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Wireless communication continues to make a profound impact upon
our daily lives. The oft-touted benefits of high data rates and improved reliability via wireless communication are limited by its inherent drawbacks,
including path loss, fading and interference. One promising strategy for overcoming these problems is to deploy nodes in the region between a transmitter
and its intended receiver. These intermediate nodes can improve communication for this transmitter-receiver pair by receiving a transmitted message,
processing it and relaying the processed output to the receiver. This transmission strategy, known as relay-assisted communication, can be especially
beneficial when the transmitter-receiver pair are either separated by a large
distance or when a large obstruction blocks the path between them.
In a reasonably dense network, several relays may be available to assist
a particular transmitter-receiver pair. Deciding which relays should forward
ix

the transmitted message is actually quite difficult. For example, the relay with
the best physical-layer channel gain to the destination may also be running
low on battery power. Another relay may have a good physical-layer channel
gain to the destination and a reasonable amount of remaining battery power,
but its queue may be full of messages from other transmitters, so it cannot
forward a newly arrived message within a given delay constraint. Thus, optimal relay selection entails carefully balancing all system parameters, which is
prohibitively complex in current wireless systems.
This dissertation provides novel results for dealing with the relay selection problem in two distinct types of wireless systems. First, several selection
algorithms are designed for single-antenna wireless networks, including a decentralized random access-based strategy and centralized methods that are
based on throughput maximization and downlink user scheduling. Second, selection algorithms based on transmission hop length are designed for multipleantenna wireless networks. The presented strategies for both single-antenna
and multiple-antenna relaying are highly intuitive, as they allow for concise
descriptions, making them amenable to practical implementation. Also, the
presented strategies illustrate the importance of application-specific design,
since each of them yields good performance by focusing on a small set of system parameters. For example, observed latency is of paramount importance
for wireless networks that support a significant level of video traffic.
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Chapter 1
Introduction

This chapter provides an introduction to this dissertation. Section 1.1
introduces the topic of wireless communication. In Section 1.2, relay-assisted
wireless communication is introduced, and the relay selection problem is discussed in Section 1.3. Section 1.4 presents the thesis statement. The specific
contributions of this dissertation are outlined in Section 1.5. Section 1.6 summarizes the notation used throughout the dissertation, and Section 1.7 provides
a road map for the remainder of the dissertation.

1.1

Wireless Communication
Our day-to-day existence has been transformed by wireless communi-

cation. This thriving field has enhanced our ability to perform tasks such
as picking up friends from the airport, checking the traffic conditions of our
regular route to work, and determining the wait-time at a nearby popular
restaurant [59]. New products and applications are fueled by the increasingly
realistic promise of ubiquitous, rapid and reliable communication.
A rich history underlies the current state of this field. In particular,
modern wireless communication was sparked by Guglielmo Marconi’s trans-

1

atlantic telegraph transmission in 1901 from the English coast to Newfoundland, Canada. The development of radar played a central role in foiling the
planned German invasion of Great Britain and turning the tide in World War
II. Later advances in push-to-talk FM telephone systems would spur the rise
of modern cellular telecommunication [70]. All of these breakthroughs have
produced the current state of wireless communication, which can be best exemplified by its global impact. For example, the number of mobile phone
subscribers in China is expected to exceed 700 million in 2010 [72].
Even though significant advances have been made in this area, future
wireless systems promise dramatic performance improvements. These nextgeneration systems are necessitated by the increased end-user demand for
bandwidth-intensive applications such as the delivery of streaming video to
mobile devices. To enable promised next-generation performance gains, technologies such as multi-input multi-output (MIMO) signaling and orthogonal
frequency division multiplexing (OFDM) have been leveraged to exploit the
inherent randomness of the wireless channel in the spatial, temporal and frequency domains. MIMO and OFDM are the core elements of metropolitanarea networking standards such as WiMAX [4] and 3GPP-LTE [3].
While WiMAX and 3GPP-LTE are the most promising next-generation
wireless systems, they are, in some sense, at the mercy of the communication
medium that they employ. Consider the wireless channel in Fig. 1.1. This
diagram illustrates some of the inherent difficulties of wireless communication.
For example, transmissions undergo path loss, whereby the electromagnetic
2

Wireless Channel
Source

Pat h Loss
Fading

Dest inat ion

Int erf erence

Figure 1.1: The wireless channel and its inherent impairments including path
loss, fading and multiuser interference.
signal strength decays according to an inverse power-law function of the distance traveled. Also, motion of the source, the destination or any of the objects
between them induces fading, whereby the received signal strength at the destination varies in a random fashion. A deep channel fade can occur whereby
the received signal strength drops precipitously, hindering the ability of the
destination to decode the source message. In addition, transmissions from
other source nodes can interfere with the transmission of the primary source,
which complicates the decoding process at the destination.
Intelligent transmission and reception strategies such as MIMO and
OFDM can overcome many of the inherent problems with wireless transmission illustrated in Fig. 1.1, but situations can arise where the required end-user
quality-of-service (QoS) cannot be satisfied. This motivates a novel signaling
approach that has implications across all layers of the Open Systems Interconnection (OSI) stack.

3

1.2

Relay-Assisted Communication
Relay-assisted communication is a promising strategy for satisfying end-

user QoS requirements in situations where a combination of MIMO and OFDM
proves to be insufficient [14, 62, 63]. There are two key objectives of relayassisted signaling in systems such as cellular and ad-hoc networks. First, relayassisted communication should extend user coverage, whereby more mobile
users can achieve their minimum QoS requirements over a larger area. Second,
relay-assisted communication should increase system capacity, whereby each
mobile user that is being serviced can observe higher data rates. On a related
note, recent work [86] has demonstrated that deploying wireless relays can be
a cost-effective solution by avoiding the large capital expenditure associated
with base station deployment.
One scenario of practical interest for relay-assisted communication is
illustrated in Fig. 1.2. A source desires to communicate with an intended destination, yet the direct path between them is blocked by an obstruction such
as an apartment complex. Instead of merely transmitting over this obstructed
direct path and incurring a severe amount of path loss, the source can exploit the fact that it has unobstructed line-of-sight paths to two intermediate
nodes. These intermediate nodes can receive the wireless transmission from
the source and process their received signals. Now, the intermediate nodes
leverage their unobstructed line-of-sight paths to the destination by relaying
their processed outputs to the destination. Note that besides unobstructed
transmission, relaying has the benefit of signaling over shorter links than the
4
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Figure 1.2: Situation where the direct path between a source-destination node
pair is blocked, but line-of-sight paths exist between several assisting relays
and the source-destination node pair.
direct path, which provides it with a significant advantage in terms of path
loss over the direct transmission.
The term “relay-assisted signaling” encompasses several distinct, yet
related communication models. One type of relay-assisted communication
occurs when a source can communicate directly with an intended destination
[19]. As seen in Fig. 1.3, this model involves designated relay nodes that
assist the destination if it cannot decode the direct transmission from the
source. The destination can make a decoding error due to the effects of either
random noise or a channel estimation error by the source.
Multihop relaying is another type of relay-assisted signaling, where a
source cannot directly transmit to an intended destination [13, 22]. As seen
in Fig. 1.4, the source-destination distance could be too large, or significant
obstructions may lie in their direct path. In this model, the source can transmit

5

Source

Short to medium distance
P P
Few or no obstructions

Destination

Figure 1.3: Situation where a direct path exists between a source node and a
destination node, and intermediate relays can assist the source given a decoding error at the destination.
its message through intermediate designated wireless relays until it reaches its
intended destination.
Cooperative diversity is a third type of relay-assisted communication,
where the network of interest consists of multiple sources that each have their
own data to transmit [36, 43, 75]. As seen in Fig. 1.5, the multiple sources
Relay
Relay
Relay

Source

Destination

Long distance and/ or significant obstruction

Figure 1.4: Situation where a direct path does not exist between a sourcedestination node pair, but intermediate relays can assist the source by forwarding its message until it reaches the destination.
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Figure 1.5: Situation where multiple sources share their messages and collaboratively transmit to a common destination.
cooperate to transmit their messages to either a common destination or a set
of destinations. This models a scenario where no source can individually meet
the QoS requirement at its intended destination, but this can be achieved via
the assistance of another source node.

1.3

Relay Selection
In the three relaying models described in Section 1.2, the set of relays

that will assist a source transmission is typically defined a priori. This neglects
the relay selection problem. Given a network that consists of several candidate
wireless relays, how should the set of source-assisting relays be determined?
Should the source enlist the assistance of all of the candidate relays, or is it
7

possible to satisfy a quality-of-service (QoS) constraint at the destination by
selecting a subset of the candidate nodes? How would the selection process
actually work?
The relay selection problem is both difficult and multi-faceted, as seen
in the motivating example in Fig. 1.6. In this example, a main source needs
to select relays to assist its transmission to the destination. It can select a
relay with a strong physical-layer channel gain to the destination, as this will
make it easier for the destination to recover the source message. This relay
could be part of a sensor network of battery-powered nodes and is running
low on battery life, though, so it needs to enter a sleep cycle to conserve
power. Alternatively, the source can select a relay with a fully-charged battery.
This relay may have a physical-layer channel gain to the destination that is
significantly weaker than that of the first relay, though. A third option for the
source would be to select a relay that has both a decent physical-layer channel
to the destination and a reasonable amount of remaining battery power. This
relay may already be servicing other sources in the wireless network, though,
which would prevent it from forwarding the message from the main source
within a reasonable latency.
Given the potential performance and cost-related benefits of relayassisted signaling, though, it is clear that the relay selection problem needs to
be addressed. While it is difficult to determine a set of relays that optimize the
balance between all system parameters, valuable insights can be gained from
simple selection strategies that focus on a subset of the system parameters.
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Figure 1.6: Situation where a source must select relays to assist it, yet each
candidate relay has a flaw that must be considered in the selection process.

1.4

Thesis Statement
Obtaining fundamental performance bounds for relay selection in dis-

parate wireless systems facilitates the design of simple selection strategies that
yield either optimal or near-optimal performance.

1.5

Contributions
The contributions of this dissertation are summarized as follows:

• Design and analysis of the performance of decentralized selection algorithms in a single-antenna network (partially reported in [49–51]).
1. Proposed a decentralized single-relay selection algorithm that incorporates aspects of the PHY and MAC layers.
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2. Presented an underlying transmission framework that incorporates
either RCPC coding or a Chase combining approach.
• Design and analysis of the performance of centralized selection algorithms in a single-antenna network based on a layered coding transmission framework (partially reported in [52, 53]).
1. Formulated heuristic multiple-relay selection algorithms based on
proximity to ergodic rate-maximizing points.
2. Derived both the diversity gain and the generalized diversity gain
of selecting multiple partial decode-and-forward relays.
• Design and analysis of the performance of centralized selection algorithms in a single-antenna network based on downlink user scheduling
(partially reported in [54]).
1. Proved that for a cost function that is linear in queue length along
with Poisson arrivals, a priority-index policy is optimal given that
relays can assist the base station.
2. Showed that for a cost function that is convex in queue length with
no new packet arrivals, a priority-index policy is optimal given that
relays can assist the base station.
• Design and analysis of the performance of selection algorithms in a multiantenna network from the perspective of transmission hop length (partially reported in [55]).
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1. Proved that in several limiting cases, short-hop routing requires less
energy than long-hop routing in a MIMO network.
2. Showed that in several cases of practical interest, short-hop routing
requires less energy than long-hop routing in a MIMO network.

1.6

Notation
This section contains a description of the notation that will be used

throughout the dissertation.
We use boldface notation for matrices and vectors; uppercase notation
is used for matrices while lowercase notation is used for vectors. SNR represents the signal-to-noise ratio. kAk denotes the cardinality of a set A. |z|2 ,
z ∗ , ℜ(z) and ℑ(z) denote the absolute square, complex conjugate, real part
and imaginary part, respectively, of a complex number z. For a real number
n, ⌈n⌉ denotes the smallest integer n0 such that n0 ≥ n. E(X) represents the
mathematical expectation of the random variable X.
ln(·) represents the natural logarithm function, and log(·) denotes the
base-2 logarithm. exp(·) represents the exponential function and Γ(·) is the
′

gamma function. P (A) denotes the probability that an event A occurs. f (x)
denotes the derivative of a function f with respect to its argument x. f (x) ∼
g(x) for large values of x represents the fact that f (x)/g(x) → 1 as x → ∞
[42, Pg. 3067].
For a matrix A, A† denotes the transpose conjugate of A. IK denotes
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the K × K identity matrix.

1.7

Organization of Dissertation
Chapter 2 presents a decentralized single-antenna, single-relay selection

algorithm. Chapter 3 presents several centralized single-antenna, multiplerelay selection algorithms. Centralized single-antenna selection is further considered in the scheduling problems discussed in Chapter 4. Chapter 5 discusses multiple-antenna relay selection from the perspective of transmission
hop length, and Chapter 6 concludes the dissertation.
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Chapter 2
Single-Antenna Relays: Opportunistic
Feedback

This chapter considers the problem of decentralized relay selection in a
wireless network. We present an overview of prior work and motivate our proposed strategy in Section 2.1. In Section 2.2 we describe the system model and
our proposed relay selection protocol. In Section 2.3, we modify the proposed
protocol to support adaptive modulation and coding. An approximation of
the throughput of the proposed adaptive modulation approach is presented in
Section 2.4. Simulation results are presented in Section 2.5.

2.1

Prior Work and Motivation
As described in Chapter 1, relay-assisted communication can yield key

performance and cost improvements. Note that relay-assisted communication
still occurs over inherently lossy wireless links, though. Deep channel fades degrade the quality of the received packet, which leads to unacceptable decreases
in throughput and reliability. This resulting performance degradation can
be mitigated by implementing hybrid-ARQ transmission strategies, including
Chase combining and parity forwarding based on incremental redundancy [94].
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For example, relays that are situated between the source and the destination
can forward parity information to the destination if it detects uncorrectable
packet errors, which leads to spectral efficiency gains [65, 69, 71, 94]. Assuming
that the source is located further from the destination than each of the relays,
on average the destination will receive more reliable parity information from
the relays than from the source. This is because the average channel between
the source and the destination is worse than the average channel between each
relay and the destination. The increased reliability of the parity information
improves the destination’s ability to decode the source message, which decreases the number of retransmissions that are needed for successful decoding,
resulting in reduced transmission delay and probability of buffer overflow at
all receiving nodes.
In a relay-based wireless system, the source selects either a single relay
or multiple relays to forward either its original message or parity information
to the destination. There has been significant prior work on single relay selection [10, 17, 44, 47, 57, 74, 94, 96] and multiple relay selection [22, 37, 43]. In
this chapter we focus on single-relay selection for several reasons. For example, it was shown in [10] that by selecting the relay with the best end-to-end
path between the source and the destination, a diversity gain on the order
of the number of relays in the network could be realized. This important
result reduces the need for implementing multiple-relay strategies such as distributed space-time coding [37] and distributed beamforming. Even though
diversity gain is defined in the high-SNR regime, it is a useful benchmark
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for system performance in the low and medium-SNR regimes. Distributed
space-time coding suffers from drawbacks such as the difficulty of synchronizing transmissions from disparate nodes and designing good codes that are easy
to implement. Distributed beamforming is difficult to implement in practice
since the oscillators in distinct nodes are not necessarily synchronized and are
subject to phase noise. Note that a simple multiple-relay strategy that involves the decoding relays forwarding their parity information in orthogonal
time slots also suffers from the difficulty of transmission synchronization. As
the number of decoding relays increases, more time slots must be dedicated to
parity forwarding, which increases transmission delay.
In terms of single-relay selection that also incorporates hybrid-ARQ retransmissions, [94] is the most closely related work to the contribution of this
chapter. The proposed selection strategy in [94] relies on either Global Positioning System (GPS) information or relays overhearing a sufficient number of
ACK messages from the destination to select the closest decoding relay to the
destination to forward parity information. This selection method optimizes
the average SNR at the destination, but practical implementation is difficult
since each relay is required to know its average SNR to the destination and
the average SNR to the destination for all other relays. This difficulty is only
exacerbated as the number of nodes increases.
This discussion motivates the design of a readily implementable singlerelay selection algorithm that also combats the inherent lossiness of wireless
communications via hybrid-ARQ coding strategies.
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Figure 2.1: A wireless network consisting of a single source, a single destination, and multiple relays between these two nodes.

2.2

System Model
The system of interest is shown in Fig. 2.1. There are Kr relays in the

region between the source and the destination. Each relay is equipped with a
single antenna.
In the proposed protocol, data transmission occurs over a set of time
slots {t1 , ..., tm }, which are of variable duration. The duration of each time
slot depends on the particular modulation and code rate employed by the
transmitting node along with the amount of data that is to be transmitted
during that time slot. The source initially has a k-bit message w that is encoded as an n-bit codeword x(w). Before the first time slot t1 , the source and
destination perform request-to-send/clear-to-send (RTS/CTS) handshaking to
16

achieve synchronization, where we assume that the source and the destination
each lie within the transmission range of the other node. RTS/CTS handshaking also synchronizes all Kr relays with the impending transmission between
the source and the destination. The relays will overhear both the RTS and
CTS messages and prepare to receive the source’s transmission in t1 . Note
that the classic hidden terminal problem arises if any relays are within the
interference range of either the source or the destination [41].
Then, at the start of t1 , the source transmits a subset x1 (w) of the bits
in x(w). Let hs,i,j be the Rayleigh fading coefficient for the channel between
the source and node i during tj , and let ni,j be additive white Gaussian noise
with variance N0 at node i during tj . The destination observes
yd,1 = hs,d,1x1 (w) + nd,1

(2.1)

while relay i ∈ {1, 2, ..., Kr } observes
yi,1 = hs,i,1 x1 (w) + ni,1 .

(2.2)

We use the Rayleigh fading distribution for our throughput derivations in
Section 2.4 and in our simulations in Section 2.5.
After the destination observes yd,1 , it attempts to recover w. If the
destination successfully recovers w, it broadcasts an acknowledgment (ACK)
message to all of the relays and the source. On the other hand, if the destination cannot recover w, it broadcasts a negative acknowledgment (NACK)
message to all of the relays and the source, and the source attempts to select
17

one of the relays to forward additional parity information that will assist the
destination in recovering w.
2.2.1

Key Assumptions
We assume that the reciprocity principle holds, so each node that is

currently in a receiving mode learns its fading coefficient with the transmitting node via training data at the beginning of each transmission. We also
assume that all relays lie within the transmission range of both the source and
the destination, which facilitates RTS/CTS handshaking that mitigates the
hidden terminal problem and synchronizes the relays in our proposed selection strategy. In addition, we assume that each relay operates in a half-duplex
mode, so none of the relays can simultaneously transmit and receive.
We make a block fading assumption here, i.e. that all fading coefficients
are constant over a time slot and vary independently from slot to slot. This
is a reasonable assumption assuming that each time slot is much less than
the channel coherence time. We also assume that the fading coefficients and
additive noise realizations are independent across the nodes; these are reasonable assumptions assuming that the separation between any two nodes in our
network is greater than the channel coherence distance.
2.2.2

Relay Selection
We modify the opportunistic feedback approach in [81] to select one of

the relays for transmission in t2 . An example of the medium access control

18

Source
Framing

G
ransmit
Tx u t e
osen
RateÕR1 ar Lis n List en TRChelay
ID
d

G
u
a
r
d

List en

G
ransmit u
Listen List en TChosen a
Relay ID r
d

ACK
Messages
Relay
Framing

List en List en

G
u
a
r
d

ACK
Messages

G
Chosen Relay G
Tx RateýR2 u
u
a List en
a Listen
Other Relays r
r
d
Listen
d

Conte nt ion
Minis lots

Sink
Framing

List en

x
ACTK or
NACK

t1

G
u
a
r
d

G
u
a List en
r
d

Conte nt ion
Minis lots

G
u
a List en List en
r
d

List en

G
Tx u
a List en List en
r
d

A CK or
NA CK

t3

t2

Time

Figure 2.2: MAC-layer framing structure that describes operation of proposed
opportunistic relay selection strategy.
(MAC) layer framing structure for our protocol is shown in Fig. 2.2. After
transmission from the source in t1 , we assume in Fig. 2.2 that the destination
broadcasts a NACK message to start the contention process; the same is true
for t2 .
Let Rsel denote the set of relays that can participate in the relay contention process, where relay i ∈ Rsel has both recovered w and has a channel
gain to the destination |hi,d,2 |2 that is above a threshold ηopp . In Section 2.5.2
we demonstrate the performance impact of varying the parameter ηopp . Each
relay i will determine |hi,d,2 |2 by listening to the destination’s NACK message
at the beginning of t2 . All relays in Rsel are allocated the same K minislots
for feedback to the source.
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Note that we have assumed a block fading channel model and that each
decoding relay determines its channel gain to the destination by listening to
the destination’s NACK message. This implies that in our proposed framing
structure, each time slot must begin with either an ACK or a NACK from
the destination for the transmission during the preceding time slot. This is
illustrated in Fig. 2.2. If we were to adopt the framing structure of conventional MAC protocols that assume that a time slot concludes with an ACK or
NACK from the destination [2], the block fading assumption would imply that
a selected relay might have a poor channel gain to the destination during its
transmission. Thus, if we were to adopt a more conventional framing structure,
we would need to assume a fading channel model with time correlation.
After the destination broadcasts a NACK message, the contention period begins. During contention minislot b, each relay i ∈ Rsel will send a ACK
message to the source with probability pi , where this ACK message consists
of an ID number that has been assigned to relay i. Successful contention occurs during minislot b if exactly one relay i ∈ Rsel sends a ACK message to
the source, and relay i is declared to be the winner for minislot b. If relays
s, t ∈ Rsel send ACK messages during minislot b and s 6= t, a collision occurs
and the source discards all received ACK messages. After minislot K has been
completed, the source determines if at least one winning relay exists. If so,
the source randomly selects one of the winning relays it to transmit during
t2 . The source then broadcasts the ID number of the node that will transmit
during t2 . Note that if there are no winning relays, the source will transmit
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during t2 .
Note that a guard interval is included at the end of each contention
minislot. Each guard interval is equal to the propagation delay of the network
in Fig. 2.1. The purpose of the guard interval is to prevent ACK messages
that are sent during a minislot from colliding with ACK messages that are sent
during the next minislot. Guard intervals are also included after the following
events: 1) a selected node transmits, 2) the destination transmits an ACK or
a NACK, and 3) the source transmits the ID number of the selected node.
These guard intervals are included to facilitate network synchronization.
During t2 , relay it (or the source) transmits a subset x2 (w) of the bits in
x(w). The destination should not discard yd,1 after t1 , but it should combine
yd,1 with
yd,2 = hit ,d,2 x2 (w) + nd,2

(2.3)

and attempt to recover w from the combined output. We describe two methods
of combining yd,1 with yd,2 in Section 2.2.3 and Section 2.3. If decoding at the
destination is unsuccessful, the destination broadcasts another NACK message
to all of the relays and the source, and then the relay contention process is
repeated to select another relay to transmit during t3 . The retransmission and
contention processes repeat until the destination either successfully recovers w
or fails to recover w after tm has elapsed.
We note that our proposed strategy is distinct from the instantaneousrelaying and random-relaying approaches that are proposed in [94, Section
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III.B]. The instantaneous-relaying strategy always chooses the relay with the
best instantaneous channel gain to the destination. In contrast, our strategy
chooses a relay with a good instantaneous channel gain to the destination, but
it may not necessarily choose the relay with the best instantaneous channel
depending on the outcome of the contention process. As for the randomrelaying strategy, each relay that has decoded the source message will transmit
in the next time slot with a certain probability. On the other hand, our strategy
ensures that exactly one node will be selected to transmit in the next time slot
based on the outcome of the contention process, and only those decoding relays
that have good channel gains to the destination will even be able to participate
in the contention process.
2.2.3

RCPC Signaling
We adopt the ARQ/FEC protocol in [31, Section 5.A], so the source

chooses code rates {R1 , R2 , ..., Rm } from a RCPC family, and R1 > R2 > · · · >
Rm . The rate-Rm code is the mother code of the RCPC family.
The rate-Rm code is used to encode w as a codeword x(w). During t1 ,
the source transmits a subset x1 (w) of the bits in x(w) such that x1 (w) forms
a codeword from the rate-R1 code. Then the destination attempts to decode
yd,1 based on the rate-R1 code.
If unsuccessful decoding occurs, during t2 , the chosen relay (or the
source) transmits a subset x2 (w) of the bits in x(w) such that x1 (w) ∪ x2 (w)
forms a codeword from the rate-R2 code. Then the destination attempts to
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decode yd,1 ∪ yd,2 based on the rate-R2 code. This continues until either w is
recovered at the destination or x(w) is transmitted without recovery of w.
Let M be the memory of the mother code and let lAV be the average
number of additionally transmitted bits per P information bits, where P is
the puncturing period of the RCPC family. To compute the dimensionless
effective code rate of this strategy, we use [31, equation (16)]
Ravg =



k
n+M



P
P + lAV


.

(2.4)

We refer to Ravg as the throughput of this strategy in the rest of this chapter.
2.2.4

Channel Feedback for Refining Relay Selection
In the proposed relay selection strategy, each relay’s ACK message

consists of an ID number that has been assigned to it. We refer to our selection
approach as an ID strategy. Now it is possible to modify the ID strategy by
appending a flag bit to the ACK message from relay i, where the flag bit is
set to ‘1’ only if |hi,d,j |2 > βopp for βopp > ηopp . Again, successful contention
occurs during minislot b if exactly one relay i ∈ Rsel sends a ACK message.
We refer to this approach as an ID-CSI-1 strategy.
Note that the ID-CSI-1 approach is a 1-bit channel feedback strategy,
since the channel space for each contending relay is partitioned into two sets
according to βopp and each relay sets its flag bit according to the set that
contains its channel gain to the destination. This approach can be generalized
to an N-bit channel feedback strategy, where N is an arbitrary positive integer.
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In this case, the channel space for each contending relay would be partitioned
into 2N sets according to a set of thresholds βopp,1 > βopp,2 > · · · > βopp,2N −1 >
ηopp . Each contending relay would set its N flag bits according to the set that
contains its channel gain to the destination. In the rest of the chapter, we
focus on the 1-bit channel feedback strategy.
After minislot K, if either all of the winners sent a flag bit of ’0’, all of
the winners sent a flag bit of ’1’, or there are no winners, the ID-CSI-1 strategy
reduces to the ID strategy. Otherwise, the source will randomly select one of
the winners it that sent a flag bit of ’1’ with probability q > 0.5. One of the
winners it that sent a flag bit of ’0’ is randomly selected with probability 1 − q.
Thus, the ID-CSI-1 strategy refines the ID strategy by biasing the selection
process in favor of the relays with the best channel gains to the destination.
By choosing a value of βopp we determine a subset of the decoding
relays that have a better chance of being selected. In Section 2.5.2 we present
simulation results that show how the throughput of the ID-CSI-1 strategy
varies as a function of βopp .

2.3

Relay Selection with Adaptive Modulation
The transmission strategy in Section 2.2.3 relied on the use of RCPC

coding. Transmissions during successive time slots consisted of parity bits
encoded in the same fixed modulator that allowed the destination to decode
the source message using successively lower-rate codes.
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Note that RCPC coding has the advantage of allowing for fine rate
control, since by sending a limited number of parity bits in successive time
slots, the monotonic decrease in code-rate is mitigated. Decoding based on
puncturing rules is difficult to implement, though, and additional memory is
required at each node to store the puncturing tables for the RCPC family.
Another transmission strategy that the nodes in the relay network can use in
conjunction with hybrid-ARQ is adaptive modulation and coding (AMC). It is
relatively straightforward to implement AMC at each node in the relay network
since AMC allows for simple decoding strategies such as Chase combining
[15]. We note that transmission involving both AMC and code puncturing
is possible as evidenced by the IEEE 802.16e standard [4], though we do not
consider a combination of both strategies in this chapter.
We propose the following transmission strategy that is based on AMC.
Assume that each transmitting node can choose from a total of N transmission modes. In Sections 2.3.1, 2.3.2 and 2.4 we describe and analyze the
performance of our proposed strategy for the special cases of N = 1 and
N = 2 transmission modes. Each transmission mode i consists of a particular modulation/code-rate pair. Define a set of channel power thresholds
{γ1 , γ2 , . . . , γN −1 }, where 0 < γ1 < γ2 < · · · < γN −1 .
During each time slot ta , the selected node it measures its channel
gain to the destination |hit ,d,a |2 . If γj−1 < |hit ,d,a |2 ≤ γj , then this node will
encode and modulate the source message using transmission mode j. The
encoded and modulated message is then sent to the destination. Note that
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the dimensionless effective code rate is a random variable since the number of
time slots and the transmission mode that is used in each time slot depends
on the channel gain |hit ,d,a |2 in each time slot. We refer to the dimensionless
effective code rate as the throughput in the rest of this chapter. The objective
here is to maximize the expected throughput.
The relay selection protocol as described in Section 2.2.2 is still used
here; it is just the transmission strategy that the selected relay it (or the
source) uses that is different, and each receiving node uses Chase combining
on the received packets to decode the source message. Chase combining is a
soft-decision maximal-ratio combining (MRC) decoding strategy.
2.3.1

Chase Combining with Single Transmission Mode
During a set of time slots {t1 , t2 , . . . , tm } where the destination attempts

to recover w, the transmitting node in each time slot can employ any of the
N transmission modes. Initially we assume that only one mode, say mode J,
is used during {t1 , t2 , . . . , tm }. Later, we will present an example where this
assumption is relaxed and we describe how our Chase combining approach is
modified. Consider time slot tj where node i is in a receiving mode.
After the received packet is de-interleaved, it is combined with the
previous received packets using MRC. The MRC estimate for each transmitted
bit is then used to compute a likelihood ratio for that bit. Then, the likelihood
ratio for each bit is quantized and passed to a soft-decision Viterbi decoder to
recover the source message.
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As noted in [15], node i should discard any received packets that have an
error rate that is approximately 1/2. Since the error rate cannot be measured
directly from the received packet, the following equivalent approach is used: if
the received SNR at node i is less than φ, node i discards the received packet.
It is conceivable that node i could keep discarding packets if the received SNR
stays below the threshold φ, so we set a limit on the number of time slots
that are allowed for a particular source message before the destination stops
attempting to decode it. Similarly, we set a limit on the number of decoding
attempts that the destination can make for a particular source message.
We assume that if the received SNR at node i is greater than λJ , node i
is able to decode the source message. Now, since MRC-based Chase combining
is being used at each receiving node, the SNR of the combined packet at node
i improves as the number of retransmissions increases. The objective of Chase
combining is to increase the received SNR of the combined packet at node i
until it exceeds λJ .
2.3.2

Chase Combining Example with Two Transmission Modes
To illustrate our adaptive modulation approach, consider a link adap-

tation algorithm with N = 2 transmission modes. Let Mode 1 be a combination of binary phase-shift-keying (BPSK) modulation with a rate-1/3 convolutional code and let Mode 2 be a combination of quadrature phase-shift-keying
(QPSK) modulation with a rate-2/3 convolutional code. When transmission
occurs over bad channel conditions, Mode 1 is employed to yield good error
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performance, since it combines a low-rate code with a low symbol rate. On the
other hand, when transmission occurs over good channel conditions, Mode 2 is
employed to yield good throughput performance, since it combines a high-rate
code with a higher symbol rate than that used in Mode 1.
To facilitate the computation of MRC estimates at receiving node i
when both Mode 1 and Mode 2 have been employed, let the rate-1/3 code
for Mode 1 be a systematic convolutional code and the rate-2/3 code be a
punctured version of this rate-1/3 code.
During time slot ta , the transmitting node it measures its channel gain
to the destination |hit ,d,a |2 . If |hit ,d,a |2 ≥ γswp, then this node encodes and
modulates the source message w using Mode 2. On the other hand, if |hit ,d,a |2 <
γswp then this node encodes and modulates the source message w using Mode
1. The encoded and modulated message is then sent to the destination.
2.3.2.1

Employed Transmission Modes: Only Mode 1

If only Mode 1 has been used thus far, the objective of Chase combining
is to increase the received SNR of the combined packet until it exceeds λ1 ,
where λ1 is the minimum SNR decoding threshold for Mode 1. The decoding
process is straightforward and follows the general guidelines in Section 2.3.1.
2.3.2.2

Employed Transmission Modes: Only Mode 2

If only Mode 2 has been used thus far, the objective of Chase combining
is to increase the received SNR of the combined packet until it exceeds λ2 ,
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where λ2 is the minimum SNR decoding threshold for Mode 2. Note that
λ2 > λ1 . Decoding the source message follows the general guidelines in Section
2.3.1, except that each receiving node i unpunctures the set of quantized softdecision bit estimates to decode based on the mother rate-1/3 code to yield
better error performance. Forming the MRC estimate for each transmitted
bit from the rate-1/3 code is not as straightforward as in Section 2.3.2.1, so
each receiving node i employs the fact that the rate-2/3 code for Mode 2 is
punctured from the rate-1/3 code to form the MRC estimates.
2.3.2.3

Employed Transmission Modes: Modes 1 And 2

If both Mode 1 and Mode 2 have been used thus far, the objective of
Chase combining is to increase the received SNR of the combined packet until
it exceeds λ1 . Decoding the source message follows the general guidelines in
Section 2.3.2.2, where decoding is based on the mother rate-1/3 code.

2.4

Throughput Approximation
Given the relay selection strategy with adaptive modulation and Chase

combining as presented in Section 2.3, we now present an approximation of
the throughput of this strategy. For ease of presentation, we assume that
the destination must decode the source message within two time slots, or the
source message will be discarded. This is analogous to truncated ARQ, where
transmission delay and buffer overflow are reduced by specifying a maximum
number of retransmissions. We also consider the special case of N = 2 trans-
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mission modes and employ the specific modulation/code-rate pairs in Section
2.3.2. Let pi,j denote the probability that the destination decodes the source
message at the end of time slot tj given that transmission mode i was used
during time slot tj . Also, let qa,i denote the probability that relay a is selected by the source after a time slot where transmission mode i was used. Let
P r
q0,i = 1 − K
a=1 qa,i denote the probability that no relays are chosen by the

source after a time slot where transmission mode i was used.

Let the average received power at receiving node j after a transmission
from node i be |Gi,j |2 = E · E(|hi,j,a|2 ), where E is the transmit energy. Recall
that γswp is the AMC switching point. Let α and β be the minimum SNR
decoding thresholds for Modes 1 and 2, respectively. Now
Rγ
2
1
p1,1 = α swp |Gs,d
e−χ/|Gs,d | dχ
|2
2
2
= e−α/|Gs,d | − e−γswp /|Gs,d | ,
R ∞ 1 −χ/|G |2
s,d dχ
p2,1 = β |Gs,d
e
|2
2
= e−β/|Gs,d | ,
p1,2


R γswp  PKr
1
1
−χ/|Ga,d |2
−χ/|Gs,d |2
= φ
qa,1 + |Gs,d |2 e
q0,1 dχ
2e
a=1 |Ga,d |

PKr
2
2
−φ/|Ga,d |
=
− e−γswp /|Ga,d |
a=1 qa,1 e


2
2
+q0,1 e−φ/|Gs,d | − e−γswp /|Gs,d |

(2.5)

(2.6)

(2.7)

and finally

p2,2 =
=

R ∞  PKr
γswp
P
Kr

1

a=1
−γswp /|Ga,d |2

a=1 qa,2 e

2

e−χ/|Ga,d | qa,2 +
|Ga,d |2


−χ/|Gs,d |2
e
q
0,2 dχ
|Gs,d |2
1

2

+ q0,2 e−γswp /|Gs,d | .

(2.8)

In the following examples we use code concatenation with an outer code
with rate R < 1, and we zero-pad the codeword from the concatenated code
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with M bits, where M is the memory of the inner convolutional code, to bring
the Viterbi decoder back to its all-zero state. Let f denote the dimensionless
effective rate of the outer code; the throughput Ramc is approximated by
Rapp,amc =

f
p + 2f3 p2,1 + f3 (1 − p2,1 )p2,2 + f6 (1
3 1,1
+ 2f9 (1 − p1,1 )p2,2 + 2f9 (1 − p2,1 )p1,2 .

− p1,1 )p1,2

(2.9)

Now let qa,i,j denote the probability that relay a wins j out of K minislots and is selected by the source, given that transmission mode i was just
used. Thus
qa,i =

K
X

qa,i,j .

(2.10)

j=1

Let S = {S1 , S2 , . . . , S(K ) } denote the set of all subsets of K = {1, 2, . . . , K}
j

that have cardinality j. Consider b ∈ {0, 1, . . . , K − j}. Let
B = {B1 , B2 , . . . , B(K−j ) } denote the set of all subsets of K \ Sm that have
b

cardinality b, where Sm ∈ S. Let ua,k,i denote the probability that relay a wins
minislot k ∈ K given that transmission mode i was just used.

qa,i,j

S
Let sd ∈ Sc for Sc ∈ S, bz ∈ Bv ∈ B and zσ ∈ K \ (Sc Bv ), so
ih P
P(Kj ) h Qj
K−j
j
=
c=1
d=1 ua,sd ,i
m=0 K−m
n P K−j  Q 
Q

oi
P Kr
(m)
m
K−j−m P
.
v=1
z=1 1 −
κ=1 uκ,bz ,i
σ=1
ψ6=j uψ,zσ ,i
(2.11)
Let ρa,i denote the probability that relay a decodes the source message

given that transmission mode i was just used. Now we note that ua,k,i is
identical for all minislots k ∈ K. Thus, we can drop the subscript k
!
X
Y
Y
ua,i = pa ρa,i
(1 − pc )ρc,i
(1 − ρd,i ) .
R⊆(K\{a})

c∈R

d∈(K\(R∪{a}))
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(2.12)

We note that

and

R ∞ 1 −χ/|G |2
s,a
ρa,1 = α |Gs,a
e
dχ
|2
2
−α/|Gs,a |
= e

(2.13)

R ∞ 1 −χ/|G |2
s,a
e
dχ
ρa,2 = β |Gs,a
|2
2
−β/|Gs,a |
= e
.

(2.14)

To illustrate the throughput gains yielded by the AMC approach, we
define another transmission strategy in our relay network that does not use
AMC. For this single-mode approach, during each time slot, the transmitting node it encodes and modulates the source message w using the same
code/modulation pair. The encoded and modulated message is then sent to
the destination.
Forming the MRC estimates for each transmitted bit is fairly straightforward in this case, since only a single transmission mode is employed. For
example, consider a transmission mode that consists of a rate-1/2 code with
generator polynomial (133 171) using octal notation and constraint length 7.
Each transmitting node uses quadrature-amplitude-modulated (QAM) signaling; in particular each transmitting node uses a 16-QAM constellation. The
decoding procedure at each receiving node i follows the general guidelines in
Section 2.3.1.
As in the AMC approach, we assume that if the received SNR at node
i exceeds a minimum value γ, the receiving node i is able to decode the source
message. The objective of Chase combining is to repeatedly combine the
received packets until the received SNR of the combined signal at node i is at
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least γ.
To approximate the throughput of this single-mode approach, let τj
denote the probability that the destination decodes the source message at the
end of time slot tj . Let qa denote the probability that relay a is selected by
P r
the source during a time slot, and let q0 = 1 − K
a=1 qa denote the probability
that no relays are chosen by the source during a time slot.
Now

R ∞ 1 −χ/|G |2
s,d
τ1 = γ |Gs,d
e
dχ
|2
−γ/|Gs,d |2
= e

(2.15)

and
τ2 =
=

R ∞  PKr

φ
P
Kr

1

−χ/|Ga,d |2

a=1 |Ga,d |2 e
−φ/|Ga,d |2

a=1 qa e

qa +

−φ/|Gs,d |2

+ q0 e

1
|Gs,d |2

−χ/|Gs,d |2

e

.


q0 dχ

(2.16)

As in (2.9), let f be the dimensionless effective rate of the outer code
for the concatenated coding strategy under consideration. We see that the
throughput Rsm is approximated by
Rapp,sm =

f
f
τ1 + (1 − τ1 )τ2 .
2
4

(2.17)

The computation of qa and q0 is similar to that for qa,i , and note that we
can drop the subscript i, i.e. there is no dependence on distinct transmission
modes here. In particular, qa depends on ρa , which is the probability that
relay a decodes the source message, instead of ρa,i . We have
R ∞ 1 −χ/|G |2
s,a
qa = γ |Gs,a
e
dχ
|2
−γ/|Gs,a |2
= e
.
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(2.18)

In Examples 2.4.1 and 2.4.2 we will maximize the approximations in
(2.9) and (2.17) to obtain optimal values of the contention probability and
the switching point for adaptive modulation and coding. Note that (2.9) and
(2.17) assume that the receiver successfully decodes a packet after its received
SNR exceeds a certain threshold. In particular, SNR-threshold decoding yields
neither a lower nor an upper bound on the throughput. SNR-threshold decoding actually approximates the throughput, since successful decoding depends
on the specific coded bits that are received in error. The dependence of successful decoding on the code structure implies that for received SNR values
γ1 < γ2 , successful decoding may occur at γ1 while near-successful decoding
may occur at γ2 .
Thus, we can maximize the approximations in (2.9) and (2.17) and
obtain good intuition for the optimal values of the contention probability and
the AMC switching point, as seen in Examples 2.4.1 and 2.4.2.
Example 2.4.1. Optimization of Contention Probability
The single-mode transmission strategy is constrained by the decoding limit of two time slots described above. Now consider a
simple scenario where we have Kr = 2 relays and K = 1 minislot.
By evaluating (2.17) we find that
Rapp,sm =

2
2
f −γ/|Gs,d |2
e
+ f4 (1 − e−γ/|Gs,d | )(e−φ/|G1,d | q1
2
2
2
+e−φ/|G2,d | q2 + e−φ/|Gs,d | q0 ),
2

2

2

q1 = p1 e−γ/|Gs,1 | ((1 − p2 )e−γ/|Gs,2 | + 1 − e−γ/|Gs,2 | )
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(2.19)
(2.20)

and
2

2

2

q2 = p2 e−γ/|Gs,2 | ((1 − p1 )e−γ/|Gs,1 | + 1 − e−γ/|Gs,1 | ).

(2.21)

We place one relay at (x1 , y1 ) = (25, 10) and the other relay at
(x2 , y2) = (75, −10). We use the Worldwide Interoperability for

Microwave Access (WiMAX) signal bandwidth, which is roughly 9
MHz [4], and given a noise floor of -204dB/Hz this yields a noise
value N0 = −134dB. Consider a case where the transmit power

is 110dB above the noise floor of N0 = −134dB. Then we have
|Gs,1|2 = 10(−134+110)/10 ·(9.89·10−5)·(26.9)−3 = 2.02·10−11 = |G2,d |2

and |Gs,2|2 = 10(−134+110)/10 · (9.89 · 10−5) · (75.7)−3 = 9.09 · 10−13 =

|G1,d |2 . Also, |Gs,d|2 = 10(−134+110)/10 · (9.89 · 10−5 ) · (100)−3 =
3.94 · 10−13 . Let f = 1912/2050, γ ≈ 13dB and φ ≈ −6dB.

We maximize Rapp,sm with respect to p1 and p2 . The maximizing
values are p1,max = 1 and p2,max = 0 and the maximum value
of Rapp,sm is 0.25933. Simulation results yield a throughput Rsm
of 0.23076, which shows that this approximation is good. The
maximizing values p1,max and p2,max reveal an interesting guideline
for system designers. In a two-relay network, if a single mode is
used for transmission, the relay that is closer to the source than to
the destination should always send a ACK message to the source
if it has decoded the source message. The other relay should never
send any ACK messages to the source even if it has decoded the
source message.
Intuitively, since the relay that is closer to the source has a better
chance of decoding the source message than the relay that is closer
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to the destination, it will be able to assist the source more often
than the relay that is closer to the destination. The likelihood that
both relays have decoded the source message is low, so the relay
that is closer to the source should always assist the source if it has
decoded the source message. Thus, the relay that is closer to the
destination should never interfere with the other relay.
Again we consider the simple case of Kr = 2 relays and K = 1
minislot. Recall that
Rapp,amc =

f
p + 2f3 p2,1 + f3 (1 − p2,1 )p2,2 + f6 (1
3 1,1
+ 2f9 (1 − p1,1 )p2,2 + 2f9 (1 − p2,1 )p1,2

− p1,1 )p1,2
(2.22)

and we find that
2

2

p1,1 = e−α/|Gs,d | − e−γswp /|Gs,d | ,

(2.23)

2

p2,1 = e−β/|Gs,d | ,
|2

(2.24)
|2

p1,2 = (e−φ/|G1,d − e−γswp /|G1,d )q1,1
2
2
+(e−φ/|G2,d | − e−γswp /|G2,d | )q2,1
2
2
+(e−φ/|Gs,d | − e−γswp /|Gs,d | )q0,1

and

2

2

(2.25)

2

p2,2 = e−γswp /|G1,d | q1,2 + e−γswp /|G2,d | q2,2 + e−γswp /|Gs,d | q0,2 (2.26)
along with
2

2

2

2

2

2

2

2

q1,1 = p1 e−α/|Gs,1 | ((1 − p2 )e−α/|Gs,2 | + 1 − e−α/|Gs,2 | ),
q2,1 = p2 e−α/|Gs,2 | ((1 − p1 )e−α/|Gs,1 | + 1 − e−α/|Gs,1 | ),
2

q1,2 = p1 e−β/|Gs,1 | ((1 − p2 )e−β/|Gs,2 | + 1 − e−β/|Gs,2 | )
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(2.27)
(2.28)
(2.29)

and
2

2

2

q2,2 = p2 e−β/|Gs,2 | ((1 − p1 )e−β/|Gs,1 | + 1 − e−β/|Gs,1 | ).

(2.30)

Again, we place one relay at (x1 , y1) = (25, 10) and the other relay at (x2 , y2 ) = (75, −10). Assume that the transmit power is
110dB above the noise floor of N0 = −134dB, and so |Gs,1|2 =

10(−134+110)/10 · (9.89 · 10−5 ) · (26.9)−3 = 2.02 · 10−11 = |G2,d |2 and
|Gs,2|2 = 10(−134+110)/10 · (9.89 · 10−5 ) · (75.7)−3 = 9.09 · 10−13 =
|G1,d |2 . Also, |Gs,d|2 = 10(−134+110)/10 · (9.89 · 10−5 ) · (100)−3 =

3.94 · 10−13 . Let f = 1912/2044, γswp ≈ 4dB, α ≈ 3dB, β ≈ 9dB

and φ ≈ −6dB.

We maximize Rapp,amc with respect to p1 and p2 . The maximizing
values are p1,max = 0 and p2,max = 1 and the maximum value of
Rapp,amc is 0.42882. Simulation results yield a throughput Ramc of
0.4225, which shows that this approximation is good. Again, the
maximizing values p1,max and p2,max reveal an interesting guideline
for system designers. In a two-relay network, if adaptive modulation is being used and the average received power at the destination
is high, the relay that is closer to the destination than to the source
should always send a ACK message to the source if it has decoded
the source message. The other relay should never send any ACK
messages to the source even if it has decoded the source message.
Intuitively, since the received power at the destination is high, both
relays have a good chance of decoding the source message. Thus,
the relay that is closer to the destination should always contend to
forward the source message since it has a better chance of using
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Mode 2 in time slot t2 than the other relay, which is a throughputmaximizing decision.
Example 2.4.2. Optimization of AMC Switching Point
Consider another simple scenario where we have Kr = 1 relay and
K = 1 minislot. As we only have one relay, we set its contention
probability p1 = 1. Recall that
Rapp,amc =

f
p + 2f3 p2,1 + f3 (1 − p2,1 )p2,2 + f6 (1
3 1,1
+ 2f9 (1 − p1,1 )p2,2 + 2f9 (1 − p2,1 )p1,2

− p1,1 )p1,2
(2.31)

and we find that
2

2

p1,1 = e−α/|Gs,d | − e−γswp /|Gs,d | ,
2

p2,1 = e−β/|Gs,d | ,
|2

and

(2.32)
(2.33)

|2

p1,2 = (e−φ/|G1,d − e−γswp /|G1,d )q1,1
2
2
+(e−φ/|Gs,d | − e−γswp /|Gs,d | )q0,1
2

2

p2,2 = e−γswp /|G1,d | q1,2 + e−γswp /|Gs,d | q0,2

(2.34)

(2.35)

along with
q1,1 = e−α/|Gs,1 |

2

(2.36)

and
2

q1,2 = e−β/|Gs,1 | .

(2.37)

We place the relay at (x1 , y1 ) = (50, 0). The transmit power is
110dB above the noise floor of N0 = −134dB, and so |Gs,1|2 =

10(−134+110)/10 · (9.89 · 10−5 ) · (50)−3 = 3.15 · 10−12 = |G1,d |2 . Also,
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|Gs,d|2 = 10(−134+110)/10 · (9.89 · 10−5 ) · (100)−3 = 3.94 · 10−13 . Let
f = 1912/2044, γswp ≈ 4dB, α ≈ 3dB, β ≈ 9dB and φ ≈ −6dB.

We maximize Rapp,amc with respect to γswp. The maximizing value
is γswp,max = α ≈ 3dB and the maximum value of Rapp,amc is

0.36752. Again, the maximizing value γswp,max reveals an interest-

ing guideline for system designers. In a single-relay network, the
AMC switching point should be set equal to the minimum SNR
that is required for any receiving node i to be able to decode the
source message if Mode 1 is used. Thus, we maximize our usage of
Mode 2 which is equivalent to maximizing the throughput.

2.5
2.5.1

Simulation Results
Overhead Analysis
Before we present various simulation results for this chapter, a dis-

cussion regarding the impact of the overhead signaling of our relay selection
strategy on the yielded throughput is in order. We refer to Fig. 2.2 for this
discussion. The question here is: does the overhead signaling make a noticeable impact on throughput? We will cite some figures from the IEEE 802.11a
standard [32] in the following discussion. Note that all transmissions are preceded by training symbols for channel estimation, frequency offset correction
and timing synchronization along with information that indicates the modulation, code-rate and length of the transmission. Also, a guard interval that
is equal to the propagation delay of the network in Fig. 2.1 occurs after each
node transmission. If the distance between the source and the destination is

39

ds,d = 100m, then the propagation delay is (100m)/(3 · 108 m/s) ≈ 0.3µs.
Fig. 2.2 shows that each time slot consists of four time intervals and
we discuss each of them here. The first interval consists of either an ACK or a
NACK message from the destination indicating either successful or unsuccessful recovery of the source message. This ACK or NACK message consists of a
flag bit, so by employing one OFDM symbol for the ACK or NACK message,
the duration of this time interval is 20µs + 4µs + 0.3µs = 24.3µs.
The second interval consists of the relay contention period, which contains a set of K minislots. During each minislot, each decoding relay sends a
ACK message which consists of its relay ID number to the source with a certain probability. For Kr = 20 relays, each ID number will require ⌈log 20⌉ = 5
bits. Thus, one OFDM symbol can be employed for the ACK message. The
duration of each minislot is 20µs + 4µs + 0.3µs = 24.3µs. If there are K = 3
minislots, the duration of this time interval is 3 · 24.3µs = 72.9µs.
The third interval consists of a message from the source indicating
which relay, if any, has been chosen for the next time slot. This message
consists of the ID number of the chosen node. As for the second interval, one
OFDM symbol can be employed for this message, so the duration of this time
interval is 20µs + 4µs + 0.3µs = 24.3µs.
The fourth interval consists of data transmission by either the source or
by one of the chosen relays. For the RCPC coding strategy described in Section
2.2.3, the transmitting node is using one of the codes in a particular RCPC code
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family. For the AMC strategy described in Section 2.3.2, the transmitting node
is sending the source message using either of two transmission modes. The
data sent during this interval is accounted for by the throughput expressions
in (2.4) and (2.9). For reference, the minimum number and maximum number
of OFDM data symbols that can be transmitted in a frame are ⌈(16 + 8 · 1 +
6)/216⌉ = 1 and ⌈(16 + 8 · 4095 + 6)/24⌉ = 1366, respectively.
Since both the RCPC and AMC strategies allow for variable-length
data frames, we consider a data packet that consists of 24 data bits per OFDM
symbol with LENGTH parameter set to 2048. Then, the number of OFDM
symbols is ⌈(16 + 8 · 2048 + 6)/24⌉ = 684. Each OFDM symbol contains a
guard interval of 0.8µs and the duration of the data portion of each symbol
is 3.2µs. Then, the data requires 684 · 3.2µs = 0.00219s to transmit, and the
total duration of the guard intervals is 684 · 0.8µs = 0.000547s. Also, 20µs is
required for training before the data transmission occurs.
The ratio of the total overhead during the fourth interval to the data
duration during the fourth interval is (0.000547s + 20µs + 0.3µs)/0.00219s ≈
25.9%. Also, the ratio of the total overhead from all four intervals for each
time slot to the data duration during the fourth interval is (0.000547s+20µs+
0.3µs + 24.3µs + 72.9µs + 24.3µs)/0.00219s ≈ 31.4%. Thus, we conclude that
the overhead signaling that is inherent to our decentralized relay selection
protocol does not have a significant impact on the throughput expressions
in (2.4) and (2.9) compared to the inherent overhead that occurs during the
fourth interval.
41

2.5.2

Performance Impact of Varying System Parameters
While a joint optimization of all of the key system parameters would

maximize the throughput, this is fairly difficult. Instead, in this subsection
we provide insights as to how each of the key system parameters individually
affects the throughput. In this subsection we consider relay selection with
RCPC signaling.
For simulation purposes, we employ the path loss model described in
[94]. Let Ex be the energy in the transmitted signal x(w). Also, let λc be the
carrier wavelength, d0 denote the reference distance, db,i denote the distance
between transmitting node b and receiving node i, and µ be the path loss
exponent. Thus, the average received energy at node i is
Ei = E(|hb,i,a |2 )Ex
= (λc /4πd0)2 (db,i/d0 )−µ Ex .

(2.38)

We adopt similar simulation parameters as those in [94]. Here, we
employ a carrier frequency fc = 2.4GHz, d0 = 1m, ds,d = 100m and µ = 3,
where ds,d is the distance between the source and the destination. We then
uniformly distribute Kr = 20 relays in the region between the source and the
destination such that each relay i is di,d < ds,d meters from the destination.
BPSK modulation is used for all packet transmissions, and all of the relays
and the destination use maximum-likelihood (ML) decoding. Again we use
the WiMAX signaling bandwidth of roughly 9 MHz.
The codes of rates {4/5, 2/3, 4/7, 1/2, 1/3} from the M = 6 RCPC
family in [31] are used. Concatenated coding is used here, where the outer
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code is a (255, 239) Reed-Solomon code with symbols from GF (28 ) and can
correct at most 8 errors. The mother code for the RCPC family is a rate-1/3
convolutional code with constraint length 7 and generator polynomial (145 171
133) in octal notation, which is employed in the EDGE standard [1].
For each packet, the source transmits some subset of its bits in the first
time slot such that this subset forms a codeword from the rate-4/5 code. If
decoding at the destination is unsuccessful, the selected relay transmits additional parity bits such that the destination can attempt to decode a codeword
from the rate-2/3 code. If decoding at the destination is still unsuccessful, the
relay selection and parity forwarding continues until the destination attempts
to decode a codeword from the mother rate-1/3 code. If this final decoding
step is unsuccessful, the packet is declared to be lost, which adversely affects
the throughput in (2.4).
In this subsection and in Sections 2.5.3 and 2.5.4, we define the average
received SNR at the destination as follows. Assume that the source uses a
transmit energy of Et (γ) during time slot t1 that yields an average SNR γ at
the destination. Then, all transmitting nodes will use a transmit energy of
Et (γ) during all subsequent time slots.
In this subsection, we obtained our throughput results by averaging
over 103 Monte Carlo simulation runs, where a random network was initially
generated and then used for all simulation runs.
Fig. 2.3 shows how the throughput Ravg yielded by the ID strategy
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Figure 2.3: Simulated throughput of proposed opportunistic relay selection
strategy as a function of relay feedback probability during relay contention
period.
varies with the contention probability pi . Here we fix K = 10 minislots and
set the channel feedback threshold ηopp = −91dB. The average received SNR
at the destination is 2dB. The throughput is maximized around pi = 0.3.
The observed throughput performance has a nice intuitive explanation.
For large values of the contention probability pi , each relay node i ∈ Rsel
is more likely to send a ACK message to the source during each minislot b,
which increases the likelihood of a collision during minislot b; this increases the
likelihood that no relays will be selected during the entire contention period
and that the source will end up forwarding the next set of parity bits to
the destination. For small values of the contention probability pi , each relay
node i ∈ Rsel is less likely to send a ACK message to the source during each
minislot b, which decreases the likelihood of successful contention in minislot
b and increases the likelihood that the source will end up forwarding the next

44

0.52

throughput R

avg

0.51
0.5
0.49
0.48
0.47
0.46
0.45
−120

−115

−110

−105 −100 −95
−90
feedback threshold ηopp (dB)

−85

−80

−75

Figure 2.4: Simulated throughput of proposed opportunistic relay selection
strategy as a function of relay channel gain threshold for feedback during
relay contention period.
set of parity bits to the destination.
Fig. 2.4 shows how the throughput Ravg yielded by the ID strategy
varies with the channel feedback threshold ηopp . We set K = 10 and pi = 0.1
with an average received SNR at the destination of 2dB. We see that the
throughput is maximized around ηopp = −91dB. The observed performance
can be intuitively explained as follows. For large values of the feedback threshold ηopp , kRsel k is small, which decreases the likelihood of successful contention
in minislot b. For small values of the feedback threshold ηopp , kRsel k is large,
which increases the likelihood of a collision in minislot b.
Fig. 2.5 illustrates the throughput of the ID-CSI-1 strategy for various
values of the flag bit threshold βopp . Here Kr = 10 relays and K = 3 minislots.
The average received SNR at the destination is 8dB. We see that if βopp is close
to ηopp , the performance of the ID-CSI-1 strategy suffers since the ID-CSI-1
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Figure 2.5: Simulated throughput of 1-bit modification to proposed opportunistic relay selection strategy as a function of the higher relay channel gain
threshold for feedback during relay contention period.
strategy essentially reduces to the ID strategy. Also, we see that if βopp is too
large, the performance of the ID-CSI-1 strategy suffers. This is because the
probability of selecting a decoding relay i such that |hi,d,a |2 > βopp decreases
as βopp increases, which causes the ID-CSI-1 strategy to reduce to the ID
strategy again. Thus, it is apparent that there is an optimal value of βopp that
maximizes the throughput of the ID-CSI-1 strategy.
Fig. 2.6 illustrates the throughput of the ID strategy for a varying
number of relay nodes, where K = 3 with an average received SNR of 6dB
at the destination. We see that there is an optimal number of relay nodes for
which the throughput is maximized. Note that if the number of relay nodes is
small, the probability that any of them decode the source message and send a
ACK message to the source is also small. On the other hand, if the number of
relay nodes is large, the probability that at least two relays decode the source
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Figure 2.6: Simulated throughput of proposed opportunistic relay selection
strategy as a function of number of candidate relay nodes in the network.
message and attempt to send a ACK message to the source in each minislot
is also large, which increases the likelihood of a collision in each minislot.
2.5.3

Throughput Comparison with HARBINGER Strategy
In this subsection we compare the throughput of the ID and ID-CSI-1

strategies with the throughput of the HARBINGER approach in [94]. We
also consider the throughput of a point-to-point transmission strategy where
the source always forwards additional parity bits to the destination. We set
ηopp = −91dB, pi = 0.3, and K = 10 minislots, while the other simulation
parameters are the same as in Section 2.5.2.
In this subsection, we obtained our throughput results by averaging
over 102 Monte Carlo simulation runs, where a random network was initially
generated and then used for all simulation runs.
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Figure 2.7: Simulated throughput comparison of proposed opportunistic relay
selection strategy and centralized location-based relay selection strategy in
[94].
We see in Fig. 2.7 that the ID strategy yields results that are comparable to those yielded by the HARBINGER approach, and in some cases, the
decentralized strategy outperforms the HARBINGER approach. This demonstrates that random access-based strategies can yield good performance. Recall that the HARBINGER method optimizes the average received SNR at
the destination by selecting the closest decoding relay to the destination to
forward parity information. This method, though, does not necessarily select the decoding relay that would yield the highest instantaneous received
SNR at the destination. Thus, the decentralized strategy can outperform the
HARBINGER method in some cases.
Fig. 2.8 compares the throughput yielded by the ID and ID-CSI-1
strategies. We also plot the throughput yielded by the HARBINGER method
and by a strategy that always selects the decoding relay with the best instan-
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Figure 2.8: Impact of an additional bit of channel feedback on simulated
throughput of proposed opportunistic relay selection strategy.
taneous channel gain to the destination to forward parity information. We set
K = 10, ηopp = −91dB, βopp = −86dB and pi = 0.3. In addition, we set the
winner selection probability q = 0.75 for the ID-CSI-1 strategy. We see that
the ID-CSI-1 strategy closes the performance gap between the ID strategy and
the “best-gain” strategy. Thus, using a limited amount of channel feedback
improves the performance of our relay selection strategy.
2.5.4

Throughput Performance of Adaptive Modulation
We compare the throughput of the adaptive modulation and coding

strategy from Section 2.3 with the single-mode strategy from Section 2.4 and
the RCPC strategy employing the channel feedback approach from Section
2.2.4. We use the modulation/code pairs from Section 2.3 and Section 2.4. We
adopt many of the simulation parameters and network topology from Section
2.5.2 with some key exceptions. In particular, we use K = 10 minislots,
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Kr = 20 relays and set the contention probability pi = 0.1 for all relays i.
In this subsection, we obtained our throughput results by averaging
over 102 Monte Carlo simulation runs, where a random network was initially
generated and then used for all simulation runs.
In Fig. 2.9 we have a comparison of the throughput yielded by the adaptive modulation, single-mode and RCPC strategies. Here, the SNR switching
point is γswp = 4dB and we set a limit of 5 time slots before the destination
stops trying to decode the source message. We see that the adaptive modulation strategy significantly outperforms the single-mode strategy for this
received SNR range. For low received SNR values, the single-mode strategy
suffers from high error rates because of the 16-QAM constellation that it uses.
On the other hand, the adaptive modulation strategy will use Mode 1 more
often, and the combination of a rate-1/3 code and BPSK modulation will yield
good error performance. As the received SNR values increase, the single-mode
strategy gradually performs better. The throughput gap remains roughly constant, though, since the adaptive modulation strategy will use Mode 2 more
often, and the use of a rate-2/3 code will lead to higher spectral efficiency.
Note that the RCPC strategy is outperformed by the adaptive modulation
approach for low received SNR values, since the rate-1/3 mother code in the
RCPC family is outperformed by diversity combining in this received SNR
range. On the other hand, for high received SNR values, the RCPC strategy
outperforms the adaptive modulation approach since the rate-4/5 code in the
RCPC family performs well in this received SNR range.
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Chapter 3
Single-Antenna Relays: Proximity Strategies

This chapter studies centralized relay selection under a partial decodeand-forward framework. We present an overview of prior work and motivate
our proposed strategies in Section 3.1. In Section 3.2 we describe the system
model and introduce the two-level superposition coding strategy that will be
used throughput the chapter. The diversity analysis is shown in Section 3.3. In
Section 3.4, we present the analytical formulation of the relay selection problem
and obtain a closed-form expression for the rate-maximizing relay position in
a three-node line network. We present our proposed selection algorithms in
Section 3.5. We present simulation results in Section 3.6.

3.1

Prior Work and Motivation
The source can select multiple relays to assist its transmission to the

destination as described in Chapter 1. Two questions naturally arise in this
system model. First, how many relays must the source enlist to aid its transmission to optimize the system performance for the resources consumed? Second, which of the nodes in the pre-existing network must be enlisted to act
as relays in order to optimize the system performance? When multiple-relay
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selection is allowed, there are numerous tradeoffs that govern system performance [22, 37, 43]. While selecting a large number of relays offers the benefit of coherent combining, resulting in increased throughput and thus higher
overall quality of service, it suffers from drawbacks as well. Firstly, system resources are drained faster when multiple relays are selected. Second, there are
complexity and implementation issues - it is difficult to synchronize the transmissions from multiple disparate relays [34, 45, 80, 90], and receiver complexity
increases with the number of relays.
Alternately, a single relay can be selected to assist the source transmission [10, 29, 47, 83, 87, 94, 95, 97], which offers lower gains in terms of total
diversity and rate but is simpler to implement and consumes less power over
the entire network. Regardless of the number of relays selected, from Chapter
1 we know that it is difficult to determine which node(s) in the network must
act as relays to aid the source transmission. In particular, relay node selection
is a combinatorial optimization problem [18], which usually cannot be solved
efficiently with a polynomial-time algorithm.
The preceding discussion motivates the following goals of this chapter.
One goal is to understand the fundamental performance limits of multiplerelay selection to benchmark various relay selection algorithms. To this end,
we focus on the achieved diversity gain via minimization of relay power consumption, treating implementation issues and complexity as a secondary concern. The second goal of this chapter is to provide algorithms for relay node
selection that serve as a good approximation to the problem of optimal relay
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Figure 3.1: A wireless network consisting of a single source, a single destination, and multiple relays between these two nodes.
selection from the point of view of throughput maximization with power allocation. Moreover, we desire the algorithms to have low complexity and be
highly intuitive in terms of design.

3.2

System Model
Consider the two-hop wireless network in Fig. 3.1. The network con-

sists of a single source t, a single destination r and Kr relays interspersed
throughout the region between the source and the destination. Let di,n denote
the distance between nodes i and n. Let hi,n denote the channel between nodes
i and n.
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3.2.1

Key Assumptions
We make the following critical assumptions in this chapter:

• Each relay operates in a half-duplex mode and employs a single antenna.
• Additive white circularly symmetric complex Gaussian noise ni,k with
mean 0 and variance σ 2 is present at each receiving node i during time
slot k.
• |hi,n | is a Rayleigh-distributed random variable. Thus, the real and imaginary components of hi,n are mutually independent Gaussian-distributed
random variables, each with mean 0 and variance (1/2) · E(|hi,n |2 ). This
assumption simplifies our analysis and is typically used in the literature
to obtain insights on the performance of real-world wireless systems.
• Our transmission strategy has arbitrarily long codewords that are generated using an i.i.d. Gaussian distribution of suitable variance to meet the
overall power constraint. Note that the capacity and thus, the capacity
achieving input distribution (if any) of the additive Gaussian noise relay
channel is in general unknown. Thus, we choose this coding strategy for
two reasons: 1) it has been found to be optimal in most of the special
cases whose capacity is known (physically/reversely degraded [19], orthogonal channels [23] and uniform phase fading [40]) and 2) it yields
explicit rate expressions and intuitive coding strategies. The destination
and all potential relay nodes employ typical set decoding [20].
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• The source knows the exact channel state for all of the channels in the
network in Fig. 3.1. Each relay knows the exact state of its channel
from the source. The destination knows the exact state of its channel
from each of the relays and from the source. In practice, this assumption
is valid for networks that can tolerate a significant amount of signaling
overhead, such as relay-assisted cellular networks.
• Time is slotted and the channel is constant in every time slot.
• Each time slot is large enough to admit an arbitrarily small probability
of error as long as the rate in that state is below the maximum achievable
for that state (this is also referred to as the block fading assumption).
• A log-distance path loss model is applied [70]. Let λc , d0 , and µ denote the carrier wavelength, the reference distance, and the path loss
exponent. Then, the channel gain between nodes i and n is
E(|hi,n |2 ) = G2i,n
= (λc /4πd0 )2 (di,n /d0 )−µ .
3.2.2

(3.1)

Partial Decode-and-Forward
All relays perform partial decode-and-forward operations based on the

two-level superposition coding strategy in [93]. The source transmits xt,1 during the first time slot, where
xt,1 = x1 + x2

56

(3.2)

and the source allocates power βPt to x1 and power β̄Pt to x2 , where β ∈ [0, 1]
and β̄ = 1 − β. Note that x1 and x2 are codewords from codebooks with elements that are generated i.i.d. according to zero-mean Gaussian distributions
with variance βPt and β̄Pt , respectively.
The destination and all candidate relay nodes employ typical set decoding to decode x1 and x2 . The candidate relays and the destination initially
attempt to decode x1 . If node i can decode x1 then it attempts to decode
x2 . Two channel thresholds, |h1 | and |h2 |, are chosen to determine the set of
received rates for this two-level coding strategy. Then, x1 can be decoded at
the rate R1 [93], where

R1 = ln 1 +

|h1 |2 βPt
|h1 |2 β̄Pt + σ 2



(3.3)

while x2 can be decoded at the rate R2 [93], where

|h2 |2 β̄Pt
R2 = ln 1 +
.
σ2


(3.4)

Note that if node i attempts to decode x1 or x2 at a higher rate than R1 or
R2 , respectively, the resulting probability of error is bounded away from zero.
The received signals at the candidate relay i and at the destination
during time slot 1 are, respectively
yi,1 = ht,i xt,1 + ni,1
yr,1 = ht,r xt,1 + nr,1 .

(3.5)

If the destination can decode both x1 and x2 , it broadcasts this information
to the entire network and the source prepares to send xt,2 during time slot 2.
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If the destination can only decode x1 , or if it cannot decode x1 , it broadcasts
this information to the entire network. The source then selects a subset of the
candidate relays to assist its transmission.
For relay i, if |ht,i | < |h1 |, then it cannot decode x1 and it does not
transmit during time slot 2. If |h1 | ≤ |ht,i | < |h2 |, then a selected relay i can
only decode x1 and will forward x1 to the destination during time slot 2. If
|ht,i | ≥ |h2 |, then a selected relay i can decode xt,1 and will forward xt,1 to
the destination. Thus, relay i allocates power Pi to its transmission xr,i to the
destination, where [93]

0
if |ht,i | < |h1 |


 qP
i
x
if |h1 | ≤ |ht,i | < |h2 |
xr,i =
βPt 1
q


Pi

(x1 + x2 ) if |ht,i | ≥ |h2 |.
Pt

(3.6)

For each relay i, we set βi = β for the majority of this chapter; in Section 3.6.1
we investigate the performance impact of varying βi with respect to β.
Thus, if A denotes the set of all relays that transmit during time slot
2, the destination receives
yr,2 =

X

hi,r xr,i + nr,2

(3.7)

i∈A

during time slot 2. After time slot 2, if the destination can decode xt,1 , the
received rate is R1 + R2 . If the destination can only decode x1 , the received
rate is R1 , and if the destination cannot decode x1 , the received rate is 0.
Note that this two-level coding strategy can be generalized to a multiple-level
approach based on broadcast strategies introduced for the single user and MAC
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channels [77]. Once the two-level strategies and algorithms are understood,
their generalization to n > 2 levels is relatively straightforward but leads to
extremely unwieldy expressions. Moreover, it is unclear if using a multiplelevel approach will provide significant gains in performance. Thus, we have
chosen to limit ourselves to a two-level transmission strategy in this chapter.
Our proposed multiple-relay selection algorithms choose A to maximize
the expected rate subject to a sum power constraint over all relays i ∈ A. In
the next section we derive both the diversity gain and the generalized diversity
gain via selecting m relays.

3.3

Diversity Performance
After m relays are selected to transmit to the destination during time

slot 2, we consider the resulting diversity gains κ1 (m) and κ2 (m) for R1 and
R2 , respectively. Let Pout (R1 , A) denote the probability that the destination
cannot decode x1 after time slot 2, and let Pout (R2 , A) denote the probability
that the destination cannot decode x2 after time slot 2.
For the diversity analysis, we set the relay powers Pi = Pt for i ∈
{1, 2, . . . , m}, and so the SNR is Pt /σ 2 . The diversity gains are obtained
by observing that the outage probabilities Pout (R1 , A) and Pout (R2 , A) are
proportional to SNR−κ1 (m) and SNR−κ2 (m) , respectively as the SNR Pt /σ 2
approaches infinity. We reiterate that these diversity gains are at most the
diversity achieved by selecting m relays out of Kr candidate relays.
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Theorem 1. Selecting m relays to transmit during time slot 2 yields a diversity
gain of
κ1 (m) = m + 1

(3.8)

and κ2 (m) = κ1 (m).
Proof. See Appendix 3.A.
We note that obtaining the diversity gain of m + 1 entails a relatively
straightforward extension of the single-relay analysis for decode-and-forward
relaying in [42, Section IV.B]. In the two-level transmission strategy that we
consider, the destination still attempts to decode the transmission from the
source even if at least one relay fails to decode x1 or x2 . Note that the singlerelay analysis in [42, Section IV.B] ignores the direct link transmission if the
relay makes a decoding error, and so a direct extension of the analysis in [42,
Section IV.B] would yield a diversity gain of m instead.
We also perform a generalized diversity analysis where the relay powers
are such that (Pi /σ 2 ) = (Pt /σ 2 )k for i ∈ {1, 2, . . . , m}, where k is a real number. The generalized diversity gains κg1 (m) and κg2 (m) are obtained by observing that the outage probabilities Pout (R1 , A) and Pout (R2 , A) are proportional
g

g

to SNR−κ1 (m) and SNR−κ2 (m) , respectively as the transmit-side SNR Pt /σ 2
approaches infinity.
Theorem 2. Selecting m relays to transmit during time slot 2 yields a gener-
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alized diversity gain of
κg1 (m)
and κg2 (m) = κg2 (m).

=



km + 1 if k ≤ 1
m + 1 if k > 1

(3.9)

Proof. See Appendix 3.B.
The generalized diversity gain κg1 (m) = κg2 (m) has the following intuitive interpretation. If k ≤ 1, each relay is no better than the source in
terms of transmit power, so the worst-case error event is determined by all
of the relay-to-destination channels. In particular, this event occurs when all
m suboptimal relays attempt to forward x1 or x2 to the destination. On the
other hand, if k > 1, each relay is better than the source in terms of transmit
power, so the worst-case error event is determined by all of the source-to-relay
channels. In particular, this event occurs when all m superior relays cannot
decode either x1 or x2 .

3.4

Rate-Maximizing Relay Position
We formulate the relay selection problem for an arbitrary number of

selected relays, and then we show how this problem can be simplified by considering a three-node line network.
3.4.1

Optimal Relay Placement in General Network
Consider the case where a subset A of the available relay nodes

{1, 2, . . . , Kr } are selected to assist the source. Let h denote the channel
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between a transmitting node and a receiving node. The received rate at a
receiving node via decoding x1 is [93]
|h|2 βPt
C1 (|h| ) , ln 1 + 2
|h| β̄Pt + σ 2


2



(3.10)

and the rate at a receiving node via decoding x2 after decoding x1 is [93]


|h|2 β̄Pt
C2 (|h| ) , ln 1 +
.
σ2
2

(3.11)

The expected rate of the two-level superposition coding strategy is
R̄sc,2(A) = (1 − Pout (R1 , A))R1 + (1 − Pout (R1 , A))(1 − Pout (R2 , A))R2 (3.12)
and so the relay selection problem can be formulated as follows
maxA⊆{1,2,...,K
Pr } R̄sc,2 (A)
subject to
i∈A Pi ≤ Pmax and 0 ≤ Pi ≤ Pi,max

∀i ∈ A.

(3.13)

It is apparent from (3.13) that the relay selection problem is also a power
allocation problem. In particular, if a relay i is not selected, it is assigned a
power Pi = 0. On the other hand, if a relay i is selected, it is assigned a power
Pi > 0 according to the solution to (3.13).
Let ∆ denote the set of all relays that cannot decode x1 , and let Θ
denote the set of all relays that can decode x1 but cannot decode x2 . The
probability that the destination cannot decode x1 after time slot 2 can be
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obtained by generalizing [93, (13)] as
Pout (R1 , A) =

P
P
T
(0≤α,ξ≤kAk),α+ξ≤kAk
∆⊆A,Θ⊆A,k∆k=α,kΘk=ξ,∆ Θ=∅


Q
2
×
δ∈∆ P (C1 (|ht,δ | ) < R1 )
Q

2
2
×
P
(C
(|h
|
)
≥
R
,
C
(|h
|
)
<
R
)
1
t,θ
1
2
t,θ
2
 Qθ∈Θ

2
S
×
P
(C
(|h
|
)
≥
R
)
2
t,η
2
η∈(A\(∆ Θ))
P

2
S
|ht,r |2 βPt +
Θ)) |hη,r | βPη
×P ln 1 + |ht,r |2 β̄Pt +P η∈(A\(∆
2
2
S
η∈(A\(∆ Θ)) |hη,r | β̄Pη +σ


P
|h |2 P
+ θ∈Θ θ,rσ2 θ < R1 .
(3.14)

Each term in the inner sum in (3.14) represents a scenario where α selected
relays cannot decode x1 , ξ selected relays can decode x1 but cannot decode
x2 , and the other kAk − α − ξ selected relays can decode x2 .
The expressions in (3.14) are fairly involved, so we consider the highSNR regime for ease of analysis. In Appendix 3.A, we prove that
P (C1 (|ht,δ |2 ) < R1 ) ∼

1
eR1 − 1
·
,
G2t,δ (Pt /σ 2 )(1 − β̄eR1 )

(3.15)

P (C1(|ht,θ |2 ) ≥ R1 , C2 (|ht,θ |2 ) < R2 ) ∼ 1,

(3.16)

P (C2(|ht,η |2 ) ≥ R2 ) ∼ 1,

(3.17)

and

∼

P
|ht,r |2 βPt + η∈(A\(∆ S Θ)) |hη,r |2 βPη
P
|ht,r |2 β̄Pt + η∈(A\(∆ S Θ)) |hη,r |2 β̄Pη +σ2
kAk−α+1
e 1 −1
1
· (kAk−α+1)!
· G12 ×
(Pt /σ2 )(1−β̄eR1 )
t,r

 
P ln 1 +

R
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+
Q

P

|hθ,r |2 Pθ
θ∈Θ
σ2



< R1

1
ν∈(A\∆) (Pν /Pt )G2ν,r .



(3.18)

The probability that the destination cannot decode x2 after time slot
2 is
Pout (R2 , A) =

P
 Q

P
2
P
(C
(|h
|
)
<
R
)
2
t,δ
2
∆⊆A,k∆k=α
δ∈∆
0≤α≤kAk

Q
2
×
θ∈(A\∆) P (C2 (|ht,θ | ) ≥ R2 )
!


P
×P C2 |ht,r |2 + θ∈(A\∆) |hθ,r |2 < R2
.

(3.19)

Each term in the inner sum in (3.19) represents a scenario where α selected
relays cannot decode x2 and the other kAk − α selected relays can decode x2 .
The expressions in (3.19) are also fairly involved, so we again consider
the high-SNR regime for ease of analysis. In Appendix 3.A, we prove that
1
eR2 − 1
P (C2 (|ht,δ | ) < R2 ) ∼ 2 ×
,
Gt,δ β̄(Pt /σ 2 )

(3.20)

P (C2 (|ht,θ |2 ) ≥ R2 ) ∼ 1,

(3.21)

2

and
 


P
2
2
P C2 |ht,r | + θ∈(A\∆) |hθ,r | < R2
kAk−α+1
 R
Q
e 2 −1
1
∼ β̄(Pt /σ2 )
× (kAk−α+1)!
× G12
θ∈(A\∆)
t,r

1
.
(Pθ /Pt )G2θ,r

(3.22)

It is apparent that (3.13) is an optimization problem with linear in-

equality constraints. Also, from (3.14)-(3.18) it is clear that Pout (R1 , A) is a
nonlinear function of Pi ∀ i ∈ A in the high-SNR regime. In addition, from
inspecting (3.19)-(3.22) it is clear that Pout (R2 , A) is a nonlinear function of
Pi ∀ i ∈ A in the high-SNR regime. Then, the preceding analysis shows that
in the high-SNR regime, R̄sc,2(A) is a nonlinear function of Pi for i ∈ A. Thus,
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nonlinear programming techniques such as sequential quadratic programming
[60] can be applied to solve (3.13) in the high-SNR regime.
The relay selection problem (3.13) can also be approximated as a relay
placement problem where m relays in Fig. 3.1 are chosen to assist the source.
The key idea behind the relay placement problem is to hypothetically place
m relays in the locations that would maximize R̄sc,2 (A). Then, the m relays
in Fig. 3.1 that are closest to the rate-maximizing locations are selected. It is
also assumed that each selected relay i employs the same power Pi = Pmax /m.
To solve for the rate-maximizing locations, recall from (3.1) that G2i,n =
(λc /4πd0)2 (di,n /d0 )−µ = (di,n )−µ χ. Without loss of generality, assume that the
source is located at (0,0) and the destination is located at (dt,r , 0). If relay i
p
p
is located at (ai , bi ), then dt,i = a2i + b2i and di,r = (dt,r − ai )2 + b2i . The

rate-maximizing locations are

{a∗1 , b∗1 , . . . , a∗m , b∗m } = arg maxa1 ,b1 ,...,am ,bm R̄sc,2
P (A)
subject to kAk = m, i∈A Pi ≤ Pmax
and 0 ≤ Pi ≤ Pi,max ∀i ∈ A.
In particular, by considering the binomial series
is a real number, we see that

and

dµt,i = (a2i + b2i )µ/2
P∞
Γ(µ/2+1)
2k µ−2k
=
k=0 k!Γ(µ/2+1−k) ai bi

P∞

k=0 (a +

dµi,r = ((dt,r − ai )2 + b2i )µ/2
P∞
Γ(µ/2+1)
2k µ−2k
=
.
k=0 k!Γ(µ/2+1−k) (dt,r − ai ) bi

b)k where k

(3.23)

(3.24)

We assume that 0 < ai < dt,r for each relay i since the relays are
interspersed throughout the region between the source and the destination.
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Also, assume without loss of generality that bi > 0 for each relay i since
dt,i and di,r are functions of b2i . Let the m selected relays be located at
(a1 , b1 ), (a2 , b2 ), . . . , (am , bm ). Recall from (3.14), (3.15), (3.18), (3.19), (3.20)
and (3.22) that in the high-SNR regime, R̄sc,2(A) is a function of G−2
i,n =
(di,n )µ /χ. Then, from (3.23) and (3.24), we see that R̄sc,2 (A) is a function
of {a1 , b1 , . . . , am , bm }. Since we have assumed that ai and bi are positive for
each relay i, and the binomial coefficients in (3.23) and (3.24) are not necessarily positive, R̄sc,2 (A) is a signomial function[12] of {a1 , b1 , . . . , am , bm } in
the high-SNR regime.
Signomial programs usually do not admit efficient solutions via geometric programming unless the objective function and the associated inequality
and equality constraints satisfy certain conditions [12]. Next, we show that
given a three-node line network, R̄sc,2(A) reduces to a polynomial function of
the relay position d.
3.4.2

Optimal Relay Placement in Line Network
We consider a line network with Kr = 1. The source is located at (0,0),

the destination is located at (dt,r , 0) and the relay is located at (d, 0) where
0 < d < dt,r . The outage probability Pout (R1 , A) can be written as [93]
Pout (R1 , A) = P (C1(|ht,1 |2 ) < R1 )P (C1 (|ht,r |2 ) < R1 )
2
2
+P (C
 1(|h
 t,1 | ) ≥ R1 , C2 (|ht,1 | ) < R
2 )
×P

ln 1 +

|ht,r |2 βPt
|ht,r |2 β̄Pt +σ2

+

|h1,r |2 P1
σ2





2

+P (C
 2(|h
 t,1 | ) ≥ R2 )
2

×P C1 |ht,r | +
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|h1,r |2 P1
Pt

< R1

< R1



(3.25)

and the outage probability Pout (R2 , A) can be written as [93]
Pout (R2 , A) = P (C2 (|ht,1 |2 ) < R2 )P (C2(|ht,r |2 ) < R2 )
2
+P (C
 2 (|h
 t,1 | ) ≥ R2 )


×P C2 |ht,r |2 +

|h1,r |2 P1
Pt

(3.26)

< R2 .

As in Section 3.4.1, the expressions in (3.25) and (3.26) are fairly involved, so
we again consider the high-SNR regime for ease of analysis.
In Appendix 3.A, we prove that (3.25) simplifies to


1
eR1 −1
Pout (R1 , A) ∼
× (Pt /σ2 )×(1−β̄eR1 )
G2t,1


R1 −1
× G12 × (Pt /σ2e)×(1−
R
β̄e 1 )
 t,r

R1 −1
1
+ (P1 /Pt )G2 × (Pt /σ2e)×(1−
R
1,r

β̄e 1 )
R
1
−1
× G12 × (Pt /σ2e)×(1−
β̄eR1 )

(3.27)

t,r

and we prove that (3.26) simplifies to
 


1
eR2 −1
1
eR2 −1
Pout (R2 , A) ∼
×
×
×
2
2
G2t,1
G2t,r
 β̄(Pt /σ )
β̄(Pt /σ )
R
e 2 −1
+ 12 × (P1 /P1t )G2 × β̄(P
2
t /σ )
1,r 

R
e 2 −1
× G12 × β̄(P
.
2
t /σ )

(3.28)

t,r

Let G1 = (eR1 −1)/((Pt /σ 2 )×(1−β̄eR1 )) and G2 = (eR2 −1)/(β̄(Pt /σ 2 )).
Then
R̄sc,2 (A) = (1 − Pout (R1 , A))R1 + (1 − Pout (R1 , A))(1 − Pout (R2 , A))R2
∼ R1 × (1 − G21 χ2 × dµt,r (dµ + (Pt /P1 ) × (dt,r − d)µ ))
+R2 × (1 − G21 χ2 × dµt,r (dµ + (Pt /P1 ) × (dt,r − d)µ ))
×(1 − G22 χ2 × dµt,r (dµ + (1/2) × (Pt /P1 ) × (dt,r − d)µ )).
(3.29)
For integral values of the path loss exponent µ, finding the rate-maximizing
relay position d¯ is equivalent to maximizing a polynomial over 0 < d < dt,r .
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For example, if µ = 2, R̄sc,2(A) is a fourth-degree polynomial in d. Maximizing
R̄sc,2(A) with respect to d is then equivalent to finding the roots of a cubic
equation that lie in 0 < d < dt,r , assuming that at least one exists.

3.5

Relay Subset Selection Algorithms
The analysis in Section 3.4.1 shows that the combinatorial optimiza-

tion problem (3.13) can be approximated by considering a given value of
m ∈ {1, 2, . . . , Kr } and maximizing a signomial function of the relay locations
(a1 , b1 ), . . . , (am , bm ) in the high-SNR regime, which yields the rate-maximizing
set (ā1 , b̄1 ), . . . , (ām , b̄m ).
Note that since R̄sc,2 (A) is a signomial function in the high-SNR regime,
relays that are located close to any of the points in the rate-maximizing set
should still yield high expected rates due to the inherent smoothness of signomial functions. This motivates the following proximity-based algorithm for
solving (3.13).
Algorithm 1. Multiple Fan Out
Step 1: For a given value of m ∈ {1, 2, . . . , Kr }, maximize R̄sc,2(A)

over all relay locations (a1 , b1 ), . . . , (am , bm ) to obtain the ratemaximizing locations (ā1 , b̄1 ), . . . , (ām , b̄m ).
Step 2: Set i = 1 and A = ∅.
Step 3: For relay n, where 1 ≤ n ≤ Kr , compute d(n) where d(n)

is the distance from relay n to (āi , b̄i ). If relay n is at location
p
(an , bn ), d(n) = (an − āi )2 + (bn − b̄i )2 .
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Step 4: Find the closest relay n to (āi , b̄i ) not in A and let A =
A ∪ {n} and Pn = Pmax /m.
Step 5: If kAk = m, stop. Otherwise, let i = i + 1 and return to
Step 3.

We call the above relay selection algorithm Multiple Fan Out because
the process of relay selection is analogous to a search party fanning out from its
initial location. Here, the objective is to “fan out” from (ā1 , b̄1 ), . . . , (ām , b̄m )
until m relays have been selected.
Note that in Step 2, we set i = 1 and increase i in Step 5. It turns out
that ā1 = · · · = ām and b̄1 = · · · = b̄m in Step 1, so the initial assignment of
i in Step 2 and its iteration in Step 5 are irrelevant. The Multiple Fan Out
algorithm, then, reduces to finding the m closest relays to the single ratemaximizing point (ā1 , b̄1 ).
Step 1 involves maximizing a signomial function, which usually does
not admit an efficient solution. To obtain a more tractable problem, the
analysis in Section 3.4.2 shows that in the case of a three-node line network,
R̄sc,2(A) is a polynomial function of the relay location d in the high-SNR
¯
regime. Maximizing R̄sc,2 (A) yields the rate-maximizing relay location d.
Also, since R̄sc,2 (A) is a polynomial function in the high-SNR regime for
a three-node line network, relays that are located close to the rate-maximizing
relay location d¯ should still yield high expected rates due to the inherent
smoothness of polynomial functions. This motivates another proximity-based
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algorithm for solving (3.13). Again we assume that the path loss exponent µ
takes on an integral value. We also assume that exactly m relays are to be
selected, which further simplifies the algorithm.
Algorithm 2. Single Fan Out
Step 1: Maximize (3.29) to find the rate-maximizing relay location
¯ 0).
(d,
Step 2: For relay n, where 1 ≤ n ≤ Kr , compute d(n) where d(n) is
¯ 0). If relay n is at location (an , bn ),
the distance from relay n to (d,
p
¯ 2 + b2 .
d(n) = (an − d)
n
Step 3: Sort the set of relays as {a1 , a2 , . . . , aKr }, where
d(a1 ) ≤ d(a2 ) ≤ · · · ≤ d(aKr ).
¯ 0) not in A and let A =
Step 4: Find the closest relay n to (d,
A ∪ {n} and Pn = Pmax /m.
Step 5: If kAk = m, stop. Otherwise, return to Step 4.
We call the above relay selection algorithm Single Fan Out because d¯
is computed via analysis of a single-relay line network. Note that both the
Multiple Fan Out and Single Fan Out algorithms are greedy strategies in that
the order of procession through the list of relays is based on their proximity
¯ respectively. Greedy algorithms are useful for
to (x̄1 , ȳ1), . . . , (x̄m , ȳm ) and d,
the problem at hand in that they possess an inherent simplicity, and their
run-times are usually simple to characterize.
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We propose another greedy approach for selecting A. For simplicity,
we assume that at most m relays are to be selected.
Algorithm 3. Best Gains
Step 1: For relay i, where 1 ≤ i ≤ Kr , compute |hi,r |2 .
Step 2: Sort the set of relays as {a1 , a2 , . . . , aKr }, where
|ha1 ,r |2 ≥ |ha2 ,r |2 ≥ · · · ≥ |haKr ,r |2 .
Step 3: Let i = 1 and A = ∅.
Step 4: If relay ai has decoded x1 , then A = A ∪ {ai } and Pi =
Pmax /m.

Step 5: If kAk = m or i = Kr , go to Step 6. Otherwise, let i = i+1
and return to Step 4.

Step 6: If kAk < m, let Pi = Pmax /kAk for each relay ai ∈ A.
We call the above relay selection algorithm Best Gains because the
order of procession through the list of relays is based on their channel gains to
the destination. The objective is to choose relays that will be able to reliably
transmit to the destination during time slot 2. Note that a check is performed
on each selected relay in Step 4 to ensure that it will be able to forward at
least x1 to the destination.
To obtain a lower bound on the performance of the above greedy algorithms, we propose the following algorithm whereby relays are randomly
selected to transmit during time slot 2.
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Algorithm 4. Random Relays
Step 1: Let A = ∅.
Step 2: Randomly select a relay i ∈ {1, 2, . . . , Kr } \ A and let

A = A ∪ {i} along with Pi = Pmax /m.

Step 3: If kAk = m, stop. Otherwise, return to Step 2.
Since the destination employs diversity combining to receive the signals
from all of the selected relays, the performance of the Random Relays algorithm should approach that of the other proposed relay selection algorithms
as m increases.

3.6
3.6.1

Simulation Results
Performance of Relay Selection Algorithms
We place the source at (0, 0) and the destination at (100, 0). We use

the WiMAX signaling bandwidth of 9 MHz [4], and given a noise floor of 174dBm/Hz this yields a noise value σ 2 = −104dBm. We also set the carrier
frequency fc = 2.4GHz along with a reference distance d0 = 1m and a path
loss exponent µ = 3. We randomly place Kr = 20 relays in the region between
the source and the destination.
In this section, we obtained our expected rate results by averaging
over 106 Monte Carlo simulation runs, where a random network was initially
generated and then used for all simulation runs.

72

12dB rx SNR at sink, K =20 relays, R +R =2.5008
r

1

2

2.5
2.4

Expected rate

2.3
Multiple Fan Out
Single Fan Out
Best Gains
Random Relays

2.2
2.1
2
1.9
1.8
1

2

3

4

Number of relays

Figure 3.2: Expected rate of proposed proximity-based selection strategies as
a function of number of selected relays.
Fig. 3.2 shows how the expected rate R̄sc,2(A) varies with the number
of selected relays kAk = m for the algorithms that we have proposed. Here
we fix the source’s power Pt = 6dBm and the relay sum power constraint
Pmax = Pt . The fraction of the source’s power allocated to x1 is β = 0.75
and the decoding thresholds for x1 and x2 are |h1 | = 7.4 · 10−11 and |h2 | =
1.25 · 10−10 , respectively. In the case of the Best Gains algorithm, we only
consider cases where the number of selected relays kAk = m. We obtain the
rate-maximizing set (ā1 , b̄1 ), . . . , (ām , b̄m ) for the Multiple Fan Out algorithm
via the fmincon function from Matlab, which employs a sequential quadratic
programming method.
We see that the greedy Best Gains algorithm yields the highest expected rate for all of the proposed selection strategies. This is due to the
fact that the Best Gains algorithm biases relay selection toward those relays
that have good channel gains to the destination and can also transmit dur73

ing time slot 2; this minimizes the chances of an outage event occurring at
the destination where it cannot decode x1 . On the other hand, the Fan Out
algorithms select relays that are close to ergodic rate-maximizing points without considering their decoding status and their instantaneous channel gains to
the destination. Thus, the Best Gains algorithm attempts to optimize relay
selection for each source transmission, though additional overhead is incurred
relative to the Fan Out algorithms since the relays must inform the source of
their decoding status and their channels to the destination.
Also, the Single Fan Out algorithm offers virtually the same performance as the Multiple Fan Out algorithm, which demonstrates the utility of
our simplifications of the relay selection problem. Here, the relays that are
close to the rate-maximizing set for the Multiple Fan Out algorithm are also
¯ 0) for the Single Fan Out algorithm.
close to the rate-maximizing position (d,
In addition, as the number of selected relays kAk increases, each strategy
yields a higher expected rate which approaches the maximum expected rate.
Finally, note that the performance gap between all of the proposed strategies decreases as the number of selected relays increases. This is due to the
fact that selecting multiple relays yields an SNR gain at the destination that
gradually overcomes the loss from selecting relays that might not be close to
the rate-maximizing positions that are computed by the Multiple Fan Out and
Single Fan Out algorithms.
Fig. 3.3 shows how the expected rate R̄sc,2(A) varies with the number
of selected relays kAk = m for two relay power allocation strategies. We
74

12dB rx SNR at sink, R +R =2.5008
1

2

2.45
Optimal Power Allocation
Equal Power Allocation

Expected rate

2.4

2.35

2.3

2.25

2.2
2

3
Number of relays

4

Figure 3.3: Expected rate comparison between rate-maximizing relay power
allocation and strategy that assigns equal power to all candidate relays.
use the same system parameters as in Fig. 3.2, except that we randomly
place m relays in the region between the source and the destination instead
of Kr = 20 relays. The Optimal Power Allocation strategy entails solving the
relay selection problem in (3.13), and the Equal Power Allocation strategy
assigns equal power to all of the selected relays. We also set Pmax = Pt .
We observe that the Equal Power Allocation strategy offers comparable
performance to the Optimal Power Allocation strategy. This illustrates the
utility of low-complexity strategies that reduce the computation time inherent
to interior-point methods that are needed to solve (3.13).
Fig. 3.4 shows how the expected rate R̄sc,2 (A) varies with the average
received SNR at the destination for different ratios between the relays’ and
source’s powers. When the average received SNR values at the destination
are 0dB, 2dB and 4dB, the source’s power takes on values Pt = −6dBm,
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Figure 3.4: Expected rate of proposed proximity-based relay selection strategy
as a function of average received signal strength at destination.
Pt = −4dBm and Pt = −2dBm, respectively.
We observe that as the average received SNR at the destination increases, the expected rate increases for each value of Pi /Pt . Note that for a
fixed value of Pi /Pt , increasing the average received SNR at the destination
entails increasing Pi and Pt . For a fixed value of the average received SNR at
the destination, the expected rate decreases as Pi /Pt decreases, which corresponds to a decrease in Pi . Thus, even though the three selected relays yield
an SNR gain at the destination in time slot 2, this gain decreases as the relays’
power decreases.
Fig. 3.5 shows how the expected rate R̄sc,2 (A) varies with the average
received SNR at the destination for different values of the relays’ power split
βi . We set β = 0.75.
We see that as the relays’ power split βi decreases, the expected rate
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Figure 3.5: Expected rate of proposed proximity-based relay selection strategy
as a function of power split between source message components at selected
relays.
increases for all average received SNR values at the destination. Note that as
βi decreases, β̄i increases, which leads to an increase in R2 as seen in (3.4). On
the other hand, as β̄i increases, (3.3) shows that R1 decreases. Fig. 3.5 shows
that the increase in R2 overcomes the decrease in R1 .
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3.A

Proof of Theorem 1
The probability that the destination cannot decode x1 after time slot

2 is
P
P
T
Pout (R1 , A) =
∆⊆A,Θ⊆A,k∆k=α,kΘk=ξ,∆ Θ=∅
(0≤α,ξ≤m),α+ξ≤m

Q
×
P (C1 (|ht,δ |2 ) < R1 )
 Qδ∈∆

2
2
×
P (C1 (|ht,θ | ) ≥ R1 , C2 (|ht,θ | ) < R2 )
 Qθ∈Θ

2
S
×
P
(C
(|h
|
)
≥
R
)
2
t,η
2
Θ))
P
 η∈(A\(∆

2
S
|ht,r |2 βPt +
Θ)) |hη,r | βPt
×P ln 1 + |ht,r |2 β̄Pt +P η∈(A\(∆
2
2
S
η∈(A\(∆ Θ)) |hη,r | β̄Pt +σ


P
|hθ,r |2 Pt
+ θ∈Θ σ2
< R1 .

(3.30)

Each term in the inner sum in (3.30) represents a scenario where α selected
relays cannot decode x1 , ξ selected relays can decode x1 but cannot decode
x2 , and the remaining m − α − ξ selected relays can decode x2 .
Note that for a Rayleigh fading channel h,
 


2 βP
t
P (C1 (|h|2 ) < R1 ) = P ln 1 + |h||h|
<
R
1
2 β̄P +σ 2
t


R
2
1
e −1
= P |h|2 < 1−
× σPt
β̄eR1
∼

1
E(|h|2 )

×

(3.31)

eR1 −1
(1−β̄eR1 )Pt /σ2

where (3.31) follows from [42, Fact 1].
Also, for a Rayleigh fading channel h,
P (C1 (|h|2 ) ≥ R1 , C2 (|h|2 ) < R2 ) ≤ P (C1 (|h|2 ) ≥ R1 )
∼ 1.
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(3.32)

In addition, for independent Rayleigh fading channels h1 and h2 ,
 


|2 βPt
|h2 |2 Pt
P ln 1 + |h1|h|21β̄P
+
<
R
1
2
σ2
t +σ


 
|h1 |2 βPt +|h2 |2 βPt
≤ P ln 1 + |h1 |2 β̄Pt +|h2|2 β̄Pt +σ2 < R1
2
2
= P (C
R1 )
(3.33)
 1 (|h1 | + |h2 | ) <

eR1 −1
σ2
2
2
= P |h1 | + |h2 | < 1−β̄eR1 × Pt

2
eR1 −1
∼ 2E(|h1 |21)E(|h2 |2 ) (1−β̄e
R1 )P /σ 2
t

where the last step follows from [42, Fact 2].

Also, for a Rayleigh fading channel h,
P (C2 (|h|2 ) ≥ R2 ) ∼ 1.

(3.34)

In addition, for independent Rayleigh fading channels h1 , h2 and h3 ,
 


|h3 |2 Pt
|h2 |2 Pt
|2 βPt
+
+
<
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P ln 1 + |h1|h|21β̄P
2
2
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2
σ
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= P
(C1(|h1 |2 + |h2 |2 + |h3 |2 ) < R1 )
(3.35)

eR1 −1
σ2
2
2
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= P |h1 | + |h2 | + |h3 | < 1−β̄eR1 × Pt

3
eR1 −1
∼ 6E(|h1 |2 )E(|h1 2 |2 )E(|h3 |2 ) (1−β̄e
R1 )P /σ 2
t

where the last step follows from [43, Appendix B].

We use (3.31), (3.32), (3.33), (3.34) and (3.35) to see that
P
 
|ht,r |2 βPt + η∈(A\(∆ S Θ)) |hη,r |2 βPt
P
P ln 1 + |ht,r |2 β̄Pt +
2
2
S
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< R1
P
 


2
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P
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< R1
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P
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−(m−α+1)
1
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t
Q
1
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(3.36)

Thus, the high-SNR behavior of Pout (R1 , A) is
Pout (R1 , A) ∼
=

 −1 α
Pt
σ2

 −(m+1)

× (1)β × (1)m−α−β ×

Pt
σ2

 −(m−α+1)
Pt
σ2

(3.37)

and so the diversity gain for decoding x1 at the destination is κ1 (m) = m + 1.
The probability that the destination cannot decode x2 after time slot
2 is
Pout (R2 , A) =

P
Q

P
2
P
(C
(|h
|
)
<
R
)
2
t,δ
2
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δ∈∆
0≤α≤m
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P
2
2
×P C2 |ht,r | + θ∈(A\∆) |hθ,r | < R2 .
(3.38)

Each term in the inner sum in (3.38) represents a decoding scenario where α
selected relays cannot decode x2 and the remaining m − α selected relays can
decode x2 .
Note that for a Rayleigh fading channel h,
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t
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(3.39)
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where the last step follows from [42, Fact 1].
Also, for independent Rayleigh fading channels h1 and h2 , note that
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where the last step follows from [42, Fact 2].
In addition, for independent Rayleigh fading channels h1 , h2 and h3 ,
note that
2
2
2
P (C
 2 (|h
 1 | + |h2 | + |h3 | ) < R2 )



2
2
2
= P ln 1 + |h1σ| 2β̄Pt + |h2σ| 2β̄Pt + |h3σ| 2β̄Pt < R2


2
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 R 3
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(3.41)

where the last step follows from [43, Appendix B].

We use (3.34), (3.39), (3.40) and (3.41) to see that
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(3.42)

Thus, the high-SNR behavior of Pout (R2 , A) is
Pout (R2 , A) ∼
=

 −1 α
Pt
σ2

 −(m+1)

× (1)m−α ×

Pt
σ2

 −(m−α+1)
Pt
σ2

(3.43)

and so the diversity gain for decoding x2 at the destination is κ2 (m) = m + 1.
Thus, we conclude that selecting m relays allows us to reap a diversity
gain of m + 1 for both R1 and R2 .

3.B

Proof of Theorem 2
The proof of Theorem 2 is similar to that of Theorem 1 in Appendix

3.A.
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First, we consider the decoding of x1 at the destination. Recalling that
(Pi /σ 2 ) = (Pt /σ 2 )k for each relay i, we can use (3.36) to see that
P
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e 1 −1
∼ (m−α+1)!
× E((Pt /σ12 )|ht,r |2 ) × (1−
β̄eR1 )
Q
1
× ν∈(A\∆) E((Pν /σ2 )|hν,r |2 )
 R
−(m−α+1)
1
e 1 −1
1
= (m−α+1)! × E(|ht,r |2 ) × (1−β̄eR1 )
 −(k(m−α)+1) Q
1
× σP2t
ν∈(A\∆) E(|hν,r |2 ) .

(3.44)

Thus, for a given integer value of α ∈ {0, . . . , m}, the high-SNR behav-

ior of Pout (R1 , A) is
Pout (R1 , A) ∼
=

 −1 α
Pt
σ2

× (1)β × (1)m−α−β ×

 −(km+1+α(1−k))
Pt
σ2

.

 −(k(m−α)+1)
Pt
σ2

(3.45)

We then minimize km + 1 + α(1 − k) over all α ∈ {0, . . . , m} to obtain the
generalized diversity gain κg1 (m) in Theorem 2.
We then consider the decoding of x2 at the destination. Recalling that
(Pi /σ 2 ) = (Pt /σ 2 )k for each relay i, we can use (3.42) to see that
 


P
2
|h |2 β̄P
P ln 1 + |ht,rσ|2 β̄Pt + θ∈(A\∆) θ,rσ2 θ < R2
 R −(m−α+1)
1
∼ (m−α+1)!
× E((Pt /σ12 )|ht,r |2 ) × e 2β̄−1
Q
× ν∈(A\∆) E((Pν /σ12 )|hν,r |2 )
 R −(m−α+1)  −(k(m−α)+1)
1
Pt
= (m−α+1)!
× E(|h1t,r |2 ) × e 2β̄−1
σ2
Q
× ν∈(A\∆) E(|h1ν,r |2 ) .
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(3.46)

Thus, for a given integer value of α ∈ {0, . . . , m}, the high-SNR behavior of Pout (R2 , A) is
Pout (R2 , A) ∼
=

 −1 α
Pt
σ2

m−α

× (1)
 −(km+1+α(1−k))
Pt
σ2

.

×

 −(k(m−α)+1)
Pt
σ2

(3.47)

We then minimize km + 1 + α(1 − k) over all α ∈ {0, . . . , m} to obtain the
generalized diversity gain κg2 (m) = κg1 (m) in Theorem 2.
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Chapter 4
Single-Antenna Relays: Downlink Scheduling

This chapter studies relay selection from the perspective of downlink
user scheduling. We present an overview of prior work and motivate our optimal scheduling strategies in Section 4.1. In Section 4.2 we present the relayassisted scheduling problem in a downlink wireless system. In Section 4.3, we
present the LPA problem from [35] and obtain the optimal scheduler for the
relay-assisted extension of this problem. We then present the DC problem from
[35] in Section 4.4 and obtain the optimal scheduler for its relay-assisted extension. Next we present the discounted cost problem from [85] in Section 4.5
and obtain the optimal scheduler for its relay-assisted extension. Simulation
results are presented in Section 4.6.

4.1

Prior Work and Motivation
As discussed in Chapter 2, relay-assisted communication improves wire-

less network performance via intelligent reception strategies such as hybridARQ. In this chapter, we focus on quantifying these performance gains in
wireless networks. For downlink transmission in a wireless network, we must
consider how the presence of fixed relays impacts the user scheduling decisions
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at the base station or access point. One of the key benefits of relay-assisted
scheduling in a cellular network is that multiple relays can simultaneously
transmit due to intelligent frequency reuse planning in the base station [88].
Another key benefit of considering relaying in a cellular network is that synchronizing the transmissions from multiple relays is relatively straightforward
and controlled by the base station, which avoids the difficulty of synchronizing
transmissions that is inherent to ad hoc networks [34, 45, 90]. Relay-assisted
scheduling has been studied in cellular networks [48, 88] and also for more
general networks [9, 16, 61, 84, 92]. In particular, a throughput-optimal multilink activation policy based on backpressure principles was applied to cellular
networks [88].
Note that prior work on relay-assisted scheduling does not account for
hybrid-ARQ, though. As mentioned in Chapter 2, relays can be employed to
decrease the number of hybrid-ARQ transmissions that are required to serve a
particular user. Given a hybrid-ARQ transmission framework, then, the relayassisted scheduling problem is not merely a function of user queue lengths at
the base station and the relays [88]. It is now important to also consider
the number of hybrid-ARQ transmissions that have occurred for each mobile
user’s head-of-line (HoL) packet, which directly impacts the decoding delay
that each mobile user incurs. Decoding delay also depends on queue lengths
via Little’s theorem [8] and has influenced a significant amount of work in the
scheduling domain [46, 56, 76].
There has been some work on downlink scheduling under a hybrid-ARQ
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transmission framework [35]. In [35], packets for several mobile users arrive
at the base station, and in each time slot one of the users is scheduled to
transmit. Each user has a cost function at the base station that depends on
both its queue length at the base station and the number of retransmissions
that have been used for its HoL packet. The objective is to schedule a user
to minimize the long-term average expected cost at the base station. It is
shown in [35] that the optimal scheduler is a fixed priority-index policy, where
the users are ranked and the highest-ranked user with a nonempty queue is
serviced in that time slot.
The preceding discussion motivates the design of cost-minimizing schedulers in a relay-assisted wireless network with hybrid-ARQ.

4.2

System Model
Consider the downlink transmission model in Fig. 4.1. The network

consists of a single base station, M fixed relay stations, and N mobile users.
Packets for each mobile user arrive at the base station, and each packet is
placed in a queue for its intended mobile user. The packet arrival processes
are mutually independent. Let hi,n denote the channel between nodes i and n.
In the first time slot, the base station selects a packet for one of the
users and broadcasts this packet to the entire network. If the selected user
successfully decodes the packet, the base station flushes the packet from its
queue and prepares to select another packet for transmission during the second
time slot. Each relay would also flush the packet from its queue in this case,
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Figure 4.1: Cellular network consisting of a base station, several mobile users
and several fixed relays that assist the base station in servicing the mobile
users.
assuming that it has decoded the packet after the first time slot.
4.2.1

Key Assumptions
We make the following critical assumptions in this chapter:

• The base station, all of the relays, and all of the mobiles are synchronized.
• All channels are narrowband and cause transmitted signals to undergo
flat fading.
• Before the first time slot, the base station knows its channel gain |ht,i |2
to each user i ∈ {1, 2, . . . , N}.
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• The base station also knows the channel gain |ha,i |2 from each relay a to
each user i.
• Time is slotted, and each channel gain |hi,n |2 remains constant over one
hybrid-ARQ retransmission sequence, which consists of a finite number
of slots. This assumption is reasonable in a slow fading environment.
• Each channel gain |hi,n |2 is assumed to vary independently from a single hybrid-ARQ retransmission sequence to the next retransmission sequence. This is a block fading assumption.
4.2.2

User Scheduling Problem
Given the transmission model as described above, it is apparent that

if each selected user can decode its packet after it is initially transmitted, the
relays do not need to play a role in the scheduling policy at the base station.
The relays are only considered in the scheduling policy when a selected user
makes a decoding failure and its packet needs to be retransmitted.
Each relay station can store one packet for each mobile user. The only
packets that are stored at each relay are those that 1) the base station has
scheduled, 2) the relay has decoded and 3) the mobile has not decoded. Thus,
we do not need to consider packet arrival processes at each relay station.
Let S(n) be the state vector for the base station at time slot n, where
S(n) is the same as in [35]. Thus, S(n) includes the number of transmission
attempts for the current HoL packet for each user and the queue length for
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each user at the base station.
Let Sa (n) be the state vector for relay a at time slot n. Here, Sa (n) =
{Ra,1 (n), Ra,2 (n), . . . , Ra,N (n)}. We have Ra,i (n) = 1 if a packet has been
selected for user i, relay a has decoded it and user i has not decoded it.
Otherwise, Ra,i (n) = 0.
Let M = {BS, 1, 2, . . . , M} and N = {1, 2, . . . , N} denote the set of
allowed transmitters and mobile users in the network, respectively. In this
chapter, our objective is to design a scheduling policy π(·, ·, · · · , ·) ∈ ΠR such
that π(S(n), S1 (n), S2 (n), · · · , SM (n)) = (Q, W, f (·)), where Q ∈ N is the set
of scheduled users and W ∈ M is the set of scheduled transmitters. Note
that f (w) ∈ Q is a rule for each scheduled transmitter w ∈ W that assigns a
scheduled user f (w) to w.
Note that S(n) and Sa (n) for a ∈ {1, 2, . . . , M} evolve with n according
to π(·, ·, · · · , ·). In particular, the number of transmissions of the HoL packet
for user i evolves as

i ∈ Q, user i decodes its HoL packet
 0
HoL
HoL
r
(n) + 1 i ∈ Q, user i cannot decode its HoL packet
ri (n + 1) =
 iHoL
ri (n)
i∈
/ Q.
(4.1)
Also, let Ai (n) be the number of packets for user i that arrive at the
base station in time slot n. Then, the queue length for user i evolves as
xi (n + 1) =



xi (n) + Ai (n) − 1 i ∈ Q, user i decodes its HoL packet
xi (n) + Ai (n)
otherwise.
(4.2)
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In addition, the decoding status of the HoL packet for user i at relay a
evolves as

0





1
Ri (n + 1) =


Ri (n)




4.3

i ∈ Q, a ∈ W,
i ∈ Q, a ∈
/ W,
i ∈ Q, a ∈
/ W,
i ∈ Q, a ∈ W,
i∈
/ Q.

decoding success at user i or
decoding failures at user i and relay a
failure at user i but success at relay a
decoding failure at user i or
(4.3)

Relay-Assisted Linear Poisson Arrivals Problem
In this section, we consider the relay-assisted linear Poisson arrivals

(RLPA) problem, which is a variant of the LPA problem introduced in [35].
4.3.1

Single-Relay Selection
We initially consider a system where a single relay out of M relays can

assist the base station in transmitting the packets for the N users. We provide
a recap of the basic formulation of the LPA problem from [35].
Packets for each of the N users arrive at their corresponding queues at
the base station. The arrival process for the packets of user i is Poisson with
rate λi , where i ∈ {1, 2, . . . , N}. Let ci,ri denote the cost of storing a packet for
user i that has already been transmitted ri times. The base station computes
a cost function Ui for user i that is linear in the queue length xi (n), where

ci,0 (xi (n) − 1) + ci,riHoL(n) xi (n) > 0
HoL
Ui (xi (n), ri (n)) =
(4.4)
0
xi (n) = 0.
In particular,
0 ≤ ci,ri ≤ ci,r′ ,
i

90

′

r i < ri

(4.5)

which implies that the storage cost for any packet is a nondecreasing function
of the number of transmission attempts.
The LPA problem entails determining the scheduling policy π ∈ Π that
minimizes the long-run average expected cost JLP A , where
τ

JLP A

N

i
1 hXX
HoL
= lim Eπ
Ui (xi (n), ri (n)) .
τ →∞ τ
n=1 i=1

The RLPA problem entails determining the scheduling policy π ∈ ΠR
that minimizes the long-run average expected cost JRLP A , where
" τ N
#
XX
1
JRLP A = lim Eπ
Ui (xi (n), riHoL (n)) .
τ →∞ τ
n=1 i=1
It turns out that the optimal policy for the RLPA problem is based on
the priority index policy that is optimal for the LPA problem [35]. For the
RLPA problem, knowledge of SR (n) at the base station is useful in deciding
which users can be served more quickly than others. This is especially useful
for the RLPA problem, since cost increases with the number of retransmission
attempts or delay.
Theorem 1. The optimal scheduling policy for the RLPA problem is a priorityindex rule, where the HoL packet with the highest priority index over all
nonempty base station queues is selected. The transmitter that yields the
highest priority index transmits the selected HoL packet.
Proof. The proof is in Appendix 4.A.
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We provide an intuitive justification of Theorem 1 in the following. In
[35], each user i is assigned a fixed priority index ci,riHoL /Ti,riHoL , where ci,riHoL
is the holding-cost rate for the HoL packet of user i that has undergone riHoL
transmission attempts. Also, Ti,riHoL is the expected service time for the HoL
packet of user i, where
rimax −1

Ti,riHoL = 1 +

X

a=riHoL

a
Y

gi (l)

(4.6)

l=riHoL

and gi (l) is the probability of a decoding failure by user i given that its HoL
packet has been transmitted l times. The optimal policy from [35] is to select
the HoL packet of the user with the highest priority index.
Since Ti,riHoL is a function of the decoding failure probability, a lower
value of Ti,riHoL implies that user i achieves a higher priority index. Now
consider the two-user system depicted in [35, Figure 4], where a new packet
arrival for the first user has priority over a packet retransmission for the second user. No relays are present, which is equivalent to the RLPA problem if
SR (n) = (0, 0, . . . , 0). Assume that only relay i has decoded the HoL packet
for user 2, so relay i can decrease T2,r2HoL . This increases user 2’s priority,
assuming that |hr,2 |2 > |ht,2 |2 . Thus, if |hr,2 |2 is above a threshold value, user
2 can actually end up with a higher priority index than user 1, and so a retransmission for user 2 would have priority over a new arrival for user 1. In
particular, π(S(n), SR (n)) = (2, i) as opposed to π(S(n)) = 1 for the LPA
problem, where no relays are present.
Thus, the introduction of relays for the RLPA problem results in a
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slight modification to the optimal priority index policy in [35]. Users are still
sorted according to their priority indices and the highest priority user with a
nonempty queue is scheduled. In this case, though, each relay i can inform
the base station of its ability to improve the priority indices of some subset
of the users by reporting SR,i (n) to the base. The base station can calculate
an improved priority index for each user a such that Ri,a (n) = 1. Then,
all priority indices including any revised indices are sorted, and the highest
priority user with a nonempty queue is scheduled along with the transmitter
that yields that highest priority index.
Note that the result in [35, Corollary 1] on the monotonicity of the
optimal policy with respect to the number of transmission attempts can be
extended to the RLPA problem, with a key caveat. Based on the discussion of
[35, Figure 4], scenarios exist where a new packet arrival to an empty queue
has priority over a retransmission of a previously scheduled HoL packet.
Corollary 1. Assume that it is optimal to transmit to user i when R =
HoL
(r1HoL , . . . , riHoL, . . . , rN
) and that for each empty queue a 6= i, no new packet

arrivals occur after the HoL packet of user i has been scheduled. Then it is
also optimal to transmit to user i if riHoL increases and raHoL is held fixed for
a 6= i.
Proof. The proof follows directly from the discussion in [35, Appendix] and
[35, Section 3.B].

93

4.3.2

Multiple-Relay Selection
We now consider the RLPA problem where multiple relays can assist

a scheduled user by simultaneously transmitting to it in a given time slot.
In particular, let gi,m (l) denote the probability of decoding failure at user
i if multiple relays assist it for retransmission l, and let gi,s (l) denote the
probability of decoding failure at user i if a single relay assists it for retransmission l. The multiple relays should yield gi,m (l) < gi,s (l) using a generic
multiple-transmitter hybrid-ARQ strategy. For example, each of the assisting
relays can retransmit the data for the scheduled user, possibly using different
modulation/code-rate pairs. This implies that the scheduled user can implement a strategy such as Chase combining to recover the transmissions from
the assisting relays.
If each assisting relay retransmits the data for the scheduled user using the same modulation/code-rate pair, the assisting relays must employ a
cooperative transmission approach. For example, in a relay-assisted cellular
network, the base station can synchronize the assisting relays so that their
transmissions will add coherently in both time and phase at the scheduled
user. On the other hand, if the assisting relays transmit distinct information,
the scheduled user must employ multiuser detection to recover those transmissions.
The optimal policy for the RLPA problem with multiple-relay transmission is similar to that for the RLPA problem with single-relay transmission.
The key is to define the priority indices associated with having multiple nodes
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simultaneously transmit to a user i, which depends on their respective channel
gains to user i.
Corollary 2. The optimal scheduling policy for the RLPA problem with multirelay transmission is a priority-index rule, where the HoL packet with the
highest priority index over all nonempty base station queues is selected. The
set of transmitters that yields the highest priority index transmits the selected
HoL packet.
Proof. This follows in a straightforward manner from Appendix 4.A.
Thus, allowing multiple relays to simultaneously assist a user in the
RLPA problem does not change the essence of the optimal scheduling policy.
The necessity of considering all possible sets of transmitters, though, increases
the complexity of determining the optimal scheduled user.

4.4

Relay-Assisted Draining Convex Problem
In this section, we consider the relay-assisted draining convex (RDC)

problem, which is a variant of the DC problem introduced in [35].
4.4.1

Single-Relay Selection
As in Section 4.3.1, we initially consider a system where a single relay

out of M relays can assist the base station in transmitting the packets for the
N users. We provide a recap of the basic formulation of the DC problem from
[35].
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The DC problem is a draining problem where no new packets arrive
at the base station, so Ai (n) = 0 for all users i and time slots n. In the
DC problem, the base station wants to empty all of the user queues. The
base station computes a cost function Ui for user i, where Ui is an arbitrary
increasing function of the queue length xi (n) and is independent of the number
of transmission attempts of the HoL packet of user i. Thus,
Ui (xi (n), riHoL (n)) = Ui (xi (n)).
The base station initially has a set of packets (x1 (1), x2 (1), . . . , xN (1))
for all N users. The DC problem entails determining the scheduling policy
π ∈ Π that minimizes the total expected draining cost JDC , where
JDC = Eπ

τ X
N
hX
n=1 i=1

i
Ui (xi (n)) .

The RDC problem entails determining the scheduling policy π ∈ ΠR
that minimizes the total expected draining cost JRDC , where
" τ N
#
XX
JRDC = Eπ
Ui (xi (n)) .
n=1 i=1

As in Section 4.3.1, it turns out that the optimal policy for the RDC
problem is based on the priority index policy that is optimal for the DC problem [35]. For the RDC problem, knowledge of SR (n) at the base station is
useful in deciding which users can be served more quickly than others. This
is especially useful for the RDC problem, since cost increases with the delay.
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Theorem 2. The optimal scheduling policy for the RDC problem is a priorityindex rule, where the HoL packet with the highest priority index over all
nonempty base station queues is selected. The transmitter that yields the
highest priority index transmits the selected HoL packet.
Proof. The proof is in Appendix 4.B.
The intuitive justification of Theorem 2 is similar to that of Theorem
1. Again, each relay i can inform the base station of its ability to improve the
priority indices of some subset of the users by reporting SR,i (n) to the base.
The base station can calculate an improved priority index for each user a such
that Ri,a (n) = 1. Then, all priority indices including any revised indices are
sorted, and the highest priority user with a nonempty queue is scheduled along
with the transmitter that yields that highest priority index.
4.4.2

Multiple-Relay Selection
We now consider the RDC problem where multiple relays can assist a

scheduled user by simultaneously transmitting to it in a given time slot. As
in Section 4.3.2, the scheduled user can implement a strategy such as Chase
combining to recover the transmissions from the assisting relays.
As in Section 4.3.2, the optimal policy for the RDC problem with
multiple-relay transmission is similar to that for the RDC problem with singlerelay transmission. The key is to define the priority indices associated with
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having multiple nodes simultaneously transmit to a user i, which depends on
their respective channel gains to user i.
Corollary 3. The optimal scheduling policy for the RDC problem with multirelay transmission is a priority-index rule, where the HoL packet with the
highest priority index over all nonempty base station queues is selected. The
set of transmitters that yields the highest priority index transmits the selected
HoL packet.
Proof. This follows in a straightforward manner from Appendix 4.B.
As in the RLPA problem, allowing multiple relays to simultaneously
assist a user in the RDC problem does not change the essence of the optimal scheduling policy. Again, the necessity of considering all possible sets of
transmitters increases the complexity of determining the optimal scheduled
user.
4.4.3

Optimal Policy Computation
As noted in Appendix 4.B, closed-form expressions cannot be found for

the optimal priority indices for the RDC problem. To facilitate the computation of the optimal policy, we adopt the approach of [35] and formulate the
RDC problem as a Markov decision process. For the purposes of simplicity,
we consider a two-user system with a single assisting relay. In this case, the
system state space is S = {(r1 , r2 , x1 , x2 , a1 , a2 ) : 0 ≤ ri ≤ rimax , 0 ≤ xi ≤
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Ai , ai ∈ {0, 1}, i ∈ {1, 2}}, where ai = 1 if the relay has decoded the HoL
packet for user i and user i has not decoded it, and ai = 0 otherwise.
The action space is V = {v0 , v10 , v11 , v20 , v21 }, where v0 occurs if both
the base station and the relay are idle, while vi0 occurs if the base station
serves user i and vi1 occurs if the relay serves user i.
In Appendix 4.C we utilize Bellman’s equation [7] to obtain necessary
conditions for the optimal cost function JRDC . These conditions motivate the
following result.
Proposition 1. Let JDC (r1 , r2 , x1 , x2 ) denote the optimal cost when starting
from the initial state
(r1 , r2 , x1 , x2 ) in the DC problem from [35].

Then, for i ∈ {1, 2}, ri ∈

{0, 1, . . . , rimax }, xi ∈ {0, 1, . . . , Ai } and ai ∈ {0, 1},
JRDC (r1 , r2 , x1 , x2 , a1 , a2 ) ≤ JDC (r1 , r2 , x1 , x2 ).
Proof. From [35, Section 5.C], it is clear that the action space VDC for the DC
problem is a strict subset of the action space V for the RDC problem. The
result follows immediately from this fact.
Note that if the base station-to-relay and relay-to-user channel gains
are stronger than the base station-to-user channel gains, the optimal cost for
the RDC problem should be strictly less than that of the DC problem. This
simple result motivates our simulations of a single-relay, two-user instance of
the RDC problem.
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4.5

Relay-Assisted Discounted Costs and Rewards
In this section, we consider the relay-assisted variant of the discounted

cost problem from [85], which we term the DCR problem.
4.5.1

Single-Relay Selection
The basic formulation of the discounted cost problem from [85] is the

same as that of the LPA problem in [35], with two key differences. First, a
reward is obtained in each time slot where a user successfully decodes its HoL
packet. Second, the cost function for each user is multiplied by a discount
factor that monotonically decreases with time.
As in Section 4.3.1, the arrival process for the packets of user i at the
base station is Poisson with rate λi , where i ∈ {1, 2, . . . , N}. Let ai denote
the reward obtained by servicing user i. The base station computes a cost
function Ui for user i that is linear in the queue length xi (n), where

 −ai (xi (n) − Ai (n − 1) − xi (n − 1))
HoL
+ci,0 (xi (n) − 1) + ci,riHoL(n)
xi (n) > 0
Ui (xi (n), ri (n)) =

0
xi (n) = 0.
(4.7)
Let β denote the discount factor for each user i. The DCR problem entails
determining the scheduling policy π ∈ Π that minimizes the long-run average
expected discounted cost JDCR , where
τ

JDCR

N

i
1 hXX n
HoL
= lim Eπ
β Ui (xi (n), ri (n)) .
τ →∞ τ
n=1 i=1

The RDCR problem entails determining the scheduling policy π ∈ ΠR that
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minimizes the long-run average expected cost JRDCR , where
" τ N
#
XX
1
JRDCR = lim Eπ
β n Ui (xi (n), riHoL(n)) .
τ →∞ τ
n=1 i=1
It turns out that the optimal policy for the RDCR problem is based on the
priority index policy that is optimal for the DCR problem [85]. As in the
RLPA problem, knowledge of SR (n) at the base station is useful in deciding
which users can be served more quickly than others.
Theorem 3. The optimal scheduling policy for the RDCR problem is a priorityindex rule, where the HoL packet with the highest priority index over all
nonempty base station queues is selected. The transmitter that yields the
highest priority index transmits the selected HoL packet.
Proof. The proof follows by applying the transformation of the RLPA problem
to the RLPAK problem in Appendix 4.A along with the analysis in [85, Section 1]. In particular, the RDCR problem is transformed into a Klimov-type
RDCRK problem via an appropriate state space expansion as in Appendix
4.A.
The analysis in [85, Section 1] states that the optimal priority-index rule
for the DCR problem is also optimal for the DCR problem where the storage
cost for each queue is set to zero and all rewards are modified as in [85, (1)]. In
particular, using the notation from Appendix 4.A, the cost of storing a packet
in queue (i, ri , j) is ci,ri,j = 0. All queue transition probabilities are the same
as in Appendix 4.A. Also, the reward for moving from queue (i, ri , j) to queue
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(k, rk , m) is
a(i,ri ,j),(k,rk ,m) =



ai i = k, rk = 0 and m = 0
0 otherwise.

(4.8)

The rest of the proof follows directly from Appendix 4.A.
As in the RLPA and RDC problems, the value of the relays for the
RDCR problem lies in their ability to modify the queue transition probabilities.
This results in a lower expected service time for any user that is serviced by
a relay. Note that the optimal priority-index policy can be computed via the
algorithm in [85, Section 3].
4.5.2

Multiple-Relay Selection
We now consider the RDCR problem where multiple relays can assist a

scheduled user by simultaneously transmitting to it in a particular time slot.
As in Section 4.3.2, the scheduled user can implement a strategy such as Chase
combining to recover the transmissions from the assisting relays.
As in Section 4.3.2, the optimal policy for the RDCR problem with
multiple-relay transmission is similar to that for the RDCR problem with
single-relay transmission. Again, the key is to define the priority indices associated with having multiple nodes simultaneously transmit to a user i, which
depends on their respective channel gains to user i.
Corollary 4. The optimal scheduling policy for the RDCR problem with multirelay transmission is a priority-index rule, where the HoL packet with the
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highest priority index over all nonempty base station queues is selected. The
set of transmitters that yields the highest priority index transmits the selected
HoL packet.
Proof. This follows in a straightforward manner from Appendix 4.A.
As in the RLPA problem, allowing multiple relays to simultaneously
assist a user does not change the essence of the optimal scheduling policy. In
this case, determining which set of relays should transmit in each time slot
will depend on the reward ai for each user i and the discount factor β.

4.6

Simulation Results
In this section we evaluate the performance of relaying in the RLPA

and RDC problems. First, we consider the RLPA problem, where we obtained
our expected cost results by averaging over 107 Monte Carlo simulation runs.
We initially generated a random single-relay network and then used it for all
simulation runs.
Fig. 4.2 evaluates the performance impact of employing M = 1 relay
in the RLPA problem. We consider a system with N = 2 users and set
the arrival rates as λ1 = λ2 = 0.3. We also set the maximum number of
retransmissions r1max = r2max = 2, and we set the cost rates c1 = [0.98 1 1.02].
In addition, we set the channel parameters from the base station to users 1
and 2 as η1 = η2 = 0.45. The user probability of decoding failure is computed

103

Long−term average expected cost

Holding cost c = 1.5
2

9
8.5
8
7.5
7
6.5
6
0.5

0.6
0.7
0.8
success probability for user 2 from relay

0.9

Figure 4.2: Simulated expected cost of relaying for relay-assisted system with
Poisson arrivals at base station as function of channel from relay to user 2.
as
gi (ri ) =



ηi · 0.5ri 0 ≤ ri < rimax
0
ri = rimax .

(4.9)

To gain an initial understanding of the performance impact of relaying
in the RLPA problem, we perform three actions. First, we vary the channel
parameter from the relay to user 2, as this determines the performance benefits
of relaying for user 2. Second, we fix the channel parameter from the relay
to user 1 as η1,1 = 0.5, as this prevents the relay from assisting user 1 and
allows us to focus on how the relay can assist user 2. Third, as in [35], we set a
constant storage cost c2,ri = 1.5 for user 2, as this diminishes the impact of the
particulars of the storage cost function on our performance evaluation. The
relay-to-user and base station-to-relay decoding probabilities follow the same
rule as in (4.9). Setting η1,2 = 0.5 models the case where the relay is essentially
absent, as a transmission from the relay yields no further information than a
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Figure 4.3: Simulated expected cost of priority-index scheduler for relayassisted system with Poisson arrivals at base station as function of relay-to-user
channel gains.
random coin flip.
We see that as the relay is placed in a more desirable location relative
to user 2, the long-term cost is significantly reduced, which is primarily due
to the relay’s strong channel gains to both the base station and user 2. In
particular, the cost decreases by about 28.8% from that with η1,2 = 0.5 to
that with η1,2 = 0.9. This demonstrates the strong performance gains that are
obtained by employing a relay, and especially an intelligently deployed relay.
Fig. 4.3 shows how the optimal policy for the RLPA problem behaves
as a function of the relay channel gains to the users. We adopt many of the
same parameters as in Fig. 4.2. We vary the relay channel parameters η1,1
and η1,2 to users 1 and 2, respectively and we set η1,1 = η1,2 .
We consider three values of the cost rate for user 2, namely c2,r2 ∈
{1, 2, 3} for each value of r2 . We see that the performance of the optimal policy
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deteriorates as the relay channel gains to the users decrease. In particular, if
we fix the cost rate at c2 = 3, we see that the long-term cost increases by
about 29.2% from that with η1,1 = 0.01 to that with η1,1 = 0.3. We have also
observed that the long-term cost continues to increase when simulating η1,1
up to 0.5, where the relay is essentially absent. In addition, Fig. 4.3 shows
that the long-term cost increases at roughly the same rate for each value of
c2,r2 . This demonstrates that 1) as in Fig. 4.2, strong performance gains are
obtained by employing a relay and 2) the particulars of the cost function at
hand are not as important as the intelligent placement of relays between the
base station and the mobile users.
Fig. 4.4 shows how the optimal policy for the RLPA problem behaves
as a function of the base station channel gains to the users. We adopt many
of the same parameters as in Fig. 4.2. In this case we set c2,r2 = 1.5 for each
value of r2 , and we vary the channel parameter η2 from the base station to
user 2.
We set the channel parameters from the relay to users 1 and 2 as η1,1 =
η1,2 = 0.15. We see that the performance of the optimal policy deteriorates as
the base station channel gain to user 2 decreases. We also consider a case where
no relay is present, and it can be seen that the performance of the optimal
policy decreases at an even faster rate than the case where M = 1 relay assists
the base station. This example further highlights the inherent challenges in
a cellular network of servicing cell-edge users, and it is apparent that relayassisted signaling is an important method for overcoming these difficulties.
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Figure 4.4: Simulated expected cost of priority-index scheduler for relayassisted system with Poisson arrivals at base station as function of base stationto-user channel gains.
We now consider the RDC problem, where we obtained our expected
cost results by averaging over 105 Monte Carlo simulation runs. We initially
generated a random single-relay network and then used it for all simulation
runs.
Fig. 4.5 compares the performance via employing M = 1 relay with
that of employing no relays. We consider a system with N = 2 users and set the
initial queue lengths as (A1 , A2 ) = (10, 10). We set the cost function for each
user as U1 (x) = U2 (x) = x1.1 . In addition, we set the channel parameters from
the base station to users 1 and 2 as η2 = η1 and allow for (r1max , r2max ) = (3, 3).
The user probability of decoding failure is computed as
gi (ri ) =



ηiri +1 0 ≤ ri < rimax
0
ri = rimax .
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(4.10)
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Figure 4.5: Simulated cost per packet of priority-index scheduler for relayassisted system with no new arrivals at base station as function of base stationto-user channel gains.
We vary the base station-to-user decoding probabilities and observe
that as the probability of decoding failure increases, the average cost per packet
that has been in the system increases for both the no-relay and single-relay
cases. We consider two single-relay sub-cases, namely (η1,1 , η1,2 ) = (0.01, 0.05)
and (η1,1 , η1,2 ) = (0.001, 0.005). Interestingly, employing a single relay with
strong channel gains to both the base station and the users does not yield a
significant gain over not employing any relays until the base station-to-user
channel gains decrease appreciably.
To further investigate this phenomenon, we consider Fig. 4.6 where we
employ most of the same parameters as in Fig. 4.5. We again consider the
single-relay sub-cases (η1,1 , η1,2 ) = (0.01, 0.05) and (η1,1 , η1,2 ) = (0.001, 0.005),
and we compare their performance with that where no relays are employed.
We apply a more stringent cost function U1 (x) = U2 (x) = x2.1 for each user.
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Figure 4.6: Simulated cost per packet of priority-index scheduler for relayassisted system with no new arrivals at base station given a superquadratic
cost function of queue length.
Again, we observe that employing a single relay with strong channel
gains to both the base station and the users does not yield a significant gain
over not employing any relays until the base station-to-user channel gains
decrease appreciably. This is most likely due to our choice of the decoding
probability function in (4.10). Since all of the decoding failure probabilities
decrease rapidly, the cost advantage of employing a relay is mitigated. Thus,
the specific hybrid-ARQ combining strategy that is used by all receiving nodes
must be considered for both the RDC and the RLPA problems.
In this section, we do not perform any simulations for the RDCR problem. Note that when performing Monte Carlo simulations of discounted cost
problems, the initial simulation steps have a greater impact on the output cost
function value than the subsequent steps due to the discount factor. Thus,
random values of JRDCR and JDCR are output for different simulation runs.
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Sophisticated strategies can be applied to reduce the variance of the output
cost function values [27].

4.A

Proof of Theorem 1
We follow the same approach as in [35] for proving the optimality of

our proposed scheduler for the RLPA problem. This entails transforming the
RLPA problem into an instance of the multiclass queueing problem of Klimov
[39]. Thus, the transformed problem, which we refer to as the RLPAK problem,
has an optimal priority index policy. We then show that that the optimal
policy for the RLPAK problem is optimal for the RLPA problem.
4.A.1

RLPAK Scheduling Problem
The RLPAK problem is similar to the LPAK problem in [35]. The key

differences are as follows. For each user i, the M relays are sorted according to
their channel gains to user i as {di,1, di,2 , . . . , di,M }, where |hdi,1 |2 < |hdi,2 |2 <
· · · < |hdi,M |2 . Then, each user i has (M + 1)(rimax + 1) queues, and each
queue is labeled as (i, ri , a). If a packet is in queue (i, ri , a), it has been
transmitted ri times, relay di,a has decoded it, and relay di,m has not decoded
it for a < m ≤ M. In particular, a packet in the queue (i, ri , 0) has not been
decoded by any of the M relays. Fig. 4.7 shows an example of the RLPAK
problem for user 1 where r1max = 2.
Thus, there are a total of K =

PN

i=1 (M

+ 1)(rimax + 1) queues in

the RLPAK problem. Each arriving packet is assigned to queue (i, 0, 0) with
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Figure 4.7: Markov chain model for queue transitions in Klimov formulation
of relay-assisted system with Poisson arrivals at base station.
probability pi,0 = λi /λ. Each queue (i, ri , a) has a deterministic service time
of bi,ri ,a = 1 time slot.
The transition probabilities for the queues in the RLPAK problem are
determined as follows. Let gi,a,k (ri ) denote the probability that relay di,a cannot decode the HoL packet of user i after its transmission attempt ri by relay
dk . In particular, gi,a,0 (ri ) corresponds to a transmission by the base station.
Also, let gi,a (ri , 1) denote the probability that user i cannot decode its HoL
packet after relay di,a has transmitted it. Then
p(i,ri ,0),(i,ri +1,0) = gi (ri )gi,1,0(ri )gi,2,0 (ri ) · · · gi,M,0 (ri )
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and
p(i,ri ,0),(i,ri +1,a) = gi(ri )(1 − gi,a (ri ))gi,a+1 (ri )gi,a+2 (ri ) · · · gi,M (ri )
so the packet departs the system from queue (i, ri , 0) with probability 1−gi (ri ).
In addition
p(i,ri ,a),(i,ri +1,n) = gi,a (ri , 1)(1 − gi,n,a (ri ))gi,n+1,a(ri )gi,n+2,a (ri ) · · · gi,M,a (ri )
for n > a,
p(i,ri ,a),(i,ri +1,a) = gi,a (ri , 1)gi,a+1,a (ri )gi,a+2,a (ri ) · · · gi,M,a (ri ),
and
p(i,ri ,a),(i,ri +1,n) = 0, n < a
so the packet departs the system from queue (i, ri , a) with probability 1 −
gi,a (ri , 1). Note that after a packet from queue (i, rimax , a) has been served, it
departs the system with probability 1, where a ∈ {0, 1, . . . , M}.
Thus, for any set M ⊂ Ω = {1, 2, . . . , K} and any queue (i, ri , a) ∈ M,
the average total service time is
(M )

Ti,ri ,a = 1 +

X

(M )

p(i,ri ,a),(k,rk ,m) Tk,rk ,m .

k,rk ,m

The cost of storing a packet in queue (i, ri , a) is ci,ri ,a and the number
of packets in queue (i, ri , a) at the beginning of the nth time slot is xi,ri ,a (n).
From the above discussion, it can be concluded that the RLPAK problem, which is a transformed version of the RLPA problem, is an instance of the
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multiclass queueing problem of [39]. This conclusion also relies on the simple
queueing dynamics of the relay: 1) a packet only arrives at the relay if the
base station has transmitted it, and 2) the relay automatically flushes a packet
once it has been decoded by its intended user. In addition, the base station
automatically flushes a packet once it has been decoded by its intended user.
It should be noted that the state space of the RLPAK problem is an expanded
version of that in the LPAK problem.
Now, the objective is to find a policy π ∈ ΠR that minimizes the timeaveraged expected cost JRLP AK , where
" τ
X
1
JRLP AK = lim Eπ
τ →∞ τ
n=1
4.A.2

X

#

ci,ri ,a xi,ri ,a (n) .

(i,ri ,a)∈Ω

Optimal Policies for RLPAK and RLPA Problems
The optimal policies for both the RLPAK and RLPA problems are

priority-index rules. First, we state the following result.
Lemma 1. Let Mk , k = 1, 2, . . . , K be the sets of queues generated by the
Klimov algorithm in [35, Section 3] for the RLPAK problem. For each k =
1, 2, . . . , K and for all (i, ri , a) ∈ Mk , the following are true:
′

′

1) (i, ri , m) ∈ Mk for all ri > ri and for all m ≥ a.
P imax −1 Qa
(M )
(Ω)
2) Ti,ri ,0k = 1 + ra=r
l=ri gi (l) = Ti,ri ,0 .
i
P imax −1 Qa
(Mk )
(Ω)
3) Ti,ri ,m
= 1 + ra=r
l=ri gi,m (l, 1) = Ti,ri ,m , m > 0.
i
(M )

(M )

′

k
k
4) Ti,r′ ,m
≤ Ti,ri ,a
for all ri > ri and for all m ≥ a.
i

(Ω)

5) αk = arg min(i,ri ,a)∈Mk (ci,ri,a /Ti,ri,a ).
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Proof. This result follows in a straightforward manner from [35, Lemma 1].
By combining [35, Theorem 1] and Lemma 1, it follows that the optimal
scheduling policy for the RLPAK problem is a priority-index rule where the
priorities α1 , α2 , . . . , αK satisfy
cα1
(Ω)
Tα1

≥

cα2
(Ω)
Tα2

≥ ... ≥

cαK
(Ω)

TαK

.

Since the optimal policy for the RLPAK problem is a priority-index
rule, we employ [35, Corollary 1] to conclude the the optimal scheduling policy
for the RLPA problem is also a priority-index rule. The HoL packet with the
highest priority index of ci,riHoL /Ti,riHoL along with the transmitter that yields
that index are selected over all nonempty queues at the base station.

4.B

Proof of Theorem 2
We follow the same approach as in [35] for proving the optimality of our

proposed scheduler for the RDC problem. As in Section 4.A, we transform the
RDC problem into an instance of Klimov’s multiclass queueing problem [39].
Thus, the transformed problem, which we refer to as the RDCK problem, has
an optimal priority index policy. We then show that that the optimal policy
for the RDCK problem is optimal for the RDC problem.
4.B.1

RDCK Scheduling Problem
The RDCK problem is similar to the DCK problem in [35]. The key

differences are as follows. For each user i, the M relays are sorted according to
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their channel gains to user i as {di,1, di,2 , . . . , di,M }, where |hdi,1 |2 < |hdi,2 |2 <
· · · < |hdi,M |2 . Assume that in the RDC problem, user i initially has Ai packets
at the base station.
Then, each user i has Ki = (M + 1)Ai (rimax + 1) queues, and each
queue is labeled as (i, ri , xi , a). If a packet is in queue (i, ri , xi , a), it has been
transmitted ri times, relay di,a has decoded it, relay di,m has not decoded it
for a < m ≤ M and the queue length of user i at the base station is xi (n).
In particular, a packet in the queue (i, ri , xi , 0) has not been decoded by any
of the M relays. Note that in the RDCK problem, if a packet is in queue
(i, ri , xi , a), the other Ki − 1 queues for user i are empty.
Thus, there are a total of K =

PN

i=1

Ki queues in the RDCK problem.

Each queue (i, ri , xi , a) has a deterministic service time of bi,ri ,xi ,a = 1 time
slot.
The transition probabilities for the queues in the RDCK problem are
determined as follows. Let gi,a,k (ri ) denote the probability that relay di,a cannot decode the HoL packet of user i after its transmission attempt ri by relay
dk . In particular, gi,a,0 (ri ) corresponds to a transmission by the base station.
Also, let gi,a (ri , 1) denote the probability that user i cannot decode its HoL
packet after relay di,a has transmitted it. Then
p(i,ri ,xi ,0),(i,ri +1,xi ,0) = gi (ri )gi,1,0 (ri )gi,2,0 (ri ) · · · gi,M,0(ri )
and
p(i,ri ,xi,0),(i,ri +1,xi ,a) = gi (ri )(1 − gi,a (ri ))gi,a+1 (ri )gi,a+2 (ri ) · · · gi,M (ri )
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so p(i,ri ,xi ,0),(i,0,xi −1,0) = 1 − gi (ri ). In addition
p(i,ri ,xi ,a),(i,ri +1,xi ,n) = gi,a (ri , 1)(1 − gi,n,a(ri ))gi,n+1,a (ri )gi,n+2,a(ri ) · · · gi,M,a(ri )
for n > a,
p(i,ri ,xi,a),(i,ri +1,xi ,a) = gi,a(ri , 1)gi,a+1,a(ri )gi,a+2,a (ri ) · · · gi,M,a(ri ),
and
p(i,ri ,xi ,a),(i,ri +1,xi,n) = 0, n < a
so p(i,ri ,xi ,a),(i,0,xi −1,0) = 1 − gi (ri , 1). Note that after a packet from queue
(i, rimax , 1, a) has been served, it departs the system with probability 1, where
a ∈ {0, 1, . . . , M}.
Thus, for any set M ⊂ Ω = {1, 2, . . . , K} and any queue (i, ri , a) ∈ M,
the average total service time is
(M )

Ti,ri ,xi ,a = 1 +

X

(M )

p(i,ri ,xi,a),(k,rk ,xk ,m) Tk,rk ,xk ,m .

k,rk ,m

From the above discussion, it can be concluded that the RDCK problem, which is a transformed version of the RDC problem, is an instance of
the multiclass queueing problem of [39]. As for the RLPAK problem, this
conclusion relies on the simple queueing dynamics of the relay: 1) a packet
only arrives at the relay if the base station has transmitted it, and 2) the
relay automatically flushes a packet once it has been decoded by its intended
user. In addition, the base station automatically flushes a packet once it has
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been decoded by its intended user. Again, we note that the state space of the
RDCK problem is an expanded version of that in the DCK problem.
Now, the objective is to find a policy π ∈ ΠR that minimizes the timeaveraged expected cost JRDCK , where
" ∞
X X
JRDCK = Eπ

1i,ri ,xi ,a (n)Ui (xi )

n=1 (i,ri ,xi ,a)∈Ω

#

where
1i,ri ,xi ,a (n) =

4.B.2



1 (i, ri , xi , a) is nonempty in slot n
0 otherwise.

(4.11)

Optimal Policies for RDCK and RDC Problems
The optimal scheduling policies for both the RDCK and RDC problems

are priority-index rules. First, we state the following result.
Lemma 2. Let Mk , k = 1, 2, . . . , K be the sets of queues generated by the
Klimov algorithm in [35, Section 3] for the RCK problem. For each k =
′

1, 2, . . . , K, for all (i, ri , xi , a) ∈ Mk and for all ri > ri , the following are true:
′

1) (i, ri , xi , m) ∈ Mk for all m ≥ a.
(M )

(M )

k
k
2) Ti,r′ ,x
≤ Ti,ri ,x
for all m ≥ a.
i ,a
,m
i

i

(M )

(M )

k
3) Ci,r′ k,x ,m ≥ Ci,ri,x
for all m ≥ a.
i ,a
i

i

Proof. This result follows in a straightforward manner from [35, Lemma 2].
By combining [35, Theorem 2] and Lemma 2, it follows that the optimal
′

scheduling policy for the RDCK problem assigns queue (i, ri , xi , m) higher
′

priority than queue (i, ri , xi , j) for all i, xi , ri > ri and m ≥ j.
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Since the RDCK problem is a special case of Klimov’s problem, the
optimal scheduling policy for the RDCK problem is a priority-index rule. We
then transform the RDCK problem back to the RDC problem to conclude
that the optimal scheduling policy for the RDC problem is also a priorityindex rule. The HoL packet with the highest priority index along with the
transmitter that yields that index are selected over all nonempty queues at
the base station. Note that a key difference between the RDC problem and
the RLPA problem is that the priority indices for the RDC problem do not
admit closed-form expressions.
We also have the following result for the RDC problem.
Corollary 5. Once the optimal RDC scheduler initially selects a packet in the
queue for user i at the base station, it will continue to select that packet along
with the appropriate transmitter until user i successfully decodes it.
Proof. This result follows in a straightforward manner from [35, Corollary 2].
The proof of [35, Corollary 2] should be modified to consider a packet that is
initially in queue (i, 0, xi , 0) and enters queue (i, 1, xi , a) if user i fails to decode
it, where 0 ≤ a ≤ M.

4.C

Necessary Conditions for Optimal Cost Function
From [7], we know that the RDC problem can be recast as a stochastic

shortest path problem over an infinite time horizon. Let
JRDC (r1 , r2 , x1 , x2 , a1 , a2 ) denote the optimal cost when starting from the ini118

tial state (r1 , r2 , x1 , x2 , a1 , a2 ), and this cost function must be a solution of
Bellman’s equation. Thus, following the definitions in Appendix 4.B, the following conditions must be satisfied:
• JRDC (0, 0, 0, 0, 0, 0) = 0
• for x1 > 0, JRDC (r1 , 0, x1 , 0, 0, 0) = U1 (x1 )
+ (1 − g1 (r1 ))JRDC (0, 0, x1 − 1, 0, 0, 0)
+ g1 (r1 )g1,0 (r1 )JRDC (min(r1 + 1, r1max ), 0, x1 , 0, 0, 0)
+ g1 (r1 )(1 − g1,0 (r1 ))JRDC (min(r1 + 1, r1max ), 0, x1 , 0, 1, 0)
• for x1 > 0, JRDC (r1 , 0, x1 , 0, 1, 0) = U1 (x1 )
+ min((1 − g1 (r1 ))JRDC (0, 0, x1 − 1, 0, 0, 0)
+ g1 (r1 )JRDC (min(r1 + 1, r1max ), 0, x1 , 0, 1, 0),
(1 − g1 (r1 , 1))JRDC (0, 0, x1 − 1, 0, 0, 0)
+ g1 (r1 , 1)JRDC (min(r1 + 1, r1max ), 0, x1 , 0, 1, 0))
• for x2 > 0, JRDC (0, r2 , 0, x2 , 0, 0) = U2 (x2 )
+ (1 − g2 (r2 ))JRDC (0, 0, 0, x2 − 1, 0, 0)
+ g2 (r2 )g1,0 (r2 )JRDC (0, min(r2 + 1, r2max ), 0, x2 , 0, 0)
+ g2 (r2 )(1 − g1,0 (r2 ))JRDC (0, min(r2 + 1, r2max ), 0, x2 , 0, 1)
• for x2 > 0, JRDC (0, r2 , 0, x2 , 0, 1) = U2 (x2 )
+ min((1 − g2 (r2 ))JRDC (0, 0, 0, x2 − 1, 0, 0)
+ g2 (r2 )JRDC (0, min(r2 + 1, r2max ), 0, x2 , 0, 1),
(1 − g2 (r2 , 1))JRDC (0, 0, 0, x2 − 1, 0, 0)
+ g2 (r2 , 1)JRDC (0, min(r2 + 1, r2max ), 0, x2 , 0, 1))
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• for x1 > 0 and x2 > 0, JRDC (r1 , r2 , x1 , x2 , 0, 0) = U1 (x1 ) + U2 (x2 )
+ min((1 − g1 (r1 ))JRDC (0, r2 , x1 − 1, x2 , 0, 0)
+ g1 (r1 )g1,0 (r1 )JRDC (min(r1 + 1, r1max ), r2 , x1 , x2 , 0, 0)
+ g1 (r1 )(1 − g1,0 (r1 ))JRDC (min(r1 + 1, r1max ), r2 , x1 , x2 , 1, 0),
(1 − g2 (r2 ))JRDC (r1 , 0, x1 , x2 − 1, 0, 0)
+ g2 (r2 )g1,0 (r2 )JRDC (r1 , min(r2 + 1, r2max ), x1 , x2 , 0, 0)
+ g2 (r2 )(1 − g1,0 (r2 ))JRDC (r1 , min(r2 + 1, r2max ), x1 , x2 , 0, 1))
• for x1 > 0 and x2 > 0, JRDC (r1 , r2 , x1 , x2 , 1, 0) = U1 (x1 ) + U2 (x2 )
+ min((1 − g1 (r1 ))JRDC (0, r2 , x1 − 1, x2 , 0, 0)
+ g1 (r1 )JRDC (min(r1 + 1, r1max ), r2 , x1 , x2 , 1, 0),
(1 − g1 (r1 , 1))JRDC (0, r2, x1 − 1, x2 , 0, 0)
+ g1 (r1 , 1)JRDC (min(r1 + 1, r1max ), r2 , x1 , x2 , 1, 0),
(1 − g2 (r2 ))JRDC (r1 , 0, x1 , x2 − 1, 1, 0)
+ g2 (r2 )g1,0 (r2 )JRDC (r1 , min(r2 + 1, r2max ), x1 , x2 , 1, 0)
+ g2 (r2 )(1 − g1,0 (r2 ))JRDC (r1 , min(r2 + 1, r2max ), x1 , x2 , 1, 1))
• for x1 > 0 and x2 > 0, JRDC (r1 , r2 , x1 , x2 , 0, 1) = U1 (x1 ) + U2 (x2 )
+ min((1 − g1 (r1 ))JRDC (0, r2 , x1 − 1, x2 , 0, 1)
+ g1 (r1 )g1,0 (r1 )JRDC (min(r1 + 1, r1max ), r2 , x1 , x2 , 0, 1)
+ g1 (r1 )(1 − g1,0 (r1 ))JRDC (min(r1 + 1, r1max ), r2 , x1 , x2 , 1, 1),
(1 − g2 (r2 ))JRDC (r1 , 0, x1 , x2 − 1, 0, 0)
+ g2 (r2 )JRDC (r1 , min(r2 + 1, r2max ), x1 , x2 , 0, 1),
(1 − g2 (r2 , 1))JRDC (r1 , 0, x1 , x2 − 1, 0, 0)
+ g2 (r2 , 1)JRDC (r1 , min(r2 + 1, r2max ), x1 , x2 , 0, 1))
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• for x1 > 0 and x2 > 0, JRDC (r1 , r2 , x1 , x2 , 1, 1) = U1 (x1 ) + U2 (x2 )
+ min((1 − g1 (r1 ))JRDC (0, r2 , x1 − 1, x2 , 0, 1)
+ g1 (r1 )JRDC (min(r1 + 1, r1max ), r2 , x1 , x2 , 1, 1),
(1 − g1 (r1 , 1))JRDC (0, r2, x1 − 1, x2 , 0, 1)
+ g1 (r1 , 1)JRDC (min(r1 + 1, r1max ), r2 , x1 , x2 , 1, 1),
(1 − g2 (r2 ))JRDC (r1 , 0, x1 , x2 − 1, 1, 0)
+ g2 (r2 )JRDC (r1 , min(r2 + 1, r2max ), x1 , x2 , 1, 1),
(1 − g2 (r2 , 1))JRDC (r1 , 0, x1 , x2 − 1, 1, 0)
+ g2 (r2 , 1)JRDC (r1 , min(r2 + 1, r2max ), x1 , x2 , 1, 1))
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Chapter 5
Multiple-Antenna Relays: Hop Length

This chapter studies the performance impact of routing hop length in
a MIMO network. We present an overview of prior work and motivate our
energy-based comparison of long-hop and short-hop routing in Section 5.1.
In Section 5.2 we describe the system model for both the deterministic and
random networks that we consider and present the short-hop and long-hop
routing strategies that we consider. We present a summary of our results
on the energy-based comparison between long-hop and short-hop routing in
Section 5.3. We then present simulation results in Section 5.4.

5.1

Prior Work and Motivation
In Chapter 1 we see that one type of relay-assisted communication oc-

curs via multihop transmission, where a source message is forwarded between
intermediate relays until it reaches its intended destination. One method for
improving both multihop transmission, and relaying in general, is the use of
multiple-antenna transmission. Recent work has shown that by exploiting the
additional spatial degrees of freedom, MIMO relaying can yield the key benefits of improved signal quality and increased throughput [11, 24, 82, 89]. The
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benefits of multiple-antenna relaying come at a price, though. In particular,
multiple-antenna signaling leads to increased per-node cost and complexity
due to the necessity of deploying multiple RF chains at each node. Also, the
power drain required to operate the multiple RF chains may be problematic in
a network of battery-powered nodes. For example, about 60% of the battery
power of a TDMA phone is consumed by its RF power amplifier [67].
The transmit energy of MIMO relaying is closely connected to the
lengths of the “hops” that are employed, motivating a study of the impact
of routing hop length on transmit energy consumption in a wireless network
of multiple-antenna nodes. The most related work to this paper is a singleantenna relaying study by Haenggi [30]. Multihop relaying in deterministic
line networks and two-dimensional random networks is considered in [30] with
the objective of satisfying an outage constraint at the destination node. While
previous studies used unrealistic “disk” models for signal reception to conclude
that short-hop routing consumed less transmit energy than long-hop routing,
the objective of [30] is to perform this comparison subject to Rayleigh fading.
It is shown in [30] that Rayleigh fading significantly closes the performance
gap between short-hop and long-hop routing, and given appropriate delay constraints, long-hop routing actually consumes less transmit energy than shorthop routing.
We note that the impact of transmit energy on the available battery
power increases for communication at high rates. For lower target rates,
though, the total energy consumption for RF transmission is mainly deter123

mined by the circuit power [38]. Also, the energy consumed by the RF circuitry
is proportional to the transmission time [38]. Thus, for systems with lengthy
low-rate transmissions, the energy consumption is mainly determined by the
RF circuitry. On the other hand, transmit energy must be considered when
modeling the energy consumption of systems that support bursty high-rate
transmissions.
We also note that we evaluate transmit energy consumption in random
networks for two key reasons. First, problems formulated on random networks are usually mathematically tractable, since random networks are based
on a solid theoretical framework [26, 79]. Second, the behavior of random
networks can be used to model real-world networks, and the resulting insights
can prove invaluable for network designers. For example, if network connectivity is essential in a real-world network, the network designers can determine
the conditions required for connectivity in a random network and consider
these conditions when planning node deployments [21]. The analytical and
applied benefits of random network analysis has led to a flurry of stochastic
geometry-inspired research on topics ranging from physical-layer data rates to
network-layer scheduling issues [5, 28, 58, 66, 68, 73, 91].

5.2

System Model
We consider two types of networks in this chapter. The first type

that we consider is the deterministic line network model in Fig. 5.1. Each
neighboring pair of nodes in the network is separated by a fixed distance d.
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Figure 5.1: Wireless network with a single source, a single destination, and
multiple relays equally spaced on a line between the source and the destination.
For this network, the short-hop routing strategy involves n transmissions, where each node transmits to its nearest neighbor. The long-hop strategy involves the source node directly transmitting to its nth nearest neighbor.
The second type of network that we consider is the two-dimensional
(2-D) random network model in Fig. 5.2. Based on the exposition in [30,
Section 2.B], this network is generated via a Poisson point process of intensity
λ in the 2-D plane. In particular, the probability of having n nodes in a given
area A is
P (n nodes in A) = e−λA

(λA)n
.
n!

(5.1)

The Poisson point process corresponds to a uniform distribution when conditioning on the number of nodes to be dispersed in the 2-D plane. Also, as in
[30] we set λ = 1 without loss of generality.
For this network, we adopt the short-hop routing of Strategy A from
[30, Section 2.D]. The idea is to consider the source-to-destination line and
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Figure 5.2: Wireless network with a single source, a single destination, and
multiple relays randomly distributed according to a Poisson point process in
the region between these two nodes.
draw a sector of angle φ about it. Then, each node transmits to its nearest
neighbor within this sector. We also adopt the long-hop routing of Strategy B
from [30, Section 2.D], where the idea of this approach is for the source node
to directly transmit to the nth node in the route of Strategy A.
5.2.1

Key Assumptions
We make the following critical assumptions in this chapter:

• In both the deterministic and the 2-D random networks, each node is
equipped with Nt transmit antennas and Nr receive antennas.
• As in [33, Section I.A], each transmitting node sends independent Gaussian signals with equal average power over each of its antennas.
• The power of each signal is chosen such that the average signal-to-noise
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ratio (SNR) at each receive antenna is ρ. In particular, this average SNR
value includes the effects of path loss.
• The elements of each channel matrix Hi,a between transmitting node i
and receiving node a are circularly symmetric complex Gaussian zeromean random variables, each with variance 0.5 for its real and imaginary
parts. This assumption simplifies our analysis and is typically used in
the literature to obtain insights on the performance of real-world wireless
systems.
• Additive noise that consists of samples from a circularly symmetric complex Gaussian random process is present at each receiving node. Each of
the additive noise samples is a zero-mean random variable with variance
0.5 for its real and imaginary parts.
• Consider a transmitting-receiving node pair (i, a). The receiving node a
has full knowledge of Hi,a , while the transmitting node i only knows the
distribution of the elements of Hi,a . Note that even limited feedback of
Hi,a from a to i could alter our results.
• We do not consider the effects of interference, including external sources
of RF energy, for the purposes of performance benchmarking. As discussed in [30, Section 2.A], the performance impact via changing the
transmit energy is more apparent in a zero-interference network. This is
based on the fact that if the source node and all interferers identically
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scale their power, the signal-to-interference-plus-noise ratio (SINR) at
any receiving node will only increase slightly.

5.3

Energy Comparison
In this section, we compute the energy required to transmit from the

source node to the destination node in the networks in Fig. 5.1 and Fig. 5.2.
Let H be the channel between a neighboring pair of nodes. Assuming
an identity transmit covariance matrix, the mutual information between this
node pair is [33]

ρ † 
I = log det INt +
HH
Nt

(5.2)

where the transmitting node performs spatial multiplexing. Note that the lack
of channel state information at the transmitter precludes the use of transmission strategies such as antenna selection.
We want to achieve a success probability of pr between each neighboring
node pair [30]. Thus, for a rate threshold of R
pr = P (I > R).
5.3.1

(5.3)

Gaussian Approximation
Recall that our target success probability between the source and des-

tination nodes is pr , where



ρ † 
pr = P log det INt +
H H >R .
Nt
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(5.4)

It is proved in [33, Theorem 1], if we fix the number of transmit antennas
Nt and let the number of receive antennas Nr grow large for each node,
 R − N log(1 + ρN /N ) 
1
t
r
t
p
pr → erfc
.
2
2Nt /Nr log(e)

(5.5)

As illustrated by [33, Fig. 1], this approximation of the mutual information
as a Gaussian random variable is accurate even for Nt = Nr = 2 antennas.
Solving this expression for ρ and letting
p
k = R/Nt − 2/(Nt Nr )(log(e))erfc−1 (2pr ) yields
ρ=

5.3.1.1

Nt k
(2 − 1).
Nr

(5.6)

Deterministic Line Networks

Since ρ is the average SNR at each receive antenna, we have ρ =
p
E0 d−α /N0 . Let ks = R/Nt − 2/(Nt Nr )(log(e))erfc−1 (2pr ). Thus, the trans-

mit energy required for communication over a single long-hop between the
source and the destination is
Nt
Es = N0 (n · d)α N
(2ks − 1)
r
α
α Nt
= n · (N0 d ) Nr (2ks − 1).

Let km = R/Nt −

(5.7)

p
1/n
2/(Nt Nr )(log(e))erfc−1 (2pr ). The transmit energy re-

quired for communication over n short-hops between the source and the destination is
Em = n · (N0 dα )

Nt km
(2 − 1).
Nr

(5.8)

Thus, we want to compare Es and Em to determine the relative energy efficiency of long-hops and short-hops in a deterministic MIMO line network.
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5.3.1.2

2-D Random Networks

Let ks = R/Nt −

p
2/(Nt Nr )(log(e))erfc−1 (2pr ). Using the long-hop

routing of Strategy B, the expected transmit energy, normalized by N0 (Nt /Nr ),
can be derived from [30, (29)]
 2 α/2 
α 
αφ2 (n − 1)  ks
EB = n
Γ 1+
1−
(2 − 1).
φ
2
24n
α

Let km = R/Nt −

p

(5.9)

1/n

2/(Nt Nr )(log(e))erfc−1 (2pr ). Using the short-hop

routing of Strategy A, the expected transmit energy, normalized by N0 (Nt /Nr ),
can be derived from [30, (24)]
 2 α/2 
α  km
EA = n
(2 − 1).
Γ 1+
φ
2

(5.10)

Thus, we want to compare EB and EA to determine the relative energy
efficiency of long-hops and short-hops in a 2-D random MIMO network.
5.3.2

Limiting Cases for Line and 2-D Networks
Now we state our results for the energy comparison between long-hop

routing and short-hop routing in deterministic line networks and random 2-D
networks. First, we consider the limiting case where the number of hops n for
short-hop routing goes to infinity.
Theorem 1. Consider a deterministic line network. Assuming that α ≥ 1 and
pr ∈ (0.9, 1),

Em
→0
Es
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as n → ∞. In other words, short-hop routing consumes less energy than
long-hop routing to satisfy the same outage requirement in this regime.
Proof. See Appendix 5.A.
To interpret this result, recall the energy expressions in (5.7) and (5.8).
As the hop-count n for short-hop routing increases, the energy consumed for
long-hop routing scales as nα . This posynomial scaling overcomes the impact
of the monotonic decrease in the erfc−1 (·) function on the energy consumed
for short-hop routing.
Note that our assumption that pr ∈ (0.9, 1) can be used to model typical
end-to-end delivery requirements for Transmission Control Protocol (TCP)
traffic and video content [6]. We now extend this result to 2-D networks as
follows.
Corollary 1. Consider a random 2-D network. Assuming that α ≥ 1 and
αφ2 < 24,
EA
→0
EB
as n → ∞. In other words, Strategy A consumes less energy than Strategy B
to satisfy the same outage requirement in this regime.
Proof. As shown in Appendix 5.A, n1−α → 0 and (2km − 1)/(2ks − 1) → 0 as
n → ∞.
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Note that the ratio between the energy consumed by short-hop and
long-hop routing in this case is
Em
2k m − 1
1
= n1−α · ks
·
.
Es
2 − 1 1 − αφ2 (n−1)
24n

(5.11)

Also, 1/(1 − αφ2 (n − 1)/(24n)) → 1/(1 − αφ2 /24) as n → ∞, which is
finite based on the assumptions of the corollary. It then follows that Em /Es →
0 as n → ∞.
The analysis for Corollary 1 is slightly different from that for Theorem
1, since the energy consumed by long-hop routing now includes a term (1 −
αφ2 (n − 1)/(24n)) due to the increased path efficiency of long-hop routing.
This increased path efficiency cannot overcome the posynomial energy scaling
of nα for long-hop routing, though.
Next, we consider the limiting case where the target success probability
pr goes to one.
Theorem 2. Consider a deterministic line network. Assuming that n1−α < 1/2,
Em
→0
Es
as pr → 1. In other words, short-hop routing consumes less energy than
long-hop routing to satisfy the same outage requirement in this regime.
Proof. Recall f1 (n, pr ) as defined in (5.17) from Appendix 5.A. As pr approaches one, we obtain the following limit
lim f1 (n, pr ) = 1.

pr →1
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(5.12)

It follows that Em /Es < f2 (n, pr ) such that limpr →1 f2 (n, pr ) = n1−α ·
2 < 1, which follows from the assumptions of the theorem. This establishes
the theorem.
Again, recall the energy expressions in (5.7) and (5.8). As pr approaches
1/n

one, note that the difference between pr

and pr for fixed n decreases steadily.

This yields a corresponding decrease in the difference between erfc−1 (2pr ) and
1/n

erfc−1 (2pr ). The key difference between short-hop routing and long-hop
routing in this limiting case, then, is the posynomial impact of the path loss
exponent α ≥ 2 on long-hop routing.
We now extend this result to 2-D networks as follows.
Corollary 2. Consider a random 2-D network. Assuming that n1−α · 2/(1 −
αφ2 (n − 1)/(24n)) < 1,

EA
→0
EB

as pr → 1. In other words, Strategy A consumes less energy than Strategy B
to satisfy the same outage requirement in this regime.
Proof. From the proof of Theorem 2, it follows that in this case, Em /Es <
g2 (n, pr ) such that
limpr →1 g2 (n, pr ) = n1−α · 2/(1 − αφ2 (n − 1)/(24n)). The assumption of the
corollary that n1−α · 2/(1 −αφ2 (n−1)/(24n)) < 1 establishes the corollary.
The critical difference between Corollary 2 and Theorem 2 is the requisite constraint on the parameters n, α and φ. By fixing the hop-count n for
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the short-hop strategy, the increased path efficiency of long-hop routing has a
larger impact on its energy consumption.
Finally, we consider the limiting case where the target success probability pr goes to zero.
Theorem 3. Consider a deterministic line network. Assuming that n is finite,
Es
→0
Em
as pr → 0. In other words, long-hop routing consumes less energy than shorthop routing to satisfy the same outage requirement in this regime.
Proof. Following an approach similar to that in Appendix 5.A, we find that the
ratio of the energies consumed by long-hop routing and by short-hop routing
is
Es
Em

ks

= nα−1 · 22km−1
−1
< nα−1 · 2ks −km +1

(5.13)

where
q

1/n

log(e)(erfc−1 (2pr ) − erfc−1 (2pr )) + 1.
r
q
q
√

1/n
1/n
2
≈
log(e)
−
ln
π(2p
)
−
ln(2p
)
r
r
Nt Nr
!
r
√

p
− − ln
π(2pr ) − ln(2pr )
+1

ks − km + 1 =

2
Nt Nr

(5.14)

= f3 (n, pr ).

In particular, as pr approaches zero, we obtain the following limit for
finite n
lim nα−1 · 2f3 (n,pr ) = 0.

pr →0
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It follows from (5.13) that
lim

pr →0

Es
=0
Em

which establishes Theorem 3.
While the limiting cases in Theorems 1 and 2 demonstrate the energy
efficiency of short-hop routing, this limiting case demonstrates the energy efficiency of long-hop routing. Note that as pr decreases, the difference between
1/n

pr

and pr for fixed n increases steadily before abruptly decreasing to zero.
1/n

This causes the difference between erfc−1 (2pr ) and erfc−1 (2pr ) to sharply increase for pr ≤ 0.1. From (5.7) and (5.8), it follows that this sharp increase
causes short-hop routing to consume more energy than long-hop routing.
We now extend this result to 2-D networks as follows.
Corollary 3. Consider a random 2-D network. Assuming that n is finite,
EB
→0
EA
as pr → 0. In other words, Strategy B consumes less energy than Strategy A
to satisfy the same outage requirement in this regime.
Proof. From the proof of Theorem 3, it follows that in this case,
Es /Em < nα−1 · 2f3 (n,pr ) /(1 − αφ2 (n − 1)/(24n)).
Recall that nα−1 · 2f3 (n,pr ) decays to zero as pr approaches zero.
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Since 1/(1 − αφ2(n − 1)/(24n)) does not depend on pr , Es /Em is upperbounded by an expression that decays to zero as pr → 0, which establishes the
corollary.
The analysis for Corollary 3 is essentially the same as that for Theorem
3. In this case, the increased path efficiency of long-hop routing improves its
energy efficiency relative to that of short-hop routing.
We now consider an example that further illustrates the energy efficiency of short-hop routing in a deterministic line network.
Example 5.3.1. Practical Configuration for Line Network
Consider a line network where α = 2 and each node employs Nt =
Nr = 2 antennas. Assume that the short-hop Strategy A routes
through n = 3 nearest neighbors. Let pr ∈ (0.9, 1).
As shown in Appendix 5.B, Strategy A consumes less energy than
Strategy B. Note that for α = 2, short-hops yield the same energy
consumed as long-hops in a network of single-antenna nodes [30].
When we consider a MIMO line network, it is apparent that using
multiple-antenna transmission is inherently more energy-efficient
than single-antenna transmission. Specifically, MIMO requires less
energy than single-input single-output (SISO) signaling to achieve
the same target success probability. Thus, short-hop routing for
a MIMO network should be even more energy-efficient than in a
SISO network for α = 2.
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Figure 5.3: Energy consumption comparison of nearest-neighbor routing strategy and strategy that directly transmits to the fourth-nearest neighbor.
Similar results can be obtained for the cases of n = 4 and n = 5
hops, and Fig. 5.3 shows the long-hop versus short-hop energy
comparison for n = 4 hops. It is clear that even though the upper bound in (5.15) is quite loose, we still observe that short-hop
routing outperforms long-hop routing. It is also evident that the
approximations in steps (a) and (d) of (5.18) are comparable to
(5.15), and so short hops outperform long hops under these approximations. In addition, note that as pr approaches one, short
hops continue to outperform long hops, which nicely illustrates our
analytical result in Theorem 2.
Next we consider an example that further illustrates the energy efficiency of short-hop routing in a random 2-D network.
Example 5.3.2. 2-D Network
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Consider a 2-D network where α = 2 and each node employs Nt =
Nr = 2 antennas. Assume that the short-hop Strategy A routes
through n = 3 nearest neighbors in a sector with angle φ = π/2.
Let pr ∈ (0.9, 1) given a target rate R = 4.
As shown in Appendix 5.C, Strategy A consumes less energy than
Strategy B. A similar analysis can be carried out for n = 4 hops
and R ∈ {4, 8, 16} along with n = 5 hops and R ∈ {4, 8, 16}, and

it is shown that in these cases, the short-hop routing of Strategy
A requires less energy than the long-hop routing of Strategy B. As
in Section 5.3.2, the inherent energy efficiency of MIMO leads to
this result.

5.4

Numerical Analysis and Simulation Results
In this section we perform further comparisons in terms of energy of

the long-hop and short-hop routing strategies.
Fig. 5.4 shows the impact of the target rate R on the energy comparison
between short-hops and long-hops. We consider transmission in a deterministic
line network with n = 4 hops and Nt = Nr = 2 transmit and receive antennas.
In addition, we set a target rate of R = 4 and fix α = 2.
It is apparent that as the target end-to-end success probability pr increases, short-hop routing outperforms long-hop routing for all considered target rates. We can observe a type of “diminishing returns” effect as the target
rate R increases. This demonstrates that short-hop routing has its maximum
energy benefit for moderate target rates R. It should be stressed that the
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Long−hop vs. short−hop energy, n = 4, α = 2
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Figure 5.4: Energy consumption comparison of nearest-neighbor routing strategy and strategy that directly transmits to the fourth-nearest neighbor as a
function of target rate.
benefits of short-hop routing for large target rates do not necessarily translate
to an interference-limited environment. As shown in [78] for an interferencelimited network of single-antenna nodes, long-hop routing requires less energy
than short-hop routing for sufficiently large target rates.
Fig. 5.5 compares the energy efficiency of long-hop and short-hop routing in a random 2-D network. We uniformly distribute 30 points in a sector
of angle φ = π/2 between the source and the destination. We also consider
α = 2 and set pr = 0.92. In addition, we set Nt = Nr = 2 along with R = 2.
We averaged the energy consumption of both long-hop and short-hop routing
over 105 Monte Carlo simulation runs, where a random 30-node 2-D network
was generated for each simulation run.
We observe that short-hop routing consumes less energy than long-hop
routing as the number of hops increases, which nicely illustrates our analytical
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Figure 5.5: Energy consumption comparison of nearest-neighbor routing strategy and strategy that directly transmits to the nth-nearest neighbor in a twodimensional network with randomly placed relays.
result in Corollary 1. Note that the energy advantage of short-hop routing
increases as the number of hops increases. We also noted that the energy
advantage of short-hop routing does not change as the number of nodes in the
network increases. In addition, the energy consumed increases as the number
of hops increases due to the increased distance traveled and the effects of path
loss.
Fig. 5.6 studies the impact of Nt on the energy ratio of short-hop to
long-hop routing in a line network. We consider α = 3 and set Nr = 2. We
also set R = 4 for transmission over n = 5 hops with pr ∈ (0.9, 1).
Interestingly, a “crossing point” is observed around pr = 0.98. First,
adding transmit antennas causes the energy ratio to monotonically decrease
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Figure 5.6: Impact of number of transmit antennas on energy ratio between
nearest-neighbor routing and nth-nearest-neighbor routing.
for pr ≥ 0.98. This can be explained by noting that km is dominated by the
expression containing erfc−1 (·) for increasing Nt , and the same is true for ks .
Also, the difference between the long-hop target pr and the short-hop target
1/n

pr

1/n

is small, implying that the difference between erfc−1 (2pr ) and erfc−1 (2pr )

for long-hop and short-hop routing, respectively is small. Thus, the path loss
in (5.7) is the key factor that penalizes long-hop routing for stringent outage
constraints, implying that short-hop routing always benefits from increasing
Nt .
Second, adding transmit antennas eventually causes the energy ratio
to increase for pr < 0.98. This behavior for looser outage constraints can be
explained as in the previous paragraph. In particular, the larger difference
1/n

between the long-hop target pr and the more stringent short-hop target pr

partially mitigates the advantages of short-hop routing for looser outage constraints, implying that short-hop routing derives its maximum benefit from a
141

small number of transmit antennas.

5.A

Proof of Theorem 1
The ratio of the energies consumed by short-hop routing and by long-

hop routing is
Em
Es

km

−1
= n1−α · 22ks −1
km
< n1−α · 22ks −1
< n1−α · 2km −ks +1 .

(5.15)

In particular,
km − ks + 1 =

p

2/(Nt Nr ) log(e)(erfc−1 (2pr ) − erfc−1 (2p1/n
r )) + 1.

Next we employ an approximation for erfc−1 due to Philip [64]
r
√ p

−1
πx − ln(x) .
(5.16)
erfc (x) ≈ − ln
This approximation is particularly good for small x, and the error is less than
1.35% for x ≤ 0.2. Note that we have assumed that pr ∈ (0.9, 1), so to apply
this approximation we need the relation erfc−1 (2 − x) = −erfc−1 (x) [64, (1.6)].
Now we can apply (5.16) to yield
q
1/n
2
km − ks + 1 =
log(e)(erfc−1 (2 − 2pr ) − erfc−1 (2 − 2pr )) + 1
Nt Nr
r
q
√

q
1/n
1/n
2
≈
log(e)
−
ln
π(2
−
2p
)
−
ln(2
−
2p
)
r
r
Nt Nr
r

√

p
− − ln
π(2 − 2pr ) − ln(2 − 2pr )
+1
= f1 (n, pr ).

(5.17)
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In particular, as n grows large, we obtain the following limit
lim n1−α · 2f1 (n,pr ) = 0.

n→∞

It follows from (5.15) that limn→∞ Em /Es = 0, which establishes Theorem 1.

5.B

Computations for Example 5.3.1
Consider a deterministic line network with the parameters as stated in

Example 5.3.1. We see that for short-hops to be more energy-efficient than
long-hops, we need (2km − 1)/(2ks − 1) < 3. By employing the same approach
used to obtain (5.15), we want to show that km − ks + 1 < log(3).
Now we apply the same approximation due to Philip from Appendix
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5.A and obtain
f (pr ) , km − ks + 1
1/3
−1
= 1.02(erfc
(2 − 2pr ) − erfc−1 (2 − 2pr )) + 1
r
q

√

1/3
1/3
≈ 1.02
− ln
π(2 − 2pr ) − ln(2 − 2pr )
r
√

p
− − ln
π(2 − 2pr ) − ln(2 − 2pr ) + 1
q
√
(a)
1/3
1/3
= 1.02 − ln(2 π) − ln(1 − pr ) − 12 ln(− ln(2) − ln(1 − pr ))
q
√
−1.02 − ln(2 π) − ln(1 − pr ) − 21 ln(− ln(2) − ln(1 − pr )) + 1
q
(b)
P 4 1 k/3 1
√
1/3
≈ 1.02 − ln(2 π) + 10
− 2 ln(− ln(2) − ln(1 − pr ))
k=1 k pr
q
P 4 1 k 1
√
−1.02 − ln(2 π) + 10
k=1 k pr − 2 ln(− ln(2) − ln(1 − pr )) + 1
q
(c)
P104 1 k/3 1
√
1/3
≈ 1.02 − ln(2 π) + k=1 k pr − 2 ln(− ln(2) + pr )
q
P 4 1 k 1
√
−1.02 − ln(2 π) + 10
k=1 k pr − 2 ln(− ln(2) + pr ) + 1
q
(d)
P104 1 k/3 1
√
1/3
≈ 1.02 − ln(2 π) + k=1 k pr − 2 (−1 − ln(2) + pr )
q
P 4 1 k 1
√
−1.02 − ln(2 π) + 10
k=1 k pr − 2 (−1 − ln(2) + pr ) + 1
(5.18)
where we applied a Taylor series approximation with 104 terms for ln(1 −
x) to obtain step (b) of (5.18), and we applied a first-order Taylor series
approximation to obtain steps (c) and (d) of (5.18).
Our objective is to show that the approximation to f (pr ) is monotone
decreasing for pr ∈ (0.9, 1). We differentiate this approximation and observe
its behavior in pr ∈ (0.9, 1)
−2/3

q

−0.51 ·

P 104

k/3−1
k=2 pr
P 4
1/3
k/3
−(1/2) ln(2π)+(1/2)(1+pr )+ 10
k=2 (1/k)pr
P 104 k−1
(1/2)+ k=2 pr
q
P 4
k
−(1/2) ln(2π)+(1/2)(1+pr )+ 10
k=2 (1/k)pr

(1/6)pr

′

f (pr ) ≈ 0.51 ·

+(1/3)

(5.19)

.

Note that since x < x1/3 for x ∈ (0.9, 1), the denominator of the first term in
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(5.19) is greater than that of the second term in (5.19). Also, it is straightfor−2/3

ward to show that (1/6)pr

< 1/2 for pr ∈ (0.9, 1).

Thus, to show that the approximation to f (pr ) is monotone decreasing
k/3−1

for pr ∈ (0.9, 1) we need to show that (1/3)pr

< pk−1
for
r
k/3

k ∈ {2, 3, . . . , 10000}. This is equivalent to showing that (1/3)pr

< pr , which

is clear for k ≥ 3 since pm
r < pr for m > 1 and pr < 1. As for k = 2, we must
2/3

show that (1/3)pr

1/3

< pr , which is equivalent to showing that (1/3) < pr .
1/3

Since 0.91/3 > (1/3) and pr

is monotone increasing for pr ∈ (0.9, 1), we have

established this claim.
Based on the tightness of the approximations that we have employed, as
further evidenced by Fig. 5.7, we conclude that f (pr ) is monotone decreasing
for pr ∈ (0.9, 1). Note that f (0.9) < log(3), so we conclude that km − ks + 1 <
log(n) for pr ∈ (0.9, 1), establishing that short-hops are more energy-efficient
than long-hops in this case for a deterministic MIMO line network.

5.C

Computations for Example 5.3.2
Consider a random 2-D network with the parameters as stated in Ex-

ample 5.3.2. Then, the ratio EA /EB can be simplified as
EA
1
48n
2k m − 1
= ·
·
.
EB
n (48 − π 2 )n + π 2 2ks − 1

(5.20)

Note that for n = 3, (1/n)(48n/((48 − π 2 )n + π 2 )) ≈ 0.386. Thus, if we can
show that
2km −1
2ks −1

1
< 0.386
≈ 2.59
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(5.21)

Multiple−hop to single−hop energy ratio

Exact energy ratio and approximations, n=3
3

2.5

2

Exact Ratio
Upper Bound
Philip Approximation
Taylor Series Approximation to Philip

1.5

1
0.9

0.92
0.94
0.96
0.98
Target end−to−end probability

1

Figure 5.7: Energy consumption comparison of nearest-neighbor routing and
strategy that directly transmits to the third-nearest neighbor.
then short-hops will be more energy-efficient than long-hops in this case.
In particular, consider the following bounds
2km −1
2ks −1

(a)

<
<

2km −1
(3/2)·2ks −1
2
· 2km −ks +1 .
3

(5.22)

As shown in Section 5.3.2, 2km −ks +1 < n for n = 3. Thus, if we can prove step
(a) of (5.22), we will have established (5.21).
From inspecting (5.22), we want to show that 2ks − 1 > (3/2) · 2ks −1 ,
which is equivalent to requiring that (4/3) > 2ks /(2ks − 1). Note that the
function f (x) = 2x /(2x − 1) is monotone decreasing. In particular, as pr
increases, ks increases based on the expressions in Section 5.3.1.2. Also, for
pr = 0.9 and R = 4, 2ks /(2ks − 1) < 4/3.
Thus, we have proved (5.22) for pr ∈ (0.9, 1) and established that short146

hops are more energy-efficient than long-hops in this case for a random MIMO
2-D network.
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Chapter 6
Conclusions

This dissertation presents strategies for solving the relay selection problem in a variety of scenarios. The inherent cross-layer nature of this problem
is discussed and the resulting difficulty in solving it is described. A complete
solution to the relay selection problem would require optimization over all
system parameters, which is difficult in practice. Simple selection algorithms
mitigate this problem by focusing on a subset of the relevant parameters and
yield valuable insights for system designers.

6.1

Summary
Single-antenna relay selection and multiple-antenna relay selection are

motivated in Chapter 1. Single-antenna relay selection is discussed in Chapters
2, 3 and 4, while multiple-antenna relay selection is discussed in Chapter 5.
Both types of relay selection include several sub-categories, including centralized and de-centralized selection whereby the amount of network information
that the source uses to make its selection decision varies. Also, both types of
relay selection allow for the selection of either a single relay or multiple relays
to assist the source node.
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Chapter 2 presented a decentralized single-antenna, single-relay selection algorithm. This algorithm reduces the amount of information required for
the source to select a single relay and is designed to support hybrid-ARQ transmission. Chapter 3 presented centralized single-antenna, multiple-relay selection algorithms that were based on proximity to rate-maximizing points. The
diversity gain and generalized diversity gain of having multiple partial decodeand-forward relays assist the source was derived. Chapter 4 presented centralized single-antenna, multiple-relay selection algorithms based on a downlink
scheduling framework. It was shown that fixed priority-index scheduling policies were optimal for three types of relay-assisted systems.
Multiple-antenna relay selection allows for the realization of the rate
and reliability benefits of MIMO. Chapter 5 looked at the issue of transmission
hop length in a MIMO network and compared long-hop and short-hop routing
strategies in terms of energy efficiency. It was shown that in several limiting
cases, short-hop routing actually outperforms long-hop routing in this regard.

6.2

Future Work
The objective of this dissertation is to address several of the key issues

for relay selection in wireless networks. Several issues remain to be considered.
Cross-Layer Design: The decentralized single-relay selection strategy proposed in Chapter 2 incorporates aspects of the PHY and MAC layers.
In particular, the physical-layer channel gain from each decoding relay to the
destination is used to determine if that decoding relay should contend for selec149

tion. Also, by assigning each contending relay a certain contention probability,
contending relays will access the shared wireless medium in a randomized manner during the contention process.
A more comprehensive decentralized relay selection strategy would also
incorporate aspects of the network and transport layers. For example, the
queue length of each decoding relay could be considered for the selection strategy in Chapter 2. If a relay has decoded the source message but is already
attempting to service many packets from other sources, it could decrease its
contention probability. Note that a decoding relay that already has several
packets in its queue will generally not be able to serve a new arrival within a
reasonable delay constraint.
Practical Coding: The centralized multiple-relay selection strategies
proposed in Chapter 3 are not readily amenable to practical implementation.
In particular, while the proposed proximity-based approaches are simple and
offer insights to network designers, they rely on information-theoretic random
coding and typical set decoding methods. All codewords are randomly generated using a Gaussian distribution and must have infinite length to facilitate
the analysis in Chapter 3.
More practical coding strategies can be applied to the proximity-based
approaches in Chapter 3. For example, cutting-edge codes such as punctured
low-density parity-check (LDPC) and turbo codes have been employed for the
IEEE 802.16e standard [4]. As seen in Chapter 2, punctured coding strategies
allow relays to forward partial information to the destination and assist it in
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the decoding process. Thus, punctured coding enables a practical application
of the proposed superposition coding strategy in Chapter 3.
Scheduling Nuances: The optimal priority-index scheduling rules in
Chapter 4 are designed for specific system models. In particular, the RLPA
problem relies on the minimization of a linear cost function in queue length
and the number of head-of-line packet retransmissions, with packets arriving
at the base station according to a Poisson process. Also, the RDC problem
relies on the minimization of a convex cost function in queue length with no
new arrivals at the base station.
A more comprehensive approach to the scheduling problem would consider non-Poisson packet arrival processes at the base station along with a
more general cost structure. For example, bursty traffic is well-modeled by
heavy-tailed distributions such as the Weibull distribution [25]. Also, consider
a scenario where one user downloads multimedia content while another user
simultaneously sends text messages. These two users have different requirements in terms of data rate and latency, which implies that they should have
distinct cost functions.
Transmission Hop Length: As shown in Chapter 5, short-hop routing requires less energy than long-hop routing in a MIMO network to meet
the same target success criterion at the destination. This result is obtained for
settings such as a two-dimensional network with nodes randomly distributed
according to a Poisson point process. Also, this result relies on the short-hop
strategy having a delay constraint that is n times that of the long-hop strategy.
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In practice, the short-hop and long-hop strategies will be subject to the
same delay constraint. In particular, for a single-antenna network, long-hop
routing requires less energy than short-hop routing given the same delay constraint [30]. Thus, a more practical energy-based comparison of these strategies
in a MIMO network should consider the performance impact of varying their
relative delay constraints. Also, several wireless networks of practical interest
will exhibit more structure than that modeled by the Poisson point process,
such as a sensor network comprised of traffic sensors. The energy-based comparison of short-hop and long-hop routing in these networks will require additional tools from stochastic geometry, such as the conditional Strauss point
process which models clustering [79].
While many open problems remain in the area of relay selection in
wireless networks, this dissertation presents solution strategies for several important problems. The presented results illustrate the importance of avoiding
a “one size fits all” strategy and focusing on the relevant system parameters
at hand.
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[11] H. Bölcskei, R.U. Nabar, Ö. Oyman and A.J. Paulraj. Capacity scaling laws in MIMO relay networks.

IEEE Trans. Wireless Commun.,

5(6):1433–1444, June 2006.
[12] S. Boyd and L. Vandenberghe. Convex Optimization. Cambridge University Press, New York, NY, 2004.
[13] J. Boyer, D.D. Falconer and H. Yanikomeroglu. Multihop diversity in
wireless relaying channels. IEEE Trans. Commun., 52(10):1820–1830,
October 2004.
[14] R. Bruno, M. Conti and E. Gregori. Mesh networks: commodity multihop
ad hoc networks. IEEE Commun. Mag., 43(3):123–131, March 2005.
[15] D. Chase. Code combining–a maximum-likelihood decoding approach for
combining an arbitrary number of noisy packets. IEEE Trans. Commun.,
33(5):385–393, May 1985.
[16] H. Chen and D.D. Yao. Dynamic scheduling of a multiclass fluid network.
Oper. Res., 41(6):1104–1115, November-December 1993.
154

[17] M. Chen, S. Serbetli and A. Yener.

Distributed power allocation for

parallel relay networks. In Proc. of the IEEE Glob. Telecommun. Conf.,
3, St. Louis, MO, November 2005.
[18] W.J. Cook, W.H. Cunningham, W.R. Pulleybank and A. Schrijver. Combinatorial Optimization. Wiley-Interscience, Hoboken, NJ, 1997.
[19] T.M. Cover and A.A. El Gamal. Capacity theorems for the relay channel.
IEEE Trans. Inform. Theory, 25(5):572–584, September 1979.
[20] T.M. Cover and J.A. Thomas. Elements of Information Theory. WileyInterscience, Hoboken, NJ, 2006.
[21] G. de Veciana. Advanced Telecommunication Networks. Course Notes
for EE 381K-13 (UT-Austin), 2007.
[22] M. Dohler, A. Gkelias and A.H. Aghvami. Capacity of distributed PHYlayer sensor networks. IEEE Trans. Veh. Technol., 55(2):622–639, March
2006.
[23] A.A. El Gamal and S. Zahedi. Capacity of a class of relay channels with
orthogonal components. IEEE Trans. Inform. Theory, 51(5):1815–1817,
May 2005.
[24] Y. Fan and J. Thompson. MIMO configurations for relay channels: theory and practice. IEEE Trans. Wireless Commun., 6(5):1774–1786, May
2007.

155

[25] A. Feldmann.

Impact of non-Poisson arrival sequences for call admis-

sion algorithms with and without delay. In Proc. of the IEEE Global
Telecommun. Conf., London, United Kingdom, November 1996.
[26] E.N. Gilbert. Random plane networks. J. Soc. Indust. Appl. Math.,
9(4):533–543, December 1961.
[27] P. Glasserman and J. Staum. Resource allocation among simulation time
steps. Oper. Res., 51(6):908–921, November-December 2003.
[28] J. Gomez and A.T. Campbell. Variable-range transmission power control
in wireless ad hoc networks. IEEE Trans. Mobile. Comput., 6(1):87–99,
January 2007.
[29] D. Gunduz and E. Erkip. Opportunistic cooperation by dynamic resource
allocation. IEEE J. Trans. Wireless Commun., 6(4):1446–1454, April
2007.
[30] M. Haenggi.

On routing in random Rayleigh fading networks.

IEEE

Trans. Wireless Commun., 4(4):1553–1562, July 2005.
[31] J. Hagenauer. Rate-compatible punctured convolutional codes (RCPC
codes) and their applications. IEEE Trans. Commun., 36(4):389–400,
April 1988.
[32] V. Hayes.

IEEE Standard for Wireless LAN Medium Access Control

(MAC) and Physical Layer (PHY) Specifications. 1999.

156

[33] B.M. Hochwald, T.L. Marzetta and V. Tarokh. Multiple-antenna channel
hardening and its implications for rate feedback and scheduling. IEEE
Trans. Inform. Theory, 50(9):1893–1909, September 2004.
[34] A.S. Hu and S.D. Servetto. On the scalability of cooperative time synchronization in pulse-connected networks. IEEE Trans. Inform. Theory,
52(6):2725–2748, June 2006.
[35] J. Huang, R.A. Berry and M.L. Honig. Wireless scheduling with hybridARQ. IEEE Trans. Wireless Commun., 4(6):2801–2810, November 2005.
[36] M. Janani, A. Hedayat, T.E. Hunter and A. Nosratinia. Coded cooperation in wireless communications: space-time transmission and iterative
decoding. IEEE Trans. Signal Processing, 52(2):362–371, February 2004.
[37] Y. Jing and B. Hassibi. Distributed space-time coding in wireless relay
networks. IEEE Trans. Wireless Commun., 5(12):3524–3536, December
2006.
[38] H. Kim, C.B. Chae, G. de Veciana and R.W. Heath, Jr. A cross-layer
approach to energy efficiency for adaptive MIMO systems exploiting spare
capacity.

Submitted to the IEEE Trans. Wireless Commun., August

2008, available:
http://users.ece.utexas.edu/˜rheath/papers/2008/TWC Cross/
[39] G.P. Klimov. Time-sharing service systems. I. Theor. Probab. Appl.,
19(3):532–551, 1974.
157

[40] G. Kramer, M. Gastpar and P. Gupta. Cooperative strategies and capacity theorems for relay networks.

IEEE Trans. Inform. Theory,

51(9):3037–3063, September 2005.
[41] A. Kumar, D. Manjunath and J. Kuri. Communication Networking: An
Analytical Approach. Morgan Kaufmann, San Francisco, CA, 2004.
[42] J.N. Laneman, D.N.C. Tse and G.W. Wornell. Cooperative diversity in
wireless networks: Efficient protocols and outage behavior. IEEE Trans.
Inform. Theory, 50(12):3062–3080, December 2004.
[43] J.N. Laneman and G.W. Wornell.

Distributed space-time-coded pro-

tocols for exploiting cooperative diversity in wireless networks.

IEEE

Trans. Inform. Theory, 49(10):2415–2425, October 2003.
[44] Z. Lin and E. Erkip.

Relay search algorithms for coded cooperative

systems. In Proc. of the IEEE Glob. Telecommun. Conf., 3, St. Louis,
MO, November 2005.
[45] W.C. Lindsey, F. Ghazvinian, W.C. Hagmann and K. Dessouky. Network
synchronization. Proc. of the IEEE, 73(10):1445–1467, October 1985.
[46] P. Liu, R.A. Berry and M.L. Honig. A fluid analysis of a utility-based
wireless scheduling policy.

IEEE Trans. Inform. Theory, 52(7):2872–

2889, July 2006.

158

[47] X. Liu and W. Su. Optimum selection relaying protocols in cooperative
wireless networks. In Proc. of the IEEE Global Telecommun. Conf., San
Francisco, CA, November 2006.
[48] Y. Liu, R. Hoshyar, X. Yang and R. Tafazolli. Integrated radio resource
allocation for multihop cellular networks with fixed relay stations. IEEE
J. Select. Areas Commun., 24(11):2137–2146, November 2006.
[49] C.K. Lo, R.W. Heath, Jr. and S. Vishwanath. Hybrid-ARQ in multihop
networks with opportunistic relay selection. In Proc. of the IEEE Intl.
Conf. on Acoust., Speech and Signal Processing, 3:617–620, Honolulu, HI,
April 2007.
[50] C.K. Lo, R.W. Heath, Jr. and S. Vishwanath.
selection with limited feedback.

Opportunistic relay

In Proc. of the IEEE Veh. Technol.

Conf., 1:135–139, Dublin, Ireland, April 2007.
[51] C.K. Lo, R.W. Heath, Jr. and S. Vishwanath.

The impact of chan-

nel feedback on opportunistic relay selection for hybrid-ARQ in wireless
networks. Accepted to the IEEE Trans. Veh. Technol., Jun. 2008.
[52] C.K. Lo, S. Vishwanath and R.W. Heath, Jr.

Relay subset selection

in wireless networks using partial decode-and-forward transmission. In
Proc. of the IEEE Veh. Technol. Conf., 1:2395–2399, Singapore, May
2008.

159

[53] C.K. Lo, S. Vishwanath and R.W. Heath, Jr.

Relay subset selection

in wireless networks using partial decode-and-forward transmission. Accepted to the IEEE Trans. Veh. Technol., Jun. 2008.
[54] C.K. Lo, J.J. Hasenbein, S. Vishwanath and R.W. Heath, Jr.

Relay-

assisted scheduling in wireless networks with hybrid-ARQ. Submitted to
the IEEE Trans. Veh. Technol., Oct. 2008.
[55] C.K. Lo, S. Vishwanath and R.W. Heath, Jr. An energy-based comparison of long-hop and short-hop routing in MIMO networks. Submitted to
the IEEE J. Sel. Areas Commun., Aug. 2008.
[56] Y. Lu and D.D. Yao. Optimal control of a fluid network with side constraints. IEEE Trans. Autom. Control, 48(10):1865–1870, October 2003.
[57] J. Luo, R.S. Blum, L.J. Greenstein, L.J. Cimini and A.M. Haimovich.
New approaches for cooperative use of multiple antennas in ad hoc wireless networks. In Proc. of the IEEE Veh. Technol. Conf., 4:2769–2773,
Los Angeles, CA, September 2004.
[58] R. Madan, D. Shah and O. Leveque. Product multicommodity flow in
wireless networks. IEEE Trans. Inform. Theory, 54(4):1460–1476, April
2008.
[59] E. Mills. Mapping a revolution with ’mashups.’ CNET News,
http://news.cnet.com/2009-1025-5944608.html

160

[60] S.G. Nash and A. Sofer. Linear and Nonlinear Programming. McGrawHill, New York, NY, 1996.
[61] M.J. Neely, E. Modiano and C.E. Rohrs.

Dynamic power allocation

and routing for time-varying wireless networks. IEEE J. Select. Areas
Commun., 23(1):89–103, January 2005.
[62] R. Pabst et al. Relay-based deployment concepts for wireless and mobile
broadband radio. IEEE Commun. Mag., 42(9):80–89, September 2004.
[63] S.W. Peters and R.W. Heath, Jr.

The future of WiMAX: multihop

relaying with IEEE 802.16j. Submitted to the IEEE Commun. Mag.,
January 2008.
[64] J.R. Philip.

The function inverfc θ.

Australian J. Physics, 13:13–20,

1960.
[65] P. Popovski and E. de Carvalho.
based on superposition coding.

Spectrally-efficient wireless relaying
In Proc. of the IEEE Veh. Technol.

Conf., 1:2936–2940, Dublin, Ireland, April 2007.
[66] B. Radunovic and J.-Y. Le Boudec.

Optimal power control, schedul-

ing, and routing in UWB networks.

IEEE J. Sel. Areas Commun.,

22(7):1252–1270, September 2004.
[67] D. Rajan, A. Sabharwal and B. Aazhang. Delay-bounded packet scheduling of bursty traffic over wireless channels. IEEE Trans. Inform. Theory,
50(1):125–144, January 2004.
161

[68] A. Ramamoorthy, J. Shi and R.D. Wesel. On the capacity of network
coding for random networks. IEEE Trans. Inform. Theory, 51(8):2878–
2885, August 2005.
[69] B. Rankov and A. Wittneben. Spectral efficient protocols for half-duplex
fading relay channels. IEEE J. Select. Areas Commun., 25(2):379–389,
February 2007.
[70] T.S. Rappaport.

Wireless Communications: Principles and Practice.

Prentice Hall, Upper Saddle River, NJ, 2002.
[71] P. Razaghi and W. Yu. Parity forwarding for multiple-relay networks. In
Proc. of the Intl. Symp. on Inform. Theory, 1:1678–1682, Seattle, WA,
July 2006.
[72] Reuters. Number of mobile subscribers in China to increase to 738 million
in 2010 according to new report. http://www.reuters.com/article
/pressRelease/idUS17950+29-Jan-2008+BW20080129
[73] C. Rose.

Mean internodal distance in regular and random multihop

networks. IEEE Trans. Commun., 40(8):1310–1318, August 1992.
[74] A.K. Sadek, Z. Han and K.J.R. Liu.

A distributed relay-assignment

algorithm for cooperative communications in wireless networks. In Proc.
of the IEEE Intl. Conf. on Commun., 4:1592–1597, Istanbul, Turkey,
June 2006.

162

[75] A. Sendonaris, E. Erkip and B. Aazhang. User cooperation diversity—
Part I: System description. IEEE Trans. Commun., 51(11):1927–1938,
November 2003.
[76] S. Shakkottai and R. Srikant. Scheduling real-time traffic with deadlines
over a wireless channel. Wireless Netw., 8(1):13–26, January 2002.
[77] S. Shamai. A broadcast strategy for the Gaussian slowly fading channel.
In Proc. of the Intl. Symp. on Inform. Theory, 1:150, Ulm, Germany,
June 1997.
[78] M. Sikora, J.N. Laneman, M. Haenggi, D.J. Costello and T.E. Fuja.
Bandwidth- and power-efficient routing in linear wireless networks. IEEE
Trans. Inform. Theory, 52(6):2624–2633, Jun. 2006.
[79] D. Stoyan, W.S. Kendall and J. Mecke.

Stochastic Geometry and its

Applications. Wiley, Hoboken, NJ, 1996.
[80] K. Sun, P. Ning and C. Wang. Secure and resilient clock synchronization
in wireless sensor networks. IEEE J. Select. Areas Commun., 24(2):395–
408, February 2006.
[81] T. Tang and R.W. Heath, Jr. Opportunistic feedback for downlink multiuser diversity. IEEE Commun. Lett., 9(10):948–950, October 2005.
[82] X. Tang and Y. Hua. Optimal design of non-regenerative MIMO wireless
relays. IEEE Trans. Wireless Commun., 6(4):1398–1407, April 2007.

163

[83] P. Tarasak, H. Minn and V.K. Bhargava.

Differential modulation for

two-user cooperative diversity systems. IEEE J. Select. Areas Commun.,
23(9):1891–1900, September 2005.
[84] L. Tassiulas and A. Ephremides.

Stability properties of constrained

queueing systems and scheduling policies for maximum throughput in
multihop radio networks. IEEE Trans. Autom. Control, 37(12):1936–
1948, December 1992.
[85] D.W. Tcha and S.R. Pliska. Optimal control of single-server queueing
networks and multi-class M/G/1 queues with feedback.

Oper. Res.,

25(2):248–258, March-April 1977.
[86] B. Timus, J. Hultell and M. Nilson. Techno-economical viability of deployment strategies for cellular-relaying networks. In Proc. of the IEEE
Veh. Technol. Conf., 1:2259–2263, Singapore, May 2008.
[87] L. Venturino, X. Wang and M. Lops. Multiuser detection for cooperative networks and performance analysis. IEEE Trans. Signal Process.,
54(9):3315–3329, September 2006.
[88] H. Viswanathan and S. Mukherjee.

Performance of cellular networks

with relays and centralized scheduling. IEEE Trans. Wireless Commun.,
4(5):2318–2328, September 2005.
[89] B. Wang, J. Zhang, and A. Host-Madsen. On the capacity of MIMO relay
channels. IEEE Trans. Inform. Theory, 51(1):29–43, January 2005.
164

[90] S. Wei, D.L. Goeckel and M.C. Valenti. Asynchronous cooperative diversity. IEEE Trans. Wireless Commun., 5(6):1547–1557, June 2006.
[91] F. Xue and P.R. Kumar. On the θ-coverage and connectivity of large
random networks. IEEE Trans. Inform. Theory, 52(6):2289–2299, June
2006.
[92] E.M. Yeh and R.A. Berry. Throughput optimal control of cooperative relay networks. IEEE Trans. Inform. Theory, 53(10):3827–3833, October
2007.
[93] M. Yuksel and E. Erkip. Broadcast strategies for the fading relay channel.
In Proc. of the IEEE Military Commun. Conf., 2:1060–1065, Monterey,
CA, October 2004.
[94] B. Zhao and M.C. Valenti.

Practical relay networks: a generalization

of hybrid-ARQ. IEEE J. Select. Areas Commun., 23(1):7–18, January
2005.
[95] D. Zhao and T.D. Todd.

Cellular CDMA capacity with out-of-band

multihop relaying. IEEE Trans. Mobile Comput., 5(2):170–178, February
2006.
[96] Y. Zhao, R. Adve and T.J. Lim. Improving amplify-and-forward relay
networks: optimal power allocation versus selection. In Proc. of the Intl.
Symp. on Inform. Theory, 1:1234–1238, Seattle, WA, July 2006.

165

[97] M. Zorzi and R.R. Rao. Geographic random forwarding (GeRaF) for ad
hoc and sensor networks: multihop performance. IEEE Trans. Mobile
Comput., 2(4):337–348, October-December 2003.

166

Index

Abstract, ix
Acknowledgments, iv
Bibliography, 153

167

Vita

Caleb K. Lo was born in Oakland, California on November 27, 1981,
the son of Yi-Kang and Serene Lo. After graduating from Albany High School,
Albany, California in 1999, he entered the California Institute of Technology in
Pasadena, California. He received his B.S. degree in electrical engineering from
Caltech in 2003. He then received his M.S. degree in electrical and computer
engineering from the University of Texas at Austin in 2005. Currently he is a
Ph.D. student in the Electrical and Computer Engineering Department at UTAustin. His research focuses on multihop wireless networks; currently, he is
investigating relay selection strategies. He worked on satellite module testing
as a summer intern at Hughes Space and Communications and at Boeing
Satellite Systems from 2000-2001. During the summer of 2005 he worked on
wireless channel modeling for a directional-antenna communications system at
Rockwell Collins.

Permanent address: 2625 La Honda Ave.
El Cerrito, CA 94530

This dissertation was typeset with LATEX† by the author.
† A
LT

EX is a document preparation system developed by Leslie Lamport as a special
version of Donald Knuth’s TEX Program.

168

