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Subspace identification algorithms have drawn tremendous interests,

not only because they are simple in parametrization, but also because of their

numerical stability and moderate computational complexity. Started with

the deterministic realization, subspace identification went through the devel-

opment of stochastic realization theory and has become the solution to the

combined deterministic-stochastic realization. Although subspace identifica-

tion algorithms are quite successful in many applications, some drawbacks

have been experienced. In this work, a novel subspace identification algorithm

(SIMPCA) is proposed to address two aspects: the errors-in-variables case and

closed-loop identification. In the proposed subspace identification algorithm,

principal component analysis is applied to extract the parity subspace, which

naturally falls into the category of errors-in-variables formulation and resem-

bles total least squares. Because projecting out the future input is avoided,

SIMPCA is applicable to closed-loop identification provided that the input

vi



perturbation is autocorrelated. Consistency analysis is performed for the pro-

posed algorithm and the consistency conditions are given in several theorems.

The effect of the column weighting in the subspace identification algorithms

is discussed and the SIMPCA with column weighting is designed which shows

improved efficiency. Two approaches for system order determination based on

AIC index are proposed. A novel stochastic fault detection algorithm is pro-

posed based on SIMPCA. Through monitoring the second order statistics, the

SIMPCA-based fault detection algorithm shows significantly improved perfor-

mance compared to regular PCA and DPCA. PCA and DPCA using second

order indices are also proposed. The performance of the proposed subspace

identification and fault detection algorithms is demonstrated through several

simulation examples and compared with other benchmark methods.
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Chapter 1

Introduction and Dissertation Outline

“Inferring models from observations and studying their properties is

really what science is about”.

Quote from System Identification—Theory for the User

Dynamic systems, as shown schematically in Fig. 1.1, are abundant in

our life. Most physical, chemical, biological, industrial and other phenomena

can be described as dynamic systems. System identification deals with the

problems of building mathematic models of dynamic systems from observed

data.

System
u

k

v
k

y
k

Figure 1.1: A dynamic system with deterministic inputs uk, outputs yk and
disturbances vk

The development of identification theory in the control literature fol-
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lowed on the heels of the development of model-based control design around

1960 [26]. It is those model-based control design techniques (such as linear

quadratic Gaussian based on state space representation) that drive the de-

velopment of data-based techniques for system identification. This is because

many systems rely on observed data to develop dynamic models, except some

mechanical, electrical and aerospace applications where first principles model

can be easily established.

Two papers published in 1965 (Ho and Kalman [33], Astrom and Bohlin [4])

paved the road for the development of the two mainstream identification tech-

niques that still dominate the field today: subspace identification and predic-

tion error identification [26]. Subspace identification is based on projection

techniques in Euclidean space, and the prediction error identification is based

on the minimization of a parameter dependent criterion.

This dissertation focuses on the subspace identification techniques. In

this work, a novel subspace identification algorithm based on principal com-

ponent analysis (SIMPCA) is developed to address some drawbacks related to

most existing subspace identification methods. Besides, three stochastic fault

detection algorithms which monitor second order statistics are proposed.

This dissertation is organized as follows:

Chapter 2 reviews the subspace identification methods developed over

the last a few decades. Some necessary background and basic concepts are

introduced. Instead of listing all the published algorithms, this chapter fo-
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cuses on the geometric and mathematic interpretations of three representative

algorithms. Advantages and disadvantages associated with these algorithms

are discussed.

Chapter 3 presents the novel subspace identification algorithm—SIMPCA,

which gives consistent estimates of state space models from both open loop

and closed-loop data. In this algorithm, principal component analysis (PCA)

is applied to extract the deterministic part, which naturally falls into the cate-

gory of errors-in-variables formulation and resembles total least squares. Both

deterministic realization and combined deterministic-stochastic realization al-

gorithms are given. Standard PCA is modified with instrumental variables

in order to achieve consistent estimates of system matrices for the combined

deterministic-stochastic case. QR factorization is used to extract the stochas-

tic part for innovation formulations. Consistency analysis for the developed

algorithm is also conducted, the exact input excitation conditions are given

in several theorems. The effect of the column weighting in the subspace iden-

tification algorithms is discussed and the SIMPCA with column weighting is

designed which shows improved efficiency. Two approaches based on AIC

index for determining the system order are proposed.

Chapter 4 reports two simulation studies to demonstrate the perfor-

mance of the developed method. In the first example, the system order is

determined through the proposed order determination methods based on AIC

index, and both innovation formulation and errors-in-variables formulation are

tested. In the second example, both open loop and closed-loop are tested.

3



Chapter 5 reviews the process monitoring techniques, with emphasis

on two types of approaches: model-based approach (parity relations) and mul-

tivariate statistical approach (principal component analysis). Equivalency be-

tween direct redundancy and static principal component analysis is reviewed,

and equivalency between temporal redundancy and dynamic principal compo-

nent analysis is derived based on a theorem given in Chapter 3. Pros and cons

related to these two approaches are discussed.

Chapter 6 presents three stochastic fault detection algorithms which

monitor the second order statistics. The first one is developed based on SIM-

PCA. The SIMPCA-based fault detection algorithm integrates the parity space

approach for fault detection and the subspace identification method. Due to

the application of instrumental variables, the residual defined in the proposed

algorithm is only sensitive to the fault and not sensitive to the process and

measurement noises. Because the cross-covariance among input and output

variables is monitored, the proposed algorithm shows superior performance

compared to PCA and DPCA. Driven by the idea of monitoring the second

order statistics, PCA and DPCA are extended to PCA and DPCA using second

order indices, where the covariance of process variables is monitored. Three

simulation examples are given to demonstrate the performance of the proposed

algorithms.

Chapter 7 summarizes the presented results and identifies future exten-

sions of this research.

4



Chapter 2

Literature Review on Subspace Identification

Based on projection techniques in Euclidean space, subspace identi-

fication methods (SIMs) have become one of the two main streams of re-

search that have dominated the development of system identification over the

last forty years. Rooted in the Ho-Kalman paper, which gave the first so-

lution to the deterministic realization problem [26], subspace identification

went through the development of stochastic realization theory [1], and has be-

come the solution to the so-called combined deterministic-stochastic realiza-

tion [10, 13, 49, 66, 69, 93, 97]. Several representative algorithms have been pub-

lished over the past decade, including canonical variate analysis (CVA) [46, 49],

numerical algorithm of subspace state space system identification (N4SID) [70]

and multivariate output-error state space (MOESP) [93]. These methods are

so different in their algorithms that some effort has been made to bring them

together and get more insights on the essential ideas and the connections

among them. Viberg [96] gave an overview of SIMs and classified them into

realization-based and direct techniques. A unifying theorem by Van Overschee

and De Moor [71, 72] provides a framework in which these algorithms can be

interpreted as a singular value decomposition of a weighted matrix. A general

statistical regression framework proposed in [86] also compared similarity and

5



difference among these three methods.

Most of the subspace algorithms contain two steps and are used in

the context of linear dynamic systems operating in open loops. The first

step is the identification of the extended observability matrix and a block

triangular Toeplitz matrix which contains the Markov parameters of the model;

the second step is the estimate of the system matrices and the disturbance

characteristics. The asymptotic properties of these subspace algorithms also

have been investigated in the past decade and consistency conditions of the

estimates have been identified [6, 7, 12, 37, 42, 55, 74]. The effects of weighting

matrices and more explicit expressions for the asymptotic variance of the model

estimates have been obtained recently, and the CVA and MOESP weighting

matrices have been proven to be approximately the optimal ones [8, 30].

SIMs have many advantages compared to the other main stream of sys-

tem identification, prediction error identification method (PEM) [53], which

has the root in the time series analysis. First of all, SIMs are simple in

parametrization, the only structure index need to be determined in SIMs is the

system order. SIMs completely bypass the need for the canonical parameter-

izations and are essentially suitable for the identification of MIMO systems.

Secondly, based on singular value decomposition or QR factorization, SIMs

have better numerical reliability and modest computational complexity com-

pared to the PEMs, because no nonlinear optimization techniques are required.

In addition, because of the state space formulation, SIMs are very convenient

for estimation, filtering and prediction of multivariate systems.

6



Although SIMs are very attractive due to their advantages, some draw-

backs have been experienced [80, 81]. Three of them are listed below:

1. The application of SIMs to errors-in-variables situation usually gives

biased estimate.

2. The application of SIMs to closed-loop data is still a challenge, even for

the data satisfying identifiability conditions for traditional methods such

as PEMs.

3. The estimate of B and D is more problematic than that of A and C,

which is reflected in the poor estimation of zeros and steady state gains.

In this chapter, some background on subspace identification is given.

Sec 2.1 formulates the subspace identification problems and introduces some

basic concepts; Sec 2.2 gives the preliminaries; Sec 2.3 reviews three represen-

tative SIMs: MOESP, N4SID and CVA. Sec 2.4 reviews the unifying theorem,

and Sec 2.5 gives the summary and discussion.

2.1 Problem Formulation and Basic Concepts

In the combined deterministic-stochastic identification problem, the

discrete-time linear time-invariant dynamic system is most frequently formu-

lated in the following way,

x(k + 1) = Ax(k) + Bu(k) + w(k) (2.1)

y(k) = Cx(k) + Du(k) + v(k) (2.2)

7



where x(k) ∈ <n, u(k) ∈ <l, y(k) ∈ <m are the state variable, input and

output measurements, respectively. w(k) ∈ <n denotes the process noise, and

v(k) ∈ <m denotes the output measurement noise. The subspace identification

problem can be stated as the following, also as shown in Fig. 2.1

From input-output measurements, estimate a state space model

of a MIMO process given that there might be output noise, state

noise and input noise.

Notice that in Eqn (2.1) and (2.2) the input noise is not considered.

Disturbance
Model

Plant
Dynamics

System
ID

State Space Model

Process
Noise

Inputs

Measurement
of Inputs

Measurement
of Onputs

Noise

Figure 2.1: Schematic of subspace identification

There are several general assumptions associated with the subspace

identification problems [30, 37].

A1: The system is asymptotically stable, i.e., eigenvalues of A are strictly

inside the unit circle.

8



A2: The pair (A, C) is observable, and the pair (A, [B R1/2
ww]) is reachable.

Here, (•)1/2 denotes a symmetric square root matrix of (•).

A3: The input u(k) is a quasi-stationary [53] signal, and the correlation func-

tion is defined by

Ruu(τ) = Ē{u(k + τ)u(k)} (2.3)

where Ē is defined as

Ē{•} = lim
N→∞

1

N

N∑

k=1

E{•} (2.4)

A4: Both w(k) and v(k) are assumed uncorrelated with u(k) (in the sense

that Ē{u(τ)w(k)} = Ē{u(τ)v(k)} = 0), i.e. open loop operation is

assumed.

The above assumptions are rather standard for most subspace identification

algorithms. As will be discussed later on, it is also required that the input

sequence fulfills a persistence of excitation requirement.

Most subspace identification algorithms have geometric interpretations,

and some system characteristics can be revealed by geometric manipulation of

the row spaces of certain matrices. Here the fundamental concept of orthogonal

projection is briefly reviewed. Assume that the matrices A ∈ <p×N , B ∈ <q×N

are given.

Definition 2.1.1. ΠB is defined as the operator that projects the row space

of a matrix onto the row space of the matrix B:

ΠB ≡ BT (BBT )†B (2.5)

9



where (•)† denotes the Moore-Penrose pseudo-inverse of the matrix (•), if the

matrix (•) is rank deficient.

A

A =A   
B

II

_

A   
B

II

_

Figure 2.2: Illustration of orthogonal projection

A/B is the shorthand for the projection of the row space of the matrix

A on the row space of the matrix B:

A/B ≡ AΠB (2.6)

= ABT (BBT )†B (2.7)

The orthogonal projection has nice mathematical interpretation, and it corre-

sponds to the least squares estimates [91]. Assume that rows in matrix A are

linearly related to rows in matrix B, i.e.,

A = ΘB + V (2.8)

where V denotes the variation not modelled by the linear model Θ. Then the

least squares solution for linear model is:

Θ̂ = ABT (BBT )† (2.9)

10



and the model prediction is

Â = Θ̂B (2.10)

= ABT (BBT )†B (2.11)

Comparing Eqn (2.7) to Eqn (2.11), it is clear that

Â = AΠB (2.12)

which means that the least square prediction of matrix A is just the projection

of row space of matrix A to the row space of matrix B. The least square

residual is

Ã = A− Â = A(I−ΠB) = AΠ⊥
B (2.13)

where Π⊥
B is the shorthand for I − ΠB. Sometimes A(I − ΠB) is also de-

noted as A/B⊥. Notice that the least squares residual Ã is orthogonal to the

least squares prediction Â, which can be easily verified through Eqn (2.5), as

illustrated in Fig. 2.2 [77].

2.2 Preliminaries

In this section, the basic equations used in subspace identification meth-

ods are reviewed. In order to describe the system dynamics, the extended

state space model, i.e., the relationship between stacked consecutive variables,

is derived. Some notations are introduced first. Taking the output y(k) as an

example, for an arbitrary time point k taken as the current time, the past and

future vectors and Hankel data matrices are defined in the following way,
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yp(k) =




y(k − p)
y(k − p + 1)
...
y(k − 1)


 ∈ <

mp (2.14)

yf (k) =




y(k)
y(k + 1)
...
y(k + f − 1)


 ∈ <

mf (2.15)

Yp =
[

yp(k) yp(k + 1) · · · yp(k + N − 1)
] ∈ <mp×N (2.16)

Yf =
[

yf (k) yf (k + 1) · · · yf (k + N − 1)
] ∈ <mf×N (2.17)

where p is the past horizon, f is the future horizon. The input up(k) ∈ < lp,

uf (k) ∈ < lf and the noise wf (k) ∈ <nf , vf (k) ∈ <mf are formulated similarly.

By iterating the system equations Eqn (2.1) and (2.2), it is straightfor-

ward to get the extended state space model,

yf (k) = Γfx(k) + Hfuf (k) + nf (k) (2.18)

where nf contains the contribution from both w(k) and v(k). Γf is the ex-

tended observability matrix with rank n, Hf is a triangular Toeplitz matrix,

Γf =




C
CA
...
CAf−1


 ∈ <

mf×n (2.19)

Hf =




D 0 · · · 0
CB D · · · 0

...
...

. . .
...

CAf−2B CAf−3B · · · D


 ∈ <

mf×lf (2.20)
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If the Hankel data matrices are used instead of stacked vectors, the

extended state space model becomes,

Yf = ΓfXk + HfUf + Nf (2.21)

where

Xk = [x(k) x(k + 1) · · · x(k + N − 1)] ∈ <n×N (2.22)

Similarly, the extended state space model for the past data can be obtained,

Yp = ΓpXk−p + HpUp + Np (2.23)

Eqn (2.21) and (2.23) are the basis for the subspace identification methods.

The following notations are frequently used in this work. For two signals

x(k) and y(k), the cross-covariance matrix is denoted by

Rxy(τ) = Ē{x(k + τ)yT (k)} (2.24)

and the cross-covariance matrix estimated from N samples is

R̂xy(τ) =
1

N

N−τ∑

k=1

x(k + τ)yT (k) (2.25)

The convention Rxy = Rxy(0) is also used in this work.

2.3 Three Subspace Identification Methods

In this section, three representative SIMs, i.e., MOESP, N4SID and

CVA, for combined deterministic-stochastic identification are reviewed. Only

the estimate of the extended observability matrix is reviewed here.
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Because the first step in all three algorithms is to build the past and

future data matrices Yp, Yf , Up and Uf , which was discussed in Sec. 2.2,

this step is omitted.

2.3.1 MOESP

Starting with Eqn (2.21), the first step in MOESP is to project out the

future input Uf by post-multiplying Π⊥
Uf

,

YfΠ
⊥
Uf

= ΓfXkΠ
⊥
Uf

+ NfΠ
⊥
Uf

(2.26)

Under open loop test (assumption A3), the noise term Nf is uncorrelated to

Uf , i.e.,

NfU
T
f = 0 (2.27)

or

NfΠ
⊥
Uf

= Nf (I−UT
f (UfU

T
f )−1Uf )

= Nf (2.28)

Therefore, Eqn (2.26) can be simplified to,

YfΠ
⊥
Uf

= ΓfXkΠ
⊥
Uf

+ Nf (2.29)

In the original MOESP algorithm [94], no further steps were taken to

handle the noise term, and Γf is obtained directly from the following singular

value decomposition,

1√
N

YfΠ
⊥
Uf

= [ Û1 Û2 ]

[
Ŝ1 0

0 Ŝ2

] [
V̂T

1 V̂T
2

]
(2.30)
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by setting

Γ̂f = Û1 (2.31)

In this way, the estimate Γ̂f is biased if the noise terms w(k) and v(k) are not

i.i.d. In order to handle more general noise models, the modified MOESP-PO

adds one more step to remove the noise term using instrumental variables [93].

Because future noise is uncorrelated to the past data, i.e.,

NfZ
T
p = 0 (2.32)

where Zp =

[
Yp

Up

]
. The past data Zp can serve as the instrumental variable.

The added step in the MOESP-PO algorithm is to project YfΠ
⊥
Uf

on Zp to

remove noises,

YfΠ
⊥
Uf

ΠZp = ΓfXkΠ
⊥
Uf

ΠZp (2.33)

because

NfΠZp = NfZ
T
p (ZpZ

T
p )−1Zp = 0 (2.34)

In MOESP-PO, these projections are obtained through the following

QR factorization (adapted to our notation).




Uf

Zp

Yf


 =




R11 0 0
R21 R22 0
R31 R32 R33







QT
1

QT
2

QT
3


 (2.35)

then,

YfΠ
⊥
Uf

ΠZp = R32Q
T
2 (2.36)

With the singular value decomposition of R32,

R32 = [ Û1 Û2 ]

[
Ŝ1 0

0 Ŝ2

] [
V̂T

1 V̂T
2

]
(2.37)
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the estimate of Γf is obtained by choosing

Γ̂f = Û1Ŝ
1
2
1 (2.38)

2.3.2 N4SID

It is interesting that the original N4SID didn’t take the noise term

into consideration either [13, 64], similar to the original MOESP, which gives

biased estimate if the noise terms w(k) and v(k) are not i.i.d.. The final

N4SID [69, 70] uses an oblique projection to remove contribution from both

input and noise together. Here the definition of the oblique projection is

introduced first, also illustrated in Fig. 2.3

B

A

CA/
B
C

Figure 2.3: Illustration of the oblique projection in the 2-dimensional space

Definition 2.3.1. The oblique projection of the row space of matrix A ∈
<m×N along the row space of matrix B ∈ <k×N on the row space of matrix

C ∈ <m×N can be defined as:

A/BC = [A/B⊥] · [C/B⊥]† ·C (2.39)
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In N4SID, this oblique projection is obtained through the following

projection (adapted to our notation):

Ŷf = Yf/




Up

Uf

Yp




= [ L1 L2 L3 ]




Up

Uf

Yp


 (2.40)

then,

Yf/Uf
Zp = [ L1 L3 ]

[
Up

Yp

]
(2.41)

The next step in N4SID is to perform singular value decomposition on

Yf/Uf
Zp,

Yf/Uf
Zp = [ Û1 Û2 ]

[
Ŝ1 0

0 Ŝ2

] [
V̂T

1 V̂T
2

]
(2.42)

and choose a balanced realization as the estimate for Γf ,

Γ̂f = Û1Ŝ
1
2
1 (2.43)

2.3.3 CVA

CVA, developed by Larimore [46, 49], has been shown to perform better

than other SIMs in several cases. Its optimality has been investigated also [47].

CVA can be better described in the regression framework, which corresponds

to the reduced rank regression [89, 90].

Notice that the process state can be estimated from past input and
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output data (refer to Appendix F for detailed derivation),

Xk = [ Ly Lu ]

[
Yp

Up

]
+ LnNp = LzZp + LnNp (2.44)

X̂k = LzZp (2.45)

Substitute Eqn (2.44) into Eqn (2.29),

YfΠ
⊥
Uf

= ΓfLzZpΠ
⊥
Uf

+ (I + Ln)Nf (2.46)

Therefore, ΓfLz can be obtained through performing least squares regression

between YfΠ
⊥
Uf

and ZpΠ
⊥
Uf

. Notice that rank(Γf ) = n, which means that

ΓfLz ∈ <mf×(mf+lf) is not full rank. Therefore, reduced rank linear regression

should be performed to get the estimate of ΓfLz. CVA is optimal for reduced

rank regression, and the non-zero canonical correlations give the best estimate

of Γf [77].

CVA can be interpreted as a generalized singular value decomposi-

tion [48]. To simplify the notation, let p denote zp/u
⊥
f , and f denote yf/u

⊥
f ,

then the following singular value decomposition is performed,

R−1/2
pp RpfR

−1/2
ff = [ Û1 Û2 ]

[
Ŝ1 0

0 Ŝ2

] [
V̂T

1 V̂T
2

]
(2.47)

The state vector can be extracted through,

x̂ = ÛT
1 R−1/2

pp p (2.48)

2.4 Unifying Theorem

A unifying theorem for the determination of the system order and the

extended observability matrix is given in [71, 72], which is based on lower order
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approximation of an oblique projection. In this framework, different methods

(N4SID, MOESP and CVA) are viewed as different choices of row and column

weighting matrices for the reduced rank oblique projection.

Theorem 2.4.1 (Unifying Theorem). Given assumption A1 ∼ A4 (Sec 2.1)

• The input is persistently excited of order 2f ,

• The user-defined weighting matrices W1 ∈ <mf×mf and W2 ∈ <N×N are

such that W1 is of full rank and W2 obeys: rank(Zp) = rank(ZpW2),

• The number of observations goes to infinity, i.e., N →∞,

And with Θf defined as the following oblique projection:

Θf ≡ Yf/Uf
Zp (2.49)

and the singular value decomposition:

W1ΘfW2 = [ U1 U2 ]

[
S1 0
0 0

] [
VT

1 VT
2

]
(2.50)

Then:

• The system order n can be determined through

rank(Yf/Uf
Zp) = n (2.51)

which is the same as the number of non-zero singular values in Eqn (2.50).
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• The extended observability matrix Γf shares the same column space of

Yf/Uf
Zp, i.e.

Γf = W−1
1 U1S

1/2
1 M (2.52)

where M is a full rank square matrix.

• The Kalman filter state sequence X̂k shares the same row space of Yf/Uf
Zp,

and can be obtained through,

X̂k = Γ†kYf/Uf
Zp (2.53)

The above theorem is paraphrased and adapted to our notations. The

proof of the theorem can be found in [71]. Within this framework, different

weighting matrices applied in different SIMs are listed in Table 2.1.

Table 2.1: Weighting matrices for N4SID, MOESP and CVA [72]

Algorithms W1 W2

N4SID Imf IN

MOESP Imf ΠU⊥
f

CVA R
−1/2
ff ΠU⊥

f
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2.5 Discussion

In this chapter, a brief review together with some geometric and math-

ematic understanding of subspace identification algorithms are given. The

advantages of SIMs have been well accepted, and the drawbacks have been

experienced. Some of the drawbacks are pointed out at the beginning of this

chapter. In this section, the root cause of these drawbacks are analyzed.

1. Because these SIMs consider process noise and output noise, while as-

suming the input variables are noise-free (see Eqn (2.1) and (2.2)), ap-

plying these SIMs to the errors-in-variables case usually gives biased es-

timate. In order to address this, algorithms for errors-in-variables prob-

lems have been developed in the last a few years [10, 15, 100, 102, 103].

2. Because a projection onto the orthogonal complement of future input

Π⊥
Uf

is performed in the first step of identification, which requires the

future input to be uncorrelated to the past noise (assumption A3), these

SIMs are limited to the open loop identification. In the closed-loop

operation, the future input is correlated to the past noise due to feedback.

Therefore, the application of these SIMs to closed-loop data typically

gives biased estimates. Several efforts have been made to address closed-

loop identification [10, 20, 27, 54, 103].

3. Qin and Ljung [79, 80] reveal that the typical subspace identification

algorithms use non-parsimonious model formulations, with extra terms

in the model that appear to be non-causal. They claim that these extra
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terms are the causes for inflated variance in the estimates and partially

responsible for the loss of closed-loop identifiability. They also proposed

two algorithms (PARSIM-S and PARSIM-E) to address this.

In the next chapter, a novel subspace identification method based on

principal component analysis (SIMPCA) is presented to address the first two

drawbacks mentioned above. By considering the input noise and avoiding

projecting out the future input, the proposed algorithm gives consistent esti-

mates of state space models for errors-in-variables case, and is applicable to

closed-loop data.

22



Chapter 3

A Novel Subspace Identification Method

Based On Principal Component Analysis

Part I: Algorithms

The aim of this chapter is to present a new subspace identification

algorithm, SIMPCA (subspace identification method based on principal com-

ponent analysis), which gives consistent estimates of state space models from

both open loop and closed-loop data. In this algorithm [99, 100, 103], principal

component analysis is applied to extract the deterministic part (Γf and Hf ),

which naturally falls into the category of errors-in-variables formulation and

resembles total least squares. Standard PCA is modified with instrumental

variables in order to achieve consistent estimates of system matrices for the

combined deterministic-stochastic case. QR factorization is used to extract the

stochastic part for innovation formulations (Kalman gain K and innovation

covariance Re) [101, 103]. Since the projection onto U⊥
f is avoided, SIMPCA

works with closed-loop data and gives consistent estimates under most condi-

tions. The strong input requirement in Chou and Verhaegen (1997) is relaxed

and the exact input requirement is given in several theorems. The effect of the

column weighting in the subspace identification algorithms is discussed and

the SIMPCA with column weighting is designed which shows improved effi-
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ciency [103, 104]. Two system order determination approaches based on AIC

index are proposed.

The overall identification method for combined deterministic-stochastic

realization can be outlined as three steps: i) identifying the extended observ-

ability matrix Γf and the block triangular Toeplitz matrix Hf ; ii) estimating

system matrices A, B, C and D; and iii) for innovation formulation, identi-

fying the innovation covariance and Kalman gain.

3.1 Deterministic Realization

In the deterministic (noise-free) case, only the first two steps are needed.

We look at the estimation of Γf and Hf first.

3.1.1 Estimation of Γf and Hf

In the noise-free case, the general assumption is simplified to the fol-

lowing,

A1: The system is asymptotically stable, i.e., eigenvalues of A are strictly

inside the unit circle.

A2: The pair (A, C) is observable, and the pair (A, B) is reachable.

Because no noise term is presented, the extended state space model is

simplified to,

Yf = ΓfXk + HfUf (3.1)
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Instead of focusing on the observable subspace, SIMPCA algorithm focuses

on the parity space, which is commonly used in fault detection [11]. First the

effect of the state on the output is removed by pre-multiplying Eqn (3.1) with

(Γ⊥f )T , where Γ⊥f is the orthogonal complement of Γf with full column rank,

(Γ⊥f )TYf = (Γ⊥f )THfUf (3.2)

Denoting

Zf ≡
[

Yf

Uf

]
∈ <(lf+mf)×N (3.3)

Eqn (3.2) can be transformed into

(
Γ⊥f

)T
[I | −Hf ]Zf = 0 (3.4)

Notice that Eqn (3.4) is the parity relation used in fault detection , which will

be further discussed in Chapter 5.

Eqn (3.4) indicates that the rows in Zf are linearly related, i.e., Zf has

zero singular values. By performing PCA on ZT
f , we have

ZT
f = TPT + T̃P̃

T
(3.5)

where P, P̃ are loading matrices and T, T̃ are score matrices with appropriate

dimensions. The residual scores T̃ = 0 in the noise-free case. In order to

determine the number of zero singular values in Zf , the following definition

for the deterministic persistent excitation condition is given.

Definition 3.1.1. The deterministic system is persistently excited from input

to state if rank

[
Xk

Uf

]
= n + lf .
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Implied in this definition is a requirement that N ≥ n+lf . With this definition

the following lemma is given.

Lemma 3.1.1. Zf has mf−n zero singular values if the deterministic system

is persistently excited from input to state.

Proof. See Appendix A.

Based on Lemma 3.1.1, the following theorem for the deterministic case

identification can be formulated.

Theorem 3.1.2. Given the general assumptions A1 and A2, the deterministic

persistent excitation condition in Definition 3.1.1, and the PCA decomposition

of Zf for the deterministic case,

Zf =

[
Yf

Uf

]
= PTT + P̃T̃

T
(3.6)

then: [
Γ⊥f

−HT
f Γ⊥f

]
= P̃M (3.7)

where M ∈ <(mf−n)×(mf−n) is a non-singular matrix.

Proof. See Appendix B.

Notice that all model parameters are contained in the P̃ matrix. From

Theorem 3.1.2, if we choose M = I (mf−n), then

(
Γ⊥f

)T
[I | −Hf ] = P̃T (3.8)
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which means the parity space is the same as the PCA residual space of Zf .

Denoting

P̃ =

[
P̃y

P̃u

]
(3.9)

where P̃y is the first mf rows of P̃ and P̃u is the last lf rows of P̃. A specific

choice of M reduces Eqn (3.7) to

Γf = P̃⊥
y (3.10)

−P̃
T

y Hf = P̃T
u (3.11)

Notice that Hf has an upper triangular structure. In order to estimate Hf

from Eqn (3.11), we rearrange Eqn (3.11) by denoting

−P̃T
y = Φ

=
[

Φ1 Φ2 · · · Φf

]
(3.12)

P̃T
u = Ψ

=
[

Ψ1 Ψ2 · · · Ψf

]
(3.13)

where Φi ∈ <(mf−n)×m is the i–th block column of Φ and Ψi ∈ <(mf−n)×l is

the i–th block column of Ψ. Thus Eqn (3.11) becomes,

ΦHf = Ψ (3.14)

or,

[
Φ1 Φ2 · · · Φf

]



D 0 · · · 0
CB D · · · 0

...
...

. . .
...

CAf−2B CAf−3B · · · D


 =

[
Ψ1 Ψ2 · · · Ψf

]

(3.15)
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Let

Hf1 =




D
CB

...
CAf−2B


 (3.16)

and rearrange matrix Ψ into a block column vector, we have




Φ1 Φ2 · · · Φf−1 Φf

Φ2 Φ3 · · · Φf 0
...

...
. . .

...
...

Φf 0 · · · 0 0


Hf1 =




Ψ1

Ψ2
...
Ψf


 (3.17)

Since Eqn (3.17) is typically overdetermined by examining the dimensions, a

least squares solution to Hf1 can be easily obtained. Once Hf1 is known, Hf

can be easily formulated with an exact lower triangular structure. At this

point there is no structural restriction on Hf1 until it is parameterized using

B and D later.

3.1.2 Determination of A, B, C and D

Matrix Ĉ can be extracted directly from Γ̂f , since

Ĉ = Γ̂f (1 : m, : ) (3.18)

From

Γ̂f (m + 1 : mf, : ) = Γ̂f (1 : m(f − 1), : ) Â (3.19)

Â can be obtained by using least squares method.
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The matrix pair
(
B̂, D̂

)
can be obtained from Hf1. Since

Hf1 =




D
CB

...
CAf−2B




=

[
Im×m 0m×n

0m(f−1)×m Γ̂f (1 : m(f − 1), : )

] [
D
B

]
(3.20)

we can obtain the estimate of B and D by using least squares method, which

is [
D̂

B̂

]
=

[
Im×m 0m×n

0m(f−1)×m Γ̂f (1 : m(f − 1), : )

]†
Hf1 (3.21)

The algorithm described above gives estimates of system matrices (A, B, C, D),

differing only by a similarity transformation.

3.2 Combined Deterministic-Stochastic Realization

For real processes, there always exists process noise and measurement

noise. In order to achieve consistent estimates of Γf and Hf under the

noise-corrupted condition, the instrumental variables are applied to remove

the noises. An important property of the instrumental variables is that they

should be uncorrelated with the noises, and sufficiently correlated with the

informative part of the data, in order to keep useful information. Research

in [84, 93, 95] shows that past input Up and past output Yp together are good

choices for instrumental variables. Therefore, in this work we use Up and Yp

as instrumental variables.
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Two types of formulations, innovation formulation and errors-in-variables

formulation are considered in this section.

3.2.1 Innovation Formulation

Consider the linear time-invariant system in its innovation representa-

tion:

x(k + 1) = Ax(k) + Bu(k) + Ke(k)

y(k) = Cx(k) + Du(k) + e(k) (3.22)

where x(k) ∈ <n is the state vector, u(k) ∈ <l and y(k) ∈ <m are the

measured input and output signals. e(k) ∈ <m is the innovation process.

In this case, besides system matrices A, B, C, D, Kalman gain K and

innovation covariance Re are also estimated.

3.2.1.1 Estimation of Γf and Hf

The extended state space model corresponding to Eqn (3.22) is,

Yf = ΓfXk + HfUf + GfEf (3.23)

where

Gf =




I 0 · · · 0
CK I · · · 0

...
...

. . .
...

CAf−2K CAf−3K · · · I


 ∈ <

mf×mf (3.24)

The assumptions for the innovation formulation become the following,
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A1 The system is asymptotically stable, i.e., eigenvalues of A are strictly

inside the unit circle.

A2 (A, C) is observable and (A, [B K]) is controllable.

A3 The input u and innovation e are jointly stationary and one-way uncor-

related. i.e.,

Ē[e(k)e(l)T ] = Reδkl (3.25)

Ē[e(k)u(l)T ] = 0, for k > l (3.26)

For the combined deterministic-stochastic case, past data Zp is chosen

to be the instrumental variable to remove the effect of noise. It is easy to see

that

lim
N→∞

1

N
EfZ

T
p = lim

N→∞
1

N
Ef [Y

T
p UT

p ] = 0 (3.27)

because of the Eqn (3.25).

Eqn (3.26) only requires that future noise is uncorrelated to the past in-

put, which allows the closed-loop identification using the proposed method. In

order to get consistent identification results, a persistent excitation condition

on the input is required, which is stated in the following lemma.

Lemma 3.2.1. Given general Assumptions A1 ∼ A3 and p ≥ f > n, then

1
N
ZfZ

T
p has mf−n zero singular values when N →∞, if Ē

{
1
N

[
x(k)
uf (k)

]
zp(k)T

}

has full row rank.

Proof. See Appendix C.
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A similar consistency condition, i.e., Ē

{
1
N

[
uf (k)
x(k)

] [
uf (k)
zp(k)

]T
}

has

full row rank, was derived in Viberg et al [98] for the IV-4SID method. Based

on Lemma 3.2.1, we formulate Theorem 3.2.2 for the combined determinate-

stochastic system identification.

Theorem 3.2.2. Given the general assumptions A1 ∼ A3, the persistent ex-

citation condition in Lemma 3.2.1, and the following PCA decomposition,

1

N
ZfZ

T
p = PTT + P̃T̃T (3.28)

then when N →∞, we have

[
Γ⊥f

−HT
f Γ⊥f

]
= P̃M (3.29)

where M ∈ <(mf−n)×(mf−n) is a non-singular matrix.

Proof. See AppendixD.

Remark 3.1 In the SIMPCA approach, Zp is used as the instrumental vari-

able for Zf . Like other instrumental variable approaches, Zp should be

uncorrelated to noise but highly correlated to Zf . In this sense, although

regarded as fully excited for other subspace identification methods, white

noise input is not a suitable input for SIMPCA. This is because

1

N
ZfZ

T
p =

1

N

[
Yf

Uf

]
ZT

p (3.30)

=
1

N

[
YfZ

T
p

UfZ
T
p

]
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where limN→∞ 1
N
UfZ

T
p = 0 if the input is white noise. Chou and Ver-

haegen [10] proposed an alternative approach for white noise input.

Remark 3.2 SIMPCA is applicable to the colored noise that is finitely

correlated. In this case, we only need to separate Zf and Zp farther

beyond the correlation window. Colored noise was considered in Stoica

et al. [88] for SISO systems.

After P̃ is obtained, the estimates of Γf , Hf , and system matrices A,

B, C and D follow the same procedure as in deterministic case.

3.2.1.2 Estimation of Innovation Covariance Re and Kalman Gain
K

In order to identify the noise parameter, first we formulate the state

using the past data Zp to get an extended model without state; then we project

the future output on to the orthogonal complement of the row space of past

data and future input data, i.e.,

[
Zp

Uf

]⊥
, to get the noise information. Here

we introduce Lemma 3.2.3 as the basis of the algorithm.

Lemma 3.2.3. Given general Assumptions A1 ∼ A3, the projection of row

space of past noise onto the orthogonal complement of the row space of the past

output is empty, i.e.,

EpΠ
⊥
Yp

= ∅ (3.31)

where Π⊥
Yp

= I−YT
p (YpY

T
p )−1Yp.
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Proof. See Appendix E.

Based on Lemma 3.2.3, we formulate Theorem 3.2.4 for the noise pa-

rameter identification.

Theorem 3.2.4. Given the combined deterministic-stochastic system and the

general assumptions A1 ∼ A3, we have

Yf/

[
Zp

Uf

]⊥
= GfEf (3.32)

Proof. See Appendix F.

Based on the above theorem, we can develop an algorithm for the iden-

tification of the innovation covariance and Kalman gain using QR factoriza-

tion. QR factorization is also used in the subspace identification methods by

Verhaegen [93], Van Overschee and De Moor [70], and Di Ruscio [84].

Theorem 3.2.5. Given the same conditions in Theorem 3.2.4 and the follow-

ing QR factorization,




Up

Yp

Uf

Yf


 =




R11

R21 R22

R31 R32 R33

R41 R42 R43 R44







Q1

Q2

Q3

Q4


 (3.33)

we have,

R44Q4 = GfEf (3.34)

Proof. See Appendix G.
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In order to identify the noise covariance, we transform the innovation

process into unit variance white sequence, e1, i.e.

e(k) = Fe1(k) (3.35)

where Ē
(
e1(k)e1(k + τ)T

)
= Iδτ , and Re = FFT . Then we have

GfEf = (Gf ⊗ F)E1f = G∗
fE1f (3.36)

where ⊗ denotes Kronecker product and

G∗
f =




F 0 · · · 0
CKF F · · · 0

...
...

. . .
...

CAf−2KF CAf−3KF · · · F


 ∈ <

mf×mf (3.37)

Since GfEf = G∗
fE1f , according to Theorem 3.2.5, we have

R44Q4 = G∗
fE1f (3.38)

Because Q4 is an orthonormal matrix, by choosing

Ê1f = Q4 (3.39)

we have

Ĝ1f = R44 (3.40)

Here we do not need to pay special attention on the structure of G∗
f , since R44

is a lower triangular matrix from QR factorization. Therefore,

F̂ = R44(1 : m, 1 : m) (3.41)
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and

R̂e = F̂F̂T (3.42)

Kalman gain K, actually KF, can be identified from the first block

column of Ĝ∗
f , denoted by Ĝ∗

f1, using the same method as identifying matrices

B and D from matrix Ĥf1. Since

Gf1 =




F
CKF

...
CAf−2KF




=

[
Im×m 0m×n

0m(f−1)×m Γ̂f (1 : m(f − 1), : )

] [
F

KF

]
(3.43)

KF and F can be estimated using least squares, which then leads to

K̂ = (K̂F)F̂−1 (3.44)

provided that F̂ is non-singular, which is true in general.

Notice that the first part of this algorithm, i.e., using projection to

obtain the noise information, was developed by Di Ruscio [84]. Lemma 3.2.3

and Theorem 3.2.4 are a more straightforward formulation and explanation of

the algorithm.
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3.2.2 Errors-in-Variables Formulation

Consider the linear time-invariant system in its errors-in-variables (EIV)

form,

x(k + 1) = Ax(k) + Buo(k) + p(k)

yo(k) = Cx(k) + Duo(k) (3.45)

where uo(k) ∈ <l, yo(k) ∈ <m, and x(k) ∈ <n are noise–free inputs, noise–

free outputs and state variables, respectively. The available observations for

system identification are the measurements of input and output variables,

y(k) = yo(k) + o(k)

u(k) = uo(k) + v(k) (3.46)

where v(k) ∈ <l, o(k) ∈ <m are input and output measurement noise.

The extended state space model corresponding to Eqn (3.45) is,

Yf (k) = ΓfXk + HfUf (k)−HfVf (k) + GfPf (k) + Of (k) (3.47)

Eqn (3.47) can be rewritten into,

[I | −Hf ]Zf = ΓfXk + Nf (3.48)

where

Nf = −HfVf (k) + GfPf (k) + Of (k) (3.49)

The assumptions for the errors-in-variables formulation become,

37



A1 The system is asymptotically stable, i.e., eigenvalues of A are strictly

inside the unit circle.

A2 (A, C) is observable and (A, [B R1/2
pp ]) is controllable.

A3 Process noise p(k), measurement noise o(k) and v(k) are jointly station-

ary and one-way uncorrelated to the input u. i.e.,

E








p(k)
o(k)
v(k)







p(j)
o(j)
v(j)




T




=




Rpp Rpo Rpv

RT
po Roo Rov

RT
pv RT

ov Rvv


 δkj (3.50)

E





u∗(k)




p(j)
o(j)
v(j)




T




= 0 for j ≥ k (3.51)

Assumption A3 assures that past data Zp is a good choice for the

instrumental variable, i.e.,

lim
N→∞

1

N
NfZ

T
p = lim

N→∞
1

N
Nf [Y

T
p UT

p ] = 0 (3.52)

Lemma 3.2.1 and Theorem 3.2.2 also apply by using assumption A3 for

errors-in-variables case. Therefore, Γf and Hf , and system matrices (A, B, C, D)

can be identified in the same way as for innovation formulation.

Because principal component analysis is performed on

[
Yf

Uf

]
, which

resembles total least squares, SIMPCA naturally handles the errors-in-variables

situation.
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3.3 Closed-Loop Applicability

Closed-loop identification refers to the identification of process models

using the data sampled under feedback control. Due to the correlation between

the input and the disturbances entering the process, many subspace algorithms

do not work on closed-loop data [54]. This problem comes from a step in most

SIMs that projects the future data on U⊥
f , which requires future input to

be uncorrelated to past noise. In SIMPCA we avoid this projection so that

the requirement of uncorrelated input and noise can be relaxed to one-way

uncorrelated input and noise. Since the closed-loop system is assumed to

be stable, the noise-free input (output of the controller) u(k) (uo(k) for EIV

formulation) is a stationary process. It can easily be shown that the future

noise is independent to the past input. Therefore, SIMPCA can be applied to

consistently estimate the system model from closed-loop input-output data,

given that the persistence of excitation requirement is satisfied.

Recall Remark 3.1 in Sec 3.2.1 that because the instrumental variable

Zp is applied to Zf , SIMPCA requires correlated input for open loop operation

in order to satisfy the persistent excitation condition. In the closed-loop case,

the correlated input perturbation is required, also due to the use of instrumen-

tal variable. This point is further illustrated through a simulation example in

Sec. 4.2.2. In summary, SIMPCA is applicable to closed-loop data, provided

that the input perturbation is not white, similar to Chou and Verhaegen [10].

Huang et al [34] propose an remedy for the case of white input perturbation

by including the input perturbation in the instrumental variables, which works
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for white perturbation under closed-loop operation.

3.4 SIMPCA with Column Weighting

Like other subspace-based system identification methods, SIMPCA also

obtains an estimate of the extended observability matrix first, that is, the

column space of the extended observability matrix. It is thus of great interest

to optimize the estimate of the observability matrix. One special direction is to

apply certain weighting matrix to improve the estimate. Several contributions

in the literature have appeared in this area [7, 30, 36, 98]. In Viberg et al. [98],

an optimally weighted subspace fitting procedure was proposed. In Jansson

and Wahlberg [36], 4SID algorithms were viewed as weighted linear regression

multi-step ahead prediction error methods. In Katayama and Picci [41], the

basic step of system realization is a factorization of a conditional covariance

matrix based on canonical correlation analysis. Although different approaches

of analysis were adopted, it is interesting to note that the column weightings in

Jansson and Wahlberg , Katayama and Picci and Verhaegen [93] all correspond

to the CVA weighting of Larimore [46].

In Gustafsson [30], an asymptotic analysis of the estimated observ-

ability matrix is presented, and an optimal column weighting matrix Wo
c is

derived. It is also interesting to note that an approximation of Wo
c given

in Gustafsson is the same as the column weighting employed by CVA and

MOESP, as pointed out in Viberg et al [98].

The following derivations are based on the innovation formulation, and
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can be applied to errors-in-variables formulation directly. The approximate

optimal weighting in Gustafsson is

Wa
c = (Rzpzp −RT

ufzp
R−1

ufuf
Rufzp)

− 1
2

= (
1

N
ZpΠ

⊥
Uf

ZT
p )−

1
2 (3.53)

where Π⊥
Uf

= I−UT
f (UfU

T
f )−1Uf .

In the framework studied in Gustafsson (2002), an instrumental variable

reduces Eqn (2.21) to the following relation,

lim
N→∞

1

N
YfΠ

⊥
Uf

ZT
p = lim

N→∞
1

N
ΓfXkΠ

⊥
Uf

ZT
p (3.54)

post-multiplying the column weighting in Eqn (3.53) leads to:

lim
N→∞

1

N
YfΠ

⊥
Uf

ZT
p (ZpΠ

⊥
Uf

ZT
p )−

1
2 = lim

N→∞
1

N
ΓfXkΠ

⊥
Uf

ZT
p (ZpΠ

⊥
Uf

ZT
p )−

1
2

(3.55)

Denoting ZU⊥ ≡ ZpΠ
⊥
Uf

as the generalized instrumental variable, the left

hand side of the above equation reduces to

YfZ
T
U⊥(ZU⊥ZT

U⊥)−
1
2 = YfZ

T
U⊥W

a
c (3.56)

Therefore, the approximate optimal column weighting can be inter-

preted as scaling the generalized instrumental variable to unit variance since

(ZT
U⊥W

a
c )

T (ZT
U⊥W

a
c ) = Wa

cZU⊥ZT
U⊥W

a
c = I (3.57)

Because SIMPCA also picks the subspace by performing SVD (PCA) on

process data and the instrumental variable is applied to remove noise, it would
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be beneficial to scale the instrumental variable to unit variance. In SIMPCA,

since projecting out of future input is avoided, the generalized instrumental

variable is just past data Zp. In this case, Wa
c is simply

(
ZpZ

T
p

)− 1
2 , which is

the same weighting applied in IV-4SID [96].

In summary, SIMPCA with column weighting (SIMPCA-Wc) is based

on the following equation,

1

N

(
Γ⊥f

)T
[I | −Hf ]ZfZ

T
p

(
ZpZ

T
p

)− 1
2 =

1

N

(
Γ⊥f

)T
GfEfZ

T
p

(
ZpZ

T
p

)− 1
2 (3.58)

The right hand side of Eqn (3.58) goes to zero as N →∞ due to Assumption

A3. Therefore, performing PCA on ZfZ
T
p

(
ZpZ

T
p

)− 1
2 can extract the resid-

ual space which contains the system information. The remaining steps in

SIMPCA-Wc to estimate A, B, C, D and Re, K are the same as in SIM-

PCA. Simulation results show that the column weighting matrix
(
ZpZ

T
p

)− 1
2

can significantly improve the variance of estimates compared to SIMPCA, as

shown in the next chapter.

3.5 Determination of the System Order

Many methods are available in system identification to determine the

system order [53]. In the context of PCA there are also numerous methods

available for determining the number of principal components, which is related

to the order of the state space model [92]. In this section we use the Akaike

Information Criterion (AIC), which was originally developed by Akaike [1] and

then adapted by Larimore [46, 49] for SIM. The original AIC was derived from
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a maximum likelihood estimate [1]. Since we use PCA for SIM, it is possible to

use AIC for order determination for the following reasons: i) Anderson [3] ex-

pressed PCA in a maximum likelihood formulation; ii) Wax and Kailath [105]

applied AIC to determine the number of principal components; and iii) Akaike

[2] developed AIC for a general class of factor analysis models, of which PCA

is a special form. To exactly apply AIC for order estimation, the model pre-

diction needs to be optimal in the given class of models. In the context of SIM

the optimal prediction is yet to be developed. Instead, we will use the sim-

ulation error from a characteristic polynomial approach and a reconstruction

error approach. In this work we count the number of model parameters in the

state space model in the way similar to Larimore [49].

Given a set of samples, for a sequence of system order n, e.g., n ∈
[ 0 · · · 20 ], the order of the model will be the one which makes the following

AIC index

AICN(n) = N
(
m(1 + ln 2π) + ln |

∑
n
|
)

+ 2δnMn (3.59)

the minimum, where
∑

n
=

1

N

N∑

k=1

e(k)e(k)T (3.60)

e(k) = y(k)− ŷ(k) (3.61)

is the one-step ahead prediction error,

Mn = 2nm +
m(m + 1)

2
+ nl + ml (3.62)
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is the total number of unknown parameters in the model, and

δn =
N

N − (Mn

m
+ m+1

2
)

(3.63)

is a factor to account for limited number of samples. There are two ways to

calculate the AICN(n).

1. Set f as the upper bound of the possible system order n, calculate

AICN(n) for n = 1 , 2 , · · · , f − 1.

2. Set f = n + 1 and calculate AICN(n) for n = 1 , 2 , · · · , nmax.

In the first approach, we formulate the data matrices Zf and Zp only once,

the computation load is minimal. However, we need to select a relative large f

to make sure that the true system order is included. Since f determines how

far apart the instrumental variable Zp is from the data Zf , an overly large f

reduces the correlation between the data and the instrumental variable, which

is undesirable. Our experiences show that f = n + 1 gives best identification

for most situations. In the second approach this drawback is removed, but we

need to reformulate the data matrices and calculate the PCA loadings for each

n, significantly increasing the computation load. Based on the above analysis,

we recommend that the second approach should be used for initial, off-line

modelling and the first approach for model updating or on-line determination

of the system order.

Apparently, the key to the calculation of AICN(n) is the calculation of

the model prediction error y(k)−ŷ(k). Here we give two different algorithms to
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calculate the prediction error, namely, characteristic polynomial (CP) method

and reconstruction error (RE) method. The CP method requires the calcula-

tion of Â matrix from Γ̂f in order to find the characteristic polynomial. The

RE method is based on the work of Qin and Dunia [82] which requires the P̃

loading matrix only. Another difference is that the RE method finds ŷ(k) by

an orthogonal projection to the principal component subspace.

3.5.1 Characteristic Polynomial Method

Denoting the characteristic polynomial of Â as

| λ I− Â | = λn + α1λ
n−1 + · · ·+ αn (3.64)

and

Γ⊥CP =
[

αnIm αn−1Im · · · Im 0 · · · 0
]T ∈ <m×fm (3.65)

where Im is an m × m identity matrix, and 0 is an m×m zero matrix, we

have

(
Γ⊥CP

)T
Γf =

[
αnIm αn−1Im · · · Im 0 · · · 0

]




C
CA
...
CAn

...
CAf




= C
[
αnIn + · · ·+ α1A

n−1 + An
]

= 0 (3.66)

the last equality holds because of the Caley-Hamilton theorem [39].
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The extended state space model in vector form can be rewritten as the

following,

[I | −Hf ] zf (k − n) = Γfx(k − n) + εf (k − n) (3.67)

Pre-multiplying Eqn (3.67) with
(
Γ⊥CP

)T
, the state vector x(k − n) is elimi-

nated,
(
Γ⊥CP

)T
[I | −Hf ] zf (k − n) =

(
Γ⊥CP

)T
εf (k − n) (3.68)

Notice that

(
Γ⊥CP

)T
[I | −Hf ] zf (k − n) =

i=n∑
i=1

αiy(k − i) + y(k)− (
Γ⊥CP

)T
Hfuf (k − n)

(3.69)

Denoting

ŷ(k) = −
n∑

i=1

αiy(k − i) +
(
Γ⊥CP

)T
Hfuf (k − n) (3.70)

then from Eqn (3.68), the model prediction error is

y(k)− ŷ(k) =
(
Γ⊥CP

)T
[I | −Hf ] zf (k − n) (3.71)

Note that this CP method does not need to calculate the system matrices

B, C and D during the AIC step, which saves computation time.

3.5.2 Reconstruction Error Method

From a PCA model it is possible to estimate a subset of variables from

others using the reconstruction error method [19, 28, 111]. We take the vector

zf (k) =

[
yf (k)
uf (k)

]
as a sample vector. During the subspace identification
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procedure, a PCA model of the vector zf (k) can be obtained. The f -th block

element of vector zf (k), y(k) can be reconstructed along the direction

Ξ =




01

Im

02


 ∈ <(mf+lf)×m (3.72)

where Im is an m×m identity matrix, 01 is an (f − 1)m×m zero matrix and

02 is an lf ×m zero matrix. Based on this direction, the reconstructed vector

for zf (k − f + 1) is

zf (k − f + 1) =




y(k − f + 1)
y(k − f + 2)

...
ŷ(k)

uf (k − f + 1)




= zf (k − f + 1)−Ξe(k) (3.73)

The optimal reconstruction zf (k − f + 1) has the minimal distance to

the PCA model, which leads to

e(k) = arg min
e(k)

‖z̃f (k − f + 1)‖2

= arg min
e(k)

‖z̃f (k − f + 1)− Ξ̃ e(k)‖2 (3.74)

where z̃f (k− f + 1) = P̃P̃
T
zf (k− f + 1) is the projection of zf (k− f + 1) to

the residual subspace. The model prediction error from Eqn (3.74) is

e(k) = Ξ̃†zf (k − f + 1) (3.75)

which can be used in Eqn (3.59) to calculate AICN(n).
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3.6 Summary and Discussion

In this chapter, a new subspace identification algorithm via PCA is

proposed together with its consistency analysis. While most existing subspace

identification methods use the observable subspace to estimate the observabil-

ity matrix, SIMPCA uses the null space or parity space that has been used in

fault detection literature to extract the system information. SIMPCA makes

use of PCA to extract the extended observability matrix (Γf ) and Toeplitz ma-

trix (Hf ) from input and output data, much similar to the total least squares

in the sense that both input and output variables are included in the PCA de-

composition, which naturally handles errors-in-variables situation. SIMPCA

with a column weighting is proposed to improved the accuracy in the model

estimates. Two system order determination methods based on AIC are also

proposed.

For combined deterministic-stochastic realization, SIMPCA can handle

both innovation and errors-in-variables formulations by removing the noise

term through application of the instrumental variable. For the innovation

formulation, unbiased estimates of both deterministic (A, B, C and D) and

stochastic parameters (Kalman gain K and innovation variance Ree) can be

obtained through PCA and QR factorization. For the errors-in-variables for-

mulation, unbiased estimates of the system matrices A, B, C and D can be

obtained. Consistency analyses for both the deterministic realization and the

combined deterministic-stochastic realization are given and the consistency

conditions boil down to two full rank conditions between the system state and
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stacked input signals.

SIMPCA is applicable to closed-loop identification, because the consis-

tency of SIMPCA only requires the input signal u(k) to be uncorrelated with

the future noises. If this is the case, which is true for both open loop and

closed-loop operation, and if the persistent excitation condition is satisfied,

SIMPCA can be applied to obtain consistent estimates of system matrices

given closed-loop data. In SIMPCA, because past input and output are used

as instrumental variables for future input and output to eliminate noises in all

variables, the input perturbation needs to be autocorrelated in order to satisfy

the persistency of excitation requirement.

A few contributions appeared in the EIV and closed-loop identification

need to be mentioned.

In Huang et al. [34] a subspace orthogonal projection identification

method (SOPIM) for closed-loop identification is proposed based on the SIM-

PCA structure. In the proposed SOPIM, the parity space is extracted through

an orthogonal projection of the future input and output on the row space of

past input and output, i.e.,

(
Γ⊥f

)T [
I −Hf

]
Zf/Zp =

(
Γ⊥f

)T
GfEf/Zp (3.76)

where the right hand side goes to zero when the number of observations goes

to infinity. It is interesting to notice that the projection of future data on the

row space of past data is

Zf/Zp = ZfZ
T
p (ZpZ

T
p )−1Zp (3.77)
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which is closely related to SIMPCA-Wc, as shown in the following,

ZfZ
T
p Wc = ZfZ

T
p (ZpZ

T
p )−

1
2 (3.78)

We have shown in Sec 3.4 that ZT
p (ZpZ

T
p )−

1
2 has unit variance, it is clear that

ZT
p (ZpZ

T
p )−1Zp =

(
ZT

p (ZpZ
T
p )−

1
2

)(
ZT

p (ZpZ
T
p )−

1
2

)T

also has unit variance.

It is pointed out in [34] that if the input perturbation is white noise,

the controller dynamic will also fall into the left null space of ZfZ
T
p , which

explains why SIMPCA and SOPIM will give biased estimate for closed-loop

data with white perturbation. A remedy to this problem is also proposed in

[34]. By including the input perturbation as part of the instrumental variable,

it is guaranteed that the left null space of ZfZ
T
p contains only the process

dynamic.

Chou and Verhaegen [10] proposed an algorithm for subspace identifi-

cation based on EIV formulation, which is also applicable to closed-loop data.

In their algorithm, instrumental variables (past input and output) are applied

first to remove the noise, then QR factorization is applied to project out the

future input. Because projecting out UfZ
T
p is applied, at least one sample

time delay in the controller is required for their algorithm to give unbiased

estimate. In SIMPCA no such restriction is placed because projecting out

the future input is avoided. The biggest difference between SIMPCA and the

algorithm proposed in [10] is that SIMPCA extracts the parity subspace to

estimate the system model, while the algorithm in [10] extracts the observable

subspace where projecting out the UfZ
T
p is necessary.
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Qin and Ljung [79] proposed PARSIM-E to solve the closed-loop identi-

fication through eliminating the noncausal term from the problem formulation.

It is the non-causal terms in the future input matrix that makes the closed-

loop estimate biased. In [79], a consistent estimate of the system model is

obtained using parsimonious model formulation with innovation estimation.

Because no instrumental variables are applied, PARSIM-E can be applied to

both white and correlated input perturbation, provided that the persistent

excitation condition is satisfied. The drawback is that the computation in

PARSIM-E is more complicated due to the parsimonious formulation as com-

pared to other subspace identification methods based on non-parsimonious

formulations.
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Chapter 4

A Novel Subspace Identification Method

Based On Principal Component Analysis

Part II: Simulation Examples

In this chapter the results of two simulation case studies and one in-

dustrial case study are presented to demonstrate the performance of SIMPCA

algorithm. The first simulation example is a fourth order MIMO system, where

both innovation and errors-in-variables formulations are examined. The sec-

ond simulation example is a first order SISO system, where both open loop and

closed-loop operations are examined. In the first example, the system order is

determined through AIC index, and in the second example, the system order

is given. Monte Carlo simulations for both examples are conducted; results

from SIMPCA, N4SID with CVA weighting in the Matlab System Identifica-

tion Toolbox (version 5.0) (CVA via N4SID), SIMPCA with column weighting

(SIMPCA-Wc) and MOESP-PO are presented for comparison.

The industrial example is a waster water treatment process with three

input and one outpu. In this example, the ystem order determined via AIC in-

dex, and the system identified from DPCA and SIMPCA are compared through

prediction error. This example can also be found in Wang and Qin [102].
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4.1 Example 1: Fourth Order MIMO System

Consider the following binary-input binary-output system given in state

space form, where the system matrices are the following,

A =




0.67 0.67 0 0
−0.67 0.67 0 0

0 0 −0.67 −0.67
0 0 0.67 −0.67


 B =




0.6598 −0.5256
1.9698 0.4845
4.3171 −0.4879

−2.6436 −0.3416




C =

[ −0.5749 1.0751 −0.5225 0.1830
−0.2977 0.1543 0.1159 0.0982

]
D =

[ −0.7139 0.1174
−0.3131 0.2876

]

The noise-free input excitation is the combination of 10 sinusoidal waves

with different frequencies:

u(1, k) =
1

A1

10∑
j=1

sin (0.3898πjk)

u(2, k) =
1

A2

10∑
j=1

sin (0.5223πjk) (4.1)

where 1
A1

and 1
A2

are scaling factors to make the input unit variance.

4.1.1 Deterministic Case

2000 samples of the input and output data are generated to identify the

system order and system matrices. First, we use AIC index to determine the

system order. Since the first approach (f = n + 1) and the second approach

(f fixed) give very similar results, we only show the results from the first

approach. Figure 4.1 shows the AIC index of various system order in the

noise-free case. The AIC indices based CP and RE methods indicate that the
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system order is 4. Figure 4.2 shows the identified poles and zeroes, which are

exactly the same as the true model values.
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Figure 4.1: System order determination : deterministic case

For this deterministic case, MOESP, CVA and SIMPCA-Wc can iden-

tify the correct system order, exact poles and zeroes. Therefore, we show the

results from SIMPCA only while skipping the results from MOESP, CVA and

SIMPCA-Wc.

4.1.2 Innovation Formulation

First we look at the system in its innovation formulation. We use the

following model to generate simulation data.

x(k + 1) = Ax(k) + Bu(k) + Ke(k) (4.2)

y(k) = Cx(k) + Du(k) + e(k) (4.3)

where Kalman gain K =

[
0.4523 −0.1247 −0.5725 −0.4759

−0.5921 0.4675 −0.0951 −0.5136

]T

.
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∗ estimated value + model value

In the combined deterministic-stochastic case, process noise e(k) is set

to be zero-mean white noise with covariance

[
(0.4)2 0

0 (0.4)2

]
. If we transform

the process noise into unit variance as the following,

e(k) = Fe1(k) (4.4)

then F =

[
0.4 0
0 0.4

]
and e1 is a zero-mean white noise sequence with unit

variance.

A Monte Carlo experiment is conducted whereby in each run we gen-

erate another process noise sequence e(k). A total number of 50 runs are

performed. For each run, 2000 data points are collected for identification.

The order determination from different methods are given in Fig. 4.3.

Notice that in the original CVA algorithm, the system order is determined

through AIC index, the N4SID function with CVA weighting determines the
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system order through observing the magnitude of the singular values. Clearly,

all methods identify the correct system order for the innovation formulation.
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Figure 4.3: System order determination : innovation formulation

Given correction system order, for SIMPCA and SIMPCA-Wc, f = 5

and p = 15; for CVA(via N4SID) and MOESP, s = 10. Therefore, all algo-

rithms have the same data stack length. The scatter plot of the estimated poles

and zeros are given in Fig. 4.4 and Fig. 4.5. From these figures, we observe that
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all algorithms give quite accurate pole estimates. It seems that SIMPCA-Wc,

CVA(via N4SID) and MOESP perform slightly better than SIMPCA in term

of the estimate variance. But the identified zeroes are not as good as poles for

all algorithms. Future work is needed to examine why subspace identification

methods are less accurate in estimating zeroes than in estimating poles.
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Figure 4.4: Scatter plot of pole estimates with innovation formulation
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Figure 4.5: Scatter plot of zero estimates with innovation formulation

For the stochastic part, since the estimated system matrices can be dif-

ferent from the model matrices by a similarity transformation, we examine the

matrix F for noise characteristic and the zeroes of the system [A, K, C, I],

instead of examining the matrix K itself, to test the accuracy of the identified

innovation dynamics.
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Figure 4.6: Scatter plot of zero estimate for system [A, K, C, I] with inno-
vation formulation

Because SIMPCA-Wc and SIMPCA follow the same procedure to esti-

mate stochastic part, and MOESP only estimates the deterministic part, only

results from SIMPCA and CVA(via N4SID) are plotted in Fig. 4.6. From

Fig. 4.6 it can be seen that both methods give quite accurate estimates, while

estimates from CVA(via N4SID) are a little biased.

The Matlab N4SID function does not calculate the error variance esti-

mate. The identified F matrix from SIMPCA is

F̂ =

[
0.3918 0
0.00026 0.3924

]

From Fig. 4.6 and F̂ we observe that SIMPCA gives very good estimate of the

innovation process information.
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4.1.3 Errors-in-Variables Case

This case was considered in Wang and Qin (2002). In errors-in-variables

case, we use the following model to generate simulation data.

x(k + 1) = Ax(k) + Bu∗(k) + p(k) (4.5)

y∗(k) = Cx(k) + Du∗(k) (4.6)

where both input and output signals are corrupted with noise

u(k) = u∗(k) + w(k)

y(k) = y∗(k) + v(k)

Here each noise sequence is a Gaussian process with zero mean and the fol-

lowing standard deviation: σu = 0.4, σy = 0.4 and σp = 0.2.

Another Monte Carlo simulation is conducted under the same condition

as in Section 4.1.2, except that 5000 data points are used for identification.

Fig. 4.7 shows the order determination result. When there is input

measurement noise, MOSEP and N4SID with CVA weighting give misleading

results if one is to find ”jumps” in the singular values. The AIC methods

proposed in Sec. 3.5 indicate clearly that the system order is 4.

Given the correct system order, the scatter plot of pole estimate from

different methods are plotted in Fig. 4.8. As we discussed before, errors-in-

variables can make the estimate biased if only output errors are considered.

Fig. 4.8 shows that both CVA(via N4SID) and MOESP give biased pole es-

timates while SIMPCA and SIMPCA-Wc give unbiased estimates. Again,
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Figure 4.7: System order determination: EIV case

applying the column weighting reduces estimate variance from SIMPCA sig-

nificantly.
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4.2 Example 2: First Order SISO System

In this example we examine the identification results of system model

under both open loop and closed-loop operations. The correct system order is

given. The system under test is given by the following difference equation:

y(k)− 0.9y(k − 1) = u(k − 1) + e(k) + 0.9e(k − 1) (4.7)

The input to the system has the following structure

u(k) = −λy(k) + r(k) (4.8)

We can set λ to different values to achieve both open loop and closed-loop

operation easily.

We consider the situation where the open loop input excitation signal

r(k) is a moving average process:

r(k) = (1 + 0.8 q−1 + 0.6 q−2)r0(k) (4.9)

where r0(k) is a zero mean white noise sequence with unit variance.

4.2.1 Open Loop Case

We set λ = 0 to achieve the open loop operation. Results for combined

deterministic-stochastic case are reported here. Process noise e(k) is added to

the system, where e(k) is a zero mean white noise sequence with standard de-

viation σe = 1.2. Again, Monte Carlo experiments are conducted and 50 runs

are performed. For each run, 7000 data points are collected for identification.
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For SIMPCA and SIMPCA-Wc, f = 2 and p = 12; for CVA(via N4SID) and

for MOESP, s = 7. Fig. 4.9 and Fig. 4.10 show the Bode plot of the identified

system and the scatter plot of the estimated pole from different algorithms.

Fig. 4.10 shows that SIMPCA is slightly worse compared to the other three

methods in terms of estimate variance, but SIMPCA-Wc gives good results.
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Figure 4.9: Bode plot of the identified system for the open loop case
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Figure 4.10: Scatter plot of the estimated pole for the open loop case
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In order to compare the relative efficiency of different methods, we

look at the mean squared error of the pole estimation given different number

of samples. The asymptotic performance is shown in Fig. 4.11. It shows

that SIMPCA-Wc performs similarly to CVA(via N4SID) and MOESP, while

SIMPCA is worse than the other three methods.
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Figure 4.11: Mean squared error of pole estimate versus number of samples
for the open loop case
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4.2.2 Closed-Loop Case

Under closed-loop operation we set λ = −0.6. As discussed before,

many subspace algorithms do not work for closed-loop data because those

methods projects the future output data on U⊥
f , which requires future input

to be uncorrelated with the past noise in order to achieve consistent estimate.

Therefore, if the future input is not correlated with the past noise (deter-

ministic case in this example), all methods should work well even under the

closed-loop operation. Fig. 4.12 and Fig. 4.13 show the Bode plot and the

scatter plot of the estimated pole from different algorithms under determinis-

tic case. As expected, all methods give accurate estimates.

If the future input is correlated to the past noise which is true for most

closed-loop operation (combined deterministic-stochastic case in this exam-

ple), projection of the future output data on U⊥
f will cause biased estimate.

Fig. 4.14 and Fig. 4.15 show the Bode plot and the scatter plot of the esti-

mated pole under combined deterministic-stochastic case where the number

of data points is 105. Apparently CVA(via N4SID) and MOESP give biased

estimates, while estimates from SIMPCA and SIMPCA-Wc are unbiased. We

also plot the asymptotic performance of different methods under closed-loop

in Fig. 4.16, which confirms that SIMPCA and SIMPCA-Wc give unbiased

estimates. Compared to the more efficient SIMPCA-Wc, SIMPCA requires

more data to achieve same level of estimate variance.
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Bode Diagram
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Figure 4.12: Bode plot of the identified system–closed loop without noise
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Figure 4.13: Scatter plot of the estimated pole–closed loop without noise
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Figure 4.14: Bode plot of the identified system for the closed-loop case
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Figure 4.15: Scatter plot of the estimated pole for the closed-loop case

71



10
2

10
3

10
4

10
5

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

number of samples

M
S

E

SIMPCA
CVA
SIMPCA−Wc
MOESP

Figure 4.16: Mean squared error of pole estimate versus number of samples
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As we discussed in Remark 3.1, white input is not suitable for SIM-

PCA because SIMPCA is an instrumental variable approach which requires

instrumental variables (past input and output) to be correlated with future

input and output. Therefore, white input does not satisfy the excitation con-

dition required in Lemma 3.2.1. For the closed-loop case, if output feedback is

applied as the control law, SIMPCA gives biased estimates if the input exci-

tation is white which is analyzed in detail in Huang et al. (2003). The reason

that SIMPCA does not work for white noise excitation is because the con-

troller adds additional dimensions to the residual space of the data matrix. To

illustrate this point we put the controller output into a stacked matrix form,

Uf = −KcYf + Rf (4.10)

moving Yf and Uf to the same side of the equation,

[ Kc I ]Zf = Rf (4.11)

where Kc is a triangular matrix for the proportional feedback controller in this

example, therefore Kc has full rank. Applying the instrumental variable as in

SIMPCA, we have

1

N
[ Kc I ]ZfZ

T
p =

1

N
RfZ

T
p (4.12)

Notice that limN→∞ 1
N
RfZ

T
p = 0 if the input excitation rf is white noise.

Therefore, the controller added additional dimensions to the residual space,

which makes SIMPCA no longer working for this case. Huang et at. (2003)

gives an improved method that works under closed-loop for the case of white

noise excitation.

73



4.3 Example III: Industrial Case Study

In this example, we identify the system matrices for a waste water

treatment process with three inputs and one output. To assess the proposed

algorithm, we also identify the dynamic PCA (DPCA) model (e.g. P̃ of Zf )

and compare the respective prediction errors of the output. We compare with

DPCA because DPCA is somehow an accepted extension of PCA to dynamic

processes. The process data are shown in Fig 4.17.

0 500 1000 1500 2000 2500 3000 3500
−5

0

5

In
pu

t 1

0 500 1000 1500 2000 2500 3000 3500
−5

0

5

In
pu

t 2

0 500 1000 1500 2000 2500 3000 3500
−5

0

5

In
pu

t 3

0 500 1000 1500 2000 2500 3000 3500
−5

0

5

O
ut

pu
t

Figure 4.17: Process data
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We use all the data with 3602 points sampled from the process to carry

out our case study. First, we determine the order of the model. We use both

CP and RE approaches to calculate the AIC index.

Table 4.1: Order Determination result from SMI-PCA

f = n + 1 f fixed
CP 3 3
RE 3 3

Table 4.2: Order Determination result from DPCA

f = n + 1 f fixed
CP 1 1
RE 2 1

The order result from different approach and different models are sum-

marized in Table 1 and Table 2. From Tables 1 and 2, we choose system order

to be 3 for the SIMPCA model, and 1 for the DPCA model. The prediction er-

rors e(k) generated from the SIMPCA model and the DPCA model are shown

in Figure 4.18. The DPCA model with the same order as the SIMPCA model

gives even worse results than what is shown in Fig. 4.18b. It is clear that the

SIMPCA model with instrumental variables predicts the output much better

than the DPCA model.
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Figure 4.18: Prediction errors from different models

In order to test the numerical stability of SIMPCA, we perform another

experiment with duplicated outputs. In this experiment, we use three inputs

and two outputs to perform the system identification, where the two outputs

are exactly the same. The AIC index for order determination is about the

same as the single output case. The identified system matrices C and D are:
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Ĉ =

[ −0.2249 0.5507 0.3546
−0.2249 0.5507 0.3546

]

D̂ =

[ −0.0069 −0.7365 0.3587
−0.0069 −0.7365 0.3587

]

and the eigenvalues of matrix Â is:

eig(Â) =





0.9985
−0.4061 + 0.2774 i
−0.4061 − 0.2774 i

Comparing to the eigenvalues of matrix Â for the single output case:

eig(Â) =





0.9985
−0.4079 + 0.2729i
−0.4079 − 0.2729i

it can be seen that the SIMPCA algorithm is numerically stable even with

collinear outputs.

77



4.4 Summary

In this chapter, two simulation examples and an industrial example are

used to illustrate the performance of the proposed methods given in Chapter 3.

The results from simulation examples show that:

• SIMPCA and SIMPCA-Wc provide consistent estimate of system models

with errors-in-variables situation for correlated input signal.

• SIMPCA and SIMPCA-Wc provide consistent estimate of system models

for closed-loop data for correlated input excitation.

• The designed column weighting can significantly reduce the variance of

the estimate.

• Order determination methods based on AIC criterion give consistent

estimates of the model order.
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Chapter 5

Literature Review on Process Monitoring

The increasing demand for safer and more reliable systems in modern

process operations leads to the rapid development of fault detection and iden-

tification (FDI) techniques. Because physical systems are often subjected to

unexpected changes, such as component failure or external disturbance, ev-

ery industrial process has the potential to deviate from its normal operation

region. In order to maintain a high level of performance, it is crucial that

faults are promptly detected and identified so that appropriate remedies can

be applied. For example, the early indication of incipient faults can help avoid

major plant breakdowns, therefore, substantial material damage and even hu-

man injury can be avoided.

In general, four activities are involved in the process monitoring [76]:

fault detection [51, 56, 110, 114], which gives the indication that something is

going wrong in the process; fault identification and diagnosis [21, 25, 32, 75, 83,

108, 113], which determines the root cause of the fault; fault estimation, which

assesses the size of the fault; and fault reconstruction [17, 18], which estimates

the fault-free values. In the past a few decades, a large variety of methods have

been proposed to solve the fault detection and isolation problems. Two types of
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approaches, model-based approaches [11, 14, 21, 22, 25, 29, 61, 68, 73, 108] and

multivariate statistical approaches [17, 19, 44, 45, 52, 59, 76, 87, 110, 113], have

received significant attention.

Model-based methods are based on the analytical redundancy afforded

by a mathematical model of the system. Kalman filters [62, 63, 107], the gener-

alized likelihood ratio method [65, 73, 109] and the parity space approach [11,

14, 24] are some examples. The major components of these techniques are

residual generation and decision making. In these approaches, residuals are

generated based on the analytical redundancy, whose value are normally zero

or closed to zero when no fault occurs and differ significantly from zero other-

wise. These methods require a mathematical model of the system, either from

first principles or from prior identification.

Multivariate statistical approach, also called statistical process moni-

toring (SPM), refers to the use of statistical techniques to monitor the variabil-

ity of a process to detect the abnormality in the process. The use of principal

component analysis (PCA) and partial least squares (PLS) to build low di-

mensional models for the analysis and monitoring of complex processes is now

well established [60, 106, 110, 113]. SPM is very attractive, mainly due to two

reasons. First, it only requires a good historical database of normal operation

to do fault detection. Second, PCA/PLS can significantly reduce the model

dimension, which improves the accuracy of fault detection. In SPM, having

established an in-control model, future behavior can be referenced against this

model to detect faults by using statistics such as Hotelling’s T 2 and squared
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prediction error (SPE).

In this chapter, the parity space approach and PCA-based fault de-

tection method are reviewed. Advantages and disadvantages related to both

methods are discussed, and the relationship between two approaches are given.

5.1 Parity Space Approach for Fault Detection

An important concept of model-based fault detection is analytical re-

dundancy, which basically takes two forms: 1) the direct redundancy—the

relationship among instantaneous outputs of sensors and actuator inputs; and

2) the temporal redundancy—the relationship among the histories of sensor

outputs and actuator inputs [11]. In contrast to physical/hardware redun-

dancy, where measurement from different sensors are compared, in parity space

approach, measurements are compared to analytically obtained values of the

respective variable.

5.1.1 Direct Redundancy

Direct redundancy exists among sensors whose output are algebraically

related. It can be easily obtained for a linear static system [23]. Consider the

following deterministic linear static system,

yo(k) = Auo(k) (5.1)

where uo(k) ∈ <l, yo(k) ∈ <m are noise-free input, noise-free output respec-

tively. Under normal operation, the input and output measurements u(k) and
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y(k) are:

y(k) = yo(k) + o(k)

u(k) = uo(k) + v(k) (5.2)

where measurement noise v(k) ∈ <l, o(k) ∈ <m are zero-mean white noise.

By defining z(k) =

[
y(k)
u(k)

]
, and z(k) = zo(k)+e(k), where e(k) =

[
o(k)
v(k)

]
,

it is easy to obtain

Ωzo(k) = 0 (5.3)

where Ω = [I −A], and

Ωz(k) = Ωe(k) (5.4)

Therefore, given model matrix A, the parity relations can be derived

from Eqn (5.3),

ro(k) = Ωzo(k) = 0 (5.5)

r(k) = Ωz(k) = Ωe(k) (5.6)

where r(k) is the set of primary residuals which are computed from the obser-

vations but depend only on the faults for deterministic case. It is clear that

the primary residual is zero in the ideal normal situation. While in practice,

the residual is seldom zero and its deviation from zero is the combined result

of noise and faults. If any significant noise present under normal operation,

Eqn (5.4) shows that the residual is also a zero-mean white noise and statistical

analysis (statistical testing) can be applied for fault detection [25].
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5.1.2 Temporal Redundancy

The temporal redundancy describes the relationship among inputs and

outputs at different times, which facilitates the comparison of sensors among

which direct redundancy does not exist. For a linear dynamic system, the tem-

poral redundancy can be obtained based on the extended state space model.

Consider the following deterministic model for a general linear time–

invariant (LTI) process,

x(k + 1) = Ax(k) + Buo(k)

yo(k) = Cx(k) + Duo(k) (5.7)

where uo(k) ∈ <l, yo(k) ∈ <m are noise–free input, noise–free output and

x(k) ∈ <n is the state variable.

The corresponding combined deterministic-stochastic state space model

in its errors-in-variables formulation is:

x(k + 1) = Ax(k) + Buo(k) + p(k)

yo(k) = Cx(k) + Duo(k) (5.8)

where p(k) ∈ <n is process noise. The input and output measurements are

corrupted with measurement noise,

y(k) = yo(k) + o(k)

u(k) = uo(k) + v(k) (5.9)

where v(k) ∈ <l, o(k) ∈ <m are input and output noises.
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In order to model the system dynamics, the extended state space model,

i.e., the relationship between the stacked consecutive variables, is considered.

For an arbitrary time point k taken as the current time, the output stack

vector is defined as the following:

ys(k) =




y(k − s + 1)
y(k − s + 2)
...
y(k)


 ∈ <

ms (5.10)

Notice that ys(k) = yf (k−f +1), if s = f . For deterministic case, by iterating

Eqn (5.7), it is easy to obtain

yo
s(k) = Γsx(k − s + 1) + Hsu

o
s(k) (5.11)

where Γs is the extended observability matrix with rank n,

Γs =




C
CA
...
CAs−1


 ∈ <

ms×n (5.12)

and Hs is the block Toeplitz matrix.

Hs =




D 0 · · · 0
CB D · · · 0

...
...

. . .
...

CAs−2B CAs−3B · · · D


 ∈ <

ms×ls (5.13)

For combined deterministic stochastic case, by iterating Eqn (5.8), the

following equation is obtained,

ys(k) = Γsx(k − s + 1) + Hsus(k)−Hsvs(k) + Gsps(k) + os(k) (5.14)
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where Gs =




0 0 · · · 0
C 0 · · · 0
...

...
. . .

...
CAs−2 CAs−3 · · · 0


 ∈ <

ms×ms.

Introducing

zs(k) =

[
ys(k)
us(k)

]
∈ <(ls+ms) (5.15)

Eqn (5.11) and Eqn (5.14) can be written into

[I | −Hs] z
o
s(k) = Γsx(k − s + 1) (5.16)

[I | −Hs] zs(k) = Γsx(k − s + 1) + es (5.17)

where es = −Hsvs(k) + Gsps(k) + os(k).

Denoting Γ⊥s as the orthogonal complement of Γs with full column rank,

and pre-multiplying Γ⊥s to Eqn (5.16) and Eqn (5.17),

(
Γ⊥s

)T
[I | −Hs] z

o
s(k) = 0 (5.18)

(
Γ⊥s

)T
[I | −Hs] zs(k) =

(
Γ⊥s

)T
es(k) (5.19)

Eqn (5.18) is the parity relation based on the temporal redundancy.

The general residual generated from this approach is:

rs(k) = Ωzs(k) =
(
Γ⊥s

)T
es(k) (5.20)

where Ω =
(
Γ⊥s

)T
[I | −Hs] can be constructed if the system matrices A, B, C

and D are given. For the deterministic case, the general residual ro
s(k) is

zero when there is no fault in the systems. For the combined deterministic-

stochastic case, the general residual is a zero-mean white noise vector under
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normal operation. Again, statistical analysis (statistical testing) is needed for

fault detection.

5.2 PCA-Based Fault Detection

Statistical process monitoring (SPM) has become one of the most ac-

tive research areas in process control over the last decade. Through applying

multivariate statistical analysis techniques, SPM gives superior performance

to the univariate quality control methods and has been widely applied to many

different industrial processes, including chemicals, polymers, microelectronic

manufacturing and pharmaceutical processes [76]. Fault detection is usually

the first step in multivariate process monitoring. Typically the Hotelling’s T 2

and the Q-statistic, usually calculated based on a model from principal compo-

nent analysis (PCA) or partial least squares (PLS), are used for the detection

of an out-of-control situation.

5.2.1 Principal Component Analysis

Principal component analysis (PCA) in many ways forms the basis for

multivariate data analysis [112]. PCA is an optimal dimensionality reduction

technique in terms of capturing the variance of the data [85]. PCA determines

a set of orthogonal vectors, called loading vectors, which can be ordered by

the amount of variance explained in the loading directions. Let X ∈ <N×m

denote the raw data matrix with N samples (rows) and m variables (columns).

It is first scaled to a matrix X with zero mean for covariance-based PCA and,
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with unit variance for correlation-based PCA. By either the NIPALS [112]

or a singular value decomposition (SVD) algorithm, the scaled matrix X is

decomposed as follows:

X = TP T + X̃ = TP T + T̃ P̃ T =
[
T T̃

] [
P P̃

]T

(5.21)

where T ∈ <N×l and P ∈ <m×l are the score matrix and the loading matrix,

respectively. The PCA projection reduces the original set of variables to l

principal components. The residual space X̃ can be further decomposed into

T̃ P̃ T if desired. The decomposition is made such that [T T̃ ] is orthogonal

and [P P̃ ] is orthonormal. The columns of P are actually eigenvectors of

the covariance or correlation matrix of the variables associated with the l

largest eigenvalues, and the columns of P̃ are the remaining eigenvectors. Since

columns of [T T̃ ] are orthogonal, the sample covariance matrix is

S =
1

N − 1
XTX = [P P̃ ]Λ[P P̃ ]T (5.22)

where Λ = 1
N−1

[T T̃ ]T [T T̃ ] = diag{λ1, λ2, · · · , λm} and λi = 1
N−1

tT
i ti ≈

var(xi) when N is very large. The score vector ti is the ith column of [T T̃ ]

and λi’s are the eigenvalues of the covariance matrix in descending order.

The principal component subspace (PCS) is Sp = span{P} and the

residual space (RS) is Sr = span{P̃}. A sample vector x ∈ <m can be pro-

jected onto the PCS and RS respectively,

x̂ = PP T x ∈ Sp (5.23)

x̃ = P̃ P̃ T x =
(
I − PP T

)
x ∈ Sr (5.24)
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x = x̂ + x̃ (5.25)

and, since Sp and Sr are orthogonal,

x̂T x̃ = 0 (5.26)

For fault detection in the new sample vector x, a deviation in x from

the normal correlation would change the projection onto Sr or Sp. Typically

the SPE (or Q-statistic) and the Hotelling’s T 2 indices are used to represent

the variability in Sr and Sp.

5.2.1.1 Squared Prediction Error

The SPE statistic indicates how well each sample conforms to the

model, measured by the projection of the sample vector on the residual space

Sr:

SPE =‖ x̃ ‖2=‖ (
I − PP T

)
x ‖2 (5.27)

The process is considered normal if

SPE ≤ δ2
α (5.28)

where δ2
α denotes the upper control limit for SPE with a significance level α.

Jackson and Mudholkar [35] developed an expression for δ2
α,

δ2
α = θ1

[
calha

√
2θ2h2

0

θ1

+ 1 +
θ2h0(h0 − 1)

θ2
1

] 1
h0

(5.29)

where θi =
∑m

j=l+1 λi
j, for i = 1, 2, 3; and h0 = 1 − 2θ1θ3

3θ2
2

. l is the number

of retained principal components and cα is the normal deviate corresponding
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to the upper 1 − α percentile. Note that this result is derived under the as-

sumption that the sample vector x follows a multivariate normal distribution,

together with several other assumptions [76].

5.2.1.2 Hotelling’s T 2 Statistic

The Hotelling’s T 2 is a measure of the variation in Sp:

T 2 = xT PΛ−1P T x (5.30)

where Λ contains the first l rows and columns of Λ.

The T 2 statistic forms an ellipse, which represents the joint limits of

variations that can be explained by a set of common causes. Under the con-

dition that the process is normal and the data follow a multivariate normal

distribution, the T 2 statistic is related to an F -distribution considering that

the population mean and covariance are estimated from data [76]. For a given

significance level α, the process is considered normal if

T 2 ≤ T 2
α ≡

l(N2 − 1)

N(N − l)
Fα(l, N − l) (5.31)

where Fα(l, N− l) is the upper 100 α% critical point of the F-distribution with

l and N − l degree of freedom. If the number of data points N is so large that

the mean and covariance estimated from data are accurate, then T 2 index can

be well approximated with a χ2-distribution with l degrees of freedom and

T 2
α = χ2

α(l).
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5.2.2 Dynamic PCA

The previously discussed PCA-based monitoring method implicitly as-

sumes that the observations obtained under the in-control condition are seri-

ally independent and follow an independent identical distribution (i.i.d.), usu-

ally Gaussian. That is, the observations at one time instant are statistically

independent to observations at past time instances. However, in industrial

processes, variables rarely remain at steady state but rather are driven by

random noise and uncontrollable disturbance. The variables will move around

the steady state according to the dynamic characteristic of the process and

exhibit some degree of autocorrelation. Several researches have pointed out

the adverse effects of the i.i.d. assumption on SPM procedure when used with

autocorrelated measurements [67]. In this case a method taking into account

the serial correlations in the data may provide improved fault detection per-

formance. For this purpose, PCA methods have been extended to dynamic

PCA (DPCA) [45], which can be applied to dynamic multivariate systems, by

augmenting each observation vector with the previous s− 1 observations and

stacking the data matrix in the following Hankel matrix,

X(s) =




xT (k − s + 1) xT (k − s + 2) · · · xT (k)
xT (k − s + 2) xT (k − s + 3) · · · xT (k + 1)

...
...

. . .
...

xT (k + N − s) xT (k + N − s + 1) · · · xT (k + N − 1)




(5.32)

where xT (k) is the m-dimensional observation vector in the training set at time

instance k. By performing PCA on the stacked data matrix, a multivariate

90



autoregressive model with exogenous input (ARX) can be extracted directly

from the data [45, 110]. If enough 1ags s are included in the data matrix, the

Q-statistic is statistically independent from one time instant to the next, and

the threshold in Eqn (5.29) is theoretically justified [85]. Similarly, Hotelling’s

T 2 and its threshold can be extended directly to Dynamic PCA.

It should be mentioned that some subspace identification methods, such

as CVA, have been applied to detect fault for dynamic systems [5, 17, 51, 57,

67, 78, 85, 87]. The difference between DPCA and CVA is that, in CVA, the

sequence of state is constructed first, which is serially independent, then indices

based on state are used for fault detection [85].

5.3 Equivalency Between Parity Relations and PCA/DPCA

Parity relations belong to the analytical redundancy methods, which

rely on an explicit model of the plant to perform fault detection and identifi-

cation. In SPM, PCA/DPCA is used to model normal process behavior, then

the fault detection and identification are performed by projecting observations

onto the PCA/PLS model. A close equivalency between PCA and parity re-

lations (static redundancy) has been revealed by Gertler et al [23]. In this

section, the equivalency between dynamic PCA and parity relations (tempo-

ral redundancy) is proved through Theorem 3.1.2 in Chapter 3. By virtue of

these equivalency, the analytical redundancy framework can be combined with

statistical process monitoring [43] to perform fault detection.
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5.3.1 Equivalency Between PCA and Static Redundancy

For linear static system (5.1), consider the data set {y(τ), u(τ), τ =

1, 2, · · · , N}, where it is assumed that no fault and no noise is present, i.e.,[
y(τ)
u(τ)

]
=

[
yo(τ)
uo(τ)

]
. Performing PCA for the data matrix

X =




yT (1) uT (1)
yT (2) uT (2)

...
...

yT (N) uT (N)


 (5.33)

we obtain

X = TPT + T̃P̃T (5.34)

From Eqn (5.1), we know the columns of X are linearly related, therefore

T̃ = 0 and X = Xo = TPT , where Xo denotes the noise-free measurements.

Since P and P̃ are orthogonal to each other, for each observation,

P̃Txo(τ) = 0 (5.35)

Notice the remarkable similarity between Eqn (5.35) and Eqn (5.3). It is

proved in Gertler et. al. [23] that

ΩT = P̃M (5.36)

where M ∈ <k×k is a non-singular matrix and k is the number of the principal

components in the residual space.

Eqn (5.36) shows that ΩT span the same column space as P̃. Therefore,

the parity relations for linear static system Eqn (5.1) can be obtained from the

residual space in PCA model, instead of requiring the mathematical model.
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5.3.2 Equivalency Between Dynamic PCA and Temporal Redun-
dancy

For the LTI system in Eqn (5.7), consider the data set {yo(τ), uo(τ), τ =

1, 2, · · · , N}. To perform dynamic PCA, first we build the stacked data ma-

trix by denoting z(k) =

[
y(k)
u(k)

]
,

Xs =




zT (k) zT (k + 1) · · · zT (k + s− 1)
zT (k + 1) zT (k + 2) · · · zT (k + s)

...
...

. . .
...

zT (k + N − s) zT (k + N − s + 1) · · · zT (k + N − 1)


 (5.37)

Performing PCA on this stacked data matrix, we obtain

Xs = TPT + T̃P̃T (5.38)

Because the data contain no noise and no fault, the columns of Xs are linearly

correlated, which can be easily seen from Eqn (5.11). Again, T̃ = 0 and

P̃Tzo
s(τ) = 0 (5.39)

It is interesting to notice the similarity between Eqn (5.39) and Eqn (5.18).

Recall Theorem 3.1.2 in Chapter 3, it is clear that

[
Γ⊥f

−HT
f Γ⊥f

]
= P̃M (5.40)

where M ∈ <(ms−n)×(ms−n) is a non-singular matrix.

Eqn (5.40) shows that for the deterministic case, temporal relations

built from the system model matrices are the same as the P̃ generated from

dynamic PCA model.
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Notice that in parity space approach, only input and output variables

are included for residual generation, while for PCA/DPCA, process variables

as well as input and output variables can be included for analysis.

5.4 Pros and Cons of Two Approaches

Parity relation approach utilizes the information embodied in the math-

ematical model of a process, and general residuals are formed as the difference

between the actual process outputs and those predicted by the model. The

general residuals are then subjected to a linear transformation to obtain the

desired fault detection and isolation properties. Analytical redundancy meth-

ods have well developed fault isolation capabilities which utilize the structured

design of the residual set. However, Sec.5.1 shows that the parity relations are

built based on the deterministic models, therefore, the major drawback of the

parity relation approach is that it does not take measurement noise and pro-

cess noise into account [14, 23, 31]. The parity relation approach often shows

very good results in simulations, but it can be highly sensitive to measurement

and process noise [29]. Besides, it requires a mathematical model for residual

generation.

Multivariate statistical analysis only requires a good historical data set

under normal operation to perform fault detection and isolation. But many

assumptions must be satisfied in order to conduct statistical analysis. One big

limitation for PCA is that it requires the process data to be serially indepen-

dent and follow an i.i.d.. Dynamic PCA has been developed to overcome this
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drawback, but recently Li and Qin [50] show that the dynamic PCA model is

consistent only if all variables have identical noise variance, which is hardly

true in practice. This aspect can also be seen from its equivalency with tem-

poral redundancy.

Therefore, when applied for stochastic fault detection, both parity space

approach and multivariate statistical approach will suffer somewhat from the

process and measurement noise. In the next chapter, it is shown that applying

instrumental variable can solve this problem. In both parity space and multi-

variate statistical approaches only first order statistic (residual) is applied to

monitoring the process, and it is insufficient to detect the second order struc-

ture change (eigen-structure change) [5]. This point will be further discussed

in the next chapter.
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Chapter 6

Stochastic Fault Detection Algorithm Based

on SIMPCA

As pointed out in Sec 5.4, both parity relation approach and PCA-based

fault detection approach can be highly sensitive to measurement and process

noises due to certain assumptions applied in the methods. How to improve the

robustness of the fault detection method is the focus of this chapter. In the

previous chapters it is shown that instrumental variables have been successfully

applied in SIMPCA and other subspace identification algorithms to remove

the effect of noise. Also, SIMPCA makes use of parity space to identify the

system model. Therefore, it is natural to extend the basic idea of SIMPCA

to do fault detection for dynamic systems. This chapter presents three fault

detection algorithms which monitor second order statistics. Sec 6.1 gives the

problem formulation. The proposed stochastic fault detection algorithm based

on SIMPCA is given in Sec 6.2. Extension of PCA and DPCA to use second

order indices for fault detection is presented in Sec 6.3. Three simulation

examples are given in Sec 6.4 to illustrate the performance of the proposed

algorithms, and Sec 6.5 concludes this chapter with summary and discussion.
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6.1 Problem Formulation

In this chapter, the fault detection problem is formulated based on the

following LTI system in its errors-in-variables (EIV) form.

x(k + 1) = Ax(k) + Buo(k) + p(k) + Bf f(k)

yo(k) = Cx(k) + Duo(k) + Df f(k) (6.1)

where uo(k) ∈ <l, yo(k) ∈ <m, and x(k) ∈ <n are noise–free inputs, noise–

free outputs and state variables, respectively. f(k) ∈ <q is the fault vector to

be detected. A, B, C, D, Bf , and Df are unknown system matrices with

appropriate dimensions. The available observations for fault detection are the

measurements of input and output variables,

y(k) = yo(k) + o(k)

u(k) = uo(k) + v(k) (6.2)

where v(k) ∈ <l, o(k) ∈ <m are input and output measurement noises.

The problem of stochastic fault detection can be formulated as follows.

Given the measurement noise corrupted input-output data se-

quences {u(k)} and {y(k)} under normal operation, detect faults

by referencing the observed behavior against the normal behavior.

The main task of this chapter is to develop fault detection algorithms

which are not sensitive to the disturbances but sensitive to the fault.
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6.2 Stochastic Fault Detection Algorithm Based on SIM-
PCA

Recall in Sec 3.2, instrumental variables are applied to remove the

effect of noises in SIMPCA. Here the idea in SIMPCA is extended to fault

detection, since SIMPCA use the parity space to identify system model. For

fault detection, only the parity space is required, no need to further identify

the system matrices A, B, C, and D.

Starting with Eqn (6.1) and Eqn (6.2), the corresponding extended

state space model is,

ys(k) = Γsx(k−s+1)+Hsus(k)+Hs,f fs(k)−Hsvs(k)+Gsps(k)+os(k) (6.3)

where

Hs,f =




Df 0 · · · 0
CBf Df · · · 0

...
...

. . .
...

CAs−2Bf CAs−3Bf · · · Df


 ∈ <

ms×qs (6.4)

In order to apply the instrumental variables, the Hankel data matrix

instead of the stacked data vector is needed,

Ys(k) = ΓsX(k − s + 1) + HsUs(k) + Hs,fFs(k) + Es(k) (6.5)

where Es(k) = −HsVs(k) + GsPs(k) + Os(k).

Following the same procedure as in SIMPCA, moving the input to the

left hand side and post-multiplying the instrumental variable 1
N
ZT

p (k − s + 1)

to Eqn (6.5),

1

N
[I | −Hs]ZsZ

T
p =

1

N

[
ΓsXZT

p + Hs,fFsZ
T
p + EsZ

T
p

]
(6.6)

98



here time indices are omitted for simplicity. Notice that when N →∞,

lim
N→∞

1

N
Es(k)ZT

p (k − s + 1) = 0 (6.7)

Pre-multiply (Γ⊥s )T to Eqn (6.6) and let N →∞,

1

N

(
Γ⊥s

)T
[I | −Hs]ZsZ

T
p =

1

N

(
Γ⊥s

)T
Hs,fFsZ

T
p (6.8)

Notice that in Eqn (6.8), the left hand side only depends on the fault and is

independent of noises.

Define the residual vector as the following,

rs(k) = vec

{
1

N

((
Γ⊥s

)T
[I | −Hs]ZsZ

T
p

)}
(6.9)

From Eqn (6.8) it is clear that the residual defined in Eqn (6.9) is not sensitive

to the noise term when N is large, but is still sensitive to the fault term.

The SPE can be defined in the following way,

Q =
‖rs(k)‖2

(l + m) · p (6.10)

where p is the horizon of the past data matrix served as the instrumental

variable.

Notice that in the calculation of the residual vector, a group (window)

of newly collected data are needed in order to build data matrices Zs and Zp.

Basseville et. al. [5] show that the residual rs in Eqn (6.9) is asymptoti-

cally Gaussian distributed with the same covariance for both normal and fault

99



system, if the fault system can be formulated as the shift in model parame-

ter. Therefore, the threshold can be calculated through Jackson-Mudholkar

method [35] or through a scaled χ2 distribution [9] by setting a confidence

level. Otherwise, the control limit for SPE can be determined so that the

number of samples outside the control limit is 1% or 5% of the entire samples

of normal data.

In order to calculate the residual defined in Eqn (6.9),
(
Γ⊥s

)T
[I | −Hs] is

needed, which can be easily obtained through SIMPCA as follows. Performing

PCA on 1
N
ZsZ

T
p , and according to Theorem 3.2.2 in Chapter 3, it is clear that,

[
Γ⊥s

−HT
s Γ⊥s

]
= P̃M (6.11)

A specific choice of M reduces Eqn (6.11) to:

(
Γ⊥s

)T
[I | −Hs] = P̃T (6.12)

In parity relation approach, only the residual, which is the projection

of observations onto the residual space, is monitored; while in PCA-based

approach, both Hotelling’s T 2 and Q indices, i.e., the projection of observa-

tions on the principal and the residual spaces, are monitored. Similar to the

approach in PCA and DPCA, a T 2 index can be defined through project-

ing the observations on the principal space in SIMPCA-based fault detection

approach.

T 2 =
‖vec

(
1
N
Λ− 1

2PTZsZ
T
p

)
‖2

(l + m) · p (6.13)

and the threshold for the T 2 index can be determined similarly to SPE index.

100



In summary, the fault detection algorithm based on SIMPCA includes

two steps:

• Step I: Off-line model building

– Determine the system order, choose the future and the past horizon

s and p.

– Build the data matrices Zs and Zp, scale the data matrices and

calculate model parameters P and P̃.

– Determine the window size, calculate the SPE and T 2 indices, de-

termine the threshold for these indices.

• Step II: On-line detection

– Build the data matrices with data within the window, scale the

data matrices using mean and standard deviation of training data.

– Calculate SPE and T 2 indices and compare them with their thresh-

olds

Remark 6.1 In the proposed fault detection algorithm, because the noise

effect is removed by applying the instrumental variables, neither SPE

nor T 2 is sensitive to the process or the measurement noise.

Remark 6.2 Theoretically, it is mandatory to use (at least) second or-

der statistics in order to perform inference about second order charac-

teristics [5]. In the proposed algorithm, cross-covariance (second order
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statistic) of the input and output data are monitored, which is able to

detect the eigenstructure (second order characteristic) change of a linear

dynamic system.

Remark 6.3 The number of principal components retained in the model

principal subspace is determined by the system order and the future

horizon, i.e., ls+n. The system order can be determined through several

methods [53, 92].

Remark 6.4 The size of the sliding window has some effect on the robustness

and promptness of the detection algorithm. As discussed before, the

effect of noise can be completely removed when the number of samples N

approaches infinity, i.e., the highest robustness corresponds to the lowest

promptness. Therefore, there is a trade off between the robustness and

promptness: the larger the window size, the better robustness and less

promptness. Notice that the robustness and promptness also depend on

the system and fault characteristics.

Remark 6.5 Similar to SIMPCA-based fault detection, T 2 and Q indices

can be defined based on SIMPCA-Wc. Because SIMPCA-Wc based

fault detection method delivers similar performance as SIMPCA-based

method, but requires more computation time due to the calculation of

the matrix inverse, in Sec 6.4 results from SIMPCA-Wc based fault de-

tection method are omitted.
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Remark 6.6 Although the persistent excitation condition is required for the

system identification, it is not required for the fault detection. In fault

detection, the goal is to identify the abnormal condition by referencing

to the normal data. If the system is not fully excited, which is true in

most cases due to the tight closed-loop control, SIMPCA can still capture

the observable part, which describes the normal operation region, and is

sufficient for fault detection.

6.3 Extension of PCA and DPCA: Using Second Order
Indices

SIMPCA-based fault detection approach gives significantly improved

performance compared to PCA and DPCA based approaches, which will be

illustrated in several simulation examples in Sec 6.4. The main reason for

the improvement is that in SIMPCA-based approach the second order indices,

T 2 and SPE generated from the cross-covariance of process data, are used to

monitor the process. In this way those changes, which do not noticeably change

the variable mean or standard variation but significantly change the covariance

of the process variables, can be detected by SIMPCA-based approach, but not

by PCA or DPCA based approach.

PCA and DPCA-based fault detection approaches can be easily ex-

tended to use the second order indices, similar to SIMPCA-based approach.

The difference is that, in SIMPCA-based approach, ZsZ
T
p is projected to prin-

cipal and residual subspaces to generate T 2 and SPE indices, in PCA and
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DPCA, it will be Z1Z
T
1 and ZsZ

T
s , which are projected on the principal and

residual subspaces to generate T 2 and SPE indices. Because Z1 and Z1Z
T
1

share the same loadings, and the singular values of Z1 are square root of sin-

gular values of Z1Z
T
1 , PCA using second order indices can make use of the

model built for regular PCA instead of rebuilding the model. The same rule

applies to ZsZ
T
s and DPCA using second order indices too.

The detailed algorithms are given below.

6.3.1 PCA Using Second Order Indices

• Step I: Off-line model building

– Scale the training data and perform PCA. Determine the number

of principal components, calculate model parameters P and P̃.

– Determine the window size, build the matrix Z1 using data within

the window, and scale it with the model mean and standard devi-

ation.

Z1 =

[
y(1) y(2) · · · y(ww)
u(1) u(2) · · · u(ww)

]
(6.14)

for window size ww.

– Calculate the T 2 and SPE for each window as defined in the follow-

ing, determine the thresholds of these indices.

Q =
‖vec

(
1

Nw
P̃TZ1Z

T
1

)
‖2

l + m
(6.15)

T 2 =
‖vec

(
1

Nw
Λ−1PTZ1Z

T
1

)
‖2

l + m
(6.16)
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where Nw = ww.

• Step II: On-line detection

– Build the data matrix Z1 using the test data in the window, scale

it with the model mean and standard deviation.

– Calculate SPE and T 2 indices and compare them to their thresholds.

6.3.2 DPCA Using Second Order Indices

• Step I: Off-line model building

– Build the augmented data matrix, auto-scale the data and perform

DPCA. Determine the number of principal components, calculate

model parameters P and P̃.

– Determine the window size, build the matrix Zs using data within

the window, and scale it with the model mean and standard devi-

ation,

Zs =




y(1) y(2) · · · y(ww − s + 1)
...

... · · · ...
y(s) y(s + 1) · · · y(ww)
u(1) u(2) · · · u(ww − s + 1)

...
... · · · ...

u(s) u(s + 1) · · · u(ww)




(6.17)

for window size ww.

– Calculate the T 2 and SPE for each window as defined in the follow-
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ing, and determine the thresholds of these indices.

Q =
‖vec

(
1

Nw
P̃TZsZ

T
s

)
‖2

(l + m) · s (6.18)

T 2 =
‖vec

(
1

Nw
Λ−1PTZsZ

T
s

)
‖2

(l + m) · s (6.19)

where Nw = ww − s + 1.

• Step II: On-line detection

– Build the data matrix Zs using the test data in the window, scale

it with the model mean and standard deviation.

– Calculate SPE and T 2 indices and compare them to their thresholds.

Notice that DPCA with second order indices is very similar to SIMPCA-

based approach. Both of them consider the process dynamics by using stacked

variables. In SIMPCA-based approach, cross-covariance is monitored, and

in DPCA with second order indices, the covariance is monitored. Therefore,

these two approaches should perform similarly, and SIMPCA-based approach

should perform better when the noise level is significant compared with the

magnitude of the fault.

Kano et al. [40] proposed the moving principal component analysis

(MPCA) to perform fault detection which also monitors the covariance among

process variables. In their approach, change in the direction of each principal

component or change in the subspace spanned by several principal components
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is monitored. In other words, by performing PCA for each window, change

in the correlation structure of process variables is monitored. Their results

show that the fault detection performance of the proposed algorithm can be

significantly improved if a ”good” index is chosen, because not every princi-

pal component or every subspace spanned by several principal components is

sensitive to faults.

6.4 Simulation Examples

In this section results from 3 simulation examples are reported to high-

light the performance of the proposed algorithms. The first example is a simple

2× 2 system used by Ku et al [45]. The second example is the quadruple-tank

process proposed by Johansson [38]. The third example is the much more

complex and realistic Tennessee Eastman process [85].

In each case study, fault detection results from 5 different methods are

compared. They are PCA, DPCA, PCA and DPCA using second order indices

and SIMPCA-based fault detection methods. Because PCA and DPCA using

second order indices, and SIMPCA-based approach use the moving window to

do fault detection, in order to make the comparison fair, PCA and DPCA also

use the window approach, where the average of measurements within a window

is projected on the principal and residual subspaces to generate the T 2 and

SPE indices. In this way, the process and measurement noise can be removed

during average and the method will be more sensitive to small fault. However,

there are drawbacks of doing so, which will be discussed later in Sec 6.4. We
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call these two modified approaches window-PCA and window-DPCA.

To be consistent, the control limits for all methods are determined in

the way that the number of samples outside the control limit is 1% of the

entire samples for the normal data. The control limits are then validated and

adjusted using normal test data. The adjusted thresholds correspond to a

confidence level α = 0.99 by considering the probability distributions of the

statistics for the normal operating condition [85].

Two aspects of the fault detection algorithms, reliability and prompt-

ness, are examined. The reliability is measured by the missed detection rate

after the fault is first detected. The promptness is measured by the detection

delays. Since false alarms are inevitable, an out-of-control value of a statistic

can be the results of a fault or of a false alarm. In order to decrease the rate of

false alarms, a fault can be indicated only when several consecutive values of a

statistic have exceeded the threshold. In these cased studies, when computing

the detection delays, a fault is indicated only when six consecutive statistic

values have exceeded the threshold, and the detection delay is recorded as

the first time instant at which the threshold was exceeded. Assuming inde-

pendent observation and α = 0.99, this corresponds to a false alarm rate of

1× 10−12 [85].
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6.4.1 2× 2 Process

This simple process is used in [45]. Consider the following multivariate

process:

x(k + 1) =

[
0.118 −0.191
0.847 0.264

]
x(k) +

[
1.0 2.0
3.0 −4.0

]
uo(k)

y(k) = x(k) + o(k) (6.20)

where uo(k) is the correlated input,

uo(k) =

[
0.811 −0.226
0.477 0.415

]
uo(k − 1) +

[
0.193 0.689

−0.320 −0.749

]
w(k − 1) (6.21)

where w(k) is a random noise with zero mean and unit variance. The measured

input is:

u(k) = uo(k) + v(k) (6.22)

The output and input measurement noises (o(k) and v(k)) are uncorrelated

random noises with zero mean and variance 0.1var(x) and 0.1var(uo), respec-

tively. Both u and y are measured and used for monitoring while w and x are

not.

To compare the performance of the monitoring methods, three differ-

ent faults are investigated: mean shift in w1, change in system matrix A and

change in system matrix B. 2000 data points obtained from the normal oper-

ating condition are used to build the model for different methods. For static

PCA, 2 principal components are used, which is the same as the system or-

der. For DPCA, the number of lagged variables is 3 (which equals n + 1),
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the number of principal components is 8, which equals (ls + n) according to

Theorem 3.2.2. For SIMPCA, the number of lagged variables and principal

components are the same as DPCA, and the number of lagged variable for

past data matrix is 3 also. The moving window size is 100.

6.4.1.1 Mean Shift in w1

In this case study, the mean of the first component of w changes from 0

to 2. This change is relatively large compared to the variation of w. Notice that

w is not measured. Because both input and output are monitored, this case

is actually an operation point change detection, instead of a fault detection.

The change in w1 is introduced at sample 501.

Table 6.1: Missed detection rates and detection delays for shift in w1

Missed Detection Rate (%) Detection Delays

T 2 Q T 2 Q

W-PCA 20.4 43.3 93 101

W-DPCA 32.5 51.9 100 104

PCA-2 14.2 0.9 60 43

DPCA-2 0.0 0.0 51 45

SIMPCA 0.0 0.0 47 46

For comparison, the T 2 and SPE indices from original PCA, DPCA are

given in Fig. 6.1. It shows that none of them can detect the fault.
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Fig. 6.2 and Fig. 6.3 give fault detection results from 5 different meth-

ods: window-PCA (W-PCA), window-DPCA (W-DPCA), PCA using second

order indices (PCA-2), DPCA using second order indices (DPCA-2) and SIM-

PCA. We observe that by applying the window and calculate the average of

data within the window, the performance of W-PCA and W-DPCA are sig-

nificantly improved compared to regular PCA and DPCA. However, there are

large detection delays associated with W-PCA and W-DPCA due to averaging

the measurements. Table 6.1 compares the missed detection rates and detec-

tion delays of 5 methods. Compared to the approaches using first-order indices

(W-PCA and W-DPCA), the approaches using second-order indices (PCA-2,

DPCA-2 and SIMPCA) give lower missed detection rate and smaller detection

delay.
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Figure 6.1: Fault detection based on regular PCA and DPCA for shift in w1
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Figure 6.2: T 2 plot for fault data with shift in w1
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Figure 6.3: Q plot for fault data with shift in w1
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6.4.1.2 Change in System Matrix A

In this case study, the eigenstructure of the system is changed. The A

matrix is changed from

[
0.118 −0.191
0.847 0.264

]
to

[
0.21 −0.09
0.44 0.36

]
. The change is

introduced at sample 501.

−1  −0.5 0   0.5 1   
−1  

−0.5

0   

0.5 

1   

Figure 6.4: Original and new locations of system poles: +–original, ×–new

Fig. 6.4 shows the original and the new locations of the system poles.

Fig. 6.5 shows the fault data used for fault detection. Notice that even though

the system eigenstructure changes, neither the mean nor the variance of the

measured variables shows apparent change. Fig. 6.6 and Fig. 6.7 show the fault

detection results from different methods. Table 6.2 compares the missed de-

tection rates and detection delay. Notice that neither W-PCA nor W-DPCA

indicates the fault clearly. The missed detection rate from both T 2 and Q

indices of these two methods are close to 1. Q index from DPCA-2 and SIM-

PCA successfully detect the fault, with missed detection rate at almost 0.
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This case study confirms that for the eigenstructure change which doesn’t af-

fect the variable mean and variance, first-order indices are not able to detect

the change, even with window approach to remove the noise through averaging

the measured variables.

Table 6.2: Missed detection rates and detection delays for eigenstructure
change

Missed Detection Rate (%) Detection Delays

T 2 Q T 2 Q

W-PCA 90.0 93.1 43 43

W-DPCA 92.7 93.3 43 44

PCA-2 56.0 28.1 123 69

DPCA-2 36.5 0.0 81 37

SIMPCA 40.9 0.2 82 39
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Figure 6.6: T 2 plot for fault data with eigenstructure change
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Figure 6.7: Q plot for fault data with eigenstructure change
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6.4.1.3 Change in System Matrix B

In this case study, the system matrix B is changed from

[
1.0 2.0
3.0 −4.0

]

to

[
1.0 2.0
5.0 −4.0

]
. Notice that the parameter from u1 to x2 is changed from 3.0

to 5.0. The change is introduced at sample 501. Again, no apparent changes

are noticeable from process data after the fault occurs. T 2 and Q indices based

on different methods are shown in Fig. 6.8 and Fig. 6.9, respectively. Missed

detection rates and detection delay are given in Table 6.3. While W-PCA and

W-DPCA completely failed to detect the fault, Q index from DPCA-2 and

SIMPCA clearly indicate the fault with rather short delays.

Table 6.3: Missed detection rates and detection delays for change in B

Missed Detection Rate (%) Detection Delays

T 2 Q T 2 Q

W-PCA - - - -

W-DPCA - - - -

PCA-2 72.5 19.9 96 25

DPCA-2 3.2 0.0 27 13

SIMPCA 49.0 0.0 91 27
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Figure 6.8: T 2 plot for fault data with change in system matrix B
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Figure 6.9: Q plot for fault data with change in system matrix B
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6.4.2 Quadruple Tank Process

In this section, the quadruple tank system [38] illustrated in Fig. 6.10

is used as a simple realistic process to demonstrate the effectiveness of the

proposed algorithms. A nonlinear model is derived based on mass balances

and Bernoullis law:
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v
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Figure 6.10: Schematic diagram of the quadruple-tank process

dh1

dt
= − a1

A1

√
2gh1 +

a3

A1

√
2gh3 +

γ1k1

A1

v1 (6.23)

dh2

dt
= − a2

A2

√
2gh2 +

a4

A2

√
2gh4 +

γ2k2

A2

v2 (6.24)

dh3

dt
= − a3

A3

√
2gh3 +

(1− γ2)k2

A3

v2 (6.25)

dh4

dt
= − a4

A4

√
2gh4 +

(1− γ1)k1

A4

v1 (6.26)
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Table 6.4: Simulation parameters [38]

Parameter Unit Values

A1, A3 (cm2) 28

A2, A4 (cm2) 32

a1, a3 (cm2) 0.071

a2, a4 (cm2) 0.057

g (cm/s2) 981

where the inputs are the voltages supplied to the pumps, v1 and v2, and the

outputs are the water levels h1 ∼ h4. The flow to each tank is adjusted using

the associated valves γ1 and γ2, which are part of system parameters. The

system parameters also include Ai the cross-section of tank i, ai the cross-

section of the outlet hole. The parameter values of this process are given in

Table 6.4.

The normal data are generated by Eqn.’s (6.23) ∼ (6.26), where the

input perturbation is independently Gaussian distributed white noise with

a zero mean and a standard deviation of 0.1, which corresponds to 3% of

its steady-state value. Perturbation on γi is an independently Gaussian dis-

tributed white noise sequence with a zero mean and a standard deviation of

0.01, which corresponds to 1% of it upper limit value. Measured hi is cor-

rupted by independently Gaussian distributed white noise with a zero mean

and a standard deviation of 0.35, and measurement noise on vi is zero mean
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white noise with a standard deviation of 0.03. γi’s are not measured.

1000 normal operational data with a sampling interval of 2 seconds

are collected to build the model. For static PCA, 4 principal components are

used, which is the same as the system order; for DPCA, the number of lagged

variables is 5 which equals (n+1), and the number of principal components is

14 which is (ls+n). For SIMPCA, the number of lagged variable and principal

components are the same as DPCA, and the number of lagged variable for past

data matrix is 5 also. The moving window size is 100. Three different faults

are investigated here: a incipient leakage in tank 2, a small change in γ1 and

a sensor fault in h4. The control limits for different methods are determined

based on a 99% confidence level.

6.4.2.1 Incipient Leakage in Tank 2

A leak simulated by a small hole with cross-section area af = 0.001 ∗
t−1000
1000

cm2 is introduced to tank 2 starting at sample 501 (i.e., 1000th second).

Note that the area of the hole is 0.001 ∗ t−1000
1000

, which is negligible initially and

increases very slowly. This type of fault is called the incipient fault, and its

detection is difficult [51].

Table 6.5 shows the missed detection rate and detection delays of differ-

ent methods. Again, algorithms using second order indices successfully detect

the fault, while algorithms with first order indices show much higher missed

detection rate.
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Table 6.5: Missed detection rates and detection delays for incipient leakage

Missed Detection Rate (%) Detection Delays

T 2 Q T 2 Q

W-PCA 74.1 74.1 160 160

W-DPCA 73.7 73.7 162 162

PCA-2 0.0 0.8 440 521

DPCA-2 0.0 0.0 429 498

SIMPCA 0.0 0.0 417 458

6.4.2.2 Small Shift in Valve Position γ1

In this case study, the valve position γ1 is changed from 0.70 to 0.72.

The perturbation level is the same. The shift is rather small and only accounts

for a 2.8% change of its opening. Table 6.6 lists the fault detection results. All

five methods successfully detect this small fault. But W-PCA and W-DPCA

give much larger detection delays compared to the algorithms using second

order indices.
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Table 6.6: Missed detection rates and detection delays for shift in γ1

Missed Detection Rate (%) Detection Delays

T 2 Q T 2 Q

W-PCA 0.0 0.0 86 43

W-DPCA 0.0 0.0 84 91

PCA-2 0.0 0.0 76 26

DPCA-2 0.0 0.0 34 37

SIMPCA 0.0 0.0 23 33

6.4.2.3 Sensor Fault in Tank 4

In this case study, the fault samples include the sensor bias ∆h4 = 0.3

in measurement h4. This type of sensor fault is quite common in industrial

processes. Here the fault size is quite small, about the same level of the

measurement noise standard deviation. Fig. 6.11 shows the measurement of

h4, the sensor bias is introduced at sample 501.

Fig. 6.12 and Fig. 6.13 show the T 2 and Q indices from different meth-

ods, Table 6.7 shows the missed detection rates and detection delays. It can

be observed that only T 2 index from SIMPCA successfully detects this fault

quickly. This is mainly because that the noise level is relatively high compared

to the fault magnitude. Because SIMPCA uses instrumental variables to re-
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Figure 6.11: Measurement of tank 4 level

move the noise effect, it can detect the fault fairly quickly. DPCA-2 can also

indicate the fault, but not quite successful and the detection delay is much

larger compared to SIMPCA.

Table 6.7: Missed detection rates and detection delays for sensor fault

Missed Detection Rate (%) Detection Delays

T 2 Q T 2 Q

W-PCA 79.8 79.8 153 153

W-DPCA 79.2 79.9 154 155

PCA-2 81.8 68.1 76 152

DPCA-2 20.1 84.7 56 339

SIMPCA 2.1 34.6 14 91

128



0

10

20
Window PCA T2

0

20

40

60
Window DPCA T2

0

2

4
PCA With 2nd Order T2

0

5

10
DPCA With 2nd Order T2

0 500 1000 1500
0

5

10
SIMPCA T2

Figure 6.12: T 2 plot for sensor fault in h4
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Figure 6.13: Q plot for sensor fault in h4
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6.4.3 Tennessee Eastman Process

As a more challenging case study, the Tennessee Eastman process sim-

ulator, which was designed to simulate a wide variety of faults occurring in a

chemical plant based on a facility at Eastman Chemical, is used to test dif-

ferent algorithms. The Tennessee Eastman process simulator has been widely

used by the process monitoring community as a source of data for compar-

ing various approaches [40, 45, 85]. The diagram of the process is given in

Fig. 6.14. The simulator was developed by Downs and Vogel [16] originally.

The normal process and fault data used in this section are the same as in

Russell et al [85]. The process data include 11 manipulated variables and 41

measurements. The simulation code allows 21 pre-programmed major process

upsets, as shown in Table 6.9. The plant-wide control structure recommended

in Lyman and Georgakis [58] was implemented to generate the closed-loop

process data for each fault [85].

Table 6.8: The number of PCs and the lags for the various models

Models Number of PCs Number of Lags

PCA 11 -

DPCA 29 3

SIMPCA 35 3
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Figure 6.14: Diagram of the Tennessee Eastman process simulator
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Table 6.9: Process faults for the Tennessee Eastman process simulator

Variable Description Type

IDV(1) A/C feed ratio, B composition Step
constant (Stream 4)

IDV(2) B composition, A/C feed ratio Step
constant (Stream 4)

IDV(3) D feed temperature (Stream2) Step

IDV(4) Reactor cooling water inlet Step
temperature

IDV(5) Condenser cooling water inlet Step
temperature

IDV(6) A feed loss (Stream 1) Step

IDV(7) C header pressure loss-reduced Step
availability (Stream 4)

IDV(8) A, B, C feed composition Random variation
(Stream 4)

IDV(9) D feed temperature (Stream 2) Random variation

IDV(10) C feed temperature (Stream 4) Random variation

IDV(11) Reactor cooling water inlet Random variation
temperature

IDV(12) Condenser cooling water inlet Random variation
temperature

IDV(13) Reaction kinetics Slow drift

IDV(14) Reactor cooling water valve Sticking

IDV(15) Condenser cooling water valve Sticking

IDV(16) Unknown

IDV(17) Unknown

IDV(18) Unknown

IDV(19) Unknown

IDV(20) Unknown

IDV(21) The valve for Stream 4 was fixed Constant position
at the steady state position

133



960 normal samples are used to build models for different methods.

Another 500 normal samples are used to test the model. Each fault consists

of 960 observations, starting with no faults, and then the fault was introduced

8 hours (160 samples) later into the run.
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Figure 6.15: Order selection for TEP

The number of principal components determined for PCA, DPCA and

SIMPCA and the number of lags determined for DPCA and SIMPCA are listed

in Table 6.8. The number of principal components used for PCA and DPCA,

and the lags for DPCA are suggested in Russell et al [85]. For SIMPCA, the

system order n is determined through AIC index based on reconstruction error

method proposed in Sec 3.5. In the search, the past horizon is fixed to be 10,

future horizon is set to be n + 1, and the AIC index for system order from

1 to 8 are calculated. The AIC indices for different system orders are shown

in Fig. 6.15, where the minimum appears at n = 2. The number of lag s is

determined through n + 1 = 3, which agrees with the lag used in DPCA and

134



CVA as reported in [85]. After the system order is determined, the number

of principal components contained in the SIMPCA model is ls + n = 35. The

past data lag is chosen to be 3 also, and the moving window size is 100.

7 methods are applied to test all 21 faults. They are PCA, DPCA,

W-PCA, W-DPCA, PCA-2, DPCA-2 and SIMPCA. In this case study, the

results from regular PCA and DPCA are added due to the poor performances

of window-PCA and window-DPCA in several cases. The reason for the degra-

dation of the window approach is that by averaging the measurements, some

fault dynamics (such as oscillations) are removed or weakened. Therefore, the

indices stay well below the threshold. Missed detection rates and detection

delays for algorithms based on first order indices are given in Table 6.10 and

Table 6.12. Missed detection rates and detection delays for algorithms based

on second order indices are given in Table 6.11 and Table 6.13.

It was pointed out in [85] that the missed detection rates for Faults 3,

9, and 15 are fairly high and nearly correspond to the level of significance for

many of the statistics (PCA, DPCA and CVA). Also no observable change in

the mean or the variance could be detected by visually comparing the plots of

each observation variable associated with those faults to the plots associated

with normal data. Therefore, these three faults are not considered in [85]

when comparing the methods. As can be seen from Table 6.11, for Faults 3

and 9 algorithms using second order indices can do no better than algorithms

using first order indices. But for Fault 15, all three algorithms using second

order indices can detect the fault, although with significant delays. The T 2
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and Q indices for Fault 15 from different methods are given in Fig. 6.16 and

Fig. 6.17. It is observed that the W-PCA and W-DPCA also can detect the

fault, although the missed detection rates are much higher.

Another example to illustrate the difference between first order and

second order indices is Fault 20. T 2 and Q plots from different methods are

given in Fig. 6.18 and Fig. 6.19. We observe that PCA and DPCA algorithms

give rather high missed detection rates due to the indices oscillating across the

threshold. W-PCA and W-DPCA do not detect the fault at all, mainly because

averaging the measurements within the window removes the oscillations in the

variables. By monitoring the covariance/cross-covariance, all three algorithms

using second order indices can detect the fault and consistently confirm it, i.e.,

after the fault is detected, the indices consistently stay above the thresholds.

The general conclusion from Table 6.10 ∼ Table 6.13 is that the per-

formance of the algorithms using second order indices (PCA-2, DPCA-2 and

SIMPCA) are similar, and the missed detection rates from these three meth-

ods are significantly lower for the cases where the missed detection rates for

the algorithms using first order indices are high. The detection delays asso-

ciated with the algorithms using second order indices are longer than those

algorithms using first order indices, usually by 2 to 10 samples. But for a few

cases where algorithms using first order indices have difficulty to detect the

fault or show large missed detection rates, the algorithms using second order

indices detect the faults much earlier than the algorithms using first order

indices.
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Table 6.10: Missed detection rates for algorithms using first order indices (%)

Fault PCA PCA DPCA DPCA WPCA WPCA WDPCA WDPCA
T 2 Q T 2 Q T 2 Q T 2 Q

1 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

2 0.0 0.0 0.0 0.0 10.2 0.0 0.0 0.0

3 85.7 - 93.9 - 90.7 91.9 90.6 90.6

4 82.0 0.3 72.9 0.0 - - - 95.6

5 70.3 69.4 64.5 67.1 91.9 76.4 79.4 78.6

6 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

7 0.1 0.0 0.8 0.0 79.0 63.1 65.6 60.6

8 0.0 0.1 0.0 0.0 11.5 6.2 6.5 5.7

9 85.7 - 91.7 - - 60.6 73.6 48.2

10 54.1 65.9 49.7 59.1 97.5 77.8 79.0 79.5

11 63.2 23.9 56.8 11.5 - 80.0 82.0 81.1

12 0.0 2.5 0.5 2.6 49.9 31.2 34.0 31.5

13 0.0 0.0 0.0 0.0 70.6 35.0 39.0 35.1

14 9.3 0.0 2.8 0.0 - - - -

15 - 85.7 75.9 92.4 - 45.7 53.3 29.4

16 61.0 65.8 64.2 58.0 92.4 58.2 69.2 38.1

17 18.0 3.3 15.5 0.8 - 89.6 90.3 96.0

18 0.0 0.0 0.0 0.0 10.0 13.7 14.2 13.8

19 - 64.2 90.6 35.4 - 97.1 97.4 -

20 54.5 42.6 48.6 34.3 - 77.6 79.2 79.8

21 3.8 3.2 2.5 15.9 - 45.9 90.8 0.0
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Table 6.11: Missed detection rates for algorithms using second order indices
(%)

Fault PCA-2 PCA-2 DPCA-2 DPCA-2 SIMPCA SIMPCA
T 2 Q T 2 Q T 2 Q

1 0.0 0.0 0.0 0.0 0.0 0.0

2 0.0 0.0 0.0 0.0 0.0 0.0

3 89.7 90.5 89.8 89.6 89.8 90.3

4 0.0 0.0 0.0 0.0 0.0 0.0

5 51.2 39.9 49.7 8.1 51.0 0.0

6 0.0 0.0 0.0 0.0 0.0 0.0

7 0.0 0.0 0.0 0.0 0.0 0.0

8 0.0 0.0 0.0 0.0 0.0 0.0

9 88.3 94.3 92.6 93.3 91.0 25.3

10 25.8 18.0 25.0 12.4 24.6 10.1

11 0.0 0.0 0.0 0.0 0.0 0.0

12 0.0 0.0 0.0 0.0 0.0 0.0

13 0.0 0.0 0.0 0.0 0.0 0.0

14 0.0 0.0 0.0 0.0 0.0 0.0

15 0.0 0.0 0.0 1.5 0.0 25.4

16 18.4 0.0 16.1 5.9 14.9 3.0

17 0.0 0.0 0.0 0.0 0.0 0.0

18 0.0 0.0 0.0 0.0 0.0 0.0

19 - 0.0 - 0.0 - 60.6

20 0.0 0.0 0.0 0.0 0.0 0.0

21 0.0 0.0 0.0 0.0 0.0 0.0
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Table 6.12: Detection delays for algorithms using first order indices

Fault PCA PCA DPCA DPCA WPCA WPCA WDPCA WDPCA
T 2 Q T 2 Q T 2 Q T 2 Q

1 8 3 8 4 19 17 18 17

2 12 13 12 14 49 29 31 32

3 - - 85 - 25 27 27 26

4 367 1 74 1 - - - 390

5 12 1 2 1 84 35 39 35

6 9 1 9 1 9 6 8 6

7 1 1 1 1 19 15 16 15

8 26 20 22 20 36 31 33 32

9 - - 199 - - 29 39 27

10 53 51 55 51 190 175 176 177

11 144 6 48 7 - 392 395 394

12 22 7 3 1 148 44 46 46

13 47 37 47 39 199 96 101 97

14 2 1 2 1 - - - -

15 - - 585 236 - 639 636 699

16 311 196 198 194 408 146 242 140

17 28 24 27 20 - 396 397 426

18 88 84 88 84 118 8 10 9

19 - 81 78 61 - 1 253 -

20 86 87 87 84 - 324 329 326

21 509 461 487 367 - 1 1 1
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Table 6.13: Detection delays for algorithms using second order indices

Fault PCA-2 PCA-2 DPCA-2 DPCA-2 SIMPCA SIMPCA
T 2 Q T 2 Q T 2 Q

1 12 9 12 9 13 12

2 20 18 22 18 22 19

3 99 63 88 101 89 58

4 52 9 54 8 44 9

5 18 9 18 9 20 9

6 15 5 14 5 13 7

7 3 3 5 3 7 5

8 30 25 29 25 29 26

9 1 1 5 5 1 710

10 56 41 50 40 48 40

11 26 13 28 13 32 15

12 9 9 11 8 13 8

13 56 47 53 48 53 47

14 8 4 8 5 9 6

15 622 596 622 597 622 596

16 214 195 204 140 204 140

17 33 29 34 29 34 30

18 95 85 95 88 95 88

19 - 73 - 78 - 86

20 94 90 94 89 94 89

21 283 264 284 258 277 260
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Figure 6.16: T 2 plot for fault 15
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6.5 Summary and Discussion

In this chapter, a novel stochastic fault detection algorithm is proposed

based on SIMPCA. The proposed algorithm integrates the parity space ap-

proach for fault detection and the subspace identification method. In the pro-

posed algorithm, SIMPCA is applied to identify the parity relations, which is

used for fault detection. Because the past data are applied as the instrumental

variables in both model identification and residual generation, the residual de-

fined in the proposed algorithm is not sensitive to the process and measurement

noises, but is still sensitive to the fault. Besides, because the cross-correlation

among input and output variables is monitored, the proposed algorithm is able

to detect the eigenstructure (second order characteristic) change, which may

not be detectable to the first order statistics used by PCA and DPCA.

Driven by the idea of monitoring the second order statistics, PCA and

DPCA are extended to PCA and DPCA using second order indices. In these

two methods, the covariance among process variables or the covariance among

lagged process variables is projected on the principal and residual subspaces

to generate T 2 and Q indices.

Three simulation examples are given to demonstrate the performance

of proposed algorithms. PCA- and DPCA-based fault detection methods are

used as benchmarks. Because the algorithms using second order indices make

use of moving window to perform fault detection, in order to make the com-

parison fair, PCA and DPCA also use the window approach. The average of

measurements within the window are projected on the principal and residual
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subspaces to generate the T 2 and Q indices. The simulation results show that

by monitoring the second order indices, the missed detection rates are signifi-

cantly lower compared to the algorithms which monitor the first order indices.

The delays associated with the algorithms using second order indices are much

shorter than the algorithms using first order indices with window approach,

and slightly larger than the algorithms using first order indices without the

window approach. More importantly, the algorithms using second order in-

dices can detect those changes that affect the covariance but not the variable

mean or variance, while algorithms using first order indices cannot. Notice that

the promptness and reliability of the proposed algorithms can be adjusted by

changing the moving window size. The larger the window size, the better the

reliability, though with less promptness.

Kano et al. [40] proposed the moving principal component analysis

(MPCA) to perform fault detection. In their approach, changes in the direc-

tion of each principal component or changes in the subspace spanned by several

principal components are monitored. In other words, by performing PCA for

each window, changes in the correlation structure of process variables are mon-

itored. The differences between their algorithm and the algorithms proposed

in this chapter are:

• In our algorithms, PCA is performed once to build the model. The fault

detection is performed by projecting the covariance matrix from each

window on the model. In MPCA, PCA is performed for each window.
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• In our algorithms, only two indices, T 2 and Q, are monitored to detect

the fault. In MPCA, changes in the direction of each principal compo-

nent or changes in the subspace spanned by several principal components

are monitored. For a process with large number of principal components,

like the Tennessee Eastman process, the choice of the monitoring index,

i.e., principle components or subspace spanned by several principal com-

ponents, has a large effect on the fault detection performances.

The difference between the SIMPCA-based fault detection algorithm

and other subspace based fault detection algorithms (e.g. CVA) is that with

SIMPCA, the parity relations are the core for the fault detection, no state

sequence is calculated. For the CVA-based method, the state sequence is

calculated first, and the principal subspace is the core for the fault detection.

More importantly, most other subspace identification-based fault detection

algorithms use the first order statistic to detection the fault, which has the

same disadvantage as PCA and DPCA, i.e. it is not sufficient to detect the

second order characteristic changes.
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Chapter 7

Conclusions and Recommendations

This research presents a novel subspace identification algorithm (SIM-

PCA) and its application to stochastic fault detection. The proposed algo-

rithm addresses two major drawbacks associated with most other subspace

identification algorithms, namely errors-in-variables applicability and closed-

loop applicability. In the proposed SIMPCA-based fault detection approach,

second order statistics (cross-covariance of process variables) are monitored,

which gives significantly improved reliability with small detection delay.

7.1 Contributions

The main contributions of this dissertation are listed below.

1. This research proposed a new subspace identification algorithm (SIM-

PCA), which gives consistent estimates of state space models from both

open loop and closed-loop data. SIMPCA extracts system information

from the parity subspace, which naturally handles the errors-in-variables

situation.

2. The persistent excitation condition on inputs is derived for the deter-
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ministic realization, and a consistency analysis for the deterministic re-

alization is performed and given in a theorem.

3. Standard PCA is modified with instrumental variables to achieve consis-

tent estimates for the combined deterministic-stochastic realization. The

proposed method is implemented in both errors-in-variables formulation

and innovation formulation.

4. The persistent excitation condition on inputs is derived for the com-

bined deterministic-stochastic realization. A consistency analysis for the

combined deterministic-stochastic realization is performed and given in

a theorem.

5. The effect of the column weighting matrix in subspace identification is

investigated, and an “optimal” weighting is designed for SIMPCA that

significantly improves the algorithm efficiency.

6. Two methods for system order determination are proposed based on AIC

index, namely characteristic polynomial method and reconstruction error

method, which give consistent estimates of the system order.

7. The equivalency between DPCA and the temporal redundancy is derived

through a theorem.

8. A novel stochastic fault detection algorithm is proposed based on SIM-

PCA. T 2 and SPE indices are defined in the proposed algorithm. The
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proposed algorithm gives significantly improved fault detection reliabil-

ity.

9. Driven by the idea of monitoring second order statistics, two new fault

detection methods, PCA and DPCA using second order indices, are pro-

posed. Similar to the SIMPCA-based fault detection algorithm, the pro-

posed methods show superior performance on fault detection compared

to the regular PCA and DPCA.

10. A window approach for the regular PCA and DPCA for fault detection is

investigated. It is found that averaging the variable measurements within

a window can remove the effect of the noise and improve the algorithms’

sensitivity to small faults in some cases, but there is a risk associated

with averaging the measurements of removing process dynamics (such

as oscillations).

7.2 Recommendations for Future Work

We conclude with a summary of related research directions which de-

serve future investigation.

1. We pointed out that a white noise input is not suitable for SIMPCA, and

SIMPCA requires correlated input excitation. The full rank condition

given in Lemma 3.2.1 cannot be applied directly to check whether the

input signal is fully excited. The direct criterion for input excitation

needs further investigation.
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2. The column weighting applied in SIMPCA is designed based upon the

idea of scaling the generalized instrumental variable to a unit variance.

The rigorous optimality should be investigated further.

3. Generally speaking, the B, D (or zeros) estimate from subspace identifi-

cation is not as good as the A, C (or poles) estimate. The exact reason

and how to improve the estimate needs further investigation.

4. In this work, the goal of subspace identification is to extract the sys-

tem dynamics (the directions with the largest variance) and cast it into

matrices A, B, C, and D. Because the system model is identified for

a certain purpose in practice, such as controller design, the purpose of

identification should be considered when formulating the problem.

5. For the proposed fault detection algorithms using second order indices,

the thresholds are determined in such a way that the number of samples

outside the control limit is equal to 1% of the entire sample of normal

data. The underlying distribution for T 2 and SPE indices needs to be

developed so that the threshold can be determined based on the distri-

bution.

6. In this work, only the fault detection algorithms are proposed based on

monitoring the second order statistics. How to design the structured

residual for fault classification should be investigated.
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Appendix A

Proof of Lemma 3.1.1

From Eqn (3.1), we have

Zf =

[
Yf

Uf

]
=

[
Γf Hf

0 Ilf

] [
Xk

Uf

]
(A.1)

Since rank(Γf ) = n, we have

rank

[
Γf Hf

0 Ilf

]
= lf + n (A.2)

from the persistent excitation condition, we have

rank

[
Xk

Uf

]
= lf + n (A.3)

Therefore,

rank(Zf ) = lf + n (A.4)

As a consequence, the number of zero singular values in Zf is:

(m + l)f − (lf + n) = mf − n (A.5)
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Appendix B

Proof of Theorem 3.1.2

Starting from Eqn (3.4),

(
Γ⊥f

)T
[I | −Hf ]Zf = 0 (B.1)

from the PCA decomposition of Zf and Lemma 3.1.1, we know T̃ = 0 and

the dimension of T̃ is (lf + mf) × (mf − n). Substituting Zf = PTT into

Eqn. (B.1), and multiplying both sides with T, we have:

(
Γ⊥f

)T
[I | −Hf ]P = 0 (B.2)

This can be reformulated as

[
Γ⊥f

−HT
f Γ⊥f

]T

P = 0 (B.3)

Since Γ⊥f has full column rank,

[
Γ⊥f

−HT
f Γ⊥f

]
has full column rank too,

and its column rank is (mf−n). Eqn. (B.3) indicates that

[
Γ⊥f

−HT
f Γ⊥f

]
shares

the same column space as P̃, which also has full column rank (mf − n), i.e.,

[
Γ⊥f

−HT
f Γ⊥f

]
= P̃M (B.4)

where M ∈ <(mf−n)×(mf−n) is a non-singular matrix.
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Appendix C

Proof of Lemma 3.2.1

From the extended state-space model Eqn (3.23), we have

Zf =

[
Yf

Uf

]
=

[
Γf Hf

0 Ilf

] [
Xk

Uf

]
+

[
Gf

0

]
Ef (C.1)

Post-multiplying the instrumental variable ZT
p to remove noise, Eqn (C.1)

becomes

lim
N→∞

1

N
ZfZ

T
p =

1

N

[
Γf Hf

0 Ilf

] [
Xk

Uf

]
ZT

p (C.2)

Because f > n, rank(Γf ) = n, and

[
Γf Hf

0 Ilf

]
has full column rank, which is

lf+n. Therefore, if Ē

([
x(k)
uf (k)

]
zp(k)T

)
has full row rank, rank

(
1
N
ZfZ

T
p

)
=

lf + n as N →∞.
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Appendix D

Proof of Theorem 3.2.2

Eqn (3.23) can be rearranged as

[
I | −Hf

]
Zf = ΓfXk + GfEf (D.1)

In order to remove the noise term, multiplying 1
N
ZT

p to both sides of the above

equation,

1

N

[
I | −Hf

]
ZfZ

T
p =

1

N
ΓfXkZ

T
p +

1

N
GfEfZ

T
p (D.2)

while

lim
N→∞

1

N
EfZ

T
p = 0 (D.3)

when N →∞
1

N

[
I | −Hf

]
ZfZ

T
p =

1

N
ΓfXkZ

T
p (D.4)

pre-multiplying the above equation with
(
Γ⊥f

)T
to remove state,

1

N

(
Γ⊥f

)T [
I | −Hf

]
ZfZ

T
p = 0 (D.5)

Following the same procedure as in proof of Theorem 3.1.2, it is straight for-

ward to show that [
Γ⊥f

−HT
f Γ⊥f

]
= P̃M (D.6)

where M ∈ <(mf−n)×(mf−n) is a non-singular matrix.
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Appendix E

Proof of Lemma 3.2.3

Similar to Eqn (3.23), the extended state-space model for the past data

is,

Yp = ΓpXk−p + HpUp + GpEp (E.1)

Recall Gp has full rank because of its lower triangular structure, with identity

matrix as diagonal elements. Also Ep is independent of Xk−p and Up because

of the white noise assumption. Therefore the row space of Ep is located in the

row space of Yp, i.e., Ep ⊂ Yp, which means EpΠ
⊥
YT

p
= ∅.
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Appendix F

Proof of Theorem 3.2.4

Starting with the extended state-space model Eqn (3.23), we have sim-

ilarly

Yp = ΓpXk−p + HpUp + GpEp (F.1)

Since Γp is full column rank, pre-multiplying Γ+
p to both sides of Eqn. (F.1),

where + means pseudoinverse, we can get

Xk−p = Γ+
p (Yp −HpUp −GpEp) (F.2)

By iterating Eqn (3.22), we have

Xk = ApXk−p + ∆p(A,B)Up + ∆p(A,K)Ep (F.3)

where

∆p(A,B) =
[

Ap−1B Ap−2B · · · AB B
]

(F.4)

∆p(A,K) =
[

Ap−1K Ap−2K · · · AK K
]

(F.5)

Substituting Eqn (F.2) into Eqn (F.3), we have

Xk = ApΓ+
p Yp+(∆p(A,B)−ApΓ+

p Hp)Up+(∆p(A,K)−ApΓ+
p Gp)Ep (F.6)

which is the state described by past data.
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Substituting the Eqn (F.6) into the extended model Eqn (3.23), we

obtain the extended model without state:

Yf = ΓfA
pΓ+

p Yp + Γf (∆p(A,B)−ApΓ+
p Hp)Up + HfUf

+Γf (∆p(A,K)−ApΓ+
p Gp)Ep + GfEf (F.7)

Projecting both sides of Eqn (F.7) onto the row space of

[
Zp

Uf

]⊥
, we have

Yf/

[
Zp

Uf

]⊥
= GfEf/

[
Zp

Uf

]⊥
(F.8)

Since Ef is independent of Zp and Uf , the above equation becomes

Yf/

[
Zp

Uf

]⊥
= GfEf (F.9)
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Appendix G

Proof of Theorem 3.2.5

Since Qi are mutually orthogonal, and



Up

Yp

Uf


 =




R11

R21 R22

R31 R32 R33







Q1

Q2

Q3


 (G.1)

which implies that




Up

Yp

Uf


 shares the same row space as that of




Q1

Q2

Q3


.

From the QR factorization, we have

Yf = R41Q1 + R42Q2 + R43Q3 + R44Q4 (G.2)

Since Q4/




Q1

Q2

Q3



⊥

= Q4 and




Q1

Q2

Q3


 /




Q1

Q2

Q3



⊥

= 0, we have

Yf/




Up

Yp

Uf



⊥

= Yf/




Q1

Q2

Q3



⊥

= R44Q4 (G.3)

From Theorem 3.2.4, we have

Yf/




Up

Yp

Uf



⊥

= GfEf (G.4)

Comparing the above two equations, we have

R44Q4 = GfEf
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