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Solar cells are at the frontier of renewable energy technologies. Photovoltaic 

energy is clean, reusable, can be used anywhere in our solar system and can be very 

well integrated with power distribution grids and advanced technological systems. 

Thin film solar cells are a class of solar cells that offer low material cost, efficient 

fabrication process and compatibility with advanced electronics. However, as of now, 

the conversion efficiency of thin film solar cells is inferior to that of thick crystalline 

cells. Research efforts to improve the performance bottlenecks of thin film solar cells 

are highly motivated. A class of techniques towards this goal is called light trapping 

methods, which aims at improving the spectral absorptivity of a thin film cell by 

using surface texturing. The precise mathematical and physical characterization of 

these techniques is very challenging. This dissertation proposes a numerical and 

computational framework to optimize, design, and fabricate efficient light trapping 

structures in thin film solar cells, as well as methods to verify the fabricated designs. 

The numerical framework is based on the important “inverse optimization” technique, 
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which is very is widely applicable to engineering design problems. An overview of 

the state-of-the-art thin film technology and light trapping techniques is presented in 

this thesis. The inverse problem is described in details with numerous examples in 

engineering applications, and is then applied to light trapping optimization. The 

proposed designs are studied for sensitivity analysis and fabrication error, as other 

aspects of the proposed computational framework. At the end, reports of fabrication, 

measurement and verification of some of the proposed designs are presented.  
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Chapter 1: Introduction 

 

    Our sun provides the earth with a radiative energy of about 1 7 × 101      . If 

1/10000 of this massive energy rate could be harnessed and put into use, it would be 

enough to feed our globe’s energy hunger (about 1 5 × 1013      as of 2010 [Bp11]). 

Now imagine if we had the technology and resources to efficiently absorb all of solar 

irradiance that strikes us, and even some beyond the earth’s atmosphere, then we would 

probably be able to make the entire human race independent of fossil fuel energy sources 

forever.  This is however a very bold claim, as we failed to address a few important 

questions, such as:  

1) How much energy should we spend in the first place to build the infrastructure 

for absorbing solar energy?  

2) How efficiently will we eventually be able to use the radiated energy of sun? 

3) How much do we have to pay (or in equivalent terms, spend energy) to maintain 

and upgrade the solar infrastructures? 

4) What is the energy equivalence of the environmental and health issues that such 

infrastructures will impose? 

To find the answers to the above questions, one would have to delve into a deep research 

about the science and engineering of solar technology.  

At present, we are able to harness solar energy in two different ways: Solar thermal 

energy and photovoltaic energy. In the former, sunlight is directly converted to thermal 
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energy through concentration, and is used for heating purposes, or is converted to 

electricity through a heat-engine cycle. In photovoltaic technology, the radiative energy 

of sun is converted to electricity when it strikes a photovoltaic (PV) cell, and the 

resulting electricity is collected in a PV module and is used appropriately. Both of these 

energy sources are in the category of renewable energy sources, which are clearly 

distinguished from non-renewable fossil fuel energy sources in the following sense: 

When a renewable energy type is used, the original resource that it was extracted from is 

not depleted, and will be infinitely replaced. Therefore, complete independence from 

nonrenewable sources is a guarantee that our future civilization will not be endangered 

by major lack of resources. Other identified sources of renewable energy are biofuels 

which are derived from biological sources (e.g. ethanol fuel and biodiesel), wind energy, 

hydropower and hydroelectric power, geothermal energy, the conventional biomass (e.g. 

wood, and modern waste energy) including municipal solid and sludge waste energy. In 

contrast, fossil fuel energy sources (coal, natural gas, oil, tar sands) and (arguably) 

nuclear energy are in the category of non-renewable energy sources.  

The growth of the shares of renewable energy sources in the global energy consumption 

has significantly improved over the past four decades, amid concerns over future 

resource shortages, sustainability and environmental issues, lack of uniform energy 

distribution, and political reasons. In fact, looking at the historical statistics of energy 

consumption, it can be concluded that although fossil fuels constitute the largest fraction 

of today's share, their dominance has become significantly weaker over the past 50 

years. As an example, consider the annual energy production rate in the United States for 
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fossil fuels, nuclear energy and renewable energy sources. The curves over the past 62 

years (1950-2011) are plotted in Figure 1.1, which are based on the data of [eia].  

  

 

 

Figure 1.1. U.S. Annual energy production in the past 50 years. Data is from the U.S. 

Energy Information Administration (EIA) website , department of energy 

http://www.eia.gov/emeu/aer/pdf/pages/sec1_5.pdf 

 

It is very notable from Figure 1.1 that while the net energy production by fossil fuels has 

barely increased over the past 30 years, it has almost doubled for renewable sources. 

Furthermore, among all forms of sustainable energy sources, the growth rate of solar/PV 

energy  has been among the highest, especially over the past five years. Figure 1.2 shows 

the growth rate of energy production by energy source across renewable sources from 

2005 to 2011 in the US. The chart indicates that the solar/PV growth is at a 25% rate and 

larger than all other sources except wind energy, and well above the average of 14.8% 

http://www.eia.gov/emeu/aer/pdf/pages/sec1_5.pdf
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(the average is weighted by the net production across different sources). This statistic 

can however be somewhat misleading, as part of the massive growth in the use of solar 

energy can be considered as an initial momentum of a new commercial technology. In 

fact, solar/PV energy has the smallest net value of energy share among the mentioned 

renewable sources (at least in the US!). When we overviewed the annual energy 

production data, it appears that there is an almost inverse relationship between the net 

value of energy production and the recent growth rate. Nevertheless, it is unquestionable 

that the general attraction to the solar power has been very strong and rapid. Figure 1.3 

clearly indicates that the growth of the worldwide PV capacity in the past two years is 

almost as large as the growth over the whole existing history of PV technology (namely 

from 40GW to 70GW).  

 

Figure 1.2. US growth rate of energy production from 2005 to 2011 across different 

renewable energy sources. Data is from [eia] 
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Figure 1.3. Global annual PV Capacity. Data is from [Bp11] 

 

  

Despite the promising growth rate indicators, the overall amount of produced solar 

energy constitutes a very tiny fraction of the current global energy consumption (less 

than 0.1%), and is a small fraction of all renewable energy sources. Furthermore, judging 

by the growth rate of the “share” of the overall energy consumption (not the net 

capacity), the solar/PV energy source may not seem as progressive as other major 

sources like nuclear power. For example, when the share of nuclear energy in U.S. net 

electricity generation is considered, there is a 15% growth rate (from 5% to 20%) in a 

period of 20 years, from 1975 to 1995 [eia]. The growth rate of the share of solar PV 

energy is however negligible, despite significant developments in the past few years in 

that sector. 



 

 

 

6 

 

 

Nevertheless, there exist numerous reasons for advocating the idea that the technology of 

PV energy will rapidly grow in research and industry, and will continue to provide 

significant benefits in the near terms. Very briefly, some of these reasons are listed 

below: 

 

1) Environmental benefits (clean and sustainable) 

2) Political interests  

3) Growth of market demand and related projects and industries 

4) Increased reliability 

5) Low manufacturing and maintenance cost 

6) Integration with technology and daily needs 

 

 

1.1. History of PV technology 

   The first discovery of the photovoltaic effect supposedly goes back to 1839, when the 

French Physicist Edmond Becquerel discovered the (Becquerel) photo-galvanic effect. 

This effect refers to the ability of a material (in Becuqerel’s experiment, the material was 

an acid solution of silver-chloride) to generate electricity when exposed to light [hiso]. 

The first known recorded PV material was selenium (Se), which was discovered by 

Willoughby Smith in 1873 and was confirmed shortly afterwards (1876) by William G. 

Adams and Richard E. Day [hiso,LH03]. These discoveries led to the development of 
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the first solar device by Charles Fritts, made of selenium coated with a thin gold layer. 

About a decade later, the photovoltaic effect was more profoundly explained through the 

photoelectric effect by the German physicist Heinrich Hertz in 1887. The photoelectric 

effect explains the photoelectric conversion by emission of electrons from the matter, 

and quantifies the released electron potential as a function of the incident wavelength 

and material properties. Hertz’s theory was pursued by later scientists such as the 

Russian physicist Aleksandr Stoletov, Hertz’s assistant Wilhelm Hallwachs, and Albert 

Einstein. Stoletov built the first solar device based on the premises of photoelectric 

effect in 1891, while  Hallwachs realized that copper (Cu) and cuprous oxide (CuO2) 

also exhibit PV effect, and can be used to build a semiconductor-junction PV cell 

[LH03]. Shortly later, the photoelectric effect was studied by Albert Einstein and was 

explained through quantum physics and the localized particle (quanta) model of light in 

1905.  Although appreciated many years later, Einstein eventually received the Nobel 

prize in physics for this explanation in 1921 [Nob,HiSo]. Following these, the advances 

in the solar cell technology progressed mostly in the research world until the middle of 

20’s century. By 1950, other photovoltaic semiconductors were recognized and studied 

(e.g. cadmium selenide (CdSe), silicon, germanium and lithium-silicon, Cu2S, etc.), and 

crystal growth techniques were being applied to the proposed PV devices.     

The birth of industrial and commercial PV technology is perhaps dated in mid-1950’s, 

when the first modern and efficient solar cells were built at Bell Laboratories and by the 

US Air Force (6% silicon based cells), and the technology took off with the need for 

solar energy in space missions of NASA. By that time, powerful electronic companies 
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such as Hoffman Electronics and Sharp Corp. were commercializing efficient PV 

modules. By late 1970’s, solar arrays, solar powered residential buildings and solar 

power plants were realized, and with world’s booming population and first signs of 

energy and pollution crisis, ideas of massive scale PV energy were taken very seriously. 

Meanwhile, the PV research continued to deliver more efficient solutions and newer 

technologies. Thin film solar cells emerged in 1980’s and were soon commercialized, 

raising the hope for having large scale, efficient and high throughput fabricated solar 

modules with very short energy payback times. However, thin film cells never 

completely obviated the conventional technologies (i.e. crystalline silicon cells) and did 

not find the reputation of the single shining star of PV technology, due to efficiency 

bottlenecks and trade-off discussions that exist even at the present. Instead, the thin film 

technology grew as a separate branch. In recent years, newer technologies have emerged 

that established breakthroughs in the theoretical and practical limits of conversion 

efficiency in solar cells or proposed additional advantages such as flexibility, cleanness 

and cost effectiveness. Examples of these technologies include multi-junction, quantum-

dot and organic solar cells. 

 

1.2. Thin Film Solar Cells 

As mentioned earlier, there were two main branches of solar cell technology that 

evolved through years: crystalline silicon cells (or wafer cells), and thin film cells. 

Although eventually categorized by the thickness of the absorbing layers, what really 

distinguishes between the crystalline and thin film cells is how they are made. 
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Essentially, crystalline cells are made in a growth process while thin film cells are made 

during various deposition processes. More specifically, crystalline silicon cells are made 

from (melt) growing of a large silicon crystal (monocrystalline) or a number of small 

crystals (multi/poly-crystalline) in an ingot, or by other growth methods like the 

Czochralski process [USE07], and then cut into the desired sizes. The resulting silicon 

layer in these cells is typically 100 𝑚 and thicker. In contrast, thin film solar cells are 

made by depositing a thin layer of a photovoltaic semiconductor material or compound, 

such as silicon (amorphous silicon, nano-crystalline silicon, ...), cadmium telluride 

(CdTe), copper indium gallium selenide (CIGS), etc., on a supporting substrate such as 

glass, ceramic, polymer, stainless steel, etc. [USE07]. The thickness of the resulting thin 

film is typically no more than 20 m, and in today’s generations, can be as low as 10nm. 

The properties of the deposited thin film (e.g. electrical, optical, structural, chemical, 

etc.) depend heavily on the growth technique and its conditions such as temperature, 

pressure, growth rate, etc. Therefore, it is crucial to understand the deposition techniques 

and the effects of the conditions in studying thin film layers, and in order to have control 

over the desired properties during the fabrication.  

 

Today, the global capacity of thin film PV energy is about 2% of the overall PV 

capacity, with more than half of that coming from amorphous silicon (a-Si) thin film 

cells, and the remaining capacity distributed between other thin film materials, mostly 

CIGS and CdTe. In Figure 1.4 a historical growth curve of PV capacity is depicted.  
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Figure 1.4. PV Capacity of (thin film) solar cells in different years. The data of 2007 and 

later is predicted. The image is taken from [VBFH07] 

  

The main advantage of using thin film cells is the small amount of silicon used which, 

accounts for the most part the solar module cost. Thin film cells are up to 100 times 

thinner than crystalline cells. As a result, the energy payback period for thin film solar 

cells can be much less than multi-crystalline cells. The payback time period is the time 

that requires for a device to fully return the investment values used in its fabrication. 

Currently, the payback time of crystalline silicon cells is estimated around 3-5 years, 

while for thin film cells it is about 1-4 years [Als00], and is predicted to shorten with 

advances in the technology. Additional advantages of thin film cells are the simplicity 

and more efficiency of fabrication process in large scale, better integration with 

electronic technology, portability and flexibility. With advances in thin film fabrication 

process which is owed to the VLSI and electronics industry, thin film fabrication of PV 
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devices is very high throughput and can occur at temperatures in the order of 1000˚C 

lower than those of crystalline cell fabrication temperatures. With more advances in the 

nano-technology and with the advent of more sophisticated and controlled deposition 

techniques, the fabrication of thin film solar cells of a few tens of nanometers is feasible 

today, with much less finished cost than the conventional solar cells and with 

comparable efficiencies.   

 

The thin film PV technology has its bottlenecks and disadvantages too. One of the main 

challenges with the design of thin film solar cells is the lower intrinsic conversion 

efficiency, which is chiefly due to the smaller thickness of the silicon absorber layer and 

lower electrical conductivity of amorphous silicon compared with crystalline silicon. In 

addition, thin film PV modules are more complex and require advanced interfaces. Due 

to those restrictions, they are* also more limited in terms of applications that currently 

find them appealing. Furthermore, there are concerns about the toxicity of some 

photovoltaic materials that are mostly used in thin film structures, such as cadmium (Cd) 

and its compounds (e.g. CdTe) and CIS [Zha10].   

 

1.3. TFSC Structures and Materials 

    Solar cells are made in two main configurations, the substrate configuration and the 

superstrate configurations. In substrate configuration, a glass (or other material) 

substrate is a supporting layer for the whole cell and as the bottom layer. The substrate is 
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the last layer of the cell that the incident light reaches. In the superstrate configuration, 

the glass substrate is the first layer on the top of the cell where the light reaches, and 

serves as a transparent window. The main absorber part of a thin film solar cell is a thin 

film of a semiconductor material (elemental or compound) with appropriate optical and 

electrical properties, often in the form a p-n junction; a p-type semiconductor where the 

density of holes is larger than the density of free electrons, and an n-type layer where the 

electron density is higher. Often, an intrinsic semiconductor layer is also used in between 

the p- and n- layers, especially in multi-junction (tandem) cells, so it is called a p-i-n 

junction. An intrinsic semiconductor is one with equal charge carriers of each type 

(equal electron and hole density). The required types of semiconductors are made by 

doping the base semiconductor with appropriate dopant atoms like boron (for p-type) or 

phosphorus (for n-type) during the deposition. The doping density is controlled by the 

deposition parameters. Incident photons absorbed in the p-type layer create excess 

electron-hole pairs. The excess electrons in this case are called minority charges. If the 

resulting minority electron charges reach the junction, they can drift to the n-type region 

and create an electric current. The other possible scenario is that they become 

recombined with the existing holes in the cell, which is referred to as the recombination 

event. Recombination in a PV semiconductor is characterized by the so-called minority 

carrier life time which in turn determines the minority carrier diffusion length of the 

excess electrons, i.e. the average length that a minority excess charge (e.g. electrons) 

traverses before recombining. Recombination is an undesirable event from the 
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perspective of solar cell efficiency, as it converts the photon energy to thermal energy, 

instead of electricity.  

To collect the electric current produced by the excess charges inside the cell, an Ohmic 

back contact is attached to one end of the cell, which  is linked to the external circuit. In 

addition, a transparent conductive oxide (TCO) layer is often placed on the absorbing 

layer to decrease the surface optical reflectivity of the cell and for rendering additional 

light trapping properties to the cell. The schematics of the different layers of a thin film 

solar cell in substrate and superstrate configurations are plotted in Figure 1.5. 

 

 
Figure 1.5. Schematics of the cross section of a typical thin film solar cell in the 

superstrate configuration (left) and substrate configuration (right). 

 

 

A variety of materials are employed in each layer of a thin film solar cell. In the 

remainder of this section we will briefly discuss some choices of the materials, and 

compare their properties. 



 

 

 

14 

 

 

1.3.1. Substrate 

 

The main material used in substrate is silicon, in the form of amorphous, crystalline, 

micro or poly-crystalline silicon. Although a variety of PV devices exists, solar/PV 

industry developed mostly based on silicon-based solar cells. In fact, the solar cell 

industry owes its fast growth to the silicon and solid state technology to a great extent. 

Today, the majority (more than 93%) of the commercial solar cells are based on silicon 

[VBFH07], either in the form of crystalline silicon or amorphous silicon. Silicon is a 

semiconductor which is very abundant in the earth’s crust and is a renewable material. 

Furthermore, silicon’s bandgap almost matches the solar spectrum which makes it a 

good PV material. In addition, the manufacturing process for silicon wafers is very 

mature due to its vast use in digital computers and the electronics industry. In spite of 

that, there is a potential downside to a silicon monopoly in the solar cell industry; 

temporary supply shortages in silicon due to the large demand in the solid state industry 

can hinder the fast growth of the silicon-based solar technologies. It is however arguable 

that the same effect could boost the PV market share as suggested in [VBFH07]. 

 

One issue with the use of silicon in substrate is that deposition techniques that require 

high temperatures cannot be used with glass substrates. In general, the cost of a finished 

solar cell in which silicon is the main material (as substrate or the main absorbing layer) 

is relatively high, and the main reasons are the high amount of material that should be 
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used to achieve high optical efficiencies, which in addition should be appropriately 

doped and purified for enhanced electric properties, and also due to some required 

manual manufacturing processes [Zha10]. Glass substrates (silica or soda lime glass) are 

among the most popular substrates in solar cells. However, one drawback of glass is that 

it cannot handle deposition techniques that require high temperatures. In addition, it can 

be costly, if used in abundance. Alternative low cost example substrate materials that can 

handle high temperatures are ceramic and graphite substrates [PA06]. Another material 

that can be used in solar cells is PolyEthylene Terephtalate (PET). PET has a low price 

and can be used in large scale manufacturing [TGFF03]. However, similar to silica, its 

major drawback is that it cannot be heated too much for the deposition process. 

Molybdenum (Mo) is another chemical that can be used as a substrate, and is mostly 

common with CdTe thin films, due to the fact that the thermal expansion coefficients of 

the two materials (i.e. Mo and CdTe) are close [MERT04], and therefore the 

combination is suitable for deposition methods that use high temperatures. Other 

examples of substrate materials are stainless steel and polyamide. Another limiting 

factor in the use of glass substrates is the relatively heavy weight, especially when the 

substrate is thick, and also lack of flexibility. Some efforts have been done in the past 

few years to replace more flexible and lighter substrates such as metal foils or polymer 

substrates (these are useful choices for applications where the cell can be wrapped and 

requires more flexibility or for space missions where weight considerations are crucial) 

[MERT04]. ZnO and SnO2 are other materials that are used as substrates. 
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1.3.2. Thin Film Absorber 

The absorber layer is usually put on the substrate or the back reflector/TCO by means of 

some deposition process. The thickness of a thin film can vary from a few nanometers to 

tens of micrometers. A good material for the thin film absorber should retain a few key 

properties, such as high optical absorption, low recombination rate, high minority carrier 

length (and lifetime), and the possibility of forming sustainable junctions with 

conductive contacts [CD04]. The solar absorptivity of a thin film absorber depends on 

the optical properties of the material, thickness of the thin film, surrounding materials, 

roughness of the surfaces, and the wavelength of the incident photons. Solar absorptivity 

quantifies the fraction of incident photons that are absorbed inside the cell. The 

remaining incident energy is either reflected from or transmitted through the cell. 

However, the optical absorptivity does not solely represent the solar to electricity 

conversion of the PV cell. Photons absorbed inside a semiconductor should release 

electrons confined to the valence band of the semiconductor lattice. The number of 

released electrons depends on whether the material has a direct bandgap or an indirect 

bandgap. In each case, the absorptivity further depends on the bandgap of the absorbing 

material in a certain way [RV02]. For completeness, these relationships are mentioned in 

Appendix A. Here, we mention in passing that a suitable PV semiconductor of high 

absorption is one with a direct bandgap close to 1.5eV [CD04]. Silicon is the main 

elemental material used as the thin film absorber in solar cells. It can be in the form of 

crystalline Si (c-Si), or amorphous Si (a-Si). c-Si has low optical absorption [PA06]. In 

contrast, a-Si has a higher absorption coefficient. However, a-Si has higher chance of 
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recombination for the excess carriers. Furthermore, Silicon has an indirect bandgap of 

1.1eV [CD04]. Therefore, a-Si is often alloyed with hydrogen (H), to form a-Si:H thin 

film, which has a direct bandgap and also a smaller recombination rate. In addition, the 

bandgap of the compound material can be controlled to some extend by the method of 

deposition [PA06,CD04]. However, even with the hydrogen doping, the chance of 

recombination in a-Si and a-Si:H cells are relatively high compared with other high 

quality PV materials. In addition, hydrogen doping also introduces a degradation in the 

conductivity of the material at the excess of the incident light, which makes the 

performance of the PV device nonlinear. This is mainly due to a known phenomenon 

called the “Staebler-Wronski” effect that occurs in a-Si:H crystals, and reduces the 

optical efficiency [SW80,Kol04]. The effect is supposedly due to increased reorientation 

in the crystal network, or hydrogen concentration, and can be reversed by annealing at 

temperatures above 150˚C [SW80]. Given all these considerations, a-Si:H cells are 

thought to be generally less efficient and less stable than c-Si thin films, but are less 

costly for mass production. Nevertheless, a-Si:H is one of very few materials used as 

thin film in large scale manufacturing [MKD00], and, as demonstrated in Figure 1.4, 

comprises a relatively high fraction of the PV capacity produced by thin film cells. The 

efficiency of the thin film a-Si:H cells is in the best case less than 4% [Zha10]. 

To correct the low efficiency of (hydrogenated) amorphous silicon cells, a number of 

different approaches are suggested, including using an alloyed combination of a-Si:H 

with some chemical precursor, say germanium (Ge), using three p-i-n layered 

configurations. In this case a-Si:Ge:H layers act as intrinsic semiconductors in the p-i-n 
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stack. The schematic of a typical multi-junction cell based on p-i-n stacks where a-

SiGe:H is used is shown in Figure 1.6.  These structures are known as multi junction or 

tandem cells, and increase the manufacturing cost tremendously. The highest efficiencies 

achieved by using such structures is around 10% [Zha10]. Also, it is suggested to use 

TCO coatings on top of the cell to improve the electric conductivity due to of surface 

roughness of the oxide and its anti-reflective properties [PA06,MKD00].  

 
 

Figure 1.6.  Two dimensional schematic of multi-junction solar cell with p-i-n layers 

where a-SiGe:H is used as the intrinsic material. Image is inspired by a similar image in 

[PA06] 

 

Some other examples of compound materials used as thin films are copper indium 

gallium selenide (CuInGaSe) compound, cadmium telluride (CdTe), copper indium 

disulfide (CuInS2), and cadimum telluride/cadmium sulfide (CdTe/CdS) compounds. 

CdTe films have the benefits of low bandgap, high absorption and chemical robustness 

[MERT04]. As of 2001, the highest efficiency achieved by CdTe/CdS thin films was 

between 15% to 16% when deposited on TCO coated glass substrates [MERT04], but 
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that seems to be close to the achievable efficiency limit with these materials
1
. In 

CdTe/CdS films, the CdS layer acts as a buffer layer between the TCO and the main 

CdTe absorber layer [Zha10]. One of the concerns about the use of CdTe compound is 

the toxicity of cadmium (Cd) [Zha10]. 

A combination of the above compounds can also be used, by depositing different layers 

of semiconductor compounds and thin interlayers. For example, ZnO/CdS/CuInGaSe2 

grown on soda-lime glass substrates was reported in the work [RCP03] to achieve a 

conversion efficiency of approximately20%.  

 

Organic materials (e.g. polymers) also constitute a major class of material choices for 

PV thin films due to several cost and environmental benefits. The main advantages of 

the organic thin films are the low cost and low energy deposition techniques that are 

feasible in low temperatures, and the possibility of depositing on flexible substrate. The 

disadvantages are high bandgap (2eV and higher), low absorption and poor electric 

conductivity and consequently low efficiency [PA06].   

 

1.3.3. Back Reflector 

A Back reflector is usually a layer of (metallic and dielectric) material deposited on the 

rear side of the PV cell, where the light reaches last. The main purpose of the back 

reflector is to decrease the so-called parasitic absorption and hence increase the optical 

                                                 
1 for example, the reference [Zha10] reported that CdTe solar cells are being manufactured with 

efficiencies around 10%, at a U.S based company called First Solar www.firstsolar.com 

http://www.firstsolar.com/
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efficiency of the solar cell. Back reflectors are thus materials with high conductivity and 

relatively large reflectance. To satisfy the conductivity requirement, a metal is usually 

chosen, often Al or Ag [MRSV04]. To decrease the absorption, a TCO material is often 

used in this layer, (mostly ZnO). Therefore, ZnO-Al, ZnO-Ag are common examples of 

materials that are used as back reflectors. Research shows that ZnO-Al and ZnO-Ag 

back reflectors can enhance optical absorption inside the cell (at least by a factor of 2), 

and that ZnO-Ag results in a slightly higher gain than ZnO-Al (see e.g. [KK02]). 

 

1.3.4. Transparent Conductive Oxide 

 

A thin transparent conductive film is often deposited on the front side of the cell which 

acts as an ohmic contact, and is transparent to the incident light, which can be made up 

of some Transparent Conductive Oxide (TCO) like Indium tin Oxide (ITO) i.e. 

In2O3SnO2,  ZnO,  SnO2, CdO or organic materials. The purposes of using a TCO in the 

front and back of solar cells are to decrease the reflectivity (due to transparency), 

increase light trapping capability of the cell, and protect the underlying layers (e.g. from 

oxidation). Consequently, two important properties that a TCO material should have are: 

1) high electric conductivity (low resistivity) and 2) high optical transparency (high 

transmission coefficient) at the solar spectrum. In addition to transparency, the 

difference in the refractive index of TCO and the underlying absorbing material (e.g. 

silicon) helps decrease undesirable reflection of light from the surface of the solar cell. 

Furthermore, some other parameters like stability and robustness to high temperature (in 
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processing) are generally desirable. In addition the surface roughness of this layer can 

act as a light trapping mechanism to further enhance the cell efficiency (see for example 

[MRSV04]). We will discuss this latter property in more details in the future chapters. It 

is very important to note that the order in which different layers with different 

functionalities appear is not always strict. For example, the TCO layer can be deposited 

on top of the substrate and then the p-i-n junction is grown on the TCO [MKD00]. 

 

Comparisons of various TCO materials with respect to structural and physical properties 

can be found throughout the literature. For example, a comparison of SnO2 and ZnO has 

been done in [MKD00]. After obtaining the scanning electron microscopy (SEM) 

images of the two coated substrates (namely glass substrate coated with SnO2 and ZnO), 

it is observed that the ZnO grains have sharper, larger and more regular shapes, which is 

generally more desirable for the purpose of light trapping. However, as mentioned, 

conductivity, reflectivity and transparency must also be taken into account. Overall, it is 

shown through experiments that for shorter wavelengths (<500nm), the SnO2 coated 

glass substrate results in better cell conversion efficiency, and for higher wavelengths, 

the ZnO coated glass substrate is superior [MKD00]. It is suggested in this particular 

work that the (LP-CVD) ZnO (namely, ZnO deposited by the Low Pressure CVD 

techniques) is a better choice of low cost TCO resulting in higher short circuit currents 

and higher efficiencies (11% for thick glass/TCO/a-Si:H p-i-n cells, and around 9% for 

thin modules) under optical illumination. 
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The bandgap of SnO2 and ZnO are higher than that of CdO (bandgap of SnO2 is  5-4eV, 

bandgap of CdO is  2.4-2.5eV [VGG07] and bandgap of ZnO is  3eV [OAL05]
2
 , 

which indicates that CdO is a less transparent and thus favorable TCO for PV 

applications). Bandgap measurement of ITO is reported in [WBD04], which is estimated 

around 3.28eV for ITO film on quartz and 3.77 on glass substrates. One drawback with 

using ITO is that it contains the relatively costly “indium” element, and is in addition 

argued to be toxic [Zha10]. Instead, SnO2 and ZnO materials are less costly and believed 

to be less toxic. 

The conductive layer material is often doped with an appropriate (e.g. metallic) dopant 

to enhance its electric conductivity (i.e. reduce its resistivity). Creating n-type TCO's is 

generally easier than p-type TCO's, and they often have higher conductivities [Zha10]. 

Aluminum is a good dopant, but other substances like boron (B) and gallium (Ga) can 

also be used. For more details on this subject, we refer the interested reader to Table 1.9 

of [Zha10]. 

In addition to the choice of the material, the characteristics of the transparent conductive 

film highly depend on the method and circumstances of deposition. Even the same 

method of deposition but slightly different conditions can result in oxide layers with 

different characteristics, which is partially due to possible differences in the 

polycrystalline parameters (e.g. grain size) [VGG07]. A variety of different methods are 

used for depositing TCO layers, a number of which are listed in the reference [VGG07]. 

The most commonly used techniques are chemical vapor deposition, reactive thermal 

                                                 
2 There are variations of these numbers throughout the literature, e.g. in [Zha10], the bandgaps of 

SnO2, ZnO and CdO are given as 3eV, 3.37eV and 2.4-2.45eV respectively. 
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evaporation, and different sputtering techniques including ion sputtering, cannon-ray 

sputtering and DC and RF magnetron sputtering. Most of these methods are similar to 

those used for depositing the thin film. Reference [VGG07] also provides extensive 

literature survey of the characteristics of the resulting conductive oxides (mainly SnOx 

and ITO) when different sputtering techniques (and in particular magnetron sputtering) 

are used, or when the deposition conditions such as temperature, deposition rate and 

atmosphere type vary.  For instance, an interesting conclusion derived through analyzing 

experimental data is that a pre-heating of the substrate and an annealing of the cell after 

deposition (post-processing) at appropriate temperatures, can further enhance the 

electrical characteristics of the TCO layer substantially, namely reduce the special 

resistivity of the material. We refer the interested reader to [VGG07] and the references 

therein for the details of techniques and analysis. 

In addition to the mentioned materials, there exist other choices for TCO film. A list of 

these materials and their electric properties, in addition to the dopant material commonly 

used in each case is given in tables 1.8 and 1.9 of reference [Zha10]. 

To summarize this discussion, we can conclude that the right choice of TCO material is 

an engineering trade-off that depends on many different parameters: The thickness of the 

cell, the wavelength range, module structure (single layer, tandem or multi-junction, 

etc.), thickness of the cell, stability, cost, capability of mass production, etc., as well as 

the method and conditions of deposition. 
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1.4. Thin Film Deposition Techniques 

 

Thin films are deposited through various techniques. Of significant importance to the 

thin film deposition is that the resulting thin film attains desirable chemical, 

morphological (crystal properties, etc.), electrical (conductivity, dielectric, resistivity, 

etc.), optical (absorptivity, transparency, refractive index, etc.), thermal and mechanical 

properties [Ses02]. All of these parameters can be controlled and monitored to a great 

extent by the choice of deposition method, temperature, pressure and the rate at which 

the process takes place. For instance, for growing a crystal on top of another crystal (for 

example in epitaxial growth), the rate of the deposition highly affects the crystal 

bindings, its electrical and morphological uniformity and other characteristics. The 

deposition rate is in turn controlled by a whole lot of conditions in the deposition 

process. Therefore, depending on the final application and characteristics, one or some 

methods of deposition might be preferable to others. Furthermore, for the same 

deposition technique and for the same thin film material(s), the deposition conditions 

affect some very fundamental properties of the final thin film, such as physical, optical, 

chemical and electrical properties, as well as micro/nano-structures, shapes and patterns 

of the materials, doping density, etc. [CD04]. For example a choice of temperature and 

deposition rate can result in either oriented (epitaxial) growth of crystalline 

semiconductors, or less oriented amorphous or nano-crystalline growth [CD04]. 

In the remainder of this section, we briefly review some common deposition techniques 

for thin film solar cells, their variations and some important known facts about them. For 
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a comprehensive study, we refer the reader to the existing literature on this subject such 

as [Ses02]. 

 

 

1.4.1. Chemical Vapor Deposition 

 

In Chemical Vapor Deposition (CVD) the substrate wafer is exposed to a number of 

chemicals (usually in the gaseous state) that may chemically react on the substrate 

surface and form a thin film layer. CVD is the major technique for epitaxial growth of 

silicon. Epitaxial growth refers to the deposition of a crystalline material on top of 

another one so that the crystal orientations are preserved [Ses02]. A common variation 

of CVD is the Thermally Assisted Chemical Vapor Deposition (TA-CVD) which is 

based on heating the substrate and exposing it to a flow of gas (containing the deposition 

material) in a reactor. As described in [PA06], the heating of the substrate can either be 

through a graphite susceptor which holds the substrate, or could be through direct 

radiation to the isolated substrate. In the latter case, the method is called rapid thermal 

chemical vapor deposition (RT-CVD). Having a vacuum chamber condition is critical 

for most of the CVD processes. The gratification of the CVD technique is mostly due to 

the maturity of its process gained from the microelectronics industry [PA06]. However, 

the main disadvantages of CVD are the high required temperature for faster growth 

rates, the toxicity of the precursor gas and its explosive potential due to the existence of 

Si [PA06]. 
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The high temperature in the CVD techniques facilitates the higher growth rates. For 

example, in the TA-CVD technique, a growth rate of a few  𝑚 𝑚𝑖𝑛 is achievable with 

temperatures around  1000 C [PA06,SKS02]. From the manufacturing perspective, 

high temperature is undesirable because it entails the need for expensive temperature 

resistive materials in the setup, and high temperature expensive ceramic substrates, 

which will increase the manufacturing cost [SKS02]. There exist other CVD variations 

with much less required temperatures such as Plasma Enhanced CVD (PE-CVD) and hot 

wire CVD (hw-CVD). In the PE-CVD, plasma of the reacting gas is formed by ionizing 

the gas using electrodes with either DC or high frequency voltage, or by using electron 

beams. The hw-CVD method was originally invented for producing a-Si:H cells, and 

was based on decomposing the Silane gas (SiH4) using a tungsten or carbon foil (the so-

called hot wire). This creates a mixture of Silicon and Hydrogen atoms in a vacuum 

chamber, which are deposited on a substrate [Pat1]. The nominal temperature of the 

heated foil is 1400-1600 C, however, the substrate is heated to a temperature not higher 

than 500 C [Pat1]. In the vapor transport deposition techniques, a shutter is often 

embedded in the chamber to avoid undesirable deposition on the substrate in the early 

stages of the heating, and to control the uniformity of the deposition [SSB00,Pyh01]. 

 

Low temperature methods use other sources of energy other than thermal energy to 

control the optimal growth rate of the thin (silicon) film [Sch99]. Using PE-CVD for 

instance, it is possible to grow  c-Si thin films at temperatures 200-400 C but at a more 

moderate rate of ~2nm/sec [Sch99]. Closely enough, with hw-CVD it is possible to 
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achieve a deposition rate of ~1.8nm/sec for a-Si:H and around 5nm/sec for poly-Si:H 

films, and it requires substrate temperatures close to 500 C [SB00]. A more recent CVD 

method called Gas-Jet Electron Beam Plasma CVD (GJEB PE-CVD) uses a combination 

of a gas jet and electron beam plasma to deposit silicon thin films [SSP96]. In this 

method, the reacting gas jet is ionized using an electron beam. This technique has been 

shown to have several advantages over the discharge plasma CVD or the hw-CVD 

techniques, including faster growth rate due to less required power and fewer 

undesirable gas atoms, ability to operate in more moderate vacuum conditions, more 

controllability and higher parameters independence [SKS02]. As an example on the 

achievable deposition rates and required temperatures, [SKS02] reports a deposition rate 

of 10-20 nm/sec at a temperature range of 400-600 C for deposition of micro or poly-

crystalline silicon on stainless steel substrates using GJEB PE-CVD method. 

Another variation of the CVD technique is the Metal-Organic Chemical Vapor 

Deposition (MO-CVD), which is used in many different applications for thin film 

deposition. In the solar cell thin film industry, it is often used for deposition of CdTe thin 

films [Zha10]. The following description of the method is taken from [Zha10]. The 

method is based on combining two (metal-organic) gases at a normal pressure with 

Hydrogen, one of which is a compound of Cd (e.g. DMCd) and the other one is a 

compound of Te (e.g. DIPTe). The gases decompose at a relatively low temperature of 

around 300 C, and the CdTe compound is deposited on the 200-400 C heated substrate. 

This method yields deposition rates up to 100nm/min [Zha10,ZDI06]. A list of possible 

applications of MO-CVD, the deposited thin film materials, properties and common used 
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gas sources is provided in [Ses02] (Table 1. Chapter 4). Of particular interest to us is the 

solar cell application. Therefore we have brought the corresponding row of the table here 

in Table 1.1 below. 

 

Table 1.1. Requirements, common materials and common gaseous sources for MO-CVD 

deposition in solar cell applications, part of Table 1 of Chapter 2 of reference [Ses02]. 

 

 

 

1.4.2. Liquid Phase Epitaxy 

Liquid Phase Epitaxy (LPE) is another deposition technique, in which the deposited 

material is applied in the form of a liquid (the melted liquid of some source material), in 

contrast to the gaseous state in CVD. Required temperatures for LPE are more moderate 

than CVD (between 350 to 1000 C, and the deposition rates can be relatively high 

(4 𝑚/min [MCW10,HPW97]). However, LPE techniques have been less 

commercialized than CVD [MCW10]. 

 

1.4.3. Chemical Vapor Sputtering 

Sputtering refers to the process of removing (ejecting) atoms from a material by 

bombarding it with ionized particles. It should be noted that sputtering is not solely used 

for the purpose of thin film deposition (for instance, one major purpose of sputtering is 
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for etching). For deposition purposes, a certain target surface is sputtered and its ejected 

atoms deposit on the surface of a target substrate to form a thin film of desirable 

characteristics [Ses02]. The rate at which atoms are ejected from the material is called 

the ``sputter yield'', which is a key parameter that can be tuned to control the growth rate. 

The major source of ionized particles is plasma, but they can be obtained by other means 

like radioactive materials. What determines the sputtering yield of a target material is 1) 

The energy of the incident ion, 2) the surface binding energy of the material (thus it 

should be clear that the sputter yield varies for different materials) and 3) the incident 

angle of the ion. In [Ses02], some the specifications of these factors are discussed. For 

instance for a material of interest, say Si, the sputtering yield is 0.3 for Ar ions with an 

energy of 300eV (See Table 1, chapter 8 of [Ses02] for details). Also, the maximum 

sputtering yield occurs mostly for normal incident ions. 

As a practical example of depositing thin films solar cells using sputtering, [Zha10] has 

mentioned the deposition of CdTe films using     which yield 100nm/min deposition 

rate and requires heating the substrate up to 200-300 C. 

 

1.4.4. Evaporative Deposition 

In evaporation deposition techniques, a material (source) is deposited on the surface of a 

substrate through evaporation. The source material and the substrate are put in a vacuum 

chamber, and the source is heated up to melt and then evaporate [Pyh01] The resulting 

vapor scatters in the chamber and deposits on the surface of the substrate to form a thin 

layer of the source material. A Shutter is often used to control the deposition rate 
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[Pyh01]. The heating can be done using a filament that heats through electric current 

[Phy01]. 

 

1.5. Objectives of the Dissertation 

 

At discussed in previous sections, at present, most commercial PV cells are based on 

bulk or wafer-based crystalline silicon which, although efficient in transforming 

insolation to electricity, is quite expensive. Most of the costs for producing PV cells 

result from wafering, which consists of sawing a c-Si layer from an ingot of crystalline 

silicon. An alternative to c-Si PV cells is the use of thin-film semi-conductor layers of 

non-crystalline silicon that requires between 10 and 300 times less material than 

traditional solar cells. In thin-film cells, a thin layer of a semiconductor is deposited on a 

suitable substrate using low cost techniques. Popular thin-film materials are amorphous 

silicon (a-Si), polycrystalline and nano-crystalline (nc-Si), cadmium telluride, copper 

indium selenide and others. While it is expected that thin-film PV cells will dominate in 

the photovoltaic industry in the near future, a major breakthrough that would make them 

competitive with traditional solar cells is yet to be achieved. One reason for this is that 

current thin-film PV cells attain efficiencies of around 10% in the commercial scale, 

which is about half that of c-Si PV cells (see Figure 1.7 for the trends of efficiency 

improvement in major categories of PV cells). Therefore, major efforts are focused on 

producing thin-film cells with higher efficiencies.  

http://en.wikipedia.org/wiki/Polycrystalline_silicon
http://en.wikipedia.org/wiki/Nanocrystalline_silicon
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Figure 1.7. Conversion efficiency for different classes of thin film solar cells. Image is 

taken from NREL online database. 

 

Reaching this goal requires developing techniques that simultaneously enhance the 

electrical and optical characteristics of thin film photovoltaic materials. A class of these 

methods is called light trapping techniques, which aim at maximizing the average path 

length of light inside the PV module. Although mostly focused on the optical properties 

of the materials, light trapping techniques must be engineered to avoid electrical losses 

due to undesirable quantum effects such as carrier recombination in which a 

considerable portion of electrons that are released by incident photons are recombined, 
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or shadowing effects which is the result of using excessive metallic structures. These 

effects result in a waste of absorbed optical energy, usually through thermal conversion.  

Light trapping may be achieved by surface texturing or use of additional coating 

layers with carefully selected opto-electrical properties. Analyzing the opto-electrical 

characteristics of these structures, especially at nano-scale sizes, requires working with 

complicated models of radiative near-field light effects, usually quantified by Maxwell’s 

electromagnetic equations. In other words, conventional ray-tracing models of light are 

not capable of fully describing and predicting the underlying optical physics of a thin 

film PV cell. Furthermore, for more comprehensive analysis of electrical effects, 

quantum level equations such as drift-diffusion equation must also be solved. As a result, 

predicting the properties of nano-patterned PV cells is a formidable analytical/numerical 

problem, requiring solution of complex numerical systems. Moreover, designing a nano-

patterned surface with properties tailored for PV application is even more difficult, as it 

represents an inverse design problem. This requires inverse solution of the underlying 

physical equations applied to interaction of electromagnetic waves and electrical carriers 

with a surface geometry that is to be determined, given the desired spectral/directional 

distribution of absorbed radiation as well as electrical characteristics (e.g. current voltage 

curve). A general framework that can handle these computations must integrate 

numerical solvers of physical equations with optimization techniques that are capable of 

solving the inverse design problems. Despite the scope and importance of such a 

framework, we have found scant work that addresses this objective. The main objective 

of this dissertation is to propose such a computational framework for systematically 
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characterizing, optimizing and studying many forms of light trapping using surface 

textures for thin film solar cells. Within this framework, we are able to address and solve 

several problems, enumerated briefly in the following paragraphs: 

  

A) An efficient optimization framework for finding optimal parameters of various nano-

grating and coatings structures in silicon-based thin film cells.  

 

With the purpose of improving the absorption/radiation characteristics of thin film cells 

in targeted ways, we consider several configurations and material choices as the input to 

the optimization framework. We consider structures with single or multiple (hybrid) 

grating/coating layers. Examples of studied structures are metallic/plasmonic front and/or 

back surface nano-strips, metallic nano-chip gratings with rectangular, triangular or round 

shapes, metallic back reflector coatings, dielectric anti-reflective coatings (such as 

conductive transparent oxides), rough surfaces with tunable coherence, spacing and 

amplitude statistics, and semiconductor gratings. In each of these cases, we apply 

multiple numerical optimization methods such as the Quasi-Newton method, simulated 

annealing, Tabu search and hybrid global/local search methods to the corresponding 

problem. Through this, we are able to demonstrate that the proposed inverse optimization 

techniques can efficiently find the optimal solution in times significantly less than 

exhaustive search approaches, or designs solely based on physical intuitions. The 

performance of different local and global optimization techniques are compared in these 

setups (please see Chapter 4 for details). The resulting absorptivity enhancement in some 
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of these cases is significantly superior to the previously found limits for thin film 

structures. In particular with an optimal combination of front and back plasmonic 

gratings and ITO coatings, we can achieve absorptivity enhancements ranging from 

45% to 120% in silicon, both with respect to polarized and unpolarized solar irradiance. 

  

B) Constrained optimization and multiple objective functions.  

The proposed numerical optimization framework is flexible to parameter constraints and 

choices of objective function. Constraints that stem from limitations in the fabrication 

process or physical infeasibility, or simply as a result of prior intuitions can be 

incorporated in our optimization programs with the help of proper mathematical 

formulations. As a result, we are able to design nano-structures amenable to simple and 

accurate thin film fabrication. Furthermore, we formulate various mathematical forms of 

the objective function. Different objective functions reflect different practical aspects of 

the solar cell performance. Consequently, we are able to find: 

 

i) structures with maximized solar-to-electricity conversion efficiency (short circuit 

current) within the solar range, given arbitrary solar air masses and source polarization 

distribution. 

  

ii) structures with maximized absorptivity enhancement at individual wavelengths, 

which can help us characterize the bounding limits of light trapping in thin film cells. 
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iii) structures with desirable directional selectivity and/or band-pass characteristics.   

  

C) Statistical study under the presence of temporal, seasonal, angle of radiation and 

polarization Changes. 

 

    Seasonal and temporal variations (hourly, daily, monthly) in the solar spectral 

irradiance is significant, and can alter the performance of a solar panel. Therefore, the 

performance of a thin film structure optimized with respect to a fixed average air mass 

can deviate from its predicted performance in practice. In addition, fabricated devices are 

subject to random errors that accumulate from different sources such as manufacturing 

tolerances, thereby introducing unpredicted performance losses in the finished cell. By 

applying Monte Carlo techniques, we have analyzed the joint statistics of absorptivity 

spectra in optimized thin film structures in the presence of time and structural variants. 

This study can serve as a basis for evaluating the real world performance of optimized 

solar cells, as well as a sensitivity/time analysis for better understanding the limits of 

performance and robustness of thin film cells and optimal light trapping mechanisms. 

These results will be discussed in Chapters 6.  

 

D) Modeling fabrication uncertainties  
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    In addition to temporal variations, there are many other sources of structural and 

numerical uncertainties that result in discrepancy between the numerical and actual 

characteristics of our designs. Examples of such sources are numerical approximations 

(e.g. mesh size and fit, material property fit, etc.), fabrication error, surface roughness and 

unwanted oxidization. We introduced a stochastic model of structural error for 

incorporating these effects. Using large scale Monte Carlo simulations in this context, we 

have studied the statistics of the designed solar structures in the presence of such 

uncertainties. This way we can provide statistical sensitivity measures for different light 

trapping mechanism. Moreover, we also use variance reduction techniques (such as the 

unscented transform technique) for expediting our Monte Carlo simulations. To our 

knowledge, the application of these techniques to electro-magnetic simulations (and in 

particular thin film analysis) is novel. Furthermore, we believe that the methods will be 

helpful outside the context of thin film cell design for other computational research fields.  

  

E) Wavelet-based design and optimization of complex surface textures 

 

     In addition to simple shaped periodic gratings, we introduce a wavelet characterization 

of arbitrary -- but feasible to fabricate -- surface texture patterns. By using this 

parameterization in the proposed optimization framework, we can obtain structures with 

even higher absorptivity enhancements (please refer to Chapter 5 for details). Arbitrary 

surface patterns can be described with limited-term wavelet or Fourier series. Previously 

developed global inverse optimization techniques can then be applied to adjust the 
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parameters of the unknown texture for maximum light trapping.  Compared with the 

simple structures previously studied, curved and wavelet based structures can potentially 

result in additional waveguide modes and more broadband enhancement in absorptivity 

of silicon. Due to the generality of the proposed formulation, we believe that our method 

can be used in the systematic study of the limits of light trapping in thin film solar cells. 

 

F) Fabrication and verification results 

  

   Finally, the last chapter of this thesis reports fabrication and validation of some of the 

proposed designs. We use various deposition techniques such as physical vapor 

deposition (PVD) and plasma deposition to fabricate a multi-layer amorphous silicon-

based structure consisting of back reflector aluminum and front surface ITO coating on a 

glass substrate. Numerical optimization predicts over 100% absorptivity enhancement 

in silicon in this case. Spectrophotometer measurements verify the accuracy of 

fabrication, by comparing the reflectivity spectrum of the fabricated sample with the 

numerical spectrum. 
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Chapter 2: Light Trapping Techniques in TFSC 

  

 

    In the previous chapter, we discussed that the main performance bottleneck of the thin 

film PV device is the low level of light absorption. In broad terms, the set of 

mechanisms proposed to overcome this deficiency is called “light trapping” techniques.  

Here, we specifically focus on the optical version of light trapping, which targets 

increasing the average path length of the incident light inside the material, and 

improving the fraction of absorbed photons. Eventually, this process will contribute to 

increasing the chance of electric conversion and consequently the efficiency 

improvement of the solar cell. However, as explained in the previous chapter (and also 

later in this thesis), the optical enhancement of the solar cell is not linearly proportional 

to that of efficiency improvement, as there is an electrical component that has to be 

taken into account. However, with suitable engineering and the right choice of material, 

it is possible to make the optical and electrical improvement of the cell almost 

independent.  

 

Light trapping technique is often realized by geometric and structural modification of 

parts of the cell, also known as “surface texturing”.  Surface texturing increases the 

scattering of the light at the surface of a layer, and upon the right choice of materials, 

results in higher absorption of the scattered light in the absorber film. Obtaining a 
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surface layer with desirable texturing parameters is either through a controlled 

deposition technique, or by etching the thin film after the layer has been deposited. 

Common techniques include the use of one or a combination of the following items:  

 

1) Deposition of plasmonic nanoparticles. 

2) Surface texturing, patterning, coating or cladding through the use of metallic gratings 

such as nanostrips or nanochips, or metallic back reflector. 

3) Surface texturing by Transparent Conductive Oxide.  

4) Semiconductor nanowires.  

5) Tandem structures that use multiple diffractive layers.   

 

In the remainder of this chapter we will describe these methods in some detail and 

provide examples of academic and industrial research.   

2.1. Plasmon Nanoparticles 

One of the methods of light trapping is to deposit plasmon (metallic) nano-particles on 

the surface of the absorbing layer or on a dielectric coating underneath it to enhance the 

average path length of light inside the cell. These particles can be doped in a structured 

and controlled way, or can take a random distribution. In either case, the size and grain 

shape of the particles highly influence the light trapping behavior. The physical 

explanation for enhanced light absorption when plasmon nano-particles exist is through 

the electromagnetic excitation (plasmon excitation) of the metallic particles. These 

excitations generate electromagnetic fields that can interact with the underlying substrate 
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(i.e. the absorbing thin film) and result in additional scattering of the light into the 

absorbing layer [SFY05]. At a certain wavelength known as the plasmon resonance 

wavelength 𝜆   , the free electrons of the nano-particles form local electrical currents in 

a way that the resulting electromagnetic field  becomes resonant in response to the 

incident electromagnetic field [BC08]. As a result, the effective absorbing and scattering 

cross sections (together it is called the extinction cross section) of the underlying 

material increases, resulting in an enhanced extinction spectrum [BC08]. Figure 2.1 

displays the 2 dimensional scanning electron micrographs of the Si surfaces (pn 

junction) doped with Au particles with various particle diameter sizes. 

 

 
 

Figure 2.1. 2D SEM images of Au nano-particles with diameters  (a) 50nm  (b) 80nm 

and (c) 100nm doped to Si. Image is taken from  [SFY05].   
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As a conclusion, the plasmon excitations increase the absorption of incident light 

through both amplifying the electromagnetic field and also lengthening the interaction 

time between the electromagnetic field and the substrate at the vicinity of the particles 

[SFY05]. It is a challenging task to derive a robust theoretical connection between the 

statistical properties of the nanoparticles distribution and geometry, and the optical 

enhancement of the solar cell. There are however numerous experimental attempts to 

address this in the literature. For example, in [SFY05], the effect of plasmon sizes 

(specifically for Gold nano-particles) on the optical enhancement spectrum is 

experimentally evaluated, and it is shown that the wavelength of maximum enhancement 

matches well with the resonance wavelength of the plasmon particles (see Figure 2.2). 

The normalized photocurrent, which is defined as the ratio of the photocurrent in the 

presence of the nano-particles to the photocurrent in the absence of nano-particles
3
 is 

derived in [SFY05] as a function of the illuminating light wavelength for various particle 

sizes. The locations and the density of the nano-particles are only controlled to a certain 

extent (namely only their statistics are known). In fact, by placing a relatively 

homogeneous drop of a solution containing the target nano-particles, they will be almost 

uniformly distributed on the surface. At present, the only method to confirm such 

hypothesis is through microscopy techniques, such as electron microscope imagery of 

the surface, and possibly further statistical tests.  However, as mentioned, the exact 

                                                 
3 We shall call this “absorptivity enhancement factor” later in this thesis 
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location of the particles and the homogeneity of the surface cannot be established with 

certainty, and there will always be nano-scale irregularities and uncertainties. 

 

 

 

Figure 2.2.  Normalized photocurrent response of silicon pn junction cells with gold 

nano-particles with various diameters in the experiments of [SFY05]. Image is adopted 

from [SFY05] 

 

A somewhat related analysis of light trapping using plasmonic nano-particles is done in 

[BC08]. The reported experiment of [BC08] describes a procedure for forming silver 

nano-particle doped TCO coating on the front or back (rear) of the absorbing silicon 

layer, and includes experimental measurements of the optical and electrical spectra of 

the resulting films with three different TCO's: 𝑆𝑖 2grown by thermal evaporation,  𝑖 2 

grown by atmospheric pressure chemical vapor deposition (AP-CVD) and 𝑆𝑖3 4 grown 

by LP-CVD. Silver nano-particles are deposited by thermal evaporation (evaporative 

deposition). A major conclusion of the experimental results of [BC08] is that with nano-

particles on the back or front TCO, the quantum efficiency of the resulting cell can 

increase significantly, particularly at wavelengths longer than the plasmon resonance 
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wavelengths of the nano-particles in the supporting dielectric.  However, when nano-

particles are doped on the front side ITO, they can result in increased reflection of light 

into the air at shorter wavelengths, and thus a smaller QE.  

A more systematic analysis and comparison of the plasmon nanoparticles in the front 

and back of the cell are found in the work of F. J. Beck et al. [BMPC10]. They study a 

20 𝑚 crystalline silicon layer with 10𝑛𝑚 SiO2 and 8𝑛𝑚 Si3N4 layers deposited on both 

sides with and without nanoparticles on the back or front of the cell. Nanoparticles are 

deposited by thermal evaporation technique which yield an average 220𝑛𝑚 diameter per 

particle, and the TCO layers are grown by thermal evaporation for SiO2 and LP-CVD for 

Si3N4. The decrease in the absorption at wavelengths smaller than the plasmon resonance 

wavelength of the nanoparticles is argued to be due to an unfavorable interference 

between the scattered wave and the incident light [BMPC10]. However, at longer 

wavelengths, the particles on the front surface become antireflective, and additionally 

contribute more to stronger light trapping through scattering due to increased effective 

scattering cross section. This is in contrast to particles on the back which only exhibit a 

weaker light trapping effect at longer wavelength. As a conclusion, the QE is 

significantly higher for plasmon nanoparticles in the front of the cell, and the effective 

scattering cross section of the  nanoparticle in the front is relatively higher than the back 

end nanoparticles. However, as argued in [BMPC10], the scattering cross section of the 

nanoparticles is a function of the incident light intensity and also the dielectric properties 

and more importantly the thickness of the TCO layer. The scattering cross section of a 

single nanoparticle peaks at 𝜆   .  
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The same group of authors have also studied the design of periodic Ag nanoparticles on 

the back side of a silicon thin film in [MBPC09], mainly to understand the effect of 

particles sizes on the absorption, scattering and light trapping efficiency. Experiments 

are reported for Ag particles sizes (widths) of 50,100,150,200 and 300 nm, with normal 

incident light, for a grating height of 150nm and a lattice period of 400nm. The 

conclusion is that increasing the nanoparticles sizes up to a certain value broadens the 

absorption spectrum of the array and redshifts the peak absorptivity (which matches with 

𝜆    of a single nanoparticles). However, beyond that threshold, increasing the particle 

sizes results in an absorption spectrum with a peak at a (non-primary) harmonic of the 

resonance wavelength, and therefore causes higher order resonances. For wavelengths 

longer than 800nm, nanoparticles of diameter 300nm and 200nm result in higher light 

trapping.  

 

Independently, similar simulations are done in [MBPC09]  to evaluate the effect of the 

nanoparticles periodic array structure on the light trapping efficiency. The conclusions 

are very similar to those previously mentioned. For example, it is confirmed that for 

wavelengths longer than 800nm, larger periods (pitches) result in better performance. 

One shortcoming of the analysis of [MBPC09] is a lack of an optimization scheme in 

which all of the parameters of the nanoparticles array can be simultaneously adjusted 

and their cumulative effect is evaluated, which is attributed to the large size of 

parameters space when there are multiple contributing factors and tedious numerical 

Finite Difference Time Domain (FDTD) simulations. However, this seems to be a 
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limitation common to many studies. As we will discuss in the future sections of this 

chapter, most results in the literature on the optimal design of periodic grating patterns 

(dielectric or metallic) somehow rely on initial intuitive choices of parameters, and are 

limited to optimization of one or two parameters at one time. From the above overview 

of the studies on the intertwined effects of the particles geometry and material property 

on the wide-band optical properties of the cell, the complexity of these relations should 

be apparent to the reader. 

 

As a final note, it is worthwhile to mention that although most previous work has 

addressed metallic nanoparticles as an effective light trapping technique, some recent 

research has studied use of dielectric nanoparticles. Specifically, T.H. Chang (2009) and 

Y. A. Akimov et al. (2010) have recently conducted a series of studies on dielectric 

nanoparticles. These studies suggest that dielectric nano-particles can be (at least) as 

effective as plasmon particles [CWC09,AKSR10], mostly due to high scattering and low 

dissipation level that could potentially exist in dielectrics with high relative permittivity 

[AKSR10]. As discussed in [AKSR10], an undesirable common event in the case of 

metallic nanoparticles, especially in wavelengths longer than 𝜆    is the high absorption 

into the nanoparticles themselves (not absorption into the silicon layer) which leads to 

resistive heating of the particles and the useless conversion of optical energy to thermal 

energy (i.e. high dissipation of light). This is however not the case for dielectric 

nanoparticles.  
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2.2. Metallic Gratings 

Periodic grating patterns can be placed on the silicon thin film to improve light 

absorption. The most promising grating nano-structures are metallic layers that can 

increase the light absorption, mostly due to two effects [PWBL09]: 

 

i) Strong near field electromagnetic resonances due to surface plasmon 

excitation,  

ii) Coupling of light to the waveguide modes of the metallic nanogratings 

 

The first effect is similar to plasmon nano-particles, discussed in the previous section. 

Here we briefly overview some of the conclusions from recent work along these lines: 

 

C. Rockstuhl et al., have evaluated the effect of periodic rectangular metallic gratings 

(plasmon polaritons) on the absorption of thin film a-Si films, using the numerical 

Fourier modal method (FMM) [RFL08]. The studied structure consists of a periodic 

array of semi-infinite silver nano-strips as shown in Figure 2.3. 
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  Figure 2.3. Schematics of rectangular periodic Ag nanogratings on the silicon thin film. 

Image is taken from [RFL08]. 

 

 

Extensive simulations lead to finding a set of pattern parameters, namely the heights of 

the grating and silicon thin films (   ,    ), as well as the silver width (   ) which 

results in the highest optical enhancement factor. For instance, a particular choice of 

parameters as (           ) = (60 20 100)𝑛𝑚 results in optical absorption 

enhancement factor of about 1.6 in the visible range. These parameters are however 

unrealistically small (especially    ), and difficult to accurately fabricate within a 

reasonable precision. Small structural errors affect the overall performance considerably 

given the sensitivity of the optical properties to dimensional errors. A set of larger 

parameters (           )  (70 90 150)𝑛𝑚  is also suggested to result in 

approximately 1.4 enhancement factor in the number of absorbed photons.   
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The results of [RFL08] are of significant importance due to the numerical nature of the 

simulations, and high enhancement factors. However, they do not present a systematic 

method of optimization for the set of feasible patterns, and rather rely on exhaustive and 

intuitive search. Therefore, it is only possible to optimize the structure for a small 

number of parameters. For instance, the packing density of the grating (i.e. the ratio of 

the silver width to the period) is always fixed in the simulations of [RFL08], and the 

incident light is always normal TE-polarized, and only one choice of material is 

investigated. This highlights the importance of fast simulation tools and efficient 

optimization methods for the choice of multiple parameters.  

 

A more recent and profound study of the effect of plasmon polaritons on the light 

trapping is by R. A. Pala et al. (2009) [PWBL09]. The effects of silver nano-strips and 

their parameters (size, thickness and period) on the light absorption and scattering 

properties of the silicon thin film cells is studied. The two favorable effects of metallic 

gratings are carefully examined, namely the near field excitations due to plasmon 

resonances close to the surfaces of strips, and the waveguide mode excitations of the 

strips which couples to the waveguide modes of the substrate and leads to the scattering 

of light into the absorbing layer. The cell structure studied in [PWBL09] consists of a 

silicon absorbing layer supported by an underlying silica substrate, and is coated by a 

thin layer of silica. Furthermore, metallic (Ag) rectangular gratings are placed on top of 

SiO2 to enhance light trapping.   Understanding the electromagnetic physics of the 

underlying structure can help one  choose intuitive good solutions for the parameters. 
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For instance, as discussed in [PWBL09], the size of nanostrips should not be much 

smaller than the wavelength of the incident light (where most of the energy resides) 

since otherwise less scattering happens. At the same time, they should not be much 

larger than the incident wavelength since otherwise the undesirable reflection to the free 

space will increase. Therefore, the efficacy of surface plasmon excitations (near field 

effects) in scattering the light into the substrate is governed by the size of the nanostrips, 

whereas the locations of the waveguide modes are determined by the spacing (period) of 

the gratings. In addition, the number of waveguide modes depends on the silicon 

thickness.   

 

2.3. Textured Transparent Conductive Oxide 

One of the purposes of TCO is to provide light trapping properties, due to its surface 

roughness. In addition, TCO coatings cause a gradual change of the refractive index and 

can reduce surface reflectivity from the main absorber layer. The TCO can be placed 

between the substrate and the thin film or microcrystalline layers, or on the surface of 

the back reflector, and thus can be categorized as front TCO and back TCO. We present 

a brief literature overview of the existing results on the effect of TCO in achieving light 

trapping properties. 

 

The reference [MRSV04]  addresses the effect of TCO surface roughness on the 

absorption enhancement of thin semiconductor film and provides a comparison between 
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the cases where the TCO is on the back or front of the cell. We briefly discuss some of 

the conclusions of the [MRSV04] in the following few paragraphs. 

  

From the optical theory of light trapping, solar irradiance distribution and band gap 

properties of silicon, it turns out that light trapping is important mostly to enhance the 

optical absorption in higher wavelengths, i.e. IR, or the red range for the visible light 

wavelength range (i.e. wavelengths above 600nm). For that matter, the larger and 

sharper surface textures are, the more effective and higher the resulting QE and 

absorption will be on average. The main TCO material under investigation in [MRSV04] 

is ZnO, as it is believed that it has sharper and more regular grain shapes compared to 

TCO’s with similar electric properties. This is justified in [MRSV04] by comparing 

SEM images of ZnO coating prepared by RF magnetron sputtering and then etched (for 

desirable surface texturing), and also for SnO2:F layers prepared by CVD. It was 

observed that the grains sizes of ZnO are ostensibly sharper and more regular than those 

of SnO2:F layer. We recall that this is in agreement with the conclusions of [MKD00] in 

that ZnO surfaces grown by LP-CVD technique have rather sharper and larger surface 

textures that SnO2 surfaces grown on Asahi type U2 glasses (recall the discussion in 

Chapter 1 about deposition techniques). For comparison, we have brought the two 

corresponding SEM images of [MKD00] and [MRSV04] in Figure 2.4.  
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Figure 2.4. SEM images comparing textured surfaces of SnO2 and ZnO layers, taken 

from [MKD00] (left) and [MRSV04] (right). Both results suggest more regular and 

sharper textures in ZnO layers 

 

 

One of the advantages of using TCO is the capability of making the electrical and optical 

properties of the cell independent to a large degree. This point is noted and analyzed in 

[MRSV04] for the magnetron-sputtering and wet chemical etched TCO. Since the two 

fabrication processes are independent, it is possible to independently tailor the electric 

and optical properties of the cell. Therefore, the design process can be separated to two 

independent optimization problems each with fewer parameters and less cumbersome to 

solve. Specifically, the magnetron-sputtering of the ZnO doped with Al particles 

enhances the electric properties, without significantly altering the optical characteristics. 

Similarly, the etching process that follows results in a textured surface TCO, which 

enhances the optical characteristics to a significant extent. 

 

To summarize, [MRSV04] has evaluated the effects of doping, thickness and front or 

back reflector TCO's on both the optical and electrical properties of the thin film solar 

cell, and has studied the tradeoff between the optical and electrical characteristics. This 

has been done both for a-Si p-i-n cells which have a light trapping (importance) region 
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of roughly 650-750nm, and also for  c-Si cells with a light trapping range of 650-

1150nm. One crucial point to mention is the fact that the electrical and optical properties 

of cell are not always negatively correlated; Depending on the incident light spectrum, 

enhancing either of the properties can improve the other one as well. For instance, 

increasing the conductivity of the TCO by doping Al also increases the light absorption 

in visible IR range, but has a negative effect in the UV range. Once again, this illustrates 

the complexity that resides in the study of these mechanisms.  

The surface texturing method suggested in [MRSV04] is mostly uncontrolled, meaning 

that it lacks a regular or design pattern. In most uncontrolled texturing methods, the 

roughness of the surface can only be controlled to a limited extent, for instance by 

controlling the large scale statistical properties of the roughness (such as root mean 

square roughness). In these circumstances, the nano-scale details can only be “observed” 

by microscopy methods and mostly for the purpose of verification only. In contrast, 

some controlled texturing fabrication methods have been suggested, which offer higher 

degrees of freedom and controllability of the optical and electrical properties. For 

example, in [FVL95], a fabrication method based on nano-imprint lithography is 

described for designing textured back reflectors coated with TCO in a-Si:H n-i-p solar 

cells, with very structured periodic patterns. The pattern, which is a square lattice of 

cylindrical holes, is applied to a sol-gel covered silicon wafer substrate using a 

Polydimethylsiloxane (PDMS) coated master wafer stamp initially patterned via laser 

interference lithography [FVL95]. Different layers of the module are then deposited on 

the patterned substrate using either sputtering or CVD. The cross-sectional (SEM) image 
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of the solar module layers and the patterned Ag coated back reflector are shown in 

Figure 2.5, which is taken from  [FVL95]. 

 

 

 Figure 2.5. An example of controlled nanoscale patterned TCO.  The cross-sectional 

(SEM) image of the module layers (right) and the pattern Ag coated back reflector (left). 

Image is taken from [FVL95]. 

   

 

Using both experimental measurements and Finite Difference Time Domain (FDTD) 

numerical simulations, the modification in the optical characteristics of the cell using 

textured surfaces is measured in [FVL95]. Both methods indicate significant optical 

absorption improvement in the visible infrared wavelength range (between 600-800nm) 

for the textured surfaces. Meanwhile, the absorption fraction does not change noticeably 

in the visible UV range (400-600nm). This is in contrast to the use of nanoparticles that 

mostly results in a degraded UV response. With an appropriate choice of the pattern 

parameters (depth and diameter of Ag) an improvement of about 51% in the red visible 

range is within reach [FVL95]. This however only reflects the optical enhancement. 
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Combining the electric conductivity and recombination effects, the overall efficiency of 

the cell is shown to reach 37% improvement. 

2.4. Semiconductor Nanowires 

  

   This relatively recent method of light trapping is based on using ordered long silicon 

nanowires instead of the semiconductor thin film absorber in solar cells. Semiconductor 

nanowires have been used in several applications, prior to being employed in solar cells
4
. 

In the vertically aligned silicon nanowires, the p-n junction is ideally in the radial 

direction (rather than vertical), and despite the fact that the minority carrier diffusion 

length can be much smaller than the light absorption length (due to the fact that the 

nanowires are very long and thin), the two events happen in orthogonal directions. These 

structures can compensate for the small optical absorption of the thin film, and 

(theoretically) the light trapping effects can be much higher than those obtained by 

random texturing, namely up to 73 times, as opposed to the theoretical 25 factor for the 

random texturing of silicon [GY10]. A significant optical gain can make it possible to 

use silicon with more moderate dopant concentration and less purification than solar 

grade silicon, which is of high cost [GY10], and results in more cost efficient cells. 

However, at the same time, the use of very long nanowires along with surface roughness 

and misalignments of the nanowires can significantly increase the electron 

recombination, due to an increased surface to volume ratio. The design of a structure 

                                                 
4 Please consult with [KTK08] and the references therein for a list of applications  
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with a desirable balance between the negative and positive effects is thus challenging 

and requires advanced technology and precision. There are two major groups that have 

recently investigated these endeavors (and at present, it is still an ongoing effort to the 

best of our knowledge):  the Atwater group at California Institute of Technology, and the 

Peidong Yang group at University of California Berkeley. For more details, we refer the 

interested reader of this dissertation to Appendix B, where we have briefly mentioned 

some of the experiments and conclusions of these groups. 

2.5. Conclusion 

 

    Having motivated the need for efficiency enhancement of thin film cells due to their 

intrinsic small optical-to-electrical conversion, we overviewed different methods of light 

trapping in this chapter. Light trapping techniques rely on increasing the average path 

length of the incident light inside a solar cell, and are usually realized by either altering 

the surfaces of different layers, or by depositing additional nanoparticles. We discussed 

four main categories of light trapping techniques: deposition of metallic nanoparticles, 

plasmonic (periodic) grating, textured TCO and semiconductor nanowires. As we 

discussed, metallic nanoparticles (such as silver or aluminum) increase the effective 

absorption of light due to surface plasmonic excitations, but the absorption spectra 

depends highly on the wavelength and can be controlled by the shapes, sizes and 

densities of the nanoparticels, the thickness and dielectric properties of the thickness 

layers, and also whether they are located on the front or rear of the cell. The dependence 
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of the absorption spectra and quantum efficiency of the cell to each or some of these 

factors have been studied in part in the existing literature. In addition, we mentioned a 

few recent results that support the idea of using dielectric (instead of metal) 

nanoparticles, suggesting that they can even offer higher light trapping efficiencies. A 

second method of light trapping we reviewed was the use of metallic gratings, which in 

addition to the surface plasmon excitations as in the case of nanoparticles, increases the 

scattering of light into the absorber layer through waveguide mode excitations. We 

mentioned a few papers that studied the relationship between the parameters of the 

periodic grating structures and the optical absorption. The surface roughness of TCO 

layers can also act as another mechanism of light trapping. We addressed a few results in 

the literature related to this idea. Generally, sharper and more regular patterns result in 

higher light trapping and absorption. These parameters highly depend on the deposition 

method. Furthermore, as we mentioned, fabrication methods have been suggested for 

specifically designing patterned TCO-covered back reflectors. Finally we also reviewed 

semiconductor (silicon) nanowires as another light trapping method. Very long 

nanowires can significantly improve the average path length of light inside the cell. 

However, long nanowires can result in increased surface recombination charges due to 

misalignments and surface roughness. Recent fabrication methods of arrays of nanowires 

along with additional techniques such as surface passivation and use of back reflector 

have provided structures with less surface recombination, and higher cell efficiencies. 

However, the state of the art efficiencies of these cells are still less than the practical 

achievable efficiencies that can be reached by other light trapping schemes or that of 
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tandem cells. This is however an ongoing promising approach and the work in this area 

is still active. 

    Judging by the above discussions, we note that in most cases, engineering he 

geometry and type of surface texturing is a challenging and undiscovered task, heavily 

reliant on experience, intuition, and of course, computational methods. Optimal design 

of light trapping given a set of practical constraints and material choice is an engineering 

challenge that involves many unknown parameters and physical factors highly entangled 

via relationships that are approximated only within certain orders and with severe 

limitations.  Further advances in this area stands upon fully understanding optical, 

electrical and quantum physics of the underlying structures, and can be explored in more 

depth with the help of numerical and experimental measurements and intuition from 

further data processing. The latter will be the focus of most of the discussions in the 

remainder of this thesis.  
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Chapter 3: Inverse Optimization 

 

The name of “inverse problem” usually arises in engineering problems with challenging 

mathematical formulation or intense computational requirements. The inverse problem is 

in contrast to the forward problem which uses the established physical and mathematical 

rules to find the field solution (usually numerically) of a physical quantity for a 

particular configuration of geometry, material property, etc. A good example of this is in 

solving heat transfer problems. Suppose that inside a given volume, all internal and 

external sources of thermal energy and radiation, as well as all the thermal and radiatvie 

properties of the existing materials are known. If you are familiar with the heat transfer 

equations, then you know that it is possible to find the transient and steady state 

solutions of heat flux and temperature distribution inside this volume. In most cases 

however, the solutions will be approximate and can only be found computationally. In 

any case, this would be called the forward problem and the solution will be referred to as 

the forward solution. In this particular case, finding the forward solution involves 

solving the heat transfer equations for a known set of parameters and a known set of 

initial conditions.  Most classic engineering problems fall within the category of forward 

problems, such as: 

 Finding the electromagnetic field solution inside a volume (Maxwell’s equation) 
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 Finding the carrier current densities inside a semiconductor material (Drift-

Diffusion equations) 

 Finding the statistical motion patterns of fluids (Navier Stokes equations, 

Boltzmann equation, etc.) 

 Finding the quantum state of a physical system (Schrödinger equation) 

 

In all of the above problems, the physical properties of the underlying materials and the 

initial/boundary conditions are known, and the solution of a quantity of interest (such as 

the electromagnetic field, heat flux, carrier densities, etc.) is unknown. In contrast, in the 

inverse problem, the exact opposite situation holds (and thus the name inverse!). The 

task is to complete the unknowns about the configuration given partial or full 

information about the output quantity. This is usually helpful when the field solution is 

obtained from direct measurements. The inverse problem then asks the following 

question:  

 

 

“What initial configuration could have resulted in this field solution?” 

 

 

 

But why is the inverse problem important? Perhaps the following analogy helps to 

answer this. Consider the example of a patient and a physician. The physician knows 



 

 

 

60 

 

that each disease has a particular set of symptoms. This is by analogy his knowledge of 

the “forward” medical problem, by means of which he can explain the outcomes of 

different diseases. However, if you refer to your physician and tell him about a number 

of symptoms that you suffer from, he will try to solve the “inverse” problem of diagnosis 

for you. In other words, he finds the closest configuration (illness) that explains your 

symptoms in the best possible way. This line of though results in many useful 

applications for the engineering inverse problem, some of which are discussed in the 

following section.   

3.1. Applications 

Examples of inverse problems appear in every engineering field including biomedical 

engineering, electromagnetics, astrophysics, biology, geology, oceanography, 

metallurgy, nuclear engineering, etc. We briefly enumerate some important examples. 

For further reading, we refer the interested reader to [INV] for an online resource of 

inverse problems, methods and applications.  

3.1.1. Medical Imaging/Measurement 

In non-intrusive medical imaging or measurement applications such as Magnetic 

Resonance Imaging (MRI), Functional Magnetic Resonance Imaging (fMRI) and  

Electroencephalography (EEG), the configuration of body textures, their shapes,  

physical properties or certain biochemical activities are unknown (or partially known). 

External measurements are made which can be regarded as the macro-scale response of 

the biological system to a controlled  stimuli. In MRI applications for instance, the 
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stimuli is a controlled electromagnetic field. In EEG, the measurements are recordings of 

electrical currents which describe the cumulative functioning of millions of neurons. The 

mathematical inverse problem formulation then helps to reconstruct the unknown 

configuration and thus obtain an image of the body or a summary of the activities of 

interest.   

3.1.2. Remote Sensing/Radar 

 

Remote sensing is the process of inferring the nature of objects by only processing 

remotely accessed information about them. In astrophysics, inverse problems are used 

for remote sensing, analysis of spectrometry measurements and satellite images, mostly 

with the aim of understanding the nature of terrestrial sites or extraterrestrial objects, 

planets, galaxies, etc.  

Radar applications are of a somewhat similar nature. In radar applications, the 

information about the existing objects, their velocity, variety, etc. is inferred by 

analyzing the time-frequency spectrum obtained by the help of the Doppler effect at high 

frequencies.   

Similarly, in oceanography applications, measurements obtained by the reflection of 

acoustic waves from the sea surface can be used to analyze the marine surface textures.  

 

3.1.3. Continuum Systems 
 

This category is perhaps the most wide-spread and general class of inverse problems, 

and include (or overlap with) many variations of inverse problems discussed earlier. A 
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continuum system is a high dimensional (usually physical) system, the evolution of 

which can be described by a partial differential equation [Wa06].  The inverse problem 

of continuum system seeks to find the initial or boundary conditions of the system based 

on the solution of the partial differential equation that governs the physical system. 

Inverse Heat Conduction (IHC) and Inverse Thermal Radiation (ITR) problems, inverse 

turbulent flows and inverse problem of atmospheric turbulence measurement are all 

examples of inverse continuum system problems that have been subject of numerous 

studies in the past (see e.g. [Wa06, Mc92,BBC85,Alv94,Pya09,Khr04]. Moreover, with 

emerging mathematical and computational science for evolutionary modeling of 

concepts like social networks and financial markets as variations of continuum 

processes, inverse problems have found their ways into these applications too. Examples 

of recent works along those lines are reconstruction of missing data and patterns in 

social networks [SSB11, CTE08], and calibration of local volatility in quantitative 

finance using inverse optimization [Dec10].   

   

3.2. Methodology  

Unlike the direct forward problem, the inverse problem deals with estimating the model 

from observed data. Suppose that the model or state of a system can be described with a 

numerical vector  . The vector   can be a collection of physical (time-dependent) 

parameters, initial and boundary conditions, geometrical specification, etc. The inverse 

problem seeks to estimate   from some form of output measurements or desired 
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outcomes. More specifically, suppose that a particular set of measurements is available 

from the system, in the form of: 

  =  ( ) 

 

(3.1) 

 

 ( ) is the functionality of the system which maps the state of the system to the output 

measurements, and does not have to be an explicit formulation. For example, in 

continuum systems,  ( ) is the set of partial differential equation that govern the 

evolution of the internal processes. In heat transfer applications,  ( ) is the collection of 

thermal conductive and radiative equations.  Often times, in addition to equation (3.1), 

other physical constraints are also available about the system model. These constraints 

are in the form of feasibility conditions or additional information (initial guesses) that 

are available about the model. In bio-medical imaging applications for instance, there is 

often prior information available about the electromagnetic constants of body tissues. As 

we will explain in this thesis, inverse optimization can be used for micro-nano structure 

design in PV applications. In many of those cases, one is interested in a set of geometry 

parameters that is not too large or too small, which pose bounding constrains on the 

model geometry parameters. Mathematically, we represent the set of constraints by the 

following equation: 

     

 

(3.2) 

where    is a set of feasible solutions for the unknown model.  
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One form of inverse problem seeks to find a model   that satisfies the constraints in 

(3.2) and approximates the measurements as close as possible. The inverse problem is 

thus an optimization problem which can be formulated as: 

 

 

      ( ( ̂)  ) 

       ̂    

 

(3.3) 

 

Where  (   ) is a distance function that measures the closeness of two output vectors. In 

another form of inverse problem mostly known as “inverse optimization”, we are not 

necessarily interested in matching the measurements to a particular vector  . Instead, the 

objective is to find a model   that maximizes some objective function of the output 

measurements. Mathematically, this is equivalent to: 

 

 

      . ( ̂)/ 

       ̂    

 

(3.4) 

 

where  ( ) is the objective function. This kind of formulation often arises in problems 

where the precise profile (spectral) performance of system is not necessarily interesting. 

Rather, we are looking to maximize the average performance or summarized statistics of 

the overall performance. To motivate this a little further, consider the problem of heat 

conservation inside a building. Having a set of material choices and cost constraints to 

begin with, one would like to design the interior of the building so that thermal energy 

waste due to natural causes is minimized. The eventual design specifications of the 

building are equivalent to the vector  . We can think of  ( ) in this case as the internal 
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and external thermal interactions (convection, conduction, radiation and various energy 

sources) of the building, which are functions of time, seasonal temperature variations, 

etc. The heat conservation function is the objective function  ( ) in this example which 

is to be maximized.  

 

The inverse problem in either of the formulations presented above is an optimization 

problem. The schematics of a general inverse optimization solver based on an iterative 

optimization algorithm can be pictured as that of Figure 3.1. The process follows a cycle 

of repeated solution update and direct problem solution computations (i.e. the objective 

function calculation). The inverse optimization takes the current existing solution and 

the set of physical constraints, and updates the solution based on its own internal rules.  

 

Figure 3.1. General steps of an iterative numerical inverse optimization problem. 
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When studying inverse optimization problems, it is crucial to have a good understanding 

of optimization methods. Unfortunately, only a small class of the existing practical 

optimization problems are well-theorized and understood.  The most well understood 

class of optimization problems are the convex optimization problems, where the transfer 

and objective functions  ( ) and  ( ) are concave functions, and the constraint set   is a 

convex set. Convex optimization theory has thoroughly studied theoretical and 

numerical solutions for such problems [BV04]. In most practical applications however, 

the objective functions are far from being explicit, convex or even partially convex. 

Methods designed to solve convex problems are thus not necessarily guaranteed to 

perform well in most cases. Alternative numerical optimization techniques, often with a 

flavor of statistical approaches, are therefore highly desirable in many real world inverse 

optimization methods. In the remainder of this chapter, we briefly review and compare 

some effective numerical optimization approaches. In the future chapters, we will 

demonstrate how some or all of these methods can be used to solve inverse problems of 

light trapping optimization in thin film solar cells.  For more detailed studies on the 

methodology of the inverse problem solving in general, we refer the interested reader to 

[KS04]. 
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3.3. Overview of Numerical Optimization algorithms  

 

3.3.1. Quasi-Newton Method 

The QN method is a memory-less optimization technique that is suited for finding local 

optima. The method is of significant advantage for smooth objective functions with 

computable first and second order derivatives, especially if explicit formulations are 

available up to those limits. 

The QN method consists of continuously updating a search point based on the first and 

the second derivatives of the objective function to be minimized [Dav91,Fle87,Mos03]. 

A new candidate point is selected in the direction of the maximum descent determined 

by the gradient vector multiplied by the inverse of the Hessian matrix. The search for a 

new point with a better objective function proceeds in that direction, using the so-called 

line-search process. The relationship between the new chosen geometry and the old 

geometry is formulated as: 

 
 

    (  1) =  ( )    [ 
( )]

 1
  ( ) 

 

(3.5) 

 

where  ( ) is the selected geometry at iteration number  , and  ( ) and  ̃( ) are the 

gradient vector and the Hessian matrix of the objective function  ( ) at the point  ( ), 

respectively. The step size    is determined by the line search process. The updates of 
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the gradient and the Hessian of the objective function must be found numerically for 

functions lacking explicit formulations. There are many variations for the quick and 

recursive updating of the Hessian in the QN method [Mos03]. In addition, the line search 

method can also be done in a number of different ways (e.g. line-halving technique). 

One of the common methods of Hessian matrix update is the Broyden–Fletcher–

Goldfarb–Shanno (BFGS) update for the Hessian matrix. The BFGS update at iteration 

𝑘 is given by : 

 

 

 

 ̃ 
 1 =  ̃  1 

 1  
    1    1

 

    1
 

 ̃  1
      1( ̃  1

 1     1 )
 

    1
  ̃   

 1     1 
  

 

(3.6) 

 

 

where     1 and     1 are the increments in the gradient vector and the geometry 

vector at iteration 𝑘  1, respectively, and ( )  denotes the transpose operation . The QN 

method is essentially deterministic in nature and may become trapped in local minima. 

Adding a little perturbation in the search direction can improve its performance. 

However, it remains unlikely that this approach modifies the search region significantly, 

and therefore the algorithm might settle down at a local minimum far from the global 

solution. The QN method is therefore well-suited for situations where the initial 

candidate point happens to be close to the global minimum, or for optimization problems 

lacking local optima.  
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3.3.2. Simulated Annealing 

In contrast, the simulated annealing (SA) method is randomized in nature and is more 

suited for situations where the initial geometry is not known to reside in the proximity of 

the global optimum, and for highly non-convex objective functions [KGV83, Cer85]. 

Although SA is mostly suited for discrete optimization, variations have been introduced 

for solving continuous optimization problems. One of these methods is the fast annealing 

technique developed by Ingber, in which a Cauchy distribution for determining new 

candidate points is used rather than the conventional Boltzmann distribution [Ing89].  In 

summary, the optimization consists of the following actions at every step 𝑘  1 of the 

algorithm. 

 

1. Candidate selection: a new candidate point      =        is selected, by 

choosing     according to the  -dimensional Cauchy distribution: 

 

  (  ) =
1

 

  

(‖  ‖2    )
  2

 

where   is the number of unknown parameters. The parameter    (often called 

the temperature, but actually a user-chosen parameter), allows the solution to 

avoid being trapped in local optima, but varies between iterations to localize later 

solutions.  
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2. Candidate acceptance/rejection:  if (     )   (  ) , then       is accepted, 

i.e.    1 =      . Otherwise, it is only accepted with probability 

 

(1     (
 (     )   (  )

 2  
))

 1

 

    is the temperature at step 𝑘, which we is chosen to decay according to some 

appropriate decay function, to be exponentially descending, i.e.   =    
   . There is a 

tradeoff between the rate of convergence and the optimality of the solution in the 

algorithm, which can be tuned by the cooling rate parameter  . Furthermore, adjusting 

the parameter  2 determines the probability of accepting worse solutions.  

3.3.3. Tabu Search 

Tabu search (TS) was first invented by Fred Glover in the 1980s as a numerical 

optimization method which is capable of escaping local minima and avoiding cycling 

[Glo86]. The idea behind the method is to use a short-term notion of “memory” to 

remember attributes of visited solutions and to prevent the search from returning to 

repeated points. Such moves are considered “Tabu” and are forbidden for a predefined 

number of iterations. Consequently, unlike SA, the search direction is directly influenced 

by information from previously visited solutions. 

The general components of a TS algorithm are neighborhoods (candidate list) and a 

memory structure. A neighborhood is a set of possible solutions for the next iteration, 

which is generated from a reference solution. In the first iteration, the reference solution 
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is generated randomly. Afterwards, the reference solution becomes the best solution in 

the previous neighborhood, also called the incumbent solution. In the current work, 

neighborhoods are generated by applying one random insert move to the incumbent 

solution. When neighborhood sizes become very large, possible solutions are limited to a 

subsection called the candidate list
5
. The objective function is then calculated for each 

possible solution and the best solution is set as incumbent. This incumbent solution 

might or might not be better than the best obtained solution. Consequently, by frequently 

accepting a worse solution, local minima are escaped. When a move is set as tabu, it 

remains tabu for only a limited constant number of moves referred to as tabu tenure 

(which is another degree of freedom in the algorithm). However, if the solutions move in 

the right direction and a better score than the incumbent is found, the tabu tenure for all 

moves is decreased by 1. If not, the tabu tenure is increased by 1. Minimum tabu tenure 

is obviously 0. This adaptive memory structure of TS produces important aspects, which 

are intensification and diversification.  For more information, see [Glo86, PLBH06]. 

3.3.4. Other Optimization Techniques 

Although not specifically mentioned and used in this thesis, there are many other 

numerical algorithms in the literature that suit high dimensional complex problems. 

Examples of these methods include evolutionary algorithms such as genetic algorithm 

[Gol89], and swarm algorithms such as ant colony methods and particle swarm 

optimization [KE95]. In addition, hybrid methods that use a combination of global and 

                                                 
5 We choose a candidate list of size 10 for all of the applications of Tabu search throughout this 

dissertation.  



 

 

 

72 

 

local optimization techniques are often helpful in problems with large number of 

parameters where a very fine global optimal solution is required. We refer the interested 

reader to [MMM06,HF02,WC96] for more in-depth readings on the concepts and 

methodology of hybrid optimization tools. 

3.3.5. Constrained Optimization 

When dealing with practical optimization problems, there are often constraints on the set 

of acceptable problems that have to be taken into account during the optimization 

process, therefore calling for constrained optimization. The mathematical formulation of 

a constrained inverse optimization was given in equation (3.4). The most natural forms 

of constraints we will deal with in this thesis are of the forms of plain upper and lower 

bounds, such as: 

 

 ( )      ( ) 

 

These are linear inequalities and therefore convex. According to the theory of convex 

optimization, it is possible to incorporate the constraints of this type into the objective 

function with the help of Lagrange multipliers [BV04]. Specifically, we would try to 

solve an equivalent non-convex optimization of the following form 

 

 

      . ( ̂)/  𝜆 (   ( ))    ( ( )   )   

 

 

(3.7) 
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where 𝜆   are vectors of positive values called Lagrange multipliers to be chosen 

appropriately. The parameters    and    in (2) are positive constants that are chosen 

appropriately. According to the theory of constrained optimization and Karush–Kuhn–

Tucker (KKT) conditions, provided that the right      and      are chosen, and the 

original objective function is convex, the solution to the unconstrained optimization is 

equivalent to the solution of the original constrained optimization program. For non-

convex problems, there is no such guarantee. However, we have empirically found that 

in many cases, the above approach is a convenient and accurate proxy for the original 

problem.   

Besides the above approach, one might also find it easier and more helpful to use a 

technique called “rejection sampling” for incorporation of any set of general constraints. 

This is especially useful when the optimization technique is iterative, or the objective 

function and/or constraints are non-convex and complicated, and is only an option in 

stochastic optimization techniques. In this method, when a new candidate solution is 

drawn according to the rules of the algorithm, a test is done to see if the solution 

conforms to the constraints. If all conditions are satisfied, the new candidate is selected, 

otherwise it is automatically rejected and a new candidate point is selected. At every 

stage, this is repeated until a valid point is selected.  

 

In the optimization programs that we present in this dissertation, we use both of the 

above techniques. As mentioned, rejection sampling is only applicable to stochastic 

methods like simulated annealing and Tabu search, but the soft incorporation of bounds 
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using Lagrange multipliers can be used with both deterministic and stochastic 

optimization methods. For more details please refer to [HHHH11,HH12,HHHH12]. 
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Chapter 4: Optimization of Nano-Textures for Light Trapping 

 

 

    In previous chapters, we motivated the need for light trapping in thin film solar cells 

in order to enhance solar absorptivity, and described the general framework of inverse 

optimization. In this chapter, we specifically focus on using the inverse optimization 

techniques for light trapping via nano-scale surface textures such as nano-gratings and 

coatings. Recall from Chapter 3 than an inverse optimization consists of solving a 

forward problem multiple times within an optimization framework. With the goal of 

light trapping, the objective is to maximize the spectral absorptivity of the thin film 

absorber. When solar energy reaches the surface of a solar cell, it could be absorbed by, 

reflected from or transmitted through the main absorber layer. The fraction of photons 

that are absorbed define the absorptivity ratio of the cell. Ideally, all of these absorbed 

photons are responsible for generating electricity in the PV material. Therefore, spectral 

absorptivity of a solar cell is expected to be proportional to the short circuit current of a 

PV cell. However, all absorbed photons do not directly contribute to electrical power 

generation, since part of the energy is directly converted to thermal energy instead, 

through a process called carrier recombination. Consequently, there are two aspects to 

improving the solar-to-electricity conversion of thin film solar cells:  

1) the optical aspect where the goal is to maximize the photon absorptivity, and  

2) the electrical aspect, where carrier recombination is to be minimized.  
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Our light trapping study is specifically focused on the optical aspect.  The most accurate 

model to measure the absorptivity of a thin film layer is through solving the near file 

Maxwell’s equations.  Maxwell’s equations solve for the electromagnetic field vectors 

inside a volume given the material properties and all EM sources. Once the Maxwell’s 

equations are solved, the solution of the electric field   can be used to calculate the 

absorptivity of the cell. Specifically, assuming that the light source has a radiation power 

of 1Watt/m
2
, the spectral absorptivity at a wavelength 𝜆 can be calculated from: 

 

 

 (𝜆) =  ∫  .
 

𝜆
 / | |2     

 

 

 

 

(4.1) 

 

where     is the imaginary part of the electric permittivity of the absorbing material (a-

Si),   is the electric field vector, and   is the volume of integration which encompasses 

the a-Si slab (Figure 5.1.). Since most of the structures we consider consist of periodic 

arrays of nano-textures, considering a periodic boundary condition is a valid assumption 

and makes EM computations feasible.  
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Figure 4.1. Finding the spectral absorptivity of a a-Si thin film using the solution of 

Maxwell’s equations.  

  

  

 

The absorptivity spectrum  (𝜆) can be integrated and weighted by the solar irradiance 

across a spectral range to determine the number of absorbed photons inside the silicon. 

Specifically, the number of absorbed photons is equal to: 

 

 

  = ∫ (
𝜆

  
)  (𝜆) (𝜆) 𝜆

 

 

 

(4.2) 

 

Where  (𝜆) is the solar irradiance which determines the distribution of power across 

different wavelengths in the solar beam,   is the Planck’s constant and   is the speed of 

light in the medium. In the forward problems related to light trapping, one quantity that 

is of significant interest is the enhancement factor in the number of absorbed photons, 
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which is defined as the improvement in the number of absorbed photons in the textures 

silicon compared to the bare silicon: 

 

 

  =   
      

     

 

 

(4.3) 

 

To be clear, a bare silicon structure is one that lacks any form of light trapping 

mechanism and is used as a reference structure. The enhancement factor quantity will be 

used as a target function for many of the inverse optimizations described in the next 

sections of this chapter. 

 

4.1. Front Surface Nano-Strips 

 

The basic geometry of the structure studied in this section is presented in Figure 4.2. It 

consists of a periodic array of Ag nano-strips mounted on a thin film a-Si layer.  The 

purpose of periodic grating structures is to enhance the absorption of the incident light in 

the thin silicon layer. As discussed earlier in Chapter 2, this is done by increasing the 

effective cross section of the absorbing material through localized or waveguide 

resonances created by metallic gratings on the surface of the cell. The strips are 

rectangular in shape, characterized by a height parameter     and width parameter    . 

Other varying parameters that describe the geometry are the silicon thickness     and the 

period of the nano-strip array    . Because of the symmetry of the geometry in the 
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direction at which the nano-strips extend, we can think of this geometry as a two-

dimensional structure in the x-y plane.  The cell is illuminated by a normal TM-polarized 

wave from above. It is worth mentioning that although we confine the model to a normal 

TM-polarized incident wave, most solar panels will not be limited to this type of 

radiation. A more comprehensive study involves optimizing the cell geometry for a 

distribution of solar trajectories and polarizations. These effects will be studied further in 

this thesis for certain geometries.  

Popular methods for solving Maxwell’s equations for near-field radiation calculation 

include the finite difference time domain (FDTD) method [TH05], the Fourier modal 

method (FMM) [PMSM10], and the finite element method (FEM) [JJMR03]. In this 

work, near-field radiation and surface interactions are solved using the FDTD method to 

obtain spectral and directional radiative properties. FDTD results were compared with 

those obtained by Rockstuhl et al. using the FMM. FMM works in the frequency domain 

in contrast to FDTD, which works in the time domain. The results for a given spectral 

range are found by a single calculation in FDTD, while FMM requires a separate 

calculation at each point in the spectrum, thus requiring more separate calculations. 

Furthermore, FDTD is more suitable for gridded geometries such as the ones treated in 

this thesis than the FEM, which in general is preferred for dealing with complex 

domains. A spectral range of (300–900)nm is considered for FDTD calculation in the 

present section.  
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Figure 4.2. Model of solar cell used for near-field radiation calculation. 

 

  

 

A comparison of some simulated results with those of Rockstuhl et al. confirms the 

accuracy of the FDTD model (cf. Figure 4.3). Both models employ the same properties 

of a-Si [JC72] and Ag [VFCH2000] Rockstuhl et al. demonstrated that with careful and 

rigorous adjustment in geometry parameters, enhancement factors of 1.6 can be achieved 

in photon absorption for a a-Si thickness of 20 nm, and slightly under 1.5 for a thickness 

of 90 nm. The authors used a brute search through all combinations of geometric 

parameters in order to find the enhancement for each combination of parameters and 

consequently determine the global optimum and all local optima. Using the FDTD 

model, the brute search results were recomputed for varying a-Si thickness and period. 

The enhancement map as a function of     and     calculated using FDTD is presented 

in Figure 4.4. Using a step size of 2 nm, 3600 calculations were required for the 

enhancement map. Around 8 days of computer time were necessary to perform the 

simulations on a 12 core 2.67 GHz Windows machine with 32GB memory. Figure 4.3 
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demonstrates the existence of many local maxima in the enhancement factor inside the 

search space. 

 

The search space for optimal nano-gratings parameters can be significantly reduced by 

understanding the underlying physics in the interaction of incident radiation with 

periodic metallic nano-gratings and the absorber silicon layer underneath. Pala et al. 

have studied this more closely, and in particular have addressed how the sizing and 

lattice parameters of nano-gratings (also called nano-strips) influence the absorption 

spectra inside a solar cell [PWBL09]. In summary, metallic nano-gratings can increase 

the absorption of light through two concurrent effects: surface plasmonic excitations of 

the nano-strips, which lead to significant near-field enhancement close to the surface of 

the gratings, and coupling of light into the waveguide modes of the supporting silicon 

layer (i.e., excitation of the waveguide modes). Each of these effects is highly dependent 

on the geometry of the nano-gratings, and their combination causes the photocurrent 

production of the cell to be a complicated function of grating dimensions and material 

properties. An optimized set of parameters leads to productive scattering of light into the 

cell. Intuitively, as discussed in the reference [PWBL09], the ratio of the height to width 

of gratings should not be too large, since otherwise the (undesirable) absorption by silver 

gratings increases. On the other hand, the height to width ratio should not be very small 

either, because excessive metallic structures could undesirably reflect a significant 

portion of usable energy. Furthermore, the number of excited wave-guide modes and 

their occurring frequencies are determined by silver height and the grating period, 
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respectively. Considering these intuitive considerations, the solar spectrum and the target 

enhancement, bandwidth, directivity, etc., a reasonable initial range of values for the 

geometry parameters can be evaluated. 

 

Nevertheless, even with physically intuitive limitations and narrowing down the search 

space, a brute search is not an efficient approach for performing optimization of 

parameters for the design of metallic nano-grating. For example, if all four nano-grating 

dimensions were to be included in the search, and assuming similar ranges and step 

sizes, roughly 60 years would be required for all simulations to be completed for the 

single case of normal solar incident onto the surface cell. The methods based on 

numerical optimization only require a fraction of the time needed for brute search, as 

will be explained in the remainder of this section. In addition, smaller increment steps 

can be used leading to more accurate search results. 

 

 



 

 

 

83 

 

 

Figure 4.3. Comparison between FMM (from Rockstuhl et al. [RFL08]) and FDTD for 

silicon thickness of 90 nm 
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Figure 4.4. Enhancement factor as a function of nanowire period and thickness of silicon 

 

4.1.1. Constraints, Objective Functions and Methods  

 

The problem of optimizing the geometry of a surface-textured solar cell is subject to 

physical and real world constraints. A class of constraints is implied by certain geometry 

vectors which will not map to realistic dimensions. For instance, for obvious reasons as 

clear from Figure 4.2,     cannot be larger than    . Another set of constraints is 

related to our general knowledge of the existing electromagnetic effects inside the solar 

structure, resulting in certain limitations on the sizes of the structures. For example, too 

large or too small dimensions can limit the electromagnetic absorption, severely enhance 

optical reflection from the top of the structure to the air, or improve the undesirable 

recombination of the minority carriers inside the cell, which limits the overall conversion 

efficiency of the solar cell (for more explanations on these issues, see [HHHH11]). Finally, 
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another class of restrictions is associated with the fabrication process. Due to the limited 

resolution of fabrication devices, numerical values of the optimized geometries must be 

truncated, and dimensions must be larger than the minimal processing scale at which 

fabrication is feasible. Mathematically, we choose several sources of constraints to 

enforce on the set of valid geometries. The first type of constraints is upper and lower 

bounds on each dimension of the structure. These bounds are chosen so that gratings 

sizes and the thicknesses of thin films are not unreasonably large or unrealistically small. 

In addition, provided that the underlying electromagnetic interaction of the incident light 

and the thin film panel is relatively well understood, and the dependency of the absorbed 

light spectrum to the geometry parameters is (at least intuitively) known, it is possible to 

narrow down the space of possible dimensional values (“search space”) with constraints 

of this type, and obtain designs that result in significant enhancement. Mathematically, 

the bounding constraints are incorporated by assuming that a valid geometry satisfies the 

following inequalities: 

 

 

 ( )     ( ) 

 

(4.4) 

 

  

   A second class of constraints is those that arise from the available finite precision of 

the fabrication and testing devices. We must assume a limited precision for the allowable 

geometry parameters, since it is impossible to fabricate nanostructures with 
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infinitesimally small precision. In this thesis, due to limitations in computation time 

using the FDTD simulator, we limit the search space to parameters rounded off to 1nm, 

meaning that none of the dimensions have sub-nanometer numerical values. The 

considered optimization problem is therefore the following constrained optimization: 

 
 

   
 ( )    ( )        (1  )

 ( ) 

 

(4.5) 

 

Where R(1  ) is the set of vectors with no fractional value in nanometers. The 

optimization problem that we consider is defined in terms of an objective (cost) function.  

We formulate the problem in terms of a “minimization problem”, therefore the objective 

function must be chosen in such a way that its minimization corresponds to the 

maximization of the enhancement factor. Including the numerical constraints and using 

the principles of constrained optimization described in Chapter 3, an appropriate choice 

of objective function can be as follows: 
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(4.6) 

 

  

                  

where 𝜆  and    are positive constants that should be chosen appropriately, and by 

definition 
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(4.7) 

for a number  .   

 

 

4.1.2. Simulation Results and Discussion 

 

Simulations are done for optimizing the parameters (geometry) of the silver patterned 

solar panel to achieve the maximum enhancement factor in photon absorption. In 

separate simulations, the unknown geometry is described in terms of 2 or 4 unknown 

parameters. We call the corresponding optimization problems the “2-p” and “4-p” 

problems, respectively. In the 2-p problem, the width and height of silver are fixed to 

140 nm and 69 nm, respectively
6
, and the silicon thickness and the period of the nano-

strips are to be optimized. In the 4-p problem, the width of the silver grating and its 

depth are also unknown. In general, the vector of unknown parameters is denoted by: 

  = [                ]  

 

(4.8) 

Practical constraints are imposed by upper and lower bounds on the entries of the vector 

 , denoted by  ( ) and  ( ), respectively. These constraints have the following 

numerical values: 

 

                                                 
6 These values of fixed parameters are based on the empirical results of [RFL08] and are known 

to be nearly optimal. 
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  ( ) = ,200 250 200 100 -𝑛𝑚  

 

 

  ( ) = ,45 150 50 20-𝑛𝑚 
                          

(4.9) 

Allowing a precision of 1 nm for the geometry parameters, the corresponding search 

space consists of roughly 2 × 10  possibilities in the 4-p problem, and 1 6 × 104 

possibilities in the 2-p problem. The optimization program is set to minimize the inverse 

of the enhancement factor while conforming to the constraints of (4.9), as described in 

(4.6). As mentioned earlier, the right choice of 𝜆  and    results in the maximum 

enhancement factor, upon solving the minimization problem in equation (4.6). In the 

present simulations, 𝜆 =   = 100    1  𝑖  4 were empirically found to produce 

good results. In the SA algorithm, for the 2-p problem,  = 0 5,  2 =  0 2 were chosen, 

while for the 4-p problem,  = 2,  2 = 3 were set. For the QN simulations, the basic 

line-halving method is used as the method of line search. In the TS methods, the tabu 

tenure is set to be 1 for the 2-p problem and 2 for the 4-p problem, and the candidate list 

is selected to be 10.  

 

Before presenting the simulation results, it is important to distinguish the computational 

steps during optimization and how they are defined. We define an "(FDTD) trial" as a set 

of spectral simulations required for calculating an enhancement factor of a valid 

geometry. In addition, the steps of SA and QN algorithms are identified by "iterations".  

However SA iterations are basically different from the QN iterations. In SA, each 

iteration accounts for all the computations before selecting a new point (either a better 
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candidate or a worse accepted point). In QN, every iteration includes all computations 

(including one line search, gradient and Hessian updates and etc.) required for finding a 

new better solution. According to this definition, each iteration encompasses a number 

of separate trials and some other computation. Therefore, two separate iterations do not 

necessarily have similar computational costs. 

    In Figure 4.5, the evolution of the inverse cost functions 1/f (x) during SA, QN and TS 

optimizations for the 2-p problem starting from the same initial point are displayed. The 

values of the highest found enhancement factors and the corresponding geometries are 

presented in Table 1. Note that in each iteration, only the selected solution of that 

iteration is displayed on the diagrams of Figure 4.5. From the figure, one can observe 

that the best solutions of SA and TS are very close to each other and to the global 

optimum. 

Table 4.1. Results for SA, QN and TS algorithms for the 2-p inverse optimization 

problem.  

Method         (nm) Optimal 

EF 

# of 

Trials 

#of 

Iterations 

    (nm) 

SA  ,534, 251, 140, 69- 1.44 99 163 [80,191, 140, 69]   

QN ,534, 251, 140, 69- 1.42 5 83 ,164, 217, 140, 69- 

TS ,534, 251, 140, 69- 1.46 8 80 [79, 192, 140, 69] 
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(a)    (b) 

 

(c) 

 

Figure 4.5. Inverse cost function (EF) evolution for the 2-p case. SA (a), QN (b) and TS 

(c). 

 

 

   The performances of the applied optimization methods can be compared more 

accurately via a statistical analysis of a large number of simulations. We performed 100 

independent simulations of SA, QN and TS, each starting from a random point. For each 

method, we determined the minimum number of trials required on average before 

achieving a certain value of EF (see Figure 4.6-a). For each value of EF, the percentage 

of simulations in which that value is reached is computed (see Figure 4.6-b). We can see 



 

 

 

91 

 

that SA is on average slightly slower to converge than QN.  Nevertheless, SA remains 

more likely to converge to the global solution. Similar conclusions can be made about 

SA and TS. Specifically, TS is on average slightly slower to converge than SA, but more 

likely to reach a global solution. The average inverse cost function per iteration for each 

method is displayed in Figures 4.6-c through 4.6-e. It can be seen that all methods 

commence with a rapid increase in inverse cost function followed by a rapid stabilization 

phase around an EF of 1.4. 

 

A detailed search through all 2-p values was performed for different a-Si thicknesses and 

periods of nano-wires, (see Figure 4.7). Using a step size of 2 nm, 3600 calculations 

(approximately 8 days) were required to generate the complete EF map. The EF map 

demonstrates the existence of several local maxima inside the search space. The wave-

like shapes on the figure are a result of the Fabry-Perot resonance (destructive 

interferences in reflection or constructive interference inside the a-Si layer). The optimal 

solutions obtained by the SA, QN and TS methods are displayed on the map. It is clear 

that the SA and TS methods were (approximately) able to find the global optimum, 

whereas the QN method found a local optimum. Nevertheless, SA required twice the 

number of trials (163 trials) as that of QN (83 trials), whereas TS required almost the 

same number of trials. A conclusion solely based on the results of these simulations is 

that, while all methods converge rapidly to relatively very good results, the TS method 

reaches the solution faster.   
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Figure 4.6. Average results after 100 simulations: (a): Minimum required trials to reach a specific EF 

(b): Percentage of success versus inverse cost, (c): Average inverse cost for QN, (d): Average inverse 

cost for SA, (e): Average inverse cost for TS. 
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Figure 4.7. EF as a function of     and    . Figure 4.8.  Absorption of patterned and bare a-Si. 

 

Figure 4.8 displays the absorption of bare and patterned (    = 69 nm,     = 140 nm 

and     = 210 nm) 90 nm thick a-Si layers. The figure demonstrates that the absorption 

of bare a-Si is stronger for wavelengths smaller than 450 nm while the absorption of the 

patterned-surface is stronger for wavelengths between 450 nm and 900 nm. In other 

words the increase in photon absorption in the patterned cell is due to the red-shifting of 

the spectral absorptivity of a-Si . Because solar irradiance (secondary y-axis in Figure 

4.8) peaks between 450 nm and 550 nm, more photons are absorbed by the patterned 

silicon layer than by the bare one. 

    While eight days were required to perform the brute search simulations over all 

parameter values for the 2-p problem, including the other two nano-wire dimensions into 

the search would require around 60 years of computational time. This fact demonstrates 

the importance of inverse optimization methods for problems with a large number of 

parameters. The SA, QN and TS results obtained for optimization of the 4-p case 
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(starting from the same random points as the 2-p problem simulations) are displayed in 

Figure 4.9, while detailed numerical values are given in Table 4.2. The Ag nano-wires 

thickness and height converged to values close to those used for the 2-p simulations, 

indicating the quality of the search space for the 2-p case. The results further 

demonstrate that, even for a much bigger search space, both inverse methods yield 

acceptable results after a small number of iterations. TS generally yields a solution 

closer to the global optimum, but takes almost twice the number of trials as that of the 

SA method. 

 

 Table 4.2. Results for SA, QN and TS algorithms for the 4-p inverse optimization 

problem. 

 

Method         (nm) Optimal 

EF 

# of 

Trials 

#of 

Iterations 

    (nm) 

SA  [413, 25, 147, 283- 1.42 77 123 ,199, 230, 129, 70-  

QN [413, 25, 147, 283- 1.35 25 279 ,177, 193, 101, 76- 

TS [413, 25, 147, 283- 1.45 42 240 ,155 203 129 74- 

       

 

 

 

 

 



 

 

 

95 

 

 

(a) 

 

 

(b) 

                                                                                   

 

(c) 

 

 

 Figure 4.9. Inverse cost function (EF) evolution for the 4-p case. SA(a), QN(b) and 

TS(c).  

 

   It is important to note that that the maximum enhancement factor obtained in these 

simulations is consistent with the results of [RFL08]. The 1.6 enhancement factor 

obtained in [RFL08] is for a 20 nm thick silicon layer (which is below the lower bound 

considered in our constraints). An FDTD simulation of the model in Figure 4.2 

separately confirmed this result. However, manufacturing such a scale of Si thickness 

(<20nm) is challenging. In addition, the total photon absorption for small thicknesses is 

very small even if the enhancement factor is relatively important. Further, this scale of 
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thickness is difficult to model due to an enhancement factor that is dependent on an 

enhanced localized near field decaying in only a few tens of nanometers. As a result, we 

set the lower bound to     45 nm for the constrained optimization. 

As a last note to this section, we mention that the obtained solutions of the two problems 

discussed above were all found for the case of normal incident angle. When incident 

angle varies, the resulting enhancement factors deviate from the ones obtained by the 

inverse optimization. To demonstrate this effect, we have plotted the enhancement factor 

as a function of solar incident angle for the optimum geometry of the 4-p problem in 

Figure 4.10. Depending on the application, the inverse problem can be tuned to 

maximize absorptivity characteristics at a particular (range of) incident angle(s). At 

future chapters of this thesis, we present a comprehensive study of the sensitivity 

analysis of the inversely designed PV cells to changes such as incident angle, 

polarization, and time variations.  
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Figure 4.10.  Variations to the EF of the geometry obtained by 4-p inverse optimization, 

as a function of source light incident angle. 

 

4.2. Front Surface Nano-Chips 

     We next consider surface gratings in the form of a periodic lattice of three-

dimensional square shaped  metallic (silver) nanoparticles.  The basic geometry of the 

structure is presented in Figure 4.10. It consists of 3-D periodic Ag square nanochips 

mounted on a thin film a-Si layer. The grating pattern is characterized by three 

parameters: a height    , width     and a period    . The thickness of the silicon layer 

is also a variable, denoted by    . The geometry vector is therefore specified by: 

 

 
  = [   ,    ,     2,    - 

 

(4.10) 
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A substrate material with a refractive index of 1 is assumed to be present under the a-Si 

layer.  The cell is illuminated by a normal TM-polarized wave from above (cf. Figure 

4.11). 

 

 

 
 

Figure 4.11. Model of 3-D solar cell with nanoparticles surface grating used for near 

field radiation calculation.  

 

4.2.1. Constraints, Objective Functions and Methods 

 

We use numerical constraints similar to those in Section 4.1. Specifically, we consider 

upper and lower bounds on the geometry vector, and make sure that the structure 

geometry is physically meaningful (e.g.        ). In addition, we restrict the 

numerical values to have a 1nm precision as before.  

The methods used for optimization in this case are QN, SA as well as a hybrid global-

local optimization that combines an initial step of SA with further local improvements 

via a QN local optimizer. In dealing with constraints, we use the choice of objective 
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function as in equation (4.6) for the QN method, which includes the Lagrange constants 

and the penalty term for out of the range solutions. However, for the SA algorithm, we 

use the rejection sampling technique explained in Chapter 3 to handle unacceptable 

candidates. In other words, the cost function to be minimized by the SA algorithm 

is    ( ) = 1   ( ). The constraints are strictly imposed at every iteration by enforcing that 

the new candidate point lies inside the allowable region. In other words, the rule for selection of 

a new candidate changes as follows. At every iteration, if the new candidate point falls outside 

the allowable region, it is immediately rejected, and a new choice is considered according to the 

same selection rule. This is repeated until a valid candidate is selected.  

4.2.2. Simulation Results and Discussion 

We present the results of two independent SA simulations and two independent QN 

optimizations. The SA results are further improved using local QN optimizations starting 

at the optimal SA solutions.  This is done because the QN method efficiently reaches the 

optimum point in the region identified by the SA approach. The evolution of the inverse 

cost function for SA simulations followed by local QN simulations, and independent QN 

simulations are shown in Figures 4.15-4.15. Note that the iterations do not reflect the 

additional FDTD spectral trials that resulted in rejected candidate points (i.e., only 

selected points of each algorithm are reflected in these figures). In Table 4.3, we have 

presented the numerical values of the initial simulation points, the optimal geometry 

solutions and the corresponding EFs, as well as the number of spectral FDTD trials 

before reaching the optimal solution in each case. We can judge based on these results 

that the SA method outperforms QN for obtaining an optimal parameter set, and is 
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relatively faster. The best EF obtained was 1.52 after 15 SA trials followed by four QN 

trials. All simulations are done for a wavelength range of (300-900)nm 

 

 
Figure 4.12. Evolution of the obtained enhancement factor per iteration for the first SA 

simulation followed by a local QN optimization.  

 

 

Figure 4.13. Evolution of the obtained enhancement factor per iteration for the second 

SA simulation followed by a local QN optimization.  
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Figure 4.14. Evolution of the obtained enhancement factor per iteration for the first QN 

simulation.  

 

 

 

Figure 4.15. Evolution of the obtained enhancement factor per iteration for the second 

QN simulation. 
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Table 4.3. Results for SA and QN algorithms for the 3-D inverse optimization problem 
 

Method         (nm) Optimal EF # of Trials     (nm) 

SA1 [129,145,53,230]  1.32 12 ,81 64 76 230-  

SA1-QN [129,145,53,230]  1.39 24 ,78 64 76 230-  

QN1 [125,54,70,222]  1.274 31 [60,62,61,252]  

SA2 [79,85,69,202]  1.51 15 ,78 62 65 183-  

SA2-QN [79,85,69,202]  1.527 19 ,78 62 65 184-  

QN2 [60,62,67,182]  1.243 30 [128,73,81,227] 

     

  

4.3. ITO and Metallic Back Reflectors 

 

As discussed in Chapter 2, ITO coatings are used in thin film cells for their surface 

roughness, desirable electric properties and also in order to reduce surface reflectivity. 

Our goal here is to study structures with thin ITO coating layers. However, the ITO 

layers that we study will be considered theoretically flat (i.e. without roughness). It is 

therefore assumed that only the anti-reflective property of ITO contributes to light 

trappings. In particular, when placed on the top surface, a thin layer of ITO causes a 

gradual change of effective refractive index of a-Si absorbing layer, and reduces surface 

reflectivity without too much undesirable absorption inside the oxide. These interactions 

can be modeled by Fresnel’s equation [HSM11]. Furthermore, coatings designed to 

change the refractive index on the rear side of a device can reflect energy back through 

the silicon for an additional round of absorption. 
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We study the effect of ITO coating in conjunction with that of metallic back reflectors. 

Front surface metallic nano-gratings studied in previous sections of this chapter result in 

improved light absorption enhancement of the cell, yet also produce potentially 

detrimental interference and reflection. Localized plasmonic resonances result in a 

significant peak in the absorption spectrum around a particular wavelength longer than 

the peak absorption of bare silicon, while reducing the absorption in the remainder of the 

spectrum. As a result, the absorption enhancement is not broadband. Furthermore, the 

cell performance is highly sensitive to the incident light polarization and variations in 

geometry of the nano-structures when only front surface metallic nano-gratings are 

embedded. In contrast, the absorption enhancement created by a back surface grating is 

less concentrated around a particular wavelength, and is more broadband. Rear surface 

gratings do not block the incident light through Ohmic absorption or reflection to the air, 

and can also act as a back reflector. As a result, by combining periodic grating structures 

on the top and/or back surface of the cell, and optimizing the geometric specifications, it 

may be possible to obtain less sensitive broadband absorption. Furthermore, unlike the 

case of metallic grating on the front surface, a periodic silver grating structures on the 

back surface results in a modification of the absorption spectrum largely independent of 

the effect of anti-reflection ITO coating on the front of the cell. The two configurations 

that we study in this section are shown in Figures 4.15-a and 4.15-b. In the first 

configuration, only back surface Ag gratings are considered, while the front surface of 

the silicon absorber layer is coated with a thin ITO layer. In the second configuration, 
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both front and back surfaces are textured with periodic silver grating structures, and 

coated with thin ITO layers. 

 

(a) (b) 

  

Figure 4.16.  (a) Back surface silver grating and front ITO layer structure (b) Back and 

front surface silver grating and back and front ITO layer structure 

 

To observe how the absorption spectrum differs for thin film a-Si with various front 

and/or back texture patterns, we consider the following example. We choose a fixed set 

of numerical values for the following parameters: silicon thickness, silver grating height, 

width and period, and ITO thickness. The fixed values are equal to:    = 85𝑛𝑚,  =

191𝑛𝑚,    = 140𝑛𝑚,    = 69𝑛𝑚 and      = 20𝑛𝑚 The choice of these values 

does not necessarily reflect the optimal values for patterns with back surface grating and 

ITO coating, and are adopted from [11]. Given these values, we numerically obtain the 

fraction of absorbed power for the following five different cell configurations across 
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wavelengths from 300nm to 900nm: 1) bare a-Si, 2) a-Si layer coated with front surface 

ITO, 3) a-Si layer with front surface gratings, 4) a-Si layer with back surface grating, 

and 5) a-Si layer with back surface grating and front ITO layer (Figure 4.16). Note that 

as before this choice of wavelength range is motivated by the fact that it contains most of 

the significant portion of the solar irradiance. The resulting absorption spectra are shown 

in Figure 4.17, where it is evident that the back surface grating offers broadband 

modification to light absorption, and has an effect that is largely independent from that 

of the anti-reflective ITO layer. As a result, the effect of combining an ITO layer on the 

front and back surface grating is approximately equivalent to the superposition of their 

individual corrections across the spectrum. Such independent effects are not observed in 

front surface patterned cells coated with ITO.   

 

 

 
  

   Figure 4.17. Absorption spectra for different solar structures  
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The above simple example demonstrates how the reflectivity (absorption) spectrum of 

patterned a-Si can be modified by combinations of thin ITO layer and metallic rear 

surface gratings. These specifications are improved through inverse optimization 

techniques in the remainder of this section.  

We now apply optimization algorithms to optimize the design sketches of Figure 4.16, 

and compare the results with the front surface metallic gratings discussed in Section 4.1. 

For better comparison, we fix the thickness of silicon to be 80nm for all cases. 

Therefore, we also repeat the simulations for the case of front Al nano-strips in this case 

with the specified silicon thickness. We choose the two-step SA-QN optimization, where 

the SA method plays the role of a global search, and QN locally improves the result. The 

objective is to maximize the fraction of absorbed photons inside silicon  

For the structure with back surface grating and front ITO, the optimization vector   

consist of five unknown parameters, described as: 

                     = ,                  -   

 

(4.11) 

 

As always, all parameters were limited to a precision of 1nm. In addition, the numerical 

values of the parameters are constrained by upper and lower bounds, determined by the 

following vectors  ( )and  ( ): 
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 ( ) = ,200 200 200 200 100-𝑛𝑚 

 ( ) = ,50 50 50 50 10-𝑛𝑚 

 

(4.12) 

 

The parameters of SA optimization were set to:   = 500  = 1 5  2 = 0 2. The 

resulting curve of the enhancement f actor evolution is shown in Figure 4.17. The 

optimal geometry and the corresponding enhancement factor obtained in this case are: 

                  

 opt = [                  ] = ,79 166 149 137 47-𝑛𝑚 , 

 (    )  =  2 0 

 

(4.13) 

 

 

Figure 4.18. Enhancement factor evolution for the SA-QN optimization of back surface 

grating and front ITO layers. 

 

 
  

 

For the structure with back and front surface gratings and ITO, the optimization vector   

consists of six unknown parameters, as shown below and in Figure 4.16-b: 
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                     = ,         
 
    

 
    

     
 -   

 

(4.14) 

For simplicity of simulations, we fix the thicknesses of ITO layers on both sides equal to 

20nm. The upper and lower bound vectors in this case are set to: 

 

 

                  

  (𝑈) = ,200 200 200 200 200 200-𝑛𝑚 

 ( ) = ,50 50 50 50 50 50-𝑛𝑚 

 

 

(4.15) 

 

The parameters of SA optimization are   = 500  = 1 8  2 = 0 2. The resulting curve 

of the enhancement factor progression is shown in Figure 4.19. The optimal geometry 

and the corresponding enhancement factor obtained in this case are: 

 

 

 

                  

 opt = [         
 
    

 
    

     
 ] =  ,79 179 100 87 160 63-𝑛𝑚 , 

 

 (    )  =  2 2 

 

 

(4.16) 
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Figure 4.19. Enhancement factor evolution for the SA-QN optimization of back and front 

surface gratings and ITO.  

 

The numerical values of the optimal solutions of the structures with back reflector as 

well as the front surface metallic nano-strips are summarized in Table 4.4. 

 

 

Table 4.4 . Comparison of numerical values of the optimal geometry and absorptivity enhancement 

factor for structures with front and/or back metallic grating and ITO coating.     

Design Variables  Optimal Geometry (     )   EF 

Front grating [             ]  ,80 191 140 69-nm  1 46  

Front ITO, Rear grating [                  ]  ,79 166 149 137 47-nm 2.0 

Front and Back ITO and 

grating 
[         

 
    

 
    

     
 ]  ,79 179 100 87 160 63-nm 2.2  

     

4.3.1. Discussion 

 

As demonstrated by the empirical simulations, the resulting enhancement factor of the 

structure containing back surface grating is higher than that of front silver grating 
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studied previously. There is about 100% improvement in the absorption fraction of a-Si 

when back surface grating and anti-reflection ITO layers are used simultaneously, in 

contrast to a maximum 50% improvement for front surface metallic nano-strips. For a 

more detailed comparison, the plot of the absorption enhancement factor as a function of 

wavelength for the optimum geometry of different nano-strip configurations is shown in 

Figure 4.19. Note that the simultaneous use of front and back surface textures has a 

noteworthy broadband benefit for the absorption enhancement in the red/near IR range 

of the spectrum from 600nm to 900nm. In contrast, using back surface grating and front 

ITO significantly modifies shorter wavelengths. 

 

Figure 4.20.  Absorption enhancement factor against wavelength for different optimized 

nano-strip grating structures.  

 

 

In Figure 4.21, the calculated enhancement factor for the same three configurations is 

plotted versus the angle of incident light. Although the wavelength dependent pattern is 
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preserved in all three cases, it can be concluded that the maximum decay factor in the 

enhancement factor (from 0 to 90 degrees angle) is smaller when back surface gratings 

are used. Therefore, a preliminary empirical conclusion is that there is less sensitivity to 

variations in incident angle in solar structures with back surface grating and ITO. 

 
Figure 4.21. Enhancement factor versus light incident angle for different optimized 

nano-strip grating structures.  
 

  

 

 

Note that as in the previous cases studied, the inverse optimizations for these structures 

were also based on a TM-polarized incident wave only. In reality, the solar beam is not 

polarized and is a superposition of components with various polarization angles. 

Therefore, in the 2D simulations, a more desirable solution to the inverse problem is one 

with large enhancement factors for both the TM and TE polarized incident light. The 

case of unpolarized source light and appropriate modifications to the inverse 

optimization program will be discussed later in this chapter. Here, as a preliminary study, 

we take the optimized geometries for each of the considered configurations which were 

0 10 20 30 40 50 60 70 80 90

0.6

0.8

1

1.2

1.4

1.6

1.8

2

2.2

Incident Angle

E
n
h
a
n
ce

m
e
n
t 
F

a
ct

o
r

 

 

Front grating

Back grating and front ITO

Front and back grating and ITO



 

 

 

112 

 

obtained assuming TM polarization, and evaluate their absorption when they are subject 

to the TE-polarized light source. This way, we can assess the sensitivity of each design to 

changes in the source polarization as well. In Figure 4.22, the absorption enhancement is 

plotted as a function of wavelength for the optimal structure with front surface grating, 

and for the two orthogonal polarizations (TM and TE). The same curves are plotted for 

the configurations with back surface grating and front ITO, and back and front surface 

grating and ITO in Figures 4.23 and 4.24, respectively. The immediate conclusion from 

looking at these curves is that absorption enhancement significantly varies with changes 

in the source polarization when front surface metallic structures are used (Figures 4.22 

and 4.23). In contrast, the absorption enhancement is much more robust to variations in 

the source polarization angle in the case of a back surface grating (Figure 4.23).  

 

 

 
Figure 4.22. Spectral absorptivity enhancement for optimized front surface metallic 

nano-strips for TM and TE polarized sources 
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Figure 4.23. Spectral absorptivity enhancement for optimized back surface metallic 

nano-strips and front ITO coating  for TM and TE polarized sources 

 

 
Figure 4.24. Spectral absorptivity enhancement for optimized back and front surface 

metallic nano-strips and back and front ITO coating  for TM and TE polarized sources 
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4.4. Inverse Optimization for Unpolarized Incident Light  

 

 

Our studies by far have been based on incident light with TM polarization only. As 

pointed out in the previous section, unlike front grating structures, back surface Ag 

gratings result in a modification of the absorptivity spectrum which superimposes with 

that of ITO, leading to wide-band absorption enhancement. Consequently, improvements 

as large as 100% in the short circuit current were obtained. In this section, we study the 

same effects but for an unpolarized incident light. We will demonstrate that another 

advantage of  back surface structures is less sensitivity to changes in the source 

polarization. 

 

For more generality, we consider the three dimensional model of the geometry where the 

incident light can have arbitrary polarization angles between 0-90 degrees. Note that the 

discrepancies in the absorptivity characteristics of the cell are due to variations in polarization 

are the result of a shape that is non-symmetric with respect to rotations in the x-y plane. 

Therefore, if only flat coating layers were to be used, we expect to observe the same numerical 

results for the unpolarized light as with polarized sources. Consider for instance a basic 

multilayer structure that consists of a thin ITO coating layer and an antireflective silver layer on 

the back, as in Figure 4.24. We consider a fixed thickness of 80nm for the thin film silicon. The 

geometry of the cell is therefore specified by the thicknesses of ITO and aluminum layers as: 
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 = ,        - 

 

 

(4.17) 

 

 

 

 

Figure 4.25. Schematics of the multi-layer thin film structure with ITO on the front and 

Al on back. 

 

 

We optimize the parameters of   to obtain maximum silicon absorptivity. To study 

unpolarized sources in this case, we only need to consider an arbitrary polarization (say 

TM) for the source, due to the symmetry of the geometry. Unlike some of the cases 

considered before, in this case, there are only two degrees of freedom to the vector  . 

Therefore even an exhaustive search method is not too impractical for finding the 

optimal combination. Figure 4.26 shows the exhaustive map of all enhancement factor 

values as a function of the geometry parameters, for 20𝑛𝑚       80𝑛𝑚, and 

20      120. Acquiring the data for the full map as shown in Figure 2 lasts 
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approximately 1 week on a 12 core 2.67 GHz Windows machine with 32GB memory. 

Alternatively, intelligent optimization algorithms can be used to save computational 

time.  Also on Figure 4.26, the solution trace of a simulated annealing optimization with 

a much shorter execution time (a few hours) is shown, which passes through a near 

optimal solution  = ,50 67-   with EF = 1.98. Note that for aluminum thicknesses 

beyond 80nm, the dependence of enhancement factor to the Aluminum thickness 

becomes very insignificant, justified by the total back reflection of the energy into the 

silicon.  

 

Figure 4.26. 2D map of absorptivity enhancement factor as a function of layers 

thicknesses. 

 

  Now let us consider structures that are non-symmetric with respect to variations in the 

x-y plane. The schematics of the 3D models that we consider are shown in Figure 4.27. 

In all these cases, the characteristics of the cell absorptivity depends heavily on the 

polarization angle. The TM and TE polarizations correspond to 0 and 90 degrees in the 

plane of silicon surface, respectively. The main question is, how do we characterize and 

optimize absorptivity enhancement in these cases?  
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(a) Front surface silver nanostrip grating and ITO coating structure 

 

 
 

 

(b) Back surface silver nanostrip                                         

gratings and front ITO coating structure 

 

 
(c) Front and back surface silver nanostrip                                 

gratings and front and back ITO coating structure 
 

Figure 4.27. Schematics of different front and back nano-stripgrating and ITO coating 

structures. 

 

For the unpolarized source, the spectral absorptivity of silicon is the average of the 

spectral absorptivity at all polarization angles. Specifically, if   (𝜆) is the absorptivity 

of silicon subject to a planer wave with polarization angle  7
, then the unpolarized 

absorptivity is equal to  

                    ̅(𝜆) =
2

 
∫   

 
2

 

(𝜆)     

 

(4.18) 

  (𝜆) can be calculated as before from the solution of Maxwell’s equations using the 

FDTD method.  The enhancement factor of silicon absorptivity for unpolarized light can 

                                                 
7   = 0 means TM polarized and  =   2 means TE polarized. 
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then be calculated as in equations (4.1)-(4.3), simply by replacing  (𝜆) with   ̅(𝜆). Note 

that the forward problem in this case is more considerably time consuming compared to 

previous cases, due to an extra averaging with respect to angle. Optimizations are done 

by the hybrid SA-QN method as before. 

 

We optimize geometry parameters of different structures using the hybrid SA-QN 

method. The thickness of silicon is fixed at 80nm, which is equal to the optimal silicon 

thickness found in the previous cases. Simulations are done for the spectral range of 

 = (300 730)  , and the solar irradiance is assumed to be the statistically averaged 

AirMass1.5. Radiation is normal to the surface with a polarization angle that varies 

uniformly between 0 and   2. The search regions for the optimum   are constrained by 

upper and lower bounds: 50            200  , 10        100   and 

0    50  . In addition, a minimum spacing of 50nm between adjacent nanostrips is 

imposed to assure that the resulting structures are feasible to fabricate. Note that even 

with these limitations, an exhaustive search method takes a very long time to find the 

best solution, especially for the case of both front and back patterns.   

 

Figure 4.28 shows the evolution of the objective function (enhancement factor) during 

the course of SA optimization for the case of rear surface grating and front ITO, which 

has been included as an example. Note that only selected candidates are represented in 

this plot.  Numerical values of the optimization solutions are provided in Table 4.5 as 

well as the cumulative unpolarized absorptivity enhancement factor. The enhancement 
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factors are also separately calculated for individual polarization angles and are plotted in 

Figure 4.29. Note that in this case, due to the symmetry of the bare silicon layer to 

various polarization angles, the EF values of Table 4.5 are equal to the averages of the 

curves of Figure 4.29. In addition, the unpolarized absorptivity spectra of the optimal 

structures with the different geometries are plotted in Figure 4.30, where they are 

compared with the spectrum of bare a-Si.  

  

 

Table 4.5. Comparison of numerical values of the optimal geometry and unpolarized absorptivity 

enhancement factor for structures with front and/or back metallic grating and ITO coating.     

 

Design Variables  Optimal Geometry (     )   EF 

Front Grating & ITO [              ]  ,167 54 100 37]nm  0 8  

Rear Grating & Front 

ITO 
[              ]  ,196 82 198 50-nm 1.9 

Rear & Front Grating 

& ITO 
[     

      
      

     
      

      
   ] 

 

,190 52 50 60 100 173 20 24-nm 1.3  

     

 

 
Figure 4.28.  Evolution of the objective function (enhancement factor) during SA 

optimization for the case of rear surface gratings and front ITO layer. 
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Figure 4.29. Enhancement of the total spectral absorptivity (enhancement factor) as a 

function of the source polarization angle for different structures.   
 

 

 
Figure 4.30.  Spectral absorptivity of the inverse optimization solutions for 

different structures.  
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4.4.1. Discussion 

 

As indicated by Figure 4.29, using back surface waveguides, enhancement factors as 

large as 1.9 in the conversion efficiency of a-Si can be achieved for unpolarized 

radiation. From these empirical results and those of the previous sections, it is mostly 

revealed to us that front nano-patterns only enhance the TM polarized light absorption 

and are not very robust to polarization angle variations. In contrast, when both back and 

front surface structures are used, a very uniform enhancement factor across all variations 

of polarization angles is achieved . This kind of response might be suitable for light 

sources that undergo an unknown polarization filtration before reaching the solar panel. 

Nevertheless, the net absorption in this case is not as high as the case of back reflectors 

and front coating. This is mostly due to the large surface reflection from the front surface 

metallic structures when the electric field is aligned with the extension direction of the 

strips (i.e. the TE mode). Referring to the numerical values of Table 4.5, we also observe 

that back surface nano-strips are considerably wider and thicker than front surface 

gratings. Wider metallic structures are better reflectors and, when on the rear, are 

constructive light trapping mechanisms. Furthermore, very thick metallic gratings on the 

front are highly absorbent, and are thus to be avoided.  
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Overall, when grating and dielectric coating structures are used on the rear surface they 

show less sensitivity to source (e.g. polarization angle) variations. A further 

investigation reveals that the same sensitivity fact holds for variations in the geometry of 

the structure. We can quantitatively demonstrate that the optical characteristics of the 

thin film silicon are less sensitive to structural changes when back surface structures are 

used. More specifically, for a geometry vector  ,  we define a relative average 

sensitivity of photon absorptivity to geometry deviations. This is considered to be the 

normalized mean of the derivative of spectral absorptivity with respect to the 

coefficients of  . Specifically: 

  

                    (𝜆) =
1

 ̅(𝜆)
(
1

𝑛
∑|

  ̅(𝜆)

 𝑥 
|

 

  1

  ) 

 

(4.19) 

 

  (𝜆) can be calculated numerically for any given geometry   by adding random 

perturbations to the vector coordinates and solving the forward problem. We have 

computed  (𝜆) for the geometries specified in Table 4.5 and have plotted the resulting 

curves in Figure 4.31. Note that the values for front grating structures is significantly 

larger than in the other two cases, which indicates high sensitivity to geometry 

variations. In contrast, rear surface structures are fairly robust to average structural 

deviations.  
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Figure 4.31. Average spectral sensitivity to geometry deviations for different 

structures.  

     

 

 

  

4.5. Alternative Objective Functions  

 

Thus far, in all of the problems we considered, the objective function was directly 

related to the net value of photon absorptivity inside thin film silicon. This choice of cost 

function is highly motivated by the primary application of a thin film PV cell, which is 

to convert light to electricity as efficiently as possible. We also showed how the 

objective function can be adjusted to account for variations or distributions of the 
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polarization angle in the previous section. In a very similar way, adjustments with 

respect to variations in incident angle can also be incorporated. In most cases (e.g. when 

the control bare a-Si sample is fixed), the objective function is a linear transformation of 

the spectral absorptivity of the patterned cells. 

  

Alternatively there might be applications where the objective is not directly related to 

maximizing photo-electric conversion efficiency, and the resulting cost function does not 

have much of a linear dependence to the absorptivity spectrum. An example of this is the 

design of an efficient and wide-band PV cell. A relevant cost function that captures this 

characteristic could be the gain-bandwidth product. This is equivalent to the product of 

maximum spectral absorptivity and the bandwidth, defined by: 

                   𝐺  ( ) =   ×    
   

 ̅(𝜆)   

 

(4.20) 

  

where    is the spectrum bandwidth defined as the difference between the two 

frequencies where the absorption drops by a factor  = 0 5 from its peak value. Such 

criterion is commonly used in the design of wideband amplifiers in electronic circuits, 

and might have physical interpretation for PV cells considered here.  However, we 

suggest that gain-bandwidth product can be a measure of stability for light conversion 

efficiency of the PV cell to variations in the solar irradiance. Specifically, different 

realizations of solar radiation (at different times, locations and subject to atmospheric 
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diffraction) have different spectral irradiances. A cell with wideband absorptivity has 

therefore less sensitivity to such variations.    

To demonstrate the generality of our inverse optimization framework and its amenability 

to alternative cost functions, we run an experiment in which the gain-bandwidth product 

is maximized for the structure in Figure 4.27-b with rear metallic grating and front ITO 

coating. The optimal solution has the numerical values of: 

 

 [              ] = ,148 75 160 30-nm (4.21) 

which are slightly smaller (in all dimensions) than the optimal values obtained when the 

shape was optimized for a maximal enhancement factor. A comparison of the spectral 

absorptivity of silicon in this cases and the case of maximum EF is shown in Figure 4.32 

below.  Note that the spectral absorptivity of the solution obtained from optimization 

using the gain-bandwidth product objective has a higher 90% bandwidth than the 

unpolarized enhancement factor objective, but its peak occurs at shorter a wavelength. 

Note that the AM1.5 irradiance spectrum has a peak at around 460nm, and thus the 

solution that maximizes EF tends to have higher absorption around that wavelength. 
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Figure 4.32. Comparison of the spectral absorptivity of silicon in various designs. The 

back grating and ITO structure is optimized for the Unpolarized Enhancement Factor 

(UEF) and Gain Bandwidth Product (GWB)  
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Chapter 5:  Inverse Optimization of Light Trapping Using Flexible 

Shapes 

 

 

    In the previous chapter, we discussed the design of light trapping structures in thin 

film cells using surface texturing and coating. We discussed that in thin film cells, the 

light absorptivity characteristics of the cells is a complicated function of geometry and 

source specifications, and is affected by various factors. Therefore, an accurate 

theoretical model is currently not available to describe the limits of absorptivity 

enhancement in thin film semiconductor layers via nano-scale surface texturing. In 

contrast, in conventional thick film cells, light trapping can be accurately modeled by 

statistical ray tracing optics, and the limits of efficiency enhancement by surface textures 

can be predicted. A very fundamental study of these limits was done by Yablonovitch  in 

1982 [Yab82]. This analysis led to the fundamental limit for light trapping called the 

Lambertian limit (a.k.a Yablonovitch limit). According to this theorem, the absorptivity 

of a thick 3D slab can be enhanced by as high as 4𝑛2 ( 𝑛 for 2D structures) using 

surface textures, where 𝑛 is the refractive index of the material. It is however 

conjectured that in thin film cells, where by definition the structures sizes are 

comparable to or smaller than the incident light wavelengths, additional gains beyond 

this conventional limit can be achieved. These gains are due to mechanisms described at 

the beginning of Chapter 4, most of which cannot be fully modeled and described by the 

ray tracing optics. Nevertheless, despite the theoretical difficulty of the problem, there 

have been recent attempts to study and characterize these limits. For example, Yu et al. 
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[YRF10], proposed a theoretical framework to study light trapping in thin film solar 

cells. Their model is based on a statistical temporal coupled mode-theory and 

numerically predicts the improvement in broad-band absorptivity enhancement beyond 

the Lambertian limit. Specifically, over a sufficiently wide bandwidth, the overall 

improvement in the integrated spectral absorptivity can be 12 times more than the 

Lambertian limit of 4𝑛2 for three dimensional structures. The model of Yu et al is based 

on analyzing waveguide resonance modes, and is thus more fundamental than the 

Yablonovitch model (in fact it reproduces the limiting results of [Yab98] for asymptotic 

cases of large structures). In a more recent work, Sheng et al. [SLK11], considered 

arbitrary periodic texture structures (made of glass) on the rear surface of thin film 

crystalline silicon along with back surface reflectors, and showed that improvements 

higher than the limit of [YRF10] can be obtained in practice for the spectral range of 

(900-1100) nm.   

 

As argued and implicitly used in these works, arbitrary grating shapes is a key in 

achieving limit breakthroughs in thin film cell absorptivity. Taking this into 

consideration, we would like to apply the inverse optimization to light trapping 

structures with several degrees of freedom in shape functions, and compare the results 

with those of the previous chapter where the grating and coating structures has fixed 

shape skeletons. 
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Flexible shapes can be modeled by use of generating series such as Fourier series or 

various classes of Wavelets. The advantage of Fourier series representation is that 

arbitrarily curved shapes can be modeled accurately using cosine and sine functions. 

However, these structures might pose limitations in terms of fabrication, specifically at 

nano-scale sizes. To avoid this limitation, we also propose using Haar rectangular 

wavelets, which result in shapes with sharp edges that are feasible to fabricate. With the 

help of inverse optimization, we tune the parameters of these series and optimize for 

maximal absorptivity in thin film silicon.  

 

5.1. Haar Wavelets 

 

Haar wavelets are a countable set of step-like wavelets defined by a base pulse: 

 

 

   𝜓  (𝑥) = {
1  f 0   𝑥  0 5
 1  f 0 5  𝑥  1
0 oth r  s         

     

 

(5.1) 

 

and a collection of subsequent indexed pulses 𝜓𝑗 (𝑥) defined by: 

 

𝜓𝑗 (𝑥) = 𝜓  (2
𝑗𝑥  𝑘) 

𝑗 ≥ 0  0  𝑘  2𝑗  1 

(5.2) 

 

Figure 5.1 shows some example Haar wavelets. The countable set of wavelet functions 

form an orthonormal basis over the interval (0,1), which means that any arbitrary 

function 𝑆(𝑥) can be represented as a linear of combination of the wavelets: 
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𝑆(𝑥) =    ∑ ∑  𝑗 𝜓𝑗 (𝑥)

2𝑗 1

   

∞

𝑗  

 

 

 

 

(5.3) 

 

where the coefficients  𝑗  are determined by taking the inner product of the above 

equality with the basis function 𝜓𝑗  and using the orthogonality property of the distinct 

Haar wavelets.  

     Due to the rectangular shape of Haar wavelets, they are useful for parameterization of 

metallic nano-nanotrips with arbitrary shapes and numbers, as will be described in the 

following section.  

 

 

 
 

Figure 5.1: Example of Haar Wavelets 
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5.2. Grating Structures with Wavelet Series 

 

Consider periodic two-dimensional patterns of front surface metallic (silver) nano-

grating. The metallic texture pattern has a shape function 𝑦 = 𝑆(𝑥), which consists of a 

combination of rectangular nano-strips. The pattern is repeated with period  . A wavelet 

series representation with a limited number of terms is used to obtain this generality. 

Specifically, 𝑆(𝑥) is a linear combination (with coefficients to be determined) of the first 

seven Haar wavelets scaled with a width parameter  , and limited to the period 

parameter  . In addition, we are only considering positive shape functions 𝑆(𝑥), where 

silver is only present over the top surface
8
. Therefore, we restrict the shape function to 

positive values only. In other words: 

 

 

 

𝑆(𝑥) =

{
 
 

 
 

⌈∑ ∑  𝑗 𝜓𝑗 .
𝑥

 
/

2𝑗 1

   

 

𝑗  

⌉

 

  f |𝑥  o   |    2

                  0                               f   |𝑥  o   |    2         

 

(5.4) 

 

where ⌈ ⌉ =     (  0) for a real number a. Schematic of a patterned a-Si cell with 

such shape function is shown in Figure 5.2. 

 

                                                 
8 To realize shape functions with negative values, one could etch the silicon surface to make grooves, 

and then coat with silver. We leave experiments with these more complicated shapes to future work.  
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Figure 5.2. Front surface silver grating structures 

with shape function 𝑆(𝑥) 
 

With 𝐷 = 2, the first 7 terms in the wavelet series representation of equation (5.4) are 

selected (excluding the constant terms   ), and thus the shape function can take an 

arbitrary shape within a third order approximation in the wavelet series representation, 

and restricted to be positive. The constant term    is not included to avoid covering 

silicon fully with silver, which will reflect most of the incident energy. 

     The choice of 𝐷 = 2 is for the tractability of computations.  With a larger number of 

terms, the shape function will more likely consist of a larger number of rectangles with 

narrower widths. The degree of freedom in the choice of the shape function is therefore 

𝐷  2 = 9, including the coefficients  𝑗  and the parameters   and    Together, these 

variables form a parameterization vector 𝐬 as follows: 

 

 
 

  𝐬 = ,         1   11  2   21  22  23- 

 

(5.5) 

 

The objective of inverse optimization is to find the coefficients in 𝐬 such that the 

resulting cell structure has the largest solar absorptivity gain. This is explained in the 

following section.  
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5.3. Numerical Results 

    Simulations were done for a thin a-Si film layer of fixed thickness 80nm. The incident 

light is supposed to be TM polarized (the electric field is transverse to the nano-strips), 

normally incident to the surface and transverse to the groove structure, and have the air-

mass AM1.5 spectral irradiance [astm]. We consider the spectral range of (300,730)nm 

for simulations, as this range encompasses the region of significance for AM1.5. 

Furthermore, the bandgap of a-Si is close to 730nm, so absorbed photons with longer 

wavelengths are unlikely to be converted to electricity. As before, the forward problem is 

solved by finding the solutions of Maxwell’s equations using Lumerical software [lum], 

which employs the FDTD numerical method.  

 

Optimization of surface patterns with flexible shapes is done with respect to the 

absorptivity enhancement factor in the number of absorbed photons (  (𝐬)), which 

depends on the spectral absorptivity as well as the solar irradiance (see equations (4.1)-

(4.3)). We perform the optimization for the case where the grating shape 𝑆(𝑥) is given 

by equation (5.4), and compare the solution to the optimal rectangular shape nano-strips 

previously explored in Chapter 4. The latter is a special case of the former. In other 

words, with appropriate choice of wavelet coefficients, it is possible that 𝑆(𝑥) has the 

shape of a single rectangular grating. Therefore, we expect that with the more general 

Haar wavelet-based gratings, light trapping beyond previously obtained limits of simple 

repeating rectangular structures can be obtained.  
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     We ran a SA optimization with close to 700 iterations. The evolution of the objective 

function (enhancement factor) is plotted in Figure 5.3. The “blue” curve represents the 

objective function values for all choices of candidates, whereas “red” represents only 

those that were accepted as new selections by the algorithm. The green curve shows the 

temperature decay as a function of iteration for the algorithm. Note that for different 

values of the vector 𝐬, the number of rectangles in the resulting shape function could be 

different. Figure 5.4 shows the distribution of the number of rectangles in the shape 

function among all candidate solutions of the SA. It is clear that in majority of the cases, 

there are four rectangular nano-strips in one period.    

 

  

Figure 5.3.  Enhancement factor evolution for SA optimization of 

gratings with 𝑆(𝑥) shape function.  
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Figure  5.4. Probability distribution of the number of rectangles in the shape function 

across all candidate solutions of the SA optimization. 

 

The optimal solution is found after 98 iterations. Specifications of the optimal solution 

and its comparison with the optimal rectangular shape grating are provided in Table 5.1. 

Note that with the optimal 𝑆(𝑥) grating shape, an enhancement factor as high as 2.3 was 

obtained in the short circuit current of the cell, which is significantly better than the 

previously explored rectangular gratings with a maximum enhancement of 1.44. The 

shapes of the gratings that correspond to the numerical values of Table 5.1 are depicted 

in Figure 5.5. 

 

 

Table 5.1. Numerical values of the inverse optimization results. 

 

Grating Shape Parameter Vector(s)   (𝐬) 

𝑆1(𝑥) 
,         1   11  2   21  22  23- = 

,216 240 21  27  8 79 67 94 51-nm 
2.3 

Rectangular 
[     ]= 

[191,140,69]nm 
1.44 
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Figure 5.5. Optimal grating shapes 

 

 

The spectral absorptivity of a-Si with the optimal grating patterns of these shape 

functions are plotted in Figure 5.6, and are compared with bare a-Si spectral absorptivity. 

Note that the absorptivity spectrum of the multiple grating shape 𝑆(𝑥) has more peaks, 

which is due to the presence of multiple waveguide modes. The additional gain in the 

enhancement factor for this structure is due to increase in the more visible (blue) range 

of the spectrum (300-500nm) that results from the smaller width metallic structures on 

the top surface of silicon. 
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Figure 5.6. Spectral absorptivity of the optimized structures with different shape 

functions. 

 

 

     In Figures 5.7-5.9, the electric field | | is shown in the simulation region (in log-

scale) for the case of bare silicon and textured silicon, for three different wavelengths. 

The improvement in absorptivity at longer wavelengths is clearly due to surface 

excitations close to the silicon-metal interface caused by waveguide resonances. In 

particular, for 𝜆 = 700𝑛𝑚, the electric field is about 200 times stronger near the metal 

interface than in the middle of the silicon absorber.  
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Figure 5.7. Electric field magnitude (log-scale) in the simulation region for 𝜆 =
300𝑛𝑚. 

 

 

 

 
 

Figure 5.8. Electric field magnitude (log-scale) in the simulation region for 𝜆 =
450𝑛𝑚. 
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Figure 5.9. Electric field magnitude (log-scale) in the simulation region for 𝜆 =
700𝑛𝑚. 

  

 
 

 

5.4. Sensitivity Analysis  

   The realization of every design is subject to uncertainties such as numerical and 

fabrication errors. It is therefore crucial to evaluate how much the characteristics of the 

realized structure can deviate from the predicted numerical performance.  This is in 

particular more important for the case of flexible grating shapes were there are more 

degrees of freedom in the geometry and error can accumulate from various dimensions.  

 

We consider a model in which the structural uncertainties are incorporated into the 

parameterization vector 𝐬 by an additive random error vector. Specifically, if the optimal 

geometry vector obtained by SA is denoted by 𝐬(   ), we consider the realized geometry 

vector to be: 
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  𝐬(    ) = 𝐬(   )     

 

(5.6) 

 

where   is the error vector with identical independent distributions (i.i.d.)  coordinates 

having a Gaussian distribution with mean zero and standard deviation equal to 5% of the 

corresponding coordinates in the optimized geometry. In other words,    has mean 0 and 

standard deviation 0 05  
(   )

. Our sensitivity analysis is based on generating a large set 

of error samples, computing the absorptivity spectrum for every resulting geometry, and 

finding confidence intervals for the realized absorptivity enhancement factor. We 

generated 850 random samples of the error vector  , and for every such vector, we 

calculated the absorptivity enhancement factor of silicon when textured with the grating 

structure specified by 𝐬(    ).  Figure 10 shows the empirical probability distribution of 

the resulting pool of enhancement factor values. It is visually evident that the likelihood 

of observing values smaller than 2.0 is very small. To quantitatively assert such a 

statement, we use a statistical t-test to find confidence levels for the value of the 

enhancement factor. The t-test is based on a hypothesis that the realized enhancement 

factor is greater than a fixed value   . The t-statistic for this hypothesis is equal to: 

 

 

 

   =
  ̅̅ ̅̅    

   (  ) √𝑛
 

 

(5.7) 
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where    ̅̅ ̅̅  and    (  ) are the empirical mean and standard deviation  (a.k.a. standard 

error) of the realized enhancement factor calculated from the pool of empirical data, and 

𝑛 is the number of data points, i.e. 850. The t-statistic identifies the significance of the 

test. The larger the value of  , the higher  confidence we have that the realized value of 

   is in fact larger than   . The mapping between the  -statistic and the confidence ( -

value) is by referring to t-tables and using the value of   and the degree of freedom, 

𝑛  1 = 849   For example, in this case, for   = 1 92, we find that the confidence 

value is greater than 0.9995.  

 

Figure 5.10. Empirical distribution of the enhancement factor of the realized structure 

with the considered parameterization error. 

 

 In addition, we also look at the spectral variations in the absorptivity enhancement 

factor with respect to the given parameterization error. We calculated the absorptivity 

enhancement factor at individual wavelengths for every realized geometry, and plotted 

the mean and standard deviations of the resulting data as a function of wavelength in 

Figure 5.11. The shaded area is the region where the enhancement factor deviates from 
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the empirical mean no more than its empirical standard deviation. The actual EF 

spectrum is therefore unlikely to reside too far from this shaded region. Also, it is 

evident that generally, the enhancement factor is less sensitive to the parameterization 

error at smaller wavelengths, given the increasing size of the error bars at longer 

wavelengths.   

 

Figure 5.11. Average and standard deviation of the spectral enhancement 

factor for the realized grating structures.  

 

 

5.5. Grating Shapes Based on Fourier Series 

 

    We now consider periodic two-dimensional patterns of front surface metallic (silver) 

nanograting described by Fourier series. As before, the patterns take arbitrary symmetric 

shapes determined by a shape function 𝑦 = 𝑆(𝑥) and is repeated with a period  . The 

objective is to determine the parameters of such patterns, namely    and 𝑆(𝑥) for which 
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the absorptivity of the underlying silicon film is maximized. Every function 𝑆(𝑥) limited 

to a finite range of length   can be described by a Fourier series that consists of only 

cosine terms: 

 

 

 

 

  𝑆(𝑥) =     1  os (
2 𝑥

 
)   2  os (2

2 𝑥

 
)     

 

(5.8) 

 

        
 

We optimize the parameters of the above cosine series. For tractability of computations, 

we only consider a finite number 𝐷 among the first terms in the series, and assume that 

the remaining terms are zero. Therefore, the choice of arbitrary shapes is only accurate 

within a (𝐷  1)-order approximation in the Fourier representation: 

 

 

  𝑆(𝑥) = ∑   os (𝑖
2 𝑥

 
)     

 

   

  

 

(5.9) 

 

 

                           

 

A schematic of a patterned a-Si cell with such shape function is shown in Figure 5.12. 

The set of unknown parameters is represented by a vector 𝐬 as follows: 

 

 

 

 

 

   𝐬 = ,Λ     1 …    -    
  

 

(5.10) 
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Figure 5.12. Schematic of front surface silver grating structures based on shape functions 

of equation (5.8) 

 
 

Theoretically, every possible symmetric shape can be approximated from the above 

representation if 𝐷 is large enough. When 𝐷 is small, structures with sharp edges are not 

accounted for in this model. In particular, patterns with spacing between adjacent silver 

gratings are ignored. Periodic nanostrips with appropriate spacing can significantly 

enhance light absorption due to the creation of waveguide modes that couple into the 

incident light modes. To benefit from that effect, we also consider a second shape 

function 𝑆(𝑥) which is only nonzero over a range of length   inside every period. In 

other words: 

 

 

 

 

 

𝑆(𝑥) =

{
 
 

 
 

∑   os (𝑖
2 𝑥

 
)      |𝑥  o  Λ|  

 

2

 

   

                0                              |𝑥  o  Λ|  
 

2
        

   

  

 

(5.10) 

 

 

where     is a variable that determines the spacing. This is shown in Figure 2. The 

vector of variables in this case is: 
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   = ,Λ       1 …    -    
  

 

(5.10) 

 

 

 

 
 

Figure 5.13. Front surface silver grating structure with spacing, based on shape 

function of equation (5.10) 
 

 

 

 

 

To explore the upper limit of absorption enhancement using inverse optimization, in 

addition to the choice of enhancement factor, we also consider the following choice of 

objective function: 

 

 

      (𝐬) =    
   

     

     
  

 

(5.11) 

 

 
 

 

The above function indicates the highest amount of absorptivity enhancement in the 

whole spectral range, resulting from light trapping, and is not a measure of broadband 

enhancement in the light conversion efficiency. As we will show in the proceeding 

sections, at particular wavelengths, we can achieve enhancement factors that are 
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remarkably higher than the theoretical limits of [YRF10,SLK11]. We should however 

note that there are major differences in our analysis with those of [YRF10,SLK11]. First 

of all, we consider incident light with most of the energy concentrated on the visible 

spectral range, whereas [SLK11] consider a 900-1100nm range. Furthermore, 

[YRF10,SLK11] discuss light trapping for rear surface textures and SiO2 structures and 

for crystalline silicon, whereas we consider front surface metallic textures for amorphous 

silicon.  

 

  

5.5.1. Results 

All simulations were done for a thin a-Si film layer of fixed thickness 80nm. The 

incident light is supposed to be TM polarized, normally incident to the surface and have 

the air-mass AM1.5 spectral irradiance. We consider the spectral range of (300-900)nm 

for simulations, as this range encompasses the region of significance for AM1.5. We first 

report the optimization of surface patterns for maximizing the enhancement factor in the 

number of absorbed photons ( 𝐸𝐹(𝐬)). We perform the optimization for three different 

cases of surface patterns and compare the outcomes:  

 

1) Periodic curved grating with shape function:   

 

 

𝑆1(𝑥) =  ∑   os (𝑖
2 𝑥

 
)      

4

   

  

 

(5.12) 
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2) Periodic curved grating with spacing and shape function:   

  

 

 

𝑆2(𝑥) = {
∑   os (𝑖

2 𝑥

 
)   |𝑥  o   |    2

4

   

                0                          |𝑥  o   |    2         

  

 

(5.13) 

 

3) Periodic rectangular gratings with width   and height   . 

 

The last case is included for comparison with previous designs, which is similar to what 

we addressed in Chapter 4, and is in fact a special case of 𝑆2(𝑥). Therefore, we expect 

that with arbitrarily curved grating, light trapping beyond previously obtained limits of 

rectangular structures can be obtained. Optimization with SA and iterative local update is 

done. SA optimization takes between 100 and 300 iterations in all cases to converge. The 

evolution of the objective function (enhancement factor) is plotted as an example for 

case 1 in Figure 5.14. The “blue” curve represents the objective function value for all 

choices of candidates, whereas “red” represents only those that were accepted as new 

selections by the algorithm.  Final results of the numerical optimization for these cases 

are detailed in Table 5.2. 
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Figure 5.14. Enhancement factor evolution for SA optimization of gratings with 

𝑆1(𝑥) shape function.  
 

Note that with 𝑆2(𝑥) grating shape, enhancement factor as high as 1.61 was obtained 

in the short circuit current of the cell, which is significantly better than the previously 

explored rectangular gratings which yield a maximum enhancement of 1.45. The shapes 

of the gratings that correspond to the numerical values of Table 1 are depicted in Figure 

5.15. 

 

 

Table 5.2. Numerical values of the inverse optimization results. 
 

Grating Shape Parameter Vector(s)   (𝐬) 

𝑆1(𝑥) 
[      1  2  3]= 

[177,70,71,-13,25]nm 
1.48 

𝑆2(𝑥) 
[        1  2  3]= 

[181,138,83,60,1,14]nm 
1.61 

Rectangular 
[     ]= 

[191,140,69]nm 
1.44 
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Figure 5.15. Optimal grating shapes for a) 𝑆1(𝑥) b) 𝑆2(𝑥) and c) rectangular grating.  
 

 

The spectral absorptivity of a-Si with the optimal grating patterns of these shape 

functions are plotted in Figure 5.16, and are compared with bare a-Si spectral 

absorptivity. Note that the absorptivity spectra in all three grating cases are similar with a 

peak close to the peak of AM1.5 (the AM1.5 peak is around 460nm). The additional gain 

in the enhancement factor for curved structures compared with the rectangular grating is 

due to a less suppression of absorptivity in the more visible (blue) range of the spectrum 

(300-500nm) that results from the smaller width bump on the top of the structure. 

 

Figure 5.16. Spectral absorptivity of optimized structures with different shape 

functions.  
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     Next, we optimize the shape of silver nanogratings for achieving the highest 

absorption enhancement for any wavelength in the spectral range (300-900)nm, namely 

maximize     (𝐬). This time we only consider gratings with spacing specified by shape 

function 𝑆2(𝑥) and compare with rectangular gratings. The numerical result of the SA 

optimization and the resulting objective function (enhancement factor) are listed in Table 

5.3, while the optimal grating shape is shown in Figure 5.17. Note that the highest 

enhancement factor is the remarkable value 4400.  

 

Table 5.3. Numerical values of the inverse optimization results. 
 

Grating Shape Parameter Vector(s)     (𝐬) 

𝑆2(𝑥) 
[        1  2  3]= 

[279,243,69,-31,-27,9]nm 
 4400 

Rectangular 
[Λ    ]= 

[285,245,102]nm 
  3900 

 

 

 

 

Figure 5.17. Optimal grating shapes for a) 𝑆2(𝑥) b) rectangular grating. 

 

 
 

 

 

     In Figure 5.18, the spectral absorptivity of a-Si is depicted for the two cases 

enumerated in Table 5.3. For comparison, this spectrum is compared with the 

Lambertian limit of  𝑛. The highest amount of enhancement at wavelength 𝜆 can by no 
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means be larger than 1      (𝜆), so we have also plotted the more practical 

“achievable Lamertian limit” of  

 

 

 =     ( 𝑛 
1

     (𝜆)
)  

 

(5.14) 

 

on the same figure. Note that for curved gratings with spacing 𝑆2(𝑥), the obtained 

enhancement can be up to two orders of magnitude greater than the Lambertian limit at 

certain wavelengths in the infrared range of the spectrum. The rectangular gratings can 

yield similar enhancements, but at the cost of a significant broadband decline. 

     When comparing the shapes maximizing the objective functions  𝐸𝐹(𝐬) with those 

maximizing     (𝐬), we can see that the latter structures (Figure 5.17) are 

considerably wider than the former (Figure 5.16). This is justified by the fact that the 

peak locations of the waveguide modes created by periodic structures are highly 

controllable by the periods of the structures; Peaks red-shift with increased period, and 

according to the achievable enhancement limit curve, for obtaining higher values of 

    (𝐬), it is desirable to have more resonances at longer wavelengths. Also note that 

in optimization with either objective functions, the obtained structure periods for the 

two different shape functions are close to each other, an observation that is also made 

in [GSM11]. 
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Figure 5.18. Spectral absorptivity of the optimized structures with different shape 

functions and comparison with the Lambertian limit. 

 

 

5.6. Conclusion 

We studied inverse optimization for light trapping given arbitrary shape nano-texture 

structures. We proposed using wavelet series or Fourier series to generate variable 

shapes of metallic gratings, and used inverse optimization to optimize the shapes for 

maximal enhancement factor. Wavelet based shapes are advantages due to the more 

feasibility of fabrication and the overall better enhancement factor which is significantly 

higher than those with simple rectangular arrays. Nevertheless, even a simple 

combination of two rectangles repeated as a periodic array requires advanced fabrication 

technology such as Jet and Flash Imprint Lithography. Overall, the net energy/cost 

payback may not be improved given the state-of-the-art cost of fabrication for 

commercial uses. On the other hand, there could very well be a market for such 

advanced structures in space missions and projects were the choice of technology is 
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more heavily influenced by performance than cost. On the other hand, the curved 

structures described by Fourier series have more of a theoretical interest at this point, 

especially in studying the limits of absorptivity enhancement in thin films. For a more 

detailed discussion on these topics and further research directions, we refer the interested 

readers to [HH12a,HH12b].  
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Chapter 6:  Fabrication Error and Statistical Analysis 

 

    No matter how sophisticated thin film fabrication devices are, and how much time one 

spends on accurately implementing deposition recipes, structural and numerical errors 

and inaccuracies are inevitable in any finished thin film device. Surface roughness, 

inaccurate effective thicknesses, undesirable oxidized layers, material inhomogeneity 

and deviations of opto-electrical constants (e.g. refractive index, doping, etc.) from the 

theoretical values will always reside in the fabricated devices, regardless of advanced 

processes and filtrations. In addition, optimal design of thin film cells with the purpose 

of light trapping, broadband absorption enhancement or efficiency improvement (such as 

those explored in the previous chapters of this dissertation) are usually restricted to very 

special cases of some or all of the following parameters: solar irradiance profile, 

polarization, angle of incidence, etc. There is scant work in the literature that addresses 

practical issues such as time variations and fabrication/structural errors in thin film solar 

cells, especially with regards to optimal design. Optimal design of light trapping for 

achieving broadband absorption enhancement or conversion efficiency must be robust to 

incurred structural and numerical errors, and variations of source specifications. The 

goal of this chapter is to introduce a framework for uncertainty analysis in those scopes.  

 

The proposed framework is based on a statistical analysis of structural/time 

uncertainties. Statistical models can be used to describe the large macroscopic properties 
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of fabrication and numerical errors, time and seasonal variations.  We rely on generating 

data that represents the performance of thin film cells at various wavelengths, times and 

subject to various forms of structural (fabrication) error and solar beam incident angle. 

Monte Carlo (MC) simulations are performed to estimate different statistics of the cells 

when specific uncertainties are present. Due to the large data nature of MC simulations 

and the computational cost of FDTD computations for electromagnetic simulations, 

these studies can be very time consuming. Therefore, at the last part of this chapter, we 

show how one can use a sampling technique called Unscented Transform to reduce the 

sample size of MC simulations, and use this technique in one instance of sensitivity 

analysis.     

 

 

6.1. Structural Error Modeling 

 

Optimal design of surface patterns for achieving broadband absorption enhancement 

must be robust to incurred structural and numerical errors. In particular, every 

fabrication method is subject to errors that can be statistically modeled by examining a 

large sample set of finished structures based on a given target geometry, by means of 

high resolution nano-scale imaging techniques such as Scanning Electron Microscopy 

(SEM) or Atomic Force Microscopy (AFM). There are many factors that contribute to 

such structural error, including numerical errors, limited precision of fabrication 

devices/processes and human factors. To the best of our knowledge, a comprehensive 

study of nanostructure fabrication error modeling does not exist in the literature. In lieu 
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of a precise theoretical model that describes the thin film fabrication error, we can 

consider a normal (Gaussian) distribution for the components of errors that occur in the 

geometry vector.  More precisely, suppose that   is the target geometry vector used as a 

reference to fabricate a cell. We assume that an additive error vector with independent 

Gaussian distribution (mean zero and standard deviation       ) deviates the target 

geometry and results in a realized geometry      . One can think of        as the root 

mean square (RMS) of thickness measurements or surface roughness which can be 

estimated from ellipsometery measurements.  Mathematically stated: 

 

 
 

      =        

 

(6.1) 

 

where   is the design (intended) geometry, and      is the geometry error vector. In light 

of the above model, the statistics of the optical properties of the cell can be estimated 

using Monte Carlo simulations with a large number of randomly generated error 

samples. The resulting Monte Carlo points will potentially describe the sensitivity of the 

optimal characteristics of the cell to structural variations. Furthermore, these samples can 

be analyzed in conjunction with the data of solar irradiance uncertainties throughout a 

year, to obtain sensitivity estimates for the desired objective functions versus certain 

time references. This is discussed in the following section.  
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6.2. Time Variations Modeling 

 

 While the optimization of the surface textures for the solar cell in the previous chapters 

was based on the standard averaged AM1.5 solar irradiance, the realized performance of 

a PV cell strongly depends on other factors such as time and location variations, as well 

as the angle of incidence. In reality, the solar irradiance is a time varying function of 

wavelength. To clarify this point we present a quick example: 

Recall the structure with front surface metallic nano-strips that we studied in Chapter 

4.2, and consider one of the optimal solutions (say x = [   =90,    =69,    =140, 

   =210- ). The optimization that yielded this solution was based on the AM1.5 which 

is a standard averaged solar irradiance spectrum. Rather than an overall average 

performance, we now seek to examine the performance of this designed on a year-long 

basis. In fact, solar irradiance at the surface of the earth varies considerably on an hourly 

basis. In Figure 5.6, the spectral solar irradiance is shown at the Earth’s surface at 6 a.m., 

8 a.m. and at noon on April 14. Furthermore, the angle of incidence depends on the 

earth’s position along its orbit as well as its rotation around its tilted axis. The change in 

solar irradiance and angle of incidence affect the behavior of the solar cells, whether 

patterned or bare. In addition, absorption in patterned a-Si is very sensitive to the angle 

of incidence. In Figure 5.6, absorptivity enhancement factor as a function of the angles 

of incidence (azimuth and zenith angles) is displayed for a patterned cell similar to the 

one presented in Figure 5.6 and with the mentioned geometric parameters irradiated by 

the 1.5 AM solar spectrum. As can be seen, the value of the EF changes very 
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significantly with the angle of incidence. For these reasons, a detailed simulation of the 

annual EF of a patterned solar cell (the best solution obtained for the 2-D case) is 

necessary in order to obtain a clear estimation of the performance of patterned solar 

cells. The simulation consists of calculating on an hourly basis, the number of photons 

absorbed by bare and patterned a-Si. These calculations require computing solar 

irradiance and angle of incidence for each time and day of the year and then calculating 

the EF using the spectral radiative properties of patterned and bare a-Si obtained by 

FDTD. Fortunately, this data was obtainable using the SMARTS software, which 

calculates within 2% clear sky spectral irradiance [smart]. The geographic coordinates of 

latitude 36.25°N and longitude 115.05°W are chosen. These coordinates are for the 

Nellis solar power plant on the outskirts of Las Vegas, Nevada, a well-irradiated part of 

the United States where the diffuse component of solar irradiation is small, and is 

neglected. At other locations, the diffuse component can be significant, and may change 

the EF values predicted here. 

 

Two types of annual simulation are performed. In the first simulation, the PV cell 

(composed of Ag patterned a-Si) is fixed throughout the whole year at an angle equal to 

the latitude (36.25°) on a north-south axis facing south (since the state of Nevada, USA 

is in the northern hemisphere) with the grooves running from East to West. This 

positioning is often used when mounting fixed solar panels. In the second simulation, the 

PV cell is placed on a dual-axis solar tracker that keeps it pointing towards the sun 

unless the tracker tilt angle exceeds 70° (technical limitation). In Figure 5.6-c, the 
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number of photons absorbed by patterned and bare a-Si is displayed for both types of 

orientations on an hourly basis for the day of 14 April. The patterned a-Si absorbs more 

photons than bare a-Si under the same irradiation for different angles of incidence. The 

hourly EF is shown in Figure 5.6-d. The EF value varies between 1.5 and 2 for the solar 

tracker simulation and is around 1.5 for the fixed angle simulation. These variations are 

explained by the effects of the shifting of the solar spectral irradiance to higher 

wavelengths which favors patterned a-Si over bare a-Si, and to the fact that the increase 

in zenith angle favors bare a-Si over patterned a-Si.  

Overall, the total yearly increase in photon absorption is 57% for the solar tracker 

patterned PV panel case and 52% for the fixed angle patterned PV panel. On the other 

hand, the solar tracker cell absorbs 47% more photons than the fixed cell. This is 

primarily due to the fact that the number of photons per square meter reaching the 

surface of the solar tracker cell is always higher than that of the fixed cell, since 

radiation hits the surface of the solar tracker cell at a normal angle while the incident 

angle for the fixed cell varies on an hourly basis. 
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Figure 6.1. (a): solar irradiance at 6 a.m., 8 a.m. and noon; (b): EF vs. zenith/azimuth (from north) 

angle (c) Hourly absorbed photons; (d): Hourly EF. 
  

As you can see from the above example, seasonal variations due to both changes in the 

solar irradiance spectrum and angle of incidence are significant and can alter cell’s 

absorptivity.  The statistics of EF change significantly with parameters such as location, 

time and angle of incidence. For these reasons, a detailed simulation of the annual 

statistics of the absorptivity characteristics of the realized thin film cell (i.e. the best 

solution obtained by inverse optimization tilted by random fabrication error samples) is 

necessary. In the future sections of this chapter we generalize this study to measure other 

statistics of more generalized solar absorptivity characteristics. We also combine these 
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uncertainties with structural errors to have a more comprehensive sensitivity analysis.  

The results will serve as a more accurate estimation of the PV device performance in the 

presence of the real world uncertainties. 

 

6.3. Definition of Terms and Quantities 

Before proceeding with presenting the simulation results, we would like to take some 

time to revisit the definitions of some of the terms related to solar absorptivity and 

expand them. First, note that we are interested in a statistical study of surface patterning 

mechanisms (in contrast to a fixed and deterministic geometry). Therefore, we assume 

that the baseline geometry    is associated with two solar configuration: A patterned 

silicon cell and a control bare silicon layer of the same thickness as the silicon thickness 

in the patterned cell. For a particular plane wave with a standard irradiance power (say 

1Watt/m
2
), we define    to be the number of incident photons (per unit of area) and 

  
       

    to be the number of absorbed photons inside the silicon (per unit of area) in 

the bare and patterned cells, respectively. We then consider the following three 

characteristics as a function of the geometry  : 

 

 Spectral absorptivity of the textured silicon:  

 

 

      ( ) =
  

   

     
 

 

(6.2) 

 



 

 

 

162 

 

 Spectral absorptivity of the bare silicon:  

 

 

       ( ) =
  

    

     
 

 

(6.3) 

 

 Absorptivity enhancement factor: 

 

 

  ( ) =
  

   

  
     

 

(6.4) 

 

 

As the example in Section 6.2 indicated, the statistics of the relative absorptivity and the 

EF change significantly with parameters such as location, time and angle of incidence. 

For these reasons, a detailed simulation of the annual statistics of the absorptivity 

characteristics of the realized thin film cell is necessary.  

 

Our analysis consists of calculating on an hourly basis, the number of photons absorbed 

by bare and textured a-Si (namely,   
      

    ), as well as the number of incident 

photons (  ). These calculations require computing the solar irradiance for each time 

and day of the year, and then calculating the absorptivity characteristics of equations 

(6.2)-(6.4) for all realized geometries       in the sample set. Consequently, a large 

database of absorptivity characteristics will be available which contains information 

about the effects of the time and structural variations on the characteristics of a-Si. The 
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details of hourly and seasonal irradiance calculation and other considerations will be 

given in the following section.  

 

6.4. Simulations and Analysis 

    The purpose of the numerical evaluations of this section is to analyze the individual 

and joint effects of time and fabrication error on the absorptivity characteristics of 

textured and bare silicon layers. The variations in the reflectivity spectrum of the 

fabricated cell (e.g. statistics of the spectral absorptivity or enhancement factor) are 

modeled by the Monte Carlo simulation of a randomly generated set of samples 

representing the realized geometry, as described by equation (9). Time variations are 

modeled by incorporating the changes in the solar irradiance throughout a whole year for 

a particular location. The details are provided in the remainder of the section. 

 

The structure that we study is that of front surface square nano-chips introduced in 

Section 4.2 (see Figure 4.10). We assume that the structural error is independent when 

occurring in different parameters, and has a normal distribution with mean zero and 

standard deviation 5nm. We have collected 218 samples of random error vectors. The 

resulting vectors are added to the optimal geometry of the 3-D configuration patterned 

solar cell obtained by numerical inverse optimization techniques in Section 4.2, which 

has the following coordinate values (see Table 4.3): 

 

    = [             ] 
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                  =   ,78 62 65 184-   

(6.5) 

 

For the set of realized geometry vectors, the absorptivity spectra of the corresponding 

solar cell configurations, i.e.     (𝜆) and      (𝜆),  are computed. These results are 

obtained by running forward FDTD simulations, for which we assume that the PV cell is 

placed on a dual-axis solar tracker that keeps it pointing towards the sun. As a result, the 

incident light is assumed to be normal to the solar surface. The mean and standard 

deviation of the absorptivity spectra for the textured and bare silicon are calculated using 

the error samples, and the resulting error bars are plotted against wavelength in Figure 

6.2. 

 

 
 

Figure 6.2. Spectral absorptivity (mean and standard deviation) for the textured and bare 

silicon based on error samples  
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The absorptivity spectrum for each configuration is used against the available data 

for the irradiance spectrum of the incident light at various times of the year, to solve for 

the quantities      
   and   

    . The solar irradiance for different hours of the day and 

different days of the year 2010 was computed using the SMARTS software. The 

geographic coordinates of latitude 36.25°N and longitude 115.05°W were chosen for this 

purpose. These coordinates are for the Nellis solar power plant on the outskirts of Las 

Vegas, Nevada, a well-irradiated part of the United States where the diffuse component 

of solar irradiation is small, and is neglected. At other locations, the diffuse component 

can be significant, and may consequently change the predicted values of the incident and 

absorbed photons. 

To get a sense of how solar irradiance varies throughout the year and for different hours 

of a day, we have computed the average solar irradiance wavelength over different hours 

(averaged over days and months), and over different months (averaged over hours and 

days). The resulting plots are depicted in Figures 6.3 and 6.4. To make the plots 

readable, we have only shown the irradiance for four hours and four months, but the data 

is available for other times. Note that the irradiance is slightly red-shifted and 

weakened at cooler months and darker hours.  
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Figure 6.3. Average solar irradiance for different hours in the whole year.   
 

 
 

Figure 6.4. Average solar irradiance for different months in the whole year 
 

  

 

 

Angle of incidence is another important factor on which the performance of the solar 

panel heavily depends. The angle of incidence between the solar beam and a ground 

panel depends not only on the position of the solar panel, but also on the specific 

location and time of the experiment. In Figure 6.5, we have plotted the mean and 
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standard deviation for the absorptivity spectrum of the textured and bare a-Si layer with 

our base pattern geometry     , and an incident angle that varies uniformly at random 

between 0 and 90 degrees. Comparing this with Figure 6.2, we note that for the case of 

bare silicon and at lower wavelengths, solar absorptivity has generally larger sensitivity 

to changes in the incident angle compared to random structural errors. In fact, we can 

derive the conclusion that the textured silicon has less spectral sensitivity with respect to 

the incident angle variations than the bare silicon.  

 
 

Figure 6.5. Spectral absorptivity (mean and standard deviation) of textured and bare 

silicon for uniform incident angle distribution  
 

The actual distribution of the solar incident angle depends on various factors such as 

location, time, cloud distribution and the position of the solar panel. Using the SMARTS 

software we can obtain estimates for the solar angles (azimuth and zenith angles) at all 

hours of the year 2010 at the same location for which the solar irradiance spectra were 

calculated. The incident angle to a PV cell can then be computed based on this data and 

the cell panel angle. We consider two cases for the panel position: In the first situation, 
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the PV cell is fixed throughout the whole year at an angle equal to the latitude (36.25°) 

on a north-south axis facing south (since the state of Nevada, USA is in the northern 

hemisphere) with the grooves running from East to West. This positioning is often used 

when mounting fixed solar panels. In the second situation, the PV cell is assumed to be 

placed on a dual axis perfect solar tracker, and as a result, the incident angle is always 

zero. We refer to the PV cell in these cases as fixed panel and solar tracker, respectively.  

  

Using the computed values for the number of incident and absorbed photons, the spectral 

absorptivity and enhancement factor (    ,        ) are computed for each realized 

geometry within the yearly period. The data is collected for the 10 hours of the day (7am 

to 4pm), every day of the year 2010. The resulting database therefore contains 218 ×

365 × 10 = 795700 entries for every absorption parameter, which can be used to 

(cross-) analyze the statistics of solar absorptivity characteristics against time and 

fabrication error variants. Note that this data only contains the simulations for the solar 

tracker cell. 

 

We first obtain the empirical distribution of the absorptivity enhancement factor (  ) 

using the collected database. The results are shown in Figure 6.6, from which it can be 

seen how the resulting values of    are concentrated around the optimal value of 1.52 

for     . It can be asserted from the collected data that in about 95% of the cases, the 

realized    is larger than 1.35, which is an indication of the high degree of robustness 

against both time and structural variations. Furthermore, in 100% of the cases, the    is 



 

 

 

169 

 

greater than 1, which is a sign of significant confidence in the effectiveness of surface 

texturing in improving light absorption. Note that the optimal solution      was obtained 

for standard AM1.5, which is different from all of the individual irradiance profiles of 

sample points considered. Therefore, it is not surprising that values of    larger than 

1.52 are also observed (although very unlikely). In fact, the red-shifting of the irradiance 

can result in higher absorption enhancement factor, since the relative improvement in the 

absorbed power of the patterned cell is more significant in higher wavelengths between 

500 to 700 nm. Consequently, the resulting    distribution has a positive skewness of 

4.67.  

 
  

Figure 6.6. Empirical pdf of the absorptivity enhancement factor of silicon in the 

realized cell for all time and error samples  
 

Similarly, empirical distributions can be computed for the spectral absorptivity 

parameters      and      , as shown in Figure 6.7. The 5% quantile thresholds for these 

quantities are 0.144 and 0.083 respectively. In other words, only in 5% of the cases the 

values of      and       happen to fall below these values. Also, in Table 6.1, the 
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numerical values of the mean and standard deviations of the absorptivity characteristics 

are summarized. The values in Table 6.1 can also be used for verifying the convergence 

of estimated statistics and sufficiency of the number of (independent) data points (218). 

This can be linked to the concentration results from the law of large numbers. In fact 

given the empirical mean and standard deviation of the quantities obtained from 

independent random samples, we can find confidence interval for the each statistics. The 

general rule is that the error in the calculated statistics scales with 1 √  where   is the 

number of data points. In fact using a standard t-test, there is less than 0.01 probability 

that the actual mean of every variable (say EF) is different from the empirical mean by 

more than 3   , where   is the standard deviation. Given the values in Table 1, the 

error of this significance is about 0.03 for the mean of EF, 0.006 for the mean of      and 

0.005 for the mean of      . These are negligible compared with those given in Table 

6.1. This is an indicator that the number of samples is sufficient for our study. 

 

 
Figure 6.7. Empirical pdf of the spectral absorptivity of bare and textured silicon for the 

realized cell based on all time and error samples  
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Table 6.1. Estimated statistics of the absorptivity characteristics of the realized cell 

based time and structureal uncertainties 
 

Variable              Statistic    

 Mean Standard Deviation 

   1.50 0.198 

     0.20 0.030 

      0.14 0.025 

 

Next, we evaluate the effect of hourly and seasonal variations of solar irradiance in the 

absorptivity characteristics. We group the yearly data based on the hour of the day, and 

calculate the statistics of the enhancement factor (  ) and spectral absorptivity fractions 

(          ) for each group. The error bar plots depicting the mean and standard 

deviation of these functions are shown in Figures 6.8 and 6.9. Note that for a given hour, 

these figures reflect the year round averages and structural changes. A conclusion 

derived from these plots is that higher enhancement factors with higher degrees of 

randomness (standard deviation) are observed at darker hours of the days (early morning 

and late afternoon). In the case of spectral absorptivity (Figure 6.9), the randomness is 

higher at darker hours, but the mean values of      and       are maximized around 

noon, unlike the enhancement factor   . This observation is intuitive, given the larger 

irradiance power at brighter hours and the red-shifting effect of solar irradiance at darker 

times mentioned earlier. More specifically, note that the spectral absorptivity of both 
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structures (bare or patterned silicon) decrease  almost monotonically beyond 480nm, 

whereas the solar irradiance (red)-shifts with peaks happening greater than those 

thresholds for darker hours. Consequently, the correlation of these two monotonic 

patterns causes the spectral absorptivity to drop with red-shifting of solar irradiance. 

However, the (percentage-wise) drop of absorptivity is larger for bare silicon, as the 

relative drop in solar irradiance within (300-500)nm is larger than longer wavelengths 

(see e.g. Figures 6.2  and 6.5). Note that this is the region that contributes to most of the 

photon absorption in bare silicon. As a result, on average a larger value of enhancement 

factor is recorded for hours away from noon.  

    

 
Figure 6.8. Absorptivity enhancement factor (mean and standard deviation) of a-Si in the 

realized cell pattern for different hours computed based on the year around irradiance 

uncertainties and all error samples 
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Figure 6.9. Spectral absorptivity (mean and standard deviation) of the bare and textured 

a-Si in the realized cell for different hours computed based on the year around irradiance 

uncertainties and all error samples 
   

 

Similarly, by grouping the annual data based on the appearing month, the monthly 

statistical variations in the absorptivity parameters can be calculated. The resulting error 

plots are shown in Figures 6.10 and 6.11. The patterns of mean and standard deviation 

for these parameters are very similar to the hourly charts, with the cooler months being 

analogous to darker hours. This complies with our earlier observation that the trend of 

variations in the average solar irradiance is similar in both hourly and monthly changes: 

in both cases the irradiance is red-shifted when entering the darker hours or cooler 

months.  
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Figure 6.10. Absorptivity enhancement factor (mean and standard deviation) of silicon in 

the realized cell pattern for different months computed based on the year around 

irradiance uncertainties and all error samples 

 
 

Figure 6.11. Spectral absorptivity (mean and standard deviation) of the bare and textured 

silicon in the realized cell for different months computed based on the year around 

irradiance uncertainties and all error samples  
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in Figure 6.12. In order to analyze the sole effect of incident angle, the structural error is 

assumed to be zero in these cases. In addition, the first and second moments of the 

absorptivity characteristics for each case are listed in Table 6.2. Note that the 

enhancement factor values are notably larger and less disperse for the solar tracker cell 

than the fixed panel.  

 
Figure 6.12. Empirical pdf of the absorptivity enhancement factor of silicon for the 

optimal geometry, based on year around irradiance and incident angle uncertainties 
 

 

 

 

 

Table 6.2. Statistics of the absorptivity characteristics of the soalr tracker (S.T) and fixed 

panel (F.P) cells over the hourly data of the year 2010    
   

 

Variable Statistic 

 Mean 

(F.P) 

Std. 

(F.P) 

Mean 

(S.T) 

Std. 

(S.T) 

   1. 14 0.34  1.62 0.19 

     0.19 0.037 0.21 0.028 

      017 0.032 0.13 0.024 
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Next, we perform an hourly based and monthly (seasonal) based analysis of the 

absorptivity improvement (for both the solar tracker and fixed panel cells) by indexing 

the data of each case based on the hour of the day or the month of the year. The error bar 

plots indicating the mean and standard deviation of the enhancement factor per hour of 

the day, averaged through the whole year, are depicted in Figure 6.13. The error bar plots 

indicating the mean and standard deviation of the enhancement factor per month of the 

year, averaged over all hours (from 7am to 4pm) and all days of each month, are 

depicted in Figure 6.14. Note that the enhancement factor of the solar tracker cell is on 

average larger and has smaller volatility compared to the fixed panel data when time 

variations occur (Figures 6.13 and 6.14), which is overall more desirable.  

 
Figure 6.13. Absorptivity enhancement factor (mean and standard deviation) of the 

optimal geometry for different hours computed based on year around solar irradiance 

and incident angle uncertainties 
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Figure 6.14. Absorptivity enhancement factor (mean and standard deviation) of the 

optimal geometry for different months computed based on year around solar irradiance 

and incident angle. 
  

  

Note that for a fixed hour there is a slight discrepancy between the average EF of the 

solar tracker panel in Figure 6.13 and that computed earlier in Figure 6.8. In fact the 

values of the former are slightly higher than the latter for almost all hours. This can be 

explained by noting that in our computations of the effects of incident angle, the 

structural errors were excluded.  In fact, for a fixed solar irradiance which is not very 

different from the AM1.5 profile, structural errors should on average yield a value of EF 

smaller than that of     . 

6.5. Unscented Transform and Efficient MC Simulations 

 

The statistical study that we presented in this section was based on finding the objective 

function for a large set of finished geometries, which is equivalent to a large set of 
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random fabrication error vectors drawn from the presumed error model. The statistics of 

the objective function can be estimated using the simulated values.  The convergence of 

the MC method often requires a fairly large number of sample points, and considering 

the time consuming nature of the FDTD simulations, can be quite tedious. A faster 

alternative to MC is the Unscented Transform (UT) technique. An example of the 

application of UT for modeling the manufacture errors for microstrip filters can be found 

in [ODAR10]. In the UT method, a deterministic set of points *𝑆 +  1
   (which are called 

the sigma points) and a set of corresponding weights  *  +  1
  are chosen in such a way 

that the first   moments of the random error match the empirical weighted moments of 

the sample points [Aja08]. In other words, the sigma points and the weights are chosen 

such that following equations are satisfied: 

 

 

 

∑  𝑆 
 =  *    

 +

 

  1

 1      

 

(6.6) 

                                                                                           

where  *    
 + is the    -order moment of     . Solving the above equations, even for a 

moderate number of points can be cumbersome. However, it turns out that for a one 

dimensional error with a standard normal distribution, the solution *𝑆    +  1
  to the 

above equations can be derived from the Hermite polynomials of up to order   [GM48]. 

For a Gaussian distribution, this method reduces to the Gaussian Quadrature (GQ) 

method [GW69]. The Hermite polynomials are defined by the following recursive 

equations: 

 
 

  (𝑥) =  1   1(𝑥) =  𝑥 
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    1(𝑥) =  𝑥  (𝑥)   𝑛   1(𝑥) 

 

(6.7) 

 

The sigma points *𝑆 +  1
   are equal to the zeros of the polynomials   (𝑥)  (scaled by  ) 

and the weights *  +  1
  are given by: 

 

 

  =
2  1𝑛 √  

  
 (𝑆 )

2
 

 

(6.8) 

                                             

The weights can also be found by solving the inverse of a linear system of equations 

given by (6.6), after the sigma points are identified. Having the sigma points and 

weights, one can estimate the statistics of the objective function by evaluating the 

function at the errors specified by the sigma points.  The moments of the objective 

function  (     ) can be estimated from: 

 

 

 

   (     )  ∑   
 (     𝑆 )

 

  1

 

 

(6.9) 

 

 

for every  . In the case of multidimensional vectors when the errors in different 

dimensions are independent, the set of multidimensional sigma points is simply the 

Cartesian product of the one-dimensional sets of sigma points. 

To illustrate how this method can be applied to our sensitivity analysis, we consider the 

same 3D geometry of square front surface nano-chip as in the previous section (i.e. 

 opt = ,78 62 65 184-nm with EF 1.52). We apply UT to the calculations of 
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absorptivity enhancement factor for AM1.5 solar irradiance.  As before, we assume that 

the fabricated solar cell is subject to fabrication errors with 5nm standard error.  To 

compare the UT with plain MC simulations, we first run a Monte Carlo experiment with 

500 random samples, and obtain the empirical statistics of the enhancement factor for 

the finished structure, namely   (    ). Based on these simulations, the mean 

enhancement factor is 1.37 and the standard deviation is 0.005 compared with the ideal 

EF of 1.52.  We now study the sensitivity of the EF to the fabrication error through the 

use of Unscented Transform. We consider four sigma points in each dimension, which 

are equal to the roots of the polynomial  4(𝑥) multiplied by the standard deviation of 

the error,  = 5𝑛𝑚. The resulting sigma points and the corresponding weights are listed 

in Table 6.3. Due to the assumption that errors in different dimensions are independent, 

the 4 dimensional sigma points are the collections of all possible combinations of the 

sigma points in all dimensions. In other words, the 256 4-dimensional sigma points and 

weights are given by: 

𝑆  𝑗    = ,    𝑗       -, 

   𝑗    =    𝑗    , 

1  𝑖 𝑗 𝑘 𝑙  4,  

                                                                                     (6.10) 

 

where * 1  2  3  4+ and * 1  2  3  4+ are the sets of sigma points and weights 

respectively, given in Table 6.3.  

 

Table 6.3. Four Optimum UT Sigma points and weights for Gaussian error in one 

dimension with standard deviation 5nm. 

 

Sigma Points (𝒔𝒊 1  𝑖  4) ±0.7420 ± 2.3344 

Weights (𝒘𝒊 1  𝑖  4)  0.4541  0.0459 
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Based on the experiments with the 4-dimensional sigma points, the mean enhancement 

factor is 1.35 and the standard deviation is 0.0044. The cumulative distribution function 

(cdf) of the resulting EF based on the MC simulations and the UT technique is plotted in 

Figure 6.15. 

 

 

 
Figure 6.15. Empirical cdf of the absorptivity enhancement factor for the finished 

geometry obtained by Monte Carlo method with 500 samples and the UT technique with 

256 4-D sigma points. 
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(6.7)), scaled by the standard deviation 5nm, and equation (6.8), respectively. Their 

numerical values are listed in Table 6.4. 

 

Table 6.4. Ten Optimum UT Sigma points and weights for Gaussian error in one 

dimension with standard deviation 5nm. 

 

𝒔𝒊  ±2.4247 ±7.3299 ±12.4216 ±17.9091 ±24.2973 

𝒘𝒊 0.3446423 0.135484 0.019112 0.000758 0.000004 
  

 

The approximate cumulative distribution function of the finished structure based on the 

error in each of the parameters is depicted in Figure 6.16, using the UT and the sigma 

points/weights given above. Also, the first two central moments, skewness and the 

kurtosis of  (     ) are calculated in each case, using the statistics collected based on 

the 10 points UT method. Results are enumerated in Table 6.5. 

 
Figure 6.16. Cumulative distribution function of the enhancement factor of the finished 

geometry based on the Gaussian error with 5nm standard deviation in each parameter. 
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Table 6.5. Mean, standard deviation, skewness and kurtosis of the enhancement factor 

for Gaussian error with 5nm standard deviation in each variable, estimated through UT 

with 10 sigma points. 

 

Variable 

parameter 

Mean Std.  Skewness Kurtosis 

    1.441 0.0514 -0.3233 2.5365 

    1.500 0.0368 -0.4864 2.6248 

    2 1.405 0.0524 -0.0993 4.1824 

    1.393 0.0552 -0.2961 1.9539 

 

The Monte Carlo simulations indicate that for 90% of the cases, the EF is above 1.27, 

and in only about 1% of simulations it is less than 1.15, which is an indication of the 

large enhancement factor.  Based on the one-dimensional UT results (Table 6.5), the 

enhancement factor of the finished geometry has the smallest variance when the error 

occurs in    , i.e., the height of the square grating, compared to the error in other 

parameters. For other parameters, the variances are very close to each other, as verified 

by the empirical cdf of EF in Figure 6.6. This implies that the EF has less sensitivity to 

variations in     than to variations of other parameters. The inferior sensitivity of 

absorption enhancement to variations in the nano-chip height can be better explained by 

examining of the shapes of absorption spectra when different parameters are deviated, as 

displayed in Figures 6.17-6-20. These figures illustrate the absorption spectra for the 

optimal geometry and the simulated finished geometries obtained by adding the 

designated set of errors (1-D sigma points) to the entries of the optimal geometry. Notice 

that unlike the other three cases, with error in    , the absorption does not decrease 

significantly at long wavelengths, and the peak absorption only changes slightly. Instead, 

the wavelength of peak absorption changes; it is blue-shifted (shifted to the left) with 
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decreasing silver height and red-shifted (shifted to the right) with increasing silver 

height. This is justified by a shift in the wavelength of plasmon surface resonance of the 

metallic nanogratings when texture sizing changes. The negativity of skewness of the EF 

is simply the indication of the fact that      is an optimally designed geometry, thus the 

fabrication error is likely to reduce the enhancement factor.  In most of the simulated 

cases, the resulting EF is less than the optimal value of 1.52. Only in one case where the 

geometry is     = ,78 64 42 65 184-𝑛𝑚, the enhancement factor is 1.54,  slightly 

larger than the optimized value of 1.52. However, when we round this value off to 

 = ,78 64 65 184-𝑛𝑚, the same value of 1.52 is obtained for EF. The reason for this 

discrepancy is that the original optimization is done with a 1nm precision. When error is 

added, the finished geometry does not necessarily obey this limitation and can have 

smaller uncontrolled resolution, therefore (although very unlikely) can result in slightly 

higher EF. 

 

 
Figure 6.17. Absorptivity spectra for the optimal designed geometry (solid red curve) 

and the finished geometries with 10-point UT errors in first dimension (   ).  
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Figure 6.18. Absorptivity spectra for the optimal designed geometry (solid red curve) 

and the finished geometries with 10-point UT errors in second dimension (   ). 

 
Figure 6.19. Absorptivity spectra for the optimal designed geometry (solid red curve) 

and the finished geometries with 10-point UT errors in third dimension (    2). 
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Figure 6.20. Absorptivity spectra for the optimal designed geometry (solid red curve) 

and the finished geometries with 10-point UT errors in fourth dimension (   ). 

 

 

6.6. Conclusion 

 

In this chapter, we studied the absorptivity characteristics of thin film a-Si solar cells 
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practical uncertainties: time variations (hourly and seasonal), structural imprecisions 

(fabrication error) and incident angle of the direct insolation. We studied and compared 

the statistics of the conversion parameters such as the spectral absorptivity and the 

absorption enhancement factor of the textured and bare silicon under real world 

distributions for the mentioned variants. We concluded that with the solar irradiance 

spectrum red-shifted at darker hours of the day and in cooler months, solar absorptivity 

decreases and has larger variations. However, the average enhancement factor resulting 
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from texturing the nanopatterns increases. The preliminary results presented in this 

chapter provide a quantitative understanding of the sensitivity of thin film PV cells’ 

performance with regards to practical indeterminations. Future work that relies on these 

approaches can extend statistical analysis along the same lines by using more accurate 

stochastic models, larger sample sets and by incorporating additional practical 

considerations such as variations in the incident source polarization.  
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Chapter 7:  Results of Manufactured Samples 

 

    So far, this dissertation has focused on the computational and numerical aspects of 

light trapping for thin film solar cell efficiency optimization. We discussed optimization 

through inverse method, proposed a framework to model and optimize for variable 

texture and coating shapes and presented statistical sensitivity analysis for the proposed 

designs. In contrast, this chapter is dedicated to experimental study and verification of 

the models. We specifically focus on fabricating one of the proposed designs. While 

fabricating structures with nano-strip or nano-shape metallic shapes require advanced 

techniques such as nano-imprinting (e.g. Jet and Flash Imprint Lithography), the simple 

multi-layer structure of Section 4.4 (see Figure 4.25) can be made solely based on 

deposition techniques such as CVD, and consequently with a more moderate budget and 

less complication. In addition, the response of the multilayer structure is oblivious to the 

polarization changes of a plane source (due to the symmetry in the x-y plane), which is 

an advantage to some other discussed structures 

 

We recall that the structure we considered consists of an absorber layer of 80nm 

amorphous silicon (a-Si) deposited on a layer of Aluminum back reflector, and coated on 

top with a layer of anti-reflective transparent conductive oxide ITO. In the process of 

thin film fabrication, very thin oxidized layers of Al2O3 and SiO2 are formed on the layer 

surfaces with nominal thicknesses of 5nm and 2nm, respectively. The multi-layer 

structure is compared with a reference (control) sample that consists of a bare layer of 



 

 

 

189 

 

80nm a-Si on the glass substrate, in order to quantify the absorptivity enhancement. 

Recall that there were two controlled parameters that determine the geometry of the cell: 

thicknesses of ITO and Aluminum layers: 

  = ,        - 

 

(7.1) 

 

The structure is studied in the presence of normal illumination by a solar source from the 

front surface side, as shown in Figure 7.1. Note that due to the symmetry of the 

strcuture, the source polarization is irrelevant. In numerical computations,  the source 

was assumed to have a known irradiance  (𝜆) (AM 1.5) which determines the power 

distribution among different wavelenghts. In experimental measurements, a light source 

with uniform spectral power is used to measure the spectral reflectivity of the fabricated 

sample.  

 

 

 
Figure 7.1. Schematics of the studied and fabricated multi-layer thin film cell. 
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7.1. Details of Fabrication 

    The selected multi-layer geometry (see Figure 7.1) was fabricated in the thin film 

deposition laboratory at the Microelectronics Research Center of the University of Texas 

at Austin. For comparison, two sets of samples were made: a set of multilayer samples 

made by setting the geometry      as target for ITO and Al layer thicknesses, and 80nm 

for silicon thickness. We call these samples ML1, ML2 and ML3.  In addition, a set of 

control samples was also made which solely consists of a bare a-Si layer (aimed at 

80nm) deposited on glass substrate. For the multilayer samples, aluminum is first 

deposited on the glass substrate using physical vapor deposition (sputtering). Silicon is 

then deposited using Plasma Enhanced Chemical Vapor Deposition (PECVD) at a 

temperature of 150˚C. The main process lasts 15 minutes at 700 millitorr pressure, and 

SiH4 is used as the silicon source gas.  Finally the ITO layer is laid down using another 

sputtering process. The approximate deposition thickness of each layer is solely 

controlled by the deposition time specified by the fabrication recipe in each case. Figure 

7.2 shows an image of an example control and multilayer sample based on an 1 × 1 inch 

glass substrate. Note the darker color of multi-layer sample, which is due to additional 

coating and back reflector. 
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Figure 7.2. Picture of example fabricated control and multilayer samples on a 1𝑖𝑛 × 1𝑖𝑛 

glass substrate. The sample with the darker color is the multilayer sample. 

 
 

Upon fabrication, AFM microscopy records the surface roughness characteristics of the 

layers. Figures 7.3, 7.4 and 7.5 show the AFM images of the deposited aluminum, 

silicon and ITO layers respectively and reveal the surface roughness induced by 

processing during the steps of an example deposition process. A step-like surface is 

deposited on the glass substrate and aluminum is then deposited on the higher surface of 

the step for better illustration in the AFM image (Figure 7.3). Silicon and ITO are then 

deposited on that same surface. The realized height of the deposited thin film is 

anywhere between 50nm to more than 70nm for aluminum and 60nm to about than 

70nm for ITO, as can be seen from images.   
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Figure 7.3. AFM image of thin film Aluminum layer deposited on glass substrate. 

 

Figure 7.4. AFM image of thin film silicon layer deposited on Glass. 
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Figure 7.5. AFM image of thin film ITO layer deposited on silicon substrate. 
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7.2. Verification and Measurements 

The remainder of this chapter mostly deals with the verification of the fabrication 

results. There are two aspects to such study. Firstly, we would like to know how closely 

the characteristics of the realized samples (e.g. spectral reflectivity, transmission, 

absorptivity) approximate the simulated characteristics of the numerically optimized 

geometry. Secondly, we would like to know how accurate the thickness measurement 

and ellipsometry results are. To that end, we measure the effective thicknesses of the 

deposited thin film, and use those values in a numerical forward simulation to compute 

the solar reflectivity of the cells. We then compare this “theoretical” value with the 

measured spectrum for verification. More details are provided in the following 

paragraphs. 

7.2.1. Comparison with the Optimal Numerical Solution.  

Using spectrophotometery, the reflectivity spectra of the fabricated samples can be 

measured with respect to a normal illuminating source. Our studies are limited to the 

wavelength range of 300-730nm, as with the computational simulations of Section 4.4. 

The measured reflectivity values and the estimated standard deviation of the 

measurement error for the sample ML1 and CR1 are plotted in Figure 7.6 in the form of 

an error bar plot, and are compared with the expected spectrum obtained from FDTD 

simulation (for     ). Note that the spectral reflectivity 𝜌 is defined as the fraction of 

optical energy that is neither absorbed and nor transmitted through the the whole sample 

(and not just the silicon film). Note that there is significant correlation between the 
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simulated and measured spectral curves in these figures. The existing discrepancy can 

result from multiple sources such as the error in the thickness of fabricated layers which 

is a consequence of inaccurate deposition timing, temperature or gas concentration, thin 

film surface roughness, and inaccurate material fit (refraction index) in the numerical 

simulations. To reduce the latter effect to some extent, we have measured the refractive 

index of the outer layers (ITO layer in ML1 and a-Si layer in CR1) using the 

ellipsometery technique (see Figure 7.7). The measured data was used in FDTD 

simulations to generate the curves of Figure 7.6. Surface roughness and effective 

thicknesses of the processed thin films can be estimated by detailed AFM imaging and 

data recording or through an inverse fitting technique as the one explained in the next 

section.  

 

 
Figure 7.6. Measured and expected (simulated) reflectivity spectra of the multi-layer and 

control samples. 
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Figure 7.7. Approximate complex refractive index 𝑛  𝑖𝑘 of ITO measured by 

ellipsometery. 

 

 

7.2.2. Verification by Inverse Analysis  
 

 

An inverse fitting technique can be used to estimate the accuracy of fabrication and find 

effective thicknesses of the fabricated layers.  The idea is to locally adjust the 

dimensions of the deposition layers in order to find a structure whose absorptivity 

spectrum best fits the measured spectrum. Since additional oxidized layers might have 

been formed on top of the deposited thin film layers, we also allow for two additional 

parameters in the geometry vector: thicknesses of undesirable SiO2 and Al2O3 layers 

(Figure 7.1). The target geometry vector in this case consists of all five layers 

thicknesses, formulized by: 

  = [          
          

     ] 

 

(7.2) 

 

 



 

 

 

197 

 

We denote the measured reflectivity spectrum of the sample by 𝜌 (𝜆). We would like to 

find a geometry vector   with a reflectivity response 𝜌( ) as close as possible to 𝜌 . A 

sum-of-squares cost function can be used as a measure of closeness between the 

absorptivity spectrum of the candidate solution and that of the fabricated sample, 

namely: 

  ( ) = ∫ .𝜌( )(𝜆)  𝜌 (𝜆)/
2
 𝜆

 

 

 

(7.3) 

 

We apply a simulated annealing (SA) algorithm to minimize the cost function  ( ). The 

details of the SA method are very similar to the one used in Chapter 4 for finding the 

specifications of metallic nano-gratings for maximal light trapping. The initial solution 

of the algorithm is set equal to the target geometry     = ,67 0 80 0 50-𝑛𝑚, and the 

initial temperature parameter in the SA algorithm is chosen sufficiently low, so that the 

algorithm only seeks local modifications. Furthermore, the thicknesses of the oxide 

layers are not allowed to exceed 20nm. Figure 7.8 shows the evolution of cost function 

for the SA inverse fitting simulation. The optimal solution is obtained after 319 

iterations, with the cost function value of 0.19. The resulting geometry is  =

,87 0 76 0 58-𝑛𝑚, suggesting that the fabrication error is estimated at 29%, 5% and 

16% respectively for aluminum, a-Si and ITO layers.     
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Figure 7.8. Evolution of the cost function for the inverse fitting of the fabrication error 

for the multi-layer sample. 

 

Figure 7.9 below shows the absorptivity spectrum for the ML1 sample (measured by 

spectrophotometry) along with the spectra of the target and inverse fitted spectrum.   

Note that the inverse fitted curve is remarkable closer to the measured spectrum. 

 

 

 
Figure 7.9. Different reflectivity spectra of the multi-layer sample. 

 

Similarly, the inverse fitting was applied to the sample CR1 with two variable 

parameters of the thickness of silicon and the SiO2 layer. The closest solution was found 
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to have    = 70𝑛𝑚 and     2 = 0𝑛𝑚, suggesting that there is about 12.5% difference 

in silicon thickness in this case.  

 

Figure 7.10 shows the absorptivity spectrum of the fabricated control sample (measured 

through spectrophotometry) along with the spectra of the target and inverse fitted 

spectrum for the control sample.    

 

 

Figure 7.10. Different reflectivity spectra of the control sample. 

 

 

 

7.2.3. Verification of Ellipsometery and AFM Results 
 

   

In addition to the illustration purposes, the AFM data can also be used to determine the 

effective thickness layers of the deposited thin films. Statistical averaging of the AFM 

data as well as ellipsometery measurements yield estimates of effective layer thicknesses 

in each of the six fabricated samples. These average values are shown in Table 7.1. 



 

 

 

200 

 

 

Table 7.1. Measured effective values for the thin film layers thicknesses of the fabricated 

samples. 

  

Sample ID Measured Layer thicknesses  

 a-Si Al ITO 

ML1 81nm 80nm 68nm 

68nm ML2 88nnm 91nm 

ML3 86nm 91nm 50nm 

CR1 88nm ----- ----- 

CR2 78nm ----- ----- 

CR3 81nm ---- ---- 

 
 

 

To verify the accuracy of these measurements, we run numerical FDTD simulations 

based on the geometries of Table 7.1 to compute the expected reflectivity spectra (with 

respect to a normal unpolarized illuminating sources) for these six samples. We then and 

compare the measurements with the spectrophotometery measurement results. These 

comparisons are depicted in Figures 7.11-7.13.
9
 The effective thickness layers of Table 

7.1 are used as the reference geometry values for simulations in each case.  In addition, 

for better accuracy, we have replaced the theoretical refractive index of the front surface 

layer (i.e. ITO in multi-layer samples, and silicon in control samples) with those 

measured by ellipsometery.  The discrepancy between the pairs of curves in each Figure 

is very subtle. The slight residual error can be due to various sources, such as the error in 

the statistical average thickness of fabricated layers, inaccurate material fit (refraction 

index) and surface roughness. These effects can in turn be caused by inaccurate 

                                                 
9 Note that for better illustration, 1  𝜌 is plotted in each case against the wavelength, where 𝜌 is the 

spectral reflectivity ratio.   
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deposition timing or temperature or gas concentration, and the inherent noise of the 

process, etc. Nevertheless, we observe significant correlation in almost all cases.  

 

From Figures 7.11-7.13, we note that the overall reflectivity fractions of the multi-layer 

samples are significantly lower over the specified wavelength range than the control 

samples. Furthermore, although the transmission data are not depicted here, we have 

numerically observed that the control samples are almost transparent to a large portion of 

the incident light, whereas the multi-layer samples are almost completely opaque. 

Overall, the fraction of light entrapped within the cell bulk is about three times larger in 

the multi-layer samples than the control samples. The portion of this enhancement 

restricted to the silicon volume cannot be directly measured in the current setting
10

. 

Nevertheless, given the large degree of transparency and small thickness of ITO, as well 

as high surface reflectivity of aluminum, we predict that a considerable fraction of the 

overall measureable light absorptivity enhancement is solely due to enhancement in 

silicon. 

 

 

                                                 
10 Current-Voltage electrical measurements would be one way to indirectly measure this quantity but 

will indicate a combined photo-electric effect.  
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(a) 

 

(b) 

Figure 7.11. Measured and expected reflectivity spectra for samples ML1 and CR1 

 

   (a) 

 

          (b) 

Figure 7.12. Measured and expected reflectivity spectra for samples ML2 and CR2 

 

 

(a) 

 

           (b) 

Figure 7.13. Measured and expected reflectivity spectra for samples ML3 and CR3 
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7.2.4. Verification by Statistical Modeling 
 

 

As a last method of verification, we also perform a Monte Carlo statistical simulation, 

which is very similar to the general sensitivity analysis of Chapter 6. We generate a large 

pool of 400 random error samples to be added to the target geometry. These error 

vectors represent a hypothetical effective fabrication error that may occur in the 

geometry of the device. The error geometry  = , 1  2  3  4  5- is a vector of the same 

size as  , with the following distribution: 

 

   = {
 (0 0 1𝑥 )      𝑖 = 1 3 5

𝑈(0 10)          𝑖 =  2 4
 

 

(7.5) 

 

where  (   ) is the normal distribution with mean   and variance  , and 𝑈(   ) is the 

uniform distribution between   and  . The realized geometry is the superposition of the 

target geometry and the error vector, namely      =       . In other words, we 

introduce a 10% random error in the effective values of the geometry vectors. In 

addition, we also allow the addition of thin oxide layers as in Figure 7.1 with a 

uniformly random thickness between 0-10nm for a more complete error model. We then 

numerically compute the absorptivity spectrum for all such vectors. The statistics 

obtained from this pool of absorptivity spectra is a measure of uncertainty as a result of 

structural variations. We seek to verify whether the measured spectrum lies within such 

deviation from the target simulated spectrum in each case.  
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Figures 7.14-7.16 demonstrate error bar plots for the computed spectra based on the 

error samples in each case. The measured spectra are also depicted on the same plots for 

comparison. Note that in most cases, the measured spectrum is very close to the area 

defined by the error bars. This implies that 10 percent is a reliable bound for the extent 

of error in the effective layer thicknesses of the samples. 

 

 

 

(a) 

 

(b) 

Figure 7.14.  Reflectivity spectra of sample ML1 and CR1, measured versus random 

samples. 

 

 

(a) 

 

(b) 

Figure 7.15.  Reflectivity spectra of sample ML2 and CR2, measured versus random 

samples. 
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(a) 

 

(b) 

Figure 7.16.  Reflectivity spectra of sample ML3 and CR3, measured versus random 

samples. 

 

 

 

 



 

 

 

206 

 

Chapter 8:  Conclusion and Future Work  

 
 

 

    In this dissertation, we proposed a computational framework for the inverse 

optimization and design of various light trapping structures for thin film solar cells. We 

studied various configurations of metallic nano-strips and nano-chips for light trapping 

inside thin film amorphous silicon, as well as front or back dielectric coating, mainly 

made from indium tin oxide (ITO). We studied the complex problem of predicting and 

improving spectral absorptivity given an abundance of free design parameters and 

underlying physical mechanisms. We showed that despite the complications, by 

choosing optimal combinations of these structures, very directional or wideband spectral 

absorption enhancement is achievable in thin film PV material. We also showed that 

with the help of mathematical formulations such as wavelets, it is possible to make the 

proposed designs more flexible and achieve even higher light trapping limits. We 

employed several numerical optimization methods, including the quasi-newton (QN), 

simulated annealing (SA) and Tabu search (TS) methods. At the end, the best 

performing method was chosen for each particular problem. In most of the cases, a 

hybrid combination of global and local optimization was observed to be the most 

effective method. We provided ways to incorporate practical considerations into the 

optimization problems, so that the resulting designs are constrained and will be feasible 

to fabricate at the end. We performed sensitivity analysis with the help of Monte Carlo 

and statistical techniques for many of the proposed designs. The sensitivity analysis 



 

 

 

207 

 

takes into account uncertainties due to seasonality, time, angle of incident and light 

polarization profile, simultaneously. At the end, we also fabricated one the proposed 

designs, and accompanied our computational simulations with experimental 

measurements and verification results. The experimental measurements were very close 

to the expected numerical values, which indicate that we have been able to successfully 

transform the design from simulation to practice.  

 

Extensions of the studies of this dissertation can have multiple faces. Broader 

computational studies can address a larger class of thin film PV structures and light 

trapping mechanisms, including hybrid, tandem and multi-junction thin film cells, as 

well as cells made of organic thin film materials. Within these studies one can apply the 

same optimization and sensitivity analysis techniques outlined and discussed in this 

dissertation to the considered structures. Comparison of light trapping characteristics and 

variations of performance with respect to uncertainties across different thin film solar 

structures would be very desirable for comprehensive cost assessments and other 

reasons. A very interesting and yet even more challenging problem is the optimization 

over the choice of materials (say identified by refractive index and electrical properties). 

This problem is much harder than the adjustment of geometry parameters, since the 

search space is a discrete space and many more practical constraints exist when it comes 

to fabrication of the proposed designs.  

The inverse optimization approach is a powerful tool for exploring a wide range of 

texture structures and thus understanding the theoretical limits of light trapping in thin 
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film cells. The encouraging study of arbitrary-shape nano-grating structures with the 

help of wavelet functions can be built upon for a robust and more generalized study of 

the limits of light trapping in thin film materials. An immediate generalization of this is 

to consider curved shapes, which can for instance be described with Fourier series. As 

we mentioned in Chapter 5, previously developed global inverse optimization techniques 

can be applied to adjust the structural variations of the unknown texture for maximum 

light trapping. As discussed, compared with the rectangular structures, curved structures 

can potentially result in additional waveguide modes and more broadband enhancement 

in absorptivity of silicon. These results can be formulized and recorded in a much 

broader scope in future work.   

 

So far, our study of the limits of light trapping in thin films cells has been computational. 

A more analytic study of such limits and comparisons with the conventional limits of 

ray-tracing models (i.e., Lambertian) is in order. We believe that such a study is feasible 

and very practical (Please refer to [YRF10,HC10] for some recent work along these 

lines).  

 

In addition, more practical aspects of light trapping in thin film cells should be 

emphasized more concretely in future works. There are two aspects to such extension: 

Firstly, we believe that numerical studies that integrate near field Maxwell’s equations 

for light absorption with semiconductor physics equations for carrier collection and 

recombination in the absorbing layer are very important, as they very closely 
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approximate  the real quantum efficiency of the designed thin film cells. Our inverse 

optimization techniques can build on such existing simulators to significantly expedite 

the design and measurements of highly efficient PV cells.  Finally, fabrication and 

numerical verification of more of the simulated designs is an imperative and highly 

motivated goal, which is currently in progress. Studies similar to those explain in 

Chapter 6 should be generalized to more advanced nano-structures with optical and 

electrical simulations.  However, note that the current deposition technology for 

fabricating some of the advanced nano-structures proposed in this thesis is very costly. 

As a result, the need for developing low-cost patterning and layer deposition methods 

that address these structures remain.  In general, if per area cost of layers and patterns 

significantly exceed the cost of bare a-Si cell to the extent that it does not cover the 

overall cost savings offered by the efficiency improvement in the cell, the proposed 

enhancement technique might not be well accepted for commercial purposed. A well-

motivated future study is therefore to optimize the design of light trapping structure with 

the manufacturing cost somehow incorporated into the cost function. Nevertheless, there 

remains present-day niche applications such as where meeting performance, weight or 

area limitations are the primary focus rather than the cost. An example of such 

applications is NASA’s space solar power applications.  
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Appendices 
 

A. Bandgap and Absorptivity  

The bandgap type of a semiconductor material and the bandgap value    determine how 

the energy of absorbed photons is transformed to electric current inside the 

semiconductor. For a direct-bandgap material, the absorption coefficient   for a photon 

of frequency   is given by: 

 

 

 =   (     )
1 2

 

 

 

(A.1) 

which is a wavelength dependent function.    is a constant that depends on the material. 

For an indirect bandgap material, the absorption coefficient is given by: 

 

 

 

 =  1(       )
1 2

  2(       )
1 2

 

 

(A.2) 

where   1  2   are constants that depends on the semiconductor material.  

 

B. Semiconductor Nano-wires 

  In 2006, B.M. Kayes et al. reported the growth of silicon nanowires (nanorods) using a 

cost efficient technique based on low temperature Vapor-Liquid-Solid (VLS) c0hemical 
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vapor deposition using gold (Au) or indium (In) as catalyst, for solar applications 

[KSS06].  In 2007, the same research group provided measurements of important 

photovoltaic characteristics of a single n-type silicon nanowire fabricated based on the 

method of [KTK08]. The studied properties include the I-V characteristics under AM1.5 

illumination and in the dark, as well as spectral absorption and minority carrier diffusion 

length [KTK08]. In order to measure these quantities, a variety of optical and electrical 

measurements in separate experiments were used. For the I-V measurements, direct Al 

contacts were attached to the nanowire, and the current is measured in the presence of 

bias voltage in the dark. Then, an AM1.5 optical source were applied and the voltage-

current pair values were measured under various series load resistances. The absorption 

spectrum and the quantum efficiency were directly measured by applying a 

supercontinuum laser source made narrowband with the help of a 1nm monochromator, 

and then by directly measuring the absorbed power (or alternatively the reflected power) 

from the sample. Finally, the charge collection properties and the minority carrier 

diffusion length were measured by scanning photocurrent microscopy (SPCM). We 

provide some important numerical values of these measurements below. 

 For the nanowire in investigation, the values of    =      ,  𝒔 =          , 

  =     and efficiency of  =       was observed from the electrical 

measurements, a maximum QE of     at   =      $ (which decays to zero at  

 =       ) from the optical measurements, and a hole diffusion length of  ×

       and hole life time of    𝒔 was observed from photocurrent microscopy (for 
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more details please see [KSS06]). 

 

In a later work in 2010, an array of very long silicon nanowires was considered, and the 

optical properties were studied [KBP10]. Growing long nanowires with a very small 

areal fraction on the substrate instead of the thin film requires the same amount of silicon 

as a significantly thinner flat film, but with much more enhanced light absorption 

properties.  For the experiments in [KBP10], Si nanowires were placed on quartz 

substrate with different spacing (tiling) patterns,  packing densities and periods. For 

instance, the considered tiling shapes considered were triangular, square, chirped 

triangular, chirped square, penrose, dodecagonal and qausi-periodic patterns, as depicted 

in Figure A.1.  Wires are roughly cylindrical bars of various heights and diameters. One 

of the key conclusions of [KBP10] is that periodic wires yield higher absorption than 

quasiperiodic and randomly placed wires, although random patterns give a more uniform 

enhancement factor as a function of the incident angle. The use of nanowires allow using 

very long silicon bars, with a smaller content of Si, thus resulting in cost effective solar 

modules with high quantum efficiencies.  
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 Figure A.1. Two and three dimensional SEM images of nano-wires. Image is taken from 

[KBP10]. 

 

In addition to nanowires, some other techniques are suggested in [KBP10], in order to 

improve both the light trapping capacity and the uniformity of the angular absorption 

spectra. These methods include 1) doping plasmon nano-particles, namely       into 

the spaces between nanowires, which essentially have the same functionality as 

discussed in [SFY05] (see Section 2.2), i.e. increasing the effective extinction (scattering 

and absorption) cross section of the semiconductor molecules , 2) coating the nanowires 

with some antireflective material such as a TCO, e.g.  𝒊  , 3) embed the nanowires in 

transparent polymer polydimethlysiloxane (PDMS), 4) Use an Ag back reflector. 

The discussed results are mainly experimental and through direct measurement of the 

average light absorption, and incident photo-current . These measurements are not 

through electrical measurements and I-V curves, but rather via directly measuring the 

reflectivity of the cell in response to a given optical source (i.e. photo-electrochemical 

measurements). From this point of view, the experimental method of this dissertation is 
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clearly distinguished from the more common I-V measurements for the efficiency 

measurement, and is of course different from numerical approaches. For nanowires with 

only 5% areal density, a quantum efficiency of 0.89 is reported in [KBP10], along with a 

relatively smooth absorption spectrum over the visible range and insensitive to the 

incident angle, with a peak absorption of 96%.  

Despite the major experimental results, Atwork group has also introduced a device 

physics modeling framework for nanowire solar cells, based on which it is possible to 

theoretically predict bounds on the efficiencies of different cell models, although within 

certain simplifying assumption. For instance, in [KFK08], an analysis of single nanowire 

is reported, with a proposed theoretical limit of 17% for the conversion efficiency. In 

[KLA97], the nanowire and planar p-n junction solar cells with the same silicon content 

have been compared using the theoretical model, suggesting the theoretical limit of 11% 

for the efficiency of the silicon  p-n junction nanowire cells, in contrast to a theoretical 

1.5% efficiency for planar cells. 

In parallel to the mentioned works, the Yang group at UC Berkeley has reported 

fabrication of silicon nanowire array solar cells, along with corresponding experimental 

measurements. In [GY08], a three phase technique is described for the fabrication of a p-

n junction array of silicon nanowires connected to a back reflector. The nanowires are in 

the form of long cylindrical bars with an n-type silicon core (in crystalline form) and a p-

type amorphous silicon shell.  The fabrication process consists of a solution-phase 

etching method for fabricating n-type Si nanowires at    C,  followed by LP-CVD for 
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depositing p-type a-Si shell at the temperature of    C, and finally rapid thermal 

annealing (RTA) for recrystallization of the core at      C. The dopant concentration 

and electrical properties of the layers are measured and the I-V characteristic of the cell 

is experimentally obtained, that corresponds to a low value of    =     ,  𝒔 =

       and   =      and the efficiency of  =      under AM1.5 illumination. 

Note that the small values of the open circuit voltage and efficiency concurs with the 

numerical results of [KSS06]. As discussed in [GY08], these values can be improved by 

reducing the surface roughness of the nanowires, and by carefully adjusting their aspect 

ratio and the density. This improvement is reported in a later work by E. Garnett and P. 

Yang in 2010, using a more advanced fabrication technique that results in more 

controllable diameter and density for p-n junction nanowires, as well as less surface 

roughness [GY10]. The fabrication method comprises of first dip coating an n-type 

silicon wafer in a silica bead solution to form silica beads etch mask. Then the masked 

silicon wafer is etched using deep reactive ion etching, and the silica beads mask is 

removed by the HF solution, and then is doped with Boron atoms to form the p-type 

shell. The measured average values of         ,  𝒔    -     and        -

      for cells with     and 20   thick absorbing layers are ostensibly higher than 

the previous experimental values of [GY08]. The resulting overall cell efficiency is 

around of  =    -   %, about 10 times higher than the previously reported values.  

To conclude, the research in the area of semiconductor nanowire structures for solar 

applications is an ongoing field, mostly from the fabrication point of view. Nevertheless, 
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a systematic approach for investigating different structures or fabrication methods, and 

for understanding the precise trade-off of electro-optical properties is seemingly lacking, 

mainly due to immature physical models. 

 

C. A Non-Uniform Sampling Technique 

    As explained in Chapter 4 through equations in (4.1)-(4-3), calculating the 

absorptivity enhancement factor requires computing numerical integrals of the 

irradiance-absorption products in the absence and presence of nano-textures. FDTD 

simulations are set to compute the absorption power as a function of wavelength. Once 

the absorption power is computed for a sufficiently large number of wavelengths in the 

solar range, the irradiance-absorption product can be interpolated for the whole range 

and numerically integrated to approximate the following: 

 

 

 

    = ∫ 𝜆 (𝜆) (𝜆) 𝜆
 

 

 

 

(C.1) 

 

 

 The straightforward approach is to consider uniform wavelength samples in the solar 

range. Clearly, the more samples are considered, the more accurate is the estimate of the 

integral in B.1 is. This is the standard approach that we have pursued for most of all 

numerical results throughout this thesis. However, certain aspects of the numerical 
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computations reveal that a non-uniform choice of sample wavelengths results in more 

accurate estimates of the enhancement factor and hence a faster computational process. 

The key is the fact that FDTD simulations have variable convergence rates that depend 

on the physical nature of the problem and wavelength of simulations.  As a result, the 

simulations tend to run longer at certain frequencies. Furthermore, in all of the empirical 

simulations, the FDTD simulations are much more time consuming in the presence of a 

grating.  In addition, the irradiance-absorption profile is often a band-pass spectrum 

which is significantly larger in certain segments of the solar range. Therefore, it might be 

possible to reduce the computational costs of the simulations by employing a non-

uniform set of frequency samples that are more concentrated at the bulk of the 

irradiance-absorption profile. We propose a simple non-uniform sampling approach that 

realizes this idea. The method is as follows. 

 

Let the spectral simulations be limited to   sample wavelengths between 𝜆    and 

𝜆   . In the uniform sampling approach, these points are chosen uniformly in the 

interval ,𝜆    𝜆   -. In the nonuniform approach, sample wavelengths are chosen 

uniformly for the case with no grating. In the presence of gratings (which contributes to 

the major computational cost of the simulations), samples are selected adaptively based 

on the previous values of the wavelengths and the corresponding irradiance-absorption 

product values.  We propose the following method. First, a set of   2  uniform sample 

wavelengths 𝜆1 𝜆2 …  𝜆  2  is considered in ,𝜆    𝜆   -, and the corresponding 

absorption powers are computed using near field Maxwell equation solutions obtained 
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through FDTD simulations. Next, the irradiance-absorption product is calculated at those 

  2 wavelengths and the region of significance is identified. In this case, the region of 

significance is an interval of wavelengths 𝜆 where the term 𝜆   (𝜆) (𝜆) (i.e., the 

irradiance-absorption product) is large, and calls for a higher wavelength resolution. We 

define this region as the range within the smallest and largest index 1 𝑖    2 for which 

the following holds 

 

 
 

𝜆    (𝜆 ) (𝜆  ) ≥ 0 1    
1 𝑗   2

𝜆𝑗   (𝜆𝑗) (𝜆𝑗 ) 

 

(C.2) 

 

Let the smallest and largest index solutions 𝑖 to the above inequalities be 𝑖  and 𝑖   

respectively. In other words, for 𝑖  𝑖  𝑖  , the irradiance-absorption profile at 

wavelength 𝜆  is greater than 10% of the maximum irradiance-absorption.  We then 

consider   2 extra sample wavelengths  1  2      2 in the interval ,𝜆   𝜆   -  and run 

the simulations for those wavelengths. As a result, we will have the absorption profile of 

the given geometry for the set of   wavelengths *𝜆1 …  𝜆  2  1 …     2+ . The resulting 

irradiance-absorption profile is interpolated and integrated to compute the enhancement 

factor. The results of optimization using non-uniform spectral sampling are given in the 

simulations section.   

 

    Let us now apply the non-uniform sampling approach to one of the inverse 

optimization problems. We consider the case of  square nano-chips. We first discuss the 

timing scales of the spectral FDTD simulations. As mentioned before, FDTD 
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simulations required for computing the absorption power of a given geometry have 

varying convergence rates depending on the wavelength of the incident light. The plot of 

Figure C.1 shows the empirical average time required for computing the absorption 

power of a random geometry   selected uniformly in the interval , ( )  ( )-. The data is 

collected for 20 random geometries, and the depicted time values refer to the 

computation of both nano-chip textured and bare a-Si films. The simulations were done 

on a dual core AMD Operaton™ processor 6170, 32 GB RAM machine, operating under 

windows 7, using Lumerical FDTD software.  

 
Figure C.1. Average time scale required for computing the absorptivity of a random 

valid geometry as a function of wavelength.   
 

On the plotted curve, we observe the timing difference between the convergence of 

simulations at shorter wavelengths, compared to longer wavelengths, especially those 

close to 800nm. The enhancement factor computation based on non-uniform sampling 

can therefore be significantly time efficient, provided that the irradiance-absorption 

product happens to be smaller at longer wavelengths, where FDTD simulations are 
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tedious. An example irradiance-absorption profile for a valid geometry  =

,164 63 65 5 197-  nm is displayed in Figure C.2. Observe that the profile intensity is 

negligible at wavelengths close to 800 and wavelengths less than 400nm. Along with the 

timing curve of Figure C.1, this suggests that the non-uniform sampling approach for EF 

computation should be faster and potentially more accurate.   

 

Based on a Monte Carlo simulation with 89 random geometry vectors selected uniformly 

in , ( )  ( )-, we statistically compare the running time and performance of the two 

approaches. The following numerical indicators were extracted. In all simulations, both 

uniform and non-uniform sampling algorithms were performed using  = 21 

wavelength samples in the range ,300 900- nm.  Out of these 89 simulations, in 88 cases 

the non-uniform sampling approximation of the EF converged faster than the uniform 

sampling approximation, on average by a factor of 1.3 (each simulation involves 

calculating the EF of a random geometry   using both the uniform and non-uniform 

wavelength samples). 
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Figure C.2. An example irradiance-absorption profile for  = ,164 63 65 5 197-nm.  

The profile is normalized such that the peak value is 1.  

 

Only in one simulation did the uniform and non-uniform methods have almost the same 

running time. Overall, the non-uniform sampling approach is on average faster by a 

factor of 1.3. Note that the non-uniform based estimation of EF is slightly different from 

(not necessarily less credible than) the uniform estimation. On average, the EF estimate 

based on non-uniform sampling deviates from the EF estimate based on uniform 

sampling by only 5%. A scatter plot of the running times of all simulations is presented 

in Figure C.2. Every point in this figure corresponds to one FDTD simulation using the 

two methods, where the x and y coordinates represent the running times of the non-

uniform and uniform sampling methods respectively.   The least square line that best fits 

the data has a slope of 1.3, indicating the average superiority of the nonuniform method.  

 

300 400 500 600 700 800 900
0

0.2

0.4

0.6

0.8

1

Wavelength (nm)

Ir
ra

d
ia

n
c
e
-A

b
s
o

rp
ti
o
n

 P
ro

fi
le

 (
n
o

rm
a
li
z
e
d

)



 

 

 

222 

 

 
 

Figure C.3. Scatter plot of the running times of the uniform and non-uniform FDTD 

methods for 89 random geometries. 
 

Finally, we have also run a SA optimization completely based on non-uniform sampling 

FDTD trials. The evolution of the enhancement factor for this simulation is given in 

Figure C.4. The optimal point achieved by this simulation is     = ,92 54 66 224-nm 

and the highest EF is 1.39. 

 
 

Figure C.4. Evolution of the obtained enhancement factor per iteration for the SA 

simulation based on the non-uniform sampling method.  
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