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Complex wrinkle patterns have been observed in various thin film systems,
typically with integrated hard and soft materials for various technological applications as
well as in nature. The underlying mechanism of wrinkling has been generally understood
as a stress-driven instability. On an elastic substrate, equilibrium and energetics set the
critical condition and select the wrinkle wavelength and amplitude. On a viscous
substrate, wrinkles grow over time and kinetics select the dominant wavelength. More
generally, on a viscoelastic substrate, both energetics and kinetics play important roles in
determining the critical condition, the growth rate, and wrinkle patterns. The dynamics of
wrinkling, while analogous to other phase ordering phenomena, is rich and distinct under
the effects of a variety of stress conditions and nonlocal film-substrate interactions.
In this study, a new mathematical model is developed for wrinkling of isotropic
and anisotropic elastic films on viscoelastic substrates. Analytic solutions are obtained by
a linear perturbation analysis and a nonlinear energy minimization method, which predict
vii

the kinetics of wrinkle growth at the initial stage and the equilibrium states at the longtime limit, respectively. In between, a power-law coarsening of the wrinkle wavelength is
predicted by a scaling analysis. Numerical simulations confirm the analytical predictions
and show diverse wrinkle patterns under various stress conditions. For isotropic elastic
films, a transition from parallel wrinkles to zigzag patterns is predicted under anisotropic
biaxial stresses. For cubic crystal films, the anisotropic elastic property leads to formation
of orthogonal wrinkle patterns under equi-biaxial stresses. In general, the competition
between the stress anisotropy and the material anisotropy controls the evolution of
wrinkle patterns. Based on the mathematical model, two potential applications of the
wrinkling phenomenon are explored, one for surface patterning and the other for
estimating viscoelastic properties of thin polymer films. The theoretical and numerical
results from this study are compared with experimental observations that are available in
literature and through collaborations with experimental groups. The last chapter of this
dissertation considers ratcheting-induced wrinkling for an elastic film on an elastoplastic
substrate under cyclic temperatures, demonstrating an analogy between plastic ratcheting
and viscous creep.
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Chapter 1
Introduction
1.1 Background
Complex wrinkle patterns have been observed in various thin-film systems with
integrated hard and soft materials [1-5]. For many applications of the integrated material
systems, wrinkling is undesirable as it may lead to failure by delamination or fracture [69]. On the other hand, wrinkling has also been exploited recently as an enabling
mechanism for a variety of new applications, such as stretchable electronics [10-12],
micro/nanoscale surface patterning [13-16], optical phase grating [17], microfluidic
sieves [18], smart adhesion [19], and metrology aid for measuring mechanical properties
of thin films [20, 21]. A collection of physical understanding and applications of the
wrinkling phenomena was reviewed by Genzer and Groenewold [22].
Theoretical studies of surface wrinkling may be traced back to 1940s when
wrinkling of face plates was analyzed as a form of local elastic instability in structural
sandwich panels [23-25]; an account of the historical development was well documented
by Allen [26]. Later, a series of works by Biot extended the wrinkling theory to
viscoelastic layers [27] and rubber-like nonlinear elastic media under finite strain [28,
29]. The early studies of wrinkling focused on the critical conditions for the onset of
instability. Recent advances in micro/nanoscale fabrication and measurements have
renewed the interest in mechanics of wrinkling beyond the initial instability. An energybased approach has been widely adopted for post-instability analysis to determine the
equilibrium states of wrinkling for an elastic film on an elastic substrate [30-35].
However, the energy approach is limited to a few periodically ordered wrinkle patterns
1

under the equilibrium condition. The objective of the present study is to develop
theoretical models and simulation methods to investigate the transient process of wrinkle
formation and the evolution dynamics of various patterns in stressed thin films on soft
substrates. Previously, temporal evolution of wrinkles has been analyzed for an isotropic
elastic film on a viscous substrate [36-38]. Kinetic wrinkling of an isotropic elastic film
on a viscoelastic substrate was also studied by a linear perturbation analysis [39]. In this
dissertation, wrinkling of isotropic as well as anisotropic elastic films on a thin
viscoelastic substrate is studied, and the dynamics of wrinkle pattern evolution is
investigated at both the linear and nonlinear regimes.

1.2 Experimental Observations
This section reviews the main experimental observations of wrinkling in thin
films. Bowden et al. [2] observed a variety of complex wrinkle patterns of a thin metal
film on an elastomer substrate. As shown in Figure 1.1, a thick (1.0×2.5×6.5 cm) layer of
polydimethylsiloxane (PDMS) on a thin glass slide was placed into an evacuated
chamber out a pressure of 10-6 torr, which was equipped with an electron beam
evaporator. The electron beam heated the metal sources and the PDMS. A thin metal film
was deposited on the heated PDMS. A typical film comprised of 5nm titanium
evaporated at 1 Å s-1, followed by 50nm gold evaporated at 3 Å s-1. After evaporation, the
PDMS was cooled to the room temperature. As a compressive stress developed in the
film during cooling, wrinkles formed on the surface. The PDMS was then separated from
the glass slide with a razor blade, heated to 110°C, and cooled back down to ambient
temperature. The wrinkle patterns before and after separation, heating, and cooling were
similar.
2

Figure 1.1: Experimental procedures for wrinkling of metal films on PDMS [2].

Figure 1.2: Optical images of various wrinkle patterns [2].
Figure 1.2 shows optical images of various wrinkle patterns after the metal films
on the PDMS were cooled down to room temperature [2]. The wavelengths of the
generated wrinkles were 20-50μm, and the wrinkle amplitude was about 1.5μm.
3

The underlying mechanism of wrinkling has been generally understood as a
stress-driven instability. For a solid film bonded to a substrate, however, instability is
constrained. If the substrate is elastic, there exists a critical compressive stress, beyond
which the film wrinkles with a particular wavelength. For an isotropic elastic film under a
uniform equi-biaxial stress state, wrinkles form spontaneously with a randomly oriented
direction (Fig 1.2(a)). The critical stress, wavelength, and amplitude for an elastic thick
substrate [26, 32, 39] are given by

(

(

where E f = E f / 1 − ν 2f

))

σc

1 ⎛ 3E
=− ⎜ s
Ef
4 ⎜⎝ E f

⎞
⎟
⎟
⎠

⎛ Ef
λ = 2πh f ⎜⎜
⎝ 3E s

⎞
⎟
⎟
⎠

2/3

,

(1.1)

1/ 3

,

(1.2)

⎛σ
⎞
A = h f ⎜⎜ 0 − 1⎟⎟ ,
⎝σc
⎠

(1.3)

and E s (= E s / (1 − ν s2 )) are plane-strain moduli ( E f and E s

for Young’s moduli, ν f and ν s for Poisson’s ratios) of the film and the substrate,
respectively, and h f is the thickness of the film. As the substrate becomes increasingly
softer than the film, the critical compressive stress decreases. In contrast, it is difficult to
wrinkle when the substrate is stiffer. The equilibrium wrinkle wavelength and amplitude
are determined by minimizing the total elastic energy in the film and the substrate. The
equilibrium wavelength tends to increase with increasingly softer substrates, while the
amplitude increases with the stress ratio σc/σ0. The theoretical prediction agreed
reasonably well with the experiment.

4

Without any pre-defined patterns on the surface, the compressive stress in the film
far away from the edges is typically uniform and equi-biaxial. With the equi-biaxial stress
and the isotropic elastic property of the film, the wrinkles form without any directional
preference, as shown in Figure 1.2 (a). To obtain ordered wrinkle patterns, bas-relief
patterned surfaces were fabricated to generate non-uniform residual stresses in the metal
films. As the normal stress relieses along the boundary, the wrinkle orients normal to the
edge. Strong alignment of wrinkle patterns can be identified with different boundaries.
Under non-uniform stresses, ordered wrinkle patterns were generated over a large area
(Fig 1.2 (b)~(f)). As shown in Figure 1.2 (b), disordered winkles transition to ordered
waves guided by rectangular ridges (100μm wide and 10-20μm high; separated by
300μm). The rectangular ridges, 100μm wide and 10-20μm high (separated by 300μm) in
Figure 1.2 (c) and (f), align the waves parallel to the direction of the raised portions of the
PDMS.

Figure 1.2 (d) and (e) represent periodic squares (300μm on each side) and

circles (150μm in radius) elevated by 10-20μm relative to the surface. These show no
buckling on the plateau, but ordered patterns of waves on the recessed regions between
them.
Based on the characteristics of the elastic buckling mechanism in thin films,
Stafford et al. [20] developed a strain-induced buckling method to measure the elastic
modulus of thin polymer films. Figure 1.3 (a) shows wrinkling of a thickness gradient
film of polystyrene (PS) with the thickness varying from 150nm to 240nm. The PS film
was transferred to a PDMS layer, and the PS/PDMS bilayer was strained to induce
wrinkling. The dominant wrinkle wavelength was measured by small-angle light
scattering. The Young’s modulus of the PS film was then calculated by Eq. (1.2). As
shown in Fig 1.3 (b), while the buckle wavelength (open circles) increases linearly with
film thickness, the calculated modulus by Eq (1.2) is nearly constant (3.4 ± 0.1GPa) over
5

the thickness range (150-240nm) using ν f = 0.33 (Poisson’s ratio of the PS film) and
E s = (1.5-2.0) ± 0.1MPa (the elastic modulus of the PDMS). Figure 1.3 (c) shows the
elastic modulus of a nanoporous low-k dielectric as a function of the porosity. The elastic
modulus of the nanoporous films measured from the wrinkling wavelength (filled circles
in Fig. 1.3 (c)) agrees closely with nanoindentation measurements (open circles). The
experimental results demonstrated strain-induced wrinkling as an effective and simple
method for measuring the elastic properties of thin films.
In addition to spontaneous formation of elastic wrinkles, time-dependent
evolution of wrinkle patterns has also been observed experimentally. Yoo and Lee [5]
reported a spectrum of evolving wrinkle patterns of thin metal films on a viscoelastic
polymer. In their experiments, a thin layer of polystyrene (PS, 300-600 nm thick) was
spin coated onto a silicon substrate, on which aluminum was thermally deposited to a
desired thickness (~40 nm). The samples were placed in a constant-temperature oven and
annealed for a period of time. The annealing temperature (140-170°C) was well above
the glass transition temperature of the PS (Tg ~ 105°C). The samples were then removed
one at a time to examine the temporal evolution of the surface wrinkles by atomic force
microscopy (AFM). Figure 1.4 shows a sequence of the AFM images after annealing for
10 min to 170 hours, along with the Fourier transformation of the surface patterns. The
circular rings in the FFT images reflect the isotropic nature of the labyrinth type wrinkle
patterns, and the radius of each circle gives a measure of the wave number from which an
average wrinkle wavelength can be determined. It was found that, while the surface
roughness (root mean square or RMS) grew continuously with time, the average
wavelength remained nearly constant at the early stages and later underwent a coarsening
process to form wrinkles of increasingly longer wavelengths. At a very early stage, a
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transition from an islandlike wrinkle pattern to a labyrinth pattern was noted, as shown in
Figure 1.5.

(a)

(b)

(c)

Figure 1.3: (a) Optical micrograph showing strain-induced wrinkling of a PS film with
thickness gradient (150nm to 240nm) on PDMS. (b) Measured wrinkle
wavelength (open circles) and elastic modulus (filled circles) of PS film
versus film thickness. (c) Elastic modulus of nanoporous films as a function
of porosity measured by the wrinkling and indentation methods [20].
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Figure 1.4: AFM images (80 μm x 80 μm) of evolving wrinkle patterns of an aluminum
thin film (40 nm) on a PS layer (400 nm) annealed at 145°C. The insets
show the FFT images of the surface patterns [40].

(a)

(b)

(c)

(d)

Figure 1.5: AFM images (40 μm x 40 μm) of the early-stage evolution of the wrinkle
patterns of an aluminum film (40 nm) on a PS layer (350 nm). The upper
insets show the FFT of the patterns, and the lower insets show sectional data
along a line and the RMS roughness [5].
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The observations of evolving wrinkle patterns inspired the development of an
alternative approach to modeling wrinkle formation in thin films [32, 37]. Instead of
solving the equilibrium equations directly or by energy minimization, a kinetic process is
introduced by considering the time-dependent mechanical properties of the substrate
layer (e.g., polymers). If the substrate material is viscous, the kinetics of viscous flow
control wrinkle growth, selecting a wavelength with the fastest growth rate [37]. Since
the viscous substrate does not store elastic energy, a compressed blanket film (with lateral
dimensions much larger than its thickness) on top is always unstable and tends to form
wrinkles, and the wrinkles grow continuously to relax the strain energy in the elastic film.
If the substrate is viscoelastic, the energetics set up a critical condition for the elastic film
to wrinkle, while the time-dependent viscoelastic deformation of the substrate controls
the kinetics of wrinkle growth [39]. In essence, the viscoelastic evolution represents a
real kinetic process to form wrinkle patterns. As the viscoelastic deformation dissipates
energy, the evolution process may also be regarded as a searching algorithm for the
minimum energy state. Such an approach will be further developed in the present work to
study the evolution processes of wrinkle patterns.
Many existing models of wrinkling have assumed isotropic elastic properties for
films. Under equi-biaxial compression, wrinkle patterns of an isotropic elastic film
characteristically exhibit a lack of ordering such as with the labyrinth pattern commonly
observed in experiments [1, 2, 5, 31, 40], although some ordered wrinkle patterns (e.g.,
parallel stripes, zigzag or herringbone, and checkerboard patterns) have been theoretically
predicted and occasionally observed under particular boundary conditions. It is
understood that the lack of ordering in the wrinkle patterns results from rotational
symmetry in both the material properties and the equi-biaxial stress state. This symmetry
can be broken either by invoking an anisotropic biaxial stress or in a layered material
9

system with anisotropic mechanical properties. As demonstrated by Bowden et al. [2],
ordered wrinkle patterns can be generated in periodically patterned films, in which the
residual stress may have been altered. A similar approach will be explored in the present
study (Chapter 6) to generate a variety of wrinkle patterns by controlling the distribution
of the residual stresses in the film. On the other hand, a few experiments have observed
wrinkling of anisotropic crystal films [3, 12, 41-43], for which the anisotropic elastic
property plays an important role in the formation of wrinkle patterns.
Hobart et al. [3] observed wrinkling of single-crystal silicon-germanium (SiGe)
alloy films on a glass substrate when annealed at an elevated temperature. A more
detailed study of the wrinkling process was carried out by Peterson et al. [41, 42]. A SiGe
film (about 30 nm) was epitaxially grown on a Si <001> substrate, with a compressive
mismatch strain of about 1.2%. Subsequently, the film was transferred onto a
borophosphorosilicate glass (BPSG) glass layer (about 235 nm thick), which in turn was
deposited on a Si wafer. The SiGe film was then patterned into rectangular islands of
different sizes and annealed at 750 °C, which is above the glass transition temperature of
BPSG (~650 °C). Figure 1.6 shows AFM images of the film surface as the wrinkles
grow. Initially, an islandlike wrinkle pattern formed, with the islands aligned in two
orthogonal directions. Later, the islands connected to form long ridges similar to the
labyrinth pattern. The alignment of the wrinkle patterns is clearly shown in Figure. 1.7
(a). By patterning the SiGe films into long ribbons along the <110> and <100> directions
of the cubic crystal, parallel wrinkles were observed upon annealing, as shown in Figure
1.7 (b) and (c). The wrinkle wavelengths are slightly different in the two directions.
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(a)

(d)

(b)

(c)

(e)

(f)

Figure 1.6: AFM image of buckled SiGe on 235 nm BPSG at the center of 150 μm ×
150 μm islands after 750 °C anneals of various length: (a) no anneal (b) 25
min (c) 50 min (d) 105 min (e) 253 min and (f) 600 min. The scan edge is
along a <110> crystal direction: buckles are along <100> [41].

(a)

(b)

(c)

Figure 1.7: AFM images of SiGe on BPSG islands [42]. (a) 2D buckling at the center of
a square island, 150μm ×150μm; (b) and (c) 1D buckling at the center of
rectangular islands, 20μm ×150μm, aligned to the <110> and <100> crystal
directions after a 20h anneal at 750°C.
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More recently, Choi et al. [12] observed zigzag wrinkle patterns of single-crystal
Si films bonded to a prestrained polydimethylsiloxane (PDMS) substrate, where the jog
angle of the zigzag was close to 90°, although no alignment with the crystal axes was
reported. They fabricated the patterned membranes from silicon-on-insulator (SOI) by
defining suitable patterns of photoresist and then removing the exposed silicon by
reactive ion etching. A PDMS substrate bonded to the processed SOI wafer which was
then peeled off to transfer the membranes to the PDMS. After the sample was heated for
a few minutes to form strong adhesive bonds between the membrane and the PDMS, it
was cooled to room temperature to release the thermally induced prestrain. Twodimensional wavy structures in the square and rectangular Si membrane were
spontaneously generated by biaxial compressive strains as shown in Figure 1.8. The film
has a vertical length of 1000 μm and a horizontal length of 100, 200, 500, and 1000 μm.
Narrow ribbons generated stripe patterns. As the width of the film increases and
approaches at certain width, vertical stripe patterns emerge near the top and bottom
edges. For the 1000×1000μm membrane, herringbone patterns are observed at the center
region. Near the free edges, stripe patterns are identified. At the four corners, a nowrinkle zone exists. In the case of higher pre-strains, vertical stripe patterns appear early
and the no-wrinkle zone shrinks.
Wrinkling phenomena have been recently exploited for a variety of applications.
As shown in Figure 1.9, Khang et al. [44] and Choi et al. [12] demonstrate wavy Si
structures that can be stretched and compressed up to large levels of strain without
damaging the silicon. The wrinkling make possible stretchable electronic devices with
high performance and reduced mechanical reliability problems. Harrison et al. [17] used
wrinkling to develop a tunable phase grating. The intensity of diffraction orders of a
scattered laser beam can be controlled by a wrinkled surface where its amplitude and
12

wavelength are tuned by changing the film thickness and compressive stress level. Chan
et al. [19] reported that the geometry of the wrinkle patterns has an influence on the
adhesion of the material, so-called, “smart adhesion”. Other applications may be
developed in the areas of large-area, flexible displays and solar panels.

Figure 1.8: Optical micrographs of 2D wavy Si nanomembranes with lengths of 1000
μm and with widths of 100, 200, 500 and 1000 μm [12]. The lower insets
show the wrinkle patterns in the white box. First two figures show perfect
stripe patterns from one side to the other. Third figure shows that stripe
patterns have slightly bent geometries in the middle of the film. Fourth
figure shows fully developed zigzag patterns.
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(a)

(b)
Figure 1.9: Optical image of (a) a large scale aligned array of wavy single crystal Si
ribbons (Width = 20μm, spacing = 20μm, thickness = 100μm) on PDMS
[44], (b) Square islands (100×100μm) connected by wavy structure of Si
ribbons (30×150μm) [12].

1.3 Scope of this Dissertation
Motivated by the recent experimental observations, this dissertation develops a
mathematical model for wrinkling of an elastic film (isotropic and anisotropic) on a thin
viscoelastic substrate to investigate the kinetic processes of wrinkling and pattern
evolution. This dissertation is organized as follows.
As an introduction, Chapter 1 gives a brief account of the background for this
work. Experimental observations of thin film wrinkling are reviewed, along with
qualitative representation of the physical mechanisms.
14

Chapter 2 presents a model formulation, which combines the nonlinear von
Karman plate theory for an elastic film with a thin-layer approximation for a viscoelastic
substrate. A finite difference method and a spectral method are described for numerical
simulations of one- and two-dimensional wrinkling, respectively.
In Chapter 3, evolution of one-dimensional wrinkles is studied. Analytic solutions
are obtained by a linear perturbation analysis and an energy minimization method.
Numerical simulations illustrate the evolution process from initial growth to equilibrium
state.
Chapter 4 analyzes two-dimensional wrinkle patterns by a scaling analysis as well
as numerical simulations. Various winkle patterns (e.g. parallel, zigzag, checkerboard,
and labyrinth patterns) are obtained, and a phase diagram for wrinkle patterns is
constructed.
Chapter 5 considers anisotropic single-crystal films on a viscoelastic substrate
layer. The effects of elastic anisotropy on the stability of the film and evolution of
wrinkle patterns are studied analytically and numerically.
Two applications of wrinkling are discussed in Chapter 6. First, non-uniform
residual stresses in finite-sized rectangular films and periodically patterned films are
analyzed as a way to control wrinkle patterns. Secondly, a new measurement technique is
proposed to estimate the viscoelastic properties of thin polymer films by thermallyinduced wrinkling.
Chapter 7 presents a theoretical model for wrinkling of an elastic film on an
elastic-plastic metal layer caused by cyclic temperatures. An analogy is developed
between cyclic plastic deformation by ratcheting and time-dependent deformation by
viscous flow (creep). Analytic solutions and numerical simulations are presented to show
the evolution of ratcheting-induced wrinkles under different conditions.
15

Finally, Chapter 8 summarizes the theoretical findings from the present study.
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Chapter 2
Modeling and Simulation Methodology
This chapter develops a theoretical model for wrinkling of an elastic thin film on a
thin viscoelastic layer. The film is either isotropic or anisotropic and subjected to a
compressive residual stress. The viscoelastic layer is sandwiched between the film and a
rigid foundation. The nonlinear plate theory is employed to model the film, and a thinlayer approximation is developed for the viscoelastic deformation. The interface is
assumed to remain bonded. A set of nonlinear evolution equations are obtained, and
numerical methods are developed to solve these equations.
Figure 2.1 illustrates the model structure considered in this study: an elastic film
of thickness h lying on a viscoelastic layer of thickness H, which in turns lies on a rigid
foundation. The system has a reference state (Fig. 2.1(a)), when both layers are flat and
the elastic film is subjected to a uniformly distributed residual stress. A Cartesian
coordinate system is set up such that the x − y plane coincides with the interface
between the two layers. For a cubic crystal film with the surface normal in the <001>
crystal direction, the in-plane x and y axes are set to align with the <100> and <010>
crystal directions (see Fig. 2.1 (a)). The viscoelastic substrate layer is assumed to be
stress free at the reference state. Figure 2.1(b) represents a sketch of a wrinkled state,
where the elastic film undergoes both in-plane and out-of-plane displacements to relax
the residual compressive stress while the viscoelastic layer deforms concomitantly.
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(a) Reference state

(b) Wrinkled state

Figure 2.1: Schematic of an elastic-viscoelastic bilayer on a rigid foundation: (a)
Reference state and (b) Wrinkled state.
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2.1 Elastic Deformation of a Thin Film
In general, residual stress in films have three in-plane components, σ xxR , σ yyR ,
and σ xyR , as illustrated in Figure 2.2 (a). The stress state can also be represented by two
principal stresses ( σ 1 and σ 2 ) and the corresponding principal angle ( θ p ), as illustrated
in Figure 2.2 (b). The tensor property of the stress gives the principal stresses and the
principal angle in terms of the original stress components, namely,

σ 1, 2 =

σ xxR + σ yyR

tan 2θ p =

(a)

2

⎛ σ xxR − σ yyR
± ⎜
⎜
2
⎝

2σ xyR

σ xxR − σ yyR

2

⎞
⎟ + σ xyR
⎟
⎠

( )

2

,

(2.1)

.

(2.2)

(b)

(c)

Figure 2.2: Residual stress of films represented by stress elements in different
orientations: (a) in the x-y coordinates; (b) the principal directions; (c) an
arbitrarily rotated direction.
As a necessary condition for the film to wrinkle, at least one of the two principal
stresses must be negative (compressive). Typically, the residual stress is equi-biaxial
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( σ 1 = σ 2 ) in an infinite blanket film and nearly uniaxial ( σ 2 = 0 ) in a narrow ribbon. In a
film of finite dimension, the residual stress varies from equi-biaxial in the center region
to uniaxial near the free edges. As will be shown later, the wrinkle patterns depend on the
ratio between the two principal stresses for isotropic films. For anisotropic crystal films,
the wrinkle patterns also depend on the principal direction relative to the crystal axes.
Under the condition of small deformation, the generalized Hooke’s law of linear
elasticity gives the stress-strain relationships:

σ ij = Cijklε kl ,

(2.3)

where Cijkl is the elastic constants and the subscripts, i, j, k, l, take values from 1 to 3 for
the Cartesian coordinates. Equation (2.3) can be written in a matrix form using the
abbreviated Voigt’s notation C pq for the elastic constants, with the subscripts p and q
taking values from 1 to 6. For an orthotropic material, the stress-strain relationships are:

⎡σ xx ⎤ ⎡C11
⎢σ ⎥ ⎢
⎢ yy ⎥ ⎢C12
⎢σ zz ⎥ ⎢C13
⎢ ⎥=⎢
⎢σ yz ⎥ ⎢ 0
⎢σ zx ⎥ ⎢ 0
⎢ ⎥ ⎢
⎣⎢σ xy ⎦⎥ ⎣⎢ 0

C12
C 22

C13
C 23

0
0

0
0

C 23

C33

0

0

0

0

2C 44

0

0
0

0
0

0
0

2C55
0

0 ⎤ ⎡ε xx ⎤
⎢ ⎥
0 ⎥⎥ ⎢ε yy ⎥
0 ⎥ ⎢ε zz ⎥
⎥⎢ ⎥ .
0 ⎥ ⎢ε yz ⎥
0 ⎥ ⎢ε zx ⎥
⎥⎢ ⎥
2C 66 ⎦⎥ ⎣⎢ε xy ⎦⎥

(2.4)

For a cubic crystal, the stress-strain relationships take the same form as Eq. (2.4),
but with C11 = C 22 = C 33 , C 44 = C 55 = C 66 , and C12 = C 23 = C13 , due to cubic
symmetry. Additional symmetry for an isotropic material leads to the relation,
C11 − C12 = 2C 66 , reducing the number of independent elastic constants from three to two.
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In the present study, the film is modeled as a thin elastic plate. Following classical
plate theory [45, 46], by setting σ zx = σ zy = σ zz = 0 in Eq. (2.4), the in-plane stressstrain relationships are obtained:

⎡σ xx ⎤ ⎡C11 C12
⎢ ⎥ ⎢
⎢σ yy ⎥ = ⎢C12 C22
⎢σ xy ⎥ ⎢ 0
0
⎣ ⎦ ⎣

0 ⎤ ⎡ε xx ⎤
⎥⎢ ⎥
0 ⎥ ⎢ε yy ⎥ ,
2C66 ⎥⎦ ⎢⎣ε xy ⎥⎦

(2.5)

where C mn = C mn − C 3 m C 3 n / C 33 for m, n = 1 or 2. For a cubic crystal plate,
C11 = C 22 = C11 − C122 / C11 , and C12 = C12 − C122 / C11 . For an isotropic elastic plate, the
reduced elastic constants can be expressed in terms of Young’s modulus ( E ) and
Poisson’s ratio ( ν ), namely,

(

C11 = C22 = E / 1 −ν 2

)

,

(

C12 = νE / 1 −ν 2

)

, and

C66 = E /[2(1 +ν )] . The in-plane stress-strain relationships for an isotropic film are thus
⎡σ xx ⎤
⎢ ⎥
⎢σ yy ⎥ = E f
⎢σ xy ⎥
⎣ ⎦

where E f =

Ef
1 −ν 2f

⎡
⎢1
⎢
⎢ν f
⎢
⎢0
⎣

νf

0
0
1 −ν f

1
0

2

⎤
⎥ ⎡ε xx ⎤
⎥⎢ ⎥
⎥ ⎢ε yy ⎥ ,
⎥ ⎢ε xy ⎥
⎥⎣ ⎦
⎦

(2.6)

is the plane-strain modulus of the film.

Let u x and u y be the in-plane displacements of the neutral plane (z = h/2) and

w the lateral deflection of the film. Upon wrinkling, the membrane strain components in
the neutral plane are
2

ε xx =

ε yy

∂u x 1 ⎛ ∂w ⎞
+ ⎜ ⎟ ,
∂x 2 ⎝ ∂x ⎠
∂u y

(2.7)

2

1 ⎛ ∂w ⎞
=
+ ⎜⎜ ⎟⎟ ,
∂y 2 ⎝ ∂y ⎠
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(2.8)

1 ⎛ ∂u

∂u ⎞

1 ∂w ∂w

y
⎟+
.
ε xy = ⎜⎜ x +
2 ⎝ ∂y
∂x ⎟⎠ 2 ∂x ∂y

(2.9)

A nonlinear term is included above in each strain component to account for geometrical
nonlinearity due to moderately large deflection of the elastic film. By the Kirchhoff
hypothesis of the thin-plate theory, the in-plane strain components in the film are
expressed in terms of the strain in the neutral plane and the curvature as follows:

ε xx = ε xx + ⎜ z − ⎟κ xx ,

⎛
⎝

h⎞
2⎠

(2.10)

ε yy = ε yy + ⎜ z − ⎟κ yy ,

⎛
⎝

h⎞
2⎠

(2.11)

⎛
⎝

h⎞
2⎠

(2.12)

ε xy = ε xy + ⎜ z − ⎟κ xy ,
where κ αβ

=−

∂2w
are the curvatures.
∂xα ∂x β

The resultant membrane forces including the initial residual stresses are obtained
as
h

(

)

(

)

R
R
N αβ = ∫ σ αβ
+ σ αβ dz = σ αβ
+ σ αβ h .
0

(2.13)

It may be noted that the displacements are measured relative to the reference state with
R
the residual stress σ αβ
, and thus the strain in Eq. (2.7)-(2.9) describes an incremental

deformation from the stressed reference state. As long as the total deformation of the film
is sufficiently small for the material to behave within the linearly elastic regime, the total
R
stress in the film is approximately σ αβ
+ σ αβ . The stress components ( σ αβ ) are obtained

by substituting Eqs. (2.7)~(2.9) into Eq. (2.5) [29]. The resultant moments intensities are
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h

(

R
+ σ αβ
M αβ = ∫ σ αβ
0

⎡C11
h⎞
h3 ⎢
⎛
C12
⎜ z − ⎟dz =
2⎠
12 ⎢
⎝
⎢ 0
⎣

)

C12
C 22
0

0 ⎤ ⎡κ xx ⎤
⎥⎢ ⎥
0 ⎥ ⎢κ yy ⎥ .
2C 66 ⎥⎦ ⎢⎣κ xy ⎥⎦

(2.14)

In-plane force equilibrium requires that

∂N xx ∂N xy
+
= Tx ,
∂x
∂y
∂N xy
∂x

+

∂N yy
∂y

(2.15)

= Ty ,

(2.16)

where Tx and Ty are the shear tractions acting at the interface between the film and the
substrate. The force equilibrium in the z direction gives that
∂Q x ∂Q y ⎡ ∂ ⎛
∂w
∂w ⎞ ∂ ⎛
∂w
∂w ⎞⎤
⎟⎟ + ⎜⎜ N yy
⎟⎥ + p = 0 , (2.17)
+
+ ⎢ ⎜⎜ N xx
+ N xy
+ N xy
∂x
∂y ⎣ ∂x ⎝
∂x
∂y ⎠ ∂y ⎝
∂y
∂x ⎟⎠⎦

where p is the pressure (negative normal traction) at the interface, and Qα is the
traverse shearing force. The moment equilibrium equations are
∂M xx ∂M xy
+
− Qx = 0 ,
∂x
∂y
∂M xy
∂x

+

∂M xx
− Qy = 0 .
∂y

Substituting Eqs. (2.18) and (2.19) into (2.17) gives the equation.
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(2.18)

(2.19)

∂ 2 M xy ∂ 2 M yy
∂ 2 M xx
+2
+
∂x∂y
∂x 2
∂y 2
⎡∂ ⎛
∂w
∂w ⎞ ∂ ⎛
∂w
∂w ⎞⎤
⎟⎟ + ⎜⎜ N yy
⎟⎟⎥ − p = 0
+ ⎢ ⎜⎜ N xx
+ N xy
+ N xy
x
x
y
y
y
x
∂
∂
∂
∂
∂
∂
⎝
⎠
⎝
⎠⎦
⎣

.

(2.20)

By substituting Eq. (2.14) into (2.20), Eq. (2.20) becomes

h3
12

⎡
∂4w
∂4w
∂ 4 w⎤
(
)
2
2
+
+
+
C
C
C
C
⎢ 11 4
⎥
12
66
22
∂x
∂x 2 ∂y 2
∂y 4 ⎦
⎣

⎡∂ ⎛
∂w ⎞⎤
∂w ⎞ ∂ ⎛
∂w
∂w
⎟⎥ = p
⎟⎟ + ⎜⎜ N yy
+ N xy
+ N xy
− ⎢ ⎜⎜ N xx
∂x ⎟⎠⎦
∂y ⎠ ∂y ⎝
∂y
∂x
⎣ ∂x ⎝

.

(2.21)

Similar equations for orthotropic thin plates have been developed previously [47].
For isotopic elastic films, the in-plane stress-strain relationships are given in Eq.
(2.6) and the membrane forces in Eq. (2.13) become

⎡
⎢1
⎡ N xx ⎤
⎢
⎥
⎢
R
⎢ N yy ⎥ = σ αβ h + E f h ⎢ν f
⎢
⎢ N xy ⎥
⎦
⎣
⎢0
⎣

νf
1
0

0
0
1 −ν f
2

⎤
⎥ ⎡ε xx ⎤
⎥⎢ ⎥
⎥ ⎢ε yy ⎥ .
⎥ ⎢ε xy ⎥
⎥⎣ ⎦
⎦

(2.22)

Then, Eq (2.20) reduces to:
E f h3 ⎛ ∂ 4 w
∂4w
∂4w ⎞
⎜⎜ 4 + 2 2 2 + 4 ⎟⎟
12 ⎝ ∂x
∂x ∂y
∂y ⎠
⎡∂ ⎛
∂w
∂w ⎞ ∂ ⎛
∂w
∂w ⎞⎤
⎟⎟ + ⎜⎜ N yy
⎟⎥ = p
− ⎢ ⎜⎜ N xx
+ N xy
+ N xy
∂x
∂y ⎠ ∂y ⎝
∂y
∂x ⎟⎠⎦
⎣ ∂x ⎝

.

(2.23)

Eqs. (2.23) are well known as the von-Karman plate equation [46].
The relationship between the stain components and displacements requires the
compatibility condition in the form of
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2

2
∂ 2 ε xy ⎛ ∂ 2 w ⎞
∂ 2 ε xx ∂ ε yy
∂2w ∂2w
⎜
⎟
+
−
=
−
2
.
∂x∂y ⎜⎝ ∂x∂y ⎟⎠
∂y 2
∂x 2
∂x 2 ∂y 2

(2.24)

For an isotropic plate, the compatibility condition in terms of the force intensities can be
expressed
∂ 2 N yy ∂ 2 N yy
∂ 2 N xy
∂ 2 N xx
∂ 2 N xx
−ν f
+
−ν f
− 2(1 + ν f )
∂x∂y
∂y 2
∂y 2
∂x 2
∂x 2
⎡⎛ ∂ 2 w ⎞ 2 ∂ 2 w ∂ 2 w ⎤
⎟⎟ − 2
⎥
= hE f ⎢⎜⎜
∂x ∂y 2 ⎥
⎢⎣⎝ ∂x∂y ⎠
⎦

.

(2.25)

A similar compatibility equation can be derived for anisotropic plates. In this study, the
analytical solutions and numerical simulations are obtained from the displacements.
Therefore, the compatibility equation in Eq. (2.25) is not needed in the solution
procedure.

2.2 Deformation of a Thin Viscoelastic Layer

For a viscoelastic layers, the linear theory of viscoelasticity [48] is adopted, where
the stress-strain relationships are described in an integral form with a shear relaxation
modulus μ (t ) and Poisson’s ratio ν (t ) , both time-dependent in general. The Laplace
transform of the stress-strain relation has a form identical to that of linear elasticity with
the elastic shear modulus μ and Poisson’s ratio ν replaced by s μ (s ) and sν (s ) ,
respectively, where a bar over a variable designates its Laplace transform with respect to
time t and s is the transform variable. Therefore, the Laplace transformed solution of a
viscoelastic problem can be obtained directly from the solution of a corresponding elastic
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problem, namely, the correspondence principle. The final solution for the viscoelastic
problem can then be realized upon inverting the transformed solution.
For the present study, the viscoelastic layer is initially stress free ( t = 0 ) and
subjected to normal and shear tractions at the top surface for t > 0 , namely

σ zz = S z ( x, y, t ) and σ zα = S α ( x, y, t ) at z = 0 .

(2.26)

At the lower interface, the displacement is assumed to be zero:
uα = u z = 0 at z = − H .

(2.27)

A similar problem was solved by Huang [39] under plane-strain conditions, where

S y = u y = 0 and the tractions at the top surface take the form
S x = A(t ) sin kx ,

(2.28)

S z = B(t ) cos kx ,

(2.29)

with a constant wave number k and arbitrarily time-dependent amplitudes, A(t ) and
B (t ) . By the correspondence principle, the Laplace transform of the displacements at the

top surface was obtained as below:
u x ( x, s ) =

u z ( x, s ) =

1
2ksμ ( s )
1
2ksμ ( s )

[γ

11

( sν , kH ) A ( s ) + γ 12 ( sν , kH ) B ( s ) sin( kx ) ,

[γ

21

( sν , kH ) A ( s ) + γ 22 ( sν , kH ) B ( s ) cos( kx ) ,

where
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]

(2.30)

]

(2.31)

γ 11 =

κ sinh( 2kH ) + 2kH
1+ κ
,
4 κ cosh 2 ( kH ) + ( kH ) 2 + (1−2κ )2

(2.32)

γ 22 =

κ sinh( 2kH ) − 2kH
1+ κ
,
4 κ cosh 2 ( kH ) + (kH ) 2 + (1−2κ )2

(2.33)

γ 12 = γ 21 = −

κ (1−κ )
2

sinh 2 (kH ) + (kH ) 2

κ cosh 2 (kH ) + (kH ) 2 + (1−2κ )

2

,

(2.34)

and κ = 3 − 4 sν ( s ) .
The above solution shows that, in general, the surface of the viscoelastic layer
undergoes coupled out-of-plane and in-plane displacements. In the present study, the
viscoelastic layer is assumed to be very thin (kH → 0), and the coefficients in Eq. (2.322.34) are expanded asymptotically as follows:

[

]

γ 11 = 2kH + o (kH )2 ,

γ 22 =

kH
1 −ν

γ 12 = γ 21 =

(2.35)

[

]

⎡
⎛ 4 ⎞
2⎤
4
3
⎢1 − 2ν + ⎜1 − 3 ν ⎟(kH ) ⎥ + o (kH ) , (1 − 2ν )(kH ) ,
⎝
⎠
⎣
⎦

[

]

1 − 4ν
(kH )2 + o (kH )4 .
2(1 − ν )

(2.36)

(2.37)

Here, the Poisson’s ratio has been assumed to be constant independent of time. Since the
Poisson’s ratio of a polymer is often close to 0.5, 1-2ν is considered a small quantity.
Depending on the competition between the two small quantities of the leading order in
the expansion of γ 22 (Eq. (2.36)), two limiting cases are obtained. First, if
3 − 4ν
1 − 2ν
ξ=
(kH ) 2 << 1 , the first term dominates, and γ 22 ≈
(kH ) . Otherwise, if
3(1 − 2ν )
1 −ν
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ξ >> 1 , γ 22 ≈

3 − 4ν
(kH ) 3 . In between, when the two terms are comparable ( ξ ~ 1 ),
3(1 − ν )

both terms should be retained. For the first limiting case, the Eqs. (2.30) and (2.31)
becomes
u x ( x, s ) =

⎡
⎤
1 − 4ν
1
(kH ) 2 B ( s )⎥ sin(kx) ,
2kHA ( s ) +
⎢
2(1 − ν )
2ksμ ( s ) ⎣
⎦

u z ( x, s ) =

⎤
⎡1 − 2ν
1
1 − 4ν
(kH ) B ( s ) +
(kH ) 2 A ( s )⎥ cos(kx) . (2.39)
⎢
2ksμ ( s ) ⎣ 1 − ν
2(1 − ν )
⎦

(2.38)

For a rough estimate, by setting ξ < 1 , the Poisson’s ratio is required to be
1
v < 0.5 − (kH ) 2 . On the other hand, when the Poisson’s ratio approaches 0.5, the
6
viscoelastic layer is nearly incompressible and Eq. (2.39) is replaced by
u z ( x, s ) =

1
⎡2
⎤
(kH ) 3 B ( s ) − (kH ) 2 A ( s)⎥ cos(kx) ,
⎢
2ksμ ( s ) ⎣ 3
⎦

(2.40)

where the first term in the bracket scales with (kH ) instead of (kH ) in Eq. (2.38). As
3

will be shown later, this leads to different kinetics of wrinkling for compressible and
incompressible viscoelastic layers.
To be specific, consider the Kelvin model of linear viscoelasticity, modeled by a
simple mechanical analog consisting of an elastic spring and a viscous dashpot in
parallel, for which the relaxation modulus is

μ (t ) = μ R + ηδ (t ) ,

(2.41)

where μ R is the stiffness of the spring, representing the elastic shear modulus at the
rubbery limit, and η is the viscosity. The Laplace transform of the relaxation modulus is
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μ (s) =

μR
s

+η .

(2.42)

After substituting (2.39) into Eqs. (2.35) and (2.36), inverse Laplace transform
leads to

∂u x H
1 − 4ν H 2 ∂S z μ R
u,
= Sx +
−
η
4(1 − ν ) η ∂x
η 1
∂t

(2.43)

∂u z
1 − 2ν H
1 − 4ν H 2 ∂S x μ R
Sz −
−
uz .
=
2(1 − ν ) η
4(1 − ν ) η ∂x
η
∂t

(2.44)

Similarly, for an incompressible viscoelastic layer (ν = 0.5 ), inverse transform of
Eq. (2.37) leads to

∂u z
H 3 ∂ 2 S z H 2 ∂S x μ R
=−
+
−
u .
η z
∂t
3η ∂x 2
2η ∂x

(2.45)

Equations (2.43) and (2.45) have a form similar to Reynold’s lubrication theory
for the nearly parallel flow of a thin liquid layer [37, 49], but with an additional term
accounting for the elastic limit of the viscoelastic layer.
1
For the present study, a compressible viscoelastic layer (i.e., v < 0.5 − (kH ) 2 ) is
6

assumed and the H 2 terms in Eqs. (2.43) and (2.44) are neglected under the thin-layer
approximation, which then leads to
∂u x H
μ
=
Sx − R ux ,
η
η
∂t

(2.46)

μ
∂u z
1 − 2ν H
=
Sz − R uz .
η
∂t
2(1 − ν ) η

(2.47)
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Equation (2.46) is equivalent to a shear lag model, which assumes uniform shear stress
across the thin layer. Similar models have been used for both elastic and viscous layers
[37, 50]. Equation (2.47) is similar to the Winkler model for an elastic foundation [26],
but includes a time-dependent term accounting for the viscous effect. The two equations
are uncoupled under the thin-layer approximation.
In the above development, plane-strain deformation and periodic surface tractions
have been assumed. The restriction of periodic tractions has been relaxed by absorbing
the particular wave number through a differentiation with respect to x in the course of
the inverse Laplace transform. The resulting equations are independent of wave number
and can thus be used for arbitrary tractions in the spirit of linear superposition of many
Fourier components. At the end, the in-plane and out-of-plane responses are decoupled
by the thin-layer approximation. Therefore, the restriction of plane-strain deformation can
also be relaxed by generalizing the in-plane response, Eq. (2.46), for both x and y
directions, which leads to
∂uα H
μ
= S α − R uα ,
η
η
∂t

(2.48)

for α = x and y. Equations (2.47) and (2.48) then represent an approximate solution for
the three-dimensional response of a thin viscoelastic layer subjected to the boundary
conditions in Eqs. (2.26) and (2.27).
In the case of an incompressible viscoelastic layer, however, the Winkler-type
equation for the out-of-plane displacement (Eq. 2.47) breaks down and decoupling is not
possible. The coupled equations, (2.43) and (2.44), must be used in such cases.
Generalization of the plane-strain response to a three-dimensional case would take a
similar form as lubrication theory [37], but will not be pursued in the present study.
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To summarize, we have made the following assumptions for the viscoelastic
deformation as described by Eqs. (2.47) and (2.48): (1) The material is viscoelastic, with
the shear relaxation modulus described by the Kelvin model (Eq. (2.41). (2) Poisson’s
1
ratio is constant over time and v < 0.5 − (kH ) 2 . (3) The thickness of the viscoelastic
6
layer is assumed to be relatively thin, i.e., H / λ << 1 , where λ is the wrinkle wavelength.
(4) The surface is nearly flat, i.e., A / λ << 1 , where A is the wrinkle amplitude. The last
two assumptions are similar to those in Reynold’s lubrication theory.

2.3 Coupled Evolution Equations

The interface between the elastic and the viscoelastic layers is assumed to remain
bonded during deformation. Therefore, the displacements and tractions are continuous
across the interface, namely
S x = − p , Sα = Tα ,

(2.49)

u z = w , uαs = uαf .

(2.50)

The time-dependent responses of the viscoelastic layer can then be written as,

∂w 1 − 2ν H
(− p ) − μ R w ,
=
η
∂t 2(1 − ν ) η

(2.51)

∂uα H
μ
= Tα − R uα ,
η
η
∂t

(2.52)

where p and Tα are related to the displacements(w and uα) by Eqs. (2.15)-(2.16) and
(2.21).
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Here, it is assumed that the evolution process is sufficiently slow such that inertia
effects are negligible and the elastic film remains in equilibrium during evolution.
Consequently, the equilibrium equations for an elastic film in Eqs. (2.15)-(2.16) and
(2.21) are coupled with the viscoelastic evolution equations, forming a complete
temporal-spatial system. Equations (2.51) and (2.52) are coupled, nonlinear evolution
equations, which can be solved numerically to simulate three-dimensional deformation of
the elastic-viscoelastic bilayer.
Despite the limitations in the simple viscoelastic property and the thin-layer
approximation, the present model has been shown to be able to capture essential features
of viscoelastic wrinkle evolution, such as the kinetics of wrinkle growth at the initial
stage and the equilibrium states at the long-time limit. Extension to more general cases is
possible. Notably, Biot [27] developed a general instability theory for a viscoelastic layer
on a semi-infinite viscoelastic substrate or embedded in an infinite viscoelastic medium,
which may be extended to three-dimensional post-instability analysis. Alternatively, a
Fourier transform method similar to that by Huang et al. [32] can be employed for an
elastic film on an infinitely thick viscoelastic substrate. For viscoelastic substrates of
finite thickness, only two-dimensional analysis is available [39] to the best of the writer’s
knowledge.

2.4 Numerical Methods

Two numerical methods are developed to solve the nonlinear evolution equations.
First, for one-dimensional wrinkle evolution, a finite-difference method is employed.
Second, a spectral method is developed for simulations of two-dimensional wrinkle
patterns. All simulations are implemented and performed using the commercial software
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MATLAB®. Standard implementations of both methods are straightforward, but they are
presented for completeness.
For the one-dimensional simulations in chapters 3 and 7, the explicit forwardtime-center-space (FTCS) finite difference method is used. The center space finite
difference scheme calculates differentiations approximately as follows:

w − wi −1
⎛ dw ⎞
+ O Δx 2 ,
⎜ ⎟ ≈ i +1
2Δx
⎝ dx ⎠ i

( )

(2.53)

⎛ d 2w ⎞
w − 2 wi + wi −1
⎜⎜ 2 ⎟⎟ ≈ i +1
+ O Δx 2 ,
2
(Δx )
⎝ dx ⎠ i

( )

(2.54)

⎛ d 3w ⎞
w − 2 wi +1 + 2 wi −1 − wi − 2
⎜⎜ 3 ⎟⎟ ≈ i + 2
+ O Δx 2 ,
3
2(Δx )
⎝ dx ⎠ i

(2.55)

⎛ d 4w ⎞
w − 4 wi +1 + 6 wi − 4 wi −1 + wi − 2
⎜⎜ 4 ⎟⎟ ≈ i + 2
+ O Δx 2 ,
4
(Δx )
⎝ dx ⎠ i

(2.56)

( )

( )

where Δx is the spacing between two grid points and wi is the deflection of the grid point.
For one-dimensional cases, the evolution equations in Eqs. (2.51) and (2.52)
become

E f h3 ∂ 4 w
∂w 1 − 2ν H ⎛⎜
∂ 2 w ∂N xx ∂w ⎞⎟ μ R
−
w , (2.57)
=
−
+ N xx 2 +
∂t 2(1 − ν ) η ⎜⎝ 12 1 − ν 2f ∂x 4
∂x ∂x ⎟⎠ η
∂x

(

)

∂u H ∂N xx μ R
=
−
u,
∂t η ∂x
η

(2.58)

where
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N xx = (σ

R
xx

E f h ⎡ ∂u 1 ⎛ ∂w ⎞ 2 ⎤
+ σ xx )h = σ h +
⎢ + ⎜ ⎟ ⎥.
1 − ν 2f ⎢⎣ ∂x 2 ⎝ ∂x ⎠ ⎥⎦
R
xx

(2.59)

Substituting Eqs. (2.53)-(2.56) into Eqs. (2.57)-(2.59) and applying forward time
scheme lead to

⎧ 1 − 2ν H h 3
⎫
μ
− pi(n ) − R wi(n ) ⎬ ,
wi(n +1) = wi(n ) + Δt ⎨
η
⎩ 2(1 − ν ) η 12
⎭

(2.60)

μ
⎧H
⎫
u i(n +1) = u i(n ) + Δt ⎨ Ti (n ) − R u i(n ) ⎬ ,
η
⎩η
⎭

(2.61)

(

)

where Δt is the time step and the superscript n designates the time step, tn+1=tn+Δt.
In all simulations, periodic boundary conditions are assumed. The FTCS
algorithm is conditionally stable. To achieve sufficient accuracy, a space step Δx is first
specified to resolve the shortest wavelength of interest. Next, the time step Δt is
determined by the stability and convergence of the numerical results.
Next, implementation of a semi-implicit spectral method is described. For
convenience, the two-dimensional evolution equations are normalized by scaling the
lengths (coordinates and displacements), time, and stress components with the film
thickness (h), the characteristic time for viscous flow (η μ f ), and the shear modulus
( μ f ), respectively. In addition, the linear and nonlinear terms are separated, and the
normalized equations can be rewritten in form of

⎡ 1
∂M β ⎤
∂w 1 − 2ν
∂2w
R
=
H ⎢− ∇ 2 ∇ 2 w + σ αβ
+
⎥ − μR w ,
∂t 2(1 − ν ) ⎣⎢ 12
∂xα ∂x β
∂x β ⎦⎥

(2.62)

∂uα
∂
(1)
( 2)
=H
(
σ αβ
+ σ αβ
) − μ R uα ,
∂t
∂x β

(2.63)
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where
(1)
σ αβ
=

2ν f ∂uγ
∂uα ∂u β
+
+
δ αβ ,
∂x β ∂xα 1 − ν f ∂xγ

(2.64)

( 2)
σ αβ
=

ν f ∂w ∂w
∂w ∂w
δ αβ .
+
∂xα ∂x β 1 − ν f ∂xγ ∂xγ

(2.65)

(

(1)
(2)
M β = σ αβ
+ σ αβ

) ∂∂xw .

(2.66)

α

Fourier transform of Eqs. (2.62) and (2.63) leads to
∂wˆ
1 − 2ν
⎡ 1
⎤
R
=
H ⎢− k 4 wˆ − σ αβ
kα k β wˆ + ik β Mˆ β ⎥ − μ R wˆ ,
∂t 2(1 − ν ) ⎣ 12
⎦

(2.67)

∂uˆα
(1)
( 2)
= Hik β σˆ αβ
+ σˆ αβ
− μ R uˆα ,
∂t

(2.68)

(

)

where k1 and k2 are the components of the wave vector in the reciprocal Fourier space,
and k = k12 + k 22 .
A semi-implicit algorithm is employed to integrate Eqs. (2.67) and (2.68) over
time. First, the right-hand side of Eq. (2.67) consists of a linear part and a nonlinear part,
namely

∂wˆ
= Bwˆ + φ ,
∂t

(2.69)

where
B=−

1 − 2ν
⎛1
⎞
R
H ⎜ k 4 + σ αβ
kα k β ⎟ − μ R ,
2(1 − ν ) ⎝ 12
⎠
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(2.70)

φ=

1 − 2ν
Hik β Mˆ β .
2(1 − ν )

(2.71)

Using a backward finite difference scheme for the linear part and a forward
scheme for the nonlinear part, Eq. (2.69) is integrated point-by-point in the Fourier space
as
wˆ ( n +1) =

wˆ ( n ) + φ ( n ) Δt
,
1 − BΔt

(2.72)

where Δt is the time step. The nonlinear term, M̂ β , is obtained by Fourier transform of
the quantity M β ; the latter is calculated in the real space using Eq. (2.66).
Similarly, for the in-plane displacements,

∂uˆ1
= C1uˆ1 + D1uˆ 2 + φ1 ,
∂t

(2.73)

∂uˆ 2
= C2 uˆ1 + D2 uˆ 2 + φ2 ,
∂t

(2.74)

⎛ 2
⎞
C1 = − H ⎜
k12 + k 22 ⎟ − μ R ,
⎜ 1 −ν
⎟
f
⎝
⎠

(2.75)

where

C 2 = D1 = − H

1 +ν f
1 −ν f

k1 k 2 ,

(2.76)

⎛
⎞
2
D2 = − H ⎜ k12 +
k 22 ⎟ − μ R ,
⎜
⎟
1 −ν f
⎝
⎠
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(2.77)

( 2)
φα = Hik β σˆ αβ
.

(2.78)

Using the semi-implicit algorithm, Eqs. (2.73) and (2.74) are then integrated as
uˆ1( n +1) =

(1 − D2 Δt )(uˆ1( n ) + φ1( n ) Δt ) + D1 Δt (uˆ 2( n ) + φ 2( n ) Δt ) ,
(1 − C1Δt )(1 − D2 Δt ) − C 2 D1 (Δt )2

(2.79)

uˆ 2( n +1) =

(1 − C1 Δt )(uˆ 2( n ) + φ 2( n ) Δt ) + C 2 Δt (uˆ1( n ) + φ1( n ) Δt ) .
(1 − C1 Δt )(1 − D2 Δt ) − C 2 D1 (Δt )2

(2.80)

The spectral method in essence is similar to those in Refs. [32, 51], with the main
difference being the treatment of the in-plane displacements. In both [51] and [32], the inplane displacements were calculated using elastic equilibrium relations; here they are
calculated as evolving quantities in parallel with the lateral deflection. As discussed in
[32], the advantage of the spectral method is that it resolves the challenges in 2D
numerical simulations by converting the high-order spatial differentiations in the real
space into algebraic multiplications in the reciprocal Fourier space and utilize the
efficiency of Fast Fourier Transform (FFT) and its inverse to communicate between the
two spaces. Similar numerical methods have been used for other evolution systems [52,
53].
After normalization, physical parameters to be specified for simulations include
R
the normalized initial stress σ αβ
, the modulus ratio μ R / μ f , the thickness ratio H / h ,

and the Poisson’s ratios ν and ν f . The linear viscosity is absorbed into the normalized
time. Numerically, a square computational cell in the x − y plane with a periodic
boundary condition is used. The size of the computational cell is selected such that it is
sufficiently large compared to the longest wrinkle wavelengths (i.e., the equilibrium
wavelength λeq ), thus minimizing the effect of cell size on the simulation results. The
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cell is discretized into grids in both the x and y directions with a grid spacing small
enough to resolve the shortest wavelength of interest (i.e., the critical wavelength λc ).
The semi-implicit algorithm for time integration is conditionally stable. To insure
numerical stability and convergence, the time step Δt (normalized by η μ f ) is
adjusted until results become essentially independent of the time step.
The extension of the spectral method for anisotropic films is relatively
straightforward. The pressure in Eq. (2.22) is replaced with Eq. (2.20), and then
normalized by one of the elastic constants (e.g. C11). The coupled evolution equations,
Eqs.(2.51) and (2.52), are solved numerically following the same procedures.
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Chapter 3
One-dimensional Wrinkling of Isotropic Elastic Films
This chapter considers one-dimensional wrinkles under plane-strain condition. In
this case, the two-dimensional evolution equations in (2.51) and (2.52) are reduced to
one-dimension in Eqs. (2.57) and (2.58). The stability of the bilayer is first studied by a
linear perturbation analysis and the equilibrium wrinkling state is obtained by an energy
minimization method. The growth of wrinkles is simulated by solving the nonlinear
evolution equations numerically.

3.1 Linear Perturbation Analysis

An arbitrary wrinkle pattern may be considered as a superposition of many
Fourier components, each of which is designated by a wave number k (or equivalently,
wavelength) and an amplitude A. The amplitude is a function of time as the wrinkle
evolves. The linear perturbation analysis considers the evolution of each individual
Fourier component as a small perturbation to the reference state. In particular, the lateral
deflection of the film takes the form

w( x, t ) = A(t ) cos kx .

(3.1)

For the linear perturbation analysis, the evolution of the in-plane displacement is
uncoupled from the lateral deflection and therefore ignored. By inserting Eq. (3.1) into
Eq. (2.54) and retaining only the leading order terms in A, we obtain that

dA αE f − μ R
=
A(t ) ,
dt
η
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(3.2)

where,

α=

(1 − 2ν )k 2 Hh f ⎡ 2 2 12(1 −ν 2f )σ 0R ⎤
⎢− k h f −
⎥.
Ef
24(1 − ν )(1 − ν 2f ) ⎢⎣
⎥⎦

(3.3)

Solving Eq. (3.2) leads to

t
A(t ) = A0 exp(s ) ,

(3.4)

τ

where A0 is the initial perturbation amplitude, τ = η E f is a characteristic time scale,
and s = α − μ R E f is the dimensionless growth rate of the perturbation. The stability of
the bilayer therefore depends on the sign of the growth rate. If s < 0 for all wave
numbers, the bilayer is stable and remains flat. Otherwise, if s > 0 for any permissible
wave numbers, the bilayer is unstable and perturbations grow to form wrinkles. In this
case, the amplitude grows exponentially with time at the initial stage. A more
sophisticated analysis [39] has shown that the initial growth can be non-exponential if the
viscoelastic layer has a finite elastic modulus at the glassy state (elastic limit as t → 0 ).
Figure 3.1 plots the growth rate as a function of the perturbation wavelength
( L = 2π / k ) for different ratios between the rubbery modulus of the viscoelastic layer
and the elastic modulus of the elastic layer. For the limiting case when μ R = 0 , s = α
and the growth rate are positive for long wave perturbations, as shown by the dashed line
in Figure 3.1. Consequently, the bilayer is unstable. The critical wavelength is
Lc = πh f −

Ef
1
,
3 (1 − ν 2f )σ 0R

(3.5)

which is identical to the critical length for buckling of a thin plate under the same stress.
The growth rate is positive when L > Lc and peaks at the wavelength
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Lm = πh f −

Ef
2
.
3 (1 − ν 2f )σ 0R

(3.6)

Figure 3.1: Initial growth rate as a function of wavelength by linear perturbation
analysis, for various ratios between the rubbery modulus of the viscoelastic
layer and the Young’s modulus of the elastic layer.
Similar results were obtained for an elastic film on a viscous layer [37, 38], where
the fastest growing wavelength Lm is however shorter by 13.4% due to the
incompressibility of the viscous layer. Using typical values for a thin aluminum layer:
E f = 70GPa, ν f = 0.35, h f = 40nm, and σ 0R = -100MPa, Lc = 2.05μm and Lm =

2.90μm are obtained. The latter compares closely with the initial wavelengths observed
in experiments by Yoo and Lee [5] despite the rough estimate of the residual stress.
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As the ratio μ R E f increases, the growth rate decreases; the curve in Figure 3.1
shifts down, but without any change in the shape. As a result, the critical wavelength
increases, and a second critical wavelength emerges at the long wave end. The growth
rate is now positive within a window bounded by the two critical wavelengths. On the
other hand, the fastest growing wavelength does not change, but the corresponding
growth rate decreases. The fastest growth rate reduces to zero at a critical ratio

⎛ μR
⎜
⎜E
⎝ f

(

)

⎞
3 1 − ν 2f (1 − 2ν ) H
⎟ =
⎟
2(1 − ν )
hf
⎠c

⎛ σ 0R
⎜
⎜E
⎝ f

The bilayer becomes stable when μ R E f

2

⎞
⎟ .
⎟
⎠

(3.7)

is greater than the critical ratio.

Alternatively, Equation (3.7) may be rewritten to give the critical compressive stress (Eq.
(3.8)), below which a bilayer with the given thickness ratio and moduli ratio is stable.
The critical condition is identical to that for an elastic film on a thin elastic substrate with
the shear modulus μ = μ ∞ [32, 39].
⎛ σ 0R
⎜
⎜E
⎝ f

⎞
hf μR
2(1 − ν )
⎟ =−
.
2
⎟
H
E
(
)
(
)
ν
ν
3
1
−
2
1
−
f
f
⎠c

(3.8)

It is noted that, at the critical condition in Eqs. (3.7) and (3.8), the stability of an
elastic-viscoelastic bilayer depends on the rubbery modulus (i.e., the long-term limit of
the relaxation modulus) of the viscoelastic layer, but is independent of the initial modulus
(e.g., the glassy state). In other words, even though the viscoelastic layer is initially stiff
or even rigid, the bilayer “foresees” the subsequent softening of the layer and becomes
unstable spontaneously. The time scale of wrinkle growth is proportional to the viscosity,
and the growth rate increases as the rubbery modulus decreases. The wavelength of the
fastest growing mode, however, is independent of the viscoelastic layer, as given in Eq.
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(3.6). Huang [39] showed that the fastest growing wavelength weakly depends on the
thickness ratio between the film and viscoelastic layer as well as the Poisson’s ratio of the
viscoelastic layer.

3.2 Equilibrium States

For a viscoelastic substrate layer with a rubbery modulus μ R > 0 at the longtime limit, wrinkling of an elastic film on top evolves towards an equilibrium state,
dictated by minimization of the elastic strain energy stored in the film and the substrate. It
is noted that there may exist many mechanically equilibrium states, including the one at
the reference state with no wrinkles at all. However, by the Zeroth law of
thermodynamics these equilibrium states may be unstable, stable, or metastable.
Searching for the thermodynamically equilibrium state with the minimum energy requires
consideration of all possible wrinkle patterns (1D and 2D). In the present study,
facilitated by the kinetics of viscoelastic deformation in the substrate layer, the evolution
of wrinkle patterns was simulated from a randomly generated initial perturbation. As the
viscoelastic deformation dissipates energy, the evolution process may be regarded as a
searching algorithm for the minimum energy state, but it is not guaranteed that the global
minimum can be reached. Nevertheless, viscoelastic evolution represents one physical
process which forms wrinkle patterns in experiments [3, 5, 42].
This section presents a nonlinear energy analysis for one-dimensional sinusoidal
wrinkles of an elastic film on a thin viscoelastic substrate layer. The elastic strain energy
in the film consists of two parts, one associated with the in-plane deformation and the
other with bending. Taking the strain energy at the reference state to be zero, the in-plane
strain energy per unit area of the film is
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1
⎛
⎞
U C = h f ⎜ σ 0R ε xx + σ xx ε xx ⎟ .
2
⎝
⎠

(3.9)

By substituting Eqs. (2.6) and (2.7) into Eq. (3.9) and neglecting the in-plane
displacements, Eq. (3.9) becomes
2
4
1
1 h f E f ⎛ ∂w ⎞
R ⎛ ∂w ⎞
UC = hf σ 0 ⎜
⎟ .
⎜
⎟ +
2
8 1 − ν 2f ⎝ ∂x ⎠
⎝ ∂x ⎠

(

)

(3.10)

The area density of the bending strain energy in the film is:
2

E f h 3f

⎛ ∂2w ⎞
⎜
⎟ .
UB =
24(1 − ν 2f ) ⎜⎝ ∂x 2 ⎟⎠

(3.11)

At the equilibrium state, by setting ∂w / ∂t = 0 in Eq. (2.54), the pressure acting on the
substrate surface is:

p=−

2(1 − ν ) μ R
w.
1 − 2ν H

(3.12)

The reversible elastic strain energy stored in the substrate (per unit area of the surface) is
then

US = −

1
1 −ν μ R 2
pw =
w .
2
1 − 2ν H

(3.13)

By substituting Eq. (3.1) into Eqs. (3.10), (3.11), and (3.13) and integrating the
strain energy density over one wavelength of the wrinkle and dividing by the wavelength
( L = 2π / k ), the average strain energy per unit area of the film is obtained as follows:

1
3 Ef
U C = σ 0R h f k 2 A 2 +
h f k 4 A4 ,
4
64 1 − ν 2f

(
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)

(3.14)

UB =

1 Ef
h 3f k 4 A 2 ,
2
48 1 − ν f

(3.15)

US =

1 −ν μ R 2
A .
2(1 − 2ν ) H

(3.16)

(

)

The total strain energy (per unit area of the reference state) is then
U ( A, k ) = U C + U B + U S .

(3.17)

For an arbitrary wave number, minimizing the total energy gives the equilibrium
amplitude,

(

)

2 6 1 − ν 2f ⎡ σ 0R
(kh f ) 2
2(1 − ν ) μ R
1
−
−
Aeq =
⎢−
2
2
1 − 2ν E f k Hh f
3k
⎢⎣ E f 12 1 − ν f

(

)

⎤
⎥
⎥⎦

1/ 2

.

(3.18)

It can be confirmed that, non-zero, real-valued equilibrium wrinkle amplitudes exist only
when the bilayer is unstable. Furthermore, substituting Eq. (3.18) into the elastic strain
energy in Eq. (3.17) and minimizing the total energy with respect to the wave number
determine an equilibrium wrinkle wavelength,

⎡ 2(1 − 2ν )
Ef H ⎤
Leq = πh f ⎢
⎥
2
⎢⎣ 3(1 − ν )(1 − ν f ) μ R h f ⎥⎦

1/ 4

.

(3.19)

By substituting Eq. (3.19) into Eq. (3.18), the equilibrium wrinkle amplitude is obtained
in terms of the initial stress and the critical stress,
Aeq = h f

⎞
2 ⎛ σ 0R
⎜⎜
− 1⎟⎟ .
3⎝ σc
⎠
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(3.20)

Again, using typical values, Ef = 70GPa, νf = 0.35, hf = 40nm, μR = 0.01MPa, ν =
0.45, H = 400nm, and σ0 = -100MPa, the equilibrium wrinkle wavelength (Leq = 7.00μm)
and amplitude (Aeq = 71.9nm) are obtained from Eqs. (3.19) and (3.20).
Comparing the equilibrium wrinkle wavelength with the initially fastest growing
wavelength given by Eq. (3.6), it is noted that the two wavelengths can be totally
independent of each other. The fastest growing wavelength, which dominates initial
growth, is determined by kinetics and depends on the compressive stress in the elastic
layer, but is independent of the viscoelastic layer. The equilibrium wavelength, on the
other hand, is determined by energetics and depends on the thickness and rubbery
modulus of the viscoelastic layer, but is independent of the stress in the elastic layer.
Such independence may enable simultaneous determination of the residual stress and
rubbery modulus from the initial and final wrinkle wavelengths, respectively.
The energy minimization analysis above has neglected the in-plane displacement.
Alternatively, it may be assumed that at the equilibrium state, the shear traction at the
interface is nearly zero [32, 37], i.e.,
Ef h
∂N xx
∂ ⎛
Tx =
= ⎜ σ xxR h +
∂x
∂x ⎜⎝
1 − ν 2f

⎡ ∂u 1 ⎛ ∂w ⎞ 2 ⎤ ⎞
⎢ + ⎜ ⎟ ⎥⎟ = 0.
⎟
⎣⎢ ∂x 2 ⎝ ∂x ⎠ ⎦⎥ ⎠

(3.21)

The lateral deflection at the equilibrium state is described as

w( x ) = Aeq cos(k eq x ) .

(3.22)

where k eq = 2π Leq . Substituting Eq. (3.22) into Eq. (3.21), the in-plane displacement is
solved as

1
u = kAeq2 sin(2k eq x) .
8
46

(3.23)

It is noted that the wavelength of the in-plane displacement is half of the wrinkle
wavelength at the equilibrium state. By including the in-plane displacement in the energy
minimization analysis, the obtained equilibrium wrinkle wavelength is identical to Eq.
(3.19), while the equilibrium amplitude is slightly different. From Eq. (2.58), it is noted
∂u
that at the equilibrium state (
= 0 ), neither the in-plane displacement nor the shear
∂t
traction is exactly zero. Nevertheless, by neglecting either the in-plane displacement or
the shear traction, both approximations provide reasonable analytical solutions. It is also
noted that analytic solutions in this dissertation are obtained under a thin-layer
approximation. As described in section 2.2 and by Huang [39], other sets of solutions can
be obtained when the viscoelastic layer is assumed to be infinitely thick.

3.3 Numerical Results

In this section, the evolution of wrinkles is simulated by numerically integrating
the nonlinear equations, (2.57) and (2.58), using the FTCS finite difference method as
mentioned in section 2.4. In the following simulations, the scales, Δx = 1.0h f and
Δt = 0.1η / E f , are used. The time is normalized with the time scale τ = η E f , which

ranges widely from 1μs to 1s, depending on the material of the viscoelastic layer and the
temperature. In all simulations, the periodic boundary condition is assumed.
The bilayer is in equilibrium at the reference state (Fig. 2.1 (a)) with no tractions
at the interface. By introducing a small perturbation displacement to the reference state as
the initial condition, the system evolves until it reaches another equilibrium state. First
simulations were started with a sinusoidal deflection of amplitude A0 = 0.01h f and zero
in-plane displacement at t = 0 . The wavelength L = 30 h f was selected to be close to
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the fastest growing wavelength ( Lm = 26.9h f ) to save computational time. Other
parameters are: σ 0R = −0.01E f , μ R = 0.0001E f , H = 10 h f , ν f = 0.3 , and ν = 0.45 .
Figure 3.2 shows snapshots of the evolving displacements. The amplitude of the
lateral deflection grows with time, but the wavelength remains constant for the entire
period of the simulation up to t = 50000τ . Meanwhile, a relatively small in-plane
displacement evolves concomitantly, but with a wavelength half of the wrinkle
wavelength, as predicted by the equilibrium solution in Eq. (3.21).
Figure 3.3 shows the wrinkle amplitude as a function of time. The amplitude first
grows exponentially, as predicted by the linear perturbation analysis (shown as the
straight dashed line). Starting at about t = 20000τ , the growth deviates from linear
behavior and gradually approaches a plateau. The amplitude remains essentially constant
after t = 40000τ , indicating that an equilibrium state has been reached. The equilibrium
amplitude given by Eq. (3.18) or (3.20) for the selected wavelength (L = 30hf) is Aeq =
0.537hf, as indicated by the horizontal dotted line in Figure 3.3. The result from the
numerical simulations agrees closely with the analytical solutions given by linear
perturbation analysis at the initial stage and by energetic analysis for the equilibrium
amplitude.
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Figure 3.2: Evolution of lateral deflection (w) and in-plane displacement (u) by
numerical simulation with a sinusoidal initial perturbation.
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Figure 3.3: Amplitude of a sinusoidal wrinkle as a function of time.
In the above simulations, the wrinkle wavelength is arbitrarily selected a priori,
and evolution stops when the corresponding equilibrium state is reached. However, the
wavelength is not necessarily the equilibrium wavelength selected by energy
minimization, as given in Eq. (3.19). In other words, the equilibrium state reached in the
previous simulation is energetically unstable. To further relax the strain energy, continual
evolution is possible once the equilibrium state is perturbed with different wavelengths
[37]. In the real situation, various sources (e.g., thermal fluctuation and surface defects)
may induce initial perturbation, which is generally random.
Figure 3.4 shows a numerical simulation of evolving wrinkles that starts from a
random initial perturbation. The in-plane displacement is again zero initially (not shown
in the figure). Other parameters are: σ 0R = −0.01E f , μ R = 0.00001E f , H = 10 h f ,
50

ν f = 0.3 , and ν = 0.45 . For each snapshot of the wrinkle, the corresponding Fourier
spectrum is shown at the right hand side of the figure. While many wavelengths co-exist
in the initial perturbation, only those of intermediate wavelengths grow and the fastest
growing wavelength dominates at the initial stage. Consequently, an increasingly regular
wrinkle emerges from the initially random perturbation. As evolution continues, the
amplitude grows and the wavelength increases. After a sufficiently long time, only one
wavelength remains and the wrinkle reaches an equilibrium state.
Figure 3.5 plots the evolution of the dominant wavelength (maximum intensity in
the Fourier spectrum), and Figure 3.6 shows the root mean square (RMS) of wrinkle
amplitude as a function of time. Also plotted in Figure 3.5 and 3.6 are the simulation
results with a larger rubbery modulus, μ R = 0.0001E f , for comparison.
From the numerical simulations, three stages of wrinkle evolution can be
identified: initial growth of the fastest growing mode, intermediate growth with mode
transition, and finally an equilibrium wrinkle state. Such behavior qualitatively agrees
with the experimental observations in a metal/polymer bilayer film [5]. At the initial
stage, the wavelength of the fastest growing mode predicted by linear perturbation
analysis is Lm = 26.9h, which is independent of the rubbery modulus. Figure 3.5 (a)
shows that the dominant wavelengths in the two simulations are indistinguishable up to

t = 2×104τ , and the wavelength is close to the predicted value. During this stage, the
wrinkle amplitude grows exponentially, but the growth rate depends on the rubbery
modulus. In Figure 3.6 (a), the two dashed lines indicate the exponential growth predicted
by the linear perturbation analysis, where the larger modulus leads to slower growth. At
the intermediate stage, both the amplitude and the wavelength of the wrinkle evolve
toward the equilibrium state. The analytical solutions for the equilibrium state are
indicated as dashed lines in Figure 3.5 (b) and 3.6 (b). For μ R = 0.00001E f , the
51

equilibrium wrinkle has a wavelength Leq = 60.0hf and an amplitude Aeq = 1.63hf (RMS
= 1.15h). For μ R = 0.0001E f , the equilibrium wrinkle has a wavelength λeq = 33.7hf
and an amplitude Aeq = 0.619hf (RMS = 0.438hf). The equilibrium states agree closely
with the numerical results. It is noted that, although the initial growth is slower, the time
to reach the equilibrium state is significantly shorter with the larger rubbery modulus for
the viscoelastic layer.
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Figure 3.4: Numerical simulation of evolving wrinkles with a random initial
perturbation. The left column shows the deflection of the elastic layer, and
the right column shows the corresponding Fourier spectra.
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(a)

(b)
Figure 3.5: Evolution of the dominant wrinkle wavelength by numerical simulation: (a)
short time evolution and (b) long time evolution.
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(a)

(b)
Figure 3.6: The root mean square (RMS) of the wrinkle as a function of time: (a) short
time evolution and (b) long time evolution.
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3.4 Summary

This chapter considers one-dimensional wrinkling of an isotropic elastic film on a
viscoelastic layer. Analytical solutions are obtained by linear perturbation analysis. The
equilibrium wrinkle wavelength and amplitude are predicted by minimizing the total
elastic strain energy. Numerical simulations illustrate the evolution process from the
initial growth to the equilibrium state. Three stages of wrinkle evolution are identified:
initial growth of the fastest growing mode, coarsening with mode transition, and finally
an equilibrium wrinkle state.
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Chapter 4
Two-dimensional Wrinkling of Isotropic Elastic Films
A stressed thin film on a soft substrate can develop complex wrinkle patterns. The
onset of wrinkling and the initial growth are well described by linear perturbation
analysis, and the equilibrium wrinkles can be analyzed using an energy approach. In
between, the wrinkle pattern undergoes a coarsening process with peculiar dynamics. By
using a proper scaling and two-dimensional numerical simulations, this chapter develops
a quantitative understanding of the wrinkling dynamics from initial growth through
coarsening till equilibrium. From Eqs. (2.62) and (2.63), coupling of the two layers
through the interface leads to a set of nonlinear evolution equations:

where

2
⎤ μ
∂w 1 − 2ν Hh f ⎡ μ f h f
=
∇ 2 ∇ 2 w + ∇ ⋅ (σ ⋅ ∇w)⎥ − R w ,
⎢−
∂t 2(1 − ν ) η ⎣⎢ 6(1 − ν f )
⎦⎥ η

(4.1)

μ
∂u Hh f
=
∇ ⋅σ − R u,
η
η
∂t

(4.2)

w = w( x1 , x2 , t )

is

the

lateral

deflection

of

the

film

and

u = u1 ( x1 , x2 , t )e1 + u 2 ( x1 , x2 , t )e 2 is the in-plane displacement.

4.1 Scaling Analysis

While both the lateral deflection and the in-plane displacement are involved
during wrinkling, the main characteristics of the evolution dynamics can be drawn from
Eq. (4.1) for the lateral deflection. By re-grouping the physical parameters, Eq. (4.1) can
be re-written in a mathematically simpler form:
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∂w
= − K∇ 2 ∇ 2 w + F∇ ⋅ (σ ⋅ ∇w) − Rw ,
∂t

(4.3)

where

(1 − 2ν )μ f h 3f H
K=
,
12(1 −ν )(1 −ν f )η

F=

1 − 2ν Hh f
,
2(1 − ν ) η

R=

μR
.
η

(4.4)

As will be shown later, the wrinkling process is largely controlled by these three
parameters plus the initial film stress. In this section, analytical solutions are obtained at
various stages of evolution based on the model described. The results are summarized in
Figure 4.1, which schematically illustrates the three stages of evolution predicted for the
wrinkle wavelength and amplitude.

4.1.1 Initial growth

At the early stage of wrinkling, the film stress is not at all relaxed. Consider an
initial stress σ 0 , where σ 0 < 0 for uniaxial or equi-biaxial compression. The first two
terms at the right-hand side of Eq. (4.3) compete to set a length scale

μ f h 2f
K
L1 = −
= −
,
6(1 − ν f )σ 0
Fσ 0

(4.5)

and a corresponding time scale

τ1 =

K

(Fσ 0 )2

=

(1 −ν )h f μ f η
3(1 − 2ν )(1 − ν f )Hσ 02
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.

(4.6)

Logarithmic scale

I. initial
growth

II.
coarsening

III.
equilibrium

wavelength
amplitude

t1

log(t)

t2

Figure 4.1: Schematic of the evolution of wrinkle wavelength and amplitude predicted
by asymptotic analyses. Stage I: λ ~ λm , A ~ exp(− t 4τ 1 ) ; Stage II:

λ ~ ( Kt )1/ 4 , A ~ (Kt )1/ 4 ; Stage III: λ ~ λeq , A ~ Aeq . The predicted

transition times, t1 and t2 , are given by Eqs. (4.18) and (4.19),
respectively.
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Neglecting the third term at the right-hand side of Eq. (4.3) for the moment, a
linear perturbation analysis in section 3.1 leads to a critical wavelength,

λ c = 2πL1 ,

(4.7)

and the fastest growing wavelength,

λ m = 2 2πL1 ,

(4.8)

both proportional to the length scale, which in turn is proportional to the film thickness.
The film is unstable for wrinkles with wavelengths λ > λc , and the wrinkle amplitude
grows exponentially with time. The growth rate, inversely proportional to the time scale

τ 1 , peaks at the wavelength λ = λm , for which the wrinkle amplitude is given by
⎛ t ⎞
⎟⎟ .
A = A0 exp⎜⎜
⎝ 4τ 1 ⎠

(4.9)

Therefore, at the initial stage, the fastest growing mode dominates, with both the
wrinkle wavelength and the growth rate dependant on the stress dictated by the relevant
length and time scales.
The third term at the right-hand side of Eq. (4.3) accounts for the effect of
substrate elasticity, which does not change the fastest growing wrinkle wavelength but
reduces the growth rate. The substrate elasticity completely suppresses the wrinkling
instability of the film when the compressive stress is lower than a critical stress. By
setting the growth rate of the fastest growing wavelength to be zero, one obtains the
critical stress as in Eq. (3.8):

σc = −

hf
4 KR
4(1 − ν )
=−
μ f μR .
2
3(1 − 2ν )(1 − ν f ) H
F
60

(4.10)

4.1.2 Coarsening

As the wrinkle amplitude grows to be comparable to the film thickness, the film
stress is significantly relaxed, and the nonlinear effect of large deflection must be
accounted for by the wrinkling process. It was found that, under uniaxial compression,
there exists a kinetically constrained wrinkle state for each unstable wavelength [37]. In
∂w
≈ 0 ),
the neighborhood of such a state, the wrinkling process is very slow (i.e.,
∂t
despite the fact that the film remains energetically unstable. For a particular wavelength
∂w
= 0 and R = 0 in Eq. (4.3) leads to a spatially uniform stress in
( λ > λc ), setting
∂t
the film:

2π 2 h 2f μ f
4π 2 K
σk = − 2 = −
.
λF
3(1 − ν f )λ2

(4.11)

Correspondingly, from Eqs. (2.6) and (2.7)~(2.9), the wrinkle amplitude is given by
Ak = h f

⎞
1 ⎛ λ2
⎜⎜ 2 − 1⎟⎟ .
3 ⎝ λc
⎠

(4.12)

Therefore, the film stress can be continuously relaxed by increasing the wrinkle
wavelength λ , i.e., coarsening. Meanwhile, the wrinkle amplitude grows.
It is assumed that the film stays in the neighborhood of the kinetically constrained
states during coarsening, with both the wrinkle wavelength and the amplitude evolving.
At this stage, the spatial distribution of the stress in the film is nearly uniform,
approximately given by Eq. (4.11) as a function of the wrinkle wavelength. By
comparing the first two terms in the right-hand side of Eq. (4.3), the time scale for this
stage becomes
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τ2 =

K

(Fσ k )2

=

λ4
.
16π 4 K

(4.13)

Thus, the wrinkle wavelength scales with time as follows

λ ~ (Kt )1 / 4 .

(4.14)

The corresponding wrinkle amplitude can be obtained from Eq. (4.12). For

λ >> λc , the same scaling applies for the growth of wrinkle amplitude, i.e., A ~ (Kt ) .
1/ 4

Notably, a molecular dynamics simulation of buckling molecular chains showed a
very similar scaling with both the wavelength and the amplitude growing as a power of
time: λ ~ t n , w ~ t β , where both the exponents were nearly equal to 0.26 [54].
Molecular dynamics (MD) simulations of compressed solid membrane showed a similar
coarsening dynamics with slightly larger exponents: n = 0.28 and β = 0.29 [55]. It has
been noted that the nature of such dynamics is in close analog to phase ordering
phenomena such as spinodal decomposition [5, 54, 55].

4.1.3 Equilibrium

For a viscoelastic substrate with a rubbery limit, substrate elasticity eventually
stabilizes the wrinkle at an equilibrium state that minimizes the total strain energy in the
film and the substrate [32]. Considering a uniaxially stressed film with a sinusoidal
∂w
= 0 in Eq. (4.3), the film stress is obtained:
wrinkle of wavelength λ and setting
∂t
−2

2

K ⎛ 2π ⎞
R ⎛ 2π ⎞
σ =− ⎜ ⎟ − ⎜ ⎟ .
F⎝ λ ⎠
F⎝ λ ⎠

(4.15)

Minimization of the film stress gives an equilibrium wavelength the same as Eq. (3.19)
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⎛K⎞
λeq = 2π ⎜ ⎟
⎝R⎠

1/ 4

.

(4.16)

The corresponding equilibrium wrinkle amplitude can be obtained from Eq. (2.6), namely

Aeq = h f

⎞
2 ⎛σ0
⎜⎜
− 1⎟⎟ ,
3 ⎝σc
⎠

(4.17)

where σ c is the critical stress given in Eq. (4.10). In section 3.2, the same results were
obtained by an energy minimization approach. It is noted that, while the fastest growing
wrinkle wavelength at the initial stage depends on the initial stress in the film, the
equilibrium wrinkle wavelength is independent of the stress. On the other hand, the
equilibrium wrinkle amplitude increases with the magnitude of the stress.
A comparison between the fastest growing wavelength λ m of the initial growth
(Eq. (4.8)) and the equilibrium wavelength λeq (Eq. (4.16)) shows that, when

σ 0 > σ c , λeq > λm . Consequently, the intermediate stage is always coarsening, as
sketched in Figure 4.1. The transition points can be determined approximately using
scaling analysis. First, coarsening starts when the wrinkle reaches the kinetically
constrained state of the fastest growing wavelength, which gives the first transition point:

⎛ hf ⎞
⎟
t1 = 4τ 1 ln⎜
⎜ 3A ⎟ ,
0 ⎠
⎝

(4.18)

where A0 is the initial amplitude. Following the power law scaling for the wavelength
coarsening, the second transition point is approximately given by

⎛ λeq
t 2 = t1 ⎜⎜
⎝ λm

4

⎞
1 ⎛ h
⎟⎟ = ln⎜ f
R ⎜⎝ 3 A0
⎠
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⎞
⎟.
⎟
⎠

(4.19)

Therefore, the first transition time is proportional to the time scale of initial
growth, which inversely scales with the square of the initial stress in the film, and the
second transition time scales with the relaxation time ( 1 R ) of the viscoelastic layer,
independent of the stress. Next, numerical simulations are performed and compared with
the predictions of the scaling analysis.

4.2 Wrinkling with No Substrate Elasticity

Quantitative characterization of complex wrinkle patterns is challenging [56]. In
this study, two quantities are calculated to characterize the wrinkle patterns. First, the
wrinkle amplitude is evaluated by a root-mean-square (RMS) of the lateral deflection,
namely
RMS(t ) =

∑ w(m, n, t )

2

,

N2

(4.20)

where w( m, n, t ) is the deflection of the grid point ( m, n ) at time t and N is the number
of grid points along one side of the cell (i.e., N = 128 for the present study). As an
A
example, for a one-dimensional sinusoidal wrinkle of amplitude A, RMS =
. Second,
2
the average wrinkle wavelength is evaluated by

λ (t ) =

2π
,
k (t )

(4.21)

where

∑ wˆ (m, n, t ) k (m, n )
∑ wˆ (m, n, t )
2

k (t ) =

2
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2

.

(4.22)

Equation (4.22) may be considered as a weighted RMS of the wavenumbers,
where the weight ŵ

2

represents the power intensity of the corresponding wavenumber,

similar to the experimental plots of power spectra [5].

4.2.1 Wrinkle growth and coarsening under uniaxial stresses

As shown in Figure 4.2, to start the simulation, a random perturbation of
amplitude 0.001hf is introduced to the lateral deflection of an initially flat film over the
entire computational cell.

Figure 4.2: A random perturbation of the lateral deflection as the initial condition for
numerical simulations. Calculated RMS is 0.0006, and the average
wavelength is 19.2.
Figure 4.3 shows a sequence of simulated wrinkle patterns under a uniaxial stress
with magnitude σ 0 = −0.01 (normalized by the shear modulus μ f ). Here the modulus
ratio(

μR
) is set to zero. Discussion on the effect of substrate elasticity is postponed for a
μf

later section. Started with a random pattern, a parallel stripe pattern emerges quickly in a
direction perpendicular to the uniaxial stress. As the time advances, both the wrinkle
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amplitude and the wavelength increase. Also evident is the presence of defects in the
stripe patterns and the decrease of the defect density as the wrinkle evolves. Similar
results were obtained for various stress magnitudes.

t = 105

t = 104

(a)

t = 106

(b)

t = 107

(c)

(d)

Figure 4.3: A simulated evolution sequence of wrinkles in a uniaxially stressed film
( σ 11( 0 ) = −0.01, σ 22( 0 ) = 0 ). (a) λ = 46.2 and RMS = 0.00033; (b) λ = 44.4
and RMS = 0.313; (c) λ = 77.8 and RMS = 0.947; (d) λ = 128.2 and
RMS = 1.66.
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Figure 4.4 plots the evolution of the average wavelength and the RMS. The
average wavelength quickly reaches a plateau at a level depending on the initial stress.
This corresponds to the fastest growing mode predicted by Eq. (4.8) for the initial
growth, as indicated in Figure 4.4 (a) by the horizontal dotted lines. At the same time, the
RMS increases exponentially, as predicted by Eq. (4.9). The wavelength starts to increase
(i.e., coarsening) when the RMS reaches a critical level (~ 0.3 - 0.4), nearly independent
of the initial stress. As indicated by the horizontal dashed line in Figure 4.4 (b), the RMS
at the kinetically constrained state of wavelength λ = λm is 1 6 = 0.408 , which is
close to the transition points for all stresses. Therefore, the first transition time given by
Eq. (4.18) is a reasonable estimate of the onset of coarsening, which depends on the
initial stress in the film.
During coarsening, the wavelength follows a straight line with a slope 1 / 4 in the
log-log plot as shown in Figure 4.4 (a), in agreement with the scaling given by Eq. (4.14).
Surprisingly, in spite of the different initial stresses and different transition points, the
coarsening of the wrinkle wavelength follows essentially the same path. On the other
hand, the wrinkle amplitude grows with the same scaling (after a short transition period)
but with different magnitudes for different initial stresses, shown as parallel lines in
Figure 4.4 (b). Since no elastic equilibrium state exists for the present case (

μR
= 0 ), the
μf

coarsening process continues until the simulation stops at t = 108 . Note that, to minimize
the effect of computational cell size on the simulation results, the wrinkle wavelength
should be kept small compared to the cell size. The longest wavelength in the present
simulations is about one quarter of the cell size.
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Figure 4.4: Evolution of wrinkle wavelength and RMS under uniaxial stresses: σ 0 = 0.02 (Δ), -0.01 (o), -0.005 (□), -0.002 (◊), -0.001 (∇). The dotted lines in
(a) indicate the fastest growing wavelengths predicted by the linear
perturbation analysis. The dot-dashed line in (b) corresponds to the stressindependent RMS at the kinetically constrained equilibrium states of the
fastest growing wavelength.
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4.2.2 Wrinkle growth and coarsening under equi-biaxial stresses

Figure 4.5 shows a sequence of simulated wrinkle patterns under an equi-biaxial
stress of magnitude σ 0 = −0.01 , again with

μR
= 0 . Differing from the stripe patterns
μf

under uniaxial stresses, a disordered labyrinth pattern emerges.
Figure 4.6 plots the evolution of the average wavelength and the RMS. Similar to
the cases under uniaxial stresses, the average wavelength quickly reaches a plateau,
corresponding to the same fastest growing wavelength predicted by the linear
perturbation analysis, and the RMS increases exponentially during the initial growth
stage. The transition point from initial growth to coarsening is about the same too, but the
transition process is quite different. The coarsening of the wavelength is faster
immediately after it reaches the transition point, giving a slope larger than 1/4 in the loglog plot (Fig. 4.6 (a)). The slope then decreases as coarsening continues, eventually
approaching 1/4. Such behavior may be attributed to disordering of the labyrinth wrinkle
patterns. At the early stage, the pattern is highly disordered with relatively short stripes in
random directions, for which the coarsening is not well described by the scaling law for
parallel stripe patterns. Later on, while the pattern remains disordered, it consists of
locally ordered long stripes coarsening in a similar manner as parallel stripes.
Consequently, the coarsening paths under equi-biaxial stresses are different for different
initial stress magnitudes, and they are different from those under uniaxial stresses. The
growth of RMS under equi-biaxial stresses is similar to that under uniaxial stresses, but
with a longer transition period before it approaches asymptotic scaling. It should be
pointed out that the present model does not account for the possible pinning of the elastic
film at the bottom of the viscoelastic layer, as observed in experiments after long-time
annealing [5, 40]. Thus, the maximum deflection is limited by the thickness of the
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viscoelastic layer (i.e., H = 10h f for the present simulations). For σ 0 = −0.02 , the
maximum deflection reaches this limit before t = 108 , which stops the simulation.

t = 104

t = 105

(a)

(b)
t = 107

t = 106

(c)

(d)

Figure 4.5: A simulated evolution sequence of wrinkles in an equi-biaxially stressed
film ( σ 11( 0 ) = σ 22( 0 ) = −0.01 ). (a) λ = 42.8 and RMS = 0.00054; (b)
λ = 45.1 and RMS = 0.423; (c) λ = 98.4 and RMS = 1.50; (d)
λ = 196.9 and RMS = 3.18.
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Figure 4.6: Evolution of wrinkle wavelength and RMS under equi-biaxial stresses:

σ 0 = -0.02 (Δ), -0.01 (o), -0.005 (□), -0.002 (◊), -0.001 (∇). The dotted
lines in (a) indicate the fastest growing wavelengths predicted by the linear
perturbation analysis. The dot-dashed line in (b) corresponds to the stressindependent RMS at the kinetically constrained equilibrium states of the
fastest growing wavelength.
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4.2.3 Discussion of scaling

In section 4.1, a length scale L1 and a time scale τ 1 are obtained for the initial
growth of wrinkles. Figure 4.7 re-plots the evolution of wrinkle wavelength obtained
from the numerical simulations (Figs. 4.4 (a) and 4.6 (a), with no substrate elasticity),
scaled by L1 and τ 1 . Remarkably, the evolution paths for different stress magnitudes
collapse into one for uniaxial stresses and another for equi-biaxial stresses. At the early
stage, the film selects the fastest growing wrinkle wavelength (i.e., the plateau in Figure
4.7), which is the same for both uniaxial and equi-biaxial stresses. Interestingly, the
process of wavelength selection at the early stage seems to follow the same scaling as
coarsening, i.e., λ ~ t 1 / 4 .

Figure 4.7: Evolution of wrinkle wavelength, scaled by length L1 and time τ 1 , under
different uniaxial stresses (solid symbols) and equi-biaxial stresses (open
symbols).
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This process, however, strongly depends on the initial perturbation, and is
typically too short to be captured in experiments. The difference between the two paths is
in the dynamics of coarsening. Under uniaxial stresses, the coarsening process is well
described by power-law scaling. Under equi-biaxial stresses, however, it undergoes a
transition stage that starts with a faster coarsening rate. This is consistent with the MD
simulations of buckling molecular chains [54] and membranes [55], with the chains under
uniaxial stresses and the membranes under equi-biaxial stresses.
It should be noted that the above scaling analysis and numerical simulations are
based on the model previously developed under the assumption that the thickness of the
viscoleastic layer is small compared to the wrinkle wavelength and that the viscoelastic
layer is compressible (i.e., ν < 0.5 ). Following the same approach, different scaling can
be derived for cases with incompressible thin layers or thick substrates. For an
incompressible thin layer (ν = 0.5 ), the evolution equation takes the form
∂w
= − K ' ∇ 2 ∇ 2 ∇ 2 w + F ' ∇ 2 [∇ ⋅ (σ ⋅ ∇w)] − Rw ,
∂t

(4.23)

μ f h 3f H 3
K'=
,
18(1 − ν f )η

(4.24)

where

H 3h f

F'=

3η

.

Comparing the first two terms in the right-hand side of Eq. (4.23) gives the same
length scale as Eq. (4.5), but the time scale now becomes

τ1'=

K '2

(Fσ 0 )3

=

h 3f μ 2f η
12(1 − ν f ) 2 H 3σ 03
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.

(4.25)

At kinetically constrained wrinkle states, the scaling, σ k ~ λ−2 , still holds.
Therefore, the coarsening of the wavelength now scales as λ ~ t 1 / 6 . For a thick
viscoelastic substrate ( H / h f → ∞ ), it is more convenient to consider the Fourier
transform of the evolution equation [32]. For lateral deflection, the linearized evolution
equation after Fourier transform takes the form
4 4
⎤ μ
∂wˆ 1 − ν ⎡ μ f k h f
=
wˆ − σ 0 k 2 h 2f wˆ ⎥ − R wˆ .
⎢−
∂t ηkh f ⎣⎢ 6(1 − ν f )
⎦⎥ μ f

(4.26)

Again, the same length scale is obtained, but the time scale is

6(1 − ν f )η ⎛ L1
⎜
τ 1" =
(1 − ν ) μ f ⎜⎝ h f

3

⎞
⎟ = η
⎟ 1 −ν
⎠

−μf
6(1 − ν f )σ 03

.

(4.27)

Therefore, the scaling for coarsening in this case is λ ~ t 1 / 3 . It is speculated that,
for a viscoelastic layer of finite thickness, the exponent of the power-law scaling for
coarsening of wrinkles should be between 1/4 and 1/3 for a compressible layer and
between 1/6 and 1/3 for an incompressible layer. A similar transition was noted for the
phase separation kinetics of polymer blend films, where the coarsening exponent changes
from 1 for thick films (100 nm) to a value near 0.5 for thin films (20 nm) [57].
Finally, there is a brief comment on the comparison between the present modeling
results and experimental observations. Qualitatively, the model reproduces most of the
features observed in experiments [5, 40], such as the wavelength of initial growth and
subsequent coarsening as well as the equilibrium wrinkles in some cases. However, the
coarsening exponent reported in [5] is close to 1, differing from any of the predicted
exponents. The cause of this discrepancy is unclear at this point. It may suggest that in
experiments something other than the stress-driven, viscosity-controlled dynamics plays
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an important role. One possibility is the pinning of the top film at the surface of the rigid
substrate supporting the thin viscoelastic layer, which was observed in some experiments
[5, 40]. However, it is questionable whether this pinning could increase the coarsening
exponent as much as what was observed.

4.3 Wrinkling with Substrate Elasticity

Substrate elasticity has two major effects on the wrinkling process. First, it can
stabilize the film under small stresses so that the film remains flat with no wrinkles at all.
The critical stress is given by Eq. (3.8) and (4.10), for both uniaxial and biaxial stress
states. The second effect is that, when the initial stress is high enough to cause wrinkling,
the elastic limit of the substrate will eventually stabilize the wrinkle pattern. For parallel
stripe patterns, the equilibrium wrinkle wavelength and amplitude are analytically given
in Eqs. (3.18)-(3.20) and (4.16)-(4.17), respectively. For disordered stripes or labyrinth
patterns under equi-biaxial stresses, however, no analytical solution is available for the
equilibrium state.
Figure 4.8 plots the evolution of the average wavelength and the RMS from
numerical simulations under uniaxial stresses and with a rubbery modulus

μR
= 10 −5 .
μf

The critical stress in this case is σ c = −0.00324 . When σ 0 < σ c , no wrinkle grows.
For σ 0 > σ c , the initial growth is similar to Figure 4.4, but with a slower growth rate
as predicted by the linear perturbation analysis. With substrate elasticity, the dynamics of
coarsening is strongly influenced by the presence of the equilibrium state (Figures 4.8
and 4.9). The wavelength increases and eventually reaches another plateau, in agreement
with the predicted equilibrium wavelength ( λe = 76.2 in this case). At the same time, the
RMS approaches a plateau in agreement with the predicted equilibrium amplitude. The
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equilibrium wavelength is independent of the initial stress, while the equilibrium
amplitude increases as the stress magnitude increases.

Figure 4.8: Evolution of wrinkle wavelength and RMS under uniaxial stresses: σ 0 = 0.02 (Δ), -0.01 (o), -0.005 (□), with a modulus ratio

μR
= 10−5 . The dotμf

dashed line in (b) corresponds to the equilibrium wrinkle amplitudes.
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Therefore, the power-law scaling for the coarsening dynamics becomes less
predictive under the effect of substrate elasticity. In a special case, when σ 0 ≈ σ c , the
fastest growing wavelength is nearly the same as the equilibrium wavelength.
Consequently, only one plateau would appear in the evolution of the wavelength, with no
coarsening.
Figure 4.9 plots the evolution of the wrinkle wavelength and the RMS under equibiaxial stresses and with the same rubbery modulus,

μR
= 10 −5 . Again, for σ 0 > σ c ,
μf

the initial growth is well described by the linear perturbation analysis, similar to the
previous cases. The wavelength reaches a plateau during the initial growth, then coarsens,
and eventually reaches the same equilibrium wavelength as that of the uniaxial stresses.
On the other hand, the RMS under an equi-biaxial stress saturates at a plateau slightly
higher than the equilibrium value under a uniaxial stress of the same magnitude, in
agreement with a previous study [32].
For both uniaxial and equi-biaxial stresses, as compared to Eq. (4.18), the
transition from initial growth to coarsening is delayed by the substrate elasticity due to
the reduced growth rate at the initial stage. This delay is more significant when film stress
is lower. For the second transition, the coarsening dynamics deviates from the power-law
scaling long before it reaches equilibrium. As a result, Eq. (4.19) significantly
underestimates the time to reach equilibrium.

77

Figure 4.9: Evolution of wrinkle wavelength and RMS under equi-biaxial stresses:

σ 0 = -0.02 (Δ), -0.01 (o), -0.005 (□), with a modulus ratio

μR
= 10−5 . The
μf

dot-dashed line in (b) corresponds to the equilibrium wrinkle amplitudes.
Figure 4.10 shows the wrinkle patterns for different stresses at the end of each
simulation ( t = 108 ), Under uniaxial stresses (Fig. 4.10 (a)), similar stripe patterns are
obtained for different stress magnitudes, with the same wrinkle wavelength but different
amplitudes. Under equi-biaxial stresses (Fig. 4.10 (b)-(d)), although the average
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wavelength at equilibrium is independent of the initial stress, the coarsening dynamics
leads to different evolution paths and thus different wrinkle patterns. It is found that,
while the details of the equilibrium wrinkle pattern depend on the initial perturbation, the
average wavelength and the RMS do not. In other words, the two quantities capture
deterministic features of the chaotic pattern, leaving out the stochastic part due to the
randomness of the initial perturbation.

(a)

(b)

(c)

(d)

Figure 4.10: Equilibrium wrinkle patterns: (a) under uniaxial stress, σ 0 = −0.005 ; (b)
equi-biaxial stress, σ 0 = −0.005 ; (c) equi-biaxial stress, σ 0 = −0.01 ; (d)
equi-biaxial stress, σ 0 = −0.02 .
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4.4 Equilibrium Wrinkle Patterns under Uniform Biaxial Stresses

In general, it is assumed that a thin film structure is large enough to consider a
uniform stress. The film/substrate system becomes unstable if one of the principal inplane stresses is compressive and greater than the critical stress in magnitude. In this
section, only a small region of the film which can be assumed to have a uniform stress
distribution is considered. A variety of wrinkle patterns (e.g., parallel, zigzag,
checkerboard, and labyrinth patterns) can be generated by changing the residual stresses.
Under an equi-biaxial compressive stress, the wrinkle pattern of an isotropic elastic film
characteristically exhibits a lack of ordering such as the labyrinth pattern commonly
observed in experiments, although some ordered wrinkle patterns have been theoretically
predicted and occasionally observed under particular stresses and boundary conditions. If
the film is subjected to an equi-biaxial compressive stress, disordered labyrinth patterns
are obtained in general as shown Figure 4.5 (d) and Figure 4.10 (d). Starting from a flat
film with a small random initial perturbation (Fig. 4.2), wrinkles emerge randomly at the
initial stage, forming spherical caps. As the wrinkle amplitude grows, the symmetry is
broken, with the spherical caps elongating to form cylindrical ridges. This symmetry
breaking has a geometric origin: a flat film can bend to a cylindrical surface with no
stretching, but bend to a spherical cap with severe stretching at the crest. The competition
between bending and stretching leads to a transition from spherical caps to cylindrical
ridges, while the overall symmetry is maintained as the cylindrical ridges form an
isotropic labyrinth pattern. A similar transition has been observed in experiments [5].
Furthermore, simulation shows another interesting transition under equi-biaxial stress. As
the residual stress approaches the critical stress, the labyrinth pattern transforms to a
checkerboard pattern as shown in Figure 4.11(a). At near the critical stress, the wrinkle
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amplitude remains small for an extended time, and the transition from spherical caps to
cylindrical ridges does not occur. Instead, the spherical caps order themselves to form a
checkerboard pattern.

(a)

(b)

Figure 4.11: Checkerboard pattern at near the critical stress: (a) Checkerboard pattern, (b)
Herringbone pattern.
When the film is subjected to a uniaxial stress, parallel stripe patterns are obtained
in a direction perpendicular to the uniaxial stress as shown in Figure 4.10 (a). While the
stress state changes from uniaxial to equi-biaxial, another transition can be identified. The
introduction of stress anisotropy and material anisotropy leads to a transition from
isotropic patterns to anisotropic patterns. In this section, our discussion is limited to stress
anisotropy. The effect of material anisotropy will be discussed in chapter 5. While
parallel stripe wrinkles effectively relaxes the compressive strain in one direction, the
compressive strain in the perpendicular direction may induce secondary instability,
leading to more complex wrinkle patterns.
Rotational symmetry in the isotropic system is believed to be responsible for the
disordered wrinkle patterns. The symmetry can be broken either by invoking an
anisotropic biaxial stress or anisotropic material properties. These wrinkle patterns have
been analyzed using an energy approach. The total elastic strain energy consists of the
bending and in-plane strain energy in the film and the elastic energy in the substrate.
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Chen and Hutchinson [31] and Song et al. [34] reported that, among three wrinkle
patterns (stripe, checkerboard, and herringbone patterns), the herringbone pattern has the
lowest average energy due to the most effective relaxation of the biaxial residual stresses
in the film. The critical ratio to transit from the stripe pattern to the herringbone pattern is
found using the energy minimization method.
To investigate the transition from the parallel stripe pattern to the herringbone
pattern, a herringbone-type perturbation is assumed with amplitude (a, b) and the wavenumber (k1, k2) in the form of

w( x, y, t ) = a cos{k1 [x + b cos(k 2 y )]}.

(4.28)

Inserting (4.28) into the strain energy equations, the bending and the compressive
membrane in the film, and the substrate energy are obtained, respectively:

UB =

UC =

E f h 3f

1
3
⎛
⎞
k12 a 2 ⎜ k12 + k12 k 22 b 2 + k 24 b 2 + k12 k 24 b 4 ⎟ ,
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(4.29)
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3
⎛
⎞
+ h f E f a 4 k14 ⎜1 + ν f b 2 k 22 + b 4 k 24 ⎟
64
8
⎝
⎠

1 1 −ν μ ∞ 2
a .
2 (1 − 2ν ) H

,

(4.30)

(4.31)

The total strain energy at equilibrium state is
U total = U (a, k1 ) + ΔU (a, b, k1 , k 2 ) .
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(4.32)

First, ΔU (a, b, k1 , k 2 ) is ignored due to its minor contribution, then U (a, k1 )

is

minimized with respect to a and k1 . Substituting a and k1 into Eq. (4.32) and
considering only the strain energy related to b and k 2 , linearization of this equation
results in
⎡

σ
σ
8
ΔU (b, k 2 ) = E f h f ⎢− x 0 ⎜⎜1 − c
3

⎛

⎢⎣ E f ⎝
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(4.33)
For an arbitrary wave vector, minimizing the total energy gives with respect to b
and k 2 a critical stress ratio
⎛ σ y0
⎜⎜
⎝ σ x0

⎞
⎛
σ
⎟⎟ = ν f ⎜⎜1 − c
⎝ σ x0
⎠c

⎞ σc
⎟⎟ +
,
⎠ σ x0

(4.34)

There exists a transition stress ( σ y 0 ) with a given stress ( σ x 0 ). From rearranging Eq
(4.34),

σ y0 − σ c
=ν f .
σ x0 − σ c

(4.35)

Surprisingly, the slope of the transition stress ratio from parallel stripe to herringbone is
the Poisson’s ratio of the film. Using a different perturbation function, the same result
was obtained by Audoly and Boudaud [35].
Figure 4.12 shows wrinkle patterns when σ y 0

changes from zero to

− 0.005E f while σ x 0 remains − 0.005E f . The first and second rows in Fig. 4.12 (b)
represent the wrinkle pattern and its Fourier spectrum, respectively. The following
parameters were used in the simulation: μ / E f = 1 × 10 −5 , ν f = 0.30 , ν = 0.45 , and
H / h f = 10 . The cell size and grid points are L = 1000 h f and N=128×128. The critical
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stress ( σ x 0 ) is − 0.0019E f . The transition stress ( σ y 0 ) with given σ x 0 = −0.005E f is

− 0.00284E f . By changing the stress anisotropy, the wrinkle pattern on the surface
transforms from a parallel stripe pattern into a herringbone pattern depending on the
Poisson’s ratio of the film. As the stress increases beyond the transition stress, the
wrinkle pattern generates increasing defects and finally displays a labyrinth wrinkle
pattern under the equi-biaxial stress.
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(a)

(b)

A

B

RMS = 0.7354

λ =58.82

C

RMS = 0.7294

D

RMS = 0.7553

λ =57.19

λ =57.40

RMS = 0.8376

λ =57.86

Figure 4.12: Variation of wrinkle patterns and spectrum ( σ x 0 / E f = −0.005 ,

μ / E f = 1 × 10 −5 , ν f = 0.30 , ν = 0.45 , t

η

= 1× 108 ; (a) schematic

Ef
diagram of wrinkle patterns under biaxial stresses; (b) wrinkle patterns and
Fourier spectra corresponding to A, B, C, and D in (a).
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4.5 Summary

This chapter presented a scaling analysis and two-dimensional numerical
simulations of wrinkle growth and coarsening in stressed thin films on a viscoelastic
layer. It is found that, during the initial growth, a stress-dependent wavelength is selected
and the wrinkle amplitude grows exponentially over time. During coarsening, both the
wrinkle wavelength and amplitude increase, following a power law with exponent 1/4
under uniaxial stresses. More complicated dynamics is predicted under equibiaxial
stresses, which starts with a faster coarsening rate before approaching the same powerlaw exponent under uniaxial stresses. Furthermore, the coarsening dynamics is strongly
influenced by the presence of an equilibrium state when substrate elasticity is included.
The equilibrium wrinkle patterns under uniaxial and equibiaxial stresses have the same
wavelength, but the wrinkle amplitude is slightly higher under equibiaxial stresses for the
same stress magnitude. Similar power-law scaling is derived for a stressed elastic film on
an incompressible thin viscoelastic layer or on thick viscoelastic substrate. The analogy
between the wrinkle dynamics and other phase ordering phenomena is noted, and
comparison between the modeling results and experimental observation is discussed.
Numerical simulation shows a variety of wrinkle patterns depending on the stress
anisotropy. At equilibrium, a parallel stripe pattern is obtained under uniaxial stresses and
a labyrinth pattern under equi-biaxial stresses. The transition from parallel stripe to
herringbone pattern is determined by the Poisson’s ratio of the film.
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Chapter 5
Wrinkling of Anisotropic Crystal Films
Previous studies on wrinkling have assumed isotropic elastic properties for films
motivated by recent experimental observations of ordered wrinkle patterns in singlecrystal thin films. This chapter considers wrinkling of elastically anisotropic crystal thin
films on viscoelastic substrates. For a cubic crystal film under an equi-biaxial
compression, orthogonally ordered wrinkle patterns are predicted at both the initial stage
and the equilibrium state. This is confirmed by numerical simulations of evolving wrinkle
patterns. By varying the residual stresses in the film, numerical simulations show that a
variety of wrinkle patterns (e.g., orthogonal, parallel, zigzag, and checkerboard patterns)
emerge as a result of the competition between the material anisotropy and the stress
anisotropy. A nonlinear mathematical model for evolution of wrinkling of an anisotropic
crystal film on a viscoelastic substrate layer from Eqs. (2.10), (2.48), and (2.49) is
described as

∂w
∂4w
∂ 4w⎤
1 − 2ν H h 3 ⎡ ∂ 4 w
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5.1 Linear Perturbation Analysis

Assume a small deflection of the elastic layer with a wave number k (or
equivalently, wavelength λ = 2π / k ), an angle of the wave vector θ , and an amplitude
A in the form of

w( x, y, t ) = A(t ) cos[k ( x cosθ + y sin θ )].

(5.4)

Here, the angle θ is measured from the x-axis or the <100> axis for the cubic crystal
film.
Linearization of Eqs. (5.1)~(5.3) uncouples the in-plane displacements from the
lateral deflection. Thus, only Eq. (5.1) needs to be solved at the linear regime. By
inserting Eq. (5.4) into Eq. (5.1) and keeping only the linear terms, the pressure at the
interface is obtained:
⎡1
4
2 ⎤ A(t )
p = ⎢ Eθ (kh ) + σ θ (kh ) ⎥
cos[k (x cos θ + y sin θ )] ,
⎣12
⎦ h

(5.5)

Eθ = C11 cos 4 θ + C 22 sin 4 θ + 2(C12 + 2C66 )sin 2 θ cos 2 θ ,

(5.6)

σ θ = σ xxR cos 2 θ + σ yyR sin 2 θ + 2σ xyR sin θ cosθ .

(5.7)

where

Substituting Eqs. (5.4) and (5.5) into Eq. (5.1) obtain
dA α θ − μ R
=
A(t ) ,
dt
η

where
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(5.8)

αθ =

(1 − 2ν ) H
− Eθ (kh) 4 − 12σ θ ( kh) 2 .
24(1 − ν )h

[

]

(5.9)

Solving Eq. (5.8) leads to
⎛ t⎞
A(t ) = A0 exp ⎜ sθ ⎟ ,
⎝ τ⎠

(5.10)

where A0 is a constant for the initial amplitude, τ = η / C11 is a characteristic time
scale, and sθ = (α θ − μ R ) / C11 is the dimensionless growth rate of the perturbation
amplitude.
The result from the linear analysis is identical to that for an isotropic elastic film
in Eqs (3.4) and (4.9) except for the dependence of the growth rate on the angle θ
through Eθ and σ θ . As defined in Eq. (5.7), the stress σ θ is simply the normal
component of the residual stress acting on a rotated section with the angle θ , as
illustrated in Figure 2.2 (c). When the residual stress at the reference state is equi-biaxial,
i.e., σ xxR = σ yyR = σ 1 and σ xyR = 0 , σ θ becomes σ 1 independent of the angle θ . Thus,
an equi-bixial stress is isotropic. Otherwise, the stress state is anisotropic. In terms of the
principal stresses, σ θ has been written in the form of

⎡

⎛

⎣

⎝

σ θ = σ 1 ⎢1 − ⎜⎜1 −

⎤
σ2 ⎞ 2
⎟⎟ sin (θ − θ p )⎥ ,
σ1 ⎠
⎦

(5.11)

where σ 1 and σ 2 are two principal stresses and θ p is the corresponding principal
angle. Hence the ratio between the two principle stresses determines the angle
dependence of σ θ and represents the stress anisotropy.
The modulus Eθ defined in Eq. (5.6) is essentially the plane-strain modulus in
the direction of the wrinkle wave vector. For a cubic crystal film, Eθ can be rewritten as
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⎡ ⎛ C ⎞2 ⎤⎡
⎤
(ξ − 1)C11
Eθ = C11 ⎢1 − ⎜⎜ 12 ⎟⎟ ⎥ ⎢1 +
sin 2 2θ ⎥ ,
⎢⎣ ⎝ C11 ⎠ ⎥⎦ ⎣ 2(C11 + C12 )
⎦

(5.12)

where ξ = 2C66 /(C11 − C12 ) is the degree of elastic anisotropy. In the case of an isotropic
material, ξ = 1 and Eθ reduces to E / (1 −ν 2 ) , independent of the angle.
Table 5.1 lists the elastic constants and the degrees of elastic anisotropy for
single-crystal Si, Ge, and an alloy Si0.7Ge0.3. The elastic properties of the Si1-xGex alloy
( 0 ≤ x ≤ 1 ) are obtained by linear interpolation between those of Si and Ge with x being
the Ge content [58]. From Eq. (5.12) it is noted that, when ξ > 1 , the plane-strain
modulus of a cubic crystal maximizes at <110> directions ( θ = ±45 ° ) and minimizes at
<100> directions ( θ = 0 and 90°). The trend is opposite when ξ < 1 (e.g., for singlecrystal Cr, Mo, NaCl, and TiC).

Table 5.1: Elastic constants of single-crystal silicon (Si), germanium (Ge), and an alloy
Si0.7Ge0.3. Also listed are the constants of an artificial isotropic material for
comparison.
Crystal

C11 (GPa)

C12 (GPa)

C 66 (GPa)

Degree of anisotropy, ξ

Si
Ge
Si0.7Ge0.3
Isotropic

165.2
128.4
154.9
161.7

64.4
48.2
59.5
69.3

79.8
65.7
75.9
45.2

1.57
1.66
1.59
1.00

For any particular angle θ , the growth rate sθ has a peak at the wavelength

λθm = πh −

2Eθ
.
3σ θ

(5.13)

The corresponding peak growth rate is zero at a critical stress
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σ θc = −

2 1 −ν h
μ R Eθ .
3 1 − 2ν H

(5.14)

When the residual stress − σ θ < −σ θc , the peak growth rate is negative and the
crystal film at the reference state is stable against perturbations with the angle θ .
Otherwise, when − σ θ > −σ θc , the peak growth rate is positive and the crystal film
becomes unstable.
Both the wavelength λθm and the critical stress σ θc vary with respect to the
direction of the wrinkle wave vector for an anisotropic elastic film. Figure 5.1 (a) plots
the magnitude of the critical stress as a function of the angle θ for single-crystal Si, Ge,
and Si0.7Ge0.3 films, with μ R = 1.5 MPa, ν = 0.45, and H/h = 10 for the substrate layer.
The material anisotropy dictates the dependence of the critical stress on the wrinkle
orientation. For the SiGe film, the critical stress is the lowest for wrinkling in the <100>
directions ( θ = 0 and 90°), and the highest for wrinkling in the <110> directions

(θ = ±45°) . The difference is roughly 10%. Under an equi-biaxial stress, the stability of
the film is controlled by the lowest critical stress ( σ c<100> ). Under a uniaxial stress,
however, the critical stress depends on the direction of the stress with respect to the
crystal axes. The critical stress strongly depends on the rubbery modulus of the substrate.
Figure 5.1 (b) plots the minimum and maximum critical stresses for the Si0.7Ge0.3 film
versus the rubbery modulus μ R . The critical stresses increase dramatically as the
rubbery modulus exceeds 100 MPa. Plastic deformation of the crystal film by dislocation
mechanisms [59] should be considered under high stress levels.
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Figure 5.1: (a) Critical stress for wrinkling versus the angle of the wrinkle wave vector
for Si, Ge, and SiGe films; (b) The maximum and minimum critical stresses
for a SiGe film versus the rubbery modulus of the substrate layer.
( H / h = 10 , ν = 0.45 ).
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According to Eq. (5.10), the wrinkle amplitude grows exponentially with time at
the initial stage. Thus, the wavelength with the peak growth rate, λθm , dominates the
initial wrinkle evolution. It is noted that λθm depends on the stress σ θ , but is
independent of the rubbery modulus of the viscoelastic substrate. For a 30 nm Si0.7Ge0.3
film on a 235 nm BPSG substrate, Peterson et al. [42] measured the wrinkle wavelengths
at the early stage to be 0.91 µm and 0.94 µm under equi-biaxial and uniaxial stress states,
respectively. The corresponding wavelengths predicted by Eq. (5.13) are 0.62 µm and
0.73 µm, with the stresses calculated from Eq. (5.14) with a mismatch strain of -0.012.
The difference between the predicted and measured wavelengths may come from two
sources: (1) Both experiments and theory have shown that the wrinkle wavelength
coarsens over time [5]. While Eq. (5.13) predicts the dominant wavelength at the early
stage of wrinkle evolution, the measured values may have already undergone coarsening
beyond the linear regime; (2) Even for the linear analysis, the thin-layer approximation of
the viscoelastic substrate tends to underestimate the wrinkle wavelength, as shown
previously for wrinkling of isotropic elastic films [39, 60].
Figure 5.2 compares the spectra of the initial wrinkle growth rate for both
isotropic and anisotropic elastic films under various residual stresses. Contours of the
normalized growth rate sθ are plotted in the plane spanning the x and y components of
the wave vector, k x = k cos θ and k y = k sinθ , both normalized by the film thickness h;
only positive growth rates are plotted. All the calculations use μ R / C11 = 10 −5 ,
H / h = 10 ,and ν = 0.45 . The major principal stress is fixed as σ 1 / C11 = −0.003 , while

the ratio σ 2 / σ 1 is varied from 1 for an equi-biaxial to 0 for a uniaxial stress state. For
the isotropic film, the growth spectrum is solely controlled by the stress ratio. Under an
equi-biaxial residual stress ( σ 2 / σ 1 = 1 ), the growth spectrum is isotropic as the wave
vectors of all the growing modes reside in a circular ring region with no favored
93

directions. When the two principal stresses differ, the rotational symmetry is broken and
the growth rate peaks at a particular wave vector in the direction of the major principal
stress. Therefore, the kinetically dominant wrinkle pattern at the initial stage changes
from non-directional (e.g., the labyrinth pattern) to uni-directional (e.g., the parallel
striped pattern). Similar symmetry breaking occurs in many other pattern evolution
systems [61, 62].
For the cubic crystal film (Si0.7Ge0.3, to be specific), the growth spectrum not only
depends on the ratio between the two principal stresses but also depends on the direction

( )

of the principal stress θ p . Even under an equi-biaxial stress, an anisotropic growth
spectrum emerges, with four peaks aligned in the two orthogonal crystal directions,
<100> and <010>. In this case, while the stress state is isotropic, the anisotropic elastic
property of the crystal film breaks the rotational symmetry. As a result, an orthogonally
oriented bi-directional pattern is predicted to dominate the initial growth of the wrinkles.
By varying the ratio σ 2 / σ 1 from 1 to 0, the growth spectrum changes from orthogonal
to uniaxial in the direction of the major principal stress. The transition however depends
on the principal angle θ p , as shown in the second and third rows of Figure 5.2 for

θ p = 0 and 45°, respectively. For θ p = 0 , the growth spectrum remains orthogonal when
the ratio σ 2 / σ 1 deviates slightly from 1, but the peak growth rate becomes lower in one
direction compared to the other direction. The growth spectrum becomes uniaxial as the
lower peak diminishes for σ 2 / σ 1 < 0.8 . For θ p = 45 o , the wave vectors corresponding
to the peak growth rates rotate toward the direction of the major principal stress and
eventually merge into a uniaxial pattern. At an intermediate stress ratio (e.g.,

σ 2 / σ 1 = 0.9 ), four peaks lie on two directions of an oblique angle. Hence, the kinetically
dominant wrinkle pattern at the initial stage becomes obliquely oriented bi-directional
(e.g, the zigzag pattern). The different transition in the initial wrinkle patterns can be
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understood as a result of the competition between the material anisotropy and the stress
anisotropy through Eθ and σ θ , respectively.

Figure 5.2: Spectra of the wrinkle growth rate at the early stage for isotropic and
anisotropic elastic films under various residual stress states
( − 0.2 ≤ k x h, k y h ≤ 0.2 ). The major principal stress is σ 1 / C11 = −0.003 ;

H / h = 10 , ν = 0.45 , and μ R / C11 = 10 −5 .

5.2 Nonlinear Analysis of Equilibrium States

This section presents a nonlinear energy analysis for parallel-striped winkles of a
cubic crystal film on a thin viscoelastic substrate layer. The result provides useful insight
into ordering of wrinkle patterns under various stress states and will be compared to the
numerical simulations in the next section.
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The elastic strain energy in the film consists of two parts, one associated with the
in-plane deformation and the other with bending. Taking the strain energy at the
reference state to be zero, the in-plane strain energy per unit area of the film is
1
1
⎛
⎞
U C = h⎜ σ xxR ε xx + σ yyR ε yy + 2σ xyR ε xy + σ xx ε xx + σ yy ε yy + σ xy ε xy ⎟ .
2
2
⎝
⎠

(5.15)

By substituting Eqs. (2.6) and (2.7)~(2.9) into Eq. (5.15) and neglecting the in-plane
displacements, the in-plane strain energy becomes
2
2
⎛ ∂w ∂w ⎞⎫⎪
1 ⎧⎪ R ⎛ ∂w ⎞
R ⎛ ∂w ⎞
⎟⎬
U C = h ⎨σ xx ⎜ ⎟ + σ yy ⎜⎜ ⎟⎟ + 2σ xyR ⎜⎜
2 ⎪ ⎝ ∂x ⎠
∂x ∂y ⎟⎠⎪
∂y ⎠
⎝
⎝
⎩
⎭
.
4
2
4
⎤
⎡
⎛ ∂w ∂w ⎞
⎛ ∂w ⎞
1
⎛ ∂w ⎞
⎟ ⎥
+ h ⎢C11 ⎜ ⎟ + C 22 ⎜⎜ ⎟⎟ + 2(C12 + 2C 66 )⎜⎜
8 ⎢ ⎝ ∂x ⎠
∂x ∂y ⎟⎠ ⎥
∂y ⎠
⎝
⎝
⎦
⎣

(5.16)

The area density of the bending strain energy in a cubic crystal film is

⎛ ∂2w ⎞
⎛ ∂ 2 w ⎞⎛ ∂ 2 w ⎞
⎛ ∂2w ⎞
h3 ⎡ ⎛ ∂ 2 w ⎞
⎟
⎢C11 ⎜⎜ 2 ⎟⎟ + C 22 ⎜⎜ 2 ⎟⎟ + 2C12 ⎜⎜ 2 ⎟⎟⎜⎜ 2 ⎟⎟ + 4C 66 ⎜⎜
UB =
24 ⎢ ⎝ ∂x ⎠
∂x∂y ⎟⎠
∂y ⎠
∂x ⎠⎝ ∂y ⎠
⎝
⎝
⎝
⎣
2

2

2

⎤
⎥ . (5.17)
⎥⎦

At the equilibrium state, by setting ∂w / ∂t = 0 in Eq. (5.1), the pressure acting on the
substrate surface is

p=−

2(1 −ν ) μ R
w.
1 − 2ν H

(5.18)

The reversible elastic strain energy stored in the substrate (per unit area of the surface) is
then

US = −

1
1 −ν μ R 2
pw =
w .
2
1 − 2ν H

(5.19)
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Consider a parallel-striped wrinkle described by Eq. (5.4), integrating the strain
energy density, Eqs. (5.16), (5.17), and (5.19), over one wavelength of the wrinkle and
dividing by the wavelength ( λ = 2π / k ), the average strain energy per unit area of the
film is obtained as follows:

1
3 ~
U C = σ θ hk 2 A 2 + Eθ hk 4 A 4 ,
4
64

(5.20)

UB =

1
Eθ h 3 k 4 A 2 ,
48

(5.21)

US =

1 −ν μ R 2
A ,
2(1 − 2ν ) H

(5.22)

where
~
Eθ = C11 sin 4 θ + C 22 cos 4 θ + 2(C12 + 2C 66 )sin 2 θ cos 2 θ .

(5.23)

~
Equation (5.23) defines another anisotropic parameter, Eθ , which is different from Eθ
~
in Eq. (5.6) for an orthotropic plate. In the case of a cubic crystal plate, Eθ ≡ Eθ .

The total strain energy (per unit area of the reference state) at the equilibrium state
is therefore

U ( A, k ,θ ) = U C + U B + U S .

(5.24)

For an arbitrary wave vector, minimizing the total energy gives the equilibrium
amplitude as a function of k and θ :

Eθ
2(1 − ν ) μ R 1 ⎤
2 6 ⎡ σθ
2
Ae (k ,θ ) =
⎢− ~ − ~ (kh) −
⎥
~
1 − 2ν Eθ k 2 Hh ⎦
3k ⎣ Eθ 12Eθ
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1/ 2

.

(5.25)

When − σ θ < −σ θc , Eq. (5.25) yields real values of the wrinkle amplitude for certain
wave vectors, and the total strain energy at the equilibrium state is negative, i.e.,

U e (k ,θ ) = U ( Ae , k ,θ ) < 0 . The spectra of the energy, U e (k ,θ ) , are plotted in Figure 5.3
for both isotropic and anisotropic elastic films under various residual stress states. Similar
to Figure 5.2, contours of the normalized strain energy, U e /(C11h) , are plotted in the
plane spanning the x and y components of the normalized wave vector; only negative
energy values are plotted. The major principal stress is fixed as σ 1 / C11 = −0.003 , while
the ratio σ 2 / σ 1 is varied from 1 to 0.
For an isotropic elastic film, the energy contours are concentric circles under an
equi-biaxial residual stress ( σ 2 / σ 1 = 1 ). The strain energy minimizes on a circle of a
particular radius, with no favored direction due to rotational symmetry of the isotropic
system. Once the ratio between the two principal stresses deviates from 1, the rotational
symmetry is broken and the energy spectrum has two minima symmetrically located on
the axis parallel to the direction of the major principal stress. Hence, an energetically
favored wrinkle pattern emerges with ordered parallel stripes perpendicular to the
direction of the major principal stress. However, it should be noted that, since only
parallel striped wrinkle patterns are considered in the present analysis, the energy minima
in the spectra are not necessarily global minima. For example, it has been shown that
herringbone and checkerboard wrinkle patterns may have lower energy than the parallel
striped pattern under equi-biaxial stress states [31, 32, 34].
For a cubic crystal film (Si0.7Ge0.3, to be specific), the energy spectrum depends
on both the material anisotropy and the stress anisotropy. Under an equi-biaxial stress,
there exist four energy minima aligned in the two orthogonal crystal directions, <100>
and <010>. Thus, an energetically favored equilibrium wrinkle pattern may consist of
parallel stripes in two orthogonal directions. When the two principal stresses are
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different, the energy spectrum depends on the principal direction θ p . When θ p = 0 , two
energy minima are symmetrically located on the axis parallel to the direction of the major
principal stress, while the other two minima in the orthogonal direction first become
shallower and then disappear. When θ p ≠ 0 , as the stress ratio decreases from 1 to 0, the
wave vectors of the energy minima first rotate toward the direction of the major principal
stress and then merge to form two minima in the same direction. Therefore, different
equilibrium wrinkle patterns may emerge between the orthogonal and the uniaxial
patterns.
By minimizing the strain energy, U e (k ,θ ) , with respect to k for a fixed angle θ
, the equilibrium wavelength is obtained as a function of θ :
⎡ 2(1 − 2ν ) H Eθ ⎤
2π
λe (θ ) =
= πh ⎢
⎥
k e (θ )
⎣ 3(1 − ν ) h μ R ⎦

1/ 4

.

(5.26)

Substitution of the equilibrium wavelength into Eq. (5.25) gives the equilibrium
amplitude for the parallel wrinkles with the angle θ . Further minimization of the strain
energy, U e (ke ,θ ) , with respect to θ gives the angle for the parallel wrinkles with the
minimum energy. Both the equilibrium wavelength and the angle can be determined from
the locations of the minima in the energy spectrum shown in Figure 5.3. It should be
noted that, although the energy spectra in Figure 5.3 appear similar to the initial growth
spectra in Figure 5.2, the locations for the energy minima are different from those of the
maximum growth rates. While the fastest growing wavelength (Eq. 5.13) depends on the
residual stress in the film, the equilibrium wrinkle wavelength (Eq. 5.26) is independent
of the stress. Under the condition − σ θ < −σ θc , the equilibrium wavelength is always
greater than the fastest growing wavelength at the initial stage. Consequently, the wrinkle
wavelength coarsens as the wrinkle evolves. Coarsening of wrinkle patterns of isotropic
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elastic films has been observed in both experiments [5] and numerical simulations in
chapter 4.

Figure 5.3: Energy spectra of parallel wrinkles at the equilibrium state for isotropic and
anisotropic elastic films under various residual stress states
( − 0.2 ≤ k x h, k y h ≤ 0.2 ). The major principal stress is σ 1 / C11 = −0.003 ;

H / h = 10 , ν = 0.45 , and μ R / C11 = 10 −5 .
Figure 5.4 (a) shows that, for the SiGe crystal film, the equilibrium wavelength,

λe (θ ) maximizes at the <110> directions ( θ = ±45o ) and minimizes at the <100>
directions ( θ = 0 and 90°). The difference between the equilibrium wavelengths is about
5%. In Figure 5.4 (b), the maximum and minimum equilibrium wavelengths are shown to
decrease as the rubbery modulus increases.
Figure 5.5 (a) plots the equilibrium wrinkle amplitude versus the angle under an
equibiaxial stress ( σ 1 = σ 2 = −0.465 GPa), with a maximum at the <100> direction ( θ = 0
and 90°) and minimum at the <110> directions ( θ = ±45o ). The difference between the
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maximum and minimum amplitudes is about 12%. Figure 5.5 (b) shows that the
equilibrium wrinkle amplitude increases with the magnitude of the stress. For a given
stress level, the wrinkle amplitude decreases as the rubbery modulus of the substrate
increases and becomes zero beyond a critical value. As a reference, for a Si0.7Ge0.3 film
epitaxially grown from a Si substrate, the lattice mismatch is 1.2% and the equi-biaxial
mismatch stress is -2.02 GPa.
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Figure 5.4: (a) Equilibrium wavelength of parallel wrinkles as a function of the angle of
the wrinkle wave vector for Si, Ge, and SiGe films; (b) The maximum and
minimum equilibrium wavelengths for a SiGe film versus the rubbery
modulus of the substrate layer. ( H / h = 10 , ν = 0.45 ).
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Figure 5.5: (a) Equilibrium amplitude of parallel wrinkles as a function of the angle of
the wrinkle wave vector for Si, Ge, and SiGe films under an equi-biaxial
stress; (b) The maximum and minimum equilibrium wavelengths for a SiGe
film versus the rubbery modulus of the substrate layer. ( H / h = 10 ,
ν = 0.45 ).
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5.3 Numerical Simulations of Wrinkle Patterns

A spectral method was developed to simulate evolution of wrinkle patterns by
numerically integrating the nonlinear equations, Eqs. (5.1)-(5.3), similar to that in the
previous study for wrinkling of isotropic films. For the present study, a square
computational cell of size L = 2000 h is discretized into a 128 by 128 grid, with periodic
boundary conditions. A random perturbation of amplitude 0.01h was introduced as the
initial lateral deflection from the reference state.

(a)

(b)

(d)

(e)

(c)

(f)

Figure 5.6: A simulated evolution sequence of the wrinkle pattern for a Si0.7Ge0.3 film
under an equi-biaxial stress ( σ 1 = σ 2 = −0.003C11 , μ R / C11 = 10 −5 ,
H / h = 10 , ν = 0.45 ): (a) t = 0, RMS = 0.0057, λ = 38.83; (b) t = 105,
RMS = 0.0165, λ = 44.77; (c) t = 5 × 105, RMS = 0.4185, λ = 47.06;
(d) t = 106, RMS = 0.4676, λ = 50.75; (e) t = 107, RMS = 0.5876, λ =
56.43; (f) t = 108, RMS = 0.5918, λ =56.63.
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Figure 5.6 shows an evolution sequence of the simulated wrinkle pattern for a
cubic crystal film (Si0.7Ge0.3, to be specific) under an equi-biaxial compression
( σ 1 = σ 2 = −0.003C11 ). The lateral deflection, w( x, y, t ) , is normalized by the film
thickness h and plotted as contours in the x-y plane; the time is normalized by the scale

τ = η / C11 . The insets in Figure 5.6 show Fourier transforms of the corresponding
wrinkle patterns, as contours in the Fourier space. For each wrinkle pattern, the rootmean-square (RMS) of the lateral deflection and the average wrinkle wavelength ( λ ) are
calculated as Eqs (4.20) and (4.22)
The initial perturbation at t = 0 is featureless (Fig. 5.6(a)), with a small roughness
(RMS = 0.0057). At t = 105 (Fig. 5.6(b)), the perturbation amplitude (RMS) has grown
significantly, and the Fourier transform takes a shape similar to the growth-rate spectrum
shown in Figure 5.2 for the anisotropic film under an equi-biaxial stress. At this stage,
many Fourier components are growing simultaneously in different directions, resulting in
a rather disordered wrinkle pattern. The average wavelength ( λ = 44.77 ) is close to the
fastest growing wavelength ( λθm = 43.23 for θ = 0 ) as predicted by the linear analysis
(Eq. 5.13). At t = 5 × 105 (Fig. 5.6(c)), the Fourier components with the fastest growth
rate start to dominate, and the wrinkles become increasingly aligned in the two
orthogonal directions, <100> and <010>. At t = 106 (Fig. 5.6(d)), the wrinkle pattern
exhibits a bi-phase domain structure, with parallel stripes locally ordered in one of the
two orthogonal directions in each domain; the junctions between neighboring domains
are analogous to domain walls or grain boundaries in crystals. Further evolution of the
wrinkle pattern shows two coarsening processes. First, the wavelength of each individual
wrinkle stripe increases. As a result, the average wavelength of the wrinkle over the
entire area increases. This is consistent with the analytical solutions as the equilibrium
wavelength for the parallel striped wrinkles ( λe = 56.32 ) is greater than the wavelength
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of the fastest growing mode ( λm = 43.23 ) at the early stage. Furthermore, the bi-phase
domain structure of the wrinkle pattern evolves with coarsening of the domain size, as
can be seen clearly from t = 106 (Fig. 5.6(d)) to t = 107 (Fig. 5.6(e)). Both the wrinkle
wavelength and the domain size seem to saturate after a long time evolution (Fig. 5.6(f)).
It is thus postulated that the viscoelastic evolution process seeks to minimize the total
strain energy in the film and the substrate not only by selecting an equilibrium
wavelength for individual wrinkle stripes but also by selecting a particular domain size.
The equilibrium domain size may depend on the local deformation at the junctions
between neighboring domains, for which a detailed analysis is left for future studies.
Similar coarsening processes have been observed for isotropic films [5]. The present
simulations of the wrinkle pattern evolution qualitatively agree with the experimental
results by Peterson [41] for a SiGe film on a glass layer at an elevated temperature,
although quantitative comparisons are not possible due to uncertainties in the viscoelastic
properties of the glass. The orthogonally ordered wrinkle pattern (Fig. 5.8(f)) is also
comparable to the wavy structures observed in biaxially stressed silicon membranes on a
PDMS substrate [12]. The difference between the simulated and observed wrinkle
patterns may result from the statistic nature of the initial imperfections as well as the
loading history and boundary conditions in the experiments.
Figure 5.7 compares the wrinkle patterns for isotropic and anisotropic elastic
films under various stress states. All patterns were obtained by numerical simulations of
long time evolution up to t = 108 . The major principal stress is fixed as

σ 1 / C11 = −0.003 , while the stress ratio σ 2 / σ 1 varies from 1 to 0. For the isotropic film,
the wrinkle pattern changes from a disordered labyrinth pattern under an equi-biaxial
stress ( σ 2 / σ 1 = 1 ) to a parallel striped pattern under a uniaxial stress ( σ 2 / σ 1 = 0 ), as
predicted by the energy spectra shown in Figure 5.3. The square-shaped computational
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cell seems to have an effect on the wrinkle orientation under the equi-biaxial stress,
favoring the horizontal and vertical directions. Despite the numerical artifact, the wrinkle
pattern is largely disordered as compared to the orthogonal pattern of the anisotropic film
under the same stress. Under a slightly anisotropic stress ( σ 2 / σ 1 = 0.9 ), the wrinkle
pattern tends to order into parallel stripes, but this ordering is not fully achieved.
Although the energy spectrum shown in Figure 5.3 has two minima in the direction of the
major principal stress, the energy landscape is rather spread out with a low driving force
toward the minimum-energy state. As the degree of stress anisotropy increases, the
driving force for ordering increases, and increasingly ordered wrinkle patterns form. Note
the dislocation-type defects in the parallel striped wrinkle patterns for σ 2 / σ 1 = 0.7 and
0.5; the density of the defects decreases during evolution. Similar defects were observed
in experiments [15, 18].

Figure 5.7: Simulated wrinkle patterns (t = 108) for isotropic and anisotropic films
under various residual stresses. The major principal stress is
σ 1 / C11 = −0.003 ; μ R / C11 = 10 −5 , H / h = 10 , ν = 0.45 .
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For the anisotropic film (Si0.7Ge0.3, to be specific), wrinkle patterns are shown in
Figure 5.7 for two different orientations of the principal stresses, θ p = 0 and 45°. In
both cases, the wrinkle pattern changes from orthogonal to uniaxial as the stress ratio
varies, but the transitional patterns are different. When θ p = 0 , the orthogonal pattern
remains orthogonal as the stress ratio slightly deviates from 1, but the bi-phase domain
structure changes. The wrinkle pattern under the equi-biaxial stress ( σ 2 / σ 1 = 1 ) has
parallel stripes in the two orthogonal directions, <100> and <010>, each decorating about
half of the area. For σ 2 / σ 1 = 0.9 , the area decorated with wrinkles in the <100>
direction is greater than the area decorated by wrinkles in the <010> direction. The
wrinkles in the <010> direction correspond to the local minima of the energy spectrum
shown in Figure 5.3. As the stress ratio σ 2 / σ 1 decreases, the area percentage of the
<100> wrinkles increases, and the entire area is covered with the <100> wrinkles for

σ 2 / σ 1 < 0.8 . Again, dislocation-type defects form during the evolution of parallel
wrinkle patterns for σ 2 / σ 1 = 0.7 and 0.5. In the cases of θ p = 45°, the directions of
the wrinkle stripes first rotate to form zigzag patterns ( σ 2 / σ 1 = 0.9 and 0.8) and then
merge into the <110> direction for σ 2 / σ 1 < 0.8 . The zigzag pattern consists of wrinkle
stripes in two directions of an oblique angle, as predicted by the energy minima in the
energy spectra (Fig. 5.3). Here, it is noted that the difference between the zigzag pattern
and the orthogonal pattern primarily lies in the jog angle of the zigzag. In addition, the
orthogonal pattern (see Fig. 5.6 (f)) does not necessarily have the long-range order that
zigzag pattern usually does. Experimental observations by Peterson et al. [42] clearly
showed the domain structure of the orthogonal pattern, unlike the zigzag pattern shown in
Choi et al. [12].
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Figure 5.8: Contours of the initial growth rate and the energy at the equilibrium states
( − 0.8 ≤ k x h, k y h ≤ 0.8 ), simulated wrinkle patterns (t = 108) for a cubic
crystal film (Si0.7Ge0.3) under equi-biaxial stresses with various stress
magnitudes ( μ R / C11 = 10 −5 , H / h = 10 , ν = 0.45 ).
The effect of the stress magnitude on the wrinkle pattern is illustrated in Figure
5.8 for a crystal film under equi-biaxial stresses. As the stress magnitude increases, the
wrinkle pattern becomes increasingly disordered. This is due to the fact that the stress
state is isotropic and becomes dominant over the material anisotropy at the high stress
levels. The contours of the initial growth rate show that the wavelength of the fastest
growing mode decreases as the stress magnitude increases, while in the energy spectra
the wavelengths of the energy minima remain constant. The average wavelengths of the
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wrinkle patterns ( t = 108 ) are close to the predicted equilibrium value, λe = 56.32 , while
the RMS roughness increases with the stress level. It is noted that both the growth rate
and energy spectra become increasingly spread out as the stress magnitude increases,
which may be responsible for the increasingly disordered wrinkle patterns. At a stress
level very close to the critical stress, the growth and energy spectra become highly
localized, leading to a well-ordered checkerboard pattern, as shown in Figure 5.9.
The wrinkle crests and troughs of the checkerboard pattern are organized
orthogonally along the <100> and <010> directions of the cubic crystal. Experimentally,
similar checkerboard patterns have been observed at the early stage of wrinkle evolution
[41], when the wrinkle amplitude is relatively small. Further growth of the wrinkle
amplitude led to a transition to the orthogonal pattern with parallel stripes. Similar pattern
transition is expected for the equilibrium state as the stress magnitude increases. Such a
transition has its origin in a bifurcation of the local deformation of the elastic film, as the
checkerboard pattern with largely spherical bending of the film gives way to a more
energetically favorable stripe pattern with cylindrical bending of the film. Previously,
Huang et al. [32] showed that the checkerboard pattern may also form in isotropic elastic
films, while the energy analysis [31, 34] suggested that the checkerboard pattern is
unfavorable compared to the zigzag pattern. No experimental observation of the
checkerboard pattern has been reported for wrinkling of isotropic elastic films.
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Figure 5.9: (a) Energy spectrum of the equilibrium states and (b) the simulated wrinkle
pattern (t = 108) for a cubic crystal film (Si0.7Ge0.3) under equi-biaxial
stresses with the stress magnitude, σ 1 = σ 2 = −0.00178C11 , close to the
critical stress ( σ c = −0.00177C11 ). RMS = 0.05286 and λ = 55.56 . (c)
shows a magnified 3D view of the surface wrinkle.

5.4 Summary

This chapter analyzes a nonlinear model for wrinkling of an anisotropic crystal
film on a viscoelastic substrate layer. A linear perturbation analysis is performed to
predict onset of the wrinkling instability and the wrinkle evolution kinetics at the early
stage, and an energy minimization approach is adopted to analyze the equilibrium
wrinkle patterns. Numerical simulations are performed for a cubic crystal film under
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various stress states. A variety of wrinkle patterns (e.g., orthogonal, parallel, zigzag, and
checkerboard patterns) emerge as a result of the competition between the material
anisotropy and the stress anisotropy. Specifically, for wrinkling of cubic crystal SiGe
films, the main conclusions are summarized as follows.
•

The critical stress for the onset of wrinkling depends on the wrinkle
orientation, with the lowest critical stress in the <100> direction and the
highest in the <110> direction.

•

Under an equibiaxial residual stress, the wrinkle growth rate at the early
stage maximizes in the <100> direction, and the strain energy of parallel
striped wrinkles at equilibrium states minimizes also in the <100>
direction; both suggest formation of orthogonally ordered wrinkle
patterns.

•

The equilibrium wrinkle wavelength and amplitude depends on the
wrinkle orientation, with the minimum wavelength and maximum
amplitude in the <100> direction.

•

Under an anisotropic stress, transition of the wrinkle pattern from
orthogonal to parallel stripes depends on the angle of the principal stress,
and zigzag patterns form in between.

•

Formation of a checkerboard wrinkle pattern is shown by numerical
simulations under an equi-biaxial stress close to the critical stress level. As
the stress magnitude increases, the wrinkle pattern first changes to
orthogonally ordered stripes and then becomes increasingly disordered.

As a final comment, the present study demonstrates that the experimentally
observed wrinkle patterns do not necessarily corresponding to thermodynamically
equilibrium states as assumed by the energy minimization approaches [34, 35]. In fact, it
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remains a challenge to find such an equilibrium state (if it exists) with the globally
minimum energy among all possible wrinkle patterns (ordered and disordered) rather
than a set of specialized patterns. It is my opinion that a complete understanding of the
wrinkle patterns has to start from a physically meaningful evolution process, which is the
viscoelastic deformation in the present model although other kinetic processes may exist.
Only through such a non-equilibrium approach may the statistical nature of the wrinkle
patterns be revealed.
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Chapter 6
Potential Applications:
Surface Patterning and Viscoelastic Property Estimation
In this chapter, two wrinkle-based applications are discussed. First, the developed
evolution equations in chapter 3 are extended for cases with non-uniform residual
stresses. As demonstrated by Bowden et al. [2], ordered wrinkle patterns can be generated
on periodically patterned surfaces, as shown in Figure 1.2 (b)-(f). A similar method was
proposed by Huck et al. [13], where patterned surfaces were obtained by UV exposure to
control the formation of the surface wrinkles. In previous chapters, various wrinkle
patterns have been studied under the assumption of uniform residual stresses. This
chapter considers formation of wrinkle patterns under non-uniform residual stresses, as
an application for tunable surface patterning.
Next, a new method is proposed to estimate the viscoelastic properties of thin
polymer films by thermally-induced wrinkling. Previously, Stafford et al. [20] developed
a measurement method that utilizes the elastic wrinkling instability to determine the
elastic modulus of thin films. In this study, the method is extended to estimate the
rubbery modulus and shear viscosity of polymer thin films over a range of temperatures.

6.1 Wrinkle Patterns under Non-uniform Residual Stresses

Consider a rectangular thin film on a viscoelastic layer as sketched in Figure 6.1.
The residual stress in the film is generally non-uniform as a result of stress relaxation
along the free edges. The problem is solved in two steps. First, the non-uniform stress
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distribution is analyzed by considering in-plane stress relaxation only, without wrinkling
(i.e., w = 0). Second, evolution of wrinkles under the non-uniform residual stress is
simulated.

Figure 6.1: Schematic model structure of a rectangular film on a viscoelastic layer.
For the first step, the in-plane equilibrium equation is the same as Eqs. (2.15) and
(2.16):
∂N αβ
∂x β

= Tα ,

(6.1)

where

(

)

(0)
N αβ = σ 0δ αβ + σ αβ
hf ,

σ αβ( 0 ) =

1 − ν f ⎛ ∂uα( 0 ) ∂u β( 0 )
⎜
+
2 ⎜⎝ ∂x β
∂xα
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(6.2)
⎞
∂u γ( 0 )
⎟ +ν f
δ αβ .
⎟
∂
x
γ
⎠

(6.3)

Start from a uniform equi-biaxial compressive stress ( σ 0δ αβ ) in the film. The presence of
(0)
).
the free edges leads to in-plane displacement ( uα( 0) ) and stress relaxation ( σ αβ

Consequently, the membrane force becomes non-uniform. The equilibrium equation will
be solved analytically by a shear-lag model for long thin-film ribbons in section 6.1.1.
Alternatively, for more complex shapes (boundary conditions), the finite element method
is used in section 6.1.3.
For the second step, the coupled evolution equations for wrinkling now become
2
⎤ μ
∂w 1 − 2ν Hh f ⎡ E f h f 2 2
=
∇ ∇ w + ∇ ⋅ (σ ⋅ ∇w)⎥ − R w ,
⎢−
∂t 2(1 − ν ) η ⎣⎢ 12
⎦⎥ η

(6.4)

μ
∂u Hh f
=
∇⋅σ − R u,
∂t
η
η

(6.5)

(1)
( 2)
σ αβ = σ 0δ αβ + σ αβ( 0) + σ αβ
+ σ αβ
,

(6.6)

uα = uα( 0 ) + uα(1)

(6.7)

where

,

( 0)
and uα( 0 ) satisfying the equilibrium equations for the in-plane relaxation, i.e.
with σ αβ

∂uα( 0 ) Hh f ∂
μ
=
σ αβ( 0) − R uα( 0) = 0 .
η ∂x β
η
∂t

(6.8)

Therefore, similar to Eqs. (2.60) and (2.61), the normalized evolution equations
take the form
⎡ 1
∂M β ⎤
∂w 1 − 2ν
=
H ⎢− ∇ 2 ∇ 2 w + σ 0 ∇ 2 w +
⎥ − μRw,
∂t 2(1 − ν ) ⎣⎢ 12
∂x β ⎦⎥
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(6.9)

∂uα(1)
∂
(1)
( 2)
=H
(
σ αβ
+ σ αβ
)
− μ R uα(1) ,
∂x β
∂t

(6.10)

where

σ αβ

(1)

1 − ν f ⎛ ∂uα(1) ∂u β(1)
⎜
=
+
2 ⎜⎝ ∂x β
∂xα
1⎛

⎞
∂u γ(1)
⎟ +ν f
δ αβ ,
⎟
∂xγ
⎠

∂w ∂w

∂w ∂w

(6.11)

⎞

( 2)
σ αβ
δ αβ ⎟⎟ ,
= ⎜ (1 − ν f )
+ν f
2 ⎜⎝
∂xα ∂x β
∂xγ ∂xγ
⎠

(

(0)
(1)
( 2)
M β = σ αβ
+ σ αβ
+ σ αβ

) ∂∂xw .

(6.12)

(6.13)

α

The numerical method described in chapter 2 is slightly modified for the nonuniform residual stress. After separating the uniform and non-uniform parts of the
residual stress, Fourier transform of Eqs. (6.9) and (6.10) leads to
∂wˆ
1 − 2ν
⎡ 1
⎤
=
H ⎢− k 4 wˆ − σ 0 kα k β wˆ + ik β Mˆ β ⎥ − μ R wˆ ,
∂t 2(1 − ν ) ⎣ 12
⎦

(6.15)

∂uˆα(1)
(1)
( 2)
= Hik β (σˆ αβ
+ σˆ αβ
)
− μ R uˆα(1) ,
∂t

(6.16)

where k1 and k2 are the components of the wave vector in the reciprocal Fourier space,
and k = k12 + k 22 . The procedure for numerical simulations is identical to that described
in section 2.4.
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6.1.1 Wrinkling of thin-film ribbons

Consider a thin-film ribbon with a finite width L in the x direction, which is
infinitely long in the y direction. The strain components become

εx =

du x
, ε y = 0 , ε xy = 0 .
dx

(6.17)

By Hooke’s law, the stresses in the film are related to the displacement, namely

σ xx = σ 0 + E f

du x
,
dx

σ yy = σ 0 + ν f E f

du x
dx

(6.18)

(6.19)

In such a case, stress relaxation occurs in the x and y direction, leading to a non-uniform
stress distribution dependent on the width of the ribbon.
The elastic shear-lag model is adapted to analyze the stress relaxation due to the
edge effect. For a one-dimensional relaxation, Eq. (6.1) becomes
dσ xx Tx
=
,
dx
hf
where Tx =

μR
H

(6.20)

u x . The boundary condition at the free edges is
du x
σ
L
= − 0 at x = ± .
2
dx
Ef

(6.21)

Combing Eqs. (6.20) and (6.21), we obtain that
d 2u x
μR
=
ux
2
E f Hh f
dx
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(6.20)

Solve for ux with the boundary condition in Eq. (6.19), and then the stress distributions
are
⎡

σ xx = σ 0 ⎢1 −
⎣

cosh( x / λ ) ⎤
,
cosh(L / 2λ ) ⎥⎦

⎡

σ yy = σ 0 ⎢1 − ν f
⎣

where λ =

E f Hh f

μR

cosh ( x / λ ) ⎤
,
cosh (L / 2λ ) ⎥⎦

(6.21)

(6.22)

is the shear-lag length. The normalized shear-lag length (λ / hf) is

1000 when μ R / E f = 1 × 10 −5 , and H / h f = 10 .
Figure 6.2 plots the stress distributions for different ribbon widths. After
relaxation, the residual compressive stress is a maximum at the center of the film and
decreases towards the edges. The maximum stress depends on the ribbon width. The
upper dotted line represents the critical stress for wrinkling (Eq. (3.8) or (4.10)) and the
lower dotted line represents the transition stress (Eq. (4.34)).
For narrow ribbons, the stress in the lateral direction (σxx) is significantly relaxed
over the entire ribbon, while the stress relaxation in the longitudinal direction (σyy) is
relatively small due to the Poisson’s ratio of the film. As a result, parallel wrinkles are
expected to form for the narrow ribbons if σ 0 > σ c . As the ribbon width increases, the
maximum stress in x direction increases. Beyond a critical length, the maximum lateral
stress becomes greater than the transition stress (σt) predicted by Eq. (4.34).
Consequently, the parallel wrinkles become unstable at the center, and zigzag wrinkle
patterns are expected to form over the region with σxx greater than σt. The critical ribbon
width for this transition is predicted by setting the maximum lateral stress equal to the
transition stress, which gives:
119

⎛
⎞
σ0
⎟ .
Lc = 2λ cosh −1 ⎜
⎜ (1 − ν )(σ − σ ) ⎟
f
0
c ⎠
⎝

(6.22)

For numerical simulations of wrinkling, the 5000 h f × 5000 h f cell size is
selected with N=512×512 sampling points.
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Figure 6.2: Stress distributions of thin-film ribbons by the elastic shear-lag model
( σ 0 / E f = −0.005 , μ R / E f = 1 × 10 −5 , and H / h f = 10 ).
The simulated critical length for transiting the zigzag wrinkle pattern is
Lc = 2950 h f . With the wide stripe film in Figure 6.3 (a) and (b), the wrinkle shows a

parallel stripe pattern near two edges and a herringbone pattern in the center. As the film
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width decreases below Lc = 2954 h f in Figure 6.3 (c) and (d), the herringbone pattern
disappears.

(a)

(b)

(c)

(d)

Figure 6.3: Simulated wrinkle patterns in thin films ( σ 0 / E f = −0.005 ,

μ R / E f = 1 × 10 −5 , ν f = 0.30 , ν = 0.45 , λ=1000, t

η
Ef

= 1× 108 ). (a)

L / h f =3750; (b) L / h f =3250; (c) L / h f =2500; (d) L / h f =1250.
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6.1.2 Wrinkling of rectangular films

To investigate wrinkle patterns influenced by edges, Choi et al. [12] fabricated
rectangular membranes with different widths on the same PDMS substrate. The film has
the same vertical length (1000 μm) but different horizontal widths (100, 200, 500, and
1000 μm). As shown in Figure 1.8, the stress relaxation due to the free edges results in
various wrinkle patterns in the film. The wrinkle patterns are determined by the stress
distributions. The stresses in the x and y directions are totally relaxed at four corners.
Starting from those points, the uniaxial stress increases along the edges and has a
maximum at the center of the edges. Beyond the critical stress (Eqs. (3.8) and (4.10)), the
parallel stripe patterns are emerged. Along the diagonal directions, the labyrinth patterns
are generated when the equi-biaxial stresses exceed the critical stress. Near the four
corners, the stresses in both the x and y directions are below the critical stress. Therefore,
there exists a no-wrinkle zone. In between, the transition from parallel patterns to
labyrinth patterns is identified depending on the stress anisotropy, as mentioned in
section 6.1.1.
It is difficult to find complete analytic solutions for the stress distributions in the
rectangular films due to coupled two dimensional partial differential equations. In
numerical simulations, the one dimensional solution in Eq. (6.21) is independently
adopted in the x and y directions. Therefore, the stress components are

σ xx = σ 0 ⎢1 − (1 + ν f )

cosh ( x / λ ) ⎤
,
cosh (L / 2λ ) ⎥⎦

(6.23)

⎡

cosh( x / λ ) ⎤
.
cosh(L / 2λ ) ⎥⎦

(6.24)

⎡
⎣

σ yy = σ 0 ⎢1 − (1 + ν f )
⎣
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Figure 6.4 shows simulation results of these structures. The simulation parameters
are as follows: μ R / E f = 1 × 10 −5 , ν f = 0.30 , ν = 0.45 , and H / h f = 10 . For the
L / hh = 5000 square film, stripe patterns develop near the mid-portion of the edges. The

center part of the film shows a fully developed labyrinth pattern. The four corners form a
no-wrinkle zone until one of the principal stresses becomes larger than the critical stress.
The L / h f = 2500 film develops horizontal strip patterns at the center. Vertical stripe
patterns are also observed near the top and bottom edges. The L / h f = 1250 membranes
exhibit perfect 1D waves from one side to the other, with flat, undeformed regions at the
ends. Quantitatively, the numerical simulations in Figure 6.4 are in good agreement with
the experiment observation in Figure 1.8.

(a)

(b)

(c)

Figure 6.4: Simulated wrinkle patterns of rectangular films ( σ 0 / E f = −0.005 , λ=1000,

μ R / E f = 1 × 10 −5 , ν f = 0.30 , ν = 0.45 , t

η
Ef

= 1× 10 7 , N=512×512). (a)

L / h f =5000; (b) L / h f =2500; (c) L / h f =1250.
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6.1.3 Wrinkling of periodically patterned films

As shown in Figure 1.2 (d) and (e), periodical patterned surface generated highly
ordered wrinkle patterns. For isotropic films, the stress anisotropy is important to
determine the wrinkle patterns. However, complicated geometries result in complex
stress distribution. To obtain the stress distribution in the film, the finite element method
is used. Even though the rectangular and circular ridges of the PDMS contact with the
film, the traction free conditions along edges of the ridges are assumed to simulate the
wrinkle patterns. A unit cell is selected to represent a periodic boundary and then a FE
model is built on an elastic foundation which has a compliant stiffness compared to a
film. Figure 6.6 (a)~(b) and Figure 6.7 (a)~(b) show a compressive in-plane and shear
stress as the temperature drops. The stress distribution array transforms to an input for
MATLAB simulation. The initial residual stresses normalized by the maximum in-plane
stress are used for the reference stress state. Simulated patterns are determined based on
the stress distribution in Figure 6.6 (a)~(b) and Figure 6.7 (a)~(b). Simulation results in
Figures 6.6 (c) and 6.7 (c) are in good agreement with experimental observations in
Figures 6.6 (d) and 6.7 (d).
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(a)

(b)

(c)

(d)

Figure 6.5: Analysis of a periodic square pattern ( σ 0 / E f = −0.03 , μ R / E f = 1 × 10 −5 ,

ν f = 0.30 , ν = 0.45 , t

η

= 1× 10 8 ). (a) In-plane stress; (b) Shear stress;
Ef
(c) Simulation pattern; (d) Experimental pattern.
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(a)

(b)

(c)

(d)

Figure 6.6: In-plane and shear stress distribution by FEM for a periodic circle pattern. (a)
In-plane stress; (b) Shear stress; (c) Simulation pattern; (d) Experimental
pattern.
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6.2 Estimation of Viscoelastic Properties of Polymer Thin Films

Polymer thin films are used in a variety of technologies including optics,
microelectronics, organic electronics, and biomedical devices. Hence, there is an
increasing need to measure and understand their mechanical behavior, which is crucial to
the performance of these materials in thin film applications. There are several approaches
capable of measuring the elastic properties of polymer thin films. However, because most
polymers are viscoelastic in nature, their time- and temperature-dependent mechanical
properties such as the relaxation modulus must also be quantified. Several measurement
techniques including nano-bubble inflation [63], dewetting [64-67], X-ray photon
correlation spectroscopy [68-70], and acoustic impedance [71] have been used to
characterize the viscoelastic properties of confined polymer systems. However, these
techniques have limitations, including 1) inability to measure both the elastic modulus
and viscosity simultaneously, and 2) limited applicability for confined thin films at small
scales due to the complexity of the sample preparation and measurement approaches.
Hence, there is a need to develop simple, easy-to-use tools capable of probing both the
elastic modulus and viscosity of polymer thin films.
Previously, Stafford and colleagues [20, 21] developed a simple measurement
method that utilizes the elastic wrinkling instability to determine the elastic modulus of
polymer thin films. Their approach involves the wrinkling of a thin polymer film by a
strain-induced elastic instability that occurs in a composite material consisting of a stiff,
thin film coated on a thick, compliant substrate. By measuring the wrinkle wavelength,
the elastic modulus of the thin film can be determined, given the knowledge of the film
thickness, the elastic modulus of the substrate, and the Poisson’s ratios of the film and
substrate. The wrinkle-based method has been demonstrated capable of measuring the
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elastic moduli of ultrathin polymer films, with thickness down to 10 nm, where an
apparent thickness dependence was observed and attributed to the surface effect for film
thicknesses less than 40 nm [20]. The residual stresses in the films were also estimated
from measurements of the wrinkle amplitudes.
As shown in the previous chapters, the time-dependent evolution of wrinkles is
directly related to the viscoelastic properties of the thin layer underneath the wrinkling
elastic film. It is thus viable to deduce the viscoelastic properties of thin polymer films
from measurements of the evolving wrinkle wavelength and amplitudes. Such
measurements have been demonstrated recently by using the surface light scattering
(SLS) technique [72]. A schematic of the approach and the experimental setup is
illustrated in Fig. 6.7. The sample consists of a polymer thin film that was prepared on a
rigid substrate and capped with a thin metal layer. Specifically, PS thin films were
prepared by spin-casting a PS solution in toluene onto a silicon substrate. The films were
then annealed under vacuum for 24 h at 180°C to remove residual solvent and mitigate
the residual stress due to processing. The film thickness was determined to be 270 nm ± 3
nm via interferometry. An aluminum film was then thermally evaporated onto the
polymer film to form the final composite. The thickness of the aluminum film was
determined to be 54 nm ± 1 nm measured via atomic force microscopy. The samples
were then heated until (1) the polymer gained sufficient mobility resulting from being
heated above its glass transition temperature (Tg ≈ 105°C), and (2) a sufficient
compressive stress developed in the metal film due to the thermal expansion mismatch of
the composite layers. Beyond a critical temperature, wrinkles developed on the surface of
the metal film, similar to those in Fig 1.4 and Fig. 1.5.
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Figure 6.7: a) Wrinkling of a PS thin film by application of a thermal strain; b)
Measurement of the wavelength and intensity of the wrinkled surface using
surface light scattering.
To measure the real-time evolution of the surface wrinkles, the samples were
placed on a hot-stage set to a predetermined annealing temperature, and the surface light
scattering (SLS) technique was employed to monitor the evolution of the wrinkle
morphology over a moderately long time. As sketched in Fig. 6.7 (b), the scattering
images were collected using a charge-coupled device (CCD) camera with a time
resolution of 0.56 seconds to 0.96 seconds depending on the annealing temperature.
Representative images of the time-dependent scattering for the Aluminum/PS bilayer
annealed at 125°C are presented in Fig. 6.8. The images obtained from the CCD camera
were radially averaged to determine the scattering intensity as a function of the scattering
vector (q). In the early stage of annealing, the scattering profiles are featureless with
relatively low intensity. Due to the formation of isotropic wrinkle patterns, an intense
scattering pattern with a distinct halo was observed when laser light was reflected from
the wrinkled surface. The q value at the maximum scattering intensity (qmax) is related to
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the dominant wavelength (λmax) of the wrinkles, namely, q max =

2π

λmax

. For images with a

clear scattering maximum, the scattering peak was approximated by a Gaussian fit, from
which the peak position and intensity were then determined as a function of time.
Furthermore, it can be shown that for normal incidence and low-angle scatter, to a firstorder approximation the peak intensity at qmax is proportional to the square of the wrinkle
amplitude [72]. Therefore, analyzing the time evolution of the scattering profile allows
probing both the dominant wrinkle wavelength and amplitude growth during isothermal
annealing over long time periods.

Figure 6.8: Representative scattering profile of a thermally wrinkled PS sample. The
time evolution of the 2-D scattering pattern and azimuthally averaged curves
are presented.
The real-time evolution of the dominant wrinkle wavelength and the peak
scattering intensity are shown in Fig. 6.9, for annealing temperatures ranging from 120°C
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to 135°C in 5°C increments. This temperature range is slightly above the glass transition
temperature of PS (Tg ≈ 105°C), which promotes viscoelastic mobility of the PS layer
and allows wrinkle evolution. As shown in Fig. 6.9 (a), the scattering intensity at each
temperature increases with time until a plateau is reached. Since the scattering intensity is
proportional to the square of the wrinkle amplitude, the increase in intensity suggests that
the wrinkle amplitude grows with annealing time and eventually saturates at a plateau. In
addition, the dominant wrinkle wavelength in Fig. 6.9 (b) shows a slight increase (on the
order of 5 %) over the annealing time. These experimental data was obtained through
collaboration with a research group led by Dr. Christopher M. Stafford in the Polymers
Division of National Institute for Standards and Technology (NIST).
The viscoelastic properties of polymers in general are complex and very sensitive
to temperature. It seems to be a daunting task to deduce the full spectrum of the
viscoelastic properties of polymer thin films from the measurements of surface wrinkles.
However, realizing the physical relationship between viscoelastic deformation and the
wrinkle evolution, a simple model such as the one developed in the presented study may
be used to estimate the key parameters for the polymer thin films. Clearly, the twoparameter Kelvin model of linear viscoelasticity is not sufficient to describe the
viscoelastic properties of most polymers. Nevertheless, as an exercise to compare the
model predictions and experimental measurements, the rubbery modulus and viscosity in
the Kelvin model are estimated as follows.
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(a)

(b)
Figure 6.9: Summary of the intensity, (a), and wavelength, (b), changes as a function of
annealing time at all 4 annealing temperatures.
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First, for a qualitative comparison, the measured wrinkle wavelength and
scattering intensity in Fig. 6.9 exhibit the typical viscoelastic nature of wrinkle evolution.
Compared to the three-stage evolution sketched in Fig. 4.1, the exponential growth of the
wrinkle amplitude at the initial stage (Stage I) and the saturation at the equilibrium state
(Stage III) can be seen from the intensity curves in Fig. 6.9 (a), while coarsening of the
wrinkle wavelength (Stage II) is clearly observed in Fig. 6.9 (b). However, the predicted
plateau for the fastest growing wavelength at the initial stage (Stage I) is not clearly
observed from the experimental curves for the wrinkle wavelength. It is noted that, in a
previous study of similar materials by Yoo and Lee [5], the wavelength plateau for the
first stage was observed over a relatively long time (up to 24 hours), as shown in Fig. 1.4
and Fig. 1.5. The differences between the two sets of experimental observations may
result from the molecular structures and preparation processes of the PS thin films, which
in principle can dramatically alter the viscoelastic properties of the polymer. In the
former case, wrinkle evolution was very slow, possibly due to a high viscosity. For the
present case, however, it appears that the wrinkle wavelength started to coarsen
immediately upon the SLS picking up the scattering signals, which may be attributed to a
relatively low viscosity of the polymer films. As shown in Fig. 4.9 from the numerical
simulations, the first stage is typically much shorter compared to the later stages. The real
time to observe the first-stage of wrinkle evolution is proportional to the viscosity by the
simple model, which may have been missed in the present measurements due to the
limited time resolution and/or the signal-to-noise ratio of the SLS technique. The lack of
experimental data for the fastest growing wavelength plateau poses a challenge for
determining the residual stresses in the metal films, as discussed later.
Quantitatively, to compare the experiments to the predictions by the model
developed in the present study, two steps are taken to estimate the rubbery modulus and
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the viscosity of the polymer films, respectively. At the long time limit, it appears that the
wrinkles were approaching the equilibrium state with plateaus for both the wrinkle
amplitude and wavelength. Taking the average of the last ten wavelength data in the
experimental curves (Fig. 6.9 (b)) as an approximation of the equilibrium wrinkle
wavelength (λeq), the rubbery modulus of the polymer thin film is estimated based on the
theoretical prediction of the equilibrium wrinkle wavelength in Eq. (3.19), which is rewritten as

(1 − 2ν ) ⎛⎜ μ f
μR =
12(1 − ν ) ⎜⎝ 1 − ν f

⎞⎛ H
⎟⎜
⎟⎜ h
⎠⎝ f

⎞⎛ 2πh f
⎟⎜
⎟⎜ λ
⎠⎝ eq

4

⎞
⎟ ,
⎟
⎠

(6.25)

where the elastic properties of the aluminum film are listed in Table 6.1 along with the
thicknesses for both the aluminum and PS films. The Poisson’s ratio of the PS is taken to
be 0.45, independent of temperature. Figure 6.10 shows the equilibrium wrinkle
wavelengths obtained from the experimental data in Fig. 6.9 (b), and Fig. 6.11 plots the
deduced rubbery modulus as a function of temperature. As the temperature increases, the
estimated equilibrium wrinkle wavelength increases slightly and as a result the deduced
rubbery modulus decreases. However, it is commonly understood that the rubbery
modulus of a polymer increases as temperature increases, as predicted by the network
theory ( μ ~ NkT , where N is the number of polymer chains per volume, k is the
Boltzman constant, and T is temperature). The opposite trend for the deduced modulus in
Fig. 6.11 may be attributed to two factors. First, the equilibrium wrinkle wavelength
estimated from the experimental data may not be accurate. It may take longer time to
reach the equilibrium state, especially at the low temperatures. It is also noted that a small
error in the equilibrium wavelength could lead to a larger error in the modulus due to the
power of 4 in Eq. (6.25). Second, the Poisson’s ratio of the polymer has been assumed to
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be temperature-independent. This is a big assumption, especially considering the fact that
the rubbery modulus estimated by Eq. (6.25) is quite sensitive to the value of the
Poisson’s ratio ( ν ). Compared to a bulk rheological measurement with parallel-plate
oscillatory rheometry [72], the estimated rubbery moduli from the wrinkle wavelengths
are approximately 5 times larger. There are many possible factors that could lead to the
difference. For example, O’Connell and McKenna [73] demonstrated that the rubbery
modulus can increase significantly for highly confined polymer thin films.
Table 6.1: Properties of the metal film and the polymer substrate.
Film Shear
Modulus,
μf(MPa)
25900

Film
Poisson’s
Ratio, νf
0.35

Film
Thickness ,
hf(nm)
54.3±1.5

Substrate
Thickness ,
H(nm)
270±3

Substrate
Poisson’s
Ratio, ν
0.45

Figure 6.10: Measured equilibrium wavelength from three data sets at each annealing
temperature.
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Figure 6.11: The rubbery modulus of the PS layer at each temperature.
The magnitude of the intensity plateau at long times increases with the annealing
temperature, which indicates an increase in the equilibrium wrinkle amplitude. The
origins of this amplitude increase may be explained qualitatively in the context of two
thermally-related processes. An increase in the annealing temperature leads to an increase
in the softening of the PS layer, which decreases its elastic modulus and reduces the
critical stress for wrinkling (σc). Additionally, increasing the annealing temperature
increases the thermally-induced stress in the aluminum film (σ). From theoretical
analyses of the equilibrium wrinkle amplitude on an elastic substrate [30-35], the
equilibrium amplitude grows as the ratio σ/σc increases (see Eq. 3.19). Hence, both the
reduction in σc and the increase in σ contribute to the observed increase in the
equilibrium wrinkle amplitude with temperature. However, due to the lack of an explicit
expression for the proportionality between the scattering intensity and the wrinkle
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amplitude, quantitative comparisons of the wrinkle amplitudes are not possible at the
moment.
Next, to estimate the viscosity of the polymer thin films, the measured wrinkle
wavelength as a function of time at each annealing temperature (Fig. 6.9 (b)) is compared
to the corresponding numerical simulation under an equi-biaxial residual stress similar to
those in Fig. 4.9. In addition to the rubbery modulus that has been estimated above and
the other parameters listed in Table 6.1, the residual stress in the elastic film before
wrinkling is needed for the numerical simulation, while the linear viscosity of the
polymer film affects only the time scale and is thus not needed for the numerical
simulation based on the normalized equations. In principle, there are two ways to
estimate the residual stress from the wrinkling measurements. First, if the equilibrium
wrinkle amplitude can be measured, the residual stress can be deduced from Eq. (3.20),
as demonstrated in a previous study [74]. Second, if the fastest growing wrinkle
wavelength at the initial stage can be measured, the residual stress can be deduced from
Eq. (3.6). Unfortunately, for the present experiments, the SLS technique did not allow a
direction measurement of the wrinkle amplitude, and the wrinkle wavelength plateau at
the initial stage was not observed. As a result, the residual stress cannot be determined
separately. Instead, the value of the residual stress is adjusted in the numerical
simulations to obtain the best match between the numerical simulation and the
experimental curves. The residual stress values used for the numerical simulations are
listed in Table 6.2, and the comparisons between the simulations and the experimental
curves are shown in Fig. 6.12. The value of the viscosity at each temperature is obtained
by changing the time scale to shift the simulation curve left-and-right to best fit the
experimental curve. The agreement between the experimental curves and the numerical
simulations is reasonably good for temperatures at 125°C, 130°C, and 135°C, but not so
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for 120°C (not shown). The estimated viscosity values are listed in Table 6.2 and plotted
in Fig. 6.13 as a function of temperature. Clearly, the viscosity decreases as the
temperature increases, consistent with the bulk rheological measurement [72].
As the first effort to quantitatively compare the model predictions to experiments,
the present study has demonstrated that surface light scattering is an effective tool in
monitoring the evolution of surface morphology during the wrinkling process and with
the mechanics-based model developed in the previous chapters the rubbery modulus and
viscosity of the polymer thin films can be estimated over a range of temperatures. Both
the experimental technique and the mechanics model may be further improved to more
accurately determine the viscoelastic properties of confined polymer thin films.

Table 6.2: Initial film stress and viscosity of PS film obtained by simulations.

Temperature

125
130
135

Sets

1
2
3
1
2
3
1
2
3

Initial
Stress
(MPa)

Viscosity
(MPas)

1.91
3.10
3.00
1.07
0.98
1.67
0.65
0.65
0.98

-300
-400
-500
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Average

Standard
Deviation

2.67

0.6601

1.24

0.3751

0.76

0,1905

Figure 6.12: Correlations between experiments and simulations (solid line represents
experimental data and solid line with circle shows numerical simulation). (a)
125 °C; (b) 130 °C; (c) 135 °C.
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Figure 6.13: Shear viscosity determined by correlations.
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6.3 Summary

In chapter 3-5, the initial stress in the film has been assumed to be uniform, and
numerical simulations have been conducted under the periodic boundary conditions for
infinitely large films. For films of finite dimension, however, the initial stress is typically
non-uniform, due to stress relaxation along the free edges. With slight modifications to
the model and numerical simulations, the first part of this chapter examined wrinkle
patterns under three types of non-uniform residual stresses. For thin-film ribbons and
rectangular films, the shear-lag model was used to determine the non-uniform residual
stresses before wrinkling, and the obtained wrinkle patterns depend on the film
dimensions. The numerical results qualitatively agree with experimental observation.
Next, wrinkling of periodically patterned films was simulated as a way to achieve
controllable surface patterns. Here, the initial stress distributions were obtained from
finite element analyses. The simulated wrinkle patterns compared closely with the
experiments by Bowden et al. [2].
Based on the understanding of surface wrinkling in the previous chapters, a new
method to estimate the viscoelastic properties of polymer thin films is demonstrated. This
approach utilizes real-time surface-light scattering to monitor the kinetics of thermallyinduced surface wrinkling. The rubbery modulus of the polymer film is estimated based
on the equilibrium wavelength of the wrinkles. By comparing numerical simulations to
the evolution of wrinkle wavelength in the experiments, the shear viscosity of the
polymer films was estimated over a range of temperatures.
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Chapter 7
Ratcheting Induced Wrinkling
This chapter develops a theoretical model for wrinkling of an elastic film on an
elastic-plastic metal layer caused by cyclic temperatures. The film is compressively
strained and bonded to the metal layer, which in turn lies on a thick substrate. The
thermal expansion mismatch between the metal and the substrate induces a biaxial stress,
which is assumed to be large enough to cause the metal to deform plastically during each
cycle. Wrinkling of the film induces normal and shear tractions at the film-metal
interface, which bias the plastic flow of the metal. Consequently, the metal ratchets, that
is, it accumulates plastic deformation in the same directions as the temperature cycles.
Concomitantly, the wrinkle of the film grows. The model reveals an analogy between
plastic ratcheting and viscous creep. Analytical solutions are obtained for linear
perturbation analysis and equilibrium states. Numerical simulations show evolution of
wrinkles under various conditions and the effect of elastic constraint.

7.1 Introduction

Under in-plane compression, a freestanding membrane tends to buckle. For a thin
film bonded to a substrate, the buckling is constrained. If the substrate is elastic and
relatively compliant, the film may still buckle into an equilibrium state [2, 13, 26, 30],
which is often called wrinkling as the wavelength is usually shorter than buckling of a
freestanding film. If the substrate creeps, the wrinkling becomes a kinetic process, where
the amplitude grows over time [3, 14, 36, 37, 39, 75, 76]. At high temperatures,
interfacial diffusion may also facilitate wrinkling [6]. This chapter studies another
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mechanism of wrinkling, which is induced by ratcheting plastic deformation under cyclic
temperatures.
Thermal cycling is widely used in the microelectronics industry as a test to
qualify new products. Various failure modes have been observed after cycling a device
between two temperatures hundreds and thousands of times. Understanding these failure
modes is urgently needed in order to interpret the qualification test and to guide new
designs. In particular, metal film crawling has been observed for over two decades [7779]. Metal films, serving as interconnects in microelectronic devices, crawl toward the
die center as the temperature cycles, resulting in excessive deformation near the die
corners, sometimes even cracking adjacent passivation layers. The mechanism of metal
film crawling as well as the induced cracking has been explained using the concept of
ratcheting [80-83]. The deformation in the same direction caused by a cyclic load (e.g.,
temperature cycle) is known as ratcheting [84-86]. The ratcheting deformation in the
metal films builds up stresses in the brittle passivation layers and leads to cracking.
An analogy between ratcheting and creep has been developed to understand the
kinetics of ratcheting-induced crack initiation and growth [60, 82, 87]. The analogy
between ratcheting and creep suggests that, under certain conditions, a compressively
strained elastic film on a metal layer may wrinkle due to the plastic ratcheting
deformation of the metal under cyclic temperatures, as it would on a creeping substrate
[3, 14, 36, 37, 39, 75, 76]. Indeed, studies of thermal barrier systems have shown that,
upon thermal cycling, the thin film of thermally grown oxide (TGO) wrinkles [8, 76, 8890]. Figure 7.1 shows a schematic of a typical thermal barrier system, consisting of a
thick superalloy substrate, a metal alloy bond coat, a TGO film, and a ceramic thermal
barrier coat (TBC). Wrinkling of the TGO film may lead to various failure modes, such
as delamination at the interfaces and cracking of the ceramic TBC. The mechanism of
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wrinkling, however, has not been fully understood due to a large number of factors that
potentially play roles in the wrinkling process. He et al. [88] carried out a numerical
analysis, showing that ratcheting occurs when the initial wrinkle amplitude exceeds a
critical value. In their analysis, they neglected the thermal expansion mismatch between
the bond coat and the superalloy substrate. Karlsson and Evans [89] relaxed this
limitation and showed enhanced ratcheting. Recent experiments have indicated that
thermal expansion mismatch between the bond coat and the superalloy plays an important
role in the wrinkling process [91].

Figure 7.1: Schematic of a typical thermal barrier system.
In this chapter, a theoretical model that predicts ratcheting-induced wrinkling is
presented without requiring any critical amplitude. The model assumes a large thermal
expansion mismatch between the metal layer and the substrate. An analogy between
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plastic ratcheting and viscous creep is demonstrated, similar to that for metal film
crawling [81]. Analytical solutions for linear perturbation analysis and constrained
equilibrium states are presented. Numerical simulations are conducted to show the
evolution of wrinkles under various conditions.

7.2 Model Formulation

Figure 7.2 shows the schematic of an ideal structure: an elastic film of thickness h
lies on a metal layer of average thickness H0, which in turn lies on a thick substrate. At
the reference state (Fig. 7.2 (a)), both the elastic film and the metal layer are flat, and the
film is subjected to an in-plane biaxial stress σ 0 . At the wrinkled state (Fig. 7.2 (b)), the
film undergoes in-plane and out-of-plane displacements, and the metal layer deforms
accordingly. The thick substrate is assumed to be rigid. The interface between the elastic
film and the metal layer is assumed to be perfectly bonded with no separation or sliding.
That is, the displacements and the tractions are continuous across the interface. Let w be
the deflection (out-of-plane displacement) of the film, uα the in-plane displacement
( α = 1,2 ), p the pressure (negative normal traction) at the interface, and τ α the shear
tractions. The nonlinear von Karman plate theory [45, 46] is employed to account for
large deflection of the film (Eqs. (2.11)-(2.13)). It is assumed that the film remains elastic
during thermal cycles with a temperature-independent Young’s modulus and Poisson’s
ratio. The residual stress in the film is also assumed to be temperature-independent,
which is a reasonable approximation if the thermal expansion mismatch between the film
and the substrate is small (i.e., α f ≈ α s ).
The stress state in the metal layer consists of two parts: one is due to thermal
expansion mismatch between the metal and the substrate, and the other is due to the
tractions at the film-metal interface. At the reference state (Fig. 7.2(a)), the interface
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tractions are zero and the metal layer is under a biaxial thermal stress only. With a small
perturbation of the interface in the form of wrinkling, the tractions, given by Eqs. (2.11) (2.13), superimpose the thermal stress in the metal. Assume that the interface tractions
are small compared to the yield stress of the metal, but the thermal stress by itself is large
enough to cause the metal to yield plastically.
Let αm and αs be the thermal expansion coefficients of the metal layer and the
substrate, respectively. The deformation compatibility between the metal layer and the
substrate requires that

dε p + dε e + α m dT = α s dT ,

(7.1)

where ε p and ε e are the plastic and elastic in-plane strain in the metal layer,
respectively, and T is the temperature. It is assumed that the metal does not creep within
the temperature range. Hooke’s law relates the incremental elastic in-plane strain to the
incremental thermal stress, namely
dε e =

1 −ν m
dσ T ,
Em

(7.2)

where E m is the Young’s modulus of the metal and ν m is the Poisson’s ratio.
When the metal is elastic, dε p = 0 , and a combination of Eqs. (7.1) and (7.2)
gives the thermal stress increment
dσ T = −

Em
(α m − α s )dT .
1 −ν m

(7.3)

The J2 flow theory [92] is adopted to analyze the plastic deformation in the metal
layer. Assume that the metal is elastic and perfectly plastic with uniaxial yield strength,
Y, independent of the temperature. For a flat metal layer with no tractions at the surface,
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the Mises yield condition dictates that the metal yields when σ T = ±Y . The thermal
stress by itself causes cyclic plastic deformation, but not ratcheting, i.e., the net
deformation after one cycle is zero. The tractions at the film-metal interface perturb the
stress state in the metal layer. To the first-order approximation, it is assumed that the
pressure at the interface introduces a normal stress in the thickness direction, i.e.,

σ 33 = − p , the relatively small shear tractions are neglected for now. Under these
assumptions, the in-plane stresses in the metal layer at yield become

σ 11 = σ 22 = σ T = − p ± Y .

(7.4)

In addition, the equilibrium of the metal layer requires that
∂σ 3α
∂p
,
=
∂xα
∂x3

(7.5)

where σ 3α is the shear stress necessary to balance the variation of the in-plane normal
stresses in (7.4). Integrating (7.5) with respect to x3 and setting σ 3α = τ α at the filmmetal interface ( x3 = H ), the shear stress becomes

σ 3α = τ α −

∂p
(H − x3 ) ,
∂xα

(7.6)

where H is the thickness of the metal layer at the wrinkled state, i.e., H = H 0 + w . Note
that the shear stresses in (7.6) vary linearly across the thickness of the metal layer. The
shear stresses are small and their contribution to the yielding condition has been
neglected. It is cautioned that the above approximation is limited to situations where the
metal thickness is small compared to the wavelength of the wrinkle.
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The J2 flow theory dictates that the plastic strain increment be in the same
1
⎛
⎞
direction as the deviatoric stress tensor, namely, dε ijp = ⎜ σ ij − σ kk δ ij ⎟dλ , where dλ is a
3
⎝
⎠
scalar factor of proportionality. Consequently, the relation becomes
dε 3p
dγ αp
dε p
=
=
,
1
(
) − 23 (σ T + p ) 2σ 3α
3 σT + p

(7.7)

where ε 3p is the plastic strain in the thickness direction, and γ αp = 2ε 3pα is the plastic
shear strain. No summation over α is noted in (7.7).
When the metal yields without hardening, dε e = 0 , and from (7.1),

dε p = −(α m − α s )dT .

(7.8)

Inserting (7.8) into (7.7), the incremental strain is obtained:

dε 3p = 2(α m − α s )dT ,
dγ αp = −6(α m − α s )

σ 3α

σT + p

(7.9)

dT .

(7.10)

Eqs. (7.8)-(7.10) are important for understanding the ratcheting behavior. Assume

α m > α s for no ambiguity. Start from a low temperature TL. As the temperature increases
( dT > 0 ), the metal first deforms elastically and then yields in compression
( σ T + p = −Y ). Further increasing the temperature causes the metal to flow plastically:
the plastic in-plane strain decreases ( dε p < 0 ), the plastic thickness strain increases
( dε 3p > 0 ), and the plastic shear strain flows in the direction of the shear stress σ 3α .
Next, decrease the temperature ( dT < 0 ) after reaching a high temperature TH
( TH > TL ). Again, the metal first deforms elastically (unloading) and then yields in
tension ( σ T + p = Y ). Upon yielding, the plastic in-plane strain increases ( dε p > 0 ), the
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plastic thickness strain decreases ( dε 3p < 0 ), and the plastic shear strain flows again in the
direction of the shear stress σ 3α . Consequently, after one cycle, the net increments of
both the plastic in-plane strain and the plastic thickness strain are zero. However, since
the direction of the shear stress σ 3α does not change, the plastic shear strain flows in the
same direction at both heating and cooling. After each cycle, the plastic shear strain
increases by a finite amount, and the metal ratchets. Same ratcheting behavior occurs for

αs > αm .

(a)

(b)
Figure 7.2: Schematic of an ideal structure with a compressed elastic film on a metal
layer. (a) Reference state; (b) Wrinkled state.
Figure 7.3 (a) shows a prescribed temperature cycle, and Figure 7.3 (b) shows the
corresponding in-plane stress. The initial stress at A only affects the first cycle.
Integrating (7.10) over one cycle (e.g., CDEFC) and neglecting the changes of the shear
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stresses σ 3α and the pressure p within one cycle, the net increment of the plastic shear
strain per cycle is obtained

∂γ αp σ 3α
=
,
∂N
ηR

(7.11)

where

⎡ E m (α m − α s )(TH − TL ) ⎤
Em
ηR =
− 2⎥ .
⎢
(1 −ν m )Y
12(1 − ν m ) ⎣
⎦
−1

(a)

(7.12)

(b)

Figure 7.3: (a) Prescribed temperature changes with time; (b) In-plane stress as a
function of temperature.
Eq. (7.11) has the same form as the linear ratcheting approximation deduced by
Huang et al. [82] for metal film crawling, where a constant shear stress was applied at the
interface. The constant η R was named as ratcheting-viscosity in observation of the
analogy between the ratcheting deformation and Newtonian viscous flow or linear creep.
A condition for the ratcheting deformation is implied by (7.12), namely
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E m (α m − α s )(TH − TL )
> 2.
(1 − ν m )Y

(7.13)

When the condition (7.13) is not satisfied, for example, if the temperature range is
too small, the metal deforms elastically after the first cycle and does not accumulate any
plastic deformation. For the cases with α s > α m , the same result holds after replacing

α m − α s with α s − α m in (7.12) and (7.13). Taking Em = 200 GPa, Y = 100 MPa, νm =
0.25, αm - αs = 10-5 K-1, and TH – TL = 100 K, ηR becomes 33.3 GPa per cycle.
Let vα be the accumulated in-plane displacements of the metal. The plastic shear
∂v
strain is approximately γ αp ≈ α , where the in-plane variation of the displacements has
∂x3
been neglected. Substituting (7.6) into (7.11) and integrating with respect to x3, the inplane displacement per cycle is obtained:

∂vα
1 ⎛
1 2 ⎞⎞
∂p ⎛
⎜⎜τ α x3 −
=
⎜ Hx3 − x3 ⎟ ⎟⎟ .
2 ⎠⎠
∂N η R ⎝
∂xα ⎝

(7.14)

The boundary conditions for the displacements are: (1) The displacements are
zero at the metal-substrate interface, i.e., vα = 0 at x3 = 0 ; and (2) At the film-metal
interface, by continuity, the in-plane displacements of the metal equal the in-plane
displacements of the film, i.e. vα = uα at x3 = H . Thus, the accumulation of the inplane film displacements is

∂uα
1
=
∂N η R

⎛
H 2 ∂p ⎞
⎟.
⎜⎜τ α H −
2 ∂xα ⎟⎠
⎝

(7.15)

Furthermore, integration of (7.14) with respect to x3 from 0 to H gives the inplane plastic flow rates across the thickness. The mass conservation of plastic flow
requires that
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∂H
∂ ⎛ H ∂vα
⎞
=−
dx3 ⎟ .
⎜ ∫0
∂N
∂xα ⎝ ∂N
⎠

(7.16)

Substituting (7.14) into (7.16) and noting that H = H 0 + w , the deflection per
cycle is obtained:

∂w
1 ∂ ⎡ H 3 ∂p H 2 ⎤
=
−
τα ⎥ .
⎢
∂N η R ∂xα ⎣ 3 ∂xα
2
⎦

(7.17)

Eqs. (7.15) and (7.17), together with equations (2.11)-(2.13), describe the
displacement evolution of the elastic film as the temperature cycles. The equations are
analogous to those obtained for an elastic film on a viscous layer [37], with the number of
cycles N replacing the time t and the ratcheting viscosity η R replacing the creep
viscosity. A similar analogy has been used to understand metal film crawling and
ratcheting-induced cracking [37, 82, 87]. In fact, Eq. (7.15) reduces to that for metal film
crawling [82] when only a uniform shear traction acts at the metal surface. The present
model suggests that a non-uniform shear traction causes the metal surface to undulate
while crawling. Also interestingly, a uniform pressure at the surface does not cause any
ratcheting deformation in the metal, but a non-uniform pressure induces both crawling
and surface undulation. In all cases, a necessary condition for ratcheting deformation is
given by Eq. (7.13).
As noted before, the model has several limitations. For example, the temperaturedependent material properties and strain hardening have been ignored. The thickness of
the metal layer is assumed to be small compared to the wavelength of in-plane
perturbation. Nevertheless, the mechanism is robust in that the metal layer ratchets as
long as (i) the thermal expansion mismatch causes the metal to yield, and (ii) the plastic
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shear strain accumulates due to wrinkling perturbation. Consequently, the qualitative
trends should be reliable.

7.3 Analytical Solutions

The previous section develops a model for ratcheting-induced wrinkling, which is
three-dimensional in general. For simplicity, the remainder of this chapter considers
plane-strain deformation only. In this case, analytical solutions are available for linear
perturbation analysis and constrained equilibrium states, analogous to those obtained in
[37] for an elastic film on a incompressible viscous layer.

7.3.1 Linear perturbation analysis

Assume a sinusoidal wrinkle of small amplitude

⎛ 2πx1 ⎞
w( x1 , N ) = A(N )sin ⎜
⎟,
⎝ λ ⎠

(7.18)

where A(N) is the winkle amplitude, and λ the wrinkle wavelength. The perturbation in
the in-plane displacement has a small effect on the result and will be ignored here. Refer
to [37] for a full analysis.
Substituting (7.18) into (2.13), the pressure at the film-metal interface is obtained:
2
⎡ ⎛ 2π ⎞ 4
⎛ 2πx1 ⎞
⎛ 2π ⎞ ⎤
p = ⎢D f ⎜
⎟,
⎟ + σ 0h f ⎜
⎟ ⎥ A sin ⎜
⎝ λ ⎠ ⎦⎥
⎝ λ ⎠
⎣⎢ ⎝ λ ⎠

(7.19)

where only the first-order terms of A are retained for linear analysis. The shear traction at
the interface is zero because the in-plane displacement has been ignored.
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Inserting (7.18) and (7.19) into (7.17), and again keeping only the first-order
terms in A, the amplitude growth per cycle is obtained:
dA
= s(λ )A ,
dN

(7.20)

4
2
H 03 ⎛ 2π ⎞ ⎡
⎛ 2π ⎞ ⎤
s (λ ) =
⎜
⎟ ⎢− σ 0 h − D f ⎜
⎟ ⎥.
3η R ⎝ λ ⎠ ⎢⎣
⎝ λ ⎠ ⎥⎦

(7.21)

where

Note that, by neglecting the in-plane displacement, the growth rate (7.21) is four
times faster than that in [37] at the limit of small underlayer thickness (i.e., H 0 << λ ).
Solving (7.20), the amplitude is determined as
A( N ) = A0 exp( sN ) ,

(7.22)

where A0 is the initial amplitude of the wrinkle.
Figure 7.4 sketches the wrinkle growth rate s as a function of the wavelength for a
compressively strained film ( σ 0 < 0 ). The growth rate vanishes at a critical wavelength

λc =

(

πh

3 1 − ν 2f

)

Ef
−σ0

.

(7.23)

When λ > λc , s(λ ) > 0 and the wrinkle amplitude grow exponentially. Otherwise, the
amplitude decays. The critical wavelength is an outcome of the compromise between
bending and in-plane deformation of the film. Upon wrinkling, the film relaxes the strain
energy associated with in-plane compression, but acquires some bending energy. The
reduction of compression energy overcomes the bending energy for long wavelengths,
but the bending energy prohibits wrinkling of short wavelengths. The stability condition
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is identical to that of Euler buckling of a freestanding membrane [46] and to that of a
compressed elastic film on a viscous layer [36, 37, 75]. The deformation of the
underlayer, whether creeping or ratcheting, only affects the growth rate.

Figure 7.4: Normalized growth rate as a function of the normalized wavelength.
As shown in Figure 7.4, for wrinkles with very long wavelengths, the growth rate
diminishes. Growth of long-wavelength wrinkles requires plastic flow over a long
distance in the metal layer and takes many cycles. As a result, the wrinkle grows the
fastest at an intermediate wavelength,

λm =

πh

(

2 1 − ν 2f

)

Ef
−σ0
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.

(7.24)

The corresponding growth rate is

sm =

(

16 1 − ν 2f

) (− σ )
2

3

0

9η R E 2f

3

⎛ H0 ⎞
⎜
⎟ .
⎝ h ⎠

(7.25)

It is noted that the wavelength of the fastest growing mode is independent of the
metal layer. The growth rate in Eq. (7.25) increases as the thickness of the metal layer
increases, which is only correct for a thin metal layer as assumed in this model. For a
thick metal layer, the growth rate should approach an asymptote for infinite thickness,
analogous to wrinkling on a thick viscous layer [36, 38].

7.3.2 Kinetically constrained equilibrium states

For a compressed elastic film on a viscous layer, experiments have shown that
wrinkles grow and attain equilibrium amplitude after some time [93]. The analogy
between creep and ratcheting suggests the same equilibrium state for ratcheting-induced
wrinkles. The wrinkle reaches an equilibrium state when the tractions at the interface
between the film and the metal layer vanish. At the equilibrium state, the metal undergoes
cyclic plastic deformation with no ratcheting and the wrinkle does not grow. By setting

p = τ 1 = 0 in Eqs. (2.11)-(2.13), the equilibrium state is obtained:
⎛ 2π ⎞
w = Aeq sin ⎜
x1 ⎟ ,
⎝ λ
⎠

u1 = −

π 2
⎛ 4π ⎞
Aeq sin ⎜
x1 ⎟ ,
4λ
⎝ λ ⎠

where
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(7.26)

(7.27)

⎛λ
⎜
Aeq =
3 ⎜⎝ λc
h

2

⎞
⎟⎟ − 1 .
⎠

(7.28)

Note that, at the equilibrium, the in-plane displacement undulates with the half
wavelength of the wrinkle, a result of nonlinear behavior.
For any wavelength λ > λc , Eq. (7.28) gives a real value for the equilibrium
amplitude, and a nontrivial equilibrium state exists. Such an equilibrium state is similar to
post-buckling of a column under an axial compression. For a blanket film, infinitely
many such equilibrium states exist. The total strain energy in the film is lower for an
equilibrium state with longer wavelength [37]. Consequently, the equilibrium state of a
finite wavelength is energetically unstable. On the other hand, the ratcheting of the metal
layer controls the kinetics. Near an equilibrium state, the wrinkle grows very slowly, and
is thus kinetically constrained.
Combining the results from the linear perturbation analysis and the equilibrium
states, one can envision the wrinkling process. Starting from a random perturbation, the
fastest growing mode ( λ = λm ) dominates the initial growth. The amplitude grows
exponentially at the initial stage of cycling and then saturates at the equilibrium state. For
the fastest growing mode, the equilibrium amplitude is, Aeq = h

6 . Thereafter, the

wrinkle evolves toward longer wavelength and larger amplitude to further reduce the
elastic energy in the film, but very slowly due to the kinetic constraint of ratcheting
deformation in the underlying metal.

7.4 Numerical Simulations

In this section, the wrinkling process is simulated by integrating Eq. (7.15) and
(7.17) numerically with a finite difference method. Consider plane strain deformation
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only. Start with a displacement field, w( x1 ) and u1 ( x1 ) at cycle N. Equations (2.11)(2.13) determine the tractions at the film-metal interface. The displacement field is then
updated for the next cycle according to Eq. (7.15) and (7.17). Repeat the procedure to
evolve the displacement field over many cycles. The forward-time-centered-space
(FTCS) differencing scheme is used as described in section 2.4. To ensure numerical
stability, each cycle is broken into many small intervals. The equations are normalized so
that only a small number of dimensionless parameters need to be specified.

7.4.1 Sinusoidal wrinkles

First, sinusoidal wrinkles are considered. The initial condition is specified as a
sinusoidal deflection with small amplitude and zero in-plane displacement. The periodic
boundary condition is assumed for this simulation. Figure 7.5 shows the evolving
displacements. Both the coordinate and the displacements are normalized by the film
thickness. The following parameters were used in the simulation: σ0/Ef = -0.014, A0/h =
0.01, H0/h = 10, λ/h = 20, and ηR/Ef = 0.1. The wavelength was selected to be close to the
fastest growing mode to save computation time. As the temperature cycles, the wrinkle
grows, accompanied by a small amount of in-plane displacement.
Figure 7.6 shows the wrinkle amplitude as a function of the number of cycles.
Initially, the amplitude grows exponentially, following the prediction of linear
perturbation analysis. After about 40 cycles, the wrinkle deviates from exponential
growth and approaches the equilibrium state after about 120 cycles; the amplitude does
not change significantly thereafter. Figure 7.5 also shows that the in-plane displacement
evolves from a wave of the wrinkle wavelength at the initial stage to a wave of half the
wrinkle wavelength at equilibrium, as predicted by the analytical solution in section 7.3.
Although the equilibrium state is energetically unstable, subsequent evolution toward
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longer wavelengths is extremely slow due to the kinetic constraint of ratcheting. A
perturbation to the equilibrium state could be used to numerically trigger further
evolution.
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(a) N = 0

(b) N = 40

(c) N = 80

(d) N = 160

Figure 7.5: Simulated evolution of the deflection and in-plane displacement of a
sinusoidal wrinkle as temperature cycles.
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Figure 7.6: Amplitude of a sinusoidal wrinkle as a function of the number of
temperature cycles.
7.4.2 Wrinkling with elastic constraint

In a thermal barrier system (Fig. 7.1), the TGO film is under compression due to
lateral growth at high temperatures. As temperature cycles, ratcheting of the underlying
bond coat allows the TGO film to grow wrinkles. The TBC layer on top, however,
constrains upward deflection of the TGO film. Consequently, the wrinkle tends to grow
into the bond coat.
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(a)

(b)
Figure 7.7: (a) A thermal barrier system with wrinkled TGO film from Ref. [8]; (b) A
model structure with elastic constraint on top of the film.
Figure 7.7 (a) shows a wrinkled TGO film in a thermal barrier system observed
by Mumm et al. [8]. Figure 7.7 (b) sketches a model structure to be used for simulations.
Assume a clamped boundary condition at both ends of the film. Within the span, the TBC
layer provides an elastic constraint against upward deflection, but downward deflection is
not constrained, resembling the case when the TBC layer is debonded from the TGO film
due to interface cracking. Outside the span, the film is clamped between the bond coat
and the TBC layer with perfect bonding. To approximate this elastic constraint, a term
linearly proportional to the upward deflection to Equation (2.13) for the pressure at the
film-metal interface is added, namely
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p = Df

∂4w
∂2w
∂w
− N αβ
−τα
− Swh ( w) ,
∂xα ∂xα ∂x β ∂x β
∂xα ∂x β
∂xα

(7.29)

where h(w) is the Heaviside function taking value 1 for positive w and 0 for negative w,
and S is a parameter characterizing the stiffness of the elastic constraint. Rigorously, the
additional pressure due to elastic deformation of the TBC layer is more complicated and
depends on the elastic modulus and the thickness of the TBC layer. Our focus here is to
illustrate the effect of an arbitrary elastic constraint on the wrinkling process by using the
model structure and the above approximation.
With Eq. (7.29) replacing Eq. (2.13), the wrinkling process with various degrees
of elastic constraint is simulated. The initial condition is specified as a deflection
described by a Gauss function, i.e.,

⎛ x1 2 ⎞
w( x1 , N = 0) = − A0 exp⎜⎜ − 2 ⎟⎟ ,
⎝ Δ ⎠

(7.30)

where A0 is the initial amplitude of the perturbation and Δ is the characteristic half width.
All simulations presented in this section are started from the same initial perturbation
with A0/h = 0.01 and Δ/h = 20. The length within the span of the model film is 200h, the
compressive stress in the film σ0/Ef = -0.014, and the ratcheting viscosity ηR/Ef = 0.1.
Figure 7.8 shows a simulation of the evolving displacement in the case of no
constraint (i.e., S = 0). The dashed line in each plot shows the initial perturbation.
Initially, the perturbation grows slowly, with the amplitude increasing and the width
decreasing, consistent with mass conservation of the plastic deformation of the metal
layer. After about 200 cycles, the wrinkle develops multiple waves, with the dominant
wavelength close to the fastest growing mode predicted by the linear perturbation
analysis (see Eq. 7.24 or Figure 7.4). Subsequent growth of the wrinkle is similar to that
163

of a sinusoidal wrinkle as shown in Figure 7.5, except that the film is now clamped at the
both ends. Note that the wavelength after 5000 cycles is longer than that at 600 cycles,
which is consistent with the fact that the elastic strain energy of the film decreases as the
wavelength increases [37]. It is expected that both the wrinkle amplitude and the
wavelength keep increasing as thermal cycling continues. Some numerical errors
accumulate after integrating over a large number of cycles, as noted in Figure 7.8 for N =
5000.
Figure 7.9 shows the simulation with a small elastic constraint S = 0.1Ef. During
the first 200 cycles, no significant upward deflection (w > 0) of the film occurs.
Consequently, the evolution of the perturbation is similar to that in Figure 7.8 as the
elastic constraint is not a factor. After 200 cycles, however, as the film tends to wrinkle
upward, the elastic constraint suppresses the development of multiple waves. The growth
of wrinkles is constrained at the center portion of the film. After 5000 cycles, the
perturbation evolves into a grooving shape, with small pile-up ridges at the top. Similar
shapes have been obtained from finite element simulations [94].
Figure 7.10 shows the simulation with a large elastic constraint S = 10Ef. Again,
for the first 200 cycles, the behavior is similar to previous cases. After 200 cycles, the
large elastic constraint almost completely suppresses the upward deflection. After 300
cycles, the wrinkle evolves into a shape with three peaks. It is interesting to see that, after
600 cycles, the larger peak at the center grows deeper, with the smaller peaks consumed.
Another simulation (not shown) is started from an initial perturbation with multiple
peaks. As the temperature cycles, the growth of the peaks competed with each other;
larger peaks grow and consume smaller ones. Eventually, only one peak with a large
amplitude remains. The implication of such behavior may be important for understanding
the failure of thermal barrier systems: many small undulations of the TGO film may grow
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and merge into one big wrinkle to cause failure. The elastic constraint plays an important
role in determining the profile of wrinkling.
Figure 7.11shows the wrinkle amplitude at the center of the film as a function of
temperature cycles for different stiffnesses of the elastic constraint. The results are
essentially the same for all simulations during the first 200 cycles, because of no
significant upward deflection of the film and thus no effect of the elastic constraint.
Without the elastic constraint (S = 0), after 200 cycles, the amplitude grows much faster
than the initial stage, close to the fastest growth rate. After about 400 cycles, the growth
slows down. However, due to the clamped boundary condition and the mass conservation
of the metal layer, no analytical solution for equilibrium state exists, and the amplitude
keeps increasing after many cycles, but very slowly, due to the kinetic constraint of
ratcheting deformation underneath. With some elastic constraint, the amplitude growth is
slower, but the amplitude after many cycles can be as large as that with no constraint. The
stiffer the elastic constraint, the slower the wrinkle grows and the more cycles it takes to
develop large amplitude.
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Figure 7.8: Simulated evolution of wrinkling as temperatures with no elastic constraint (S
= 0).
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Figure 7.9: Simulated evolution of wrinkling as temperatures with elastic constraint S =
0.1Ef.
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Figure 7.10: Simulated evolution of wrinkling as temperatures with elastic constraint S =
10Ef.
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7.5 Summary

The model developed in this chapter is to demonstrate the mechanism of
ratcheting-induced wrinkling. Several approximations have been made during the course
of model development. Temperature-dependent material properties and strain hardening
have been ignored. In thermal barrier systems, the oxide layer grows and deforms
inelastically at high temperatures [8, 89, 94], and the metal bond coat creeps [76]. All
these could affect wrinkling of the oxide film, making modeling the complete process a
formidable task. Nevertheless, the present model provides interesting insight into a
possible mechanism of wrinkling, not only for thermal barrier systems but also for other
layered systems such as microelectronic interconnects with a passivation film on a metal
conductor.
A previous study on thermal barrier systems showed that critical undulation
amplitude is required for ratcheting to occur [88]. In that case, the ratcheting was induced
by the significant shear stress generated by the film undulation as temperature cycles, and
the thermal mismatch between the metal layer and the underlying substrate was assumed
negligible. The critical amplitude is relatively large, comparable to the wrinkle
wavelength, which is unlikely at the initial stage. The present model assumes small
amplitudes of wrinkling but large thermal expansion mismatches between the metal layer
and the substrate. Under this condition, the metal ratchets without requiring any critical
amplitude. Therefore, the present mechanism may be responsible for the initial growth of
wrinkles.
One important consequence of wrinkling is the induced failure in layered
structures. For example, the bending of the film may induce substantial tensile stress at
the crest of wrinkles despite the fact that the average stress in the film is compressive [9,
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95]. A rough estimate can be made by considering the equilibrium state of a sinusoidal
wrinkle. With the equilibrium amplitude given by Eq. (7.28), the maximum stress in the
film is

σ max

⎛ 2πh ⎞
=
⎟
2 ⎜
12(1 − ν f ) ⎝ λ ⎠
Ef

2

⎡
⎛ λ2
⎞ ⎤
⎢ 12⎜⎜ 2 − 1⎟⎟ − 1⎥ .
⎢⎣
⎝ λc
⎠ ⎥⎦

(7.31)

For the fastest growing mode ( λ = λm ), the stress is approximately –1.3 σ 0 , which
is tensile and can be large enough to cause fracture. Wrinkle-induced fracture has been
observed in a compressed elastic film on a viscous layer [9]. Another failure mode that
can be induced by wrinkling is debonding at the interface. A previous numerical
simulation showed that negative pressure of about 35 MPa could build up at the interface
[95], which may be enough to cause debonding. Wrinkle-induced debonding was
observed in polymer thin film [96].
Moreover, numerical simulations in the present study have shown interesting
features of the wrinkling process, especially for the cases with elastic constraint from a
top layer. It was found that the stiffness of the elastic constraint plays an important role in
determining the wrinkling profile after many cycles.
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Chapter 8
Conclusions
In this dissertation, a new theoretical model for surface wrinkling of an elastic
film on a thin viscoelastic layer is developed. The deformation of the elastic film is
described by the nonlinear plate theory, which gives a nonlinear relationship between the
displacement and the interfacial traction. For the viscoelastic layer, a relationship
between the surface velocity and the traction was obtained under the assumption of the
Kelvin model of linear viscoelasticity and a thin-layer approximation. The equilibrium
equations of the elastic film are coupled with the viscoelastic evolution equations,
forming a complete temporal-spatial system.
A linear perturbation analysis is performed to predict onset of the wrinkling
instability and the wrinkle evolution kinetics at the early stage. An energy minimization
approach is adopted to analyze the equilibrium wrinkle patterns. Numerical simulations
illustrate three stages of wrinkle evolution: initial growth, wavelength coarsening, and
finally an equilibrium wrinkle state. It is found that, during the initial growth, a stressdependent wavelength dominates and the wrinkle amplitude grows exponentially over
time. During coarsening, both the wrinkle wavelength and amplitude increase, following
a power law under uniaxial stresses. Slightly different coarsening dynamics is predicted
under equi-biaxial stresses, which starts with a faster coarsening rate before approaching
the same power-law. The coarsening dynamics is strongly influenced by the presence of
the equilibrium state when substrate elasticity is included. The equilibrium wrinkle
patterns under uniaxial and equi-biaxial stresses have the same wavelength, but the
wrinkle amplitude is slightly higher under equi-biaxial stresses for the same stress
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magnitude. By changing the stress anisotropy, various wrinkle patterns are obtained, and
a phase diagram is constructed.
The nonlinear model is extended for wrinkling of an anisotropic crystal film on a
viscoelastic substrate. Numerical simulations are performed for a cubic crystal film under
various stress states. Specifically, for wrinkling of SiGe films, the critical stress for the
onset of wrinkling depends on the wrinkle orientation, with the lowest critical stress in
the <100> directions and the highest in the <110> directions. Under an equi-biaxial
residual stress, the wrinkle growth rate at the early stage maximizes in the <100>
direction, and the strain energy of parallel striped wrinkles at equilibrium states
minimizes also in the <100> direction; both suggest formation of orthogonally ordered
wrinkle patterns. The equilibrium wrinkle wavelength and amplitude depend on the
wrinkle orientation, with the minimum wavelength and maximum amplitude in the
<100> direction. Numerical simulations reveal rich dynamics in the formation of various
wrinkle patterns (e.g., orthogonal, parallel, zigzag, checkerboard, and labyrinth patterns)
as a result of the competition between the material anisotropy and the stress anisotropy.
With slight modifications to the model, evolution of wrinkle patterns under nonuniform residual stresses is simulated. For thin-film ribbons and rectangular films, the
shear-lag model was used to determine the non-uniform residual stresses before
wrinkling, and the obtained wrinkle patterns depend on the film dimensions. Next,
wrinkling of periodically patterned films was simulated as a way to achieve controllable
surface patterns.
Based on the understanding of the surface wrinkling of elastic films on a
viscoelastic layer, a new measurement tool to estimate viscoelastic properties of thin
polymer films is proposed. This approach utilizes real-time surface-light scattering to
monitor the kinetics of thermally-induced surface wrinkling. The rubbery modulus of the
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polymer film is estimated from the equilibrium wavelength of the wrinkles. By
comparing numerical simulations to the evolution of wrinkle wavelength in the
experiments, the shear viscosity of the polymer films was estimated over a range of
temperatures.
In Chapter 7, a model is developed for ratcheting-induced wrinkling of an elastic
film on an elastic-plastic metal layer caused by cyclic temperatures. The model reveals an
analogy between ratcheting and creep. Numerical simulations have shown that the
stiffness of the elastic constraint plays an important role in determining the wrinkling
profile after many cycles. The present model provides interesting insights into a possible
mechanism for wrinkling in thermal barrier system as well as other layered materials.
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