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Measuring the nonconservative force field in an optical

trap and imaging biopolymer networks with Brownian

motion

Pinyu Wu Thrasher, Ph.D.

The University of Texas at Austin, 2011

Supervisor: Ernst-Ludwig Florin

Optical tweezers have been widely used by biophysicists to measure

forces in single molecular processes, such as the force of a motor molecule

walking and the force of a DNA molecule winding and unwinding. In these and

similar force measurements, the usual assumption is that the force applied to a

particle inside the tweezers is proportional to the displacement of the particle

away from the trap center like Hookean springs, which would imply that the

force field is conservative. However, the Gaussian beam model has indicated

that the force field generated by optical tweezers is actually nonconservative,

yet no experiments have measured or accounted for this effect.

We introduce an experimental method – the local drift method – that

can measure the force field in optical tweezers with high precision without

any assumptions about the functional form of the force field. The force field

is determined by analyzing the Brownian motion of a trapped particle. We
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successfully applied this method to different sizes of particles and measured the

three dimensional force field with 10 nm spatial resolution and femtonewton

precision in force. We find that the force field is indeed nonconservative. The

nonconservative contribution increases radially away from the optical axis for

both small and large particles. The curl vector field – a measurement of

the nonconservative force field – reverses direction from counter-clockwise for

small particles in the Rayleigh regime to clockwise for large particles in the

ray optics regime, consistent with the different scattering force profiles in the

two distinct scattering regimes. Together with the thermal fluctuations of the

trapped particle, the nonconservative force can cause a complex flux of energy

into the system.

Optically-confined Brownian motion is further used to probe nanostruc-

tures such as a biopolymer network. This technique – thermal noise imaging

– uses a Brownian particle as a “natural scanner” to explore a biopolymer

network by moving the Brownian particle through the network with optical

tweezers. The position fluctuations of the probe particle reflect the location

of individual filaments as excluded volumes.

The resolution of thermal noise imaging is directly coupled to the size

of the probe particle. A smaller probe is capable of exploring smaller pore sizes

formed by dense network. Previously, a 200 nm polystyrene particle had been

used to probe an agar network. In this work, 100 nm gold probe particles are

used to enhance the resolution. A 100 nm particle explore a network with mesh

23 times smaller and therefore enhance the network resolution by 23 times. A
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100 nm particle also improves the imaging speed by a factor of 2 because of

its faster diffusion.

Three-dimensional thermal noise images of agarose filaments are ob-

tained and a resolution of 10 nm for the position of the filaments is achieved.

In addition, a gold particle is trapped with significantly less power than a

polystyrene particle of the same size, indicating the possibility for using even

smaller gold particles to further improve the resolution.
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Chapter 1

Introduction

Optical tweezers became an indispensable tool in the study of biology

and physics at the scale of namometers to micrometers ever since its invention.

Examples include the simple manipulation of nanoparticles and cells [4, 6],

observations of fast scale Brownian motions [42], and precise measurements of

nanometer displacements [68, 85] and piconewton forces [68, 83] in biological

systems.

Concurrently, numerous theories have been developed to explain how a

dielectric particle can be trapped inside a focused laser beam and to quantify

the forces on the trapped particle. Geometrical optics was first used to explain

the trapping of spheres with sizes much larger than the trapping laser wave-

length. A restoring radial force – the so-called gradient force – was found to

draw the particle to the optical axis, and an accelerating axial force – the so-

called scattering force – was found to accelerate the particle along the optical

axis [2]. These forces were later quantified computationally [3]. The gradi-

ent force was shown to be linear with respect to the particle’s displacement

from the laser focus for small displacements, whereas the scattering force was

positive and increased away from the optical axis. Similarly, the trapping of
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small particles was explained by the interaction of light and an induced elec-

tric dipole [39]. The same linear relation was found between the force and

the particle’s displacement, and the scattering force was also positive but de-

creased away from the optical axis. Details of the theoretical explanation of

the trapping of dielectric particles in different scattering regimes are provided

in Chapter 2, and expression for calculating the forces on the particles are

given.

Despite these theoretical descriptions, the scattering force has long been

neglected by experimentalists and the optical traps have been used as if they

are Hookean springs, meaning that the force acts on the particle is proportional

to the displacement of the particle from the trap center (see Fig. 1.1). This

F =

r

z

∆x

- k∆x

r

r

laser beam

Figure 1.1: Conventionally, optical tweezers are approximated by Hookean
springs. In the figure, the particle is displaced ∆x⃗ from the trap center. The
approximation assumes that the force on the particle is F⃗ = −k∆x⃗, where k
is a constant.

simplification would have been true if the scattering force was constant, as a

constant force shifts only the minimum of a harmonic potential (as created
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by Hookean springs) without changing its profile. However, the scattering

force does depend on the lateral position of the trapped particle. Together,

the gradient force and the scattering force form a total force field that is

nonconservative. A nonconservative force field constantly introduces energy

into the system and the assumption of thermal equilibrium, applied to many

experiments [58, 94], is no longer valid.

Recently, reports showed the observation of nonconservative force field

indirectly from the circulation of microsized particles inside the trap [72]. How-

ever, their explanation was later found to be inadequate (see Chapter 4). Due

to a lack of experimental techniques, the nonconservative force has never been

measured directly.

In an optical trap, the particle’s Brownian motion is confined to a el-

lipsoidal volume. When the particle diffuses away from the trap center, the

trapping force forces the particle to go back and revisit the same volume for

many times. The average displacement caused by the trapping force at certain

location is proportional to the local force at this location. It is therefore pos-

sible to extract the force field information from the position fluctuation of the

trapped particle. In order to determine the local force with nanometer spatial

resolution, the position fluctuation of the particle has to be measured with

even higher resolution. In Brownian motion, position resolution and temporal

resolution are directly coupled. For example, a 200 nm particle diffuses 3 nm

in 2 µs in water under room temperature. Therefore a bandwidth of 500 kHz

for the position measurement is necessary to reach a 3 nm resolution for de-
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termining the position of a Brownian particle. We custom built a photonic

force microscope (PFM) that has such capability. A PFM is a scanning force

microscope that uses a Brownian particle as the probe. Together with optical

tweezers, the probe particle is confined to a volume of interest and explores the

vicinity of the trap. Using back-focal-plane interferometry, the PFM is capa-

ble of determining its probe’s position with a few nanometer spatial resolution

and microsecond temporal resolution. The construction and characterization

of the microscope is described in Chapter 3.

With this microscope, we measure the total force field with femtonew-

ton resolution in three dimensions using a novel method – the local drift

method. The local drift method extracts the local displacement, which is

proportional to the local force, from the Brownian motion of the probe parti-

cle. Here local refers to a volume element of 10 nm×10 nm×10 nm. Although

particles with sizes in different scattering regimes are explained by different

theories, the local drift method is not limited by the particle size. A se-

ries of experiments were performed to measure the three-dimensional force

field in optical tweezers formed by particles with diameters from 200 nm to

3.5 µm. Chapter 4 explains the local drift method and presents the experi-

mental results. We show that the force fields are indeed nonconservative and

the nonconservative contributions for all the particle sizes are analyzed.

Chapter 5 introduces another application of the PFM – thermal noise

imaging. Thermal noise imaging is a technique that uses the Brownian mo-

tion of a particle to image the structure of a soft material, such as biopolymer
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networks. Biopolymers actin, intermediate filament and microtubule comprise

the cytoskeleton of the cell and play important roles in cell functioning. Their

mechanical properties, such as how the networks generate and transmit forces

under mechanical stimulation, are of general interest in the biophysical com-

munity.

Because of the absence of mechanical attachment of the probe to the

microscope, the PFM is capable of imaging biopolymer networks in three di-

mensions without damage, which was not achievable before. The Brownian

particle explores the voids inside the network, leaving the polymers as excluded

volumes. In the meantime, the fluctuation of the filaments inside the network

is captured by the Brownian motion of the probe. This information can be

eventually used to study the mechanical properties such as force generation

inside the network.

Previously, dilute networks (pore size much larger than the filament

size) of agar bundles had been imaged with a 200 nm probe. In Chapter 5, we

show the improvement of resolution and speed by using a 100 nm gold particle

as the probe and present thermal noise images of agarose networks.
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Chapter 2

Applications and physical principles of optical

trapping

2.1 Concept of optical trapping

A single beam gradient trap (also called optical tweezers) is a focused

laser beam that can confine particles from nanometer to micrometer scale

within its focus. It is typically realized by sending a collimated laser beam

through a high numerical aperture (NA) objective lens. When a dielectric

particle is placed at or near the focus of the laser beam, the particle expe-

riences two types of forces: a stabilizing gradient force that results from the

intensity gradient of the incoming laser, pointing toward higher intensity; and

a destabilizing scattering force that results from the radiation pressure of the

laser beam, pointing along the propagation direction of the laser. A weakly

focused laser beam generates a weak gradient force that can be exceeded by

the scattering force and fails to form a three-dimensional trap. A strongly fo-

cused laser beam generates a strong gradient force along the optical axis that

can eventually dominate over the scattering force and forms a stable three-

dimensional trap, which confines the particle to a small ellipsoidal volume.

There are many different forms of optical traps. The simplest form is
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a single beam gradient trap. Due to the weakness of axial trapping, the single

beam gradient trap is not always easy to construct. Another form of optical

trap, called a standing wave optical trap, is formed by the interference of two

counter-propagating laser beams. The standing wave optical trap can perform

stable two-dimensional trapping, which confines the particle to a thin pancake-

shaped volume. Because the scattering forces from the two beams cancel each

other along the beam axis, the standing wave trap confines a particle into a

plane perpendicular to the laser propagation direction. Adding a cylindrical

lens to the optical path before focusing by the objective lens, the trapping

volume can be further confined to a line and a line trap is formed. A third

type of optical trap is called holographic optical tweezers and are formed by

using diffractive optical elements to split a single beam into many beams and

form a matrix of optical traps. There are many more derivatives of optical

traps. Although they are formed by different methods, the trapping principles

are the same. In this dissertation, we focus on single beam gradient traps.

2.2 Applications

The development of optical trapping was an important step in modern

biology and physics. It dates back four decades when micro-sized transpar-

ent latex spheres were trapped in a single Argon laser beam with wavelength

514.5 nm [2]. Soon after, the first laser trapping of viruses and bacteria was

reported [6]. These viruses and bacteria were trapped stably and were manip-

ulated in a liquid. However optical damage and “opticution” (death by light)
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was observed due to the absorption of light by living cells. It was later dis-

covered that this absorption drops significantly when using an infrared laser.

Successful manipulation of E. coli and red blood cells was achieved with min-

imal damage, and the reproduction of budding yeast cells while trapped was

observed using a Nd:YAG 1064 nm laser [8]. Liang et al. conducted an in-

depth study of cell cloning efficiency in optical traps formed by different wave-

length lasers [54]. They observed decreasing clonal growth as the power of the

laser or exposure time increases. The highest clonability was observed at 950-

990 nm. This gives a good reference for choosing proper optical parameters

when conducting live cell experiments. The capability of optical tweezers to

manipulate a molecule or cell without mechanical contact opened up a new

era in the biological research. It made possible the control of molecules inside

a cell without damaging the cell wall.

As a pure micromanipulator, optical tweezers were used to alter the

chromosome movement on the mitotic spindle in vitro [18], to selectively bring

active retinal cells together to expedite cell-cell interactions [89], and to probe

chloroplast arrangement and shapes in living leaf cells [16]. It was also used

to manipulate vesicles for membrane fusion [48].

One of the most important advances led by optical tweezers technique

is the study of molecular motors. Although molecular motors are not suitable

to be trapped themselves, they can be easily attached by specific binding to

a much larger particle that can be trapped stably. These large particles act

as handles for the optical trap to control the motors indirectly. The motor
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protein can then bind to a microtubule or actin filament. This assay was orig-

inally used by Block et al. to improve the efficiency of kinesin motors binding

to microtubules [19]. Svoboda et al. combined this assay with interferometry

and found kinesin walks on microtubules with 8 nm steps [85]. Because the

piconewton force acting on the trapped particle is of the same order as the

force generated by most single molecular processes, optical tweezers soon be-

come an excellent tool for measuring forces and biomechanical properties on a

single molecule basis. When a particle is displaced not far away from the trap

center, the force exerted by the optical trap is proportional to the particle’s

displacement relative to the trap center. The handle configuration therefore

is also convenient for measuring forces generated by molecular motors. Using

the same assay, Svoboda et al. measured the force-velocity relation of single

kinesin motors as a function of adenosine triphosphate (ATP)1 concentration

and found the force to be a few piconewtons [83]. Similar experiments were

done on myosin V motor molecules associated with actin filaments and a step

size of 36 nm and piconewton force were measured [68]. More experiments

found that a single step corresponds to a single ATP hydrolysis [25, 75]. By

using feedback to maintain a constant force on the handle particle in optical

tweezers (also called force clamps) and therefore to maintain constant load on

the molecular motors, the force clamps configuration significantly enhanced

the resolution of motor protein mechanics [93]. The molecular motor applica-

tion extends to transcription where RNA polymerase moves along the DNA

1ATP releases chemical energy when hydrolyzed for the metabolism inside the cell.
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and acts as a molecular motor [27].

Experiments have also been done with optical tweezers to study the me-

chanical properties of cell contents. An early application was the observation

of viscoelasticity of the cytoplasm [7]. Smith et al. has used optical tweezers

to measure the elasticity of double and single stranded DNA molecules [80]. A

persistence length of 7.5 Ångstrøms was measured for a single stranded DNA,

much smaller than the length of a DNA molecule, and indicated that the DNA

molecules are highly flexible. Tsuda et al. applied torque to actin filaments

and measured its rigidity and bond breaking force [92]. Nonlinear elasticity of

whole human red blood cells was observed by deforming the cells using optical

tweezers [61]. Sub-diffusive motion was observed by tracking a lipid granule

inside a fission yeast cell [73]. Taute et al. has measured the persistence length

of microtubules under different conditions by measuring the Brownian motion

of a bead attached to one end of the microtubule [86].

Optical tweezers also have applications in colloidal systems [34]. They

were used to pattern surfaces by colloidal particles [41], to observe phase tran-

sition in colloidal suspensions [97] and to measure entropic expulsion in giant

vesicles [10].

In the field of statistical physics, stochastic resonance has been used to

synchronize the escape of a Brownian particle from a pair of coupled tweezer

traps (which creates a double potential well) [77]. Wang et al. used optical

tweezers and experimentally demonstrated the violation of the second law

of thermodynamics for small systems and short timescales [94]. Huang et
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al. observed ballistic Brownian motion in the nanosecond scale using optical

tweezers [42, 53].

In addition to the widely used polystyrene beads, metallic particles

[76, 84], quantum dots [45] and carbon nanotubes [52] have also been trapped.

2.3 Theoretical models of optical trapping

The following section gives a brief theoretical overview of the interac-

tion between light and dielectric particles. Gaussian beams are most often

used to form optical tweezers. Therefore Gaussian beam optics and its prop-

erties are introduced first. The physics behind optical tweezers for particles

in different scattering regimes can be explained using different models. In

the Rayleigh scattering regime, where the particle’s diameter is much smaller

than the trapping laser wavelength d ≪ λ, the electromagnetic field model

is applied by approximating the particle as a point dipole. In the geometri-

cal scattering regime, where the particle’s diameter is much larger than the

wavelength of the trapping laser d ≫ λ, the ray optics model applies. In the

intermediate regime (d ∼ λ), neither gives an accurate result. Alternative

models are discussed.

2.3.1 Electromagnetic field of a Gaussian beam

A Gaussian beam is a bundle of electromagnetic radiation whose trans-

verse electric field and intensity distribution can be described by Gaussian

functions. It is widely used in various theoretical and experimental studies. In
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most laser applications, the laser beam can be described by an ideal Gaussian

profile, which corresponds to the fundamental mode - TEM00 mode.

The commonly-accepted mathematical form of a Gaussian beam is a

paraxial (i.e. the divergence angle of beam is small and sin θ ≈ θ) solution to

the Helmholtz equation. The electric field at the location a distance ρ laterally

from the center of the beam and z axially from the beam waist can be written

in terms of the beam parameters as follows [60],

E(ρ, z) = A0
w0

w(z)
exp

[
− ρ2

w2(z)

]
exp

[
ik

ρ2

2R(z)

]
exp [ikz] exp [−iζ(z)] (2.1)

where k is the wavenumber, w0 is the beam waist radius, w(z) is the beam

radius at axial position z, R(z) is the radius of curvature at position z, and

ζ(z) is the Gouy phase shift [60]. The geometry of a Gaussian beam is shown

in Fig. 2.1.

w0

z

w(z)

θ

z0

2w0

Figure 2.1: Geometry of a Gaussian beam. The beam waist w0, Rayleigh
length z0, and divergence angle θ are shown. The beam diverges quickly outside
the Rayleigh length.

Two important and most frequently used parameters, the beam waist

w0 and the Rayleigh length z0 fully determines the Gaussian beam profile. The
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beam waist w0, which characterizes the beam spot size, is the radius where

the beam intensity drops to 1/e2 of the maximum intensity. The Rayleigh

length z0 is the length at which the beam becomes significantly divergent.

Within −z0 to +z0, the beam propagates without significantly diverging. The

Rayleigh length is determined by

z0 =
πw2

0

λ
(2.2)

The beam radius at z is related to (w0, z0) by

w(z) = w0

√
1 +

(
z

z0

)2

(2.3)

In the far field where z → +∞, w(z) → w0z/z0 and is linear with the field

distance. The divergence angle of the beam θ can be obtained from this far

field geometry

tan θ =
w(z)

z

∣∣∣∣
z→∞

=
w0

z0
=

λ

πw0

. (2.4)

For paraxial beams, θ ≈ λ/(πw0).

The radius of the wavefront curvature R(z) is

R(z) = z

[
1 +

(z0
z

)2
]

(2.5)

By taking the derivative, one would find that the beam has the smallest radius

of curvature at the Rayleigh length.

The Gouy phase shift, which is critical for determining the amplitude

of the electric field of the beam at different axial positions, is

ζ(z) = tan−1(z/z0) (2.6)
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A spherical wave experiences a Gouy phase shift of π when passing through the

focus, as z changes from −∞ to +∞. The physical origin of the Gouy phase

shift is the finite transverse momentum of the beam [29]. For a plane wave,

the momentum is only along the light propagation axis and the transverse

component of momentum is zero. According to the uncertainty principle [70]

(∆P ·∆x ≥ h), the product of uncertainties of two conjugate variables has to

be at least the Plank’s constant h, which applies to momentum and position.

Therefore the transverse position spreads out infinitely. For a focused Gaussian

beam, it has nonzero transverse momentum (k2 = k2
x + k2

y + k2
z , kx ̸= 0, ky ̸=

0). The propagation vector of the beam changes accordingly. A wave vector

change corresponds to a phase shift in the electric field in Equation 2.1, and

this phase shift is defined as the Gouy phase shift. Gouy phase shift plays an

important role in back-focal-plane interferometry, which will be discussed in

more detail in Chapter 3.

The intensity of the Gaussian beam can be obtained from the electric

field by

I(r, z) =
cϵ0
2
EE∗

=
cϵ0
2

[
w0

w(z)

]2
× exp

[
−2ρ2

w2(z)

]
=

P

πw2(z)
×
[

w0

w(z)

]2
× exp

[
−2ρ2

w2(z)

]
. (2.7)

The Gaussian profile of the beam intensity is evident from this equation. In

optics, when a beam is refracted by a lens, it goes through a Fourier transform.
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Because the Fourier transform of a Gaussian function is also Gaussian, the

beam remains Gaussian in an optical system.

2.3.2 Optical forces on a dielectric sphere in a Gaussian beam

2.3.2.1 Rayleigh regime

In the limit where the particle size is much smaller than the wave-

length of light, the electric field experienced by the particle can be assumed to

be uniform across the whole particle volume and the dipole approximation is

adequate to describe the interaction between the particle and the electromag-

netic wave of the light. The force exerted on the particle in this case can be

divided into two parts: the gradient force component and the scattering force

component, due to the Lorenz force on the induced dipole and the scattering

of the dipole, respectively. Consider a dielectric sphere with radius a and re-

fractive index n1 placed in a medium with refractive index n2 illuminated by

a linearly polarized Gaussian beam in TEM00 mode with beam waist w0. The

geometry of a particle in such a regime is given in Fig. 2.2. The dipole moment

p⃗(r, t) of the particle has the following relationship with the electric field [39]:

p⃗(r, t) = 4πn2
2ϵ0a

3

(
m2 − 1

m2 + 2

)
E⃗(r, t) (2.8)

where m = n1/n2 is the relative refractive index of the particle and ϵ0 is the

electric constant. The gradient force rises as a result of the Lorentz force acting

on the induced dipole. The gradient force is [39]

F⃗grad(r, t) = [p⃗(r, t) · ∇⃗]E⃗(r, t) (2.9)
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z

x
y

r

Figure 2.2: Trapping of a particle in the Rayleigh scattering regime. A particle
with radius a is placed at a position r⃗ relative to the focus of a Gaussian beam
of beam waist w0.

By substituting Equation 2.8 into Equation 2.9,

F⃗grad(r, t) = 4πn2
2ϵ0a

3

(
m2 − 1

m2 + 2

)
· 1
2
∇⃗E2(r, t) (2.10)

The time-averaged gradient force on the particle is

F⃗grad(r, t) = ⟨F⃗grad(r, t)⟩T

= 4πn2
2ϵ0a

3

(
m2 − 1

m2 + 2

)
· 1
2
⟨∇⃗E2(r, t)⟩T

= πn2
2ϵ0a

3

(
m2 − 1

m2 + 2

)
∇⃗ |E(r)|2

=
2πn2a

3

c

(
m2 − 1

m2 + 2

)
∇⃗I(r) (2.11)

We can see that the gradient force points to positions with higher intensity in

the beam. For a Gaussian beam, the gradient force pulls the particle to the

center of the beam. This is only true when m > 1, that is, the particle has an

index of refraction greater than that of the surrounding medium. The gradient

16



force increases as m increases, therefore a particle with larger refraction index

is more convenient for trapping.

The scattering force rises as a result of the oscillation of the electric

field. As in Equation 2.8, the dipole moment oscillates along with the electric

field. The dipole then radiates secondary electromagnetic waves in all direc-

tions. These secondary waves interact with the original beam and changes its

momentum. From Newton’s third law, the particle experiences a force from

this momentum change, and this is the scattering force [39]. The scattering

force is proportional to the beam intensity and is given by

F⃗scatt(r) = ẑ
(n2

c

)
CscattI(r) (2.12)

where Cscatt is the scattering cross section. For isotropic scattering, the cross

section is [39]

Cscatt =
8

3
π(ka)4a2

(
m2 − 1

m2 + 2

)
. (2.13)

The beam intensity I(r), as in Equation 2.7, after taking the zeroth

order (paraxial) approximation and written as a function of normalized Carte-

sian coordinates x̃ = x/w0, ỹ = y/w0, z̃ = z/kw2
0, is

I(r) =

(
2P

πw2
0

)
1

1 + (2z̃)2
exp

[
−2(x̃2 + ỹ2)

1 + (2z̃)2

]
(2.14)

Substituting Equation 2.14 into Equation 2.11 and Equation 2.12, the analyt-

ical expression of the force components in Cartesian coordinates are

Fgrad,x(r⃗) = −x̂
2πn2a

3

c

(
m2 − 1

m2 + 2

)
4x̃/w0

1 + (2z̃)2

×
(

2P

πw2
0

)
1

1 + (2z̃)2
exp

[
−2(x̃2 + ỹ2)

1 + (2z̃)2

] (2.15)
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Fgrad,y(r⃗) = −ŷ
2πn2a

3

c

(
m2 − 1

m2 + 2

)
4ỹ/w0

1 + (2z̃)2

×
(

2P

πw2
0

)
1

1 + (2z̃)2
exp

[
−2(x̃2 + ỹ2)

1 + (2z̃)2

] (2.16)

Fgrad,z(r⃗) = −ẑ
2πn2a

3

c

(
m2 − 1

m2 + 2

)
8z̃/(kw2

0)

1 + (2z̃)2

[
1− 2(x̃2 + ỹ2)

1 + (2z̃)2

]
×

(
2P

πw2
0

)
1

1 + (2z̃)2
exp

[
−2(x̃2 + ỹ2)

1 + (2z̃)2

] (2.17)

Fscatt(r⃗) = ẑ
n2

c

8

3
π(ka)4a2

(
m2 − 1

m2 + 2

)2

×
(

2P

πw2
0

)
1

1 + (2z̃)2
exp

[
−2(x̃2 + ỹ2)

1 + (2z̃)2

] (2.18)

The set of expressions above is given in a Cartesian coordinate system

and in MKS units and therefore offer the most convenient and straight forward

form for force calculation. All that needs to be known are the properties of the

particle and the beam waist and power of the Gaussian beam. Since the parax-

ial approximation (or zeroth-order Gaussian beam approximation) is applied

in the derivation, this model is most accurate when applied to a weakly focused

Gaussian beam. However, for a highly focused Gaussian beam, this model is

still reasonable enough to evaluate the forces applied on a Rayleigh particle to

within ±20% error on average with s < 0.4, where s = λ/(2πw0) [11]. This

model provides a convenient reference for experimental results on a Rayleigh

particle in an optical trap.

The gradient forces are proportional to a3, whereas the scattering force

is proportional to a6. A size reduction of two-fold will reduce the main trapping

force (the gradient force) 8-fold! In addition, smaller particles experience much
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faster Brownian motion. This means it is much easier for smaller particles to

escape. This effect has to be compensated by a very high laser power to

accomplish stable trapping. Most biological experiments cannot tolerate high

power, as high power can damage the sample and so larger particles are used.

Recently gold particles were found to significantly enhance trapping efficiency.

This enables low power trapping with nano-sized particles to be realized [76].

2.3.2.2 Ray optics regime

Ray optics is valid for particles much larger than the incoming light

wavelength. With ray optics, the physics of optical tweezers can be explained

by the momentum transfer from the photons to the particle resulting from

refraction and reflection. The incident light can be decomposed into individual

rays with certain intensity, momentum, and direction. These rays propagate in

straight lines in a uniform medium and can be described by geometrical optics.

Figure 2.3 is a schematic view of ray tracing in this model. After a light ray

travels through a large particle, its momentum has changed in both direction

and magnitude due to reflection and refraction. The momentum difference

is transferred to the particle. The force due to this change then pushes the

particle forward and sideways relative to the center of the beam. As shown in

Fig. 2.3, the particle is placed above and to the right of the focus, the resulting

force has a component pointing to the left and a component pointing down.

The total force on the particle is a sum of forces created by each ray hitting

the particle.
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Figure 2.3: Geometrical optics for force experienced by an optically trapped
particle. The geometrical focus of the beam is located at O. A large particle is
placed off-focus of the focused Gaussian beam. The bottom shows the intensity
gradient of the beam before it is focused. Ray 1 and Ray 2 are two rays of the
same intensity incident on the particle. They result in different forces, F1 and
F2 respectively, because they incident on the particle at different angles. F is
the corresponding total force generated by the two rays.

The force created by a single ray can be decomposed into a scattering

force and a gradient force in the following way [3, 98]: the scattering force is

the component along the ray direction and the gradient force is the component

perpendicular to the ray direction. The expressions are

Fz = Fscatt =
nmP

c

(
1 +R cos(2θ)− T 2(cos(2θ − 2γ) +R cos(2θ))

1 +R2 + 2R cos(2γ)

)
(2.19)

Fy = −Fgrad =
nmP

c

(
R sin(2θ)− T 2(sin(2θ − 2γ) +R sin(2θ))

1 +R2 + 2R cos(2γ)

)
(2.20)

where nm is the medium refractive index, P is the incident laser power, c is the

speed of light, T and R are the transmission and reflection coefficients and are
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given by Fresnel equations, and θ and γ are the incident and refraction angles

relative to the local normal interfaces, as shown in Fig. 2.4. These forces are

o

optical axis

incident ray

θ

γ

Fscatt

Fgrad

Figure 2.4: Gradient and scattering forces created by a single ray on a bead.

then projected to the desired axes and integrated over all the incident rays

to obtain the total force in three dimensions. The coefficients T and R are

polarization dependent, the corresponding coefficients Ts, Rs and Tp, Rp should

be applied to Equations 2.19-2.20 separately for force contributions from s

and p polarizations. For special cases where the particle is on one of the axes,

the geometry is simplified as calculation needs only be done in one quarter

of the coordinate (when particle is located on z) or half of the coordinate

(when particle is located on x or y). Force profiles are given in Reference
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[3] in spherical coordinates for circularly polarized light. For non-circularly

polarized light, the integration becomes much more complex; however, the

difference between a linearly polarized beam and a circularly polarized beam

is not significant [3]. This is also shown by Zhou et al. [98], where they derive

expressions in Cartesian coordinate system and account for the polarization of

the light. The Abbe’s sine condition2 was later applied to improve the accuracy

of the ray tracing method [35], due to the fact that most commercially available

lenses satisfy this condition [43].

2.3.2.3 The intermediate regime

When the particle size is comparable to the beam wavelength, neither

Rayleigh approximation nor ray optics produces satisfactory results. Unfortu-

nately, optical traps formed by a highly focused Gaussian beam and particles

in the intermediate regime are often used by experimentalists.

First of all, a higher precision description of the Gaussian beam is

necessary to precisely describe a highly focused Gaussian beam. The elec-

tromagnetic field created by a fundamental Gaussian beam has been given

with higher-order correction by Barton et al. [11, 14]. The fifth-order3 cor-

rected electromagnetic field gives significant improvement in accuracy when

2Abbe’s sine condition states that r = f sin θ, where f is the lens focal length, r is the
position of a ray incident upon the lens aperture, θ is the convergence of the ray after being
refracted. The common relation for a thin lens is r = f tan θ, but it is not true for a thick
lens.

3The orders are in terms of s = λ/2πw0, with the zeroth order corresponds to the paraxial
form of the Gaussian beam.
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compared to the commonly used zeroth-order expressions. Based on this cor-

rection, Barton et al. derived the theoretical expressions for the internal and

external electromagnetic fields for an arbitrary electromagnetic beam incident

upon a homogeneous dielectric sphere by treating the particle actually as a

sphere and not a dipole [12, 15, 74]. Using this theory, they later derived ex-

pressions for the theoretical force and torque exerted on a spherical particle

illuminated by an arbitrary monochromatic beam [13].

Rohrbach et al. developed a method for calculating trapping forces for

dielectric particles with diameter d ≤ λ (including intermediate regime where

d ≈ λ) in an arbitrary electromagnetic field and found good agreement with

experimental results [71]. A more generalized model is given by Nieminen el al.

using Lorentz-Mie theory [63]. This model can be applied to different modes

of beams to compute optical forces and torques on spherical and non-spherical

particles of various sizes. Due to the complexity of these models, they require

long run time and are not frequently used for rough estimations.

2.4 Equation of motion for an optically trapped particle
in a fluid medium

As we stated earlier, we are interested in a system in an aqueous

medium. A trapped particle experiences forces from the surrounding fluid

molecules in addition to the optical forces. This section explains the physical

origin of these forces and the equation of motion for a sphere immersed in an

incompressible Newtonian fluid.
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The Navier-Stokes equation for the motion of a viscous fluid with dy-

namic viscosity η and density ρ is given by [1]

∂u⃗

∂t
+ (u⃗ · ∇)u⃗ = −1

ρ
∇p+ ν∇2u⃗+ g⃗ (2.21)

where ν = η/ρ is the kinetic viscosity of the fluid, p is the pressure, and

u⃗ is the flow velocity. The terms on left hand side of Equation 2.21 are the

contributions from the transient velocity and the inertia of the fluid; the terms

on the right hand side are contributions from pressure, viscosity, and gravity

together with other external forces, respectively. Mass conservation gives

∂ρ

∂t
+∇ · J⃗ = 0 (2.22)

where J⃗ = ρu⃗ is the mass flux. For an incompressible fluid, ∂ρ/∂t = 0, and

therefore

∇ · u⃗ = 0. (2.23)

Together, Equation 2.21 and Equation 2.23 constitute a complete set of equa-

tions of motion for an incompressible Newtonian fluid.

The formula can be further simplified for a low Reynolds number fluid.

The Reynolds number, which gives the relative magnitude of the inertial and

viscous forces, is defined as

R =
uL

ν
(2.24)

where L is the characteristic length scale of the flow within which the speed of

the flow u does not change significantly. For a low Reynold’s number (R << 1)

flow, the viscous term is far larger than the inertial term, and the inertial term
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can be neglected. In the system we are investigating, the velocity scale is of

the order of nm/µs, and the characteristic length scale is of the order of the

Brownian particle. This leads to a Reynolds number R ∼ 10−8. The Navier-

Stoke’s equation of motion in this case can be significantly simplified to

0 = −1

ρ
∇p+ ν∇2u⃗+ g⃗. (2.25)

When a steady flow passes a spherical object, Eq. 2.25 has analytical

solutions. This solution gives a a total force of [1]

F⃗drag = −6πηau⃗ (2.26)

applied to the sphere. Here u⃗ is the velocity of the sphere relative to the fluid.

The force F⃗drag is called the viscous drag and Eq. 2.26 is the Stoke’s law.

With a Brownian particle inside the fluid, the fluid molecules constantly

kick the Brownian particle and transfer momentum to the particle. The mo-

mentum is damped by the surrounding viscous fluid. The equation of motion

for the Brownian particle is given by the Langevin equation

ma⃗ = F⃗fr + F⃗stoch + F⃗ext (2.27)

where m is the mass of the Brownian particle, F⃗fr is the friction force from the

fluid, F⃗stoch is the stochastic thermal force from random thermal fluctuations,

and F⃗ext represents all external forces. For a free particle (F⃗ext = 0), within

a large time scale (t → ∞), the friction force is instantaneously linear with

the velocity of the particle, as described by Stoke’s law (Equation 2.26). The
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particle’s motion is diffusive and has a mean square displacement proportional

to time t. The velocity of the particle is uncorrelated and the inertial term

can be neglected.

Within a much shorter time scale when the particle’s motion becomes

correlated, the motion goes into non-diffusive regime [42, 57]. In this regime,

the particle displaces the surrounding fluid, and the fluid’s inertia acts back

on the particle. The friction force on the particle then has dependence on the

particle’s motion history. This is called the hydrodynamic memory effect [57].

In the presence of hydrodynamic memory effect, the inertia term can no longer

be neglected, and the equation of motion needs to be corrected [57]. A char-

acteristic time scale defined as τp = m/γ [42] can be used to distinguish these

regimes. For a 1 µm polystyrene particle in water, τp ≈ 66 ns. A smaller par-

ticle has a even shorter τp. The temporal resolution for our system is on the

order of 1 µs, which is much larger than τp, therefore the standard Langevin

equation Eq. 2.27 applies.
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Chapter 3

Development of the photonic force microscope

This chapter focuses on the development and characterization of the

photonic force microscope (PFM), which is used in all the projects in this

dissertation. It is a scanning probe microscope that uses an optically trapped

nanoparticle as the probe. The optical tweezers confine the probe particle to

a region of interest and the position of the particle can be recorded in three

dimensions with a high-bandwidth detector. The motion of the particle reflects

its interactions with the surroundings. Because of the soft interaction between

the probe and its surroundings, meaning that the probe is not fixed relative to

the microscope, the PFM is excellent for studying biological materials. This

chapter gives an overview of the components of the microscope, explains the

principle of position detection, the calibration of raw signals, and discusses the

performance and resolution of the setup.

3.1 Components of the photonic force microscope

A schematic diagram of our setup is shown in Fig. 3.1. A continu-

ous wave laser (Mephesto M500, InnoLight, Germany, fixed power 500mW)

with wavelength λ = 1064 nm in the TEM00 mode is used for trapping and
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Figure 3.1: Schematic drawing of the experimental setup. FI: Faraday isolator,
WP: wave plate, BExp: beam expander, ND: neutral density filters, L: lens,
D: dichroic mirror, F: filters, QPD: quadrant photodiode.

detection. A Faraday isolator (02-00153, Electro-Optics Technology Inc., 1030-

1080 nm, 2 mm aperture) and a quarter-wave plate are placed immediately in

front of the laser to eliminate the interference of the reflected laser light with

the original beam and keep the laser stable. The laser has a built-in noise

eater, which reduces the intensity noise in terms of percent root mean square

in the frequency band 10 Hz – 2 MHz by 30-fold compare to the same laser
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without a noise eater. The laser is then sent through a 20× beam expander

(Sill Optics, Germany, 20x). The beam is expanded such that it slightly over-

fills the entrance aperture of the water-immersion microscope objective (Up-

lanSApo 60×W, Olympus, Japan, NA= 1.2). Neutral density filters (25 mm

absorptive, Thorlabs, OD0.1–OD5) are placed in front of the expanded beam

to enable different power to be used for each specific experiment. A dichroic

mirror D2 (950dcsp, Chroma) placed underneath the objective lens reflects

the expanded infrared laser beam into the objective, while transmitting the

fluorescence excitation and emission light in the visible range. The expanded

laser is tightly focused by the objective lens into a fluid cell, where the parti-

cles in the aqueous medium can be trapped around the laser focus spot. The

fluid cell is mounted on a three-axis scanning stage (Nano-View/M375HS, Mad

City Labs, Wisconsin, 75 µm×75 µm×50 µm range) and the position of the

sample cell can be adjusted accurately relative to the objective lens. The piezo

stage has Ångstrøm resolution and is placed on top of a manual stage (Manual

Microstage, Mad City Labs, Wisconsin, 25 mm range in x and y), which is

controlled by high precision microscrews with 1 µm vernier graduation. This

combination enables the sample to be moved over an extended range with

nanometer resolution. The focused light is then scattered by the trapped par-

ticle. The forward scattered light and the unscattered light are collected by

an oil-immersion microscope condenser (Achromatic-Aplanatic condenser 0.32

Pol, Zeiss, Germany) and projected onto a quadrant photodiode (G6849 In-

GaAs, Hamamatsu, Japan). The signal from the quadrant photodiode (QPD)
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is preconditioned, summed, and differentiated by a custom built pre-amplifier

(Wolfgang Öffner, Öffner MSR-Technik, 4-channel, 1 MHz bandwidth). Sig-

nals after the pre-amplifier go through another differential amplifier (SA500,

Wolfgang Öffner, Öffner MSR-Technik, 4-channel, 1 MHz bandwidth, with low

pass and high pass filters) with adjustable gains (0.01X–500X) and are ampli-

fied to optimal amplitudes for digitization. A high resolution data acquisition

board (PCI-6120, National Instruments, Texas) is used to sample the three

signals simultaneously and store them on a computer with real-time operating

system for further analysis. For viewing, the setup can perform both fluores-

cence microscopy and bright field microscopy. A long focal length lens (L1)

focuses the fluorescence illumination light (X-cite 120Q, EXFO Life Sciences,

Canada) to the back focal plane of the objective for the light to illuminate

the sample uniformly. Filter F1 (all filters are from Chroma) bandpasses the

excitation wavelength and the passed light is reflected to the objective lens

by dichroic mirror D2. The emitted light passes D2 and is filtered by F2.

Filter F2 ensures only light within the emission wavelength range arrives on

the CCD camera (A102f, Basler, Germany). The filter set can be conveniently

switched to a different set for working with different fluorophores. Bright field

microscopy is integrated into the setup for observing relatively large objects

(≥0.5 µm).
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Figure 3.2: Realization of dark field microscopy by illuminating the sample
with a low NA optical fiber from the side.

3.2 Incorporating dark field microscopy using optical
fibers

With bright field microscopy and fluorescence microscopy built in the

setup, we are limited to fluorescent particles when a particle with diameter

less than 200 nm is used. Although small fluorescent polystyrene particles

are available at a reasonable price, gold particles (see Chapter 5) are very

costly when labeled with fluorophores and they are bleached in a few minutes.

Fortunately, a bright field microscope can be easily modified into a dark field

microscope. Dark field microscopy has extrodinary contrast because of its

“dark” background.

Typically, for dark field illumination with an inverted microscope, the

light is sent through the edge of the condenser lens. This is usually realized

by adding a light stop to the light path such that only a hollow cone of light

reaches the condenser. Upon focusing, the light illuminates the sample. After
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passing thought the sample, the illumination light spreads out again to be a

hollow cone. The angle of the cone is adjusted such that the illumination light

“misses” the objective lens while the light scattered by the sample material

is collected by the objective lens. This creates a dark background and forms

a high contrast image of the sample. However, for this to happen, it requires

that the condenser lens has a much higher NA than that of the objective lens.

With a NA of 1.2 for the objective lens and a NA of 1.4 for the condenser lens,

the angle at which the light rays come out of the condenser but do not enter

the objective is limited to within 52◦ and 61◦. Total internal reflection happens

at the coverglass-water interface with larger angles. Collecting light to within

such a precise angle is extremely difficult to realize. In fact, it is not necessary

for the illumination light to come into the sample through the condenser lens.

Side illumination provides an alternative. Because the fluid sample cell is less

than a millimeter thick, the light has to come confined in a small angle cone

such that the original light does not enter the objective lens. This confined

illumination can be realized by optical fibers. First of all, optical fibers have

extremely small diameters. It can be easily placed into the sample chamber by

passing though a pre-drilled hole (less than 500 µm in diameter) in the sample

chamber. Second, optical fibers are available at a range of different NAs. By

choosing a low NA optical fiber, the light is well confined in a small angle

cone. Fig. 3.2 shows the realization of the dark field microscopy. A red HeNe

laser with a wavelength of 633 nm is focused onto one end of a multi-mode

optical fiber with NA=0.22 (AFS105/125Y, Thorlabs, New Jersey). With this
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Figure 3.3: Dark field image of 100 nm gold particles. Exposure: 3 ms. The
view is 137 µm×104 µm.

NA, when placed in water, the light cone has a half angle of only 9.5◦. By

adjusting the position of the tip of the optical fiber, the illumination can be

well controlled such that no direct light enters the objective lens.

Figure 3.3 shows a dark field image of 100 nm gold particles in water.

The particles are clearly visible with only 3 ms of integration time. It is possible

to view even smaller particles. With the dark field microscopy integrated, the

setup becomes more versatile.
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3.3 Position detection

laser
QPD

S1

S2

S3

S4

z

x

y

objective

lens

condenser

lens

Figure 3.4: Illustration of how a QPD detects the particle position in an optical
trap. The lateral position of the particle is measured by the differential signals
between the top and bottom, left and right quadrants. The axial position is
measured by the total signal of the four quadrants. Objects are not drawn to
scale.

The QPD is placed slightly off-focus of the condenser. The lines di-

viding the sensor into four quadrants are insensitive and putting the sensor

off-focus ensures a larger coverage and a higher sensitivity. As a particle is

placed in the optical trap, the forward scattered light and the unscattered

light interfere to form an interference pattern on the QPD (Fig. 3.3). When

the particle is located on the optical axis, the intensity on the QPD is symmet-

ric along both x and y axes. As the particle is displaced laterally, the intensity

is redistributed and becomes asymmetric. It is intuitive to relate the extent of

asymmetry to the lateral displacement. Pralle et al. [66] have experimentally

demonstrated that with a small displacement (a fraction of the trap size), the

lateral change in intensity on the QPD is proportional to the particle’s lateral
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displacement. It was also demonstrated that with a small displacement, the

total intensity from the four quadrants is proportional to the axial position

of the particle in the trap (or z/z0), where z0 is the Rayleigh length. This

factor z/z0 results from Gouy phase anomaly, which causes a difference of π/2

in phase between the scattered and unscattered light in the far field [66]. In

Section 2.3.1, we explained that the Gouy phase (ζ(z) = tan−1(z/z0)) of the

Gaussian beam changes with z position, with a shift of π/2 on each side of

the focus. For the scattered light by a Rayleigh particle, it passes an infinitely

small obstacle (opposite of aperture, the phase shift reverses in this case). The

phase shift immediately reaches its far field value. For the unscattered light,

the phase shift changes slowly until it reaches the far field. Therefore, the

phase difference between the scattered and unscattered light is determined by

the Gouy phase shift of the unscattered light only. This phase shift adds a

factor of sin(ζ) to the final intensity and forms a linear dependence on the par-

ticle’s axial position for small displacements. The following equations show the

relationship between three position-measuring signals and the four quadrants

intensities.

SX = [(S1 + S2)− (S3 + S4)]/SZ

SY = [(S2 + S4)− (S1 + S3)]/SZ

SZ = S1 + S2 + S3 + S4 (3.1)

Figure 3.5 shows the three signals from the QPD with respect to the corre-

sponding particle positions from our setup. A solution of 200 nm polystyrene
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Figure 3.5: Response curves of a 200 nm polystyrene bead baked on the cover
glass. The horizontal axes are the relative piezo stage positions, which repre-
sent the positions of the baked bead. The vertical axes are the signals from the
QPD for each dimension. The blue solid lines are linear fits to the response
curves. The dashed boxes highlight the linear regimes of the detection.

beads is baked and dried on the bottom cover glass. Since the sample chamber

is fixed on the piezo stage, translating the stage moves the baked bead. The

laser has approximately 12 mW power at the focal plane of the objective lens.

One baked bead is then moved to the focal spot of the laser. Locating the focal

spot is accomplished by moving the baked bead through the focal spot and

finding the position of the maximum derivative ∂V/∂x in the linear regime.

The bead is scanned through the laser focus in each dimension with a distance

much larger than an optical trap dimensions, typically ±2.5 µm to make sure

the focal spot is completely scanned.

There is a linear regime for each of the response curves for the 200 nm

particle, with a linear range of ±100 nm laterally and ±150 nm axially. The

linear regimes also exist for larger particles in the micrometer scale and their
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extent changes with particle sizes. We have measured the detector response

for particle sizes ranging from 0.2 µm to 2 µm to find their linear regimes.

However, due to the similarity to the response for a 200 nm particle, they are

not presented here. When a particle is freely trapped in solution, it is usually

confined to within the proximity of this linear regime. When the particle goes

out of this range, it can easily be pushed out of the trap by Brownian motion

and escape. To properly represent the trap in space, the voltage signals have

to be transformed to position signals by calibration, which will be discussed

in the next section.

3.4 Determination of trap stiffness and general calibra-
tion of raw data

The inverse slope of the linear regime described in Section 3.3 gives a

calibration factor with units of m/V, thus measuring the response curves can

be one way to find the calibration factors for the raw position data. However,

this method requires the particle to be fixed on the surface of the cover glass.

In most experiments, the probe particle is in solution. Since the particles have

a distribution of different sizes when manufactured, it is not appropriate to

use the response of one particle to describe that of another particle. More-

over, the viscous drag that a particle experiences increases as it approaches

a surface [65], so that the response curve of a baked particle cannot accu-

rately represent that for a particle in solution. Therefore, we apply a method

that utilizes the signal of a particle deep in solution (typically 5 µm above
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the surface to avoid boundary effects) for calibration. The raw signal for each

dimension follows a Gaussian distribution, which means the particle can be as-

sumed to be moving in a three-dimensional harmonic potential with potential

profile 1
2
kxx

2, 1
2
kyy

2, 1
2
kzz

2 for each dimension. Here x, y, z are the positions

of the particle with respect to the potential minimum (i.e., the most probable
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Figure 3.6: Raw position signals and their calibration. The voltage time-series
were recorded for a 200 nm polystyrene particle in an optical trap with approx-
imately 40 mW of power in the focus. The data was taken at a 500 kHz acqui-
sition rate for 6 s. a) the position trace in volts in 1 s, b) the autocorrelation of
the x signal and its fit with a function of the form f(t) = A1 +A2e

−t/τ , c) the
x raw signal histogram and its fit with function f(x) = B1 +B2e

−(x−x0)2/(2σ2).
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position), and kx, ky, kz are the trap stiffnesses. According to Equipartition

Theorem,

1

2
kxσ

2
x =

1

2
kyσ

2
y =

1

2
kzσ

2
z =

1

2
kBT. (3.2)

where σx, σy, σz are the standard deviations of the particle positions. Assum-

ing the calibration factors are Cx, Cy, Cz in m/V, then

1

2
kx(CxσSX)

2 =
1

2
ky(CyσSY )

2 =
1

2
kz(CzσSZ)

2 =
1

2
kBT. (3.3)

where σSX , σSY , σSZ are the standard deviations of the voltage signals SX,

SY , SZ, which are the voltages recorded by the data acquisition board. The

trap stiffness can be obtained from the autocorrelation time by τ = γ/k, where

γ = 6πηa is the Stokes’ drag coefficient of a particle with radius a. The cali-

bration factors Cx, Cy, Cz can be then obtained from Eq. 3.3. Figure 3.4 shows

the steps used during the calibration of a 200 nm particle. The exponential

fit of the x signal autocorrelation gives an autocorrelation time τ = 0.43 ms.

The trap stiffness along x is then kx = γ/τ = 3.9 × 10−6 N/m. The raw

signal SX has a standard deviation of σ = 0.670 V and therefore gives the

corresponding calibration factor of Cx =
√

(kBT/σ2) = 48 nm/V. Similarly,

we obtained trap stiffness of ky = 2.7× 10−6 N/m and kz = 0.54× 10−6 N/m

and calibration factors Cy = 82 nm/V and Cz = 209 nm/V for this particular

particle and trap.
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3.5 Detector sensitivity and nonlinearity correction

The detector sensitivity, specific to each particle, is the change of volt-

age signal per unit change of the corresponding particle’s displacement. Ide-

ally, the detector has the same sensitivity through the whole area of the QPD.

However, this is not the case in reality. The sensitivity tends to decrease away

from the center of the sensor. This nonlinear sensitivity is measurable through

experiments by comparing the mean square displacement (MSD) of a particle

being trapped with that of a particle free in solution at short time scales [88],

typically tens of microseconds. Figure 3.7 shows the MSD of a 200 nm particle

in the x direction in three different cases. In the free diffusion case, a particle

is freely diffusing in water. The particle’s MSD scales with t (MSD = 2Dt).

In the directed motion case, a constant force of 0.35 pN, equivalent to

the force the particle experiences 100 nm away from the center of a trap with

stiffness 3.5 × 10−6 N/m, is applied to the particle and no diffusion is taken

into account. In this case, the particle moves at a constant velocity by Stokes’

drag law F⃗ = 6πηav⃗. The particle’s displacement scale with t2 (MSD = (vt)2).

In the harmonic trap case, a Brownian Dynamics simulation is performed for

a harmonic trap with stiffness 3.5 × 10−6 N/m in dimension x. A particle’s

motion in an optical trap is a combination of free diffusion and directed motion.

The comparison shows that diffusion dominates with a time interval shorter

than about 100 µs because the displacement caused by diffusion is larger than

the displacement caused by directed motion. Over a time scale less 20 µs, the

particle’s directed motion can be neglected and the particle’s displacement
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Figure 3.7: MSD comparison for a 200 nm particle under free diffusion, di-
rected motion and a harmonic trap. The insert shows a longer time frame.

resembles free diffusion. Since the particle is in an isotropic solution and far

from boundaries, the diffusion constant is the same at different locations in

the trap. Therefore, at short time scales, the quantity
√
2Dt functions as

a measurement of the particle’s overall displacement. Hence, it can be used

as a reference to the particle’s actual displacement to calculate the detector

sensitivity [88]. The ratio of the mean square voltage displacements and
√
2Dt

throughout the trap volume maps out the local sensitivity of the detector in

units of V/m. The sensitivity is defined as:

∂xSX |x∈∆V =
MSDSX |SX∈∆V√

2Dt

=
1
N

∑
SXi∈∆V (SXi(t+∆t)− SXi(t))

2

√
2Dt

(3.4)

where ∆V is the local volume in units of V3 (V stands for Volts here) for
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calculating each sensitivity and N is the total number of visits within such a

volume element.
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Figure 3.8: Detector sensitivity and correction of nonlinearity. Left: Raw sig-
nal histogram and position sensitivity using an interval of ∆t = 4 µs laterally
and 20 µs axially; Right: Position histogram and MSD after data is corrected
and calibrated.

Applying Eq. 3.4 to the raw signal, the detector sensitivity is measured

for a 200 nm polystyrene particle trapped by 40 mW laser power. In Fig. 3.8,

the circles in the left graphs show the detector sensitivity over the trap volume

in all three dimensions as a function of the voltages. The solid lines are the

42



histogram of the measured signals. Positions far away from the trap center are

visited less frequently and result in higher statistical noises. Along the lateral

directions, the detector sensitivity decreases as the particle’s displacement from

the trap center increases. Along the axial direction, the detector sensitivity

decreases continuously as the particle goes toward the +z direction. This is

due to the fact that the trap is formed above the laser focus, because the

scattering force pushes the particle along the beam axis and it is confined

close to the maximum of the response curve shown in Fig. 3.5. The change

of detector sensitivity indicates that at each location a different calibration

factor should be applied. The actual positions with nonlinearity considered
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Figure 3.9: Integral as obtained from equation 3.5 for z position signal and
its polynomial fit with f(x) = c0 + c1x + c2x

2 + c3x
3 + c4x

4 + c5x
5. The

fitting coefficients are c0 = 320.645, c1 = 209.348, c2 = 17.819, c3 = 2.491,
c4 = −1.59106, c5 = −0.05744. The straight line is a guide for observing the
nonlinear profile.
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can be obtained by starting from the following relation:

∂xSX =
∂SX

∂x

Assuming no crosstalk, dx is

dx =
dSX

∂xSX

Integrating over the total voltage signal range

x(SX) =

∫
1

∂xSX(SX = SX ′)
d(SX ′) + C0 (3.5)

where ∂xSX(SX = SX ′) is obtained from Eq. 3.4 and the constant C0 can

be set such that the voltage signal at the center of the trap corresponds to

a position of 0 nm. Plotting the raw signal against the position obtained by

the integral, we find the relationship between them is nonlinear, as in Fig. 3.9

(circles). One can use interpolation to find the position for a given voltage

using this profile. However a polynomial fit is computationally more efficient.

Figure 3.9 shows the fit and a straight line as a guide to observe the nonlinear

profile. Using the polynomial fit as calibration, the actual positions of the

particle are obtained in nanometers. The corresponding histograms and MSDs

are shown on the right side of Fig. 3.8. We can see that after the nonlinearity

correction, the computed MSD from position signals (not directly from 2Dt)

is constant, indicating that the nonlinearity has been eliminated.
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Figure 3.10: Position fluctuation of a 200 nm polystyrene bead baked on a
clean cover glass. The laser power is approximately 40 mW at the focus. The
particle positions were recorded at the trap center at a rate of 500 kHz for 12.4
seconds. The left hand side gives the corresponding response curves, which
are used here as calibration. The right hand side shows the position histogram
in each dimension. The lateral and axial positions have a standard deviation
of approximately 2 nm and 5 nm, respectively.

3.6 Mechanical stability and precision of position mea-
surement

Mechanical stability directly affects the resolution of the setup. One

way to measure the overall stability is to immobilize a micro-sized particle to
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the top surface of the bottom cover glass, move it to the laser focus, and observe

its position fluctuations. We accomplish this by baking a 200 nm polystyrene

particle on to a clean cover slide. The trap focus is found by taking the

derivative of the response curves as described in Section 3.5 and finding the

maxima of the derivatives. The particle is then placed at this location and its

positions are recorded at 500 kHz for 12.4 seconds, with a laser power of 40 mW

at the focus. Since the particle is not in solution, the nonlinearity correction

and calibration cannot be applied here to find the particle’s actual position.

However, the inverse slope of a response curve gives a calibration factor in units

of m/V. This is then applied to convert the voltage signals into nanometers.

Figure 3.10 shows the calibration process and the position histograms of an

immobilized 200 nm polystyrene bead. The position fluctuation of the particle

includes the mechanical instability, laser instability, and the electronic noise

during the recording period. The nearly Gaussian distributions indicate there

was no significant drift during the time of observation. The standard deviation

of 2 nm laterally and 5 nm axially give a precision of ±2 nm and ±5 nm for

the long term position measurement of a 200 nm particle.

The position fluctuation of a baked bead changes with the bead size and

the laser power applied. Therefore, separate experiments should be performed

to measure the stability under specific conditions.
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3.7 Summary

A photonic force microscope was built with the capability to track a

Brownian particle with nanometer position resolution and microsecond tem-

poral resolution by integrating optical trapping and back-focal-plane interfer-

ometry into a conventional microscope. Dark field microscopy was built in for

the viewing of particles with size 100 nm or smaller. Proper calibration and

correction for nonlinearity were performed to precisely represent the Brownian

motion of the particle. This apparatus enables us to measure the nonconser-

vative force field inside optical tweezers and to image biopolymer network in

three dimensions, as will be shown in the next chapters.
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Chapter 4

Nonconservative force fields in optical tweezers

4.1 Motivation

Conventionally researchers have used the force field in an optical trap

as if it was conservative and approximated it as three-dimensional Hookean

springs. In biology and physics, most force measurements, including direct and

indirect measurements, are made under this assumption. In direct force mea-

surements, the force is determined by its displacement from the equilibrium po-

sition. Examples include the measurement of forces generated by polymerase

during transcription [9, 27] or by individual motor proteins [30, 49, 62, 93] and

forces required to unfold proteins or RNA hairpins [47, 56, 91]. In indirect force

measurements, the particle’s spatial probability distribution is converted into

an energy landscape using the Boltzmann distribution. Force-extension and

stiffness-extension profiles are then calculated as the first and second deriva-

tives of the energy landscape. This method was initially used to calibrate

optical tweezers [32] and was later applied to investigate the mechanics of

motor proteins in three dimensions [46]. An inherit assumption in indirect

force measurements is that the trapped particle is in thermal equilibrium and

explores the energy landscape driven only by thermal forces originating from

the surrounding fluid. This thermal equilibrium assumption was made in ex-
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periments that studied the escape of a particle over an energy barrier [58],

the violation of the second law of thermodynamics [94], and the fluctuation

theorems for non-equilibrium systems in statistical physics [23, 55, 90]. This

assumption would be valid in all cases if the gradient force were the only force

acting on the particle. However, the scattering force, which is experienced by

every particle in an optical trap, is non-negligible and it produces a field that

is nonconservative. Ashkin et al. showed theoretically that the force field is, in

fact, nonconservative [5]. If the nonconservative force component is significant,

the thermodynamic equilibrium assumption is no longer valid.

In 2008, Roichman et al. used holographic video particle tracking to

measure the influence of the nonconservative force on a micrometer-sized par-

ticle and reported a steady cyclic motion of the particle in the trap [72]. How-

ever, the integration time of their video microscopy was on the same order as

the autocorrelation time of the particle. Therefore, their measurements could

not resolve the true optical force from the particle’s position trace. Later Sun

et al. reported that toroidal vortices could occur due to the bias of the noncon-

servative optical forces [82]. They found that the circulation direction depends

on temperature and the laser power.

However, before our studies, the nonconservative force had never been

measured directly due to the lack of experimental technique. We developed

the local drift method which enables us to determine the force field with fem-

tonewton resolution (< 10 fN) in three dimensions and to measure the non-

conservative component of the force field. This chapter explains the local
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drift method and investigates the nonconservative force for particles in dif-

ferent scattering regimes. The influence of the nonconservative force field on

experimental measurements is discussed in the end.

4.2 The local drift method

The method we developed to determine optical forces experimentally

was introduced briefly in Ref. [96]. Here I describe this method in more de-

tail. In a typical experiment, the data immediately available is the particle’s

thermal position fluctuations in the trap. Our method determines the optical

force field directly from this data. We assume that the force field created by

the laser is stable over time, which is true for a stable laser. Importantly, no

harmonic potential assumption is applied here.

Consider a Brownian particle placed in an external force field (i.e. the

force field created by optical tweezers) within a fluid medium, the equation of

motion for a microsphere with mass m at position r⃗ is:

m¨⃗r = F⃗stoch + F⃗fric + F⃗trap (4.1)

where m is the mass of the particle, r⃗ is its current position, F⃗stoch is the

stochastic thermal force, F⃗fric is the viscous drag, and F⃗trap is the trapping

force. When the measuring period is larger than the probe particle’s auto-

correlation time, the particle’s position measurements will be uncorrelated

and will not contain information about the force field. At a time scale much

shorter than the autocorrelation time but much longer than the characteris-
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tic time scale of the hydrodynamic memory effect, the inertial term can be

neglected [57]. If we take a time average of the equation of motion, Eq. 4.1

becomes

⟨m¨⃗r⟩ = ⟨F⃗stoch⟩+ ⟨F⃗fric⟩+ ⟨F⃗trap⟩. (4.2)

The position fluctuation caused by the stochastic force follows a Gaussian

distribution and has an average of zero over a long time period. Depending on

the time scale of observations and the magnitude of the external force F⃗trap,

the particle’s motion is dominated either by the drift caused by external forces

or by diffusion. Even for the motion in weak external fields where diffusion

dominates, the random displacements caused by the stochastic force average

to zero over a sufficiently long time. Thus the equation of motion becomes

0 = ⟨F⃗fric⟩+ ⟨F⃗trap⟩. (4.3)

The viscous drag force simplifies to Stokes’ law F⃗fric = −6πηav⃗ for a spherical

particle. The trapping force F⃗trap, which is space dependent but time inde-

pendent, leads to an average displacement of the particle in the direction of

the force. Therefore, the external force field can be calculated as

F⃗trap = ⟨F⃗trap⟩ = −⟨F⃗fric⟩ = 6πηa
⟨∆r⃗⟩
∆t

(4.4)

where ⟨∆r⃗⟩ is what we refer to as local drift. It is the average displacement

of the particle in a time interval ∆t when it starts at position r⃗0 and moves

under the external force F⃗trap(r⃗0) . In practical terms, the particle’s average

local drift can be calculated from a position time-series in the following way:
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∆x

Figure 4.1: An illustration of the local drift. A particle confined locally can dif-
fuse far away after time ∆t. Choosing a specific voxel as the starting position,
the probability distribution of the start position P (x(t)) approximates to a δ
function. After time ∆t, the particle’s new position distribution P (x(t+∆t))
spreads out under diffusion. The center of P (x(t + ∆t)) has shifted by an
amount of ∆x because of the trapping force. The shift ∆x is the local drift
we pursue.

each time t that the particle visits a selected voxel (volume element) at r⃗0,

the instant local drift at this voxel is calculated as the difference between its

current position and its position at t+∆t . The instant local drifts occurring

at the same voxel are then averaged over the total number of visits N to that

particular voxel:

⟨∆r⃗⟩ =
∑N

i=1 [r⃗i(t+∆t)− r⃗i(t)]

N
(4.5)

This concept is illustrated in Fig. 4.1. The local drift can be explained by the

shift of the center of position distribution under the local force. Practically,

the dimensions of an optical trap are 100–200 nm laterally and 300–500 nm

axially. A voxel of (10 nm)3 is reasonable to assume a constant force and to
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Figure 4.2: Mean square displacement (MSD) of a 200 nm bead in water at
room temperature. A 2-fold increase in spatial resolution would need a 4-fold
increase in bandwidth. To reach a 3 nm resolution, a sampling rate of 500 kHz
is necessary. The red box shows the range of the temporal resolution required
to measure the particle’s Brownian motion with 2-3 nm resolution.

give enough resolution to the force field. A smaller voxel can result in a higher

resolution. However, take a voxel of size (5 nm)3 for example, it is 23 times

less likely to be visited by the particle than a voxel with size (10 nm)3 and

poor statistics produces high errors. A much longer time-series can be taken

to compensate for a smaller voxel size, if practical.

In order to measure the displacement in a small voxel, the position of

the particle has to be measured to an even higher resolution than the voxel

size. In Brownian motion, the spatial resolution and temporal resolution are

directly coupled. As in Fig. 4.2, a higher spatial resolution requires a much

higher sampling frequency. A 200 nm particle diffuses 3 nm in 2 µs at room
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temperature in water. Therefore, a data acquisition rate of at least 500 kHz

is required to reach a spatial resolution of 3 nm of the particle’s Brownian

motion. Our position detection can reach 1 MHz bandwidth. In the following

experiments, a sampling rate of 500 kHz is applied to all particles with sizes

≤ 500 nm and at least 100 kHz is used for larger particles.

Figure 4.3 shows the local drift method applied to a 200 nm polystyrene

particle trapped by a 1064 nm laser with approximately 40 mW power in the

focus. The local drift is calculated for a voxel located between 20 nm to 30 nm

along the +x axis. At this location, the particle experiences a restoring force

pointing toward x = 0; therefore, a negative local drift is expected. Figure 4.3

demonstrates a shift of −1.34± 0.01 nm between the center of the ending and

starting positions. This shift is slightly larger than that obtained from Eq. 4.5,

which is −1.12 nm with a standard error less than 0.001 nm. The difference

is caused by the fact that the probability distribution of the starting positions

has a declining profile inside the voxel, as the position closer to the trap center

has a higher probability for the particle to visit. However, the starting position

probability distribution inside each voxel does not affect Eq. 4.5. Therefore,

Eq. 4.5 is a more accurate representation of the local drift, whereas Fig. 4.3

helps us visually understand the local drift. It is also shown that the local drift

is much smaller than the fluctuation caused by diffusion which has a standard

deviation of 10.56 ± 0.02 nm. The reason for this to occur is that in this

short time period chosen (20 µs), diffusion dominates. A much longer time

interval would result in a much larger local drift; however, the particle would
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also diffuse far away from the original voxel location and the assumption of the

particle experiencing a constant local force would no longer be valid. A time

step ∆t is normally chosen such that the particle does not diffuse more than

two voxels away from the starting position. According to Eq. 4.4, the local

σ = 10.56

∆ t

c
o
u
n
ts

x [nm]

∆x

Gaussian fit:

Center: 23.66 0.01 nm

0.02 nm

Histogram in starting voxel

Histogram after

Gaussian fit

∆x = -1.34 0.01 nm

Figure 4.3: Local drift of a 200 nm polystyrene particle located between 20 nm
and 30 nm along the x axis. The particle’s position distribution spreads out
after 20 µs and can be fitted by a Gaussian function. The corresponding local
drift is −1.34± 0.01 nm.

drift of −1.12 nm corresponds to a local force of −0.1 pN, consistent with what

one would expect for a particle 25 nm away from the trap center under the

trapping stiffness of 4 × 10−6 N/m. The precision of this force measurement

lies in the distribution of the final position, which has a standard error of

0.02 nm. Therefore, the force is measured to a precision of 80 atto-Newton

with the given trap stiffness.
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Figure 4.4: Integral of PSD for the position fluctuation of an immobilized
200 nm polystyrene particle. The laser power in the focus is approximately
40 mW. The value at each frequency represent an accumulated noise from all
lower frequencies. The inset is a zoom-in for frequencies 50 kHz and higher.

In Section 3.6, it was shown that the position of an immobilized 200 nm

particle would have a long term fluctuation of 2.2 nm, which is much larger

than the local drift measured here. This does not invalidate the local drift

measurement because the local drift measurement is performed in a much

higher frequency band. Take Fig. 4.3 for example, the local drift is calculated

from position measurements that are only 20 µs apart, which corresponds to

a frequency of 50 kHz. Therefore, only noise associated with 50 kHz or higher

frequency is integrated into the measurements. The power spectral density

(PSD) of the particle’s position fluctuation is a measure of the noise density

in units of nm2/Hz. By integrating the PSD with respect to frequency, the

accumulated noise in units of nm2 (equivalent to the variance) of the position
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measurements can be determined. Fig. 4.4 shows the PSD integral for the x

position data used in Fig. 3.10.

From the last value of the integral, the total accumulated noise is

4.6978 nm2. This value corresponds to a standard deviation of 2.167 nm, con-

sistent with the measurement of 2.2 nm in Fig. 3.10. For frequencies lower than

50 kHz, it generates an accumulated noise of 4.6848 nm2, which is 2.164 nm

in position fluctuation. Therefore, noise higher than 50 kHz only causes a po-

sition fluctuation of
√
4.6978− 4.6848 = 0.11 nm. With a count of N = 1000,

this causes only an uncertainty of 0.11/
√
N = 0.003 nm. In the measurement

shown in Fig. 4.3, the particle visited the voxel much more than 1000 times

(> 105). Therefore the uncertainty caused by the high frequency differential

position measurements is much less than 1% of the local drift being measured

and less than 10% of the standard error caused by diffusion, thus it does not

affect the precision of the local drift measurement.

The local drift method applies to systems where the equation of motion

Eq. 4.1 holds and the inertia can be neglected. The trapping force F⃗trap can

be other external forces such as the interaction between the probe particle and

biological materials. It provides a novel way for measuring a three-dimensional

force field with femtonewton resolution. In addition, no assumption about the

external force field being measured is required as long as the force field is stable

over time. Therefore it has the capability of measuring the nonconservative

force field generated by optical tweezers.
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4.3 Brownian dynamics simulation

The local drift method reconstructs the external force field, i.e. the

trapping force in Eq. 4.1. Starting from a known force field, a Brownian dy-

namics simulation can be performed, and the local drift method can be applied

to the simulated particle position fluctuations to reconstruct the force field.

Comparing the reconstructed force field to the known force field directly proves

the accuracy of the local drift method. The theoretical model introduced in

Section 2.3.2.1 is a good choice for this purpose because the force field of a

Rayleigh particle is known analytically, which are convenient for simulations.

The theoretical force field is described by Eqs. 2.15-2.18. The position fluctua-

tion of the particle is simulated such that for each time interval, the particle’s

displacement is the sum of the directional drift caused by the local force and

a random diffusion from free Brownian motion:

r⃗n+1 = r⃗n +
1

γ
F⃗ ·∆t+ gnoise (4.6)

The directional drift term is directly proportional to the local trapping force

F⃗ given by Eqs. 2.15-2.18. The random displacement gnoise is Gaussian-

distributed with a standard deviation of
√
2D · dt, where D is the diffusion

constant of the particle and dt is the time interval between successive steps.

Parameters in the simulation were chosen to mimic those in a typical exper-

iment for a 200 nm polystyrene particle (laser wavelength: 1064 nm; laser

power at the focus spot: 25 mW; numerical aperture: 1.2; particle diameter:

200 nm; refractive index of particle: 1.57; refractive index of medium: 1.33).
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Figure 4.5: The force field in an optical trap reconstructed from the simulated
particle trajectories using the local drift method and a comparison to theory.
Sub-figures (a), (b), and (c) show the force profiles along three axes. The blue
symbols are forces reconstructed from the simulated position data using the
local drift method. The solid red lines are theoretical forces directly calculated
using the formula for the gradient and scattering forces given in Section 2.3.2.1
(Eq. 2.15-2.18). Sub-figure (d) shows the x and y components of the force field
at z = 180 nm, where the z component of the force is zero on the optical axis.
Standard error bars are ≪ 1%.

The time series of the position of the particle was simulated with a time in-

terval of 1 µs for over an hour. After the position data were generated, the

local drift method was applied to calculate the force field. Figure 4.5 shows

the forces reconstructed from the simulated position time series and the the-

oretical forces. Sub-figures a) b) and c) show the force profiles along each
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axis. The reconstructed forces agree with high accuracy (≪ 1%) with the

theorectial forces inserted in the Brownian dynamics simulations. The corre-
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Figure 4.6: Curl of force field from simulation and theory for a 200 nm particle.
a) Curl of the force field reconstructed from the simulated position data by
applying the local drift method. b) Curl of the force field directly calculated
from Eq. 2.15-2.18.

sponding force constants for each dimension are kx = ky = 3.4 × 10−6 N/m

and kz = 0.5× 10−6 N/m. Figure 4.5(d) shows the force field projected on the

x-y plane at the position where Fz = 0 on the optical axis. This position is

180 nm above the focal plane due to the pressure of the scattering force. The

restoring force field has a magnitude which increases away from the optical

axis. The excellent agreement between the theoretical and the reconstructed

force fields demonstrates that the local drift method can reconstruct forces

with a few femtonewton precision from the position trace of the particle.

From Eqs. 2.15-2.18, it is not difficult to tell that the force field for
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a Rayleigh particle is nonconservative. A force field is nonconservative when

∇×F⃗ ̸= 0. Since the gradient force is proportional to the gradient of intensity,

∇× Fgrad ∝ ∇×∇I = 0, because the curl of any gradient of a scalar is zero.

However, the scattering force contributes to the nonconservative component of

the force field. Figure 4.6 shows the curl of the force field from the Brownian

dynamics simulation and from the theoretical calculation. Both have the same

counter-clockwise pattern. In addition, the simulated data correctly reflects

the thermal noise associated with a Brownian particle, which is not present for

theoretical calculations. The comparison of the magnitudes of the curl vectors

are shown in Fig. 4.7. Because the curl is radially symmetric, the magnitudes

from simulated data are presented here as the average along circles centered

at the optical axis. The agreement of the magnitudes confirms that our local

drift method is sufficiently precise to even determine the derivative of the force

field. We can see that the contribution from the nonconservative component

increases as the particle moves away from the trap center.

4.4 Experiment results and analysis

The trapping theories for Rayleigh particles and large particles in the

ray optics regime were introduced in Chapter 2. Here optical trapping experi-

ments are performed with the microscope setup as described in Chapter 3 for

particles in different scattering regimes. The particles’ position time series are

recorded and the three-dimensional force field are extracted using the local

drift method. The measured force fields agree with theoretical models and
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Figure 4.7: Magnitudes of the curl of the force field obtained from simulated
data (symbols) and the curl of the theoretical force field (solid line). The sim-
ulation result is an average of the curl magnitudes around circles centered on
the optical axis. The theoretical value is calculated from the direct derivative
of the force field.

their nonconservative contributions are quantified.

4.4.1 Rayleigh particles

Polystyrene particles with a 200 nm diameter are trapped with a laser

power of approximately 26 mW. Although 200 nm is slightly larger than the

Rayleigh range (a ≤ λ/20 = 40 nm), our local drift method is not restricted

by the particle size. The Rayleigh model still predicts the force field with

reasonable accuracy (within 20%, see Chapter 2) and can be used as a ref-

erence for experiments. Since 200 nm particles diffuses fast, the sample was

diluted such that only 1–2 particles could be seen in the camera view. This

was to avoid trapping additional particles in the same optical focus. The

200 nm polystyrene particle could be trapped stably for time periods longer

than 30 minutes before it was lost due to thermal noise. Position data for each
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dimension were taken simultaneously at a sampling rate of 500 kHz. After

calibration, position time series were high-pass filtered to correct for the long

term drift caused by the setup, temperature changes, and other factors from

the environment. The local drift method is used to obtain the 3D force field

of the optical trap with a voxel size of 10 nm×10 nm×10 nm. Figure 4.8(a)
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Figure 4.8: The experimental force field calculated from the local drift of a
200 nm particle. a) The force field in the x-y plane located at z = 0. b)
The force field in the x-z plane located at y = 0. The laser power P was
approximately 26 mW and the laser beam was y polarized. The time interval
used for calculating the local drift was ∆t = 17 µs. Force measurements errors
for each dimension are within ±1 – ±8 fN, going from the center to the outer
region of the trap. A ±8 fN corresponds to an error of ±2.4% assuming a
340 fN force.
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Figure 4.9: Force profiles and linear fits along each axis for the experimental
force field for a 200 nm polystyrene particle in trap. Each data point represents
the value in a voxel with size 10 nm×10 nm×10 nm. Because these profiles
only contains data on the axes, where the Gaussian beam has the highest
gradient, the slopes here are slightly larger than the overall stiffness of kx =
6.2× 10−6 N/m, ky = 3.5× 10−6 N/m and kz = 0.9× 10−6 N/m.

shows the projection of the measured force field onto the x-y plane at the

average z position (z = 0 for experimental data). For small displacements,

the magnitude of the force increases linearly away from the optical axis (see

Fig. 4.9). However, the force vectors do not typically point toward the optical

axis because the force constants along the x and y axes differ by a factor of

1.7 (kx/ky ≈ 1.7). The measured force constants kx = 6.2 × 10−6 N/m and

ky = 3.5 × 10−6 N/m agree well with previous experimental data and theo-

retical calculations in which the polarization of the trapping laser was taken
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into account [71]. As indicated in Ref. [71], the polarization of the beam re-

sults in an asymmetrical intensity distribution of the laser beam, and a weaker

force constant is expected along the polarization of the trapping laser. This is

clearly observable from Fig. 4.8(a). Figure 4.8(b) shows the projection of the

force field onto the x-z plane at the average y position (y = 0). The magnitude

of the forces along the optical axis are much smaller than the forces along the

lateral directions. The ratios of the force constants along the lateral directions

to the axial direction (kx/kz ≈ 7, ky/kz ≈ 4) are also in good agreement with

earlier measurements [71].

As can be seen from Section 4.3, under the same condition as in the ex-

periments, the simple electric dipole model for Rayleigh particles has resulted

in a force field that is radially symmetric (kx = ky = 3.4× 10−6 N/m). This is

because in this simplified model, there is no distinction between the polarized

and the other lateral direction of the laser. It would produce the correct result

for a circularly polarized beam. This theory still gives a trap with an aspect

ratio of kx/kz ≈ 7, agreeing with that from experiment.

To quantify the nonconservative contribution to the experimental force

field, the curl of the force field in the x-y plane around the average axial

position of the trap is shown in Fig. 4.10. The curl of the experimental force

field shows the general trend as shown in Fig. 4.6 from simulation. However,

there is a shift in the position of vanishing curl along the positive y axis by

about 40 nm; the magnitude of the curl along the x axis is much smaller than

along the y axis. The shift of the vanishing curl along the y axis could be a
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result of a slight deviation of the alignment of the trap. In order to understand

the direction and the asymmetry of the curl, we start from the definition of

the curl:
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Figure 4.10: Curl of force field reconstructed from the position time-series for
a 200 nm polystyrene particle trapped in water at room temperature. The
circle marks the approximate position for vanishing curl.

∇× F⃗ =

(
∂Fz

∂y
− ∂Fy

∂z

)
e⃗x +

(
∂Fx

∂z
− ∂Fz

∂x

)
e⃗y +

(
∂Fy

∂x
− ∂Fx

∂y

)
e⃗z. (4.7)

Because the gradient force does not contribute to the final curl, the non-zero

components are

(∇× F⃗ )x =
∂Fscatt

∂y

(∇× F⃗ )y = −∂Fscatt

∂x
(4.8)
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From Eq. 2.18, the scattering force follows a Gaussian form. Figure 4.11 shows

this theoretical scattering force under the same condition as in experiment for

a 200 nm particle, except that the laser is circularly polarized. On the positive
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Figure 4.11: The theoretical scattering force on a 200 nm polystyrene par-
ticle under the same condition as in Fig. 4.8 using the Rayleigh model in
Section 2.3.2.1.

x axis where y = 0,

∂Fscatt/∂y = 0

because the scattering force reaches a maximum at zero y position, and

∂Fscatt/∂x < 0

because the scattering force decreases away from the center along the +x axis.

Therefore, according to Eq. 4.8, the curl has a positive y component only

along +x axis. Similarly, the curl has a negative x component only along the

+y axis. The vector curl field thus displays a counter-clockwise pattern. Our
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experimental data agrees well with this expectation. When the polarization

is taken into account, the trap is weaker along the polarized direction y [71],

which results in the scattering force having a weaker dependence on y. From

Eq. 4.8, the x component of the curl becomes weaker than the y component.

This is clearly visible in Fig. 4.10.

When a force field is nonconservative, it induces energy transfer. To es-

timate the work done on a trapped particle by the nonconservative force field,

we integrate the force along different paths in the x-z plane (see Fig. 4.12).

As indicated by the orientation of the curl in Fig. 4.10, the average particle

flow is expected to be toroidal, upward along the optical axis and downward

off of the optical axis. Figure 4.12 shows the work done along different closed

paths. The energy put into the system is 0.25 kBT for a path 20 nm away

from the optical axis and ±40 nm away from the x axis. The average noncon-

servative force that acts on the particle along this path can be estimated from

⟨F ⟩ = W/s, where s is the length of the closed path and W is the work done

along this path. For the 0.25 kBT case shown in Fig. 4.12, the path length is

200 nm. The average nonconservative force is then 5 fN and the average speed

is 3 µm/s (F = 6πηav⃗). With this considerable speed, the particle rotates 15

times a second and puts approximately 3.6 kBT per second into the system.

However, it is worth pointing out that a particle is unlikely to follow such a

path spontaneously. If no thermal forces acted on the trapped particle, the

dominating gradient force would simply pull the particle back to the point of

zero force, regardless of its starting position in the trap. The energy would be
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Figure 4.12: Estimation of average energy flow and calculation of work done
on a trapped particle by the nonconservative force along different paths. The
experimental force field shown in Fig. 4.8 was used. The work for each path
is given in units of kBT . The average nonconservative force can be estimated
from W/s, where W is the work done along the path and s is the length of
the closed path.

dissipated by the viscous force and the particle would come to rest. Because of

the existence of the thermal forces, the particle is randomly brought away from

the force zero position. The energy due to the action of the nonconservative

force is transfered to the particle through the thermal forces and therefore the

particle could not follow a circular path.
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4.4.2 Large particles - the ray optics regime

In this section, we aim to measure the three dimensional force field on

a large particle in the ray optics regime. The equation of motion for such

a particle can still be described by Equation 4.1. Therefore, the local drift

method is equally applicable to large particles. However, due to the long

integration time of larger particles, a much longer time series is necessary for

the particle to explore the trap volume an equal number of times compared

to a Rayleigh particle. According to the Einstein relation D = kBT/(6πηa),

the diffusion constant D is inversely proportional to the particle size. The

ray optics applies to particle sizes larger than or equal to 5 times the laser

wavelength (d ≥ 5λ). In our case, the wavelength in water is 800 nm, a

particle with d ≥ 4 µm applies. Compared to a 200 nm particle, the Brownian

motion of a 4 µm particle is 20 times slower. That means it takes 20 times

longer for a 4 µm particle to explore the trap than for a 200 nm particle. To

achieve comparable statistical results for the diminishing stochastic thermal

force component in Eq. 4.2, the position trace of the 4 µm particle should be

recorded 20 times longer. This is highly impractical considering the 200 nm

particle was recorded for 30 min in the previous section. The evaporation of the

immersion water may cause temperature drift and affect the position detection

when the immersion water is not sufficient. Therefore slightly smaller particles

were used.

Polystyrene particles with an average size of 2.5 µm (Bangs Labs, In-

diana) were diluted in DI water. Because the particle size is much larger than
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the laser spot size (< 1 µm), no two particles can be trapped at the same

time. However, secondary particles passing close to the primary trapped bead

can affect the position detection. Therefore the solution is diluted such that

we can only see 1-2 particles in the camera view. Under a power of 5 mW, the

autocorrelation time for each dimension (x, y, z) is 5 ms, 7 ms and 17 ms, re-

spectively, more than 10 times larger than that of a 200 nm particle. The trap

stiffness is kx = 3.7×10−6 N/m, ky = 2.7×10−6 N/m and 1.2×10−6 N/m, de-

termined by the method in Section 3.4. The position of the particle is recorded

at a sampling rate of 100 kHz for 72 minutes. The local drift method is applied

and the three dimensional force field is obtained. The force field on the y-z and

x-y planes are shown in Fig. 4.13. Although 2.5 µm is slightly smaller than

the limit for ray optics, the ray optics still gives reasonable results as a simple

model for quality comparison. Applying the ray optics theory introduced in

Section 2.3.2.2, the lateral and axial trapping efficiencies for a 2.5 µm particle

in a circularly polarized laser are computed. The result is shown in Fig. 4.14.

In ray optics, the force is not dependent on the particle size specifically, but

on the ratio of the particle’s distance to the trap center and the particle radius

[3]. Therefore in the following graphs using ray optics theory, the axes are in

terms of the particle radius instead of the absolute position.

By comparing the slopes of the linear regimes for the two profiles, we

found that the lateral trap stiffness is 3 times larger than the axial stiffness.

The experimental result of kx/kz = 3.1 and ky/kz = 2.3 agrees well with this

expectation. The trapping efficiency Q is related to force F by the following
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Figure 4.13: Experimental force field calculated from the local drift method
for a 2.5 µm particle. a) Force field in the y-z plane located at x = 0. b) Force
field in the x-y plane located at z = 0. Laser power P = 5 mW, y polarized.
∆t = 200 µs. The uncertainties in the force measurement are within ±8 fN.

relation: F = Q · nP
c
, where n is the refractive index of the medium, P is

the power used for trapping, and c is the speed of light [98]. Taking the

slope of the profiles in Fig. 4.14, we found a corresponding stiffness of kz =

1.35 × 10−6 N/m, which is close to the kz = 1.2 × 10−6 N/m measured from

experiment.

The curl of the force field in the x-y plane around the average axial

position of the trap is computed to quantify the nonconservative contribution

and is shown in Fig. 4.15. We can see that the curl reversed direction. In

contrast to the counter-clockwise pattern for a Rayleigh particle, a clockwise
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Figure 4.14: Axial and lateral trapping efficiency for a particle in the ray
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center in terms of the particle radius a. a) Lateral trapping efficiency; b)
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pattern is observed. Since the nonconservative contribution is mainly from

the scattering force, this reverse indicates that the scattering force profile in

the ray optics regime cannot be described by a Gaussian function any more.

Rather, the scattering force should have a minimum at the center and increases

as the particle goes away from the center. This is verified by the scattering

force from the ray optics model, as shown in Fig. 4.16. The scattering force

is near zero at the center of the trap, then increases slowly as the distance to

trap center increases. It reaches the maximum at a distance of the particle

radius. Although the scattering force drops down as the laser beam leaves the

particle, the particle does not reach this regime of the trap. It fluctuates within

a few hundred nanometers of the laser focus and escapes when it goes far away

from this regime. The scattering force that it experiences has a “U” shaped
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Figure 4.15: Curl of the force field for a 2.5 µm particle trapped by a 1064 nm
laser. The laser power used is 10 mW.

profile throughout the trap. Roichman et al. assumed a Gaussian scattering

force for a large silica particle in the ray optics regime, and used this model

to explain the circulation of the particle inside an optical trap [72]. As shown

above, a Gaussian scattering force and a “U” shaped scattering force would

cause the opposite direction of circulation if it is to be observed. If the correct

model would have been applied, their explanation would not support their

experimental results. It is therefore important to apply appropriate models

for different particle sizes. Our results indicates that ray optics applies to

particles of size 3.125λ. Similar experiments were performed on larger particles

74



Q
s
c
a
tt
 [
F

s
c
a
tt
/(

n
P

/c
)]

-1 -0.5 0  0.5 1a

Particle distance to laser focus along y

        in units of particle radius a

0.15

0.10

0.05

Figure 4.16: Scattering force in terms of trapping efficiency along the y axis
for a particle in the ray optics regime.

(3 µm and 3.5 µm) and stiffnesses were obtained with good agreement with

theoretical expectations. However, no obvious trend in the curl was observed.

This can be attributed to the very flat profile of the scattering force near the

trap center. As the particle size increases, a lower power is usually used to

form a trap which has a similar size as that formed by a smaller particle. As

stated earlier, the force depends on the ratio of particle distance away from the

trap center to the particle size (s/a). For the same s, a larger particle means

that the particle explores a narrower regime in the center of the curve shown

in Fig. 4.16. Thus the variation in the scattering force becomes subtle. The

curl of the force field therefore decreases with the particle size and becomes

difficult to measure.
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4.4.3 Intermediate particles

To explore the nonconservative force contribution as a function of the

particle size and the transition from counter-clockwise to clockwise for the

curl pattern, a set of experiments were performed on a range of particles from

Rayleigh regime to ray optics regime. This set of experiments were performed

under the same conditions except that the power used for trapping changes

with the particle size. Figure 4.17 shows the results for 200 nm, 1.2 µm,

2.06 µm and 2.5 µm particles. The curl has the same pattern for the 200 nm,

1.2 µm and 2.06 µm particles, but reversed for the 2.5 µm particle. We expect

that the curl continues to be reversed for particles larger than 2.5 µm.

The transition in curl direction happens in the intermediate regime. It

is likely that in the intermediate regime, opposite directions of curl can be both

observed for the same particle when the particle explores a larger volume of

the same trap. However, the trapping force confines the particle and prevents

it from moving far away from the trap center. A complete force field, including

the non-linear regime, was measured by Jahnel et al. using a dual-beam optical

trap set-up [44]. By balancing a particle between a calibrated trap and the trap

being measured, the dual-beam trap determines the force generated by the trap

under investigation from the particle’s displacement in the calibrated trap. It

can measure forces beyond the linear regime when the measured trap is much

weaker. The disadvantage is that this method highly depends on the quality of

the calibrated trap and the force being measured is limited to the force range

in the linear regime of the calibrated trap. In addition, due to the lateral
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Figure 4.17: Curl vector field for polystyrene particles with a range of particle
sizes: 200 nm, 1.2 µm, 2.06 µm and 2.5 µm. In each sub-figure, the magnitude
of the circled vector is shown for scale.

positioning between the two traps, it is not suitable for force measurement in

three dimensions. It therefore cannot measure the nonconservative force field
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generated by optical tweezers.

4.5 Discussion

In both the Rayleigh regime and the ray optics regime, we have shown

that the nonconservative force contribution increases away from the optical

axis. Therefore, the nonconservative force effect is most prominent when the

particle goes away from the optical axis. In the Rayleigh regime, the gra-

dient and scattering forces depend on the particle size with Fgrad ∝ a3 and

Fscatt ∝ a6. As the particle size decreases, the scattering force becomes less

important compared to the gradient force. Since the scattering force is the

source of the nonconservative contribution, the total force field becomes less

nonconservative. Therefore the nonconservative force field effect increases with

particle size in the Rayleigh regime. In the ray optics regime, we have shown

that the nonconservative force effect decreases with particle size. The most

common interest in the nonconservative force then lies between the upper limit

of Rayleigh regime and the lower limit of ray optics regime, which are the most

frequently used particle sizes in research.

Whether one should correct for the nonconservative force effect requires

a case-by-case analysis. When measuring energy flow in the system, the non-

conservative force cannot be ignored since it puts energy into the system.

When measuring force such as that caused by the unfolding of proteins, the

nonconservative force can be neglected when the trapped handle particle is

close to the optical axis, and can cause deviations from the usual linear as-
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sumption when far away from the optical axis.

Our research triggered more studies regarding the nonconservative force

fields in optical traps. Pesce et al. proposed a technique for evaluating effects

caused by such nonconservative forces [64]. By decomposing the force field into

a linear part (conservative) and a rotational part (nonconservative), they were

able to extract the relative weight of the rotational component theoretically

and experimentally. They concluded that the effect is negligible with the

rotational component being only 2.4% for a 450 nm particle and 3.8% for

a 1.25 µm particle. They also confirmed that the weight of the rotational

component increases as the trapping power decreases and the particle goes

farther away from the trap center. The prerequisite condition is that the force

field can be described by the form that they used in their theory. This condition

limits the application of their method, whereas the local drift method does not

have such restrictions.

Simpson et al. investigated the nonconservative force effect on non-

spherical and other low symmetry particles through computational simula-

tions [78, 79]. The nonconservative force is evident in this case as the trap

exerts a high torque on low symmetry particles.

Recently, de Messieres et al. developed a model to compute the addi-

tional position fluctuation or noise caused by the nonconservative force field

in an optical trap [26]. They applied it to a simulated biological experiment

with DNA tether and found little contribution to the fluctuation of the DNA

tether length caused by the nonconservative force field.
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Although experimentalists would be relieved to know the small impact

of the nonconservative force in the above cases, a case-to-case study should

be performed according to the specific situation. The non-conservative force

fields depend on many factors, such as the laser power, the particle size and the

alignment of the setup. Inaccurate alignment might cause artificial effect that

seem to arise from a nonconservative force field. The sensitivity of the detector

also plays an important role for determining whether the nonconservative force

field can be measured. Large nonlinearity and crosstalk of the detector could

cause a false representation of the force field. It is not an issue for us because

we have corrected for the nonlinearity and we have used data very close to the

trap center where crosstalk is minimum.

4.6 Summary

In conclusion, we have developed the local drift method to measure the

three-dimensional force field from trajectories of Brownian motion in optical

traps and have applied it to particles with sizes from Rayleigh regime to ray

optics regime. This method imposes no requirement on the nature of the force

field as along as the trap is stable over the course of the experiment. It therefore

measures the complete force field, including the non-harmonic component. We

have achieved nanometer resolution in position and femtonewton precision

in force. This method applies to any aqueous system where the equation of

motion Eq. 4.3 holds and the Brownian motion of the particle can be measured

with a high temporal resolution.
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We showed that the force field has a nonconservative component that

increases with the distance from the optical axis. The nonconservative force

does work constantly on the trapped particle and can potentially induce a net

flow.

The curl – a measurement of the nonconservative force – is found to

reverse direction from a Rayleigh particle to a large particle in the ray optics

regime. These results are consistent with the predictions from the Gaussian

beam model in the Rayleigh regime and the ray tracing method for the ray

optic regime. These simplified models are found to be sufficient to describe

qualitatively the force field and even the nonconservative force contribution,

which arises from the lateral position dependence of the scattering force. The

decrease of the scattering force away from the trap center for a Rayleigh par-

ticle and the increase of the scattering force away from the trap center for a

large particle explains the reversal of the curl.

The result can be a valuable reference for precise force measurement

and for applying the appropriate model for trapping particles with different

sizes.
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Chapter 5

Three-dimensional thermal noise imaging

5.1 Motivation for studying biopolymer networks

The cytoskeleton, which is a class of biopolymer found inside cells, in-

cludes actin filaments, intermediate filaments, and microtubules [20]. These

filaments are held together and linked to cellular organelles by a variety of

proteins. This network plays an important role inside of a cell, where it spa-

tially organizes the cell content, transports intracellular cargoes, changes the

cell shape during cell motion, and participates in cell division. Many dis-

eases are caused by dysfunction of cytoskeletal components or the cytoskeletal

components are altered during the course of the disease [59, 67].

Most biopolymers fall into a category of filaments which are semiflex-

ible, meaning the filaments have a persistence length that is comparable to

their contour length [33](see Fig. 5.1). Semiflexible filaments form mechan-

ically anisotropic networks, for which their response to bending differs from

their response to stretching or compression [28]. This anisotropy contributes

to the stiffening of the biopolymer network under increasing strain (nonlinear

elasticity) and strain rate (viscoelasticity). This strain stiffening property of

the networks prevents large deformations that could damage the network [31].
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Figure 5.1: Persistence length and regimes of flexibility. x1 and x2 are two
positions along the filament. The persistence length lp is defined as the length
over which correlations in the direction of the unit tangent vectors (⃗t(x1) and
t⃗(x2)) are lost [36, 95]: ⟨⃗t(x1) · t⃗(x2)⟩ = ⟨cos θ⟩ = e(−l/lp), where θ is the an-
gle between the two tangent vectors and l = x1 − x2 is the contour length
between locations x1 and x2. The brackets denotes an average over all start-
ing positions. The persistence length is the distance between x1 and x2 when
⟨⃗t(x1) · t⃗(x2)⟩ falls to 1/e. The contour length lc of the filament is the length
when the filament is totally stretched. A filament is flexible when lc ≫ lp,
semiflexible when lc ≈ lp, and rigid when lc ≪ lp. The end-to-end distance is
defined as the length of the straight line between the two ends of the filament.

Much has been done to measure the response of bulk biopolymers to

external forces. Storm et al. measured the mechanical response of a variety of

biological gels [81]. They found that all gels except polyacrylamide displayed

a strain-stiffening behavior over a large strain range, with the actin stiffened

at strains of 10% while neurofilaments did not stiffen until they were strained

200%. Although these studies help to understand how the network responds
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Figure 5.2: Force associated with a single filament for different configurations.
When the filament is longer than its relaxed length, a pulling force tends to
pull the two ends closer; when the filament is shorter than its relaxed length,
a pushing force tends to push the two ends apart.

to stresses, they do not provide information on how the stress is redistributed

locally or how the stress is transmitted to different parts of the network. Ex-

perimental investigation of the mechanical properties of a biopolymer network

from the single filament level is still lacking.

Filaments inside a biopolymer network are confined by the neighboring

crosslink proteins. For each segment between neighboring crosslinks, its end-

to-end distance (see Fig. 5.1) distribution is determined by the contour length,

and the persistence length of the segment. This distribution is related to

the force experienced by the segment, according to a model developed by

Storm et al. [81]. At its mean end-to-end distance, the filament is relaxed

and experiences no external force on average, i.e. no stretching or compression

is experienced by the filament. When the end-to-end distance is increased

from the relaxed end-to-end length, the filament tends to resist this change

and pull the two ends closer. When the end-to-end distance is shorter than
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the relaxed end-to-end length, the filament tends to push the two ends apart

(Fig. 5.2). Therefore, the end-to-end distance of filaments inside a network

can be a measure of the force distribution inside the network. However, end-

to-end distance is insensitive to force and the measurement of these distances

is difficult to realize experimentally. In fact, the transverse fluctuation of a

filament and its end-to-end distance are coupled. Similar to the longitudinal

fluctuation, the transverse fluctuation is also determined by the filament’s

contour length and persistence length [28, 33]. When a filament is stretched,

its transverse fluctuation becomes smaller than that of the relaxed state; when

a filament is compressed, its transverse fluctuation becomes larger than that

of the relaxed state. The transverse fluctuation also changes depending on

the distance from the measured position to the filament’s nodes. Therefore,

the transverse fluctuations of each segment inside the network provides an

alternative for measuring the dynamics of a single filament and determining

the force distribution inside the network.

In order to measure the transverse fluctuations of filaments inside a

network, a technique which can simultaneously image the network and capture

the dynamics of the network is required. In the following sections, we introduce

a technique with such capabilities.

5.2 Contemporary microscopy techniques

The biopolymers actin filament, intermediate filament, and microtubule

filament have a diameter of 7 nm, 10 nm and 25 nm, respectively. These
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dimensions are far below the diffraction limit of visible light and therefore are

outside the resolution of conventional light microscopes, such as bright field

microscopes and fluorescence microscopes.

Microscopies with higher resolution includes the atomic force micro-

scope (AFM) and the electron microscope (EM), which are widely used in

biological research and have subnanometer resolution.

The AFM can image hard surface topographies with Ångstrøm res-

olution. It images a sample by scanning the sharp tip of the cantilever at

the proximity of the surface of the sample. By maintaining a constant force

between the cantilever tip and the sample through a feedback mechanism,

variations in tip height are recorded. Therefore producing a topographic im-

age of the surface [22]. However, the probe tip of the AFM is very vulnerable

and the triangular shape limits the imaging to shallow surface variations. In

addition, the mechanical attachment of the probe to the microscope makes it

difficult to insert the probe into a biological structure, such as a cytoskeleton

network, without permanently damaging the sample. By coating the AFM

probe with specific functional materials, the AFM can also be used to detect

single molecular recognition events [40]. Although AFM is also an excellent

technique for measuring forces, the stiffness of its probe, usually on the order

of 1 mN/m, is more than three orders higher than that of optical tweezers.

Thus it is not suitable for imaging soft materials.

The electron microscope produces images via the interaction of the

electron beam and the sample [20]. Although electron beams have picometer
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wavelength, the resolution of EM is limited by a variety of factors and usually

does not reach the diffraction limit. The resolution highly depends on the

sizes and densities of the atoms inside the sample because of the scattering of

electrons. In general, it reaches nanometer resolutions for biological materials.

The disadvantages are that the electron beams are highly destructive and the

samples often need special treatment before it can be examined. Sometimes

a coating of conductive material is added to the sample to enhance the image

contrast, resulting in an altered material and artifacts can be created. More-

over, a vacuum environment is usually necessary to avoid the interaction of

the electrons with air molecules. These disadvantages makes EM unsuitable

for imaging under cellular environment.

In addition, both AFM and EM only image stable samples where no

dynamics is allowed.

To circumvent these difficulties, we present an imaging technique based

on the photonic force microscope (PFM). The PFM takes advantage of the

Brownian motion of a nanoparticle and uses the nanoparticle as a probe. When

trapped by optical tweezers, the probe particle fluctuates in a confined envi-

ronment. This allows the probe to explore the vicinity of the trap and to be

controlled within a volume of interest. Moving the piezo stage, which controls

the sample chamber, allows the probe to scan through a large volume in a

given sample. Since the probe has no mechanical attachment to the micro-

scope, no penetration is necessary to probe inside a sample, thus minimally

invasive 3D imaging can be accomplished using this technique. In addition, by

87



adjusting the power of the trapping laser, the force acting on the probe particle

can be precisely controlled. Therefore the interaction between the probe and

the biological sample is controlled to prevent damage to the original sample

material. Because it utilizes the thermal motion of the probe particle, this

imaging technique is named “thermal noise imaging”. It was only recently

developed for three-dimensional imaging [88].

5.3 Thermal noise imaging in an agarose network
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Figure 5.3: a) Thermal noise image of a trap with a 200 nm polystyrene
particle. The isovalue of the surface is 150, with a total number of visits of
5 × 106 and a maximum voxel visits of 4321 at the trap center. This surface
has an energy of 3.4 kBT above the minimum energy at the trap center. b)
Position histogram (bars) and the corresponding energy landscape (circles).
The solid line shows a Gaussian fit of the position histogram.

As described in Chapter 3, the PFM can detect particle position with

nanometer resolution using back-focal-plane interferometry. This high resolu-
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tion data of the position fluctuations of the probe particle can be turned into

a position histogram. When the trap is in solution and free of obstacles, the

probe explores the entire trapping volume and images the confining bound-

ary of the optical trap. Figure 5.3 shows a thermal noise image of an empty

trap (meaning no obstacles for the probe particle) using a 200 nm polystyrene

particle. The position fluctuations of the 200 nm particle were recorded for

10 s at a sampling rate of 500 kHz at room temperature (23± 2◦C). A three-

dimensional position histogram was generated and plotted with an isovalue of

150, meaning the surface is formed by voxels where each was visited 150 times

by the particle (Fig. 5.3(a)). Not only the trap can be visualized by doing

so, but the energy level of the particle on this particular isosurface can also

be computed from the position histogram. According to Boltzmann statistics,

the probability of finding a particle at position x is

P (x) = P0 exp (−U(x)/kBT ), (5.1)

where U(x) is the particle’s energy at position x and P0 is the probability at

the energy minimum. The probability at each voxel can be computed from

the position histogram. Consequently, the energy landscape can be calculated

from

U(x) = −kBT ln (P (x)/P0).

The value P0 is obtained by finding the maximum of the histogram distri-

bution. For the image in Fig. 5.3, the isosurface has an occupancy (num-

ber of visits) of 150 with P0 = 4321. The relative probability is therefore
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150/4321 = 3.5% and it represents an energy of approximately 3.4 kBT above

that of the trap center. The entire energy landscape is shown in Fig. 5.3(b).

This energy landscape is a measure of the trapping potential created by the

optical trap.

rdepletion

probe
filament

rdepletion = rfilament + rprobe 

Figure 5.4: Generation of excluded volume in thermal noise imaging. When the
probe particle (solid circle) rolls around a filament (red dot), the center position
of the particle traces out a circle with radius rdepletion = rfilament + rprobe. The
probe cannot access the volume within this circle, thus forming an excluded
volume in the thermal noise image.

When the probe particle is placed in a more complex environment, such

as a polymer network, the probe can be brought close to single filaments or

filament bundles by the optical trap. The presence of the filaments alters the

accessible volume of the probe and the filaments appear as excluded volumes.

The dynamics of the filaments is reflected in the position histogram. Although

the filaments are only a few nanometers in diameter, the excluded volume is

much larger than the filament size because of the relatively large size of the
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probe particle. For a rigid filament, the excluded volume has a diameter of the

sum of the probe diameter and the polymer diameter, as shown in Fig. 5.4.

With the filament diameter much smaller than that of the probe, a tunnel of

approximately the probe diameter is expected to be observed in the thermal

image of a filament. A semiflexible filament fluctuates laterally around its

lowest energy configuration. This fluctuation increases the accessible volume

by the probe; therefore, the excluded volume is slightly smaller than the total

size of the probe and the filament. For a flexible filament, the probe pushes

the filament when in contact and the filament adopts a new configuration. In

this case, the interpretation of thermal noise images becomes difficult.

As we can see from Fig. 5.4, the size of the probe particle limits the

resolution of thermal noise imaging. Only pore sizes that are larger than the

probe particle can be explored. By using a smaller probe, a finer structure can

be imaged. However, new challenges arise when trapping small particles. In

Chapter 2, it was shown that the main trapping force for a Rayleigh particle

scales with a3, where a is the probe radius. Compared to a 200 nm particle, a

100 nm particle of the same material would need 23 times more power to form a

trap with the same stiffness. Except for imposing harm on biological samples,

high power trapping with small particles is prone to position detection errors,

because of the relative small differential signals from the QPD compared to

the total signal from all quadrants [66]. Fortunately this difficulty can be

conquered by using gold particles as the probe. It was found that small gold

nanoparticles (less than 100 nm) form traps with a six to seven-fold higher
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stiffness compared to those with polystyrene particles of the same size [76, 84].

This means that the laser power required to form a stable trap with gold is

seven times lower than with polystyrene particles. Stable trapping of gold is

possible over a wide range of diameters, from 18 nm to 254 nm [38]. Because

of the light absorption of metallic materials, the gold particles are heated by

the laser [17, 50]. The fact that only a low power (40 mW) is required to trap a

gold particle keeps the heating at a minimum. Figure 3 in reference [17] shows

there is no significant heating for a 100 nm gold particle at 40 mW. In fact,

the heating could be used to our advantage. Fast thermal motions at high

temperatures enables the probe to explore the network at a higher speed [69].

Therefore, heated gold particles can significantly shorten the time necessary

to image a large network.
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Figure 5.5: Thermal noise image of a trap with a 100 nm gold particle. The
trapping power was 40 mW. The position of the gold particle was recorded at
500 kHz for 6 seconds. The surface has an isovalue of 10.

We performed optical trapping experiments with both 100 nm poly-
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styrene particles (Invitrogen) and 100 nm gold particles (British Biocell Inter-

national) using the photonic force microscope. We were able to stably trap the

polystyrene particle with approximately 120 mW power in the laser focus and

form a trap with stiffnesses kx = 1.35 × 10−6 N/m, ky = 0.95 × 10−6 N/m

and kz = 0.18 × 10−6 N/m. The gold particle, on the other hand, was

trapped with approximately 40 mW laser power and formed a trap with

kx = 3.1 × 10−6 N/m, ky = 2.0 × 10−6 N/m and kz = 0.49 × 10−6 N/m.

Take the stiffness in dimension x for example, the trap with the polystyrene

particle generated a stiffness of 0.01125 N/m per milliwatt of power, whereas

the trap with gold generated a stiffness 0.0775 N/m per milliwatt of power.

The gold particle is therefore 7 times more efficient in terms of trapping stiff-

ness per unit of power, consistent with previous observations. Figure 5.5 shows

a thermal noise image of a trap with a 100 nm gold particle. The probe can

explore a volume as large as 200 nm laterally and 400 nm axially. This large

trap volume for a 100 nm probe indicates that the probe can roll around a fila-

ment in one trap image. It gives the advantage that when scanning through a

network, no feedback is necessary in order to keep the probe in the trap while

encountering a filament.

Due to its minimum preparation and the ease of forming a network,

agarose is used here for demonstrating thermal noise imaging. Agarose is a

linear polymer that melts at 85◦C. When boiled with water, it forms a liquid

solution of thin (∼1 nm) and short (<100 nm) polymers [21, 51]. When the so-

lution cools down to around 40◦C, the solution gelatinizes and a large number
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of polymers bundle to form thick filaments - the so-called superafibers [51]. Dif-

ferent from a biopolymer network such as an actin network, which is crosslinked

by proteins, the agarose bundles entangle to form the network. In the following

sections, a filament in the agarose network refers to a single bundle of agarose

polymers. By controlling the concentration of the solution, the appropriate

pore size can be formed for imaging. In our experiments, a concentration of

0.25% w/v is used. Gold probe particles are added to the solution before the

agarose solution gelatinizes. By the time of these experiments, the construc-

tion of dark field microscopy had not been completed yet. The gold particles

had to be fluorescently labeled for viewing. In addition, gold particles from

stock solution tend to aggregate and to interact with the agarose polymers.

Therefore, fluorescent PEG molecules (FITC-PEG-SH, MW3400, Nanocs) are

used to coat the gold particles for viewing and to prevent aggregation and

interaction with the agarose polymers. Because of the length of the PEG

polymers, PEGylation increases the size of the gold particles. The polymer

chains fluctuate in an aqueous medium and causes uncertainty to the length

they add to the particle diameter. From reference [37], we estimate that PEG

with a molecular weight of 3400 adds approximately 22 nm to the diameter of

the gold particles.

Figure 5.6 shows thermal noise images of single filaments obtained from

a PEGylated gold particle in an agarose network. The clear boundaries of

the excluded volumes show the presence of polymer bundles because, in the

absence of polymers, the voxels at which the polymer occupies (gray lines)
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Figure 5.6: Thermal noise images of single agarose bundles using a 100 nm
gold probe. The trapping power was 40 mW and the position of the gold
particle was recorded at 500 kHz. The top images and the bottom images are
scans from two different samples. Scan 1 was recorded for 20 s and Scan 2 was
recored for 10 s. The surfaces have an isovalue of 10.

would have been visited far more than 25 times. Assume that a certain voxel

is visited by the probe 25 times on average in a trapping potential with no other

objects inside. If the same measurement is repeated many times, the number

of visits in this particular voxel fluctuates and follows a Poisson distribution

with an average of 25. The probability for this voxel to be visited only 10
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times or less is [87]

n=10∑
n=0

exp(−m)mn

n!
≃ 0.00059 for m = 25, (5.2)

which is much less than 0.1%. Therefore, it is unlikely to measure an occupancy

of 10 in the absence of other objects. For two neighboring voxels both to be

visited 10 times or less, while both have an average occupany of 25 or higher,

the probability further deceases to less than (0.1%)2. Thus an isovalue of 10

compared to a reference occupancy of 25 is an indication of the presence of

an object. This conclusion continues to hold for higher reference occupancy

values.

Both Scan 1 and Scan 2 show the presence of agarose bundles in the

images. In Scan 1, the filament is almost perpendicular to the trap and only

a small portion of the filament is imaged. There might be other complex,

entangled bundles near the top of the trap, judging from the top opening. In

Scan 2, the orientation of the filament is clearly visible. It is not straight as a

stiff rod but slightly curved. The width of the opening is uniform across the

trap, indicating a long uniform filament.

The size of the filament can be estimated from the relation given in

Fig. 5.4. Figure 5.7 shows a slice of Scan 2 perpendicular to the filament.

The circle indicates the excluded volume. The probability distribution shows

the boundary of the circular opening on the side where the filament goes

through. The probe particle fluctuates in a space confined by the filament

and its most probable position is no longer in the center of the trap. The
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Figure 5.7: Left: A slice taken from the 3D image from Fig. 5.6 Scan 2. The
slice is perpendicular to the filament. The circle indicates the excluded volume
caused by the filament. Right: Probability distribution along the green line.
The opening at the bottom of the graph is 168± 14 nm.

probability distribution along the green line across the opening is shown on

the right hand side of Fig. 5.7. Because the count on the right half is much

larger than on the left half, a logarithm coordinate is used to increase the

visibility of the opening in the graph. We can see that the opening has a

diameter of 168± 14 nm (indicated by the red arrow). This corresponds to a

filament size of approximately 30–60 nm, which is similar to the size measured

before [88]. The uncertainties on the filament size measurements depend on the

precise diameter of the probe particle and the flexibility of the polymer being

measured. More information is required to measure the transverse fluctuation

of the filament. The fluctuation depends on the network structure and the

position of the filament segment being measured relative to the filament nodes.

97



Larger fluctuations increase the accessible volume of the probe and therefore

a larger filament diameter is expected from the same excluded volume size.

The location of the filament can be determined from the center positions

of the excluded volumes. Although the particle size limits the resolution of

the network, it plays a minor role for determining the filament locations. We

have shown in previous chapters that the PFM achieves nanometer resolution

for the position detection of the probe. The precision of the thermal image

of filaments therefore lies in the quality of the position histogram. Higher

precision can be achieved by imaging for a longer time at the same location.

In Fig. 5.7, the roughness of the surface is about one histogram voxel, giving

a resolution of 10 nm.

Figure 5.8 shows two scans that have more than one filament in the trap.

The limited accessibility of the probe particle indicates a complex structure

that is either formed by much thicker bundles, such as the entangle point of

multiple polymer bundles, or by densely packed thin bundles such that the

probe particle cannot go through.

Figures 5.6 and 5.8 demonstrate that we have successfully imaged single

filaments and a complex of filaments within one trap volume. We have used a

100 nm gold particle as the probe, which was never achieved before. Compared

to a 200 nm polystyrene particle, the 100 nm gold particle greatly improves the

resolution of the images, with the ability to access volumes that are 23 times

smaller. A 100 nm particle also diffuses much faster and therefore improves

the speed of thermal noise imaging. Because the trap dimensions are much
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Figure 5.8: Thermal noise images of polymer network structures. The trap-
ping power was 40 mW and the position of the gold particle was recorded at
500 kHz. The same particle was used for both scans, but at different locations.
Both scan were recorded for 2 s. Ripples in the images are an artifact.

larger than the probe, 100 nm gold probe particle can roll around filaments and

realize multiple-filament imaging in one trap volume. The 10 nm resolution of

the position of the filament is improved from previous 20 nm resolution with

200 nm polystyrene probes. Because we only used a fraction of the laser power

for trapping a 100 nm gold particle, it is possible that we can stably trap a

50 nm or smaller gold particle with the current laser. One problem of going to

smaller particles is that they become more difficult to be seen. One technique
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for viewing such small particles is dark field microscopy. With the recently

built dark field microscopy, it allows us to use 50 nm gold probe particles to

further increase the resolution of thermal noise imaging.

5.4 Software development for imaging in large scales

Larger structures can be imaged by stepping the probe particle through

the network. By taking discrete images at a predefined grid, the images can be

combined together to visualize multiple filaments in a network. In a complex

solution, the probe particle might encounter an object which it cannot pass.

In this case, feedback is necessary to stop the probe and change the direction

of scanning in order to keep the probe from escaping the trap. This requires

precise timing and control of the piezo stage (in experiments, the trap is fixed

and the sample is controlled by a piezo stage) and data acquisition.

We accomplished the large scale scanning for thermal noise imaging

by a LabVIEW real-time system. A real-time system allows development of

applications with deterministic timing and control. Different from a general

operating system, where applications share processing time and appear to run

simultaneously, the real-time system allows clear predetermined time control

over each application and predetermined order of execution priority. The large

scale scanning involves device control, data acquisition, data saving etc. at the

same time. The real-time system allows control of the sequence of occurrence

of these components and ensures timely execution of the highest priority pro-

cesses. This is extremely helpful during a fast scan where the probe particle
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encounters an object and feedback needs to be sent in a timely manner such

that the probe particle stops moving towards the same direction.

x

y

z

Start

End

x

y

z

Start

a) b)

Figure 5.9: Path for an in-solution large scale scan. a) with feedback and b)
without feedback. The green line at the bottom outlines the topography of
the surface being scanned.

The simplest feedback scan is a surface scan. The probe bead could

plunge toward the surface from a fixed height and reverse when an obstacle is

sensed. Figure 5.9(a) shows the scan path a surface scan could take. At each

plunge, when the trapped probe encounters the surface, the probe is confined

to only part of the trap volume because part of the trap volume is beyond the

surface. As a result, the range of the particle’s position fluctuations becomes

smaller and so does the standard deviation of the position distribution. Usually

the particle is still trapped when this standard deviation reduces to half of its

normal width in solution. The reduction of 50% of the standard deviation

can then be used as a signal for an encounter with a surface. This scanning
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method is effective for measuring the topography of a surface. Feedback is

necessary in this case regardless of the size of the probe. We have scanned the

coverglass surface with this feedback algorithm and were able to do multiple

plunges without losing the probe.

It was mentioned earlier that when the probe size is small, the probe

can roll around a filament without escaping. Therefore, scanning a volume

in solution is achievable without feedback as long as the network has a mesh

size that is larger than the probe size. The advantage is that the probe will

not experience the increasing viscous drag which it experiences near bound-

aries such as a surface [65], and the same calibration applies to data for the

entire scanned volume. Figure 5.9(b) shows a typical path for such a scan.

Predetermined grid of position signals are then sent to the piezo stage for

scanning.

Figure 5.10 shows a 3D scan without feedback in water using a 200 nm

polystyrene probe. The probe scanned a distance of x = 600 nm, y = 500 nm

and z = 800 nm relative to the sample with a step size of 100 nm for each

dimension. The image shows a cube shape with no excluded volumes because

no objects were encountered.

Figure 5.11 shows the scanning of a single microtubule filament with

a 200 nm polystyrene probe. The microtubule was attached to a 1 µm

polystyrene bead on one end and the other end is free. The fluctuation of

the microtubule filament was clearly visible under fluorescence microscopy.

The 200 nm polystyrene probe was trapped with approximately 12 mW power
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Figure 5.10: Position histogram of an empty large scale scan. A 3D scan was
performed in water using a 200 nm polystyrene particle as a probe with a
100 nm step size. Position fluctuation were recorded at 500 kHz for 0.4 s at
each step. The thermal image on the left shows an overlap of traps with no
excluded volumes. The surface has an isovalue of 5. The right hand side is a
slice along the y axis taken from the middle of the large histogram.

in the laser focus and a scan of 200 nm×800 nm×500 nm was performed. The

image shows part of the scan where a filament was observed. The large fluc-

tuation of the free end of the microtubule contributes to multiple tunnels to

be observed. In addition, the fluctuation causes the space where the micro-

tubule is located to be occasionally visited by the probe particle. Therefore,

a relatively large isovalue is necessary for the excluded volume to be visible.

More work on imaging a single microtubule filament has been done by

Martin Kochanczyk in our group with improved assay preparation method.
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Figure 5.11: Three dimensional scan of a single microtubule filament with a
200 nm polystyrene probe. Position fluctuations were recorded at 500 kHz for
0.4 s at each step. The step size is 100 nm and the surface has an isovalue of
400. One end of the microtubule was attached to a 1 um particle which was
immobilized on the cover slide. The other end is free. The arrows indicate the
thermal fluctuations of the free end.

5.5 Summary and outlook

We have successfully imaged agarose bundles and single microtubule

filaments in three dimensions with thermal noise imaging. Resolution was

enhanced by using a 100 nm gold nanoparticle instead of a 200 nm polystyrene

particle as the probe. A 100 nm particle can image a much denser network

and improves the speed of imaging by a factor of 2. Further improvement of

the image resolution and the imaging speed is possible by using even smaller

gold particles as probes.

Agarose network was used to demonstrate high resolution thermal noise

imaging; however, agarose forms polymer bundles instead of single filaments.

These bundles entangle to form the network without crosslinkers. An alterna-

tive is to image an actin network. Actin filaments have a well defined diameter
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(7 nm) and a persistence length on the order of 10 µm. With crosslinking pro-

tein filamin A and filamin B, the actin filaments form orthogonal networks [24].

Dense crosslinkers can eventually form a mesh size on the order of 0.5 µm and

multiple filaments can be conveniently imaged in one large scale scan. The

transverse fluctuations of each filament can then be precisely determined from

the distribution of the probe particle. These measurements can be eventually

used to determine the force associated with each filament inside the network.

The same measurements can be done under different strains. The change of

force distribution inside the network can help understand force transmission

through cellular biopolymer networks.

Interpretation of the thermal noise images can be further improved by

accounting for the nonuniform probability distribution caused by the trapping

potential and the background created by the biopolymer network.
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Appendix 1

Alternative method for detector nonlinearity

correction

In Chapter 4, we have demonstrated that the local drift depends on

the position of the particle relative to the trap center and thus is related to

the force field we aim to measure. However, the calibration method with the

nonlinearity correction in Section 3.5 has assumed that the particle undergoes

free diffusion on short time scales regardless of the location of the particle.

Here we prove that the nonlinearity correction applied in Section 3.5 does not

affect the local drift measurement and therefore does not affect the force mea-

surement, by comparing it with an alternative nonlinearity correction method

which is theoretically more robust.

At each local voxel, the trapping force and diffusion act together to

determine the motion of the particle. With a voxel size of ten nanometers,

the local force is assumed to be constant. This constant force causes a drift of

the particle position after time lag ∆t. However, the width of the distribution

is determined by the diffusion of the particle’s Brownian motion only. That

is, even at different locations where the particle experiences different forces,

the variance of the new position distribution is expected to be constant. The
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Figure 1.1: Detector sensitivity from variance and MSD of the particle’s posi-
tion. A 200 nm particle is trapped in a laser beam with 1064 nm wavelength.
The power in the laser focus is approximately 40 mW and the time lag here
is ∆t = 4 µs. The data used here is the same as the x dimension data used in
Fig. 3.8.

variance of a variable X is defined as:

σ2(X) = E[(X − µ)2] =
1

N

N∑
i=1

(Xi − µ)2 (1.1)

where E denotes the expectation value and µ is the average of the new posi-

tions. Compared to the MSD, the variance compensates for the drift caused

by the local force. Therefore, replacing the MSD in Eq. 3.4 with the variance

can be a more robust way for determining the detector sensitivity:

∂xSX =

√
σ2
SX

2Dt
. (1.2)
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Figure 1.1 shows the comparison of the detector sensitivity determined by

MSD and variance of a 200 nm polystyrene particle’s lateral position with

time lag 4 µs. The two methods yielded a difference of ≪ 1% for the detector

sensitivity in the more populated range. Data points at the two ends have

high statistical errors and are not used for comparison. Therefore, both ap-

proaches give reasonable results. In addition, local drifts are usually computed

with a time lag much larger than 4 µs. This further reduces the impact the

nonlinearity correction could have on the force measurements.

109



Bibliography

[1] D. J. Acheson. Elementary Fluid Dynamics. Oxford, New York, N.Y.,

pg. 223, 1990.

[2] A. Ashkin. Acceleration and trapping of particles by radiation pressure.

Physical Review Letters, 24:156, 1970.

[3] A. Ashkin. Forces of a single-beam gradient laser trap on a dielectric

sphere in the ray optics regime. Biophysical Journal, 61:569, 1992.

[4] A. Ashkin. Optical trapping and manipulation of neutral particles using

lasers. Proceedings of the National Academy of Sciences of the United

States of America, 94:4853, 1997.

[5] A. Ashkin. Optical trapping and manipulation. World Scientific, pg. 56,

2006.

[6] A. Ashkin and J. M. Dzeidzic. Optical trapping and manipulation of

viruses and bacteria. Science, 235:1517, 1987.

[7] A. Ashkin and J. M. Dziedzic. Internal cell manipulation using infrared

laser traps. Proceedings of the National Academy of Sciences of the United

States of America, 86:7914, 1989.

110



[8] A. Ashkin, J. M. Dziedzic, and T. Yamane. Optical trapping and ma-

nipulation of single cells using infrared laser beams. Nature, 330:769,

1987.

[9] L. Bai, T. J. Santangelo, and M. D. Wang. Single-molecule analysis

of RNA polymerase transcription. Annual Review of Biophysics and

Biomolecular Structure, 35:343, 2006.

[10] R. Bar-Ziv, T. Frisch, and E. Moses. Entropic expulsion in vesicles.

Physical Review Letters, 75:3481, 1995.

[11] J. P. Barton and D. R. Alexander. Fifth-order corrected electromagnetic

field components for a fundamental Gaussian beam. Journal of Applied

Physics, 66:2800, 1989.

[12] J. P. Barton and D. R. Alexander. Theoretical determination of net

radiation force and torque for a spherical particle illuminated by a focused

laser beam. Journal of Applied Physics, 66:4594, 1989.

[13] J. P. Barton and D. R. Alexander. Electromagnetic fields for an irregu-

larly shaped, near-spherical particle illuminated by a focused laser beam.

Journal of Applied Physics, 69:7973, 1991.

[14] J. P. Barton, D. R. Alexander, and S. A. Schaub. Internal and near-

surface electromagnetic fields for a spherical particle irradiated by a fo-

cused laser beam. Journal of Applied Physics, 64:1632, 1988.

111



[15] J. P. Barton, D. R. Alexander, and S. A. Schaub. Internal fields of a

spherical particle illuminated by a tightly focused laser beam: focal point

positioning effects at resonance. Journal of Applied Physics, 65:2900,

1989.

[16] S. Bayoudh, M. Mehta, H. Rubinsztein-Dunlop, N. R. Heckenberg, and

C. Critchley. Micromanipulation of chloroplasts using optical tweezers.

Journal of Microscopy, 203:214, 2001.

[17] P. M. Bendix, S. N. S. Reihani, and L. B. Oddershede. Direct measure-

ments of heating by electromagnetically trapped gold nanoparticles on

supported lipid bilayers. ACS nano, 4:2256, 2010.

[18] M. W. Berns, W. H. Wright, B. J. Tromberg, G. A. Profeta, J. J. An-

drews, and R. J. Walter. Use of a laser-induced optical force trap to

study chromosome movement on the mitotic spindle. Proceedings of the

National Academy of Sciences of the United States of America, 86:4539,

1989.

[19] S. M. Block, L. S. Goldstein, and B. J. Schnapp. Bead movement by

single kinesin molecules studied with optical tweezers. Nature, 348:348,

1990.

[20] S. R. Bolsover, E. A. Shephard, H. A. White, and J. S. Hyams. Cell

Biology: A Short Course. Wiley-Blackwell, pg. 283, 2011.

112



[21] S. Boral and H. B. Bohidar. Hierarchical structures in agar hydrogels.

Polymer, 50:5585, 2009.

[22] H.-J. Butt, B. Cappella, and M. Kappl. Force measurements with

the atomic force microscope: Technique, interpretation and applications.

Surface Science Reports, 59:1, 2005.

[23] D. Collin, F. Ritort, C. Jarzynski, S. B. Smith, I. Tinoco, and C. Bus-

tamante. Verification of the Crooks fluctuation theorem and recovery of

RNA folding free energies. Nature, 437:231, 2005.

[24] G. M. Cooper and R. E. Hausman. The Cell – A Molecular Approach.

Sinauer Associates, 2007.

[25] D. L. Coy. Kinesin takes one 8-nm step for each ATP that it hydrolyzes.

Journal of Biological Chemistry, 274:3667, 1999.

[26] M. de Messieres, N. Denesyuk, and A. La Porta. Noise associated with

nonconservative forces in optical traps. Physical Review E, 84:1, 2011.

[27] M. D.Wang, M. J. Schnitzer, H. Yin, R. Landick, J. Gelles, and S. M.

Block. Force and velocity measured for single molecules of RNA poly-

merase. Science, 282:902, 1998.
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