
Copyright

by

Shreemoy Mishra

2008



The Dissertation Committee for Shreemoy Mishra

certifies that this is the approved version of the following dissertation:

Essays on the Role of Institutions with Persistent

Asymmetric Information and Imperfect Commitment

Committee:

Thomas E. Wiseman, Supervisor

Kenneth Hendricks, Supervisor

P. Dean Corbae

Maxwell B. Stinchcombe

Ramesh Rao



Essays on the Role of Institutions with Persistent

Asymmetric Information and Imperfect Commitment

by

Shreemoy Mishra, MS, BEngr.

Dissertation

Presented to the Faculty of the Graduate School of

The University of Texas at Austin

in Partial Fulfillment

of the Requirements

for the Degree of

Doctor of Philosophy

The University of Texas at Austin

May 2008



To my parents and teachers



Acknowledgments

I thank Tom Wiseman and Ken Hendricks for their guidance and support throughout

the writing of this thesis. The influence of Max Stinchcombe and Tom Wiseman

in the early years of graduate school was instrumental in my pursuing graduate

training beyond a masters degree and in picking a research area. If not for Dean

Corbae’s guidance and encouragement, I would have never finished. Dean helped

me look at the bigger picture beyond passing comprehensive exams and running

simulated method of moments. I am grateful to these wonderful teachers who have

had so much of an impact on my thinking. I am also grateful to all my friends from

graduate school for their generous support: Avnish, Doug, Himanshu, Jennifer, Lori,

Niraj, Sauyma, Scott, Shivani and Vivian, thank you all very much.

Shreemoy Mishra

The University of Texas at Austin

May 2008

v



Essays on the Role of Institutions with Persistent

Asymmetric Information and Imperfect Commitment

Publication No.

Shreemoy Mishra, Ph.D.

The University of Texas at Austin, 2008

Supervisor: Thomas E. Wiseman

This dissertation is a collection of three essays that study the market for consumer
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Chapter 1

Privacy Policies with Persistent

Buyer Valuations and Imperfect

Commitment
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Abstract

I study the market for information on consumer purchases. Consumers make

sequential buy decisions from two different firms. The consumer’s valuations for the

two goods are positively correlated so the second firm would like to know who has

bought the first good in order to make a more informed pricing decision. In contrast

to the literature, I derive simple conditions under which disclosed purchase history

is valuable and will be sold. The key condition is that buyers are not certain about

their valuation for the second good when they decide whether to buy the first good. In

most cases, consumers are better off and firms are worse off with disclosure. Hence,

the results do not support an active role for regulation of consumer information.

1.1 Introduction

Innovations such as scanner technology and online retailing allow firms to record

consumer purchase histories. Such records are getting easier to create and retrieve,

and firms of all sizes have access to modern data-mining technologies. Such de-

tailed records of past individual transactions can have significant impact on future

transactions. By inferring preferences from past behavior, firms can offer product

recommendations and help reduce consumers’ search costs. This is apparent in the

product suggestions offered by online retailers such as Amazon.com. Both firms as

well as consumers can benefit from such use of purchase histories. On a different

note however, detailed records of purchase histories can helps firms to price discrim-

inate. Consumer privacy groups often demand that restrictions be placed on what

information firms can store and how it may be used. A related concern to both

consumer advocacy groups as well as policymakers is what sort of restrictions, if

any, to impose on the exchange of consumer information between firms. Should a

firm be barred from selling its list of buyers to other firms?

In a recent article, Taylor (2004) addresses this question. In his model, con-
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sumers make sequential purchase decisions from two monopolists. Each consumer’s

valuations for the two goods are positively correlated. The positive correlation in

valuations suggests a value for the consumer’s purchase history since it permits the

second monopolist to make a more informed pricing decision. Taylor finds that

when consumers anticipate disclosure, they strategically alter their behavior so as

to make the revealed information valueless. When disclosure is allowed, consumers

are better off and firms are worse off. This result suggests that policies which at-

tempt to restrict information exchange between firms may actually benefit firms

and hurt consumers. Taylor’s result that consumer purchase histories have no value

when consumers are forward-looking is consistent with the findings of Calzolari and

Pavan (2005).1

This paper revisits the question using the Taylor model but under a different

information structure. Taylor assumes that consumers know their valuations for

both goods prior to purchasing any of the goods. I assume that consumers know

their valuation of the first good but do not learn their valuation of the second good

until later, after they have made their purchasing decisions on the first good. In

effect, I am assuming that the consumers are uncertain about their valuations of

goods of firms who may be potential buyers of the information generated by their

current purchases. I believe that this is a plausible assumption in markets where

buyer lists are valuable, such as credit card, catalog, and magazine markets.

I characterize the unique equilibrium satisfying the Intuitive Criterion of Cho

and Kreps and obtain remarkably different results from Taylor. For a large set of

parameters, the equilibrium involves screening: only high types buy and they do so

at a price below their valuation. In this case, the list of buyers is valuable and the

second monopolist is willing to pay the first monopolist for the list. For another
1The assumption of rationality is important. Taylor (2004) and Aquisti and Varian (2005)

show that, if consumers are näıve or myopic, then consumer information is valuable. Consumer
information is also valuable when the two goods are complements (see Calzolari and Pavan (2005)).
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set of parameters, the equilibrium involves pooling: all buyer types buy so the list

is not valuable. In this equilibrium, the first monopolist charges a price below the

lowest buyer valuation so all buyer types earn information rents. In each of these

equilibria, consumers are better off and firms are worse off with disclosure. Thus,

our results provide additional support to Taylor’s finding that a ban on the sale of

buyer lists would not benefit consumers.

1.2 Model

Agents

There are two monopolistic firms, firm 1 and firm 2. Each firm is active in a separate

market. Firm j produces good j at zero marginal cost (j = 1, 2). Firms do not face

any capacity constraints. There is a single buyer with preferences described below.

Preferences

Firms care about profits from sales of their products. The buyer has a unit demand

for each monopolist’s product. Preferences for these goods can be either high or low

given by vH and vL respectively. The buyer’s valuations for the two products are

correlated as explained below. All agents are risk neutral and do not discount the

future.

Timing and Information

Trade occurs sequentially in the two markets across two periods. The market for

good j = 1, 2 is open in period j only. In period j = 1, 2 firm j makes a price offer

to the buyer. Each firm has a prior distribution over buyer type which is common

knowledge. The prior probability for a buyer being of the high type is µ1. In period

1 the buyer knows his valuation for good 1 but not for good 2. Buyer valuations
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for the two goods exhibit persistence. With probability α ∈ (1/2, 1), the buyer’s

valuation for good 2 is identical to that for good 1. With probability (1 − α) the

valuation will switch to the other type. To allow for different levels of persistence

across types denote the persistence of high and low types to be αH and αL respec-

tively. The probability that a low type switches to a high type in the following

period is therefore (1− αL).

The following restriction is imposed on the parameters

(1− αL) <
vL
vH

< αH (1.1)

If the left inequality is violated, then even if the low type was revealed in the first

period, firm 2 would still be optimistic enough to charge the high price in the second

period. If the inequality on the right is violated, then even if the high type was

revealed, firm 2 would be pessimistic enough to charge the low price in the second

period. Note that this implicitly defines a lower bound for persistence of each type.

Since the two markets are separated in time there may exist opportunities

for firms 1 and 2 to trade in consumer information. Consumer information in this

environment is simply the buyer’s decision to purchase good 1 and the period 1

price. If firm 1 discloses information about the buyer’s accept or reject decision,

firm 2 can update its beliefs about the buyer’s type in period 2. Let µ2 be the

posterior probability of the buyer being of high type. I assume that there is an

arbitrarily small cost η > 0, as the cost of transferring the buyer information. This

cost is borne by firm 12. The environment just described is similar to that analyzed

by Kennan (1998) and I use the similar terminology for equilibria. The current

information structure is different from the one analyzed in Taylor (2004). In the

current model, buyer valuations for the two goods are drawn from a Markov process.
2This will later help eliminate multiple equilibria.
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In Taylor’s model, valuations are drawn from a binomial distribution. However, this

difference in structure is misleading. All the results described in the current paper

will continue to hold in Taylor’s framework. The critical difference is not how the

valuations are drawn but when are buyers aware of second period valuation. In

the current model, buyers are not aware of the valuation for the second good when

making the first purchase. In Taylor’s model, buyers always know both valuations

in advance.

Actions

• An action for firm 1 is a price announcement P1 ∈ <+ for the buyer and a

price w ∈ <+ for buyer information for firm 2. I assume that firm 1 makes a

take-it-or-leave-it offer to firm 2 for the buyer’s information.

• Firm 2’s decides whether to purchase information from firm 1 and announces

a second period price P2 ∈ <+.

• A buyer’s action in each period is an acceptance probability r based on its type

and the price. There are two types, {H,L} and these can change, therefore the

possible actions based on type realizations are {rH(P1), rL(P1), rHH(P2), rHL(P2),

rLH(P2), rLL(P2)}. The first subscript refers to period one valuation and the

second to period two valuation.

Equilibrium Concept: Strategies and beliefs form a Perfect Bayesian Equilibrium

if and only if,

(P1) rij(·), i, j = L,H is optimal for the buyer given P2

(P2) P2 is optimal for firm 2 given its beliefs (µ2(·)) and w(·)

(P3) ri(·), i = L,H is optimal for buyer given P1 and firm 2’s strategy.

(P4) P1 and w(·) are optimal for firm 1 given all subsequent strategies.
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(B) The posterior is derived from the prior µ1, P1 and the buyer’s strategy ri(·)

by Bayes’ Rule (whenever possible).

Define a continuation equilibrium described by P (1) − P (3) and (B). That is, the

strategies prescribed in equilibrium after any arbitrary first period price P1. Further,

in any equilibrium where the buyer is indifferent between accepting or rejecting, I

assume that the buyer accepts with certainty.

1.3 Confidential Regime

In this section I consider the benchmark case in which the firm 1 commits not to

disclose any buyer information to firm 2. Let µt represent the unconditional proba-

bility that the buyer is of high type in period t.

Proposition 1: When firm 1 cannot disclose any buyer information to firm 2, then

is a unique3 perfect Bayesian equilibrium with beliefs

µ2 = µ1αH + (1− µ1)(1− αL)
3I abstract away from non-generic cases µ1 = vL/vH where the seller is indifferent and random-

izes.
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and strategies given by

Pt =


vH , if µt > vL/vH

vL, otherwise
for t = 1, 2, (1.2)

ri =


1, if Pi ≤ vi

0, otherwise
for i = (h = H,L)} (1.3)

rij =


1, if Pj ≤ vij

0, otherwise
for j = (HH,HL,LH,LL)} (1.4)

This result for the policy with full commitment will be referred to as the static

outcome and will serve as a benchmark to compare policies.

1.4 Disclosure Regime

In this section I assume firm 1 can sell information collected about buyer valuation

to firm 2.

In what follows I suppress the dependence of r on prices. Recall that the prior

probability for the buyer being of high type in period 1 is µ1. After observing the

buyer’s period 1 action, firm 2 will have the following posterior belief that the buyer

is of high type

(Following Reject) µ0
2 =

µ1(1− rH)αH + (1− µ1)(1− rL)(1− αL)
µ1(1− rH) + (1− µ1)(1− rL)

(1.5)

(Following Accept) µ1
2 =

µ1rHαH + (1− µ1)rL(1− αL)
µ1rH + (1− µ1)rL

(1.6)

To understand why this is the case, note the terms on the right hand side

of equation (1.5). The first term in the numerator reflects the probability that the

buyer was of high type (µ1), that he rejected with probability (1 − rH) and that
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he continues to be of high type (αH) in period 2. Similarly, the second term in the

numerator is the probability that the buyer was of low type in period 1, (1 − µ1),

that he rejected with probability (1−rL) and that his type has switched to the high

type in period 2 (1 − αL). The terms in the denominator and the beliefs arising

after an acceptance decision (1.6) can be similarly explained.

I solve the game by backward induction4. The buyer is the last agent to act

in the last period. The buyer simply accepts or rejects the second period price offer

in a non-strategic manner. Specifically, the buyer accepts any offer that does not

exceed his valuation. The second period therefore is not a game but simply an

optimization problem for firm 2 given its beliefs about the buyer’s type. Firm 2’s

second period pricing behavior will in turn influence the buyer’s decision to accept

or reject the first period offer. Finally, given the buyer’s strategy in the first period,

firm 1 maximizes expected profit by picking a first period price P1. This is basically

the standard procedure as in Fudenberg and Tirole (1983).

Second period outcomes

The second period is just like a static game. Second period optimal strategies are

similar to the static outcome in Proposition 1. Define the following strategies for

firm 2

σ0
2 = Prob(P2 = vL| Buyer rejected P1) (1.7)

σ1
2 = Prob(P2 = vL| Buyer accepted P1) (1.8)

These represent the probabilities that firm 2 charges the low price conditional

on period 1 action. Note that given the buyer’s possible valuations and non-strategic
4Backward induction cannot be used to solve games of incomplete information. The method

used here is standard in the literature and has been referred to as backward induction by Fudenberg
and Tirole (1983).
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actions, it is easy to check that period 2 prices belong to the set {vL, vH}.

The buyer’s period 2 strategies are

rij =


1, if P2 ≤ vij

0, otherwise
for i, j ∈ {L,H} (1.9)

This simply states that in the second period, a buyer accepts any offer not exceeding

his period 2 valuation. Rejection always leads to zero surplus.

Firm 2’s optimal strategies are given by

σ0
2 =


1 if µ0

2 < vL/vH

0 otherwise
(1.10)

σ1
2 =


1 if µ1

2 < vL/vH

0 otherwise
(1.11)

(2.9) and (2.10) simply state that firm 2 offers the low price if and only if its posterior

belief that the buyer is of high type (following either accept or reject) is lower than

vL/vH .

The above pricing strategy followed by firm 2 is used by the buyer to form

period 1 strategies.

Buyer’s period 1 strategy

Define the buyer’s expected payoff from accepting or rejecting P1 as below. As be-

fore, superscripts {0,1} refer to reject and accept respectively
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for low type buyer

(Reject) U0
L = (1− αL)(vH − vL)σ0

2 (1.12)

(Accept) U1
L = (vL − P1) + (1− αL)(vH − vL)σ1

2 (1.13)

for high type buyer

(Reject) U0
H = αH(vH − vL)σ0

2 (1.14)

(Accept) U1
H = (vH − P1) + αH(vH − vL)σ1

2 (1.15)

To understand how these are derived, consider (1.12) which is the payoff to a low

type buyer from rejecting the first period offer. The buyer has a payoff of 0 in the

first period. In the second period the buyer’s type may change to a high type with

probability (1 − αL) and with probability σ0
2 he is offered the low price vL, which

results in a surplus of (vH − vL). The other payoffs are derived in similar fashion.

Recall that the probability with which a low (high) type buyer accepts a first

period offer is given by rL(rH). These will be used extensively in the following

lemmas that describe what must happen in equilibrium in the continuation game

starting from the announcement of a price P1.

Lemma 1: In any equilibrium of the continuation game starting after any P1 ∈ <+,

if rL > 0 then rH = 1.

Lemma 1 states that a high type buyer can never reject a first period offer that a

low type buyer is willing to accept with positive probability.

Lemma 2: In any equilibrium of the continuation game starting after P1 > vH ,

rL = rH = 0.

Lemma 2 states that if firm 1 offers a price greater than the highest possible valua-
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tion, buyers of both types reject this offer with certainty.

Lemma 3: In any equilibrium of the continuation game starting after P1 > vL,

rL = 0.

This lemma states that the low type buyer never accepts an offer exceeding the low

valuation.

In what follows we will need to distinguish between two cases. The seller is Tough

in the sense of Fudenberg and Tirole (1983) if the following condition holds

vL
vH

< µ1αH + (1− µ1)(1− αL) (1.16)

This condition implies that if firm 2 receives no information about the buyer’s first

period action, then it will offer the high price. The seller is Soft if

µ1αH + (1− µ1)(1− αL) <
vL
vH

(1.17)

In this case if firm 2 receives no information about the buyer’s first period action,

then it will offer the low price. Define the threshold

γH =
vL − (1− αL)vH

[αH − (1− αL)]vH
(1.18)

Then the seller is Tough or Soft depending on whether µ1 > γH or µ1 < γH respec-

tively

1.4.1 Case 1: Tough Seller

Lemma 4: If µ1 > γH , then in any equilibrium of the continuation game starting

after P1 ∈ (vL, vH ], rH > 0.

Lemma 4 states that a high type buyer cannot reject a first period offer in the range

(vL, vH ] with certainty.
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Lemma 5: Let P̃H = vH − α(vH − vL). If µ1 > γH , then in any equilibrium of the

continuation game starting after P1 ∈ (P̃H , vH ], rH ∈ (0, 1).

Lemma 5 identifies a set of first period prices where the high type buyer randomizes

between accepting and rejecting. These are prices which the high type buyer can

neither accept nor reject with certainty.

Corollary 5.1: In any equilibrium of the continuation game starting after P1 ≤ P̃H ,

rH = 1.

This states that a high type buyer accepts all P1 ≤ P̃H with certainty.

From lemma 5, we know the high type buyer randomizes when P1 > P̃H . The fol-

lowing lemma pins down the probability with which the buyer accepts.

Corollary 5.2: If µ1 > γH , then in any equilibrium of the continuation game

following P1 ∈ (P̃H , vH ],

rH =
(µ1αH + (1− µ1)(1− αL))vH − vL

µ1(αHvH − vL)
≡ r (1.19)

Note that for any given P1 ∈ (P̃H , vH ], the acceptance probability r is independent

of the price P1. Also , firm 2’s randomization probability is uniquely determined by

(1.31).

Lemma 6: Let P̃L = vL − (1− αL)(vH − vL). If µ1 > γH , then in any equilibrium

of the continuation game following an announcement P1 ∈ (P̃L, vL], rL = 0.

This lemma states that a low type buyer will reject attempted pooling offers. The

intuition behind this result is that by Corollary 5.1, a high type buyer can never

reject a low offer. By rejecting the low offer, a low value buyer can signal his

type to firm 25. This is supported by appealing to Cho and Kreps’(1987) Intuitive

Criterion. Signalling the low valuation leads to lower prices next period, which
5As far as I am aware, Kennan (2001) provides the first instance of such strategic rejections by

low value buyers in the literature.
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results in positive expected payoff because type can change to high.

Corollary 6.1: In any equilibrium of the continuation game starting after any

P1 ≤ P̃L, rL = rH = 1.
This states that a low type buyer accepts all first period price offers up to P̃L with
certainty.

Proof. First considerP1 < P̃L. From lemma 5, rH = 1. The expected payoff to a low type buyer

from accepting is [(vL−P1) + (1−α)(vH − vL)σ1
2 ] and this is higher than the expected payoff from

rejecting [(1− αL)(vH − vL)σ0
2 ] for all σi2, i = 0, 1.

Now consider P1 = P̃L. If rejecting leads to low second period price (P 0
2 = vL), then the low

type buyer is indifferent between accepting and rejecting. Again by the standing assumption for

continuation equilibria, the low type accepts such offers with certainty. By lemma 1, rH = 1. There

is no profitable deviation for either type of buyer.

First Period Prices

Given the buyer’s and firm 2’s strategies, firm 1 picks the first period price P1 and

a price for buyer information w to maximize expected profit. Firm 1’s problem

therefore is

Π1 = max
P1∈<+

µ1rHP1 + (1− µ1)rLP1 + w − η.1w>0

Given

rH , rL, σ
1
2, σ

0
2 from lemmas 1-6

w = max{0, µ1[rHαHP 1
2 + (1− rH)αHP 0

2 ]

+ (1− µ1)[rL(1− αL)P 1
2 + (1− rL)(1− αL)P 0

2 ]

− [µ1αH + (1− µ1)(1− αL)]vH}

In the objective function, the cost η is incurred only if buyer information is disclosed,

which happens only when the value of the disclosed is positive. The expression for

the price of disclosed buyer information, w, is simply the maximum of zero and
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the difference between firm 2’s profits with and without buyer information. This is

using the assumption that firm 1 makes a take-it-or-leave-it offer to firm 2.

From lemmas 1 - 6, firm 1’s optimal price must be one of the following three

prices: P̃L, P̃H , vH . No other price can yield a higher profit. To see this, note that

there are three different sets of period 1 prices: (0, P̃L], (P̃L, P̃H ], (P̃H , vH ]. Consider

a price within any of these sets, firm 1 can raise the price up to the upper bound

of the set and not affect any agent’s strategy. Firm 1 therefore simply compares

expected profit from each of the three possible prices and picks the highest. Firm 1’s

choice of P1 and w completes equilibrium description presented in the proposition

below. This is the main result of the paper.

Proposition 2: (Equilibrium with tough seller) If µ1 > γH , then there exists a

unique Perfect Bayesian Equilibrium that satisfies the Cho-Kreps Intuitive Criterion.

Depending upon parameter valuations there can be three types of equilibria:

A) (Dynamic Pooling Equilibrium6) P1 = P̃L, rH = rL = 1, P2 = vH , rHH =

rLH = 1, rHL = rLL = 0, w = 0

B) (Full Screening Equilibrium) P1 = P̃H , rH = 1, rL = 0, P 0
2 = vL, P 1

2 = vH ,

rHH = rLH = rLL = 1, rHL = 0, w = (1− µ1)(vL − (1− αL)vH)− η.

C) (Partial Screening Equilibrium) P1 = vH , rH = r, rL = 0, P2 = vH , rHH =

rLH = 1, rHL = rLL = 0, w = 0.

Proposition 2 is the main result of the paper. It determines the conditions

under which information disclosure by firm 1 results in dynamic price discrimination.

This result is obtained in an information structure richer, and more general, than

existing literature. In the literature, this result does not arise with forward looking
6The qualifier ‘dynamic’ is used to indicate that this is not the standard pooling price equal to

the low valuation. It is less than the low valuation and both types of buyers earn information rents.
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consumers 7. The main reason why this result is different is because buyer valuations

are persistent but not permanent. This uncertainty about future valuations drives

buyer incentives. This is a more appropriate assumption for several environments

including consumer credit and casualty insurance markets. Insurability and credit

constraints often change in unpredictable ways.

Firm 1 can make a take it or leave it offer to firm 2, assuming there are no

hold-up problems, firm 2 will purchase the consumer list. But this loss of privacy

does not result in lower consumer surplus. In fact, the findings illustrate that when

buyer valuations can change stochastically consumer surplus is never lower without

privacy than in the case with full privacy (the static outcome). This is stated in the

following result.

Proposition 3: (Welfare) If µ1 > γH , then in any unique Perfect Bayesian Equi-

librium satisfying the Cho Kreps Intuitive Criterion:

• Consumer surplus is at least as high as in the static case, and strictly greater

for Dynamic Pooling and Full Screening Equilibria.

• Firm 1’s expected profits are always lower than in the static case.

• Firm 2’s profits are always the same as in the static case.

• Total surplus falls for the Partial Screening Equilibrium, and rises in Dynamic

Pooling and Full Screening Equilibria.

1.4.2 Case 2: Soft Seller

In this case we consider a soft seller. Recall that the static outcome in this case

calls for {P1 = P2 = vL, ri = rij = 1∀i, j = H,L}. Lemma 2 still holds in this case.

7But does arise with myopic or naive consumers, see Taylor (2004) and with goods that are
complements, see Calzolari and Pavan (2005).
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So we only need to look at P1 ≤ vH .

Lemma 7: If µ1 < γH (soft seller), then in any equilibrium of the continuation

game following P1 ∈ (P̃H , vH ], rL = 0, rH = 0.

This states that all buyers reject offers exceeding the P̃H with certainty. Corollary

5.1 is still valid, a high type buyer accepts all offers in (vL, P̃H ] with certainty, while

the low type rejects with certainty. It is easy to see that Corollary 6.1 still holds,

thus a buyer of either type accepts all P1 < P̃L with certainty.

Define

r =
(

µ1

1− µ1

)
(αHvH − vL)

(vL − (1− αL)vH)
(1.20)

Lemma 8: If µ1 < γH , then in any equilibrium of the continuation game following

P1 ∈ (P̃L, vL], rL = r, rH = 1, σ0
2 = 1 and

σ1
2 = 1− vL − P1

(1− αL)(vH − vL)
(1.21)

Lemma 8 states that a high value buyer accepts P1 ∈ (P̃L, vL] with certainty while a

low value buyer randomizes between accept and reject. Further, following an accept,

firm 2 randomizes between the high and low price.

Proposition 4: (Equilibrium with soft seller) If µ1 < γH ,then there is a unique

Perfect Bayesian outcome: P1 = P2 = vL, rH = 1, rL = r, w = 0. Total surplus and

firm 1 profits are lower than in the static case.

With a soft seller, there is an outcome similar to the static case. The only difference

from the static case is that the low value buyers do not accept first period offers

with certainty.
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1.4.3 Example

The following example will illustrate the case made in propositions 2,3 and 4. Let

αL = αH = α. The symmetry in persistence implies the stationary probability

of high type is 1/2. The unconditional posterior probability approaches 1/2. The

assumption of moderation in beliefs (1.5), requires vL/vH < 1/2. If this is not

the case, then starting with a prior probability of high type less than 1/2, the

unconditional posterior of high type can never exceed 1/2, and the seller would

have to charge the low price in the second period no matter what is revealed. To

continue with the example, the above assumptions would lead to the following profits

for firm 1 under the three different pricing structures implies by the three types of

equilibria.

(Dynamic Pooling:) πA1 (µ1) = (2− α)vL − (1− α)vH (1.22)

(Full Screening:) πB1 (µ1) = (2µ1 − 2αµ1 + α− 1)vH + (1− µ1 + αµ1)vL (1.23)

(Partial Screening:) πC1 (µ1) = µ1rvH (1.24)

It is easy to check that there are parameter values where any of these three can

be the highest. In particular, there are values which make πB1 (µ1) the highest and

this is associated with the sale of information to firm 2. The value of the consumer

information is given by

w = (1− µ1)(vL − (1− α)vH) (1.25)

This numerical example is illustrated in figures (??-??). Figure (??) plots

firm 1’s expected profits with different pricing schemes on the y-axis. The prior

probability of the buyer being a high type (µ1) is on the x-axis. We plot four

types of pricing mechanisms: static, dynamic pooling, full screening and partial

screening. Static equilibria are represented by dotted lines. Pooling equilibria are
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easily identified with the horizontal lines in each figure. As can be clearly seen from

figure (??), firm 1 expected profits are always lower than the static case. It is also

easy to see that any of the three pricing mechanisms may turn out to be optimal for

firm 1. Figure ?? summarizes the findings. It shows how different types of equilibria

may be realized in the parameter space. Figure (??) can be thought of as a cross

section of figure (??), for a given value of persistence ( α = 0.67). Dynamic Pooling

is the optimal pricing mechanism for firm 1 when both persistence as well as the

prior probability of the high type are extremely low. For moderate values of the

prior probability of the high type, full screening is the optimal mechanism. This is

the one associated with the sale of consumer information. Finally, when the prior

probability of high type is very high and persistence is low, then partial screening is

the optimal pricing mechanism. This is again associated with no transfer of buyer

information.

With information disclosure and a soft seller, firm 1’s profits are given by

the pooling equilibrium described in proposition 4. These are again represented in

figures (??) and (??) in the areas marked as ‘soft beliefs’ and are identical to the

static case.

1.5 Conclusion

I study consumer privacy in an environment with privately observed taste shocks.

The results provide incentives for firms to make commitments towards consumer

privacy. Firms will choose to offer this commitment not out of respect for the privacy

of their consumers or corporate responsibility, but because it makes business sense.

Consumers are forward looking and rationally reduce their demand for a firm’s good

when they realize their purchase decision may be sold and result in reduced future

surplus. This strategic reduction in demand lowers profits.

We show that if firms cannot commit to a privacy policy, then buyer purchase
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history can be valuable and it can be sold. Previous literature has derived demand

for consumer information but only with special assumptions such as consumers are

naive or the goods are complements. In the real world, there is an active market

for consumer information. We develop a simple theoretical model that generates

a demand for consumer information even if consumers are sophisticated (forward

looking) and when preferences for the goods are separable. It is also shown that

such sales of consumer lists can be welfare improving.

This article contributes to the growing literature on the economics of consumer

privacy. Some of the results derived in this paper mirror those in the literature such

as Calzolari and Pavan (2005) and Taylor (2004). In contrast to the literature how-

ever, the richer information structure with Markovian consumer preferences exhibits

some striking reversals . I show that there exist parameter values which can make

or break the market for consumer information. The conditions depend on the prior

distribution of high type consumers, and the persistence in types. The likelihood

that types can change provide strategic role for low value consumers. The low value

buyers can signal their valuation by strategically rejecting low offers. This shrinks

the set of prices that can act as pooling prices.

The value of disclosed consumer information, and therefore effectiveness of

privacy policies, depend on primitives such as preferences and persistence in prefer-

ences. Since these primitives may change from one market ro another, one implica-

tion of our analysis is that privacy policies will not be uniformly effective across all

markets.

Future Research: It would be interesting to test the theory in the data, for ex-

ample in credit markets. This may be difficult given the proprietary nature of such

data sets. Another approach may be to conduct experiments to test the theory.

There are several other issues involved with consumer information, especially in

electronic retailing. For example, one can tell a search and matching story for elec-
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tronic purchases. Electronic markets such as Amazon.com frequently make product

suggestions to buyers. These suggestions often depend on past history of the buyer,

or other buyers who purchased the product. In such cases, both firms as well as

consumers are better off.

Proofs

Proof of proposition 1

With no information to distinguish between buyer types, firms use their beliefs

about buyer distributions to offer a price, given by (1.2). Given this price the buyer

simply accepts if valuation exceeds the price (1.4). Note that we assume the buyer

accept offers when he is indifferent. Proposition 1 is essentially a static equilibrium,

period 2 is just a repetition of period 1.

Proof of lemma 1

The proof will be by contradiction. Let rL > 0. For this to happen, the

expected payoff to a low type buyer from accepting (1.13) must be greater than or

equal to that from rejecting (1.12). This is true if the following holds

P1 ≤ vL + (1− αL)(vH − vL)(σ1
2 − σ0

2) (1.26)

Now assume rH < 1. This will be true if the expected payoff to a high type buyer

from accepting (1.15) does not exceed that from rejecting (1.14). This corresponds

to

P1 ≥ vH + αH(vH − vL)(σ1
2 − σ0

2) (1.27)
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For (1.26) and (1.27) to both hold we must have

vH + αH(vH − vL)(σ1
2 − σ0

2) ≤ vL + (1− αL)(vH − vL)(σ1
2 − σ0

2) (1.28)

⇒ 1 ≤ (1− αL − αH)(σ1
2 − σ0

2) (1.29)

The first term in the product on the right hand side of (1.29) belongs to (-1,1)8 and

the second, being the difference of two probabilities, belongs to [-1,1]. Hence we

have a contradiction. Therefore rH = 1.

Proof of lemma 2

Suppose rL > 0. Then as in the proof for lemma 2, condition (1.26) must hold.

Using P1 = vH + ε, ε > 0 in condition (1.26) and simplifying we get:

1 +
ε

(vH − vL)
< (1− αL)(σ1

2 − σ0
2)

The first term in the product on the right hand side belongs to (0, 1) and the second

term belongs to [-1,1]. Therefore we have a contradiction and rL = 0

Now suppose rH > 0. Again using the payoffs for the high type buyer (1.14)

and (1.15) this works out to be equivalent to the condition σ1
2 > σ0

2. These are the

probabilities of receiving low price offers in the second period. Recall that the µi2

refer to posterior beliefs that the buyer is of high type. We have already shown that

the low type buyer never accepts P1 > vH , i.e. rL = 0. Using (1.6), the posterior

belief µ1
2 is

µ1
2 = αH

⇒ σ1
2 = 0 ≤ σ0

2

This is a contradiction. Therefore rH = 0.
8by assumption αL, αH ∈ (0, 1)
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Proof of lemma 3

Consider P1 = vL + ε, ε > 0. Assume rL > 0. Using this value for P1 in condition

(1.26) and simplifying we obtain

(1− αL)(vH − vL)(σ1
2 − σ0

2) > ε

⇒ σ1
2 > σ0

2

We already know from lemma 1 that if rL > 0, then rH = 1. This implies rejection

must be interpreted as low type. This can be proved using the posterior belief (1.5)

µ0
2 = 1− αL

⇒ σ0
2 = 1 ≥ σ1

2

This is a contradiction. Therefore rL = 0.

Proof of lemma 4

Again the proof is by contradiction. Suppose not. i.e. let rH = 0. From lemma 3

we already know rL = 0. Then the posterior beliefs given by (1.5) and (1.6) are

µ0
2 = µ1αH + (1− µ1)(1− αL)

µ1
2 = undefined

From condition (1.17), µ0
2 leads to a high second period price offer P2 = vH and

therefore the expected payoff from rejecting is 0. The expected payoff to a high

value buyer from accepting P1 is at least (vH −P1) irrespective of what beliefs firm

2 has following an acceptance. Therefore rH > 0

Proof of lemma 5

Consider P1 ∈ (P̃H , vH ]. From lemma 4, rH > 0. Suppose the high type
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buyer accepts with certainty, rH = 1. From lemma 3, rL = 0. The posterior beliefs

are µ1
2 = αH and µ0

2 = (1 − αL). This implies σ1
2 = 0 and σ0

2 = 1. The expected

payoff to a high type buyer from accepting is (vH − P1). The expected payoff from

rejecting (a deviation from rH = 1) is αH(vH − vL). For P1 > P̃H , this deviation

is profitable. This provides an incentive for the high type to reject, contradicting

rH = 1. Therefore rH ∈ (0, 1).

Proof of corollary 5.1

Consider P1 < P̃H . The expected payoff from accepting is (vH−P1)+αL(vH−

vL)σ1
2. This is greater than the expected payoff from rejecting: αH(vH−vL)σ0

2 for all

σi2, i = 0, 1. When P1 = P̃H , the high type is indifferent. By the standing assumption

about continuation equilibrium, the high type accepts all such offers with certainty.

It is easy to check (by lemma 5) that a there is no profitable deviation for the high

type buyer in this case.

Proof of corollary 5.2

From lemma 5, we know that the high type buyer will randomize, rH ∈ (0, 1).

For the high type to be willing to randomize, the expected payoffs from accept or

reject must be the same. The expected payoff from accept is [vH−P1]. The expected

payoff from reject is αH(vH − vL)σ0
2. Setting these to be equal gives

vH − P1 = αH(vH − vL)σ0
2 (1.30)

⇒ σ0
2 =

vH − P1

αH(vH − vL)
(1.31)

This implies that following a rejection, firm 2 randomizes between the high

and low price. For firm 2 to randomize, it must be indifferent between offering the

high or low price. This will happen when firm 2’s posterior probability following a
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reject equals vL/vH . This gives us the following condition

µ0
2 =

µ1(1− rH)αH + (1− µ1)(1− αL)
µ1(1− rH) + (1− µ1)

=
vL
vH

(1.32)

Solving the right equality of (1.32) for rH gives r (1.19). This is the acceptance

probability for the high type.

Proof of lemma 6

From Corollary 5.1, a high type buyer never rejects an offer P1 ≤ vL. Therefore

rH = 1. There are two cases

Case a) Suppose 0 < rL < 1. Posterior belief following a rejection is (using (1.5))

µ0
2 = 1− αL ⇒ σ0

2 = 1 (1.33)

The posterior belief following acceptance is (using (1.6))

µ1
2 =

µ1αH + (1− µ1)rL(1− αL)
µ1 + (1− µ1)rL

(1.34)

Using condition (1.17) µ1
2 > vL/vH for any rL, this implies σ1

2 = 0. The expected

payoff to a low value buyer from accepting is (vL−P1) and the expected payoff from

rejecting is (1 − αL)(vH − vL). For P1 > P̃L, the expected payoff from rejecting is

greater, therefore rL = 0.

Case b) Suppose rL = 1. Then firm 2 is free to believe anything following a

rejection since µ0
2 is undefined. In this case, we require firm 2 to have reasonable

beliefs in the sense of Cho and Kreps (1987). The high type buyer can never gainfully

reject such an offer. Therefore firm 2 must draw the correct inference that the

buyer was of low type. This is essentially a forward induction on beliefs argument.

If rejection convinces firm 2 that the buyer’s type was low, then this results in a

low price in the second period with an expected payoff of (1− αL)(vH − vL). This
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is higher than the expected payoff to a low type from accepting which is equal to

vL − P1.

Proof of proposition 2

In maximizing its profit, firm 1 compares the outcomes that result from dif-

ferent values of P1. We will first describe firm 1 profits under different sets of period

1 prices.

i) Consider P1 ∈ [0, P̃L]. From lemma 5 and corollary 6.1, rL = rH = 1. µ1
2 =

µ1αH + (1− µ1)(1− αL), from (1.17), σ1
2 = 0. µ1

2 = undefined. Firm 2 is free

to randomize, but this will have no impact on the buyer’s behavior. Buyer

information has no value and therefore w(P1) = 0. Now consider firm 1’s

choices. First, it can limit price up to P̃L without changing any other agent’s

strategy (see corollary 6.2). Second, since there is a positive cost η associated

with selling buyer information. It will not reveal anything to firm 2. With no

information to condition on, firm 2 cannot randomize any further and simply

offers the static price P2 = vH . Firm 1’s profit in this case is given by πA1 = P̃L.

ii) Consider P1 ∈ (P̃L, P̃H ]. In this price range, by lemma 6, rL = 0 and corollary

10.1, rH = 1. The posterior beliefs for firm 2 (for now lets assume it has

access to buyer information) are µ1
2 = αH and µ0

2 = (1 − αL). These imply

σ1
2 = 0 and σ0

2 = 1. This is deterministic price discrimination and allows firm

2 to increase its profits compared to the static case. Firm 1 can again limit

price in this range up to P̃H without affecting any agent’s strategy. By our

assumption, firm 1 can also appropriate firm 2’s increased profit by making

the price of the list the same as the increase. It would pay the small cost η.

This results in firm 1 profits to πB1 = µ1P̃H + (1 − µ1)[vL − (1 − αL)vH ] − η

which includes the price of the list w(P1) = (1− µ1)(vL − (1− αL)vH)− η.

iii) Finally consider the price range P1 ∈ (ṽH , vH ]. By lemma 3, rL = 0 and
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lemma 11, rH = r. Firm 2’s posterior beliefs are given by µ1
2 = αH and by

equation (1.32) µ0
2 = vL/vH . This implies σ1

2 = 0 and by equation (1.31)

σ0
2 = (vH − P1)/αH(vH − vL). This implies firm to can conduct stochastic

price discrimination in this environment. Changing P1 has no impact on r.

As in the above two cases, firm 1 can increase prices in this range without

affecting the buyer’s strategy. However, changing the price does impact firm

2’s strategy. Therefore there are a continuum of equilibria identified with every

P1. Firm 1’s expected revenue just from selling its good is given by µ1rP1.

The expected value of consumer information to firm 2 is given by

w = µ1[rαHvH + (1− r)(σ0
2vL + αH(1− σ0

2)vH)]

+ (1− µ1)[σ0
2vL + (1− αL)(1− σ0

2)vH ]

− [µ1αH + (1− µ1)(1− αL)]vH

This is what firm 1 can appropriate with its take-it-or-leave-it offer. Therefore,

firm 1’s expected profit is given by (neglecting η for now)

πC1 = µ1rP1 + w (1.35)

Differentiating (1.35) w.r.t P1 gives

δπC1
δP1

= 0

Therefore firm 1 expected profits are unchanged in P1. This implies firm 1

can increase the price all the way up to vH . Profits are same as before. But if

η is taken in account. P1 = vH , σ
0
2 = 0 is the unique equilibrium and it does

not involve the sale of the buyers information. Therefore there is no price

discrimination here. The associated profit for firm 1 is given by πC1 = µ1rvH .
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Comparing the profits under the three price ranges and picking the high-

est one for different parameter values results in proposition 1.

Proof of proposition 3

Recall the static result in this case. Static outcome is {P1 = P2 = vH , rH =

rHH = rLH = 1, rL = rHL = rLL = 0}. Firm profits are given by πS1 = µ1vH for

firm 1 and (µ1αH + (1− µ1)(1− αL))vH for firm 2.

Consider the three types of unique perfect Bayesian Equilibrium that may arise

i) Dynamic Pooling: Expected consumer surplus is higher relative to the static

case. It has increased by [µ1(vH−P̃L)+(1−µ1)(vL−P̃L)] = (1−αL+µ1)(vH−

vL). This is compared to zero in the static case. Firm 1 expected profit is

lowered by [µ1vH − P̃L]. Firm 2 profit is unchanged. Expected total surplus

is higher compared to static case by µ1(vH − vL) + (vL − P̃L) = (1− µ1)vL.

ii) Full Screening: Expected consumer surplus increases by [µ1(vH − P̃H) + (1−

µ1)(1−αL)(vH − vL)] compared to static case. Firm 1 expected profit falls by

[(1− µ1)(vL− (1−αL)vH)− µ1αH(vH − vL)]. Firm 2 profit again unchanged.

Total expected surplus increases by (1− µ1)αLvL

iii) Partial Screening: Consumer surplus, no change. Firm 1 profits reduced by

µ1(1 − r)vH . No change in firm 2 profits. Therefore expected total surplus

also falls by the same amount.

Proof of lemma 7

From lemma 3, rL = 0. Suppose the high type accepts with positive proba-

bility rH > 0. Then firm 2’s posterior beliefs following a rejection are

µ0
2 =

µ1(1− rH)αH + (1− µ1)(1− αL)
µ1(1− rH) + (1− µ1)

(1.36)
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and that following acceptance are

µ1
2 = αH (1.37)

It is easy to show that µ0
2 is monotonically decreasing in rH and is always less than

vL/vH . σ0
2 = 1 and σ1

2 = 0. Expected payoff from reject is higher than that for

accept. rH = 0.

Proof of lemma 8

From corollary 5.1, rH = 1. Assume rL = 1. Firm 2’s posterior belief following

reject µ0
2 is not defined. Unlike the last section, rejection does not guarantee a low

price. In particular firm 2 could have beliefs that lead to the high price following

an accept and low price following a reject. Therefore rL ≤ 1. If the low value buyer

is randomizing, then on observing an accept, firm 2 must be indifferent between

offering the high and low price. This implies µ1
2 = vL/vH . Solving for rL gives r.

For the low value buyer to randomize, the expected payoffs from accept and reject

must be the same. This implies (1.21).

Proof of proposition 4

From lemmas 7,8 and corollaries 5.1 and 6.1, only two price ranges matter for

firm 1, [o, vL] and (vL, P̃H). Firm 1 can increase the price in these ranges without

changing any agent’s strategy. Therefore we only need to compare firm 1’s profits

from two price offers vL and P̃H . By condition (??), firm 1’s profit is maximized

at P1 = vL. If firm 2 observes a reject, then it is free to randomize. Even if firm 2

randomizes, its profits cannot be higher than the static case. This implies there is

no value to disclosing buyer information. Therefore the positive cost for information

transfer (η) implies firm 1 will not pass along any information to firm 2. With no

information, firm 2 simply offers its static price and the equilibrium is unique, same
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as the static outcome. Firm 1’s profits however are lower because of randomization

by low value buyer, which also reduces total welfare.
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Chapter 2

Signaling in Credit and

Insurance Markets I: Theory
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Abstract

This paper studies the interaction between credit and insurance markets. Con-

sumers are assumed to be different on two dimensions: insurance risk and levels of

preference shocks. This type structure has the feature that high-risk consumers are

more likely to find themselves in situations that lead to default on loans. Repaying

the loan therefore can act as a signal of low risk. I show that conditional on positive

amounts of borrowing and lending, two types of equilibria can arise: one in pure

strategies and another in mixed strategies. In the mixed strategy equilibrium high-

risk consumers randomize between default and repayment. Interest rates are higher

in the mixed strategy case. The support for loans in the two cases is disjoint with

loan amounts being lower in the mixed strategy equilibrium.

2.1 Introduction

Motivation

Consumer credit rating agencies such as Equifax, Experian and Transunion maintain

records of individual credit market behavior. These records go back several decades

for some consumers. Apart from maintaining and providing the record to lenders,

these agencies also use past credit market behavior to make inferences about a

borrower’s ability to repay future loans. This is most commonly reflected in a credit

score, typically a number between 330 and 830. The higher the score the lower

is the likelihood of default. Almost all consumer credit applications use this score

to decide loan amounts and interest rates. The applications range from home and

auto loans to unsecured consumer credit cards. Increasingly, these scores have found

applications outside credit markets. Specifically, auto insurance and home insurance

firms have been using credit scores to decide insurance premiums. These practices

are the result of empirical evidence that suggest correlation between risky behavior

in these separate markets.
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In a recent paper, Chatterjee, Corbae and Rios-Rull (2007) study this link and

use it to answer how unsecured loans can exist with a borrower’s right to default (by

invoking bankruptcy). They derive an equilibrium in which low risk agents repay

their unsecured debt to signal their type to insurers. This is an interesting result

because it does not appeal to the two most popular explanations for the coexistence

of unsecured debt with bankruptcy protection: (i) Utility cost, such as stigma, and

(ii) Reputation effects that arise in repeated interaction.

This paper presents a more complete equilibrium characterization of Chat-

terjee, Corbae and Rios-Rull (2007)’s environment. There are a unit measure of

agents and two time periods. Agents have constant income in each period. In each

period agents receive random preference shocks. The distributions of period taste

shocks generate a need to smooth consumption over time by borrowing/saving in

the first period. In the second period, agents have the option to default on their

debt (if accrued). There is no exogenous cost for default. After the end of the

second period agents face a monetary loss. Agents differ in the probability of this

loss. There is a competitive insurance market period where agents can purchase

insurance against the monetary loss. Agents can purchase insurance contracts after

making their default decision.

Risk type (loss probability) and preference shocks are private information. A

feature of this environment is that agents who are more likely to suffer the loss

(high-risk type) are also more likely (in the sense of stochastic dominance) to find

themselves in situations that can lead to default. Specifically, for any given level of

debt, agents who receive a higher period-2 taste shock are more likely to default.

Firms in the competitive asset and insurance markets know the distribution of agent

types and taste shocks.

Chatterjee, Corbae and Rios-Rull (2007) derive an equilibrium where low-risk

agents (low-risk type) choose not to default on unsecured credit to signal their type
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to insurers. I show that their result is one of 4 possible equilibrium outcomes, two

of which are uninteresting. The uninteresting ones are cases where agents of both

types either default or repay with certainty.

The novel and interesting type of equilibrium is one where risky agents (high-

risk type) pursue a mixed strategy. Agents of the high-risk type pursue this mixed

strategy following a low second period preference shock. If they were to default with

certainty, then repayment is associated with a low-risk type which results in cheapest

possible insurance. This provides an incentive to deviate and repay instead. On the

other hand, these agents are not able to repay with certainty either since this results

in beliefs which lead to a menu of contracts no different than before. Default is then

a profitable deviation. The mixed strategy equilibrium arises below a threshold for

the fraction of low-risk types. It does not arise in Chatterjee, Corbae and Rios-Rull

(2007) because they only consider fractions above the threshold in their analysis.

In their paper, Chatterjee, Corbae and Rios-Rull (2007) derive conditions such

that the posterior beliefs following default or repayment can be interpreted as real

world credit scores. In their framework, low-risk consumers always end up with

weakly higher credit scores than high-risk agents. One implication of the current

analysis is that the analogy with credit scores is incomplete and is only valid for a

restricted part of the parameter space. Particularly, when the fraction of low-risk

consumers is below a certain threshold, the analogy breaks down. In this case it

becomes possible for a high-risk consumer to end up with a better credit score than

a low-risk consumer.
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2.2 Model

Agents

There are two time periods and a unit measure of consumers with constant income

e in each period. Consumers differ on two dimensions: Risk Type and Preference

Type. Type is private information. The number of types in each dimension is two,

which corresponds to high and low values. The risk type of an agent refers to a

probability of an income loss ∆ after the end of the second period. I denote this

probability by π. The probability of loss ∆ can be either high or low. I refer to

different risk types as high risk or low risk consumers. I denote risk types by B (big,

high risk) and S (small, low risk) with πS < πB. A fraction µ1 of consumers are of

the low-risk type.

The other dimension of variation in consumer types refers to random prefer-

ence shocks. In each period the preference shock can be either high or low. The

probability of a high preference shock is λ and is independent of risk type. I use θ

to represent preference shocks.

Preferences

Let ct denote consumption in period t and θt denote the corresponding preference

shock. The utility function for a consumer is given by

θ1 ln c1 + E[θ2 ln c2 + V (I)] (2.1)

The expectation in the utility function is taken over the probability distribution of

preference shocks for a given risk type as well as the loss probability πi, i ∈ {B,S}.

V (I) refers to the payoff to a consumer from accepting insurance contract I. In-

surance contracts are described later in this section. A key assumption is that the

support for preference shocks depends on risk type. Using H and L to denote high
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and low preference shocks, the assumption can be formally represented as

ASSUMPTION 1

θSL < θBL < θSH < θBH (2.2)

Assumption 1 simply requires that the high preference shock for a low-risk type

is larger than the low preference shock for a high-risk type agent. This implies that

the preference shocks for the high-risk consumers first order stochastically dominate

those for the low risk consumers. I place a further restriction on the preference

shocks for the two types. Specifically, I assume that the low (high) preference shock

for high-risk consumers is α > 1 times the low (high) preference shock for the

low-risk consumers.

ASSUMPTION 2

θBL = αθSL and θBH = αθSH

Assumption 2 seems restrictive and merits an explanation. The impact of as-

sumption 2 is that the borrowing and saving needs are independent of risk type. This

is because, the need to borrow or save (from any consumer’s first order condition)

simply depends on the ratio of the first-period preference shock and the expected

second-period preference shock. By assumption 2, this ratio is independent of risk

type. As will be seen later, in equilibrium, even without assumption 2, all borrow-

ers borrow identical amounts. Assumption 2 simplifies the analysis by making the

amount of saving identical across types as well.

To keep the focus of the analysis on the interplay between borrowing, default

and the insurance market, I assume that consumers with a low first-period prefer-

36



ence shock behave non-strategically and necessarily save. The impact of relaxing

this assumption is presented in a companion paper (Mishra (2008b)). The assump-

tion is motivated by the observation that consumers with persistent, high levels of

unsecured (usually credit card) debt typically have small saving balances. Similarly,

consumers with persistent, high levels of savings do not have large amounts of un-

secured debt. A different way of motivating the assumption is that most consumers

finance car and house loans at the same institutions at which they have checking

or saving accounts. This introduces a degree of securitization on loans. It seems

unrealistic to allow consumers to default on their loans when they have accumulated

savings at the same institution.

Firms

There are two types of profit-maximizing firms: banks and insurance companies.

Banks accept saving deposits and offer loans. Insurance companies offer contracts

to insure against the income loss ∆. The two types are separate and cannot contract

on each other’s actions. Both industries, banking as well as insurance, are assumed

to be perfectly competitive with free entry.

Information Intermediaries

Information intermediaries have no objective function and therefore no strategic

role. They maintain historical records of consumer borrowing and saving behavior.

They also keep track of loan repayment and default. I assume that information

intermediaries do not report levels of saving, only the decision to save. This is

motivated by the fact that consumer credit reporting agencies do not report asset

holdings. The levels of borrowing however are reported and hence observable by

insurance companies.
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Timing

All consumers know their risk type from the start. At the beginning of period 1, each

consumer draws a preference shock. Based on this draw and their expectation for

second period preference shock, agents borrow or save to smooth their consumption

over the two periods. At the start of period 2, consumers who have borrowed have

the choice to default on their debt. There are no direct costs associated with default.

Based on their asset market behavior, as relayed by information intermediaries,

consumers are offered insurance contracts. Insurance contracts and the associated

payoffs are explained below.

Strategies

• Consumers: A strategy for a consumer of risk-type i is (l, dijk(l)) where l is

the amount loan (negative for saving) and dijk(l) is the probability of default

for consumer of risk-type i following a preference shock j in the first period

and a preference shock k in the second period. The default probability also

depends on the amount borrowed l. Note that I am restricting attention to

pure strategies over borrowing amounts. Further note that by assumption

consumers with low first-period preference shock save. This implies they do

not have a default decision and therefore diLk = 0.

• Banks: A strategy for a bank is simply a gross interest rate R(l) on loans. It

is assumed that savings earn a gross interest rate identical to the risk free rate

(1 + r). The interest rate on loans depends on the amount loaned out which

is l from above.

• Insurance Companies: Offer insurance contracts based on their beliefs about

a consumer’s type. The contracts are described below (see equation 2.3). The

beliefs are based on prior distribution of types and on observed actions such
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as amount borrowed and default decision. Beliefs following repayment and

default are represented by µ0
2(l) and µ1

2(l) respectively. These represent the

conditional probability that a consumer is of the low-risk type. Note that for

consumers who save, beliefs are the same as the unconditional prior probability

of low-risk type, which is represented by µ1.

Insurance Contracts

An insurance contract takes the form (X,m) where X is indemnity (payout if the

loss is realized) and m is premium per unit of indemnity purchased. Insurance

contracts depend on the fraction of low-risk type consumers. Let µ represent the

fraction of low-risk consumers. Insurance contracts take the following form

(X,m) =


(∆,mP ), if µ ≥ µ∗ (Pooling Contract)

{(∆, πB), (X∗, πS)}, if µ < µ∗ (Separating Contract)
(2.3)

The type of insurance contracts offered depends on a threshold, µ∗, for the fraction of

low-risk consumers. When the fraction of low-risk consumers exceeds this threshold,

then all consumers are offered full-insurance, pooling contracts with premium mP .

When the fraction of low-risk consumers is below the threshold insurance companies

offer separating contracts. In the separating case, consumers self select from a menu

of contracts which consists of: a full insurance contract at high premium (∆, πB) or

a partial insurance contract at low premium (X∗, πS). These contracts are identical

to those presented in Wilson (1977) and Chatterjee, Corbae and Rios-Rull (2007).

To keep the insurance market separate from the asset market, I assume that

the loss in income ∆ happens after all asset market outcomes and that the loss is

relative to an endowment e which is the same as the income in the first two periods.

Let V i(X,m) represent the value of insurance contract (X,m) to type i.
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µ = µ∗

V i(∆,mP )

V S(X∗, πS)

V B(∆, πB)

µ = 0 µ = 1

PoolingSeparating

Figure 2.1: Value of Insurance Vs Fraction of Low-Risk Type

When µ < µ∗ (Separating Equilibrium)

V S(X∗, πS) = (1− πS) ln(e− πSX∗) + πS ln(e−∆ +X∗ − πSX∗) (2.4)

V B(∆, πB) = ln(e− πB∆) (2.5)

When µ ≥ µ∗ (Pooling Equilibrium)

V S(∆,m) = V B(∆,m) = ln(e−mP∆) (2.6)

where mP = πB − µ(πB − πS)

The payoffs to each risk-type from the different insurance contracts are presented

in figure 2.1.
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Determination of the threshold µ∗

• The values for the threshold µ∗ and the level of partial insurance X∗ can

be obtained using either the Wilson (1977) or the Rothschild-Stiglitz (1976)

equilibrium concept. It involves the following steps

• X∗ solves

V B(∆, πB) = V B(X∗, πS) (2.7)

This keeps the high-risk type indifferent between full and partial insurance.

• µ∗ solves

V S(∆, πB − µ∗(πB − πS)) = V S(X∗, πS) (2.8)

2.3 Equilibrium

The main feature of the two-dimensional type structure developed here is that for

any given level of borrowing, the high-risk consumers are more likely to find them-

selves in situations that trigger default. The equilibrium concept I use is Perfect

Bayesian Equilibrium (PBE).

Let lij represent the loan undertaken by a consumer of risk type i following a

first-period preference shock j. For instance, lBH denotes the amount borrowed by a

high-risk consumer. Note that liL is negative which implies that the such consumers

save. In what follows I restrict attention to pure strategies in levels of borrowing

and saving. I permit mixed strategies in default decisions.

Recall that the default probabilities dijk(l) and beliefs {µ0
2(l), µ1

2(l)} depend

on the amount borrowed (l). However, to keep the notation uncluttered I drop the

argument l from these terms.
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Proposition 1: There is an equilibrium in which insurance companies disregard

asset market behavior and no loans are extended. µ0
2 = µ1

2 = µ1, R = ∞, liH = 0

and −liL = a∗.

a∗ =
[

[λθH + (1− λθL)](1 + r)− θL
[λθH + (1− λθL)]− θL

]
e

1 + r

Proposition 1 states that if insurance firms do not update beliefs based on asset

market behavior, then there is no incentive to repay loans. This implies that banks

will refuse to extend any loans. Consumers with low first-period preference shocks

however do save and this optimal level of saving is given by a∗. By assumption 2, a∗

is independent of risk-type and is derived purely from the consumption smoothing

motive for such consumers.

The second result is that in any equilibrium with positive amounts of lending,

all agents who borrow must borrow identical amounts. If different risk-types borrow

different amounts, then types are identified by their choice of loan amount. If types

are identified, then there is no ambiguity in insurance market outcomes. Each risk

type is offered an actuarially fair, full insurance contract. This in turn implies there

is no incentive to repay the loans. Anticipating this, banks refuse to extend loans

to the any consumer.

Lemma 1: In any equilibrium with positive amount of lending, both risk types

borrow identical amounts lSH = lBH .

Now consider the second period where borrowers have the choice to default

on their loans. This decision is made after the second-period preference shock is

realized. Let diHk represent the probability of default by a consumer of risk type

i following a history of preference shock k ∈ {H,L}. For instance, dBHL denotes

the default probability for a high-risk consumer with a high first-period preference

shock and a low second-period preference shock.
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Define a continuation equilibrium as the equilibrium of a game starting in

period 2 with some arbitrary, positive level of debt for either type of consumer.

Lemma 2: In any continuation equilibrium, if diHL > 0 then diHH = 1 for ∀i ∈

{B,S}.

Lemma 2 states that irrespective of risk-type, if an agent with low second-

period preference shock defaults with positive probability, then an agent of the same

risk-type with high second-period preference shock must default with certainty.

The intuition for lemma 2 is that for a given type, the gain in the insurance

market from repayment is independent of preference shock. The gain from default,

however, is higher for the agent with higher second-period shock.

Lemma 3: In any continuation equilibrium if dBHL > 0 then dSHH = 1.

Lemma 3 states that if a high-risk agent with low second-period preference

shock defaults with positive probability, then a low-risk agent with high second-

period preference shock must default with certainty. To see this, note that the

gain from default is strictly higher for the low-risk agent since θH > αθL. How-

ever, the gain in the insurance market for the low-risk type is always less than that

for the high-risk type. Therefore, if the high-risk agent with low shock is willing

to default, the low-risk agent with high preference shock must default with certainty.

Before proceeding any further, I place the following restriction on off-equilibrium

beliefs.

Condition 1: µ0
2 ≥ µ1 and µ1

2 ≤ µ1.

Condition 1 requires that following repayment the posterior belief of a low-

risk type cannot be less than the prior. It also requires that following default the

posterior belief of a low-risk type cannot exceed the prior. Condition 1 reflects the
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central theme of the current study that agents resist opportunistic behavior in credit

market to obtain better outcomes in the insurance market.

Lemma 4: In any continuation equilibrium that satisfies condition 1, if dSHL > 0

then dBHL ≥ dSHL and dSHH = dBHH = 1.

Lemma 4 states that if a low-risk borrower with low second-period preference

shock defaults with positive probability, then all agents with high second period

preference shock default with certainty and high-risk agents with low second period

preference shock are at least as likely to default as the low-risk agents with low

preference shock.

Lemma 5: In any continuation equilibrium that satisfies condition 1, if dBHH < 1

then dSHL = dSHH = dBHL = 0.

Lemma 5 states that if a high-risk borrower with high second-period preference

shock repays with positive probability, then all other types of agents repay with

certainty.

Lemma 4 and lemma 5 help us rule out some uninteresting cases where either

all agents default or all agents repay with certainty. I only consider cases where

the low-risk agent with low second-period preference shock repays the loan with

certainty and that the high-risk agent with high second period shock defaults with

certainty. That is, from now on I set dSHL = 0 and dBHH = 1

I simplify notation by using dS for dSHH and dB for dBHL.

• Posterior belief of low-risk type following repayment

µ0
2 =

µ1(1− λ) + µ1λ(1− dS)
µ1(1− λ) + µ1λ(1− dS) + (1− µ1)(1− λ)(1− dB)

(2.9)
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• Posterior belief of low-risk type following default

µ1
2 =

µ1λd
S

µ1λdS + (1− µ1)(1− λ)dB + (1− µ1)λ
(2.10)

Lemma 6: There exists a threshold µS ∈ [0, 1] such that when µ1 ≤ µS, dS = 1 for

all l ≥ 0. For µ1 > µS, dS = 0 for all l ∈ (l, l] and the interest rate is

R = 1 +
r + λ(1− µ1)

µ1 + (1− λ)(1− µ1)
(2.11)

l solves

θH ln(e−Rl)+ ln(e−
(
πB − µ0

2(πB − πS)
)

∆)

= θH ln e+ ln(e−
(
πB − µ∗(πB − πS)

)
∆)

l solves

αθH ln(e−Rl) + ln(e−
(
πB − µ0

2(πB − πS)
)

∆) = αθH ln e+ ln(e− πB∆)

For loans in the support of l the posterior beliefs are given by

µ0
2 =

µ1

µ1 + (1− µ1)(1− λ)
, µ1

2 = 0.

Lemma 6 states that there is a threshold for the prior fraction of low-risk

type such that when the prior is less than the threshold, low-risk agents with a high

second period shock default with certainty. For prior values above the threshold,

low-risk agents repay with certainty provided the amount of the loan is within a

certain range. This range is derived from two conditions. The upper bound of the

range makes the low-risk consumers with high second period shock just indifferent

between default and repayment. The lower bound ensures that high-risk agents with
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high second-period shock default with certainty as assumed earlier. Lemma 6 also

pins down the equilibrium interest rate for a region of the parameter space above

the threshold.

The intuition behind the lemma is as follows. For a given level of debt l and

interest rate R, the gain from default for a low-risk agent with high preference shock

is fixed but independent of the prior. The benefits from repaying the debt however

accrue from the resulting pooling equilibrium which increases monotonically (see

figure 2.1) with the prior fraction of low-risk type µ1. When the prior is very small,

there are no gains in the insurance market. However, when the prior is large, there

are significant gains in the insurance market which outweigh any gains from default.

From figure 2.1 there will be a unique value for the prior at which the low-risk

consumer is indifferent between repayment and default; µS denotes this threshold.

Since the gain from default is increasing in the amount owed (l), we can derive

the bounds on the level of debt that makes low-risk agents repay with certainty

and high-risk agents default with certainty. To see why the interest rate above

the threshold is independent of the amount borrowed, note that the fractions of

agents repaying and defaulting is independent of the amount borrowed. From the

zero expected profit condition for banks we can derive the interest rate which only

depends on fractions (or measures) of agents repaying and defaulting, and hence

independent of the level of debt.

Lemma 7: When 0 < µ1 < µ∗, in any continuation equilibrium with debt l ∈ [0, lB]

∃ dB∗(l) ∈ (0, 1) such that, dB = dB∗(l). Further, the interest rate is given by

R(dB∗(l)) = 1 +
r + λ+ (1− µ1)(1− λ)dB∗(l)

(1− λ) (µ1 + (1− µ1)(1− dB∗(l)))
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lB solves

αθL ln(e−RBlB) + ln(e−
(
πB − µ∗(πB − πS)

)
∆) = αθL ln(e) + ln(e− πB∆)

where RB = 1 +
r + λ

1− λ
(2.12)

The posterior probability following repayment is

µ0
2(dB∗) =

µ1(1− λ)
µ1(1− λ) + (1− µ1)(1− λ)(1− dB∗)

=
µ1

µ1 + (1− µ1)(1− dB∗)
.

Lemma 7 states that for prior probabilities less than the threshold µ∗ and loan

amounts in the range [0, lB], an agent of the high-risk type with low second-period

preference shock randomizes between default and repayment. This randomization

probability depends on the level of outstanding debt. Moreover, the interest rate

also depends on the level of debt indirectly through the default probability. The

randomization probability is implicitly obtained as a function of debt from the

agent’s indifference condition which is presented in the proof.

The intuition for the result is the following. From lemma 6, a low-risk agent

with high preference shock defaults with certainty. From the discussion following

lemma 5, a low-risk agent with low shock repays with certainty whereas a high-risk

agent with high preference shock defaults with certainty. Now note that a high-risk

agent with low preference shock cannot default with probability 1. If he does, then

repayment implies a posterior probability of 0, resulting in an offer of full insurance

with the lowest premium (∆, πS). This provides an incentive to deviate and repay.

On the other hand such an agent cannot repay with certainty either. Repayment

with certainty results in a posterior that is less than µ∗ resulting in a separating

insurance contract. Therefore the high-risk agent with low preference shock must

randomize. The interest rate is obtained from the zero expected profit condition and

depends on the variable probability of default. The resulting interest rate can then
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be substituted into the high-risk agent’s indifference condition to implicitly solve for

the default probability as a function of debt.

The support for loans is obtained in steps. First note that the interest rate is

increasing in the rate of default. The rate of default however is declining with the

prior probability of low-risk type. At the limit, when the prior probability is equal

to the threshold µ∗, the default rate drops to zero. This corresponds to the lowest

interest rate and provides the upper bound on loans. The lower bound on loans is

zero and this happens when the prior is close to zero leading to a default rate of

close to one.

Equilibrium Characterization

Proposition 2: If there is an equilibrium with positive amounts of borrowing or

lending, it must belong to one of two following types.

(A) CCR Equilibrium: When µ1 > µ∗, the support for loans is given by (l, l] and

the interest rate is R where l, l and R are defined in lemma 6. Only the high-

risk consumers with high second-period preference shock default (dS = dB = 0).

Default leads to separating contracts, repayment leads to full-insurance pooling

contracts with a premium based on the posterior and given by πB−µ0
2(πB−πS).

Savers (consumers with low first period preference shock) get full-insurance

pooling contracts at a premium based on the prior πB − µ1(πB − πS). Beliefs

off the equilibrium path are undefined. This implies the equilibrium level of

borrowing is not unique.

(B) Mixed Strategy Equilibrium: When µ1 < µS, the support for loans is given by

[0, lB] and the interest rate is R(dB∗)(l). Consumers of either risk type default

following a high second period preference shock. Low-risk consumers with low

second period preference shock repay with certainty while high-risk agents with

low second period preference shock default with probability dB∗(l). Repayment
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leads to pooling contracts whereas default leads to separating contracts. Savers

are offered separating contracts. As in the CCR case above, off equilibrium

beliefs are undefined and therefore the equilibrium level of borrowing is not

unique.

(C) Either Type: When µS < µ1 < µ∗, either type A or type B equilibrium de-

scribed above can arise.

Participation Constraints

For type A (CCR) equilibrium, the following ex-ante participation constraints must

be satisfied.

Participation constraint for a low-risk consumer ∀l ∈ (l, l]

θH ln(e+ l) + λθH ln(e−Rl) + (1− λ)θL ln(e−Rl)

+ ln(e− πB∆ + µ0
2(πB − πS)∆)

≥ θH ln(e) + (λθH + (1− λ)θL) ln(e) + ln(e− πB∆ + µ1(πB − πS)∆)

Participation constraint for a high-risk consumer ∀l ∈ (l, l]

αθH ln(e+ l) + αλθH ln(e) + α(1− λ)θL ln(e−Rl) + λ ln(e− πB∆)

+ (1− λ) ln(e− πB∆ + µ0
2(πB − πS)∆)

≥ αθH ln(e) + α(λθH + (1− λ)θL) ln(e) + ln(e− πB∆ + µ1(πB − πS)∆)

For type B (Mixed strategy) equilibrium, the following ex-ante participation con-

straints must be satisfied.
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Participation constraint for a low-risk consumer ∀l ∈ [0, lB] and R = R(dB∗)

θH ln(e+ l) + λθH ln(e) + (1− λ)θL ln(e−Rl) + λ ln(e− πB∆ + µ∗(πB − πS)∆)

+ (1− λ) ln(e− πB∆ + µ0
2(πB − πS)∆)

≥ θH ln(e) + (λθH + (1− λ)θL) ln(e) + λ ln(e− πB∆ + µ∗(πB − πS)∆)

+ (1− λ) ln(e− πB∆ + µ0
2(πB − πS)∆)

Participation constraint for a high-risk consumer ∀l ∈ [0, lB]

αθH ln(e+ l) + α(λθH + dB∗(1− λ)θL) ln(e)

+ α(1− λ)(1− dB∗)θL ln(e−Rl) + (λ+ (1− λ)(1− dB∗)) ln(e− πB∆)

+ dB∗(1− λ) ln(e− πB∆ + µ0
2(πB − πS)∆)

≥ αθH ln(e) + α(λθH + (1− λ)θL) ln(e) + ln(e− πB∆)

The two types of equilibrium presented in proposition 2 only arise condi-

tional on positive amounts of borrowing and lending. If the utility to either type of

consumer from not participating in credit markets at all is higher than the utility

prescribed in either equilibrium above, then the result would be a no-borrowing-no

lending equilibrium (proposition 1). The first type of equilibrium in proposition

2 replicates that presented in Chatterjee, Corbae and Rios-Rull (2007). Low-risk

type agents with high preference shocks choose to repay the loan to signal their low

risk. However, the signal does not result in unique identification. Note that savers

receive pooling insurance contracts with higher premiums than agents who borrow

and repay. This is because repayment always shifts the posterior to the right of

the prior. Since no information is revealed about savers, the posterior and prior
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coincide.

Note that the equilibrium is not unique. Although the interest rate is pinned

down, we can only identify the support of borrowing, not a unique level. This is

because beliefs are indeterminate off the equilibrium path. Standard techniques of

equilibrium refinement are not useful in this environment. Suppose there is a be-

lief refinement that leads to identification off the equilibrium path, then the agent

receives full insurance at the complete information premium. However, such identi-

fication implies there is no longer any incentive to repay loans. This is a remarkable

result because in most signaling games, it is quite easy to obtain separation in types.

Separation is not possible in the current environment because of the interplay be-

tween credit and insurance markets. Any separating behavior leads to certain default

and is therefore undone by creditors who refuse to extend loans.

The second type of equilibrium, in which the high-risk consumers randomize

between repayment and default is new to the current work. This equilibrium did

not arise in Chatterjee, Corbae and Rios-Rull (2007)’s analysis because they only

consider a subset of the parameter space, specifically, they only study the case

where the prior probability of low-risk type is higher than µ∗. As with the CCR

case, only the support of loans can be determined. Since beliefs are undefined off

the equilibrium path, we cannot obtain uniqueness.

Corollary to Proposition 2: R < R(dB∗(l)) and l > lB.

The corollary states that interest rates are higher in the mixed strategy case

than the CCR equilibrium. This is obvious given the higher default rate on loans.

Further, the upper bound on loans in the mixed strategy case is less than the lower

bound on loans in the CCR equilibrium which implies the support for loans is

disjoint in the two cases. The primary reason for the supports being disjoint is the

fact that there is a strictly positive lower bound in the CCR equilibrium. In the

CCR equilibrium the loan amount has to be high enough (given the constant interest

51



rate) to ensure default by the high-risk agent with high second period preference

shock.

2.4 Conclusion

I study the interaction between credit and insurance markets. It is assumed that

consumers are different on two dimensions: risk type and preference type. Risk type

refers to the probability of an insurable income loss. Preference type refers to either

high or low preference shocks in each of two time periods. Agents have the right to

default on their debt. It is assumed that the support for preference shocks depends

on an agent’s risk type. Specifically I assume that high-risk agents are more likely to

find themselves in situations that can trigger default. Repayment of debt therefore

acts as a signal of risk type.

I find that, conditional on positive amounts of borrowing and lending, two

types of equilibrium can arise. When the fraction of low-risk consumers is above

a certain threshold, then all default decisions are in pure strategies. Specifically,

above the threshold, high-risk agents with high second period preference shocks

default with certainty. All other agents repay their debt with certainty.

When the fraction of low-risk consumer is below the threshold, then all con-

sumers with a high second period preference shock default with certainty. Low-risk

consumers with low second period preference shock repay with certainty. However,

high-risk consumers have to randomize between default and repayment following a

low second period preference shock.

The analysis suggests that the use of repayment as a signal does not result

in perfect identification of risk types. In fact, different risk types treat default and

repayment quite differently. In some cases, low-risk consumers make better strategic

use of repayment and in other cases it is the high-risk consumers who use repayment

more strategically. In their study Chatterjee, Corbae and Rios-Rull (2007) make a
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case that the posterior probabilities replicate features of real world credit scores.

While the current study clearly supports such a theory, there are regions in the

parameter space where the analogy is inappropriate. For instance, in Chatterjee,

Corbae and Rios-Rull (2007), low-risk consumers always end up with a credit score

that is at least as large as a high-risk consumer. While this continues to hold for

the CCR equilibrium presented in proposition 2, it is clearly invalid in the mixed

strategy equilibrium. In the mixed strategy case, high-risk consumers who repay end

up with a higher posterior than low-risk consumers who default. Throughout this

study, I have assumed that consumers with low first period preference shock play no

strategic role. This assumption is somewhat restrictive and I explore the implications

of relaxing this assumption in a companion paper (Mishra(2008b)) . One further

implication of the current analysis is that for markets with a large fraction of high-

risk consumers, such as sub-prime lending, reputation based mechanisms do not

have as much bite in explaining patterns of default and repayment.

Proofs

Proof of Lemma 1

The proof is by contradiction. Suppose lBH 6= lSH . Then irrespective of the

default decision, types are identified, Prob{i = S|l = lSH} = 1 and Prob{i = S|l =

lBH} = 0. With no cost of default, all borrowers default on their loans. This strategy

would be undone by banks in the first period. Banks will refuse to extend any loans

and therefore borrowing different amounts cannot be part of any equilibrium.

Proof of Lemma 2

Suppose diHL > 0. Assume diHH < 1. Let the gain from repayment in the

insurance market for risk-type i be represented by ∆V i. From lemma 1 all borrowers

will borrow identical amounts. Let this amount be represented by l. diHL > 0 implies
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the gain from default must be at least as large as the gain from repayment through

the insurance market. This implies

θiL[ln(e)− ln(e− l)] ≥ ∆V i (2.13)

On the other hand, diHH < 1 implies,

θiH [ln(e)− ln(e− l)] ≤ ∆V i (2.14)

Since θiH > θiL, (2.13) and (2.14) contradict each other. Therefore, diHH = 1.

Proof of Lemma 3

Suppose dBHL > 0. Assume dSHH < 1. From figure (2.1) the potential gain in

the insurance market following either default or repayment is always higher for the

agent of the high-risk type. Denote this by the inequality

∆V B ≥ ∆V S (2.15)

diHL > 0 implies,

αθL[ln(e)− ln(e− l)] ≥ ∆V B (2.16)

and diHH < 1 implies

θH [ln(e)− ln(e− l)] ≤ ∆V S (2.17)

From (2.15) and using αθL < θH(from assumption 2), (2.16) and (2.17) contradict

each other. Therefore diHH = 1.
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Proof of Lemma 4

Suppose dSHL > 0 and let dBHL = 0. From lemma 2, dSHH = 1. Now the

posterior following a repayment is given by

µ0
2 =

µ1(1− λ)(1− dSHL)
µ1(1− λ)(1− dSHL) + (1− µ1)(1− λ) + (1− µ1)λ(1− dBHH)

It is easy to show that there are no values of dBHH for which this posterior would

satisfy condition 1. Therefore dBHL > 0. By lemma 2 this implies dBHH = 1. Now

the posterior following repayment is given by

µ0
2 =

µ1(1− λ)(1− dSHL)
µ1(1− λ)(1− dSHL) + (1− µ1)(1− λ)(1− dBHL)

The only way the above relationship can satisfy condition 1 is if dBHL > dSHL.

Proof of Lemma 5

Suppose dBHH < 1. From lemma 2, this implies dBHL = 0. From lemma 4,

dBHL = 0 implies dSHL = 0. Suppose dSHH > 0. The posterior probability following a

default is given by

µ1
2 =

µ1d
S
HH

µ1dSHH + (1− µ1)λdBHH

It is easy to show that this posterior does not satisfy condition 1 for any choice of

dBHH . Therefore dSHH = 0.

Proof of Lemma 6

The gain from default for a low-risk agent with high taste shock is

θH [ln(e)− ln(e−Rl)]
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The gain from a pooling equilibrium resulting from repayment is given by

ln(e−
(
πB − µ0

2(πB − πS)
)

∆)− ln(e−
(
πB − µ∗(πB − πS)

)
∆)

From lemma 3, for the low-risk agent with high second period shock to be

repaying with any probability, a high-risk agent with low preference shock must

be repaying with certainty. Using the zero expected profit condition for the asset

market, we can obtain the interest rate R for the part of the parameter space where

the low-risk agent with high shock is repaying as

R = 1 +
r + λ(1− µ1)

µ1 + (1− λ)(1− µ1)
(2.18)

The interest rate is independent of the amount of debt in the region where the low-

risk agent with high preference shock is repaying. To obtain the threshold on the

prior, note that repayment leads to pooling insurance contracts only if the posterior

following repayment µ0
2 exceeds µ∗. This places an implicit lower bound on the prior

µ1 and the bound is represented by µS .

Proof of Lemma 7

From the discussion following lemma 5, dBjH = 1 and dSjL = 0. From lemma 6,

dSjH = 1.

Suppose dBjL = 0. Then,

µ1
2 = 1

This implies repayment leads to full insurance at the lowest possible cost. The high-

risk type with low shock can have a profitable deviation by repaying. Therefore

dBjL > 0
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Now suppose dBjL = 1. Then,

µ1
2 < µ∗

This implies repayment leads to the same menu of insurance contracts as before.

The agent can profitably deviate by defaulting. Therefore dBjL < 1. Hence the

high-risk agent with low shock must randomize.

The posterior probability following repayment is given by

µ0
2(dB∗) =

µ1(1− λ)
µ1(1− λ) + (1− µ1)(1− λ)(1− dB∗)

=
µ1

µ1 + (1− µ1)(1− dB∗)
(2.19)

For the high-risk agent to be willing to randomize he must be indifferent

between default and repayment the loan. This implies the expected utility from

exercising either option must be the same

αθL ln(e−Rl) + ln(e−
(
πB − µ0

2(dB∗)(πB − πS)
)

∆) = αθL ln(e) + ln(e− πB∆)

(2.20)

The zero expected profit condition for banks implies that the interest rate also

depends on the probability of default. This is given by

R(dB∗) = 1 +
r + λ+ (1− µ1)(1− λ)dB∗

(1− λ) (µ1 + (1− µ1)(1− dB∗))
(2.21)

Substituting equation 2.21 into equation 2.20 for R, dB∗(l) can be obtained

as an implicit function of the level of debt.

For the any agent to be repaying we must have µ0
2 ≥ µ∗. From equation

2.19, note that µ0
2 → µ∗ as dB∗ → 0. This implies the threshold µS is equal to µ∗.

Finally to find the support for loans note that the interest rate is increasing in the

rate of default. The lowest interest rate is associated with dB∗ = 0. This value is
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represented by RB.

RB = 1 +
r + λ

1− λ

The highest loan amount that can be supported is one that results from the

lowest interest rate which happens when dB∗ = 0 and R = RB. This upper bound

is denoted by lB and is obtained by plugging in RB and µ0
2 = µ∗ into equation 2.20.

Proof of Proposition 2

All agents are offered a choice of two asset contracts: A loan contract with

gross interest rate R and a savings contract with gross interest rate (1 + r). An

agent can always choose not to borrow or save. Therefore both types of equilibrium

described in proposition 2 will fail to be equilibrium if it is profitable for any agent

not to participate in credit markets. Conditional on borrowing in the first period,

and the discussion following lemma 5, dBjH = 0 and dSjL = 1 for all µ1.

From lemma 6 and lemma 7,

dSjH =


1, for µ1 < µ∗

0, otherwise
dBjL =


dB∗(l), for µ1 < µ∗

0, otherwise

The corresponding interest rates and support for loans are derived in lemma 6 and

lemma 7. Given these strategies and insurance market outcomes, each agent decides

whether to accept the loan/saving contract offered. The insurance market outcomes

follow directly from above strategies and beliefs derived for any continuation equi-

librium. All profitable deviations are ruled out by lemmas 1-8.

Except for the case where there is no borrowing and no loans are extended,

equilibrium is not unique. This is because off equilibrium beliefs are undefined. To
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see this, consider the CCR equilibrium. Suppose there is a unique level of borrowing

associated with this equilibrium. In such a case, what would beliefs be following a

different level of debt is observed? If such off-equilibrium beliefs are associated with

a particular risk-type, say by using a refinement concept such as Cho and Kreps’

(1987) intuitive criterion, then there is no incentive to repay the loan. This implies

such loans will not be extended.

Proof of Corollary to Proposition 2

In the CCR equilibrium, the lower bound of the support is chosen such that it

guarantees default by a high-risk consumer following a high second period preference

shock. This lower bound can be obtained from the consumer’s indifference condition

between repayment and default. The lower bound (in general the support) depends

on the prior fraction of low-risk type µ1.

l(µ1)R = e

[
1−

{
e− πB∆

e− πB∆ + µ0
2(πB − πS)∆

} 1
αθH

]
(2.22)

For the mixed strategy case, the loan amount is such that it makes a high-risk

agent with a low second period preference shock indifferent between repayment and

default. Representing this amount by lB, it solves

lB(µ1)R(dB∗) = e

[
1−

{
e− πB∆

e− πB∆ + µ0
2(πB − πS)∆

} 1
αθL

]
(2.23)

Note that the posterior following repayment, µ0
2, is different in the two cases.

It is straightforward to check that the right hand side of equation 2.22 is lowest

and the right hand side of equation 2.23 is highest for µ1 → µ∗. At this point, the

interest rates are given by R for the CCR case in equation 2.11 and RB for the

mixed strategy case in equation 2.12. RB is the lowest value for R(dB∗). Therefore,

R < R(dB∗) in all cases. To compare the supports, note that as µ1 → µ∗, equations
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2.22 and 2.23 imply (using θH > θL)

lR > lBRB ⇒ l > lB since R < RB

Therefore the supports are disjoint.
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Chapter 3

Signaling in Credit and

Insurance Markets II:

Applications
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Abstract

In a companion paper, I study the interaction between credit and insurance

markets. Consumers are assumed to be different on two dimensions: insurance

risk and levels of preference shocks. I show that depending on the fraction of low-

risk consumers, two types of equilibria arise: one in pure strategies and another in

mixed strategies. In the mixed strategy equilibrium high-risk consumers randomize

between default and repayment. In this paper, I use the theoretical framework to

study three specific issues: (i) The impact of borrowing to signal type when borrowing

is unnecessary (fake borrowing), (ii) the impact of deleting credit histories or arrival

of new consumers and, (iii) the role of learning for consumers who are uninformed

of the link between credit and insurance markets.

3.1 Introduction

Consumer credit rating agencies maintain records of individual credit market behav-

ior. These records go back several decades for some consumers. Increasingly, these

records have found applications outside credit markets. Specifically, auto insurance

and home insurance firms have been using credit scores to decide insurance premi-

ums. These practices are the result of empirical evidence that suggest correlation

between risky behavior in these separate markets.

In a companion paper, I study a simple model of interaction between credit and

insurance markets. There are a unit measure of agents and three periods. Agents

have constant income in each period. Agents are heterogenous in two dimensions:

risk for an insurable monetary loss and preference shocks. In the first two periods,

agents receive random preference shocks. The distributions of period taste shocks

generate a need to smooth consumption over time by borrowing/saving in the first

period. In the second period, agents have the option to default on their debt (if

accrued). There is no exogenous cost for default. There is a competitive insurance
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market where agents can purchase insurance against the monetary loss. Insurance

contracts are offered after observing credit market behavior.

Risk type (loss probability) and preference shocks are private information. A

feature of this environment is that agents who are more likely to suffer the loss

(high-risk type) are also more likely (in the sense of stochastic dominance) to find

themselves in situations that can lead to default. Specifically, for any given level

of debt, agents who receive a higher period-2 preference shock are more likely to

default. Firms in the competitive asset and insurance markets know the distribution

of agent types and taste shocks.

In the companion paper I derive the equilibrium for this environment and

find that conditional on positive amounts of borrowing and lending, two types of

equilibria can arise. The two equilibria arise in different regions of the parameter

space separated by a threshold on the fraction of low-risk consumers. In one type

of equilibrium, low-risk consumers repay their debt to signal their type. The do

so even when default is very attractive. Repayment leads to favorable terms on

insurance contracts. High-risk agents choose to default instead. In the other type

of equilibrium, all agents default on debt when faced with a high marginal utility of

consumption in the second period driven by high preference shock. High-risk agents

when faced by a low preference shock randomize between default and repayment. I

also show that interest rates are higher and support of loan amounts lower in the

mixed strategy equilibrium.

In the current paper, I use the environment and equilibrium derived in the

companion paper to study some issues of interest to policymakers concerning the

interaction of credit and insurance markets. One implication of the equilibrium de-

rived in our theory paper is that agents who borrow and repay are offered insurance

on better terms than those who save. The first application I consider therefore is

to ask if this result provides an incentive for savers to engage in fake borrowing. I
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define fake borrowing as the scenario where agents with no need for credit borrow

nevertheless to get insurance on better terms. This is an important issue because

the only way to generate a good credit history is to participate in credit markets.

I find that the possibility of fake borrowing changes things dramatically. Specifi-

cally, with fake borrowing, the equilibrium derived in the companion paper fails to

be an equilibrium. This is easy to see in for the mixed strategy case which arises

when there are very few low-risk consumers. In this case, high-risk borrowers ran-

domize between repayment and default. Defaulters however are treated no worse

than consumers who save. This provides the mechanism for savers to engage in fake

borrowing. These consumers can take out loans and default on them with certainty

because there is no implied loss in insurance choices. I also show that when fake

borrowing occurs from a different support than genuine borrowing, then the support

of fake borrowing is higher. This result is driven by the fact that fake borrowers

usually have positive asset levels. For default to be profitable in spite of losses in

insurance market, the loans have to be correspondingly larger.

The second issue I analyze is the possibility of deleting credit history. I find

that when agents have access to deleting their credit history, they will choose not

to do so. Trivially only defaulters will pursue deletion. In the current environment

while the levels of saving are unobserved, the decision to save is observed. By

deleting their histories, defaulters become more anonymous than they wish to be.

What they wish to achieve is to pool with savers. But complete anonymity does not

result in this pooling. This result arises because agents can only have a single asset

market identity similar to the use of social security numbers in the United States.

A critical issue in this case is how new consumers or consumers with no history are

treated by insurers. If insurers treat new arrivals or anonymous consumers as if

they were the high-risk type, then deletion of histories is not profitable. Instead if

insurers treat new or anonymous consumers to be of ‘average’ risk, then deletion of
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histories is profitable.

The final issue I look at concerns the possibility that consumers are uninformed

about the link between credit and insurance markets. I then derive conditions under

which consumers can learn of this link endogenously. The learning is driven by

surprises, which in the current context refer to unexpected changes in the terms of

insurance contracts.

3.2 Model

Agents

There are two time periods and a unit measure of consumers with constant income

e in each period. Consumers differ on two dimensions: Risk Type and Preference

Type. Type is private information. The number of types in each dimension is two,

which corresponds to high and low values. The risk type of an agent refers to a

probability of an income loss ∆ after the end of the second period. I denote this

probability by π. The probability of loss ∆ can be either high or low. I refer to

different risk types as high risk or low risk consumers. I denote risk types by B (big,

high risk) and S (small, low risk) with πS < πB. A fraction µ1 of consumers are of

the low-risk type.

The other dimension of variation in consumer types refers to random prefer-

ence shocks. In each period the preference shock can be either high or low. The

probability of a high preference shock is λ and is independent of risk type. I use θ

to represent preference shocks.
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Preferences

Let ct denote consumption in period t and θt denote the corresponding preference

shock. The utility function for a consumer is given by

θ1 ln c1 + E[θ2 ln c2 + V (I)] (3.1)

The expectation in the utility function is taken over the probability distribution of

preference shocks for a given risk type as well as the loss probability πi, i ∈ {B,S}.

V (I) refers to the payoff to a consumer from accepting insurance contract I. In-

surance contracts are described later in this section. A key assumption is that the

support for preference shocks depends on risk type. Using H and L to denote high

and low preference shocks, the assumption can be formally represented as

ASSUMPTION 1

θSL < θBL < θSH < θBH (3.2)

Assumption 1 simply requires that the high preference shock for a low-risk type

is larger than the low preference shock for a high-risk type agent. This implies that

the preference shocks for the high-risk consumers first order stochastically dominate

those for the low risk consumers. I place a further restriction on the preference

shocks for the two types. Specifically, I assume that the low (high) preference shock

for high-risk consumers is α > 1 times the low (high) preference shock for the

low-risk consumers.

ASSUMPTION 2

θBL = αθSL and θBH = αθSH
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Assumption 2 seems restrictive and merits an explanation. The impact of as-

sumption 2 is that the borrowing and saving needs are independent of risk type. This

is because, the need to borrow or save (from any consumer’s first order condition)

simply depends on the ratio of the first-period preference shock and the expected

second-period preference shock. By assumption 2, this ratio is independent of risk

type. As will be seen later, in equilibrium, even without assumption 2, all borrow-

ers borrow identical amounts. Assumption 2 simplifies the analysis by making the

amount of saving identical across types as well.

Firms

There are two types of profit-maximizing firms: banks and insurance companies.

Banks accept saving deposits and offer loans. Insurance companies offer contracts

to insure against the income loss ∆. The two types are separate and cannot contract

on each other’s actions. Both industries, banking as well as insurance, are assumed

to be perfectly competitive with free entry.

Information Intermediaries

Information intermediaries have no objective function and therefore no strategic

role. They maintain historical records of consumer borrowing behavior. They also

keep track of loan repayment and default. I assume that information intermediaries

do not report saving decisions or levels. Consumers who save show up on historical

records as consumers with zero debt. The critical assumption is that they do have a

history even with zero borrowing. This is motivated by the fact that consumer credit

reporting agencies do not report asset holdings. The levels of borrowing however

are reported and hence observable by insurance companies. It is important to note

that each consumer can only have a single asset market identity. For instance, if
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a consumer borrows as well as saves, then only the (gross) liabilities are reported.

With positive levels of borrowing a consumer cannot also have a simultaneous and

separate history with regard to their savings. There cannot be any dual identities.

For instance, consumer credit reporting agencies in the United States identify agents

uniquely through their social security number.

Timing

All consumers know their risk type from the start. At the beginning of period 1, each

consumer draws a preference shock. Based on this draw and their expectation for

second period preference shock, agents borrow or save to smooth their consumption

over the two periods. At the start of period 2, consumers who have borrowed have

the choice to default on their debt. There are no direct costs associated with default.

Based on their asset market behavior, as relayed by information intermediaries,

consumers are offered insurance contracts. Insurance contracts and the associated

payoffs are explained below.

Strategies

• Consumers: A strategy for a consumer of risk-type i is (l, dijk(l)) where l is

the amount loan (negative for saving) and dijk(l) is the probability of default

for consumer of risk-type i following a preference shock j in the first period

and a preference shock k in the second period. The default probability also

depends on the amount borrowed l. Note that I am restricting attention to

pure strategies over borrowing amounts.

• Banks: A strategy for a bank is simply a gross interest rate R(l) on loans. It

is assumed that savings earn a gross interest rate identical to the risk free rate

(1 + r). The interest rate on loans depends on the amount loaned out which

is l from above.
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• Insurance Companies: Offer insurance contracts based on their beliefs about

a consumer’s type. The contracts are described below (see equation 2.3). The

beliefs are based on prior distribution of types and on observed actions such

as amount borrowed and default decision. Beliefs following repayment and

default are represented by µ0
2(l) and µ1

2(l) respectively. These represent the

conditional probability that a consumer is of the low-risk type. Note that for

consumers who save, beliefs are the same as the unconditional prior probability

of low-risk type, which is represented by µ1.

Insurance Contracts

An insurance contract takes the form (X,m) where X is indemnity (payout if the

loss is realized) and m is premium per unit of indemnity purchased. Insurance

contracts depend on the fraction of low-risk type consumers. Let µ represent the

fraction of low-risk consumers. Insurance contracts take the following form

(X,m) =


(∆,mP ), if µ ≥ µ∗ (Pooling Contract)

{(∆, πB), (X∗, πS)}, if µ < µ∗ (Separating Contract)
(3.3)

The type of insurance contracts offered depends on a threshold, µ∗, for the fraction of

low-risk consumers. When the fraction of low-risk consumers exceeds this threshold,

then all consumers are offered full-insurance, pooling contracts with premium mP .

When the fraction of low-risk consumers is below the threshold insurance companies

offer separating contracts. In the separating case, consumers self select from a menu

of contracts which consists of: a full insurance contract at high premium (∆, πB) or

a partial insurance contract at low premium (X∗, πS). These contracts are identical

to those presented in Wilson (1977) and Chatterjee, Corbae and Rios-Rull (2007).

To keep the insurance market separate from the asset market, I assume that

the loss in income ∆ happens after all asset market outcomes and that the loss is
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relative to an endowment e which is the same as the income in the first two periods.

Let V i(X,m) represent the value of insurance contract (X,m) to type i.

When µ < µ∗ (Separating Equilibrium)

V S(X∗, πS) = (1− πS) ln(e− πSX∗) + πS ln(e−∆ +X∗ − πSX∗) (3.4)

V B(∆, πB) = ln(e− πB∆) (3.5)

When µ ≥ µ∗ (Pooling Equilibrium)

V S(∆,m) = V B(∆,m) = ln(e−mP∆) (3.6)

where mP = πB − µ(πB − πS)

The payoffs to each risk-type from the different insurance contracts are presented

in figure 3.1.

Determination of the threshold µ∗

• The values for the threshold µ∗ and the level of partial insurance X∗ can

be obtained using either the Wilson (1977) or the Rothschild-Stiglitz (1976)

equilibrium concept. It involves the following steps

• X∗ solves

V B(∆, πB) = V B(X∗, πS)

This keeps the high-risk type indifferent between full and partial insurance.

• µ∗ solves

V S(∆, πB − µ∗(πB − πS)) = V S(X∗, πS)
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µ = µ∗

V i(∆,mP )

V S(X∗, πS)

V B(∆, πB)

µ = 0 µ = 1

PoolingSeparating

Figure 3.1: Value of Insurance Vs Fraction of Low-Risk Type
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3.3 Equilibrium

The main feature of the two-dimensional type structure developed here is that for

any given level of borrowing, the high-risk consumers are more likely to find them-

selves in situations that trigger default.

Recall that the default probabilities dijk(l) and beliefs {µ0
2(l), µ1

2(l)} depend

on the amount borrowed (l). However, to keep the notation uncluttered I drop the

argument l from these terms.

Proposition 1 (No Borrowing No Lending Equilibrium): There is an equi-

librium in which insurance companies disregard asset market behavior and no loans

are extended. µ0
2 = µ1

2 = µ1, R =∞, lij = 0.

Proposition 1 states that if insurance firms do not update beliefs based on asset

market behavior, then there is no incentive to repay loans. This implies that banks

will refuse to extend any loans. The starting point of the analysis is a candidate

equilibrium that is derived in a companion paper (Mishra (2008a)).

Claim 1 (Candidate Equilibrium): Suppose consumers are not allowed to bor-

row and save at the same time. If there is an equilibrium with positive amounts of

borrowing or lending, it must belong to one of two following types.

(A) CCR Equilibrium: When the prior fraction of low-risk consumers, µ1 > µ∗,

then only the high-risk consumers with high second-period preference shock

default. Default leads to separating contracts, repayment leads to full-insurance

pooling contracts with a premium based on the posterior. Savers (consumers

with low first period preference shock) get full-insurance pooling contracts at a

premium based on the prior.

(B) Mixed Strategy Equilibrium: When µ1 < µ∗, then consumers of either risk type

default following a high second period preference shock. Low-risk consumers
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with low second period preference shock repay with certainty while high-risk

agents with low second period preference shock randomize between default and

repayment. Repayment leads to pooling contracts whereas default leads to sep-

arating contracts. Savers are offered separating contracts.

Claim 1 is proved in a companion paper and I include just a discussion of

the result here. Note that in any equilibrium, all agents with a high first period

preference shock borrow amounts from an identical support. This is necessary since

borrowing from a different support reveals type and there is no incentive to repay the

loan. Default leads to an immediate payoff in period 2. But default leads to higher

insurance premiums and therefore lower payoffs in the insurance market. This is

the basic trade-off all borrowers face irrespective of risk-type.

The two types of equilibrium mentioned in claim 1 arise in different regions of

the parameter space separated by a threshold on the fraction of low-risk consumers.

When the fraction of low risk consumers exceeds the threshold, then only one type

of consumers default on their loans. These are the high-risk consumers who draw

a high second period preference shock. All low-risk consumers choose to repay the

loan to signal their type. The fact that high-risk consumers with a low second period

preference shock do not default, follows from assumption 1. Recall that assump-

tion 1 ranks the preference shocks for different types of consumers. Assumption 1

reads that the low preference shock for high-risk consumers is smaller than the high

preference shock for low-risk consumers. If this is not the case, then all high-risk

consumers will default irrespective of their preference shock.

When the fraction of low-risk consumers is below the threshold, then all agents

have an incentive to default. However, the gain from default for a low-risk consumer

with a low preference shock is very small. Such a consumer finds it profitable to

repay the debt and hence signal his type. Both types of consumers with a high

second period preference shock default with certainty. This is because, if they repaid
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then the posterior is still less than the threshold required for pooling contracts to be

offered. The interesting strategy is the one pursued by the high-risk borrowers facing

a low second period preference shock. A high-risk consumer with a low second period

preference shock cannot play a pure strategy. Such an agent cannot repay the loan

with certainty. Repayment with certainty leads to separating insurance contracts

because the resulting posterior is below the cutoff required for pooling contracts.

But a high-risk consumer cannot default with certainty either. Doing so results in a

posterior fraction that leads to attractive, pooling insurance contracts. Therefore a

high-risk consumer with low second period preference shock must randomize between

default and repayment.

I now use this result from to illustrate several applications of the current

framework which are important for policy implications.

3.4 Applications

3.4.1 Fake Borrowing

A critical assumption in the companion paper is that consumers are not allowed

to save as well as borrow at the same time. This assumption was made to keep

the focus of the analysis on the interplay between borrowing, default and the insur-

ance market. The assumption is motivated by the observation that consumers with

persistent, high levels of unsecured (typically credit card) debt have small saving

balances. Similarly, consumers with persistent, high levels of savings do not have

large amounts of unsecured debt. In the current paper, I relax this assumption.

Consumers are free to both borrow as well as save. An immediate impact of relax-

ing the assumption is that the candidate equilibrium presented in claim 1 is not an

equilibrium in the current framework when consumers are allowed to save as well

borrow at the same time.
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Claim 2 : The candidate equilibrium presented in claim 1 is not an equilibrium

when consumers are free to borrow and save at the same time.

The result is easy to see for the mixed strategy case. In this case, consumers

with low first period preference shock (savers) are offered the same set of insurance

choices as borrowers who default. A saver can profitably gain by taking out a loan

and defaulting on it. This is because default leads to no loss in terms of insurance

choices and the loan strictly increases consumption. Of course, they may choose to

repay the loan, but the main point is that there is a profitable deviation from the

equilibrium described in claim 1. Therefore the mixed strategy case described in

claim 1 cannot be an equilibrium when consumers are free to both save as well as

borrow at the same time.

Things are somewhat different under the CCR case. In this scenario, savers

get insurance on better terms than borrowers who default. Borrowing followed by

default implies a loss for savers in terms of insurance choices. However, note that

savers can potentially get better terms on insurance by borrowing and repaying.

This behavior is called fake borrowing. It is ‘fake’ because there is no need for these

consumers to borrow. They actually want to save. The point of borrowing and

repaying the loan is to get better terms on insurance. To formally show that the

first part of claim 1 (CCR case) cannot be an equilibrium, we proceed in steps.

Lemma 1: In any equilibrium with positive amounts of borrowing and lending

(l > 0), if diHk < 1 then diLk = 0 for i ∈ {B,S} and k ∈ {H,L}.

Call consumers with high first period preference shock genuine borrowers.

Consumers with low first period preference shock are called savers. Lemma 1 ties

the repayment behavior of genuine borrowers and savers of a given risk type for a

given loan amount. Lemma 1 states that for a given risk type, if a genuine borrower

repays a loan with positive probability, then a saver of the same risk type with the

same second period preference shock must repay a similar loan with certainty. The
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intuition behind the result is that for a given risk type and second period preference

shock, savers enter period 2 with more assets than borrowers. Since the risk type

is the same, the gain in the insurance market from repayment is fixed for savers

and borrowers. However, due to the higher asset level, the gain from default is less

for savers than genuine borrowers. Therefore, if the genuine borrowers are repaying

with positive probability, the savers must repay with certainty.

Corollary to lemma 1: In any equilibrium with positive amounts of borrowing

and lending (l > 0), if diLk > 0 then diHk = 1 for i ∈ {B,S} and k ∈ {H,L}.

This implies that if a saver defaults with positive probability, then the corre-

sponding genuine borrower with the same loan and the same second period prefer-

ence shock must default with certainty. This is driven by the same intuition that

lies behind lemma 1. For a given risk type, the gain in insurance market is fixed.

But due to their higher asset holdings, the gain from default is less for savers than

for genuine borrowers.

Lemma 1 implies the following repayment profile for the CCR case (µ1 > µ∗).

If any saver engages in fake borrowing with the same support of loans as genuine

borrowers, then except a high-risk saver with a high second period preference shock,

all other types repay the loans with certainty. If a low-risk saver engages in fake

borrowing, he repays the loan with certainty irrespective of second period preference

shock. The expected payoff to a low-risk saver from not engaging in fake borrowing

is given by (from claim 1)

θL ln(e− a∗) + [λθH + (1− λ)θL] ln(e+ (1 + r)a∗) + ln
(
e− πB∆ + µ1(πB − πS)∆

)
(3.7)

Here, a∗ refers to the optimal level of saving by consumers with low first-period

preference shock when they do not engage in fake borrowing. This optimal level of
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saving for either risk-type is given by

a∗ =
[

[λθH + (1− λ)θL](1 + r)− θL
[λθH + (1− λ)θL] + θL

]
e

1 + r

The expected payoff from engaging in fake borrowing and repaying is given

by

θL ln(e− a∗ + ε) + [λθH + (1− λ)θL] ln (e+ (1 + r)(a∗ − ε)− (R− 1− r)l)

+ ln
(
e− πB∆ + µ0

2(πB − πS)∆
)

(3.8)

here ε refers to some adjustment in the level of savings to account for the loss in net

wealth implied by interest payments on the loan.

Lemma 2: In any equilibrium with positive amounts of borrowing and lending

(l > 0), there exists ε > 0 such that expected utilities in equations 3.7 and 3.8 are

equal.

Engaging in fake borrowing and then repaying with certainty is costly because

of interest payments. However, if this results in better terms on insurance then fake

borrowing provides a profitable deviation from claim 1. For a given l in the support

of loans, there exists an ε that makes the payoff in 3.8 equal to that in 3.7. This

implies that in the neighborhood of ε, fake borrowing provides a profitable deviation

for the low-risk saver from the equilibrium described in claim 1.

Equilibrium with Fake Borrowing

Claim 2 clearly states a negative result; the candidate equilibrium in claim

1 cannot be an equilibrium in the current framework when consumers are free to

engage in fake borrowing. The natural question to ask is what equilibrium outcomes

arise with fake borrowing? Unfortunately the answer to this question is less clear.

We cannot obtain clear predictions without putting additional restrictions on the
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Table 3.1: Default probabilities with common support for loans
Prior Type SjH Type SjL Type BjH Type SjL Borrowing

dSHH = 0 dSHL = 0 dBHH = 1 dBHL = 0 genuine
(µ1 > µ∗) dSLH = 0 dSLL = 0 dBLH ∈ {0, 1} dBLL = 0 fake

dSHH = 1 dSHL = 0 dBHH = 1 dBHL ∈ (0, 1] genuine
(µ1 < µ∗) dSLH ∈ {0, 1} dSLL = 0 dBLH ∈ {0, 1} dBLL = 0 fake

environment. For instance, thus far, we have only considered the case that savers

borrow from the same support as genuine borrowers. This is an acceptable route

as long as the objective is to check for and derive profitable deviations from a

prescribed equilibrium. However, in general, savers may choose to borrow from a

different support. Equilibrium in this case will have different features than those

described in lemma 1 and lemma 2 and is presented later.

Table 3.1 presents the repayment strategies that arise in any equilibrium with

fake borrowing when the support of loans is common for both genuine as well as

fake borrowers. The values in table 3.1 follow from lemma 1 and its corollary.

The case in which savers borrow from a different support from genuine bor-

rowers is structurally different from the case where they borrow from the same

support. When the support is common for savers and genuine borrowers, savers of

just a single risk-type can engage in fake borrowing by themselves. This is possible

because they can pass themselves off as genuine borrowers. In contrast, note that

when savers borrow from a different support, savers of both risk types must engage

in fake borrowing. Otherwise risk-type is identified from the different support and

such loans will not be extended (since they will not be repaid).

Lemma 3: Suppose there is an equilibrium with positive amounts of fake borrowing

from a support that is disjoint from the support of loans for genuine borrowers. Then

(1− λ)(dSLH − dBLH) < λ(dBLL − dSLL).
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Lemma 3 states that if savers borrow from a support that is different from

genuine borrowers, then there is no equilibrium in which all fake borrowers repay

or default with certainty. In any equilibrium with fake borrowing from a disjoint

support, some fake borrowers must repay and some must default. Further, the

posterior probability following repayment must be higher than the prior and the

posterior following default must be lower than the prior. The condition in lemma

3 ensures that this is indeed the case. The next result relates the supports for fake

borrowing and genuine borrowing.

Lemma 4: Suppose there is an equilibrium in which the supports for fake and

genuine borrowing are disjoint. Let the support for fake borrowing be (lF , lF ) and

that for genuine borrowing be (l, l). Then, lF > l.

Lemma 4 presents a surprising result. It states that if the supports for genuine

and fake borrowing are disjoint, then the levels of fake borrowing must be strictly

higher than the levels of genuine borrowing. The intuition behind the result is

the same as that for lemma 1. Fake borrowers (savers) enter the second period

with positive amounts of assets. From lemma 3, they cannot repay or default with

certainty. For a saver to default, the gain from default must exceed the gain in the

insurance market following repayment. For a given loan amount, the gains in the

insurance market simply depend on posterior beliefs regarding risk-type. However,

for a given loan amount, the gain from default is decreasing in the level of assets.

Therefore, the higher the accumulated savings, the higher the fake loan amount

needs to be to make default feasible.

Table 3.2 lists the possible default strategies when the support for fake and

genuine borrowing are disjoint. Tables 3.1 and 3.2 suggest that there are several

possible equilibrium outcomes. For instance, from table 3.1 when µ1 > µ∗ there

are two possible outcomes, one in which high-risk savers default following a high
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Table 3.2: Default probabilities with disjoint support for loans
Prior Type SjH Type SjL Type BjH Type SjL Borrowing

dSHH = 0 dSHL = 0 dBHH = 1 dBHL = 0 genuine
(µ1 > µ∗) dSLH = 0 dSLL = 0 dBLH = 1 dBLL = 0 fake

dSHH = 1 dSHL = 0 dBHH = 1 dBHL ∈ (0, 1] genuine
(µ1 < µ∗) dSLH ∈ {0, 1} dSLL = 0 dBLH = 1 dBLL ∈ (0, 1] fake

second period preference shock and in which they repay with certainty. Without

placing additional restrictions on the environment we cannot specify which outcome

will arise. In fact, without making further assumptions we cannot even state when

fake borrowing occurs and which, if any, risk-type choose to engage in it. A full

characterization of equilibrium is therefore not presented. This is not because a

full characterization is outside the scope of the current project, but simply because

the main message here is to show the impact of fake borrowing on borrowing and

repayment strategies.

3.4.2 Deletion of Credit Histories

In this subsection I analyze the possibility that agents have the means to erase their

credit history without any cost. The decision to erase records, is made before in-

surers observe credit market behavior. I make a tie-breaking assumption that when

agents are indifferent, they choose not to erase any records. No fake borrowing by

savers is allowed or considered in this section. The starting point is the equilibrium

described in claim 1.

Claim 3: Suppose consumers have the option to erase their credit market history

with no direct cost. Consider the following conditions on beliefs for insurers:

i) Belief that consumers with no credit history have average risk.

ii) Belief that consumers with no credit history are high-risk.
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iii) Belief that zero borrowing or saving is different from no history.

Under condition (i) the option to erase records is exercised. Under conditions (ii)

and (iii) the option to erase credit history is never exercised.

In this environment, savers have no decision to make beyond the first period.

For borrowers there are two cases: (i) 0 < µ1 < µ∗ and (ii) µ1 > µ∗. From claim

1, when 0 < µ1 < µ∗, agents with high second period preference shock default with

certainty. Low-risk agents with low second period preference shock repay with cer-

tainty whereas high-risk agents with low second period preference shock randomize.

Default results in the same menu of insurance contracts that are offered to savers.

Agents who default are therefore indifferent between having the records erased or

kept. Repayment however leads to pooling contracts. Those who repaid therefore

strictly prefer the records to be kept intact since these lead to better terms on

insurance. Hence the option to have the credit history erased will not be exercised.

Now consider the case when µ1 > µ∗. Savers are offered pooling contracts.

All agents who repayed their debt again strictly prefer the records to be kept since

this leads to pooling contracts on terms better than what is offered to savers. The

only type of agent who could gain from having the records erased is the high-risk

type with high second period preference shock. Since default leads to insurance

at the highest premium, these agents would prefer to be pooled with savers in the

insurance market. Therefore under condition (i) of claim 3 defaulters would choose

to have their credit history deleted.

Now consider condition (ii). In this case, insurers treat consumers with no

credit history as if they were the high-risk type. In this case, erasing credit history

leads to no gain in the insurance market. While this belief may seem restrictive, it is

not unrealistic. Car dealers charge extremely high interest rates (25-30% have been

reported) to borrowers with no credit history. This is in spite of the fact that a car

loan is secured credit. Cell phone carriers require large deposits (around US$600 in
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2006) for customers without credit histories.

Finally consider condition (iii). This requires that insurers treat consumers

with no credit histories differently from those with zero borrowing (such as savers).

This implies that agents without debt but positive levels of saving are treated fa-

vorably compared to those with no record of saving or borrowing. Agents who save

have a credit history with zero debt level and hence no record of default or re-

payment. But this is valuable information for insurers since those who delete their

credit history have no records at all. In this case, erasing the credit history results in

identification by the lack thereof. Real world examples of such beliefs include firms

that extend payday advance loans and firms that specialize in selling debt-financed

computers. Such firms do not always run a ‘credit check’ but many require proof

that the borrower has a valid checking account. Consumers without a valid checking

account are charged higher interest rates or denied loans.

3.4.3 Learning about Information Linkage

In this section I explore the possibility that agents may be unaware of the link be-

tween their credit market behavior and insurance premiums. I address the following

question; Is there any mechanism through which unaware agents can endogenously

learn about the link between credit and insurance markets?

Suppose agents are unaware of the informational link between credit and in-

surance markets. If default is costless, then there cannot be any learning.

Claim 4: Suppose there is a cost φ > 0 for default. Then there are four thresholds

φ1, φ2, φ3 and φ4 such that

• if φ ∈ [φ1, φ2) or φ ∈ [φ3, φ4), then agents will learn about the informational

link.

• for all other values of φ no learning occurs.
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The four thresholds correspond to the gain from default for different agents as

explained below. When agents are unaware of the informational link, they default

with certainty. This in turn implies the unsecured credit market is inactive. With

no active credit market, insurers gain no information about types. There can be no

learning in this environment. Therefore, for any learning to occur, we must assume

that there is an exogenous cost to default. This cost is represented by φ. This cost

is public information and the same for all agents.

To illustrate how learning can occur, consider the case where the fraction of

high types is such that insurance companies are offering pooling contracts, that is

the case µ1 > µ∗. Recall that the gain from default for any type is given by

θi2[u(e)− u(e−Rl)] (3.9)

Define V Def ≡ [u(e)− u(e−Rl)]. From assumptions 1 and 2

θLV
Def = φ1 < αθLV

Def = φ2 < θHV
Def = φ3 < αθHV

Def = φ4 (3.10)

These four (in order) represent the gain from default for low-risk type with low

preference shock, high-risk type with low preference shock, low-risk type with high

preference shock and finally the high-risk type with high preference shock. Consider

utility cost from default φ ∈ [φ1, φ2). With this level of cost, low-risk agents with low

preference shock choose not to default. Insurance companies can now make infer-

ences about type from repayment. This results in an offer of the insurance contract

(∆, πS) for the low-risk agent who repayed the loan. This surprises the agent and

the agent learns about the link between repayment and insurance premiums. Note

however that the posterior probability following default changes too. Specifically,

the posterior probability of low-risk type following default is less than the prior.

This implies the agents that defaulted on their loans also get a surprise when their
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premiums are unexpectedly raised. The change in insurance may be small, as in

an increase in premium but still a pooling contract, or the change could be drastic

when the posterior falls below µ∗. In the latter case agents who defaulted are offered

a menu of separating contracts.

This mechanism assumes a high degree of sophistication on the part of agents.

I believe that when viewed in a repeated setting, the mechanism is certainly plausi-

ble. Agents are obviously more likely to draw the correct inference from changes in

insurance premiums when such ‘surprises’ occur over a period of time. For instance,

every time a low-risk agent draws a high second period preference shock, he defaults

and is faced with a high insurance premium. At other times the agent has a low

shock, repays the loan and consequently is offered a low premium.

The case when µ1 < µ∗ or φ ∈ [φ3, φ4) can be similarly explained. Note

however, that in the current environment, when φ ∈ [φ2, φ3), then repayment and

default both lead to the same posterior as the prior and therefore no learning occurs.

One way of implementing such learning mechanisms may be to tie initial offers

for insurance with suggestions that offers may be contingent on past credit market

behavior. One example when this happens in reality is when consumers are denied

credit or insurance based on information contained in credit reports.

3.5 Conclusion

In a companion paper, I study a simple environment that links the market for

unsecured consumer credit with the market for insurance. I derive an equilibrium

in which low risk agents repay their debts to signal their low risk to insurers. The

signal is credible because high risk borrowers find default more attractive. I also

derive an equilibrium for a different region of the parameter space in which high risk

agents repay their debt through a mixed strategy. The high risk borrowers pursue

this strategy in a period when their marginal utility for consumption is low, which
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in turn makes default seem less attractive.

In the current work, I use the environment to evaluate some strategic interac-

tions that arise in environments where credit market behavior has impact on some

future market. For instance, insurers use credit scores to decide premiums. Credit

scores can only be obtained by those participating in credit markets. Therefore one

concern is strategic (fake) borrowing by agents who have no need to borrow. A main

result is that with fake borrowing the equilibrium derived in the companion paper

fails to be an equilibrium anymore. I also discuss the possibility that agents can

erase their credit histories and find that such behavior is unlikely to arise in equi-

librium. Finally I address the issue concerning the possibility that consumers are

unaware of the information linkages between credit market behavior and insurance

premiums. I find that when there are exogenous costs to default and these costs are

within some broad ranges, consumers can endogenously learn about the information

link. In particular the learning happens through unexpected changes in the terms

of coverage or premiums in offers of insurance contracts

Proofs

Proof of claim 1

Omitted. See Mishra (2008a).

Proof of lemma 1

Only the case for a low-risk consumer is proved. The proof for a high-risk con-

sumer is identical. For a low-risk borrower to be repaying with positive probability

the following must hold in period 2

θk[ln e− ln(e−Rl)] ≤ ln
(
e− πB∆ + µ0

2(πB − πS)∆
)

− ln
(
e− πB∆ + µ∗(πB − πS)∆

)
for k ∈ {L,H} (3.11)
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A low-risk saver enters the second period with higher assets. Let the higher

assets be represented by e′ > e

e′ > e⇒ ln(e′)− ln(e′ −Rl) < ln(e)− ln(e−Rl) (3.12)

Comparing 3.11 and 3.12 for k ∈ {L,H}

⇒ θk[ln(e′)− ln(e′ −Rl)] < ln
(
e− πB∆ + µ0

2(πB − πS)∆
)

− ln
(
e− πB∆ + µ∗(πB − πS)∆

)
⇒ dSLk = 0

Therefore, if diHk < 1 then diLk = 0

Proof of lemma 2

Setting 3.7 and 3.8 equal to each other we obtain

[
e− a∗ + ε

e− a∗

]θL [(e− πB∆ + µ0
2(πB − πS)∆

)
(e− πB∆ + µ1(πB − πS)∆)

]

=
[

e+ (1 + r)a∗

e+ (1 + r)(a∗ − ε)− (R− r − 1)l

](λθH+(1−λ)θL)

(3.13)

Given l and a∗, we can find an ε that solves the above equation. This is when a

low-risk saver is indifferent between engaging in fake borrowing and not. Therefore

in some neighborhood of ε, the low-risk saver will strictly prefer to deviate from the

equilibrium in claim 1 and engage in fake borrowing. The prescribed strategies in

claim 1 then do not constitute an equilibrium.

Proof of claim 2

As stated in the text, it is easy to derive a profitable deviation in the mixed strategy

case. In the mixed strategy case, borrowing (by savers) any amount from the support

of loans and defaulting with certainty is one profitable deviation from the candidate

equilibrium presented in claim 1. This strategy strictly increases consumption and

involves no loss in insurance outcomes.
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For the CCR case, from lemma 1, if a low-risk saver borrows from the same

support as genuine borrowers, then the saver must repay with certainty. From 3.13

we can find an ε adjustment in savings that makes a low-risk saver just indifferent

between engaging in fake borrowing and not. Therefore for some value in the neigh-

borhood of ε the low-risk consumer can profitably deviate from the candidate CCR

equilibrium in claim 1.

Proof of lemma 3:

Suppose all fake borrowers borrow from a different support and default with

certainty, then no loans will be extended with that support. Now suppose all fake

borrowers repay with certainty, then the posterior is the same as the prior. This leads

to no change in insurance outcomes and provides an incentive to deviate through

default.

In general, the posterior following repayment is given by

(µ0
2)fake

=
µ1[λ(1− dSLH) + (1− λ)(1− dSLL)]

µ1[λ(1− dSLH) + (1− λ)(1− dSLL)] + (1− µ1)[λ(1− dBLH) + (1− λ)(1− dBLL)]

Setting (µ0
2)fake = µ1 gives the condition in lemma 3.

Proof of lemma 4:

Suppose µ1 > µ∗ and further suppose that fake borrowers are replicating the

a CCR (claim 1) type repayment strategy. Consider a genuine borrower of the high-

risk type and a fake borrower also of the high risk-type. Further suppose the genuine

borrower is borrowing from the lower bound of his support l. Let the high-risk fake

borrower borrow an amount lF 6= l.

The gain from default for the genuine borrower following a high second period
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preference shock is

αθH [ln e− ln(e−Rl)] (3.14)

The gain from default for the fake borrower following a high second period

preference shock is

αθH [ln(e+ (1 + r)(a+ lF ))− ln(e+ (1 + r)a− (R− 1− r)lF )] (3.15)

where a is some given level of savings. The gain in the insurance market from

repayment for either borrower is

ln(e− πB∆ + µ0
2(πB − πS)∆)− ln(e− πB∆) (3.16)

At l, the genuine borrower is just indifferent between default and repayment.

Therefore the payoffs in 3.14 and 3.16 are identical. From lemma 3, there must be

some level of default associated with fake borrowing and a high-risk consumer with

a high second period preference shock is the most likely candidate to default. For

default to be profitable for the fake borrower, the value of lF must be such that the

payoff in 3.15 exceeds that in 3.16. But from the concavity of the log function, this

is possible only if lF > l. This argument holds for any amount of borrowing by the

genuine borrower from the entire support. Therefore fake borrowers must borrow

at higher levels than genuine borrowers.
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