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Transportation equilibrium problems with deterministic forecasts of O-D 

demand yield unsatisfactory results. Accurate estimation of transportation network 

performance helps in improving network resiliency and reducing network-wide 

congestion. Accounting for uncertainty and risk in transportation networks facilitate 

efficient evaluation and design of transportation networks and this has emerged as a 

recent topic of interest. Central problems in this area are quantifying network

performance, designing robust networks, and modeling information recourse to 

optimize the performance of transportation systems.

In this dissertation, different approaches for evaluating network performance 

under stochastic origin-destination (OD) demand conditions are presented. 

Specifically, two fundamentally different approaches - analytical expressions and

single point approximations - for evaluating transportation network performance

under uncertain demand are discussed. Computational results on multiple 
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transportation test networks demonstrate the benefit of incorporating demand 

uncertainty in the model.

A natural extension of the stochastic network evaluation model is the robust 

network design model.  This model determines link improvement policies for the 

network considering not only the expected network performance but also its 

volatility under a budget constraint.  A solution procedure based on a multiobjective

evolutionary algorithm that computes the high performance network designs for a

stochastic objective function is discussed. Computational results for the robust 

network design problem demonstrate the value of incorporating robustness. 

Accounting for dynamics and stochasticity based on user equilibrium 

conditions are studied by developing a linear programming based network model 

where the cell transmission model is used as the embedded traffic flow model.  

Computational results from this model are demonstrated.  Finally, information 

recourse is proposed as one potential strategy for mitigating transportation network

uncertainty.  An online equilibrium model where travelers have the ability to take 

recourse enroute is developed as a fixed point formulation.  A heuristic solution 

approach based on the method of successive averages (MSA) is proposed to solve 

this problem.  Key findings from this problem relate to studying the benefit of online 

information provision as compared to off line network equilibrium problems. 

Further, opportunities for using these methodologies in other areas, and open 

problems of interest in this area are discussed.

In the overall, this research is envisioned as an important first step in the

development of fundamentally new network assignment models that account for 

uncertainty, robustness and information recourse in stochastic transportation 

networks.
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Part I Preliminaries
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Chapter 1 Introduction

“Any study which throws light upon the nature of ‘order’ or ‘pattern’ in the universe 

is surely nontrivial” - Gregory Bateson

1.1 Introduction

Optimal evaluation and design is central to the efficient planning, increased 

efficiency, operation, maintenance and retirement of transportation networks.  Given 

the increasing capabilities in characterizing uncertainties and the maturity in 

information technologies and online control opportunities, there is an increasing need 

to account for and compensate for the inherent stochasticity by developing new 

methodologies to enable the efficiency and longevity of transportation systems.    

 This dissertation is primarily motivated by the need to mitigate this inherent 

uncertainty through new traffic assignment methodologies that explicitly account for

demand uncertainty.  Specifically, new models are developed for evaluation 

considering long-term demand uncertainty, robust optimization for network design, 

and user equilibrium with recourse.  With these new models it is anticipated that the 

efficiency, resiliency, and competitiveness of stochastic transportation networks will 

improve.   

Often, the traditional transportation planning approach involves developing a 20-

year forecast of demand based on key socioeconomic variables, such as population, 

income and employment for different zones.  The traditional four step process is 

applied to deduce the forecasted traffic and link volumes on the metropolitan 

transportation network.  Typically, planners base their master plan to meet the 

conditions forecasted to occur.  However, it is clear that there are uncertainties and 

biases involved in the decision making process.  Almost certainly, ignoring these 

uncertainties leads to systematically erroneous results which does not justify the 

decision making process.  
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In this research we study modeling techniques to deal with uncertainty and in 

specific propose robustness as a goal in the evaluation and design of transportation 

networks.  The models developed in this work are at the boundary of two different 

branches of network science (i.e. transportation network analysis and stochastic 

modeling).  On the one hand the traffic assignment models are an important 

component of the transportation planning which places them in the field of 

transportation systems.  On the other hand there is inherent uncertainty in many of the 

parameters of the transportation network.  This requires solutions in the present stage 

which to be inherently resilient (i.e. robust) or in some sense good for many 

realizations of the system state into the future, which places these models in the broad 

area of stochastic programming.   

Due to the numerous uncertainties that travelers routinely face, a continuing effort 

is placed into strategies for managing online network traffic conditions.  With the 

increasing availability of information-based technologies and communication 

mediums a wide opportunity exists for improving and designing these systems.  As 

these approaches have evolved, increased interest needs to be focused on the ability to 

account for recourse in network behavior and traveler route choice.  In part, this 

results from our increasing ability to gather and disseminate information in a 

sophisticated manner on a real time basis.  However, to derive the true benefits from 

such online systems for improving network performance, we must enhance related 

equilibrium models and fundamentally devise new strategies to account for recourse.  

This question of developing novel modeling approaches is critical in stochastic 

transportation networks to evaluate the value of information provision.  The 

information can be obtained by various means: radio broadcasts, variable message 

signs (VMS), on board vehicular units etc.  Two types of information strategies are 

usually studied: a priori information and online information.  It is easy to imagine

future transportation systems having online information devices which can provide 

information about traffic conditions on a specific road segment during all periods of 

time.  Travelers routing decisions in a stochastic transportation network with online 
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information are conceivably different from those in a deterministic network.  It has 

been demonstrated that online routing will save travel time as compared to a priori 

routing in transportation networks (Waller and Ziliaskopoulos, 2002).  The online 

equilibrium research explored in this work will help us in understanding the network 

wide impacts if all the travelers in a network are allowed to make online routing 

decisions.  Our specific focus is on trying to quantify the equilibrium process 

achieved by this online routing given uncertain network conditions in congested 

transportation networks.  Formulating such a model and understanding its properties 

provide a useful application in the evaluation of information systems and judicious 

investment of scarce resources in Advanced Traveler Information Systems (ATIS).   

1.2 Motivating Examples

Two motivating examples lead us to investigate the importance of robustness 

and value of information in transportation networks.  The first is essentially the traffic 

equilibrium problem under uncertain demand solved on an example network. The 

second example is network equilibrium with online information provision in a

transportation network.

1.2.1 Long Range Network Performance

Consider an example network connected by two non-interfering highways and 

drivers commuting between the node s and t as shown in Figure 1.1.  Suppose the first 

highway is narrow with the cost on it represented by ( )1c ψ  which represents the 

delay experienced while driving from s to t.  Similarly, suppose that the second 

highway is 1.618 times wider than the first highway and its cost function is 

represented by ( )2c ψ .  The network is shown in Figure 1.1 and ( )c ψ represents the 

cost incurred by drivers due to the presence of other drivers on the highway.  Typical 
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cost functions similar to 

4

( , )  kc a bk k k k k
k

ψψ ν ν
    = +     

 are considered here.  For 

simplicity we will assume that ak = 0 and bk = 1.

4( )1( )  1 1 100
c

ψψ =

4( )2( )  2 2 685
c

ψψ =

Figure 1.1 Motivating example for evaluating network performance

Traditionally long term transportation planning is performed for a single 

forecasted value based on socio-economic characteristics and other parameters for 20 

years into the future.  However, suppose that by some exogenous analysis, the long 

term planning organization of the example network has arrived at five different 

“What If Scenarios” for the long term s-t demand.  Many possible combinations of 

scenarios could be possible depending on the analysis.  We will assume that all the 

scenarios are all equally likely; these are shown in Table 1.1.    This type of scenario 

planning process is gaining significance in recent times, but models to study the 

network performance are still lacking.  If the transportation planner performs a 

traditional network analysis, he/she would plan for scenario 1.  The Delaware Long 

term regional analysis group is one such Metropolitan Planning Organization (MPO)

where similar studies are gaining prominence.

s t
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Table 1.1 Five scenarios for the year 2025 for the example network (Source: DVRPC) 

No. Scenario Demand
1 2025 forecast prevails 1000
2 Regional economy grows (Boom) 1500
3 Energy cost rises causing out-migration (Bust) 700
4 Information technology amenities grow 1300
5 Homeland security tightened 500

In all the analyses that ensue, we will assume that drivers aim to minimize the 

time taken to travel from s to t.  Naturally, this would push more vehicles onto link 2 

where there is greater capacity until both the links incur the same travel time.  For 

example for scenario 1, we arrive at two simultaneous equations at equilibrium -

10001 2ψ ψ+ =  and 1.618*2 1ψ ψ= .  Solving these equations gives us, 381.971ψ =
and 618.032ψ = , with a total network cost of 4.25×108 units.   Now suppose that 

given the “What If Scenarios” into the future, we evaluate the total network travel 

time for all the five scenarios and compute their average.  This yields a total network 

cost of 7.85×108units.  We have thus underestimated the network performance by 

3.50×108 units when we consider only one scenario (note here that scenario 1 also 

represents the average demand case), a significant underestimation.

1.2.2 Online Information Provision as Recourse (UER)

The previous example demonstrates the need for mitigating uncertainty in 

transportation planning by accounting for uncertainty in the network assignment 

stage.  However, in addition to accounting for and assessing uncertainty we must also 

be able to manage this uncertainty.  Providing information on a real time basis is one 

way to manage stochastic transportation networks.  Modeling such online information 

provision forms an initial and critical step before different information strategies can 

be developed and deployed.  

The example presented here shows the benefit in terms of travel time savings 

in online equilibrium problems.  Consider the example network shown in Figure 1.2 

with five nodes and three directed paths: 1-2-3-5, 1-2-4-5 and 1-2-4-3-5.  Assume that 
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there are 100 vehicles which should be assigned from node 1 (origin) to node 5

(destination).  The travel times on links a, b, c, d, e and f are given as follows:

Ca( x ) = 2      ( ) 2.52 2C x xb = ( ) 23 3C x xc = ( ) 34 4C x xe = ( ) 2.55 5C x xf =
1  . .  0.86( )6 1 100  . . 0.26

x w p
C xd x w p

     

+
= +

Figure 1.2 Motivating example for studying online network equilibrium 

Links a, b, c, e and f have deterministic travel time functions while link d has a 

random travel time function as shown above.  The capacity on link d takes two 

different values based on whether it is a sunny or a rainy day.  This leads to different 

cost functions as shown in Cd. Assume that the rainy day occurs with a probability of 

0.2 and this reduces the capacity of the road by 100 times causing greater delays.  The 

probability of a sunny day is 0.8 with a corresponding travel time function of 1+ x6.  

 Given this network topology, cost structure and a total demand of 100 units 

from 1-5, if we were to perform an a priori equilibrium based on the expected path 

cost (in other words, all used paths have the same expected cost), we would arrive at 

the following set of equations for paths 1-2-3-5, 1-2-4-3-5 and 1-2-4-5:

2

4

3

51
a

b

c

d
e

f

Ca=2
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2 + 2.5x2 + 3x4 = 2 + 2.5x5 + 2x3 = 2 + 2x3 + (1+20.8x6) + 3x4 ; and x2 + x3 = 100 (the 

flow conservation equation).  Solving these equations we get a path cost of 249.498 

on all the used paths.

Now can we improve this travel time for each vehicle when we have 

additional information at node 4?   We assume that when a vehicle reaches node 4 it 

has information about the conditions on link d (i.e., whether it is rainy or sunny day 

on link d).  Based on this information each user will decide on the next link to choose, 

for example if the user learns a cost of 1 + 100x6 he/she will take link f, otherwise 

he/she would take link d.  This assignment is a conditional assignment based on the 

information learned at node 4.  In this example the vehicles route themselves based 

on strategies instead of paths.  These strategies can be represented using hyperpaths.  

The different strategies in this network are:

If link d is sunny, then available paths and the corresponding realized costs are:

and if link d is rainy, the available paths and the realized costs are :

2

4

3

51

2.5x2

2x3

3x4

2.5x5

2

2

4

3

51

2.5x2

2x3

1+x6

3x4

2.5x5

2
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Analyzing the equilibrium solution for all the strategies in this network, the result is a 

path cost of 242.796.  We have thus gained a travel time of nearly 7 units for each 

vehicle, thereby gaining a travel time savings of nearly 680 units for all the vehicles 

in the entire network in this small example.  

This example demonstrates the benefit of using online information in 

equilibrium traffic networks.  However, one should be cautious in generalizing the 

demonstrated impact as a benefit when the network is characterized by decentralized 

traffic behavior.  In Part IV of this dissertation, we will revisit this example and aspire

to develop algorithms to solve this problem and quantify the impact of online 

equilibrium assignment as compared to traditional equilibrium assignment.   

1.3 Contributions

To achieve better modeling approaches for the above mentioned problems, the 

goal of this research is two fold: contribute to the area of transportation network 

modeling by (i) modeling uncertainty and devising strategies to account for 

robustness and (ii) establishing a modeling approach to account for the benefit of 

online information.  This dissertation substantially adds to the state of knowledge and 

to the methodologies in transportation network modeling by addressing the following 

objectives:

1. Develop a framework for studying uncertainty in static and dynamic network 

equilibrium models.

2. Develop approximate analytical expressions for the network performance 

when the input demand is a stochastic random variable.

3. Propose a robust network design model under uncertain demand employing 

evolutionary algorithm as the solution technique.

4. Develop a dynamic network design model accounting for user equilibrium 

conditions and extend this framework to account for demand uncertainty.

5. Propose a novel equilibrium model and solution approach which accounts for 

information recourse in stochastic networks.
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The potential treatment of each of these topics is comprehensive and prescriptive.  It 

is fully anticipated that the results from this research will motivate new research 

directions in transportation network modeling and their application in the overall 

planning process.

1.4 Dissertation Organization

1.4.1 Presentation Overview 

Chapter 2 describes the preliminaries of the problem definition and provides 

a critical review of the previous work in transportation equilibrium modeling with a 

particular emphasis on stochasticity.  Chapter 3 presents two methodologies – the 

first is an approximation procedure for solving the traffic equilibrium problem 

under uncertain demand and the second is based on analytical derivations to 

account for robustness in transportation networks.  The long term demand is 

assumed to be uncertain and uncorrelated; closed form expressions are derived for 

the overall network performance.  Chapter 4 develops a robust network design 

model when the long term demand is a stochastic random variable.  Specifically,

the solution method is based on a multiobjective evolutionary algorithm for solving 

the non-convex, non-differentiable optimization problem.  The formulation of the 

problem and computational analysis are presented.  Chapter 5 formulates a network 

design model under time varying conditions (DTA) and extends this model to a 

stochastic programming formulation to account for demand uncertainties in the 

network design problem.  Chapter 6 deals with the user equilibrium with recourse 

as a modeling framework for incorporating online information availability in 

transportation networks.  The fundamental investigation in this line of work is in 

finding online equilibrium policies where the network users have the ability to gain

information as they traverse the network.  Finally, in Chapter 7 we conclude this 

dissertation with a summary of contributions and the future extensions of this line 

of research.
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1.4.2 Dependencies

Chapter 2 provides a quick review of the important contribution of this 

dissertation; though some of the sections are specific to particular chapters.  This is 

further elaborated in Chapter 2.  Chapter 4 should follow chapter 3 for a logical 

understanding of the problem.  However, chapters 3, 4, 5 and 6 can be read 

independently of each other although each of them complements the other. Chapters 3 

and 4 are highly related to each other.  

1.4.3 Bibliographic Information

Some of the work presented in this dissertation has appeared previously in 

research papers (Ukkusuri and Waller (2004a), Waller et al (2004a)).  Some of the 

other work is in review (Ukkusuri and Waller (2004b), Ukkusuri et al. (2004); Waller 

et al. (2004b); Unnikrishnan et al. (2004); Ukkusuri et al. (2004); Ukkusuri and 

Waller (2004c)).  Most of the work is in joint work with Prof. S. Travis Waller.  The 

results of Chapter 3 appeared in TRISTAN V proceedings.  An initial version of this 

work is presented at the INFORMS Annual (2003, 2004) conferences and the 

Transportation Research Board (TRB) doctoral seminar.
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Chapter 2 Critical Evaluation and Comparison to Previous Work

“If I have seen further it is by standing on the shoulders of Giants” in 'Letter to 

Robert Hooke, February 5, 1675/1676’ - Newton, Sir Isaac

Modeling uncertainty and in specific robustness has been a sought after goal

in many domains.  A good non-technical reading for a comprehensive understanding 

of the historical underpinnings of uncertainty and risk can be found in Bernstein 

(1998).  This dissertation builds upon four primary areas in optimization: traffic 

equilibrium (static and dynamic), stochastic programming, robust optimization and 

online equilibrium problems.  This chapter reviews these topics and provides a 

critical evaluation of related literature to provide a basis for understanding the models 

proposed in this work.  This chapter is organized as follows. Section 2.1 begins the 

review with identifying different sources of uncertainty in transportation decision 

making.  Section 2.2 reviews the different modeling approaches studied in the 

literature for modeling uncertainty.  A review of traffic equilibrium models (static and 

dynamic) is conducted in section 2.3.  Stochastic programming approaches and the 

definition of robust optimization are discussed in section 2.4.  Section 2.5 reviews the 

literature on online equilibrium models in transportation networks.  Section 2.6 

concludes this chapter with a summary and a direct connection between the past work 

and this research.  The purpose of the review is primarily expository rather than 

comprehensiveness.  The interested reader can broaden his/her knowledge from the 

works mentioned in this review.  

2.1 Sources of Uncertainty in Transportation Decision Making

In this dissertation we primarily deal with demand uncertainty, however, a 

comprehensive listing of different sources of uncertainty is in order for the sake of 

completeness.  Further, some of the proposed methodologies in this work could
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potentially be directly transferable to account for some of the uncertainties discussed 

below.   

Uncertainty in transportation systems planning is one of the major factors that 

planners and decision makers face both in the short term and increasingly so in the 

long term.  In fact, the tacit assumption in urban transportation planning process is 

that we can forecast the future with certainty.  The process typically develops 20-year 

forecasts of the key independent variables, such as population, employment and 

demand for each traffic analysis zone of a metropolitan area.  Based on the 20 year 

forecasts disaggregated to a zonal level, the planners aim to produce forecasts of 

traffic volumes on each link of the transportation network.   Some reports from the 

Florida’s The Tampa Tribune give us ample evidence of the massive uncertainty 

prevalent in forecasting land use, transportation demand and economic activity.  A 

few snippets demonstrate the uncertainties:

1. A December 18, 1994 report says, “Hillsborough growth slower than 

expected,” noted that almost two years ago, the planning commission received 

a great deal of criticism for recommending the county adopt lower growth 

estimates.  As it has turned out, even the low projections were optimistic.

2. A May 21, 1993 article quotes “Florida’s finances looking better”, which 

quoted the director of Florida’s legislature’s economic research unit as saying, 

“The problem with our forecasting technique is that we are always wrong.”

3. An October 10, 1992 articles chronicles “County planners to recommend 

reducing population estimate”, which noted that Hillsborough county 

population forecasts for the year 2015 are expected to be 166,000 fewer than 

had earlier been officially forecasted for the year 2010.

These articles demonstrate the gross underestimation of forecasted demand in 

critical planning decisions.  In the literature different researchers have classified 

uncertainty based on the parameter/decision of interest in transportation 

planning/operations. Neumann (1976) focused primarily on accounting for 

uncertainties in resource constraints, implementation times, expected impacts and 
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political acceptability of alternative transportation plans. Pecknold (1970) dealt 

mainly with uncertainty in future demand using transportation planning.  Mahmassani 

(1984) presented an overview of evaluation approaches for uncertainty in 

transportation systems.  He categorized five different types of uncertainties in the 

evaluation of transportation systems.  

1. Unexpected events and unforeseen situations; these include major political 

upheavals or unanticipated technological breakdowns.  This kind of 

uncertainty is nearly impossible to include in transportation decision making 

because the modeler or forecaster is not cognizant of the possibility of such 

occurrences.

2. The exogenous states affecting the transportation systems, such as new 

administration at the federal level, economic boom or bust etc.  These can 

have causal relationships on transportation systems, e.g. a high economic 

growth may imply high automobile ownership levels and thereby increased

inter-zonal demand.  This type of uncertainty can be represented either 

through discrete “states of nature” or a scenario approach as proposed in 

chapter 3 of this dissertation.

3. Uncertainty in the values of measured or predicted impacts usually as a result 

of the modeling activity.  This is primarily referred to as descriptive 

uncertainty in the knowledge of the phenomena modeled.  Good examples of 

this include the estimates of demands, flows on various network links, benefit 

measures, costs and others.  This type of uncertainty can be represented as 

interval estimates (or bounded uncertainty), probability mass functions in 

discrete or continuous forms.  Again, this uncertainty is modeled in chapter 3 

both under discrete and continuous forms for O-D demand.

4. Fuzziness or vagueness characterized with the description of a performance 

measure in transportation systems.  This is primarily because the system 

options are ill-defined by the planner.  Fuzzy set theory and associated algebra 

can be used to study such problems (see Ukkusuri et al. (2005) for an 
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application of such a technique to the congestion pricing technology 

evaluation under fuzziness of the criteria).  This methodology will not be 

considered in this dissertation.

5.  Uncertainty as to the preferential or normative basis of the evaluation.  This 

includes the risk attitudes of the decision makers in the decision process, the 

biases of the actors in the planning process.  A very good example of such an 

uncertainty is the outright bias and politics involved in the choice of light rail 

transit in Sacramento (Johnson et al., 1988).  The representation and 

quantification of this type of uncertainty is a highly complex task. However, 

its existence is a fundamental characteristic of transportation decision making 

and cannot be ignored completely.  

Lowe and Richards (1983) identified three sources of uncertainty in transportation 

planning models; specification error, calibration error and the error in forecasted 

exogenous inputs.  Specification uncertainties recognize that with the complexity of 

human behavior, it would be unlikely that the models would include all relevant 

factors.  Calibration errors on the other hand recognize that the estimated coefficients 

are based on sample values, introducing additional error.  Finally, the third source of 

uncertainty deals with the difficulty in forecasting future exogenous variables (such 

as O-D demand) at the network level.  

Given these uncertainties, how can we develop models to evaluate, design for and 

mitigate uncertain future conditions?  In this dissertation, we principally address the 

third source of uncertainty by developing new network models for evaluation, design 

and mitigation of uncertainty. 

2.2 Uncertainty Modeling in Transportation

Transportation systems are inherently characterized by stochasticity due to the 

human-system interaction associated with the overall problem.  These systems 

involve uncertainty in the network topology, input parameters, activity patterns of 
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users, driver behavior and land use changes which cannot be captured adequately 

with the existing methodologies.  In this study we classify network uncertainty into 

four broad categories; based on time and network parameters as shown in Figure 2.1.   

Significant other uncertainties exist in measuring network performance such as the 

cost parameters and driver behavior; however, these will not be modeled explicitly in 

this dissertation.  We assume that all the other uncertainties manifest themselves in 

the stochasticity of the O-D demand. 

Figure 2.1 Key classifications of Transportation Network uncertainties

The second quadrant in Figure 2.1 is concerned with short term demand 

uncertainties which are usually solved as stochastic user equilibrium problems or 

travel time reliability methods (Bell et al., 1999; Du and Nicholson, 1997; Yang et al., 

2000).  A probabilistic link travel time function is directly assumed and an 

equilibrium sensitivity analysis is performed to overcome some of the computational 

burden as in Bell et al. (1999).  Du and Nicholson (1997) used a conventional 
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integrated equilibrium model with variable demand to describe flows in a network 

with degradable link capacities.  Their focus was however on a multimodal context 

and employed differential sensitivity analysis for the equilibrium problem.  

The third quadrant encompasses the models which deal with short term 

capacity uncertainties.  In the literature these models are usually referred to as 

connectivity reliability (Iida and Wakabayashi, 1989; Bell and Iida, 1997) or capacity 

reliability (Chen et al., 1999, 2002; Lo and Tung, 2003) models.  Connectivity 

reliability as defined by Iida and Wakabayashi (1989) deals with the probability that 

the network nodes remain connected, which is used as a measure of the performance 

of a link to reflect the flow to capacity ratio being less than a specific value.  Chen et 

al. (1999, 2002) defined capacity reliability as the probability that the network can 

accommodate a certain demand at a given level of service in short time durations.  

They studied small network examples and extending their work to large scale 

networks is a computationally burdensome task.  Lo and Tung (2003) developed a 

model to study day-to-day capacity degradations which reduce to travel time 

variability.  They characterize the uncertain travel time problem as probabilistic user 

equilibrium (PUE) and use Mellins Transform to derive expressions for the capacity 

uncertainty.  They solve a numerical example.  However, the use of the Mellins 

transforms cannot be generalized to all of the probabilistic distributions.  Before 

proceeding further it is important to note that all the previous studies assume the 

normality of the link flows given any distribution of demand or capacity.  This study 

reinforces and bridges an important gap in Chapter 3 by showing the basis of the 

normality assumption when the demand is a stochastic variable.  To the best of our 

knowledge there has been no work in the literature which deals with long term 

capacity uncertainty as shown in the fourth quadrant in Figure 2.1. 

The methodologies proposed in chapter 3 and 4 fall within the first quadrant 

of Figure 1 and deal with the network performance and design when the long term 

OD demand is a stochastic variable.  In a transportation network, the demand between 

any given OD pairs is not constant over time.  OD demand patterns show significant 
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variations within a day, and exhibit long-term, yearly variations.  Earlier work in 

evaluating the traffic equilibrium problem under uncertain demand was conducted by 

Waller and Ziliaskopoulos (2000).  An important insight from this work was that 

solving the traffic equilibrium problem at the expected demand significantly 

underestimates the true expected performance of the network.  A stochastic 

programming formulation was proposed for the dynamic network design problem 

under demand uncertainty for system optimal conditions (Waller, 2000).  This was

formulated as a linear program and the cell transmission model was embedded in the 

formulation.  For the User Equilibrium conditions, a similar analysis was done by 

Ukkusuri et al. (2004).  

 2.3 Review of Traffic Equilibrium Models

The stochastic models proposed in this dissertation are based on three primary 

areas in traffic equilibrium – (i) static traffic assignment which is the starting point for 

this study because of the tremendous body of work in place and its current 

acceptability by practitioners; (ii) dynamic traffic assignment and the (iii) Network 

design problem.

2.3.1 Static Traffic Equilibrium

Traffic in transportation networks can be represented from two perspectives, 

traffic maximization and travel time minimization.  Traffic maximization involves the 

determination of maximal traffic demand that the network can support between two 

given nodes, whereas the cost minimization minimizes transportation costs given a 

demand between two nodes.  When congested travel time is chosen as the objective 

variable, the problem becomes more complex, as congested travel time is a function 

of the volume of travelers using a link. The Bureau of Public Records (BPR) 

formulation (see U.S. Department of Commerce, 1964) is commonly used in 

transportation planning applications.  This formula computes the congested times as:
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1 ( / )c oT T V C γβ = +  (2.1)

where

cT is the congested travel time on a link,

oT is the free-flow travel time,

V is the hourly volume,

C is the hourly “practical” capacity, and

β and γ are parameters.  Typically, β =0.15 and γ =4, although in some instances 

other values may be used (for e.g. γ =5.5 for freeways).

Other formulations, such as those based on fundamental diagrams of traffic 

flow may also be used (Sheffi, 1985).  Horowitz (1997) describes some of the 

challenges in using delay relations described by 2.1 in the 1994 update to the 

Highway Capacity Manual.  Horowitz also advocates using delay functions that take 

as arguments the volume on the link of interest and volumes on nearby links, to more 

accurately model the performance at signalized intersections, at two-way and four-

way stops, and on rural two-lane roads where passing in the oncoming travel lane is 

permitted. Methods to solve the user-equilibrium problem when link travel times are 

functions of volumes on other links are discussed below.  For a thorough treatment on 

these methods, the interested reader is referred to Sheffi, 1985 and Bell and Iida 

(1997).

To solve the flow-dependent shortest path problems, an iterative approach is 

often used, alternating between finding shortest paths for fixed travel time, and 

recalculating travel times based on new link volumes.  An equilibrium results 

between travelers choices of routes (which depend on travel time), and link traversal 

times (which depends on the volumes of drivers using them).  When travelers, who 

seek to minimize travel time, have no incentive to change routes, the iteration 

calculations have reached a state corresponding to Wardrop’s (1952) first principle.  
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An alternative way of stating this principle is that for a given O-D pair, all used routes 

have the same travel time, and unused routes have travel times greater than or equal 

to that of the used routes.  This situation described by Wardrop’s first principle is 

often called user equilibrium, as it depends on individuals minimizing their own 

travel times.  

In comparison to the above, Wardrop’s second principle, which describes the 

situation where total travel time on the network is minimized, is often referred to as a 

system optimal (SO) assignment.  To achieve a SO assignment, travelers must be 

assigned to links considering the marginal cost an additional traveler induces to link 

travel times, rather than the average cost described by the congested time of the BPR 

function.  Since the BPR function (and other congestion relationships, such as those 

described by queuing models) is concave upwards, the marginal cost of travel will be 

greater than the average cost.  The difference between marginal and average travel 

cost is a negative externality to other travelers, and thus, the network-wide travel time 

under user equilibrium will be greater than under a SO assignment.  Some researchers 

have advocated that ATIS could be used to persuade travelers to use SO routes.  In 

contrast, Hall (1996) argues that democratic societies value honest travel information, 

and therefore travelers will resist SO paths that are not personally optimal.  Hall 

asserts that travelers who perceive information to be inaccurate will either ignore or 

act contrary to that information.  

Any user equilibrium assignment routine can be used to produce a SO 

assignment by replacing average link costs with marginal costs.  The marginal cost, 

MC, according to the BPR formulation can be shown to be:

1 ( 1)( / )oMC T V C γβ γ = + +  (2.2)

Link delay relations can be described as “symmetric” or “asymmetric”, depending on 

the interrelationships of volumes on various links to corresponding travel times on 

those links.  In the symmetric case, the impact of link A’s volume, AV  on link B’s 
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travel time, BT  is identical (or symmetric) to the impact of link B’s volume, BV  on link 

A’s travel time, AT .  Mathematically, this can be written as:

B A

A B

T T

V V

∂ ∂=∂ ∂
(2.3)

The familiar case assumed by the BPR function, where a link’s travel time depends 

only on its volume, is a special case of symmetric delay relations. (In this case the 

partial derivative terms B

A

T

V

∂
∂  and A

B

T

V

∂
∂  are zero for all pairs of links).  The 

“symmetric” designation therefore describes the property of the Jacobian matrix of 

travel time functions, that is, the square matrix of (partial) derivatives of the vector of 

link travel times with respect to the vector of link volumes.  If a minimization 

formulation is desired, the objective function must be such that its second derivative 

(the Hessian) matrix is the same as the Jacobian of travel time with respect to link 

volumes.  Alternatively stated, the objective function may be any line integral of the 

link delay function. (For more details, see Section 8.1 in Sheffi, 1985).

Two approaches for solving the flow-dependent traffic assignment problem 

are the method of convex combinations – popularly called the Frank-Wolfe 

Algorithm and the Method of Successive Averages (MSA).

The method of convex combinations was first proposed by Frank and Wolfe 

(1956) as a general procedure for solving a nonlinear optimization problem by 

decomposition.  The problem is transformed into a linear program and a one-

dimensional non-linear problem or “line search”. The linear program step is called 

“direction finding”, as it represents a search for a new feasible solution by which to 

improve the objective function.  The line search step determines weights to average 

the current direction-finding solution with previous results to obtain a new minimum 

of the objective function.  Bruynoughe (1968) was the first to propose applying this 

method to the traffic assignment problems.  In this problem, the direction-finding step 
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is solved by a shortest path calculation (using for example, Dijkstra’s algorithm) 

assuming fixed travel times.

The MSA (see Almond, 1967) is a more general and robust approach than the 

Frank-Wolfe algorithm.  It maintains the direction-finding step, but instead of 

calculating a weight in a line-search step, the MSA uses predetermined, fixed 

weights.  Therefore, the MSA, unlike the Frank-Wolfe Algorithm, does not require a 

minimization formulation, and may therefore be easier to program.  Sheffi (1985) 

discusses the regularity conditions under which the MSA is guaranteed to converge to 

a solution.  However, for problems where the Frank-Wolfe Algorithm can be used, 

the MSA is often slower, because it cannot take advantage of optimized step sizes 

from the line search routine.  The mathematical programming formulation of the 

static UO and SO formulations from Sheffi (1985) are given as:
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where rsq is the origin-destination matrix (trip rate between the origin r and 

destination s); ax and at represent the flow and travel time respectively on link a.  

Furthermore, ( )a a at t x= represents the relationship between the flow and travel time 

on link a.  Similarly, rs
kf represents the flow on path k connecting origin r and 

destination s and δak
rs is a binary value indicating that link a exists on path k between 

r and s.

2.3.2 Dynamic Traffic Assignment

Recently, Dynamic Traffic Assignment (DTA) models have received 

increasing attention from transportation planners and researchers because of the 

limitation in the existing static transportation simulation models in the real world. 

Transportation agencies and practitioners have realized that DTA can give better 

solutions to real world problems, while the existing static planning applications have 

unrealistic assumptions that traffic information and driver’s behavior are perfectly 

known and not changed during assignment (Ran and Boyce, 1996a). To overcome 

the limitations of the existing static models, there have been many efforts in 

developing theories of DTA and its applications, which can be deployable in a large-

scale network in real-time. Most researchers in transportation planning area 

recognize that the development of a stable theory of DTA is still the most 
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challenging problem, considering problem tractability and the realism of the 

underlying traffic flow model.  The key feature of DTA is that vehicles on a traffic 

network can be tracked in time varying network conditions by capturing traffic flow 

and route choice.  Yagar (1970, 1971) is one of the earliest contributors in the 

development of DTA models, and he used the simulation technique in order to 

optimize the individual path choice based on Wardrop’s first principle. Yagar also 

contributed a heuristic solution algorithm to the problem. Merchant (1974) and 

Merchant and Nemhauser (1978a, 1978b) proposed the first mathematical 

programming problem for the static dynamic assignment with a single origin-

destination and fixed demand. They formulated a macroscopic model to minimize 

total travel cost, in the form of a discrete-time, nonlinear, and non-convex 

mathematical programming model. The non-convexity of the model (Merchant and 

Nemhauser, 1978a, 1978b) causes analytical and computational difficulties. Ho 

(1980) and Carey (1986) show that the Merchant and Nemhauser formulation 

satisfied a certain constraint qualification needed for Kuhn-Tucker optimality 

conditions to ensure the existence of optimum.  Carey (1987) reformulates the 

dynamic least-cost network flow problem as convex nonlinear programming, to 

provide an alternative formulation for the Merchant and Nemhauser problem. 

Since DTA models require different sets of decision variables based on the 

traffic behavioral and system assumptions, and time-varying data to represent the 

traffic dynamics or controls that are a distinguishing feature different from existing 

static assignment adopted by the static traffic information, DTA models are 

considered as an emerging application for Intelligent Transportation Systems (ITS). 

To run DTA models, time-dependent trip tables and outputs as well as time 

dependent link flows are needed. DTA models can capture valuable traffic 

information such as traffic dynamics, supply dynamics and varying user classes, by 

considering traffic control schemes such as traffic signals, ramp metering, variable 

message signs and other information provision devices.  The literature on DTA and 

its related applications is vast and we will not delve further into the different models.   
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A very good review of the different DTA models, the solutions approaches and areas 

of future research are presented in Peeta and Ziliaskopoulos (2001).

In chapter 5 of this dissertation, we aspire to develop a network design model 

which satisfies user equilibrium DTA properties.  The proposed model differs from 

the previous NDP models in two primary ways: (i) it accounts for a dynamic 

evolution of traffic and (ii) it captures link spillover and shockwave propagation 

more realistically because of the embedded traffic flow model.  A stochastic 

programming model will be developed as an extension of this NDP model to account 

for demand uncertainty in the transportation decision making.

2.3.3 Network Design

The NDP offers an abstraction of the problem often faced by agencies 

responsible for managing highway systems: namely how best to expand those 

systems in response to growing demand for travel.  The NDP can be posed in two 

different forms: a discrete form dealing with the addition of new roadway segments 

and a continuous form dealing with the optimal capacity increases of existing 

roadway segments.  Numerous formulations of both types have been proposed in the 

literature over the last thirty years.  The discrete version of NDP is dealt with in this 

research in Chapter 4 and the continuous version in Chapter 5.  A brief review of the 

current state of the art is reviewed in the following paragraphs for the sake of 

completeness.  

Basically, the NDP assumes that a subset of the network’s nodes serves as 

points of trip origin, while another subset of nodes serves as trip destinations.  It is 

further assumed that the total demand for travel between each O-D pair over some 

planning interval is known apriori and quantified in the form of an O-D matrix.  

Now, suppose the road network has a total of n links, and let the links be indexed by 

the variable k = 1,2,….n.  Each of these links has three variables, 

,k k kandψ υ ϖ where ,kψ denotes the volume of traffic on link k, kυ  denotes the 

proposed expansion of link k’s capacity, so that the capacity after expansion will be 
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+k kυ ϖ  and kϖ  denotes the current capacity on link k.   and ΩΩΩΩ  can be used to 

denote n-dimensional vectors containing the link volumes, capacity expansions and 

original capacities, respectively.  Each link is also assumed to have a travel cost 

function ( , )k k k kc ψ ν ϖ+ , which gives the cost of traversing link k.  A common choice 

for the travel cost functions is the Bureau of Public Roads (BPR) relationship shown 

in (2.1).

Finally, the objective of the NDP is to select a set of expansion values kυ that 

minimizes the total system cost.  It is usually assumed that each link has a known 

construction cost function ( )k kg ν which gives the cost of increasing link k’s capacity 

by kυ .  The objective of the NDP is 

(2.4)

where α denotes a scaling coefficient which converts units of construction into units 

of daily travel cost.

A common assumption in network design (and in much of transportation 

planning and social sciences) is that, when left to their own decisions, travelers 

independently search for the lowest-cost route from origin to destination, with the 

search terminating when no traveler can decrease his/her travel cost by unilaterally 

switching to another route.  This results in the Deterministic User Equilibrium 

(DUE) assignment as discussed in section 2.2.  Solution of the NDP requires 

selecting a set of capacity increasesνννν , which, when the link volumes are the outcome 

of a DUE assignment, minimizes the cost given in (2.4) above.  Leblanc et al. (1975) 

showed that the Frank-Wolfe algorithm can be used to solve this problem.  This 

gives the DUE vector of link volumes as a well-defined function and the capacity 

increasesν .  Although a closed form relation between the capacity increases and the 

DUE link volumes is not known, the function can at least be evaluated for a given ν
via the Frank-Wolfe algorithm.  But, unfortunately, the function relating the DUE to 

the capacity increases is non-differentiable (Adbulaal and Leblanc, 1979), which 

[ ]n

k=1

min  ( , ) ( )k k k k k k kc gψ ψ ν ϖ α ν+ +∑
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means that numerical search methods which do not require derivatives of the cost 

function must be employed to solve the NDP.  This, in turn, means that numerous 

DUE assignments must be performed at each iteration of the search routing, resulting 

in algorithms which are computationally demanding.  In this respect, Abdulaal and 

Leblanc (1979) provide the pioneering work on this approach and report that of the 

methods they tested, one known as the Hooke-Jeeves algorithm appeared to perform 

best.

Gradient based search methods were reported by Tan et al. (1979) where a set 

of constraints were constructed, but, the number of constraint functions needed to 

characterize the DUE equaled the number of paths in the network of interest.  Since 

the number of paths in networks of realistic size is very large, this approach can only 

be employed for small, hypothetical networks.  Alternatively, the fact that the DUE 

assignment can be characterized by variational inequality (Dafermos, 1980; Smith, 

1979) can be used to construct a set of inequality constraints (Marcotte, 1983).  

Again, however, the potential number of these constraints is very large so that, like 

the Tan et al. approach, this technique was used on small networks. 

All the solution methods described so far guarantee finding a solution which 

is at least locally optimal, and when algorithms which provide such guarantees prove 

to be awkward, one has to resort to heuristics which can produce acceptable 

solutions.  One source of heuristics for the NDP has been via bi-level programming, 

an approach which recognizes that the NDP is in essence a constrained optimization 

problem, the feasible solutions being determined by the solution of the lower level 

problem. In Marcotte (1986), a detailed analysis of the DUE-constrained NDP is 

given, producing several heuristics based on the bi-level programming idea; while in 

Leblanc and Boyce (1986) linear approximations to the travel and construction cost 

functions are used to produce a bi-level linear programming heuristic.  Suwansrikul 

et al. (1987) developed a heuristic method, called equilibrium decomposed 

optimization (EDO), which does not claim to find locally optimal solutions, but does 

appear to find solutions which are near optimal, with markedly less computational 
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effort.  A promising heuristic approach based on simulated annealing was presented 

by Friesz et al. (1992) and a tabu-search based heuristic was presented by Mouskos 

(1992).  More recently, Davis (1994) presented the formulation and a heuristic 

algorithm based on a stochastic UE model, which adds to the realism of the driver

behavior.  A multi-objective design was formulated by Friesz et al. (1993) and 

further extended by Tseng and Tsuar (1997).  Yang and Bell (1998) presented a 

formulation that accounts for the elasticity of the demand, for the mixed continuous 

and discrete NDP.

The above approaches demonstrate that substantial work has been performed 

in the area of NDP, but most of these formulations focus entirely on the static traffic 

conditions and have some sort of link performance functions like the BPR functions, 

which require that the problem has some definite set of properties like 

differentiability.  The only research which captures traffic dynamic in network 

design is by Janson (1995).  Although, this approach is limited to using DTA for 

evaluating alternatives rather than computing them, the paper provides various 

insights on the effect of traffic dynamics on network design decisions. In the next 

section we will concentrate primarily on meta-heuristic approaches for solving the 

discrete NDP. 

2.3.4 Heuristic Solution Approaches for Discrete NDP (DNDP)

DNDP allows for the addition of a new link to the existing congested 

networks, or for building additional lanes to the existing links. The following 

examples can be considered as DNDPs: an addition of a lane, a road closure scheme, 

the provision of a new public transport service such as a new set of links, and the 

construction of new road and rail links (Bell and Iida, 1997). DNDPs are well known 

as difficult and complex problems to solve by using traditional local search methods

such as branch-and-bound, etc. These local search methods were applied to particular 

problem classes, however, and did not explore beyond the first local optimum. 

Moreover, these generally require significant computational times. Due to these 
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difficulties many researchers have applied metaheuristic and other approximation 

techniques, such as tabu search, genetic algorithms, and simulated annealing, to 

solve the static DNDPs.  These are considered as  combinatorially hard problems 

(Magnanti and Wong, 1984; Xiong and Schneider, 1992; Solanki et al., 1998).  

Although it is possible to find near-optimal solutions to these NP-hard problems, 

there is no guarantee that the solutions found are optimal. As for sequential branch-

and-bound, it cannot solve larger dimension problems. 

The first known solution approach for the DNDP is by LeBlanc (1975) who 

developed a nonlinear mixed integer programming model and solution strategies 

using a branch-and-bound approach to determining which links should be improved 

in an urban network. The mathematical formulation for DNDPs with a budget 

constrain and fixed demands under user equilibrium is as follows: 

a A 0

( ) ( )
ax

aMin Z c w dw
∈

=∑∫x                             (2.5.1)

a a
a P

Subject to e z B
∈

≤∑         (2.5.2)

a ax Mz a P≤ ∀ ∈                             (2.5.3)

= 0  1  az or a P∀ ∈                             (2.5.4)

where ax  is an user equilibrium flow pattern on link a ; az  is a decision variable and 

1 if link a  is added to the network, and 0 otherwise; ae  is the fixed construction cost 

on link a ; B  is total budget; M  is a very large constant; A  is the set of all links; P

is the set of proposed links for addition to the existing network; P A⊆ .

Abdulaal and LeBlanc (1979) & Dantzig and Maier (1979) have modeled 

with continuous budget functions. Boyce and Janson (1980), however, pointed out 

that since continuous NDP (CNDP) models give the solution in a way of fractions of 

highway lanes or fractions of railway lines, DNDP model is more appropriate for 

transportation networks.  However, the appropriateness of modeling CNDP’s or 
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DNDP’s for transportation networks is still an open question for debate and is 

dependent on the research philosophy and problem application.  Unlike the existing 

DNDPs models, Chan et al. (1989) have developed the network design model in a 

way of minimizing budget expenditure objective function, under the condition that 

the total travel time cannot exceed a certain level of congestion. Chen and Alfa 

(1991) proposed the two-level nonlinear integer programming model for solving a 

logit-based network design algorithm incorporating a stochastic incremental traffic 

assignment approach, by introducing a conversion factor between construction cost 

and travel time (Dantzig and Maier, 1979). 

Some studies were made using metaheuristic approaches to escape the bane 

of local optimality. Mouskos (1991) studies the discrete transportation equilibrium 

network design problem by using the tabu-based metaheuristic search strategy and 

by accounting for a link average travel speed and the ratio of link volume to capacity 

under static traffic assignment. Xiong and Schneider (1992) discuss the discrete 

network design problem by using a genetic algorithm, based on static traffic 

assignment. Crainic and Gendreau (2000) have proposed that a simplex-based tabu 

search procedure for capacitated multi-commodity network design problems 

provides a near optimal solution, and path-based mathematical formulation as 

follows: 

( , ) p pMin z h y c y k ha a l lpp Pa A l L
= +∑ ∑ ∑∈∈ ∈
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where N  is the set of nodes; { }( , ) | ,A a i j i N j N= = ∈ ∈  is the set of arcs; P  is the 

set of commodities to be distributed; r N∈  is the origin node; s N∈  is the 

destination node; pd  is the demand of commodity p P∈ ; p
ae  is the unit cost of 

moving commodity p P∈  through the link a A∈ ; ac  is the fixed-cost of including 

the link in the design of the network(or to introduce additional capacity on the link); 

p p p
l a al

a A

k e δ
∈

=∑ ; 1p
alδ =  if link a A∈  is the variable cost of thl  path for commodity 

p P∈ , and is 0 otherwise p
lh  is the flow of commodity p P∈  on path pl L∈ ; 1ay =

if link a A∈  is included (opened), and 0 otherwise. In this study, feasible solutions 

are obtained by using a tabu search metaheuristic that explores the solution space of 

the continuous flow variables by combining simplex pivot-type moves with column 

generation, while evaluating the actual mixed integer objective of the fixed-charge, 

capacitated, multi-commodity network design problem with linear costs.

Very few evolutionary algorithms for transportation network design problems 

have been proposed, but GAs in transportation optimization problems are getting 

more attention than ever before.  The first attempt to solve transportation network 

design problems by using genetic algorithms was done by Xiong and Schneider 

(1992).  This study uses a trained neural network for traffic assignment to calculate 

simplified total travel times.  They use the cumulative genetic algorithm that 

maintains the historical non-dominated solution set, instead of the single-objective 

genetic algorithm that can handle only one objective (fitness) value to represent the 

performance of the problem.  The cumulative genetic algorithm uses the dominance 

comparison methods to account for two fitness values, i.e., construction cost and 

total travel time.  This study uses a fitness value F = (M - # of times dominated),

where M is the largest number of times dominated among all the solutions in the 

concerned generation.  Furthermore, limitations in this approach are the use of a 

static traffic assignment model that does not account for traffic realities such as 

traffic interaction on transportation networks and the total system travel time does
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not account for evaluation of the fitness value.  In chapter 4 of this dissertation, an

important variant of the discrete network design problem, by incorporating 

uncertainty directly into the formulation will be formulated and solved.  A solution 

technique based on genetic algorithm is explored.  

For bus network design problems, Pattnaik et al. (1998) proposed the 

network design model for urban bus transit paths using a genetic algorithm.  In the 

first phase of this approach, a set of candidate paths is generated, then the optimum 

paths set is selected using GA in the second phase.  Two coding (representation) 

schemes are proposed, namely, the fixed string length coding which is simple and 

gives a better solution, but requires more computational time, and the variable string 

length coding which can handle simultaneously selection of the path set size and the 

set of paths, but requires complex coding.  A hybrid scheme integrating the fixed 

string length coding and variable string length coding is necessary in analyzing 

whether a hybrid scheme gives better solutions than the proposed two coding 

schemes.  Bielli et al. (2002) proposed the genetic algorithms for optimization of 

transit networks, especially bus networks.  In case of transit network design 

problems, it is relatively simple to search for the network design solutions, because 

the capacity of a transit network is generally fixed, and traffic interactions on the bus 

network are much simpler than general transportation networks.  Furthermore, since 

the proposed genetic algorithm is not sensitive to the initial traffic assignment, the 

proposed model suggests an almost globally optimal solution.

Drezner and Salhi (2002) have compared the performance of metaheuristics, 

such as descent algorithm, tabu search, simulated annealing and genetic algorithm, 

for the one-way and two-way network problem to find the best configuration of the 

network, so as to minimize the total travel time of all users, based on the following

simple objective function: ( )= ( )ij ij
i j

Z f d
≠

⋅∑x x , where ( , )i j  are nodes; ijf  is the 

number of vehicles traveling from origin i  to destination j ; x  is the vector of 

variables ijx ; ijx  is a variable defining a particular one-way configuration for the 
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network for ( , )i j L∈ ; L  is the set of all links; ( )ijd x  is the shortest distance from 

origin i  to destination j  for the network defined by x .  The shortest paths between 

all pair of nodes are found by using dynamic programming.  For more detailed

algorithms of metaheuristics, the reader is referred to the paper (Drezner and Salhi, 

2002).  For small problems, all algorithms are able to find the best solution. In case 

of computation time, a descent algorithm was the best and a GA takes longer than 

others.  For large problems, however, GA was found to outperform other algorithms 

in finding the best solution, while taking a longer computation time (a few seconds) 

than others.  As a result by assessing the quality of the solutions, the GA was the best 

for the test problems, followed by simulated annealing, and then tabu search.  Even if 

the tests have been conducted by using a simple mathematical function, this study 

shows the superiority of the GA when comparing other metaheuristics under the 

same test condition.  To the best of our knowledge, none of the works in literature 

account for uncertainty in the network design problem.  This problem will be explore 

in Chapters 4 and 5, initially with static equilibrium problems (as a starting point) 

and then an NDP model in a time dependent network  under user equilibrium 

conditions will be explored.

2.4 Review of Solution approaches for dealing with uncertainty

2.4.1 Stochastic Programming

Stochastic programming models directly incorporate the uncertainty in the 

formulation.  Two types of models are usually studied: (i) Chance constrained 

problems and (ii) Multi-stage recourse problems.  The chance constrained 

formulation for the dynamic network design problem will be explored in chapter 5. 

The two stage recourse problem is discussed here.

 A simple recourse model can be formulated as an extension of the general 

LP problem of the form: 
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Minimize cx

        Subject to Ax = b and L ≤ x ≤ U

Suppose that the decision maker specifies a sub vector of x, say x1, as the first-stage 

decision variables.  These variables cannot be postponed until better information is 

available, whereas the remaining variables, say x2 can be postponed.  With this 

temporal division of the problem, the LP constraints are divided into two types: one 

involving only the first stage variables (x1), and constraints that may involve both the 

set of variables.  Thus, the LP can be written as: 

Minimize c1x1 + c2x2

Subject to: A1x1 = b1

     Bx1 + A2x2 = b2 and L1≤ x1 ≤ U1, L2 ≤ x2 ≤ U2.

It is convenient to think of this deterministic LP as the “core” problem from which 

the stochastic LP will be derived.

A general recourse problem is said to have complete recourse if for any 

choice of x1, a feasible recourse decision is possible for all outcomesω∈Ω .  The 

simple recourse formulation possesses complete recourse.  A slightly less restrictive 

property is that of relatively complete recourse whereby one requires that a feasible 

recourse decision be possible for all outcomes ω  provided the first-stage decision 

satisfies the first-stage constraints.  Of course, by using penalty for deviations from 

constraint satisfaction, one can ensure complete recourse in any problem.

One important notion incorporated within any SLP is that of non-

anticipativity, which reflects the requirement that under uncertainty, the planning 

decisions(x1) must be implemented before an outcome of the random variable is 

observed.  This means that the planning decision is made while the random variable 

is still unknown, and therefore it cannot be based on any particular outcome of the 

random variable.  An alternate statement of this requirement gives us the scenario 

formulation as:
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Minimize 1 1 2 2[ ]p c x c xω ω ω ω
ω∈Ω

+∑
Subject to:  A1x1ω = b1

B ωx1ω + A2 ωx2ω = b2ω and   x1 –x1ω = 0

L1≤ x1ω ≤ U1, L2 ≤ x2ω ≤ U2

Note, however that the general recourse problem is finite-dimensional linear program 

whenever Ω  is a finite set.  However, whenever the random variable is continuous 

these formulations lead to infinite dimensional problems.  Under, these 

circumstances it is more convenient to state the model in the following decomposed 

form:

Minimize cx1 + E [h(x1)]

Subject to: A1x1 ≤ b1 and L1≤ x1 ≤ U1, where each outcome ( )h xω of the 

random variable h(x) is a function of the LP defined by the outcome 

2 2 2( , , , )c A B bω ω ω ω of the random variables (c2, a2, B, b2).  This implies that ( )h xω = 

Minimize c2ωx2ω;

Subject to: A2ωx2ω = b2ω - Bωx1 and L2 ≤ x2ω ≤ U2.

This decomposed formulation is convenient when the sample space 

Ω contains either a large number of sample points or a continuum.  Specifically, the 

function E [h(x1)] is referred to as the recourse function.  This formulation 

emphasizes the time-staged nature of the decision problem.  Most of the difficulty 

associated with recourse models may be traced to difficulties associated with 

evaluating and approximating the recourse function.  In essence, the difficulty in 

solving the recourse problem may be attributed to the evaluation of the expectation 

of the random LP value function which involves multidimensional integration.  

However, when the scenarios are limited in nature it may be easy to solve these 

problems.  Notwithstanding the impracticality of this integration of the recourse 

function, it possesses one of the most sought-after properties in mathematical 

programming, leading to its wide applicability, namely convexity. The recourse 

function E [h(x1)], is convex over its effective domain D = 
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{ }| [ ( )]1x X E h x∈ < ∞ (for a detailed proof of this refer to (Wets, 1974)).  The 

general two-stage SLP with recourse is shown below in detail.

Let iSP denote the problem solved at the thi stage (i=1, 2, 3…).  Then the 

mathematical statement of the two-stage stochastic LP (SLP) problem with recourse 

is:

min  [ ( , )]

. :    
1( )           0

            where

( , ) min  ( )2

                  . :   ( ) ( ) ( )

Tc x E Q xx
s t Ax b

SP x

TQ x q yySP
s t T x W y h

ωω

ω ω
ω ω ω

   + =  ≥     =    + =   
where ω∈Ω represents the number of scenarios (system realization), x and y are

variables,  ( )T ω represents the technology matrix and W represents the recourse 

matrix. Further, W, A and b are parameters; T and h are realization dependent 

parameters.

2.4.2 Robust Optimization

Robust Optimization (RO) models are more constructive techniques than 

sensitivity analysis, for instance, and deal with problems that evolve over time and 

where system variability is a concern.  In these approaches, the decision maker is 

afforded the flexibility of recourse variables.  They provide the mechanism for 

adjusting model recommendations to account for information realizations.  SLP, 

however, typically optimizes only the first moment of the distribution of the 

objective value and ignores the higher moments and the decision maker’s attitude 

towards risk.  The importance of controlling variability (or volatility) of the solution 

(as opposed to just optimizing its first moment) is well recognized in finance, for 

instance, primarily due to the seminal work of Markowitz (1959).  The need for 
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robustness has been recognized previously in number of application areas.  

Paraskevopoulos, Karakitsos and Rustem (1991) propose a capacity planning model

for the plastics industry. They show that the robust approach is superior to the 

equivalent deterministic demand method.  Using numerical results from a nonlinear 

programming capacity planning model, it was shown that as caution against demand 

uncertainty increases, the variance of the total objective function decreases.  

Sengupta (1991) discusses the notion of robustness for stochastic programming 

models.  They develop non-parametric methods which are relevant in situations of 

incomplete information and partial uncertainty.   Mulvey et al. (1995) develop robust 

optimization models for large-scale systems, Escudero et al. (1993) presents an RO 

formulation for the problem of outsourcing in manufacturing, and Escudero (2000) 

uses RO techniques for studying water resources system planning under water 

exogenous flow and demand uncertainty.  The uncertainty in the last work is treated 

via scenario analysis and by considering a full recourse scheme.  Due to the special 

structure of the problem, the solution methodology involves using a decomposition 

framework based on the augmented Lagrangian approach.  Kouvelis (1995) develop 

RO models for multinational production scheduling.  

2.5 Review of Online Equilibrium Problems

Traffic equilibrium models form the core of transportation planning in both 

the evaluation and design of transportation systems.  To improve these systems, it is 

desirable to have online information capabilities about network conditions which 

potentially will help in reducing each user’s travel time.  A precise definition of the 

online equilibrium problem is postponed to chapter 6.  A literature review on online 

equilibrium shows very little work on such problems.  We begin from the early 

developments of ‘perception’ in equilibrium models and review the latest work on 

modeling of information provision in transportation networks.

The early approaches incorporate the concept of ‘perceived travel time’ to 

incorporate the element of uncertainty involved in driver’s error in the knowledge of 
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the true travel time of a link/path.  This led to the development of Stochastic User 

Equilibrium (SUE) models (Daganzo and Sheffi, 1977; Cascetta (1989)).  Of the 

SUE models, the most relevant models to the online equilibrium models are the 

‘conditional stochastic user equilibrium’ models developed by Hazelton (1998).  The 

main proposition of the model is that, “a user selects the routes he/she perceives to 

have the minimum cost conditional on all the travelers choices”.  A numerical 

example is used to show that this model gives different results form the equilibrium

model developed by Daganzo and Sheffi (1977).  Both the models achieve the same 

results when there is low demand.

In the transit assignment literature, Nguyen and Pallottino (1988), presented a 

model and algorithm for the transit equilibrium problem employing shortest 

hyperpaths (the precise definition of a hyperpath varies somewhat by the specific 

implementation, but it is essentially a collection of possible paths between a given 

origin-destination pair).  Another promising attempt was contributed in a book 

chapter by Marcotte and Nguyen (1998) who developed an approach for traffic 

equilibrium employing hyperpaths again for transit networks.  While this work 

focused on transit and capacitated networks where an arc may or may not exist upon 

arrival at a node (as opposed to general information learned en route), valuable 

insights were given for network hyperpaths and their application.  Cantarella (1997) 

presented a general fixed-point approach for static traffic assignment models in a 

general network where the user’s choice set include hyperpaths.  However, by his 

definition, link access probabilities are not functions of link flows, which might not 

be a realistic assumption.  Furthermore, links flows and costs are not treated as 

random variables, although it is easily imaginable that flows on the hyperpaths are 

stochastic.  Instead, some approximations are taken in relating expected link costs 

with expected link flows.  Spiess and Florian (1989) proposed a transit assignment 

model where travelers choose strategies that allow them to reach the destination at 

minimum expected cost.  A label-setting algorithm is developed that solves the 
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transit assignment problem in polynomial time.  Clearly, this problem is different

from the one studied in this dissertation.

Most of the hyperpath based models for the transit networks are static 

formulations (e.g. Marcotte and Nguyen (1998)) which will also be the focus in 

Chapter 6.  Further, although these models have a direct relation with the notion of 

strategy in transit models, their source of randomness is driven by bus line 

frequencies while the notion of uncertainty in our model is due to costs or capacities 

which are clearly distinct.  However, a final goal of this work will also be to provide 

insights into developing a modeling framework considering traffic dynamics.

There are only two works known to this author which model traffic dynamics 

as part of the online equilibrium process.  Both these works are still preliminary.  

Gao (2005) proposed a flexible framework for dynamic traffic assignment where 

user behavior is dictated by travel policies.  At each node, a policy specifies the next 

outgoing link depending on the current network state; path choice, which is 

performed en route, is stochastic.  Equilibrium in this model is achieved when 

expected delays of active policies are equal and less than those of inactive policies.  

Their concept of policy is related to that of a strategy (which will be discussed later 

in Chapter 6) with the following key differences – (1) probability density functions 

describing the occurrence of link incidents are assumed to be known; (2) the state of 

the network is flow-independent; and (3) a single destination is considered.  The 

second work by Hamdouch et al. (2004) propose a strategic dynamic traffic 

assignment model where strategic choices are incorporated directly into the user 

behavior.  They developed a ‘within-day’ model where strategic volumes are loaded 

onto the network in accordance with the FIFO discipline and user preferences. An 

equilibrium assignment definition is achieved when the expected delays of active 

strategies is minimal for every O-D pair (similar to the definition of our equilibrium 

model).  They prove the existence of such an assignment based on a fixed point 

formulation.   
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2.6 Summary

A summary of the related literature shows that substantial work has been 

done in traffic equilibrium modeling in both the static and dynamic contexts.  

However, there is limited work on the network evaluation and design under uncertain 

conditions.  Further, to the best of our knowledge there is no published work on user 

equilibrium with recourse where the traveler learns the costs or capacities enroute in 

making his/her routing decisions and the interaction between demand and supply is

studied.  The problems studied in Chapters 3, 4, 5 and 6 seek to contribute to this 

important area by proposing modeling approaches and related insights into these 

problems. 
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Part II Evaluation and Design under Uncertain Demand
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Chapter 3 Two Methodologies for Evaluating Network Performance 

under Stochastic O-D Demand

Greed… is good. Greed is right.  Greed works. – Michael Douglas as Gordon Gekko 

in Wall Street (1987)

Chapter 2 characterized the different uncertainties in transportation planning.  

This chapter proposes two methodologies with fundamentally different underlying 

philosophies for treating O-D demand uncertainty in the traffic equilibrium problem.  

The first methodology identifies different techniques to approximate the random OD

demand matrix with a single point estimate that yields solutions that perform well 

under uncertainty.  The primary motivation for this technique is to solve large 

instances of the problem and to provide an alternative in the absence of a stochastic 

solver.  The second methodology is developed to directly ascertain the impact of 

demand uncertainty on network performance.  Three key ideas are presented in the 

second model.  The uncertainty in the objective function is quantified for a given 

underlying uncertainty in the input demand.  The relationship between O-D 

uncertainty and link/path uncertainty is examined for different distributions.  Closed 

form analytical expressions for the first (expected value) and the second moment 

(variance) of the network performance are derived.  These expressions are then 

verified on real test networks.  This technique is described in detail and the results 

from the model are demonstrated to show its potential applicability.  Towards the 

end of this chapter a brief overview of the results will be presented.  In addition, 

other potential methods for solving this problem will be identified for future 

research. 

3.1 Introduction and Problem Definition

Transportation planning in the presence of uncertain and incomplete network 

characteristics has been a central problem of interest to the transportation 

community.  It is well known that both the long-term and short-term demands in a 
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transportation network are uncertain and can at best be forecasted based on past 

trends.  Here, short-term demand is defined in the context of studying day to 

day/hour-to-hour (real time) fluctuations in demand whereas long-term demand 

uncertainty occurs over a period of perhaps months/years.  The short term demand 

variations arise due to daily fluctuations in activity patterns, which are manifested in 

the origin-destination (O-D) matrix.  For long-term demand uncertainty in the traffic 

equilibrium problem, the demand level is uncertain when some decision must be 

assessed in the present stage but the demand is realized in the future.  Capturing this

uncertainty and network robustness as defined in this chapter will have significant 

benefit for transportation planning in quantifying the network performance with a 

possibility of directing future research efforts in the efficient and flexible design of 

such networks.  By measuring the network robustness, the planner can design the 

network for a specific demand realization which accounts for minimum network 

performance fluctuations into the long term.  Further, this could benefit in the 

guidance of transportation policy measures towards an improved understanding of 

long term uncertainty.        

Previous efforts have predominantly concentrated on short-term uncertainties 

in perception such as stochastic user equilibrium (SUE) models (Bell, 1995, 

Hazelton, 1998).  More recent work in transportation modeling concentrated on the 

development of models that account for reliability in terms of the uncertainty in link 

capacities (Lo and Tung (2003), Chen et al. (2002), Bell (2000), Du and Nicholson 

(1997)).  Lo and Tung (2003) propose a model to study network disruptions, within 

day traffic operations under the assumption that the capacity is uniformly distributed 

using Mellin’s transforms.  An equally important problem is to estimate the impact 

of the long term demand uncertainty in the traffic equilibrium problem (TEP) 

proposed by Beckmann (1952).  This problem is especially intractable because there 

exists no direct relation between the planning demand and the total system travel 

time in the convex formulation proposed by Beckmann (1952).   
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The fundamental question that this chapter addresses is: what would be the 

impact on the network performance by accounting for the long-term uncertainty in

O-D demand? A first step to answer this question would be to address the following 

the question: Can we derive closed form analytical solutions for the mean and 

variance of the travel time when the long term demand is uncertain in the static 

traffic assignment problem?

We assume that the set of demand realizations is a multi-dimensional random 

variable, ~
rsq  that follows an unknown probability distribution.  In the first approach, 

we assume independent samples, { }{ }1 2, ,...., ,kq q q qrs rs rs rs
ω ω = ∈Ω   , can be taken 

from this distribution.  Different approximation schemes that use the information of 

the samples to obtain solutions to the TEP under uncertain demand are presented.  

The approximation schemes are used to finally solve the deterministic TEP.  These 

approaches are useful when a two stage stochastic programming problem for the 

TEP is prohibitively expensive or impossible.  In the second approach, a closed form 

expressions for the system’s expected value and variance are obtained.  By 

developing such expressions, the stochastic system can be analyzed more directly.  

Further, the expressions for system variance facilitate robust optimization 

approaches for transportation networks.  

3.2 Methodology 1: Single Point Approximations

A simple and straightforward approach to address uncertainty in the TEP is to 

‘plug in’ the stochastic input with an appropriate estimate and solve the 

deterministic version of the problem.  However, as shown in Section 1.2, evaluating 

the network performance at the expected value will not yield efficient solutions for 

the different realizations of the demand.  As shown in Figure 1.1 solving the TEP for 

all realizations of demand will be underestimated when this is replaced with the 

expected value.  In this methodology, we seek to find approximate deterministic 

solutions which will use the deterministic TEP to produce solutions which are close 
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to the expected performance (E[f(q1, q2,…,qk)] in figure 3.1).  We propose seven

different approximation approaches.  These approaches are computationally efficient 

although the results may be far from optimal.  The key challenge in devising these 

approximation methods is in finding estimates that perform better than the sample 

average.  We explore seven approaches essentially producing a single estimate of the 

random parameter.  Towards the end of this section, we provide a brief discussion on 

discrete approximations (usually referred to as scenario generation in stochastic 

programming literature) methods which are applicable to this problem. In this 

approach, the degree of conservatism depends upon the size of the problem and the 

accuracy needed in approximating the true distribution.  These approaches are very 

efficient when the dimension of the random O-D matrix is small.  For large 

networks, the discrete approximation approach becomes computationally infeasible 

to solve. 

Figure 3.1 Conceptual figure to determine the range of approximation estimates

q
E[q]

E [f (q1, q2,…,qk)]

q*

Distribution of q: p (q)

Distribution of objective function: f (.)

f (E[q])
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It is well know that the TEP can be solved efficiently under deterministic 

conditions.  We primarily utilize this deterministic TEP solver to arrive at an 

estimate of the network performance under demand uncertainty.  Hence, rather than 

implementing a computationally expensive stochastic solver (implemented in 

Methodology 3), we seek to identify approximation estimates around the 

deterministic solver to produce good solutions.  This methodology is applicable in 

situations where the stochastic program is undesirable to solve for all demand 

realizations: e.g. in solving the Chicago regional network for 10,000 realizations 

from a normally distributed demand.

3.2.1 Approximation of Uncertain Demand by a Single Point Estimate

In this demand approximation approach, we generate a single estimate of the 

stochastic demand to be solved by the deterministic TEP solver.  The key idea of the 

approximation here is to generate point estimates in the range (q*-E[q], q*+E[q]), 

where q* is the expected network performance due to all the demand realizations as 

shown in Figure 3.1.  As the TEP formulation is convex, the closer the estimates are 

to q*, the better the quality of the final performance measure.  We incorporate a 

demand approximation function, Θ, such that

^
1 2( , ,..., ,.., )iq q q q qω=Θ , where 

^

q is an approximated demand estimate.  The 

procedure to estimate the expected network performance is shown in Figure 3.2.  The 

problem of sensitivity of an estimator to the presence of outliers (Hampel et al., 

1986) has lead to the development of robust location measures.  We develop seven

approaches for the approximation function: the median demand, most likely demand, 

risk-neutral trimmed mean, risk-averse trimmed mean, risk-prone trimmed mean. 

Trimmed L-mean and the Tanh mean of the input demand realizations.  Similar 

approximation estimators have been used for capacity approximation of the resource-

constrained assignment problem in Toktas (2004) and in obtaining event-related 

potentials in neuroscience (Leonowicz, 2005).  
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Figure 3.2 Demand approximation procedure for evaluating network performance

The seven approximation schemes are listed in Table 3.1.

Table 3.1 Demand approximation functions
Approximation 

Scheme

Function Function Description

Median demand
1Θ 2

rsq
ω   

Most likely 

demand
2Θ (arg  max { })i

l rs lq
i

mid ∆ ∈∆ ∈∆∈Ρ
∑ I

Risk-neutral 

trimmed mean
3Θ

(1 ) (1 )
1

2 2

i
rs

i

q

p

σ σω ω ω− −   + ≤ ≤ −      
  

∑

Risk-averse 

trimmed mean
4Θ i

rs
i

q

p
σω≤  
  
∑

Risk-prone 

trimmed mean
5Θ

(1 )

i
rs

i

q

p
σ ω≥ −  
  
∑

Trimmed L-mean 

(TL Mean)
6Θ 1

2 1

( )( )

( )
1

i N i
p p

N
p

i
rs

p i N p

q
− −

++ ≤ ≤ −

   ∑
Tanh mean

7Θ

2 2

(tanh[ ( )] ) tanh ( )
2

i i
rs rs

i i

i
k i s q k s q

ω ω
ω

< ≥

  − + − − +    ∑ ∑  
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The first and second approximation functions (median and the mode) are 

useful when we have information that the O-D demand distribution is skewed.  The 

median is the mid-value of the set of demand realizations whereas the mode is 

defined as the value with most number of observations.  When the range of the 

demand variable is large, we divide the interval into sub-intervals and take the mid-

point of the interval with the most number of observations as the mode of the O-D 

demand realizations.  A recent study by Ozdamar and Kalayci (1999) demonstrated 

the advantages of median averaging over conventional averaging for auditory brain 

stem responses where high numbers of epochs have to be averaged.

One of the disadvantages of median averaging is that it does not only remove 

the outliers but uses the rest of the data in the order of the arranged values.  It is clear 

that some useful information might be lost by this procedure as compared to other 

techniques, which employ the data values instead of their order.  Further, it should be 

noted that the value of the median will not change even with the addition of a large 

value to one of the data values above or below the median.  To circumvent this 

shortcoming, we would like to combine the advantages of the mean and median 

averaging.  This estimator which lies between these two extremes already exists and 

is called the “trimmed mean”.  We used different variations of the trimmed mean 

such as the Trimmed L mean and the Tanh mean to evaluate the stochastic network 

performance.  It has been observed that the trimmed mean and its modified version, 

Winsorized mean are efficient robust estimators (Stuart and Ord, 1994).  To the best 

of our knowledge, these single point approximations have never been reported to 

estimate the transportation network performance under demand uncertainty.

In the next three approximation techniques, we select a proportion, p σω=  of 

the samples for each O-D.  The approximated O-D demand is set equal to the 

average of the selected samples.  The risk-neutral trimmed mean, 3Θ  selects samples 

that are concentrated primarily around the median and does not consider outliers 

away from the median.  The risk-averse trimmed mean function, 5Θ takes the p

lowest samples away from the median and the risk-prone trimmed mean function 
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takes the p highest samples (Toktas, 2004).  Application of trimming lowers the 

influence of extreme data values on the result of averaging.  However, unlike the 

median, substantial part of the data can be included into the average.  6Θ represents 

the trimmed L (TL)-mean recently proposed by Elamir and Seheult (2003) as a 

generalization of the L-moments (Hosking, 1990).  The equation 6Θ  represents the 

connection between the TL-mean and the trimmed mean.  In both the estimators, the 

extreme observations are ignored.  The main difference however is that the trimmed 

mean applies equal weight to the remaining observations whereas the TL-mean uses 

higher weight for the observations near the median.  Elamir and Seheult (2003) 

derive analytical expressions for the variance of the TL-mean and demonstrate that 

the TL-mean is more robust than other estimators in the presence of outliers.  It was 

found to perform reasonably well especially for normal and heavy-tailed 

distributions.  This information however is not accurate enough for the purpose of 

deriving insights into its applicability for evaluating transportation network 

performance and further investigation is necessary.  The tanh mean, 7Θ is a new 

estimator proposed to alleviate the problem of noise in trimmed means and median.  

The averaging is done using a hyperbolic tangent function as shown in Table 3.1, 

where k is the factor controlling the slope of the weights for extreme values in data 

and s determines the vertical shift.  The robustness of this estimator lies in the fact 

that all the negative values are given a zero weight so that the extreme observations 

will be neglected similar to other estimators.  Such an analytical structure provides 

the benefit of controlling the influence of extreme values on the final estimate of the 

averaged trial (Leonowicz et al, 2005).  The shape of the weights associated with the 

values depends on k and s.  This method can be highly beneficial by optimizing the 

parameters of k and s for the traffic equilibrium problem.  In order to remove the bias 

from this estimator we need to optimize its performance by choosing values of k and 

s that provide a good estimate of the network performance by extensive experimental 

analysis.  As will be discussed in the next section, our analysis with different values 

of k and s did not yield satisfactory results for the traffic equilibrium problem.
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3.2.2 Experimental Setup

Our experimental test is performed on the Sioux Falls test network which has 

been extensively used in the literature (e.g. Chiou, 2005).  The Sioux Falls network 

has 24 nodes, 76 links and 16 OD pairs.  For this network, we consider three 

different values of ω = {100, 400, 1000} and for each value ofω , we select 

σ = {0.1, 0.25, 0.4, 0.6}.  We consider three different probability distributions for 

the O-D demand: logistic, exponential and cauchy.  For a given O-D demand, these 

distributions are shown in table 3.2.

Table 3.2 O-D distributions in the experimental setup
EXPONENTIAL

1
   if 0

( )

0           o.w.
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e x
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−  ≥=    
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This gives us a total of 36 cases for analysis from the corresponding 

probability distributions.  For each distribution, the proposed approximation schemes 

will be compared with the stochastic value solution for all the sample valuesω .  This 

will be used in comparing the best approximation procedure based on the gap for 

different values ofσ .
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3.3 Results

For all the distributions shown in Table 3.2 we perform the approximation 

procedures shown in Table 3.1 using the deterministic version of the traffic 

equilibrium problem.  This was coded and compiled using a gcc compiler and the 

tests were performed on a Pentium Xeon 2.2 GHz machine.

The total travel time from each approximation method (
^

aη ) is compared 

with the expected value of the total system travel time, which is represented 

as ( )x t xa i i i
ω ω ωη

ω
= ∑
∀

.  The difference between these two measures (
^

a aη η− ) will 

be used to measure the accuracy of the approximation procedures.  This is 

represented as the percent deviation in Tables 3.3, 3.4 and 3.5 of the computational 

results.  The approximation method with a consistently (in most cases) lower

^

a aη η− will be the best approximation method.   We summarize the results obtained 

from each of the distributions in Tables 3.3, 3.4 and 3.5 for problems with 

exponential, logistic, and cauchy distributed O-D demands.  In these tables we 

compare the performance measure for different values of  σ  for each approximation 

procedure.  We test the different distributions at different sample sizes (100, 400 and 

1000).  The results are consistent with different sample sizes and the results with 

sample size 1000 are shown in Appendix A.  We do not compare the performance of 

the approximation method 7Θ because the efficiency of this method greatly depends 

on the parameters of k and s selected for this problem.  We have performed 

significant experimental analysis for different values of k and s and no single set of 

parameters worked well for all values of σ  and a given distribution.  Finding 

efficient sets of k and s should be further explored and is left as a future pursuit of 

this research.
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Table 3.3 Computational results for Cauchy distribution, Sample size = 100
Function σ =  0.1 % deviation σ =  0.25 % deviation σ =  0.4 % 

deviation
σ =  0.6 % 

deviation

1Θ 220.94 40.85 220.94 40.85 220.94 40.85 220.94 40.85

2Θ 211.47 43.38 211.47 43.38 211.47 43.38 211.47 43.38

3Θ 207.62 44.41 221.16 40.79 236.36 36.72 469.73 25.76

4Θ 239.24 35.95 287.56 23.01 287.39 23.05 299.73 19.75

5Θ 1057.06 183.01 698.67 87.06 569.24 52.41 472.98 26.63

6Θ 210.36 43.68 216.78 41.96 215.67 42.26 273.47 26.78

Table 3.4 Computational results for Exponential distribution, Sample size = 100
Function σ =  0.1 % deviation σ =  0.25 % deviation σ =  0.4 % 

deviation
σ =  0.6 % 

deviation

1Θ 273.55 29.8 273.55 29.8 273.55 29.8 273.55 29.8

2Θ 234.47 39.83 241.67 37.98 239.47 38.55 267.32 31.4

3Θ 24.29 93.77 59.59 84.71 96.47 75.24 155.1 60.2

4Θ 224.98 42.26 241.98 37.9 289.71 25.65 297.74 23.59

5Θ 1370.58 251.73 940.92 141.47 750.67 92.64 584.63 50.03

6Θ 204.66 47.48 178.89 54.09 256.76 34.11 251.39 35.49
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Table 3.5 Computational results for Logistic distribution, Sample size = 100
Function σ =  0.1 % deviation σ =  0.25 % deviation σ =  0.4 % 

deviation
σ =  0.6 % 

deviation

1Θ 393.45 14.58 393.45 14.58 393.45 14.58 393.45 14.58

2Θ 274.43 40.42 296.77 35.57 324.12 29.64 298.98 35.09

3Θ 294.23 36.12 314.17 31.8 331.31 28.07 347.2 24.62

4Θ 319.9 30.55 384.55 16.52 382.82 16.89 393.93 14.48

5Θ 1091.58 136.98 760.64 65.13 643.48 39.7 554.5 20.38

6Θ 308.66 32.99 324.17 29.62 348.83 24.27 388.99 15.55

The main insight from the above analysis is that, among all the demand 

approximation procedures studied above, the risk-averse trimmed mean 

approximation procedure ( 4Θ ) consistently performs better than all the other 

approximation procedures regardless of the value of σ and the probability 

distribution.  The intuition behind this result is that although this method 

underestimates the true expected network performance, its assigns traffic in such a 

way that it compensates for the inherent stochasticity by considering only those 

samples which contributes to the true network performance.  It is also further 

observed that 5Θ , the risk-prone trimmed mean which is expected to provide a good 

estimate of the true stochastic performance actually overestimates the network 

performance by a greater degree as compared to the underestimation by 4Θ .  We also 

note that for values of σ greater than 0.4, the risk-averse trimmed mean performs 

well as compared to the expected value problem.  Hence, for this method to be useful 

a value of σ greater than 0.4 should be chosen.

Another measure of performance to test the approximation would be the 

computational time involved in applying each of these procedures.  It is clear that the 

first two approaches, the median and the mode are the quickest in computational 

times but the accuracy of these estimates is poor.   All the other approximation 
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techniques require approximately the same amount of computational time based on 

the value ofσ .  

In summary, it is concluded the risk-averse trimmed mean approximation 

procedure performs reasonably well in approximating the stochastic traffic 

equilibrium problem under uncertain demand.  The benefit of this approach is that by 

choosing a fraction of the O-D demand scenarios and applying the risk-averse 

trimmed mean procedure on the transportation network, we can get a reasonable 

estimate of the network performance.  The next methodology discussed in this 

chapter focuses on deriving closed form analytical expressions for the mean and 

variance of the network performance when the long term O-D demand is distributed 

normally.  In this method, we solve the traffic equilibrium problem for all 

realizations of demand and compare the performance of the derived analytical 

expressions with the true network performance.

3.4 Methodology 2: Analytical Expressions for Network Performance 

Experiencing Uncertain Demand

The second methodology focuses on deriving analytical expressions for the 

different moments of network performance for the user equilibrium problem under 

uncertain demand.  In this technique, we account for all the realizations of the O-D 

demand in the formulations without resorting to approximating the input distribution 

as in Methodology 1.  We assume that the demand distribution is i.i.d and normally 

distributed.  We present approximate expressions for expected value and variance of 

network performance and its sensitivity.

3.4.1 Our Contributions

The existing studies do not account for long term demand uncertainty 

explicitly in the planning process.  As discussed earlier, not accounting for the future 

realizations of demand in traffic equilibrium modeling underestimates the network 
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performance.  There is significant need to develop modeling techniques to study this 

problem systematically using analytical derivable expressions, approximation 

techniques (Methodology 1 and sampling techniques discussed later) and simulation 

techniques.  This study contributes to the literature by proposing a methodological 

approach in which closed form expressions can be derived for the traffic equilibrium 

problem under realistic assumptions for the long term demand.  The expressions 

capture the expected system cost and its variability due to the uncertainty in the O-D 

matrix.  An intuitive interpretation of these expressions is described under long term 

demand uncertainty.  Extensive computational analysis is performed initially on 

small networks to gain insights into the problem.  Further, computational analysis 

was performed on very large scale networks with realistic data from transportation 

test network bed provided by Hillel Bera (2002).  This analysis demonstrates the 

need for capturing uncertainty and in specific robustness explicitly in the planning 

stage which we believe to be a stronger component to model uncertain demand.

3.4.2 Proposed Model

The basic User Equilibrium formulation with stochastic long term demand is 

presented as P1 before proceeding with further analysis of the problem.

 Notation and formulation

    Define

( )at x   = the unit cost of transportation on arc a A∈ , assumed to be twice 

continuously differentiable in x

xωZ ( )       = the user equilibrium objective for each demand realization ω∈Ω
rs

kf    = the flow on path k ∈K between O-D pairs ,r s∈R

,

1 if arc  is on path between O - D pair 
      = 

otherwise
rs
a k

a k r,s

0 
δ ∈   

A
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xa         = the flow on arc a∈A

rsqω       = the uncertain demand for transportation between O-D pair ,r s∈R and 

demand realization ω∈Ω

P1: 
a 0

min  ( ) = ( )
ax

ax t s dsω ω
∀
∑ ∫Z

s.t.

                      ; , ;rs
k rs

k

f q k r sω ω
∀

= ∈ ∈ ∈∑ K R Ω

,          , ; ;rs rs
a a k k

r s k

x f r s a kδ= ∈ ∈ ∈∑∑∑ R A K

0                              , ;rs
kf r s k≥ ∈ ∈R K

0                               ax a≥ ∈A

Note that the demand is represented as ~
rsq to distinguish it as a random 

variable into the long-term decision making process.  A simplistic way of 

approaching the problem (which is common in practice) is to substitute the long term 

forecasted demand with its expected value.  However, as explained before, it is 

known that when a function Γ ( ~
rsq ) is convex, and then ~( ( ))rsE qΓ  underestimates 

the true system performance which is ~( ( ))rsE qΓ .  Thus, we need a new methodology 

which can explicitly calculate ~( ( ))rsE qΓ .

3.4.3 Planning Demand and Performance Measure

The proposed method divides the uncertainty into two elements; one 

concerning the uncertainty in the demand to the path flow, the uncertainty in the path 

flow to link flow and finally the relationship of the uncertainty in link flow to 
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network performance.  As described later, the proposed technique specifically 

derives closed form analytical expressions for the expected value and the variance of 

the network performance when the O-D demand is a stochastic variable.  This 

approach differs from previous studies of uncertainty (reliability) by showing 

empirically the relationship between demand and link flows instead of directly 

assuming the normality of the link flows.  Further, the approach derives the network 

performance robustness and neither uses sensitivity analysis (Chen et al, 2002) nor 

Monte Carlo simulations as done previously in accounting for uncertainty.  

3.5 Mathematical Calculations of Network Performance

From section 3.3 it is clear that the crux of estimating robustness of the network 

performance lies in computing the expected value and the higher moments of the 

quantity of interest.  We use a two pronged strategy for arriving at the desired result; 

firstly, we empirically derive the relationship between the stochastic demand and the 

path flow vector and secondly we use the fundamental probability and convolution 

properties to derive the relationship between link flows and network performance.  

This approach gives either the probability distribution of the network performance or 

a point estimate in terms of mean and variance of the parameter in question.  Further, 

the benefit of this approach is its applicability in solving large scale networks in the 

framework of traditional static assignment (with uncertain demand) and avoids the 

use of sensitivity analysis and sampling techniques to assess network robustness.  

Before proceeding with the derivation of network robustness, the key assumptions in 

the modeling are discussed.

1. The demand between all O-D pairs ,r s∈R is assumed to be distributed with 

a normal distribution with a known mean and variance; N (m, 2d ).

2. The O-D demand is assumed to be independent among all realizations and O-

D pairs ,r s∈R .

3. The traffic assignment is solved as an uncapacitated network equilibrium 

problem.
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Assumption 1 presupposes that the demand is normally distributed.  This has an 

important implication in the derivation of the path and link travel times.  This 

assumption is relaxed towards the end of the chapter and insights into other 

distributions with specific properties are discussed.  Other distributions which were 

hypothesized by researchers based on earlier drafts of this work (and conference 

presentations) include lognormal, Poisson or a mixed distribution.  The second 

assumption implies that there is no correlation between the different realizations of a 

specific O-D demand and the many O-D pairs in the network.  This assumption of 

distributional independence across inter-zonal movements is typical in network 

equilibrium; however initial insights and modeling approaches for addressing 

correlated demand are mentioned in the final section (for more information on this 

see Waller, Ukkusuri and Duthie; 2004 and Duthie, 2004).  Assumption 3 is the 

typical traffic equilibrium problem without side constraints on the capacity.  The 

impact of capacity constraints on network robustness is outside the scope of this 

chapter.  

3.5.1 Derivation of Path and Link travel time Uncertainties 

In this research, we also assume that the link cost function is monotonic and 

continuous and is given as a polynomial function of the form ( ) [1 ( ) ]i
i i i

i

t t
C

βωω α= +  , 

where ti is the free flow travel time on link i, Ci is the capacity of link i which is 

assumed to be deterministic, and α and β are deterministic link specific parameters.  

Therefore, for the User Equilibrium under uncertain demand formulation of P1 the 

objective function on integration reduces to

0

( )
ax

a
a

t dω ω
∀
∑ ∫  = 0

0

[1 ( ) ]
ax

a
a

a a

t d
C

βωα ω
∀

+∑∫   (3.1)

This integrated expression above is referred as:



59

( )xZ  = 1
0 [ ]

( 1)a a
a a

t x x
C

β
β

α
β

+
∀

 + + ∑  (3.2)

The above equation represents the objective of the UE with the costs given by the 

specified link performance functions.  

To find network robustness, the question remains as to how to find the 

relation between the random OD demand and Z(x).  As the capacity of each link is 

deterministic, the only variable affected by the change in long term demand would 

be long term link flows on each of the link.  It is quite intuitive that if the long term 

projected demand is more then the corresponding link flows on all the used paths 

would correspondingly increase or remain the same as compared to the base case in 

an uncapacitated network.  From the convolution theorem, it is well known that the 

sum of independent normal random variables is also a normal random variable.  This 

key property can be used in obtaining the relationship between O-D demand and link 

flows.  In P1, if the demand is assumed to be a random normal variable, then one 

solution (although clearly not unique) is that the path flows are also random normal 

variables with a specific mean and variance.  While clearly not conclusive, this will 

be confirmed in figure 3.3 with numerical experimentation on multiple networks.  

The key insight in this reasoning is that an increase in demand between two points 

increases the congestion on the used links (and possibly pushes flow into the unused 

links) in the network.    Further, applying the same property it is easy to show that 

the link flows, ax  are also random normal variables.  This is compelling however 

because the link flows are the sum of path flows, which are independent normal 

random variables from the above observation.  

Based on the above discussion, the uncertainty in O-D demand reduces to the 

uncertainty in the link flows.  The network performance is shown in (3.2) where the 

link flows are random variables. As explained, this work assumes that link travel 

times are independent of one another as done in most of the previous studies.  Our 

key interest from (3.2) is in deducing its non-central moments.  In particular, we are 

interested in the expected value and the variance of the expression (3.2).  It is 
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important to clarify a potential misunderstanding before proceeding.  Equation (3.2) 

captures the variation of the user equilibrium objective function.  It is well known 

that the user equilibrium objective function does not have an intuitive meaning; 

however, we show in appendix B the relationship between the user equilibrium 

objective function and the total system travel time.  This is used here as a measure of 

the network performance as mentioned before.  In short, we show that the user 

equilibrium objective function underestimates the network performance for every 

demand scenario.  To find the noise (volatility) and the expected value of the 

objective function due to the stochasticity in the long term demand, each of the link 

flows are derived to be normal random variables distributed with mean mi and 

standard deviation di  for all i in A.  The expectation operator is applied on (3.2) to 

obtain the mean of the objective function:

E[ ( )xZ ] = E[ 1
0 [ ]

( 1)i i
i i

t x x
C

β
β

α
β

+
∀

 + + ∑ ]

⇒ 10
0 [ ] [ ( )]

( 1)i i
i ii

t
t E x E x

C
β

β
α

β
+

∀ ∀
+ +∑ ∑

 (3.3)

⇒ 10
0 [ ( )]

( 1)i i
i ii

t
t m E x

C
β

β
α

β
+

∀ ∀
+ +∑ ∑  

Now, the key issue is to find 1[ ( )]i
i

E xβ +
∀
∑ .  This is calculated by transforming 

the central moments of the normal distribution to non-central moments.  In 

particular, we deduce the expectation by using the expectations of the form  

1[( ) ]i iE x m β +−
1[ ]aE xβ +   = 1( ) ( )a a ax x dxβ ρ

∞
+

−∞
∫ (3.4)

where ( )axρ represents the normal distribution function for link a.  This is calculated 

by the moment about the mean (the central moments of the normal distribution).  The 
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derivation of the central moments of the normal distribution is shown in Appendix B.  

The general result for moments of a multivariate Gaussian distribution has been a 

problem of interest and has only recently been solved with success.  A recent result 

by Triantafyllopoulous (2002) gives a more efficient procedure for calculating the 

moments of the multivariate Gaussian distribution, when correlations among the link 

flows are incorporated.  We propose an alternative method for the univariate 

Gaussian distribution which is simpler yet provides an elegant closed form solution 

for this problem.  We convert the non-central moments in terms of the moments of 

the standard normal variable using Binomial Theorem.  Now, by Binomial expansion 

it follows that:

1[ ( )]i
i

E xβ +
∀
∑  = 1[ ( ) ]i i i

i

E x m m β +
∀

− +∑  = 
1

1( )
i

i kk
i i i

k
i k

E x m m
β β+ + −

∀ ∀

   −    ∑ ∑ (3.5)

= 
1 1

1

0

( )
i

i k k
i i i

k
i k

m E x m
β β β+ + + −

∀ =

   −    ∑∑  

As shown in Appendix A, the central moments of the link flows are equal to

22 1
[( ) ] ( )

2

k
k

k i
i i

d k
E x m π

+− = Γ
(3.6)

where k is even, (.)Γ represents the Gamma function.  For odd k, the moments are 

zero.

6 0 5 4

Link 60
µ: 1706.48
σ: 306.6286

Link 54
µ: 1795.02
σ: 306.6286



62

5 2 3 7

3 0 2 0

7 6

2 1

Link 52
µ: 3124.44
σ: 273.16

Link 37
µ: 2474.49
σ: 334.87

Link 30
µ: 3124.40
σ: 273.15

Link 20
µ: 3841.69
σ: 320.29

Link 7
µ: 2474.49
σ: 334.87

Link 6
µ: 6838.27
σ: 478.93

Link 2
µ: 4247.44
σ: 410.68

Link 1
µ: 2148.98
σ: 292.22



63 

9 1 6

Figure 3.3 Testing the hypothesis: Representative sample of the link flows on the 
Sioux Falls test network when the O-D is normally distributed

3.5.2 Computing Network Robustness

Based on (3.5), closed form analytical expressions for the mean and variance 

of the network performance are derived.  These are simplified further using the 

properties of Gamma functions.  For values of 2β = and 4, the expressions are 

explained below.  Performing the binomial expansion as in (3.5) and using (3.6) 

yields 

1 1 2
1

0

2 1
( )

2

i
i

k
k

k i
i

k
i k

d k
m

β β β
π

+ + + −
∀ =

+  Γ  ∑∑ (3.7)

 Using the property
( 1)

! ( 1)

a

k

a

k a k

Γ +  =  Γ − +  , (3.7) is simplified as
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This is further simplified by using the property
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Hence, finally the system’s expected cost given finite realizations of demand is
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The above result is demonstrated for two typical cases, one for linear cost functions 

and the other for typical BPR type functions with iβ =4.

When iβ =1, for all arcs i the above expression reduces to,
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The above expression (3.9) shows that as the mean and variance of the link 

flows increase there is a corresponding increase in the expected value of the network 

performance, which would describe a trend towards higher total system travel time.  

This result is consistent with the expectation that as there is greater expected travel 

time on the individual links (congestion), there is a corresponding increase in the 

average total system travel time.

Now, the next task is in computing network robustness in terms of the variance 

of the network performance.  Define the variance of the system as:                           

1 2( 1) 2 1[ ] [ ] [ ]i i iVar x E x E xβ β β+ + += −

The only expression that needs derivation is
2( 1)[ ]iE x β +

.  This can be computed using 

the same trick used to derive (3.8).
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Calculating this yields, 
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Combining both the terms gives the variance as 
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Similarly, the variance of the system is given as:
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(3.13)

Equation (3.13) shows the variability of the objective function with the mean and 

variance of the link travel times.  It is consistent with our expectation that the 

variability of the whole system would increase if there is a larger variability on each 

of the links.  For example, if the demand is unknown with a larger variance the 

system has to be designed taking into consideration the increased variance in travel 

time apart from the increase in expected total system travel time.  The expression 

(3.13) is demonstrated on two typical values of β .

When iβ =1, for all arcs i the above expression reduces to,
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Another measure to assess the variability of the network is the coefficient of 

variation of the performance measure.  This is expressed as the quotient between the 

standard deviation and the expected value of the objective function as:
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The mean, variance and the coefficient of variation provide important information 

regarding the impact on the network equilibrium solution due to random O-D 

demand.  In other words, if the O-D uncertainty can be captured, then the variation 

of the equilibrium solution can be achieved approximately by the methodology 

described here.

3.6 Numerical Experiments

The analytical expressions derived in the previous sections are verified and 

insights are derived into the behavior of network equilibrium under stochastic 

demand.  The performance of the networks is examined through numerical 

experiments on multiple networks.  Initially, small networks are tested to compare 

the results obtained from numerical experimentation and the analytical expressions 

derived in the previous section.  The advantage of using small networks is it enables 

us to enumerate all potential impacts on all the paths in the network.  Later, the 

above methodology will be used to evaluate demand uncertainty on well known test 

networks.  
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The normal random demand is generated for each O-D pair by the Box-Muller 

transformation.  The input variance matrix is generated by defining a scaling factor, 

which factors the expected demand to generate a variance matrix.  For example a 

scaling factor of 0.01 produces random normal demand matrices with a greater range 

of uncertainty than those with a scaling factor of 1.  The scaling factor represents the 

variability in O-D demand. 

 The results for each network are compared with the derived expressions in Section 

3.6.1.  In addition it will be demonstrated that solving the problem at the expected 

value of demand significantly underestimates the network wide impact and thus 

would lead to sub-optimal planning.

 Specifically, we are interested in testing the following hypothesis:

(a) How well does (3.9) represent the expected system cost for the traffic 

equilibrium as the network size grows

(b) How well does the variance expression (3.13) approximate the robustness of 

the traffic network as the network size grows

(c) What is the variation in the system expected and robustness as the scaling 

factor is varied.

(d) What is the closeness of the approximate expressions for mean and variance 

of the system cost as the scaling factor is varied

(e) What is the increase in computational time as the network size varies for the 

same sample size    

The methodology for evaluating robustness is shown in Figure 3.4
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Figure 3.4 Framework for evaluating the robust network performance

The essential characteristics of the networks are shown in Table 3.6.  It also 

shows the computation time on a Pentium Xeon 2.2 GHz machine with 4GB RAM 

for different network sizes and ten thousand demand realizations to a relative gap of 

0.001.  This was solved using the generalized nonlinear optimization method of 

Frank and Wolfe (FW) (1956).  These results show that for practical problems of 

interest, it would be almost impossible to evaluate the robustness of the traffic 

Select a Sample Size n, and 
Scaling Factor based on possible 
demand realizations of future 
socioeconomic, demographic and 
land use growth

Generate Random 
Demand Matrices

Perform User 
Equilibrium Assignment
For scenario p

p = 1

If p < n;
p++

If p = n

Compute the Mean 
and the variance of the 
Link flows

Compute the Mean and 
variance of the Traffic 
Assignment objective and 
compare the difference 
between the results from 
Equations and
experiments

Report the Difference
Between the results



69

equilibrium unless this subroutine can be solved extremely quickly.  Efficient 

sampling techniques to solve large networks so that they represent system 

uncertainty within a good confidence level can be developed to overcome this, 

however this is beyond the scope of the proposed work.   Initial directions for 

applying sampling techniques can be found in Unnikrishnan et al. (2004).  

Table 3.6 Computation Time of various test networks
Network Zones Nodes Links OD 

pairs
CPU 
Time

Relative
Gap

(hours)

Nguyen Dupuis 13 13 19 16 3.04 0.001
Sioux Falls 24 24 76 528 3.28 0.001
Barcelona 110 1020 2522 7922 82.74 0.001
Winnipeg 147 1052 2836 4345 59.44 0.001
Chicago Sketch 387 933 2950 93513 1124.35* 0.001

*This value was arrived at by aggregating the time taken on 12 machines in a distributed environment

3.6.1 Results

The first demonstration will be performed on a small network with 4 nodes 

and 5 links, shown in Figure 3.5.  The network has nine OD pairs and the sample 

size used for testing the results is 10,000.  In this study we do not conduct a 

systematic study of how to choose the optimal sample size, the sample size 

chosen is ad-hoc.  However, it was observed that increasing the sample size for 

demand realizations has marginal improvement on the solution quality beyond 

10,000 samples.  For large networks, we choose a smaller sample size because of 

the computational time required to run these networks (see Table 3.6).  We test 

this small network with different scaling factors: 1, 0.5, 0.1, 0.05, 0.01 and 

different levels of expected demand.  This analysis allows us to characterize two 

things; the behavior of the network uncertainty with the increase in mean and 

variance of the O-D demand (without correlations) and the tightness of the 

analytical results with the decrease in the variance of the O-D demand.  It was 

observed that in different scaling factors the solution at the expected value of 
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demand is significantly lesser than explicitly capturing the robustness of the

network performance.  It was also observed that all the link flows have a p-value 

greater than 0.5, indicating that they are normal when the input demand is 

normal.  Two of the links have zero flow in all the cases.

Figure 3.5 Test Network 1

Table 3.7 Comparative solutions of network performance from experiment and 
analytical expressions for the Test Network 1

Sample Size = 
10000

Experimental 
Result

Expression Result % Diff % Diff Expm Expression

Scaling Factor Mean St. Dev Mean St. Dev Mean Stdev COV COV
0.01 6396.51 635.54 6396.20 611.13 0.0048 3.8402 0.099 0.096
0.05 6397.38 885.22 6397.37 848.25 -0.0005 4.1765 0.138 0.133
0.1 6405.38 630.06 6405.42 608.95 -0.0007 3.3503 0.098 0.095
0.5 6394.42 284.13 6394.43 276.22 -0.0001 2.7868 0.044 0.043
1 6392.01 199.39 6392.03 199.72 -0.0003 -0.1689 0.031 0.031
2 6395.74 141.35 6395.73 147.22 0 -4.1600 0.022 0.023

The results from the Nguyen Dupuis test network and the Sioux Falls test network 

are shown in Tables 3.8 and 3.9 respectively.  In the Nguyen Dupuis test network it 

can be observed that the mean expression gives tight results where as the variance 

expression underestimates the true network variance.  It was further observed that 

three of the nineteen link flows are not normal in all the scenarios.  Similar trends are 

C3= 1+0.15(x3/30)4

A

B

C

D

C2= 1+0.15(x2/20+z1)4

C1= 1+0.15(x1/20)4

C5 = 1+0.15(x5/40)4

C4 = 1+0.15(x4/30+z2)4
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observed with the Sioux Falls test network.  The Barcelona test network was tested 

with a scaling factor of 1 and the expected value of objective function is 3.5 × 107

units and the expected value from the expression is around 4.06 × 107 units.  The 

analytical expression underestimates the variance by about 17.91%.  One key 

implementation difficulty with the Barcelona and Winnipeg networks is in 

performing the analytical expression calculations because of the variable betas in the 

cost function for all the links.  The test on the small Chicago network reveals that 

about 40% of the link flows are not normal.  We solve about 4725 samples on the 

Chicago network in a distributed environment.  The experiment was conducted with 

a scaling factor of 0.1.  The mean from the expression is 6.99 × 107 units whereas the 

expected network performance from experiment is around 8.43 × 107 units.  The 

robustness is significantly underestimated by around 75% by the expression.   

Table 3.8 Network Performance Comparisons from experiment and analytical 
expressions for the Nguyen Dupuis Test Network

Sample Size =    
10000

Experimental Result Expression Result % Diff % Diff Expm Expre

Scaling Factor Mean St. Dev Mean St. Dev Mean Stdev COV COV
0.01 211523.8 58805.99 212989.3 17878.44 -0.693 69.598 0.278 0.084
0.05 204603.9 26504.09 205279.7 7758.751 -0.33 70.726 0.13 0.038

0.1 204146.8 18841.26 204786.2 5459.374 -0.313 71.024 0.092 0.027
0.5 203825.5 8334.434 204420.6 2429.324 -0.292 70.852 0.041 0.012

1 203625.1 5954.456 204198 1726.577 -0.281 71.004 0.029 0.008
2 203626 4156.079 204197.4 1217.577 -0.281 70.704 0.02 0.006

Table 3.9 Comparative results for the Sioux Falls Network

Sample Size = 
10000

Experimental Result Expression Result % Diff % Diff Expm Expre

Scaling Factor Mean St. Dev Mean St. Dev Mean Stdev COV COV
0.01 125643.4 16088.87 129734 12000.6 -3.256 25.411 0.128 0.093
0.05 124759.8 26504.09 127226.6 9002.056 -1.977 66.035 0.212 0.071

0.1 124799.2 8156.194 128460 5043.089 -2.933 38.169 0.065 0.039
0.5 124785 7402.472 128495.4 2240.781 -2.973 69.729 0.059 0.017

1 124682.2 7357.296 128424.4 1587.547 -3.001 78.422 0.059 0.012
2 124711.7 7348.311 128485.5 1114.715 -3.026 84.83 0.059 0.009
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Figure 3.6 Sioux Falls Test Network

3.6.2 Key Insights

      The main insight from the above analysis is that the assumption of link flow 

normality is an approximation with the increase in network size.  Hence, the 

resulting expressions derived in 3.9 and 3.13 approximate the true stochastic network 

performance.  The mean expression was found to be tight in all the networks whereas 

the robustness expression was not very tight.  However, the robustness expression 
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gives us correct ordinal rankings in terms of making investment decisions based on 

robustness.  

It was also observed that the network uncertainty is positively correlated with the OD 

uncertainty.  An increase in OD uncertainty increases the network wide uncertainty.  

The derived analytical expressions can be used to estimate the mean network 

performance under stochastic OD demand conditions.  As the COV of the OD 

increases it is observed that the COV of the network increases.  In other words the 

COV of the OD and the network are positively correlated.  

3.7 Concluding Remarks

This research developed two methodologies for quantifying network 

performance when the long term O-D demand is stochastic.  The presented 

methodology differs from earlier work on uncertainty by developing single point 

approximations and closed form approximate expressions for evaluating network 

robustness rather than using sensitivity analysis or crude Monte Carlo simulations.  

The relationship between the demand and path flows in the network is obtained by 

numerical experimentation and the expected value and the variance of the system is 

obtained in a closed form from uncertain link flows.  A clear advantage of the 

proposed approach is that such direct expressions greatly reduce the effort required 

to analyze stochastic network conditions for planning applications and should 

facilitate work on numerous problems such as robust network design.  Numerical 

results show that the expression for expected network performance is tight, but the 

network robustness (variance) is an approximation.  The results demonstrate that 

evaluating network robustness using expression (3.13) becomes an approximation 

with the increase in network size.  Two reasons contribute to this approximation; as 

the network size grows the assumption of link normality was observed not to hold on 

all the links when the demand is distributed normally.  Further, significant 

correlations could exist among different O-D demands and neglecting this could lead 

to approximate results from the expression as observed.                 
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    The derived analytical expressions are tractable, in the sense that it can be tailored 

for other demand distributions.  The only requirement is the additive property of 

random variables to the same random variable.  Preliminary tests show that these 

results can easily be extended when the demand is Poisson or Cauchy distributed.  

Additionally, the expressions can easily be applied to large networks to get an 

estimate of the impact of planning demand uncertainty in transportation planning 

applications.  The numerical tests have demonstrated the ability of the derived 

expressions in computing the impacts of demand uncertainty on well known test 

networks.  The shape of the network performance under uncertainty is derivable 

from the derivation (Section 3.5.1) which will give an overall understanding beyond 

the mean and variance.  The coefficient of variation is observed to be a good fit from 

the expressions to the actual conditions which gives a good confidence on the overall 

network performance variation.  There are significant opportunities for future 

research along the lines of this work.  An immediate direction of this work to gain 

better insights into modeling uncertainty would be to capture O-D demand 

correlations due to the underlying external factors.  Similar closed form analytical 

expressions incorporating correlations could be derived and statistical analysis of 

such results may provide insights into the effect of OD correlations on network 

uncertainty.  Initial results show that incorporation of O-D correlations gives better 

results (Waller et al, 2004, Duthie, 2004).  To gain practical insights into network 

uncertainty for transportation planning, efforts must be expended in ascertaining O-D 

correlations by either data collection or statistical testing of network flow data.  As 

observed in Table 3.6, the proposed methodology is prohibitively expensive when 

the number of demand realizations is huge.  An alternate method is to develop 

sampling methods or bounded solutions for measuring network performance.  The 

aim of such methods should be to reduce computational time at the same time giving 

a near optimal solution with good confidence interval (Unnikrishnan et al, 2004).  

There are further opportunities to extend the proposed model to incorporate capacity 
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uncertainty in addition to stochastic demand.  These types of models are applicable 

in evaluating network performance under seismic conditions when the demand in 

addition to the capacity cannot be estimated with certainty (Kim et al., 2005).

 Another specific methodology can be explored to account for demand 

uncertainty in the traffic equilibrium problem.  The Response Surface Analysis 

(RSA) can be another methodology that can be applied for the purpose of providing 

the sensitivity information about the network performance with the change in 

demand.  In other words it gives us information that estimates the objective functions 

Z(x) behaves in the neighborhood of x*.  By using the traffic equilibrium problem as 

a black box valuable modeling insights can be obtained from the response surface.  

This, in combination with an efficient sampling technique like the Latin Hypercube 

method should provide efficient and valuable insights into the traffic equilibrium 

under stochastic inputs.   

A natural extension of this work on evaluation is in developing models in the 

strategic stage: network design solutions that account for network robustness which 

will be the focus of the next chapter.  We believe that these solutions will be 

different from the solutions obtained by deterministic demand between O-D pairs.  It 

is hoped that this research will instigate interest in developing solution 

methodologies to solve these hard problems in capturing network uncertainty which 

will be the focus of the next chapter.   
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Chapter 4 Designing Robust Networks for Improved Performance

Variance is everything. – Queuing Theorist

4.1 Introduction

This chapter of the dissertation complements the previous chapter on 

evaluating network performance by proposing a model to assist the network manager

(planner) in deciding the optimal investments to ensure a certain level of 

performance when faced with uncertainty.  This is a strategic decision making stage 

in the transportation planning process.  We term this problem the robust network 

design model (RNDP).  The mathematical formulation for RNDP is introduced and a 

solution approach based on evolutionary algorithms is proposed.  Computational

results on three test networks are presented to demonstrate the feasibility of this 

approach.

Network Design is pervasive in many application contexts due to its ability to 

influence the full hierarchy of strategic, tactical and operational decision-making in 

any multi-stage system.  As is well known, transportation network design is defined 

as selecting arcs in the network G(N, A) for addition (discrete) or improvement 

(continuous) to minimize the total systems cost subject to a budget constraint, 

together with the requirement that the flows satisfy the user equilibrium conditions.  

The literature presents many formulations and solution algorithms to solve this non-

linear, non-convex mathematical program which is difficult to solve optimally 

(Chiou, 1999; Davis, 1993; Dantzig et al., 1976;  Friesz et al., 1993; Solanki et al., 

1998).    

In this research, we study an important variation of the network design 

problem.  We account for the uncertainty in the O-D demand and demonstrate that 

accounting for uncertainty in long term demand results in significantly different 

network designs as compared to the deterministic equilibrium network design.  We 

deal with the discrete version of the network design problem under demand 

uncertainty.  The developed model determines robust network design plans for a 
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large traffic network with many zones and interconnected regions.  In addition, the 

proposed model is flexible to account for the planner’s desired robustness based on 

the sensitivity of the total network performance. The methodology used in this 

chapter yields solutions that are less sensitive to the future demand realizations than 

the classical deterministic NDP, by accounting not only for the expected value but 

also for the variance of the total system travel time (TSTT).   It is shown that this 

model is effective and solvable for large size network design problems.

As reviewed in chapter 2, there is a vast amount of literature on developing 

formulations and solutions algorithms for the deterministic NDP.  However, there is

limited literature in the transportation area dealing with long-term demand 

uncertainty and robust capacity planning.  Previous work in this area deals with 

stochastic programming models, which deal with uncertainty in transportation 

network design (Waller and Ziliaskopoulos, 2000).  The formulation is a single level 

stochastic linear program (SLP) for the dynamic network problem incorporating the 

cell transmission model as the traffic flow model.  The stochastic programming 

models guarantee a solution that is best in the sense that it minimizes the expected 

cost of the system for a given distribution of the uncertain demand.  However, the 

expected cost minimizing solutions are not necessarily robust as they do not account 

for higher moments of the total system travel time.  The primary contribution of this 

work is to provide a multi-objective Genetic Algorithm (GA) methodology for 

transportation NDP under demand uncertainty.

In this chapter we define a methodology, based on genetic operators, that 

allows the generation of robust solutions from an initial set of solutions for the 

RNDP in order to improve the performance of the traffic network.  In specific, we 

develop a methodology which incorporates uncertainty into the static transportation 

network design problem, with a distinct emphasis on robust optimization.  The 

formulation presented in this research accounts for future O-D demand uncertainty 

which are realized into the future when the network design decisions are made in the 

present time period.  A robust solution to this problem is defined as one that 
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minimizes network volatility for different realizations of the demand.  It is expected 

that these methodologies will give tremendous capabilities in designing 

transportation networks to account explicitly for the mean-variance and other risk 

measures (Szego, 2005) of the objective function. 

4.2 Robust Transportation Network Design Model

4.2.1 Robust Optimization (RO)

Explicit consideration of uncertainty in the NDP is a critical aspect of 

investment decision making.  Not accounting for the uncertainty can lead to sub-

optimal investments which may prove very expensive in terms of the level of service 

of the overall transportation network if the anticipated solution is not realized.  A 

clear distinction between Robust Optimization (RO) and Stochastic Programming 

(SP) methods is needed as it defines their applicability.  Although, both the RO and 

SP afford the NDP problem to account for uncertainty, the RO model has little 

sensitivity with demand.  Given the resiliency of the RO solution the expected cost 

of this solution may be higher than that of the SP solution.  RO models allow in 

determining the tradeoff between the expected performance of the network against 

higher moments based on how the network behaves in high consequence scenarios.  

An alternate definition of robustness recently introduced by Bertsimas and Sim 

(2003, 2004) proposes an approach that investigates the flexibility of the robust 

solutions in terms of probabilistic bounds on the constraint violations given the 

bounded uncertainty in the input data.  This definition is however not used in this 

chapter.  

The importance of controlling variability (volatility) of the solution (as 

opposed to just optimizing its first moment) is well recognized in finance primarily 

due to the seminal work of Markowitz (1959).  The need for robustness has been 

recognized previously in number of application areas.  Paraskevopoulos et al. (1991) 

proposed a capacity planning model for the plastics industry. They showed that the 

robust approach is better than the equivalent deterministic demand method.  Using 
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numerical results from a nonlinear programming capacity planning model, it was 

shown that as caution against demand uncertainty increases, the variance of the total 

objective function decreases.  Sengupta (1991) discusses the notion of robustness for 

stochastic programming models.  They developed non-parametric methods, which 

are relevant in situations of incomplete information and partial uncertainty.  

Escudero et al. (1993) presented an RO formulation for the problem of outsourcing

in manufacturing.  Escudero (2000) uses RO techniques for studying water resources 

system planning under water exogenous flow and demand uncertainty.  The 

uncertainty was treated via scenario analysis and by considering a full recourse 

scheme.  Because of the special structure of the problem, the solution methodology 

involves using a decomposition framework based on the augmented Lagrangian 

approach.  Kouvelis (1995) develop RO models for multinational production 

scheduling.  Malcolm and Zenios (1994) develop an RO model for the capacity 

expansion of the power systems under uncertain load forecasts.  They use piecewise 

linear load curves to arrive at the trade-offs between the inability to recover fully 

costs for excess capacity versus the need to purchase outside power.  Most of the 

applications described above use variance as a measure of solution robustness and 

establish mean-variance tradeoff.  A similar definition of robustness will be used to 

obtain capacity expansion policies for the transportation network design problem 

under demand uncertainty.  In some problems, the mean-variance tradeoff may not 

be meaningful.  For example in minimizing the variance of user’s travel time in 

descriptive models or in the mean-variance analysis of a system optimum objective 

(List et al., 2003).  In the RNDP, however, the performance measure is a system 

wide cost and the uncertainty is long term, a mean-variance analysis provides a good 

estimate of the effect of underlying uncertainty.  The formulation proposed here 

accomplishes this goal using an evolutionary algorithm to evaluate NDP solutions.  

The primary contribution of this work is in extending the RO concept to 

transportation network design problems and in developing a methodology to 
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demonstrate the value of robustness that enables better strategic transportation 

planning.

Previous models for the NDP which account for uncertainty deal with 

stochastic programming techniques (Waller, 2000, Waller et al., 2000).  Waller et al.

(2000) evaluates the traffic assignment problem under demand uncertainty showing 

that the expected demand cannot be used with disregard to variance in demand 

forecasts.  Nakayama and Takayama (2003) propose an analytical approach to deal 

with demand uncertainty in traffic networks.  They assume that the demand follows a 

binomial distribution and derive a stochastic network equilibrium model to estimate 

variances of the link travel times and evaluate the network uncertainty.  Ukkusuri 

and Waller (2004) develop closed form analytical expressions for the expected and 

variance of the system costs for the traffic equilibrium problem when the long term 

demand is uncertain.  However, the expressions for the variance are approximate as 

the network size grows.  Clark and Watling (2004) estimate the probability 

distribution of total system travel time considering the day-to-day variations of 

traveler O-D matrix.  The travel time distributions moments are obtained using the 

results from Isserlis for a multivariate distribution.  All these papers deal with 

network evaluation and not with RNDP as addressed in this research.  

4.2.2 Choice of Robustness Measure

There are number of uncertainties in the NDP.  Typical uncertainties include 

the uncertainty in O-D demand, network capacity and link cost function parameters.  

Further, the uncertainty can also be classified based on the time-frame of planning.  

The modeling approaches would be different for long term (strategic) and short term 

(operational) uncertainties in the network design problem.  Uncertainty in long term 

demand is considered here.  This is important because the investment made in the 

present time has a significant effect into the future and developing solutions which 

are resilient to future realizations is desirable.  The control variable for the problem 

is the demand, which is realized in the future.  This is denoted by nq∈ℜ to 
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{ , ,......., }q q q1 2 s for each scenario s S∈ .  The compact planner objective function for 

the robust optimization model is:

 ( , , ,....., ) (1 ) ( , , ,....., )
TSTT

Minimize TSTT q q q TSTT q q qρσ ρ λ+ −1 2 s 1 2 s

There are number of choices for choosing (.)σ and (.)λ depending on what 

the value of the various errors is to the decision maker.  However, it is desirable to 

choose measures, which can lead to consistent preferences between alternative 

solutions.  One such measure of solution robustness could be to use (.)σ as the 

expected value of the Total System Travel Time (TSTT) that would be experienced 

for all realizations of the demand and (.)λ denotes a measure of the variability of the 

TSTT for all the realized demands, e.g., (.)λ  denotes the variance of the system over 

all future demands.  It is this measure that we will use in our modeling with weights 

given to (.)λ and (.)σ .  The weight ρ can vary from [0, 1]∈ℜ .  Another possibility 

for measuring robustness could be to calculate the maximum regret that would be 

experienced by not following the optimal scenario.  This is equivalent to  (.)λ = 

*max{( )}s s
s

ξ ξ− , where ξ is the user optimal objective function that we are trying to 

minimize and sξ is the objective function value given the action we choose (for 

example, a particular capacity expansion policy) and then scenario s becomes true 

and *
sξ is the objective function value for the optimal plan had we known that the 

scenario s was going to be true.  This measure of robustness is however not 

considered in this particular research.

4.3 RNDP Model formulation

4.3.1 Notation

The following notation will be used in the model formulation:

( )at ω   = the unit cost of transportation on arc a A∈ , assumed to be twice 

continuously differentiable in ω
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xωZ ( )       = the user equilibrium objective for each demand realization ω∈Ω
rs

kf      = the flow on path k ∈K between O-D pairs ,r s∈R

,

1 if arc  is on path between O - D pair 
           = 

otherwise
rs
a k

a k r,s

0 
δ ∈   

A

xa            = the flow on arc a∈A

rsqω   = the uncertain demand for transportation between O-D pair ,r s∈R and 

demand realization ω∈Ω
aγ           = the unit cost of improvement on arc a∈A

ρ        = the weighting factor associated for the planner for expected cost Vs 

network robustness

B           = the total budget available for improvements

rk           = penalty factor to convert constrained to an unconstrained objective 

function

The discrete equilibrium network design under demand uncertainty (RNDP) can be 

formulated as shown in P1.

4.3.2 The Lower-level User Equilibrium Assignment under Uncertain Demand

The network design problem under deterministic demand can be represented 

as a two-player game where the transportation planner (network manager) is a leader 

and the users freely choose the paths are the followers.  However, in the RNDP the 

analogy still holds except with the additional complexity that the network manager 

has to plan without complete information about the demand.  In other words, the 

payoffs associated with the leader’s actions are stochastic.

The lower level problem represented by L in the RNDP represents the 

network flow pattern characterized by user equilibrium under uncertain demand.  

The addition of new network links to a congested network without the considering 

the response of network users may lead to paradoxical results like the well known 
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Braess’s paradox.  The prediction of network flows must follow a behavioral model 

that capture’s user’s selfishness.   In the RNDP, the users at the lower-level are 

assumed to follow the user-equilibrium principle of Wardrop with the well known 

assumptions of traffic equilibrium (Sheffi, 1985).

The upper level of the RNDP shown as U represents the network manager’s 

objective of improving the system performance by reducing the congestion in the 

entire network.  However, in the RNDP we are concerned with a weighed sum of the 

expected value and the variance of the total system travel time in the network as 

against a single estimate of the total system travel time (as considered in 

deterministic NDP (Magnanti and Wong, 1984, Yang and Bell, 1998)).  The network 

manager at the upper level is assumed to make decisions of the capacity 

improvements in order to minimize the weighted objective function.  The budget 

constraint ensures that the total construction does not exceed the total budget.  The 

final constraint is a binary restriction on the decision variables.

P1:

U

a a a
a a

min  ( , ) (1 ) ( , )

subject to 

                         0 or 1  

ay a a a a

a a
a

a

E x t x y Var x t x y

y B

y a

ω ω ω ωρ ρ
γ

∀ ∀

∀

   + −      
≤
= ∀ ∈

∑ ∑
∑

A

L
a 0

min  ( , )
ax

a at s y dsω
∀
∑ ∫

              subject to

,                       ; , ;rs
k rs

k

f q k r sω ω ω
∀

= ∈ ∈ ∈∑ K R Ω
, ,

,          , ; ; ;
a

rs rs
a k k

r s k

x f r s a kω ω ωδ ω= ∈ ∈ ∈ ∈∑∑∑ R A K Ω
, 0                              , ; ;rs

kf r s kω ω≥ ∈ ∈ ∈R K Ω
0                               ;

a
x aω ω≥ ∈ ∈A Ω
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The above formulation describes the RNDP model proposed in this research.  

In summary, P1 comprises of two levels.  The upper level U refers to the system 

planner’s objective of minimizing the weighted sum of the total system cost, while 

the flow to the upper level is obtained from the user equilibrium in the lower level L

for each demand realizationω∈Ω .  The above model differs from the traditional 

NDP because of the stochastic nature of demand in L and the weighted stochastic 

objective function in U.

4.3.3 Motivating Example 

The effect of demand uncertainty on a small network is demonstrated to show 

the difference between the results from optimal network expansions policies for the 

expected value and the variance of TSTT.  The benefit of analysis on a small 

network is that all the uncertain variables can be enumerated and the solutions are 

not driven by sampling errors.  Consider the small network shown in Figure 4.1 with 

the network characteristics as shown in Table 4.1.  Z1 and Z2 denote capacity 

improvements which will be determined by NDP under different objectives.  This 

network is assigned an Origin-Destination (OD) demand of 50 vehicle-trips between 

nodes C and D and 50 vehicle-trips between A and D.  The latter of these demands is 

taken as uncertain with possible values varying uniformly between 0 and 100 with a 

mean of 50.  A single uncertain variable is used here to enumerate all possible 

demand outcomes and avoid any sampling errors for this demonstration.  Since only 

discrete values are taken for the possible demands, this results in 100 potential future 

realizations, each with an equal probability of occurring.  To see the effect of this 

demand variance on network improvement decisions, 100 UE network design 

problems were solved for this network, each with a different planning demand level.  

The planning demand is an altered demand level used for the basis of a decision.  

Each problem arrived at a network improvement policy (Z1 and Z2), which represent 

an increase in capacity and their sums must not exceed a fixed budget of 10.  For 

each of these proposed policies, all 100 possible demand realizations were evaluated 
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using deterministic user equilibrium assignment.  The average total travel time 

represents the expected performance of the system, since each possibility was 

enumerated and each scenario has an equal probability of being realized.  These 100 

scenarios were then averaged for each run.  The results from the analysis shows that 

a policy expansion based on a demand of 95 yields a lower total system travel time 

as compared to the policies at the expected demand of 50.  This difference in TSTT 

was modest in this network; it was around 8.32 (Z1 = 7.9, Z2 = 2.1) for the former 

and 8.98(Z1 = 0, Z2 = 10) for the latter.  However, it was observed that if the 

planning policy considers only variance of the total system travel time into 

consideration for expansion, a policy based on a demand of 8 gave the lowest 

variance of travel time.  The expected travel time was only slightly higher in this 

case (8.35) and the corresponding expansion policies were Z1 = 9.8 and Z2 = 0.2.  

This simple example provides two clear insights.  Network expansion policies are 

significantly different in the presence of uncertainty and the network design 

decisions differ considerably based on the mean-variance considerations in the 

objective function.  In other words, designing networks for robustness yields 

solutions which are more resilient to future conditions, however there is a tradeoff in 

terms of the increase in the expected value of total system travel time.    

The main difficulty in solving the robust network design solution is in finding 

the network design solutions for each demand realization.  With the increase in 

number of demand realizations the problems becomes extremely difficult to solve 

computationally, when it is well known that even finding the capacity expansions in 

the deterministic NDP is a difficult non-convex problem.  It is important to realize 

that the model presented here differs from other equilibrium network design models, 

not only in accounting for uncertainty, but also in explicitly capturing the solution 

robustness.  As such, the model presented here is computationally more demanding 

than other problems.  In the next section, we tailor the multiobjective evolutionary 

algorithm to solve the robust network design problem efficiently.  As we shall see, 
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the set of network design solutions for RNDP on test networks demonstrate the value 

of accounting for robustness in long term transportation planning decisions. 

Figure 4.1 Simple test network

Table 4.1 Link parameters for the simple test network
Link Free-Flow Travel

 Time (cok)
Link Parameter (ak) Link Parameter (bk) Capacity (yk)

1 1 .15 4 20
2 1 .15 4 20 + Z1
3 1 .15 4 30
4 1 .15 4 30 + Z2
5 1 .15 4 40

4.4 Evolutionary Algorithm for the Robust Network Design Problem

Traditional methods to solve the RNDP do not work well due to the daunting 

computational complexity of the non-linear, non-convex model in P1. The intricate 

nature of the problem, primarily due to the existence of many local minima in typical 

transportation networks, and the size and complexity of the search space, cannot be 

handled by traditional greedy search algorithms.  Although, the formulation is 

intractable with traditional mathematical programming methods, the RNDP is better 

C3= 1+0.15(x3/30)4

A

B

C

D

C2= 1+0.15(x2/20+z1)4

C1= 1+0.15(x1/20)4

C5 = 1+0.15(x5/40)4

C4 = 1+0.15(x4/30+z2)4
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suited for the application of meta-heuristics. The meta-heuristics reduce the 

convergence to local solutions and increase the possibility of reaching a globally 

optimum solution. Drezner and Salhi (2002) in a recent study compared the 

performance of heuristics, such as descent algorithm, tabu search, simulated 

annealing and genetic algorithm, for the one-way and two-way network problem to 

find the best network configuration so as to minimize total travel time of all users.  

The objective was to minimize total vehicle miles traveled. For realistic network 

sizes it was found that GA outperformed the other algorithms in finding the best 

solution, while taking a longer computation time (a few seconds) than other methods.  

In terms of the quality of the solutions, GA was found to be the best for the test 

problems, followed by simulated annealing, and tabu search.  Optimization with GA 

has been identified for a number of application areas including capacity expansion, 

vehicle routing, scheduling and phase equlibria problems as shown in Table 4.2.  

Meta-heuristics have been previously used (Mouskos, 1991; Friesz et al., 1993; 

Xiong and Schneider, 1992; Poorzahedy and Abulghasemi, 2005) to solve the 

deterministic equilibrium network design problem.  In this research, the GA 

evolutionary algorithm is adapted for the RNDP and the solution methodology is 

presented.

Table 4.2 Overview of the GA literature with problem applications
Author(s) - (year of 

publication)
Problem Area Genetic Algorithm Study

Goldberg (1985) General Describes the overall GA methodology

Xiong and Schneider (1993) Network Design Transportation Network Design - Static conditions

Cree et al. (1996) Network Design Generic Network Design problem -static

Gen et al. (2001) Network Design Communication network design – static conditions

Cantarella and Vitetta (1994) Network design Urban network design problem – static conditions

Kwan and Wren (1994) Scheduling problem Bus driver scheduling problem 

Tom and Pattnaik Network Design Transit network design - static

Hsieh and Liu (2004) Investment decisions Infrastructure investment under time resource 
constraints

Montastruc et al. (2004) Phase Equilibrium Optimization of calcium phosphate precipitation

Berger and Barkaoui (2004) Vehicle routing Hybrid GA for vehicle routing with time windows

Capri and Ignaccolo (2004) Air Transport Aircraft sequencing problem – dynamic model

Norman and Bean (1999) Scheduling Machine scheduling to minimize tardiness

Hartmann (2002) Scheduling Project scheduling under resource constraints
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4.4.1 Overview of GA

In this section a brief description of the algorithm is given.  GA finds the 

capacity improvements for NDP by evaluating the system objective to obtain better 

solutions in each generation for each demand scenario.  These are finally used in a

robust analysis (for mean and variance) returning the fitness function values for each 

of the traffic network.

 A genetic algorithm is a local search algorithm which works starting from an 

initial collection of strings representing possible solutions of the problem.  Each 

string of the population is called a chromosome, and has associated a value called 

fitness function that contributes in the generation of new populations by means of 

genetic operators (denoted as reproduction, crossover, and mutation).  The initial 

population can be generated randomly, or it may consist of a number of known 

solutions, or a combination of both.  The GA goes through a number of steps in 

which the population at the beginning of each step is replaced with another 

population, which it is hoped will include better solutions to the problem.  The 

population produced at each step is called a generation and it is numbered 

accordingly.  The chromosomes at each new generation are produced by a process 

called reproduction, in which the chromosomes of the old population are combined 

to create new ones.  A detailed explanation of the working of GA can be found in 

Goldberg (1989) and Deb (2002).  GA is applicable to solve RNDP which is non-

convex and non-linear problem because of its superiority over other local search 

techniques which are limited by the continuity, differentiability and the unimodality 

of the evaluated functions.  GA handles these limitations by; (i) operating with codes 

of parameter set and not with the parameter themselves; (ii) searching for a 

population of points and not a single point; (iii) using objective function information 

and not the derivative of the function; (iv) using probabilistic transition rules and not 

deterministic ones. All these features make GA an attractive choice in solving the 

RNDP problem.
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The working of GA involves coding of the solution, initializing the coded 

solution, computing the fitness value, the application of genetic operators to generate 

off-springs. Application of these genetic operators is expected to yield better off-

springs and is repeated till convergence. The basic genetic operations commonly 

used are reproduction, crossover and mutation which are discussed below briefly.

4.4.2 Coding

In order to use GAs to solve the RNDP, the decision variables (capacity 

improvements) are first coded as string structures.  Binary-coded strings having 1's 

and 0's are used.  Each variable is coded and the length of the sub-string is usually 

determined according to the desired solution accuracy of that variable the longer the 

string length, the more the accuracy.  Usually, a linear mapping rule is used to 

convert coded variables into their real values. Once the coding of the variables is 

complete, the solution string is formed by concatenating all the sub-strings.  For any 

combination of 1’s and 0’s in the string, there exist corresponding values of each 

variable.  They can be estimated using the inverse mapping rule.  There after, the 

function value corresponding to point can be calculated by substituting in the 

variables in the given objective function. 

For the present study, the decision variable is the high capacity network 

design solutions on each link.  There are two different versions of the problem; 

discrete and continuous.  In the discrete case, the decision is whether an additional 

link has to be added or not to a particular link in the network.  This decision is 

therefore binary and can be represented by a single bit.  Bit 1 indicates that the 

capacity of the link is expanded by 100 % and a bit 0 indicates that no improvement 

occurs.  The sub-string length is 1 and the string length is same as the number of 

links. 
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4.4.3 The Objective Function and Constraint Satisfaction

GA works with only binary strings and does not have any inherent

knowledge about the problem.  The problem specific information is provided by the 

fitness function, which is used for measuring the quality of individuals in each 

generation.  In our specific case this is the weighted sum of the total system travel 

time represented in U.  Conventionally, GA maximizes fitness, but it is trivial to 

consider a cost function minimization problem by assigning the fitness to be a 

negative of the cost function.  The RNDP imposes constraints on the acceptable total 

allowable capacity improvements (budget constraint), hence it is possible that the 

solution that a chromosome maps to would not be feasible, in some cases.  The 

option of rejecting every infeasible solution that violates constraints may sometimes 

lead to rejection of some good partial solutions and may be computationally 

inefficient.  The objective function in the RNDP accounts for these constraints by 

penalizing each solution that breaks a constraint by introducing a penalty term to the 

calculated fitness a value that depends on the constraint and the extent of violation.  

We adopt this ‘penalty method’ that allows new constraints to be added easily to the 

GA optimization for the RNDP. 

4.4.4 The Reproduction Mechanism

Reproduction (or selection) is a procedure in which better fitness values are 

retained and inferior ones are eliminated from the current population (Michalewicz, 

1992). A string with a high fitness value has a greater probability of contributing one 

or more solution while strings with a low fitness value have a low probability of 

contributing to the next population. The mechanism starts with the creation of a 

mating pool by selecting individuals from the current population with the highest 

fitness value. A number of selection mechanisms have been proposed in the literature 

and all of them attempt to achieve the correct balance between the population 

diversity and selective criteria which are fundamental in determining the 

convergence of the algorithm.  In our solution approach, a popular and superior 
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selection mechanism called ‘remainder stochastic sampling without replacement’ is 

used (Booker, 1982). In this technique, an individual is guaranteed representation in 

the mating pool to the extent of the integer value of its expected occurrence. 

However, after each individual has been allocated space according to the integer 

portion of its expected value, remaining space in the mating pool is filled using a 

“weighted coin toss” based on the fractional component of the individual’s expected 

value in the mating pool. This selection continues with additional Bernoulli trials 

until the mating pool is full.

4.4.5 The Crossover Mechanism

In the crossover operation, a recombination process creates individuals in the 

successive generation by combining information from two individuals of the 

previous generation. A crossover operator is used to recombine two strings to get a 

better string. Crossover is usually performed with a probability called crossover 

probability to preserve some of the good strings found previously. Crossover is done 

at the string level by randomly selecting two strings for crossover operation. There 

are many types of cross over operations available: one point, two point, uniform, and 

mixed crossovers. We use a two point crossover, a very effective solution for the 

disruption of the schemata problem.

4.4.6 The Mutation Mechanism

Mutation adds new information in a random way to the genetic search 

process and ultimately helps to avoid getting trapped at local optima. It operates at 

the bit level, when the bits are being copied from the current string to the new string. 

Mutation operates with a probability, usually a very small value called the mutation 

probability. A coin-toss mechanism is employed;  if a random number generated 

between 0 and 1 is less then the mutation probability then the bit are flipped (i.e. zero 

become ones and vice versa). 
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4.4.7 The Convergence Criterion

There are several strategies for stopping the evolution process of the GA.  

Because it is difficult to define the optimal solution, usually two procedures are 

adopted as convergence criterion: (1) when the variation in the fitness level among 

generations is within a user defined range, the GA procedure is stopped; and (2) 

when the number of generations has accumulated to a predetermined level, the 

iteration is stopped.  In this research, the GA was stopped when it reached a 

predefined number of 500 generations.  However, the number of generations is 

arrived at after significant experimental runs on the quality of the solution on 

different test networks and sample sizes of demand.  A sample plot to determine the 

sample size for a good solution quality is shown in the Appendix C.

4.4.8 The initial population

The initial population is generated randomly from a single head individual calculated

by the solution of the NDP using continuous variables rather than integer variables.

4.4.9 Proposed Algorithm for RNDP using GA

Figure 4.2 shows the algorithm of the RNDP and the main steps are discussed 

below.



93

 ( 1) Input
 ( 2) GA parameters
 ( 3) Network data
 ( 4) Robust data
 ( 5) Coding of variables
 ( 6) Initialize population
 ( 7) for every generation i
 ( 8) for every population j
 ( 9) Decode population
 (10) Modify network capacity
 (11) for every sample k
 (12) Sample random demand
 (13) Perform UE assignment
 (14) end
 (15) Compute objective function
 (16) end
 (17) Computed fitness function
 (17) Update solution
 (18) Apply GA operators
 (19) Reproduction
 (20) Crossover
 (21) Mutation
 (22) end
 (23) Output

Figure 4.2 The proposed algorithm

The input to the model includes GA parameters such as number of iterations 

for convergence, population size, crossover probability, mutation probability, 

number of decision variables, lower bound, upper bound, and the precision of each 

variable. The GA parameters for the present study are adopted from the experience 

from networks of similar size from an earlier work.  The network data includes 

nodes, link length, alpha, beta, capacity, and speed limit. The robust data includes 

the sample size, random seed, ρ  value in [0,1], percentage demand variation, 

budget, etc. 

The next step is the algorithm is the GA coding. Here, the number of

variables is equal to the number of links, and since it is a binary decision variable, 

the lower bound of each variable is 0, upper bound is 1, and the precision is 1. The 
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string length is equal to the number of links, where each bit corresponds to a link. A 

value of 1 indicates that link’s capacity will be doubled.

The next step is to initialize the population. This is normally done by 

randomly initializing the P strings with 1 or 0.  Note that coding ensures every 

population is feasible. Then the GA iteration starts. First, for each string 

(corresponding to an instance of the solution) is decoded. The decoded values are 

the links whose capacities are to be increased.

Then for every sample, a random sample of the OD matrix is generated. This 

is done by multiplying every cell of the base OD matrix by a random factor. 

Suppose, if the demand variation is 50 percent, then this factor is a random value 

between 0.75 and 1.25. (i.e. Monte-Carlo simulation for randomly selected demands 

in [l,u] of the expected value). This sampled OD matrix is assigned to the network 

using standard UE assignment by employing the Frank-Wolfe algorithm. This will 

give the total system travel time for each sample.

Next, the objective function value is computed by first calculating the 

expected value and the variance of the total system travel times for each scenario and 

finding the expected performance and robustness of the capacity expansion policies 

using the objective - a a a a
a a

min  ( , ) (1 ) ( , )y a a a aE x t x y Var x t x yρ ρ
∀ ∀

   + −      ∑ ∑ .

The base problem is a constrained one and this objective function is transformed 

into an equivalent unconstrained problem by the following transformation:

Phi(x) = a a a a
a a

min  ( , ) (1 ) ( , )y a a a aE x t x y Var x t x yρ ρ
∀ ∀

   + −      ∑ ∑ +rk(Max((Ci-B),0)

Where rk is the penalty term, Ci is the cost of capacity improvement and B is the 

budget. The Phi(x) is returned to GA to compute fitness function value. 

The solution is checked with the earlier values and the best values and the 

corresponding chromosome. This is followed by the application of GA operators 

mentioned above. This completes one GA run and will be repeated till convergence. 
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The primary output is the links that are chosen for capacity expansion. In addition, 

other statistics such as E (TSST), S (TSTT), etc can be inferred.

4.5 Computational Results

To test the above model and solution approach proposed in this paper, we 

perform computational experiments on three different test networks: simple test 

network (Figure 4.1), Harker and Friesz (HF) network, and the Nguyen Dupuis test 

network.  Initially we test our methodology for the deterministic case on the simple 

test network and HF network.  The motivation for this analysis is that for these 

networks the NDP solution is available in the literature (Harker and Friesz, 1984; 

Chiou, 2005) and can be used to compare our NDP solution using the GA.  However, 

the solutions for these test networks, are in a deterministic and continuous network 

improvement setting and the comparison will be made accordingly.  The main results 

of the RNDP model are demonstrated on a middle sized network shown in figure 4.4, 

the network of Nguyen Dupuis, which has been extensively used before by 

researchers for testing the traffic equilibrium problems (Nguyen and Dupuis, 1984).  

The detailed data for the HF network and the Nguyen Dupuis network is presented in 

Appendix D.  A set of designed experiments were performed to determine the 

optimal values of the model parameters of GA.  It was experimentally determined 

that the best population size with the limited computational resources was 50.  The 

population size and the number of generations determine the final amount of search, 

the optimal solution and the execution time.  However, in problems of interest, the 

computational time is limited.  In this work, therefore, we select the appropriate GA 

parameters when the total number of chromosomes generated is fixed.  For a given 

execution time (and corresponding number of trials), the GA parameters that achieve 

the best capacity expansions are identified for different values of ρ .  The model was 

coded in C++ and the implementations have been conducted on Pentium PC with 

i686 processor on a GNU/Linux platform using a gcc compiler.
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4.5.1 Test Networks and Parameters

4.5.1.1 Experiment 1

The first experiment is conducted on the example network in Figure 4.1 

under deterministic conditions with the same parameters as in Table 4.1.  The results 

from the GA and complete enumeration with 100 demand realizations are shown in 

Table 4.3.  In this experiment and the experiments that follow, the number of GA 

generations was set equal to 500 and the stopping criterion in performing the inner 

loop of the equilibrium traffic assignment is set equal to 0.005, which is the absolute 

difference between the equilibrium solution in step i and i+1. 

Table 4.3 Comparison of the enumeration result with the GA on the small test 
network

GA Enumeration

TSTT(UE) 336.16 335.54

Z1 6.21 6.30

Z2 3.79 3.70

4.5.1.2 Experiment 2

The second experiment is conducted on the HF networks (Harker and 

Friesz, 1984) for which bounds on the deterministic continuous NDP solutions are 

available at different demand levels.  This comparison should prove the validity of 

the meta-heuristic approach for the proposed problem.  In reality, there is no way of 

truly validating the stated problem because of the lack of exact algorithms to solve 

the RNDP, however, the comparison of the static NDP should provide reasonable 

confidence on the proposed solution methodology.  Further, the proposed approach 

should facilitate in the development of other efficient solution approaches in the 

future.  The network is shown in Figure 4.3 with 6 nodes and 16 arcs.  There are two 

O-D pairs – (1,6) and (6,1).  The static continuous NDP in solved at different 
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demand levels with q16 = 2.5, 3.75 and 5 and q61 = 5.0, 7.5 and 10.0 respectively.  It 

was found in the paper that at low levels of congestion the heuristic bounds derived 

are very close to optimal.  A good lower bound of the continuous NDP can be found 

by solving the NDP based on the system optimal network flows where in the lower 

problem L is solved using the marginal travel time cost function.  Harker and Friesz 

(1984) and Suwansirikul et al., develop an inexact solution procedure based on the 

iterative optimization assignment (IOA) method to calculate the upper and lower 

bound for the continuous NDP as shown in Table 4.3.  We compare the results for 

GA at low levels of demand; these results are presented in Table 4.4.  Note that the 

results from Harker and Friesz (1984) over estimate the NDP solution (Cournot Nash 

game), however as proved these values are tight and the actual NDP solution lies in 

between the NDP solved with a system optimal objective and the Cournot Nash 

game.  The results of the GA match very close to the NDP solutions based on the 

bounds developed by Harker and Friesz as shown in Table 4.4.  Further, the system 

cost of the network at the three demand levels is also close using the GA approach.     

Figure 4.3 HF Test Network
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Table 4.4 Comparison of results from Harker and Friesz (1983) and the GA approach 
for NDP

Total Flow =7.5 Total Flow =11.25 Total Flow =15.0 System Cost

Improved 
arc

HF Result GA 
Result

HF Result GA 
Result

HF Result GA 
Result

HF Result GA 
Result

y3 (4.24,4.24) 2.84 (4.17,4.24) 3.70 (3.65,4.24) 2.68 (63.28,63.28) 
(7.5)

63.38

y6 0 0.2 (0,0.77) 0.1 (0,6.07) 0.61 (99.14,99.69)
(11.25)

101.03

y15 (13.14,13.14) 13.10 (13.06,13.14) 12.36 (12.51,13.14) 13.1 (140.21,147.59)
(15.0)

147.22

4.5.1.3 Experiment 3

With the validation of the GA approach on the two test networks above, 

numerical experiments are conducted in this section to study the results yielded by 

the GA approach for the RNDP on the Nguyen Dupuis network shown in Figure 4.4.  

Descriptions of the OD demand table and the network parameters are given in 

Appendix D.  Different sets of the values of  ρ  equal to 0, 0.25, 0.5, 0.75 and 1 are 

used to solve the discrete RNDP.  When ρ equals to 0 it is the robust network design 

which accounts primarily for variance and when ρ equals to 1 it is the stochastic 

network design, where the planners objective only accounts for the expected network 

wide costs.  For the OD demand matrix a uniform distribution with the expected 

value of 1900 and 2300 are used for the O-D pairs 1-2 and 1-3 & 2100 and 1700 for 

the O-D pairs 4-2 and 4-3.  A coefficient of variation (COV) of 0.5 is assumed.  The 

following parameters for the GA have been chosen for this problem:

• No. of generations: gmax = 500

• Population size (No. of parent solutions) = 50

• No. of offspring solutions = 50

• Mutation probability = 0.001

• Crossover probability = 0.8

The above parameters for the GA were arrived at by conducting a series of 

systematic experiments based on varying them over an interval in equidistant steps.  
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For example, the appendix shows the plot of arriving at the required number of 

generations required for convergence keeping all the other things the same.  

Altogether, we have conducted around 30 runs for finding good parameters due to 

the computational time issues.  Other approaches for determining the parameter 

values for GA is based on the idea of applying another (meta) evolutionary 

algorithm.  This is outlined in Hanne (2001).  The parameters used in this analysis 

produced reasonably robust results and further analysis was not necessary.
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Figure 4.4 Nguyen Dupuis test network for the RNDP

Table 4.5 summarizes the main results obtained after applying the MOEA to 

the Nugyen Dupuis test network.   It can be observed that the accounting for 

different values of robustness yields different link capacity expansions.  There is a 

significant tradeoff between accounting for just the expected value of the network 

performance and the risk (captured in terms of variance) associated with it.  An 

important insight from this analysis is that the network design solutions are 
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significantly different based on the desired degree of robustness accounted in the 

NDP.  Figures 4.6, 4.7 and 4.8 shows the convergence of GA for different value 

of ρ .  The convergence of GA is primarily visual with the number of generations.  

Other quantitative approaches for measuring the MOEA performance are suggested 

by Veldhuizen and Lamont (2005).

From Table 4.5 it can be observed that there is a significant improvement in 

the network performance in the stochastic ( ρ = 1) and the robust cases ( ρ = 0) as 

compared to the base case network.  The percentage travel time savings for the 

stochastic and robust network design solutions as compared to base case are 35.83% 

and 33.33% respectively.  The improvement in network resiliency by accounting for

robustness in this network is about 1.3%.  The last column in Table 4.5 represents 

the network design solution at the expected value of demand.  This quantifies the 

expected value solution of the problem.  We observe that this network design 

solution performs very poorly as compared to the NDP solutions accounting for 

uncertainty in the network performance.  The comparison of this solution with the 

stochastic and robust solution shows that network performance is degraded by 8.83% 

and 12.21 % respectively.  Further, there is no guarantee on the robustness of the 

obtained solution in the expected value solution.  

For the population size of 50 and an evolution of 500 generations it was 

noticed that the computational requirements are quite high.  After performing some 

improvements in the data structures for the lower level problem in P1, the running 

times are still around 20 hours for each value of ρ for the MOEA with the above 

parameters.  It was observed that about 95% of CPU time is required in evaluating 

the fitness function, i.e., the weighted stochastic objective function in U considering 

the lower level problem L.  A sample of the number of user equilibrium assignments 

performed to arrive at the final solutions is shown as # in Table 4.5.  Further analysis 

of the C++ code has shown that major parts of the running time can be minimized by 

using more efficient algorithms for evaluating the user equilibrium assignment.  For 

instance, the user equilibrium can be efficiently solved using its dual.  Further, the 
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MOEA can be sped by parallelizing the algorithm and replacing the inefficient data 

structures: this will be an issue of our future work.

Table 4.5 RNDP solution using GA for different values of ρ
Base Case

Capacity(veh/hr) ρ = 0 ρ = 0.25 ρ = 0.5 ρ = 0.75 ρ = 1 NDP[E(OD)]
y1 2200 0 1 0 0 1 0
y2 2200 1 1 1 1 1 1
y3 2200 0 1 1 0 0 0
y4 2200 1 1 1 1 1 1
y5 2200 0 0 1 0 0 0
y6 2200 0 0 1 1 0 0
y7 2200 1 1 0 1 1 1
y8 2200 1 0 1 1 1 1
y9 2200 0 0 0 0 0 0
y10 2200 1 1 1 0 1 0
y11 2200 1 0 1 1 1 1
y12 2200 0 1 0 0 1 1
y13 2200 0 1 1 1 1 1
y14 2200 1 0 0 0 0 1
y15 2200 1 0 0 0 1 0
y16 2200 1 1 0 1 0 1
y17 2200 0 0 0 1 0 0
y18 2200 1 1 1 1 0 1
y19 2200 1 1 1 1 1 1

E[TSTT] 857,046 571,022 561,710 563,749 556,102 549,881 626,354
S[TSTT] 0 59,191 61,596 61,809 60,237 59,834 0

# 1 11,016,028 1,611,749
Note: # denotes the number of user equilibrium assignments the inner optimization loop uses for RNDP

0 implies that the link has not been improved and 1 implies that the link has been improved by a single lane
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Figure 4.7 Convergence of the RNDP fitness function for ρ = 1

From Table 4.5 it can be observed that by accounting for variance in the NDP 

there is a benefit of improving the resiliency of the network performance although 

there is a tradeoff in terms of the slight increase in the expected network 

performance.  In addition, it can be noticed that the design decisions on the network 

topology (link improvements) vary depending on the robustness accounted for in the 

RNDP.  It is important to note however that there is no consistent relationship 

between the expected network performance and the robustness with different values 

of ρ .  For example, the stochastic case ( ρ =1) has a lower variance as compared to 

the intermediate case when ρ = 0.75.  This non-dominance effect should be explored 

further.  

We also explored the network performance changes due to the change in the 

budget.  It is clear that in the extreme case of a very large budget the traffic 

conditions follow free flow with almost zero variance in network performance.  

Table 4.6 shows the change in the expected network performance and the robustness 

for increasing value of the budget for the stochastic and the robust NDPs.  It can be 

observed that with the increase in budget in both the network design solutions, the 

expected value and the variance of the network performance improves as expected.
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Table 4.6 Change in network performance with budget
Robust ( ρ = 0 ) Expected ( ρ = 1) Budget

(in $mil) E(TSTT) S(TSTT) E(TSTT) S(TSTT)
2 715430.3 83728.25 714222 84629.99

5 684266.3 79561.21 681507.7 79666.49

20 558183.4 61278.3 554920.2 61388.33

50 507615.1 53484.74 502218.4 53577.83

4.6 Evaluation of GA Network Design solutions

The GA solution procedure uses a smaller sample size because of the 

computational time involved in arriving at the high capacity network design 

solutions within a pre-specified number of generations.  To determine the quality of 

the solution obtained for the RNDP using the GA approach, we propose an 

evaluation approach.  For each RNDP solution in Table 4.5, we improve the network 

with the ‘optimal’ capacity values.  We test this capacity added network on a larger 

sample size of 25,000 samples to determine the expected value and standard 

deviation of the total system travel time (network performance).  The ‘optimal’ 

TSTT’s for the RNDP using GA and the evaluation approach are shown in Table 4.7.  

It is observed that the RNDP capacity improvements from MOEA perform very well 

on a higher sample size in terms of the expected travel time and the variance of the 

travel time.  
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Table 4.7 Comparison of the network wide travel time with MOEA and evaluation 
approach

GA Results Evaluation with 
25,000 samples

Absolute Percent 
Difference

E [TSTT] S[TSTT] E[TSTT] S[TSTT] % 
Deviation 

of 
E[TSTT]

%Deviation 
of S[TSTT]

Base case 725,326 NA 736,268 86,322 1.5 NA

ρ  = 0 571,022 59,191 572,730 59,345 0.29 0.26

ρ  = 0.25 561,710 61,596 563,589 61,839 0.33 0.39

ρ  = 0.5 559,749 61,809 565,580 61,941 0.32 0.21

ρ  = 0.75 556,102 60,237 557,924 60,436 0.33 0.33

ρ  = 1 549,881 59,834 551,633 59,953 0.32 0.20

NDP 
[E(OD)]

626,354 NA 558,015 60,482 10.91 NA

4.7 Concluding Remarks 

With the maturity of computational techniques and modeling approaches, 

new opportunities exist for studying the value of robustness in network design.  

Tractable model formulations, solution methodologies and advanced computational 

techniques are critical for developing effective robust network solutions.  The model 

formulation and solution approach presented in this paper provide a means for 

accounting for uncertainty in network design decisions and supporting explicit 

decisions on the trade-off between expected costs against risk, when the long term 

O-D demand is a random variable.  The problem is formulated as a non-linear, non-

convex, multiobjective model where the planner’s objective is to minimize the 

weighted objective of the expected value and the variance of the network total travel 
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time and the user’s route choice is dependent on user equilibrium under finite 

scenarios of uncertain demand.  

An efficient solution approach using a MOEA is proposed for solving the 

RNDP.  The key concept of the solution method is in obtaining the solution for the 

RNDP by systematically exploiting the randomness of the genetic evolution process.  

As demonstrated, the proposed approach can produce optimal solutions with a 

reasonable computational time and overhead cost.  The main contribution of this 

work is in formulating the RNDP and in proposing an evolutionary structure for 

solving the problem in a mathematical programming framework.  Further, the 

problem has been solved by adjusting suitable system parameters for the robust 

network design problem.  Numerical comparisons have been made on three test 

networks.  First, for the 4-node 5-link network the MOEA method produces similar 

results to the deterministic continuous NDP results obtained by enumeration.  

Furthermore, in the 16-link example network of Harker and Friesz,  the MOEA 

approach produced very close results as compared to the results and in literature.  

Second, for the Nguyen Dupuis network the solution of the RNDP using a MOEA

heuristic gives a very good framework for obtaining ‘good’ network design solutions 

accounting for different degree of network travel time variability.  The 

computational time, however, was high and it is difficult to solve large network with 

the proposed approach.    

For the improvement of the RNDP models, this issue requires further 

research in incorporating a variety of real-life networks in the future.  In addition, 

efficient approximation procedures such as sampling procedures and the single point 

approximations for solving the RNDP should be explored for solving large scale 

RNDPs. Another issue deserves further remark: a significant computational

bottleneck in implementing the problem is in the evaluation of the fitness function 

for each demand realization and then solving the NDP.  The fitness evaluation 

procedure can be computed faster by using a parallelization approach to solve this 

problem could help in developing flexible and quick RNDP solutions. 
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Part III Accounting for Dynamics
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Chapter 5 Dynamic Stochastic Network Design Model

“A man with genius is unendurable if he does not also possess at least two things: 

gratitude and cleanliness” Nietzsche in Beyond good and Evil (1886) 

5.1 Introduction

In this chapter, we pursue a mathematical programming approach to deal 

with uncertainty while accounting for dynamic traffic conditions.  The previous 

chapters primarily dealt with accounting for stochastic demand conditions in static 

transportation networks.  These methodologies are important before including traffic 

dynamics to motivate this area of research and to place them on a strong footing.  

Further, the static models are readily accepted in practice and demonstrating the 

significance of uncertainty in them will help us in pushing this field into practice.  

This research is concerned with formulating a network design model in which 

the traffic flows satisfy dynamic user optimal conditions for a single destination.  

The model presented here incorporates the Cell Transmission Model (CTM); a traffic 

flow model capable of capturing shockwaves and link spillovers.  Comparisons will 

be made between the properties of the Dynamic User Optimal Network Design 

Problem (DUO NDP) and an existing Dynamic System Optimal (DSO) NDP 

formulation. Both network design models have different objective functions with 

similar constraint sets which are linear and convex.  We propose a formulation and 

show computational results on two test networks.  Further, we extend the dynamic 

formulation to a two stage stochastic linear programming formulation with the 

random variable as the long term demand.  We demonstrate the benefit of accounting 

for uncertainty in the DNDP.

The opportunities of new technologies and improved computational resources 

have encouraged considerable research in the development of methodologies and 

algorithms in dynamic transportation networks.  Transportation investments form the 

core of decision making in current and future projects.  Decisions made in the current 

stage of capacity improvements must take into account the dynamic nature of 

demand.  This chapter formulates the Dynamic User Optimal Network Design 
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Problem (DUO NDP) for a single destination using a Linear Programming (LP) 

approach.  Results are compared with the known Dynamic System Optimal Network 

Design Problem (DSO NDP) formulation (Waller and Ziliaskopoulos, 2001).  The 

differences between capacity improvements under DUO and DSO behavior are 

analyzed using tests on a small network.  An approximation technique is described to 

solve the model for larger networks.   An experimental test is performed on a 

network similar to the Nguyen and Dupuis (1984) test network for various levels of 

traffic demand, pattern and budget.  The results for the two models are compared.

Finally, the proposed DUO NDP formulation is extended to account for long term 

demand uncertainty to demonstrate flexibility of the proposed linear programming 

formulation.  Further, this extension demonstrates the importance of incorporating 

uncertainty in network design problems.    

While single-destination DTA problems are infrequently found in actual 

applications, the approach can be used to evaluate and calibrate other models and 

may potentially be used as a subroutine in large-scale multi-destination solution 

approaches (as discussed in Waller and Ziliaskopoulos, 2001 and Golani and Waller, 

2004).  Furthermore, analytical approaches, despite their limitations, contribute to 

the better understanding of the problem and the development of operational 

analytical approaches.  Moreover, since this model can propagate traffic according to 

the Cell Transmission Model (CTM) (Daganzo, 1994, 1995), it can capture the queue 

evolution along an arc, which is not generally possible with models relying on link 

exit functions.  Although the proposed analytical model is limited to a single 

destination, it can capture realities of actual networks better than many other 

analytical formulations, because its underlying structure is based on traffic flow 

theoretical models.  Note that with this formulation, the dynamic user optimal 

network design problem is a linear program, when even the simplest static traffic 

network design problem is an extremely difficult nonlinear (commonly non-convex) 

mathematical program.  
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5.2 Embedded Traffic Flow Model – The Cell Transmission Model

CTM (Daganzo, 1993 and 1994) provides a convergent numerical 

approximation to Lighthill and Whitham (1955) and Richards’ (1956) (LWR) 

hydrodynamic model to simple difference constraints by assuming a piecewise linear 

relationship between traffic flow and density for each cell (or segment). Although 

CTM assumes piecewise linearity at the cell level, the model well illustrates the 

traffic flow propagation on networks and captures other traffic phenomena such as 

the spatial as well as the temporal formation and dispersion of queues, in other 

words, the propagation of traffic flow disturbance and formation of shockwaves 

because the model divides the road into short and discrete cells. Moreover, CTM 

reasonably captures the non-linearity between speed-density and travel time-density 

at the link level reasonably well. Ziliaskopoulos (2000), Ukkusuri (2002), and Lo 

and Szeto (2002) use the CTM concepts in modeling DTA formulations. 

This section addresses the basic principles of CTM and illustrates a modeling 

network for a general transportation network, and then presents a modeling 

intersection for easy understanding of traffic movements on cell-based transportation 

networks.

5.2.1 Basic Principles of CTM

The hydrodynamic model (Lighthill and Whitham, 1955; Richards, 1956) of traffic 

flow is known to be powerful in capturing the formation, propagation, and 

dissipation of queues on links. The key components of the hydrodynamic model of 

traffic flow are the following constraints, 

0=∂
∂+∂

∂
t

k

x

q
   and   ),,( txkQq =                          (5.2.1.1)

where q  is the traffic flow; k  is the density; x  and t  are the space and time 

variable, respectively, and Q  is a function relating q  and k . The first partial 

differential constraint states the flow conservation that defines the relationship 

between flow ( q ) and density ( k ) over location ( x ) and time ( t ). This constraint is 
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usually supplemented by the assumption that traffic flow ( q ) at location x  is a 

function of traffic density ( k ), ),,( txkQq = . Daganzo (1993, 1994) simplified the 

solution scheme by adopting the following relationship between traffic flow ( q ) and 

density ( k ):

{ }maxmin , , ( )jq vk q w k k= −                          (5.2.1.2)

where jk , maxq , v , w  denote the maximum (or jam) density, inflow capacity (or 

maximum allowable inflow), free-flow speed, and the speed with which disturbances 

propagate backward when traffic congested (the backward wave speed), respectively.

The LWR constraints for a single highway link can be approximated by a set 

of difference constraints. Constraint (5.2.1.2) approximates the fundamental diagram 

of flow-density shown in Figure 5.1.1 by a piecewise linear model shown in Figure 

5.1.2.
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Figure 5.1.1 q-k diagram in LWR
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Figure 5.1.2 q-k diagram in CTM

5.2.2 Network Representation

To facilitate cross-reference, this Section adopts similar notation as in 

Daganzo (1993, 1994) and Ziliaskopoulos (2000). The model assumes that the road 

is divided into homogeneous cells. The length of cells is the same as the distance 

traveled at free-flow speed in one time interval. The results of LWR model (1956) 

can be approximated by the following set of recursive relationships in CTM, and the 
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basic relationships of the cell transmission model that describe the evolution of 

traffic flow are extensively discussed in Daganzo (1993, 1994), Ziliaskopoulos 

(2000), Lo et al. (2001) and Lo and Szeto (2002) as follows:
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where t
kiy  is the inflow to cell i  from cell k  at time interval t  (from t  to 1+t ); t

ix

is number of vehicles in cell i  at time t ; t
ijy  is the flow from cell i  to cell j  at time 

t ; t
iQ  is the maximum number of vehicles that can flow into or out of cell i  when 

the time advances from time t  to time 1+t ; t
iN  is the maximum number of vehicles 

that can be present in cell i  at time t ; t
iδ is the ratio (v/w) of forward to backward 

propagation speed for each cell i  and time t ; )(1 i−Γ is the set of predecessor cells to 

cell i ; )(iΓ  is the set of successor cells to i ; C  is the set of cells: ordinary cells 

( OC , 1)(,1)(1 =Γ=Γ− ii ), diverging cells ( DC , 1)(,1)(1 >Γ=Γ− ii ), merging cells 

( MC , 1)(,1)(1 =Γ>Γ− ii ), source cells ( RC , 1)(,0)(1 =Γ=Γ− ii ) and sink cells 

( SC , 0)(,1)(1 =Γ=Γ− ii ); E  is the set of cell connectors: ordinary cell connectors 

( OE ), merging cell connectors ( ME ), diverging cell connectors ( DE ), source cell 

connectors ( RE ), and sink cell connectors ( SE ). Definition of variables and 

notations used here are summarized in Table 5.1 as follow:
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Table 5.1 Definition of variables and notation
q  : Link flow

maxq  : Maximum flow

k  : Density

mk  : Optimum density when flow is at a maximum rate

jk  : Jam density

mu  : Optimum speed when flow is at a maximum rate

fu  : Free-flow speed

tM : Cost per time interval that will yield user equilibrium flows

C  : Set of cells

OC  : Ordinary cells

DC  : Diverging cells

MC  : Merging cells

RC  : Source cells

SC  : Sink cells

T  : Set of discrete time intervals

r  : Source cell, RCr∈
s  : Sink cell, SCs∈
t
ix  : Number of vehicles in cell i  at current time interval t

iζ  : Initial cell occupancies ( iix ζ=0 ), Ci∈
t
iN  : Maximum number of vehicles in cell i  at current time interval t

t
ijy  : Number of vehicles moving from cell i  to cell j  from current time interval t  to 

1+t

E  : Set of cell connectors

OE  : Ordinary cell connectors
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DE  : Diverging cell connectors

ME  : Merging cell connectors

RE  : Source cell connectors

SE  : Sink cell connectors

t
iQ  : Maximum number of vehicles that can flow into or out of cell i  at current time 

interval t

t
iδ  : Ratio of forward to backward propagation speed for cell i  at current time interval t ; 

1 min{ , }t t
i k i kif x Q Qδ = ≤  and / min{ , }t t

i k i kv w if x Q Qδ = >  

)(iΓ  : Set of successor cells to cell i

)(1 i−Γ  : Set of predecessor cells to cell i

t
id  : Demand (inflow) at cell i  at current time interval t , RCi∈
iz  : Binary variable; if a cell is selected for improvement, iz =1, otherwise 0

jχ  : Unit increase parameter in the jam density of cell j  when jz =1

jφ  : Unit increase parameter in the saturation flow of cell j  when jz =1

t  : Current time interval, t =1, ····, T

τ : Discretized time interval

ib : Positive constant and represents a known construction cost to expand one lane of cell 

i

B : Total budget

t
iN t

iN 1+

t
iiy ,1− t

ix
t

iiy 1, + t
ix 1+

t
iiy 2,1 ++

Cell i Cell 1+i

Figure 5.2 Illustration of the building block of CTM



115

Figure 5.2 shows the building block representing constraints (5.2.2.3) and 

(5.2.2.4). A road segment consists of a series of homogenous cells with the physical 

length. A link between cells has no physical length and is used just to depict 

connectivity between cells. Furthermore, cells can hold traffic flows, but traffic 

flows does not exist physically. Two basic relationships (i.e., constraints (5.2.2.3)

and (5.2.2.4)) maintain the traffic flow of CTM.  Constraint (5.2.2.3) constrains the 

cell mass conservation and represents the traffic movements on the ordinary cell 

type. Also, the flow between two cells is constrained and determined by the number 

of vehicles ( t
kx ) occupying the beginning cell, the remaining capacity ( ][ t

i
t
i

t
i xN −δ ) 

determined by the ratio ( t
iδ ) of forward to backward propagation speed for each cell 

i  and time t  at the ending cell, and the minimum of the maximum flow 

( ],min[ t
k

t
i QQ ) that can get out of the beginning cell and into the ending cell. This 

relationship is shown in constraint (5.2.2.4) for the ordinary type cell. Figures 5.3 

and 5.4 show the network representation in CTM for general transportation 

networks. The traffic movement on links is done by CTM (Daganzo, 1994; 

Ziliaskopoulos, 2000; Waller, 2000) during each simulation time interval. A general 

transportation network that is represented by a set of cells will be considered. Traffic 

starts from the source cell ( RC ) and ends at the sink cell ( SC ).

OE
OC

OE
OC

OE
RC

RE SE
SC

(a) Ordinary cell (b) Source cell (b) Sink cell

Figure 5.3 Network representation of ordinary, source, and sink cells
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ME MC DC DE

(a) Merging cell (b) Diverging cell

Figure 5.4 Network representation of merge and diverge cells

5.2.3 Modeling Transportation Networks using CTM

Unlike existing traffic assignment models that are based on a link exit 

function, the model presented here uses CTM concepts. Road segments in networks 

can be divided into homogenous cells shown in Figure 5.5 (b), such that the length of 

each cell is set equal to the distance of free-flow travel. As presented in Section 5.2, 

traffic flow characteristics in networks based on CTM shown in Figures 5.1.1(a) and 

5.5(a) are much different from those used in typical simplified models shown in 

Figures 5.1.1(b) and 5.5(b). Since traffic flows based on CTM can describe more 

details than typical link based models, the traffic propagation in DTA model 

proposed in this study uses concepts of Daganzo’s CTM. This section illustrates the 

cell network representation for modeling networks.

Moving Vehicles Vehicles in Queue

Upstream of Link Downstream of Link

Cell 1 Cell 2 Cell 3 Cell 4 Cell 5

(a) Conceptual segments on a link in typical static model

(b) Conceptual segments on a link in CTM

Figure 5.5 Conceptual link segments
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(1) Ordinary Cells and Cell Connectors

Following constraints (5.2.2.1) and (5.2.2.2) and Figure 5.6 represent key 

components of the cell traffic flow theory, the flow relationship and the conceptual 

diagram for these relationships at the ordinary cells and on its cell connectors. 

Constraint (5.2.2.1) constrains the cell mass conservation. As presented in constraint 

(5.2.2.2), the flow between two cells (i.e. cells k  and i ) depends on t
kx , 

],min[ t
k

t
i QQ  and [ ]t t t

i i iN xδ − .

t
kQ , t

kN t
iQ , t

iN t
jQ , t

jN

t
kky ,1− t

kx
t
kiy t

ix
t
ijy t

jx
t

jjy 1, +

Cell k Cell i Cell j

Figure 5.6 Illustration of ordinary cells and cell connectors

(2) Source Cells and Cell Connectors

 Following constraints (5.2.2.3) and (5.2.2.4) represent the flow constraints and the 

conceptual diagram for these relationships at the source cells and on its cell 

connectors. The source cells have unlimited capacity, but the maximum output flows 

are finite. The initial value ( 0
ix , RCi∈∀ ) can be set to initial traffic conditions at the 

beginning of the time period of interest (the traffic peak period).
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t
iQ , ∞=t

iN t
jQ , t

jN

t
ix

t
ijy

t
jx

, 1
t
i jy +

Source cell i Cell connector 

from source cell i

Ordinary cell j Cell connector from 

ordinary cell j

Figure 5.7 Illustration of source cells and cell connectors
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(3) Sink Cell and Cell Connectors

Following constraints (5.2.2.5) represent the flow constraints and the conceptual 

diagram for these relationships at the sink cells and on its cell connectors. The 

capacity of sink cells is infinite (i.e. ∞=t
jN , SCj∈∀ , Tt ∈∀ ), and the maximum 

input flows are unlimited (i.e. ∞=t
jQ , SCj∈∀ , Tt ∈∀ ). Therefore, their 

occupancies on these cells are not constrained. 

TtCjEjiQyxy SS
t
j

t
ij

t
i

t
ij ∈∀∈∈∀≤≤ ,,),(, (5.2.2.5)

t
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t
iiy ,1− t

ix
t
ijy t

jx

Cell connector to 

ordinary cell i

Ordinary cell i Cell connector to 

sink cell j

Sink cell j

Figure 5.8 Illustration of sink cell and cell connectors

5.3 The Model: Problem Formulation 

This section describes the notation used for the DUO NDP, and briefly 

defines the DUO Network Design Problems (NDPs) and SUO NDP models.  It then 

discusses issues relevant to the formulation of these problems.  Table 5.1 

summarizes the notation used in the network design formulations.

5.3.1 Dynamic System Optimal Network Design Problem (DSO NDP) Formulation

The objective function of the DSO NDP as formulated by Waller and 

Ziliaskopoulos (2001) is mentioned here for the sake of completeness.  The 

formulation is based on the SO DTA LP of Ziliaskopoulos (2000) which uses a 

minor relaxation of the CTM (Daganzo 1994, 1995).  The objective of the DSO NDP 

is to minimize the total system travel time and therefore produce DSO cell densities 

and flows, as well as an optimal set of cell capacity improvements.  The objective 

function can be stated mathematically as Minimize
( , ) S

t
ij

t T i j E

t y
∈ ∈

⋅∑ ∑  which is equivalent to 
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the previously employed Minimize   
/ s

t
i

t T i C C

x
∀ ∈ ∀ ∈
∑ ∑ (Ziliaskopoulos, 2000) as proven in 

Ukkusuri (2002).  The constraint set for the DSO NDP is the same as for DUO NDP 

and is shown in Equations 5.3.3.2-5.3.3.12.  This DSO NDP formulation will be used 

for comparison with the DUO NDP in Sections 4 and 5.

5.3.2 Derivation and Interpretation of the cost vector Mt

The formulation of the DUO NDP is based on the User Optimal Dynamic 

Traffic Assignment Linear Program (UODTA LP) formulation, given in Waller and 

Ukkusuri (2003) and Ukkusuri (2002).  A brief description of the User Optimal DTA 

objective is provided before developing the DUO NDP formulation.  For DUO 

conditions, costs must be assigned so that the objective will value an individual’s 

earlier arrivals to such an extent that it will sacrifice system-wide costs.  

Alternatively, if a vehicle has the opportunity to arrive at some minimum time t, it 

will do so even at the cost of all flow which arrives after time t.  Under the stated 

strategy, the benefit for an arrival flow at time 1 versus time 2 should be equal to the 

maximum possible value in the formulation (i.e., if any flow can leave the network at 

time 1 it will do so regardless of any other conditions).  After the relative cost 

difference between times 1 and 2 have taken a value, the same argument then applies 

to time intervals 3 and 4 and so on.  The vector of costs which yield this behavior is 

denoted by Mt.

The vector Mt must reward vehicles for taking shortest time paths by 

overcoming the natural system costs which exist due to the single objective required 

for an LP.  For example, take a system optimal solution which has a vehicle arriving 

at time 6.  Assume the vehicle could arrive at time 5 in a UO solution but would 

cause a delay for many vehicles arriving after it.  To capture UO conditions the LP 

objective should view a transfer from arriving at time 6 to time 5 as being so great 

that it outweighs all else within the network occurring at a later time. 
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Definition 1

A vector of link flows 
t
ijy is at user equilibrium, if the objective function (5.3.3.1) Mt

vector satisfies:

Mt – Mt-1 > (MS – Mt) D (1)

where, D is the total demand within the network and S is the maximum time interval 

in the modeling period.  From complementary slackness conditions, this bound was 

proven to be sufficient for dynamic user optimal flows in Waller and Ukkusuri 

(2003) and Ukkusuri (2002) and will be used in the first example demonstrated in 

this paper.  An approximation scheme for this Mt vector will be used later to solve a 

more reasonable sized test network. These results are shown in Section 6. 

5.3.3 Dynamic User Optimal Network Design Problem (DUO NDP) Formulation

The objective of the DUO NDP is to determine the optimal decision for 

capacity improvements of links (street segments) continuously, so as to minimize the 

total travel cost of each vehicle (the UO objective), while accounting for the User 

Optimum (UO) DTA behavior.  The total amount spent on a network is constrained 

by B, which is a user-specified budget.  The variable jb  is defined as the amount of 

budget spent on each cell j.  Parameter jχ  specifies the increase in the jam density of 

cell j for one unit of increase in budget jb  , while jφ  represents the cost parameter 

specifying the increase in saturation flow of cell j for one unit of increase in jb   In 

the NDP model, t t
j jNδ  which appears in constraints 5.3.3.3, 5.3.3.5 and 5.3.3.8 is 

replaced with ( )t t
j j j jN bδ χ+ , t

jQ  which appears in constraints 5.3.3.3 to 5.3.3.8 is 

replaced with t
j j jQ b φ+ .  A new single constraint is added requiring that the sum of 

jb  must be less than the total budget B.  The complete formulation of the DUO NDP 

for a single destination is shown in 5.3.3.1 to 5.3.3.12
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Objective Function :

Minimize        
( , ) s

t
t ij

t T i j E

M y
∀ ∈ ∀ ∈
∑ ∑

subject to:

(5.3.3.1)

1

1 1 1

( )( )

0,t t t t
i i ki ij

j ik i

x x y y
−

− − −
∈Γ∈Γ

− − + =∑ ∑ \{ , },R Si C C C t T∀ ∈ ∀ ∈ (5.3.3.2)

0, , , ( ),t t t t t t t t t t t
ij i ij j j j ij i i i ij j j j j j jy x y Q b y Q b y x N bφ φ δ δ χ− ≤ ≤ + ≤ + + ≤ +

( , ) ,o Ri j E E t T∀ ∈ ∪ ∀ ∈
(5.3.3.3)

0, , ( , ) ,t t t t
ij i ij i i i sy x y Q b i j E t Tφ− ≤ ≤ + ∀ ∈ ∀ ∈ (5.3.3.4)

, ( ), ( , ) ,t t t t t t t
ij j j j ij j j j j j j Dy Q b y x N b i j E t Tφ δ δ χ≤ + + ≤ + ∀ ∈ ∀ ∈ (5.3.3.5)

( ) ( )

0, , ,t t t t
ij i ij i i i D

j i j i

y x y Q b i C t Tφ
∀ ∈Γ ∀ ∈Γ

− ≤ ≤ + ∀ ∈ ∀ ∈∑ ∑ (5.3.3.6)

0, , ( , ) ,t t t t
ij i ij i i i My x y Q b i j E t Tφ− ≤ ≤ + ∀ ∈ ∀ ∈ (5.3.3.7)

1 1( ) ( )

, ( ), ,t t t t t t t
ij j j j ij j j j j j j M

i j j

y Q b y x N b j C t Tφ δ δ χ
− −∀ ∈Γ ∀∈Γ

≤ + + ≤ + ∀ ∈ ∀ ∈∑ ∑ (5.3.3.8)

1 1 1 0, ( ), , ,t t t t
i i ij i R i ix x y d j i i C t T x ς− − −− + = ∈Γ ∀ ∈ ∀ ∈ = (5.3.3.9)

0 0, ( , )ijy i j E= ∀ ∈ ,       0, / ,T
i Sx i C C= ∀ ∈  (5.3.3.10)

0, ,t
ix i C t T≥ ∀ ∈ ∀ ∈ , 0, ( , ) ,t

ijy i j E t T≥ ∀ ∈ ∀ ∈ (5.3.3.11)

;    0  i i
i

b B b
∀

≤ ≥∑ (5.3.3.12)
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5.3.4 Dual Formulation of the DUO NDP

The dual formulation of the DUO NDP has an intuitive economic 

interpretation in terms of the marginal contribution to the system by spending unit 

cost on the network.  This interpretation is more readily seen from another problem 

which is simultaneously solved along with the original problem and this is the dual 

problem of the LP.  The dual formulation for the program (5.3.3.1 to 5.3.3.12) is 

shown in 5.3.4.1 to 5.3.4.14 and this is followed by an economic interpretation.  The 

following are the associations of the dual variables: the dual variables 

,  ( , ) / ,  t Tt
i si j C Cλ ∀ ∈ ∀ ∈ with constraints 5.3.3.2 and 5.3.3.9; 

1 2 3 4, ,   , ( , ) ,t t t t
ij ij ij ij oand i j E t Tµ µ µ µ ∀ ∈ ∀ ∈ , with the set of constraints 5.3.3.3, 

respectively; 1 3  ( , ) ,t t
ij ij sand i j E t Tµ µ ∀ ∈ ∀ ∈  with the set of constraints 5.3.3.4, 

respectively; 2 4,  (i,j) ,  t t
ij ij DE t Tµ µ ∀ ∈ ∀ ∈ , with the set of constraints 5.3.3.5, 

respectively; 1 3 , ,t t
i i Dand i C t Tπ π ∀ ∈ ∀ ∈ , with the set of constraints 

5.3.3.6,respectively; 1 3 ,  ( , ) ,t t
ij ij Mand i j E t Tµ µ ∀ ∈ ∈  with the set of constraints 

5.3.3.7, respectively; 2 4 , ,t t
i i Mand j C t Tπ π ∀ ∈ ∀ ∈ , with the set of constraints 5.3.3.8, 

respectively; ijθ with the set of constraints 5.3.3.10, ρ  corresponds to constraint 

5.3.3.12.

Max

{ } { }
{ }

2 3 4 2 4 3

( , ) ( , )

3 2 4 3 1

( , ) ( , )

O D D

M M S R

t t t t t t t t t t t t t t
j ij i ij j j ij j ij j j ij i i

i j E i j E i C

t t t t t t t t t t tt T
i ij i i i i i i ij i i

i j E i E i j E i C

Q Q N Q N Q

B
Q Q N Q d

µ µ δ µ µ δ µ π
ρ

µ π δ π µ λ
∈ ∈ ∈

−∈
∈ ∈ ∈ ∈

 + + + + +  +  + + + + +  

∑ ∑ ∑
∑ ∑ ∑ ∑ ∑  (5.3.4.1)

1 1 4 0t t t t t
i i ij i kiλ λ µ δ µ+− − + ≤ 1( ), ( ), ,oj i k i i C t T−∈Γ ∈Γ ∀ ∈ ∀ ∈

(5.3.4.2)

1 1 4 0t t t t t
i i i i kiλ λ π δ µ+− − + ≤ 1( ), ,Dk i i C t T−∈Γ ∀ ∈ ∀ ∈

(5.3.4.3)
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1 1 4 0t t t t t
i i ij i iλ λ µ δ π+− − + ≤ ( ), ,Mj i i C t T∈Γ ∀ ∈ ∀ ∈

(5.3.4.4)

1 1 0t t t
i i ijλ λ µ+− − ≤ ( ), ,Rj i i C t T∈Γ ∀ ∈ ∀ ∈

(5.3.4.5)

1 1 1 2 3 4 0t t t t t t
i j ij ij ij ijλ λ µ µ µ µ+ +− + + + + ≤ ( , ) ,oi j E t T∀ ∈ ∀ ∈

(5.3.4.6)

1 1 1 2 3 4 0t t t t t t
i j i ij i ijλ λ π µ π µ+ +− + + + + ≤ ( , ) ,Di j E t T∀ ∈ ∀ ∈

(5.3.4.7)

1 1 1 2 3 4 0t t t t t t
i j ij j ij jλ λ µ π µ π+ +− + + + + ≤ ( , ) ,Mi j E t T∀ ∈ ∀ ∈

(5.3.4.8)

1 1 3 ( , ) ,t t t
i ij ij t SM i j E t Tλ µ µ+ + + ≤ ∀ ∈ ∀ ∈

(5.3.4.9)

1 0 0i i i Cλ λ− + ≤ ∀ ∈
(5.3.4.10)

, , ,t t
i j t T i Cλ λ ∀ ∈ ∀ ∈    unrestricted in sign

, ( , )ij i j Cθ ∀ ∈               unrestricted in sign
(5.3.4.11)

1 3

2 4

, 0, ,

, 0, ,

t t
i i D

t t
i i M

i C t T

i C t T

π π
π π

≤ ∀ ∈ ∀ ∈
≤ ∀ ∈ ∀ ∈ (5.3.4.12)

1 3, 0, ( , ) ,t t
ij ij o M R Si j E E E E t Tµ µ ≤ ∀ ∈ ∪ ∪ ∪ ∈
2 4, 0, ( , ) ,t t
ij ij o D R Si j E E E E t Tµ µ ≤ ∀ ∈ ∪ ∪ ∪ ∈ (5.3.4.13)

( )
( ) ( )1

2 4 3 2 3 4 0

\

t t t t t t
i ki i ki i ij i i i i i i

t T j Γ ik Γ i

R S

µ χ µ µ π π χ π  , 

i C {C ,C }

ρ φ φ φ φ
−∀ ∈ ∈∈

 − + + + + + ≤   
∀ ∈

∑ ∑ ∑  
(5.3.4.14)

The dual formulation presented above differs from the original dual UO DTA in the 

addition of Bρ to the objective function, and a new constraint for each of the cells 
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except the source and sink cells, and the non-positive constraint for ρ .  The dual 

variable λi
t can be interpreted as the marginal contribution of an additional unit of 

demand at cell i and time interval t to the total cost of the network.  However, this 

contribution is not measured in terms of marginal travel time, as in the case of the 

DSO NDP (Waller, 2000), but in terms of the UO objective function.  The physical 

interpretation of this objective function is difficult, in a manner similar to the static 

case.

Definition 2

The marginal contribution of λi
t corresponds to the time-dependent least time 

path for an   additional unit of flow.  

This follows directly from the definition of the dual variable.

Similarly, the duals µ and π can be seen as the change in the objective function due 

to the increase in the value of the corresponding right-hand side constraint by one 

unit.  For example, µij
t2  is an estimate of the change in the objective due to unit 

increase in the capacity of inflow into cell j.  Since duals µ and π are non-positive, 

they never increase the value of the objective function.  The new dual variable ρ  can 

be interpreted as a bound on the change in the objective function value, if the budget 

B is increased by one unit.

A simple analysis of the extreme cases of the allowable budget B, gives a few 

insights.  When B is zero, there is no contribution of this to the objective function, 

and the LP can freely set ρ  without penalty.  Therefore the constraint will always be 

non-binding (this constraint can be viewed as redundant constraint), and the solution 

of the resulting LP will be identical to the UO DTA problem.  Likewise, when the 

budget B is very large, the potential impact of Bρ will dominate all the other costs in 

the objective function (5.3.3.1). This forces the non-positive dual variable ρ to 

approximately equal zero, and hence binds the constraint (5.3.3.12), which forces the 
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non-positive 2t
ijµ , 3t

ijµ , 4t
ijµ  and 2t

iπ , 3t
iπ , 4t

iπ values to zero.  These zero valued 

variables can be interpreted as additional budget, jam density, and saturation flow,

which have no impact on the solution whatsoever.  Thus, the objective function 

reduces to 1

R

t t
i i

i C

d λ−
∈
∑ Bρ+ , where t

iλ corresponds to the primal flow conservation 

constraints.  The dual constraints involving the dual t
iλ  (5.3.3.2 – 5.3.3.10) reduce 

to:

1 1 0t t t
i i ijλ λ µ+− − ≤ 1( ), ( ), ,oj i k i i C t T−∈Γ ∈Γ ∀ ∈ ∀ ∈ (5.3.5.1)

1 1 0t t t
i i iλ λ π+− − ≤ 1( ), ,Dk i i C t T−∈Γ ∀ ∈ ∀ ∈ (5.3.5.2)

1 1 0t t t
i i ijλ λ µ+− − ≤ ( ), ,Mj i i C t T∈Γ ∀ ∈ ∀ ∈ (5.3.5.3)

1 1 0t t t
i i ijλ λ µ+− − ≤ ( ), ,Rj i i C t T∈Γ ∀ ∈ ∀ ∈ (5.3.5.4)

1 1 1 0t t t
i j ijλ λ µ+ +− + ≤ ( , ) ,oi j E t T∀ ∈ ∀ ∈ (5.3.5.5)

1 1 1 0t t t
i j iλ λ π+ +− + ≤ ( , ) ,Di j E t T∀ ∈ ∀ ∈ (5.3.5.6)

1 1 1 0t t t
i j ijλ λ µ+ +− + ≤ ( , ) ,Mi j E t T∀ ∈ ∀ ∈ (5.3.5.7)

1 1 ( , ) ,t t
i ij t SM i j E t Tλ µ+ + ≤ ∀ ∈ ∀ ∈ (5.3.5.8)

1 0 0i i i Cλ λ− + ≤ ∀ ∈ (5.3.5.9)

where, the other remaining non-zero duals ( 1t
ijµ , 1t

iπ ) correspond to the constraints:
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( )

0t t
ij i

j i

y x
∀ ∈Γ

− ≤∑ , ,Di C t T∀ ∈ ∀ ∈ (5.4)

0,t t
ij iy x− ≤ ( , ) ,Mi j E t T∀ ∈ ∀ ∈ (5.5)

The only remaining primal constraints (5.3.3.4, 5.3.3.2, 5.3.3.9) restrict the flow 

between cells simply to the upstream density and ensure flow conservation at each 

cell.  As a result the dual variable  t
iλ  corresponds to the free-flow least time path 

from each cell i to the destination.  This agrees with intuition, with what would 

happen from having a large budget, because given enough capacity any network 

would reach free-flow conditions.

5.4 Computational Results for the Dynamic Network Design problem

This section discusses the computational experience to solve the NDP’s 

mentioned in the previous sections.  As a starting point, the fundamental difference 

between the DUO NDP and DSO NDP is shown by computing the optimal link 

investments for different levels of budget. The spending differences under DUO and 

DSO conditions are also demonstrated.  

5.4.1 Results from DUO NDP

The DUO NDP model is tested for different levels of budget.  The cell version 

of the network is shown in Figure 5.9 and the time invariant cell saturation flows and 

jam densities are shown in Table 5.3.  The value of the model saturation flow rate Qi 

depends on the link saturation flow rate and the size of the time interval.  The time-

dependent demand from source cells 1 and 14 is (2, 2, 1) vehicles when t = 1, 2 and 3 

respectively.  The optimal Mt vector used for this network is from the optimality 

conditions derived in Ukkusuri (2002) and is shown in Table 5.4.  In the latter 

subsection, an approximation  Mt vector will be presented to solve a more reasonable 

network.
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Figure 5.9 Cell Representation and Time Invariant parameters of the test network

Table 5.2 Time Invariant parameters of the test network

Cell 2 3 4 5 6 7 8 9 10 11 12 15 16

t
jN 4 4 4 4 4 2 4 4 4 4 4 4 4

t
iQ 1 2 2 2 1 2 1 2 1 2 1 1 1

0
ix 0 0 0 0 0 0 0 0 0 0 0 0 0

Table 5.3 Value of Mt   with time

Time M value

1 1
2 1
3 1
4 1
5 1
6 9375001.063
7 9960938.505
8 9997559.595
9 9999848.413

10 9999991.464
11 9999999.405
12 9999999.964
13 9999999.999
14 10000000.000
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The proposed cell expenditures translate into increases in jam density and saturation 

flow rates for the specified cells.  This could be interpreted as a lane addition, if the 

expenditure warrants such an increase or other smaller capacity increasing measures 

such as lane clearance changes, addition of median etc.  The model is implemented 

for different budget levels, increasing at the level of 0.1 units.  The budget is 

increased from 0 to 200 units, thus giving 20,000 data points for analysis.  This 

solves 20,000 linear programs with budget increment of 0.1 each time.  The TSTT is 

calculated for each budget, and this is plotted with the budget increase.  A sample 

calculation for a budget value of 120 units is shown in Table 5.4, where all the other 

cells not shown have no improvements.

The results show that at a total budget value of 120 units, it should be spent 

completely on the merge ramp, comprising of cells 14-15-16-7-9-11-13 and the 

optimal values of bi are as shown in Figure 5.10. 

Table 5.4 Optimal values of bi for B = 120 in DUO NDP

Cell
No

Optimal 
Budget 

spent (bi)
under DUO 
conditions

Optimal 
Budget 

spent (bi) 
under DSO 
conditions

7 40 48.8889

9 20 15.5556

11 20 15.5556

13 10 10

14 10 10

15 10 10

16 10 10
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Figure 5.10 DSO and DUO TSTT with the increase in total budget B 

Further, Figure 5.10 shows the change in total system travel time as a function of 

the total budget B.  The free-flow conditions are achieved when B is approximately 

134 units. The 20,000 budget points give a plot of the TSTT vs B. The marginal 

benefit of adding additional budget is greater after 45 units, until about 120 units.  

But adding an extra unit after 120 units has a lesser marginal benefit than before.  

This benefit is in fact less than that in the 0-45 units range.  Further, it is important to 

note that at a budget of around 134 units, the network experiences free-flow 

conditions and any further addition of budget will have a diminishing benefit.  This 

can be observed in the dual variable of the formulation as well.

5.4.2 Comparison of the DUO and DSO NDP

A sample result of the DSO NDP is given in Table 5.4, where the total budget B 

is the same as before (120 units) for comparison purposes.  This table shows the 

budget is spent entirely on the merging ramp, but it is important to note that the 

values of capacity improvements in each cell are significantly different. It is also 

interesting to note that the capacity improvement on the bottleneck cell 7 is higher in 

the DSO case as compared to the UO case and vice versa on the freeway cells 9 and 
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11.  The plot from the 20,000 data points for the DSO NDP is shown in Figure 5.10.  

It can be observed that the improvement in TSTT in the initial region is greater for 

the same increase in budget under DSO conditions as compared to under DUO 

conditions Further, as would be expected it can be observed that at large budgets 

both the DUO and DSO NDP solution solutions converge to the same solution since 

they reach the free flow conditions.

5.4.3 Implementing the DUO NDP on the Nguyen Dupuis network

As discussed in Waller and Ukkusuri (2003), one of the limitations of the 

DUO NDP formulation is the nature of Mt cost vector to solve large-scale networks.  

The rate of growth of the values of the Mt vector decreases exponentially and it 

becomes difficult to capture this for larger networks.  In this section, an 

approximation procedure for calculating Mt’s is presented and computational 

experience on a non-trivial network is presented.

By the definition of the Mt vector, all the flows arriving at a later time 

interval are delayed and priority of route choice is given to the vehicles in the time 

interval in consideration.  However, in real traffic networks, not all the flows may be 

delayed.  For example, a vehicle while choosing its route in the CBD area may have 

little/no effect on the travel time of a vehicle/s in the later time intervals far away 

from the CBD.  This allows the relaxation of the definition of Mt and allows the 

development of better approximation techniques, which can still capture UO 

conditions.  The method employed here uses approximation techniques to get a 
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closed form expression for a tractable Mt vector.  This functional form of Mt is used 

on larger networks and equilibration of flows is analyzed.   The behavior of the Mt is 

a strictly monotonic and nearly concave in nature.  Different functional forms to 

capture Mt exist.  The initial values of Mt are derived from the original definition of 

Mt (Waller and Ukkusuri, 2003), but an approximation (in terms of the Mt vector, the 

UO flows are found to be optimal for this example, not approximate) is used to 

capture the values of Mt vector in the higher time intervals.  The higher values of Mt

are chosen such that the difference between the successive Mt values follows an 

arithmetic progression and the difference is such that it is decreasing with increasing 

Mt values.  For instance, for an assignment time of 70 time intervals in the following 

example, the value of M1 to M8 is 1 because no vehicle reaches the destination cell 

until t = 13.  M9 to M12 are derived from the optimal Mt vector whereas M13 to M70

are approximated so that they capture UO conditions.  The magnitude of M13 to M70

is increasing monotonically such that the difference between them is decreasing 

rapidly.  For instance, M21 is 231.91 10×  and M22 is 231.92 10× , the difference is 2110

whereas the difference between M70 and M69 tapers off to 1210 .  The plot of the Mt is 

shown in the Figure 5.11.
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Figure 5.11 Tractable Mt vector for the DUO NDP

Given this tractable vector, the DUO NDP is solved.  While the employed Mt

vector does not follow the bound proved in Waller and Ukkusuri (2003), it follows a 

similar pattern. The basic process adopted here for the larger network is that the NDP 

LP is solved with the tractable vector, then the flows are verified to be user optimal 

by solving the combinatorial approach for dynamic UO DTA presented in Waller 

and Ziliaskopoulos (2003).  It should be noted that the combinatorial approach 

restricts flows to take integral values, though, so the behavior could only be closely 

but approximately verified as user optimal (as the flows generated from the LP take 

continuous values).  In general, for any given example, an approximate Mt vector is 

derived, the NDP model solved, and then the flows verified with the combinatorial 

algorithm.  If the flows are not found to be DUO in nature, a new approximate Mt

vector could be calculated.  
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Finally, the DUO and DSO NDP models are tested on network similar to the Nguyen 

and Dupuis (1984) network (as shown in Figure 5.12).  The network has 13 nodes, 

20 links and 2 O-D.  The cell representation of this network consisting of 63 cells is 

shown in Figure 5.12 (b).  The length of each cell in the network is 440 ft.  Each cell 

has two lanes in the network with a speed limit of 30 mi/hr, a saturation flow of 1800 

vphpl, and jam density of 200 veh/mi.  The network has two O-D pairs and the 

demand is 8.5 and 12.3 respectively during the peak congestion for each time 

interval for O-Ds 1-13 and 14-13.  
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Figure 5.12 Nguyen and Dupuis’s Test Network: (a) Link-Node Version and (b) Cell 

Version

5.5 Comparison and discussion of results

The models are tested with three demand scenarios; a light congestion 

scenario, where a total of 116 vehicle-trips are generated over all the origins, a 

moderate congestion case with 186 vehicle trips, and a heavy congestion case with 
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308 vehicle-trips.  For each congestion level, two demand-loading patterns are 

tested: a uniform and a peak pattern.  In the uniform pattern, the demand is uniformly 

distributed over the assignment period, while in the peak pattern 50% of the demand 

is generated in the middle assignment period and the rest is uniformly distributed 

within the remaining assignment period.  The TSTT’s of the various scenarios are 

presented in Tables 5.5, 5.6, and 5.7 with the amount of budget used.

Table 5.5   Baseline Case with no improvements 

Demand Level
(Vehicle Trips)

Distribution
Type

Budget in $ 
Thousand (B)

Total System 
Travel Time 
UO(TSTT)

DSO TSTT

308 Uniform 0 11912.5 11908.4
186 Uniform 0 3853.02 3853.02
116 Uniform 0 1858.46 1858.46
308 Peak 0 11998.2 11762.90
186 Peak 0 3938.6 3938.60
116 Peak 0 1946.64 1936.64

Table 5.6   Effect of Budget Levels for Peak distribution, Demand = 308 vehicle trips

Max Budget in 
$ Thousand 

(B)

Budget spent 
in $ Thousand 

( i
i

b
∀
∑ )

DUO TSTT 
(seconds)

% of 
Improvement

0 0 11998.2 0
100 100 7634.48 36.4
200 200 7198.45 40.0
300 300 6345.8 47.1
500 500 5774.76 51.9
800 800 5568.8 53.6
1200 1200 5036.31 58.0
1600 1600 4826.53 59.8
2000 2000 4703.34 60.8
2500 2500 4489.25 62.6
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3000 3000 4397.74 63.3
4000 4000 4302.87 64.1
4500 4500 4194.91 65.0
5500 5500 4140.24 65.5
5700 5700 4134.7 65.5
5800 5800 4131.94 65.6
5900 5900 4130.4 65.6
6000 5990 4130.4 65.6

Table 5.7 Effect of Distribution Types and Congestion Levels

Demand
Type

Distribution
Type 

Max Budget 
in $ 

Thousand 
(B)

Budget 
Spent in$ 
Thousand

( i
i

b
∀
∑ )

DUO 
TSTT

% of 
Improvement

308 Peak 5800 5800 4131.94 65.6
308 Uniform 5800 5523 4078.40 66.0
308 Peak 200 200 7198.45 40.0
308 Uniform 200 200 7024.40 41.6
308 Peak 100 100 7634.48 36.4
186 Peak 100 100 3250.87 17.5
116 Peak 100 100 1659.06 14.8
308 Peak 200 200 7198.45 40.0
186 Peak 200 200 2888.28 26.7
116 Peak 200 200 1591.32 18.3

The above analysis shows that the budget level, demand-loading pattern, and 

congestion level significantly influence the DUO and DSO NDP recommended 

spending policies.  The differences and effects of each of these factors on the 

spending policy are discussed next.

Budget Level  

The network is tested at different levels of budget values.  Figure 5.13 shows 

the change in total system travel time as a function of the budget spent.   The 
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analysis tested thirteen different budget sizes for the same demand level and pattern 

(308 vehicles, peak hour distribution) for the DUO and DSO NDP.  The maximum 

achievable improvement for the DUO NDP is 65.6% and for the DSO NDP is 64.8 

%.  It is worth noting, however, that the marginal benefit of an additional thousand 

dollars diminishes rapidly after the first twelve hundred is spent.  It was observed 

that after a sufficiently high budget both the DUO and DSO TSTT’s converge to a 

value of 4130.4 seconds because the network experiences free flow conditions.

Congestion Level

Table 7 shows that the heavier the congestion, the higher the benefits are in 

the total travel time savings for the same amount spent.  At a very low congestion 

level (116 vehicles), there is only a 14.8% improvement in the TSTT observed, 

compared to 36.4% for 308 vehicles at the same budget level.  These results are 

intuitive, but still useful in performing a “benefit-cost” analysis for various scenarios 

of demand realization.

Demand Pattern

It was observed that the uniform demand shows a higher TSTT percentage 

improvement (41.6%) at significantly lower budget than the peak demand for the 

DUO NDP.  The difference between the uniform and peak demand decreases at 

higher budgets.  A similar trend is observed for the DSO NDP.  This is intuitive 

since congestion is lower under uniformly generated demand patterns as against the 
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peak demand scenario.  Note further that the spending policies under the two 

scenarios are substantially different as shown in Table 5.7.
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Figure 5.13 TSTT as a function of budget for DUO and DSO NDP

Spending Policy

The spending policies of the DUO NDP and DSO NDP for the uniform and 

peak scenarios at a budget of 2 million dollars and a demand level of 308 vehicles 

are shown in Figure 5.14.  The insights obtained from this are discussed in this 

section.  Firstly, we note that all the freeway cells are improved in all the scenarios.  

Secondly, in the peak demand case both the DUO and DSO cases improve capacities 

on different routes.  It is observed that the DUO NDP improves along the least travel 

time paths which are the freeway segments (cells 1 through 26) and the path 4-9-10-
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11-2.  Note that cell 18 is the bottleneck cell and DUO spends a small portion on 

path 4-9-10-11-2 so that it can equilibrate the flow onto the freeway and this path 

thereby minimizing the travel time of each vehicle.  On the other hand, the DSO 

NDP spends the entire budget on the freeway links as it benefits the overall system 

by improving the marginal least costs.

Thirdly, it can be observed that in the uniform case both the DUO and DSO 

NDP spend the budget on the same routes but at different levels. This is because of 

the difference in flows in both the DUO and DSO assignments.  Further, it can be 

observed that the improvement applied on all the cells is consistent for a particular 

link.  For example, cells 26, 61, 62, 63 that correspond to link 21 (Figure 5.12) are 

expanded equally in all scenarios. Cells 20, 21, 22, 23, 24 corresponding to links 19 

and 9 receive a smaller amount, most likely because they carry less traffic under all 

the scenarios.  Furthermore, all the cells in both the DUO and DSO cases that receive 

resources for a given budget level, receive at least the same amount of resources at 

higher budget levels.  
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Figure 5.14 Spending policies for the uniform and peak loading demand patterns for 

DUO and DSO NDP, 308 trips and 2000 Thousand Dollars

Evaluation of DSO capacity improvements with DUO flows

Both the proposed models (DUO and DSO NDP) make simplifying 

assumptions for modeling tractability.  It would be beneficial to assess which would 

perform better for proposing capacity improvements.  Ideally, a bi-level approach 

would be desirable where the planner takes the system’s perspective and follows a 

DSO approach while the flows in the network follow DUO behavior.  However, this 

is beyond the scope of this paper.  An alternate approach to study an approximate

benefit of the NDP models would be to observe how the UO DTA behaves under 

DUO and DSO NDP capacity improvements.  The former is simply the DUO NDP 

and the latter is the evaluation of the UO DTA under DSO NDP capacity 
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improvements.  This analysis shows that the evaluation of the UO DTA with DSO 

capacity improvements yields better total system travel time as compared to the 

DUO NDP.  For example at a budget level of 800,000 Dollars, the DUO NDP and 

DSO NDP gives TSTTs of 5568.80 and 5113.58 seconds respectively.  However, the 

evaluation of the UO DTA with DSO NDP capacity improvements gives a TSTT of 

5456.55 seconds.  Similar results were observed at different budget levels. It was 

observed that the TSTT under UO DTA evaluation moves farther away from the 

DUO NDP TSTT to a value in between the DUO and DSO NDP TSTTs.  This result 

shows that in planning applications, if no bi-level model is available, it is better to 

use DSO NDP rather than DUO NDP because this would give a better TSTT even 

under the DUO flows.  But it is important to note that this result was observed for the 

Nguyen Dupuis network studied here and the results may not be generalized for all 

traffic networks. 

5.6 Extension of the DUO NDP Models: Accounting for Stochastics

One of the advantages of the linear formulation of the DUO NDP problem is 

the potential extension of the model to incorporate stochastities at different levels of 

decision making.  Many models in transportation over the past several decades have 

been solved under deterministic conditions.  Notwithstanding the success of both the 

static and dynamic models, however, the assumption that all model parameters are 

known with certainty limits its usefulness in planning under uncertainty.  In this 

section, we demonstrate the impact of this uncertainty in a dynamic traffic network 
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environment. We propose models that include the long term demand as a random 

variable within the DUO NDP optimization problem discussed in the previous 

sections.  The emphasis here is on formulation and potential solution methodologies 

rather than in depth analysis of the value of capturing demand uncertainty.  This will 

remain an active area of future research.

We propose two methods to handle demand uncertainty in dynamic 

networks: Chance constrained model and the two stage recourse model.  Each of 

them is discussed briefly in the following section.

5.6.1 Chance constrained DUO NDP model

Most of the Stochastic Linear Programming (SLP) methods eliminate the 

possibility of second-stage infeasibility completely.  However, in some situations it 

may be more appropriate to accept the possibility of infeasibility under some 

circumstances, provided the probability of this event is restricted below a given 

threshold.  These lead to mathematical programs with probabilistic constraints or 

Chance constraints where the infeasibility is accepted but only with a finite 

probability.  The two major advantages of Chance constraint formulations are (1) the 

ability to introduce reliability constraints explicitly and (2) the ability to derive 

robust solutions with exogenously specified functional forms.  A good review of the 

SLP methods can be found in Higle and Sen (1999).   The general method of solving 

Chance constrained formulations is to formulate the deterministic equivalents to the 

chance constraints and the objective function, and to solve the resulting 
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mathematical program with appropriate solution techniques.  This is demonstrated 

for the DUO NDP model.

In the deterministic DUO NDP, there is a single set of constraints that 

generate the demand at each origin for each time period.  The demand constraint can 

be written as an inequality without the loss of generality as:

1 1 1,     ( ),    ,   t t t t
i i ij i Rx x y d j i i C t T− − −− + ≥ ∈Γ ∀ ∈ ∀ ∈ (5.6)

If 1t
id −  is a random variable with the probability distribution 

1t
idF
−

(which can be 

discrete or continuous), the equivalent chance constraint of (7) can be written as:

1 1 1Pr[ ] ,     ( ),    ,   t t t t
i i ij i Rx x y d j i i C t Tα− − −− + ≥ ≥ ∈Γ ∀ ∈ ∀ ∈ (5.7)

Further, it can be seen that by the definition of the distribution function:

11 1 1 1 1Pr[ ] ( ),    
t
idt t t t t t t

i i ij i i i ijx x y d F x x y
−− − − − −− + ≥ = − + (5.8)

which in combination with (8) results in:

1 1 1( )    
t
id t t t

i i ijF x x y α− − −− + ≥  (5.9)

or 

11 1 1( ) ( ) ( )   
t
idt t t

i i ijx x y F α−− − −− + ≥ (5.10)

Relation (5.10) is the deterministic equivalent of the chance constraint (5.7).  

Including it in the DUO NDP instead of the constraint (5.6) produces the equivalent 

deterministic LP for the Chance constrained UO DTA.  Constraint (5.10) contains 

parameterα , which corresponds to the network reliability factor.  The higher the 
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value of α  chosen, the greater the demand value 
1 1( ) ( )

t
idF α− − becomes and the more 

reliable the solution becomes, perhaps, at the expense of optimality.  

By using the chance constraint and increasing the confidence levelα , the 

linear program solves the NDP with demands greater than the expected value.  The 

design strategies inferred from the solution should then be acceptable for any 

demand up to the value used and some confidence level exists for these control 

strategies.  Further, by solving for higher demand levels, potential “bottlenecks” can 

be found.  These bottlenecks might manifest themselves with any variation in 

demand either spatially or temporally, but are not present at the expected value 

demand case.   While a single program execution may be sufficient for getting a 

solution when confidence level is exogenously provided, additional computations are 

necessary if probabilistic system performance data is required.  This is demonstrated 

on the network in Figure 1 to highlight the importance of capturing demand 

uncertainty.

5.6.2 Two Stage DUO NDP Recourse model

Recourse models are dynamic models that capture the decision maker’s 

ability to take corrective action into the future.  The infeasibility of the solution is 

corrected in the second stage at a certain cost once the uncertainty is realized.  A 

review of the recourse models and the associated solution methodologies can be 

found in Birge and Louveaux (1997).  The general multi-stage SLP with recourse 

can be formulated as shown below.
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Let iSP denote the problem solved at the thi stage (i=1, 2, 3…).  Then the 

mathematical statement of the two-stage stochastic LP (SLP) problem with recourse 

is:

1

2

min  [ ( , )]

. :    

( )           0

            where

( , ) min  ( )

                  . :   ( ) ( ) ( )

T
x

T
y

c x E Q x

s t Ax b

SP x

Q x q y
SP

s t T x W y h

ω ω

ω ω
ω ω ω

  +  =  ≥     =   + =    
where ω∈Ω represents the number of scenarios (system realization), x and y are

variables,  ( )T ω represents the technology matrix and W represents the recourse 

matrix. Further, W, A and b are parameters; T and h are realization dependent 

parameters.

For the DUO NDP, the second-stage classical T parameter is not realization 

dependent and corresponds to the NDP parameters Q and N.  The classical H

parameter corresponds to the realized NDP demand d, the classical W parameter 

corresponds to both φ and χ, and b corresponds to the NDP parameter B. The first-

stage classical variables x, correspond to the design budgets b, and the second-stage 

classical variables y correspond to the basic DUO NDP density and flow variables.  

Finally, there are no first-stage costs in the objective function and the second-stage 

costs correspond to the expected value of the DUO NDP objective over all 
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realizations.  If discrete values are taken for potential demand realizations, the two-

stage stochastic formulation for the dynamic DUO NDP is as shown:

Minimize        ( )t
t ij

t T i C

E M y
ω

ω
∀ ∈Ω ∈ ∈

   ∑ ∑∑ (5.6.2.1)

subject to:

1

1 1 1

( )( )

( ) ( ) ( ) ( ) 0,t t t t
i i ki ij

j ik i

x x y yω ω ω ω
−

− − −
∈Γ∈Γ

− − + =∑ ∑
\{ , }, ,R Si C C C t T ω∀ ∈ ∀ ∈ ∀ ∈Ω (5.6.2.2)

( ) ( ) 0, ( ) , ( ) ,

( ) ( ) ( ),

t t t t t t
ij i ij j j j ij i i i

t t t t t
ij j j j j j j

y x y Q b y Q b

y x N b

ω ω ω φ ω φ
ω δ ω δ χ

− ≤ ≤ + ≤ +
+ ≤ +

( , ) , ,o Ri j E E t T ω∀ ∈ ∪ ∀ ∈ ∀ ∈Ω (5.6.2.3)

( ) ( ) 0, ( ) , ( , ) , ,t t t t
ij i ij i i i sy x y Q b i j E t Tω ω ω φ ω− ≤ ≤ + ∀ ∈ ∀ ∈ ∀ ∈Ω (5.6.2.4)

( ) , ( ) ( ) ( ), ( , ) , ,t t t t t t t
ij j j j ij j j j j j j Dy Q b y x N b i j E t Tω φ ω δ ω δ χ ω≤ + + ≤ + ∀ ∈ ∀ ∈ ∀ ∈Ω  (5.6.2.5)

( ) ( )

( ) ( ) 0, ( ) , , ,t t t t
ij i ij i i i D

j i j i

y x y Q b i C t Tω ω ω φ ω
∀ ∈Γ ∀ ∈Γ

− ≤ ≤ + ∀ ∈ ∀ ∈ ∀ ∈Ω∑ ∑ (5.6.2.6)

( ) ( ) 0, ( ) , ( , ) , ,t t t t
ij i ij i i i My x y Q b i j E t Tω ω ω φ ω− ≤ ≤ + ∀ ∈ ∀ ∈ ∀ ∈Ω (5.6.2.7)

1 1( ) ( )

( ) , ( ) ( ) ( ), , ,t t t t t t t
ij j j j ij j j j j j j M

i j j

y Q b y x N b j C t Tω φ ω δ ω δ χ ω
− −∀∈Γ ∀∈Γ

≤ + + ≤ + ∀ ∈ ∀ ∈ ∀ ∈Ω∑ ∑  (5.6.2.8)

1 1 1 0( ) ( ) ( ) ( ) , ( ), , , , ,t t t t
i i ij i R i ix x y d j i i C t T x i Cω ω ω ω ς ω− − −− + = ∈Γ ∀ ∈ ∀ ∈ = ∀ ∈ ∀ ∈Ω     (5.6.2.9)

0( ) 0, ( , ) ,ijy i j Eω ω= ∀ ∈ ∀ ∈Ω (5.6.2.10)

( ) 0, / ,T
i Sx i C Cω ω= ∀ ∈ ∀ ∈Ω (5.6.2.11)

( ) 0, , ,t
ix i C t Tω ω≥ ∀ ∈ ∀ ∈ ∀ ∈Ω (5.6.2.12)

( ) 0, ( , ) , ,t
ijy i j E t Tω ω≥ ∀ ∈ ∀ ∈ ∀ ∈Ω (5.6.2.13)

i
i C

b B
∀ ∈

≤∑ (5.6.2.14)
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Based on the formulation (5.6.2.1-5.6.2.14), general SLP solution methods can be 

applied (see Birge and Louveaux, 1997) such as L-shaped Methods, Nested 

decomposition, Monte Carlo sampling or stochastic decomposition.  The effect of 

online information can be formulated as two stage recourse problem using the 

formulation presented before.  The intuition for the formulation is based on 

realization that the information is used as a recourse variable, i.e., information used 

in the first stage is used in the decision making (or route choice by UO DTA pattern) 

in the second stage.  

5.6.3 Example Demonstration

In this subsection, the chance constrained model is implemented on the small 

four node- four link network in Figure 5.1.  The value of the Mt vector used for the 

test network is the same as in Table 5.2.  All the other parameters are the same as 

used in the demonstration in 4.1.  The model is run at different values of alpha.  

Table 5.8 gives the expansion policies for the improved cells.  There are only a few 

cells which consistently have improvements for all demand scenarios.  It is important 

to note that the capacity improvements presented here are for the base case without 

sampling for different values of alpha.  An interesting trend observed in the capacity 

improvements is that the freeway merging ramp is improved in almost all the 

scenarios.  All the cells on the merging ramp have identical expansion policies for 

different levels of reliability considered here.  This trend indicates that these cells 

would be the candidates for expansion under all scenarios even under the realization 

of higher demands and different values of alpha.
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Table 5.8 Cell Expansion policies for chance constraint Model in $ Millions for 
different values of alpha

Cell No α = 0.5 α = 0.75 α = 1
7 40.52 53.23 36.52
9 20 19.89 21.91

11 20 19.89 21.91
13 10 5 11.91
14 10 7.5 9.41
15 10 7.5 9.41
16 10 7.5 9.41

Figure 5.15 represents the approximate expected system performance as a function 

of the α-level used to generate the respective solutions.  From the graph we can 

observe that the use of the expected value of the demand does not perform optimally 

under all scenarios.  By using an α-value of 0.75, a gain of 12.4% is realized.  

However, it is important to realize that the results presented here do not sample the 

entire sample space and only a few alpha values are considered.  Hence, there might 

be some other value of alpha which could perform better under all demand scenarios, 

but we can conclusively say that it is not the expected value of demand.  The key 

result from the Chance constraint analysis is that under demand uncertainty 

planning for the expected value of demand will not yield optimal solutions.  The 

results are similar to the System Optimal case as demonstrated by Waller and 

Ziliaskopoulos (2001) but gaining additional insight into the DUO variation is 

critical.
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Figure 5.15 Expected System Performance for the DUONDP 

5.7 Concluding Remarks

The models presented in this research are a step towards building NDP 

models that adequately account for dynamic traffic propagation.  Some benefits of 

the models include the incorporation of the Cell Transmission Model as the traffic 

flow model rather than using link performance functions, capturing the time 

dependent traffic characteristics and in proposing a model for dynamic planning 

applications.  Additionally, we extend the dynamic network design model to account 

for demand uncertainty.  The major difference between the DUO and DSO NDP 

model is that in the former it is observed that the capacity improvements are made so 

that vehicles take the least cost path where as in the latter it was observed vehicles 

prefer the least marginal cost path.  Further, for the examples considered in this 

research, it was observed that the marginal benefit from capacity improvements is 

greater during the initial spending policies and this benefit decreases with increase in 

budget.  It is also observed that for the networks examined under a non bi-level 

model, it would be better to make planning decisions based on DSO NDP since this 

gives a better overall system improvement than the DUO NDP.  As mentioned 

earlier the formulations presented in this paper are limited to a single destination.  
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Further, due to the relaxation of the flow conservation relationship, it could result in 

the ‘holding back of traffic’.  However, it is important to note that in the single-

destination DUO version of the model no unit of flow will be held if it causes any 

delay in that unit’s arrival time.  The holding, therefore, only occurs in the case of a 

non-unique solution and correct flows can be found in post-processing.  Although, 

these are clear limitations of this formulation, the models presented here are an initial 

step in modeling NDPs that account for dynamic and stochastic traffic conditions.

Numerous future research efforts remain.  Since the proposed formulation is 

linear, extensions to the model can be developed to study fixed-arrival time demand 

and numerous other realities made possible with the beneficial mathematical 

structure.  Furthermore, specialized decomposition approaches (Li et al., 2001) may 

be developed to exploit the special structure of the problem to solve the dynamic 

network design problem more efficiently.  The proposed DUO NDP models and the 

insights obtained from them can be used in developing approaches that are more 

efficient by exploiting related optimization techniques.  Chapter 7 discusses some of 

the recent computational analysis of the stochastic formulations proposed in this

chapter. 
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Part IV Coping with Uncertainty: Online Information as Recourse
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Chapter 6 A stochastic traffic equilibrium model with information 

recourse

“If error is corrected, whenever it is recognized as such, the path of error is the path 

of truth” – Hans Reichanbach

6.1 Introduction

Recent advances in ATIS technology in providing online network 

information has motivated researchers to develop techniques to evaluate and design 

such strategies.  For instance, on the hardware front, CoPilot, a technology used in 

the ATIS project in the Northeast corridor of the U.S. (List et al., 2005) provides 

online route guidance (trip planning) to travelers using a handheld device.  CoPilot is 

an embedded trip planning software that uses the centralized computing power 

available from a remote location in Princeton, New Jersey to update online network 

conditions.  It is anticipated that these technologies will continue to grow in the 

future to optimize the existing network infrastructure and in further reducing network 

wide travel times (congestion).  To evaluate, critically understand and design these 

systems, advanced online network assignment models are necessary.  

This chapter deals with the impact of uncertainty alone on the equilibrium 

decisions of a motorist traveling through a network when the probability density 

function of the arc capacities are known only en-route and can be updated based on 

this information. As shown in example 1.2, in a stochastic network it is better to take 

online equilibrium strategies than equilibrium paths as in traditional deterministic 

equilibrium problems.  We refer to this problem as the online traffic equilibrium 

problem or the User equilibrium with recourse (UER).  The problem explored here is 

important because UER is a potential strategy to cope with uncertainty and in 

devising robust assignment policies in the face of uncertainty.  This problem 

complements the work on evaluating and designing transportation networks for 

uncertainty by giving a model to cope with uncertainty and take necessary recourse 
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in transportation networks.  Further, it readily helps in developing a model that helps 

in evaluation of information provision for network users thereby helping network 

planners in devising appropriate ATIS strategies for reducing network wide 

congestion.

In the context of UER, recourse is viewed as the ability for the driver to 

reevaluate his/her remaining path at each node based on the knowledge obtained 

during his trip.  Different spatial and topological dependencies can be captured as 

variations of the UER.  For example, a driver’s knowledge of the state of a particular 

link may reveal information about other links in the vicinity.  This illustrates a trivial 

example of spatial dependence, where information is obtained about successor arcs 

while traveling a network.  In temporal dependency, there is an arc correlation within 

successive time intervals and this is accounted by vehicles on the network in 

choosing their routes.  In this chapter rather than routing we are concerned about the 

interaction between the supply and demand in a transportation network when online 

information is provided.  It will be shown that an equilibrium with recourse affords 

better savings in travel time as compared to offline equilibrium studied in 

deterministic networks (or variations there of in stochastic networks).  This chapter is 

organized as follows.  In section 6.2, we explore the problem definition and propose 

a formulation for the problem.  In section 6.3, we demonstrate a paradox in online 

networks with user equilibrium where providing information may not be useful 

always.  The network loading model and a heuristic solution approach are proposed 

in Section 6.4.  Concluding remarks are summarized in section 6.5.  

6.2 Problem Formulation

6.2.1 Problem Definition

This work will begin with the traditional deterministic equilibrium model.  

While employing a dynamic (rather than static) model for evaluating the impact of 

information would seem ideal, it will be shown that certain problem variations using 

the static approach lead to tractable mathematical models for analysis and should, 
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therefore, also facilitate potential future developments.  The simple Deterministic 

User Equilibrium (DUE) problem can be stated as (Bell and Iida, 1997):

0

( )
ijv

ij
ij x

Minimize c x dx
=

∑ ∫     (6.1)

v = Ah

t = Bh

h ≥ 0

where v is the vector of link flows, h path flows, A the link-path adjacency 

matrix, t origin-destination trip vector, B trip-path adjacency matrix, and c 

the vector of arc cost functions.  An individual element of a matrix or 

vector is represented as vij, cij, etc.  

Figure 6.1 Example Network

User Equilibrium with Recourse (UER) can be defined in numerous ways.  

The variations explored here treat the functional form of the link cost functions as 

unknown a-priori and only learned when the upstream node of a given link is 

reached.  This general case encompasses situations where the functional forms are 

known but link capacities are uncertain.  For instance take the trivial network from 

above; when a traveler departs node A, they do not know with certainty the specific 

capacities for arcs (B,C) and (B,D).  They, instead, have some probability 
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distribution for the capacities.  When the traveler reaches node B, the capacities 

would become known and they could then choose the next arc to follow along their 

route to E.  If instead of capacities, the traveler learned the cost they would incur, 

this basic variation would reduce to the shortest path problem with recourse.  In this 

example, though, the cost will depend on the number of other network users who 

also choose to use a particular arc (resulting in an equilibrium flow).

Such a problem can be formulated by expanding the single arc flows in the 

UE formulation with conditional flows.  A formal definition of the problem follows.  

The notation used in this chapter is chosen to be consistent with the work in Waller 

and Ziliaskopoulos (2002) for easy reference as the temporal dependent online 

shortest path (TD-OSP) will be used as a sub problem to the UER.

Given a probabilistic directed network G = (N,A,S,P,C,U) where N (|N| =n)

describes the set of nodes, A the set of arcs (|A| = m), S the set of possible states for 

each arc, P to be the set of associated probabilities, C the set of arc-state cost 

functions, and U to be the set of possible states for each node.  For the initial 

analytical development it will be assumed that G is acyclic, numerical methods 

within the sub-problem solution methodology will be presented though for later 

circumventing this requirement. Denote with )(1 i−Γ the set of predecessor nodes of 

arc i∈N, and Γ(i) the set of all successor nodes. On G, a destination node d∈N is 

defined.  The expected cost from node j to the destination is denoted by E[j].  E[j|i,s] 

denotes the expected cost from j to the destination node, given that (i,j) is at state s.  

In addition, let Si,j denote the set of all possible states for the arc (i,j); arc cost ji
kc ,

refers to the cost of arc (i,j) at state k.  Finally, an arc cost does not become 

deterministic after it has been visited, but it remains probabilistic with the same 

distribution, making successive visits result in independent stochastic trials.  The 

notation and the online TD-OSP are summarized in Appendix E.

  For each arc (i,j)∈V, denote as Sij the set of possible states (each state 

representing a different cost functional form) for arc (i,j) and Pijs as the associated 
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probabilities for each possible arc-state s∈Sij.  For each node i∈N, denote Ui as the 

set of all combinations of discrete states for arcs emanating from node i which will 

be referred to as the node state.  Note, that |Ui| = Π(i,j) |Sij| and given a node state u∈Ui

, all arc states emanating from node i can be determined.  To find a specific arc state 

given the emanating node state, denote υuij to be the state on arc (i,j) given node i is 

in state u.  Finally, denote Cijs( ) to be the cost function on arc (i,j) given the arc is in 

state s.  Note that it will initially be assumed Cijs( ) represents a linear cost function.  

Methods for numerically approximating non-linear costs in the solution method will 

be provided after the initial analytical formulation.

Upon arrival at a node i each unit of flow would learn the node state u∈Ui

and then select the succeeding node to visit.  Therefore, the flows in the network are 

conditioned on the node-states.  Note, it is assumed that the flows will be 

conditioned on the node state of the immediate upstream node only.  Denote the 

conditional expected flow as viju (the expected flow on arc (i,j) given node i was 

found to be in state u∈Ui) which experiences a state specific cost cijs(viju) where s=υu.  

Define H as the hyperpath-arc-state adjacency matrix which will characterize 

the probability a particular hyperpath includes a specific conditional link.  As 

mentioned previously, it is initially assumed that H is taken from an acyclic network 

and numerical methods for circumventing this requirement are subsequently 

presented in the OSP solution method.  Define the elements of H as:

Hiju =Probability arc (i,j) is visited given Ui=u

Note that an equivalent H exists defined by:  Hiju = 

Probability node  is visited 

or

0

i     

6.2.2 UER Formulation

Take the following mathematical program based on conditional flows 
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Minimize ∑ ∫
=
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dxxcP
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)(υυ (6.2)

v = Hh

t = Bh

h ≥ 0

The User Equilibrium with Recourse (UER) problem can be extended from the DUE 

formulation as shown in (6.2).  The difficulty in this formulation is in calculating the 

optimal conditional path flows and then finding the corresponding hyperpath-arc-

state adjacency matrix (H) rather than the traditional link-path adjacency matrix A.  

Some analogies could be drawn to certain Stochastic User Equilibrium (SUE) 

methods in replacing A with a probabilistic value.  However, the cause of the 

associated probabilities is the online routing of users and not discrete choice.  As 

previously discussed, H in this formulation describes the conditional probability a 

unit of flow will travel on a certain arc and when substituted for A creates a 

formulation whose sub-problem must ensures that the expected costs of all used 

conditional paths are equal; this sub-problem corresponds to the Online Shortest 

Path Problem (OSP).  

The UER Sub-problem

Given the previous formulation (6.2), a linearization problem at a solution ijuv′ yields

Minimize )(** ijuij
iju

ijiju vcPv
uuij

′∑ υυ (6.3)

v = Hh

t = Bh

h ≥ 0
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The formulation (6.3) corresponds to the problem of finding the optimal hyperpath 

given a set of probabilistic link costs.  This can also be solved via an Online Shortest 

Path algorithm such as in Waller and Ziliaskopoulos (2002).  Given the set of 

probabilistic costs, the algorithm typically provides the expected cost labels for each 

node in the network given a user follows the optimal online shortest path.  Here, we 

require the probability a traveler will visit each link conditioned on the upstream

node state.  Therefore, additional information must be stored from the algorithm.  

Given the conditional probabilities from the OSP algorithm, a straightforward 

solution method can be devised based on the Method of Successive Averages 

(Powell and Sheffi, 1982).  Other more complex methods are feasible as well if the 

objective from formulation (2) is explicitly maintained.  However, the number of 

conditional links may grow excessively large thereby decreasing the computational 

gains from non-MSA methods.  This, however, remains an open question for future 

research efforts.  No theoretical results will be further presented in this chapter.  The 

following property is conjectured from the linearization of (6.2).

Property 6.1: A traffic network is in UER if each user follows a route that 

guarantees the minimum hyperpath (strategy) available and no user can unilaterally 

change his/her route to improve their travel time

6.2.3 UER Demonstration

Given the simple network in Figure 6.2, take a basic cost function as:

Cijs(x) = 1 + x / kijs

With arc states and probabilities specified by

SAB = SCE = SBC = SBD = 3 SDC = 10 and  SDE= {1,2},  PDC1 = PDC2 = .5

With capacities: kij1 = 1 kij2 = 4
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Note that,  UA = 1, UB = 1, UC = 1, UD = 2

There are five hyperpaths within this network.  Here, a given hyerpath can be viewed 

as a set of elementary paths defined by a sequence of node states i/u where i∈N and 

u∈Ui (when more than 1 possible node state exists, otherwise simply the node i will 

be listed):  

Hyperpath Node/State of Elementary Path Probability of following an 

Elementary Path within a 

Hyperpath

1: A-B-C-E    1 

2: A-B-D/1-E    .5

A-B-D/2-E    .5

3: A-B-D/1-C-E    .5

A-B-D/2-C-E    .5

4: A-B-D/1-E    .5

A-B-D/2-C-E    .5

5: A-B-D/1-C-E    .5

A-B-D/2-E    .5 

If a particular traveler were following hyerpath four, for instance, they would depart 

node A employing arc (A,B), then (B,D).  Upon arriving at node D they would learn 

if this node were in state 1 or 2 (implying arc (D,C) has a capacity of either 1 or 2). If 

node D is found to be in state 1, the traveler would follow arc (D,E) to arrive at the 

destination.  If D is found to be in state 2, then the traveler would follow arc (D,C) 

followed by (C,E).  This is very similar to the online shortest path problem which is 

in fact a sub-problem to UER as will be discussed later.  The matrix H is shown 

below
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H in this example is the matrix:

H1 H1 H3 H4 H5

A-B 1 1 1 1 1 

B-C 1 0 0 0 0 

B-D 0 1 1 1 1 

C-E 1 0 1 .5 .5

D/1-C 0 0 1 0 1 

D/2-C 0 0 1 1 0 

D/1-E 0 1 0 1 0 

D/2-E 0 1 0 0 1 

 

6.3 UER Paradox

This section will provide a counter-intuitive example when all the users in the 

network adopt online strategies minimizing their own expected travel time.  A 

possible explanation for this paradox is explained towards the end of this section. In 

the motivating example, we demonstrated that there is a benefit for each motorist in 

taking an online user equilibrium route as compared to the static traffic assignment 

route.  However, we have left an open question in the example whether the benefit of 

information can be generalized in any given graph G.  In this section we revisit that 

example for a slightly modified cost structure on the arcs.  The same network is 

shown in Figure 6 except that we show links c and e in bold to indicate a decrease in 

capacity.  We decrease the capacity on both the links by a factor of ten as compared 

to the motivating example.  The new cost functions for the example in Figure 6 are:

Ca( x ) = 2      ( ) 2.52 2C x xb = ( ) 203 3C x xc = ( ) 304 4C x xe = ( ) 2.55 5C x xf =
1  . .  0.86( )6 1 100  . . 0.26

x w p
C xd x w p

     

+
= +
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Figure 6.2 Example network for demonstrating user equilibrium with recourse 

paradox

Solving the a priori assignment based on expected costs, we arrive at a 

expected user cost of 234.923 units.  On the other hand a conditional 

assignment based on the equal hyperpath concept, yields an expected user cost 

of 239.895 units.  The important point to note here is that by providing 

information may not be beneficial always.  A decrease in the capacity or 

change in the cost functions can worsen the delays to each user even under the 

provision of information – a seemingly counter-intuitive result, similar to the 

Braess’s paradox.  This paradox, can however be readily explained primarily 

because of the selfish routing of users where each motorist tries to minimize his 

or her own travel time. Thereby with information provision each user will route 

in a fashion without consideration of the effect of his or her action on other 

users, thereby worsening the system for everyone.  This is the classical 

example of the ‘Tragedy of Commons’.  An interesting question to explore 

would be to identify, what information strategies and network topologies would 

cause this paradox and remedial measures to mitigate such occurrences.  

However, this question will note be addressed in this dissertation but will be 

left for future study.  

2

4

3
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Given this selfish behavior of users in the network under information 

provision, in this research, we develop a formulation and a solution approach to 

arrive at deriving the optimal link flows and network wide performance.  We 

compare the network performance with apriori equilibrium flows and study the 

properties of the UER problem.

6.4 Solution Algorithm and Network Loading Process

After studying the paradox with an illustrative example, we proceed to 

present a solution algorithm for UER to solve reasonably large scale networks.  The 

input to the UER model is the O-D demand D, different functional costs which 

represent the link states Ca
s, each state occurring with probability ps.  The demand is 

assumed to be inelastic, i.e., the demand is fixed.  The random supply is captured in 

the cost function.  This represents a random occurrence, severity of an accident, 

reduction in capacity due to weather conditions, closure of a lane due to work zone 

conditions.  The interaction between the supply and demand gives us the output 

which is the equilibrium distribution of the link travel time and the corresponding 

optimal strategies.  There are two main components of the proposed algorithm to 

solve UER.  They are: (1) the online routing algorithm that can give optimal flows 

for cost independent costs which are represented as TD-OSP and (2) the optimal 

routing policy algorithm. The second part of the algorithm uses the method of 

successive averages (MSA) to solve the fixed point problem.  There is no proof of 

convergence; nevertheless, the properties can be studied with computational tests 

which are performed in the next section.  The main features of the proposed 

algorithm are presented below:
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ALGORITHM STATUER

Step 0: (Initialization)

0.1: Input O-D and Ca
s, ps, and ε

0.2 : Set n = 0

Perform all or nothing assignment using the Temporal dependence Online 

shortest path algorithm (TD-OSP) based on Ca
s = Ca

s (0), ν a.  This gives{Xa,
s
1 }.  

Set counter n =1

Step 1 : (Update) Set Ca
s = Ca

s (Xa,
s
1),, ν a

Step 2 : (Direction Finding) Perform  TD-OSP[Ca
s (Xa,

s
1)], ν a to get a set of 

auxiliary flows { ,a n
sY }

Step 3 : (Averaging using MSA) Find new flow pattern by setting  

,1

n
 = + − a,n+1 a,n a n a,n

s s s sX X Y X

Define , ( )an an a an
s s s s

a

p x c x
∀

=∑a n
sZ(X ) as the total expected travel time incurred by all 

users in the network in iteration n

Step 4 : (Convergence criterion) IF ( , 1 ,+ −a n a n
s sZ(X ) Z(X ) < ε, STOP

Otherwise, set n = n + 1 and go to step 1.

The core part of the above solution algorithm is in solving the network 

loading process.  In the standard static models, the link flow information can be 

readily recovered from the path flow information.  But in the UER the conditional 

path flow has to be derived for all the links.  The iterative process described above 

will stop after the convergence criterion is reached.  The convergence is a measure of 

the change in the expected total network travel time in two successive iterations.  
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Typical values of ε used in this study are 0.001 and 0.01.  The network loading 

process (TD-OSP) is explained further in this section.

The limited Temporal Dependence (TD-OSP) algorithm can be seen as a first 

towards a more general temporal dependence if this model is combined with the 

spatial dependence.  Previous approaches to study temporal dependence model 

(Andreatta and Romeo (1988); Polychronopoulos and Tsitsiklis (1996)) have 

produced computationally intractable algorithms.  The TD-OSP is an all-to-one label 

correcting algorithm in which each node has a single cost value which describes the 

shortest path from that node to the destination.  However, in the UER we also need 

the path pointer information to load the flow onto the OSP.  For doing this we make 

a minor modification to the algorithm by storing the link flows for each state using a 

path pointer.  This storage of the path pointer information increases the 

computational requirements of this algorithm.  The final solution from the TD-OSP 

algorithm will consist of a set of the expected costs for each node to reach the 

destination and the corresponding link flows on each arc of the network and the path 

pointers corresponding to the next arc that the traveler will traverse.  The TD-OSP 

algorithm pseudo code is presented in Appendix E.  The next section demonstrates 

initial computational results of the proposed algorithm.

6.5 Computational Tests

The computational results in this section intend to support the previously 

stated findings as well as evaluate numerically the performance of the proposed 

algorithm in section 6.4.  We demonstrate that the computational time is reasonably 

fast for UER on medium sized networks.  An important insight gained from the 

computational analysis is the quantification of the benefit of the UER assignment 

versus the off-line (a pure apriori assignment).  The efficiency of the network is 

calculated in terms of the expected total system travel time.  Deriving tight bounds 

on the difference between the UER and the off-line assignment will be a interesting 

study for future research.  To shed light on the potential advantages of the UER 
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approach computational results on two test networks are performed.  The STATUER 

algorithm is implemented keeping track of the path pointers in each iteration of the 

algorithm.  For each network, the STATUER is compared with the traditional a 

priori assignment (equivalent to the expected value of the UER problem).  The 

primary consideration in the analysis was not that of computational time because it is 

obvious that the a priori algorithm converges much quicker (in the order of 8-10 

iterations for small networks) as compared to the STATUER.  However, it should be 

noted that the computational time of the STATUER was not prohibitive; it was in the 

order of 3-4 minutes on the networks considered in this research.  The tests were 

conducted on a Pentium PC with i686 processor on a GNU/Linux platform using a 

gcc compiler.  The model was coded in C++ and tested on the network shown in 

figures 6.3 and 6.4.

Figure 6.3 Small test network to implement STATUER
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Figure 6.3 Test Network for implementing STATUER

The cost function used in both the networks is ,0 (1 )a a a
k k kc c x= + .  The first 

experiment is conducted on the test network in Figure 6.2 with the network 

parameters similar to the first three rows in Table 6.1.  The benefit of analyzing the 

small network is that we can enumerate all the possibilities and check the results 

with hand calculations.  The expected network performance from the STATUER was 

about 55,732.5 and it took about 5547 iterations for the solution to converge.  The 

offline algorithm gave a total network performance of about 207,093 and required 

just 95 iterations for convergence.  The second experiment is performed on the test 

network shown in Figure 6.3.  Each of the links is assumed to be in two states and 

the cost functions and the probability matrix are shown in table 6.1. 

Table 6.1 Network parameters for test network in Figure 6.3
Arc Cost Probability

1--2 (5,10) (0.2,0.8)

1--3 (8,12) (0.6,0.4)

2--4 (1,3) (0.5,0.5)

2--5 (6,8) (0.2,0.8)

3--2 (10,20) (0.4,0.6)

3--5 (10,12) (0.3,0.7)

3--6 (2,4) (0.8,0.2)

4--5 (4,6) (0.25,0.75)

6--5 (1,3) (0.9,0.1)

 The experiment compares the difference between the average total network 

performance using the STATUER and the offline equilibrium assignment.  It was 

observed that the STATUER at convergence (ε = 0.01) gives an expected total travel 

time of 242, 892 units while the offline equilibrium at the expected costs gives a total 

travel time of 636, 311.  This is total savings of about 61.83% as compared to the 

offline equilibrium assignment, a significant savings.
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Figure 6.5 MSA convergence of the STATUER and OFFLINE algorithms

We also compared the convergence of the STATUER and the OFFLINE 

algorithms on different test networks, cost functions and stopping criterion.  It was 

observed that in almost all the cases the STATUER convergence was much slower 

than the OFFLINE algorithm.  Figure 6.5 shows the convergence of these algorithms 

for the test network in Figure 6.4.  The X-axis of the plot represents the number of 

iterations of the algorithm and the Y-axis corresponds to the expected network 

performance (objective function ,a n
sZ(X ) ).  In the above plot, it can be observed that 

STATUER takes lesser iterations for convergence as compared to the OFFLINE, but 

these cases were quite rare in other experiments.  

Both the experiments demonstrate the benefit of accounting for online 

strategies and the benefit of information in transportation networks.  The ration of 

the STATUER and the OFFLINE total network travel times can be used as a 

measure of the benefit of information recourse in transportation networks.  

Additional computational results to study the difference in the STATUER and 
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OFFLINE algorithms with increase in network size, connectivity, O-D demand, 

probability states are required for better insights into the problem.  Further, the 

impact of cost variance due to online algorithm should be studied to realize the 

robustness of the network performance in STATUER algorithms.

6.6 Concluding Remarks 

This chapter was concerned with the static user equilibrium with recourse

problem considering temporal dependency.  In this problem the user assignment is 

studied under online information provision.  General properties of the STATUER 

algorithm are studied and an initial fixed point formulation is proposed.  The impact 

of information studied here, modeled as the different probability states in a network 

was shown to yield significant travel time savings in the expected sense.  The 

benefits could depend on the network topology and the quantification of benefit 

cannot be generalized for all networks.  A certain paradox for the problem is 

identified where information provision could increase the total network travel time. 

A solution approach based on the MSA is proposed for the problem.  Apparently, the 

proposed algorithm provides insights and potential tools to study the benefit of 

online information in transportation networks.  However, future studies should 

concentrate on general network dependencies, additional forms of information 

recourse and account for traffic dynamics.
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Chapter 7 Conclusions and Future work

“Mere facts are for children only.  As they begin to point towards conclusions they 

become food for men.” – Edmund Selous

Modeling stochasticity in transportation networks is gaining prominence for 

obtaining improved insights into network wide traffic impacts due to the inherent 

uncertainty in the O-D demand.  Further, with the accelerated growth in real-time 

information dissemination technologies, accounting for available information in an 

online fashion could potentially lead to better traffic management in congested areas.

In this dissertation, we have studied new modeling approaches for dealing 

with uncertainty, robustness and information recourse in transportation networks. We 

have developed techniques for evaluating network uncertainty in static networks 

using single point approximations and deriving analytical expressions for the system 

performance.  Further, we have devised network design formulations that account for 

uncertainty and robustness, user equilibrium with recourse in transportation networks 

to optimize system performance. 

While we have explored different methodologies in answering a few basic 

questions in modeling uncertainty and robustness, we realize that this work is only 

an important first step in understanding the impact of uncertainty and a desire to 

model robustness in transportation networks.  To highlight this view, in this 

concluding chapter of the dissertation, we suggest some open questions and future 

problems of research in this enriching area of transportation networks.  Our list is not 

exhaustive; it only attempts to indicate the turf left unexplored for future research.  

We also summarize some of the recent results related to this work.  The rest of this 

chapter presents an overview of the methodological contributions of this study, 

summarizes the recent work, and finally, identifies ten future research questions 

which will be critical in this line of research.  
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7.1 Research Summary

This section discusses the methodological contributions of this dissertation.  

The dissertation provides a framework for dealing with uncertainty in network 

evaluation, strategic network design and the online equilibrium stage of 

transportation planning. These are discussed under three main headings: (1) 

Methodologies for network evaluation under uncertain demand, (2) Robust network 

design, and (3) Accounting for information recourse.

7.1.1 Methodologies for network evaluation under uncertain demand  

The first part of the dissertation focused on developing techniques for 

modeling network evaluation under O-D demand uncertainty.  Specifically, we 

developed two methodologies for dealing with long term demand uncertainty.  The 

first approach develops different single point approximations for the random O-D 

demand matrix.  The deterministic traffic equilibrium problem is used to solve the 

single point approximations.  It was found that the quality of the solution is highly 

sensitive to the sample size included in the approximation procedure.  The risk 

averse trimmed mean approximation procedure was found to perform reasonably 

well as compared to all the other approximation procedures.  This methodology is 

useful in solving large scale equilibrium problems under uncertain demand.

The second approach derives analytical expressions of the expected value and 

the variance of the network performance when the O-D demand is an independent 

normal distribution.  Experimental analysis on multiple networks reveals that the 

expressions are approximate with increase in network size.  The main underlying 

reason for this approximation is that O-D and link level correlations are ignored in 

the approximations.  

7.1.2 Robust network design

The second part of the dissertation concentrated on improving transportation 

network performance by accounting for the uncertainty in the strategic design stage. 
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An important variation of the NDP accounting for uncertainty and robustness is 

formulated as an extension of the deterministic NDP.  The formulation is 

multiobjective in nature, where the tradeoff between the expected value and the 

variance are studied with different weights associated to the two objectives.  This 

problem is difficult to solve because of the non-smooth nature of the optimization 

problem.  We propose an evolutionary algorithm to solve this problem and explore 

the identification of efficient GA parameters to solve the NDP.

7.1.3 Accounting for Information Recourse

The third part of this dissertation focused on online information based 

strategies to cope with uncertainty in transportation network.  The fundamental 

question addressed in this line of work is to study the traffic conditions when 

travelers are provided real-time information and are allowed to take adaptive routing 

strategies in the network.  A fixed point formulation of the problem and a heuristic 

solution algorithm based on MSA are proposed.

The main sub-routine in the proposed algorithm for studying information 

recourse is the network loading.  This procedure is performed using the Limited 

Temporal Dependence (TD-OSP) algorithm which assumes that the cost of an arc 

(a,b) is known once node a is reached.  This type of information is referred to here as 

temporal dependency, since it can be interpreted as yielding information on short-

term future arc costs based on current observations from the same arc.  To the best of 

our knowledge, the equilibrium problem studied here in stochastic transportation 

networks is one of the first of its kind and can be solved in polynomial time in 

acyclic networks.  Computational results support the intuition that an online strategy 

based assignment is better than the offline apriori equilibrium in stochastic 

transportation networks.  For each of the computational test, our main goal was to 

compare the UER solution with the traditional apriori equilibrium with the expected 

costs in the network.  It was found that the travel time savings were high when 

drivers routed according to online strategies.
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The developed model was also explored to study the presence of any 

paradoxes due to the selfish routing of drivers.  It was found that under certain cost 

functions, the online equilibrium solution may not be the best solution as compared 

to an apriori equilibrium solution.  However, these cost functions and network 

structures could be pathological cases and further analysis is required to 

fundamentally understand the nature of these paradoxes. 

7.2 Recent work in this area

The methodologies developed in this dissertation have facilitated the 

development of many related extensions to this work by researchers in our group and 

elsewhere.  This section is intended to provide a synopsis of the recent developments 

of this work. 

The O-D demand in chapter 3 was assumed to be independent and 

identically distributed.  In the conclusions it was conjectured that the approximations 

are due to ignoring the inherent correlations in O-D demand.  Duthie (2004) explores 

a methodology using the Hypersphere Decomposition approach for treating 

correlated long term O-D demand in the static traffic equilibrium problem.  The 

effects of different demand variances, types of correlations and congestion levels are 

performed on two test networks.  It was noted that, the more positive the 

correlations, the more the underestimation in the variance of the TSTT assuming O-

D demand independence.  It was also observed that as congestion increases the 

percent increase in standard deviation decreases.  On going work related to this 

includes developing sampling based methods for efficient evaluation of network 

performance with correlated demand (Duthie et al., 2005)

Another approximation procedure which complements the work 

discussed in chapter 3 is developing efficient sampling based techniques to evaluate 

the network performance under demand uncertainty.  Unnikrishnan et al. (2005) 

proposed the use of five sampling techniques - Monte Carlo, Antithetic, Latin 

Hypercube, randomized Quasi Monte Carlo and Control Variates as approximation 
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methods for evaluating the traffic equilibrium problem to obtain an approximate

estimate of the expected future performance.  The numerical results appear non-

intuitive in the sense that the methods often perform differently for the stated 

problem versus typical stochastic problems in other domains.  Latin Hypercube was 

observed to perform well for low sample sizes.  Antithetic sampling technique was

found to outperform all other examined methods for larger sample sizes on the traffic 

equilibrium problem.

Chapter 4 in this dissertation developed a robust network design 

problem.  To the best of our knowledge the RNDP model is the first of its kind in the 

network modeling literature.  Sumalee and Watling (2005) develop a mathematical 

formulation to help the network planner to decide on the most appropriate 

improvements to ensure a certain level of service.  However, their main objective is 

to maximize the total probability of TSTT is under a specified threshold.  The 

problem definition was presented, but no specific formulations, theoretical 

developments or solution approaches were presented in this work.

In chapter 5, we proposed the two stage stochastic programming 

formulation of the transportation network design problem satisfying user optimal 

conditions.  We presented initial results on a test network.  Karoonsoontawong and 

Waller (2005) performed further systematic computational analysis on the same 

formulations and compared the system optimal and user optimal stochastic NDPs.  

The common random numbers and independent random numbers are used to 

generate the stochastic demand.  They perform numerical analysis on the test 

network shown in Figure 5.9 and demonstrate that the common random numbers 

strategy outperforms the independent random numbers strategy.  Other main insights 

from the analysis are similar to the ones obtained in chapter 5: (1) the SO and UO 

models allocate investment differently for certain budgets, and the stochastic but 

deterministic solutions may lead to a bottleneck, (2) for the SO models, it should be 

more valuable to solve the stochastic than the deterministic models, but it is not 

always the case for the UO models; (3) the SO models appear more desirable than 
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the UO models; and (4) it should be more valuable to solve the stochastic model 

accounting for more randomness.

Kyunghwi et al. (2005) studied a bilevel formulation of the discrete 

version of the UO and SO models proposed in chapter 5.  A heuristic approach based 

on GA is used to solve the problem.  The initial population is generated from the cell 

transmission based dynamic traffic assignment model without improvement. The 

heuristic procedure is also used to create feasible design solutions by accounting for 

a budget constraint. Experimental design and tests were conducted to choose 

appropriate operators and parameters used in GA.  Finally, initial test results were

presented by comparing the network design solutions of NDP based on static traffics 

with dynamic traffic conditions on the Sioux Falls test network.

The models developed in chapter 3 of this research were also used in 

developing integrated state of art models for evaluating transportation network 

performance under seismic conditions.  Kim et al. (2005) developed modeling 

techniques to assess network wide impacts under different earthquake scenarios 

which are a result of the stochastic capacity reductions.  They proposed different 

sampling techniques for evaluating the network impacts and the best methodology is 

identified.  The static traffic equilibrium problem is used and the resulting 

probabilistic link flows are used to detect the candidate links for improvement in the 

transportation network.  The methodology is demonstrated on Charlotte, South 

Carolina test network and the results were analyzed.  This information was used not 

only in improving service, planning and repair scheduling of infrastructure/bridges 

but also in determining where an investment in improving the overall network 

performance is warranted.

In chapter 6, we developed an equilibrium model with online information to 

drivers based where the routing problem is primarily an online shortest path 

algorithm with limited temporal dependence.  The primary assumption in this 

algorithm is that travelers consider only expected costs in choosing the optimal 

routing strategies in the network.  However online travel time variability is another 

important criterion besides expected travel time that travelers will consider in routing 
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decisions in a stochastic network.  Boyles (2005) is exploring the variation of the 

user equilibrium with recourse considering robustness of the routing strategy.  It 

would be a thought provoking study to include reliability in routing strategies with 

online information.

7.3 Open questions and future directions

As mentioned in the introduction, the research of studying 

uncertainty, robustness and information recourse is a burgeoning field with several 

avenues for future research.  These further studies can significantly contribute to the 

growing body of work in understanding the importance of uncertainty and robustness 

in transportation networks.   A list of ten most important future research questions 

(FRQ) is discussed below:

FRQ 1Bounding Techniques In chapter 3 we studied the evaluation of 

network performance under O-D demand uncertainty mostly using two different 

approximation schemes.  Since we were more interested in evaluating network 

performance rather than studying the worst-possible degradation of network 

performance we were naturally led to follow this approach.  A growing area in 

internet routing is to quantify the worst-possible increase in network performance 

due to selfish routing (Roughgarden, 2002) as compared to coordinated routing 

(system optimal assignment).  Roughgarden (2002) derived bounds for the same 

model considered in chapter 3 but without uncertainty.  For example, for the linear 

cost functions he proved that the worst possible degradation due to selfish routing 

is
4

3
.  However, it is clear that we cannot ignore the long term uncertainties present in 

infrastructure networks.  Naturally it would be worthwhile to develop worst case 

bounds on the degradation of network performance by selfish routing under 

uncertainty.  It is apparent that the same bound holds (although its still an open 

question if a tighter bound can be obtained) for short term uncertainties, i.e. 
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FRQ 2 Other O-D distributions In chapter 3, we hypothesized the distribution 

of network performance when the O-D demand is an independent - normal 

distribution, poisson and cauchy distribution.  A further question of interest is what 

can be said about the distribution of network performance when the O-D demand has 

some “reasonable” distribution.  Some headway in this direction has been made by 

Clark and Watling (2004) who have used regression analysis to fit probability 

distribution considering the random O-D demand in a stochastic user equilibrium 

problem under demand uncertainty. 

FRQ 3 Computational efficiency of RNDP In chapter 4, we have presented a 

robust network design model based on an evolutionary algorithm.  The 

computational tests show that this algorithm can be further speeded by using 

efficient data structures, training the GA into a distributed and parallelizable 

algorithm and by a using an efficient DUE solution method (Hillel-Bera and Boyce, 

2003) which gives link flows “on the fly”.  

FRQ 4 Approximation Robust Network Design Methods In chapter 4, we 

developed a multiobjective stochastic formulation of the network design problem 

and have been successful in obtaining network design solutions using a trained GA 
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procedure.  However, it is well known that the GA procedure has no theoretical 

foundations on the existence, stability and convergence of the obtained solutions.  

Most of the work in this area is based on extensive experimental analysis.  Future 

work should explore other “simpler” approximation methods similar to the ones 

considered in Methodology 1 of chapter 3, sampling based techniques to extract 

smaller number of realizations for DUE evaluation and other constructive 

approaches (Toktas, 2004).

FRQ 5 Incorporating other measure of risk for RNDP For the robust network 

design, we have primarily considered variance as the measure of risk.  However, in 

transportation networks it is clear that in some instances we would want to penalize 

positive deviations from the expected value of total system travel time (congestion) 

rather than earlier arrivals.  This would require us to explore other measures of risk 

such as conditional variance (CVar), trimmed variances etc. which have been 

recently found to be more robust measures of risk (Szego, 2005).

FRQ 6 Large scale optimization methods for dynamic NDPs In the dynamic 

network design model formulated in chapter 5, we have developed a single level 

linear programming formulation accounting for the user optimal conditions.  

However, to get better insights into the model we need to formulate the bi-level 

NDP.  Further, efficient solution approaches such as decomposition techniques, L 

shaped methods which exploit the structure of the formulation are needed to solve 

large scale transportation networks.

FRQ 7 Theoretical issues in UER The User equilibrium with recourse model 

proposed in chapter 6 is formulated as a fixed point formulation and the solution 

approaches employs an MSA heuristic.  However, no theoretical study was 

performed to analyze the existence, uniqueness and stability of the recourse problem.  

Instead, this work focused on the development of the solution approach that works 
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reasonably well to provide insights into the proposed model.  The theoretical study 

of the problem would place it on a stronger footing.  Some of the earlier work on the 

hyperpath based user equilibrium models in transit can be used as an initial step in 

deriving the optimality conditions.  It is speculated that deriving the optimality 

conditions would require relaxing the assumptions (on link distributions, capacities) 

to make the model more tractable.

FRQ 8 Dynamic UER The model developed in chapter 6 is a static version of 

the online equilibrium problem.  However, a more realistic based strategic 

equilibrium model that accounts for traffic dynamics (DTA) and driver behavior is 

needed.  As mentioned in the literature review in Chapter 2 some of the work in this 

area develops similar solution approaches accounting for dynamic traffic assignment 

conditions (Marcotte and Hamdouch (2004)).

FRQ 9 Extent of link dependence in UER The UER formulation in chapter 6 

considers only limited temporal dependencies (TD-OSP) where it is assumed that the 

cost of an arc is realized only after arriving at the upstream of the node.  This limited 

temporal dependence can be seen as a first step toward a more general temporal 

dependence.  Other types of spatial dependence (one link on the other neighboring 

links) and combined temporal-spatial dependence models can be explored with the 

approach proposed in chapter 6.  Further, a related question in modeling is to 

understand the “degree of dependence separation”.  To what extent does a link in the 

transportation network have influence on the neighboring links under information 

provision?  Insights into this dependence can be obtained by performing 

experimental observations on real transportation networks or by analyzing the data 

from simulation models.

FRQ 10 ATIS technology placement/network design In chapter 6, the current 

information on each node is assumed to be provided by ATIS technologies such as 



178

VMS, on board devices etc.  However to make the model more competent and 

complete, different information strategies and their market penetration should be 

explored further.  For example, additional study is needed in understanding how we 

can gain real-time information and how do travelers perceive this information.  With 

the development in sensor technologies, in the future, low cost ‘sensor dust’ can be 

implanted on the roadside to gather online conditions and then be used to 

communicate with the drivers.  Nevertheless, the models presented in chapter 6 can 

be used to evaluate such systems.  A related question is the efficient placement of 

these information devices on the roadside/vehicle.  This type of network design 

problem with online information will help us in optimal online routing in addition to 

the efficient placement of the information centric devices in the transportation 

network.    
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Appendix A Computational Results for single point approximations 

for different sample sizes

Table 3.3 Computational results for Cauchy distribution, Sample size = 1000

Function σ =  0.1 % deviation σ =  0.25 % deviation σ =  0.4 % 
deviation

σ =  0.6 % 
deviation

1Θ 241.98 40.85 241.98 40.85 241.98 40.85 241.98 40.85

2Θ 211.47 43.38 211.47 43.38 211.47 43.38 211.47 43.38

3Θ 207.62 44.41 221.16 40.79 236.36 36.72 469.73 25.76

4Θ 239.24 35.95 287.56 23.01 287.39 23.05 299.73 19.75

5Θ 1057.06 183.01 698.67 87.06 569.24 52.41 472.98 26.63

6Θ 210.36 43.68 216.78 41.96 215.67 42.26 273.47 26.78

Table 3.4 Computational results for Exponential distribution, Sample size = 1000

Function σ =  0.1 % deviation σ =  0.25 % deviation σ =  0.4 % 
deviation

σ =  0.6 % 
deviation

1Θ 273.55 29.8 273.55 29.8 273.55 29.8 273.55 29.8

2Θ 234.47 39.83 241.67 37.98 239.47 38.55 267.32 31.4

3Θ 24.29 93.77 59.59 84.71 96.47 75.24 155.1 60.2

4Θ 224.98 42.26 241.98 37.9 289.71 25.65 297.74 23.59

5Θ 1370.58 251.73 940.92 141.47 750.67 92.64 584.63 50.03

6Θ 204.66 47.48 178.89 54.09 256.76 34.11 251.39 35.49
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Table 3.5 Computational results for Logistic distribution, Sample size = 1000

Function σ =  0.1 % deviation σ =  0.25 % deviation σ =  0.4 % 
deviation

σ =  0.6 % 
deviation

1Θ 393.45 14.58 393.45 14.58 393.45 14.58 393.45 14.58

2Θ 274.43 40.42 296.77 35.57 324.12 29.64 298.98 35.09

3Θ 294.23 36.12 314.17 31.8 331.31 28.07 347.2 24.62

4Θ 319.9 30.55 384.55 16.52 382.82 16.89 393.93 14.48

5Θ 1091.58 136.98 760.64 65.13 643.48 39.7 554.5 20.38

6Θ 308.66 32.99 324.17 29.62 348.83 24.27 388.99 15.55
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Appendix B Derivation of Central Moments of Normal Distribution

The derivation below of the central moments is a standard exercise problem in 
probability textbooks.
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For k = odd, the above integral is zero, for k = even it’s a symmetric integral. 

Substituting z2/2 with p, we get
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The integral is simply the Gamma Function and can be evaluated as a closed form 

for all k
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Appendix C Sample plot to determine the sample size in GA 

evaluation for RNDP
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Appendix D Data for the HF test network in Chapter 4

Arc 
a

length 
(mi)

No of 
lanes alpha Beta Capacity

FF speed 
(mi/hr)

Penalty associated 
with each arc

1 1 1 10 4 3 60 2
2 2 1 2.5 4 10 60 3
3 3 1 1 4 9 60 5
4 4 1 5 4 4 60 4
5 5 1 10 4 3 60 9
6 2 1 10 4 2 60 1
7 1 1 10 4 1 60 4
8 1 1 1 4 10 60 3
9 2 1 4 4 45 60 2

10 3 1 1 4 3 60 5
11 9 1 0.222 4 2 60 6
12 4 1 2.5 4 6 60 8
13 4 1 6.25 4 44 60 5
14 2 1 16.5 4 20 60 3
15 5 1 1 4 1 60 6
16 6 1 0.167 4 4.5 60 1
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Appendix E Notation and the TD-OSP Algorithm

This Appendix shows the notation of the Online Shortest Path (OSP) algorithm used 

in Chapter 6 and shows the pseudo code of the temporal dependent Online Shortest 

Path (TD-OSP) algorithm.  

OSP Notation:

o :  Origin node

t :  Destination node

E[b] :  Expected cost to the destination node from node b

E[b|a,s] :  Expected cost to the destination node from node b, given that 

predecessor 

arc (a,b) is traversed in state s

ba
kp , : Probability that arc (a,b) is in state k

cba
ksp ,,

, : Probability that arc (b,c) is in state k, given that predecessor arc (a,b) 

was in state s

Sa,b : Set of all possible states for the arc (a,b)

ba
kc , : Cost of arc (a,b) in state k

SEL : A Scan eligible list

1( )a−Γ  : Set of all predecessor (upstream) nodes of a; i∈Γ-1(a) ⇒ arc (i,a) 

exists

)(aΓ  : Set of all successor (downstream) nodes of a; j∈Γ(a) ⇒arc (a,j) exists

ε : Vector of probabilities for possible states at a node 

π : Vector of Minimum Costs for possible states at a node 

____________________________________________________________________



186

TD-OSP Algorithm Pseudo-Code

Set E[t]=0

for all i∈N/t, let E[i]= ∞
SEL:= 1( )t−Γ
while SEL≠ ∅

Remove an element, q, from the SEL

ε :=  [1]

π := [∞]

for all j∈Γ(q)

tempε := [∅]

tempπ := [∅]

r:=0

for all k∈S(q,j)

for all  l∈ 1..|ε|
tempεr:= εl * ,q j

kP

if cqj
k + E[j] < πl

tempπr := cqj
k + E[j]

else

tempπr := πl

r:=r+1

ε , π := call Reduce(tempε, tempπ)

tempE[q]:= ∑
∈∀ ||ε

πε
k

kk

if tempE[q] < E[q]

E[q] = tempE[q]

SEL:=SEL ∪ 1−Γ (q)

End
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Function Reduce(tempε , tempπ)

ε := [∅]

π := [∅]

for k∈ 1..| tempπ |

j := Call Search(π,tempπk)

πj := tempπk

εj := tempεk + εj

return(ε , π)

End

Where Search() performs a search on vector π for value tempπk and returns the location if 

found.  If not found, it returns the first unused location within vector π.
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