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The Use of Factor Mixture Modeling to Investigate Population Heterogeneity in 

Hierarchical Models of Intelligence 

 

Matthew Robert Reynolds, Ph. D. 

Supervisors:  

S. Natasha Beretvas 

Timothy Z. Keith 

 

Spearman’s law of diminishing returns (SLODR) posits that at higher levels of 

general cognitive ability, the general factor (g) performs less well in explaining 

individual differences in cognitive test performance. The present study used factor 

mixture modeling to investigate SLODR in the Kaufman Assessment Battery for 

Children—Second Edition (KABC-II).  Factor mixture modeling was a useful method to 

study SLODR because group membership was determined based on probabilities derived 

from the model. A second-order confirmatory factor model, consistent with three-stratum 

theory (Carroll, 1993), was modeled as a within-class factor structure. The fit of several 

models with varying number of classes and factorial invariance restrictions were 

compared. A sex covariate was also included with the models that provided the best fit 

for the data. 

The results indicated that a two-class model, which allowed for g mean 

differences, and class-specific g variances and subtest residual variances, provided the 
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most parsimonious explanation of the data. Consistent with SLODR, the second-order 

general factor explained less subtest variance and less variance in the first-order factors 

for those of higher general ability. The standardized subtest residual variances were also 

larger in the high ability class than in the low ability class. Controlling for g, boys 

performed higher than girls in visual-spatial ability in each of the low and high ability 

classes.  

The findings from this study have implications for future research on the 

interpretation of intelligence test scores across the ability distribution.  
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CHAPTER I: INTRODUCTION 

 

Factor analytic methods have been used to study psychometric models of 

intelligence for close to a century (Lubinski, 2001). Today, the most generally accepted 

psychometric theory of intelligence is three-stratum theory (Daniel, 1997). Three-stratum 

theory is a hierarchical model of intelligence based on a factor analytic review of over 

460 studies (Carroll, 1993, 1997). At stratum III, the highest stratum, is a general 

cognitive ability, g. Eight to ten broad abilities are located at stratum II, and these 

abilities subsume more than sixty specific skills located at stratum I. Although three-

stratum theory has been derived from a century’s worth of studies, questions remain 

about certain aspects of this theory. 

One such question is related to the contribution of g across different levels of 

general ability. For example, Spearman’s ―law of diminishing returns,‖ or SLODR, 

suggests that g is less important in explaining performance on cognitive ability tasks at 

higher ability levels (Jensen, 1998). SLODR implies that g is differentially important for 

groups of people located at different levels of the general ability continuum. Tests of 

SLODR are not easily applied with typical analytic methods because, so far, the task of 

defining different ability groups has been left up to the researcher who determines a cut-

point (or cut-points) at which to split ability groups into high and low. Most often groups 

are formed by splitting the sample in half at the mean of a full scale IQ score or some 

subtest score prior to submitting the data for analyses.  

Despite this drawback, the presence of SLODR has been found in a number of 

intellectual test batteries using a number of different methods (Carlstedt, 2001; Detterman 

& Daniel, 1989; Deary et al., 1997; Evans, 1999; Jensen, 2003; Legree, Pifer, & Grafton, 
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1996; Reynolds & Keith, 2007; te Nijenhuis & Hartmann, 2006). The consistent presence 

of SLODR in these test batteries has led to the general conclusion that, if properly tested 

for, SLODR will appear in tests of intellectual ability. As noted before however, 

restrictions on group selection have prevented researchers from understanding the nature 

of ability groups for whom g is differentially important.  

Previous studies of SLODR have defined ability groups based on mean or median 

splits of global IQ or subtest scores. One problem with selecting groups in this manner is 

that the cut-point between high and low ability groups is left up to the discretion of the 

researcher. Another problem with defining groups in this manner is that it is assumed that 

the same constructs are being measured in the low and high ability groups. In most 

studies of SLODR this assumption has not been tested. 

The application of multi-group mean and covariance structure analysis (MG-

MACS), however, can be used to test whether the same constructs are being measured in 

different ability groups. These tests are important because if the latent constructs differ 

between groups, then group comparisons are essentially meaningless. One study that 

applied such procedures found that a low and high ability group did indeed have 

comparable second-order g and first-order broad ability factors (Reynolds & Keith, 

2007). In the high ability group, however, g was less important in explaining the variation 

in the test scores than it was in the low ability group. Hence, SLODR was present. The 

MG-MACS method has been the most appealing method of testing for SLODR because it 

includes tests of factorial invariance. The method, however, has one shortcoming: How to 

define ability groups.  

There is no theory that describes a specific cut-point for determining low and high 

ability groups, nor is there such a theory that suggests how many ability groups exist 

along a latent g dimension. Therefore, a methodological approach that could complement 
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MG-MACS to overcome the weakness of defining groups based on cut-off points would 

be useful in the study of SLODR. A modeling technique referred to as factor mixture 

modeling appears to overcome such a limitation. 

Factor mixture modeling is a technique representing the integration of 

confirmatory factor analysis and latent class (or finite mixture) modeling into a general 

latent variable modeling framework (Lubke & Mu , 2005; Yung, 1997). Factor 

mixture modeling (FMM) is appealing in that the measurement error and unique variance 

are separated from observed variables so that the latent classes are defined by 

theoretically defensible constructs. The separation of the latent constructs from error and 

unique variance means that those constructs are closer to the ―true‖ constructs of interest 

(Jedidi, Jagpal, & DeSarbo, 1997). Rather than defining groups based on arbitrary cut-

points along a continuous distribution, mixture models produce probabilities of class 

membership for each respondent so that the classification of individuals is based on the 

substantive model.  

Yung (1997) was one of the first researchers to investigate finite mixtures in CFA 

models. Yung applied the technique to scores from a battery of cognitive tests (Holzinger 

& Swineford, 1939) that have been used in numerous examples throughout the past 70 

years. He found two-classes fit the data well. He referred to these classes as high and low 

performance groups. These groups were well-separated and the model produced 

probabilities that classified 17 individuals into a high group and 128 into a low group. 

The substantive implications of his findings were not discussed because his purpose was 

to compare model estimation procedures. What is interesting about the finding, however, 

is that the number of people in each group differed greatly from a previous study by 

Sörbom (1974) performed 20 years prior to Yung’s. Sörbom, who used the same 

Holzinger and Swineford data, split the sample into high and low performance groups 
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based on a mean score from a test. His high and low performance groups were comprised 

of 71 and 74 people, respectively. (Note that these numbers were not presented in Yung, 

but were gleaned from the original Sörbom article.) If one were interested in classifying 

people into high and low performance groups, the findings from these two studies suggest 

that the number of people in each group may vary greatly depending on the procedure. It 

is this variability between studies that highlights the potential for different findings with 

different methods being used to study SLODR.  

Why Factor Mixture Modeling? 

Two points in particular are worth noting about the use of factor mixture 

modeling to understand SLODR in the present study. First, the measurement instrument 

that will be used in the present study, the Kaufman Assessment Battery for Children—

Second Edition (KABC-II), has a factor structure that has been thoroughly researched. 

The test was developed with three-stratum theory in mind and the factor structure is 

consistent with that theory (Kaufman & Kaufman, 2004; Reynolds, Keith, Fine, Fisher, & 

Low, in press). One interest of this study is to investigate underlying groups of people 

who vary in their level of g. Three-stratum theory, including g, is well-represented by the 

factor structure of the KABC-II, increasing the confidence in which it can be determined 

that the groups differ in g and not other specific factors or measurement error. 

Second, and perhaps most important, factor mixture models are appealing for the 

study of SLODR because group classification is provided by the model (Yung, 1997). 

This procedure has the potential to overcome the biggest weakness of previous studies: 

the use of arbitrary cut-points to define ability groups. 

To summarize, the purpose of the present study is to use factor mixture modeling 

to understand latent ability groups that differ in their levels of g. It is expected that for the 
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groups with higher levels of g, the g factor will account for less of the variation in subtest 

performance than it will in groups with lower levels of g. The difference between this 

study and the previous studies of SLODR is that group membership will be based on 

classification procedures derived from the model rather than a cut-point determined by 

the researcher before the data are submitted to analysis.  
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CHAPTER II: LITERATURE REVIEW 

This review is divided into two major sections: The first section provides a 

synopsis of the extant literature in regards to Spearman’s ―law of diminishing returns.‖ 

The focus is on theoretical and practical aspects of the theory as well as key studies that 

employed some of the more rigorous methods. The second section provides an 

introduction to factor mixture modeling. Following these two sections is an overall 

summary and formal statement of the problem.  

Spearman’s Law of Diminishing Returns 

PSYCHOMETRIC THEORIES OF INTELLIGENCE 

Psychometric theories of intelligence have been studied for more than a century. 

These theories have been developed, in part, via the identification of patterns of 

individual differences in cognitive ability (Gottfredson, 2002). Patterns are typically 

established by decomposing the variance found in cognitive tasks into common variance 

and unique variance (Daniel, 1997). For example, all cognitive test scores tend to 

correlate positively, a phenomenon known as positive manifold. Common factors, or 

latent cognitive abilities, are hypothesized as the underlying causes of these correlations 

(Bartholomew, 2004). 

Positive manifold provides the basis for the g factor, commonly referred to as 

psychometric, or Spearman’s, g. Spearman (1945/46) described the g factor as the 

pervasive factor that accounts for the common variation in performance on all cognitive 

tasks. He also recognized that g does not account for all of the variation in performance. 

The remaining variation he attributed to s, or specific factors, which are unique to each 

cognitive task. Hence, the variation in performance on each cognitive test was due to an s 
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factor, something unique to that test and measurement error, and to a g factor, the 

common variation among the test. This theory was known as Spearman’s two factor 

theory of intelligence.  

THREE-STRATUM THEORY OF HUMAN COGNITIVE ABILITIES 

Numerous developments in the conceptualization of human cognitive abilities 

have come about since Spearman’s two-factor theory. One development, which 

Spearman later acknowledged, is that in addition to the g factor, other factors contain 

information common to groups of items (Jensen, 1980). These factors are referred to as 

―group factors.‖ Examples of group factors are verbal ability and spatial ability. 

Thousands of studies and factor analyses over the years have investigated the nature of 

the group factors and the g factor. Three-stratum theory (Carroll, 1993), currently the 

most widely accepted psychometric theory of human cognitive abilities, was developed, 

in part, from a reanalysis and synthesis of these studies. Three-stratum theory is general 

enough to include g, group factors, and specific factors. Before providing a brief 

summary of three-stratum theory, a quick introduction to Cattell-Horn Gf-Gc theory is 

warranted because the theory is consistent to second-stratum abilities from three-stratum 

theory.  

 Gf-Gc theory has its roots in Thurstone’s (1938) primary mental abilities, but 

also incorporates ideas from J. P. Guilford, Charles Spearman, and Cyril Burt (Horn & 

Blankson, 2005; Horn & Noll, 1997). The theory was originally developed in 1943 when 

Raymond Cattell proposed two different types of intelligences. One type, fluid 

intelligence (Gf), was considered to be related to physiological capabilities, whereas a 

second type, crystallized intelligence (Gc), was considered to be influenced by 

experience (Ackerman, 2003). Cattell, along with his student John Horn, eventually 
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identified approximately 9 types of intelligences (or broad abilities) including Gf, Gc, 

quantitative and mathematical ability (Gq), short-term acquisition and retrieval (Gsm), 

visual intelligence (Gv), auditory intelligence (Ga), long-term storage and retrieval (Glr), 

processing speed (Gs), and correct decision speed (CDS). Gf-Gc theory has drawn on 

support from developmental and aging studies, as well as from investigations of 

neurological functioning and impairment (i.e. traumatic brain injury) (Horn & Noll, 

1997). According to Gf-Gc theory, the broad abilities are all correlated positively; 

however, they lacked a unifying intelligence or g factor (Horn & Noll, 1997).  

Three-stratum theory was introduced by John B. Carroll (1993) in the book 

Human Cognitive Abilities: A Survey of Factor Analytic Findings. In Carroll’s influential 

work he conducted exploratory analyses of 461 carefully selected, historically important, 

data sets from which a hierarchical model of human cognitive abilities emerged. His three 

stratum model placed g or the g factor—similar to Spearman’s g—at the apex or third 

stratum. g represented a unifying construct accounting for over one-third to one-half of 

the variance in each of the broad factors located at stratum II. g has been described as the 

most general and fundamental of all abilities (Jensen, 1998). At stratum II were 8-10 

broad abilities, similar to the nine intelligences in Gf-Gc theory and the group factors 

discussed earlier. Definitions of the five stratum II (broad) abilities germane to the 

present study are summarized below in Table 1. 
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Table 1. Descriptions of five broad abilities. 

Gf The use of deliberate and controlled mental operations such as concept 

formation, classification, hypothesis testing, and problem solving. Inductive 

and deductive reasoning are considered the two primary indicators of Gf, and 

include the ability to reason with concepts related to mathematics. 

Gc A person’s knowledge of language, concepts within a culture, and the 

application of that knowledge.  

Gv Processes such as the generation, storage, retrieval, and transformation of 

visual images.   

Gsm The general capacity to hold information in an immediate awareness.  

Glr The ability to store and put together information in long-term memory, while 

also being able to retrieve it fluently later through association. 

 

At stratum I there are more than 80 abilities. These abilities are considered less 

general than stratum II and III abilities. Examples of stratum I abilities include language 

development, visual memory, and speech-sound discrimination.  

One interesting hypothesis only recently considered in the context of three-

stratum theory is referred to as Spearman’s ―law of diminishing returns.‖ This theory 

suggests that g is less important in high ability groups compared to low ability groups. Or 

put another way, positive manifold is not spread consistently over the ability range 

because the intercorrelations among the subtests decrease as g increases (Detterman & 

Daniel, 1989).  

SLODR 

Introduced by Charles Spearman in 1927, the law of diminishing returns 

(SLODR) states that the more g people possess, the less contribution it makes toward 

explaining variation in the performance on cognitive ability tests (Jensen, 2003). SLODR 

has been compared with wealth. The more money a person has, the more the person has 

to spend in different areas without concern. Each particular unit of currency, thus, is not 

as important to a person who has a lot of it as it is to someone who does not have much 
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and is limited it what he or she can spend it on. Similarly, the more g a person has, the 

less important it becomes to that person (Jensen, 1998). 

One theory of SLODR can be drawn from a systems theory of intelligence that 

postulates intelligence is the result of various independent, but interrelated cognitive 

processes. Some processes are more central, affecting many other parts of this system, 

and consequently more important than others (e.g., Detterman, 1992; Detterman & 

Daniel, 1989). Due to the centrality of these processes, impairment in one central process 

will be more detrimental and affect all of the other less-central processes. According to 

this theory, individuals with low global IQs have deficits in the more central processes, 

which in turn, result in poorer performance on a broad number of tasks. In essence, these 

deficits place limits on how well the other parts of the system operate. These constraints 

have the effect of minimizing the potential for processes to differentiate from each other, 

resulting in increased positive correlations among cognitive tests for low ability students 

(i.e., SLODR).  

SLODR can similarly be explained in the minimal cognitive architecture theory 

proposed by Anderson (2001). Unlike the systems theory of intelligence; however, 

Anderson proposes that there is a single process, speed of information processing, that 

underlies most of individual differences in cognitive ability (within age). The speed of 

this basic processing mechanism accounts for individual differences in g. Decreases in 

the speed of processing results in constraints on more specific processors because at 

slower speeds only very simple basic thought is implemented. Individuals with lower 

ability would rely more on the basic processing mechanism and the performance on 

cognitive tests would reflect this basic processor, or g. Those with high ability would be 

more likely to invoke more specific processors. The basic processor does not need to 

work as diligently for higher ability individuals allowing for the other abilities more 
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specific to the task to take over. These processes are thus more distinguishable from g 

(i.e. SLODR).  

Another interesting theory that explains SLODR is Thomson’s (1935/36) 

sampling theory. This theory posits that abilities are correlated because researchers do not 

have the capability of measuring very specific uncorrelated processes of the mind. 

Therefore, cognitive tests measure samples of these of processes that are overlapping, 

thus causing positive correlations between tests. There are some critiques of this theory 

(see Jensen, 1998), but in general the theory does not have to be incompatible with g. 

Sampling theory does provide a nice explanation of SLODR. In fact, it was used to 

describe the phenomenon over twenty years ago.   

A. E. Maxwell (1972) made an interesting discovery related to SLODR, by 

chance. Maxwell was attempting to validate the factor structure of an intelligence test. He 

divided a sample of children who were administered individual intelligence tests into 

good readers and poor readers based on scores from reading tests.  Maxwell found that 

the correlations among the subtests from the intelligence test were much higher for poor 

readers compared to good readers. He tried to explain these findings’ with Thompson’s 

sampling theory. He hypothesized that higher ability students were able to recognize 

what was being asked by the cognitive test questions and were able to access the more 

specific abilities required in answering the questions. Alternatively, the students with 

lower ability were required to use more of the brain’s basic components and not able to 

access the more specific abilities. Hence, the correlations between tests would be lower 

for those children with high ability because more specific parts of the brain were being 

sampled from. Maxwell basically deduced that the high ability readers demonstrated a 

mental efficiency and could answer the questions with greater ease. Maxwell’s deduction 

was confirmed later when researchers, who were not yet familiar with Maxwell’s study, 



12 

made a rather surprising discovery: cortical activity and IQ scores had a negative relation 

(Haier et al., 1988). 

The inverse relation between cortical activity and IQ suggests that more 

intelligent individuals have more efficient brain functioning (Haier et al., 1988). 

Functional imaging and other related techniques are beginning to reveal neural basis for 

g, which is consistent with sampling theory (Thomson, 1935/36). That is, individuals who 

have higher g tend to have more efficient brain functioning (Neubauer, Fink, Schrausser, 

2002). Moreover, recent studies demonstrate that low and high IQ individuals use 

different systems in the brain during cognitive tasks, which could be related to efficiency 

in processing (Haier, White, & Alkire, 2003). These hypotheses have even been 

expanded to suggest that g is more likely to be represented in a general characteristic 

such as neural efficiency or central processors. With higher efficiency in the basic 

underlying processes, more intelligent individuals may access the more specific abilities 

needed to perform a cognitive task well.  

In sum, all of these theories are somewhat related and are consistent with the 

phenomenon of SLODR. That is, there is some centralized or basic mechanism (i.e. 

neural efficiency or basic processor) that puts a limit on how well more specific or 

complex abilities are developed. These basic mechanisms seem to be somehow captured 

in the latent variable g. Whether the mechanisms underlying the development of human 

cognitive abilities are attributable to one underlying mental trait, a basic processor 

(Anderson, 2001), neural or mental efficiency (Haier et al., 2004), dynamic development 

of interacting processes (van der Mass et al., 2006), or a higher-order system resulting 

from more complex parts (Detterman, 1982), understanding SLODR is essential to 

explaining positive manifold. 
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ASSESSMENT OF COGNITIVE ABILITIES AND SELECTION 

Psychologists have likely assumed that the general factor of intelligence should be 

equally important for those students of high ability and low ability. SLODR may well 

have practical implications for applied psychologists who interpret global IQ scores as 

the general ability is reflected less well in subtest scores for those with higher ability.   

Related to the interpretation of the global IQ score, practitioners often are faced 

with decisions about interpreting group indexes compared to the global IQ score. Some 

researchers suggest that the group indexes should not be interpreted because they do not 

provide additional predictive information above and beyond the global IQ score (e.g. 

Glutting, Watkins, & Youngstrom, 2003). Understanding SLODR would seem important 

to applied researchers who recommend that a global ability score is the only important 

score that should be interpreted by applied psychologists (e.g. Glutting, Watkins, Konold, 

McDermott, 2006; Glutting, Watkins, & Youngstrom, 2003). SLODR suggests that the 

importance of the general cognitive ability may depend on the level of ability. 

SLODR may also be important for other areas of applied psychology in relation to 

selection of talent, students for college admissions, or employees for occupations. Some 

suggest that g is the only ability construct that is important in human cognitive processes 

and predicting real-world outcomes (Schmidt & Hunter, 1998). Others disagree; 

suggesting that while g is important, above and beyond g, specific abilities are important 

when considering the self-selection of educational and career pathways (cf. Achter et al, 

1999, Lubinski, 2000). Although some have dismissed the importance of broad abilities, 

SLODR would predict that broad abilities would become relatively more important for 

those of higher general intelligence. There is some empirical evidence to support this 

prediction.  
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The most powerful evidence pertaining to real world consequences of SLODR in 

relation to career choice comes from a limited sample, exceptionally talented students. 

This literature suggests that multiple broad ability measures are associated with 

developmental interests and outcomes with exceptionally talented students—interests and 

outcomes that cannot be explained by g alone (Lubinski, Webb, Morelock, & Benbow, 

2001). For example, individuals who are intellectually gifted in math (Gf/Gq) prefer 

undergraduate courses that are related to science and math. Individuals, who are 

intellectually gifted in verbal ability (Gc), prefer undergraduate coursework in the 

humanities or arts (Lubinski et al., 2001). These findings seem to fit within theories of 

SLODR that are not only related to cognitive ability test scores, but represent real-world 

selected outcomes that may be SLODR related. Hence, although less is known about 

some of the more specific abilities in relation to career and college major interest, 

researchers may be too easily dismissive of trying to understand the importance of these 

abilities because they are not studying the correct populations of individuals.  

For example, SLODR might be considered by those interested in helping students 

to choose a college major or graduate school program. At present, many researchers 

suggest that general intelligence (g) is the most important construct when considering 

career counseling (Schmidt & Hunter, 1998). However, undergraduate students are 

selected on tests that are highly related to general intelligence (e.g. SAT or ACT) and, in 

general, university students are of higher general intellectual ability tending to fall in the 

top 50
th

 percent of IQ distribution (Gottfredson, 2002). Because the college population is 

considered to have higher than average ability level, the importance of the general factor 

should be less and the relative importance of the broad abilities should be greater 

compared to those who are the same age but not part of the college population.  
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One example of a broad ability that may be more important in the high ability 

population is spatial ability. Spatial ability (Gv) is one of the most researched of the 

broad domains; it is also one of the most dismissed because Gv has not been useful in 

predicting academic and occupational performance in the general population (McGrew, 

2004). Gv, however, has been useful in predicting educational outcomes when the 

population is specific to the intellectually gifted (Shea et al., 2001). For example, when a 

measure of spatial ability (Gv) is administered with the Verbal (verbal reasoning) and 

Math (quantitative) sections of the SAT, the Gv measure provides additive information 

when predicting college undergraduate majors (Shea et al., 2001). Gv is an important 

characteristic often found in individuals who are in the physical sciences (Lubinski & 

Benbow, 1992). For example, physicists such as Albert Einstein and Herman Von 

Helmholtz were believed to have extraordinary Gv abilities (Lohman, 1994). Hence, 

researchers may have been hasty to dismiss the utility of Gv, basing their dismissal on the 

relation of Gv with a limited amount of criterion variables, and on the population in 

general, rather than specific subpopulations.  

This hasty dismissal becomes more evident when you consider that the utility of 

Gv is observed in populations other than the intellectually gifted and when it is 

considered in combination with other abilities. For example, in the general college 

population, students who have strengths in both quantitative reasoning (Gf, Gq) and 

spatial visualization (Gv) are more likely to enter engineering fields; whereas students 

with strengths in verbal abilities are more likely to enter the humanities (Achter et al., 

1999). In all, from a theoretical standpoint, SLODR would seem to be important for real 

world outcomes. However, before real world implications are considered, evidence of the 

phenomenon needs to be supported by empirical research. A review of some of the more 

rigorous studies of SLDOR is presented in the next section.  
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SLODR: EMPIRICAL STUDIES 

 In regards to performance on cognitive ability tests, SLODR can manifest itself 

in a variety of ways when analyzing the scores from these tests. For example, a weaker g 

factor in high ability groups implies that the higher the ability level, the more likely the 

intercorrelations among the subtests or common factors will be lower. Furthermore, 

factors other than the g factor will account for more variation in the subtests, and less 

variance will be explained in the subtests by the general factor resulting in lower 

communalities of the variables. Finding evidence of SLODR can be accomplished via a 

variety of methodological techniques.  

 Overall, the most empirically rigorous studies of SLODR have tended to support 

the phenomenon (e.g., Carlstedt, 2001; Deary et al., 1996; Detterman & Daniel, 1989; 

Evans, 1999; Jensen, 1993; Legree, Pifer, & Grafton, 1995; Reynolds & Keith, 2007), 

whereas a few studies with insufficient sample sizes or subtests have not (Fogarty & 

Stankov, 1995; Hartmann & Teasdale, 2004). Although a review of every study is beyond 

the scope of the present review; it is worthwhile to describe some of the more rigorous 

studies of SLODR. The focus will be on studies in which particular care was given to 

method or on studies that provided a unique contribution to the study of SLODR.  

SLODR has been studied sporadically throughout the century, but credit for the 

formal ―re-introduction‖ of the phenomenon is generally given to Detterman and Daniel 

(1989). These researchers studied SLODR in the Wechsler Intelligence Battery for 

Children-Revised (WISC-R; Wechsler, 1974) and the Wechsler Adult Intelligence 

Battery-Revised (WAIS-R; Wechsler, 1981) standardization samples. In their study, the 

sample was split into five ability groups based on a single subtest score. They found 

evidence for SLODR because the correlations among the subtests decreased 

monotonically as ability level increased.  
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 In another study, Deary et al. (1996) found SLODR to be present in the 

standardization sample of the Differential Aptitude Test (DAT), which was adapted for 

British and Irish students. Similar to Detterman and Daniel (1989), Deary et al. (1996) 

used a single subtest score to select ability groups. The selection subtest, however, was 

not included in the analyses. This procedure left seven subtests available for principal 

component analyses. Principal component analyses were performed separately for each 

group. The variance explained in the subtests by the first unrotated principal component 

(i.e., g saturation) was used to compare the groups. If SLODR exists in a test battery, then 

in higher ability groups, the g saturation should be less. The authors indeed found lower g 

saturation in the high ability group. SLODR was present in the DAT; however, its 

presence was minor. 

Jensen (2003) also studied SLODR in the WAIS-R and WISC-R. He split the 

groups in low and high ability group based on the mean FSIQ score in order to reduce the 

chances of spurious negative correlations between the subtests, which have a greater 

chance of occurring as the sample is divided into more groups. Moreover, FSIQ was used 

because it was considered a better estimate of g than a score from one subtest. 

Importantly, Jensen estimated a congruence coefficient to assess whether or not the first 

principal component was invariant across groups and found that they were the same, 

although the congruence coefficient is considered to be a rather unsophisticated test of 

invariance by today’s standards. Jensen found evidence for SLODR. That is, more subtest 

variance was explained by the first principal component (i.e. higher g saturation) in the 

low ability group compared to the high ability group.  

Another rigorous study of SLODR was performed by Carlstedt (2001). Carlstedt 

employed a latent variable approach to the study of SLODR. He divided the sample into 

8, 16, and 32 groups based on g factor scores obtained from a factor analysis. Because 
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several groups were created, the g factor variance was negligible and not estimated in the 

models. He did not consider estimating g to be important to the study because it is 

generally known that the g factor variance decreases at higher levels of ability. Carlstedt 

was primarily concerned about whether the decrease in g variance at high ability levels 

was accompanied by a corresponding increase in broad ability factor variance. By 

decomposing the variance, he found the variance contributed to the subtests by a Gc 

factor and a Gv factor increased as ability level increased. These findings suggest 

evidence for SLODR because the more specific abilities become more relatively 

important at higher levels of ability. 

SLODR has been supported in many studies (Carlstedt, 2001; Detterman & 

Daniel, 1989; Deary et al., 1997; Evans, 1999; Jensen, 2003; Legree, Pifer, & Grafton, 

1996; te Nijenhuis & Hartmann, 2006). Questions remain, however, about the nature of 

SLODR. Although Carlstedt found that the broad abilities increased in their variance, g 

was not modeled in that study. It is therefore unclear whether the broad abilities show an 

increase in variance that corresponds with a decrease in g variance, when g is modeled. A 

second important question that has been crudely assessed is whether the constructs—g 

and the broad abilities—are the same across ability groups. Typically, to study 

phenomena like SLODR the population is divided into subpopulations at some cut-point. 

For example, groups are often formed by splitting ability groups at the mean or median 

level of a g factor or of an observed score used measure to g or some other ability 

construct. Selection concerns arise in these types of studies. When selecting low and high 

ability groups, the groups are supposed to represent high and low ability groups based on 

g, not observed test scores (i.e., g represents the intercorrelations between the subtests, 

not a global IQ score). Thus, when selecting groups based on observed scores, careful 

consideration must be given to possible deleterious effects of t
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, 1989; Nesselroade & Thompson, 1995). Selection effects must be minimized 

and factorial invariance should be established before comparing groups. Before 

reviewing a study of SLODR that minimized these selection effects and that tested for 

factorial invariance, a brief summary of selection effects in relation to factor analytic 

studies is needed. 

SELECTION ARTIFACTS, INVARIANCE, AND SLODR 

Selection effects are important in all studies because the method by which 

samples are collected has an influence on the statistical analysis. Previous studies of 

SLODR have been susceptible to selection effects for several reasons. First, the presence 

of SLODR is often based on comparisons of subtest intercorrelations between low and 

high ability groups. The correlations among the subtests, however, are often obtained 

from standardizing covariances within each ability group, each of which may have 

different standard deviations. As a result, it is possible that the groups are being 

compared in different metrics. This problem can be avoided in factor analysis by using 

covariances matrices rather than correlation matrices when comparing multiple groups 

(Cudeck, 1989; Nesselroade & Thompson, 1995). 

A second situation in which selection effects can arise in factor models is when 

factors are specified to be orthogonal. Because factors are independent of each other in 

one group, they are not necessarily independent in another group (Meredith & Horn, 

2001). Thus, to minimize selection effects the factors should be free to correlate with 

each other.   

To assess for selection effects, tests of invariance are applied to evaluate whether 

the same constructs are being measured in different groups. For example, is g the same 

construct for low and high ability groups? If the two groups are selected from a common 
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parent population, then the factor structure for the groups should be similar; moreover, 

the relations of the factors to subtests should be identical across groups. Satisfying factor 

structure equivalence is tested for via tests of factorial invariance.  

A more recent study of SLODR used a method referred to as multi-group, higher-

order, analysis of mean and covariance structures (Reynolds & Keith, 2007). This method 

involved testing whether the g factor was the same in the two groups. The authors did 

find evidence for strong factorial invariance (i.e. equivalent unstandardized factor 

loadings and subtest intercepts), and thus the g factor was comparable across the groups. 

Satisfying strong factorial invariance was important because in most other studies of 

SLODR it has been generally assumed that differences in the observed subtest scores 

could be adequately accounted for by the factors; whereas in that study the assumption 

was tested formally. 

Reynolds and Keith (2007) demonstrated evidence for SLODR in two 

complementary ways. First, after factorial invariance was ascertained, the g factor 

variance was tested for equivalence across high and low ability groups. The low ability 

group had a significantly smaller g variance, providing evidence of SLODR. Second, the 

standardized loadings were compared and the average proportion of variance explained in 

the subtests by the factors was compared. The second-order g factor explained less 

variance in both the broad abilities and the subtests. Interestingly, the variance explained 

by the broad abilities did not increase with the corresponding decrease in variance 

explained by the g factor. Rather, the variance typically associated with g was captured in 

the residual variances.  
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SUMMARY OF SLODR AND REMAINING QUESTIONS 

The majority of evidence indicates that SLODR exists in cognitive test batteries. 

SLODR appears to occur at the level of g and not at the level of the broad abilities 

(stratum II) when the g factor has been tested for invariance across groups. One of the 

better methods that can be used to test for SLODR has been multi-group mean and 

covariance structure analysis (MG-MACS). This method, however, has its drawbacks for 

understanding the nature of the ability groups. 

One drawback of MG-MACS is that the groups are created before the data are 

subjected to the analyses. This type of selection procedure is not associated with a 

substantive theory about the qualitative nature of the high and low ability groups and is 

unsatisfying if the primary interest is in studying the nature of ability groups. 

Questions remain about the threshold of where the influence of g begins to 

decrease and about whether there are qualitatively different groups of people at different 

ability levels. All of the previous methods have split the population into subpopulations 

based on scores that were supposed to fall along the g continuum. One high and one low 

ability group split down the middle of the g continuum is, however, an overly restrictive 

assumption which leaves something to be desired about understanding the nature of 

SLODR. For example, perhaps there are several qualitatively different groups who differ 

in their level of g. Or, maybe the difference between high and low ability manifests at the 

25th percentile rather than the 50th. Moreover, it is likely that there are people of high 

ability who depend more on g and those of low ability that depend less on g. Therefore, 

to learn more about groups of common people rather than groups of common variance 

among subtests, a model-based approach should be used to create the groups rather than 

using a predetermined cut-point chosen by researchers.  
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One method that could be used to answer such questions, and serve to 

complement the MG-MACS approach, is referred to as factor mixture modeling. FMM is 

a model fitting approach from which classifying individuals into groups is a derivative, 

therefore splitting the groups before the study is not necessary (Yung, 1997). FMM has 

not been applied to test for SLODR, although it has been used in confirmatory factor 

models of cognitive abilities. An application is discussed below. 

In 1974, Sörbom wrote an important article describing how to perform multi-

group factor analysis. The data used by Sörbom included scores from nine subsets 

originally collected by Holzinger and Swineford (1939). Of the nine subtests, three were 

indicators of a space factor, three of a verbal factor, and three of a memory factor. The 

goal of Sörbom’s analysis was to compare the factor means of high and low ability 

groups. The groups were thus split into low and high ability groups based on observed 

score differences from a speeded addition test. Sörbom showed that the groups did indeed 

differ in their factor means. Although he was not concerned about factor variances, the 

method used by Sörbom was similar to previous studies of SLODR because one subtest 

was used to define the groups.  

Yung (1997) used these same data to show how finite mixtures could be applied 

to CFA models. He showed that instead of selecting groups on observed scores, low and 

high ability groups could be classified as part of the model fitting procedure. Although 

not suggested by Yung (1997), this example can easily be construed as a test of SLODR. 

Therefore, comparisons of Yung and Sörbom’s findings are worthwhile because they 

show how FMM can be used to study SLODR.  

Yung found that 89% of the students were assigned to a low performance group 

whereas 11% of the students were assigned to a high performance group. These 

proportions were the same whether or not both the means and factor covariances were 
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freely estimated or only the means were free to vary. Rather than assuming the best 

method to select low and high ability groups was to split them up at the mean of an 

observed score, Yung showed that based on the model, 17 individuals were in the high 

performance group and 128 in the low performance groups. Alternatively, Sörbom split 

the groups so that 71 (49%) students were in the high group and 74 (51%) students were 

in the low group.  

Extending Yung’s example, FMM could be applied to study SLODR in higher-

order models of cognitive ability. The importance of using FMM is that distinct groups of 

people can be formed by the model via the use of the model’s estimated class 

membership probabilities.  

There are several differences between the present study and Yung’s. First, the 

goal of this study is primarily substantive and not primarily concerned with the 

performance of a particular model estimation procedure. The specific question for the 

present study focuses on how low and high ability classes are defined. Second, Yung 

used an oblique first-order common factor model. The present study will use a second-

order factor model with five-first order factors. Third, the present study will be more 

concerned with modeling the variation within- and between-classes. Fourth, models with 

more than two-classes will be specified. Last, in the present study, a covariate will be 

included so within- and between-class variation may be explained better. 

In sum, FMM is a method that can be used to complement multi-group studies of 

SLODR, while potentially obviating some of the weaknesses in previous research. FMM 

can be used to address the question of whether there are two qualitatively different low 

and high ability classes or whether there are three or even four or more qualitatively 

different latent classes within the overall population. FMM estimation results will provide 

probabilities of class membership. The probabilities can be used to classify individuals in 



24 

the sample into groups so that other qualitative information (e.g. observed test scores, 

age, SES) about the members in each group can be examined. Last, FMM is desirable 

because covariates can be included in the model to help understand class membership. 

For example, in theory, females tend to be less variable than males in their performance 

on tests of cognitive ability (Arden & Plomin, 2006; Deary et al. 2003, Feingold, 1992). 

Therefore, sex and characteristics other than ability level are likely important in 

understanding SLODR.  

Factor Mixture Modeling 

Researchers are often interested in describing the relations among manifest 

variables. Regularly, methods such as regression or discriminant function analysis are 

used to explain these relations. Manifest variables, however, are merely observable 

realizations of random unobservable variables (Bollen, 1989; Borsboom, Mellenbergh, & 

van Heerdan, 2003; Skrondal & Rabe-Hesketh, 2004). At times, it is helpful to introduce 

these random unobservable, or latent, variables into the model. Throughout this 

manuscript, two types of latent variables will be discussed: common factors (or factors) 

and classes. Continuous latent variables are referred to as factors and categorical latent 

variables are referred to as classes. 

First, it will be shown that latent class (LC) modeling and confirmatory factor 

analysis (CFA) are similar modeling techniques. CFA models, however, use continuous 

latent variables, whereas latent class models use categorical latent variables. Second, 

multiple-indicator multiple-cause (MIMIC) and multiple-group analysis of means and 

covariance structure models (MG-MACS) will be introduced to show how factor models 

can be used to account for population heterogeneity when group membership is known. 

Next, generalizing from MIMIC models and MG-MACS models it will be shown how 
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population heterogeneity can be investigated via factor mixture modeling in groups 

whose membership is not known.  

LATENT VARIABLE MODELS 

LATENT CLASS MODELING 

A statistical model that extends regression and discriminant function analysis 

models by incorporating categorical latent classes is referred to as latent class (LC) 

modeling (Magidson & Vermunt, 2001). In logistic regression and discriminant function 

analysis, a group of observed variables are modeled to form linear combinations that best 

separate groups. Groups may be defined by sex, ethnicity, disorder vs. no disorder, and so 

on, but group membership is always defined a priori based on some known. In LC 

models, the group (henceforth referred to as class) is not known beforehand. One goal of 

LC models is to capture homogenous subpopulations of people whose characteristics are 

unknown a priori.  

It is useful to clarify some terms before explaining latent class modeling. What is 

referred to as LC modeling throughout this paper is rooted in latent structure analysis, 

which subsumed latent class and latent profile analysis (Gibson, 1959; Lazarfeld & 

Henry, 1968). Latent class analysis was strictly used with dichotomous observed 

variables, while latent profile analysis was used with continuous observed variables. The 

basic concept was the same for both methods in that the relations between the manifest 

variables were explained by a categorical latent variable. To avoid confusion, the term 

LC will be used throughout this paper, although the reader should be aware that this term 

is often used interchangeably with the terms finite mixture modeling, latent profile 

analysis, and latent cluster analysis even though they are some technical differences 

between the analyses (Magidson & Vermunt, 2001).  
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LC modeling can be used to group respondents into different classes. For 

example, suppose a questionnaire with three items was administered to a group of people 

from the East Coast. On the questionnaire, the participants were asked to rate how loyal 

they are to a sports team based on a scale of 1 to 10 with 10 being the highest rating. 

Specifically, the three questions ask the people to rate how loyal they are to the 1) 

Buffalo Bills (pro football team), 2) Buffalo Sabres (pro hockey team), and 3) Buffalo 

Bisons (minor league baseball team). The person who created the questionnaire assumed 

that the East Coast represented a homogenous population. It was, however, recommended 

to the person that the population may actually be a mixture of people who are loyal to 

Buffalo teams and those who are not. Or more specifically, based on the observed 

responses from this questionnaire, the hypothesis is that there could be two-classes of 

people: Buffalo sport loyalists and those who are not. A Buffalo sports loyalist, in 

general, is a person who is more likely to be loyal to the Bills and is also more likely to 

be loyal to the Sabres and the Bisons. Two ways of representing this type of analysis in 

graphic form are shown in Figure 1 (similar types of figures have been presented 

elsewhere, e.g , 2001a; Yang, 2005). 

 

Figure 1. Alternative representations of latent class analysis in graphic form. 
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On the left of Figure 1, the estimated posterior probabilities along the y-axis 

provide the average probability of answering an item in each class. These two-classes are 

clearly distinguishable as their item probabilities are dissimilar on all items. Typically, 

classes are not so easily distinguishable. On the right portion of Figure 1, the shaded 

elliptical circle variable, class, represents a categorical latent variable that explains the 

commonness among the item responses conditional on whether respondents are in the 

Buffalo or Non-Buffalo class. The variables enclosed in circles, r, represent the 

uncorrelated residuals that remain unexplained (Bauer & Curran, 2004). Note that this 

model could also be expanded to include three or more classes. For example, perhaps 

there is another group of homogenous people within the sample who like football and 

hockey, but not baseball, so that they are not loyal to the baseball team, the Bisons.  

There are several advantages to using LC models. First, in studies of groups, the 

groups are typically defined a priori (e.g. sex, ethnicity). For these types of studies it is 

simple to define and compare the two groups. What if, however, there are two different 

groups that are expected to exist within the sample, but the nature and definition of these 

groups is not known? For example, what if it is suspected that there are high and low 

ability children whose responses may have the same pattern, but for whom the 

contribution of general ability to cognitive performance differs? Typically, these two 

groups might be defined by splitting the groups at some point along a continuum of 

global IQ scores. The benefit of applying a model based approach such as LC modeling is 

that it avoids this split by instead assigning class membership based on estimated 

probabilities (Yang, 2005).  

Because LC modeling is a model-based approach, estimates for how well the 

model fits the data can be calculated using maximum likelihood estimators 

(Bartholomew, 1987). Information criteria can be used to compare competing models.  



28 

For example, the Akaike Information Criteria (AIC) (Akaike, 1987) and Bayesian 

Information Criteria (BIC) are commonly used to compare LC models (Jedidi, Jagpal, & 

DeSarbo, 1997).  

Although some may consider the exploratory nature of LC modeling a 

disadvantage, if a LC model is not based on substantive theory then the researcher can 

examine the data to determine what the class-type is. Often, however, the researcher has 

an idea of potential underlying subpopulations, yet is ignorant of appropriate cut-offs or 

thresholds that should be used to define the groups. For example, on a test battery with a 

group of timed and untimed tests the researcher may notice that the two-classes consist of 

people who perform well under timed conditions and those who do not. The researcher, 

however, has no reason to believe that the classes should be defined by splitting the 

overall population into two groups at the mid-point of scores from a timed test. 

Therefore, rather than splitting the groups arbitrarily, the researcher examines the 

posterior probabilities obtained from a LC model to determine how many individuals 

should make up each group. Specifically, the probabilities closest to zero and those 

closest to one would provide the most information about who is most unlikely and who is 

most likely to be classified in a group, respectively (Bartholomew, 1987). Hence this 

approach may be used to define unknown groups or used to test substantive theories 

because certain individuals with certain characteristics should be classified more easily 

into the groups.  

In sum, LC modeling represents a viable method to cluster people into 

homogenous groups. This method is similar to confirmatory factor analysis, a method 

that clusters variables into homogenous constructs. 
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CONFIRMATORY FACTOR ANALYSIS 

Factor analysis is a method that uses the correlations among items or subtests 

(henceforth referred to as indicators) to estimate continuous rather than categorical latent 

variables. In factor analysis, the common factors represent the shared variance among the 

indicators. The relations between the factors and indicators are referred to as loadings. 

The two most common approaches to factor analyses are exploratory factor analysis and 

confirmatory factor analysis (CFA) (Bollen, 1989, p. 227). CFA is the approach of 

interest to the present study. 

 CFA is a factor analytic technique which specifies the factor structure a priori 

(Keith, 2005; Kline, 2005). CFA models are of interest to researchers because the factors 

are considered to represent ―error-free‖ estimates of the latent constructs. In CFA models, 

all common variation among the indicators is captured by the common factors, whereas 

measurement error and subtest specific variance (uniqueness or specific factors) are 

separated from the common variation and are captured together in what are often referred 

to as residual variances.  

The example given above describing loyalty ratings for Buffalo sports teams will 

be used to provide an example of how CFA can be used to model the same data. In 

general, people who are loyal to one Buffalo team tend to root for other teams from 

Buffalo, such that the more loyal people are to one Buffalo team, the more loyal they are 

to the other Buffalo teams. It could be hypothesized that there is a continuous latent 

variable, namely, loyalty to Buffalo teams, underlying the responses to all of the items 

and accounting for the correlations among the items. Unlike the latent class model which 

presumed that there were two homogenous subpopulations within the population, the 

CFA model involves the assumption of one homogenous population. The CFA model is 

shown in Figure 2. Note that the model is identical to the LC model except the latent 
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factor is continuous rather than categorical. The residual variances (r) contain item 

specific variance and measurement error, that is, the variance that is not shared by the 

common factor. 

 

Figure 2. Confirmatory factor model of loyalty to Buffalo sports teams. 
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The path diagram shown on the right side of Figure 1 and the path diagram in 

Figure 2 seem to represent similar models. And in fact, CFA and two-class LC models 

are difficult to distinguish from each other empirically (Bartholomew, 2004). Some 

differences between the models are worth noting, however. For example, LC models do 

not require the assumption that the measured variables are related linearly (Bauer & 

Curran, 2004). In addition, the factor scores in LC and CFA are different. In CFA 

models, the factor scores represent weighted estimates of the manifest indicators; in LC 

models the factor scores represent posterior probabilities of membership in a latent class 

(Bartholomew, 1987). Conceptually, the two types of factor scores are similar, but they 

differ in interpretation because a factor score reflects a position along a continuum of a 

latent trait and a posterior probability reflects the probability of being a member of a 

class. 
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Note that the LC model is very similar to factor analytic models, except LC 

modeling focuses on people whereas factor analyses f

, 2000). In fact, the two can be considered complementary approaches in that 

CFA shows how the latent constructs are measured by indicators, whereas LC shows how 

groups of people respond to i , 2001a). CFA and LC models 

are similar in that they are model-based so empirical tests of whether the model 

adequately represents the data are used to assess the adequacy of the model. Models are 

typically estimated via maximum likelihood techniques with the major advances in LC 

modeling coming from development of the expectation maximization (EM) estimation 

technique (Dempster, Laird, & Rubin, 1976). In general, CFA and LC modeling are 

similar despite evolving from completely different disciplines (Bauer & Curran, 2004). 

MIMIC MODELS 

Another useful application of LC modeling involves the inclusion of covariates. 

Figure 3 shows a path model representing class regressed on sex. The sex variable is 

included to help explain the latent class membership (Bandeen-Ro

, 1989; Yang, 2005). The path model shown in Figure 3 is referred to as a 

multiple indicator multiple cause-latent class model (MIMIC-LC). 
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Figure 3. A MIMIC-LC model with class regressed on sex. 
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The model in Figure 3 represents the regressions of the items on class, and a 

logistic regression of class onto sex. Note that the influence of sex on the items is 

mediated by class in this model. As shown below in Figure 4, the model could also be 

used to test the direct influence of sex on the items by including a path from sex directly 

to an item. In this type of model, sex explains between-class variation and within-class 

variation ( , 2001b). In regression terms, in the model with a direct path from sex 

to an observed indicator, sex influences the responses to that item above and beyond what 

can be explained by the class membership.  
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Figure 4. A MIMIC-LC with the Bills indicator and class regressed on sex. 
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Interestingly, MIMIC models are also used with CFA models. It is generally 

assumed that the factor structure obtained in a CFA represents a homogenous population. 

Like LC models, however, covariates can be included in a CFA model to explain 

heterogeneity in the factor or the indicator. Figure 5 represents such a model. 

 

Figure 5. A MIMIC model with the factor regressed on sex. 
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The indicators are regressed on the common factor, and the factor is regressed 

onto the sex variable. The model is used to assess whether background

, 1989). Similar to the 

MIMIC-LC model, in the MIMIC model a path can also be included directly to the 

observed variables from sex so that sex explains the common variation between the items 

as well as the variation within an item. 

Although the MIMIC model is useful, it is limited in that it makes the assumption 

that groups being compared only differ in their factor means or item intercepts and not 

their variances or covariances (Hancock, 1997). A more flexible approach, referred to as 

multi-group analysis of covariance and mean structures (MG-MACS), is an alternative to 

MIMIC modeling that allows for tests of the assumptions required for MIMIC modeling 

(Thompson & Green, 2006).  

MULTIPLE-GROUP ANALYSIS OF MEAN AND COVARIANCE STRUCTURES 

An understanding of factorial invariance is needed to understand and appreciate 

MG-MACS. Although invariance has long been of interest to researchers, it has only 

recently been applied consistently. Separate articles by Meredith and Ellis in 1993 

discussed the important issue of factorial or subpopulation invariance. In general, 

invariance refers to the idea that if a factor model represents a population then it should 

also hold for subpopulations selected on various observed criteria such as sex or 

ethnicity. Therefore, for subpopulation invariance to hold, a factor score should not 

depend on the group status of the person (Meredith, 1993). Practically speaking, 

invariance is necessary to ensure that measurement instruments are not biased; 
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theoretically speaking, the legitimacy of a psychological theory for all individuals 

depends on the assumption of invariance (Ellis, 1993).  

Factorial invariance means that the same constructs are being measured across 

two or more groups (Meredith, 1993; Dolan, 2000). The assumption of factorial 

invariance is essential for comparing groups. In general, invariance should not be 

assumed across groups; it should be tested (Meredith & Horn, 2001). Tests of factorial 

invariance are performed sequentially and models are usually compared based on 

changes in how well they fit the data. The first step is to test for configural invariance.  

Configural invariance suggests that the factor pattern is the same in the groups; 

however, all estimated loadings are free to vary across the groups (Steenkamp & 

Baumgarter, 1998). Configural models typically serve as baseline models from which 

more constrained models are compared. An example of a specification for a configural 

invariance model is shown below. The Buffalo example will be used again so that the 

similarities between multi-group models and MIMIC models can be demonstrated. Recall 

that in the MIMIC model sex was represented a dummy-coded variable that had an effect 

on the factor. For the multi-group approach the data are now split into two data files: one 

for males and one for females. A factor pattern is specified for each group. In general, for 

tests of configural invariance, the factor pattern is modeled to be the same across groups, 

but the factor loadings, means/intercepts, and variances are freely estimated within each 

group. One factor loading is set to one and the corresponding intercept is set to zero for 

each factor. In Figure 6 the unstandardized loading of Bisons on the factor is set to one, 

and its intercept is set to zero. Thus, the factor means will be set to the scale of the first 

indicator. 
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Figure 6. Configural invariance model. 
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The next step in invariance testing has been referred to as metric invariance. 

Metric invariance assumes that the regressions of the indicator on the factors (i.e. factor 

loadings) are equivalent across groups. Specifically, this type of invariance is a measure 

of construct equivalence and specifies whether the unit of measurement is equal across 

groups (Byrne & Stewart, 2006; Widaman & Reise, 1997). If metric invariance is not 

satisfied, then comparisons of groups would be like comparing the height of boys and 

girls using measuring tapes that have different units of measurement. For a crude 

example, suppose centimeters on one measuring tape were inappropriately labeled as 

inches while inches on the other measuring tape were appropriately labeled as inches. A 

one centimeter increase with one tape would be assumed to equal a one inch increase 

with the other tape and comparisons of height using the tapes would be greatly distorted.  

An example of a metric invariance model is presented in Figure 7. All of the 

specifications from the configural model are retained with one set of additional 

constraints: The unstandardized factor loadings are set to be equal across the groups (e.g. 

the loading of the Sabres indicator on the factor is set to ―a‖ across groups). 

 

 

 



37 

Figure 7. Metric invariance model. 

Factor

Bills

b

Sabres
a

0

Bisons1
0,

r
1

0,

r
1

0,
r

1

Factor

Bills

Sabres

0

Bisons
0,

r

0,

r

0,
r

b

a

1

1

1

1

 

Metric invariance is a test of whether the constructs are comparable across 

groups. If groups are to be compared with respect to their means, it is also necessary to 

satisfy strong factorial, or scalar invariance. Strong invariance assumes that the 

regressions of the indicators on the factors as well as the indicator intercepts need to be 

equal across groups (Meredith, 1993; Widaman & Reise, 1997). Whereas metric (factor 

loading) invariance tests whether the units of measurement are equal across groups, 

intercept invariance tests whether the origin of the scale is equal across groups (Byrne & 

Stewart, 2006). If the origin of the scales is not the same, then comparing groups would 

be like comparing boys and girls in height, even though the boys’ measuring tape had the 

first two feet accidentally chopped off leading to a systematic two foot advantage for 

boys. This advantage could not be accounted for by true height, however. (Note that in 

cognitive ability tests, there is no true zero point and this example is an 

oversimplification.) 

A model specification for strong factorial invariance is shown in Figure 8. All 

constraints from the metric invariance model are retained with one additional set of 

constraints: The subtest intercepts are constrained to be equal across the groups (note that 

the intercepts for Sabres are set to ―ia‖ across the two groups).  
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Figure 8. Strong factorial invariance model. 
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The final test of invariance at the measurement level is referred to as strict 

factorial invariance. To satisfy strict factorial invariance, in addition to the factor loadings 

and intercepts, the subtest level residual variances must be equivalent across the groups 

(Meredith, 1993; Widaman & Reise, 1997). Although strict factorial invariance is not 

necessary to make group comparisons, if it is satisfied then observed scores differences 

are completely explained by differences in the factors (Little, 1997; Lubke, Dolan, & 

Kelderman, 2001; Widaman & Reise, 1997).  

For strict invariance, the constraints from the strong invariance model are retained 

with the addition of a new set of constraints: The residual variances are constrained to be 

equal across the groups. Note that for Sabres the residual variances are constrained to be 

equal by setting the residual variance to ―ra‖ across the two groups. 

 

Figure 9. Strict factorial invariance model. 
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Factorial invariance is important because researchers are typically interested in 

testing for group differences in latent constructs located at the structural level (i.e., 

means, variances, and covariances of the latent variables), not in test scores located at the 

measurement level. If the factors can account for the differences in the observed scores 

obtained from measurement instruments then the researcher can be confident that what is 

being measured represents the constructs of interest and not measurement error or 

indicator specific variance (cf. Little, 1997; Lubke & Dolan, 2003). Thus, once 

measurement invariance is satisfied, equivalence of the factor variances, covariances and 

latent means can be tested. For example, in the example above the factor variances could 

be set equal across groups, or alternatively the factor means could be set to be equal. If 

models did not differ in the means or variances then boys and girls would demonstrate 

comparable loyalty in level and in variability.  

It should be noted that if the variances/covariances were found to be equal across 

groups, the MIMIC model could be used to assess sex differences. The MIMIC model 

requires the assumption equal covariance matrices across groups (Hancock, 1997). If this 

assumption is valid, then the MIMIC provides a simpler modeling alternative to that of 

multi-group analysis and the unstandardized latent mean differences obtained from either 

model should be identical (e.g. Thompson & Green, 2006; Reynolds, Keith, Ridley, & 

Patel, 2006). Although not as simple to perform, the advantage of multi-group modeling 

is that the assumptions of the MIMIC model can tested.  

So far, LC models, CFA models, MIMIC-LC models, MIMIC models, and MG-

MACS model have been discussed. The reason for presenting all of these models and 

methods in this progressive order is to show how the methods could be used to model the 

same dataset. All of the methods are technically subsumed under a general latent variable 

modeling framework (Bartholomew, 1987). Recall that LC and CFA were similar except 
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LC models assume a categorical latent variable whereas CFA assumes a continuous latent 

variable. The MIMIC-LC and MIMIC models were similar in the same way that LC and 

CFA were similar, except that covariates were included to account for variation between 

classes or variation within a class. Last, MG-MACS was merely a more flexible 

extension of the MIMIC model where the group information was not pooled and all of 

the assumptions of factorial invariance were tested for. Factor mixture modeling is also 

subsumed under a general latent variable framework and can be thought of as an 

integration of the aforementioned methods. In particular, it is similar to the MG-MACS 

model, except that rather than splitting the groups before the analysis based on a known 

variable, the groups are unknown. Details of factor mixture models are provided next. 

FACTOR MIXTURE MODELING 

Factor mixture modeling (FMM) represents an integration of LC and CFA 

(Arminger & Stein; 199 , 2005; Yung, 1997). The 

two types of modeling techniques had evolved for the most part separately; only recently 

has it been demonstrated that the two can be integrated (Arminger & Stein, 1997; Dolan 

& Van der Mass, 1997; Jedidi et al., 1997; Yung, 1997). With software such as Latent 

Gold (Vermunt & Magidson, 2000) and Mplus , 1998-2006), these 

methods are beginning to show up with more frequency in social science journals, in 

particular with applications to growth modeling. 

Factor mixture modeling can simply be thought of as modeling with two types of 

latent variables: categorical classes and continuous factors. Figure 10 shows a factor 

mixture model. Note that the similarity between the MIMIC models that were presented 

earlier (e.g. Figure 5) and this particular model. The only difference is that the class 

variable is included as a covariate rather than an observed covariate like sex.  
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Figure 10. Factor mixture model presented as a MIMIC model with the factor regressed 

on class. 
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An alternative way to conceptualize FMM is to consider it an extension of the 

MG-MACS model. In fact, a one-group CFA model can be simply thought of as a FMM 

with one class (Dolan & Van der Maas, 1998; Jedidi et al., 1997). In MG-MACS, the 

CFA population model is split into groups based on a known variable such as sex or 

ethnicity. In FMM, however, group membership is unknown, and the groups henceforth 

known as classes are not defined a priori (Jedidi et al., 1997). The advantage of using a 

multi-group modeling approach over a MIMIC approach is that in a multi-group 

approach, more cross-group parameter constraints can be relaxed. FMM allows for these 

different parameterizations even though the groups are unknown. For example, the 

variances of the factors can be free to vary across classes. In fact, any relevant parameter 

(e.g. means, covariances, residuals, factor loadings etc.) can be modeled to vary across 

the classes. Note that allowing the g factor mean and variance to vary across classes 

would be an excellent way to understand SLODR. Figure 11 shows an example of how a 

factor mixture model might be conceptualized. As shown below, the latent means and 

variances are allowed to vary across the classes. 
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Figure 11. Factor mixture model with MG-MACS approach. Note that each class has a 

within-class model specification. 
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QUESTIONS ABOUT FACTOR MIXTURE MODELING 

Although the properties of CFA and LC models are well-known when performed 

independently, less is known about the performance of these models when they are 

combined into an integrated modeling framework (Bauer & Curran, 2004). A potential 

problem with mixture modeling is that the likelihood function might be subject to several 

local maxima (Jedidi et al., 1997; , 2001a). The solution to this problem is to 

assign various start values when estimating the model. Software such as Mplus 

automatically produces different start values for the researcher. Other convergence 

related problems arise when different cross-group parameter constraints are specified. For 

example, partially invariant models have been shown to converge more easily, and with 

greater class separation, than fully invariant models (Ga , 

2005).  
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Finally, questions remain about how to select the best models. Factor mixture 

modeling is a model-based approach so that the models can be compared for plausibility. 

In traditional CFA, the likelihood ratio test is often used to compare models. This test is 

based on the assumption that a null hypothesis follows a chi-squared distribution. 

However, in mixture models the distributions are often unknown (Stein, 2006). So 

although an adjusted likelihood ratio test (aLRT) has been developed to compared 

competing models with different numbers of classes (Lo, Mendel, & Rubin, 2001), this 

test has not been tested for performance in complex models (Bauer & Curran, 2003). 

Alternatively, information criteria indices are often used to compare models. 

These indices include the Akaike Information Criterion (AIC; Akaike, 1987), the 

Bayesian Information Criterion (BIC; Swartz, 1978), the consistent AIC (CAIC) 

(Bozdogan, 1987) and the adjusted BIC (aBIC) (Yang, 1998). In general, the form of 

information criterion takes the shape of minus twice the log-likelihood of the model 

parameterization plus a penalty term. It is the penalty term that differentiates the different 

criterion from each other. For example, the penalty for the AIC is twice times the number 

of parameters estimated. The penalty for the BIC is the number of parameters times the 

log of the sample size. The penalty for CAIC is the number of parameters times the log of 

the sample size + 1. Last, the aBIC penalty is the number of parameters for the model 

times (log(sample size +2) – log (24)). There are no guidelines for which information 

criteria index performs better, but in latent class models the AIC is considered to work 

better in studies with large number of parameters to be estimated (Lin & Dayton, 1997). 

The aBIC has also been found to perform well when determining the number of latent 

classes (Yang, 1998). Alternatives exist for researchers to select models, but these 

alternatives will be discussed in detail in the methods section. 
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STATEMENT OF THE PROBLEM 

The goal of the present study is to investigate SLDOR within a three-stratum 

model of intelligence using factor mixture modeling (FMM). The study is important for 

understanding SLODR because all previous studies of SLODR have defined the groups 

before modeling. FMM, however, establishes group membership based on probabilities 

obtained from the modeling procedure.  

Previous findings for SLODR in intelligence batteries lay the foundation for this 

study and its use of FMM. First, SLODR has been found to be present in numerous 

batteries, including the one under study, the KABC-II. Second, because the factor 

structure of the KABC-II is well researched and the test has been found to be invariant in 

its measurement across age (Reynolds et al., in press) sex (Reynolds, Keith, Ridley, & 

Patel, 2006) and in low and high ability groups (Reynolds & Keith, 2007), the CFA 

model used for this study is optimal. The goal of factor mixture modeling is not to 

explore the factor structure of tests (Lubke & Muth , 2005), rather it is to appropriately 

classify heterogeneous populations within well-researched factor structures so that 

substantive questions can be answered about groups of similar people.  

This study will provide insight into the nature of groups who differ in their latent 

means and variances of g. The findings should answer one of the important unknowns 

with respect to understanding SLODR: What is the nature of the different ability groups? 

Studying SLODR has important theoretical implications regarding to a theory of general 

intelligence. The phenomenon also has practical implications regarding the interpretation 

of IQ tests.  
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CHAPTER III: METHOD 

Participants 

The participants in this investigation were children and adolescents ages 6 to 18, 

who were drawn from the KABC-II standardization sample. The sample was stratified 

across the United States according to age, maternal education, ethnic group, geographic 

region, parental education, educational placement, and educational status (Kaufman & 

Kaufman, 2004). Sample characteristics are shown in Table 2. This sample, however, 

was split randomly into two sub-samples: calibration and validation. All initial analyses 

were conducted with the calibration sample. The same analyses were replicated in a 

validation sample using the best fitting models from the calibration sample. 

 

Table 2.Demographic characteristics for ages 6 to 18 of the KABC-II sample. 

Variable N 

Total sample 2375 

Sex  

    Male 1186 

    Female 1189 

Age  

    6-14 200 per year 

    15-17 150 per year 

    18 125 

Race/Ethnicity  

    White 1475 

    Hispanic 420 

    African American 352 

    Other 128 
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Measure 

KAUFMAN ASSESSMENT BATTERY FOR CHILDREN—SECOND EDITION (KABC-II) 

The KABC-II is an individually administered measure of cognitive abilities 

developed for children and adolescents ages 3 to 18. The extended battery takes about 90 

to 100 minutes to administer. Table 3 provides a brief description of what is required of 

children for each subtest. 
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Table 3. Activities required of examinees on KABC-II subtests. 

Subtests  Assessment Activity 

Number Recall  Child repeats number sequence after examiner 

Word Order Examiner states object names, child touches object silhouette  

Hand Movements 
Examiner makes a series of hand motions which the child 

repeats 

Block Counting 

Child counts blocks in pictures; some blocks are clearly visible, 

others  

are only implied 

Pattern Reasoning       
Child completes a series of stimuli by identifying the missing 

item 

Rover                         

Child determines most efficient route for a dog to find a bone 

using 

toys and a grid 

Story Completion       
Child selects the most logical pictures needed to complete a 

pictorial story 

Triangles Child arranges foam pieces to resemble a figure  

Gestalt Closure          

Examiner presents incomplete drawings and the child describes 

the  

implied object 

Atlantis 
Examiner teaches nonsense object names, child must point to the  

correct picture when the name is said 

Atlantis Delayed      Child recalls nonsense object names after 15-20 minutes 

Rebus                       

Examiner teaches the meaning of each rebus, the child reads a 

series 

of rebuses, which form a sentence                    

Rebus Delayed        Childs reads a series of rebuses after 15-25 minutes names it 

Expressive 

Vocabulary   
Child says the name of a pictured object 

Riddles 
Examiner describes an object or idea, the child points to the 

object or names it                   

Verbal Knowledge 
Child points to a picture that best represents the meaning of a 

Vocabulary word or the answer to a general information query 
Note. Adapted from Kaufman, A. S. & Kaufman, N. L. (2004). Kaufman Assessment Batter for Children 

second edition: Technical Manual (p. 6-7). Circle Pines, MN: American Guidance Service, copyright 2004 

by the American Guidance Service. 
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The KABC-II was developed to assess five stratum II abilities (Gc, Gv, Gf, Glr 

and Gsm) and a higher-order general intelligence (g) factor, operationalized in the test as 

the Fluid-Crystallized Index. The KABC-II model shown in Figure 12 shows the 

theoretical structure of the test. Each of the broad abilities is indicated directly by the 

subtests, while the five broad abilities are indicators of the second-order g factor. The 

second-order g factors accounts for the intercorrelations among the broad abilities and 

influences subtest scores indirectly via the broad abilities.  

 

Figure 12. KABC-II Factor Structure. 
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Research Questions and Data Analyses 

This research addressed two general questions:  

QUESTION ONE: WHAT IS THE NUMBER AND THE NATURE OF THE LATENT ABILITY 

CLASSES UNDERLYING THE KABC-II DATA?  

FMM models were performed using the Mplus n, 

1998-2006). Several models were specified to answer questions related to understanding 

the nature of ability groups whose levels and variability in g differ. A latent class variable 

(with up to five-classes) was used to distinguish between subpopulations along the 

second-order g dimension (Gagné, 2006). A number of models were estimated with each 

model introducing fewer constraints across the classes. Several possible models were 

considered. 

1. The classes differ in terms of means and variances of the second order g factor. 

2. The classes differ in terms of intercept and variances of the first-order factors. 

3. The classes differ in terms of subtest residual variances. 

4. The classes in differ partially in the parameters listed in models 1 through 4.  

Previous studies have found that SLODR does not act on the broad abilities, 

therefore, equality constraints were imposed on all of the first-order factor variances 

(Reynolds & Keith, 2007). Moreover, the present research was concerned only with the 

constructs purported to be measured by the KABC-II and three-stratum theory. Therefore 

strong factorial invariance was specified so that between-class comparisons of the latent 

constructs were valid. In all of the models, all of the first- and second-order factor 

loadings were kept invariant across classes (i.e. class-invariant). If the loadings were free 

to vary, then meaningful substantive conclusions related to three-stratum theory would 

not have been valid because the constructs could have been measured in different units 
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across classes.  Although a simulation study has shown that partially invariant models 

converge more often than fully invariant models, it was not necessary to release between-

class constraints in this study because most of the models converged with no problems 

(Gagné, 2004). 

For the present study, three types of parameter constraints were released across 

the classes resulting in class-specific parameter estimates: second-order mean differences 

(technically, one class remained constrained to zero and the estimates of the second-order 

means represented mean differences), second-order variances, and subtest residual 

variances. Allowing for g mean differences and class-specific g variances were most 

important to understanding SLODR. Previous research has suggested that subtest 

residuals were not invariant in high and low ability groups, so class-specific residual 

variances were specified for one set of models (Reynolds & Keith, 2007). In fact, this 

model (g mean differences, with class-specific g variances and subtest residual variances) 

was considered to be one of the most reasonable models because if the g factor explains 

less subtest variance in the high ability groups, and the broad ability factors do not 

explain more subtest variance, then the variance no longer explained by g must be 

contained in the specific variances (captured in the subtest residual variances). Thus, 

models with class-specific subtest residual variances were compared with models with 

class-invariant subtest residual variances. All of the models estimated in the first part of 

this research, and related to question one, are summarized in Table 4.  

The different models were specified to meet different levels of factorial 

invariance. For each of these models, constraints were removed so that less constrained 

models were estimated. The different models are described below. Boxes marked with an 

―X‖ indicate models that were estimated. 
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Table 4. Models to answer research question one. 

Models Model 

Description 

Number of Classes Estimated 

  1 

Class 

2 

Class 

3 

Class 

4 

Class 

5 

Class 

M1: 

 

Second-order 

factor model 

X     

M2: g mean 

differ(ence) 

Factor mean (of 

g) set to 0 for one 

class, means 

estimated in other 

classes 

 X X X X 

M3: g mean differ; 

class-specific g 

variances 

Factor mean (of 

g) set to 0 for one 

class, means 

estimated in other 

classes; g factor 

variance freely 

estimated across 

classes 

 X X X X 

M4: g mean differ; 

class-specific g 

variances; class-

specific subtest 

residuals 

 

Factor mean (of 

g) set to 0 for one 

class, means 

estimated in other 

classes; g factor 

variance freely 

estimated across 

classes; subtest 

residuals freely 

estimated across 

classes 

 X X X X 

  

QUESTION TWO: WHAT ARE THE WITHIN-CLASS EFFECTS, BETWEEN-CLASS EFFECTS, 

AND WITHIN- AND BETWEEN-CLASS EFFECTS OF SEX? 

From the models in Table 4, the two best fitting models were selected. A sex 

covariate (dummy-coded sex variable) was included in another set of models. Males were 

coded with a one and females were coded with a zero. Three models were specified. The 

first model allowed for between-class sex effects and within-class sex effects on g, Gc, 
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and Gv. Previous research with the KABC-II has indicated that boys and girls differ in g, 

Gc, and Gv (Reynolds et al., 2006). Thus, there was empirical support for potential 

within-class sex effects. To test for within-class sex effects, g, Gv, and Gc factors were 

regressed on sex within each class. To test for between-class sex effects, the latent class 

was also regressed on sex (Lubke & , 2005).  

Two additional models were tested. The first of these models (M6, Table 5) was 

specified to test for within-class sex effects only. To specify this model, the between-

class sex effect was constrained to zero. The second model (M7, Table 5) was specified 

to allow for between-class sex effects only. Hence, all within-class sex effects were 

constrained to zero. These models were compared using the AIC, BIC, and, aBIC values. 

In addition, in all of these models, the effects of sex on g, Gc, and Gv were assessed for 

their statistical significance. The specific models are described in Table 5. 

 

Table 5. Models to answer research question two. 

Models  Model-Specifications 

M5: 

Within- and 

Between-class sex 

effects 

1. Within each class, g, Gc, and Gv were regressed on sex, 

and freely estimated across classes. 

 

2. Class was regressed on sex. 

M6: 

Within-class sex 

effects 

1. Within each class, g, Gc, and Gv were regressed on sex, 

and freely estimated across classes. 

M7: 

Between-class sex 

effects 

1. Class membership was regressed on sex. 
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MODELS 

M1: Second-Order Confirmatory Factor Model.  

The first model that was estimated was a second-order factor model (see Figure 

13). This model served as a general baseline model. This factor structure represents the 

factor structure used for each class in the subsequent models. In this model the subtest 

intercepts were estimated, while the factor means (first- and second-order) were fixed to 

zero. The first loading of the first indicator on each factor was fixed to one. This 

constraint was required to scale the factors in the model. The means for the residuals 

were automatically set to zero, and the weights from the subtests to the residuals were 

fixed to one so that the residual variances were properly scaled and the model was 

identified.  
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Figure 13. Second-order confirmatory factor model. 
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M2: g Mean Differ(ence) 

The second model that was estimated is similar to the first model, except that 

multiple classes were modeled and second-order g factor means differences were 

estimated. In these types of models, the latent means are not properly identified, so one 

class serves as the reference class with the latent g mean set to zero; the other class mean 

or means were estimated freely so their estimates represent the difference from the 

reference class g mean of zero (Byrne & Stewart, 2006). All of the other model 

parameters, second-order loadings, second-order g variance, first-order unique variances, 

and subtest residual variances were specified as class-invariant. Moreover, all first-order 

factor and subtest intercepts were class-invariant so that class differences in observed 

scores would be attributable to differences in the means of the latent g factor. The number 

of classes was increased sequentially, one at a time, in each model that was estimated. 

Therefore, models with two-, three-, four-, and five-classes were estimated. Figure 14 

shows a path diagram that estimates how the two-class model might be conceptualized 

visually, although path-diagrams for models with continuous factors and latent classes 

have not been developed fully at this time.   
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Figure 14. Model with more than one latent class and only the g means are estimated  

freely across classes. 
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M3: g Mean Differ; Class-Specific g Variance 

In M3, the class-invariant constraints on the g factor variance were freed. This 

model was estimated to test whether allowing for class-specific g variances improved 

model fit compared to M2 (g mean differ model). These models were especially germane 

to learning about SLODR because it allows for classes to differ in the g means and the g 

variances. The model is shown in Figure 15. The ―var‖ above the second-order g factor in 

Figure 14 are not shown in Figure 15 because the variances were no longer constrained to 

be equal across classes.  
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Figure 15. Model with more than one latent class and only the g means and variances are 

estimated freely across classes. 
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M4: g Means Differ, Class-Specific g Variance, and Class-Specific Subtest Residuals  

M4 had the same specification as M3; however, in addition, the subtest residuals 

were estimated freely within each class. Therefore, if observed scores of high and low 

ability groups differ because of variability in subtest specificity or measurement error, the 

model fit indices should show that this model fits better than the models (M2 & M3) with 

class-invariant subtest residuals , 2005). These models were of interest 

because if g explains less subtest variation for people with high general ability, and the 

broad abilities do not explain more subtest variation, then the subtest specific variation 

not explained by g should be captured in the residual variances. Figure 16 shows an 

example of a two-class model allowing for class-specific residual variances. The 

constraints on the residual variances shown in Figures 14 and 15 are not shown in this 

model because they have been removed.   
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Figure 16. Model with more than one latent class and the g means, variances, and residual 

variances are estimated freely across classes. 
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Below are the models for research question two. The two best-fitting models from the 

previous analyses were retained and a sex covariate was included in the model. The 

covariate effect was modeled in different ways.  

M5: WITHIN- AND BETWEEN-CLASS SEX EFFECTS  

Sex was modeled to have effects both within- and between-classes (see Figure 

17). In this model, class was regressed on sex to allow for between-class effects, and 

within each class, g, Gv, and Gc were regressed on sex allowing for sex effects within 

each class.  
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Figure 17. FMM with class regressed on sex and g regressed on sex within class. 
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M6: Within-Class Sex Effects  

Sex could have been modeled to have direct effects on any of the factors or 

observed variables within each class. Here, based on previous research (Reynolds et al., 

2007), sex was modeled to have direct effects on g, Gv, and Gc within each class. Note 

that in Figure 18, sex is not modeled to have an effect on class. This effect was set to zero 

for this model, as the only interest was in obtaining within-class effects.  
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Figure 18. FMM with g, Gv, and Gc regressed on sex within class. 
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M7: Between-Class Sex Effects 

By including a direct path from sex to class, sex was used to explain the variation 

between classes. An example of this model is shown in Figure 19. For these models, sex 

was not specified to have an influence within each class. 
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Figure 19. FMM with class regressed on sex. 

 

START VALUES 

One potential problem with maximum likelihood estimations is that the model 

converges on what are referred to as local maxima. To avoid such problems initial start 

values may be specified by researchers, or in some cases, the computer programs will 

randomly produce different start values. Factor mixture models are especially subject to 

C

Gc

Riddles1

Verbal Knowledge

EXPRESSIVE
VOCABULARY

Gv
Rover

Triangles

Gf
Story Completion

Pattern Reasoning

1

Glr

Rebus

Rebus Delayed

Atlantis

1

Gsm

Word Order

Number Recall

Hand Movements

1

g

Atlantis Delayed

Block Counting

1

Gestalt Closure

Gc

Riddles1

Verbal Knowledge

EXPRESSIVE
VOCABULARY

Gv
Rover

Triangles

Gf
Story Completion

Pattern Reasoning

1

Glr

Rebus

Rebus Delayed

Atlantis

1

Gsm

Word Order

Number Recall

Hand Movements

1

g

Atlantis Delayed

Block Counting

1

Gestalt Closure

SEX



67 

problems due to multiple maxima. The random start value functions STARTS and 

STITERATIONS commands in Mplus & Muth , p. 333, 1998-2006) were used 

to investigate multiple maxima. However, start values were not a problem in the models 

investigated in this research and will not be discussed further.  

MODEL EVALUATION 

The AIC, BIC, aBIC, and aLRT were used to evaluate competing models. Lower 

AIC, BIC, and aBIC values indicate better fitting models. A p-value is provided with the 

aLRT so that significant changes in model fit can be assessed when a different number of 

classes are specified (Lo et al., 2001).  

It is possible that the AIC, BIC, aBIC, and aLRT, 

, 2005). The BIC has been found to favor models with fewer latent 

classes, whereas the AIC tends to favor models with more latent classes (Yang, 1998). 

However, both indices tend to favor parsimony in regards to parameter estimation. In the 

present study particular attention was given to the model with residuals freely estimated 

across classes because those models resulted in a considerably larger number of 

parameters to be estimated (16 additional parameter estimates per class).   

In addition to fit indices and test statistics, the models were evaluated with other 

criteria. The models were interpreted from a substantive standpoint by examining the 

observed means and standard deviations, latent mean differences, latent variances, as well 

as other sample characteristics. Children and youth with probabilities of class 

membership close to one provided additional information about the classes. Those who 

were more likely to be members of a class have probabilities closer to one. The 

descriptive information about those individuals who had a greater than or equal .95 

probability of being a member in a particular class was evaluated. Moreover, 
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consideration was given to whether the addition of a class resulted in a meaningful class 

or detracted from the interpretability of the classes , 2005)  

 In addition, the classification of individuals into classes can be evaluated to 

assess the stability of the classes. Transition matrices are useful tools to perform these 

evaluations. Transition matrices display the number of individuals

, 2005). These matrices 

can be created by examining the movement of people to different classes after an 

increasing number of classes are specified. If the addition of a class provides no new 

information about the nature of the classes then the utility of modeling that additional 

class may be questioned based on principles of parsimony. 

Last, entropy was also examined. Entropy values give an idea of how well the 

model predicts class membership. Values closer to one indicate better prediction. It 

should be noted, however, prediction or classification was not a goal of this research. The 

goal of this research was more descriptive in that the nature of the classes was of greater 

interest than having models that predicted class membership exceptionally well.  

VARIANCE ACCOUNTED FOR IN THE SUBTESTS 

Once the best fitting models were selected, the proportion of subtest variance 

explained was decomposed in each model to estimate how much subtest variance was 

explained by g versus how much subtest variance was explained by the broad abilities. In 

higher-order models, each standardized total effect of g on the subtest was squared to 

obtain the proportion of subtest variance explained by g. To obtain the proportion of 

subtest variance explained by the broad abilities, the proportion of variance explained by 

g was subtracted from the R-squared values obtained from the Mplus output. Last, 1-R-

squared was used to obtain the proportion of the subtest variance explained by the subtest 
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residual variances. It was expected that in the higher ability groups, on average, g would 

explain less subtest variance. The broad abilities were not expected to explain more 

variance; rather the differences in the average proportion of explained variance should 

have been accounted for by the subtest residuals.  

In higher-order models the proportion of variance explained in the broad abilities 

by g can also be estimated. The standardized effects (i.e. second-order factor loadings) of 

g on the broad ability factors were squared to obtain these estimates. g was expected to 

explain less variance in the broad abilities in high ability groups compared to the low 

ability groups (Reynolds & Keith, 2007).  

CROSS-VALIDATION 

 All of the aforementioned analyses were replicated in the validation sample.  
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CHAPTER IV: RESULTS 

Organization 

The results section provides details about the models that were estimated. The 

results from the calibration sample are presented first. Tables showing the model fit 

indices, observed scores, and latent variable estimates as well as figures showing the 

proportion of variance explained in the subtests are presented. Results pertaining to 

research question one are presented first, and are followed by the results from question 

two. The results from the validation sample follow. 

DESCRIPTIVE STATISTICS 

The sample sizes, and subtest minimum and maximum scores, means, standard 

deviations, skewness, and kurtosis estimates for the calibration sample are all presented 

in the Table 6. Univariate skewness and kurtosis were considered to be acceptable as the 

values all fell within a range of -.50 to .50. Typically, skewness values approaching 2.00 

and larger and kurtosis values approaching 7.00 and larger can result in problems 

associated with nonnormality (Curran, West, & Finch, 1996).  
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Table 6. Descriptive statistics for subtests for the calibration sample.   

Subtest N Minimum Maximum Mean 
Standard 
Deviation 

Skewn
ess 

Kurtosis 

Atlantis Delayed 1,174 1.00 16.00 9.92 2.89 -0.35 -0.26 

Atlantis 1,188 1.00 18.00 9.96 3.12 -0.12 -0.11 

Block Counting 1,188 1.00 19.00 9.76 3.00 -0.03 -0.27 

Expressive 

Vocabulary 
1,188 1.00 19.00 9.70 2.98 -0.06 -0.07 

Gestalt Closure 882 1.00 19.00 10.11 2.91 0.01 -0.05 

Hand Movements 1,188 1.00 19.00 10.03 2.93 0.05 0.04 

Number Recall 1,188 1.00 18.00 10.04 2.91 -0.16 -0.09 

Pattern Reasoning 1,188 1.00 19.00 9.80 3.03 -0.10 -0.12 

Rebus Delayed 1,157 2.00 18.00 10.03 2.91 -0.35 -0.20 

Riddles 1,188 2.00 18.00 9.99 3.08 -0.08 -0.41 

Rebus 1,188 1.00 18.00 10.10 3.05 -0.15 -0.15 

Rover 1,188 1.00 18.00 10.05 2.97 -0.04 -0.01 

Story Completion 1,188 1.00 18.00 9.93 2.89 -0.27 -0.28 

Triangles 1,188 1.00 18.00 9.96 2.91 -0.37 -0.11 

Verbal 

Knowledge 
1,188 1.00 19.00 9.93 3.08 -0.01 0.04 

Word Order 1,188 1.00 19.00 9.86 2.94 0.07 0.01 
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CALIBRATION SAMPLE RESULTS 

RESULTS FOR M1-M4 WITH VARIOUS CLASSES 

The first step in model evaluation was to compare values obtained from the three 

information criteria. The values for the BIC, AIC, and aBIC for models M1-M4 (see 

Table 4 of Chapter III) are presented in Table 7. Lower values are associated with better 

fitting models. Preference was given to the aBIC because the BIC and AIC have been 

found to perform rather unsatisfactorily in latent class models (Lin & Dayton, 1997; 

Yang, 1998). The BIC has been found to favor models with fewer latent classes, whereas 

the AIC tends to favor models with more latent classes (Yang, 1998). In Table 6, the 

darker shades represent better fitting models per criterion.  

M1 was a second-order factor model with a second-order g factor. M2-M4 models 

were specified to have different numbers of cross-class constraints and more than one 

latent class. Up to five classes were specified in each of the M2, M3, and M4 models. 

The number of class-specific parameters estimated was increased when going from M2 to 

M4 (i.e., releasing cross-class invariance constraints). Specifically, g mean differences 

were estimated in M2, g mean differences were estimated and the g variances were free 

to vary across classes in M3, and g mean differences were estimated, g variances were 

free to vary across classes, and subtest residuals were free to vary across classes in M4. 

The term ―difference‖ is used with g means because the g mean of the reference class was 

set to zero, therefore the g mean estimates in the other classes represents the difference 

from the reference class, whereas with the g variances are estimated freely in each class.  

First, the model’s BIC values were compared. The BIC tends to favor 

parsimonious models. With latent class MIMIC models, the BIC has been found to favor 

fewer classes (Yang, 1998). In the present study the BIC favored the two-class models 

over all of the three-, four-, and five-class models. The three best fitting models (i.e., 
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three lowest BIC values) from best to worse within the two-class models were M2, M3, 

and M4. However, as a group, the two-class models fit the data better than did the groups 

of three, four, and five-class models. These findings were given less weight considering 

the BIC tends to favor fewer classes and tends not to perform as well as the aBIC. 

The AIC has been shown to perform better when more parameters are estimated 

(Lin & Dayton, 1997), and to favor more classes and perform worse with increased 

sample sizes because it does not have an adjustment for sample size (Yang, 1998; 

Muthén & Nylund, 2004). In the present study, the AIC was consistently lower for the 

models with the fewest constraints (i.e., M4 models with g mean differences, g variance 

free, and subtest residual variances free). Specifically, the three-class model (M4) fit the 

best, second was the four-class model (M4), and third was the two-class solution (M4).  

Last, the aBIC values were compared. The aBIC has performed best under 

simulations and is considered a better index than the BIC (Yang, 1998). In MIMIC latent 

class models the aBIC has performed better than the AIC and BIC at determining the 

number of latent classes (Yang, 1998; Yang, 2005). Using the aBIC criterion, the two- 

and three-class (M4) models fit the best. 

The AIC and aBIC indicated that the M4 models fit better. When considering how 

many classes should be kept without considering the across class invariance constraints, 

the two-class models fit the best out of the two, three, four, and five class models. The 

three-class models did not fit much worse, however. In fact, the AIC indicated that the 

three-class M4 model fit better than the two-class M4 model. Because of the numerous 

models estimated, it may be easier to interpret the criterion indices visually by plotting 

them. In Figure 20 the lower values (within each criterion) represent better fitting models. 

The two and three-class M4 models performed the best using the aBIC and AIC. 
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Figure 20.  Fit indices values as a function of the model type.  

 

Note. The names of the models are along the x-axis. 
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In addition to the criterion indices, the aLRT was used to determine how many 

classes to retain. The aLRT allows for comparisons of nested models that differ in the 

number of specified classes. The aLRT has yet to be evaluated for its performance with 

classes representing mixtures of means and variance/covariances so here it was used with 

caution (Bauer & Curran, 2003). In addition, the aLRT tends not to result in significant 

differences in model fit unless intercept differences are allowed or covariates are included 

in the model (Lubke & Muthén, 2007). Evidence from the model fit information in Table 

7 suggested that when mean g differences only were allowed, the aLRT indicated that 

more classes (c+1) resulted in improved fit. In fact, there was a need for five-classes as 

suggested by the statistically significant aLRT test results. In addition, when g mean 

differences were allowed and g variances were free to vary across classes, the two-class 

model fit better than a one class model. None of the other p-values associated with the 

aLRT was statistically significant at the p < .05 significance level.  

Entropy was also evaluated (see Table 7). Actual cutoff values are not available 

for using entropy to evaluate a model. A recent study suggested that entropy values 

below .60 are likely to result in 20% or more of participants being assigned to the wrong 

group (Lubke & Muthén, 2007). Two ways to improve entropy are to allow for intercept 

differences and to include covariates. Neither of these adjustments was used for the 

models whose fit information is presented in Table 7; not without reason, however. First, 

the goal of this study was to understand SLODR and not to classify individuals into 

correct ability classes. Second, allowing for intercept differences would not meet a 

necessary condition of factorial invariance (Meredith, 1993). Factorial invariance is 

necessary to make meaningful comparisons of the latent constructs across classes. Last, 

covariates were included, however, in the set of models that are presented in Table 10. 
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In the present study, the only entropy estimates greater than .60 were those 

associated with models that had convergence difficulties. Except for the two-class model, 

entropy did increase when the g variance was estimated freely across classes. Allowing 

for class-specific subtest residual variances resulted in decreases in entropy, however. 

Again, entropy was not considered to be the most important criterion for model 

evaluation in this study. In fact, some researchers have suggested that entropy should not 

be used at all in model evaluation, but only to determine how well the classes are 

separated (Bauer & Curran, 2004). 

In sum, based on the information provided in Table 7 and Figure 20 it appears that 

the two-classes models fit better compared to those with additional classes. The three-

class models fit slightly worse. Within the two- and three-class models, the models that 

allowed for g means differences, and class-specific g and subtest residual variances (i.e. 

M4) fit the best.  
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Table 7. Fit Indices for Models M1-M4 with two- to five-classes for M2-M4.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Note. g mean differ = g means modeled to differ across classes; g variance free = g variances are estimated 

freely within each class; subtest residuals free = subtest residuals are estimated freely within each class. 

AIC = Akaike Information Criteria; BIC = Bayesian Information Criteria, aBIC =adjusted BIC; aLRT = 

adjusted likelihood ratio test statistic. Lower AIC, BIC, and aBIC values suggest better model fit. These 

three criteria compare models within and between classes. The aLRT compares fit of models with different 

numbers of classes (k versus k-1).  Per criterion, the three best fitting model’s results are shaded with 

increases in darkness indicating improvement in fit.  

MODEL AIC BIC aBIC 
aLRT 

(p) 
ENTROPY 

 ONE CLASS  

M1: 
85219.738 85509.300 85328.25 N/A N/A 

TWO-CLASS      

M2: g mean differ 

 
85162.04 85466.84 85276.26 0.01 0.65 

M3: g mean differ + g 

variance free 
85160.48 85470.36 85276.60 0.01 0.20 

M4: g mean differ + g 

variance free + subtest 

residuals free 

85132.51 85477.95 85261.96 0.11 0.22 

THREE-CLASS      

M2:  g mean differ 

 
85166.04 85481.04 85284.07 0.01 0.29 

M3:  g mean differ + g 

variance free 
85161.94 85487.06 85283.77 0.15 0.32 

M4:  g mean differ + g 

variance free + subtest 

residuals free 
85126.99 85523.23 85275.47 0.54 0.26 

FOUR-CLASS      

M2:  g mean differ 

 
85170.04 85495.16 85291.88 0.01 0.33 

M3:  g mean differ + g 

variance free 
85161.75 85502.12 85289.30 0.07 0.38 

M4:  g mean differ + g 

variance free + subtest 

residuals free 

85132.15 85579.19 85299.67 
Not 

estimated 
0.42 

FIVE-CLASS      

M2:  g mean differ 

 
85174.04 85509.32 85299.68 0.01 0.41 

M3:  g mean differ + g 

variance free 
85161.22 85516.82 85294.48 

Not 

estimated 
0.70 

M4:  g mean differ +   g 

variance free + subtest 

residuals free 

85139.66 85637.50 85326.21 
Not 

estimated 
0.50 
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ALTERNATIVE INFORMATION TO EVALUATE MODELS FROM THE CALIBRATION 

SAMPLE 

Examination of fit indices in Table 7 indicated that the two- or three-class M4 

models generally fit better than the all of the other models. In this section, these two- and 

three-class models with g mean differences, and class-specific g variance and subtest 

residual variance will be evaluated further.  

The transition matrix shows the transition from a two- to three-class model with 

the M4 model (i.e., g mean difference, and class-specific g and subtest residual variances; 

see Table 8). Transition matrices show the movement of people between classes; they are 

useful because they provide information about the relative stability of classes across 

solutions (Lubke & Muthén, 2005). In the transition matrix (Table 8) it appears that in the 

three-class solution, class 3 was derived mostly from class 2 individuals in the two-class 

model (274 out of 298). Similarly, class 1 of the three-class model was derived mostly 

(200 out of 205) from class 1 in the two-class model. Last, in the three-class model, class 

2 was derived from about 150 more individuals from class 2 than from class 1 (257 

versus 428, respectively). In other words, very few class 1 individuals from the two-class 

model moved into class 3 when a three-class model was specified. Also, very few class 2 

individuals from the two-class solution moved into class 1 in the three-class solution. 

Therefore, the addition of one class did not change the interpretation of the classes; rather 

the overall sample is divided up into three classes rather than two classes. 
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Table 8. Transition matrix for two- and three-class calibration M4 model. 

 

CLASS 1 2 CLASS 3 

TOTALS 

1 200 5 205 

2 257 428 685 

3  24 274 298 

CLASS 2 

 TOTALS 

481 707 1188 

  

 Estimating another class also did not result in a different pattern or values of 

factor loadings (loadings were constrained to be equal across classes within models, but 

not across models with different numbers of classes). All of the unstandardized loadings 

of the subtests on the factors were statistically significant in all classes regardless of 

whether a two or three-class solution was specified. These loadings are presented in 

Appendix B. The unstandardized loadings of the subtests on the first-order subtests and 

the first-order factors on the second-order g factor differed little whether the two- or 

three-class solution was specified. The unstandardized loadings were held invariant 

across classes within each solution, but not across classes between the two- and three-

class solutions. These loadings differed by an average of .004 in the two-class model 

compared to the three-class model. The consistency and pattern of these loadings suggest 

that the relation between the factors and the observed variables was similar across the 

two- and three-class solutions. The findings provide strong evidence that the same 
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constructs were being measured in both solutions making comparisons between the two- 

and three-class solutions more justifiable.  

DEFINING THE CLASSES 

The latent means and variances are presented in Table 9. The observed scores 

from the KABC-II are also presented in Table 9. All of this information was useful in 

understanding the composition of the different classes. 

TWO-CLASS SOLUTION. Sample characteristics for the two- and three-class 

solutions are presented next to each other in Table 9. In the two-class solution, the classes 

differed substantially in general ability level; therefore they will be referred to as ―low‖ 

and ―high‖ ability class. The high ability class g factor mean was statistically 

significantly different than zero, which was the mean of the low ability class g factor. 

Table 9 lists the average FCI index scores for each class. Based on the FCI index, the 

classes demonstrated an overall IQ score difference of about 16 points, which is slightly 

greater than one standard deviation (15 points) based on IQ standard scores.  

Examining the probability levels for group membership in a particular class 

indicated that those with a probability greater than or equal to .95 of being in the low 

ability class had a mean FCI of 79.71 (n=85), whereas those with a probability greater 

than or equal to .95 of being in the high ability class had a mean FCI of 111.43 (n=58). 

Therefore, those with lower FCI scores were most likely to be in the first (low ability) 

class and those with higher FCI scores were most likely to be in the second (high ability) 

class.  

Next, the g factor variances were compared. The variance of g in the low ability 

class was greater than it was for the high ability class. A significant difference in g 
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variances was supported by the model fit indices, which supported the release of the 

across-class invariance restrictions on the g factor variances.  

 

Table 9. Descriptive statistics for the two- and three-class solutions. 

 TWO-CLASS 

SOLUTION 

THREE-CLASS 

SOLUTION 
 Low High Low Mid High 

n 481 707 205 685 298 

g variance 

 
5.91 2.61 6.66 3.31 1.03 

 g mean 

(SE) 
0.00 

1.67 

 (.41) 
0.00 

0.91  

(.60) 

2.85 

 (.66) 

FCI  

(SD) 

90.00 

(14.68) 

106.36 

(11.14) 

88.69 

(17.07) 

97.28  

(10.96) 

114.38 

(8.83) 

FCI  

Min-Max 
53-145 82-141 53-145 73-141 95-140 

Note. SE = Standard error of estimate; FCI = Fluid-Crystallized Index; SD = Standard deviation; Min = 

Minimum; Max = Maximum. 

 

 THREE-CLASS SOLUTION. The latent and observed means and variances for the 

three-class solution are shown in Table 9. Based on latent mean differences, the three-

classes were considered to be low, middle, and high ability classes that differ in their 

latent g means. As shown in Table 9, the variance of the g factor decreased as the ability 

level increased. The g factor variance difference was supported by the model fit indices, 

which indicated that the across-class invariance restriction on the g variances be removed 

in order to obtain improve fit. Again, this finding is consistent with SLODR.  

Examining the probability levels for group membership in a particular class 

indicated that those with a probability greater than or equal to .95 of being in the low 

ability class had a mean FCI of 77.62 (n=27), those with a probability greater than or 
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equal to .95 of being in the middle ability class had a mean FCI of 91 (n=2), and there 

was zero participants with a probability of greater than or equal to .95 in the high ability 

group. The addition of a third class did not appear to improve the classification. 

However, this model did provide interesting information because the g variance did show 

an inverse relation to the g mean. 

SUBTEST VARIANCE EXPLAINED  

The standardized residual variances estimates are presented in Appendix C. The 

standardized residuals represented the proportion of subtest variance not explained by the 

specified common factors. Except for one subtest in which the standardized residual 

variances were equal, all other of the standardized residuals in the high ability class were 

larger in the two-class solution. In addition, almost all the largest standardized residual 

variances were in the high ability group in the three-class solution. According to the fit 

indices in Table 7, releasing the across-class invariance constraints on the subtest residual 

variances generally resulted in improved model fit. The larger standardized residuals for 

the high ability class indicated that the common factors explained less of the subtest 

variance for high ability classes than low ability classes. The increased residual variance 

could be a result of g accounting for less of the variance, the broad abilities accounting 

for less of the variance, or both accounting for less of the variance. To investigate this 

possibility in more detail, the proportion of subtest variance explained by the factors was 

decomposed into the amount contributed to by g and the amount contributed by the broad 

abilities. Next, the average proportion of subtest variance explained was estimated. 

The average proportion of subtest variance explained in the two-class model is 

shown in Figure 21. As suggested by SLODR, g accounted for more subtest variance in 

the low ability class compared to the high ability class. As shown in Figure 21, in the 
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high ability class the proportion of variance explained by g relative to the broad abilities 

is nearly equal. However, in the low ability class, the average proportion of variance 

explained by g is much higher than the average proportion of variance explained by the 

broad abilities. 

 

Figure 21. Average subtest variance explained by g and the broad abilities for the two-

class solution. 
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The average proportion of subtest variance accounted for by g and by the broad 

abilities in the three-class solution is shown in Figure 21. Clearly, the average proportion 

of the subtest variance accounted for by g decreases as ability level goes up. The theory 

of SLODR suggests that relative to other abilities, g becomes less important (i.e. explains 

less subtest variance) as ability level increases. In this three-class solution it is clear that g 

was more important than the broad abilities in terms of explaining individual differences 

in subtest performance for the low ability class; the broad abilities were about as 

important as g in explaining individual differences in subtest performance for the middle 
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ability class; and the broad abilities were more important than g in explaining individual 

differences in subtest performance for the high ability class. These results provide 

additional empirical support for the theory of SLODR. 

 

Figure 22. Average subtest variance explained by g and the broad abilities in the three-

class solution. 
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BROAD ABILITY VARIANCE EXPLAINED 

In addition to the proportion of variance explained in the subtests, the proportion 

of broad ability variance explained by g can also be investigated. Appendix B shows the 

standardized residual variance of the various broad abilities. The standardized residuals 

were consistently greater for the higher ability classes suggesting that g explained less of 

the broad abilities in high ability groups. Thus, g not only accounted for less of the 

subtest variation, but the broad abilities were also explained less well by g, although this 

may also be expected due the range of observed scores which is more restricted in the 

high ability class. Squaring the second-order factor loadings provided the proportion of 

broad ability variance explained by g. g explained less of the variance in each of the 
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broad abilities in the high ability class compared to the low ability class (Figure 23). The 

difference appears fairly consistent across classes, although the variance explained in Gf 

appears to show slightly less change. 

 

Figure 23. Proportion of variance in broad abilities explained by g in the two-class 

solution. 
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The proportion of broad ability variance explained by g in the three-class solution 

is shown in Figure 24. There was a general trend in that g explained less of the broad 

ability variation as the ability level increased across the three-classes. This trend was 

consistent to the findings for the two-class solution. 
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Figure 24. Proportion of variance explained in broad abilities by g in the three-class 

model. 
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SEX AS A COVARIATE 

Covariates can also be included in FMM models to account for heterogeneity in 

the data. Three models were estimated so that within-class sex effects, between-class sex 

effects, and within- and between-class sex effects were investigated. Between-class 

effects represent differences between the latent classes; whereas within-class effects 

represent the effects within each class. Therefore, within a high ability class, there may 

be significant effects of sex that account for mean differences between boys and girls on 

g or the broad abilities. For example, girls may demonstrate a higher level of g within the 

high ability class. All of the fit indices for these models are shown in Table 10.  

The indices did not provide conclusive information about whether the two- or 

three-class model fit better. When the two- and three-class models were specified with 

the same within-class sex effects, between-class sex effects, or both, the AIC values 

indicated that the three-class model fit better. The BIC values, however, indicated that the 
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two-class models fit better. The aBIC indicated that the number of classes depends on the 

model specification. For example, the three-class fit better when the between-class effects 

only were specified, whereas the two-class model fit better when the within-class sex 

effects, and the within- and between-class effects were specified in the models. Entropy 

estimates did not change much compared to the models that were estimated without 

covariates.   

Without consideration of the number of classes, the within-class sex-effect 

models fit better than the between-class sex-effects model and the within- and between-

class sex-effects model. Therefore, if there were significant sex effects, the significant 

effects are more likely to be within-class rather than between-classes. Because the model 

fit indices did not provide conclusive information about which model provided the best 

fit, the statistical significance of the sex effects in the within- and between-class model 

was also evaluated.  
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Table 10. Fit indices for the two- and three-class M4 models with sex as a covariate

 

Note. 
a
sex effects within each class; 

b
sex effects between classes; 

c
sex effects within each class and sex 

effects between classes. Per criterion, the three best fitting model’s results are shaded with increases in 

darkness indicating improvement in fit. 

   In addition to the fit indices, the effects of sex on class, g, Gv, and Gc were tested 

for their statistical significance. The results from the least restricted model (i.e., between- 

and within-class sex effects) are shown in Table 11. Although this model was not 

necessarily the best fitting model, both within- and between-class effects could be 

evaluated for statistical significance.   

MODEL AIC BIC aBIC 
aLRT  

(p-value) 
ENTROPY 

TWO- CLASS SOLUTION 
    

Within
a 85078.10 85454.03 85218.97 0.44 0.23 

Between
b 85134.45 85484.98 85265.81 0.12 0.22 

Within/ 

Between
c 85079.84 85460.84 85222.61 0.26 0.23 

THREE-CLASS 

SOLUTION 

    

Within
a
  85071.91 85513.87 85237.52 0.51 0.28 

Between
b
 85095.33 85511.89 85251.43 0.74 0.26 

Within/ 

Between
c
 

85073.66 85525.79 85243.090 0.60 0.33 
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Table 11. Standardized and unstandardized effects and variance explained by the sex 

effects from the between and within-class models.  

 
Note. se = standard error; Unstd. = unstandardized; Std. = Standardized; * p < .05; Ref class = reference 

class indicating that the effects of Class 1 and 3 are in reference to Class 2. 

None of the between-class effects was statistically significant (final column of 

Table 11), meaning that class membership was not related to sex. This finding was 

consistent with the poorer fit of the between-class models. There were statistically 

significant within-class sex effects. In the two-class solution, the girls had a higher g 

mean than the boys in the lower ability class, but not in the high ability class. Boys 

 

g 

Unstd. 

Effects 

(se) 

g 

Std. 

Effects 

and 
(proportion of 

variance 

explained) 

Gv 

Unstd. 

Effects 

(se) 

Gv 

Std. 

Effects 

and 
(proportion 

of variance 

explained) 

 

Gc 

Unstd. 

Effects 

(se) 

 

Gc 

Std. 

Effects 

and 
(proportion 

of variance 

explained) 

Effect 

on 

Class 

Two-Class Model       

Class 1 
-.85  

(.38)* 

-.18 

 (.03) 

.84* 

(.33) 

.22  

(.05) 

.74* 

(.29) 

.13 

(.02) 

-.15 

(.35) 

Class 2 
-.21  

(.29) 

-.07  

(.01) 

.70* 

(.19) 

.24  

(.06) 

.73* 

(.21) 

.17 

(.03) 

.15 

 (.35) 

Three-Class Model       

Class 1 
-.60 

 (.54) 

-.13  

(.02) 

.91*  

(.21) 

.24 

(.06) 

.75* 

(.24) 

.13 

(.02) 

.56  

(.63) 

Class 2 
-.99  

(1.84) 

-.31 

(.10) 

.10  

(.59) 

.04 

(.001) 

.35 

 (.30) 

.08  

(.01) 

Ref 

class 

Class 3 
-.24  

(.43) 

-.10 

 (.01) 

.67*  

(.18) 

.28 

(.08) 

.74* 

(.21) 

.19 

(.04) 

.22  

(.76) 
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performed significantly higher on both Gv and Gc in both low and high ability classes. 

These findings suggest a female advantage in g may depend on whether children and 

youth are in a low or a high ability class. 

A similar pattern of sex effects emerged in the three-class solution. Girls were 

consistently higher in g although the difference was not statistically significant in any 

class. The boys performed consistently higher on Gv and Gc, although statistical 

significance was achieved in class one and class three only, which represent the low and 

high ability groups, respectively. The proportion of variance explained by sex in g ranged 

from .01 to .10, in Gv it ranged from .001 to .08, and in Gc, it ranged from .01 to .04.  

VALIDATION SAMPLE RESULTS 

RESULTS FOR M1-M4 WITH VARIOUS CLASSES 

All of the analyses with all of the models shown in Tables 7 were replicated in the 

validation sample. The fit indices for these models are shown in Table 12. The findings 

were mostly consistent with the findings from the calibration sample (Table 7); however, 

there are some differences. Interestingly, the aLRT indicated that a three-class model 

with g mean differences, g variances free, and subtest residual variances free fit better 

than the two-class model with the same between-class constraints applied. In addition, the 

entropy values were higher in the validation sample, suggesting that the classification of 

individuals was better with these models. Two of the models did not converge (see 4 

class solutions in Table 12). The two- and three-class model with g mean differences, g 

variances free, and subtest residual variances free across classes were investigated further 

because, in general, these models provided the best fit. 
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Table 12. Fit indices for models estimated using the validation sample. 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Note. g mean differ = g means modeled to differ across classes; g variance free = g variances are estimated 

freely within each class; subtest residuals free = subtest residuals are estimated freely within each class. 

AIC = Akaike Information Criteria; BIC = Bayesian Information Criteria, aBIC =adjusted BIC; aLRT = 

adjusted likelihood ratio test statistic. Lower AIC, BIC, and aBIC values suggest better model fit. These 

three criteria compare models within and between classes. The aLRT compares fit of models with different 

numbers of classes (k versus k-1). Per criterion, the three best fitting model’s results are shaded with 

increases in darkness indicating improvement in fit.  

 

 AIC BIC aBIC aLRT (p) ENTROPY 

ONE-CLASS 

M1: 
84864.352 85153.865 84972.812 N/A N/A 

TWO-CLASS      

M2: g mean differ 

 
84797.585 85102.336 84911.754 0.0547 0.598 

M3: g mean differ + g 

variance free 
84796.553 85106.383 84912.624 0.0304 0.210 

M4: g mean differ + g 

variance free + subtest 

residuals free 

84770.505 85115.889 84899.896 0.4590 0.208 

THREE-CLASS      

M2:  g mean differ 

 
84801.585 85116.495 84919.560 0.0547 0.451 

M3:  g mean differ + g 

variance free 
84790.688 85115.756 84912.468 0.0754 0.544 

M4:  g mean differ + g 

variance free + subtest 

residuals free 

84748.131 85144.307 84896.551 0.0151 0.448 

FOUR-CLASS      

M2:  g mean differ 

 
84805.585 85130.653 84927.365 0.0641 0.538 

M3:  g mean differ + g 

variance free 

Did not 

converge 
    

M4:  g mean differ + g 

variance free + subtest 

residuals free 

Did not 

converge 
    

FIVE-CLASS      

M2:  g mean differ 

 
84809.585 85144.811 84935.171 0.0547 0.601 

M3:  g mean differ + g 

variance free 
85189.193 85539.715 85320.546 NO 0.704 

M4:  g mean differ +   g 

variance free + subtest 

residuals free 

85168.363 85661.125 85353.017 0.2514 0.505 
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  The transition matrix shows the movement of individuals from the two- to three-

class model (Table 13). In the three-class model, class 3 drew mostly from class 2 in the 

two-class model; class 1 from the three-class model drew completely from class 1 in the 

two-class model; and class 2 from the three-class model drew from both classes 1 and 2 

in the two-class model.  These findings are similar to findings from the calibration 

sample, except that there are fewer individuals in class 3. 

Table 13. Transition matrix for the two- versus the three-class validation M4 model.   

 

CLASS 1 2 THREE-CLASS  

TOTALS 

1 236 0 236 

2 315 597 912 

3  16 23 39 

TWO-CLASS  

 TOTALS 

567 620 1187 

 

ALTERNATIVE INFORMATION TO EVALUATE MODELS FROM THE VALIDATION SAMPLE 

Important descriptive statistics for the various classes within the two- and three-

class solutions are shown in Table 14. Most of the sample characteristics in terms of 

observed scores were similar between the calibration (Table 8) and validation (Table 14) 

models. One difference between the calibration and validation sample is the number of 

individuals assigned to each class. For example, in the three-class solution there were 

only 39 students assigned to the high ability class in the validation sample. Nevertheless, 
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the remaining descriptive statistics were similar. The g variance was lower as the ability 

level increased in both the two- and three-class solutions. In addition, the model fit 

indices supported the models with the g mean difference, g variance free and the subtest 

residuals free, suggesting that they differed significantly across classes.  

Table 14. Descriptive statistics for the two- and three-class solutions. 

 

 

Note. SE = Standard error of estimation; FCI = Fluid-Crystallized Index; SD = Standard deviation; Min = 

Minimum; Max = Maximum. 

SEX AS A COVARIATE VALIDATION 

The models that included sex as a covariate were also included in the validation 

study. The various fit indices for these models are shown in Table 15. The findings were 

mostly consistent with the findings from the calibration sample. The AIC indicated that 

the within-class sex effects models fit the best. The BIC indicated the between-class sex 

effects models fit the best, and the aBIC favored the between-class sex effects model for 

the two-class models and the within-class sex effects model for the three-class models. 
 

 

 

 

 TWO-CLASS 

SOLUTION 

THREE-CLASS 

SOLUTION 
 Low High Low Mid High 

N 567 620 236 912 39 

g variance 5.69 2.52 5.81 3.07 1.39 

Latent g 

(SE) 
0.00 

1.53 

 (.39) 
0.00 

1.74  

(.50) 

3.25  

(.69) 

FCI 

(SD) 

92.31 

(14.74) 

107.50 

(10.94) 

84.42 

(12.85) 

103.80 

(12.66) 

112.85 

(9.94) 

Min-Max 51-151 85-148 51-128 73-151 89-137 



94 

 

Table 15. Fit indices for the two- and three-class M4 models with sex as a covariate. 

 

Note. 
a
sex effects within each class; 

b
sex effects between classes; 

c
sex effects within each class and sex 

effects between classes. Per criterion, the three best fitting model’s results are shaded with increases in 

darkness indicating improvement in fit. 

The effects of sex on g, Gv, and Gc are shown in Table 16. As in the calibration 

sample (see Table 11), none of the between-class sex effects was statistically significant. 

There were statistically significant within-class sex effects (see Table 16). In the two-

class solution, the direction of the effects was the same as in the calibration sample 

(Table 11). Boys performed significantly higher on both Gv and Gc in the high ability 

class, but only on Gv in the low ability class. The findings suggest a male advantage in 

Gc may depend on whether they are in a low or high ability class. The females scored 

higher on the g mean in both classes; however, it was not statistically significant in either 

 AIC BIC aBIC 
aLRT 

(p) 
ENTROPY 

TWO-CLASS SOLUTION     

Within
a 

84699.660 85075.519 84840.468 0.3004 0.256 

Between
b 

84702.434 85068.136 84839.437 0.4364 0.205 

Within/ 

Between
c 84700.642 85081.581 84843.353 0.2258 0.300 

THREE-CLASS 

SOLUTION 
    

Within
a
  84678.249 85120.138 84843.794 0.3714 0.448 

Between
b
 

Problems 

with 

convergence 

    

Within/ 

Between
c
 

84679.215 85131.262 84848.565 0.2550 0.492 



95 

class. The three-class solution showed a similar pattern. The boys performed consistently 

higher on Gv and Gc, although statistical significance was not reached for Gc in the low 

ability class.  
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Table 16. Standardized and unstandardized effects, standard errors, and variance 

explained by the sex effects from the between and within-class effects models.  

 

 

 

Note. se = standard error; Unstd. = unstandardized; Std. = Standardized; * p < .05; Ref class = reference 

class indicating that the effects of Class 1 and 3 are in reference to Class 2. 

 

 

g 

Unstd. 

Effects 

(se) 

g 

Std. 

Effects  

and 
(proportion of 

variance 

explained) 

Gv 

Unstd. 

Effects 

(se) 

Gv 

Std. 

Effects  

and 
(proportion of 

variance 

explained) 

 

Gc 

Unstd. 

Effects 

(se) 

 

Gc 

Std. 

Effects 

and 
(proportion of 

variance 

explained) 

Effect 

on 

Class 

Two-Class Model       

Class 

1 

-1.27 

(1.21) 

-.27 

 (.07) 

1.43*  

(.36) 

.34 

 (.12) 

.35  

(.52) 

.06 

(.004) 

-.65 

(.72) 

Class 

2 

-.27 

(.25) 

-.08  

(.01) 

.95* 

(.19) 

.28  

(.08) 

.61* 

(.20) 

.13 

(.017) 

.65 

 (.72) 

Three- Class 

Model 
      

Class 

1 

-1.44 

 (1.35) 

-.30  

(.09) 

1.56 * 

(.36) 

.37 

(.14) 

.40 

 (.72) 

.07 

(.01) 

-.69  

(.63) 

Class 

2 

-.46  

(.24) 

-.14 

(.02) 

.95* 

(.18) 

.28  

(.08) 

.63 

 (.16)* 

.13  

(.02) 

Ref 

class 

Class 

3 

.38 

(.58) 

.18 

 (.03) 

1.10*  

(.29) 

.39 

(.15) 

.38* 

(.47) 

.09 

(.01) 

.21  

(.62) 
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CHAPTER V: DISCUSSION 

The purpose of the present study was to use factor mixture modeling to 

understand latent classes that differ in their level of g. Specifically, the nature of 

Spearman’s Law of Diminishing Returns (SLODR) in the three-stratum model of human 

cognitive abilities was investigated (Carroll, 1993). SLODR posits that at higher ability 

levels, the general factor should be less useful in explaining individual differences in 

subtest performance relative to other more specific abilities (Jensen, 1998). The present 

study was a unique investigation of SLODR because the method applied to form the 

ability groups has not been utilized previously. Rather than splitting high and low ability 

groups at a median or mean global IQ score, as is typically done, factor mixture models 

were used to uncover latent classes of individuals who differed in their level of the g 

factor. Two general research questions were answered in this study: 1) what is the 

number and nature of the latent ability classes in the KABC-II standardization data? and 

2) what are the within-class effects, between-class effects, and within- and between-class 

effects of sex? In addition, although not a formal research question, another purpose of 

this research was to use factor mixture modeling as an alternative method to test for 

SLODR. 

This section is organized so that, first, the answers to the questions of this 

research are provided, including a discussion about the use of factor mixture modeling. 

Second, implications of the present findings will be discussed in relation to applied 

psychological practice and research. Third, the limitations are discussed. A brief 

summary of the findings concludes this section. 
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Research Question One 

A two-class model provided the best explanation for the data. Specifically, this 

model allowed for g mean differences as well as class-specific g variance and subtest 

residual variances. However, a three-class model with the same across-class 

specifications did not fit much worse than did the two-class solution and was also 

interpreted.  

The two-class solution was characterized by one class of students who 

demonstrated low general ability and one class of students who demonstrated high 

general ability. According to the various fit indices, these two latent classes provided the 

best description of the data, in both calibration and validation samples. Four important 

SLODR-related findings, supported by the model fit indices, are presented next. First, the 

second-order g factor variance was greater in the low ability class than it was in the high 

ability class. Second, the g factor accounted for less of the subtest variance in the high 

ability class than it did the low ability class. Third, the standardized subtests residuals 

were larger in the high ability class indicating the common factors explained less 

variance in this class. Last, the g factor accounted for less of the broad ability (first-order 

factor) variance in the high ability class. These four findings all provide evidence for 

SLODR and demonstrate that the g factor performs less well at explaining individual 

differences in cognitive tests for those with high ability.   

It is worth noting that although the three-class solution did not fit, or replicate, as 

well as the two-class solution, the solution did provide some insight into the nature of 

SLODR. The three classes were described as a low, middle, and high ability. The g 

variance decreased when the ability level increased and thus the findings were consistent 
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with the two-class solution. Indeed, all of the results from the two- and three-class 

solution provide evidence for SLODR. 

The empirical support for SLODR found in this research suggests that when 

performing cognitive tasks on the KABC-II subtests, children with lower general 

cognitive ability are more likely to rely on the general ability (g) than they are broad 

cognitive abilities. Or, g is more important for students of lower ability than it is for 

students of higher ability, and it becomes more homogeneous as it increases in level. In 

addition, because the broad abilities were explained less by g in the high ability class, 

these abilities should be more obvious and distinct from g for high ability individuals 

because the abilities are less contaminated by the general factor. The implications from 

these findings will be discussed in more detail in the implications section below. 

Research Question Two 

The findings related to statistically significant sex differences were not entirely 

consistent across two- and three-class solutions, or across the validation and calibration 

samples. One consistent finding is that sex did not account for significant differences 

between classes. Hence, sex was not important in terms of clustering individuals into the 

latent classes.  

The importance of sex in explaining variation in g, Gv, and Gc within each class 

was also investigated. Within each class, the direction of the sex effects was consistent (g 

in favor of females, Gv and Gc in favor of males). Controlling for levels of g, except for 

the middle ability class in the validation sample, boys demonstrated statistically 

significantly higher Gv in every class (two- and three-class solutions) across the 

calibration and validation samples. In addition, controlling for levels of g, boys 

demonstrated a statistically significant advantage in Gc in the high ability classes (two- 
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and three-class solutions) across the calibration and validation samples. The direction of 

the sex effects is consistent with previous research with the KABC-II (Reynolds et al., 

2007).  

Use of Factor Mixture Modeling to Investigate SLODR 

Another purpose of this study was to demonstrate the advantage of using factor 

mixture modeling to uncover latent classes of individuals in models of intelligence. In 

previous studies of SLODR, the high and low ability groups were split at a mean or a 

median of a global IQ (or g factor) score prior to data analysis (e.g. Deary et al., 1996; 

Jensen, 2003; Reynolds & Keith, 2007). In this study, high and low ability class 

membership was derived from the model. 

Two distinct advantages emerged supporting the use of factor mixture modeling 

instead of multi-group analysis of mean and covariance structures (MG-MACS). One 

advantage was that more than two latent classes of individuals were studied. Although the 

two-class model provided a more parsimonious description of the data, the three-class 

solution was interpretable, and interpretable with respect to the two-class solution. 

Examination of the three-class solution showed that the importance of g decreased at 

even higher levels of g. The opportunity to evaluate three or more groups has been rare 

because dividing groups up into more than two groups necessarily reduced the g factor 

variance (e.g., Carlstedt, 2001).  

A second, albeit related, advantage was that via the use of factor mixture 

modeling the range of scores was not necessarily as restricted as it would be by splitting 

two groups at a mean or median score. For example, Reynolds and Keith (2007) 

investigated SLODR by splitting at the median of g factor scores. The broad abilities 

explained more subtest variance than g in all of the groups as a result of the median split. 
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However, in the full-sample the g factor variance accounted for more of the subtest 

variance than the broad abilities. Splitting the groups at the median necessarily restricted 

the range, and the g variance was reduced substantially. In the present study, the 

restriction of range was not evident. For example, as shown in Figure 21, g accounted for 

more of the subtest variation than did the broad abilities in the low ability class, but in the 

high ability class the broad abilities accounted for as much of the subtest variation as g. 

In fact, the g variance was greater in the low ability group than it was in the total 

population. These results are more likely to be representative of the true nature of these 

groups.  

Relatedly, there were some individuals with high IQ scores in the low ability 

group and some individuals with low IQ in the high ability group. It is probably 

unreasonable to think that g is less important for all of those individuals with an IQ less 

than 100 compared to all individuals with an IQ score of 100 or above. It is more likely 

the case that there are individuals who are of higher ability who are more likely to rely on 

a general factor and there are individuals who are of lower ability who are more likely to 

rely on more specific abilities to answer questions from cognitive ability tests. The 

methods used in this study were able to capture this phenomenon better than methods that 

split groups at a mean or median. The advantages will be discussed further in the 

implications section. 

Although factor mixture modeling proved to be an excellent technique to 

investigate SLODR, it does not mean that other methods are not valid. However, an 

important advantage of both factor mixture modeling and MG-MACS is that the within-

group (or class) factor structures are considered the same across groups (or classes). 

Having invariant structure across classes allows for more valid comparisons of the 

theoretical constructs of interest.  
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Implications  

SLODR: APPLIED PSYCHOLOGY PRACTICE AND RESEARCH 

APPLIED PSYCHOLOGY 

The findings from this study regarding SLODR may have important implications 

for the applied practitioner. First, individually administered intelligence tests are 

frequently administered by school and other applied psychologists. Most individually 

administered intelligence tests used today have been developed with an underlying 

theoretical framework (Kamphaus, Windsor, Rowe, & Kim, 2005). Interpretation of 

intelligence test scores are typically based on the theoretical framework upon which the 

test was derived. Typically, after administering the tests, the examiner calculates 

composites scores that are formed from scores from the various subtests. Almost all IQ 

tests utilize a global IQ score, which is a composite score that is formed from the scores 

of multiple subtests in the battery and group indexes that are formed from different 

clusters of the subtests. This global IQ scores serves as a rough index of g, whereas the 

group ability indexes serve as rough indexes of various broad abilities.  

Psychologists have likely assumed that the general factor of intelligence should be 

equally important for those students of high ability and low ability, and hence the global 

IQ score is interpreted as such. Based on the findings from the present study, this 

assumption is questionable. SLODR may well have practical implications for applied 

psychologists who interpret global IQ scores as g is reflected less well in subtest scores 

for those with higher ability.  

Related to global IQ score interpretation, practitioners often are faced with 

decisions about interpreting group indexes compared to the global IQ score. Some 

researchers suggest that the group indexes should not be interpreted because they do not 
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provide additional predictive information above and beyond the global IQ score (e.g. 

Glutting, Watkins, & Youngstrom, 2003). Other researchers suggest that global IQ scores 

are not useful because for many children the global IQ score does not adequately 

represent a global ability (e.g. Fiorello, Hale, McGrath, Ryan, & Quinn, 2002). Last, 

others suggest that clinicians should utilize a theoretical framework (e.g., three-stratum 

theory) to interpret findings from tests (e.g., Kamphaus et al. 2005). This third approach 

may be the most amenable to the findings of the present study. The global IQ score may 

need to be emphasized more for those with low abilities, and emphasized less, with more 

weight given to the group ability indexes, for those with higher general ability. The 

implication from the present study is that the general factor will be more important in 

explaining individual variation on tests of cognitive ability for individuals of lower 

general ability, whereas more specific abilities will be more important in explaining 

individual variation on tests of cognitive ability for those of high ability. On average, for 

high ability individuals, relative to g, the broad abilities and subtest specificity will be 

more important and more obvious in explaining test performance. The importance of 

SLODR on the practice of psychology needs to be investigated further, however.  

Applied researchers need to consider the practical implications of SLODR in their 

research before making broad and firm recommendations that the global IQ score is the 

only important score that should be interpreted by applied psychologists for all 

populations (e.g. Glutting, Watkins, Konold, McDermott, 2006; Glutting, Watkins, & 

Youngstrom, 2003). The findings from the present study indicate that there are two 

classes of individuals who differ in their level and variance of the g. Future research 

should consider the possibility of latent classes underlying the data, and how domains 

such as academic achievement may also be explained differently within these classes. For 

example, some predictive research has found that the broad ability indexes contribute 
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important variance above and beyond that of the g factor when explaining reading and 

math performance (Glutting et al, 2006; Oh, Glutting, Watkins, Youngstrom, & 

McDermott, 2004), and explanatory research has demonstrated that broad abilities are 

important in terms of explaining reading and math scores (Evans, Floyd, McGrew, & 

Leforgee, 2002; Floyd, Evans, & McGrew, 2003; Keith, 1999; McGrew, Flanagan, Keith, 

& Vanderwood, 1997). Future studies should consider the heterogeneity underlying 

models of intelligence. Studies may need to control for the between-class differences on 

the general factor, which may inflate the variance (and the importance) of the general 

factor in the parent population (Muthén, 1989). Here, it was found that the g variance for 

the parent population (i.e. one class model) was slightly less than the g variance for the 

low ability class in the two-class solution, but greater than the g variance for the high 

ability class. If g is less important in explaining individual performance in cognitive tests, 

then it seems reasonable that it might be less important in other domains. 

Future research may focus on identifying the underlying latent classes when 

studying the influences of g and the broad abilities on math and reading for each of these 

classes. Moreover, researchers should consider setting up structural equation models with 

latent cognitive abilities explaining achievement areas, and then investigating these 

models via mixture modeling. It may be that there are different underlying subgroups of 

individuals who show different patterns of ability strengths and weaknesses related to 

reading, math, or writing.   

The findings from this study may have implications for other applied domain 

areas as well. For example, although less is known about more specific abilities 

compared to g in relation to career and college major interest, perhaps researchers have 

been too dismissive toward studying the importance of more specific abilities because 

they are not studying the correct populations of individuals. The present study 
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demonstrated that relative to the general factor, broad abilities become more important as 

the general ability level increases. Moreover, g was less able to explain the broad abilities 

in high ability class. Because the broad abilities were less affected by g in the high ability 

class, these abilities should be more obvious and distinct from g in the real world for high 

ability individuals. Hence, it may be that broad abilities may be more important for 

college students who are of higher general intelligence, on average, than the general 

population (Gottfredson, 2002). Because the college population has to some extent 

already been selected by g, counselors could assess a broader number of abilities to help 

individuals discover and predict potential areas of aptitude and interest.  

Future research should investigate other potential influences that are important in 

explaining individual differences at higher levels of g. Moreover, rather than primarily 

focusing on measures of g for career interests and outcomes, researchers should consider 

the level of g, and then consider how other more specific abilities and aptitudes may be 

related to real-world outcomes such as college major or occupations. Perhaps measures of 

more specific abilities, interests, or personality characteristics could provide useful 

information regarding career choice and satisfaction for individuals of higher general 

intelligence.  This type of research is becoming increasingly more important because 

more career options are becoming available and the financial burdens related to changing 

careers or college majors is increasing (Gottfredson, 2002). 

CURRENT FINDINGS AND THEORIES OF SLODR 

The findings from the present study are consistent with intelligence  theories that 

posit some type of centralized or basic mechanism (e.g., neural efficiency or basic 

processor) that puts a limit on, or enables, how well more specific or complex abilities 

are developed (e.g., Anderson, 2001; Detterman & Daniel, 1989). If this mechanism were 
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somehow captured in the latent variable g, then one would expect the importance of g to 

decrease at higher levels of g, while more specific abilities become more important, as 

was found in the current study. Hence, individuals of higher ability should be able to 

develop a cognitive architecture or system that is able efficiently to call on more specific 

abilities when these more specific abilities are required for successful performance on a 

task (e.g., Anderson, 2001).  

The present study demonstrates this phenomenon by showing the larger subtest 

residual variances for high g children and youth. To use the KABC-II as an example, if 

an individual of very low g was administered the Triangles subtest, that person might rely 

more on a general ability or processor when asked to put pieces of triangles together to 

form an object. That same individual might also rely on that same general processor to 

point to the picture that represents a vocabulary word. The result of relying on the general 

processor for all tests would be performance that is more similar across tests. 

Alternatively, an individual who has high g, and a cognitive architecture system that is 

designed to call upon more specific abilities, may rely more on a very specific ability to 

perform the Triangles tasks, which may help the individual when the questions becoming 

increasing difficult and require some additional ability that is needed for a consistent 

level of high performance. Moreover, when this individual is asked to point to the object 

representing a vocabulary word (i.e., from the Vocabulary Knowledge subtest), the 

individual would likely rely more on a specific ability rather than only on a general 

ability. The ability to efficiently access these more specific abilities facilitates and 

improves performance on tasks that require different, more specific abilities.  

Because the specific abilities would be more likely to differ across individuals 

compared to a basic general ability across individuals (e.g., due to slightly differ brain 

structures, exposure to different stimuli which may influence development of 
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neuropathways), they are more likely to explain differences on cognitive tasks. If these 

specific abilities develop more unevenly for individuals, and thus manifest in different 

ways, performance on subtests will also be more likely to vary for individuals, which in 

turn would result in lower subtest interrcorelations.  

One finding from this study that makes it unique from other studies is that the 

term low and high ability is not an entirely accurate description of the latent classes. The 

findings from this study show that there are some people of high ability in the low ability 

class and people of low ability in the high ability class. These findings also demonstrate 

some more insight into SLODR that might have been missed were it not for the use of 

factor mixture modeling.  

Figure 24 shows a box and whiskers plot of the Fluid-Crystallized Index scores of 

the two samples. The range of scores for the low ability group was from 53 to 145, 

suggesting that there are individuals with very high levels of global IQ in the low ability 

group. Although this finding seems to contradict SLODR, indeed this finding could be 

explained by current theories of SLODR. These theories do not suggest that someone 

who has a high g, which enables the development of more specific abilities, cannot 

develop specific abilities that are also evenly developed. It also does not indicate that 

high ability individuals cannot rely more on a general ability. For example, those 

individuals with high general ability who show patterns of scores similar to those in the 

low ability group and thus in the low ability class, may well have higher g, but also have 

evenly developed specific abilities, or just rely more on general ability. Therefore, it 

seems plausible that these individuals would be in the low ability class even though they 

have a high level of general ability.   

On the other hand, as is shown in Figure 24, there are no individuals with a Fluid-

Crystallized Index below an 82 in the high ability class. This finding suggests that 
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individuals with low ability, or who are at about one standard deviation below average, 

do not demonstrate a pattern of scores that suggests differentially developed specific 

abilities. That is, perhaps there is some sort of minimum threshold, as explained for 

example by Anderson (2001), which needs to be met before individuals begin to develop 

a system allowing for the development of more specific abilities. Of course, these 

findings need to be replicated in other batteries, but they may provide some interesting 

insight into SLODR that has yet to be discovered empirically. 

Figure 25. Box and whisker plot of observed Fluid-Crystallized Index scores in the two 

classes. 
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The findings of this study may also have implications for understanding the 

development of learning disabilities. If a learning disability is defined as a student with 

average or above average intelligence who is not demonstrating the basic skills need to 

perform specific academic tasks, it may well be that the student is of high general 

intelligence, but for some reason is unable to acquire efficient access to specific areas of 

the brain required to effectively carry out that task. Here, it was shown that individuals of 

average or above average g tend to rely less on g and more on specific abilities when 

performing cognitive tasks. These findings also imply that specific abilities are less likely 

to develop evenly, as shown with the less reliance on a general ability and more reliance 

on specific abilities as g increases. These findings seem consistent with hypotheses 

related to the development of learning disabilities such as dyslexia. Via functional 

magnetic resonance imaging, it has been demonstrated that individuals with dyslexia 

demonstrate disruptions in being able to access particular areas of the brain accessed by 

normal readers during word identification tasks (Shaywitz, 1998). Hence, for those 

individuals with average or high intelligence, the development of specific abilities may 

vary, and the development of some of the more specific abilities required for certain tasks 

may be disrupted.  

Last, although studies such as the present one will not necessarily explain the 

mechanisms behind cognitive abilities, findings from psychometric studies have been 

useful in linking psychometric findings to brain structures and brain functioning. 

Appropriate and more precise modeling of psychometric data should continue to provide 

high quality information about cognitive abilities and should be used in conjunction with 

more precise measures of brain functioning, (cf. Haier, 1990). Studies should consider the 

present findings when investigating brain functioning during cognitive tasks. That is, the 
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researchers should consider participants’ level of intelligence because it may well be that 

individuals who vary in level are accessing different areas of the brain when performing 

cognitive tasks.  

MIXTURE MODELS 

 Another implication of this study is the utility of factor mixture modeling. The 

advantages of factor mixture modeling should generalize to other areas of research in 

school psychology. Mixture modeling has many features that are important to the applied 

researcher. First, rather than form groups based on background variables only, mixture 

modeling considers unknown mixtures of groups (latent classes). Applied researchers 

should be particularly interested in mixture modeling, which includes growth mixture 

modeling. Growth mixture modeling provides a useful tool for evaluating treatments and 

determining treatment efficacy related to underlying latent classes. For example, perhaps 

there are children who show different ability profiles that are more responsive to one 

reading treatment compared to another (e.g., Kaplan, 2003). Researchers in the field of 

school psychology may benefit from applying such methods to study aptitude by 

treatment interactions as well as to determine the efficacy of interventions to groups of 

students. Although at this time there have not been factor or growth mixture models 

published in school psychology journals, these methods are particularly relevant to the 

field. Applied researchers in school psychology should take advantage of these methods. 

Limitations 

The findings of this study need to be considered in light of the limitations. One 

limitation of this study is related to the fact that factor mixture modeling is still in its 

nascent stage as a method. Although much is known about modeling techniques with 

latent categorical variables and latent continuous variables modeled separately, less is 
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known about the performance of methods that model the two latent variables 

simultaneously (Bauer & Curran, 2003). In the present study, the ―true‖ model was not 

known. Although a two-class model was chosen, the fit indices provided inconsistent 

information. Fit indices that provide estimates of absolute fit in addition to relative fit 

may have been useful. Future research should evaluate the performance of various fit 

indices in mixture modeling. 

Alternatives to model fit indices were employed in this research to minimize the 

unknowns about fit indices in model selection, however. First, splitting the groups into 

calibration and validation samples provided additional confidence in interpreting the two-

class solution as it was well-replicated across samples. It was also useful in discovering a 

potential lack of generalizability of the three-class solution. Second, the factor structure 

of the KABC-II was based on a well-established theoretical model of intelligence and had 

been evaluated previously (Kaufman & Kaufman, 2004; Reynolds et al., in press). 

Interpretation and model selection is likely to be improved if one has a solid theoretical 

and empirical rationale for the within-class factor model included in their study. Last, a 

previous study of the KABC-II found the factor structure was invariant between a low 

and high ability groups and that there were variance differences when the groups were 

split at a median g factor score (Reynolds & Keith, 2007). Hence, complementing the 

mixture approach with a multiple group approach may provide researchers with increased 

confidence in interpreting models. It seems that if a factor structure is invariant when 

groups are selected on observed variables (e.g. age, sex, global IQ score) then one may 

have more confidence in including invariant parameters across latent classes. 

Another limitation of the present study is that these findings are related to 

children and the findings cannot be generalized to adults. Therefore, more studies of 

SLODR in adult populations need to be considered in future research. Similarly, there is 
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some research that suggests there is a diminished role of g in accounting for individual 

differences in cognitive tests as children become older (Kane & Brand, 2006). In the past 

this phenomenon was referred to as age differentiation because it was hypothesized that 

cognitive abilities become qualitatively more distinct, indicating more ability factors, 

with age (cf. Carroll, 1993, chap. 17). However, less is known about a quantitative 

difference (e.g. Kane & Brand, 2006) in the importance of the abilities related to age. 

Although not noted in the results, it should be noted that in the present study, the average 

age of participants in the low class was 11.26 years compared to 11.90 years in the high 

ability class. So, it did not appear as if age was related to SLODR in this study. 

Nonetheless, one way to overcome the limitation with respect to age and ability 

differences would be to use longitudinal data. Latent growth models should provide 

information about both intra- and inter-individual changes in cognitive abilities. The 

current study was limited to cross-sectional data, although the sample characteristics were 

very similar across the ages on several demographic variables. An alternative to growth 

modeling that could be applied to the present data would be to include age as a covariate 

in addition to or instead of sex. 

Another reason to interpret the findings from this study cautiously is that only one 

confirmatory factor model was fit to the data. Replication in other intelligence batteries 

should be performed to cross-validate the present findings. Because three-stratum theory 

underlies the development of many other modern intelligence tests, similar findings 

should be expected in other test batteries.  

Last, one question that was not answered in this research is whether the broad 

abilities increase in importance as g decreases in importance. Although previous research 

indicated that broad ability variance does not explain a greater proportion of subtest 

variance (Reynolds & Keith, 2007), the broad abilities were held invariant across classes 
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in the present study. In order to address this limitation, an additional set of models were 

estimated. These models were specified so that the broad abilities were estimated freely 

within each class (i.e. the broad ability variance was not constrained to be equal across 

classes). The models were identical to the M4 specifications except the cross-class 

constraints on the broad ability unique variances were freed. The three-class solution did 

not converge so it was not evaluated. The two-class model did converge. The AIC 

(85137.47), BIC (85508.31), and aBIC (85276.44) values (compare to Table 7) were not 

less than the two-class model in which the cross-class constraints were placed on the 

broad ability unique variances (M4, Table 7). Hence, equality of the broad ability 

variances could be assumed and the original interpretations were likely valid. 

Although the fit indices suggested the broad ability unique variances were equally 

homogeneous across groups, the proportion of subtest variance explained was also 

calculated. As seen in Figure 26, the average proportion of variance explained relative to 

the broad abilities and g was similar to those found in Figure 21 when the broad ability 

unique variances were constrained to be equal. Based on these additional analyses it 

should be concluded that most if not all of the variance that is no longer explained in the 

subtests by g, is explained by the specific factor unique to each subtest.  
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Figure 26. Average subtest variance explained by g and the broad abilities for the two-

class solution when the broad abilities are free to vary. 
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 Future research should investigate what latent entities might better explain the 

subtest variance not explained in the models. Shown in Figure 27 is the difference in total 

variance explained in the subtests. Every subtest, except for one, is explained less in the 

high ability class. Future research should consider how differential performance on tasks 

of cognitive ability is explained in high ability groups. The current study was limited in 

that it was constrained by the variables included in the standardization sample of the 

KABC-II. Future standardizations of tests of intellectual ability may want to consider 

also administering behavioral, motivational, personality, or interest measures along with 

tests of cognitive ability. Perhaps other characteristics increase the explanation of 

individual differences in cognitive test performance.  
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Figure 27. Difference in the total explained variance in the subtests. 
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SUMMARY 

 A two-class model of low and high ability individuals provided the most 

parsimonious fit to the data in this research. Spearman’ law of diminishing returns was 

supported suggesting that as ability level increases, g is less important in explaining 

individual differences in cognitive ability performance. Broad cognitive abilities such as 

visual-spatial thinking and short-term memory become more important relative to g at 

these higher ability levels. It is the more specific abilities, however, that increase in 

overall importance at higher ability levels and account for the decreased importance of g. 
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The method used in this research, factor mixture modeling, was a particularly useful 

method to study SLODR because the high and low ability groups did not need to be 

specified beforehand. Researchers interested in the phenomenon of SLODR should 

consider factor mixture modeling as an alternative method for studying SLODR. Future 

research needs to investigate how these findings should influence the practice of 

intellectual assessment.  

 

 



117 

APPENDIX 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



118 

Appendix A 

Standardized and unstandardized loadings, subtest intercepts, and specific factor 

correlations for the calibration sample two and three class M4 models. 

Two Class Model Output 

 Estimates  CLASS 

 INVARIANT  LOW HIGH 

 
Unstandardized 

Loading 
S.E. 

Standardized 

Factor Loadings 

Standardized 

Factor Loadings 

Gc by
* 

    

Riddles 1.00 0.00 0.88 0.82 

Verbal Knowledge 0.97 0.03 0.86 0.79 

Expressive Vocabulary 0.94 0.03 0.88 0.75 

Gestalt Closure 0.39 0.06 0.38 0.30 

Gv by     

Rover 1.00 0.00 0.62 0.51 

Triangles 1.20 0.07 0.75 0.65 

Block Counting 1.08 0.07 0.62 0.59 

Pattern Reasoning 0.51 0.13 0.30 0.27 

Gestalt Closure 0.38 0.10 0.25 0.19 

Gf by     

Story Completion 1.00 0.00 0.69 0.55 

Pattern Reasoning 0.74 0.13 0.48 0.40 

Hand Movements 0.60 0.07 0.39 0.33 

Glr by     

Atlantis Delayed 0.78 0.04 0.51 0.52 

Atlantis 1.00 0.00 0.63 0.60 

Rebus Delayed 1.13 0.07 0.79 0.71 

Rebus 1.23 0.07 0.82 0.74 

Gsm by     

Word Order 1.00 0.00 0.83 0.79 

Hand Movements 0.29 0.05 0.23 0.24 

Number Recall 0.84 0.05 0.70 0.67 

g by     

Gc 1.00 0.00 0.85 0.74 

Gv 0.67 0.05 0.87 0.76 

Gf 0.81 0.05 0.96 0.91 

Glr 0.74 0.04 0.85 0.73 

Gsm 0.72 0.04 0.70 0.54 

Covariance/Correlation     
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Atlantis with WITH    

Atlantis delayed 3.25 0.25 0.30 0.48 

Rebus with WITH    

Rebus Delayed 1.88 0.28 0.20 0.27 

Intercepts     

Atlantis Delayed 9.42 0.25 2.92 3.81 

Atlantis 9.34 0.31 2.76 3.41 

Block Counting 9.13 0.30 2.81 3.46 

Expressive Vocabulary 8.88 0.38 2.94 3.24 

Gestalt Closure 9.53 0.28 3.28 3.32 

Hand Movements 9.42 0.28 2.97 3.64 

Number Recall 9.51 0.26 3.13 3.53 

Pattern Reasoning 8.99 0.39 2.83 3.36 

Rebus Delayed 9.32 0.35 3.08 3.56 

Riddles 9.12 0.40 2.82 3.40 

Rebus 9.31 0.37 2.92 3.42 

Rover 9.46 0.29 3.11 3.40 

Story Completion 9.22 0.35 3.07 3.53 

Triangles 9.26 0.34 3.07 3.51 

Verbal Knowledge 9.09 0.39 2.81 3.36 

Word Order 9.23 0.31 3.05 3.39 

Gc 0.00 0.00 0.00 0.00 

Gv 0.00 0.00 0.00 0.00 

Gf 0.00 0.00 0.00 0.00 

Glr 0.00 0.00 0.00 0.00 

Gsm 0.00 0.00 0.00 0.00 

Note. 
*
indicates that the factor was indicated by. 
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Three-Class Model Output 

 Estimates  CLASS 

 Invariant  LOW MIDDLE HIGH 

 

Unstandardized 

Factor Loadings 
S.E. 

Standardized 

Factor 

Loadings 

Standardized 

Factor 

Loadings 

Standardized 

Factor 

Loadings 

Gc by      

Riddles 1.00 0.00 0.89 0.84 0.76 

Verbal Knowledge 0.97 0.03 0.87 0.81 0.72 

Expressive Vocabulary 0.94 0.03 0.88 0.81 0.67 

Gestalt Closure 0.39 0.06 0.39 0.32 0.26 

Gv by      

Rover 1.00 0.00 0.64 0.54 0.43 

Triangles 1.20 0.07 0.76 0.68 0.57 

Block Counting 1.08 0.07 0.68 0.54 0.57 

Pattern Reasoning 0.49 0.13 0.30 0.27 0.24 

Gestalt Closure 0.38 0.10 0.25 0.21 0.16 

Gf by      

Story Completion 1.00 0.00 0.71 0.59 0.42 

Pattern Reasoning 0.75 0.13 0.50 0.43 0.32 

Hand Movements 0.60 0.08 0.41 0.34 0.23 

Glr by      

Atlantis Delayed 0.79 0.04 0.51 0.50 0.47 

Atlantis 1.00 0.00 0.61 0.65 0.46 

Rebus Delayed 1.14 0.07 0.81 0.73 0.64 

Rebus 1.24 0.07 0.83 0.76 0.67 

Gsm by      

Word Order 1.00 0.00 0.84 0.80 0.76 

Hand Movements 0.29 0.06 0.24 0.23 0.22 

Number Recall 0.84 0.05 0.75 0.63 0.69 

g by      

Gc 1.00 0.00 0.87 0.77 0.56 

Gv 0.68 0.04 0.89 0.80 0.60 

Gf 0.81 0.05 0.97 0.93 0.82 

Glr 0.74 0.04 0.86 0.77 0.56 

Gsm 0.73 0.04 0.72 0.59 0.38 

Covariance/Correlation      

Atlantis with      

Atlantis delayed 3.30 0.28 0.27 0.45 0.51 

Rebus with      

Rebus Delayed 1.87 0.28 0.18 0.24 0.32 

Latent Means      



121 

g 0.00 0.00 0.00 0.50 2.82 

Intercepts      

Atlantis Delayed 9.28 0.29 2.72 3.42 4.16 

Atlantis 9.17 0.37 2.54 3.42 3.18 

Block Counting 8.96 0.36 2.86 2.91 4.09 

Expressive Vocabulary 8.66 0.45 2.72 3.19 3.42 

Gestalt Closure 9.38 0.33 3.17 3.30 3.42 

Hand Movements 9.26 0.32 2.93 3.35 3.60 

Number Recall 9.36 0.31 3.18 3.14 3.92 

Pattern Reasoning 8.77 0.46 2.67 3.14 3.66 

Rebus Delayed 9.12 0.42 2.92 3.36 3.81 

Riddles 8.89 0.49 2.65 3.16 3.74 

Rebus 9.10 0.45 2.77 3.21 3.68 

Rover 9.30 0.34 3.00 3.27 3.50 

Story Completion 9.03 0.41 2.93 3.34 3.75 

Triangles 9.07 0.40 2.92 3.33 3.73 

Verbal Knowledge 8.86 0.47 2.65 3.13 3.65 

Word Order 9.06 0.36 2.93 3.24 3.53 

Gc 0.00 0.00 0.00 0.00 0.00 

Gv 0.00 0.00 0.00 0.00 0.00 

Gf 0.00 0.00 0.00 0.00 0.00 

Glr 0.00 0.00 0.00 0.00 0.00 

Gsm 0.00 0.00 0.00 0.00 0.00 

Note. 
*
indicates that the factor was indicated by. 
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Appendix B 

Standardized Subtest Residual Variance 

 TWO-CLASS THREE-CLASS 

 
Low 

Ability 

High 

Ability 

Low 

 Ability 

Middle 

Ability 

High  

Ability 

Subtest 
Standardized Residual 

Variance 

Standardized Residual 

Variance 

Atlantis Delayed 0.74 0.74 0.74 0.75 0.78 

Atlantis 0.61 0.64 0.63 0.58 0.79 

Block Counting 0.61 0.66 0.54 0.71 0.68 

Expressive Vocab 0.22 0.44 0.23 0.34 0.55 

Gestalt Closure 0.66 0.81 0.63 0.77 0.88 

Hand Movements 0.68 0.75 0.64 0.74 0.87 

Number Recall 0.51 0.55 0.44 0.60 0.52 

Pattern Reasoning 0.44 0.62 0.41 0.57 0.77 

Rebus Delayed 0.37 0.50 0.35 0.46 0.59 

Riddles 0.23 0.33 0.21 0.30 0.42 

Rebus 0.33 0.46 0.31 0.42 0.55 

Rover 0.62 0.74 0.60 0.71 0.81 

Story Completion 0.53 0.70 0.50 0.65 0.83 

Triangles 0.44 0.58 0.42 0.54 0.68 

Verbal Knowledge 0.27 0.38 0.25 0.35 0.48 

Word Order 0.30 0.38 0.29 0.35 0.42 

Gc 0.27 0.46 0.25 0.40 0.69 

Gv 0.24 0.42 0.22 0.36 0.64 

Gf 0.08 0.17 0.07 0.13 0.33 

Glr 0.28 0.47 0.25 0.41 0.69 

Gsm 0.52 0.71 0.48 0.65 0.86 
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