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Value of Information and Portfolio Decision Analysis 

Kun Zan, PhD. 

The University of Texas at Austin, 2013 

Supervisor:  J. Eric Bickel 

Value of information (VOI) is the amount a decision maker is willing to pay for 

information to better understand the uncertainty surrounding a decision, prior to making 

the decision. VOI is a key part of decision analysis (DA). Especially in this age of 

information explosion, evaluating information value is critical. VOI research tries to 

derive generic conclusions regarding VOI properties. However, in most cases, VOI 

properties rely on the specific decision context, which means that VOI properties may not 

be generalizable. Thus, instead, VOI properties have been derived for typical or 

representative decisions. In addition, VOI analysis as a method of DA has been 

successfully applied to practical decision problems in a variety of industries. This 

approach has also been adopted as the basis of a heuristic algorithm in the latest research 

in simulation and optimization. 

Portfolio Decision Analysis (PDA), rooted in DA, is a body of theories, methods, 

and practices that seek to help decision makers with limited budget select a subset of 

candidate items through mathematical modeling that accounts for relevant constraints, 

preferences, and uncertainties. As one of the main tools for resource allocation problems, 

its successful implementation, especially in capital-intensive industries such as 

pharmaceuticals and oil & gas, has been documented (Salo, Keisler and Morton 2011). 
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Although VOI and PDA have been extensively researched separately, their 

combination has received attention only recently. Resource allocation problems are 

ubiquitous. Although significant attention has been directed at it, less energy has been 

focused on understanding the VOI within this setting, and the role of VOI analysis to 

solve resource allocation problems. This belief motivates the present work. We 

investigate VOI properties in portfolio contexts that can be modeled as a knapsack 

problem. By further looking at the properties, we illustrate how VOI analysis can derive 

portfolio management insights to facilitate PDA process. We also develop a method to 

evaluate the VOI of information portfolios and how the VOI will be affected by the 

correlations between information sources. Last, we investigate the performance of a 

widely implemented portfolio selection approach, the benefit-cost ratio (BCR) approach, 

in PDA practice. 



 viii

Table of Contents 

List of Tables ......................................................................................................... xi 

List of Figures ....................................................................................................... xii 

Chapter 1.  Introduction .........................................................................................1 

1.1  Value of Information..............................................................................1 

1.2  Portfolio Decision Analysis ...................................................................4 

1.3  The Combination of VOI and PDA .......................................................7 

1.4  Contributions........................................................................................10 

1.5  Dissertation Organization ....................................................................10 

Chapter 2.  Portfolio Value of Information ..........................................................12 

2.1  General VOI Formulation ....................................................................12 

2.2  VOI Formulation in Portfolio Settings ................................................14 

2.2.1  Order Statistics Model .............................................................17 

2.2.2  Useful Order Statistics Results ................................................18 

2.3  Components of PVOI ...........................................................................19 

2.3.1  PVOI-P .....................................................................................20 

2.3.2  PVOI-E ....................................................................................22 

2.3.3  PVOI Ratio...............................................................................23 

2.4  Illustrative Example .............................................................................23 

2.4.1  Determinants of the Ratio of PVOI-P to PVOI .......................26 

2.5  Analytical Results ................................................................................30 

2.6  Simulations of Non-Identical, Non-Equal-Weight Project Portfolios .36 

2.6.1  Stage 1: Generating a Random Portfolio .................................37 

2.6.2  Stage 2: Determining the PVOI for this Portfolio ...................38 

2.6.3  Summary of Simulation Procedure ..........................................38 

2.6.4  Simulation Results and Analysis .............................................40 

2.7  Portfolio Value of Information and Dependence .................................43 

2.8  Discussion and Conclusion ..................................................................48 



 ix

Chapter 3.  Correlation and Value of Information, and Its Application in Multiple 
Information Sources ......................................................................................51 

3.1  Introduction ..........................................................................................51 

3.2  The Value of Information and Correlation ..........................................54 

3.2.1  Value of Information and Likelihood Function: Blackwell’s 
Theorem and Its Extension .........................................................54 

3.2.2  Likelihood Function and Correlation .......................................56 

3.2.3  VOI and Correlation ................................................................59 

3.3  Equivalent Correlation and Multiple Information Sources ..................60 

3.3.1  Conditional Correlation ...........................................................63 

3.4  Value of Information with Multiple Sources and Dependence ...........65 

3.4.1  Two Information Sources ........................................................65 

3.4.2  More than Two Information Sources .......................................73 

3.5  Derivation of Clemen And Winkler’s Results .....................................76 

3.6  VOI for TALL Problem .......................................................................78 

3.7  Discussion and Conclusion ..................................................................80 

Chapter 4.  Portfolio Selection Algorithms and Heuristics ..................................82 

4.1  Introduction ..........................................................................................82 

4.2  Relative Performance of the BCR Approach in Different Models ......86 

4.2.1  The Base Model .......................................................................87 

4.2.2  The Different Cost (DC) Model ...............................................94 

4.2.3  The Benefit-Dependent (BD) Model .....................................101 

4.2.4  Other Models .........................................................................108 

4.2.5  The Model Where the BCR Approach May Perform Poorly 118 

4.2.6  Relative Performance of the NPV Approach .........................120 

4.3  Discussion and Conclusion ................................................................135 

Chapter 5.  Conclusions and Future Directions .................................................137 

5.1  Conclusions ........................................................................................137 

5.2  Future Work .......................................................................................139 



 x

Appendix ..............................................................................................................141 

Bibliography ........................................................................................................142 

 
  



 xi

List of Tables 

Table 1:  Comparison of Bayesian normal and joint normal models ...............58 

Table 2:  The percentiles of the profits in the Base Model ..............................87 

Table 3:  The simulation steps for the Base Model having n projects in one 

portfolio.............................................................................................89 

Table 4:  The simulation steps for the DC Model having n projects in one 

portfolio.............................................................................................95 

Table 5:  The simulation steps for the BD Model having n projects in one 

portfolio...........................................................................................103 

Table 6:  BCR distributions of the modified Base Model ..............................111 

Table 7:  BCR distributions models where the benefits and the costs are iid 112 

Table 8:  BCR distribution of the model where benefits are dependent and costs 

are independent (the first sub-model); and benefits are dependent and 

costs are also dependent (the second sub-model). ..........................114 



 xii

List of Figures 

Figure 1:  Portfolio value with and without information with respect to budget 

level. ..................................................................................................25 

Figure 2:  (a) PVOI, PVOI-P, and PVOI-E with respect to budget level, (b) Ratio 

of PVOI-P to PVOI. ..........................................................................26 

Figure 3:  The ratio of PVOI-P to PVOI, R, as a function of number of projects, 

holding the ratio B/N constant...........................................................27 

Figure 4:  Sensitivity of ratio of PVOI-P to PVOI, R, to the ratio of budget to total 

number of projects. The coefficient of variation of project NPV is 1 in 

panel (a) and 10 in panel (b). ............................................................30 

Figure 5:  The left figure plots the cdf of V, and the right one plots the cdf of 

max{0, V}. The right side of V = 0 is for r ≥ k, and the left side is for r 

< k. ....................................................................................................35 

Figure 6:  Simulation procedure ........................................................................37 

Figure 7:  PVOI, PVOI-P, PVOI-E, and the ratio of PVOI-P to PVOI versus 

budget level, when project cost is uniformly distributed from 0.5 to 2. 

The correlation between project NPVs and signals is assumed to be 0.8.

...........................................................................................................41 

Figure 8:  PVOI, PVOI-P, PVOI-E, and the ratio of PVOI-P to PVOI against 

budget level, when project cost is uniformly distributed from 2 to 8. The 

correlation between project NPVs and signals is assumed to be 0.8. Note 

that scale is four times larger than Figure 7. .....................................42 

Figure 9: The simulation results of the ratio with smaller number of simulated 

portfolios. ..........................................................................................43 



 xiii

Figure 10:  The EC as a function of conditional correlation. One information source 

correlation coefficient is fixed as 0.8, and the other information source 

correlation is 0.2, 0.4, 0.6 and 0.8, respectively. The horizontal dashed 

line is the lower bound of the EC for all combinations. The vertical 

dashed lines are the maximum conditional correlation it can reach given 

the combination of the two correlations............................................71 

Figure 11:  Contours of EC with respect to both information source correlation 

coefficients for given certain conditional correlation coefficients. The 

dashed line indicates that the given conditional correlation coefficient is 

not in the valid range of that combination of two information source 

correlations in that plot. ....................................................................73 

Figure 12:  The EC as a function of conditional correlation for various of the 

numbers of information sources, given the common correlation between 

the uncertainty and information sources. ..........................................75 

Figure 13:  The histogram of profits in the Base Model .....................................88 

Figure 14:  The relative performance of the BCR for the Base Model ...............93 

Figure 15:  The average relative performances of the BCR approach for the Base 

Model ................................................................................................94 

Figure 16:  The relative performance of the BCR approach to the optimization of the 

DC Model..........................................................................................99 

Figure 17:  The average relative performance of BCR in the DC Model where the 

costs have lognormal distributions ..................................................101 

Figure 18:  The relative performance of the BCR approach to the optimization in the 

BD Model........................................................................................107 

Figure 19:  The average relative performance of BCR in BD Model ...............108 



 xiv

Figure 20:  Comparison of the average relative performances of the BCR approach 

under different uncertainties ...........................................................110 

Figure 21:  The average relative performance of BCR in the model where we 

assume the distributions of benefits and costs respectively, and they are 

non-identical distributed. ................................................................112 

Figure 22:  The average relative performance of the BCR approach in the model 

where the benefits and the costs are iid. .........................................113 

Figure 23:  The average relative performance of the BCR approach for the first sub-

model where the distributions of benefits and costs are assumed 

separately and the benefits are dependent. ......................................115 

Figure 24:  The average relative performance of the BCR approach for the second 

sub-model where the distributions of benefits and costs are assumed 

separately and both the benefits and costs are correlated. ..............116 

Figure 25:  The histograms of the relative performance of the BCR approach at 

different budget levels using the published data set .......................118 

Figure 26:  The histograms for a problem where the relative performance of the 

BCR approach is not good ..............................................................120 

Figure 27:  The histograms of the relative performance of the NPV approach at 

different budget levels and different number of projects in one portfolio 

for the Base Model. .........................................................................124 

Figure 28:  The average relative performances with error bars of the NPV approach 

at different budget levels and different number of projects in one 

portfolio for the Base Model. ..........................................................125 



 xv

Figure 29:  The histograms of the relative performance of the NPV approach at 

different budget levels and different number of projects in one portfolio 

for the Different Cost Model. ..........................................................129 

Figure 30:  The average relative performances with error bars of the NPV approach 

at different budget levels and different number of projects in one 

portfolio for the Different Cost Model............................................130 

Figure 31:  The histograms of the relative performance of the NPV approach at 

different budget levels and different number of projects in one portfolio 

for the Benefit-Dependent Model. ..................................................133 

Figure 32:  The average relative performances with error bars of the NPV approach 

at different budget levels and different number of projects in one 

portfolio for the Benefit-Dependent Model. ...................................134 

 
 



 1

Chapter 1.  Introduction 

1.1  VALUE OF INFORMATION  

A decision maker (DM) is faced with a problem of decision making under 

uncertainty. Suppose that the DM has the opportunity of gathering information to know 

more about the uncertainty before making the decision. The amount the DM is willing to 

pay for such information prior to making the decision is called the value of information 

(VOI). 

Traditionally VOI is a key part of information economics, which includes 

statistical decision theory and microeconomics. In recent decades, VOI has been one of 

the most important research topics in decision analysis. VOI research mainly focuses on 

deriving generic conclusions. Hilton (1981) summarized the main conclusion regarding 

VOI as follows. There are four main determinants of VOI: action flexibility, value 

function and risk attitude (including initial wealth), prior uncertainty and information 

accuracy. This chapter mainly reviews research on these four determinants, but it also 

considers research on the effects of other factors that appear in specific decision contexts. 

Flexibility: Hilton concluded that there is no general monotonic relationship 

between the degree of action flexibility and information value. That is, adding (removing) 

actions to (from) the decision maker’s feasible set does not necessarily increase 

(decrease) information value (Merkhofer 1977; Hilton 1981). 

Value Function & Risk Attitude (including initial wealth): it would seem plausible 

that more risk-averse decision makers value more information because increasing 

knowledge before acting is one way to reduce risk. However, Ohlson (1975) showed that 

risk-averse decision makers will pay less for a better information alternative, if the risk is 

low. Willinger (1989) shows that for the class of constant absolute risk aversion (CARA) 
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utility functions, and for normally distributed random variables, the expected value of 

information increases (decreases) with risk aversion if and only if the expected variance 

resulting from the decision maker’s optimal course of action decreases (increases) with 

information. Nadiminti et al. (1996) investigated the effect of risk attitude on VOI for 

costly and costless information in a mutually exclusive selection problem. Freixas and 

Kihlstrom (Freixas and Kihlstrom 1984) showed that under very specific assumptions the 

less risk averse person may spend more on purchasing information. 

LaValle (1968(a); 1968(b); 1968(c)) showed that no general relationship can be 

drawn between DMs’ wealth and VOI. Morris (1974) found that this relation between the 

DM with logarithmic utility and the VOI is a linearly increasing function of wealth. 

Prior uncertainty: Gould (1974) pointed out that increasing uncertainty in the 

prior distribution does not necessarily lead to larger VOI. In addition, he gave the 

distributional conditions under which VOI is maximal. Mehrez and Stulman (1982) 

provided further insight by showing that given the second and third moments, the 

underlying distribution that maximizes expected perfect information is a 2-spike 

distribution.  

Information accuracy: The VOI is non-decreasing in information-system 

accuracy, as codified by the likelihood function (Blackwell 1953). Clemen and Winkler 

(1985) showed that dependence among information sources may significantly reduce 

VOI.  

Other VOI properties have been investigated in different decision contexts. 

Superadditivity / subadditivity analysis in portfolio settings can give decision makers 

guidance on whether to select information relevant to all projects, to a subset of projects, 

or to only one project. These results may be very helpful in the optimal information 

purchase problem, where after making a decision on how much resource is allocated to 
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information gathering, the DM needs to decide in which way the information is gathered. 

For example, if the budget is sufficient to purchase information relevant to five projects, 

the DM might buy information project per project, or about the five simultaneously. 

Keisler (2005) defined the condition for superadditivity of VOI in two-action linear-loss 

(TALL) problems with normal distribution prior. He also provided the approximation for 

this condition, which applies to general forms. Samson et al. (1989) discussed a general 

condition for VOI additivity in the decision context where more than one uncertainty 

exists.  

Bickel (2008) investigated the relationship between perfect and imperfect 

information in a single-project setting. He highlighted the importance of information 

accuracy by demonstrating that the value of imperfect information for an information 

system with correlation coefficient ρ is generally much less than ρ times the value of 

perfect information (VOPI). In addition, he derived the conditions under which the VOI 

is equal to ρ ×100% or ρ2 × 100% of the VOPI. 

The process of analyzing VOI properties also implies that VOI analysis can be a 

powerful method to determine information value. VOI analysis has also been popularly 

deployed in industry and been adopted by other research areas. Yokota and Thompson 

(2004) summarized VOI analysis in environmental risk management. They also reviewed 

literature on VOI analysis in health risk management (Yokota and Thompson 2004). In 

the energy sector, Bratvold, et al. (2009) summarized the VOI analysis in the oil and gas 

industry, and pointed out the obstacles to current deployment, and projected the future 

perspectives. There are also published VOI analyses in other industries, including climate 

change (Yoke 1991), extreme weather forecasting (Considine, Jablonowski, Posner and 

Bishop 2004; Graham, Georgakakos, Vargas and Echevers 2006), farming (Abawi, Smith 
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and Brady 1995; Parton and Hammer 1996), and others (Kadambe and Daniell 2003; 

Borders, Harrison, Clutter, Shiver and Souter 2008). 

VOI analysis has been researched to address the ranking and selection problem 

(Chen 1995), widely researched within the simulation-optimization area. This problem 

appears when a DM confronts a decision on how to allocate a computational budget to 

further investigation on uncertainties in simulation. Chick et al. (2010), and Frazier and 

Powell (2008) developed a heuristic algorithm based on VOI analysis to sequentially 

decide the allocation of a simulation budget. They emphasized that the information 

gathering activity is costly and constrained by information gathering budget is limited. 

1.2  PORTFOLIO DECISION ANALYSIS 

Organizations usually have more good ideas for projects than the available 

resources. This is the so-called resource allocation problem. Resource allocation is a 

ubiquitous problem, such as R&D, oil and gas, pharmaceuticals, healthcare. The resource 

allocation problem is always associated with uncertainties. And often, large organizations 

have complex and poorly structured objectives and lack of consistent methodologies to 

make a transparent resource allocation decisions. 

Decision Analysis (DA) has provided powerful methods and practical guidance 

for addressing resource allocation problems. The goal of DA is to provide normative 

approaches for systematically achieving consistent and transparent decisions. DA uses 

(subjective) probability to model uncertainties, and usually uses a Bayesian framework. If 

the probability is not readily available, DA provides a set of mature approaches to elicit 

probabilities from uncertainties. DA naturally integrates the DMs’ risk attitude via a 

utility function. If DMs are pursuing more than one objective, multi-attribute utility 

theory from DA could guide them on how to achieve the desired goal. DA also addresses 
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decision contexts involving more than one DM. These mainstream DA methods and 

practice are able to address the complexities of resource allocation problems. 

Due to the ubiquity of resource allocation problems and the development of 

implementations of DA in this area, both in theory and practice, systematical 

methodologies and theories have been gradually developed, and significant practical 

challenges have been addressed. Rooted in DA, and integrated into other disciplines, 

Portfolio DA (PDA) has recently become an active area of research. Salo et al. (2011) 

give the define of PDA as: 

“By Portfolio Decision Analysis (PDA) we mean a body of theory, 

methods, and practice which seeks to help decision makers make informed 

multiple selection from a discrete set of alternatives through mathematical 

modeling that accounts for relevant constraints, preferences, and uncertainties.” 

In general, PDA follows the tradition of DA in that all major DA methods are 

adopted in PDA. Roughly speaking, PDA is the variation of DA that supports selecting 

more than one portfolio alternatives. This is also the major difference of PDA from 

traditional DA that is to choose one single alternative. PDA has been successfully applied 

in different areas, for example, to shape corporate strategy (Sharpe and Keelin 1998; 

Allen 2000), optimize research and development expenditures (Matheson et al. 1989), 

and optimize oil field development and testing strategies (Skaf 1999; Bickel et al. 2008). 

Phillips and Bana e Costa (2007) summarized five problems typically confronted 

by PDA practitioners. First, benefits are typically characterized by multiple objectives, 

which often conflict. Second, when decision makers are presented with many 

opportunities they cannot know the details of each one sufficiently to make informed 

decisions. Third, if resources are allocated to each of several organizational units 

considered individually, the collective result appears not to make the best use of the total 
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resource. Fourth, many people are usually affected by the decision. They may have 

fundamental conflicts, which may be difficult to identify. Finally, if the people charged 

with implementation disagree with the resource allocation, this can easily lead to the 

formation of small teams of people surreptitiously working on non-approved projects in 

which they are heavily invested personally. 

Although optimization is not considered the main focus of PDA, it warrants 

inclusion because it provides powerful tools to solve resource allocation problems. In 

optimization, resource allocation problems are usually modeled as a knapsack problem 

(KP), such as 0-1 KP, multi-KP, or unbounded KP (Kellerer, Pferschy and Pisinger 

2004). The approaches to KP problems are well developed, and have been described in 

operations research text-books (Winston 1994; Jensen and Bard 2003). The model 

assumes that neither benefits nor costs of a project depend on which other projects are 

selected. This implies that both benefits and costs are additive (Kleinmuntz 2007). An 

optimization model can be very flexible, allowing decision makers to constrain project 

dependences, limited budgets, and any other logical relations. 

An intuitively appealing alternative to optimization is to rank projects using 

benefit-cost ratios or the closely related profitability index. Projects are prioritized by 

selecting the highest ratio projects until funds are exhausted. This approach produces the 

highest value for the amount spent, but it might not spend all available funds. If there are 

fewer costly projects with nearly the same ratios as the last projects funded, then 

substituting the former may produce higher aggregate benefit. However, in practical 

settings, sorting on benefit-cost ratios often produces a reasonable heuristic solution with 

only a small deviation from the aggregate benefit achievable through optimization. 
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1.3  THE COMBINATION OF VOI AND PDA 

The combination of VOI and PDA has a two-fold meaning. The first is VOI 

properties in the portfolio decision context. The second is the combination of the two 

methods: VOI analysis and PDA. The former is to explore the VOI properties in portfolio 

settings, and the latter is to determine how VOI analysis can facilitate the PDA process. 

Many real life scenarios call for the combination of VOI and PDA. 

The Department of Homeland Security’s budget in FY 2007 was approximately 

$43 billion, some of which supports the National Infrastructure Protection Plan (NIPP), 

whose goal is to “build a safer, more secure, and more resilient America by enhancing the 

protection of the Nation’s critical infrastructure and key resources (CI/KR)” (United 

States 2006). The NIPP decision-making process is based on the risk-management 

framework, the core being a risk-based resource-allocation phase (consisting of the steps 

Assess Risks and Prioritize). This risk-based resource allocation is fundamentally a 

portfolio-management exercise. The policy makers in this situation face tremendous 

uncertainty regarding the probability of a significant event (e.g., terrorist attack, natural 

disaster, or other incident), the consequences of such an event, and the effectiveness of 

counter measures. 

Although significant attention has been directed at the prioritization phase, less 

energy has been focused on understanding and maximizing the value of the risk-

assessment phase. For example, should we spend more or less on risk assessment? How 

valuable is this step and how does its value depend upon the specifics of the prioritization 

phase? As resources become tighter or the need becomes greater, constraining us to fund 

fewer NIPP programs, should we spend more on risk assessment to better improve the 

allocation decision? 
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These questions can be analyzed through the application of VOI techniques, 

which seek to understand how much better off a decision maker is by gathering additional 

information instead of acting based on his/her current understanding. 

The Department of Homeland Security is not alone. Any industry or company that 

experiences constrained resources and significant uncertainty faces similar issues, as seen 

in the following examples 

Oil and gas companies can choose from a plethora of information-gathering 

opportunities within a portfolio-management or knapsack setting. For example, these 

companies develop drilling programs where some subset of wells can be drilled from a 

collection of many possible drilling locations. In most cases, the company faces a capital 

constraint or some other type of infrastructure constraint (e.g., only a limited number of 

wells can be drilled from the current platform), yielding a portfolio problem. Typically, 

the portfolio parameters, such as the value of drilling a well, are highly uncertain. The oil 

company can obtain, at additional cost, information regarding the value of its drilling 

prospects, for example, through the use of seismic imaging. This information can then be 

used to make a better allocation decision. How much is such information worth as a 

function of the knapsack parameters, such as capacity and the number of wells under 

consideration? If the budget is cut, is it better to form the well portfolio by prioritization 

only or to improv the information estimates? 

Life sciences companies routinely use portfolio management tools to allocate their 

limited research-and-development capital across a broad range of chemical or biological 

compounds. This context can be modeled as a knapsack problem. The allocation can be 

made based on current information, which is imperfect and uncertain, or the company can 

more carefully evaluate the projects before making the funding decision. In this sense, 

project evaluation can be viewed as an information-gathering exercise. How valuable is 
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such analysis? Is it more valuable when capital budgets are tight? Does increased 

uncertainty translate into greater value of analysis? 

To address these questions requires research on the VOI properties in portfolio 

settings. Mehrez and Stulman (1982) analyzed examples where a company can gain 

perfect information on a subset of projects at a specified cost. If the company faces an 

information-gathering budget constraint rather than a project-funding capital constraint, it 

was found that the company should obtain perfect information on the projects where it 

has the highest value. Mehrez and Sethi (1989) developed a hierarchical strategic-

planning approach that integrates information gathering, project evaluation, and project 

funding. They addressed a company’s facing constraints on how much it can spend on 

information gathering and how much it can invest in projects, but they did not analyze the 

characteristics of information value in this setting. Bickel analyzed the value of seismic 

information in oil and gas drilling decisions, modeled as knapsack problems (Bickel, 

Gibson, McVay, Pickering and Waggoner 2008). He noted that information value seems 

to be maximized when the decision maker faces a budget constraint that is binding but 

not “too” tight. However, the behavior of information value as a function of knapsack 

parameters was not analyzed. 

The above comprise the published research on VOI properties in portfolio 

settings. Keisler (2004) used VOI analysis approach to answer the question “How much 

of the benefit from portfolio decision analysis is due to the improved value estimates and 

how much is simply a result of the discipline of using an objective ranking (prioritization) 

to determine which projects get funded?” He demonstrated that prioritization in PDA 

brings the major added value than a more costly further estimate in PDA. 



 10

1.4  CONTRIBUTIONS 

We expand the VOI roadmap into portfolio decision analysis problems. We 

formulate the VOI in portfolio settings, and derive VOI properties with respect to 

portfolio parameters. In addition, we not only analyze how the dependence between 

projects in the portfolio affect the VOI, we analyze the effect of dependence between 

information sources when multiple information sources (a portfolio of information) are 

available. We develop the method to identify which information portfolio is more 

valuable. The derived results are independent of the decision contexts. 

By analyzing the VOI properties in project portfolio problems, we illustrate that 

VOI analysis is able to derive insights from the PDA process, and we develop a portfolio 

decision analysis strategy to select projects based on such insights. 

We evaluate the performance of a widely used resource allocation method in PDA 

practice, the benefit-cost ratio (BCR) approach, in practical portfolio settings through 

simulation studies. The BCR approach has been widely implemented in DA practices 

with few discussions of its performance relative to optimization in real-world 

applications. Some analytical results have been derived in algorithm society, but the 

models they used do not fairly represent real-world problems. Our study could provide 

practical guidance for DMs implementing the BCR approach. 

1.5  DISSERTATION ORGANIZATION 

The remainder of this dissertation is organized as follows. Chapter 2 develops the 

model of VOI in portfolio settings. Under certain assumptions, we derive VOI properties 

using order statistics. In addition, we show how VOI analysis facilitates PDA, and extend 

the results to more general situations by simulation analysis. Chapter 3 investigates the 

value of a portfolio of information sources. Instead of portfolio uncertainty, if more than 

one information source is available, what is the value of the information portfolio? 
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Chapter 4 focuses on the performance analysis of a commonly implemented portfolio 

selection approach of PDA: the benefit-cost ratio (BCR) approach, or so-called bang-for-

the-buck approach. We conduct simulation studies and find that the BCR approach has 

reasonably good performance under the probabilistic models we investigated. Chapter 5 

summarizes the contribution of the dissertation and discusses future work. 
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Chapter 2.  Portfolio Value of Information1 

2.1  GENERAL VOI FORMULATION 

Assume that the value g of a project is a function of a random variable V, with 

prior probability density ( )Vf v , and of the action x taken by a DM. Since V is a random 

variable, so is the value of the project, which we denote g(V) . In the absence of further 

information gathering, the DM chooses her optimal action by solving 

 *max [ ( ( , ))] max ( ( , )) ( ) [ | ]V V VVx x
E u g x v u g x v f v dv E u x

 
  , 

where u is the decision maker’s von Neumann-Morgenstern utility function, E is the 

expectation operator and *[ | ]VE u x  is the maximum expected utility. 

Assuming the DM’s utility function has an inverse, her certain equivalent, CE, is 

the amount given with certainty that has the same expected utility as the optimal action, 

which can be found by solving * 1 *[ ( ) | ] ( [ | ])VCE g V x u E u x . This certain equivalent 

can be approximated by 

 * * *[ ( ) | ] [ ( ) | ] var[ ( ) | ] / (2 )CE g V x E g V x g V x R  , 

where var[·] is the variance and R is the decision maker’s risk tolerance. This 

approximation is exact if the decision maker has an exponential utility function, u(v) = -

exp(-v/R), and g(V) is normally distributed (Howard 1971). If the decision maker is risk 

neutral, then her risk tolerance is infinite and the certain equivalent is equal to the 

expected value. 

Now suppose that for an amount b, the DM is able to purchase an information 

system S that yields a signal s regarding the outcome of V. According to Bayes’ Theorem, 

the DM’s posterior distribution over v, given s, is 

 ( | ) ( ) ( | ) / ( )V Sh v s f v l s v f s , 

                                                 
1 The major part of this chapter is accepted by Decision Analysis, titled as “Components of Portfolio Value 
of Information”. 
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where l(s|v) is the likelihood function, which encodes the accuracy of the information, 

and 

 ( ) ( ) ( | )S Vv
f s f v l s v dv   

is the predictive density function of the preposterior (Winkler 2003). The DM’s expected 

utility given a particular signal s and cost b is 

 *[ | ( ), , ] max ( ( , ) ) ( | )V vx
E u x s b s u g x v b h v s dv


  , 

where *( )x s  denotes that the optimal action is a function of s and may differ from the 

optimal action without s. Since S is a random variable, the decision maker’s expected 

utility for the system S is 

 * *[ | ( ), , ] [ | ( ), , ] ( )S V Ss
E u x s b S E u x s b s f s ds  . 

The most the decision maker should be willing to pay for S, the value of information, is 

the value b   that solves 

 * *[ | ( ), , ] [ | ]S VE u x s b S E u x   (2.1) 

or equivalently, when * *[ ( ) | ( ), , ] [ ( ) | ]CE g V x s b S CE g V x  . 

In the special case where the DM’s utility function exhibits constant absolute risk 

aversion (CARA), that is, it is either linear or exponential, 

 * *[ ( ) | ( ),0, ] [ ( ) | ]VOI b CE g V x s S CE g V x    (2.2) 

Or, the value of the information system is equal to the certain equivalent of a costless 

information system less the certain equivalent without the system. 

Note that information gathering is able to reduce uncertainties with certain cost. 

Decision makers would like to know if the information is expected to be useful to justify 

the cost. This analysis process is before the DM really observes the information, so that it 

is called preposterior analysis. Before having the information, the DM has certain 

probabilistic statements about possible results (probability distribution for future results 
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are called predictive distributions) (Winkler 2003), with which the DM makes her 

decision. Thus, the value of information depends on the contemplated results. 

2.2  VOI FORMULATION IN PORTFOLIO SETTINGS  

We consider the well-known knapsack problem and several of its variants. We are 

given a set of N items, each with a known weight ic and value iv . Let the vector of 

weights be 1( , , )T
Nc cc  , where T denotes the transpose, and the vector of values be 

1( , , )T
Nv vv  . We seek a vector of item counts 1( , , )T

Nx xx   whose total value 

Tv x  is maximal, but whose total weight Tc x  does not exceed some capacity B. 

Formally, the KP is 

 

max

. .

,

T

T

i

s t B

x



 
 

x
v x

c x  (2.3) 

where   is an activity-set constraint that governs the number of each item the DM can 

include in the knapsack. 

Several variants of the KP, which differ in their activity-set constraint, are widely 

studied. For example, if   is the set of non-negative integers, then the KP is referred to 

as the unbounded knapsack problem. If ix  is instead restricted to be in {0,1}, then the 0-

1 knapsack problem is obtained. If ix  is restricted to be in {0,1,…, ia }, where ia  is the 

upper bound on item i, then we have the bounded knapsack problem. If the item value is 

equal to its weight, that is, i iv c , then we have the subset sum problem. The 

introduction of additional resource constraints or multiple knapsacks yields the 

multidimensional knapsack or the multiple knapsack problems, respectively. 

In many applications of the KP, the project values are not deterministic, but are 

instead random variables iV , with known probability distributions ( )
iV if v and joint 

distribution. The expectation of iV  is [ ]i iE V  . In this case, the deterministic value 
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vector Tv  in the Model (2.3) is replaced by the random vector TV . This version of the 

KP is referred to as the SKP. In this case, maximization of the knapsack’s total value 

loses its meaning and the objective function in Model (2.3) is replaced by a preference-

ordering criterion such as maximizing the probability that the knapsack’s value exceeds a 

particular target (Morita, Ishii and Nishida 1989; Henig 1990; Morton and Wood 1998) 

or by a criterion involving first-order stochastic dominance (Steinberg and Parks 1979; 

Sniedovich 1980; Carraway, Schmidt and Weatherford 1993). 

We assume the decision maker has a von Neumann-Morgenstern utility function 

(von Neumann and Morgenstern 1947) defined over the knapsack’s total value. In this 

case, the objective function in Model (2.3) is replaced by 

 max [ ( ( , ))]E u g
x

V x  

This objective may be nonlinear, yielding a nonlinear knapsack problem (NLKP). 

If the decision maker’s utility function is linear in the knapsack’s total value (i.e., the DM 

is risk neutral), then the objective function in Model (2.3) can simply be replaced by 
Tμ x , where 1( , , )T

n μ  . We do not consider non-von Neumann-Morgenstern 

utility functions or objectives such as coherent risk measures (Artzner, Delbaen, Eber and 

Heath 2002) because we find the expected utility axioms to be compelling from a 

normative perspective. Future research could relax this assumption. 

Suppose that before choosing the optimal knapsack, a DM can purchase an 

information system S that yields a vector 1( ,..., )T
NS SS  of signals for each uncertain 

project value, and signals are conditionally independent. The value of the information 

system is, according to Equation (2.1), the b   (so called portfolio value of information 

(PVOI) that solves 
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max [ (max{[ ( | , ) ], }) max [ (max{ ( , ), })]

.T T

i i

E u g b E u g

E st B st B

x x

   
   

        
            

V V
x x

S

V S x 0 V x 0

c x c x  (2.4) 

The left-hand side of Equation (2.4) requires the solution of a KP for each 

possible information vector S and candidate value b, which could be computationally 

intensive. If the DM’s utility function exhibits CARA, then the value of the information 

system can be found by taking the difference between the certain equivalent with a free 

information system and the certain equivalent without the information system, as in 

Equation (2.2). This condition is satisfied when the DM is risk neutral, in which case she 

is only concerned with the posterior mean. We assume that the DM may not select 

fractional project amounts. In particular, xi = 1 denotes investing in project i, and xi = 0 

signifies not investing in project i. Without information, the DM seeks the portfolio that 

has maximum expected NPV but whose total cost Tc x  does not exceed a budget B. 

Formally, DM solves Model (2.5): 

 

max

. .

{0,1}, for  = 1, 2, ..., 

T

T

i

s t B

x i n




x
μ x

c x  (2.5) 

The optimal solution of Model (2.5) is *x , and the optimal value is * *TP μ x . With a 

particular observation of information, 1( , , )  T
Ns ss , let the posterior mean vector of 

project NPVs be [ | ]E V S s , the DM formally now solves Model (2.6) 

 

max  [ | ]

. .

{0,1}, for  = 1, 2, ..., 

T

T

i

E

s t B

x i n



 


V S s x

c x  (2.6) 

The optimal project-count vector of Model (2) is *( )x s , and the optimal value of Model (2.6) is 

* *( ) [ | ] ( )TP E s V S s x s . The expected portfolio value with information is 

 * *[ ( )]P E PS S . (2.7) 
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 Since we assume the DM is risk neutral, the PVOI is 

 * *.PVOI P P S  (2.8) 

The *PS  is the optimal value of a “wait-and-see problem,” whose objective value is at 

least as large as the objective value of the *P . Thus VOI is nonnegative. 

2.2.1  Order Statistics Model 

In an effort to generate analytic results, we now make a series of assumptions, 

which will be partially relaxed later in this chapter. First, assume that project NPVs are 

independent and identically distributed (iid) with mean 0i   . Second, assume that 

the information signals are unbiased, identically distributed, and conditionally 

independent given the project values. Since the information signal is uncertain, the 

posterior mean of project NPV is also uncertain, prior to observing the signal. Let 

[ | ]i iE V S  represent this uncertain posterior mean. For each pair of ( iV , iS ), iV  is 

dependent on iS , and the joint distribution of ( iV , iS ) for each i is the same. In addition, (

iV , iS ) is independent of ( jV , jS ) for i ≠ j. Based on these assumptions, the posterior 

means [ | ]i iE V S  for i = 1, 2, …, n, are also iid. Finally, assume that all projects are of 

equal cost ci = c, which is taken to be one unit of the budget constraint B, without loss of 

generality. 

Under these assumptions, the optimal value of Model (2.5) is simply the sum of 

the top B project NPVs and therefore *P B . Since Equation (2.7) is the expectation, 

taken with respect to S, of a maximization (Model (2.6)), we can cast its solution in terms of 

order statistics. For simplicity, since the projects are i.i.d., we suppress the subscript i, and let 

[ | ] [ | ] [ | ]i i iE V S E V S E V S  . The r-th order statistic of the posterior mean of project NPV is 

:[ | ]r NE V S . For example, the first order statistic is the minimum sample value of a random 

sample 1[ | ]E V S , 2[ | ]E V S , ..., [ | ]NE V S ; the N-th order statistic is the maximum sample 

value. Then, :[ [ | ] ]r NE E V S  denotes the mean of the r-th order statistic. The PVOI is then  
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   ::
1 1

max 0, [ | ] max , [ | ]
N N

r Nr N
r N B r N B

PVOI E E V S B E E V S  
     

            
  (2.9) 

Note that : :max{0, [ | ]} max{0, [ | ] }r N r NE V S E V S , since the function max{0, x} is an 

increasing function of x. 

This formulation will be shown to be convenient for two reasons: (i) it facilitates 

computations because the moments of order statistics of some common distributions have 

been tabulated (Harter and Balakrishnan 1996), avoiding the need for Monte Carlo 

simulation, and (ii) it will enable the analytic characterization of the relative importance 

prioritization and exclusion. 

2.2.2  Useful Order Statistics Results 

Consider random variables X1, …, XN. The first (smallest) order statistic is 

 1: 1min( , , )N NX X X  . 

The last (largest) order statistic is 

 : 1max( , , )N N NX X X  . 

The rth order statistic is then denoted :r NX , and defined as :r NX  = rth smallest Xi, i = 1, 

2, …, N. In this chapter, we will make extensive use of the means of order statistics, 

which we define as 

 : : ( )r N r NEX x f x dx  , 

where : ( )r Nf x  is the probability density function (pdf) of :r NX . 

To facilitate developments later in this chapter, we provide useful results 

regarding order statistics. 

Theorem 1 (David and Nagaraja 2003). If a random sample of N from a continuous 

population whose pdf is symmetric about µ, then the equality below holds for all x. 

 : 1:( ) ( )r N N r Nf x f x     . (2.10) 
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Proof. Let f(x) be the pdf of the continuous population. Since it is symmetrical about x = 

µ,    f x f x    . It implies that 

    1F x F x     . (2.11) 

We know 

            1

:

!
1

1 ! !

r N r

r N

N
f x f x F x F x

r N r
   

 
            

, (2.12) 

and 

            1

1:

!
1

1 ! !

r N r

N r N

N
f x f x F x F x

r N r
   

 

              
, (2.13) 

where ( )F x  is the cdf for X. 

Substituting Equation (2.12) and (2.13) into Equation (2.10) and (2.11), we 

have 

    : 1:r N N r Nf x f x     . □ 

Corollary 1. For a random sample of N from a continuous population whose pdf is 

symmetrical about x = 0, : 1:r N N r NEX EX    . 

Proof. By Theorem 1, : 1:( ) ( )r N N r Nf x f x   . Since ( )f x  is symmetrical about x = 0, 

     : : 1: 1: 1:r N r N N r N N r N N r NX X X
EX xf x dx xf x dx xf x dx EX              . □ 

David and Nagaraja (David and Nagaraja 2003) provided a useful recurrence 

relation between the moments of order statistics, and its proof. 

Theorem 2 (David and Nagaraja 2003). For any arbitrary distribution with finite kth 

moment, 

   : 1: : 1
k k k
r n r n r nn r EX rEX nEX    . 

2.3  COMPONENTS OF PVOI 

Information gathering regarding project NPVs may improve the portfolio value in 

two ways. First, it enables DMs to better prioritize projects. Second, it may enable them 
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to exclude unfavorable projects whose NPV is below a threshold (e.g., projects with 

negative expected NPV). We refer to the first component as the prioritization VOI 

(PVOI-P) and the second component as the exclusion VOI (PVOI-E).  

2.3.1  PVOI-P 

The value that stems from prioritization alone is defined simply as the PVOI 

under the condition that there is no lower bound on the acceptable project NPV, even 

though some projects may have a negative expected NPV. In this case,  

 : :
1 1

- [ [ | ] ] ( [ [ | ] ] ).
N N

r N r N
r N B r N B

PVOI P E E V S B E E V S 
     

     
 
   (2.14) 

This formulation immediately yields several insights regarding the value of prioritization: 

(a) When the budget is sufficient to fund all projects (B = N), this yields 

  :
1

[ [ | ] ] [ [ | ]]
N

r N
r

E E V S N E E V S B


     

(David and Nagaraja 2003) and the value of prioritization is zero. Of course, when the 

budget is equal to zero, the PVOI and the PVOI-P are also zero. 

(b) If pdf of the posterior mean, [ | ]E V S , is symmetric about the prior mean  , 

then the means of the order statistics will be symmetric about   (David and Nagaraja 

2003). That is, : 1:[ [ | ] ] ( [ [ | ] ] )r N N r NE E V S E E V S      . This condition would hold, 

for example, if the project NPVs and signals were jointly normally distributed, for 

example. In this case, PVOI-P is maximized when * / 2B B N      or 

* / 2B B N     . In other words, the value of prioritization is maximized at a budget that 

is (roughly) sufficient to fund one-half of the projects. 

It is because [ | ]E V S  is symmetrically distributed about 0s  , since the pdf of 

[ | ]E V S  is symmetric about  . Thus, by Theorem 1, 

  : 1:[ [ | ] ] [ [ | ] ]r N N r NE E V S E E V S       (2.15) 
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By Equation (2.14), 

 :
1

- ( [ [ | ] ] )
N

r N
r N B

PVOI P E E V S 
  

   

If N is even, the optimum objective value is 

max :
/2 1

- ( [ [ | ] ] )
N

r N
r N

PVOI P E E V S 
 

  , when B = N / 2. 

If N is odd, then by Equation (2.15), 

 ( 1)/ :[ [ | ] ] 0.N N NE E V S     

When B = (N + 1) / 2 or B = (N – 1) / 2, the optimum objective value is 

   
max : :

1 /2 1 /2

- [ [ | ] ] [ [ | ] ] .
N N

r N r N
r N r N

PVOI P E E V S E E V S 
   

     , 

Thus, the maximum of VOI(C) is obtained at / 2B N     or / 2B N    . 

(c) PVOI-P is increasing (decreasing) for budgets less than (greater than) B*. 

Thus, under these conditions, if the budget was originally greater than / 2N    (less than 

/ 2N   ), then reducing the budget will increase (decrease) the value of prioritization. 

(d) We are also interested the relationship between PVOI and the number of 

projects under consideration. Intuitively, the greater the number of projects that may be 

included in the portfolio, the greater the PVOI. We now focus on the maximum PVOI as 

a function of the number of projects N, which we represent by max- ( ).PVOI P n   We find 

that max- ( )PVOI P n  is nondecreasing in n. 

We know  

 
max :

1 /2

- ( ) ( [ [ | ] ] )
n

r n
r n

PVOI P n E E V S 
   

  , 

and want to show 

   

1

: 1 :
2 /2 1 /2

n n

r n r n
r n r n

X X



         

  , 

where X denotes :[ | ]r nE V S  . We prove this by induction. 
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By Equation (2.14) when n = 1, 2:2 1:1X X . Assume that the inequality holds 

for n = k, where k is even. We then have 

     1: 1 /2: /2 1: :2 /2: 1 2 /2 1: 1 ... ... .k k k k k k k kk k k kX X X X X X              

.
Now, when n = k +1, we have 

 

   
 

   

1: 2 2: 2 1: 1

: 2 1: 2 : 1

22 /2: 2 1: 2 1
2 2

1 2 ,

2 2 ,

2
1 2

2 2

k k k k k k

k k k k k k

k kk k k

X k X k X

X kX k X

k k
X X k X

     

   

    

    
   

    

         
    : 1

.
k

 (2.16) 

Summing all the terms for each side of Equation (2.16)  yields 

 
2 1

: 1 : /2 1: 2
/2 1 /2 1

2 / 2

1 1

k k

r n r n k k
r k r k

k k
X X X

k k

 

  
   


 

   . 

Since /2 1: 2 0k kX    , 

 
2 1

: 2 : 1
/2 1 /2 1

k k

r k r k
r k r k

X X
 

 
   

   

If k is odd, we can show it in the same way. Thus, 

 
   

1

: 1 :
2 /2 1 /2

n n

r n r n
r n r n

X X



         

  . 

Thus, considering more items strictly increases  max-PVOI P n . But it may not be 

linear. 

2.3.2  PVOI-E 

The additional value owing to the ability to exclude projects that don’t meet a 

performance threshold ($0 in our case), the PVOI-E, is then 

  : :
1 1

- -

max 0, [ | ] [ [ | ] ].
N N

r N r N
r N B r N B

PVOI E PVOI PVOI P

E E V S E E V S
     

 

    
 (2.17) 

This formulation yields the following insights: 



 23

(a) If relatively few projects can be included in the portfolio, perhaps because B is 

small or because the distribution of the order statistics is quite distant from zero, then the 

value of exclusion will be approximately equal to zero.  

(b) On the other hand, if all projects can be funded, then PVOI = PVOI-E; the 

portfolio value of information is comprised entirely of the value created by being able to 

better identify projects that should be excluded. If the projects and signals are iid, then  

 

 

:
1

[max(0, [ | ] )] [max(0, [ | ])]

[max(0, [ | ])] - .

N

r N
r

PVOI E E V S N N E E V S N

N E E V S PVOI E

 




    

  


 (2.18) 

Equation (2.18) also shows that PVOI is simply the sum of the individual project VOIs if one’s 

budget is sufficient to fund all projects. This is important, since, in certain settings, individual 

project VOIs are easily determined (Bickel 2008). 

2.3.3  PVOI Ratio 

To understand the relative importance of the values of prioritization and 

exclusion, we define the ratio of the PVOI-P to the PVOI as 

 

 

:
1

:
1

[ [ | ] ]
-

.

max 0, [ | ]

N

r N
r N B

N

r N
r N B

E E V S B
PVOI P

R
PVOI

E E V S B





  

  

 
 

  
     
 




 (2.19) 

This ratio will equal one (zero) when PVOI is completely determined by PVOI-P (PVOI-
E). 

2.4  ILLUSTRATIVE EXAMPLE 

We now illustrate our framework with an example. Following Keisler (2004), 

suppose that a risk-neutral DM is considering a portfolio of N = 50 projects. The project 

NPVs iV  are iid normal random variables with mean equal to one and standard 

deviation of two. The DM is assumed to be considering a set of projects that are believed, 

a priori, to be profitable (i.e., they have a positive NPV). The results would be different if 
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the DM were assumed to be facing a set of poor investments. (Bickel, Gibson, McVay, 

Pickering and Waggoner 2008) and (Walls, Morahan and Dyer 1995) suggested that 

corporations often have insufficient capital for all profitable investment opportunities. 

This observation may not translate to other organizations such as governments. 

Therefore, throughout this paper, we are nominally considering the application of PDA 

within for-profit companies. 

Further, the information signals iS  are assumed to be unbiased, normally 

distributed, and jointly normally distributed with project NPVs with a coefficient of 

correlation 0.8. As before, projects are assumed to have a cost ci = 1. The DM is 

presumed to reject all projects with a negative expected NPV. 

Under these assumptions, the posterior mean is 

[ | ] ( ) /s sE V S S Z          . Thus, the portfolio value with information is 

    
50

::
1 50 1

max 0, [ | ] max 0,  1 1.6 ,
N

r Nr N
r N B r B

E E V S E Z
     

         (2.20) 

and the portfolio value with prioritization is 

 
50

: :
1 50 1

[ [ | ] ] [1 1.6 ].
N

r N r N
r N B r B

E E V S E Z
     

    (2.21) 

Without information, the portfolio value is simply B B  , since 1  . 

Figure 1 plots the portfolio NPV with and without information as a function of the 

budget level B. The means of the order statistics in Equation (2.21) were obtained from 

tabulated values (Harter and Balakrishnan 1996). The order statistic means in Equation 

(2.20) were determined numerically. 

The circles along the upper curved edge in the Figure 1 represent the value of the 

portfolio with information (Equation (2.20)). The triangles represent the value of the portfolio 

without information and form a straight diagonal line, since each project is assumed to have the 

same prior mean. The difference between these two curves is the PVOI. The crosses represent the 
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value of the portfolio if the DM accepts all projects (Equation (2.21)). Therefore, the difference 

between this and the value without information is the PVOI-P. The area between the curves 

“portfolio value with information” and “portfolio value with prioritization” is the PVOI-E. Until 

the budget reaches approximately 35, PVOI is comprised mostly of the value of prioritization. 

 

Figure 1: Portfolio value with and without information with respect to budget level. 

Figure 2a plots PVOI, PVOI-P, and PVOI-E as a function of budget for the above 

example. PVOI-P is symmetric about the midpoint (a budget of 25) and equal to zero if 

the budget is 0 or 50. PVOI-E is essentially zero until the budget exceeds 35.  

These general features of PVOI-P and PVOI-E are rather intuitive. The ability to 

exclude projects, which translates to PVOI-E, is not valuable if only a few projects may 

be chosen out of many. For example, if we can only select 5 out of 50 projects, the ability 

exclude projects with a negative NPV should not be especially valuable since we will be 

restricted by the budget constraint to "good" projects in any case. Likewise, the 

prioritization decision is not difficult if we cannot have any of the projects or, conversely, 

if we can have them all. The decision is more difficult somewhere between these two 

extremes. The fact that PVOI-P (and PVOI) reaches a maximum at a budget level less 
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than N demonstrates, at least in this example, that tighter resource constraints (e.g., a 

lower budget) could imply that information gathering may be more valuable. For 

example, suppose the budget was originally 45. Then, due to economic conditions, the 

budget is reduced to 25. The value of information is more than double. Thus, in this case, 

we can answer: tighter resource constraints can increase the value of portfolio decision 

analysis. 

Figure 2b displays the ratio of PVOI-P to PVOI. Except for where the budget 

approaches the number of projects, the value of prioritization dominates the value of 

exclusion. 

  
      (a)            (b) 

Figure 2: (a) PVOI, PVOI-P, and PVOI-E with respect to budget level, (b) Ratio of 
PVOI-P to PVOI. 

2.4.1  Determinants of the Ratio of PVOI-P to PVOI 

This subsection illustrates the determinants of the ratio of PVOI-P to PVOI in our 

example. Specifically, we examine how the ratio of PVOI-P to PVOI changes as we vary 

the number of projects, the budget constraint, our prior uncertainty regarding project 
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value, and the accuracy of our valuation process. We begin by demonstrating that some 

of our results are not dependent upon the absolute number of projects under consideration, 

but rather the ratio of the budget to the number of candidate projects. 

The Ratio of Budget to Number of Candidate Projects 

The ratio of budget B to the number of candidate projects N indicates the degree to which 

the portfolio choice is constrained, e.g., B/N = 1 indicates that the budget is sufficient to 

fund all projects. Figure 3 plots R as a function of the number of projects, holding the 

ratio B/N constant. For relatively large N (more than about 35), the relative value of 

prioritization is dependent upon B/N, not the absolute number of projects. This result 

allows the generation of scale-invariant insights. We show that in the next section the 

result holds if the project values and signals are not jointly normal. However, the iid and 

equal-cost assumptions are required.  

 

Figure 3: The ratio of PVOI-P to PVOI, R, as a function of number of projects, 
holding the ratio B/N constant.   

Sensitivity to Information Quality and Project Uncertainty 
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We now examine how the accuracy of our valuation efforts affects the relative values of 

PVOI-E and PVOI-P. Within the context of our example, R can be written as 
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Let ( ) /S SZ S    , which is a standard normal random variable, and /   , 

which is the coefficient of variation. Dividing both the numerator and the denominator of 

(2.22) by . . yields 
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Above, we showed that for sufficiently large N, the ratio B/N is a prime 

determinate of R. Thus, in our example, R is determined by three intuitive factors: the 

coefficient of variation of project NPV ( ), the correlation between project NPV and 

information signal (  ), and the ratio of budget to number of projects (B/N).  

Region in Which R Is Less Than One 

Figure 4 plots R as a function of these three factors. This illustrates that as project 

uncertainty increases (from (a) to (b)), the probability of a negative project also increases 

and thus exclusion becomes valuable. Also, for fixed   and B/N, a larger correlation 

coefficient causes PVOI-E to increase. This is also intuitive: if our valuation process is 

better able to reveal the true value of the project, we are less uncertain which projects 

truly fall below our performance threshold. 

Figure 4 shows that PVOI-P dominates PVOI until the B/N reaches a threshold. 

This threshold can be understood as follows: Suppose that our information gathering is 

perfect ( 1  ), as assumed by Keisler (2004), and that the project mean NPV is greater 

than zero. If zero is the p-th quantile of the project NPV distribution, such that 
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Pr( 0)V p  , then R is equal to 1 as long as B/N is less than 1 – p and N is large (we 

show in the next section that this result does not depend upon the normality assumption, 

but does assume that projects are iid and equal cost). In other words, if our information is 

perfect, then the value of exclusion (PVOI-E) is approximately zero until the ratio of 

budget to number of projects exceeds the probability that each project has a positive NPV. 

If the test is imperfect ( 1  ), then this breakpoint will occur at strictly greater values of 

B/N for a given p. For example, the prior probability of negative NPV in Figure 4a is 0.16, 

since      Pr( 0) Pr ( / ) Pr ( 1/ ) Pr 1 0.16V Z Z Z             . Therefore, given 

perfect information, the theoretical breakpoint (as N   ) is B/N = 0.84. The breakpoint 

in Figure 4a is slightly lower because this example considers only 50 projects, but the 

difference is minor. A similar result occurs in the more risky situation when   = 10; in 

which case, the probability of negative projects is 0.46. The breakpoint is now B/N = 0.54 

(27 of 50), which coincides with the theoretical value (see Figure 4b). Increasing 

correlation shifts this breakpoint to the right. 

  
(a)                                                              (b) 
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Figure 4: Sensitivity of ratio of PVOI-P to PVOI, R, to the ratio of budget to total 
number of projects. The coefficient of variation of project NPV is 1 in panel (a) and 10 in 
panel (b). 

In sum, our stylized case shows that PVOI is comprised largely of PVOI-P; that 

is, the value created from PDA stems largely from its ability to better prioritize projects, 

not from its ability to identify projects that fail to meet a particular performance 

threshold. 

2.5  ANALYTICAL RESULTS 

Under the iid and equal-cost assumptions, the ratio of budget B to number of 

candidate projects N was demonstrated to be a determinant of R. We now state two 

propositions that provide the underlying insights into the drivers of information value in 

portfolio settings we noticed in the previous section. 

Proposition 1: If the uncertain project values are iid, each project has the same cost, the 

budget is finite, and the number of candidate projects is sufficiently large, then R is 

approximately determined by the ratio of B to N in the sense that the approximation error 

is asymptotically zero. More precisely, if fix 1 2,B B   N, for any 1 2,N N N, let 

1 1 2 2/ /B N B N , and 1 2N N , as N1 → ∞, 2 2 1 1

2 2 1 1

- ( , ) - ( , )
(1)

( , ) ( , )

PVOI P B N PVOI P B N
o

PVOI B N PVOI B N
  . 

Proof. Fix 1 2,B B  N. For any 1 2,N N N, let 1 1 2 2/ /B N B N , and 1 2N N . We 

need to show that the equality below holds approximately, and the approximation error is 

asymptotically zero, as N1 → ∞, 

2 2 1 1

2 2 1 1

- ( , ) - ( , )
(1)

( , ) ( , )

PVOI P B N PVOI P B N
o

PVOI B N PVOI B N
  . 

PVOI-P(B, N) and PVOI(B, N) indicate that PVOI-P and PVOI are a function of B and N. 

o(1) is a little o notation, indicating, for example, if g(N) = o(1), then lim ( ) 0
N

g N


 . 

If we can show 
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 2
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the proof will be completed. It is because 
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Using order statistics, (2.23) and (2.24) can be rewritten as, respectively 
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and 
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             (2.26) 

The expected value of the r-th order statistic is known to approximately equal the 

r-th quantile, i.e., 1
:[ ] ( / ( 1)) (1)r NE X F r N o   , where F is the cumulative distribution 

function (cdf) of random variable X, and the approximation error is zero asymptotically, 

as N → ∞ (David and Nagaraja 2003, Equation 4.6.3). This result can be used to recast 

the equations (2.25) and (2.26). Let 1F  be the cdf of random variable ( [ | ] )E V S  ; 
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2F  is the cdf of  max , [ | ]E V S   . Equations (2.25) and (2.26) are then given by 

(2.27) and (2.28), respectively: 
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 (2.28) 

There are B1 (B2) elements in the summation sign of the right-hand (left-hand) 

side of (2.27) and (2.28), and (N2 / N1) B1 = B2. We want to show that if the product of 

(N2 / N1) and each element in the summation on the right-hand side is approximately 

equal to the summation of (N2 / N1) corresponding adjacent elements in the summation of 

the left-hand side. 

For example, if N2  = 200, N1  = 100, B2  = 4, and B1  = 2, we need to 

determine whether, by (2.27), 

1 1 1 1 1 1
1 1 1 1 1 1

200 199 198 197 200 100 99

201 201 201 201 100 101 101
F F F F F F                                             

, 

which is equivalent to determining whether 

1 1 1 1 1 1
1 1 1 1 1 1

200 199 100 198 197 99
2  and 2

201 201 101 201 201 101
F F F F F F                              

           
, 

and note that 
199 100 200

201 101 201
   and 

197 99 198

201 101 201
  . 

The idea is the same when the cdf is 2F . 

In general Ni, i = 1, 2, if we keep the assumptions that 1 1 2 2/ /B N B N , and 

2 12N N  (the same idea applies to the cases where 2 1N N  in general). Thus, we want 

as N1 → ∞, 
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It is easy to show that as N1 → ∞, the above equalities hold, because the inverse function 

of cdf is continuous. The above equalities are finite, because the budget is finite. 

Therefore, after adding them together, we have Equation (2.27). The same procedure will 

lead to Equation (2.28). □ 

This proposition indicates that the relative value of prioritization is dependent 

upon B/N, not the absolute number of projects. This result allows the generation of scale-

invariant insights. This was demonstrated in our example, which was the special case of 

Proposition 1. 

It has been established that when the ratio of the budget to number of projects is 

low, the value of exclusion will be approximately equal to zero. Therefore, the ratio R is 

approximately equal to one. As the budget level increases, R gradually drops off from one. 

The point at which this begins is related to the project NPV prior distribution if perfect 

information is attainable, or is related to the posterior mean NPV’s distribution if the 

information is imperfect. We formalize this with the following proposition: 

Proposition 2: If (1) the uncertain project values are iid and each project has the same 

cost, (2) the information gathering is perfect, (3) the project prior mean NPV is 

nonnegative, (4) zero is the p-th quantile of the project NPV prior distribution, such that 

Pr( 0)V p  , and (5) B/N is less than 1 – p and B is finite, then R is approximately equal 

to 1 and the approximation error is asymptotically zero in N , i.e., 
-

1 (1)
PVOI P

R o
PVOI
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. If the test is imperfect, then this breakpoint will occur at strictly greater values of B/N 

for a given p. 

Proof. When we have perfect information, [ | ]E V S V . Let F be the cdf of V. Then, we 

have 1
:[ ] ( ) (1)r NE V F p o  , where / ( 1)p r N   (David and Nagaraja 2003, 

Equation 4.6.3).  

Let F be the cdf of the random variable max{0, }V . This yields 
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 . 

Now, assume that 0 is the p-th quantile of V, and / ( 1)p k N  , such that 

(0) / ( 1)F p k N   ; thus 1
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 (as illustrated in Figure 5). 
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Figure 5: The left figure plots the cdf of V, and the right one plots the cdf of max{0, 
V}. The right side of V = 0 is for r ≥ k, and the left side is for r < k.  

Therefore, if B/N ≤ ( 1) / 1N k N p    , all elements of the summation of PVOI-

P fall on the r ≥ k side. Thus 1
:[ ] ( / ( 1)) (1)r NE V F r N o   , 

1
:[max{0, }] ( / ( 1)) (1)r NE V F r N o    and  1 1( / ( 1)) ( / ( 1))F r N F r N    . So, 
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Because the budget B is finite, lim - lim
N N

PVOI P PVOI
 

 . 

Otherwise, the PVOI-P/PVOI ratio is less than 1, because some elements of the 

summation of PVOI-P fall on the r < k side, where 1 1( / ( 1)) ( / ( 1)) 0F r N F r N     . 

Therefore, PVOI-P contributes almost all of the PVOI, if the budget level is smaller than 

(1 – p) × 100% (the break point) of the total number of projects as N → ∞. 

When the information is imperfect, this breakpoint will occur at strictly greater 

values of B/N for a given p. Slightly more restrictions are needed on the distribution of 

posterior mean [ | ]E V S to attain a closed-form solution. □ 
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In other words, if our information is perfect, then the value of exclusion (PVOI-E) 

is zero until the ratio of the budget to the number of projects exceeds the probability that 

each project has a positive NPV. 

2.6  SIMULATIONS OF NON-IDENTICAL, NON-EQUAL-WEIGHT PROJECT PORTFOLIOS 

In this section, we relax the assumptions that project NPVs are identically 

distributed and have equal costs. In this case, however, analytic solutions can no longer 

be obtained. Therefore, following Keisler (2004), we simulate random portfolios of 

projects and determine the PVOI properties for each. Although this analysis is still not 

completely general, it does show that many of the properties discussed above hold in a 

more realistic situation.  

As discussed in Section 2.4, our results are not independent of our assumptions. 

For example, assuming the DM faces a set of projects that are likely to have negative 

NPVs would increase the relative value of PVOI-E. Thus, providing practical guidance 

requires the specification of a set of inputs that are representative of what might be 

encountered in practice. Towards this end, we calibrate our inputs as closely as possible 

to Keisler, which was based on his experience as a practicing decision analyst, other 

academic studies, and proprietary industry data. 

As shown in Figure 6, we divide our simulation procedure into two stages. In the 

first stage, we generate a random portfolio of projects. In the second stage, we determine 

the PVOI, PVOI-P, and PVOI-E for this portfolio. We then return to the first stage, 

generate another random portfolio of projects, complete Stage 2, and repeat the process 

500 times and average the results. 
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Figure 6: Simulation procedure 

2.6.1  Stage 1: Generating a Random Portfolio 

We first describe the assumptions we use to define the random portfolio of 

projects. To begin, we simulate the ratio of the project mean NPV to project cost, /i ic , 

assuming it is distributed lognormally, such that ln( / ) ~ (0.9,0.85)i ic N . We consider 

two distributions regarding project costs. First, project costs are assumed to be uniformly 

distributed from 0.5 to 2.0. Next, they are assumed to be uniformly distributed from 2 to 

8 (four times larger). As shown below, this assumption simply adjusts the scale of the 

portfolio and does not alter the fundamental results. Given a project cost ci and the ratio 

/i ic , we can solve for the simulated project mean i . We also simulate the ratio of the 

project mean to the project standard deviation, /i i  , or the inverse of coefficient of 

variation. We assume that /i i   is lognormally distributed with both a mean and 

standard deviation of one. Given a simulated project mean value of i  and a ratio 

/i i  , we can solve for i .  
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The assumptions detailed above allow us to closely match Keisler’s (2004) 

results. Specifically, the portfolio parameter settings given above imply that the average 

benefit to cost ratio ( ( ) /i i i iBCR V c c  ) is 4.5, or that approximately 22% of projects 

have a BCR below 1.0, and roughly 5% of projects have a BCR above 20. Keisler’s 

corresponding values were, 4.5, 17%, and 2.5%. 

2.6.2  Stage 2: Determining the PVOI for this Portfolio 

Given the completion of Stage 1, we now have a portfolio of 50 projects with 

known means, standard deviations, and costs. To facilitate our Bayesian computations, 

we maintain our assumption that project NPVs and information signals are jointly 

normally distributed, with common correlation coefficient 0.8  . Since Vi and Si are 

jointly normally distributed, the posterior project mean given signal si is 

[ | ] ( ) /
i ii i i i i i S S i i iE V S s s z           , where zi is a realization of the 

standard normal random variable. Thus, our signal is not necessarily a direct estimate of 

project value, but it can be translated into such, given the above equation for the posterior 

mean.  

To calculate the PVOI we draw a sample of 50 signals (one for each project) from 

a standard normal distribution. We then compute the posterior mean as described above, 

determine the optimal portfolio value by solving Model (2.6) and save the value of this 

optimal portfolio. The difference between this optimal portfolio value and the one 

without information is the PVOI given these particular signals. We repeat this process 

500 and average the differences, which is the PVOI of this portfolio. 

We then repeat the process and average the PVOIs of all simulated portfolios. 

2.6.3  Summary of Simulation Procedure 

More formally, our simulation procedure may be summarized as follows: 
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1. Create random portfolio of projects 

a. Draw and calculate to get 50 estimates of ic , i , and i  using the 

distributions described above. These values define a portfolio of 50 

projects. 

b. Solve Model (2.5), that provides the value of the portfolio without 

additional information. Call the value *P . 

2. Calculate PVOI, PVOI-E, and PVOI-P for this portfolio 

a) Draw 50 information signals is  from the standard normal distribution. 

These 50 signals form the vector s. 

b) Calculate the posterior mean of each project given si, by 

[ | ]i i i i iE V S s z    . 

c) Solve Model (2.6), which provides the value of the portfolio given s. Call 

this value *( )P s  to emphasize that this is the value given a particular 

signal vector. 

d) Compute the difference PVOI(s) = * *( )P Ps , which is the PVOI given a 

signal vector s. 

e) If the budget in Stage 2(c) was not exhausted, then some projects have 

been excluded. To form a prioritized list to determine PVOI-P, we must 

add back projects until the budget is exhausted. To do so, the least 

negative projects are funded until the budget is exhausted (see the 

Appendix for an example). The (negative) value of these additional 

projects is added to the PVOI(s) to yield the value of prioritization alone 

given s, PVOI-P(s). The value of exclusion given s is then PVOI-E(s) = 

PVOI(s) - PVOI-P(s).  
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f) Return to Stage 2(a) and repeat for a total of 500 trials. Averaging over the 

500 samples yields the PVOI, PVOI-E, PVOI-P and R of the portfolio for 

Stage 1, respectively. 

3. Repeat Stage 1 then 2 for a total of 500 trials. Average the 500 PVOI, PVOI-E, 

PVOI-P, and R for the total 500 portfolios. 

2.6.4  Simulation Results and Analysis 

Figure 7a and b plot PVOI, PVOI-P, PVOI-E, and R versus budget for our 

simulation, assuming first that project cost is uniformly distributed between 0.5 and 2.0. 

As discussed above, the values shown in these figures have been averaged over 500 

randomly generated portfolios that contain 50 projects each, with differing NPVs and 

weights. These figures have the similar shape and structure as those observed in the iid, 

equal-costs case (see Figure 2). However, in this case, the maximum PVOI no longer 

occurs at B/2 and is instead shifted to the left. Figure 7b shows that the value of 

prioritization dominates the value of exclusion for all but the highest budget levels. Given 

the assumptions discussed above, the probability that a randomly selected project would 

have a negative NPV is 0.23, and the ability to exclude projects adds little value until the 

budget is about 75% of the cost of the whole portfolio. Thus, while Proposition 2 does 

not strictly apply in this case, the difference is minor. 

Figure 8 illustrates similar results under the condition that project cost is 

uniformly distributed from 2 to 8. The average project NPVs are four times larger than 

those in Figure 7. However, the shapes of the results in this case are nearly identical to 

those given in Figure 7. This suggests that our results are independent of project scale. As 

cost is increased, project mean NPV and standard deviation will also proportionally 

increase because we hold the ratio of project mean NPV to its cost, and the coefficient of 

variation constant.  
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While our simulation results are by no means exhaustive, they do suggest that our 

simple analytic model captures many important features of the PVOI problem. In 

addition, these results support our earlier findings, and those of Keisler (2004), that in 

realistic settings, PVOI is dominated by the ability to prioritize projects rather than the 

ability to exclude them.  

  

(a)                                                            (b) 

Figure 7: PVOI, PVOI-P, PVOI-E, and the ratio of PVOI-P to PVOI versus budget 
level, when project cost is uniformly distributed from 0.5 to 2. The correlation between 
project NPVs and signals is assumed to be 0.8. 
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(a)                                                          (b) 

Figure 8: PVOI, PVOI-P, PVOI-E, and the ratio of PVOI-P to PVOI against budget 
level, when project cost is uniformly distributed from 2 to 8. The correlation between 
project NPVs and signals is assumed to be 0.8. Note that scale is four times larger than 
Figure 7. 

The simulation results of the ratio plotted in Figure 7 (b) and Figure 8 (b) look 

quite similar. There are two reasons. The first reason is that the ratio in this illustrative 

example is determined by three factors: the coefficient of variation of project NPV, the 

correlation between project NPV and information signal, and the ratio of budget to 

number of projects, which we discussed in the subsection 2.4.1. Increasing costs scales 

up the absolution value of PVOI and its related components, but it does not change the 

three factors in the two simulation illustrative examples. They keep the same, so the ratio 

curves should be the same in theory, or scale invariant in this case. The second reason is 

that each point in the ratio curves is an average over 500 simulated portfolios. The 

average values of the two illustrative examples approach to each other, according to the 

law of large numbers. We need to point out that they are very close but not identical in 
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the simulation results. We illustrative this by simulating only 10 portfolios and keep other 

settings the same. In Figure 9 the figure on the right is the simulation results of the case 

where the costs are four times large. 

 

Figure 9: The simulation results of the ratio with smaller number of simulated portfolios. 

The Monte Carlo simulation experiments are conducted in R platform. In R, the 

random numbers drawn from certain distributions are different, if the seed is not fixed. 

This is because the random number generation in R is based on the seed, which is created 

from the current time. Therefore, if no seed is fixed beforehand, each draw may pull 

different numbers2. 

2.7  PORTFOLIO VALUE OF INFORMATION AND DEPENDENCE 

We have not considered dependences among projects in one portfolio in the 

previous sections. But dependence is quite common in practical settings. For example, 

the production of one well may be dependent on the production of another neighborhood 

                                                 
2 http://www.inside-r.org/r-doc/base/.Random.seed 
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well, because the geologic situation for certain area may have continuous properties. It is 

also quite common in the stock market. The stock price of Zynga may be dependent on 

the price of Facebook, given Zynga mainly produces games played on the Facebook 

website. When the DM faces a portfolio management problem with uncertainty, she has 

the opportunity to gather information to understand the uncertainty. We have already 

addressed the questions, like how much the information worths for her. Now if taking the 

dependences between projects into account, does she need to spend more on such 

information, or less? This is the question we want to address in this section. 

We assume there are n projects in portfolio. All NPVs of projects are multivariate 

normally distributed, ~ ( , )N V μ . The information regarding each NPV of project is 

also multivariate normally distributed, ~ ( , )N  S μ . The covariance of NPVs of 

project and the information is  . The assumptions coincide with the linear model as 

 S V Ε , where Ε  is the error vector, or noise, which is multivariate normally 

distributed as ~ ( , )N Ε 0 . We assume DM has sufficient budget to invest all projects in 

the portfolio. 

Without information, DM picks up projects based on the prior means of the 

NPVs. For example, for project i, if i  is positive, the DM would invest it. Therefore, 

the portfolio value is the summation of all positive prior means. When with information, 

DM picks up projects based on the posterior means of projects, given information S = s, 

which is 1[ | ] ( ) ( )E     V S s μ s μ . The DM would invest it if this value is 

positive. When evaluating the value of information, since each realizations of information 

itself, s, belongs to the random vector S, the value of the portfolio with information 

should be the expectation with respect to the information. 

Since we assume the DM is risk neutral, the VOI is 
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1 1

[max{0, }] max{0, }
n n

i i
i i

E Y 
 

   (2.29) 

where iY  is the ith element of the random vector 1[ | ] ( ) ( )E     Y V S μ S μ . 

For any fixed portfolio, the prior mean NPVs are known values. The dependence between 

projects only affects the first item of Formula (2.29). 

The idea is the following: we want to understand the relationship between VOI 

and the dependence between project NPVs. Since we already know the dependence 

between project NPVs affect VOI only through [max{0, }]iE Y , the first step is to find 

the relationship between [max{0, }]iE Y  and the distribution of iY . The second step is to 

investigate how the dependence between project NPVs affect the distribution of iY . After 

these two steps, we can establish the relationship between VOI and the dependence 

between project NPVs. 

In the first step to calculate [max{0, }]iE Y  we need to know the distribution of 

the random vector Y. Recall that ~ ( , )N  S μ . It is easy to derive that the distribution 

of Y is also a multivariate normally distributed random vector, its mean is μ , and the 

covariance is 1( )   , that is, 1~ ( , ( ) )N   Y μ . For each element of the 

random vector, iY , the distribution is 1~ ( , ( ) )T
i i i iY N    e e , where ie  is the n × 1 

vector, whose ith element is one and zeros elsewhere.  

Then we need to find the relationship between [max{0, }]iE Y  and the 

distribution of iY . If we fix the mean, [max{0, }]iE Y  only depends on the variance of 

iY . Thus, we need to understand the question that which one is bigger: [max{0, }]iE Y  or 

[max{0, }]jE Y , given 2~ ( , )i iY N   , 2~ ( , )j jY N   , and 2 2
i j  ? Bickel (2008) 

derived the formula to calculate [max{0, }]E Y , when Y is normally distributed as 

2~ ( , )Y N   . The formula is 

 [max{0, }] ( / ) ( / )E Y          (2.30) 
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where Φ is the cumulative distribution function of the standard normal random variable 

and   is the probability density function of the standard normal random variable. Note 

that the Equation (2.30) is a differentiable function with respect to   that is positive. 

The first derivative of the Equation (2.30) with respect to   is 

 2 2

0.

d
d

  
         

      



                                 
        

   
 

 

Therefore, [max{0, }]E Y  is increasing as the variance of Y is increasing. To answer the 

question above: given 2~ ( , )i iY N   , 2~ ( , )j jY N   , and 2 2
i j  , [max{0, }]iE Y  ≤ 

[max{0, }]jE Y . 

Now, the second step is to investigate how the dependence between project NPVs 

affect the variance of iY . For each iY  of the random vector Y, we want to investigate its 

variance’s derivative with respect to the covariance between any projects, which is 

 
2 1( )T
i i i

kl kl


 

    
 

 
e e

 (2.31) 

The numerator is the variance of iY . 

Before moving forward, we need to introduce Woodbury matrix inversion 

formula: 

 
1 1 1 1 1 1 1

1 1 1 1

( ) ( ) ,

( ) ( ) .

      

   

         

        
 

Given the above two formulas, we have 

 1 1( ) ( ( ) )         . 

Back to the Equation (2.31), then we have 

 
2 1 1( ) ( ( ( ) ))T T
i i i i i

kl kl kl


  

        
   

  
e e e e

, for i ≠ j. (2.32) 
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Results about matrix derivatives (Graybill 1983) could help us to derive the Equation 

(2.32) from the above one as, 

 

2 1

1 1

1 1

( ( ( ) ))

( )
( ) ( )

( ) ( ) .

T
i i i

kl kl

T T
i i i i

kl kl

T
i i

kl


 

 





 

 

      
 

 

    
          

 
         

e e

e e e e

e e

 

In detail, / kl   returns the matrix having the same dimension as  , and all 

elements are zero, except the kl-th and the lk-th elements, and these are equal to one. And 

( / )T
i kl i e e  returns the ii-th element of / ij  , coupling with the assumption that 

i ≠ j, we have ( / ) 0T
i kl i  e e . 

In addition, since / kl   is an indefinite matrix, we are not able to make 

general conclusion about the sign of 1 1( ) ( )T
i i

kl
  

         
e e , which can be 

either positive or negative. But if any element of the row vector 1( )T
i

 e  is positive 

for all i, 1 1( ) ( )T
i i

kl
  

         
e e  is positive. Therefore, the variance of the 

posterior distribution is increasing while the dependence between projects is decreasing. 

Thus the VOI is also increasing. In simple words, if projects are more dependent, the VOI 

is smaller, under the assumption that the row vector 1( )T
i

 e  is positive for all i. 

But in most cases, this assumption is hard to satisfy, since if we assume the covariance 

between projects and covariance between information sources are positive, the inverse of 

a symmetric covariance matrix whose elements are all positive, may have negative 

elements at the off diagonal positions. Thus, in general cases, the sign of 

1 1( ) ( )T
i i

kl
  

         
e e  is case dependent. 
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After these steps, we have established the relationship between VOI and 

dependence between projects. In general cases, there is no monotone relationship. This 

means in the portfolio setting, more dependent portfolio may not necessarily have smaller 

VOI, and less dependent portfolio many not necessarily have bigger VOI. 

2.8  DISCUSSION AND CONCLUSION 

We introduce the general VOI formulation, and its formula in portfolio settings. 

When the DM is risk neutral and does not care whether or not the project expected NPVs 

are negative, with the help from order statistic, the VOI has very neat closed form 

properties. But in most practical situations, the DM only accepts the projects with 

positive NPVs. 

Thus, we identify that the work performed by decision analysts in portfolio 

contexts can create values in two ways. The first is by producing a ranked project list. 

The second is by being able to identify and exclude projects that fail to meet a 

performance threshold (e.g., a negative NPV). Although our results are by no means 

definitive, they do suggest that in practical situations, the value of prioritization (PVOI-P) 

dominates the value of exclusion (PVOI-E) unless the budget is sufficient to fund most of 

the projects. However, these findings do not apply to all possible cases. For example, if 

the DM faced a situation where most of the investment opportunities were likely to be 

poor, the value of exclusion would play a larger role in determining PVOI. 

The practical implications of our work are three-fold: 

1. As demonstrated, the tightening DM’s budget constraint can increase the 

value of PDA. Thus, a reduction in capital may mean that the DM should 

increase funding for decision-analytic activities. 
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2. Decision makers and decision analysts should focus their primary efforts on 

developing a prioritized list of projects. This is where the majority of the 

PDA’s value lies.  

3. If the budget is sufficiently large then determining which of these projects fail 

to meet a performance threshold is of greater importance. In this context, 

roughly speaking, “sufficiently large” is a budget large enough to cover about 

(1 – p) × 100% of the capital needs, where p is the chance that a randomly 

selected project has a negative value. Thus, if projects have about a 20% 

chance of producing a negative NPV then the bulk of PDA’s value stems from 

prioritization, unless the budget covers at least 80% of the capital needs. 

At last we investigated how the dependence between projects would affect the 

VOI in portfolio settings. To ease the discussion, we assume the DM has sufficient 

budget to take all candidate projects. We looked at the marginal effect of each covariance 

between project NPVs, and there is no monotone relationship between VOI and project 

dependence: highly dependent projects may have larger VOI, and less dependent projects 

may have smaller VOI, which counter intuition. Note that the decision context we 

discussed in this chapter is that we have multiple projects and multiple information 

sources. One special case is one project with multiple information sources. This is a two-

action linear-loss (TALL) problem with multiple information sources, which will be 

discussed in the next chapter. 

One of the important conclusions in this chapter is the prioritization dominates 

exclusion, and one of the assumptions is the prior mean NPV is positive. There are some 

cases that exclusion could play more important role. One situation is the prior mean NPV 

is negative. The intuitive explaining is that if the prior mean NPV is positive and far 

away from zero (threshold value), no projects get excluded. Therefore, the prioritization 
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almost dominates the PVOI. When the prior mean NPV becomes smaller and smaller, 

projects have a higher chance to be negative, so they are excluded. The value of 

exclusion is increasing. If the probability that prior mean NPV is negative is higher than 

50%, the value from exclusion becomes to the majority component of the PVOI. This 

situation could happen if the prior mean NPV is negative, or if the prior mean NPV is 

positive but the 50 percentile is smaller than zero. In other words, the distribution of the 

prior mean NPV is skewed right. When facing such situations, the value of exclusion may 

be bigger than the value of prioritization. 

We hope our results will help practitioner better design their portfolio processes 

and better understand the value added by decision analysis in these settings. 
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Chapter 3.  Correlation and Value of Information, and Its Application 
in Multiple Information Sources 

3.1  INTRODUCTION 

The previous chapter considered a single information source for a portfolio of 

projects. This chapter considers multiple information sources, referred to as a portfolio of 

information sources. Having multiple information sources is common, and they could 

include experts, experiments, forecasts, or scientific models. For example, 

 An oil company can obtain information from seismic surveys, well logs, well tests, 

geological information, etc. to investigate if the well-interval is productive or dry 

(Bickel, Gibson, McVay, Pickering and Waggoner 2008); 

 The Nuclear Regulatory Commission consulted multiple experts to assess seismic 

hazards (Clemen and Winkler 2007); 

 People examine web information across multiple sources to figure out the truth 

behind possibly biased news headlines (Berti-Equille, Sarma, Dong, Marian and 

Srivastava 2009). 

Questions naturally arise: is the imperfect information portfolio better than a 

single information source? How can we compare the value of two information portfolios? 

How does the dependence between information sources affect the VOI? 

The first key to these questions is the aggregation of the multiple information 

sources. Researchers usually use random variables to model the uncertainties, and 

integrate information gathering under a Bayesian framework. The observations from each 

information source may be certain point estimates, moments, or even probability 

distributions. Although DMs tend to consult more than one information sources to 

resolve uncertainties, they may prefer one number or one distribution at the end of the 

information gathering to facilitate decision making, which is normally the outcome of the 
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aggregation. The major aggregation methods fall into mathematical or behavioral 

categories. This chapter investigates the problem only from the mathematical aggregation 

perspective. 

There has been much research in this area. Clemen and Winkler (2007) provided 

the latest and relatively comprehensive review of the development of probability 

aggregation and related references. Earlier reviews include Lindley (1983), Genest and 

Zidek (1986). They all agree that the Bayesian framework is the most appropriate 

approach to aggregation procedures, but to assess an appropriate likelihood function in 

this Bayesian framework is a big challenge. Three major “off-the-shelf” models 

commonly used to aggregate continuous probability distributions are reviewed By 

Clemen and Winkler (Clemen and Winkler 2007). One is the normal error model, where 

the estimation errors between information sources are assumed to follow a multivariate 

normal distribution (Winkler 1981; Clemen and Winkler 1985). The second approach is 

to use a copula function (Jouini and Clemen 1996; Clemen and Winkler 1999). The last 

model uses Bayesian nonparametric methods. West (1988) developed this method, and 

Lichtendahl (2005) extended it. More details and references can be found in Clemen and 

Winkler (2007). 

The second key to these questions is VOI analysis, which is the direct approach to 

evaluating information value. It would be convenient if there were generalized heuristics 

for determining which of two information portfolios is more valuable, or whether either is 

better than a single information source. Unfortunately, most VOI properties rely on 

decision contexts, which we discussed in Chapter 1. Some researchers have sought VOI 

properties in stylized but representative decision problems in DA practice Bickel (2008), 

Delquié (2008) and Keisler (2005) investigated VOI in the two-action linear-loss (TALL) 

problem (Raiffa and Schlaifer 1961). Keisler (2004) and Zan and Bickel (2013) explored 
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VOI in portfolio settings. The positive general conclusion is that VOI is non-decreasing 

in information-system accuracy, as coded by the likelihood function (Blackwell 1953). 

This conclusion does not rely on any specific decision contexts. In most VOI research, 

one information source has been assumed. 

Research in this area is received not much attention. Clemen and Winkler (1985) 

nvestigated problems involving multiple information sources via a Bayesian normal error 

model (Winkler 1981). They developed the equivalent number of independent 

information sources to the original dependent information sources to signify information 

volume, and they identified the effect of dependence between information sources on the 

VOI. Graham (1996) combined binary input using a binary approach and a log-odds 

model, respectively. His idea was similar to Clemen and Winkler’s (1985) equivalent 

independent information sources, and he concluded that a group of information sources is 

better than an average source; smaller correlation between information sources increases 

the accuracy of forecasting the direction of economic growth. Winkler and Clemen 

(2004) further classified multiple information sources into multiple experts and multiple 

methods. They found, using the simple average aggregation method, that the gains are 

generally greater from adding experts than from adding methods. Bickel (2008) used a 

multivariate normal model to formulate land seismic signals, which helps to develop the 

reservoir. He qualified the assumption of multivariate normal using real data sets. . If a 

setting cannot be well-modeled using tractable distributions, the Markov Chain Monte 

Carlo method may be required in Bayesian calculation to get VOI in information 

portfolio settings (Bratvold, Bickel and Lohne 2009). 

This chapter develops a method using Blackwell’s comparison of experiments 

theorem (hereafter Blackwell’s Theorem) to compare the value of information portfolios. 

This method does not rely on specific decision contexts. Blackwell’s Theorem relies on 
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the likelihood function. In simple cases, such as under the normality assumption, 

Blackwell’s Theorem makes it easy to evaluate whether one information source is more 

valuable than the other. When an information portfolio is available, the likelihood 

function is a joint distribution function. Therefore, the key point is to find a way to 

compare the likelihood function of each information portfolio. We determine a way to 

derive the equivalences for likelihood functions in terms of correlation coefficients. We 

demonstrate how the dependence between information sources can affect VOI, and we 

verify this approach using a model from the literature, where this approach can lead to the 

same results. 

3.2  THE VALUE OF INFORMATION AND CORRELATION 

3.2.1  Value of Information and Likelihood Function: Blackwell’s Theorem and Its 
Extension 

When introducing research on VOI properties in Chapter 1, we concluded that 

few general VOI properties can be drawn, except that VOI is a non-decreasing function 

of information accuracy, encoded as a likelihood function that satisfies three conditions 

(Hilton 1981), which were derived by Blackwell (1953). Further results were obtained by 

DeGroot (1969), Goel and DeGroot (1979). 

Blackwell’s Theorem (Hilton 1981): The information encoded in likelihood function 

1 1( | )Sp s v  with associated signal S1 is sufficient for, and therefore at least as valuable as, 

the information encoded in 
2 2( | )Sp s v  with associated signal S2 for all DMs and decision 

problems if and only if there exists a nonegative function T (called a stochastic 

transformation) on the product space S1 × S2 for which the following three relations are 

satisfied: 
 

2
1 1 2 2( | ) ( , ) ( | )

S
p s v T s s p s v  , for v V  and 1 1s S , (3.1) 



 55

 
1

1 2( , ) 1
S

T s s  , for 2 2s S , (3.2) 

 
2

1 20 ( , )
S

T s s   , for 1 1s S . (3.3) 

Loosely speaking, Equation (3.1) indicates that compared to the relationship between V 

and S2, there is an additional layer of randomness in the relationship between V and S1. 

This additional randomness is signified by the nonnegative stochastic transformation 

function T. Equations (3.2) and (3.3) are the conditions that T needs to satisfy. 

It may not be easy to find the stochastic transformation function T. DeGroot 

(1969), Goel and DeGroot (1979), cited Blackwell’s Theorem, and restated that 

information S2 is sufficient for information S1 if there exists a stochastic transformation of 

S2 to a random variable Y(S2) such that, for each v V , the random variable Y(S2) and S1 

have identical distributions. 

This statement simplifies the application of Blackwell’s Theorem. For example, if 

the likelihood function of S1 given V = v, is normally distributed with the mean v and 

variance 2
1 , and the likelihood function of S2 is also normally distributed with the mean 

v and variance 2
2 ; and if 2 2

1 2  , there is another normal random variable, Y, which is 

independent with S1 and V, with mean 0 and variance 2 2
1 2  , making 2 1S Y S  , for 

each v V . Therefore, the information source S2 is sufficient for S1, thus at least as 

valuable as S1 (Goel and Ginebra 2003). More examples can be found in DeGroot (1969) 

and Goel and Ginebra (2003). Therefore, if the likelihood function of one information 

source is normally distributed, conditionally unbiased, and has larger variance, this 

information source is at most valuable as the one, whose likelihood function is also 

normally distributed, conditionally unbiased, and has smaller variance. Formally, let the 

likelihood function   2
1 1| ~ ( , )S V v N v  , and   2

2 2| ~ ( , )S V v N v  . If 2 2
1 2  , the 

information source S2 is at least as valuable as S1, since for any v V , 

   2 1| |S V v Y S V v    , where 2 2
1 2~ (0, )Y N   . Or the VOI of S2 is larger than or 
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equal to the VOI of S1, regardless of the decision context. Thus we have built the 

relationship between the VOI and the likelihood function, or to be more specific in this 

setting the variance of the likelihood function. 

3.2.2  Likelihood Function and Correlation 

The likelihood function is a key ingredient in Bayesian inference. Arising from a 

conditional probability distribution, the likelihood function has been considered 

appropriate for describing the dependence structure between two random variables. In 

addition, due to the likelihood principle, although controversial, all relevant information 

is contained in the likelihood function for the observations (Berger and Wolpert 1984). 

Loosely speaking, correlation can refer to any departure of two or more random 

variables from independence. People tend to use correlation and dependence 

interchangeably. But technically, correlation reflects only certain types of dependence. 

For example, the Pearson correlation coefficient captures only the linear relationship 

between two random variables. In general, a likelihood function cannot infer correlation 

quantitatively, and vice versa. However, if we assume that random variables are normally 

distributed, the relationship between a likelihood function and a Pearson correlation can 

be established quantitatively. Before exploring this quantitative relationship, we discuss 

and summarize the commonly used normal models and their connections. It is helpful to 

derive this quantitative relationship and to understand the scope of the normality 

assumptions. 

The most-often used probabilistic model in practice is the normal model. Not only 

is it mathematically straightforward, it is the better approximately probabilistic model for 

real-world situations, and certain probabilistic models would be transformed, at least 
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approximately, to the normal model. In addition, there are practical data sets that support 

the normality assumption (Bickel, Gibson, McVay, Pickering and Waggoner 2008).  

One of the common normal models is the Bayesian normal model (Winkler 1981; 

Lindley 1983; Clemen and Winkler 1985; Chhibber and Apostolakis 1993; Clemen and 

Winkler 2007). Assume that the prior of V is 2~ ( , )V N   , and that the likelihood 

function of S, given V = v, is   2| ~ ( , )S V v N v  . The posterior distribution of V is 

 
2 2

2 2 2 2

1
| ~ ,

s
V S s N

  
   

 

   

 
    

. In this setting, V and S are jointly normally 

distributed (Bishop 2006), the predictive distribution of S is 2 2~ ( , )S N    , and the 

covariance of V and S is 2 , so the correlation coefficient is 2 2/     . 

Another common normal model is to assume that the uncertainty V is a normal 

random variable, and that the information is equal to the uncertainty plus a zero-mean 

normally distributed noise ε. For example, 2~ ( , )V N   , S V   , where 

2~ (0, )N  , and is independent with V. Therefore, the likelihood function, given V = v, 

is   2| ~ ( , )S V v N v  , and the predictive distribution is 2 2~ ( , )S N    . In this 

setting, V and S are also actuarially bivariate normally distributed, and is the same as the 

Bayesian normal model. 

A third is to directly assume V and S are bivariate normally distributed directly. 

Again assume 2~ ( , )V N   , and, contrasting with previous models, assume directly 

2~ ( , ) S SS N , and the correlation coefficient is ρ. The conditional distribution of S 

given V = v is   2 2| ~ ( ), (1 )S
S SS V v N v

    


     
 

. The conditional 

distribution of V given S = s is   2 2| ~ ( ), (1 )S
S

V S s N s
    


 
    

 
. If the 

posterior distribution is the primary interest, the assumptions of parameters of S do not 

matter, since they would be standardized eventually. 
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The distributions of the commonly used normal models are summarized in the 

following table. 

 

 Bayesian normal model Joint normal model 

Mean Variance Mean Variance 

Prior (V) (known) µ σ2  µ σ2 

Likelihood 

(S|V=v) 

v (known) τ2 (known) ( )S
S v

  


   
2 2(1 ) S   

Posterior (V|S=s) 
2 2

2 2

s  
 

 

 


 2 2

1

  
 ( )S

S

s
  


 
 

2 2(1 ) 
 

Predictive (S) µ σ2 + τ2 S  (known) 2
S  (known) 

Joint (V, S) (µ, µ) 
2 2

2 2 2

 
  
 
  

(µ, S ) 
2

2
S

S S

 
 
 
 
 

Table 1: Comparison of Bayesian normal and joint normal models 

These two normal models do have connections. The assumption of joint normal 

model is more flexible than the Bayesian normal model, since there are no restrictions on 

the predictive distribution of S, or no restrictions on the correlation either. The Bayesian 

normal model is a special case of the joint normal model. But several additional 

assumptions can make the two models interchangeable. In the joint normal model, if we 

additionally assume that the expectation of the predictive distribution of S is equal to the 

expectation of the prior distribution of V, or S  ; the standard deviation of the 

predictive distribution of S is larger than the prior, or S  ; the correlation coefficient 

is equal to / S   (herein, we discuss only the positive correlation coefficients). Thus, 

the likelihood distribution [S|V = v] in the joint normal model has mean v, since 
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 ( ) ( )S S
S

S

v v v
     
  

      ; 

and the variance is 2 2 2
S    , because 

 
2

2 2 2 2 2 2 2
2

(1 ) 1S S
S

      


 
       

 
. 

The results in this chapter are built on the assumption that the joint normal model and the 

Bayesian normal model are interchangeable. 

The comparisons and analysis above demonstrate first, that the joint normal 

distribution is explicitly or implicitly commonly used, and second, that the correlation 

coefficient is 2 2 2/ ( )     , which is a decreasing function of the variance of 

likelihood function. 

Thus, in the commonly normal model, we have built up the relationship between 

the correlation and the likelihood function, or the variance of the likelihood function, to 

be exact. In detail, if we use the Bayesian normal, V and S are jointly normally 

distributed, and the correlation is 2 2 2/ ( )     ; if we use the joint normal model, 

under the extra assumptions, the correlation between V and S is also 2 2 2/ ( )     , 

which is a decreasing function with respect to 2 . 

3.2.3  VOI and Correlation 

Section 3.2.1 discussed the relationship between VOI and the variance of the 

likelihood function that is normally distributed. Any one of the three models discussed in 

Section 3.2.2 has a normally distributed likelihood function. And that section noted that 

the correlation coefficient and the variance of likelihood function of the normal models 

have a monotonic relationship (if it is the joint normal models, it requires additional 

assumptions we listed in Section 3.2.2). We can conclude that in the normal models, VOI 

and correlation coefficient have a monotonic relationship: the larger the correlation 
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coefficient, the larger the VOI. This establishes the connection between VOI and 

correlation coefficient mathematically. For example, consider the joint normal model (the 

other two are the same, since they are interchangeable under the additional assumptions), 
2 2 2/ ( )     . If the variance of the likelihood function, τ2, increases while the 

correlation coefficient decreases, the VOI gets smaller. 

So far, we have built the relationship between correlation and VOI, which can be 

used to analyze and compare VOI of multiple information sources. 

3.3  EQUIVALENT CORRELATION AND MULTIPLE INFORMATION SOURCES 

This section assumes multiple information sources or that an information portfolio 

is available, instead of just one information source. The uncertainty and the information 

sources are assumed to be jointly normally distributed, and the distributions of the 

likelihood function are conditionally unbiased 

Under this setting, the correlation between the uncertainty and the information 

sources is a vector. There is no meaningful way to compare a vector of correlations in 

order to compare VOI. Finding a method to convert the vector into a scalar would enable 

the evaluation of which VOI is more valuable between any two information portfolios, 

and foster understanding of how the dependence between information sources affects the 

VOI magnitude. 

Let’s recall the single information source case first. The uncertainty V and the 

information source S are assumed to be bivariate normally distributed. The prior 

distribution of the DM for V is a normal distribution with mean µ and standard deviation 

σ (denoted V~N(µ, σ2)). The predictive distribution of information source S is also 

normally distributed, 2~ ( , )S SS N   . The correlation coefficient between V and S is ρ. 
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These assumptions permit the derivation of the posterior distribution of the uncertainty V, 

which is also a normal distribution, with mean 

 [ | ] ( ) /S SE V S S Z          , (3.4) 

where Z is the standard normal distribution; the variance is 

 2 2var( | ) (1 )V S    . (3.5) 

Now assume that the information portfolio has n information sources, S, a random 

vector. The multivariate normal distribution is ( , ) ~ ( , )V N S μ . The mean vector is 

composed by two components, such that 
 

  
 S

μ
μ

, an (n + 1) × 1 vector, where 

[ ]E V  , a scalar; and [ ]E  SS μ , an n × 1 vector. , an (n + 1) × (n + 1) matrix , is 

the covariance matrix between V and S, which can be partitioned such that 

 VV V

V

  
     

S

S SS

, 

where VV is the variance of V. T
V V  S S , (1 × n), captures the dependence between V 

and the n information sources. Finally, SS , (n × n), represents the unconditional 

dependence between the information sources, or the covariance of predictive distribution 

of information sources. 

The posterior distribution of the uncertainty V is also a normal distribution, with 

mean 1[ | ] ( )VE V     S SS sS S μ . Let SSρ  be the correlation matrix corresponding to 

SS , which is 

 

1 2 1

1 2 2

1 2

1

1
,

1

n

n

n n

S S S S

S S S S

S S S S

 

 

 

 
 
   
 
  

SSρ





   



 

where 
i jS S  denotes the correlation coefficient between the information source Si and Sj. 

And let 
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1

21/2

0 0

0 0

0 0
n

S

S

S







 
 
   
 
  

SSA





   



, 

where 
iS  denotes the standard deviation of information source Si. Then it is easy to 

verify that 1/2 1/2 SS SS SS SSA ρ A  (Johnson and Wichern 2007). Thus, 

 
1/2 1 1 1/2 1

1

[ | ] ( ) ( ) ( )V

V

E V 

 

  



   

 
S SS SS SS S

S SS SS

S A ρ A S μ

ρ ρ Z
 (3.6) 

where 
1

( ,..., )
nV VS VS Sρ , and SSZ  is the standard normal random vector, with the 

covariance matrix SSρ . 

The variance of posterior distribution is 

 

2 1

2 1/2 1 1 1/2 1

2 2 1

1 2

var( | )

( ) ( )

(1 )

V V

V V

V V

V V

V 



 





  





    

  

 

 

S SS S

S SS SS SS S

S SS S

S SS S

S

V ρ V

ρ ρ ρ

ρ ρ ρ

. (3.7) 

When multiple information sources are present, the posterior variance, in contrast 

to the single information source case as Equation (3.5), changes from 2 2(1 )   to

1 2(1 )V V  S SS Sρ ρ ρ . If the decision to be made relies only on the variance of the posterior 

distribution, the effect of the multiple information sources on the uncertainty would be 

the same as the single information source if 2 1
V V  S SS Sρ ρ ρ . The effect herein means the 

effect of the information sources on the decision making. If the effect is the same, they 

are equivalent. We define the equivalent correlation (EC), e , where 

 2 1
e V V  S SS Sρ ρ ρ  (3.8) 

The EC is non-negative, since SSρ  is a positive definite matrix. 

Let’s look at posterior expectation. The posterior expectation, a random variable, 

with multiple information sources is 1
V   S SS SSρ ρ Z , contrasting to the single 
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information source case in Equation (3.4). If 1
V Z S SS SSρ ρ Z  in the distribution, the 

effect of multiple information sources is equivalent to that of a single information source. 

Since SSZ  is a random vector, 1
V


S SS SSρ ρ Z  is normally distributed, with mean 0, and 

variance 1
V V


S SS Sρ ρ ρ ; ρZ is also normally distributed with mean 0 and variance ρ2. Thus, if 

2 1
V V  S SS Sρ ρ ρ , again, the information contained in the information portfolio is 

equivalent to the single information source. We compare only the expectation and 

variance of the posterior distribution between information portfolio and single 

information source, and do not consider higher orders. The first reason is that we use the 

Bayesian framework, where the decision is a function of the posterior distribution. The 

second reason is that we are considering a normal distribution, for which the mean and 

variance are sufficient to uniquely define. The third reason is that in practical decision 

making, DMs may care about mean and variance, and may not consider higher order 

moments. In addition, knowing the mean and the variance is sufficient to derive a good 

approximation of certain equivalents to evaluate alternatives (Howard 1971). 

So far, we have defined the EC, a scalar, which represents the equivalent 

correlation of an information portfolio that has the same effect as a single information 

source for the same uncertainty. With this, we are able to transform a multiple 

information case to the equivalent single information case. Comparing such would 

indicate which likelihood function variance is larger, and therefore which information 

portfolio may have larger VOI for the same uncertainty. 

3.3.1  Conditional Correlation 

Equation (3.8) uses unconditional correlation coefficients between information 

sources, which are not intuitive. In practice, the DM may find it easier to assess the 

conditional correlation, i.e., the correlation between information sources given certain 
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uncertain value. Of course, this requires that information sources have, or approximately 

have, a linear relationship, since we are using Pearson’s correlation coefficient. 

The literature, however, has devoted much less attention to conditional correlation 

than to partial correlation in the context of multivariate linear regression (Tong 1990; 

Johnson and Wichern 2007). Partial correlation is the correlation between two random 

variables, isolating them from the effect of other variables. Formally, the partial 

correlation between random variables S1 and S2 given V is the correlation between the 

residuals resulting from the linear regression of S1 with V and of S2 with V, respectively. 

The calculation leads to the well-known formula 

 1 2 1 2

1 2

1 2

, . 2 21 1

S S VS VS
S S V

VS VS

  


 




 
 

But we need the correlation between information sources given the effect of 

certain uncertain values. We use the conditional correlation because it makes more 

practical sense. For example, Baba et al. (2004) showed that conditional independence 

does not necessarily imply zero partial correlation, but has close ties to zero conditional 

correlation. The conditional correlation is defined as 
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. 

In general, conditional correlation is not equivalent to partial correlation. 

However, Lawrance (1976) and Baba (2004) both pointed out in multivariate normal 

settings, the conditional correlation is equal to the partial correlation 

 1 2 1 2

1 2 1 2

1 2

, | , . 2 21 1

S S VS VS
S S V S S V

VS VS

  
 

 


 

 
. (3.9) 

Since this chapter assumes multivariate normality, Equation (3.9) is used to calculate the 

conditional correlation coefficient, noting that conditional correlation is a linear function 
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of unconditional correlation, given correlations between uncertainty and information 

sources. 

3.4  VALUE OF INFORMATION WITH MULTIPLE SOURCES AND DEPENDENCE 

We first investigate the relationship between the value of the information 

portfolio with two information sources and the dependence between the two sources. 

Later, we extend the analysis to more than two information sources in the information 

portfolio. In analysis, we assume that each information source is positively correlated 

with the uncertainty and that information sources are also positively correlated. These are 

sound practical assumptions because a DM is always eager for helpful information, 

which means positively related to uncertainty. And since each information source is 

positively correlated to the uncertainty, the correlation between information sources 

would not be negative, again for practical purposes. 

3.4.1  Two Information Sources 

In the instance of two information sources, the information sources and the 

uncertain value form a trivariate normal distribution. The square of its equivalent 

correlation is 

 
1 2 1 2 2 1 1 2 1 2 1 2 2 1 1 2 1 2

1 2 1 2
1 2

1 2 1 2 1 2

1 2

2 1

2 2

22 2 2

2 2

2

2( )( )

1 1 1

2
.

1

e V V

VS VS S S VS VS S S VS VS S S VS VS S S S S

S S S S S S

VS VS VS VS S S

S S



            
  

    




      
             

 




S SS Sρ ρ ρ

(3.10) 

By Equation (3.9), given correlations between the uncertainty and the information 

sources, the conditional correlation is a linear function of unconditional correlation. 
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We first need to consider the valid range of unconditional correlations between 

information sources given the correlations between each information source and the 

uncertainty, since they have to at least make the correlation matrix positive definite. The 

sequence of information sources and uncertainty in the correlation matrix does not 

matter, since the correlation matrix formed by different combination of sequences could 

be transformed by elementary row or column operations. And these operations do not 

change the correlation matrix’s positive definite character. For example, consider the 

following correlation matrix: 

 
1 2

1 1 2

2 1 2

1

1

1

VS VS

VS S S

VS S S

 

 

 

 
 
 
 
 

. 

The valid range of unconditional correlation 
1 2S S  due to positive definiteness is 

  1 2 1 2 1 2 1 2

2 2 2 2(1 )(1 ), (1 )(1 ) .VS VS VS VS VS VS VS VS              (3.11) 

Second, recall that the posterior expectation of the uncertainty, given information 

sources, is given by Equation (3.6). The normalized weights of each information source 

are 1 1/ ( )V V
 

S SS S SSρ ρ ρ ρ e , or in two-source cases 

 1 2 1 2

1 2 1 2 2 1 1 2

 VS VS S S

VS VS S S VS VS S S

  
     



  
, and 2 1 1 2

1 2 1 2 2 1 1 2

VS VS S S

VS VS S S VS VS S S

  
     



  
, 

respectively. Since each information source is positively correlated with the uncertainty, 

the weights cannot be negative. Thus,  
1 2 1 2 2 1

min / , /S S VS VS VS VS      Therefore, the 

upper bound of the unconditional correlation is 

 1 2

1 2 1 2

2 1

2 2min (1 )(1 ), min ,VS VS
VS VS VS VS

VS VS

 
   

 

  
         

 . 

We can show that 
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This can be easily obtained by first assuming 
1 2VS VS  . Then we want to show 

1

1 2 1 2

2

2 2(1 )(1 ) VS
VS VS VS VS

VS


   


    , which is equal to showing 

 2

2 1 2

1

2 2 2(1 )(1 ) 1VS
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    . 

The left hand side simplifies to 
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since 
1 2VS VS  . When 

1 2VS VS  , the proof is easy to obtain by the symmetry of 
1VS  

and 
2VS . 

Therefore, 1 2

1 2 1 2

2 1

2 2(1 )(1 ) min ,VS VS
VS VS VS VS

VS VS

 
   

 

       
  

. The upper bound of 

the unconditional correlation is 1 2

2 1

min ,VS VS

VS VS

 
 

  
 
  

. The lower bound will be discussed 

later. 

This completes the discussion of the range of unconditional correlation. Building 

on Equation (3.9), the upper bound of the conditional correlation is 

1 2

1 2 1 2

1 2 12 1

1 2 1 2 2 1 2

2 2
2

2 2 2 2 2 2
1

1 1
min , min ,

1 1 1 1 1 1

VS VS
VS VS VS VS

VS VS VSVS VS

VS VS VS VS VS VS VS

 
   

    

       

 
           

         
  

 . 



 68

Conclusion 1: The upper bound of the unconditional correlation is 

1 2

2 1

min ,VS VS

VS VS

 
 

  
 
  

; The upper bound of the conditional correlation is 

1 2 1

2 1 2

2 2
2

2 2
1

1 1
min ,

1 1

VS VS VS

VS VS VS

   

   

   
 

   
. 

The lower bound of the conditional correlation will be set to zero, indicating 

conditional independence, since we believe that in most practical cases the conditional 

correlation between any two information sources should be non-negative. Therefore, the 

corresponding lower bound of the unconditional correlation is 
1 2VS VS  . Thus,  

Conclusion 2: The valid range for unconditional correlation is 

 1 2

1 2

2 1

, min ,VS VS
VS VS

VS VS

 
 

 

         
 (3.12) 

The valid range for conditional correlation is 

 1 2 1

2 1 2

2 2
2

2 2
1

1 1
0,min ,

1 1

VS VS VS

VS VS VS

   

   

           
  (3.13) 

Recall the range (3.11), the lower bound is smaller than the lower bound of the 

range (3.12), 
1 2VS VS  , so 

1 2VS VS   can ensure the satisfaction of the positive definite 

condition. 

We are interested in the question of how VOI changes, if the conditional 

correlation coefficient change in the valid range (3.13). Building on Equations (3.9) and 

(3.10), the square of EC is 
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2 2 2 2
|

2
2

2 2
|

2 1 1

1 1 1

VS VS VS VS S S V VS VS VS VS

e

S S V VS VS VS VS

        


    

    


   
 (3.14) 

Since unconditional correlation is a linear function of conditional correlation, and 

Equation (3.10) is easier to analyze than Equation (3.14), we start from Equation (3.10) 
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to investigate the relationship between the EC and conditional correlation. The idea is 

that if the square of EC is found to be a monotonic function of unconditional correlation 

between information sources, then the EC should have the same monotonic relationship 

of conditional correlation between information sources, due to the positive linear 

relationship between unconditional correlation and conditional correlation of information 

sources. The right-hand side of Equation (3.10) is not differentiable in the entire domain 

with respect to 
1 2

S S , due to the existing of discontinuity points, but it is differentiable in 

the certain ranges, for example it is not difficult to have that the Equation (3.10) is 

differentiable in the range from zero to one. We check the first derivative with respect to 

unconditional correlation, 
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This derivative is negative if 
1 2S S  is less than 

1 2
/VS VS  , when 

1 2VS VS  . Or in 

general form the EC is decreasing as 
1 2S S  is increasing in the range from zero to 

 
1 2 2 1

min / , /VS VS VS VS    , since we have considered only positive correlations so far 

and the EC should be positive, too. The upper bound of the range, 

 
1 2 2 1

min / , /VS VS VS VS    , where the EC is decreasing as 
1 2S S  is increasing, is also the 

upper bound of the range (3.12), and the lower bound zero is smaller than the lower 

bound of the range (3.12). Therefore, the first derivative of the square of the EC is 

negative with respect to 
1 2S S  in the range of (3.12). Or the monotonic relationship 

between the EC and the unconditional correlation holds in the entire valid range of the 

unconditional correlation. 
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In terms of conditional correlation, which is a linear function of unconditional 

correlation, the EC is decreasing as the conditional correlation increases when conditional 

correlation is in the range (3.13), so is the VOI. Figure 10 shows the behavior of the EC 

as conditional correlation varies for different values of one information source correlation 

coefficient. It also illustrates that EC is increasing if one of the information source 

correlation coefficients increases, while fixing the other correlation coefficient and the 

conditional correlation. 

We find that the minimum value of the EC approaches and is never less than 

1 2
max{ , }VS VS  . Assuming that 

1VS  is not greater than 
2VS , when 

1 2 1 2
( / )S S VS VS   , then by Equation (3.10), 

 1 2 1 2 1 2

2
1 1

1 21 2 1 2
2 2

2 2
2 2

2

2
lim lim

1VS VS
S S S S

VS VS

VS VS VS VS S S
e VS

S S
 

 
 

    
 

 

 
 


. 

The intuitive interpretation is that when the unconditional correlation approaches the 

upper bound, the weight associated with the information source with the smaller 

correlation approaches zero, so that the information source with the larger correlation 

becomes dominant, toward which the EC approaches. 

Since the EC is known to be a decreasing function in the range 

  1 2 1 2 2 1
,min / , /VS VS VS VS VS VS       with respect to the unconditional correlation, the 

EC is always greater than 
1 2

max{ , }VS VS   in this range. This demonstrates that the VOI 

of an information portfolio is equals or exceeds every single information source. For 

example, if the two information sources are conditionally perfectly correlated, 
1 2 | 1S S V  . 

The conditional correlation can be one if and only if the two correlations, between 

information sources and the uncertainty, are identical and, the EC is equal to 
1

VS  or 

2
VS , which indicates that one of the information sources is redundant. 
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If the two information sources are conditionally independent, 
1 2| 0S S V   . Thus, 

1 2 1 2S S S S   . The square of the EC achieves its maximum value, and therefore so is the 

VOI. The maximum square of the EC is 

 1 2 1 2

1 2

2 2 2 2
2

2 2

2

1
VS VS VS VS

e
VS VS

   


 
 




. 

 

Figure 10: The EC as a function of conditional correlation. One information source 
correlation coefficient is fixed as 0.8, and the other information source 
correlation is 0.2, 0.4, 0.6 and 0.8, respectively. The horizontal dashed line 
is the lower bound of the EC for all combinations. The vertical dashed lines 
are the maximum conditional correlation it can reach given the combination 
of the two correlations. 

Figure 11 illustrates the contours of the EC for any combination of the two 

information sources given certain conditional correlation coefficients. The dashed lines 

indicate that the given conditional correlation coefficient is not in the valid range of that 

combination of the two information source correlations in the plot. One insight is that two 

information sources with moderate correlation coefficients might be not as reliable as the 
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combination of one information source with a high correlation coefficient and an 

information source with a low correlation coefficient. For example, the combination of 

two information sources with correlation coefficients of roughly 0.8 might be not as 

reliable as the combination of information sources having correlation coefficients of 0.9 

and 0.5. Another insight is that when the conditional correlation increases, the number of 

valid combinations of information sources (we consider two information sources a valid 

combination if their upper bound is less than or equal to the given conditional correlation 

coefficient) decreases, and only if the two information sources have the same correlation 

coefficient. The contours also indicate that the EC is greater than any of the two 

correlations of the information sources, which means that the VOI of two information 

sources that are positively correlated to the uncertainty is always greater than the VOI of 

any single information source. 
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Figure 11: Contours of EC with respect to both information source correlation 
coefficients for given certain conditional correlation coefficients. The 
dashed line indicates that the given conditional correlation coefficient is not 
in the valid range of that combination of two information source correlations 
in that plot. 

3.4.2  More than Two Information Sources 

This section further investigates when the information portfolio has more than 

two, say n, information sources. Under this situation, the correlation matrix becomes 
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complicated to analyze, since the valid range of each correlation coefficient between 

information sources must be quantified. To ease the discussion, we first assume that the 

correlation matrix of information sources is an intraclass matrix, where all its off-

diagonal elements are the same, S , and each diagonal element is one. All correlation 

coefficients between information sources and the uncertainty are common, say VS , and 

the conditional correlations between information sources given the uncertainty are also 

common, say  , where 2 2(1 )S       by Equation (3.9). In this setting, we do 

not need to discuss the range of VS  to satisfy the positive definite condition of 

correlation matrices. 

By Binomial Inverse Theorem (Press 1972), 

 1 1

1 (1 )(1 ( 1) )
TS

S S Sn


  

  
   SSρ I e e , 

where I is the identity matrix, and e is an all-one column vector. 

We require conditional correlations, and by Equation (3.9),  
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It is not difficult to show that the EC is a decreasing function of S , in which 

case so is  . Figure 12 shows this relationship for different numbers of information 

sources. We also can show that if information sources are conditionally independent, and 

there is an infinite number of sources, the EC will be equal to one, indicating perfect 
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information. Otherwise, even if we have an infinite number of information sources, the 

square of EC only approaches  
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Figure 12: The EC as a function of conditional correlation for various of the numbers 
of information sources, given the common correlation between the 
uncertainty and information sources. 

Now we relax the intraclass correlation matrix assumption. But to avoid the 

complicated discussion of the valid ranges for each correlation coefficient between 

information sources, either unconditional or conditional, we assume that all correlation 

coefficients fall within the valid ranges. We want to investigate the relationship between 

the EC and the correlations between information sources. In this case, we investigate only 

the marginal contribution of each correlation coefficient between information sources. 

From (Graybill 1983) we have 
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1 1V V
V ij V

ij


 

  

S SS S

S SS SS S

ρ ρ ρ
ρ ρ ρ ρ  (3.15) 
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where ij  is an n × n matrix whose every element is zero except the ij-th and the ji-th 

elements, which are equal to one. 

Recall that we assume that the weights of information sources are positive, and by 

Equation (3.6), the elements of 1
V


S SSρ ρ  are all positive. Thus the right hand side of 

Equation (3.15) is negative. Therefore the square of the EC is increasing while the 

correlations between information sources are decreasing, and the VOI is increasing. 

3.5  DERIVATION OF CLEMEN AND WINKLER’S RESULTS 

Our results about VOI and the EC of an information portfolio are derived building 

on the Blackwell’s Theorem, by comparing with the variance of likelihood function. 

Implementing the same approach, we can derive the same results as Clemen and 

Winkler’s (1985) in their problem settings. 

Clemen and Winkler used the Bayesian normal error model, one of the three 

discussed in Section 3.2. This model provides the DM with the prior distribution of the 

uncertainty, which is normally distributed and represented using this chapter’s notation as 
2~ ( , )V N   . Their paper used the joint normal distribution of errors of information 

sources given a certain realization of V, where the expectations are all zero and the 

covariance matrix does not depend on the realization. Their model is essentially 

equivalent to the likelihood distribution of information sources being jointly normally 

distributed as ( | ) ~ ( , )V v N v S e , where e is the all ones column vector; S is a random 

vector; V is the random variable; and v is a realization of V. The posterior distribution of 

V is also normally distributed, as 
2 1

2 1 2 1

1
( | ) ~ ,

T

T T
V N
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If there is only one information source, then its likelihood distribution is 
2( | ) ~ ( , )S V v N v  . Thus, the posterior distribution of the uncertainty is 

2 2

2 2 2 2

1
( | ) ~ ,

S
V S N

  
   

 

   

 
   

. 

The information portfolio’s variance is 2 1 1( )T   e e , contrasting with 

2 2 1( )     in the single information source case. We define the equivalent variance as 

2 1 1( )T
e

  e e , which represents the equivalent effect of this information portfolio as a 

certain single information source on the same uncertainty. In other words, given the 

information portfolio as described above, they are equivalent to the single information 

source, whose likelihood function has variance 1 1( )T  e e , because the effects on the 

uncertainty are the same. 

So far, we have the equivalent variance 2
e  of an information portfolio for 

Clemen and Winkler’s model. We are now able to compare the magnitude of 
2 1 1( )T
e

  e e , since it is the variance of likelihood function, to reveal how the 

dependence between information sources affect VOI. The larger 2
e , or smaller 1T e e , 

the smaller VOI. 

Clemen and Winkler developed the idea of the number of independent 

information sources each having the same variance, say one without losing generality, 

which is equal to 1T e e . The number of independent information sources indicated how 

good a given multiple information sources is. If the given multiple information sources is 

only equal to smaller number of independent sources, it is not as good as the one that is 

equal to the bigger number of independent sources. 

We think the so called “the number of equivalent independent experts” is a little 

bit misleading. It may cause an incorrect conclusion that, for example, an information 

portfolio that is equivalent to 200 independent experts is much better (40 times) than an 
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information portfolio that is equivalent to 5 independent experts. In fact, the 40-times 

relationship is not true, since VOI is not a linear function of the number of independent 

information sources. Or, a small change in a covariance matrix may lead to a huge rise in 

the number of independent experts (Morrison and Schmittlein 1991). However, there is 

no proof in general settings that a linear relationship exists between the number of 

independent experts and VOI. Therefore, the number of equivalent independent experts 

may not be a fair measurement of VOI. In our results, the values of the EC are between 

zero and one. Change within such a relatively small range would not cause the same 

confusion, and we do not claim that the relationship between ECs’ magnitudes has the 

same portion of the VOIs’ magnitude. 

Also, the assessment of correlation coefficients should be easier than assessing 

covariance, due to the connection between the linear regression and the correlation 

coefficients (Rodgers and Nicewander 1988). 

3.6  VOI FOR TALL PROBLEM 

This section illustrates how the EC is used to calculate VOI in a concrete decision 

context, how the EC bridges the existing VOI research results for a single information 

source (which has been considered in most of the VOI research), and the decision 

contexts with multiple information sources, so that the DM can quickly understand VOI 

and its properties under the new settings. This demonstration is conducted on the classic 

two-action linear-loss (TALL) decision problem (Raiffa and Schlaifer 1961) with 

multiple information sources. In the TALL problem, the DM chooses between two 

alternatives. One alternative generates uncertain outcomes, and the other has a 

deterministic outcome. This decision problem is often referred to as the go/no-go 

problem. The no-go alternative leads to the deterministic outcome. 
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Bickel (2008) derived the VOI calculation formula for the single information 

source for the TALL problem with normal priors. If the DM is risk neutral, the expected 

VOI (EVOI) is, using the notation of this chapter, 

 [max{ , [ | ]}] max{ , }EVOI E t E V S t     (3.16) 

where t is the payoff when the DM chooses no-go. In detail, 
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  (3.17) 

where ( ) /c t   ; μ is the expectation, and σ is the standard deviation of the normal 

prior of the uncertainty; and   is the cdf, and   is the pdf of the standard normal 

distribution, respectively. 

Given multiple information sources, we just need to replace [ | ]E V S  to 

[ | ]E V S  by Equation (3.16). And the formula for EVOI for multiple information 

sources is the same as Equation (3.17), except replacing   with the EC, 
1

e V V  S SS Sρ ρ ρ . We still assume that the correlations between the information sources 

are positive, so that the EC is positive. The results in (Bickel 2008) were also based on 

positive correlations. This is very convenient. The DM can easily calculate EVOI of any 

set of multiple information sources by substituting the EC for ρ in the Equation (3.17). 

The EC also eases the VOI analysis by transforming the multiple information 

sources case to the single equivalent information source case. By replacing the 

correlation of the single information source to the EC, the VOI now is a composite 

function of the correlations between information sources. To be more specific, the VOI is 

a function of the EC, and their relationship has been discussed in (Bickel 2008). The EC 

is a function of the correlations between information sources. Once the DM understands 

how the EC changes as a function of the correlations between information sources, he or 
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she is able to follow how VOI changes as the consequence. Thus, all results about VOI 

and correlation in (Bickel 2008) can be easily transformed to multiple information 

sources, such as the relationship between perfect and imperfect information. 

3.7  DISCUSSION AND CONCLUSION 

The desire to resolve uncertainty is the principal driver for DMs to pursue an 

information portfolio. This chapter introduced an approach to compare the value of 

information portfolios. We evaluated the information portfolio, whose accuracy is coded 

as a likelihood function, using Blackwell’s comparison of experiments theorem that 

allows us to discuss the VOI without specific decision contexts, which is a big advantage. 

Since the likelihood function of an information portfolio is a joint distribution, the key 

question is how to convert it to a single random variable, so that the information 

portfolios can be compared. This chapter employed the multivariate normal distribution, 

which is very commonly used in both research and practice, to do the conversion. We 

derived the equivalent correlation coefficient to equivalently represent the information 

portfolio. Through such, the DM is able to compare the value of information portfolios. 

Our results show that the value of an information portfolio is small if information sources 

are heavily dependent, coded as conditional correlation between information sources. 

The equivalent conversion of information portfolio to single information source is 

able to ease the analysis of VOI in an information portfolio context. We demonstrated 

this in the TALL problem settings. By converting information portfolio to equivalent 

single information source case, the DM is able to take advantage of the existing VOI 

conclusions in TALL to analyze VOI in information portfolio context. And the equivalent 

conversion simplifies the complex decision context and can help the DM understand the 

multiple information sources. 
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The results so far are dependent on the joint normal model we adopted. To 

aggregate the VOI of multiple information sources, the first task to address is how to 

integrate them. The normal model is just one of the three most discussed models in the 

literature. The other two are the copulas model and the Bayesian nonparametric model. 

We project that similar results may be derived from the other two models, but this would 

require future work, and care would be needed in generalizing the results. 

We think the assessment of correlation matrix could be achieved by mining 

historical data (Winkler and Makridakis 1983), or through subjective assessments 

(Gokhale and Press 1982; Clemen, Fischer and Winkler 2000). We think this kind of 

work may take less effort and be more intuitive than assessing a covariance matrix 

directly. But this topic is beyond the scope of this dissertation. 

Due to the complexity of analysis associated with a general correlation matrix, we 

discussed only the intraclass correlation matrix and marginal contribution of each 

correlation, which limits the scope of the results. In the future, we need to find a way to 

address the general correlation matrix. 

This chapter assumed that all correlations are positive. Even though this is rare in 

practice, it will be interesting to see how negative correlation may alter the current 

results. Clemen and Winkler (1985) found that the dependence may be helpful for highly 

positive correlation among error variances. We can show that, in our cases, if the 

unconditional correlation is greater than 
1 2 2 1

min{ / , / }VS VS VS VS    , but less than 

1 2 1 2

2 2(1 )(1 )VS VS VS VS      , the first derivative of the EC is greater than zero, which 

indicates that higher correlation has higher VOI. But at the same time, the weight of 

certain information sources becomes negative, while still keeping the correlation matrix 

positive definite. The change in the sign of the first derivative of the EC gives us more 

insights.  
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Chapter 4.  Portfolio Selection Algorithms and Heuristics 

4.1  INTRODUCTION 

Forming an optimal or close to optimal portfolio under certain measure - deciding 

which projects should be funded and which should not - is one of the critical problems in 

portfolio decision analysis (PDA) (Salo, Keisler and Morton 2011). Many methods of 

portfolio selecting are proposed from different perspectives. This selection process can be 

very complex by taking account as many factors as decision makers wish, such as 

finance, technology, strategy (Cooper, Edgett and Kleinschmidt 1998). One of the 

popular methods is to pursue maximum profit of the portfolio. From this perspective, a 

number of problems may be formulated as knapsack problem. The simplest example is 

the 0-1 knapsack model, where each project has certain profit and cost, under the limited 

budget constraint. Assume the profit of project i is pi, its cost is ci. The budget is b. The 

decision is either invest this project (xi = 1) or walk away (xi = 0). Under these notations, 

the mathematical model, 
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  (4.1) 

Although modern algorithms in most optimization solvers could easily solve 

Model (4.1), it is not an easy task in theory, since it belongs to the NP-hard problem 

class. In addition, the results of mathematical optimization may be difficult to explain to 

others. In practice, many heuristics are employed, because they are generally fast and 

relatively easy to explain. One of the most common heuristics is to prioritize candidate 

projects based on the benefit cost ratio (BCR), in which the benefit is equal to the sum of 

the profit and its cost. Then the project with the highest BCR would be selected, followed 
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by that with the next highest BCR, etc., until the budget is exhausted. For example, 

assume three projects with profit of $6, $5, and $2 and cost of $2, $2, and $1, 

respectively. The budget is $3. The investment decision produced by the BCR approach 

would be to invest in projects one and three, since the BCRs are 3, 2.5 and 2, and the 

project two is unaffordable. The resulting portfolio value would be $8, which is also the 

optimal portfolio value. Other essentially equivalent terms include bang-for-the-buck and 

profitability index (Kleinmuntz 2007).  

The BCR approach is appealing because it is fast, solvable in polynomial time. It 

is also easy to deploy and to understand. It does not need complex mathematical models 

or complicated solving algorithms. This approach gives the DM insight into why projects 

are in the optimal portfolio. However, since BCR is a heuristic, it may not produce 

optimal solutions. The primary weakness of BCR is that it cannot capture dependence 

between projects. 

The BCR approach is widely implemented in practical portfolio selection 

problems, and it is critical in prioritizing problem solutions in several important domains. 

We list some illustrative applications here. All solutions to climate change in the 

Copenhagen Consensus on Climate Project are evaluated by BCR by an expert panel, 

most of whom were Nobel Laureate (Lomborg 2010). Burnett et al. (1993) implemented 

the BCR approach to allocate a research and development budget in the oil industry. The 

Government Accountability Office (1997) also implemented the BCR approach to 

allocate the IT investment decision. 

Although widely applied in PDA, BCR’s performance seems to have been 

evaluated in the literature only by Phillips and Costa (2007), who compared the BCR 

approach to prioritization by benefits alone. This chapter defines BCR’s performance by 

how closely the value of the portfolio it generates approaches that resulting from 
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optimization. From an algorithmic perspective, the BCR approach is essentially a greedy 

algorithm to approximate the optimal portfolio values. Recall the trivial example above, it 

indicates that the BCR approach may have the same performance as the optimization. But 

it is not always true. The BCR approach is just an approximation algorithm to this 

problem (Luenberger 1998). Kleinmuntz (2007) commented that the BCR approach 

produces a portfolio value with a small deviation from the optimal value. Actually the 

problem could be formulated to make the BCR approach appear arbitrarily bad. For 

example, consider two projects. Project 1 has profit of 2 million, with cost of 1 million. 

Project 2 has profit M, with cost M, in the same unit. The budget is M and M ≥ 1. The 

portfolio value by BCR approach would be two, since Project 1 has the larger BCR. 

However, if M is bigger than two, the optimal portfolio value should be M. Then the 

performance of BCR approach, defined as the ratio of portfolio value by BCR approach 

to the optimal portfolio value, is 2/M (M > 2). This ratio can be made arbitrarily small, by 

setting M is to be sufficiently large. This is the worst-case analysis of the BCR approach. 

Nordhaus (2012) believed that the BCR approach is not proper due to the existing of the 

worst-case scenario. 

This seemed contradiction - bad performance of the BCR approach in worst-case 

analysis, yet relatively good performance in practice - can be interpreted that the worst-

case is uncommon in real applications. Researchers in the algorithm community have 

attempted to resolve this seeming contradiction through average-case analysis, or 

probabilistic analysis of algorithms. The general idea to evaluate the average performance 

of the BCR approach for the 0-1 knapsack model is to let the BCR approach solve 

number of problem instances, generated from a probabilistic 0-1 knapsack model, then 

average the performances over all instances. If this probabilistic model can represent 

most of the practical portfolio instances, the evaluation result would be quite convincing.  
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The most popular probabilistic model used in the literature is to assume profits 

and costs are independent and identically distributed (iid) in a standard uniform 

distribution, which leaves the best chances for deriving theoretical results that hold 

exactly when the number of projects in one portfolio approaches infinity. Lueker (1982) 

showed that the ratio of the portfolio value via BCR to the portfolio value via 

optimization converges in probability to one, if the budget is bigger than a half of the 

number of candidate projects. Szkatula and Libura (1987) assumed that the profits and 

the costs are independent in the support of (0, 1], and they showed that the ratio of the 

portfolio value via the BCR approach to the optimal portfolio value is asymptotically 

equal to 1 with probability 1 under certain technical conditions. Frieze and Reed (1998) 

showed that the BCR approach has a good approximation, under the assumption that 

profit and cost are both independently drawn from the interval (0, 1), because their proof 

depends on the geometry of the square with side length one. Diubin and Korbut (1999) 

prove an asymptotical probabilistic statement of gap between the portfolio value via the 

BCR approach and the optimal portfolio value, which depended on the budget b and the 

number of candidate projects. They extended their results into general distributions with 

support on (0, 1) (Diubin and Korbut 2003). The condition requires tedious integrations. 

The previous two papers investigated the performance of the BCR approach in the 

specific probabilistic model and under certain assumptions on budget levels 

asymptotically. What if the budget does not satisfy the condition? Bank, et al. (2004) 

explored this scenario in the model where the profits and costs are iid, and uniformly 

distributed. Their numerical experiments showed that the BCR approach still has good 

performance, derived from the difference between the LP relaxation and the BCR 

approach value, not the optimal value. Korbut and Sigal (2010) developed a lower bound 

of the ratio of portfolio value via BCR and the portfolio value via optimization, under a 
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set of conditions on the portfolio problems, which make the BCR method the same as the 

Ext-Greedy method (Kellerer, Pferschy and Pisinger 2004) that has guaranteed 

performance. 

The existing research shows that the BCR approach has been widely implemented 

in DA society, yet its performance relative to the optimization in real world applications 

has received little scrutiny. Some analytical results have been derived in algorithm 

society, but the models they used are not representative for the real world problems. The 

conditions and assumptions, such as iid, the standard uniform distribution, AND infinite 

number of projects, make the models strongly restrictive. Although different correlation 

between project benefits and costs were discussed by Martello et al. (2000), they did not 

consider dependence between project benefits, costs, respectively, and their goal was to 

evaluate computation time. Their numerical experiments showed that dependence can 

affect computation time. 

The goal of this chapter is to evaluate the BCR approach in probabilistic models 

that can represent practical portfolios in certain industries: the number of projects in one 

portfolio is also in a practical range (20 to 50); the distributions of benefits and costs are 

those that are popularly implemented in these industries; and budget levels can vary from 

very small to sufficient to invest in all candidates. 

4.2  RELATIVE PERFORMANCE OF THE BCR APPROACH IN DIFFERENT MODELS 

Our numerical experiments use the BCR approach to solve simulated portfolio 

instances generated from probabilistic models. Then the optimization approach to solve 

the same instances. The relative performance of the BCR approach is defined as a ratio of 

the portfolio value calculated by the BCR approach to the optimal portfolio value. 

Different probabilistic models may have different mechanisms to generate benefits and 
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costs, or they may have different distributions. These differences will be further discussed 

in detail. 

4.2.1  The Base Model 

In this probabilistic model, following Keisler (2004), we assume that all projects 

have a common BCR distribution, which is the lognormal distribution, with mean one 

and standard deviation one on the log scale. Further, we assume that they are 

independent. This BCR distribution assumption will be retained throughout unless stated 

otherwise. Again, the BCR we use has been selected to represent a realistic portfolio 

setting (Keisler 2004). We call this probabilistic model the Base Model. In the Base 

Model, we assume that all costs are from a uniform distribution, from 1 to 100. Then, the 

profit of each project can be easily calculated. 

Under these assumptions, the distribution of profit follows a lognormal-like 

shape. To help understand what the profits look like, we list the percentiles of the 

distribution of the profits (Table 2) and the histogram of profits (Figure 13), which are 

derived from the simulation. 

 

Min 25th Percentile Median 75th Percentile Max 

-87.92 9.86 64.04 199.61 9999.86 

Table 2: The percentiles of the profits in the Base Model 
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Figure 13: The histogram of profits in the Base Model 

We describe the steps of simulation study for the Base Model in Table 3. 

Starting from the Base Model, we investigate the relative performance of the BCR 

approach to the optimization, for different budget levels and for different number of 

projects in one portfolio. The numerical results are plotted in Figure 14. They are 

histograms of the ratios of the portfolio value through the BCR approach to the portfolio 

value through optimization. They indicate that the relative performance of BCR approach 

is better when the budget level is also higher than the lower budget level situation. BCR 

tends to perform better when the number of projects in a portfolio is high. Besides the 

histograms, we also plot the mean values of the relative performance of BCR, with 

respect to different budget levels and number of projects in one portfolio in Figure 15. 
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1. For fixed n projects in one portfolio, generate n BCRs from the lognormal 

distribution with mean one and standard deviation one on the log scale, as BCRi, 

for i = 1, 2, …, n; generate k costs from the uniform distribution, from one to 100, 

of costs, as ci, for i = 1, 2, …, n. 

2. Calculate the i-th project profit as BCRi × ci - ci, for all i. 

3. Set the budget level as 10% of the summation of n costs of this portfolio. 

4. Calculate the portfolio values via the BCR approach, PBCR, and the optimization, 

P* respectively. The relative performance of the BCR approach is then PBCR /P* 

at this budget level. 

5. Repeat Step 3 at the budget level, 30%, 60% and 90% respectively, and calculate 

PBCR /P* at each budget level. 

6. Iterate from Step 1 to Step 5 1000 times, average PBCR /P* over 1000 iterations. 

Then get the average relative performance of the BCR approach at each budget 

level. 

Table 3: The simulation steps for the Base Model having n projects in one portfolio 

Besides the histogram of the relative performance of the BCR approach at 

different budget levels and number of candidate projects, we also plot the averages at 

different budget levels for different number of candidates in Figure 15. The dashed lines 

indicate the error bar of the averages. The curve below the average indicates the average 

minus the standard deviation. The curve above the average indicates this ratio cannot be 

larger than one. The results show that the variation is larger when the budget is low or 

there are fewer candidates. They indicate the performance of the BCR approach is quite 

good. 
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Overall, in this Base Model, the assumptions for the portfolio parameters make 

deriving analytic results about performance of BCR approach very challenging. Our 

simulation results indicate that the portfolio values through the BCR approach are very 

close to the optimal portfolio values: the average performance of the BCR approach is at 

least 98% as good as the optimization approach. 

 

 

N = 5 
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N = 10 
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N = 30 
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N = 50 

Figure 14: The relative performance of the BCR for the Base Model 
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N = 10      N = 30 

 
N = 50 

Figure 15: The average relative performances of the BCR approach for the Base Model 

4.2.2  The Different Cost (DC) Model 

This DC Model differs from the Base Model in the distributions of the costs. In 

this model, for every project in one portfolio, its cost is sampled from different uniform 

distributions. The upper bound of each uniform distribution is twice the lower boundary. 
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The minimum lower boundary is one. Once we sample the cost of each project, the other 

steps are the same as those described in Table 3. 

Given that each project in a portfolio has lognormal BCR and uniform cost, we 

could expect the profit of this project to still have a lognormal-like shape. The simulation 

steps are the following, 

1. For fixed n projects in one portfolio, generate n BCRs from the lognormal 

distribution with mean one and standard deviation one on the log scale, as BCRi, 

for i = 1, 2, …, n; generate k costs from the uniform distributions, from 1.5k – 1 to 

2 × 1.5k – 1, for the i-th project. 

2. Calculate the i-th project profit as BCRi × ci - ci, for all i. 

3. Set the budget level as 10% of the summation of n costs of this portfolio. 

4. Calculate the portfolio values via the BCR approach, PBCR, and the optimization, 

P* respectively. The relative performance of the BCR approach is then PBCR /P* 

at this budget level. 

5. Repeat Step 3 for the budget level, 30%, 60% and 90% respectively, and calculate 

PBCR /P* at each budget level. 

6. Iterate from Step 1 to Step 5 1000 times, average PBCR /P* over 1000 iterations. 

Then get the average relative performance of the BCR approach at each budget 

level. 

Table 4: The simulation steps for the DC Model having n projects in one portfolio 

The relative performance of the BCR approach is plotted in Figure 16. The results 

indicate that even though we sampled cost from a different uniform distribution for each 

project, the same trends of the relative performance of the BCR approach still holds: 

BCR has a better relative performance when the budget level is higher, and/or when there 
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are more projects in a portfolio. Overall, the BCR approach under this setting could 

achieve above 98% of the optimal portfolio value. 

 

N = 5 
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N = 10 
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N = 30 
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N = 50 

Figure 16: The relative performance of the BCR approach to the optimization of the 
DC Model 

We also investigate whether different distributions of costs affect the performance 

of the BCR approach. We follows the steps in Table 4, except that we assume the costs 

are independent but non-identically distributed, where each cost, instead of having 
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uniform distribution, has lognormal distribution. Its mean is drawn from the uniform 

distribution from zero to 0.5, and its standard deviation is drawn from the uniform 

distribution from 0.1 to 0.3, in one portfolio. They are both on a log scale. 

Numerical experiment results are shown in Figure 17. The average relative 

performance of the BCR approach is at least 95% of the optimal values. The average 

relative performances at different budget levels and different number of candidates with 

error bars for the BCR approach are shown in Figure 17. These results also show that the 

relative performance of the BCR approach improves when the budget is higher, or the 

number of candidates is higher. 
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N = 10            N = 30 

 
N = 50 

Figure 17: The average relative performance of BCR in the DC Model where the costs 
have lognormal distributions 

4.2.3  The Benefit-Dependent (BD) Model 

We hold the lognormal distribution assumption about the BCRs but assume that 

the benefits are dependent. Dependence among projects is very common, and we have 
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discussed this topic in the last two chapters. We investigate whether or not the 

dependences between benefits can affect the performance of the BCR approach. Some 

may argue that the performance of either the BCR approach or the optimization approach 

is not affected by dependencies between projects, since each takes only the values of the 

project profits and costs into account. Once the project parameters are fixed, no matter 

how they are dependent, the portfolio value will not be affected. This is true for the 

optimization approach. But since the BCR approach is sensitive to the portfolio 

parameters, unlike the optimization approach that always generates optimal portfolio 

values, the BCR approach may generate close-to-optimal portfolio values under some 

portfolio parameters, but may also generate portfolio values deviating from the optimal 

portfolio values under other portfolio parameters. We are interested in whether under the 

BD Model, the BCR approach will still generate close-to-optimal portfolios. 

The differences in simulating the BD Model are that we directly assume the 

distribution of benefit, and we sample from it. The costs are calculated from the simple 

formula. For each portfolio, we assume that all project benefits on the log scale are 

jointly normally distributed, that they have the same mean of one, and that they have the 

same standard deviation, also one on the log scale. The correlation matrix of a portfolio is 

sampled by the scheme introduced by Joe (2006). After sampling numbers from the joint 

normal distribution, the benefits are just the exponential values of them. We summarize 

the simulation steps as follows. 
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1. For fixed n projects in one portfolio, generate n BCRs from the lognormal 

distribution with mean one and standard deviation one on the log scale, as BCRi, 

for i = 1, 2, …, n. 

2. Generate an n × n correlation matrix; and generate n numbers from the joint 

normal distribution with means all ones and standard deviations all ones, and the 

covariance matrix based on the generated correlation matrix. Then the benefits 

(Bi) for each project are just the exponential scale of the n numbers. 

3. Calculate the i-th project cost as Bi / BCRi for all i. 

4. Set the budget level as 10% of the summation of n costs of this portfolio. 

5. Calculate the portfolio values via the BCR approach, PBCR, and the optimization, 

P* respectively. The relative performance of the BCR approach is then PBCR /P* 

at this budget level. 

6. Repeat Step 3 at the budget level, 30%, 60% and 90% respectively, and calculate 

PBCR /P* at each budget level. 

7. Iterate from Step 1 to Step 5 1000 times, average PBCR /P* over 1000 iterations. 

Then get the average relative performance of the BCR approach at each budget 

level. 

Table 5: The simulation steps for the BD Model having n projects in one portfolio 

The histograms of the numerical results are plotted in Figure 18. And the average 

performances of the BCR approach at different budget levels for different number of 

candidates in one portfolio with error bar are plotted in Figure 19. The trends found in the 

previous two models still hold: The average performance of the BCR approach is better if 

the budget is higher; it is also better if the number of projects in one portfolio is higher. 

The BCR approach on average is at least 95% as good as the optimal approach.  
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N = 5 
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N = 10 
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N = 30 
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N = 50 

Figure 18: The relative performance of the BCR approach to the optimization in the 
BD Model 
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N = 10                              N = 30 

 

    N = 50 

Figure 19: The average relative performance of BCR in BD Model 

4.2.4  Other Models 

In the previous three models, we assumed the distribution of the BCR directly. In 

some cases, DMs may have estimates of the benefits and the costs, instead of the BCR, as 



 109

in the simulation studies in Chapter 2. This subsection assumes that the distributions of 

benefits and costs are known, and it carefully calibrates the parameters so that the 

distribution of BCR is as close to the distribution in Keisler (2004) as possible. 

We assume project benefits are iid and lognormally distributed, with mean and 

standard deviation one on the log scale. Project costs are also iid and lognormally 

distributed, with mean zero and standard deviation 0.2. Starting from this model, we are 

interested in how the relative performance of the BCR approach changes if uncertainties 

of benefits and costs both change. We fix budget at 30% or 70%, and the number of 

projects in one portfolio at N = 10 or N = 30. 

Figure 20 shows the numerical test results. Relative performance of the BCR 

approach is not monotonic with respect to either uncertainty of benefits or uncertainty of 

costs. The results also show that the BCR approach could on average perform better for 

riskier portfolios or when the risk is low. Although exact relative performance of the 

BCR approach in different uncertainty scenarios needs to be investigated case by case, its 

overall performance on average is still at least 98% of the optimal portfolio values, when 

the number of projects in a portfolio is 30. When this number is 10, the performance of 

the BCR approach slightly worsens but is still greater than 96% of the optimal portfolio 

values. Table 6 provides BCR distributions for various combinations of uncertainties of 

benefits and costs. When the standard deviations are close to what were used in the 

simulation in Chapter 2, the BCR distributions are close to the practical situations. 

Otherwise, the distributions of the BCR may be not quite realistic. But it is good to have 

them to enrich the variety of the portfolios to test the relative performance of the BCR 

approach. 
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Figure 20: Comparison of the average relative performances of the BCR approach 
under different uncertainties 

The second model we investigate is where neither project benefits nor costs are 

identically distributed. We still assume that the distribution of benefits and costs are 

lognormal, each benefit has different parameters, and each cost has different parameters, 

also. In one portfolio, the mean of each benefit distribution is drawn from the uniform 
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distribution from zero to two; the standard deviation is drawn from the uniform 

distribution from 0.5 to 1.5. The same procedures apply to costs, except that the mean is 

from the uniform distribution from zero to 0.5, and the standard deviation from 0.1 to 0.3. 

Since we have N distributions for benefits and N distributions for costs, as one pool, the 

mean of BCR derived from simulation is 4.61, the probability of BCR below one is 0.26, 

and the probability of BCR above 20 is 0.03. 
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0.4 

BCR 

mean 

3.01 3.19 3.52 4.05 4.85 6.05 7.72 10.63 14.55 22.23 

0.8 3.80 4.06 4.47 5.16 6.16 7.67 10.05 13.59 19.38 27.97 

1.2 5.77 6.08 6.67 7.59 9.16 11.54 14.49 20.31 30.46 42.46 

1.6 9.87 10.53 11.71 13.73 16.10 20.45 25.77 34.97 49.34 76.97 

2.0 20.48 21.14 23.71 27.24 32.86 44.06 53.8 71.03 96.70 125.00 

0.4 Prob 

of 

BCR 

below 

one 

0.012 0.039 0.082 0.132 0.177 0.216 0.246 0.272 0.293 0.309 

0.8 0.112 0.133 0.157 0.189 0.216 0.243 0.267 0.288 0.307 0.324 

1.2 0.206 0.213 0.230 0.245 0.262 0.279 0.297 0.307 0.323 0.334 

1.6 0.270 0.271 0.280 0.288 0.298 0.310 0.317 0.327 0.339 0.351 

2.0 0.307 0.312 0.317 0.323 0.327 0.336 0.344 0.348 0.355 0.363 

0.4 Prob 

of 

BCR 

above 

20 

0 0.0003 0.003 0.013 0.032 0.059 0.084 0.113 0.138 0.163 

0.8 0.008 0.012 0.022 0.038 0.061 0.085 0.110 0.132 0.154 0.176 

1.2 0.051 0.058 0.069 0.082 0.100 0.120 0.136 0.158 0.178 0.196 

1.6 0.107 0.113 0.122 0.133 0.145 0.157 0.176 0.190 0.205 0.217 

2.0 0.162 0.163 0.169 0.176 0.186 0.195 0.205 0.218 0.230 0.237 

Table 6: BCR distributions of the modified Base Model 
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Figure 21: The average relative performance of BCR in the model where we assume 
the distributions of benefits and costs respectively, and they are non-identical distributed. 

Figure 21 shows the numerical experiment results. The relative performance of 

the BCR approach in this model is above 98% of the optimal values. 
 

STD BCR Mean BCR Below 1 BCR Above 20 

0.2 1.04 0.50 0 

0.8 1.89 0.50 0.004 

1.4 7.06 0.50 0.065 

2.0 59.1 0.50 0.145 

Table 7: BCR distributions models where the benefits and the costs are iid 

Since most literature in the algorithmic community assumed iid in both benefits 

and costs as unit uniform distribution when evaluating the relative performance of the 
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BCR approach, we are interested to know the performance if distributions are beyond 

uniform in this model. This model assumes a lognormal distribution. Its mean is one, and 

its standard deviation varies from 0.2 to 2, on the log scale. Table 7 gives the BCR 

distributions from the simulation, so that the readers could have some sense how likely 

they will happen in practical problems. 

 

 

Figure 22: The average relative performance of the BCR approach in the model where 
the benefits and the costs are iid. 
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In this model, results show that relative performance of the BCR approach 

increases as the standard deviation increases. Although the minimum relative 

performance of the BCR approach is below 95% (94.0%) when the standard deviation is 

0.2, it is nonetheless very good considering that number of projects in one portfolio is 30, 

and budget level is 5%. However, the distribution of BCR under this scenario may not 

reflect extreme cases that could arise in practical portfolio settings. 

Our last model considers the dependence between benefits, and also the 

dependence between costs. We have two sub-models. The first sub-model assumes that 

only project benefits on a log scale are jointly normally distributed. This is similar to the 

BD Model in Subsection 4.2.3, except we do not directly assume the distribution of BCR 

herein. The correlation coefficient matrix is randomly generated, and each standard 

deviation is drawn from the uniform distribution from 0.5 to 1.5. The mean vector is 

drawn from the uniform distribution from zero to two. The costs are non-identically 

lognormally distributed with mean from zero to 0.5, and the standard deviation is from 

0.1 to 0.3. The distributions of BCR in this setting are listed in Table 8. 

 
 BCR Mean BCR Below 1 BCR Above 20 

The first sub-model 4.66 0.260 0.032 

The second sub-model 2.54 0.267 0 

Table 8: BCR distribution of the model where benefits are dependent and costs are 
independent (the first sub-model); and benefits are dependent and costs are also 
dependent (the second sub-model). 

Figure 23 shows the numerical experiment results. The BCR approach has good 

average relative performance, which is just less than 2% away from the optimal values. 
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We also investigate the scenario in the second sub-model where the costs are 

correlated jointly normally distributed, as are the benefits. In one portfolio, the two 

correlation coefficient matrices are randomly generated, the mean vector of benefits is 

drawn from the uniform distribution from zero to two, and the mean vector of costs is 

drawn from the uniform distribution from zero to one. The results shown in Figure 24 

indicate that the BCR approach still has good performance. 

 

Figure 23: The average relative performance of the BCR approach for the first sub-
model where the distributions of benefits and costs are assumed separately and the 
benefits are dependent. 
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Figure 24: The average relative performance of the BCR approach for the second sub-
model where the distributions of benefits and costs are assumed separately and both the 
benefits and costs are correlated. 

The previous models are based on Keisler’s model (2004) and its several 

variations. The results show that relative performances of the BCR approach are 

satisfactory in these models. For last, we test the BCR approach in another portfolio 

management practical setting. The data source is from the published paper (Koç, Morton, 

Popova, Hess, Kee and Richards 2009). We fit the continuous distributions of the BCRs 

and the costs, respectively. Then we test the relative performance of the BCR approach in 

this probabilistic model. 

The portfolio contains 16 projects. We fit the continuous BCR distribution as the 

Pareto distribution, with location parameter 0.044 and shape parameter 0.394. We also fit 

the continuous cost distribution as the lognormal distribution with mean -0.143 and 

standard deviation 2.164 on the log scale, and with shift as 0.106. We calculate the profits 

using the sampled BCRs and the costs. We simulate 500 portfolios total. 
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Again, the results (plotted in Figure 25) show that the relative performance of the 

BCR approach is quite good. We plot the histogram of the ratio of the portfolio value via 

the BCR approach to the optimization approach. 

We further investigate this deterministic case solving by the BCR approach. The 

ratios of the portfolio value through the BCR approach to the portfolio value through the 

optimization are very close to one, when the budget level is greater than or equal to 50% 

of the total cost of all candidates. When the budget level is 10%, the ratio is 0.140; when 

the budget level is 30%, the ratio is 0.708; 50% budget level is 0.993; the ratio is one 

when the budget level is 70% and 90%, respectively. Even in this original deterministic 

portfolio setting, the BCR approach achieves very good quality compared to the 

optimization, if the budget is large. 
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Figure 25: The histograms of the relative performance of the BCR approach at different 
budget levels using the published data set 

4.2.5  The Model Where the BCR Approach May Perform Poorly 

The relative performance of the BCR approach is satisfied in the models above. 

These models represent certain typical portfolio management cases in the real world. But 

they are by no means exhaustive and cannot be readily generalized. 
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Here is an example. The BCR approach may not have good performance if a 

portfolio has two sets of candidates. The candidate projects in one set have lower costs 

and lower benefits, but the BCRs are bigger, say higher than three. The candidates in the 

other set have higher costs and higher benefits, but the BCR is lower, say around two. In 

this setting, if the budget is not too small, the relative performance of the BCR approach 

may be not good. We provide numerical examples. 

In the numerical experiments, we assume there are four candidate projects in the 

portfolio. We simulate five BCRs from the uniform distribution from six to nine for five 

candidate projects. We simulate the other five BCRs from the uniform distribution from 

two to three for the rest of candidate projects. Similarly, the five costs are drawn from a 

uniform distribution from one to five, and the other five costs are from a uniform 

distribution from 95 to 100. We set the budget level at 50%. The histograms of the 

relative performances of the BCR approach. In this setting, the relative performances tend 

to be around 0.2, which is quite bad (see the left panel of Figure 26). We consider the 

setting of 10 candidate projects with the budget level 40%. The relative performance of 

the BCR approach is better than the previous case, but still only around 70% (see the 

right panel of Figure 26). 
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Figure 26: The histograms for a problem where the relative performance of the BCR 
approach is not good 

4.2.6  Relative Performance of the NPV Approach 

In portfolio management practice, besides the BCR approach, another common 

heuristic is ranking projects using NPV. In contrast to the BCR approach, the NPV 

approach is to prioritize the NPV of each project, then invest by descending order of NPV 

until the budget is exhausted. We investigate the relative performance of this approach 

using simulations. The simulations are conducted based on the same probabilistic models 

as used for the BCR approach in Section 4.2, more specifically the Base Model, the 

Different Cost model, and the Benefit-Dependent model. The relative performance of the 

NPV approach will allow comparison to the BCR approach in the same probabilistic 

models with the same portfolio data sets. 

The Base Model 
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N = 5 
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N = 10 
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N = 30 
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N = 50 

Figure 27: The histograms of the relative performance of the NPV approach at different 
budget levels and different number of projects in one portfolio for the Base Model. 
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N = 10      N = 30 

 

N = 50 

Figure 28: The average relative performances with error bars of the NPV approach at 
different budget levels and different number of projects in one portfolio for the Base 
Model. 

The Different Cost Model 
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N = 5 
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N = 10 
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N = 30 
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N = 50 

Figure 29: The histograms of the relative performance of the NPV approach at different 
budget levels and different number of projects in one portfolio for the Different Cost 
Model. 
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N = 10      N = 30 

 

N = 50 

Figure 30: The average relative performances with error bars of the NPV approach at 
different budget levels and different number of projects in one portfolio for the Different 
Cost Model. 

The Benefit Dependent Model 
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N = 10 
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N = 30 
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N = 50 

Figure 31: The histograms of the relative performance of the NPV approach at different 
budget levels and different number of projects in one portfolio for the Benefit-Dependent 
Model. 
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N = 10      N = 30 

 

N = 50 

Figure 32: The average relative performances with error bars of the NPV approach at 
different budget levels and different number of projects in one portfolio for the Benefit-
Dependent Model. 

The results of the three models show that the NPV approach is not as good as the 

BCR approach in terms of both average values, and variations. The relative performance 
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of the NPV approach has smaller ratio to the optimal values, and larger variations, using 

the same portfolio data sets. 

4.3  DISCUSSION AND CONCLUSION 

The BCR approach has been widely implemented in portfolio decision analysis, 

such as oil and gas exploration and production projects, R&D proposals in climate 

change, and R&D projects in the pharmaceutical industry, without questioning the 

performance of such method, or they think the good performance of the BCR approach is 

“well known”. However, the performance of the BCR approach in real applications has 

not been discussed in quantitative fields such as operations research, management 

science, and decision analysis. Under restricted assumptions, the performance of the BCR 

approach as a greedy algorithm has been much discussed in the algorithm community. 

These assumptions ease the derivation of structural results, but they also reduce the 

practical relevance of the problems under discussion. This chapter will address how well 

the BCR approach performs in practical portfolio settings. 

We investigated the average performance of the BCR approach, since the worst-

case scenario is quite rare. The portfolio parameters we considered in this chapter are 

more practical and from a set of proprietary data, domain experts’ estimates and 

experiences, and published papers. Due to the challenge of analytic analysis, we 

performed simulation studies to evaluate the performance of the BCR approach compared 

to the optimization approach. 

The simulation results indicate that the BCR approach can achieve very good 

performance in the probabilistic models we investigated in this chapter. The results from 

the investigated models also show the trends that the BCR approach tends to have better 
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performance if the budget level is high and the number of projects in one portfolio is 

high. 

Our conclusions are built on the models that we investigated and on the portfolio 

parameters derived from certain practical portfolio settings, which are representative in 

some industries. But the simulations of the portfolios are not exhaustive, and our 

probabilistic models cannot capture all practical portfolio settings. There are cases where 

the BCR approach performs poorly. Our study provides practical guidance for DMs to 

implement the BCR approach when they face a portfolio decision analysis problem. 
  



 137

Chapter 5.  Conclusions and Future Directions 

5.1  CONCLUSIONS 

Value of information (VOI) is one of the most important subjects in decision 

analysis (DA). Due to the information explosion in our current age, VOI is of great 

interest also in other areas. The cross-discipline cooperation in decision making under 

uncertainty among the DA research community, other research communities, and various 

industries make VOI research profound and VOI concepts widely perceived in practice. 

Portfolio decision analysis (PDA) is the implementation of DA in portfolio 

management problems. A typical decision context is that the decision maker (DM) needs 

to allocate a limited budget to a subset of candidate projects. In practice, there are many 

uncertainties with portfolio management problems, and the DM tends to seek more 

information to better understand the uncertainties. The question arises as to how much 

such information is worth. Therefore, to research VOI in a PDA setting is natural. 

Chapter 1 introduced this motivation of the dissertation and elaborated on related VOI 

and PDA research. 

Chapter 2 formulated VOI in portfolio settings. Under certain assumptions, we 

derived the properties of portfolio VOI (PVOI) with help from order statistics. Building 

on the properties of PVOI, we in addition found the two components of PVOI: one is 

contributed via prioritization (PVOI-P), and the other is via exclusion of unfavorable 

projects (such as negative mean NPVs) (PVOI-E). We showed that in some 

circumstances that rely on the budget level and the prior distribution of the project NPVs, 

PVOI-P dominates the value of PVOI, which indicates that prioritization plays a key role 

in portfolio selection. This result also demonstrates that VOI analysis not only can derive 

the properties of VOI but can develop strategies to help the DM make portfolio selection 

decisions. In addition, we discussed the effect of project dependence on PVOI in a more 
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restricted decision context. Our finding is another example to support that the properties 

of VOI are decision-context sensitive: higher dependence projects may have higher or 

lower PVOI, depending on the scenario. 

Instead of a project portfolio, if an information portfolio (multiple information 

sources) is available, the question arises of how to determine its value. How does 

dependence between information sources affect VOI? Chapter 3 addressed these 

questions. The problem settings involved just one uncertainty and multiple information 

sources, not dependent on any specific decision contexts. We bridged the gap between 

VOI and correlation coefficients via Blackwell’s comparison of experiments theorem and 

an assumption of normality. We then developed a formula to determine the equivalent 

correlation of the multiple information sources to a single information source, so that they 

have the same amount of information when taking the posterior mean and posterior 

variance into account to make decisions. This made it possible to easily determine the 

VOI of multiple information sources by comparing their equivalent correlations. We 

found that in the valid range of correlations, dependence reduces VOI. We illustrated our 

findings using a classic decision problem: two-action linear-loss decision problem with 

multiple information sources.  

In PDA, how to select projects is critical. The benefit-cost ratio (BCR) approach 

has been widely implemented in practice without questioning its performance. Although 

the BCR approach as a greedy algorithm has been analyzed extensively, its performance 

has not been studied carefully in resource allocation decisions typical in corporations. 

Chapter 4 presented simulation studies to evaluate the performance of the BCR approach. 

Under the relatively general assumptions, the structural results were unavailable and we 

simulated portfolios whose distribution of the BCR agreed with those from experts’ 

experiences, practical projects, and industrial data sets. We simulated several scenarios of 
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portfolio parameters. The simulation results indicated that the BCR approach has good 

performance on average in the probabilistic models we investigated. For example, in our 

typical problem, we found that the BCR approach on average generated portfolio value of 

at least 95% of that generated by the optimization approach. This simulation study is by 

no means exhaustive, and in fact the BCR approach does not always perform well. The 

results provide practitioners guidance to implement the BCR approach in portfolio 

management problems and with cautions. 

5.2  FUTURE WORK 

One work area warranting further pursuit is to integrate the budget of information 

gathering and project budget as a whole budget allocation process. How much budget 

should be spent on information gathering versus on the project? There is much research 

focusing on how to allocate budget to different projects, and Powell and Ryzhov (2012) 

researched how to optimally allocate the budget of information gathering to different 

information gathering activities. In practice, the DM’s goal is to gain maximum return 

from the project portfolio, and the budget may be not separated into information 

gathering and project implementation. There has apparently been little research on how to 

earn maximum return with a given amount of budget as a whole or on how to allocate 

budget taking these two phases into account and to make budget allocation decisions on 

information gathering and project implementation simultaneously. 

Due to the complicated posterior distribution in the Bayesian inference, to ease 

the computation, most of the models we used assume normality. We could certainty 

extend the distributions to other conjugate pairs, but we wanted to use simulation 

approaches, such as Markov Chain Monte Carlo simulation, to further analyze the 
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properties of VOI in broad portfolio settings. We hope that more insights about VOI can 

be drawn from exploring a large scope of problems. 

It would be valuable to continue the research on VOI properties when multiple 

information sources are available. As discussed in Chapter 3, one of the keys to address 

this problem is the aggregation model. It is not known whether a different aggregation 

model will generate consistent VOI properties. Exploring this topic might yield a deeper 

understanding of each aggregation model, their scope, and their limit. Also worth 

investigating are cases where the correlations are negative between the information 

sources. Does negative correlation lead to negative weights of the corresponding 

information sources? This should be a very interesting topic, given the various comments 

on the same issue on internet. 
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Appendix 

An Example of the Prioritization Strategy in Simulations 

There are 7 projects, whose values are -6, 5, -8, 9, -6, -7, and 3; costs are 2, 3, 6, 7, 5, 9, 

and 4. Formulating this portfolio problem as a KP yields the following: 

 
1 2 3 4 5 6 7

1 2 3 4 5 6 7

max  6 5 8 9 6 7 3

.         2 3 6 7 5 9 4 12

                are binaries, 1,..., 7.i

x x x x x x x

st x x x x x x x

x i

      
      



 

Its optimal solution is x2 = x4 = 1, and the optimal value is 14. This is equivalent to 

solving a normal KP. The unspent budget is 2, since the second and the fourth project 

exhausted 3 and 7, respectively. Then we solve 

 
1 3 5 6

1 3 5 6

max  ( 6 7 1) ( 8 7 1) ( 6 7 1) ( 7 7 1)

.         2 6 5 9 2

                are binariesi

x x x x

st x x x x

x

              
     

The optimal solution is x1 =1, and the optimal value is 2. The purpose of adding (7 

+ 1) to each objective coefficient is to guarantee they are all positive, where 7 is the 

absolute value of the minimal objective coefficient. Thus, the funding decision under this 

prioritization strategy is x1 = x2 = x4 = 1, and the value is 14 + 2 – (7+1) = 8. 
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