model 

Governing 

Equations 
Eq. (2.1)  

Boundary 

conditions 

Zero displacement specified on 

AD, distributed force boundary 

conditions on AB, BC, and CD 

Young’s modulus 

(GPa) 
200 

Poisson’s ratio 0.3 

Density (kg/m
3
) 8912 

 

Table 6.1: Model for Structural Analysis 
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Type of Model ESBGK 

Type of Solver COMET 

Governing 

Equations 
Eq. (1.8)  

Boundary 

conditions 

Pressure boundary conditions 

are specified on EF, FG, and 

EI. Diffuse wall boundary 

conditions are imposed on GHI 

Type of Gas Air 

 

Table 6.2: Model for Fluid Damping 

 

 

Type of Model Electrostatics 

Governing 

Equations 
Eq. (2.21)  

Boundary 

conditions 

Zero flux boundary conditions 

are specified on EF, FG, GH, 

and EI. Zero potential is 

applied on bottom electrode HI 

 

Table 6.3: Model for Electrostatics 
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Initially, mesh independence was established by performing steady-state 

simulations at an actuation voltage of Vact = 50 V with 150x8, 185x11, and 225x15 

meshes for the membrane, and correspondingly, 125x35, 150x50, and 175x75 meshes for 

the background. A 10x10x10 uniform Cartesian velocity mesh is used. The steady-state 

maximum deformation of the membrane under electrostatic actuation and gas damping 

was studied in these simulations. It was found that the 185x11 and 150x50 meshes for the 

membrane and background, respectively, gave mesh independent solutions, and these 

meshes are therefore chosen for the present study. Furthermore, steady-state simulations 

were also performed at an actuation voltage of Vact = 50 V with 185x11 and 150x50 

spatial meshes for the membrane and background, respectively, and with 8x8x8, 

10x10x10, and 14x14x14 uniform Cartesian velocity meshes. The 10x10x10 velocity 

mesh was found to be sufficient to produce velocity mesh independent solution, and is 

therefore chosen for this study. 

We next verify time-step independence in transient fluid-structure-electrostatic 

interaction simulations. The natural frequency of the cantilever beam is calculated 

according to Eq. (2.45) to be Ω = 5.67x10
5
 Hz, giving a time period of τ = 1.76 µs. To 

establish time-step independence, dynamic FSI simulations were initially performed with 

185x11 and 150x50 spatial meshes for the membrane and background, respectively, a 

10x10x10 uniform Cartesian velocity mesh, and time-steps of Δt = 10 ns, 5 ns, and 2.5 

ns. The time-step of Δt = 5 ns, which is about 1/350
th

 of the vibration period, was found 

to give a time-step independent solution in the maximum deformation of the membrane 

as a function of time, and is therefore chosen for this study. 

Dynamic fluid-structure-electrostatics interaction simulations are finally 

performed for cantilever deformation under electrostatic actuation and gas damping for a 

range of actuation voltages. For these simulations, 185x11 and 150x50 spatial meshes 



 181 

were used for the membrane and background, respectively, a 10x10x10 uniform 

Cartesian velocity mesh was used for discretizing the velocity space, and a time-step of 

Δt = 5 ns was used. The quasi-static pull-in voltage of the switch is given by Eq. (2.48) as 

VPI, quasi-static = 111 V. Therefore, as previously explained in [136, 151], the analytical 

result for the dynamic pull-in voltage should be around 9% less than the corresponding 

quasi-static pull-in voltage, i.e. VPI, dynamic = 101 V. It is found that the numerical result for 

the dynamic pull-in voltage is VPI, dynamic = 103 V, which is within 2 % of the approximate 

analytical solution, providing confidence in the numerical formulation. The vibration of 

the membrane at an actuation voltage of Vact = VPI,dynamic = 103 V is shown in Figure 6.6 

until pull-in occurs. The contours of the electrostatics potential obtained with an actuation 

voltage of Vact = 103 V at a time of t = 1.78 μs are shown in Figure 6.7. The contours 

reveal presence of an electrostatic potential gradient in the air gap below the cantilever. 

The contours of non-dimensional x and y velocity and velocity vectors in the domain at a 

time of t = 1.78 μs are shown in Figures 6.8 - 6.10. At this time, the tip of the deformed 

membrane is located only 20 nm above the substrate. It is seen that the bending of the 

beam causes the fluid to be squeezed out of the gap between the cantilever tip and the 

substrate. 
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Figure 6.6: Pull-in of cantilever MEMS switch: deflection of cantilever tip (in m) as a 

function of time (in sec) at an actuation voltage of Vact = 103 V 

 

 

               

 

Figure 6.7: Electrostatic potential contours (volts) for Vact = 103 V at time t = 1.78 μs 
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Figure 6.8: Non-dimensional x-velocity contours for Vact = 103 V at time t = 1.78 μs 

 

               

 

Figure 6.9: Non-dimensional y-velocity contours for Vact = 103 V at time t = 1.78 μs 

            

Figure 6.10: Velocity vectors for Vact = 103 V at time t = 1.78 μs 
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Case 2: Vact < VPI, dynamic 

The IBM framework is next used to study the dynamics of fluid-structure-electrostatics 

interactions in the cantilever MEMS switch. The configuration of the switch is same as 

that shown in Figure 6.5. As before, the domain contains air at a temperature of T0 = 300 

K and a density of ρ0 = 1.58 x 10
-1

 kg/m
3
, corresponding to a pressure P0 = 1.36 x 10

4
 Pa. 

The gas viscosity is obtained by Eq. (5.30), with μ0 = 1.712 x 10
-5

 kg/ms and w = 0.74. 

The models for structural analysis, fluid damping, and electrostatics, as well as boundary 

conditions, and parameter values are listed in Tables 6.1 – 6.3. Thus the structural 

analysis is performed using the structure model developed in Chapter 2, the fluid 

damping is calculated by solving the ESBGK equations using the COMET solver, and the 

electrostatic potential is computed in the background mesh by solving the Laplace 

equation Eq. (2.21). Based on the mesh and time-step independence studies performed in 

the previous problem, 185x11 and 150x50 spatial meshes were used for the membrane 

and background, respectively, a 10x10x10 uniform Cartesian velocity mesh is used for 

discretizing the velocity space, and a time-step of Δt = 5 ns is used. Dynamic IBM 

simulations of this coupled fluid-structure-electrostatics interaction problem are 

performed at an actuation voltage of Vact = 80 V, which is less than the dynamic pull-in 

voltage of VPI, dynamic = 101 V. This lower actuation voltage causes the membrane to 

develop a periodic vibration, which is damped out by the fluid. The vibration of the 

membrane under electrostatic actuation and gas damping is shown in Figure 6.11 for two 

cycles. From Figure 6.11, it is seen that the amplitude of the vibration decreases over 

time due to gas damping. The electrostatic and damping forces on the MEMS switch in 

the y-direction are next plotted in Figure 6.12 as a function of time. It is seen that the 

magnitude of the electrostatic force is much larger than that of the damping force. 

Furthermore, from Figure 6.11, it was found that the maximum tip deflection for the case 
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of an actuation voltage of Vact = 80 V is only around 0.25 µm. This leads to a small 

damping force on the membrane, even at the position of maximum tip deflection. Thus 

the membrane deformation in this problem is dominated by the electrostatic force on the 

membrane. The contours of the electrostatic potential in the domain at a time of t = 0.9 μs 

are shown in Figure 6.13. The contours of non-dimensional x and y velocity and velocity 

vectors in the domain at a time of t = 0.9 μs are shown in Figure 6.14 - 6.16. At a time of 

t = 0.9 μs, the cantilever deflection is the largest and a half vibration period is complete. 

It is seen that at this time, the fluid get squeezed out through the gap below the cantilever 

tip. 

 

 

Figure 6.11: Vibration of the cantilever RF MEMS switch showing tip deflection (in m) 

as a function of time (in sec) for Vact = 80 V 

The contours of the electrostatic potential in the domain at a time of t = 1.8 μs are shown 

in Figure 6.17. The contours of non-dimensional x and y velocity and velocity vectors in 
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the domain at a time of t = 1.8 μs are shown in Figure 6.18 - 6.20. At a time of t = 1.8 μs, 

the cantilever deflection is the smallest, and one period of vibration is complete. It is seen 

that at this time, the fluid is sucked into the gap below the cantilever tip. 

 

 

Figure 6.12: Electrostatic and damping forces (in N/m) on the MEMS switch in the y-

direction as a function of time (in sec) for Vact = 80 V 

 

               

 

Figure 6.13: Electrostatic potential contours (volts) for Vact = 80 V at time t = 0.9 μs 
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Figure 6.14: Non-dimensional x-velocity contours for Vact = 80 V at time t = 0.9 μs 

 

 

               

 

Figure 6.15: Non-dimensional y-velocity contours for Vact = 80 V at time t = 0.9 μs 

            

Figure 6.16: Velocity vectors for Vact = 80 V at time t = 0.9 μs 
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Figure 6.17: Electrostatic potential contours (volts) for Vact = 80 V at time t = 1.8 μs 

 

                           

 

Figure 6.18: Non-dimensional x-velocity contours for Vact = 80 V at time t = 1.8 μs 

 

               

 

Figure 6.19: Non-dimensional y-velocity contours for Vact = 80 V at time t = 1.8 μs 
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Figure 6.20: Velocity vectors for Vact = 80 V at time t = 1.8 μs 

 

6.6. DISCUSSION 

In this chapter, a unified cell-centered finite volume formulation has been developed to 

couple fluid dynamics, structural mechanics, and electrostatics through the immersed 

boundary method (IBM). The IBM framework is verified by investigating the dynamic 

pull-in voltages of electrostatically actuated cantilever MEMS switches. In these 

switches, the membrane response is damped out by the fluid . It is found that the 

numerical value of the pull-in voltage is within 2% of the analytical result. IBM 

simulations are also performed to study dynamic membrane response under electrostatic 

actuation and gas damping at actuation voltages which are less than the pull-in voltage. 

These results show that the present methodology has the potential to be become a 

practical tool to study fluid-structure-electrostatics interaction problems in real life RF 

MEMS devices. 
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Chapter 7:  Conclusions and Future Work 

In this chapter, we review the work done in this dissertation. We also discuss the future 

scope of this work. 

7.1. CONTRIBUTIONS OF THESIS 

In this dissertation, we developed a unified numerical framework to address the interplay 

between fluid dynamics, structural mechanics, and electrostatics in microstructures. The 

numerical methodology was used to study the dynamical response of RF MEMS switches 

under electrostatic actuation and gas damping. The specific contributions of this 

dissertation are summarized below.  

7.1.1. Finite Volume Method for Structural Analysis 

In this dissertation, we developed numerical models for structural analysis using the finite 

volume method. We first developed a general purpose 3D structural solver employing 3D 

linear elastic constitutive equations. The structural solver employs a second order spatial 

discretization scheme. Both first and second order temporal discretization schemes were 

implemented in the structural solver. The accuracy and spatial and temporal discretization 

orders of the structural solver were verified on a number of test problems. The solver was  

used to investigate quasi-static and dynamic pull-in voltages in electrostatically actuated 

RF MEMS switches. Good agreement was obtained between the numerical and analytical 

results.  

One major problem for the structural solver is that the convergence rate decreases 

when it is used to model thin beams with high aspect-ratios. This issue has been 

extensively investigated in the finite element community. Previous research has indicated 

that these convergence problems in thin membranes arise due the phenomenon of shear 

locking [17, 19, 152], in which an additional, artificial shear stiffness is generated which 
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scales as h
2
/t

2
 [19]. Here h is the mesh spacing and t is the thickness of the membrane. To 

overcome this problem, we treated thin membranes as plates and used Mindlin-Reissner 

plate theory to model them. We developed a plate element model by applying the plate 

model on the individual elements of the plate mesh. The plate element model has second 

order spatial accuracy. Both first and second order temporal discretization schemes were 

developed and tested. The accuracy and robustness of the plate element model was 

verified by studying the transverse deflection and bending moment distributions on a 

number of canonical test problems for a range of aspect ratios from 5 to 1000. It was 

found that the plate element model does not exhibit shear locking problems in thin 

membranes. Furthermore, the convergence rate in the plate element model was found to 

be independent of the aspect ratio. The plate element model was also found to give 

accurate results for quasi-static and dynamic pull-in voltages in RF MEMS switches, but 

at a much reduced computational cost compared to the 3D structural solver. 

One of the important contributions of this thesis in the development of finite 

volume based structural solvers is the complete linearization of the stress tensor, which 

allows the implementation of a fully implicit formulation. To our knowledge, this is the 

first attempt to develop a fully implicit finite volume method  for structural analysis, and 

completely eliminates the convergence problems that were present in previous FV 

schemes [42]. We demonstrated the robustness and computational advantages of these 

formulations in modeling membrane deformation in electrostatically actuated RF MEMS 

switches [136, 137]. 

7.1.2. Application of the Structural Solvers for Creep Analysis 

We extended the structural solvers developed in this work to study long-term creep 

deformation in RF MEMS switches. Creep models were implemented both within the 3D 
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structural model framework and the plate element model framework. The numerical 

methodology was used to study Coble creep in a frogleg RF MEMS varactor composed 

of nanocrystalline nickel. Excellent agreement was obtained between the experimental 

results and numerical results for the long term deformation of the metallic membrane, 

thereby validating the numerical formulation. Our results demonstrate that the present 

formulation can become a computationally effective tool in modeling long-term creep 

deformation in electrostatically actuated RF MEMS switches. 

7.1.3. Development of the COMET Algorithm for Rarefied Gas Dynamics 

In this work, we developed a novel numerical solution algorithm called the Coupled 

Ordinates Method (COMET) for non-equilibrium rarefied flows. The methodology is 

based on the Ellipsoidal-Statistical Bhatnagar-Gross-Krook form of the Boltzmann model 

kinetic equation, and is therefore valid for both continuum and rarefied flow regimes. In 

this method, distribution functions are strongly coupled in velocity space, which 

improves convergence at lower Knudsen numbers. Furthermore, a geometric multigrid 

scheme was implemented to improve spatial coupling as well. The accuracy and 

discretization orders of the COMET solver was verified on a Couette flow problem in a 

square domain for two different Knudsen numbers. The COMET solver was also 

validated by comparing the numerical results for damping ratios in a freely vibrating 

cantilever beam with experimental results over a wide range of ambient pressures. 

Because of the presence of strong coupling both in velocity space and physical space, 

COMET was found to yield significant speedup in computational time over traditional 

sequential solution algorithms. The speedup of COMET over the sequential solver was 

studied on a number of test problems. It was found that the speedup increases with a 

decrease in Knudsen number. COMET was also found to give 5x – 6x speedup in 
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computational time over sequential solver when simulations are run on one processor. 

Furthermore, the point-implicit nature of COMET allows a large amount of 

computational work to be done locally, thereby making it amenable to efficient large-

scale parallelization. Our results showed that the speedup of COMET over conventional 

sequential solvers increases with an increase in the number of processors. COMET was 

also demonstrated to have almost linear scaling on up to 500 processors, even for small 

workload per processor. COMET is therefore a highly parallelizable solver for rarefied 

gas dynamics, which now makes it possible to model complex 3D time-dependent 

rarefied flows on multi-processor platforms. 

7.1.4. Application of Immersed Boundary Method for Fluid-Structure-Electrostatics 

Simulations in MEMS 

We used an Immersed Boundary Method (IBM) to couple fluid dynamics, structural 

mechanics, and electrostatics solvers in electrostatically actuated MEMS devices. The 

methodology was verified by studying the dynamic pull-in voltages in RF MEMS 

switches. The numerical framework was also used to study the dynamics of membrane 

deformation under electrostatic actuation and gas damping in RF MEMS devices over 

multiple cycles. To our knowledge, this is the first published study that attempts to 

perform coupled fluid-structure-electrostatics interaction simulations in microstructures 

in the context of rarefied gas dynamics. This is also the first study that uses IBM to 

couple fluid dynamics, structural mechanics, and electrostatics in modeling of RF MEMS 

switches. The IBM framework now makes it possible to accurately model electrostatic 

and damping forces on metallic membrane in RF MEMS switches, right up to the pull-in 

point. The methodology will thus be useful in precisely calculating the pull-in/pull-out 

voltages and pull-in time in electrostatically actuated RF MEMS switches. Results from 

this dissertation indicate that the unified finite volume method based numerical 
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framework developed in this dissertation can become an effective solution technique for 

modeling the performance of RF MEMS switches. 

7.2. FUTURE WORK 

There are a number of areas in which the current numerical framework can be improved 

and extended to model additional physics. These are discussed below: 

7.2.1. Resolving Shear-Locking Issue 

One of the problems associated with the 3D structural solver is the phenomenon of shear 

locking [17], which slows down the convergence rate of the solver in the case of thin 

membranes. This issue has been extensively researched in the finite element community. 

It has been reported that the convergence problems arise due to the generation of spurious 

transverse shear stresses in the case of pure bending, thereby leading to an additional, 

artificial stiffness. As previously explained, this shear stiffness scales as h
2
/t

2
. Therefore, 

a large number of mesh elements is required to minimize this artificial stiffness. 

Researchers in the finite element community have come up with uniform reduced and 

selective reduced integration schemes to minimize the effect of this artificial stiffness 

[67-69]. In the uniform reduced integration scheme, a lower order integration procedure 

is used to model both the bending term and the shear term. On the other hand, a lower 

order integration rule is used to model only the shear term in the selective integration 

scheme. However, a direct correspondence with these modified discretization procedures 

does not exist in the finite volume framework. Furthermore, structural analysis using the 

finite volume method is fairly recent [40-42], and there is a paucity of research in the area 

of shear locking. Therefore, more research is required to modify the discretization 

procedure in the present finite volume method to resolve the problem associated with 

shear locking. 



 195 

7.2.2. Extending Structural Analysis to Model Large Displacements 

The structural analysis in the present work uses a linear stress-strain relationship which is 

based on the assumption of small displacements. Although this is a reasonable 

assumption in the context of MEMS, the formulation would be inaccurate when the 

displacements are large. Therefore, the structural formulation should be extended to 

include non-linear effects to accurately model large displacements in structures. 

7.2.3. Implementing Additional Creep Models 

The creep formulation in the present work only included a power-law relationship 

between stress and strain. This was sufficient to calculate long-term creep deformation in 

RF MEMS devices composed of nanocrystalline nickel. However, creep models which 

do not use a power-law relationship can also be implemented in the structural solver so as 

to extend their applicability. 

7.2.4. Solving Full Boltzmann Equation 

The fluid flow solver in the present work is based on the ESBGK model, which uses a 

relaxation type collision term. The ESBGK model is therefore a simplification of the 

Boltzmann equation to reduce the computational cost associated with the quadratic nature 

of the collision kernel. Since the COMET solution algorithm give excellent speedup over 

tradition solution techniques, we can extend it to model the complete Boltzmann equation 

without any approximation to the collision kernel. Such a technique would be useful to 

elucidate the differences in solutions obtained with the ESBGK model and the complete 

Boltzmann equation in modeling complex 3D flows on multiple processor platforms. 

7.2.5. Improvements to IBM for Rarefied Gas Dynamics 

One of the major problems in the Immersed Boundary Method (IBM) formulation used in 

the present work is related to the accurate calculation of the values of the distribution 
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functions on the IB faces. The present formulation uses the methodology developed in 

[185] and has been demonstrated in this thesis for 2D cases. For 3D cases, improvements 

to interpolation practices are necessary. At present, the distribution functions which are 

incoming to the domain at the IB faces are interpolated from the distribution functions 

from the set of solid faces and fluid cells that are present within a pre-defined stencil, 

irrespective of the fact whether those distribution functions are incoming to the domain at 

the solid faces or not. This can cause problems at the corners of the beams, where the 

orientation of the solid faces and IB faces are such that the distribution functions are 

incoming to the domain only at one set of faces, and not at the other set. To overcome 

this problem, more extensive research is required to correctly impose the boundary 

conditions for distribution function on the IB faces, by taking into account orientations of 

both IB faces and solid faces. However, the solution of this issue is not straightforward. If 

we reject solid faces from which to interpolate distribution functions to IB faces, then 

there may be insufficient solid faces from which we can interpolate distribution 

functions. Therefore, to resolve this issue, we have to pay close attention to the 

orientation of solid faces and IB faces, and also the size of the stencil from which we are 

going to choose the solid faces and fluid cells for interpolation. 
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