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Economic fragility affects not only the level of asset prices, but also the 

conditional moments of asset returns.  This dissertation models a fragile 

economy that �breaks� when productivity drops below a certain 

threshold.  The anticipated time of this break plays an important role in 

determining conditional asset prices.  The result is that (i) asset prices 

vary through time even if dividend levels are constant, and (ii) the equity 

premium and volatility are higher than in an equivalent exchange 

economy.  Calibrating the model shows that asset prices exhibit an equity 

premium, volatility, and time-series predictability that are all consistent 

with the empirical observations.  I compare the empirical implications of 
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conditional moments of asset returns to other variables that have been 

used to predict either conditional excess returns or conditional volatility, 

and find that the theory presented here results in variables with stronger 

predictive power. 
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1 Introduction

Modern asset pricing theory is based on several central themes:

� The efficient market hypothesis conjectures that asset markets are in-
formationally efficient (Fama [1970]), i.e., market prices at each point in

time contain almost all available information about the true value of the

underlying asset. This conjecture is derived from the highly competitive

nature of discovering new information. The efficient market hypothesis

then implies that future price changes are unpredictable; Prices basically

follow a random walk (see Malkiel [1990]).

� Since an asset is a claim to the cash-ßow it will generate, the price of

an asset reßects the properly discounted value of these future cash-ßows.

Changes in prices should result either from changes in future cash-ßows,

or changes in the discount factor.

� The reason that stocks earn higher returns on average than riskless secu-
rities, such as short-term treasury bills, is because stocks are risky. The

excess returns are a compensation for bearing risk.

Unfortunately, there seems to be a discrepancy between these intuitive

ideas and the empirical data. Future returns of stocks seem to be predictable.

Fama and French [1988] report that a high dividend yield predicts high returns

in the future, and a low dividend yield predicts low future returns. Other

variables have also been found to predict future returns - For example, Pontiff

and Schall [1998] Þnd that book to market ratio predicts future returns, and
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Lettau and Ludvigson [2001] show the predictive power of the ratio between

consumption and aggregate wealth.

Volatility of the US stock market is very high. On a typical day, the

aggregate value of all US stocks changes by a full percentage point, and almost

once every two weeks the aggregate value changes by at least 3% in a single

day. This high volatility does not seem to be consistent with changes in future

cash ßows. Shiller [1981] and Leroy and Porter [1981] initially documented

this excess volatility puzzle.

Finally, the excess returns of stocks over riskless instruments seems to

be too high to be a compensation of risk. Siegel [2002] shows that a single

dollar invested in broadest possible portfolio of stocks in 1802 would yield

nearly $8.80 million dollars by the end of 2001, assuming all dividends were

reinvested. This strategy does not require any stock picking talent or market

timing talent. All it requires is patience. By comparison, government short

term bills would have yielded $4,455 over the same 200 years. The consumer

price index rose over these two hundred years by a factor of 14.67. The price of

gold rose by a factor of 14.38 over this time, i.e., gold maintained its purchasing

power. Another way to look at the data is that a single ounce of gold invested

in stocks in 1802 would allow you to buy over 17 tons of gold in 2001. If the

same ounce of gold was uses to buy short term government bills, you would

be able to buy slightly less than 9 kilograms of gold in 2001. Can this huge

difference really be attributed to risk? Mehra and Prescott [1985] performed

a calibration exercise. Limiting the relative risk aversion coefficient to 10,

they found that risk could not explain an equity premium of more than 1%

annually. The annual 7.7% returns that US equity has enjoyed was thus labeled
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the equity premium puzzle.

The literature has been struggling with these facts for quite a while. Many

possible reasons for these basic puzzles have been proposed. I review some of

them in the next section. Only a few recent models were able to offer a uniÞed

model that explains all three puzzles.

This work presents a model that is able to resolve all these basic puzzles

in a uniÞed model. Actually, I am able to go a step beyond matching the

known puzzling facts. I am able to provide empirical implications that lead

to new insight and understanding. The key new insight is that while dividend

yield is known to predict future returns, it is only a proxy for the variable

that should predict future returns. I glean the more accurate variable, and

show that indeed it predicts better future returns. This new variable is called

�implied dividend yield�.

The model reasons that dividend yield predicts future excess returns be-

cause dividend yield moves in tandem with risk. I am able to establish this

relation in the data.

A basic concept of the economy being modeled is fragility. This model has

been co-developed with Cristian Tiu. We deÞne fragility as a potential for a

break.

The literature has suggested some models that have large sudden changes

in the equilibrium. This includes the line of �peso� models (e.g., Rietz [1988]),

in which a basic assumption is the possibility of large change in the equilib-

rium state of the economy. The probability of this large change is ex-ante

small, which explains why it is conceivable that ex-post it does not appear

in the data. These models do not describe the mechanism that creates this
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change. The �sunspot� literature (e.g., Cass and Shell [1983]) describes an

economy with multiple equilibria. Multiple equilibria can arise in many set-

tings. An increased returns to scale production factor is the most common

in macro-economic models. The sunspot literature asserts that the economy

can shift from one equilibrium to another without any intrinsic trigger. The

trigger is assumed to be extrinsic, not related to the economy in any way.

Metaphorically, it would be the level of sunspot activity on the sun. Related

to this line of literature is the self-fulÞlling prophecies (e.g., Azariadis [1981]).

As an example of a self-fulÞlling prophecy, suppose all agents all wake up one

morning believing the economy is going to collapse. As a result they take

actions, which result in a collapse of the economy.

These lines of literature suffer from some lack of structure. It is not clear

what underlying force causes the catastrophic event, and what exact mecha-

nism brings them about. In contrast, our model speciÞes a mechanism that is

both explicit and intuitive. We attempt to emulate some of the features we

associate with a physical break of any object. These features are:

� Prior to a break, an external force applied has a limited effect. As an
analogy, we can think of a force causes an object to bend. The bend

make the object exert a counter-force. Thus a small incremental force

results in a small incremental bend. In our model, a small change in

productivity causes Þrms to want to employ less labor. As a result,

wages decrease, restoring demand of labor to match the supply.

� The breaking point of an object is a well deÞned characteristic of the ob-
ject. A certain force will cause the object to break, with no randomness.
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Randomness in the time of a break only arises from randomness in the

level of force being applied.

� The mechanism of a break is a cascade: it starts by the object cracking

on one side. The crack does not exert force that counteracts the input.

Therefore, the input bends the object further. This causes the crack to

propagate, and the counter force gets smaller rather than larger. There-

fore, the cracking cascades and does not stop. A small change in the

force applied, from below the critical value to above the critical value,

makes a huge difference on the output. This is what we call a break.

� Lastly, a break is not necessarily reversible. After a break has occurred,
reducing the force to below the critical value might not be enough to

mend the broken. In our model, multiple static equilibria exist. The

choice which one is played depends on the history of the system. Specif-

ically, it matters if at any time in the past the stimuli was enough to

cause a break.

The economy in the model is described as Cobb-Douglas production func-

tion with labor L and capital K as the inputs, and with a stochastic pro-

ductivity factor θ: W = θtL̄L
αK1−α. As is common in real business cycle

models, the log of θ follows a random walk. On top of this classical setting,

we have a search cost L̄ that is linear with the aggregate labor supply in the

economy. As in the classical models, a decrease in labor supply increases the

marginal productivity of the remaining labor. A second effect in our model is

that due to a search cost (similar to Diamond [1982]), there is a decrease in the

marginal productivity of the remaining labor. Under certain conditions, the
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latter effect is larger than the former. In this case, if labor supply decreases,

wages will decrease, and labor supply will further decrease. We characterize

the conditions for a break, and Þnd a threshold value of θ: when productivity

falls below this threshold, a break occurs1.

This explains the validity and intuition of a break, and point to the fact

that a break occurs at a certain low threshold of productivity. How does that

concept resolve all the major asset pricing anomalies that have been haunting

the profession for two decades?

In an economy with such an endogenous break, a key variable in deter-

mining the value of a stream of dividends is the length of time this dividend

stream will last. This introduces the concept of horizon. Denote the time

until a break as the random variable T . Intuitively, when current productivity

is high, T is also high2: it will take longer for the economy to deteriorate to

the critical value that causes a meltdown. This feature is unlike models with

exogenous catastrophes, such as Rietz [1988].

The price P of an asset depends on the level of dividends D it pays, and the

amount of time T these dividends will be paid. With risk-neutrality and no

discounting, the relation would simply be P = E [DT ]. A lot of the intuition

can be derived from this simpliÞed equation. Note that D and T move in the

same direction, because when productivity is high, both variables are high,

and when productivity is low, both variables are low. Therefore, prices are

more volatile than dividends, even in a risk-neutral setting. This suggests a

resolution to the excess volatility puzzle (Shiller [1981]).

1See Subrahmanyam and Titman [2001] for a similar cascading mechanism.
2T is a random variable, and the adjectives �high� and �longer� are used in a very

informal way. �Longer� should be understood as Þrst-order stochastic dominance.
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When discounting is added to the model, volatility becomes time-varying,

even though volatility of dividends is constant. Furthermore, volatility is

higher in the bad states of the economy. The reason is that in the bad states

T is small. When T is small, a change in T has a larger effect on P , since the

effect is discounted less. For example, changing T from Þve years to six years

has a larger impact on the price of the underlying asset than changing T from

500 to 600, even though the change is 20% in both cases.

Finally, it should be noted that prices are correlated with consumption:

when productivity is high, consumption is high, dividends are high, T is high,

and prices are high. When productivity is low, all these variables are low.

Therefore, should a risk-averse agent sell the asset, she will receive a relatively

high price when her marginal utility is low, and a relatively low price when her

marginal utility is high. This implies that the agent requires a premium for

holding the asset. This equity premium will be higher than in an equivalent

exchange economy, because prices have two components of uncertainty, both

of which covary positively with consumption. The equity premium will also

be time-varying, for the same reasons that volatility is time varying.

Thus, the model results in unconditional volatility and unconditional excess

returns that are higher than an equivalent exchange economy, suggesting a

resolution to these two famous puzzles. In addition, the fact that the model

predicts the conditional moments of asset returns allows for extensive empirical

testing.

The last key concept in this work is implied dividend yield. This concept

follows from the fact that the model of the economy is a single factor model.

If we had a single variable that can be precisely measured and mapped to
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its modeling counterpart, we would be able to reconstruct all other variables.

Following the efficient market hypothesis, I take price levels as a precisely mea-

sured variable that continuously reßect the true value of the underlying asset.

Price levels can be used to recover the state variable and to reconstruct all

other variables. In particular, dividend levels can be reconstructed. This vari-

able is called �Implied Dividends�. the conjecture is that since true dividends

are tainted by many factors that affect dividend payout policy (see Allen and

Michaely [2002] for a review), implied dividends will be a better proxy for both

conditional excess returns and conditional risk.

1.1 Literature Review

1.1.1 The Equity Premium Puzzle

The equity premium puzzle was formulated by Mehra and Prescott [1985].

The puzzle is a quantitative puzzle. Standard theory is consistent with having

stocks earn higher average returns than bonds. The puzzle is that the level of

excess returns predicted by the theory is an order of magnitude smaller than

what has been historically observed. This puzzle casts a serious doubt on the

prevailing Þnancial theories. For this reason, attempts to resolve the puzzle

have become a major research area. Kocherlakota [1996] and Mehra [2003]

provide a very comprehensive review of the attempts to resolve this puzzle.

One of the early attempts is by Rietz [1988], who assumes a rare but

disastrous event. The possibility of a disastrous event makes stocks more risky

than the data suggests, and therefore a higher premium is required to hold

stocks. Danthine and Donaldson [1999] extend the analysis to a disastrous

event that is not observable. In their analysis, agents do not know if low
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returns are bad luck, or the beginning of a new regime with low expected

returns. They show that this setting would result in a high equity premium.

Veronesi [2004] shows that in case, the conditional moments of asset returns

would follow closely what has been observed.

Brown, Goetzmann and Ross [1995] is a related attempt: they look at the

survival bias. If the worse were to happen, we wouldn�t be sitting today and

analyzing the equity premium. Thus, our analysis is conditioned on the fact

that the economy survived. The observed equity premium is an upward bias

of the ex-ante equity premium.

The main critique of this line of literature is the lack of structure that

brings about the disastrous event. Mehra and Prescott [1988] detail this line

of argument. Krebs [2004] makes a strong point: he shows that if one is free

to specify a personal-disaster process (i.e., process of extreme idiosyncratic

events), then any observed joint process of aggregate consumption, arbitrage-

free asset returns, and N moments of the cross-sectional distribution of con-

sumption growth is possible.

Constantinides and Duffie [1996] study the effect of idiosyncratic risk on

the equity premium. They show that idiosyncratic risk can affect asset pricing

if (i) the shocks are highly persistent and (ii) the shocks become more volatile

during economic contractions. Storesletten, Telmer and Yaron [2001] docu-

ment that income shocks, estimated from the PSID, are consistent with these

requirements3. In a framework of overlapping generations, the large equity

premium can be accounted for if aging agents deaccumulate risky assets. The

reason is that the younger workers require a high premium to buy the asset,

3This is in contrast to Heaton and Lucas [1996]
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because of the income shocks they might suffer.

Mankiw and Zeldes [1991] document that only 47.7% of the households

holding other liquid assets in excess of $100,000 held any equity. They further

document a signiÞcant difference in the consumption patterns of stockholders

versus nonstockholders: in particular, the aggregate consumption of stock-

holders is more highly correlated with the equity risk premium than is the

aggregate consumption of nonstockholders, and is more volatile. This sug-

gests that the parameters that Mehra and Prescott chose in their calibration

exercise might not be the correct parameters with which the equity premium

should be assessed. Basak and Cuoco [1997] provide a theoretical framework

for such limited participation in the stock market. They show that when only

one group has access to risky assets, the other group will choose a consump-

tion process that does not covary with the risk asset, and that the group that

has access to the risky asset will choose consumption that is more volatile and

correlated with the risky asset. The implications of their model is consistent

with the Þndings of Mankiw and Zeldes. Äit-Sahalia, Parker, and Yogo [2003]

study the consumption of luxury goods. They argue that the very rich, who

are the typical stockholders, are satiated with the consumption of basic goods,

and therefore the volatility that matters is the volatility in the consumption

of luxury goods. They Þnd that this volatility is high enough to justify the

observed equity premium.

Brav, Constantinides, and Geczy [2002] also pursue the idea that mar-

ket participation is limited. However, they note that market participation is

endogenous. Taking a snapshot at any given time to determine which house-

holds participate in the market and which households do not can be mislead-
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ing. Brav et al [2002] attempt to Þrst classify the households as participants

or non-participants in the market, and only then to evaluate the volatility

of consumption and the covariance between consumption and stock returns.

They present evidence that an SDF calculated as the per capita marginal rate

of substitution is better able to explain the equity premium and does so with a

lower value of the relative risk aversion coefficient. Attanasio, Banks, and Tan-

ner [2002] similarly try to estimate ownership probabilities to separate likely

shareholders from less likely shareholders. This allows them to control for

changing composition effects as well as selection into the group. Their study

is based on U.K. data, and they reach a similar conclusion as Brav, Constan-

tinides, and Geczy [2002], namely that the equity premium is consistent with

a mild relative risk aversion.

Alvarez and Jermann [2000] study an economy with possible default. When

an agent does not repay his debt, all his physical assets can be seized, but future

labor income is inalienable. This setting limits the risk sharing that agents can

enjoy. Individual idiosyncratic risk has a large effect on asset prices. Using the

welfare theorems, the authors show that the no-autarchy equilibrium requires

low risk aversion, high equity premium, and low risk free rate.

Some have argued that the equity premium puzzle stems from the surpris-

ingly low returns on the short-term treasury bills. Abel [1999] observes that

equity is a long-maturity instrument, and decomposes the equity premium into

a term premium, which is the premium of long bonds over short bills, and a

risk premium, which is the premium of equity over long bonds. McGrattan

and Prescott [2003] argue that the latter is no puzzle: the difference between

equity returns and long bonds is not very large. They are able to attribute
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most of it to taxes, and the remaining 1% premium is certainly consistent with

being a premium for bearing risk. Backus, Gregory, and Zin [1989] study the

term premium directly, and Þnd it to be an anomaly.

Aiyagari and Gertler [1991] argue that the low risk-free rate can be the

result of uninsured individual risk along with high transaction costs in stock.

When agents have such an uninsured individual shock, they must liquidate

assets. Liquidating stocks is costly, because of the transaction costs. Therefore,

agents have a preference to hold some of their wealth in bonds that can be

liquidated with low transaction costs. This preference pushes the price of

bonds up, and their equilibrium returns are pushed down. Aiyagari and Gertler

thus explain the equity premium not by addressing why the return on equity

is high, but rather by addressing why the return on the risk-free bonds is low.

Bansal and Coleman [1996] pursue a monetary argument along similar

lines. Holders of money forgo interest which they could have received by

investing that amount. Holding money must have some compensating effect,

such as reducing transaction costs. Bansal and Coleman argue that short term

treasury bills have a similar value, and therefore their holders also forgo some

interest. The equity premium puzzle is resolved not by explaining why stocks

make so much on average, but rather by explaining what holders of notes are

willing to receive so little.

Constantinides, Dolandson, and Mehra [2002] explain the equity premium

as driven both by borrowing constraints and life-cycle arguments. Equity has

the most value to the young. They should be buying equity, and bidding its

price up (and the equity premium down). However, �Junior Can�t Borrow�:

the young cannot borrow against their future income. Today�s lending institu-
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tions do not accept human capital and potential future earnings as a collateral

for borrowing money. On the other hand, older people do have money and

therefore are able to buy stocks. However, older people Þnd little value in

stock, as life cycle considerations make them shun away from risky assets.

The older generation requires a high premium to bear the risk.

Gabaix and Laibson [2001] attribute the observed equity premium puzzle

to lag effects. If decision costs lead agents to update consumption every D

periods, then an econometrician would Þnd a low correlation between equity

returns and consumption growth. Their setting would lead the econometrician

to estimate a risk aversion that is 6D higher than the real one. If agents

updates their consumption decisions every 4 periods, the true risk aversion is

24 times less than what we measure, and the equity premium ceases to be a

puzzle.

The equity premium puzzle seems to be implied by the choice of the utility

function. With a standard power utility, the risk aversion coefficient is equal

to the intertemporal substitution coefficient. As Weil [1989] points out, a high

risk aversion coefficient implies a high risk-free rate. The puzzle is really how to

account simultaneously for the high equity premium and the low risk-free rate.

One way around this problem might be to assume a different utility function

that disentangles these two parameters. Epstein and Zin [1989] propose a

recursive utility that allows the risk aversion coefficient to be different than

the intertemporal rate of substitution.

Another alternative class of utility functions that was proposed as a solu-

tion to the equity premium puzzle is the habit formation utility (Abel [1990];

Constantinides [1990]). More recently, Campbell and Cochrane [1999] built a
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habit-based model that is able to match several important aspects of equity

returns: it results in unconditional equity premium and volatility of the correct

magnitude, a constant risk-free rate, and counter-cyclical conditional equity

premium, volatility, and Sharpe ratios. The main problems with habit mod-

els are the lack of evidence of habit behavior at the household level (Dynan

[2000]), and that their speciÞcation is very sensitive: Otrok et al [2002] show

that small changes in the data can move the equity premium by as much as

1600 basis points.

Bansal and Yaron [2004] affect the pricing kernel through the use a recursive

utility along with small persistent trends in aggregate consumption. While

there is no evidence for the persistent trends they hypothesize, they argue

that, given the noisiness of the data, we should not expect to detect these

trends even if they did exist.

Benartzi and Thaler [1995] argue that the equity premium is a result of two

behavioral concepts. The Þrst is that investors are loss averse, meaning that

they are more sensitive to losses than to gains. The other concept is that they

evaluate their portfolios frequently, and thus reset often the reference point by

which they judge whether they are experiencing a gain or a loss. This view is

myopic - having gained $2 yesterday and losing one dollar today, their myopic

behavior is consistent with feeling a loss. Using simulations, they Þnd that the

observed equity premium is consistent with their model.

The equity premium puzzle has been mostly analyzed separately from the

excess volatility puzzle. However, the two are not independent. As Brennan

and Xia [2001] note, �The apparent discrepancy between the low volatility

of consumption and dividend growth rates and the high volatility associated
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with stock returns is a fundamental element of the equity premium puzzle, for

unless we can understand why equities are risky we cannot hope to understand

why they command a signiÞcant risk premium�.

1.1.2 The Excess Volatility Puzzle

Stock prices are very volatile. On a typical day, the aggregate stock index

moves by a full percentage point. Shiller [1981] and Leroy and Porter [1981]

argue that prices are more volatile than what should be the result of price

update due to new information on dividends.

Excess volatility has been argued as due to dividend smoothing (Marsh

and Merton [1986]), as well as other econometric issues in the two aforemen-

tioned papers. West [1988] revisits the issue with a more robust econometric

methodology, and Þnds that the results of Shiller and of Leroy and Porter

hold: stock prices seem to be too volatile compared to changes in dividends.

One possible cause for excess volatility is liquidity trading. For a variety

of reasons, investors have sudden needs for cash, and securities are sold to

meet such needs. Liquidity shocks by themselves are not enough to move

prices. The market can be �thick� enough, so that securities offered due to

liquidity shocks are bought at their fundamental value, since there will be

multiple competitive bidders for the stock. Allen and Gale [1994] suggest that

limited market participation, along with liquidity shocks, can move prices

around. Each investor participates only in the market only for a small number

of securities. Investors might not have cash on hand to buy the securities

hastily offered, and that can create volatility.

Brennan and Xia [2001] suggest that the high volatility is because the
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dividend growth rate is not known to investors, and they must infer that rate

from the data. They model the dividend as a lognormal process with a time

varying expected growth rate that follows an Ornstein-Uhlenbeck process. The

expected growth rate in their model is not observable by agents but must be

inferred or learned from the history of the observed dividend process. They are

thus able to reconcile the smooth dividends with the volatile prices. Veronesi

[1999] also proposes a learning model to study volatility. His focus is on how

volatility changes over time. He Þnds that the biggest surge in volatility is

when bad news come in good times - the bad news both decrease the expected

value of dividend growth, and increase the uncertainty about it. Both these

factors cause a sharp decrease in prices, as well as an increase in volatility.

Timmermann [1996] also suggests that the excess volatility is due to learn-

ing. Volatility of stock prices can be decomposed to a rational expecta-

tions component and a recursive learning component. Timmermann�s learning

model also seems capable of explaining the positive correlation between divi-

dend yield and future stock returns.

Azariadis and Chakraborty [1998] model some non-convexity in the Þnan-

cial sector. This non-convexity leads to two stable equilibria in the economy -

one with a small number of borrowers and a high cost of capital, and the other

with a large number of borrowers and a low cost of capital. Price volatility is

the outcome of an equilibrium selection mechanism that mixes learning and

noise. They calibrate the model to quarterly US data, and show that it results

in asset prices that are 5 times more volatile than real output, which is in

accord with historical data.

Volatility also changes over time (Schwert [1989]). The literature has lim-
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ited ability to explain these changes, since it cannot explain the unconditional

level to begin with. The analysis is therefore qualitative: when should we ex-

pect higher volatility. One explanation is leverage (Christie [1982]): as prices

drop, the volatility of equity, which is a residual claimant, must increase.

Quantitatively, Christie Þnds that the amount of change cannot be explained

by leverage. This is not surprising, since the level of volatility cannot be

explained to begin with.

Campbell and Kyle [1993] attribute the high volatility to an interaction

between smart money and noise traders. They Þnd that the level of volatil-

ity can be accounted for if the noise trading activity is correlated with price

levels. Another interesting feature of their setting is the use of exponential

utility. This implied an equity premium in terms of dollars, rather than in

percents. When prices move down, the same dollar equity premium means a

high premium in percentage points. This feature is consistent with the historic

US data.

1.1.3 Predictability

The predictability of expected excess stock returns has two sub-branches. One

looks at reasons for conditional moments to vary over time. The main line

of literature here is based on Habit Formation (Abel [1990]; Constantinides

[1990]; Campbell and Cochrane [1999]; Chan and Kogan [2002]). The basic

idea is that people get used to some level of consumption, which is the �habit�.

If their current level of consumption drops and becomes close to their habit

level, they become more risk averse; they do not want their consumption to

fall below their habit level. With increased risk aversion, agents require higher
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compensation to bear the same level of risk. This causes both expected excess

returns and volatility to vary over time.

Campbell and Cochrane [1999] is one of the better explanations of the time-

varying moments of asset returns, as well as of their unconditional magnitude.

At the center of their model is a utility function that is based on the consump-

tion surplus over habit, i.e. utility of Ct −Xt, where X is the habit variable.

Should consumption drop to the habit level, the effective risk aversion explode,

and the price of a risky asset would drop to virtually zero. This variability

in effective risk aversion drives the high unconditional volatility, i.e., they are

able to get prices that are much more volatile than dividends. The fact that

at recessions both volatility is high are risk aversion is high, pushes up both

the conditional Sharpe ratio, and the equity premium: the equity premium

is driven mainly by the fact that agents are afraid of how bad the asset will

perform in recession.

A somewhat less appealing feature of the model is the dynamics of the

habit variable X. It is essential that it responds sufficiently to changes in

consumption to maintain C ≥ X at all times. Large swings in risk aversion

would normally induce large swings in the risk-free rate. The authors specify

the dynamics of the habit variable in such a way that will exactly offset this

latter undesirable effect, and would result in a constant risk-free rate. This

response function is not based on any psychological or behavioral foundations,

but is rather admittedly reverse-engineered.

Menzly, Santos, and Veronesi [2004] examine why dividend price ratio tends

to predict future returns, whereas it does not predict future dividend growth.

They show that while time varying risk preferences induce a positive relation
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between dividend yield and future returns, time varying dividend growth in-

duces a negative relation between these two variables. They show, in a general

equilibrium model, that these offsetting effects reduce the ability of dividend

growth to predict future returns, and virtually eliminate the ability of dividend

yield to forecast future dividend growth.

Another line of literature examines the statistical properties that lead to

inference about predictability. There are statistical artifacts that can lead

to inference about predictability even when none is actually present. Nelson

and Kim [1993], as well as Stambaugh [1999] attribute the results to a Þnite

sample bias that results from stochastic regressors. Stambaugh shows that

when a regressor is persistent, and when the innovations in the regressor are

correlated with the innovations in the dependent variable, the resulting OLS

will be biased and not normally distributed. This bias can be large enough to

cause inference about statistically signiÞcant predictability, even when none

really exists. Nelson and Kim use Monte-Carlo simulations to evaluate the

effect of this bias on dividend yield. They Þnd that the observed predictability

is consistent with the bias that Stambaugh explains. This is true even for the

monthly time series, which is relatively long. The reason for the latter is that

in the monthly time series, dividend yield is very persistent, which causes the

bias to survive even in a long time series.

The work of Stambaugh is under the assumption that the regressor does

not have a unit root. With a unit root, the bias is not limited to Þnite sample.

Since dividend yield is very persistent in the data, it is not clear that unit

root can be ruled out at all. In fact, Torous, Rossen and Yan [2001], and

Chapman, Simin and Yan [2003] attribute the results to the fact that the
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autoregression of dividend yield is local to unity. On the other hand, Lewellen

[2003] makes an assumption that dividend yield does not have a unit root.

Incorporating this assumption when calculating the expected distribution of

the ex-post variables allows Lewellen to narrow the effect of the bias, and thus

to conclude that predictability is for real.

Ang and Bekaert [2003] attribute the results to incorrect calculation of

standard errors in overlapping observations, and Kirby [1997] argues that the

larger R2 observed by Fama and French in longer horizon does not imply a

better predictive power in longer horizons. Ferson, Sarkissian, and Simin [2003]

argue that spurious effects along with data mining can produce the reported

predictability.

1.1.4 Risk-Return Tradeoff

Since expected returns are supposed to be a compensation for bearing risk,

it would seem relatively straight-forward that conditional risk and conditional

expected excess returns should move together. This relation has been embar-

rassingly difficult to Þnd in the data. French, Schwert, and Stambaugh [1987]

and Campbell and Hentschel [1992] Þnd a positive but relatively insigniÞcant

relation between conditional variance and conditional expected excess returns.

In contrast, Campbell [1987] and Glosten, Jagannathan, and Runkle [1993]

Þnd a negative relation between risk and return, once the test is also condi-

tioned on interest rate variables. These Þndings go in the opposite direction

of what we expect4.

4Some models, such as Abel [1988], do result in a negative relation between risk and
returns. The idea is that risky assets must be used for savings, and that agents want to save
when the current variance is high. This pushes prices up, and therefore returns are pushed
down.
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In a recent work, Ghysels, Santa-Clara, and Valkanov [2004] are able to

Þnd a signiÞcantly positive relation between conditional risk and conditional

returns. Their Þndings are consistent in sub-samples, and are robust to control

variables. The innovation in their method is in the way they compute the

expected conditional variance. They use a long history of daily returns to

compute the conditional volatility, as shorter time series induce too much

noise. However, since variance is supposed to change over time, they weigh

the various daily observations in a way that the more recent observations are

weighted more heavily, and less weigh on daily observations further in the past.

This method is contrasted with the classical method of computing conditional

volatility, which equal-weighs some recent observations (typically, one month),

and completely ignores the daily observations further in the past.
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2 Asset Prices in a Fragile Economy

This section models a fragile economy, i.e., an economy that can potentially

break. Breaks in the model are endogenous, and share some appealing at-

tributes with a break of a physical object. For example, a break in this economy

happens when it reaches some threshold, which is analogous to the breaking

point of any object.

Once the cause and dynamics of a break are modeled and solved for, this

section proceeds to price assets in a fragile economy. Intuitively, asset prices

depend both on the level of cash ßows generated, and on the amount of time

until the cash ßow will cease (i.e., until the economy will break). Next, the

dynamics of asset prices in a fragile economy are solved for in closed form.

Our economy is based on a dynamic extension of Diamond [1982]. Diamond

assumes that agents may not consume what they produce, and therefore must

trade their products with other agents before they consume. This assumption,

which is meant to describe an economy with specialized production, introduces

a search cost. When there are few producers in the economy, the search

cost of Þnding another producer to trade with are high, and when there are

many producers in the economy, the search cost is low. The result is that the

existence of many producers in the economy lowers one�s effective reservation

wage, making her more likely to become a producer. On the other hand, if

there are no other producers in the economy, one has no reason to become a

producer.

We argue that in a dynamic extension of Diamond�s economy, a small

change in exogenous productivity might result in a �break� (i.e., a large change
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in the equilibrium output): As long as productivity is high enough so that

everyone is willing to produce, a full-employment equilibrium can be main-

tained. In these cases, small changes in productivity result in small changes

in output. However, should productivity drop to the point where full employ-

ment can no longer be maintained, the effect on output can be drastic: as

the marginal producer leaves the economy, the search cost for the remaining

producers increases. This in turn can cause the next producer to leave the

economy, further increasing the search costs, and causing more producers to

leave the economy. This cascade results in a large change in the equilibrium

output5. We want to stress the point that this break mechanism is not due to

animal spirits, sunspots, or self-fulÞlling prophecies6, where a shift from one

equilibrium to another is spontaneous, without any stimuli from the economy.

The mechanism described here is the only possible response of this economy

to the exogenous change in productivity.

In order to study the implications of fragility on asset returns, we extend

the model to include Þrms and capital assets. The example that Diamond

uses to illustrate his model is of agents walking around on a tropical island

and picking coconuts off the coconut trees. In our model, the trees are assets

that are rented to Þrms that pick coconuts. We shall focus on the implications

of the aforementioned breaks on conditional prices of the trees.

Log of productivity is assumed to evolve as a random walk, consistent

with the empirical Þndings in Nelson and Plosser [1982]. Since a break in

the economy happens when productivity reaches a certain threshold value,

5A cascading mechanism is also described in Subrahmanyam and Titman [2001].
6Weil [1989] discuss animal spirits. Cass and Shell [1982] discuss sunspot mechanism.

Azariadis [1981] models self-fulÞlling prophecies.
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agents have a way to anticipate the time of break: it is a time-varying random

variable that is mathematically characterized as a hitting time. Being a well

deÞned random variable, its effect on an expected utility maximizer can be

conventionally modeled: if we denote by P the price of an asset, D is the level

of dividend it pays, and T is the (random) amount of time these dividends

will be paid, then, assuming risk-neutrality and no discounting, the relation

would simply be P = E [DT ]. A lot of the intuition can be derived even from

this over-simpliÞed equation. D and T move in the same direction, because

when productivity is high, both variables are high, and when productivity is

low, both variables are low. Therefore, prices are more volatile than dividends,

even in a risk-neutral setting. This suggests a resolution to the excess volatility

puzzle (Shiller [1981]).

When discounting is added to the model, volatility becomes time-varying,

even though volatility of dividends is constant. Furthermore, volatility is

higher in the bad states of the economy. The reason is that in the bad states

T is small. When T is small, a change in T has a larger effect on P , since the

effect is discounted less. For example, changing T from Þve years to six years

has a larger impact on the price of the underlying asset than changing T from

500 to 600, even though the change is 20% in both cases.

Finally, since both D and T are correlated with consumption, they both

present risk for which compensation is required. The equity premium in our

model is higher than in an equivalent exchange economy, suggesting a resolu-

tion to the equity premium puzzle (Mehra and Prescott [1985]). The equity

premium will also be time-varying, for the same reasons that volatility is time

varying.
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We solve in closed form for conditional asset prices and for conditional

moments of asset returns. The results are that the equity premium, volatility

of asset prices, and the slope of the real term structure, are all counter-cyclical

in this fragile economy. Negative realized returns result in an increase in

expected volatility and in expected returns. Positive realized returns result in

a decrease in expected volatility and in expected returns. SpeciÞcally, we Þnd

that both conditional excess returns and conditional volatility and linearly

related to dividend yield. This suggests and explanation to the empirical

Þndings of Fama and French [1988]: dividend yield moves in tandem with

risk, and therefore dividend yield predicts conditional expected returns, even

though risk aversion is constant in our model.

2.1 The Economy

2.1.1 Assumptions

There is a single perishable consumption good, which also serves as the nu-

meraire: all prices in the economy are stated in units of the consumption

good.

There are inÞnitely many households in the economy, indexed by j ∈ J ,
all of which are inÞnitely lived. Households are endowed with a ßow of labor

services according to a measure LEt deÞned on J with a total mass of 1.

Households are also endowed with a capital asset K with a total mass of 1.

In our model, K cannot be accumulated, and does not depreciate. One can

think of K as an enabling technology for production, or simply as �trees�.

There are inÞnitely many Þrms in the economy, indexed by i ∈ I. Firms
rent labor services and technology rights, and produce the consumption good.
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Firms do not own any assets and do not trade in Þnancial assets. Firms can

only rent labor services and technology rights at the prevailing spot prices, and

sell their output at the spot price of the consumption good, which is deÞned to

be 1. We do allow future markets in labor services; however, the participants

in this market are the households, and not the Þrms.

Households own the Þrms. The structure of ownership is not important

in our model. The technology available to the Þrms has constant returns to

scale, which results in the proÞts of the Þrms always being zero.

In what follows, the marginal household is denoted by j, instead of the

rigorous notation dj. Similarly the marginal Þrm is denoted by i rather than

by di.

Technologies All Þrms use the same production technology. There is a

positive externality among the Þrms. The production function of Þrm i is

given by:

Wit = θtL̄tL
Z

1+Z

it K
1

1+Z

t (1)

L̄t =

Z
I
Lit

where θt is an exogenous productivity factor, that will be described shortly.

Production using this technology is instantaneous: as soon as the produc-

tion factors are applied, output is generated.

The externality in this model is very similar to the one described in Di-

amond [1982]. We assume that households that use the home production

technology described below tend to be autarktic, and do not purchase the

Þrms� products. Furthermore, employees adhere to the taboo assumed in Di-

amond�s model, and do not consume the products of the Þrms they work for.
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Therefore, a Þrm must sell its products to employees of other Þrms (effectively,

trading the consumption good for an equal amount of the consumption good)

before it can pay its employees. There is a search cost involved in Þnding

employees to trade with. The measure of employment is L̄t, and for simplicity

we assume a linear cost of search, i.e., a Þrm spends 1− L̄t to Þnd a customer.
This results in the effective output being scaled by L̄t.

There is also a second technology, which is a home production technology.

It allows any agent to transform a unit of labor into Z units of the consumption

good. Alternatively, we can think of not working (i.e., leisure) as a perfect

substitute for contemporaneous consumption, with the substitution rate being

Z. We use the same parameter as in the production function (1) merely for

convenience.

Preferences The agents in the economy have time-separable utilities, and

are not satiated. The utility of agent j from a consumption stream C is given

by:

Uj(C) = E

·Z ∞

0

e−δtuj (Ct) dt
¸

(2)

where δ is a discount factor. In the analysis of the real side of the economy,

all we require is that u(·) is a strictly increasing function. In section 3, where
we price various securities in this economy, we select a more speciÞc form for

u(·).

Exogenous State Variable There is an exogenous stochastic productivity

factor, denoted by θt that evolves as a geometric Brownian motion:

θt = (1 + Z) e
σht (3)
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where σ is the volatility of consumption and ht follows a standard Brownian

motion deÞned over a probability space (Ω,F , P ) with the standard Þltration
(Ft)t≥0. Nelson and Plosser [1982] provide evidence that log of productivity
follows a random walk, with a possible drift. In this paper, we will use a

numeraire such that productivity per capita is a random walk with no ex-ante

drift.

Note that productivity is strictly monotonic with h, and having ht = 0

implies that the productivity level is equal to 1+Z. This productivity threshold

will be shown to be the threshold that triggers a breakdown.

We are aware that the constant volatility of productivity (and hence, of

consumption), is a crude simpliÞcation: post-was consumption is much more

stable that the pre-war consumption (Chapman [2002]). McConnell and Perez-

Quiros [2000] estimate another reduction in volatility that happened in the

Þrst quarter of 1984. Lettau, Ludvigson, and Wachter [2004] show that such

changes can have a major effect on price run-ups and the following equity

premium. We chose to abstract away from these important phenomena, and

to concentrate solely on the effects of fragility.

Securities and Prices The set of securities in the economy is denoted by

S. For each s ∈ S, Dst denotes the dividend rate that security s pays at time
t, and Pst denotes the price of security s at time t.

DKt denotes the rents on technology at time t. DLt denotes the wages

paid for labor services at time t. K ∈ S denotes a security that represents a
claim on the rents on technology. DKt can be thought of either as rents on

technology, or as the dividends on K.
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2.1.2 Household�s Problem

A household attempts to maximize its utility from a stream of consumption,

as deÞned in (2).

The household�s problem described here ignores the possibility that house-

holds may trade their current and future labor endowment. Extending the set

of securities to allow such trades is relatively straightforward, but complicates

the notation.

We denote by πjst the amount of security s that household j holds at time

t. We denote by LSjt the amount of labor that household j decides to supply

to any of the Þrms. The remainder, LEjt − LSjt, is used for home production.
The total ßow of income that household j receives at time t is the sum of

the rents it receives from renting out labor, the output of the labor it assigns

to home production, and the dividends that it receives from the securities it

holds:

DLtL
S
jt + Z

¡
LEjt − LSjt

¢
+
X
s∈S

Dstπjst (4)

This income is used either for consumption, or to Þnance changes in the

household�s portfolio. Therefore, the budget constraint for household j is:

Cjt +
X
s∈S

Pstdπjst ≤ DLtLSjt + Z
¡
LEjt − LSjt

¢
+
X
s∈S

Dstπjst (5)

Since the agent is non-satiated, the constraint is binding at all times.

Each household controls some labor services at time t. This amount is

simply LEjt when there is no trade in labor endowment. The household has

to decide whether to rent these labor services to the Þrms or to use them for

home production. Since the agent is a price taker, and DLt is observable when
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the decision is made, the household will simply rent its labor services to the

higher bidder:

Proposition 1 Whenever DLt > Z, each household will rent out all its labor

endowment (i.e., L̄t = 1 ). Whenever DLt < Z, each household will not rent

out any of its labor endowment (i.e., Ljt = 0 for all j). Whenever DLt = Z,

any L̄t ∈ [0, 1] is consistent with the households� optimization problem.

2.1.3 Firm�s Problem

A Þrm�s objective is to maximize proÞts from production at each point in

time. It takes as exogenous the level of rents it has to pay the production

factors, and chooses its level of demand LD and KD that solve the following

maximization problem:

max
LDit ,K

D
it

Wit −KD
itDKt − LDitDLt (6)

The Þrm decides on LDit and K
D
it at time t. At the time the decision is

made, DKt, DLt, and θt are observable. The Þrm�s Þrst-order conditions are

derived from equations (1) and (6), and are as follows:

LDit
KD
it

=

µ
ZθtL̄

e
it

(1 + Z)DLt

¶1+Z
(7)

DKt =
θtL̄

e
it

1 + Z

µ
LDit
KD
it

¶ Z
1+Z

(8)

where L̄eit denotes what Þrm i expects the aggregate level of productive labor

to be at time t.

Since the technology has constant returns to scale, the Þrm�s Þrst order

conditions imply only the ratio between the production factors. A Þrm can

scale its operation arbitrarily when returns to scale are constant. Without loss

of generality, we can assume that KD
it is positive for all i and t.
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2.1.4 Equilibrium

An equilibrium in this economy comprises security prices PSt, rent levels DLt

and DKt, and expected productive labor level L̄
e
it, such that:

(A) The market for labor services clears at all times:Z
I
LDit =

Z
J
LSjt ∀t

(B) The market for renting production technologies clears at all times:Z
I
KD
it = 1 ∀t

(C) The assumed level of aggregate productive labor is correct:

L̄t = L̄
e
it ∀i, t

(D) The security market clears:Z
J
πjKt = 1 ∀tZ
J
πjst = 0 ∀t,∀s 6= K

2.1.5 Characterizing the Equilibrium

The equilibrium is characterized in two stages: the Þrst stage characterizes

the rents DLt and DKt, and an aggregate productive labor level L̄
e
it, so that

conditions (A)-(C) are met. The second stage characterizes security prices

such that the security market clears. The reason for this two stage approach

is that the prices of securities depend on the real side of the economy, but the

real side of the economy does not depend on security prices. The Þrst stage
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of this characterizing is done below, and section 3 of the paper characterizes

security prices such that the security market clears.

We start by characterizing all static equilibria - i.e., for any given t, we

derive what levels of DLt, DKt, and L̄
e
it would result in an equilibrium at that

time. We then proceed to characterize a class of dynamic equilibria in this

economy.

Since the Þrms can scale arbitrarily, we may assume without loss of gener-

ality any positive Kit such that
R
IKit = 1. Thus, condition (B), which states

that the market for K should clear, is met.

Proposition 2 A zero-employment equilibrium (i.e., L̄t = 0) exists for any

time t. In this equilibrium DKt = 0 and 0 < DLt < Z.

Proof: Equation (7) implies that optimal labor demand when

L̄eit = 0 and DLt > 0 is zero. Since L̄
e
it = 0 and DKt = 0, equation

(8) is trivially met. With DLt < Z, the households� optimal supply

of labor is zero, so the labor market clears (i.e., condition (A) is

satisÞed). Since all Þrms choose not to employ any labor, L̄t = 0,

and condition (C) is also met.

Proposition 3 A full-employment equilibrium (i.e., L̄t = 1) exists at time t

if and only if θt ≥ 1 + Z. In this equilibrium DKt =
θt
1+Z

and DLt =
Zθt
1+Z

.

Proof: When L̄eit = 1 and DLt =
Zθt
1+Z

, equation (7) implies that

labor demand is such that LDit = K
D
it . Since the aggregate measure

of KD is 1, it must be that aggregate labor demand is also of

measure 1. Hence, condition (C) is met. Given that DLt ≥ Z, full
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labor supply is consistent with the households� optimal behavior.

This means that labor supply is equal to labor demand.

When θt < 1+Z, there is no full employment equilibrium: ifDLt 6=
Zθt
1+Z

then
LDit
KD
it
6= 1, which violates condition (C). If DLt = Zθt

1+Z
when

θt < 1+Z, then households� optimization results in zero supply of

labor, which means that the labor market does not clear.

Proposition 4 A partial-employment equilibrium (i.e., 0 < L̄t < 1) exists at

time t if and only if θt ≥ 1 + Z. In this equilibrium DKt = L̄t and DLt = Z

Proof: Partial labor supply happens only when the household is

indifferent between supplying labor and home production, i.e., only

when DLt = Z. Condition (C) is met only if each Þrm�s decision

is such that
LDit
KD
it
= L̄t. Substituting both conditions into equation

(7) results in:

L̄t =

µ
θtL̄t
1 + Z

¶1+Z
which is equivalent to:

L̄t =

µ
1 + Z

θt

¶1+Z
Z

Since the exponent is positive, the condition L̄t < 1 then implies

that θt ≥ 1 + Z.

Figure 1 plots the possible dividend levels for Z = 1.7. This value is

chosen to correspond to labor share of 0.63, which is what has been empirically

observed. The zero employment equilibrium, which pays no dividends, exists

for all values of θ. It is the horizontal line at the bottom of the graph. The full

33



-0.1

0.1

0.3

0.5

0.7

0.9

1.1

1.3

1.5

1.7

1.7 1.8 1.9 2.0 2.1 2.2 2.3 2.4 2.5 2.6 2.7 2.8 2.9 3.0 3.1 3.2 3.3 3.4 3.5 3.6 3.7 3.8 3.9 4.0 4.1 4.2

Figure 1: Dividend Levels

employment and partial employment equilibria exist only when θ ≥ 2.7 (i.e.,
when θ is greater than 1+Z). The full employment equilibrium pays dividends

of more than 1, and the partial employment equilibrium pays dividends that

are less than 1.

Characterization of the Dynamic Equilibrium We have shown that

there is more than one static equilibrium whenever θt ≥ 1 + Z. In order to

specify a dynamic equilibrium, we need a resolution mechanism that selects

among the available equilibria. We do not assume any extrinsic factor, such

as �sunspots� (see Cass and Shell [1983]) affect the equilibrium. We allow the

history of the economy to affect the equilibrium. Intuitively, a break is not
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necessarily immediately reversible: if the stimuli applied is strong enough to

cause a break, once the stimuli stops, the system might remain in its broken

state. A mending stimuli will be required to restore the system into its pre-

break equilibrium. We Þnd this story more appealing than sunspots, where

you can wake up tomorrow morning and Þnd the economy in a bad equilibrium,

without anything happening within the economy.

We make the following assumptions:

Assumption 1 At time t = 0 the state variable θ is larger than the critical

value 1 + Z, and the equilibrium played at time zero is the full-employment

equilibrium.

In other words, the model presented here is not applicable to economies

that are starting in a non-productive mode.

Assumption 2 If the economy is playing the full-employment equilibrium at

time t, it will continue to play the full-employment equilibrium as long as that

equilibrium exists.

The static setting allows for a shift away from the full-employment equi-

librium that is purely belief-based: while there is full employment today, Þrms

might refuse to hire tomorrow because each Þrm believes other Þrms will not

hire. This is a self-fulÞlling prophecy (see Azariadis [1981]). Shifts of this

nature, i.e., ones that are triggered without any stimulus in the fundamentals,

are said to be driven by �animal-spirits� or by �sunspots�. In our setting,

we rule out by assumption these belief-based shifts. The economy will shift

from full employment to lower employment levels only if full employment is

no longer viable.
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Full employment is no longer viable only when θt becomes less than 1+Z.

At that level, partial employment is also not viable, and the only equilibrium

in the economy is the zero-employment.

Corollary 1 If the economy is playing the full-employment equilibrium at time

t, it will continue to play the full-employment equilibrium as long as θt ≥ 1+Z.
Once θt < 1 + Z, the economy will shift to the zero-employment equilibrium.

A recovery, i.e., a shift out of the zero employment equilibrium, requires

as a necessary (but not sufficient) condition that θt ≥ 1 + Z. This is because
if this condition is not met, there is simply no alternative equilibrium to shift

into.

One reasonable speciÞcation is that recovery occurs as soon as it can (i.e.,

as soon as θt becomes greater than 1 + Z). This speciÞcation results in a

Pareto dominating dynamic equilibrium.

However, this mechanism might not best describe recoveries. We chose to

study a class of dynamic equilibria that contains the Pareto dominating case

as an element in this class. We study a class of speciÞcations with hysteresis:

the critical value of θt that leads to a recovery may be larger than the critical

value of θt that leads to collapse
7. We shall denote the critical value that leads

to a recovery by θg, where θg ∈ [1 + Z,∞).

Assumption 3 If the economy is playing the zero-employment equilibrium

at time t, it will continue to play the zero-employment equilibrium as long

as θt < θg. Once θt ≥ θg, the economy will shift to the full-employment

equilibrium.

7See Blanchard [1987] and Dixit [1992] for other examples of the concept of hysteresis
being applied to macro-economy.
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Note that in the region 1 + Z ≤ θt < θg, the economy can be in the

zero-employment equilibrium even though a better equilibrium exists.

The above set of assumptions leads to a class of dynamic equilibria, which

are indexed by the model parameter θg. Two important cases in this class are

the case where θg = 1 + Z, in which case recovery occurs as soon as it can,

and the case where θg =∞, in which once a collapse has happened, a recovery
would never occur.

The dynamics of the aggregate consumption and of the dividends to K are

summarized as follows.

Corollary 2 As long as θt ≥ 1+Z, the aggregate consumption level is θt and
the dividend rate that is paid to K is equal to θt

1+Z
. Once θt becomes less than

1+Z, the aggregate consumption level becomes Z and the dividend rate that is

paid to K drops to zero. These levels of consumption and dividends continue

as long as the state variable θt is less than θg (θg is a parameter of the model).

Once θt becomes more than θg, consumption reverts to θt and dividends revert

to θt
1+Z

, and the cycle repeats.

Having θt fall below its critical value is equivalent to having ht reach zero.

We denote the start value of this variable as h0 = h, and assume h > 0, i.e.,

we are examining an economy that is known to be currently using the normal

production technology. We shall also refer to the state variable as �health�.

The random variable Tt(h) denotes the amount of time that the capital

asset will continue to pay dividends (ignoring recoveries), conditional on the

fact that the state variable at time t is known to be h. It is formally deÞned
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as follows:

Tt(h) := min {s : hs = 0 | ht = h} ; T (h) := T0(h) (9)

The value of the capital asset clearly depends on T . Higher values of T

mean that dividends will last for a longer time, which imply a higher value

of the capital asset. T is lower during recessions, since the probability of a

transition to home production becomes higher. This results in a lower value of

the capital asset in recessions, which is the source of the relatively high equity

premium in our model.

2.1.6 Discussion

The expected amount of time in which dividends are paid is always inÞnite.

Mathematically, E [T (h)] = +∞ for any h > 0. Thus, when one purchases

today an equity position in the capital asset, one may make the comforting

assumption that it has an inÞnite expected horizon, and therefore will pay

dividends incessantly in expectation. This does not contradict the fact that

over a long enough horizon, dividends will almost surely cease.

As a way to give some economic sense to the value of h, we selected the

concept of the median horizon that is associated with a health level, i.e., within

how many years do we expect, ex-ante, a 50% probability that dividends will

cease. The density function of a hitting time implies that the median horizon

nh is a quadratic function of h:

nh =

µ
h

normcdf (0.75)

¶2
' 2.198h2 (10)

For example, a median horizon of 100 years, which corresponds to what

Brown et al [1995] Þnd, implies h = 6.745. When h = 3, the median horizon
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is close to 20 years, and when h = 12 the median horizon is 316 years.

2.2 Pricing Securities in the Economy

We now turn to the characterizing the second part of the equilibrium, i.e., to

Þnd the security prices that will clear the market.

In order to characterize security prices, we have to narrow the class of

utility functions. We chose to study the class of utility functions that can

be represented as a time-separable, power utility function of a representative

agent:

U(C) = E

·Z ∞

0

e−δs
C1−γs

1− γds
¸

(11)

where γ is the agent�s relative risk aversion coefficient. Constantinides [1982]

shows that heterogenous agents, with different risk aversion coefficients and

different initial endowments, can still be represented as a single representative

agent.

Since the economy derived from equation (3) has no time-trend, whereas

the real US economy is growing, we will deÞne the numeraire as the consump-

tion good adjusted for some deterministic growth. If the growth rate of the

economy is g, and �C is denoted in units of the consumption good, then:

Ct =
�Ct
egt

(12)

With this interpretation, the economy is not growing when measured by

our numeraire. Substituting (12) into (11) results in:

U( �C) = E

Z ∞

0

e−δs

³
�Cs
egs

´1−γ
1− γ ds

 = E "Z ∞

0

e−(δ+g−γg)s
�C1−γs

1− γds
#

(13)

39



Equation (13) bears resemblance to a ratio habit utility, as in Abel [1990].

However, it is not a habit speciÞcation, since the denominator does not contain

any consumption. In a habit speciÞcation, the denominator depends either on

one�s past consumption (known as an internal habit), or on the �Joneses�

consumption (known as external habit). The speciÞcation here simply implies

that whereas consumption grows, happiness does not. Rearranging the terms,

it can be seen that our speciÞcation is no more than a transformation on the

discount factor (see Kocherlakota [1990] for a discussion on the discount factor

in growth economies).

Our main focus in this paper is on the effect of economic fragility on asset

prices. Economic fragility results in the dividend stream and consumption

levels that have been described in Corollary 2. Our focus is not on the pref-

erences of the agents. However, a similar analysis can be performed for any

non-satiated utility function, such as habit utilities (Abel [1990]; Campbell

and Cochrane [1999]; Chan and Kogan [2002]) or recursive utilities (Epstein

and Zin [1989]).

We compute security prices using the continuous-time version of the basic

pricing equation for a dividend stream:

Ps0u
0 (C0) = E

·Z ∞

t=0

e−δtu0 (Ct)Dstdt
¸

(14)

where Ct is the equilibrium consumption level of the representative agent at

time t.

In what follows, we initially assume that there is no recovery following

a transition to home production, i.e., we initially price the securities in the

economy under the assumption that θg =∞. We then introduce recovery, and
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solve for prices for any θg.

2.2.1 Term Structure when θg =∞

The bonds we price are zero coupon bonds: a bond with maturity τ is deÞned

as a promise to pay one unit of the consumption good at time τ . We denote

the spot price of such a bond as B(τ). The annualized yield of a bond is

y(τ) = − ln (B(τ)) /τ . All bonds are in zero net supply.
The level of consumption at the time the bonds are priced is θ0. At ma-

turity, the consumption level could be either θτ or Z, since a shift to home

production might happen between the current time and maturity. Therefore,

the price of a bond must satisfy:

u0 (θ0)B(τ) = e−δτE
£
u0 (θτ)1{τ≤T (h)} + u0 (Z)1{τ>T (h)}

¤
(15)

Proposition 5 The yield of riskless bonds in this economy is given by

y(τ) = δ − σγh
τ
− 1
τ
log

·
κ+

1√
2πτ

×Z ∞

0

e−σγw
³
e−σγw−

1
2
(σγ)2τ − κ

´µ
e−

(h−w)2
2τ − e− (h+w)2

2τ

¶
dw

¸
(16)

where

κ =

µ
Z

1 + Z

¶−γ
=

µ
1 +

1

Z

¶γ
Proof: Since ht evolves as a Brownian motion, the distribution

of hτ is normal with mean h and variance τ . The probability of

reaching hτ = w is exp
¡− (h− w)2 /2τ¢ /√2πτ , and the probabil-

ity of reaching hτ = w after experiencing a break (i.e., after hitting

ht = 0 for some t < τ) is exp
¡− (h+ w)2 /2τ¢ /√2πτ . Integrating

the marginal utility over all possible values of w gives the above

result. ¥
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Figure 2: Term Structure generated by the model

Figure 2 plots an example of the yield curves that the model generates for

different levels of health. A few interesting observations can be made.

First, the yield curves are downward sloping or U-shaped. The numeraire

in our model is the growth adjusted consumption good, which means that the

term structure is for real interest rates, and is downward biased by the growth

rate. A downward sloping term structure of real interest rates is consistent

with the empirical literature, such as Evans [1998]. Brown and Schaefer [1994]

Þnd the U-shaped term structure to be quite common when estimating real

interest rates (both papers are based on UK data, where high quality data

exists on inßation-adjusted bonds).

Medium-maturity bonds have lower yields than the short rate, and this dip

in yields (which is equivalent to an increase in prices) is more severe when the
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health is lower. This is driven by the fact that medium term bonds have a

hedge value against a breakdown of the economy. Should the economy break,

total consumption would shrink to Z. Receiving money in these states of the

world is more valuable, and hence agents are willing to pay more for bonds

when the current health is low. This is the �ßight to quality� property that

has been observed in bonds.

Finally, at relatively long maturities we see a reversal: yields of long ma-

turities are high when the current health is low, and are low when the current

health is high. In other words, the slope of the term structure is counter-

cyclical. The reason is that the distribution of the states of the economy

at long maturities is less dependent on the current state, so bond prices are

inversely related to the current marginal utility.

Corollary 3 Conditional on L̄t = 1, the yield of the short rate is given by

r :=lim
τ↓0
y(τ) = δ − (σγ)

2

2
(17)

That is, the short-rate is Þxed and does not depend on the current level of

health.

The reason that the short rate does not depend on the current level of

health is that when τ ↓ 0, the annualized probability of a breakdown is pushed
to zero. In the very short term, fragility creates no risk. For the same reason

the yield of a corporate bond with instantaneous maturity will be equal to the

risk-free rate (17).

Unlike Weil [1989], high risk aversion in the model is consistent with a low

risk-free rate. The equation for the risk-free rate has a negative coefficient
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for γ2. This can be thought of as a precautionary saving motive, since the

consumption level in the future is unknown.

It is interesting to note that prior to a break, the short rate is constant,

whereas the yield of longer maturity bonds is time varying, and is not equal

to the short rate. The reason is that the price of longer maturity bonds takes

into account the possibility of a break. Ex-post, in an economy that did not

experience a break, the expectation hypothesis fails to hold. This failure is

due to a �peso� problem, as in Bekaert, Hodrick, and Marshall [2001].

2.2.2 Pricing the Capital Asset when θg =∞

The capital asset pays a dividend at the rate of eσht from now till time T (h),

where T (h) was deÞned as the random variable that depicts the time when h

reaches zero. The basic pricing equation (14) implies that the price P of the

capital asset must satisfy:

Pu0 (θ0) = E

"Z T (h)

0

eσhs−δsu0 (θs) ds

#
(18)

Proposition 6 Conditional on L̄t = 1, the price of the capital asset in this

fragile economy is given by:

P (h) =
eσh − e(σγ−

√
2δ)h

r + σ2
¡
γ − 1

2

¢ (19)

where r is the short rate from (17)

Proof: We observe that

P (h) = E
1

m(h)

Z T0(h)

0

eσhs−δsm(hs)ds (20)
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wherem(h) is the marginal utility at the consumption level implied

by h, and is equal to e−σγh. Therefore:

P (h) = eσγhE

Z T0(h)

0

eσhs−δs−σγhsds (21)

We note that the process (Mt)t≥0 given by

Mt :=

Z t

0

e−σ(γ−1)hs−δsds+
e−σ(γ−1)ht−δt

δ − 1
2
σ2 (γ − 1)2 (22)

is a martingale. By the optional sampling theorem, E[MT0(h)] =

E[M0], which implies that

E

"Z T0(h)

0

e−σ(γ−1)hs−δsds

#
=
e−σ(γ−1)h − e−

√
2δh

δ − 1
2
σ2 (γ − 1)2 (23)

Substituting (23) into (21) completes the proof ¥

An application of It�o�s lemma gives us the dynamics of the returns. This

gives us both the conditional expected return and the conditional volatility.

The result is as follows:

Proposition 7 Conditional on L̄t = 1, the dynamics of the returns process

are speciÞed by:

dRt =
dPt + dt

P
= (r + σγV (ht)) dt+ V (ht)dht (24)

where

V (h) = a+
σ − a
r∗

× D(h)
P (h)

(25)

where D(h) is the level of dividends paid:

D(h) = eσh (26)
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and a are r* are deÞned as follows:

a = σγ −
√
2δ (27)

r∗ = r + σ2
µ
γ − 1

2

¶
(28)

Proof: Applying Ito�s lemma:

dRt =
dPt +Dtdt

Pt
=

µ 1
2
P 00t +Dt
Pt

¶
dt+

P 0t
Pt
dht (29)

The volatility of returns V is therefore

Vt =
P 0t
Pt
=
σeσht − aeaht
eσht − eaht = a+

(σ − a)Dt
r∗Pt

(30)

The drift is calculated as followsµ 1
2
P 00t + e

σht

Pt

¶
=

1
2
σ2eσht − 1

2
a2eaht + r∗eσht

eσht − eaht (31)

Note that 1
2
a2 = r+ σγa and that r∗+ 1

2
σ2 = r+ σ2γ. This allows

us to rewrite the previous equation as:

(r + σ2γ) eσht − (r + σγa) eaht
eσht − eaht = r + σγVt (32)

which completes the proof ¥

The model predicts that both expected excess returns and volatility are

linearly related to dividend yields. Rozeff [1984] and Fama and French [1988]

report that conditional excess returns are predicted by linear regressions with

dividend yield as the explanatory variable. The model here gives a theoretical

justiÞcation to these Þndings. The intuition is that the price P (ht) of an asset

is risky, but has a median return of zero - h can move equally up and down. The
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compensation for holding the asset comes entirely from the dividends it pays.

Dividends should compensate both for holding an asset rather than immediate

consumption (i.e., the risk-free rate) and for bearing risk (i.e., a risk premium).

While this result shows that expected returns are predictable, it does not imply

any market inefficiency - the model is based on rational agents. Note also that

this result is not driven by any change in the agent�s risk aversion. Risk in

the model moves in tandem with dividend yields. When the risk is higher,

agent require a higher premium to hold the asset, and therefore dividend yield

predicts future returns.

Corollary 4 Volatility and expected returns are convex functions of both h

and P .

Proposition 8 Conditional on L̄t = 1, volatility of prices is higher than

volatility of dividends for any risk aversion coefficient, including risk neu-

trality.

Proof: Some algebraic manipulation of equation (25) yields the

following:

V (h) = σ +
σ − a

e(σ−a)h − 1 (33)

When L̄t = 1, the numerator and denominator must be of the same

sign, and therefore V (h) is greater than σ. ¥

The model predicts that prices are more volatile than dividends. This is a

possible resolution of the excess volatility puzzle (see Shiller [1981]; Leroy and

Porter [1981]; West [1988]). Furthermore, the endogenous volatility generated
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by the model decreases with prices, consistent with empirical observations re-

ported in the arch literature. This explains both the persistence observed

in volatility and the asymmetric property of volatility. Since both prices and

volatility are endogenous in our model, we are not proposing a volatility feed-

back mechanism (Campbell and Hentschel [1992]; Bekeart and Wu [2000]), in

which an anticipated increase in volatility leads to a price decline. Neither

should this result be interpreted as a leverage effect (Black [1976]; Christie

[1982]), in which lower prices drive the increased volatility; this effect should

be expected even with no leverage in the capital structure.

The Sharpe ratio in the model is constant, and is equal to σγ. This, and the

constant short rate, are driven by the fact that both the relative risk aversion

γ is not time-varying, and the macro-economic volatility σ is not time varying.

Any extension that would have either γ or σ decreasing with ht, would result in

counter-cyclical Sharpe ratios and in pro-cyclical short rates. These extensions

would further explain the data.

2.2.3 Effects of Recovery

To model a recovery, we assume that a shift back to the normal production

technology happens when the state variable reaches hg. This speciÞcation

allows for hysteresis in the recovery. Two special cases are hg = ∞, which
describes an economy that, once broken, never recovers, and hg = 0, which

describes an economy that recovers as soon as it can (i.e., an economy that

always uses the Pareto-dominating static equilibrium).

Denote by Pb the price of the capital asset immediately after a breakdown,

and by Pg the price of the capital asset immediately after a recovery. Pb can
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be priced as a claim to the cashßow Pg at recovery, and Pg can be priced

as a claim to the dividend stream until a breakdown, plus Pb at the at the

breakdown point. Using the basic pricing equation results in the following:

κPb = Pge
−(σγ+

√
2δ)hg (34)

r∗Pg = eσhg − (1− r∗κPb) e(σγ−
√
2δ)hg

From these equations we get the following:

1− r∗κPb =


1− e−(σ(γ−1)+

√
2δ)hg

1− e−2√2δhg if hg > 0

σ(γ−1)+√2δ
2
√
2δ

if hg = 0

(35)

Allowing hg to be any non-negative value, the price of the capital asset

becomes:

P (h) =
eσh − (1− r∗κPb) eah

r∗
(36)

Applying It�o�s lemma, we get the exact same equation as (24). If we take

this as a reduced form speciÞcation, then the assumptions made on hg are

irrelevant for an empirical test.

2.3 Economic Implications

The relation that our model generates between price levels, dividend yield, con-

ditional volatility, and conditional expected returns has important economic

implications. These relations have been observed in the data, but have not

been well explained within a uniÞed general equilibrium model. We now point

out the more important economic implications.
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2.3.1 Magnitude and Dynamics of Volatility

The volatility that results from the model is a deterministic, downward sloping,

function of health. This result explains several of the empirically observed

characteristics of volatility.

It has been noted that volatility is very persistent - French, Schwert and

Stambaugh [1987] note that autocorrelation of volatility remains high even

after 12 monthly lags, and conclude that volatility is not stationary. The

state variable follows a Brownian motion, and therefore is persistent and non-

stationary. Volatility, being a deterministic function of the state variable, is

therefore also persistent and non-stationary in our model.

Volatility has been noted to react differently to a positive returns innovation

as compared to a negative returns innovation: volatility tends to decrease

after a realization of positive returns, and tends to increase after a realization

of negative returns (Nelson [1991]). A positive realization of returns in our

model is the result of a positive innovation to the health. Equation (24) shows

that an increase in health will result in reduced volatility. Likewise, a negative

realization of returns in our model is the result of a negative innovation to the

health. A decline in health will result in increased volatility.

Volatility is known to be higher in recessions. Recessions are periods in

which equity prices are low. Equation (24) shows that low prices should imply

high volatility.

2.3.2 Magnitude and Dynamics of the Equity Premium

Figure 3 shows an example of the equity premium. The parameters used here

correspond to the estimated values, which are discussed in the next chapter.
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Figure 3: Annual Equity Premium

The equity premium is shown to increase when the health of the economy

deteriorates (i.e., in recessions), consistent with the empirical analysis of Fer-

son and Harvey [1991]. Note that even when the economy is healthy equity

commands a premium of roughly 3%.

2.3.3 Negative Serial Autocorrelation

One of the more interesting results stems from the fact that prices increase

with health, whereas expected returns decrease with health. Thus high prices

are associated with low future returns, and low prices are associated with

high future returns. Note that high prices are typically the result of high

past returns. Therefore, it seems that high past returns predict low future
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returns, and vice versa. Returns seem predictable and mean reverting. This

conclusion is not correct: prices and returns are both driven by the health

state variable, which follows a Brownian motion, and is not predictable nor

has any mean-reverting component.

2.4 Summary

We deÞne fragility as having the potential to break. A break in our model

is endogenous, and shares some key attributes with what consists a break in

other disciplines. A break happens at a well-deÞned threshold. As long as

the threshold is not reached, the system attenuates the stimuli, and a small

change in the stimuli results in a small change in equilibrium output. When

the threshold is crossed, the system is not able to attenuate the stimuli, and

a small change in the stimuli results in a large change in equilibrium output.

While the model has multiple static equilibria, the resolution among them

depends only on the history of the economy, and is not affect by unrelated

extrinsic factors such as sunspots.

Given the endogenous nature of a break, the dividend process can be char-

acterized along two non-trivial axes, which are the level of dividends being

paid, and the amount of time dividends are paid. The evolution of these two

axes is correlated, resulting in higher volatility of prices. Since the evolution

of both axes is correlation with consumption, it implies higher levels of risk,

and therefore a higher equity premium is required by the agents to hold the

asset. This suggests a resolution both to the excess volatility puzzle, and to

the equity premium puzzle.
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3 Calibration and Evaluation of the Model

3.1 Data

The returns being studied here are for the aggregate US stock market. The

monthly returns are taken from the value-weighted index of crsp.

Strictly speaking, the model suggests a contemporaneous explanation, and

not a prediction - that is it explain variables at time t with other variable at

time t, not with variables at time t − 1. The data I need is of conditional
returns or conditional volatility at time t. The literature has typically looked

at predicting future values - for example, can we predict the volatility of stocks

over the next month, over the next quarter, or over the next year. This line

of literature (e.g., French, Schwert, and Stambaugh [1987]) then calculated

volatility over a certain period.

When such a measure is cast into the terms of the present model, it actually

measures
R t+k
t

V (s)ds. Only if V evolves relatively slowly, and if k is small

enough, we can assume this is approximately equal to kV (t). Ideally, we

would like to measure conditional returns with k → 0. Unfortunately, this

is problematic, since realized returns are comprised of expected returns and

noise. When k shrinks, expected returns shrink linearly with k, but the noise

shrinks only at the rate of
√
k, and thus when k is small the noise dominates

the observation. Therefore, k should be large enough to abate the noise, but

not too large, in which case the estimated value at time t would become stale

at time t+ k. When measuring conditional returns, I evaluate the use of k as

one month, one quarter, and one year.
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3.1.1 Volatility

As Andersen et al [2001] point out, the theory of quadratic variation implies

that realized volatility is an unbiased ex-post estimator that is asymptotically

free of measurement error. High frequency data improves the point estimates

of conditional volatility. In fact, conditional volatility would be observable

if the sampling were done using inÞnitesimally short intervals. The data I

use for the analysis is based on daily observations of the US aggregate market,

reported by Schwert [1990]. I take k to be half a month; I take all daily returns

in the Þrst half of month, and compute the monthly volatility as

V 2m = 2
X

r2im (37)

The choice of the relatively short period stems from the fact that I want

to be able to compute Vt − Vt−1, where Vt is deÞned at volatility at a certain
point in time. This expression can be understood, for example, as the volatility

on April 30th minus the volatility on March 31st. Taking a long time series

blurs the distinction between the two. In the future, higher frequency data

might allow a tighter estimate of the conditional volatility. Figure 4 shows the

evolution of the monthly volatility that I compute, between 1926 and 2002.

The average monthly volatility I Þnd is 4.07% per month, which is equal to

14.1% annually. This value is comparable to French, Schwert and Stambaugh

[1987], who use a full month of daily observations to compute the conditional

volatility. It should be noted that average monthly volatility is less than

the overall volatility over the sample period (which is 18.8% annually), since

volatility is computed by averaging the monthly observations squared.
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Figure 4: Monthly volatility, 1926-2002

3.1.2 Price

A key variable in this theory is the price level. Prices are thought to be very

close to their fundamental value in efficient markets, and therefore having a

correct price series should improve signiÞcantly the quality of the estimation

of the state variable, as well as the estimation of the time invariant parameters

of the model.

The price series I start with is the real aggregate market value, i.e., aggre-

gate market value divided by the Consumer Price Index. This price series has

to be further adjusted for the following two reasons:
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1. This price series is not denominated in a growth adjusted numeraire,

as is assumed in the model. Thus, the deterministic growth component

must be estimated and properly accounted for. Note that the growth

component should not be estimated from this price series, as it would

create an undesired mechanical link between current prices and future

returns: if prices are detrended, then a drop in price must be followed

by an increase in the future.

2. The model assumes no capital accumulation and no depreciation - i.e.,

a constant number of �trees�. In reality, this is not the case. A common

assumption in macro-economic growth models, such as Solow�s growth

model, is that the long-term rate of capital accumulation is equal to

the long-term trend of the growth. Under this assumption, when the

numeraire is adjusted for the long-term growth, we should not see any

trend in the amount of capital stock. However, since investment is not

always equal to depreciation, we should expect short-term variations in

the number of trees in the economy.

One possible way to account for both the long-term growth and the short-

term variations in capital is to use the GDP. The idea is that the deterministic

long-term growth in the economy should be reßected in the GDP growth.

In addition, any short-term increase in the capital should also have a direct

effect on GDP - if we suddenly have two trees instead of one, we should see a

corresponding increase in total output. This suggests the use of the following

price series:

Pt =
mktcapt
GDPt

(38)
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With this deÞnition, the returns in the properly constructed price series

can be written as:

rt:t+1 = ln
Pt+1
Pt

= ln
mktcapt+1
mktcapt

− ln GDPt+1
GDPt

(39)

Thus, in order to match the model, we should take the observed changes

in market cap, and adjust them by the changes in GDP. The intuition is

that changes in GDP reßect the long-term growth and the short-term capital

accumulation.

Unfortunately, GDP is only a noisy proxy for these two effects, for several

reasons. One reason is that GDP is strongly affected by what happens within

business cycles, such as productivity shocks (i.e., changes in θ), which we do

not want to normalize for. Changes in labor supply also effect GDP, but in

this case it is not a proxy to a change in the number of trees in the economy.

Finally, a short-term change in capital (i.e., a sudden change in the number

of trees) does not have an immediate affect on output - Kydland and Prescott

[1982] estimate the lag to be 4 quarters on average. These issues suggest that

using GDP as-is is somewhat crude, and a more careful adjustment is needed.

Some of the short-term capital accumulation in the stock market can be

measured directly. We denote by exdivt:t+1 the real ex-dividends on the

market portfolio (i.e., on the value weighted market index) between time t

and time t + 1. If no new securities are being issued, the market cap at time

t + 1 should have been mktcapt (1 + exdivt:t+1). Any difference between this

value and the observed market cap at time t+1 is due to new securities. These

new securities are assumed to be new �trees� in the economy, and thus I can

adjust for them directly. I deÞne the rate at which new securities are added
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Figure 5: Rate at which new securities are added

to the market as follows:

rnewt:t+1 = ln
mktcapt+1

mktcapt (1 + exdivt:t+1)
(40)

Figure 5 plots this rate. Two outliers are clearly seen: in July 1962 there

is an increase of 8.4% in the securities, and in December 1972, there is a 15%

increase. The former outlier is due to changes in crsp in that month, and the

latter is due to the establishment of the nasdaq. Neither reßect a real change

in the number of trees in the economy, and are therefore excluded.

The plot reveals two additional interesting features of the data: the Þrst is

that more than half of the new securities are added in December and January.
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This most likely reßects either a data collection issue, or some regulatory

issue, as there is no a-priori reason to add new trees in these speciÞc months.

A second notable feature is that the rate of new securities becomes highly

volatile from 1999.

By adding and subtracting rnew in equation (39), I get:

rt:t+1 = ln
mktcapt+1
mktcapt

− rnewt:t+1 −
µ
ln
GDPt+1
GDPt

− rnewt:t+1
¶

(41)

In this equation, the second term adjusts for the short-term variations in

the capital stock, so the third term has to adjust only for the deterministic

growth in the numeraire. In order to get the long term growth component,

while avoiding the GDP variations within a business cycle, I replace the third

term in equation (41) with its mean. The mean of this term is estimated as 8.6

basis points per month. One standard deviation in the estimate is 3.4 basis

points.

Replacing the second term in (41) with its deÞnition, and replacing the

third term with its mean, results in the returns that are properly adjusted for

both long-term growth and the short-term variations in the capital stock:

rt:t+1 = ln (1 + exdivt:t+1)− 0.00086 (42)

In other words, the price series should be constructed by taking the real

ex-dividends returns on the market portfolio, and subtracting 8.6 basis points

per month.

I consider two methods for computing the real ex-dividend returns from the

nominal values available from crsp: the Þrst uses the Consumer Price Index

(CPI), as measured by the Bureau of Labor Statistics. However, since I am
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interested in monthly price adjustments, this variable has some measurement

problems, as well as an unknown lag effect. Therefore, I look also at the returns

on the 30-day treasury bill. The two resulting time series are shown in Figure

6. It is interesting to note that the two series do not diverge. While CPI-

adjusted prices are ahead of the treasury-bill adjusted prices during expansion

periods, this difference is eliminated later on. The average inßation-adjusted

returns of a 30-day treasury bill over the Þrst three-quarters of the sample

period are zero! Since the two variables are almost equal in the long run,

I chose to use mainly the short-rate adjusted series, as it avoids issues with

method of measurement and reporting times. A major part of this study is

based on a monthly analysis, where these issues can be very signiÞcant.

Using the risk-free rate for adjusting price levels has an additional advan-

tage: it captures some of the temporal variance in parameters the model takes

as Þxed. For example, if σ becomes temporarily lower (i.e., the economy is

more under control), asset prices should increase even without a change in the

state variable. If I were just to back out h from this price series, I would get

a spurious increase. However, when σ becomes lower, the risk-free rate also

increases, so prices adjusted for the risk-free rate are less susceptible to this

effect. Similarly, a change in the investment opportunities, which is totally

outside the model, would affect the prices of risky assets and of risk-free assets

in a similar way. Therefore, adjusting for the risk-free rate would counteract

this phenomenon as well. For example, part of the run in the 1990s can be

attributed to these effects, and not just to an increase in the productivity of

the economy. A seen in Figure 6, this run-up is somewhat mitigated when

prices are adjusted by the risk-free rate rather than by the CPI.
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Figure 6: Per-capita price levels, 1926-2002

It is important to note that the model assumes that capital cannot be

accumulated and does not depreciate. The model basically has a single �tree�,

the product of which has no trend. One way to check if the adjustments above

are consistent with the presented model is to check the trend in dividends paid

to such an asset.

Figure 7 plots the amount of annual dividends paid to the normalized asset.

Consistent with the requirements of the model, the amount of dividends does

not trend over time. The actual trend in this Þgure is only 0.01% per year,

and is not distinguishable from zero.
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Figure 7: Normalized dividend levels

Of course, there are other mechanisms that would result in dividends with-

out a trend. If we adjusted prices by dividends (i.e., looked at P/D), then

the resulting asset would pay a constant dividend of 1, by deÞnition. How-

ever, such a variable depends heavily on the dividend payout policy, and would

introduce unnecessary noise. A somewhat in-between method would be to ad-

just prices by the time-trend of dividends (i.e. take P/E [D|t]). The resulting
time-series is quite similar to what I have used. The problem with this method

is that since dividend payout policy changes very slowly, estimating E [D|t] is
sensitive to what sample period is used for the estimation.
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3.1.3 Dividend Yield

Dividend yield is calculated as is common in the literature: the dividends paid

out over the past 12 months are added up, and then divided by the price level

at the end of the period. The model implies that dividend yield is linearly

related to conditional moments of asset returns. This is unlike Campbell and

Shiller [1988], who argue that log of dividend yield should be related to future

expected returns. Most of the existing literature has followed Campbell and

Shiller, and uses log of dividend yield, and not the dividend yield itself.

3.2 Estimation Procedure

Estimating the model consists of estimating some time invariant parameters,

which I denote by the vector ψ, and the time-series of the state variable. The

time invariant parameters of the model are:

ψ = {δ;σ; γ;hg;h0} (43)

The state variable ht is speciÞed in the theoretical model as following a

standard Brownian motion. I estimate its value at monthly intervals. Since ht

continuously follows a Brownian motion with an annual volatility of 1, discrete

samples of this variable should evolve as follows:

ht+1 = ht + ηt+1 (44)

where ηt+1 v N
¡
0, 1

F

¢
, and are independent of each other. With monthly

data, F = 12.

The theory presented in the previous chapter links many observed variables

to the state variable. I could use any (or all) of the following relations in the
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estimation procedure:

Pt = P (ht) + ε
P
t Bt,τ = Bτ (ht) + ε

Bτ
t

µt = µ (ht) + ε
µ
t σt = σ (ht) + ε

σ
t

(45)

The above shows that I could use the price level of the risky asset to

estimate the state variable. Likewise, I can use the price level of bonds of any

maturity. Yet another possibility is to use the dynamics of the risk asset, i.e.,

the expected excess returns and the volatility at each point of time.

The method to recover the latent state variable from the observed data

depends on the assumptions made on the error terms
¡
εP ; εBτ ; εµ; εσ

¢
. The

simplest method is to assume that one of these time series is observed without

error. In this case, I can invert the corresponding function to recover the

latent variable. For example, if prices were observed without error, then the

latent variable would be computed by ht = P
−1 (Pt). Duffee [2002] uses such

a method to estimate the factors that drive the term structure. The main

advantage of this method is that I do not have to make any assumptions on

the remaining error terms.

The immediate question is which of the conditions in (45) to select as the

one that is observed without error. For example, it seems that returns are

very noisy, and would not seem a good candidate. A relatively natural choice

would be to use price levels. The efficient market hypothesis conjectures that

observed prices correspond at all times to the �true�, or fundamental, price.

The method I follow assumes prices are measured reasonable well, but are

not necessarily free of errors. Thus, I assume that εPt is normally distributed

with variance of σ2P . σP is another parameter to be estimated.

The estimation procedure uses an extension of the Kalman Þlter [1960]
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to compute, for a given ψ, the most likely values of the latent time series,

conditional on the observed data. The Kalman Þlter also allows to calculate

the likelihood of getting the observed data for the given ψ and the recovered

values of the latent variable. I then do a numerical search to Þnd the ψ that

maximizes the likelihood of obtaining the observed data.

3.2.1 The Kalman Filter

The Kalman Þlter assumes a linear, although possibly time-varying, effect of

the latent variables on the observed variables. In the model I am estimating,

the effect of the latent variable on the observable variables is determined by

P (ht). As seen from equation (36), P (ht) is not linear. If the time steps are

sufficiently small, I can use a Þrst-order Taylor expansion of P to linearize the

effect of changes in the latent variable:

P (ht+1) w P (ht) + P 0 (ht) ηt+1 (46)

The algorithm of a Kalman Þlter starts with an estimate of initial value for

the latent variable, which is here equal to h0. It then iterates through the time

series of the observed variables, i.e., it starts with t = 0 and then increments

t until the last data point is reached. At each point of time, it computes the

disturbance et, which is the distance of the observed data point from the data

point expected by the current estimate of the latent variable. et is computed

as follows:

et = Pt − P (ht) (47)

The variance of the disturbance is computed as:

dt = Ct (P
0 (ht))

2
+ σ2P (48)
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This modiÞcation of the Kalman Þlter is used to handle non-linear func-

tions. The next step in the algorithm is to update the estimate of the latent

variable and the variance of this estimate:

ht+1 = ht +
CtP

0 (ht) et
dt

(49)

Ct+1 =
Ctσ

2
P

dt
+
1

F
(50)

where ht is the estimated value of the latent health at each point of time, and

Ct is the variance of this estimate, conditioned on the observed data.

The likelihood of observing a return series is given by:

ln p (r | ψ) v lnN (et, dt) = −1
2

Xµ
ln (2π) + ln dt +

e2t
dt

¶
(51)

3.3 Parameter Estimates

The maximum likelihood criterion is not capable of identifying all the pa-

rameters of the model. There is some complementary among some of the

parameters, allowing us to choose some parameters, and use the maximum

likelihood to estimate the remaining ones. The groups of parameters are:

1. The model generally identiÞes the product of the risk aversion coefficient

(γ), and the volatility of the state variable (σ). We can assume low

volatility of the state variable along with high risk aversion, and vice

versa. High risk aversion in the model is consistent with a low risk free

rate (Unlike Weil [1989]) since the equation (17) shows that the risk-free

rate will decrease when σγ is increased.

2. There is complementary between the health we associate with the price

of the asset at the beginning of the time series (h0), and the threshold
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required for a recovery (hg). The same price can result from a lower

state of the economy (and hence a lower total value until the economy

breaks), if recoveries tend to happen faster, which results in a higher

value of the asset at the time of the break.

3. There is some complementary between the subjective discount param-

eter δ and σγ. The maximum likelihood estimation shows that higher

values of σγ are consistent with higher values of δ. Recall that equation

(24) implies that σγ is the ex-ante Sharpe ratio. This means that the

maximum likelihood estimation allows for high ex-ante Sharpe ratios if

the subjective discount factor is high.

Only one parameter is estimated without any further assumptions. This is

σP , which is the variance of the error in observed prices. The estimated value

of this parameter is σP = 0.

Corollary 5 Likelihood is maximized when we assume that observed prices are

a function of the state variable, without any error. Thus, the state variable is

fully recoverable from the observed price levels, and is not really �latent�.

This result deserves further discussion, both in order to understand the

underlying reasons for this result, and also in order to assess its signiÞcance.

This result stems from the fact that health is speciÞed as a Brownian

motion, and therefore the current health is also the expected value of health

in the following period. If there were a white error term in the observed

prices, a positive error term in this period will disappear in expectations next

period, and thus result in a negative expected return. The likelihood of a

67



positive current returns are higher with a positive error term than with a

negative error term. Therefore, if σ2P > 0, then positive returns in this period

are expected to follow by low returns next period and vice versa. This would

imply a negative autocorrelation. This negative autocorrelation would be more

signiÞcant the larger σ2P was. However, the monthly excess return data exhibits

a positive autocorrelation: a simple AR(1) regression of the monthly excess

returns shows a positive and statistically signiÞcant monthly autocorrelation

factor of 0.1097. Such a positive autocorrelation is not consistent with any

positive σ2P . In fact, since there is a negative relation between σ
2
P and the

autocorrelation, the observed positive autocorrelation would correspond to a

negative σ2P (which is mathematically impossible).

From an economic perspective, the meaning that prices are observed with-

out errors is that markets behave in an efficient way when it comes to price

levels. See Cohen et al [2003] for a discussion on the difference between effi-

ciency in price levels, and efficiency in the dynamics. They also conclude that

dynamics do not seem to conform to market efficiency, but price levels do.

To summarize this section the state variable is best estimated by inverting

the price function:

ht = P
−1 (Pt) (52)

An important implication of the above is that there is no incremental value

in using any of the other variables of (45). Since prices are observed without

errors, equation (52) must hold at all times, and using more information will

not change the estimated value of ht.

The complementary in the variables that was described above implies that

we must estimate some variables from data outside the model, and can use
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the maximum likelihood criterion to estimate only two of the remaining Þve

parameters of the model. Since some of the variables have a clear economic

interpretation, I now proceed to set these parameters according to the data.

3.3.1 Volatility of the State Variable - σ

The variable σ captures several things in the model. As deÞned in equation

(3), it is the unconditional volatility of the log of total output in the economy.

Dividends are a constant fraction of total output, thus σ is also the uncondi-

tional volatility of the dividends in the economy. And since the economy does

not provide any savings mechanism or any capital accumulation, everything

that is produced is also consumed in the same period. Thus, σ is also the

unconditional volatility of consumption.

In the data, these three time series have different volatility. Furthermore,

the volatility of all these time series varies over times, and is lower in the

period from the end of World War II till today. For example, the volatility of

the Gross National Product (per capita, in real dollars) is 4.74% for the entire

sample period, and is 2.99% for the post-war period.

Volatility of dividends is 12.3% for the entire sample period, and is 5.8% for

the post-war period. Consumption of non-durable goods is the least volatile:

Mehra and Prescott [1985] Þnd it to be 3.57% for their entire sample period,

and Chapman [2002] Þnds volatility of consumption to be as low as 1% for the

post-war period.8

Since the model does not have time-varying volatility, we have to take a

8Äit-Sahalia, Parker, and Yogo [2003] argue that consumption of luxury goods is what
should matter, since equity holders are typically rich and satiated with the consumption
of basic goods. They Þnd that the volatility of luxury goods consumption is an order of a
magnitude higher than the volatility of overall consumption.
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stand whether the entire sample should be sued to estimate σ, or whether only

post-war data should be used. The era of the Great Depression is important

in the estimation of the model, as the near-break dynamics are most strongly

evident at that time. Robustness checks, that will be described later, show

that the parameters of the model are accurately estimated when the sample

period includes the Great Depression, and are relatively unaffected by how

much of the post-war period is included. Without the Great depression, the

parameter estimates are very inaccurate. Therefore, we use the entire sample

to estimate the parameters (including σ), and do not rely on the post-war data

alone.

The use of the entire sample period pushes upwards any estimate of σ. To

counteract this effect, we take the least volatile time series of the above, which

is the consumption time series. This logic follows Mehra and Prescott [1985].

We therefore use the same value as Mehra and Prescott, i.e., σ = 3.57%. Using

the same value makes the direct comparison of the resulting equity premium

more straight forward, and more easily interpretable.

3.3.2 Risk Aversion - γ

Since there is some complementary between the subjective discount parameter

δ and σγ, we can select the risk aversion coefficient in a way that will match the

unconditional equity premium. The model contemplates that the risk has been

under-estimated in exchange economy models, such as Mehra and Prescott.

Therefore, the risk aversion coefficient is chosen to match the observed Sharpe

ratio. If the model will be able to generate the high observed volatility, even

with low volatility of dividends, then it will also be able to generate the high
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equity premium.

When estimating γ, the survival bias has also be taken into account. As

Brown, Goetzmann, and Ross [1995] point out, what we observe is conditional

on an economy surviving. In order to get match the survival bias, I estimate

250,000 paths for various values of γ, taking only those paths that did not

experience a break. I look for the γ that will have an ex-post Sharpe ratio that

is consistent with the data. The resulting estimate is γ = 8.75. Admittedly,

this value is considered too high by some researchers (e.g., Lucas [1994]).

Mehra and Prescott deÞned the equity premium puzzle as the inability to

explain the equity premium with volatility of consumption σ = 0.0357, and

with a relative risk aversion coefficient γ ≤ 10. Our choice of parameters

is within this ball-park, which means that we do tackle the equity premium

puzzle as deÞned by Mehra and Prescott.

With the above choice of σ = 0.0357 and γ = 8.75, the maximum likelihood

procedure is able to identify the subjective discount rate δ. The estimation

procedure Þnds that the most likely subjective discount rate is δ = 3.1%.

3.3.3 Probability of Break and Time to Recovery

The estimation procedure is unable to separately identify the duration of a

break (determined by hg), and the ex-ante probability of a break (determined

by h0). Figure 8 shows the possible values. On the X axis is the median time

till a break, as was on January 1926 (the relation between the value of h0

and the median time till a break is the quadratic relation given by equation

(10). On the Y axis is the median duration of a break. For example, a median

duration of a break of 6 years would result in an estimated median time till
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Figure 8: Tradeoff being estimated time till a break and duration of a break

a break of 100 years. Alternatively, we could assume that recovery happens

as soon as the underlying parameters make it possible (i.e., hg = 0; in other

words, the Pareto-dominant static equilibrium is chosen at each point in time).

Applying a maximum likelihood estimation with this assumption results in an

estimated median time till a break of 80 years. At the other extreme, we can

assume that recoveries never happen (i.e., hg → ∞), and then the estimated
median until the break is 140 years. There is little data to support the choice

one way or the other, so we picked, rather arbitrarily, a median duration of a

break of 6 years, along with an estimated median time till a break being 100
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years9. It turns out that my results are robust to the choice made here. This

choice mostly affects how we interpret the data - speciÞcally, how close the

economy was to a break in the trough of the Great Depression, and how far

from a break is the economy today.

The resulting parameters are estimated as follows:

σP = 0

σ = 0.0357

γ = 8.75

δ = 0.031 (53)

hg = 1.655

h0 = 6.745

Substituting these parameters into equation (17), the growth adjusted real

risk-free rate in the model is -0.0178, i.e. a negative rate of 1.78%. The

estimated per-capita growth in the US GDP is 2.21%, which implies that the

interest rate on real dollars that comes out of the model is 0.43%. The point

estimate for the average real US risk-free rate during 1926-2002 is 0.69% with

a standard error of 0.22%, so the model�s risk-free rate is about one standard

error away from the observed risk-free rate.

3.4 Estimated State Variable

Using the parameter values in (53), and using the price process described in

Figure 6, allows me to back out the state variable ht at each point in time.

9Brown et al found that the ratio of the number of markets that survived the past century
to the number of markets that existed at the beginning of the century is 14/36.

73



Equation (10) links the value of the state variable with a median horizon till

a break. I compute these two variable, and plot the resulting time series in

Figure 9. The calibrated model suggests that the median time to a break was

about 250 years in 1929, then bottomed at 3 years in 1932, which is the trough

of the Great Depression. The race-to-the-moon decade had median time reach-

ing 300 years. The was an increase uncertainty in 1973-1990, measured at a

median around 100 years. The 90s brought the highest level of conÞdence to

date. The burst of the dot-com bubble increased the levels of anxiety, and

as of the end of 2002, the economy is pricing a 50% chance of a break in the

next 250 years. As previously discussed, this interpretation assumes that the

median time till a recovery is about 6 years. If we chose a longer value for

the median duration of a break, we would get an estimate in which breaks

are less probable. Conversely, if we had chosen to calibrate the model to even

shorter median length of breaks, the result would have been that breaks would

be more probable.

The short median length of a break might be misleading; when an economy

is expected to recover in six years, why should there be such a signiÞcant affect

on asset prices? Recall that six years is the median time, not the average time.

While 50% of economies are expected to recover within six years, the remaining

50% can take a very long time to recover. In fact, a property of any Brownian

motion is such that the average length of a break is inÞnite. Also, the model

is speciÞed in such a way that immediately after a recovery, the state variable

is such that the median time till the next break is 6 years (even though the

average time till the next break is inÞnite).

Figure 10 shows the ex-ante conditional equity premium as computed from
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Figure 9: Health and implied median horizon of US capital assets

the model: on average, it was 5.6% over the entire sample period. It was

over 11% in 1932, and the average post-war equity premium is 5%. While

this number is lower than the realized post-war annual equity premium, which

is 7.7%, it is nonetheless consistent with recent estimates of the ex-ante pre-

mium (Fama and French [2002]; Pastor and Stambaugh [2001]). The average

volatility that the calibrated model predicts is 17% annually. In comparison,

the volatility in a Mehra-Prescott [1985] setting, assuming, as they did, a rel-

ative risk aversion of 10 and volatility of consumption of 3.57%, is about 1%.

For similar parameters, the volatility that arises in our model is about twenty
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Figure 10: Conditional equity premium on US capital assets, 1926-2002

time larger. This is why we are able to deliver a high equity premium with

the same parameters Mehra and Prescott used when they contemplated the

equity premium puzzle.

It is well known that ex-post returns in a �Peso� environment have a pos-

itive survival bias (see Brown et al [1995]). In order to estimate the predicted

returns of the model for a surviving economy, we simulated 1,000,000 sample

paths of 960 months (i.e., 80 years) for an economy that start with h = 6.745.

44% of such economies experience a collapse within these eighty years. Brown

et al found that the ratio of the number of markets that survived the past

century to the number of markets that existed at the beginning of the cen-
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tury is 14/36, which would imply a survival rate of about 50% for eighty

years. Thus, our simulation results match well the ex-ante probability of sur-

vival. The average simulated equity premium for the remaining 56% paths

was 6.5%, compared to the model�s ex-ante value of 5.6%. The survival bias

is therefore 0.9%, consistent with the value found by Li and Xu [2002]. The

standard deviation of the average ex-post equity premium is 1.24%. In 14% of

the surviving simulated paths, the equity premium was at least 7.7%, which

is the value that has been observed for the US economy. Thus the observed

equity premium is consistent with the model.

The average volatility in this simulation was 16.1%, with a standard devi-

ation of 3.7%. 21% of the surviving simulated paths exhibited ex-post average

annual volatility of at least 19%, which is the value that has been observed

for the US economy. In these simulations, a higher volatility usually happens

in paths that also exhibit a high ex-post equity premium. Thus, 12% of these

paths exhibit both an average ex-post equity premium of at least 7.7%, and

ex-post average annual volatility of at least 19%. Thus, simulation shows that

both moments of returns in the US equity market are consistent with the

model.

3.5 Evaluating the Predicted Dynamics of Volatility

We now look at the volatility levels predicted by the model. We plot the

expected excess returns plus or minus twice the conditional volatility, both of

which are derived from equation (24). This creates a conÞdence interval, in

which we expect to see 95% of the actual monthly movements. Figure 11 plots

this conÞdence interval, along with the realized monthly excess returns of US
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Figure 11: US actual excess returns and model-predicted values with 95%
conÞdence

stocks in 1926-2002. The plot shows that the model predicts well both the

absolute level of the conditional volatility, as well as its dynamics.

We expect 5% of the 924 available monthly observations, i.e., a total of 46

observations, to be outside the 95% conÞdence interval. The actual data has

52 such observations - 21 on the up side and 31 on the down side. The left

tail of the distribution is a little fatter than a normal distribution.

3.6 Time Series Properties of Realized Sharpe Ratio

The ex-ante Sharpe ratio in the model, as is clearly seen in equation (24), is

constant, and is equal to σγ. This might seem at odds with some well known
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properties of the US data, namely that volatility and returns do not move

together. Glosten, Jagannathan, and Runkle [1993] actually Þnd a negative

relation between risk and return. In addition, Whitelaw [1997] documents that

Sharpe ratios vary considerably over time.

It turns out that these Þndings are actually consistent with the proposed

model. Whitelaw [2000] shows that in an economy with time-varying tran-

sition probabilities, the ex-post time series of volatility and returns, under

constant relative risk aversion (i.e., constant ex-ante Sharpe ratio) exhibit a

complex, time varying relation, which is negative in the long run. The model

presented here has time varying transition probabilities into the bad state, and

indeed I Þnd similar properties of the ex-post Sharpe ratio.

In order to study the time-series properties of the Sharpe ratio, I simulated

200,000 paths of daily histories, each one 924 months long (i.e., 19,404 days).

For each month, I compute the resulting volatility and the realized excess

returns of that month. Dividing the two gives me the Sharpe ratio of that

month. I then regress the 924 monthly Sharpe ratios on the dividend yield

at the beginning of the month, and record the statistical signiÞcance (i.e., the

t-statistics) of this regression. Figure 12 shows the distribution of this variable

over the 200,000 simulated histories.

The null hypothesis of constant Sharpe ratios would imply that they are not

predictable by any variable. In that case, the t-statistics would be normally

distributed with a zero mean. Clearly, this is not the case: the mean t-statistics

is 1.5, and 42% of the simulated histories result in a statistically signiÞcant

relation between realized Sharpe ratios and dividend yield.

There are two issues that drive this spurious predictability. The Þrst is
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Figure 12: Predictability of ex-post Sharpe ratios using dividend yield

driven by the interaction between realized returns and expected returns. Sup-

pose there is a large negative shock at the beginning of the month. This causes

volatility and expected returns to increase for the rest of the month. However,

the change in expected returns is relatively small, and most likely the end

result for the month would be high volatility and negative returns. This effect

weakens the relation between realized returns and volatility, and makes real-

ized Sharpe ratios seem to co-move with returns (and hence, with dividend

yield).

The second issue is the survival bias, which is driven by the fact that ex-

80



post the possible break in the economy did not happen. This bias is larger in

the bad states of the economy, as the ex-ante probability of a break is larger.

This results in a counter-cyclical bias, and therefore returns and Sharpe ratios

would both seem counter-cyclical in a surviving economy.

It should also be noted that the model could be extended to include sources

of volatility that are orthogonal to the pricing kernel. For example, such

volatility could arise if the division of output between labor and capital would

change. This would affect asset prices, but since it does not change overall

consumption, it would not command a price premium. The existence of such

additional sources of volatility would cause Sharpe ratios to be even more

counter-cyclical.

3.7 Evaluating the Behavior of ht

The null hypothesis of the model is that ht follows a simple Brownian motion.

We test two main implications of this hypothesis: Þrst, we test whether the

innovations to the health variable are drawn from a standard normal distri-

bution, i.e., have a mean zero and a variance of one. The second hypothesis

that we test is whether the health variable follows a random walk. We use

autocorrelation tests and variance-ratio tests, as described in Campbell, Lo,

and MacKinlay [1997].

Figure 13 shows a histogram of the innovations to the health variable,

overlaid with a plot of the normal distribution.

The distribution is negatively skewed, and has an excess kurtosis of 3.3.

This is much lower that the excess kurtosis of returns, but is nevertheless

not a normal distribution. We have four outlier events (i.e., beyond ±4σ),
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Figure 13: Distribution of shocks to health of US capital asset, 1926-2002

all of which are on the downside. The worst outlier, which is 5.5 standard

deviations away from the center, is the market crash of October 1929: The

other three outliers, in decreasing number of sigmas, are the crash of October

1987, the 29% decline in September 1931, and the decline in August 1998. It

is interesting to note that even though the September 1931 loss was the largest

percentage loss ever in the US markets (at least, in our sample period), it came

in only third in ranking after taking conditional expectations into account.

Note also that the 38% upswing of the market in April 1933 is �only� a 3.3σ
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event - the health was almost at its lowest level, and high volatility and high

expected excess returns are both predictions of the model.

The hypothesis that the innovations to ht are drawn from a standard nor-

mal distribution can be rejected. However, except for very small values of h,

the distribution of T (h) requires only that innovations have zero mean and

a variance of 1; ht will still be normally distributed by the Central Limit

Theorem.

The mean of the sample is 0.0077, which is less than one tenth of a standard

error away from zero. The volatility of the innovations is 0.99. The 90%

conÞdence interval for a sample size of 924 observations is 1 ± 0.038, so the
hypotheses that the innovations have zero mean and volatility of 1 cannot be

rejected.

The second set of tests performed is designed to check whether the sample

consists of independent draws. We use the Ljung and Box [1978] Þnite sample

correction for the Box-Pierce Q-test. We Þnd that when the four outliers

are excluded (i.e., replaced by zeros), the random-walk hypothesis cannot be

rejected with 95% conÞdence for any number of autocorrelations. This is a

very strong result, as there are multiple tests, and not a single one of them

can reject the null hypothesis. When the outliers are not excluded from the

sample, the Q-tests cannot reject the null hypothesis with 99% conÞdence, but

can reject the null with lower conÞdence when either one lag or nineteen lags

are used. With nineteen lags, the detected autocorrelation seems spurious: it

is driven entirely by one data point: nineteen months after the large drop in

September 1931 came the large increase of April 1933. The autocorrelation of

one month lag seems to be induced by the fact that both the 1987 crash and
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the 1929 crash were immediately preceded, as well as immediately followed, by

additional down movements. We could dismiss any conclusion that is driven

by two data points, as it lacks statistical signiÞcance. However, it might

well be that even with efficient markets �instant� assimilation of all available

data, given the extra-ordinarity of these two events, took more than a month.

Even with this interpretation, given the advances made in recent years both

in technology and in Þnancial theory, one would be hard pressed to determine

how fast would the reaction be to the next 5σ event.

In order to further test whether the sample consists of independent draws,

we perform variance ratio tests following Lo and MacKinlay [1988], where we

compare the variance of the monthly changes in the state variable with the vari-

ance of the bi-monthly changes, and up to the variance of 60-month changes.

None of these variance ratio tests can reject the random walk hypothesis with

a conÞdence level of 95%. We also Þnd no evidence of heteroscedasticity. This

shows that the standard deviation of the innovations in health does not change

across time and stays equal to one.

Thus, none of the tests performed could reliably reject the hypothesis that

the innovations to the health state variable are independently drawn from an

identical distribution.

3.8 Sub-sample Estimates

I here check how stable are the estimates of the parameters. The dynamics

of asset prices that are due to a potential break are most notable during the

Great Depression. Therefore, as long as the Great Depression is in the sample

period, we expect the parameter estimate to be stable. To test this hypothesis,
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Figure 14: Estimated parameters using rolling end dates

I re-estimate the parameters using the data from 1926 till x, where x varies

from the end of 1950 till the end of 2002 (a total of 53 estimates). The results

are shown in Figure 14. h0 varies from 6.33 when the least data is used, to

6.75 when the most data is used. The difference between the lowest estimated

value and the highest estimated value is less than 10%. The estimated discount

factor varies from δ = 1.9% when the least amount of data is used (i.e., only

data up to the end of World War II), up to δ = 3.1% when the most data

is used. The effect of these changes on the quantitative results of the model

is quite small. The next chapter looks at these two extreme estimates, and
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shows that all the implications and the results hold in both cases.

3.9 Summary

Estimating the conditional moments of asset returns requires a price process

measured in units that correspond to the model - i.e., free of deterministic

growth, and free of variations in the capital stock. Since the model is par-

simonious, there are many ways to convert the real-life data to the model�s

counterparts. In this section, I reconstruct prices by taking real ex-dividend

returns, and adjusting the mean GDP growth and the mean securities ßow.

Real ex-dividend rates are constructed using the risk-free rate rather than the

CPI, since the former is better assigned to the time, and is able to counteract

some variations in parameters such as σ.

One criterion to evaluate the resulting time series of prices is to verify that

the dividends paid on this normalized asset have no time trend. Figure 7 shows

that this is the case.

I use a Kalman Þlter to Þnd the state variable from prices. Maximum

likelihood results when σP = 0, which means that the best assumption is that

prices are observed without error and reßect the true value of the underlying

asset at all times.

Since maximum likelihood is not able to identify all parameters, we set some

parameters based on their economic meaning, and resort to the estimation

procedure only for the remaining ones. Once we have the parameters, we are

able to calculate the conditional moments of asset returns. As seen in Figure

11, the predictions of the model agree in the data both in magnitude and in

the dynamics of asset returns.
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The backed out state variable ht is free of serial monthly auto-correlation,

if we ignore the market crash of 1929 and the market crash of 1987. Including

these two events results in some serial auto-correlation, but it would be hard

to argue against market efficiency only based on the after-shocks of these two

events. The backed out variable passes variance ratio tests, suggesting that

innovations to the economy are indeed not predictable, and the fact that prices

do not seem to follow a random walk stems only from the fact that conditional

moments respond to the state of the economy in a non-linear way.
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4 Implied Dividends as a Predictor of Condi-

tional Asset Returns and Volatility

Starting with Rozeff [1984], a number of researchers have shown that divi-

dend yield predicts the excess returns of stock market indices. Campbell and

Shiller [1988] argue that high dividend yield implies either that future dividend

growth will be low, or that future discount rates will be high, or both. Camp-

bell and Cochrane [1999] and Bekaert and Grenadier [2001] present models

with time-varying risk aversion, and show that dividend yield will move in the

same direction as the required rate of returns. On the other hand, since the

results of Fama and French are only marginally signiÞcant, some researchers

argue that these Þndings are statistical artifacts10.

This section explores the idea that dividend yield predicts excess returns

not because of changes in risk aversion, but because of changes in risk. The

model presented in a previous section suggests that dividend yield moves to-

gether with risk. As a result, dividend yield predicts excess returns without

time-varying risk aversion. Risk is conjectured to be high when dividend yield

is high, and therefore requires a higher equity premium even when risk aversion

is constant.

The relation between dividend yield and conditional volatility has been

relatively overlooked in the Þnancial literature. Schwert [1989] reports that

10Nelson and Kim [1993], as well as Stambaugh [1999] attribute the results to a Þnite
sample bias that results from stochastic regressors. Torous, Rossen and Yan [2001], and
Chapman, Simin and Yan [2003] attribute the results to the fact that the autoregression of
dividend yield is local to unity. Ang and Bekaert [2003] attribute the results to incorrect
calculation of standard errors in overlapping observations, and Kirby [1997] argues that the
larger R2 observed by Fama and French in longer horizon does not imply a better predictive
power in longer horizons. Ferson, Sarkissian, and Simin [2003] argue that spurious effects
along with data mining can produce the reported predicatility.
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the sign of this relation changes in some sub-periods he studies, suggesting an

unstable relation. I revisit the issue, and Þnd that once the persistence of the

variables is accounted for, the relation between dividend yield and volatility is

stable. This supports the hypothesis that dividend yield predicts conditional

excess returns, where the latter is a compensation for time-varying risk.

The main innovation in this paper is to use the theoretical model to con-

struct a more accurate predictor for the conditional moments of asset returns.

The model shows that both conditional excess returns and conditional volatil-

ity are affine functions of dividend yield. It would seem that dividend yield

should be the best variable to use in linear regressions11.

Unfortunately, there is a discrepancy between the concept of dividends in

a parsimonious model, and real-life dividends. For example, there is a clear

distinction in a model between dividends and capital appreciation. In reality,

retained earnings blur the distinction between the two. Dividend payout pol-

icy is very complex (see Allen and Michaely [2002] for a review), and taints

the real-life variable away from its modeling counterpart. The literature has

tried to cope with this problem by proposing other variables to be used as

the numerator, such as earnings (Lamont [1998]) or book value (Pontiff and

Schall [1998]).

Here I take a different approach. The model is a single factor model.

Identifying a single variable that can be precisely measured and mapped to

its modeling counterpart, enables us to reconstruct all other variables. In this

11Campbell and Shiller [1988] argue that log of dividend yield should be an optimal linear
predictor of conditional returns. Most of the existing literature follows Campbell and Shiller,
and uses log of dividend yield. The model presented here suggests that dividend yield, and
not its log, is the optimal predictor. Empirically I Þnd that dividend yield is a somewhat
better predictor than its log.
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paper, I take price levels as a precisely measured variable that continuously

reßect the true value of the underlying asset. I use price levels to recover the

state variable and to reconstruct all other variables. In particular, I reconstruct

dividend levels. I call this variable �Implied Dividends�, and denote it as ID.

I then proceed to study the predictive power of implied dividend yield, ID
P
, for

both conditional excess returns and conditional volatility.

The results in this paper indicate that the implied dividend yield predicts

returns better than the actual dividend yield used in previous studies. Specif-

ically, a bivariate regression the uses implied dividend yield along with the

risk-free rate has an R2 of 32.7% at the annual level, compared to an R2 of

22.2% when actual dividend yield is used alongside the risk-free rate. The

statistical signiÞcance of implied dividend yield is higher than the statistical

signiÞcance of actual dividend yield, and is sufficiently high to refute argu-

ments of being merely a statistical artifact. Furthermore, the hypothesis that

implied dividend yield completely subsumes the predictive power of realized

dividend yield is not rejected: when both implied dividend yield and realized

dividend yield are included as explanatory variables, the R2 is also 32.7%,

and the incremental contribution of realized dividend yield is indistinguish-

able from zero.

The results are similar when conditional volatility is studied: implied divi-

dend yield is a better explanatory variable for conditional volatility, and once

again the hypothesis that implied dividend yield completely subsumes the pre-

dictive power of realized dividend yield is not rejected.

These results suggest that predictability of both excess returns and of

volatility is real, as opposed to being a statistical artifact. It also suggests
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that returns predictability, at least as captured by dividend yield, is rational,

as it is a compensation for time-varying risk.

dRt = (r + σγVt) dt+ Vtdht (54)

Vt =
σeσht − aeaht
eσht − eaht (55)

Equation (54) shows the returns predicted by the model: dRt, which is the

returns process, comprises a time-varying drift term, which is the conditional

expected returns, and a conditional volatility term. The conditional volatility

is also time varying, and is captured by Vt, which is discussed below. The

expected returns at each point in time are given by the drift component of

this equation, i.e., the expected returns are equal to r + σγVt, where r is the

(endogenous) short rate. This means that the excess returns are σγVt, and

that the Sharpe ratio (excess returns divided by volatility) is constant in this

model, and is equal to σγ. With linear regressions, Vt should predict both

conditional volatility and conditional excess returns.

Vt is a strictly monotonic function of ht. Since ht follows a random walk,

the increments in Vt are independent of each other, and therefore Vt itself also

follows a random walk.

Unfortunately, Vt, as deÞned in equation (55), lacks an intuitive or eco-

nomic interpretation. With some algebraic manipulations, we get the follow-

ing:

Vt = a+
σ − a
r + b

× Dt
Pt

(56)

which means that dividend yield is a linear explanatory variable of both

conditional volatility and conditional expected returns. The slope is positive

if γ ≥ 1. That is, if we assume that agents are at least as risk averse as a log
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utility, then high dividend yield predicts high conditional volatility and high

conditional expected returns.

The basic empirical implications from equations (54) and (56) are:

1. Dividend yield should explain both conditional excess returns and con-

ditional volatility.

2. The risk-free rate should be negatively related to conditional excess re-

turns and conditional volatility.

Note that the model provides a contemporaneous explanation, and not a

prediction of the future values of any variables. For econometric reasons, I will

looks at predictions, i.e., how variable known at time t explain variables that

are measured at time t+ 1, but the contemporaneous nature of equation (56)

should be kept in mind.

The fact that realized dividend yield and the risk-free rate predict future

returns are well-known results. I will brießy repeat these Þndings, and ad-

dress the interaction of the two variables. Schwert [1989] claims that dividend

yield does not explain conditional volatility in a consistent manner. I Þnd

that this inconsistency is spurious, and is driven by the integrated nature of

volatility12. By adding lagged variables to remedy any spurious results, I show

that dividend yield in fact does predict volatility in a consistent manner.

12The garch literature (see Bollerslev Chou, and Kroner [1992]) found volatility to be
nearly integrated, with the knife-edge distinction between nearly intergated I(0) and in-
tegrated I(1) nearly impossible to resolve in Þnite samples. Engle and Bollerslev [1986]
propose integrate-garch as a way to model the persistence of conditional variance, and a
more reÞned concept is fractionally integrated garch, proposed by Baillie, Bollerslev, and
Mikkelsen [1996]. In our model, Vt follows a random walk. This is best understood by noting
that Vt is a strictly monotonic function of ht, which follows a random walk. Therefore, the
increments in Vt must be independent of each other.
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The next sub-section looks at realized dividend yield, and builds on the

existing literature (Fama and French [1988]; Schwert [1989]) to set a reference

benchmark. The following sub-sections then construct and test the implied

dividend yield, which is the dividend yield constructed from the exogenous

state variable of the model. Implied dividend yield is found to be a better

predictor for both conditional excess returns and conditional volatility, and in

almost all cases completely subsumes the predictive power of realized dividend

yield.

4.1 D/P With Exogenous Dividends and Prices

4.1.1 Returns Predictability

Table 1 reports the predictive power of dividend yield and the risk-free rate.

Results are reported for the post-war period 1953-2002, with k being a month,

a quarter, and a year. All standard errors are corrected for heteroscedasticity,

and t-statistics are reported in parenthesis below the coefficients. Asterisks are

used to indicate the 90%, 95% and 99% conÞdence levels. To reduce clutter,

I do not mark the signiÞcance of the intercepts. The values and t-statistics

reported are not corrected for the bias of predictive regressions, described in

Stambaugh [1999]. This bias is discussed in Section 4.5.4 and in Chapter 5.

The table compares a couple of measures for the dividend yield and for

the risk-free rate. Both univariate and bivariate regressions are reported. The

model presented here suggests that the predictive variable is simply D
P
. Camp-

bell and Shiller [1988] argue why log D
P
can predict excess returns, and this

measure has been commonly used in the literature. It can be seen, by com-

paring column D to column F in any of the three panels, that D
P
seems to be
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Panel A: Monthly Predictability, 7/1953-12/2002
A B C D E F

Intercept −0.009
(1.41)

0.011
(3.18)

0.0055
(3.22)

−0.007
(1.03)

−0.0095
(1.46)

0.0764
(3.67)

D
P

0.424
(2.27)∗∗

0.665
(3.46)∗∗∗

0.434
(2.31)∗∗

log D
P

0.018
(3.10)∗∗∗

30-day TBill −1.23
(1.58)

−2.46
(3.21)∗∗∗

−2.15
(2.80)∗∗∗

Stochastically

detrended

30-day Tbill

−3.64
(2.05)∗∗

−3.76
(2.16)∗∗

R2 1.08% 0.48% 0.79% 2.65% 1.92% 2.20%

Panel B: Quarterly Predictability, 7/1953-12/2002
A B C D E F

Intercept −0.011
(1.65)

0.011
(2.90)

0.0057
(3.02)

−0.0084
(1.26)

−0.011
(1.72)

0.08
(3.79)

D
P

0.465
(2.58)∗∗∗

0.696
(3.74)∗∗∗

0.484
(2.70)∗∗∗

log D
P

0.019
(3.22)∗∗∗

30-day TBill −1.14
(1.46)

−2.35
(3.20)∗∗∗

−2.04
(2.77)∗∗∗

Stochastically

detrended

30-day Tbill

−3.54
(2.05)∗∗

−3.75
(2.21)∗∗

R2 3.35% 1.15% 2.32% 7.37% 5.95% 6.09%

Panel C: Annual Predictability, 1953-2002
A B C D E F

Intercept −0.01
(1.49)

0.009
(2.10)

0.006
(3.22)

−0.008
(1.08)

−0.011
(1.67)

0.066
(3.46)

D
P

0.438
(2.39)∗∗

0.604
(3.26)∗∗∗

0.468
(2.63)∗∗∗

log D
P

0.016
(2.88)∗∗∗

30-day TBill −0.833
(0.77)

−1.76
(2.17)∗∗

−1.48
(1.62)

Stochastically

detrended

30-day Tbill

−4.07
(3.66)∗∗∗

−4.31
(3.19)∗∗∗

R2 12.0% 2.68% 14.0% 22.2% 27.6% 16.8%

Table 1: Interacting dividend yield and risk-free rate
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a better predictor of future excess returns than log D
P
, at any horizon. The

improvement is both in the statistical signiÞcance and in the total R2.

The nominal 30-day treasury bill has been used is several researches (e.g.,

Campbell [1987]; Glosten, Jagannathan, and Runkle [1993]; Scruggs [1998]).

Campbell, Lo, and MacKinlay [1997] suggest a stochastically detrended inter-

est rate (p. 268). The difference between the two is striking: in the univariate

regressions, the nominal treasury bill has little predictive power, whereas the

detrended rate has substantial predictive power. However, in the bivariate

regressions, the nominal rate does a much better job than the detrended rate

for the monthly and quarterly horizons. For example, at the quarterly hori-

zon, the dividend yield alone explains 3.35%, the nominal rate alone explains

1.15%, but when combined they explain 7.37% of the conditional excess re-

turns one quarter ahead. This ties to equation (56), which indicates that the

two variables should interact non-trivially.

4.1.2 Conditional Volatility

The relation between dividend yield and conditional volatility has been rel-

atively overlooked in the literature. Whitelaw [1994] studies which variables

cause expected returns and conditional volatility to move in the same direction,

and which variable seem to cause a different reaction in these two moments,

implying a change in conditional Sharpe-ratios. He Þnds that dividend yield

belongs to the former class, i.e., it has a similar effect on expected returns and

conditional volatility. Carlson, Chapman, Kaniel, and Yan [2003] follow the

intuition that high dividend yield is indicative of high volatility, and use this

rule as one of the rules their econometrician may use. However, Schwert [1989]
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1926-2002 1926-1945 1946-1964 1965-1983 1984-2002

Intercept 0.0215
(4.91)

−0.003
(0.31)

0.0417
(5.34)

0.0089
(2.12)

0.061
(12.7)

D
P

0.543
(4.82)∗∗∗

1.17
(6.01)∗∗∗

−0.051
(0.48)

0.547
(3.42)∗∗∗

−0.918
(4.11)∗∗∗

30-day TBill −0.968
(3.42)∗∗∗

2.1
(0.76)

−6.17
(3.09)∗∗∗

0.607
(1.18)

1.04
(0.77)

R2 9.45% 18.47% 9.84% 18.45% 13.64%

Table 2: Conditional Volatility versus Dividend Yield

reports that while the relation between stock volatility and dividend yield is

positive for the entire sample period, in sub-periods this relation is sometime

positive and sometimes negative (p. 1134). This suggests there is no stable

relation between dividend policy and stock volatility. Table 2 reports the ex-

planatory power of dividend yield and the risk-free rate for conditional stock

volatility. The results are for the entire 1926-2002 period, as well as for four

sub-periods of approximately equal length.

It can be seen that for the entire sample period, dividend yield positively

predicts conditional volatility, and that the risk-free rate negatively predicts

conditional volatility. Both these results are statistically signiÞcant at more

than 99% conÞdence. Looking at the sub-periods reported, the relationship is

not stable, as Schwert reports: dividend yield has a positive coefficient in two

sub-periods, and a negative coefficient in two sub-periods. In three of these

four sub-periods, the result is statistically signiÞcant, suggesting an unstable

relation.

I argue that this result might be spurious and driven by non-stationary

volatility. Hamilton [1994] shows that a remedy to such spurious results is

to include lagged values of both the dependent variable and the independent

variables (p. 561). Table 3 reports the results with lagged volatility and

96



1926-2002 1926-1945 1946-1964 1965-1983 1984-2002

Intercept 0.0107
(2.63)

0.0015
(0.14)

0.0349
(3.64)

0.0051
(1.47)

0.0355
(6.57)

Lagged Volatility 0.6
(11.1)∗∗∗

0.528
(6.57)∗∗∗

0.251
(3.24)∗∗∗

0.529
(7.98)∗∗∗

0.433
(5.59)∗∗∗

D
P

1.9
(2.31)∗∗

2.0
(2.18)∗∗

1.78
(2.49)∗∗

2.27
(4.36)∗∗∗

2.39
(2.36)∗∗∗

Lagged D
P

−1.73
(2.01)∗∗

−1.51
(1.46)

−1.88
(2.44)∗∗

−1.98
(3.96)∗∗∗

−2.97
(2.92)∗∗∗

30-day TBill −0.495
(2.11)∗∗

0.85
(0.37)

−5.29
(2.46)∗∗

−0.13
(0.30)

0.895
(0.83)

R2 44.43% 42.47% 24.05% 46.17% 34.69%

Table 3: Conditional Volatility versus dividend yield, including lags

lagged dividend yield added to the set of explanatory variables.

Once lagged variables are added to the regression, the coefficient of div-

idend yield is positive and signiÞcant in all sub-periods. The coefficient is

remarkably stable: it is 1.9 for the entire sample, and is between 1.78 and 2.39

in the various sub-periods. I conclude that dividend yield is a strong and sta-

ble predictor of volatility, and that the unstable relation that Schwert reports

should be attributed to non-stationarity of volatility.

4.2 Implied Dividend Yield

While dividends and prices are both endogenous variables in the model, section

4.1 has treated equation (56) as a reduced form speciÞcation, i.e., prices and

dividends were assumed as exogenous variables.

Since prices and dividends are deterministic functions of the state variable,

using observed dividends and observed prices would still be correct if these

variables were measured without error. Such an assumption can be made rel-

atively safely for price levels. Unfortunately, the same cannot be said of div-

idends: dividend payout policy is multi-dimensional (see Allen and Michaely
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Figure 15: Realized and Implied Dividend Yields

[2002] for a thorough review), and actual dividends paid might not be a good

proxy for what dividends are in the model. The literature has recognized this

short-coming, and has tried alternative cash ßow measures for the numerator

in D/P . Instead of dividends, earning were used to overcome the managerial

latitude in dividend payouts, and free cash was also used. All these ratios

are able to predict future returns, but none of these variables was found to

signiÞcantly outperform the others.

Figure 15 shows the results time series of implied dividend yield, along with

the realized dividend yield, for 1926-2002. The level of implied dividend yield

is lower than what has been realized, the mean of the implied dividend yield

is 3.0%, compared to the mean of the realized dividend yield, which is 4.2%.
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The correlation coefficient between these two series is 0.78. The low mean of

the implied dividend yield is because it is net of growth. The effective return

on equity is 2.2% higher, which is the rate at which the numeraire grows in the

model. Once this bias is accounted for, the realized dividend yield is about one

percent lower than the implied dividend yield, consistent with the fact that in

reality payout to shareholders is not done exclusively through dividends.

4.3 Testing Implied Dividend Yield

4.3.1 Hypotheses and Regression Models

The main hypothesis here is that implied dividend yield is what predicts con-

ditional volatility and conditional excess returns. In this section, I Þrst report

side by side regressions based on realized dividend yield and regressions based

on implied dividend yield. This allows comparing R2 and statistical signiÞ-

cance of these two explanatory variables. I then test the formal hypothesis

that implied dividends provide additional information over realized dividend

yield. I also test for the much stronger hypothesis, that realized dividend yield

does not provide any additional information over implied dividend yield.

I decompose D
P
to two components: the Þrst component is implied dividend

yield, and the second is the difference between implied dividends and actual

dividends. These two components are not necessarily orthogonal.

Dt
Pt
=
IDt
Pt

+
Dt − IDt

Pt
(57)

I repeat the regressions reported in section 4.1, but instead of using D
P
in

the regressions, I use the two terms in equation (57) to create a nesting model
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as follows:

Rt = α+ β
IDt−1
Pt−1

+ γ
Dt−1 − IDt−1

Pt−1
+ δrt−1 + εt (58)

where Rt is the excess returns between time t−1 and time t. The explanatory
variables are all known at time t− 1. rt−1 is the risk-free rate, and is proxied
by the 30-day treasury bill.

This decomposition allows me to test the two hypotheses. The Þrst is

that the true predictor is determined by implied dividends, ID
P
. In this case,

adding dividend yield should not provide any additional explanatory power.

This hypothesis is checked by the following restriction:

h0 : γ = 0 (59)

The second hypothesis is that the actual dividend yield, D
P
, is the true

predictor of returns. This is checked by the following restriction:

h1 : γ = β (60)

A similar test will be done for explaining conditional volatility. As ex-

plained previously, in order to address the fact that volatility might be in-

tegrated, lagged values of both the dependent variable and the independent

variables will be added to the regression speciÞcation of equation (58).

4.3.2 Predicting Returns with Implied Dividends

The equivalent of the regressions reported in column D of Table 1 are per-

formed with the decomposition described in equation (57). The results are

reported in the Þrst three columns of Table 4.
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Panel A: Monthly Predictability, 7/1953-12/2002
A B C D E

Intercept −0.021
(2.49)

−0.0068
(1.03)

−0.02
(2.45)

0.0056
(3.29)

−0.0086
(0.89)

ID
P

1.79
(4.33)∗∗∗

1.7
(3.83)∗∗∗

1.0
(1.83)∗

D−ID
P

0.124
(0.44)

0.174
(0.61)

D
P

0.665
(3.46)∗∗∗

30 day T-bill −3.12
(3.84)∗∗∗

−2.46
(3.21)∗∗∗

−3.12
(3.84)∗∗∗

−2.41
(2.82)∗∗∗

cay 0.59
(4.73)∗∗∗

0.416
(2.73)∗∗∗

R2 3.56% 2.65% 3.59% 3.38% 4.86%

Panel B: Quarterly Predictability, 7/1953-12/2002
A B C D E

Intercept −0.023
(2.84)

−0.008
(1.26)

−0.022
(2.79)

0.0056
(3.08)

−0.011
(1.18)

ID
P

1.85
(4.91)∗∗∗

1.76
(4.16)∗∗∗

1.1
(2.04)∗∗

D−ID
P

0.124
(0.42)

0.171
(0.57)

D
P

0.696
(3.74)∗∗∗

30 day T-bill −2.97
(3.94)∗∗∗

−2.35
(3.20)∗∗∗

−2.96
(3.93)∗∗∗

−2.35
(2.93)∗∗∗

cay 0.59
(4.26)∗∗∗

0.39
(2.31)∗∗

R2 9.84% 7.37% 9.92% 8.48% 12.66%

Panel C:Annual Predictability, 1953-2002
A B C D E

Intercept −0.022
(2.61)

−0.0078
(1.08)

−0.022
(2.59)

0.0059
(3.30)

−0.02
(1.88)

ID
P

1.71
(4.53)∗∗∗

1.7
(4.02)∗∗∗

1.57
(3.08)∗∗∗

D−ID
P

0.01
(0.04)

0.034
(0.13)

D
P

0.604
(3.26)∗∗∗

30 day T-bill −2.47
(3.78)∗∗∗

−1.76
(2.17)∗∗

−2.47
(3.67)∗∗∗

−2.35
(3.53)∗∗∗

cay 0.313
(3.00)∗∗∗

0.078
(0.57)

R2 32.7% 22.2% 32.7% 10.0% 33.2%

Table 4: Return Predictability, 1953-2002
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Implied dividend yield has more predictive power than realized dividend

yield, both in terms of the resulting R2 and in terms of the statistical sig-

niÞcance. With implied dividend yield, the R2 is 3.58% for the month-ahead

predictions, is 9.91% for the quarter-ahead prediction, and is 32.7%(!) for

the year-ahead prediction. With longer horizons, the R2 increases further, up

to 46.4% for Þve-year horizons. When realized dividend yields are used to

predict Þve-year returns, the R2 actually drops to 15.5%. This result is in

sharp contrast to Fama and French [1988], as their sample did not include

the atypical 90s. I opted not to pursue further these long horizon regressions

for two reasons: the Þrst is that the underlying assumption of the model is a

random walk of the state variable, with no mean reversion. Therefore, long

horizon regressions would teach us very little. The second reason is that there

is an ongoing debate on how to interpret such long horizon regressions (see

Goetzmann and Jorion [1993]; Ang and Bekaert [2003]; Valkanov [2003]).

For comparison, I also add speciÞcations that are based on the ßuctuations

in the aggregate consumption-wealth ratio (hereafter �cay�), as proposed by

Lettau and Ludvigson [2001]13. Lettau and Ludvigson point that the variables

typically used to forecast predictability do a better job at long horizons, and

have a very low power to capture short-term effects, such as variations dur-

ing a business cycle. The cay variable is designed to capture the short term

variations that typically arise during a business cycle. Column �D� shows

13Several other variables have been studied in the literature: the spread between the 90-
day bill and the 30-day bill, the spread between a 10-year note and a 1 year note, and the
spread between Baa corporate bonds and Aaa corporate bonds. Lettau and Ludvigson show
their variable subsumes most other in the short horizons. Therefore, I take cay as the state
of the art benchmark. Including any of the other variables does not change the results in
any meaningful way.
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Distribution of D
P

ID
P

test statistics value p-value value p-value
Monthly, 1953-2002 F(1,590) 5.728 0.017** 0.183 0.669
Quarterly, 1953-2002 F(1,194) 5.49 0.020** 0.161 0.689
Annual, 1953-2002 F(1,45) 7.049 0.011** 0.0016 0.968

Table 5: Testing D
P
and ID

P
within a nesting model for expected returns

the predictive power of cay, and column �E� shows the incremental predictive

power of cay. This variable improves predictability in the monthly regres-

sions, loses some of its statistical signiÞcance in the quarterly regressions, and

becomes statistically insigniÞcant in the annual regressions.

I now test directly the two hypotheses described above, i.e., the hypothesis

that dividend yield is the true predictor, and the hypothesis that ID
P
is the true

predictor. The test is done for monthly, quarterly, and annual data, both for

the entire sample period of 1926-2002 and for the post-war period of 1953-2002.

The results are reported is Table 5.

The hypothesis that D
P
is the correct predictor is rejected in all three tests

with more than 98% conÞdence. In contrast, the hypothesis that ID
P
is the

correct predictor cannot be rejected in any of the tests. The p-values in the

latter case are large, all being more than 66%. Realized dividends do not seem

to matter at all for conditional excess returns or for conditional volatility. This

conclusion supports the notion that since dividends can be manipulated, they

are not trusted in the Þrst place.

Li [2001] Þnds that habit can explain at most 30% of the predictable vari-

ation in expected returns. In contrast, implied dividend is shown to explain

at least 75% of the predictable variation in expected returns in the monthly

regressions, and up to 99% of the predictable variation in expected returns in
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1926-2002 1926-1945 1946-1964 1965-1983 1984-2002

Intercept 0.0077
(1.70)

−0.017
(1.03)

0.031
(4.07)

0.0041
(1.18)

0.0632
(4.09)

Lagged Volatility 0.531
(9.57)∗∗∗

0.473
(6.06)∗∗∗

0.239
(2.68)∗∗∗

0.514
(7.89)∗∗∗

0.40
(5.23)∗∗∗

ID
P

3.02
(2.31)∗∗

2.9
(2.25)∗∗

2.51
(0.85)

6.53
(2.68)∗∗∗

8.24
(2.63)∗∗∗

Lagged ID
P

−2.58
(1.91)∗

−1.95
(1.37)

−2.43
(0.84)

−5.96
(2.48)∗∗∗

−10.1
(3.27)∗∗∗

D−ID
P

0.379
(0.33)

0.95
(0.58)

1.11
(0.78)

−0.952
(0.53)

−5.12
(1.59)

Lagged D−ID
P

−0.58
(0.52)

−0.9
(0.58)

−1.33
(1.03)

0.978
(0.55)

5.76
(1.81)∗

30-day TBill 0.292
(1.70)∗

6.42
(1.78)∗

−4.21
(2.56)∗∗∗

−0.277
(0.62)

−0.215
(0.17)

R2 47.01% 44.78% 24.47% 47.36% 37.52%
R2 without D

P
46.55% 44.58% 23.25% 47.29% 36.47%

R2 without ID
P

44.43% 42.47% 24.05% 46.17% 34.69%

Table 6: Conditional Volatility versus dividend yields, including lags

the annual regressions.

4.4 Volatility

I now perform similar tests with regard to volatility. In essence, I repeat the

regressions reported in Table 3, with the dividend yield decomposed into the

two components ID
P
and D−ID

P
described in equation (57). The results reported

in Table 6 are in Þve columns, similarly to Table 3. The Þrst column reports

the result for the entire sample period of 1926-2002, and the following four

columns report the results from sub-periods of 19 years each. At the bottom

of the table, the R2 of the regressions is reported, followed by two additional

lines: one line has the R2 on a regression in which D−ID
P

(and its lag) are not

part of the explanatory variable, and the bottom line of the table has the R2

without decomposing dividend yield, i.e., it repeats the results from Table 3.

The coefficient of implied dividend yield is positive in all regressions, i.e.,
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Distribution of D
P

ID
P

test statistics value p-value value p-value
1926-2002 F(2,916) 22.25 0*** 3.97 0.019**
1926-1945 F(2,232) 4.84 0.009*** 0.41 0.664
1946-1964 F(2,221) 0.60 0.550 1.77 0.173
1965-1983 F(2,221) 2.51 0.084* 0.16 0.852
1984-2002 F(2,221) 5.01 0.007*** 1.85 0.160

Table 7: Testing D
P
and ID

P
within a nesting model for conditional volatility

both in the full sample and in each of the sub-periods. It is statistically sig-

niÞcant in all regressions but one. In contrast, D−ID
P

is not signiÞcant in any

regression, and its estimated value is sometimes positive and sometimes neg-

ative. From the bottom rows is can be seen that the incremental explanatory

power of dividend yield is minimal, whereas the incremental explanatory power

of implied dividend yield is substantial. These implications are tested using

the restrictions on the coefficients on the regressions, similarly to the test for

expected returns. The results are reported in Table 7.

The hypothesis the D
P
is correct and ID

P
is superßuous is rejected in the full

sample and in two sub-periods. The hypothesis that D
P
is superßuous cannot

be rejected in any of the sub-periods. For the entire sample period, there is

marginal evidence that D
P
is not superßuous. The level of dividends that are

realized has some explanatory power for conditional volatility, although it can-

not be detected in any sub-period tested. However, when a �dot-com� dummy

is added as an explanatory variable, realized dividends lose their explanatory

power even in the full sample.
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4.5 Robustness

4.5.1 Alternative Ways to Construct Prices

The estimation procedure starts with a time series of prices. This time series is

used to estimate the parameters of the model, and then to back out the state

variable. The state variable is then used to compute the implied dividends.

It is clearly important to understand what would happen if I were to use a

different method to construct the time series of prices.

In this section, I explore some alternative ways to construct the time series

of prices. I once again start with the total market capitalization at each

point in time, as reported by crsp. Permanent growth models imply that the

deterministic trend in capital accumulation is the same as to the deterministic

trend in the growth of overall output. Therefore, it seems that the correct

adjustment should be to take total market capitalization and divide it by GDP,

by aggregate consumption, or by some similar variable. This adjustment would

take care of population growth, changes in the value of money (i.e., inßation),

and the permanent growth in the economy.

Even after this adjustment, a growth in market capitalization does not

necessarily imply no change in the number of trees. In some periods, the

realization of special investment opportunities calls for an investment rate

that is higher than the growth in the economy. We need to adjust prices down

in these periods, which are typically �hot� markets.

As explained in the previous section, the real risk-free rate proxies for such

periods. The risk-free rate has the additional beneÞt of capturing some of the

effect of time varying parameters. Therefore, I need to further adjust prices

by the real risk-free rate. This leads to an alternative price series PA that is
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PA PE PAA PAE PBA PBE
Intercept −0.023

(2.84)
−0.011
(1.18)

−0.025
(2.71)

−0.009
(0.86)

−0.26
(3.20)

−0.013
(1.37)

ID
P

1.85
(4.91)∗∗∗

1.1
(2.04)∗∗

1.78
(4.50)∗∗∗

0.908
(1.57)

1.83
(5.28)∗∗∗

1.1
(2.32)∗∗

D−ID
P

0.171
(0.57)

0.223
(0.62)

0.234
(0.91)

D
P

30 day T-bill −2.97
(3.94)∗∗∗

−2.35
(2.93)∗∗∗

−2.28
(3.20)∗∗∗

−1.96
(2.72)∗∗∗

−2.41
(3.33)∗∗∗

−2.14
(2.92)∗∗∗

cay 0.39
(2.31)∗∗

0.418
(2.52)∗∗

0.361
(2.06)∗∗

R2 9.84% 12.66% 9.11% 12.19% 10.35% 12.75%

Table 8: Comparison of Price Processes, quarterly horizons 7/1953-12/2002

constructed as follows:

d
¡
lnPAt

¢
= d

µ
ln
marketcapt
GDPt

¶
− (rfrt − CPIt) dt (61)

This price series is exposed to the actual variation in the Gross Domestic

Product. What we really want is only the deterministic time trend, after

adjusting for population growth and inßation. Fitting a time trend to the

per-capita GDP (expressed in constant dollars), I Þnd that this value is 2.21%

per year. Replacing changes in GDP with changes in population, changes in

the value of money, and a time trend, I get yet another price series, PB, that

is constructed as follows:

d
¡
lnPBt

¢
= d (lnmarketcapt)− d (popt)− (0.0221 + rfrt) dt (62)

Table 8 compares the results of predictive regressions using these two alter-

native prices series. I report only the predictive regressions with the quarterly

horizon, but the results for the monthly horizon and the annual horizon are

very similar. The Þrst two columns of Table 8 repeat columns A and E of Ta-

ble 4, using the original price series. The next four columns in Table 8 report
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these two regressions of the two alternative price series. It can be seen that the

results are very similar. The price series PA has somewhat lower predictive

power, but the price series PB has an even higher predictive power than the

price series used throughout the paper. Thus, it can be seen that the results

are robust to alternative methods for constructing the price series.

4.5.2 Rolling Regressions

One might thinks that these results are an artifact of our times, and that at

other times research could not have shown the predictive power of ID
P
. Goyal

and Welch [2003] study such rolling regressions with regard to the conventional

dividend-price ratio. They conclude that the predictability power of D
P
is a

mirage, as it disappeared in recent years. I run rolling regressions, which look

at each year on the data of the preceding 10 years. The statistical signiÞcance

of the coefficient is plotted in Figure 16.

The estimated coefficient is positive in the entire sample period, with short

exceptions in the boom market of the early 1960s and in the dot-com bubble

of the late 1990s. In about a half of the years, the coefficient is statistically

signiÞcant with 95% conÞdence, and in two-thirds of the years the coefficient is

statistically signiÞcant with 90% conÞdence. The periods in which researchers

would have failed to Þnd the predictive power of implied dividend yield are

during exceptionally strong markets. In these periods conventional wisdom

fails, as it might seems that there are �new economy� rules governing asset

returns. Without hindsight, we could not tell whether a structural change

was happening, one that makes any of the old results seem like a mirage.

With hindsight, we can assert that these periods were relatively short, and the
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Figure 16: 10-Year Rolling Regressions

predictive power of implied dividends prevailed.

4.5.3 Full-Sample Returns Predictability

Table 9 provides the results for the predictability of returns one month ahead,

one quarter ahead, and one year ahead for the full sample period. Each panel

has three columns, that correspond to the Þrst three columns in Table 4.

The t-statistics indicate that none of the variables in the monthly regres-

sions and the quarterly regressions are individually signiÞcant. However, the

regressors are jointly signiÞcant with 95% conÞdence. In the monthly and in

the quarterly regressions, an F-test rejects the hypothesis that D
P
is the correct

predictor with more than 99% conÞdence. Similarly to the post-war results

reported previously, the hypothesis that ID
P
is the correct predictor cannot be
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Panel A: Monthly Predictability, 7/1926-12/2002

A B C
Intercept −0.0083

(0.82)
−0.0024
(0.26)

−0.0074
(0.71)

ID
P

0.497
(1.52)

0.496
(1.52)

D−ID
P

−0.093
(0.36)

D
P

0.264
(1.17)

30 day T-bill −0.047
(0.06)

−0.682
(0.99)

0.127
(0.16)

R2 1.31% 0.73% 1.34%

Panel B: Quarterly Predictability, 7/1926-12/2002
A B C

Intercept −0.013
(0.96)

−0.007
(0.61)

−0.013
(0.92)

ID
P

0.63
(1.47)

0.63
(1.46)

D−ID
P

−0.032
(0.10)

D
P

0.373
(1.25)

30 day T-bill 0.223
(0.26)

−0.622
(0.90)

0.25
(0.28)

R2 4.81% 3.03% 4.82%

Panel C:Annual Predictability, 1926-2002
A B C

Intercept −0.0145
(1.54)

−0.131
(1.46)

−0.161
(1.74)

ID
P

0.668
(2.58)∗∗∗

0.658
(2.68)∗∗∗

DID
P

0.195
(0.76)

D
P

0.493
(2.22)∗∗

30 day T-bill 0.441
(0.39)

−0.294
(0.32)

0.273
(0.23)

R2 19.59% 17.61% 20.39%

Table 9: Returns Predictability, 1926-2002
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rejected in any of the tests.

If CPI data is used to adjust prices rather than the 30-day treasury bill,

the results are even more extreme: the actual amount of dividends that are

paid seem to be negatively related to future returns.

4.5.4 Potential Issues with Price-Dependent Regressors

Stambaugh [1999] proves that there is a bias in regressions that attempt to

forecast the returns at time t, based on time t−1 information. He argues that
the OLS estimator�s Þnite sample properties can deviate substantially from the

standard regression setting, and that the null hypothesis of no-predictability

can be rejected too often. Torous, Valkanov and Yan [2001] examine the

effect of the regressor being with an autoregressive coefficient that is local to

one. Under this assumption, they show that the Fama and French results are

consistent with a no-predictability hypothesis.

Goetzmann and Jorion [1993] show that if dividend carry no economic

meaning (which is even a stronger assumption than no predictability), can

lead to a bias that is not limited to small samples. The reason is that a typical

predictive regression is of the type:

Rt = α+ β ln
Dt−1
Pt−1

+ εt (63)

Using OLS, the sample �β is estimated, along with the standard error of

this estimation, �σβ. The t-statistics are deÞned as �β/�σβ.

By deÞnition, continuously compound returns and prices are linked since

Rt = ln
Pt
Pt−1

. Substituting into (63), and using lower case variables to denote

the log of their corresponding upper case variables, we get:

pt = α+ βdt−1 + (1− β) pt−1 + εt (64)
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If dividends (or any other numerator) have zero predictive power, then the

speciÞcation in equation (64) is simply a unit-root test for prices. �β/�σβ is

exactly equal to the variable that Dickey and Fuller [1979] study in their tests

for unit roots. They show that this variable is biased even asymptotically. Its

95% conÞdence interval is [-0.24 +3.14], and the 99% conÞdence interval for

this variable is [-0.84 +3.43].

Even with these more stringent cutoff values for the resulting t-statistic,

there is more than 99% conÞdence in the predictive power of implied dividend

yield, since ID
P
was found to have a t-statistic of at least 4.30 (see column A

in all three panels of Table 4).

Another way to mitigate the effect of integrated prices is to use a regres-

sion with no intercept. When a unit-root test is done without estimating an

intercept, the resulting distribution is centered around zero, even though it is

skewed. A 95% conÞdence interval for such a regression would be [-1.62 +2.23].

The theoretical model gives an exact relation between prices and expected re-

turns: we can calculate expected excess returns not simply as ID
P
, but exactly

as implied in equation (55), including the constant term. The hypothesis of

the model is that in this case we should expect no intercept term. I run the

no-intercept regressions:

Rt = β (σγVt−1) (65)

Table 10 reports the Þndings for one month ahead, one quarter ahead,

and one year ahead. The t-statistics in all cases are above 3. As before, the

no-predictability hypothesis can be rejected with more than 99% conÞdence.

The regression speciÞed in equation (65) has on the left hand side actual

returns, and on the right hand side the returns predicted by the model. This
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Slope R2

Monthly 1.7
(4.32)∗∗∗

0.68%

1926-2002 Quarterly 1.8
(4.03)∗∗∗

2.12%

Annual 1.89
(3.95)∗∗∗

8.57%

Monthly 1.61
(3.53)∗∗∗

0.36%

1953-2002 Quarterly 1.63
(3.27)∗∗∗

1.03%

Annual 1.68
(3.47)∗∗∗

4.13%

Table 10: Zero Intercept Regressions

means that according to the model, the slope of this regression should be equal

to one. The slope in the resulting regressions is somewhat larger, although

these values are not statistically distinguishable from one.

4.5.5 Monthly Predictability

This section tests for seasonal effects in predictability. Glosten, Jagannathan,

and Runkle [1993] report that seasonality has explanatory power for condi-

tional moments of asset returns. In order to check if the predictability re-

ported in this paper is driven by a seasonal effect, I take the residuals from

the regression reported in panel A of Table 4, and regress it on twelve monthly

dummies (with no intercept). The results are reported in panel A of Table 11.

January in this regression is not statistically signiÞcance14. A few months at

the end of the year seem to be seasonally predictable. In particular September

seems to come below its forecast, and November returns seem to come above

14A January effect has been reported by Rozeff and Kinney [1976]: when testing the
returns on the equal-weighted index, returns in January have been found to be substantially
higher than in any other month. This effect does not exist when tested on the value-
weighted index. Keim [1983] tests the January effect on each size decile, and Þnds the effect
is strongest in the smallest stock decile, and that it decreases across the size deciles.
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Panel A: monthly dummies on residuals
Jan 0.00612

(0.91)
Feb −0.00328

(0.75)
Mar 0.00293

(0.60)

Apr 0.00451
(0.85)

May −0.00234
(0.48)

Jun −0.00547
(1.15)

Jul −0.00185
(0.33)

Aug −0.00496
(0.72)

Sep −0.0160
(2.67)∗∗∗

Oct −0.00134
(0.17)

Nov 0.014
(2.34)∗∗

Dec 0.00764
(1.68)∗

Panel B: Predictability of implied dividend yield by months
Jan 2.17

(4.14)
Feb 1.65

(3.63)
Mar 1.85

(4.26)

Apr 1.97
(4.47)

May 1.73
(3.68)

Jun 1.58
(3.48)

Jul 1.66
(3.53)

Aug 1.61
(2.98)

Sep 0.99
(2.05)

Oct 1.73
(3.06)

Nov 2.32
(4.94)

Dec 2.0
(4.43)

Intercept −0.0206
(2.45)

T-Bill −3.13
(3.87)∗∗∗

R2 6.76%

Table 11: Seasonal Predictability

their forecast. The overall R2 in this regression is 3.28%, which means that

the hypothesis that all regressors are equal to zero can be rejected with 90%

conÞdence, even though it cannot be rejected at higher conÞdence levels.

A second way to look at monthly predictability is to check if the predictive

power of the regressors comes from speciÞc months. Instead of simply using

ID
P
and the returns on the 30-day treasury bill, I divide the former into twelve

monthly series. Panel B of Table 11 reports the results. If all months were

equally predictable, the coefficients on the monthly variables would be equal to

the unconditional coefficient, which is 1.79. With the exception of September,

all monthly coefficients are in the range of 1.61 up to 2.32, and none of this

values can be statistically distinguished from the unconditional value. This

results supports the hypothesis that predictability is not coming spuriously

from any single month, or any season within the year, but rather is coming

114



almost equally from all months.

4.6 Further Implications

4.6.1 Horse-Racing

In this section I compare implied dividend yield to the �state of the art�

variables that predict conditional moments of asset returns. For predictability

of returns, I consider cay as the state of the art variable. The comparison

was reported in Table 4. As the �state of the art� explanatory variables for

conditional volatility, I use the results of two structural models: one is the

volatility implied by Campbell and Cochrane [1999] habit-based model, and

the other is the volatility implied by leverage.

I reconstruct the volatility that is implied by Campbell and Cochrane [1999]

from the nipa data on non-durable consumption. I compute the surplus con-

sumption ratio St, as deÞned by Campbell and Cochrane
15. I then compute

the volatility VHabit , which is a function of the surplus consumption ratio St.

Having data available from 1929 onwards, I use this period in the comparison.

The left-most column of Table 12 reports the results of a univariate re-

gression that uses as the explanatory variable Vt, as deÞned in equation (55).

According to the model, the slope of this regression should be one. In fact,

15Brießy, the next period�s habit level is computed as:

dxt+1 =

µ
1− λ (st)

e−st − 1
¶
dct+1

and the surplus consumption ratio is deÞned as

St ≡ Ct −Xt
Ct

and λ (st) is the sensitivity function deÞned by Campbell and Cochrane. Lower-case vari-
ables are the logs of the corresponding upper-case variables.
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Panel A: 1929-2002
Intercept −0.0082

(1.48)
−0.018
(3.20)

0.008
(0.80)

−0.073
(7.41)

Vt 0.96
(8.24)∗∗∗

1.11
(9.53)∗∗∗

1.24
(11.25)∗∗∗

Vhabit 0.675
(3.17)∗∗∗

1.04
(6.62)∗∗∗

dot-com 0.0309
(9.24)∗∗∗

0.0148
(4.61)∗∗∗

0.0337
(9.91)∗∗∗

R2 21.6% 28.2% 5.45% 37.3%

Panel B: 1953-2002
Intercept −0.008

(1.62)
−0.0003
(0.05)

−0.001
(0.35)

−0.012
(1.65)

Vt 0.912
(7.43)∗∗∗

0.765
(3.48)∗∗∗

Vhabit 0.662
(4.65)∗∗∗

0.0188
(0.95)

Leverage 0.0239
(6.62)∗∗∗

0.0213
(0.47)

dot-com 0.0288
(9.17)∗∗∗

0.0235
(7.57)∗∗∗

0.024
(7.79)∗∗∗

0.0281
(8.68)∗∗∗

R2 23.24% 18.86% 21.64% 23.37%

Table 12: A Horse-Race for Explaining Volatility, 1929-2002

it is 0.96, with a standard error of 0.13. The estimated slope is within one

third of a standard error of what the model predicts. In the second column

of Table 12, a �dot-com� dummy is added. This dummy variable is set to 1

for the years 1997-2001, and is zero at all other times. During this period,

there was an increase in the volatility of the market, that is not explained by

the prevailing theories: this was not a recession period, consumption surplus

was relatively high, and leverage ratios were relatively low. With this dummy

variable, the signiÞcance of the Vt regressor, and the explanatory power of the

regression, increase further.

The third column uses the prediction of the Campbell and Cochrane model.

This model generates the stylized facts that are seen in realized volatility, and

in fact the predicted value of their model has high signiÞcance as an explana-
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tory variable. The right-most column horse-races these two explanatory vari-

ables. It is interesting to note that having both explanatory variables improves

the signiÞcance of both variables, and the overall R2 increases to 37.3%. The

coefficient of Vt changes only slightly, which shows that the prediction of the

model is robust to this alternative speciÞcation.

Panel B of Table 12, uses the post-war sub-period of 1953-2002. From

the left-most column it is seen that the coefficient of Vt is 0.912. It is highly

signiÞcant, and removing the volatile period of 1929-1952 results only in a

slight decrease in the resulting coefficient. The coefficient in the post-was

period is still indistinguishable from 1.

The next two columns report the explanatory power of Vhabit and of lever-

age. It can be seen that both these contending variables are also able to explain

conditional volatility. In fact, the explanatory power of habit is higher in the

post-war period than in the entire period. The reason for this might be that

the quality of data, especially of non-durable consumption data, is better for

the post-war period than from the pre-war period. The right-most column

horse-races all explanatory variables. Only Vt remains signiÞcant, and both

habit and leverage lose their explanatory power. The coefficient of Vt remains

indistinguishable from 1.

4.6.2 Changes in Volatility

Taking Þrst-differences of equation (56) results in the following:

Vt − Vt−1 = σ − a
r + b

× Dt−1
Pt

¡
gt−1:t − x∗t−1:t

¢
(66)

where gt−1:t is the dividend growth between time t− 1 and time t, and x∗t−1:t
are the inßation-adjusted returns. This equation clearly shows that volatil-
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ity should respond negatively to realized returns: following negative returns,

volatility should increase, and following positive returns, volatility should de-

crease. This fact has been document by several researches, such as Black [1976],

and by Glosten, Jagannathan and Runkle [1993]. A more subtle implication

of the model is the effect of the state of the economy: in recessions (i.e., when

dividend yield is high), the same percentage change in returns should create

a higher change in volatility. To test this implication, I run the following

regression:

Vt − Vt−1 = α+ β · x∗t−1:t + γ ·RCSN + δ ·RCSN · x∗t−1:t (67)

where rcsn is a dummy variable that is 1 during recessions (as deÞned by

nber), and is zero otherwise. The results reported in column A of Table 13.

The coefficient γ is indistinguishable from zero: recessions per se do not cause

a trend in volatility. What is important here is that the coefficient δ is negative

and signiÞcant: on top of the unconditional effect of returns (captured by β),

returns have an ampliÞed effect on volatility during recessions. Note that

recessions tend to have high swings in monthly returns. This effect by itself

would imply higher changes in conditional volatility during recessions. What

the theory (and the empirical test) captures is an even higher effect: not only

returns swing more in recessions, volatility responds to these higher swings in

an ampliÞed way.

Another test of the same effect is by taking logs of changes in volatility.

However, since both returns and changes in volatility can be negative, I take

log of absolute values. The implied regression is:

log |Vt − Vt−1| = α+ β log IDt
Pt

+ γ log
¯̄
x∗t−1:t

¯̄
(68)
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A B
α 0.0005

(0.53)
−2.4
(5.83)∗∗∗

β −0.0746
(3.78)∗∗∗

0.493
(4.35)∗∗∗

γ −0.0018
(0.89)

0.175
(4.82)∗∗∗

δ −0.0958
(3.23)∗∗∗

R2 7.40% 5.17%

Table 13: Explanatory Variables for Changes in Volatility

The results are reported in column B of Table 13. The coefficient β is

positive and signiÞcant.

4.7 Summary

The predictability of asset returns is real. The marginal signiÞcance in Fama

and French [1988] promoted several researchers to argue that these results do

not withstand more rigorous statistical criteria. This paper argues that the

signiÞcance is downward biased because actual dividends are a noisy proxy to

the economic variable that should predict conditional asset returns. A reÞned

variable is presented, which I call �Implied Dividends�. Implied dividend ratio

predicts future returns with a much higher statistical signiÞcance, and should

put to rest any doubts that returns are predictable.

The predictability of returns does not imply any inefficiency in the market:

the time varying expected returns are a compensation for time varying risk.

The model presented in this dissertation shows that dividend yield moves

together with risk. The conjecture is that conditional volatility should also be

explained by dividend yield. This paper shows that this relation exists in the

data, and is signiÞcant and is stable across sub-periods.
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The reported regressions do not imply causality in any way. Dividend

yield, conditional volatility, and conditional excess returns are all endogenous

variables in the theoretical model, and they all move in the same direction as

a response to changes in an exogenous variable. The fragility of the economy,

and the resulting endogenous meltdowns, is what causes these variables to

move in tandem.

The fact that dividend yield predicts returns has long been known. The

model enhances our understanding by pointing out to an equally important

relation between dividend yield and conditional volatility. This paper asserts

that this relation exists in the data. The model further suggests a way to

back out implied dividends. This gleaned variable is shown to subsume all

predictive information that exists in actual dividend yields. This enhanced

understanding, alongside with the model�s ability to explain the high uncon-

ditional equity premium and the high unconditional volatility of stock prices,

suggests that economic fragility can signiÞcantly improve our understanding

of the dynamics of asset prices, even with a one-factor parsimonious model as

presented here.
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5 Biases in Predictive Regressions

It is crucial that we understand whether there is a predictable component in

excess returns of stocks. The literature documents many variables that predict

returns16, but here I will focus on dividend yield, as this variable was the most

scrutinized. Stambaugh [1999] shows that predictive returns are potentially

biased, which suggests that the reported predictability might be a statistical

artifact rather than a correct rejection of the no-predictability hypothesis.

Stambaugh shows that the bias in a predictive regression linearly depends

on the estimation error of the persistence of the regressor. Assuming that

the regressor can be described as an AR(1) process with a true persistence

coefficient of ρ, and assuming this persistence factor is estimated as �ρ, then

the bias increases linearly with ρ − �ρ. The problem is further complicated

by the fact that when ρ is relatively large, OLS estimates of �ρ are downward

biased in Þnite samples. In fact, Dickey and Fuller [1979] show that when the

true process has ρ = 1, an OLS estimate of �ρ will be downward biased by a

little more than one and a half standard deviations, even with an arbitrarily

large sample.

An observed �ρ that is close to 1 can lead to either of two opposite con-

clusions: one could assume that the true ρ is 1, and that the bias in �ρ is the

Dickey-Fuller bias. This implies that ρ − �ρ is around 1.56 standard devia-

tions on average, which in turn would imply that the predictive regressions

are upward biased by the same amount. With this bias, a t-statistic of 2 will

16Fama and French [1988] use dividend yield, Ferson and Harvey [1991] use several macroe-
conomic variables, Lamont [1998] uses earnings to price ratio, Pontiff and Schall [1998] use
book to market, and Lettau and Ludvigson [2001] use the consumption to aggregate wealth
ratio.

121



happen more than 30% of the time, which is clearly not enough to reject the

no-predictability hypothesis. On the other hand, one could assume a station-

ary process and hence that �ρ is an unbiased estimate of the true ρ. In this case,

the predictive regression is not biased, and therefore returns are predictable.

Most of the literature is compatible with Stambaugh, and speciÞed the

dividend yield process as an AR(1) process. In this case, using 1926-2002 US

monthly data, �ρ is estimated as 0.9875, and is 2.31 standard deviations away

from 1. Unit root cannot be rejected even with 90% conÞdence. On the other

hand, values as low as 0.977 are also plausible.

In this chapter, I attempt to resolve the issue by specifying a different

process for dividend yields. The main contribution of this study is achieved

by specifying separately the dividend process and the price process. The ad-

vantage of this method is that the price process, which is the main source

of volatility, is speciÞed by the identity that links past prices, current prices,

dividends, and returns. The dividend process is speciÞed as an autoregressive

process that also adjusts to prices. This allows for a tighter estimate of the

parameters, and thus can resolve the unknown integration issues. Using simu-

lations, I Þnd that the bias in the predictive regression exists, but is not very

large: a t-statistics of 2.3 allows rejecting the null hypothesis with 95% conÞ-

dence. Thus, post-war returns do have a predictive component. This result is

consistent with Torous, Valkanov, and Yan [2001].

Lewellen [2002] makes an assumption that dividend yield is stationary, i.e.,

ρ < 1, and shows that the bias is not very severe, and the null hypothesis of

no predictability can be rejected. This paper provides support to Lewellen�s

controversial assumption, and concurs with his results. Goetzmann and Jo-
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rion [1993] simulate a speciÞcation that effectively has ρ = 1: they assume

a dividend process that is totally exogenous and does not depend on the un-

derlying asset. With this speciÞcation, they Þnd no evidence of predictability.

This paper extends Goetzmann and Jorion by studying a wide class of divi-

dend processes. The results might be somewhat surprising: Goetzmann and

Jorion chose a nonsense dividend process to show that even without economic

content, dividend yield might seem predictive. I show that only when the

dividend process is detached from the underlying asset, dividend yield might

detect spurious predictability. Chapman, Simin and Yan [2003] use a two di-

mensional grid (grid-W) to estimate simultaneously the predictive regression

(�β) and �ρ. Using the full sample, they Þnd that the set of potential true (β,ρ)

to be open. The implication of this Þnding is that we have very little evidence

to determine the value of ρ one way or the other. Campbell and Yogo [2003]

develop efficient tests to handle local to unity ρ.

The intuition of the bias in predictive regression can be understood from

the following example. Assume that the true process has no predictability.

The question is what would we Þnd when regressing returns over log of past

prices, i.e., if we test the following speciÞcation:

rt = α+ βpt−1 + εt (69)

where rt is the continuously compound returns from time t− 1 till time t, and
pt−1 denotes log of price at time t− 1. Since, by assumption, returns are not
predictable, the true value of β is zero. I follow Goetzmann and Jorion [1993],

and assume for simplicity that prices reßect reinvestment of dividends. In this

case, by deÞnition, pt = pt−1 + rt. Substituting this deÞnition into (69) yields
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the following:

pt = α+ (1 + β) pt−1 + εt (70)

The true price process has a unit root. Equation (70) is a unit root test

(Dickey and Fuller [1979]; Hamilton [1994] p. 490), in which ρ = 1+β. Dickey

and Fuller show that the asymptotic distribution of (�ρ− 1) /�σ�ρ is centered
around -1.56. Since equations (69) and (70) are equivalent, their OLS estimate

should produce the same result. This implies that �ρ = 1 + �β, and from which

we get:
�ρ− 1
�σ�ρ

=
�β

�σ�β
(71)

Therefore, the distribution of the t-statistics of the predictive regression are

biased and centered around -1.56. The common assumption that t-statistics

have a standard normal distribution that is independent of the data fails in

this case.

Stambaugh [1999] studies a more general system, in which the regressor is

an AR(1) process with a separate series of innovations, as follows:

rt = α+ βxt−1 + εt (72)

xt = ω + ρxt−1 + ηt (73)

The innovations (εt, ηt) are independently drawn in each period from a

bivariate normal distribution with zero mean and variance of

·
σ2ε σεη
σεη σ2η

¸
.

Stambaugh shows that the expected bias is:

E
h
�β − β

i
=
σεη
σ2η
E [�ρ− ρ] (74)

This equation reduces to E [�ρ− 1] = E
h
�β
i
when ρ = 1, β = 0, and
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σεη = σ
2
η. Furthermore, when εt = ηt, as in the example above, the relation

holds everywhere, and not just in expectations.

This paper argues that it would be more appropriate, both from an eco-

nomic perspective and from a statistical perspective, to specify a process for

prices and a process for dividends, rather than simply assume that dividend

yield follows an AR(1) process. First, prices evolve at a much higher pace than

dividends. Whereas prices evolve almost continuously (when the markets are

open), Þrms update their dividend payments about once a quarter, and in

many cases even less often. Thus most of the time, dividend yield evolves

simply because price evolves. Modeling the basic blocks should give a more

accurate description that modeling the relation between the two.

It should be noted that dividends do evolve, albeit at a much lower pace

than prices. In other words, the dividend process seems to be very persistent.

When dividends change, it could be because of a payout policy that has nothing

to do with the underlying asset, or it could be in response to the value of the

asset17. It is crucial to separate these two cases, as they have very different

economic implications and very different statistical implications.

The speciÞcation extends Goetzmann and Jorion [1993], who also separated

the analysis of dividends and prices. However, in their setting, the dividend

process was not estimated. They assumed the extreme case, where dividends

are exogenous, and have no relation to the underlying assets. Taking this ex-

treme case, they performed the following simulation: they take the realized

dividend process as Þxed, randomize returns, and compute the prices from

17�In response� should be understood merely as the timeline speciÞcation, and not the
causality. Prices could have increased in anticipation of a dividend increase.
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these randomized returns. They Þnd that in this setting dividend yield �pre-

dicts� returns in about 30% of the simulated paths, even though returns are

not predictable by construction, and dividends are completely detached from

the asset.

The result I Þnd when extending their model might seem counter-intuitive:

the more detached dividends are from the asset, the more likely we are to Þnd

this variable to predict returns spuriously (i.e., seem to predict returns when

in fact returns are not predictable). The more economic content there is in

dividends, the less likely dividend yield will predict returns spuriously. In

other words, if dividends have economic content, then Þnding predictability

implied that returns are predictable. If dividends are detached from economic

content, Þnding certain levels of predictability tells us nothing.

5.1 System of Equations

Returns are tested on a predictive variable, which is log of dividend yield:

rt = α+ βxt−1 + εt (75)

By deÞnition, log of dividend yield is log of dividends minus log of prices:

xt = dt − pt (76)

I follow Goetzmann and Jorion [1993], and assume for simplicity that the

price process reßects dividends being reinvested. In this case, the relation

between log of prices and continuously compound returns is simply:

pt = pt−1 + rt (77)
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Log of dividends evolves as the following process:

dt = ω + ρdt−1 + λpt + ηt (78)

This speciÞcation has the following economic interpretation: dividends

tend to be persistent. The amount of dividend today depends on the amount

of dividend in the pervious period. This is captured by the autoregressive

coefficient ρ. Innovations to dividends have two components: one is based on

the market value of the asset. This will be captures by the coefficient λ, that

is multiplied by market price. The second component is a random innovation,

due un-modeled management considerations.

The innovations (εt, ηt) are independently drawn in each period from a

bivariate normal distribution with zero mean and variance of

·
σ2ε σεη
σεη σ2η

¸
.

5.2 Data

The data is constructed from monthly returns on the value-weighted index in

crsp from 1926 till 2002, and is adjusted by the risk-free rate (i.e., returns are

all excess returns above the risk-free rate). To keep prices in a range similar

to the historic data, I subtract from all returns the unconditional average

dividend yield, which is 0.346% per month. The resulting excess returns have

a mean of 0.131% per month, and a monthly volatility of 5.455%.

Dividends are constructed as is customary: the percentage of the dividend

is taken as the difference between the with-dividend returns and the without-

dividend returns, and this value is multiplied by the price at the beginning of

the month. I then take the average of the most recent 12 months to smooth

seasonal effects.
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A B
�ω −0.0306

(3.39)∗∗∗
−0.0267
(2.97)∗∗∗

�ρ 0.9892
(328.2)∗∗∗

0.9892
(330.8)∗∗∗

�λ 0.0058
(2.72)∗∗∗

0.0115
(4.50)∗∗∗

t −1.79 ∗ 10−5
(3.99)∗∗∗

R2 99.78% 99.78%

Table 14: Parameters of the Dividend Process

I estimate the Þrst-order autoregressive coefficient of the resulting dividend

yield series, using the following speciÞcation:

xt = ξ + ϕxt−1 + ηt (79)

OLS estimate of equation (79) estimates �ϕ = 0.9875 with one standard devia-

tion of the estimate being 0.0054. The estimated �ϕ is 2.31 standard deviations

away from 1. Unfortunately, asymptotic distribution is not the correct mea-

sure in high persistence variables. The distribution of �ϕ when the true value

of ϕ is 1, was tabulated by Dickey and Fuller [1979]. A �ϕ ≤ 0.9875 would

happen in 16% of the cases, so the hypothesis of ϕ = 1 cannot be rejected,

even though �ϕ is 2.31 standard deviations away from 1.

The OLS estimations of the coefficients of the dividend process as speciÞed

in equation (78) are reported in column A of Table 14. T-statistics are reported

in parentheses. All coefficients in this table are signiÞcant at the 1% level, and

are denoted by three asterisks.

As expected, dividends are highly persistent (�ρ = 0.9892). The dividends

paid tomorrow depend mostly on what was paid today. The fact that man-

agers are reluctant to change dividends whatsoever is well known. However,

dividends are not completely detached from the price of the underlying asset.
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Dividends adjust to new underlying prices as �λ = 0.0058, and is statistically

signiÞcant. This adjustment is very slow: Given a shock in price today, it

would take about six years to the dividend to make half of the adjustment

to their new level. With a long enough time series, dividends should track

prices, and dividend yield is therefore stationary. Another thing to note is

the high R2 of 99.78%, which indicates a very good characterization of the

dividend process. Also, note that since the standard errors are smaller using

this speciÞcation, the estimated �ρ is 3.6 standard deviations away from 1.

Goetzmann and Jorion assume that dividend levels have a time trend, and

are not linked to the economy in any other aspect. Column B adds time

as a regressor. The autoregressive coefficient does not change, nor does the

R2. The coefficient that links dividends to contemporary prices increases in

magnitude and statistical signiÞcance. The coefficient on time is negative: it

seems that dividends generally decrease over time, and it is increases in price

that caused dividends to go up over the sample period. This result can be

understood, for example, that as a result of improved corporate governance

over the years, the require dividends trend lower. Even though a time trend is

plausible, I chose to use the speciÞcation of column A. One reason is that this

would be a tougher test, since the economic content of such dividends seems

more marginal.

The variance-covariance matrix is estimated from the data as follows:

σε = 0.05455 ση = 0.02244 σεη = −0.0000142 (80)

The covariance term is very small (the correlation is -0.0116). This should

not be surprising, as the relation between dividends and returns is captured
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by the coefficient λ (effect of contemporaneous prices). In the simulations, I

take this covariance term to be zero.

5.3 Simulation and Results

Since asymptotic distribution theory is not accurate with nearly integrated

variables, I use simulations to evaluate various distributions.

The density of P
³
�ϕ = 0.9875, �ρ = 0.9892, �λ = 0.0058 | ρ,λ

´
is the Þrst value

I will study. This variable indicates what is the likelihood of getting the es-

timated variables as seen in the data. If we did not have any biases, the

maximum likelihood would have been when ρ = �ρ and λ = �λ. This is not

necessarily the case here.

The second value of interest is the distribution of P
³
�β/�σ�β | ρ,λ

´
, that is

how would an OLS estimate of �β, relative to its estimated standard error �σ�β,

be distributed for different values of ρ and λ.

Finally, I am interested in the conditional distribution of �β/�σ�β, that is in

P
³
�β/�σ�β | ρ,λ, �ϕ = 0.9875, �ρ = 0.9892, �λ = 0.0058

´
Simulation for any given ρ and λ proceeds as follows:

1. For any given ρ and λ, I estimate ω as

ω = ET [dt − ρdt−1 − λpt] (81)

2. Returns are independently drawn from a normal distribution with a

mean µ=0.001313 and a standard deviation σ=0.05455. This values cor-

respond to the mean and volatility of the monthly ex-dividends excess

returns. Log prices are computed from these returns, simply using

pt = pt−1 + rt (82)
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3. The error term ηt is drawn from a normal distribution with zero mean

and ση = 0.02244.

4. Dividends are set such that d1 = log (0.04p1), i.e. dividend yield at

time 1 is assumed to be 4%. The remaining dividend series is computed

following equation (78).

I simulate over a grid of 32 values of ρ, and 36 values of λ (total of 1152

grid points). The values of ρ range from ρ = 0.988 up to ρ = 1.0004, and the

values of λ range from λ = −0.0005 up to λ = 0.0065. For each grid point,
one million sample paths of 924 values are simulated. I counted the number

of simulations that end up in a small cube around �ϕ = 0.9875, �ρ = 0.989,

�λ = 0.0058. SpeciÞcally, the cube is deÞned as follows:

0.9865 ≤ �ϕ ≤ 0.9885
0.987 ≤ �ρ ≤ 0.991
0.0048 ≤ �λ ≤ 0.0068

(83)

If I Þnd at least 500 simulated paths in this cube, I allow the simulation

of a grid point to stop before the full one million sample paths are simulated

(but never before completing at least 100,000 paths). In total, about half a

billion paths were simulated.

The likelihood of matching �ϕ, �ρ, and �λ is shown in Figure 17. The maxi-

mum likelihood of obtaining �ϕ, �ρ, and �λ that match their observed values is

when ρ = 0.9904 and λ = 0.0055. These values are slightly biased relative to

the sample estimates (which are �ρ = 0.9892 and �λ = 0.0058). The downward

bias in ρ results from being close to a unit root. Since there is a negative cor-

relation between these two variables, λ is upward biased. However, the bias
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Figure 17: Likelihood of obtaining �ϕ, �ρ, and �λ

is quite small, being less that one half of a standard deviation for �ρ, and even

less for �λ.

The contour map shows values of ρ and λ with equal probability of match-

ing the observed data. The outmost ring, labelled as �0.05�, is the 95% conÞ-

dence band. For comparison, the OLS-based Wald ellipse of 95% conÞdence is

drawn as a dashed line. OLS underestimates the probability that high ρ (i.e.,

close to 1) can generate the observed data. Thus, the simulated conÞdence

band is smeared to the right relative to the Wald ellipse.

132



�β/�σ�β �ϕ �ρ �λ

mean 1.186 0.9893 0.9876 0.00654
std. err 0.8683 0.00617 0.00424 0.00225
skewness -0.0072 -1.151 -1.026 0.473
�β/�σ�β 1 -0.8027 -0.0809 -0.02134

�ϕ 1 0.1582 -0.2256
�ρ 1 -0.6126
�λ 1

Table 15: Mean, Standard Deviation, and Correlation of the Dividend Process
Parameters

Table 15 reports the mean, variance, and correlations of �β/�σ�β, �ϕ, �ρ, and

�λ, when the data generation process uses the maximum likelihood parameters

of ρ = 0.9904 and λ = 0.0055.

Several interesting things can be learned from the table:

� �λ is higher on average than what is observed (and �ρ is lower), even though
the parameters were chosen to maximize the likelihood of obtaining the

observed data. The reason is that the distribution of �ρ and �λ is skewed,

as can be seen from the third row.

� It is clear that �β/�σ�β is not distributed as a standard normal, and hence
the normal critical values of the t-statistics would not be the correct

values to use. An OLS t-stat of 1.89 is only one standard deviation

away from the mean, and should happen in about 16% of the times. We

typically expect to see such a t-stat only in 3% of the cases.

� There is a very strong negative correlation between the realized �ϕ coeffi-
cient, and the measured t-stat in the predictive regression. This negative

relation is explained in Stambaugh [1999], and creates many of the prob-
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Figure 18: Distribution of t-statistics of predictive regression as a function of
�ϕ

lems when estimating simultaneously the �ϕ coefficient and �β.

� In contrast, the correlation between the measured t-statistic and the
estimated parameters of the proposed speciÞcation (i.e., �ρ and �λ) is much

lower. This means that if we err in the estimation of ρ or λ, this will not

change signiÞcantly the distribution of �β.

Figure 18 shows a scatter plot of the resulting autoregressive �ϕ coefficient

and the t-statistic of the predictive regression (again, with ρ = 0.9904 and
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λ = 0.0055). The predictive regression would yield a t-statistic of at least 1.96

in 18.4% of the time. The unconditional 95% conÞdence threshold is 2.61, and

the 99% conÞdence threshold is 3.22.

However, these thresholds do not take into account the relation between

�ϕ and the predictive t-statistics. The high predictive t-statistics occur with

an ex-post low �ϕ. We do know that ex-post �ϕ is 0.9875. The question should

therefore be, given the data generation process, and conditional on an ex-

post �ϕ of 0.9875, how is the predictive t-stat distributed under the null. To

answer that, I take a small horizontal slice from the graph, centered around

�ϕ = 0.9875. In this case, the predictive regression yields a t-stat of at least

1.96 in 18.4% of the time. This value is almost identical to the unconditional

value. However, the conditional 95% conÞdence threshold is 2.34, and the 99%

conÞdence threshold is 2.72. These thresholds are much lower than the un-

conditional threshold, and allow for an easier rejection of the no-predictability

hypothesis.

5.4 Robustness

Figure 19 plots the 95% cutoff value of �β/�σ�β as a function of ρ and λ, condi-

tional on the fact that �ϕ, �ρ, and �λ, match their observed values - that is, they

should be in the cube speciÞed in (83). The big dot on the top left side of the

graph corresponds to the maximum-likelihood parameters. Its 95% conÞdence

threshold is 2.34, as reported in the previous section.

The graph shows a ridge running from the north-west to the south-east.

Values that are away from this ridge line has a relatively low cutoff value for

�β/�σ�β (under the null of no predictability in returns). That is, if we have reason
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Figure 19: 95% cutoff value of �β/�σ�β as a function of ρ and λ

to believe that the true ρ and λ are away from the ridge, it would be easy to

reject the hypothesis that returns are not predictable.

The ridge line itself is increasing, but the most interesting observation to

be made is that it is bounded: it has a peak of 2.68 when ρ = 0.998 and

λ = 0.0007. As we move further to the bottom left corner, the cutoff value

starts to decrease. For example, the hypothesis that dividends are a random

walk with no economic content (ρ = 1, λ = 0) has a cutoff value of �only�

2.59.
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This feature is unlike the AR(1) speciÞcation analyzed in Stambaugh [1999].

Stambaugh shows that the bias in the predictive regression increases with �ϕ−ϕ,
and therefore, without priors (or estimates) of the true ϕ, the bias of the pre-

dictive regression is not bounded. This means that when using an AR(1)

speciÞcation for dividend yield, estimating ϕ is crucial for the analysis.

With the speciÞcation I have used, the bias is bounded. If we Þnd a

t-statistic of at least 2.68, the no-predictability hypothesis can be rejected

regardless of what the true ρ and λ are.

5.5 Summary

Specifying a dividend process that has an autoregressive component and a

component that responds to current price levels has both economic roots and

statistical advantages. The economic reasoning is that what companies declare

and distribute are dividend levels (i.e., dollar amounts), and not yield. the

latter is an outcome, that depends on the market price. Statistically, the

dividend process can be estimated more accurately that the dividend yield

process, and thus both the assumption of unit root and assumption of no

economic content can be rejected, at least marginally.

I Þnd that the bias in such a predictive regression exists, but is not very

large. Most importantly, this bias can be capped. When dividend yield is

assumed to be an AR(1) process, the bias depends linearly on the true ϕ,

and hence is not bound. Using simulations, I Þnd a bound of 2.68 allows

rejecting the no-predictability hypothesis, without making assumptions on the

parameters that drive the dividend process.
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