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The flow, reactions and current in a porous rotating disk electrode (PRDE) is
studied experimentally and theoretically. A PRDE is an electrochemically active porous
disk mounted on a classic rotating disk electrode (RDE). For the oxidation of iodide, the
measured current from a PRDE as a function of rotation rate shows much richer behavior
than the flat RDE, including a sigmoidal dependence on the rotation rate that specifically
depends on the geometry of the disk, its permeability, porosity and the fluid and reactant
transport properties. It is found that when the complex behavior of the current is
explained in terms of the ratio of the effective electrochemical reaction time to the
residence time of the fluid in the porous disk all the data can be plotted onto a universal
curve at high rotation rates.
With this knowledge the PRDE is modeled analytically where the reactant
transport is dominated by either advection or diffusion. When advection is dominant the
current can be expressed in a simple algebraic form involving the dimensionless reaction
vi

time. The diffusion dominated regime is modeled utilizing a boundary layer theory. The
current is found as a function of the rotation rate, reaction rate, permeability, diffusion
coefficients, kinematic viscosity, and geometry of the disk. Combined with finite effects
analysis, the two analytic models accurately describe the PRDE for the full range of its
operation regardless of the geometry of the disk. Also, the dominant mass transfer mode
transition point is identified.
Additional experiments with ferrocenemethanol are carried out using PRDEs
constructed by mounting various sized carbon fiber disks onto glassy carbon RDEs to
complement previous experiments using iodide. The results validate the theories for the
operation of the PRDE in the regimes of advection or diffusion dominated transport.
A possible application of the PRDE system for measuring rock acidization and
permeability is explored by developing analytic and numerical models for a
nonconductive porous disk. This system exhibits regimes limited by different processes:
diffusion, advection, and reaction. It is found that a one-dimensional analytic model
incorporating the finite thickness of the porous disk and the surface reaction rate suffices
to describe the system.
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Chapter 1. Introduction

1.1. BACKGROUND AND POTENTIAL OF THE POROUS ROTATING DISK ELECTRODE

Porous electrodes are widely used and are particularly important in the high
throughput, high current density electrolytic processes of the chemical industry and in
fuel cells (Weber & Newman 2004), where the flow is fast. Porous electrodes provide
greater specific surface area for electrochemical reaction, allowing current densities that
are orders of magnitude higher than those obtainable with flat electrodes. To operate at
these conditions, the porous medium must be fully perfused with the reactant, full
perfusion being necessary for efficient mass transfer to the electrode surface. In this
dissertation we study theoretically and experimentally a porous, electrochemically active
disk mounted on a classic rotating disk electrode (RDE).
The porous rotating disk electrode (PRDE) offers several potential benefits. The
high specific surface area of the porous disk increases the current density and the
sensitivity of the PRDE compared to the RDE. This means that the PRDE is potentially a
more sensitive analytical tool for evaluating electrode materials and additives used to
enhance performance of electrochemical reactors. In many circumstances (Mano, Mao &
Heller 2002 & 2003, Maillard et al. 2002, Gloaguen et al. 1994) agents are bound to the
porous medium to catalyze or promote electrochemical reactions, and the PRDE should
be a highly sensitive instrument for the evaluation of the effectiveness of the agents and
their binding methods. Because the porous disk can be formed from materials used in
1

industrial electrochemical processes, a PRDE provides a convenient means for their
evaluation and quantitative determination of reaction rates and mass-transfer rates. In
short the PRDE could provide a convenient tool for the highly sensitive and rapid
evaluation and characterization of surface catalyzed electrochemical reactions.

1.2. PREVIOUS RELATED WORK

Despite this potential little is understood about the complex behavior of the PRDE
and only a small number of electrochemical studies using PRDEs with flow have been
reported with limited mathematical descriptions of the results (Blaedel & Wang 1980a &
1980b, Gassa et al. 1990). This is also the case for thin-film RDE or porous RDE
methods, which have been popular in studying electrocatalysts for fuel cell applications,
and assume diffusion to be the only mechanism of transport in the porous disk (e.g.,
Gloaguen et al. 1994, Schmidt et al. 1998).
Regarding the hydrodynamics of the system, two classic studies provide the
building blocks of the mathematical analysis of this dissertation. First is the flow field
solution of a steadily rotating disk in unbounded fluid (von Karman 1921) and second is
the solution of the flow through an infinite permeable disk steadily rotating assuming
constant suction velocity, i.e., the axial velocity entering the disk, throughout the whole
surface of the disk (Joseph 1965).

2

1.3. OBJECTIVES

To fully utilize the potential of the PRDE, the flow and reaction must be
understood, as in the case of the RDE. The RDE is an extremely valuable tool for
characterizing electrochemical reactions, mass-transfer and analytical chemistry (Bard &
Faulkner 2001). The strength of the technique is in the firm understanding of the flow
field solved by von Karman (von Karman 1921; Batchelor 1967) and its application to
characterize the mass transfer. The results are the analytic Levich and Koutetskii-Levich
equations (Bard & Faulkner 2001; Koutetskii & Levich 1957) that relate the current to
the rotation rate as a function of various chemical and physical parameters.
As such the main objectives to this project are twofold. The first is to understand
and characterize the behavior of the PRDE. This is achieved through experimental
observation and numerical solution of the coupled flow and reaction in and around the
porous disk in the case of mass transfer limited reaction. Cases where either advection or
diffusion is the dominant mechanism of mass transfer will be studied.
The second objective is to develop analytic models that can be used for data
analysis so that the PRDE can be ultimately developed into a useful experimental tool.
This is done through analysis of simulation results and solving simplified equations for
the case of infinite porous disks and extending them to general cases. Additional
experiments are performed to verify the models.

3

1.4. DISSERTATION OUTLINE

The remainder of the dissertation is outlined as follows. Chapter 2 presents
experimental observations of the PRDE system for the oxidation of iodide. While
experiments with an RDE show current proportional to the square root of the rotation rate
for mass-transfer limited reactions, the PRDE shows a sigmoidal dependence on the
rotating rate. This behavior depends on the thickness, radius, and permeability of the
porous disk as well as the rotation rate and reaction rate. At low rotation rates, the
measured current is qualitatively similar to that of an RDE, with the current increasing
with the square root of the rotation rate. However, at a critical rotation rate, the current
increases much more rapidly than predicted by the Levich theory. At a larger, upper
critical rotation rate, the current increases more slowly and then approaches a plateau. It
is found that the behavior of the current generated in the PRDE can be explained by
considering the ratio of the reaction time and the residence time.
In Chapter 3 the fundamental cause of the complex behavior of the PRDE is
explored by numerically solving the flow and reaction in a PRDE. The model consists of
the Navier-Stokes equation in the ambient fluid, a modified Darcy’s law accounting for
the rotation in the porous medium, and a convection-diffusion equation with a first order
reaction term all coupled through boundary conditions. A range of flow rates, geometries,
porous medium and fluid properties, and reaction rates are investigated. In general it is
found that more fluid and reactant perfuse the porous disk as the rotation rate, thickness
to radius ratio and permeability increase. Characteristics of flow through a finite rotating
disk are explored and compared with the infinite disk case (Joseph 1965). The
4

dimensionless reaction time with a geometric correction for the finiteness of the disk is
identified to be sufficient to characterize the system at large reaction times. The
simulation results show excellent agreement with experiments.
Chapter 4 presents analytic models of the current generated from the
electrochemical reaction in a PRDE where the reactant transport is dominated by either
advection or diffusion. When advection dominates the concentration field of the reactant
is found by assuming each fluid element behaves as a batch reactor and tracking them
along their streamlines utilizing the solution of the flow field in an infinite porous
rotating disk by Joseph (1965). The current expressed in a simple algebraic form
involving the dimensionless reaction time recovers the universal curve. The diffusion
dominated regime is modeled utilizing a boundary layer theory. The current is found as a
function of the rotation rate, reaction rate, permeability, diffusion coefficients, kinematic
viscosity, and geometry of the disk. The model shows excellent agreement with
simulations and experiments and coincides with Levich equation at low rotation rates.
The dominant mass transfer mode transition point is identified and combined, the two
analytic models accurately describe the PRDE for the full range of its operation.
In Chapter 5 additional PRDE experiments are carried out with another reactant,
ferrocenemethanol, which has a lower diffusion coefficient than iodide. Cyclic
voltammetry and rotated disk voltammetry experiments are benchmarked against known
studies. PRDEs are constructed by mounting various sized carbon fiber disks on glassy
carbon RDEs. Effects of the electrode preparation process and plasma activation on the
carbon fiber disks are explored. This study with a different reactant system complements
previous studies and verifies numerical and analytic models derived in previous chapters.
5

Chapter 6 explores the possibility of applying the PRDE system to petroleum rock
acidization studies and permeability measurements. Various analytic models and
simulations are developed for the case where the porous disk is no longer conductive or
electrochemically active. The electrochemical reaction occurs on the RDE on to which
the rock is attached and the porous rock acts as a resistance to reactant transport. This
system exhibits three different regimes limited by diffusion, advection, and reaction.
Also, it is found that a one-dimensional analytic model, which takes into account the
finite size of the rock and the surface reaction rate, suffices to describe the system.
Although there are engineering challenges to be overcome, in principle the PRDE system
makes it possible to simultaneously measure permeability while carrying out core
acidization studies.
Chapter 7 concludes the dissertation summarizing the main points of the work
presented, identifying ranges of application and areas of possible future work.

6

Chapter 2: Behavior of the Porous Rotating Disk Electrode

2.1. INTRODUCTION

Several experiments with low permeability porous disks or electrodes have been
reported in the literature (van Veen 1982, Deslouis et al. 1987, Perez et al. 1994, Perez,
Gonzalez & Ticianelli 1998a & 1998b, Rostokin & Chirkov 2000). In these works there
was little or no flow through the porous electrode and diffusion was the dominant
mechanism of transport in the pore space. The importance of the relative rates of masstransfer and reaction has been considered for flow through porous electrodes (Newman
1976, Blaedel & Wang 1980b), though not, for the porous rotating disk system discussed
here, to the best of our knowledge. A very small number of electrochemical studies using
porous rotating disk electrodes with flow have been reported with limited mathematical
descriptions of the results (Blaedel & Wang 1980a, Gassa et al. 1990). Some of the
results reported in those papers do show qualitative agreement with the observations
presented here.
Here we examine the behavior of the current of a porous rotating disk electrode
(PRDE) composed of carbon fibers operating at large over potentials. Following a
description of the experimental procedure, we present the current as a function of the
rotation rate, the radius and thickness of the porous disk and its porosity. The observed
behavior is complex and is explained in terms of the relative magnitude of the residence
time of the fluid to the effective reaction rate on the porous electrode, which is diffusion
7

limited because of the large over potentials. The dimensionless current can then be
collapsed reasonably well with a dimensionless ratio of these two times. A theory based
on the classic plug-flow reactor qualitatively predicts the experimental observations
further supporting this interpretation.

2.2. METHODS

In the experiments, porous disks, formed of fixed diameter conductive carbon
fibers, were mounted on a RDE. The radii (R) of the porous disks ranged from two to
four millimeters, and their thicknesses (h) ranged from about 90 to 1050 µm. The
nominal diameter of the carbon fibers constituting the disks was 10 µm, and the void
fraction in the porous mat they formed was 78%. The top and side of the porous disks
were exposed to solution.
The carbon cloth electrodes were made by the following two-step procedure. In
the first step, the two or three millimeter diameter vitreous carbon electrodes mounted in
Teflon sleeves, that served as substrates to which the carbon cloth was bound, were
polished with 0.05 µm Al2O3 powder (Buehler, Lake Bluff, IL) rinsed and sonicated for
10 minutes in ultrapure water. The polishing step was repeated until no voltammetric
features beyond water oxidation were observed in a 50 mV/s scan in pH 7 phosphate
buffer in the 0.2 to 1 V range. The electrode was then dried in an air stream. Carbon
cloths with thicknesses of 0.09, 0.17, 0.26, and 0.35 mm were purchased (E-TEK,
Somerset, NJ). In the second step the carbon cloths were cut into appropriate diameter
8

disks (4, 6, or 8 mm). These were cemented at the desired thicknesses using conductive
carbon paint (SPI, West Chester, PA), to the surface of the vitreous carbon electrodes and
allowed to dry for 72 hours. The rod-bound cloths were then made hydrophilic by
exposure to one torr O2 plasma for 5 minutes.
Potassium iodide of 1 mM concentration was electrooxidized on the porous
rotating disk electrode (PRDE). At this low concentration, the iodide was oxidized to
iodine at a mass transport limited rate, independent of the applied potential for overpotentials exceeding 0.3 V. The rotation rate was varied from 150 to 10,000 rpm.

2.3. RESULTS

According to the Levich equation for a flat disk electrode, the current I in the
mass-transfer limited regime is (Bard & Faulkner 2001)
I = 0.62nFAD 2/ 3Ω1/ 2ν −1/ 6C0 ,

(2.1)

where n is the number of electrons in the reaction (n=1 in this instance), F is Faraday’s
constant, A is the geometric, not the true area of the disk, D is the diffusivity of the
reacting species, Ω is the rotation rate, ν is the kinematic viscosity of the suspending
fluid and C0 is the concentration of the reacting species. Thus, a plot of the current
versus the square root of the rotation yields a straight line. Such a plot is presented in
Figure 2.1 for the electrooxidation of potassium iodide in 0.09 to 1.05 mm thick, 4 mm
diameter porous disks. At low angular velocities, the current densities increased linearly
with Ω1/ 2 and were independent of the thickness of the porous disk. The dependence of
9

the current density on angular velocity changed, however, as the rotation rate increased,
increasing above a lower critical rotation rate more rapidly than predicted by the Levich
equation. The value of the lower critical rotation rate depended on the thickness of the
porous mat. At an upper critical rotation rate, the increase in current density was more
modest and appears eventually to approach a plateau value.

Ω1/ 2
Figure 2.1. Current density versus the square root of the rotation rate for 2 mm radius
conducting porous mats (φ=78%) mounted on a flat electrode. The thickness of the
porous mats varies from 0.09 to 1.05 mm.
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Qualitatively similar behavior was observed with porous disks of different radii
(Figure 2.2). Again, at a lower critical rotation rate, which depended on the radius of the
porous disk, the current increment upon increasing the angular velocity increased
dramatically. The lower critical rotation rate increased upon decreasing the radius of the
porous disk. The current increased with the square root of the rotation rate for disks with
diameters greater than 8 mm at all angular velocities up to 10,000 rpm, as qualitatively
predicted by the Levich equation. The upper critical rotation rate was observed at 2,000
rpm for the smaller 2 mm radius electrode.
The dependence of the transitions on the porosity of the disks is seen in Figure 2.2.
A 1.31 mm thick, 4 mm diameter porous mat was compressed to 1.05 mm thickness, to
reduce the porosity from 78% to 65 %. Decreasing the porosity increased the values of
the two critical rotation rates.
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Figure 2.2. Current density versus rotation rate for porous rotating disk electrodes with
different radii and porosity. The thickness of the mat is 1.05 mm. The legend of the graph
is defined as follows: (radius, thickness, void fraction)
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2.4. DISCUSSION

So, what causes the current’s sigmoidal dependence on the rotation? The critical
rotation rates are not caused by turbulence. The highest Reynolds number
Re = R (Ω ν )

1/ 2

was about 120 in our experiments, and the roughness of the porous disks

used here was approximately 8 µm. The transitional Reynolds number at the onset of
turbulence for rotating disks with roughness as large as 170 µm is approximately 350
(Zoueshtiagh et al. 2003), well above that in our experiments.
The behavior is explained by the variation of flow rate of fluid in the porous
medium (Figure 2.3), the perfusion of reactant and the associated variation in the ratio of
reaction time to residence time of fluid in the pores. The flow rate into the disk increases
non-linearly with rotation rate. For a very wide disk (h/R << 1), the volumetric flow
Q = 2kΩ 2πR 2 h /ν , where k is the permeability of the porous medium (Joseph 1965).
The rate of perfusion of the disk with reactant varies significantly with rotation rate.
Below the lower critical rotation rate, the pores are little perfused with reactant. With the
porosity and permeability of a porous material being directly interdependent, this critical
rotation rate increases with decreasing porosity, as shown in Figure 2.2. Thus, the lower
porosity carbon mat also has a lower permeability or higher resistance to flow, pointing
to the significance of the flow resistance in the pores. Above the upper critical rotation
the entire disk is perfused with reactant.
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Electrode

Figure 2.3. Schematic diagram showing stages of perfusion of the porous disk by the
fluid-carried reactant. Below the first critical rotation numbers, the fluid flows over but
not through the porous disk (left-hand figure). Above the first critical rotation number,
the fluid begins to perfuse the porous disk (middle figure) and above the second critical
rotation number (right-hand figure), the entire porous disk is bathed in the reactant-laden
fluid. The inset shows an SEM micrograph of the porous carbon electrode.

This suggests the following scaling or non-dimensionalization for the current. For
a completely perfused porous disk, the flux of reactant to the surface of the carbon fibers
is approximately

( DC0 a ) S , where S is the specific surface area of the carbon mat 2(1-

φ)/rf, a is the average distance between fibers, rf is the radius of the fiber and φ the void
fraction. The estimated maximum current I M is the product of this net flux, the volume
of the disk ( π R 2 h ) and the conversion factor of moles of reactant to current (nF),
namely,
14

IM =

π DC0 nFSR 2 h
a

= π kr C0 nFR 2 h ,

(2.2)

where kr = DS a is the effective first-order reaction rate constant. Thus, I = I M is the
predicted plateau value above the upper critical rotation rate.
The variations in the current with the rotation rate can be interpreted in terms of
the ratio of the reaction time to the residence time of the reactant. At low rotation rates,
the rate of perfusion is small, and the residence time of the reactant is very long
compared to the time for reaction, which is mass-transfer limited in these experiments.
Indeed the reactant is consumed at the surface of the porous disk much as it would for a
flat disk according to the Levich theory. At high rotation rates, the rate of perfusion is so
much higher than the rate of reaction that the concentration of reactant is constant
throughout the disk. Accordingly, the normalized current should correlate with the ratio
of the effective reaction time kr−1 to the residence time ( V / Q = ν 2k Ω 2 ), or the
dimensionless reaction time Tr∞ = 2k Ω 2 kr ν .
The normalized current versus the dimensionless reaction time is plotted in Figure
2.4a. From correlations (Clague & Phillips 1997) the values of the permeability (k) were
estimated to be 9.9 x 10-6 mm2, 5.5 x 10-6 mm2 and 4.0 x 10-6 mm2 for φ = 78%, 64% and
57%, respectively. The effective reaction rate constant was estimated to be 2.9 s-1. The
average distance between fibers in the carbon electrode was estimated to be a = 15 µm
from the analysis of SEM micrographs. The data for the various conditions collapses
somewhat, but there is still some spread in the data.
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The dimensionless reaction time Tr∞ was constructed using the flow field
predicted assuming a disk of infinite radius. An empirical correction to the dimensionless
reaction time to account for the ratio of the thickness to the radius of the disk and better
−2

2
collapse the data was found to be Tr = Tr∞ 1 + ( h R )  . The empirical correction of



1 + ( h R )2 



−2

is unity for vanishing h/R and the exponents were chosen to give the best

fit to the data. The resulting plot of the data is presented in Figure 2.4b. Rewardingly, all
measured currents above the first critical rotation rate, obtained for multiple thicknesses,
porosities and radii collapsed onto a single, universal curve. The magnitude of the
normalized current was about unity as was the value of the modified dimensionless
reaction time at IR =0.5, supporting the model. Below the first critical rotation rate, the
data did not collapse on a universal curve, but instead followed classical Levich-like
behavior, because the currents were set by reactant diffusion to the surface of the disk,
not within the disk.
A model predicting the current as a function of the rotation rate, in terms of the
dimensionless reaction time, can be constructed by considering the PRDE to be a plugflow reactor. Assuming that the flow is only normal to the top face of the disk and that
the concentration of reactant varies only axially, according to the equations for a plugflow reactor
dC
kC
=− r ,
dV
Q

(2.3)

where C is the concentration of reactant within the disk and V is the volume of the disk.
Then the concentration is given by
16

C = C0 e − k r V Q .

(2.4)

The total current I is determined by integrating the rate of reaction over the volume of the
porous disk, namely
V

I = ∫ kr nFc(V )dV ,

(2.5)

0

which can be solved using equation (2.4) to yield in dimensionless form,

(

)

I
−1 T ∞
= Tr∞ 1 − e r .
IM

(2.6)

This theoretical prediction is plotted in Figure 2.4a; it is also plotted in Figure
2.4b using Tr rather than Tr∞ . This can be interpreted as replacing the flow rate Q by
−2

2
Q 1 + ( h R )  . That is, the flow rate is corrected to account for the finite radius of the



disk. In fact the flow field and resulting concentration field are probably more
complicated than that assumed by the plug flow reactor model. The prediction from the
plug flow reactor model captures the qualitative behavior very well. The quantitative
agreement is better in Figure 2.4b, but it is only fair. The real concentration distribution
and flow are not one dimensional. Also, at lower rotation rates or dimensionless reaction
times, diffusive transport to the surface of the disk becomes important, which is not
accounted for in this simple model. Nonetheless, the excellent qualitative agreement of
the plug flow reactor model supports the interpretation that the behavior of the current
versus the rotation rate is understood in terms of the relative residence time of the
reactant.
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Figure 2.4. The normalized current I R = I / ( kr C0 nFπ R 2 h ) versus the dimensionless
reaction times: a) Tr∞ = 2k Ω 2 / krν , assuming the flow through a porous disk of infinite

(

)

−2

2
radius and; b) Tr = 2k Ω 2 / krν 1 + ( h / R )  , with a correction to account for the finite


radius of the disk. The columns in the legends on the graphs denote radius, thickness,
void fraction.
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2.5. CONCLUSION

In summary the observed results are consistent with those expected for the nonlinear dependence on rotation of the hydrodynamic flow in the pores of the rotating disks,
which controls the consumption of the reactant in the Faradaic reaction. The complexity
of the flow results from the interaction between the flow in the porous medium and the
bulk fluid. The theory presented provides a tool for analysis of the catalytic activity of
electrode materials and is expected to be the first step to make the PRDE a powerful tool
for the convenient and rapid evaluation of the porous materials.
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Chapter 3. Simulations of Flow and Reaction in Porous Rotating Disk
Electrodes

3.1. INTRODUCTION

In the previous chapter it was observed from experiments that the PRDE shows
behavior unlike that of the RDE. While for the RDE for mass-transfer limited reactions, it
is known that the current is proportional to the square root of the rotation rate
( I ~ Ω1 / 2 ),for the PRDE as the rotation rate is increased the current shows two
successive transitions. This behavior depends on the thickness, radius, and permeability
of the rotating porous disk as well as the rotation rate and reaction rate. It was also found
that this behavior is governed by a ratio of the reaction time to the residence time.
In this chapter, the full equations of the coupled flow and reaction in a PRDE are
solved numerically to gain insight into what is happening with the flow and concentration
field at a microscopic level. Characteristics of the flow in the finite rotating porous disk
are explored and the concentration field is visualized. Effects of diffusion are also
probed. The results confirm observations from experiments and significantly deepen our
understanding of the PRDE system, providing a basis for building simplified analytic
models. Flow field results are compared with work from Joseph (1965), who solved
analytically the flow through an infinite permeable disk steadily rotating in unbounded
fluid assuming constant suction velocity. A summary of Joseph’s results is presented in
Appendix A.
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3.2. SIMULATION MODEL

z

computational domain

fluid

ρ, µ

porous
disk

R

k

h
r

electrode

base

Ω

Figure 3.1. Schematic of porous rotating disk electrode system.

Consider a porous disk of radius R and height h attached to an electrode that is
rotated in an unbounded fluid at an angular velocity Ω . The domain of interest is
illustrated in Figure 3.1, and the apparatus is modeled in the simulation in cylindrical
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coordinates utilizing its axisymmetric geometry. Note that this is possible because while
there are non-zero radial, azimuthal and axial velocity components, there is no azimuthal
or θ dependence assumed in this problem.

3.2.1. Equations for flow problem

Flow of the fluid outside the porous disk can be described by the Navier-Stokes
equations. The dimensional forms of the equations in cylindrical coordinates, excluding
all θ dependence are given by,
1 ∂
(ru r ) + ∂u z = 0 ,
r ∂r
∂z



ρ  u r




2
 ∂ 1 ∂
∂u 
∂u r uθ2
∂P
(ru r ) + ∂ u2r
+ µ  
−
+ u z r  = −
∂z 
∂r
∂r
r
 ∂z
 ∂r  r ∂r

ρ  ur


(3.1)

2
 ∂ 1 ∂
∂u 
∂uθ u r uθ
(ruθ ) + ∂ u2θ
+
+ u z θ  = µ  
∂z 
∂r
r
 ∂z
 ∂r  r ∂r

 1 ∂  ∂u z  ∂ 2 u z
∂u z 
∂P
 ∂u z
+ uz
+ µ 
ρ  ur
=−
r
+
2
∂r
∂z 
∂z

 r ∂r  ∂r  ∂z


 ,



 ,



 ,


(3.2)

(3.3)

(3.4)

where u r is the radial velocity, uθ is the azimuthal velocity, u z is the axial velocity,

P is the pressure, and ρ and µ are the density and the viscosity of the fluid,
respectively.
Flow inside the porous media can be described using continuity and Darcy’s law
with additional centrifugal and Coriolis terms to account for the rotation (Joseph 1965).
Here we denote the radial, azimuthal, and axial velocity of the fluid in the porous media
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with q r , qθ and q z , and pressure with Pp to distinguish from the velocity and
pressure in the outer fluid. The continuity equation for the fluid in the porous medium is
given by,
1 ∂
(rq r ) + ∂q z = 0 ,
∂z
r ∂r

(3.5)


k  ∂Pp

− 2 ρΩqθ − ρΩ 2 r  ,
µ  ∂r


(3.6)

and Darcy’s law is expressed as,

qr = −

qθ = −2

qz = −

k

µ

ρΩq r ,

k ∂Pp
,
µ ∂z

(3.7)

(3.8)

where k is the permeability. The continuity equation and the three velocity components of
Darcy’s law can be combined to yield the single partial differential equation:
1 ∂  ∂Pp
r
r ∂r  ∂r

2
2
 
kΩ   ∂ Pp

2

 + 1 + 4
  2 = 2 ρΩ ,

ν
z
∂
 

 

(3.9)

where ν = µ / ρ is the kinematic viscosity.
For boundary conditions, axial symmetry is prescribed at the central rotating axis,

u r = 0 at r = 0 .

(3.10)

At the interfaces between the porous disk and the outer fluid, continuity of the two
velocities for the component normal to the interface, and no slip for the tangential
velocities are applied. Recall the porous disk is rotating at a rate of Ω . Also since the
porous media is in contact with the outer fluid, the pressure must be continuous. Thus,
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u r = 0, uθ = Ωr , u z = q z , Pp = P at r ∈ [0, R ] , z = h ,

(3.11)

u r = q r , uθ = Ωr , u z = 0 , Pp = P at r = R , z ∈ [0, h] .

(3.12)

There is no penetration of fluid through the surface of the base, which is also rotating at
the same rate as the porous disk, therefore,

u r = 0, uθ = Ωr , u z = 0 at r > R , z = 0 .

(3.13)

At the far radial boundary, a vanishing normal stress is prescribed. This can be written for
the three components of normal stress as,
− P + 2µ

∂u z ∂u r
∂u r
∂ u 
+
= 0, r  θ  = 0,
= 0 as r → ∞ .
∂r
∂r  r 
∂r
∂z

(3.14)

From the top only axial flow is assumed and the pressure is set constant to a value of
zero, without loss of generality. This is justified by noting the similarity of this problem
to the classic von Karman (1921) solution. The flow field caused by the rotation of an
infinite plate in an otherwise stationary fluid is a constant axial velocity far away from
the plate, namely,

u r = 0, uθ = 0 , P = 0 as z → ∞ .

(3.15)

For boundary conditions for flow inside the porous media, again axial symmetry
is prescribed at the central rotating axis,

q r = 0 at r = 0 ,

(3.16)

and the surface of the base is assumed impermeable,

q z = 0 at r ∈ [0, R ] , z = 0 .
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(3.17)

3.2.2. Reactant transport equations

In the ambient fluid there is no reaction, and the reactant transport equation is
given by the convection-diffusion equation,

ur

 1 ∂  ∂c  ∂ 2 c 
∂c
∂c
+ uz
= D f 
 r  + 2  ,
r
r
∂r
∂z
∂
 ∂r  ∂z 


(3.18)

where c is the concentration of the reactant and D f is the diffusion coefficient of the
reactant in the fluid. Inside the porous disk there is an additional term in the species
transport equation to account for the reaction. Assuming the reaction occurring inside the
porous disk is effectively first order in the concentration of reactant, this can be modeled
by,

qr

 1 ∂  ∂c  ∂ 2 c 
∂c
∂c
+ qz
= −k r c + D p 
 r  + 2  ,
∂r
∂z
 r ∂r  ∂r  ∂z 

(3.19)

where k r is the reaction rate coefficient and D p is the diffusion coefficient of the
reactant inside the porous media.
For boundary conditions, we have axial symmetry,
∂c
= 0 at r = 0 ,
∂r

(3.20)

and constant concentration input from the top,

c = c0 as z → ∞ .

(3.21)

The electrode and base surface is impermeable, and this is written for the electrodeporous disk interface and the base-fluid interface as
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∂c
= 0 at z = 0 .
∂z

(3.22)

Any dependence in the r direction of the concentration disappears in the far field.
∂c
= 0 as r → ∞ .
∂r

(3.23)

Since the electrochemical reaction in the porous electrode is effectively first-order, the
generated current I can be calculated from the solution to the reactant concentration by,

I = 2π ∫

h

0

∫

R

0

k r cnF rdrdz ,

(3.24)

where n is the number of electrons in the reaction and F is the Faraday constant.

3.2.3. Dimensionless equations

The equations above were nondimensionalized using von Karman’s classic
scalings and the input concentration of the reactant, i.e., the lengths were
nondimensionalized by (ν / Ω )

1/ 2

, the velocities by (νΩ )

1/ 2

, the pressures by ρνΩ , and

the reactant concentration by c0 . From hereon, we denote the nondimensional properties
without change of notation. The equations of motion in the fluid phase become,
1 ∂
(ru r ) + ∂u z = 0 ,
r ∂r
∂z

ur

(3.25)

2
∂u r uθ2
∂u
∂P ∂  1 ∂
−
+ uz r = −
+ 
(ru r ) + ∂ u2r ,
∂r
∂z
r
∂r ∂r  r ∂r
 ∂z

(3.26)

2
∂uθ u r uθ
∂u
∂ 1 ∂
+
+ uz θ = 
(ruθ ) + ∂ u2θ ,
∂r
∂z
r
∂r  r ∂r
 ∂z

(3.27)

ur
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ur

∂u
∂u z
∂P 1 ∂  ∂u z  ∂ 2 u z
+
+ uz z = −
.
r
+
∂z
∂z r ∂r  ∂r  ∂z 2
∂r

(3.28)

The partial differential equation obtained by combining Darcy’s law with continuity
equation is given by,
1 ∂  ∂Pp
r
r ∂r  ∂r

2
2
 
kΩ   ∂ Pp
 + 1 + 4
= 2.

2

 ν   ∂z
 

(3.29)

The dimensionless boundary conditions for the flow problem are,

u r = 0 at r = 0 ,

(3.30)

1/ 2
1/ 2

Ω 
Ω
u r = 0, uθ = r , u z = q z , Pp = P at r ∈ 0, R   , z = h  ,
 ν  
ν 


(3.31)

Ω
u r = q r , uθ = r , u z = 0 , Pp = P at r = R 
ν 

1/ 2

  Ω 1 / 2 
, z ∈ 0, h   , (3.32)
  ν  

u r = 0, uθ = r , u z = 0 at z = 0 ,
−P+2

∂u z ∂u r
∂u r
∂ u 
+
= 0, r  θ  = 0,
= 0 as r → ∞ ,
∂r
∂r  r 
∂r
∂z

(3.33)
(3.34)

u r = 0, uθ = 0 , P = 0 as z → ∞ .

(3.35)

q r = 0 at r = 0 ,

(3.36)

q z = 0 at z = 0 .

(3.37)

The dimensionless equations for the reaction and convection-diffusion outside and inside
the porous media are given by,

ur

∂c
∂c D f
+ uz
=
∂r
∂z
ν

 1 ∂  ∂c  ∂ 2 c 

 r  + 2  ,
 r ∂r  ∂r  ∂z 
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(3.38)

qr

D p  1 ∂  ∂c  ∂ 2 c 
k
∂c
∂c

.
+ qz
=− r c+
r  +
ν  r ∂r  ∂r  ∂z 2 
∂r
∂z
Ω

(3.39)

The boundary conditions for these equations can be rewritten in nondimensional terms as,
∂c
= 0 at r = 0 ,
∂r

(3.40)

c = 1 as z → ∞ ,

(3.41)

∂c
= 0 at z = 0 ,
∂z

(3.42)

∂c
= 0 as r → ∞ .
∂r

(3.43)

We normalize the current by the maximum current I M , estimated assuming a
completely perfused disk and mass transport limited reaction rate, namely,
I M = π k r c 0 nFR 2 h .

(3.44)

The normalized current can be computed from the solutions to the species transport
equations since it is related to the nondimensional concentration and volume by,
IR =

I
IM

=

1
cdV .
V∫

(3.45)

3.2.4. Numerical Solution

The system of equations was solved using the commercial partial differential
equation solver COMSOL Multiphysics. Because of the way the equations are
nondimensionalized, lengths scale with the rotation rate, requiring different domain sizes
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for each rotation rate. Computational domain size was selected after making sure that the
location of far field boundaries does not affect the results in the region of the porous disk.
This was tested by changing the location of the far field boundary and comparing the
error between the results. For most simulations the computational domain was a square
with sides having a length of at least three times the length of the radius of the porous
disk. Triangular elements were used and global mesh parameters were chosen so that the
maximum element size did not exceed 5% of the computational domain length. Smaller
elements were required at interfaces to resolve boundary layers. While the size of the
viscous boundary layer is on the order of one von Karman length, the size of the diffusion
boundary layer can be estimated to be on the order of one tenth of the von Karman
length. So maximum element size at the two fluid-porous disk interfaces was chosen to
be 0.05 to 0.1, to discern the diffusion boundary layer, and at the base surface to be 0.3 to
0.5, small enough to discern the viscous boundary layer. Results from these mesh
parameters have been compared to finer meshes and the difference in the computed
values of pressure, velocity, and concentration are insignificant. Since the domain size
changes with the rotation rate but mesh size is fixed on some surfaces, overall number of
elements varied from 3,000 to 10,000. The equations for Navier-Stokes and Darcy’s law
and the species transport equations were solved simultaneously using the stationary
nonlinear solver with direct UMFPACK selected as the linear system solver. The
residuals at convergence were set to 10-6.
For postprocessing purposes, the equations for the streamfunctions in cylindrical
coordinates with appropriate boundary conditions, as listed in Appendix B, were added as
part of the total set of equations to be solved.
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Without the porous disk, the model is essentially identical to the classic von
Karman problem. So the numerical solution to the flow problem was tested against von
Karman’s solution. The radial and azimuthal velocities induced by the rotation of an
infinite disk are proportional to the radial distance, while the axial velocity does not vary
with the radial distance. Figure 3.2 shows very good agreement between results from the
simulation model and von Karman’s solution. While Figure 3.2 compares the values of
the velocities and pressure at a specific value of r=20, a typical value of where the porous
disk will be placed, we see this excellent agreement throughout the domain except for a
small region near the far radial boundary.
1
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Figure 3.2. Comparison of results from the numerical solution of the model equations
without a porous disk to the classic von Karman solution at r=20, which is a typical range
of where the porous disk would be located.
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The pressure is the most sensitive of all the variables in the problem, so we
compare the absolute difference between the pressure from von Karman’s solution and
the pressure obtained from our simulation. Figure 3.3 shows the value of this difference
in the whole of the computational domain. For most of the domain the error is negligible,
and only in the far radial corner where the base surface meets the computational
boundary is there a significant error. This is to be expected due to edge effects since the
von Karman solution is based on the assumption of an infinite disk. However this error
does not affect the accuracy of our results because all computations for the flow and
reaction in the porous disk are centered around the rotational axis and not at the radial
edge of the domain.
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Figure 3.3. Absolute error plot of pressure showing the extent of the computational
domain where the solution is valid.

3.3. FLOW FIELD

In this section we present the results for the flow problem from numerically
solving the model equations. Flows were studied with kΩ /ν ranging from 10-5 to 10-2,
k / R 2 ranging from 10-7 to 10-5 and h / R ranging from 0 to 1. Figure 3.4 illustrates the

streamlines and pressure field for increasing kΩ /ν

for k / R 2 = 2.5 × 10 −6 and

h / R = 0.5 . At low kΩ /ν (Figure 3.4a), most of the fluid is deflected around the porous
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disk and only fluid near the center of the rotation axis penetrates the disk. At an
intermediate kΩ /ν (Figure 3.4b), fluid at the upper edge of the disk begins to weakly
penetrate the porous medium. At the highest kΩ /ν (Figure 3.4c), fluid completely
penetrates and permeates the porous disk. The fluid penetration is correlated to the nature
of the pressure field near the radial edge of the porous medium. The region of negative
pressure extends beyond the radial edge at the low rotation rates, where there is little
penetration of the ambient fluid into the disk. This region of negative pressure collapses
inside the porous disk and becomes smaller with increasing kΩ /ν . The existence of the
negative pressure at the radial edge appears to draw fluid away from the porous disk, and
as it diminishes, the fluid penetration into the disk increases. As we shall see in later
discussions, there appear to be three distinct regimes of current generation that
correspond to the three flow behaviors seen here. Also the value of the minimum pressure
is roughly proportionate to kΩ /ν , consistent with Joseph’s (1965) solution for an
infinite rotating porous disk.
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Figure 3.4. Surface plot of pressure field and streamlines for h / R = 0.5 , k / R 2 =
2.5 × 10 −6 and kΩ /ν = (a) 2.09 × 10 −4 (b) 2.62 × 10 −3 (c) 1.05 × 10 −2 . Since
nondimensional lengths depend on rotation rate, domains were scaled for comparison
purposes.
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To understand how finite edge effects might change with the geometry of the
porous disk, we examined the profile of the axial velocity entering the top interface of the
porous disk. Joseph’s calculations were based on the assumption that the axial velocity
entering the disk, called the suction velocity, is constant across the whole surface. Figure
3.5 shows the dimensionless axial velocity at the interface of the porous disk plotted
against the radial length of the disk. The top figure is for the case when h/R=0.25, and the
bottom figure is for h/R=0.75. For each case, three different kΩ /ν values were
explored, roughly corresponding to the three transitional regimes. Joseph’s prediction of
the suction velocity, the straight horizontal dotted lines, is plotted for each case for
comparison. For the smaller h/R case we can see that for most of the disk, excluding
small regions at the outer edge, the axial velocity profile is constant. Even for the highest
kΩ /ν case where some fluctuations start to develop, a large region can still be said to

agree quite well with the infinite disk prediction. However, for the larger h/R case, we
can see some markedly different behavior. For the two smaller kΩ /ν values the profile
still looks pretty much a straight horizontal line over much of the disk but the actual value
starts to deviate significantly from the infinite disk value. And for the highest kΩ /ν
case, the velocity is no longer constant along the interface but shows the largest value at
the center of the disk and decreases towards the edge. Also the value is less than that
predicted by Joseph. From Figure 3.5, we can see how the finiteness of the disk causes
qualitatively different behavior from the infinite case. Joseph’s assumption of constant
suction velocity holds valid for small kΩ /ν values regardless of the geometry, and
holds well for small h/R ratios but for larger h/R cases, as kΩ /ν increases, the axial
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velocity entering the porous disk starts to vary along the radial length of the disk. The
difference is significant and Joseph’s assumption is no longer valid.
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Figure 3.5. Axial velocity at porous media interface for top h/R=0.25, bottom h/R=0.75,
with k / R 2 = 2.475 × 10 −6 for three different kΩ /ν values compared to Joseph’s
prediction for an infinite disk.
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Figure 3.6 provides a closer look at the streamlines entering the rotating porous
disk. Notice at the lowest kΩ /ν the streamlines entering the porous disk originate
within a small cylindrical region of radius rc . As kΩ /ν increases this characteristic
radius also increases dramatically approaching the radius of the disk at the highest
kΩ /ν value. This characteristic radius of the axial flow entering the porous disk can be

estimated using a mass balance. Far away from the disk the axial velocity is that from
von Karman’s (1921) solution and only the flow within a dimensionless radius rc enters
the porous disk of radius R(Ω /ν )

1/ 2

. The axial velocity at the surface of the disk can be

approximated using Joseph’s (1965) solution of an infinite disk. This balance can be
written as,
Ω
r ~ kh 
ν 

3/ 2

2
c
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Ω
R2  .
ν 

(3.46)

rc

rc

rc

Figure 3.6. Refined streamlines for h / R = 0.5 , k / R 2 = 2.5 × 10 −6 and kΩ /ν =
(a) 2.09 × 10 −4 (b) 2.62 × 10 −3 (c) 1.05 × 10 −2 , and the characteristic radius of the region of
ambient fluid that enters the porous disk.

For a more quantitative look into the results for the flow problem, let’s consider
the flow rate through the porous disk. Nondimensionalizing Joseph’s solution (1965), the
flow rate entering a steadily rotating infinite radius porous disk is to the leading order,
Ω
Q J = 2k  
ν 

5/ 2

πR 2 h .

(3.47)

In Figure 3.7 we show our simulation results of the flow rate for various geometries
divided by Joseph’s prediction of the flow rate for an infinite disk versus the
characteristic radius of the ambient fluid region that enters the porous disk. The range of

h/R ratios was from 0.125 to 0.75. At small rc the ratio is high but quickly plateaus to a
lower value as rc increases. The average plateau value is unity indicating a match with
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Joseph’s prediction but shows a wide spread due to the range of geometries. In the
bottom graph the same plot is repeated but with a geometric correction factor (see
Appendix C for the analysis) for the flow rate. The constant α value was chosen to be
0.8 for this plot. Then the variation due to the h/R ratio is mostly eliminated. The flow
rates from simulations are slightly higher than the infinite disk solution with the
geometric correction. The upward curve at low flow rates can be observed more clearly
and this deviation from the infinite disk solution happens regardless of the h/R ratio.
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Figure 3.7. The ratio of the flow rate from simulations over that of an infinite disk
(Joseph 1965) versus the characteristic radius of region of axial flow traversing the
porous disk. Bottom graph includes the geometric correction.
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3.4. CONCENTRATION FIELD

3.4.1. Dimensionless parameters for reaction problem

For the reaction problem there are three additional parameters appearing in the
convection-diffusion equations. But the contribution of the two diffusion coefficient
terms is significant only at low rotation rates as shall be seen.
To explain the behavior of the current in the coupled flow and reaction problem, a
nondimensional reaction time Tr∞ is introduced, defined as

Tr∞ =

2kΩ 2
,
k rν

(3.48)

which is the reaction time normalized by the residence time. This can quickly be verified
by noting that the reaction time scales with 1 / k r and the residence time scales
proportionately with V / Q , where V is the dimensional volume of the porous media
through which there is fluid flow and Q is the dimensional flow rate of the fluid through
the porous media. This ratio, from Joseph (1965) is ν / 2kΩ 2 to the leading order for the
case of an infinite porous disk. We note here that Tr∞ is essentially the inverse of a
Damköhler number. If the equations of the system are nondimensionalized using the
velocity and pressure scalings resulting from Joseph’s solution of the infinite porous
rotating disk it is possible to recover the dimensionless reaction time, or the Damköhler
number directly (Appendix D). To account for finite disks we use the following modified
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dimensionless reaction time with a geometric correction factor (Appendix C) to account
for the size of the disk.
h

Tr = Tr∞ 1 −  .
 R

(3.49)

Note that Tr can be formed by combining the identified independent groups of the
problem.
The range of the dimensionless parameters explored are for Tr from 10-4 to 100,
for k r k / v from 10-6 to 10-4, for k / R 2 from 10-7 to 10-5 and for h / R from 0 to 1. The
key dimensional parameters that these correspond to are the rotation rate, reaction rate,
permeability, and the disk geometry. The ranges are chosen to represent typical values
that would be encountered in experimental setups. There are also the diffusion rates that
only affect the results in the lower Tr region. For the purpose of this study the diffusion
rates were set constant to D f /ν = 2 × 10 −3 in the ambient fluid and D p /ν = 4.4 × 10 −4
in the porous disk, typical of small molecule diffusion in an aqueous environment.
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3.4.2. Solution to coupled flow and reaction problem

The concentration profile in the porous disk for increasing rotation rates is shown
in Figure 3.8. The species concentration inside the porous disk is shown in an r-z cross
section surface plot for increasing Tr . All simulation parameters are the same as in
Figure 3.4, excepting the introduction of the reaction rate. For low Tr (Figure 3.8a),
there is no reactant in the bulk of the porous medium, but exists only in a thin layer near
the surface. At an intermediate Tr (Figure 3.8b), there is a variation of concentration
throughout the disk. Although there is some rounding at the radial edge, the concentration
varies roughly with the height indicating a similarity to a plug flow reactor. At the highest

Tr (Figure 3.8c), the porous disk is fully saturated with reactant. Current generation is
directly related to the concentration and the behavior illustrated in Figure 3.8. Surface
reaction, transition, and whole bulk reaction, correspond to the three regimes.
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Figure 3.8. Reactant concentration inside the porous disk for parameters h / R = 0.5 ,
kk r /ν = 1 × 10 −5 , k / R 2 = 2.5 × 10 −6 , and (a) Tr = 2.81 × 10 −3 (b) Tr = 4.38 × 10 −1 (c)
Tr = 7.01 .
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The model is also able to capture the diffusion boundary layer, which is
significant at lower rotation rates. The diffusion layer explains why the rotating porous
disk shows Levich-like behavior at low rotation rates. Figure 3.9 shows a typical
diffusion layer captured by the simulation model in an r-z cross section plot of the
vicinity of the porous disk. The boundary layer is of uniform thickness at the top surface
of the porous media and is most prominent at the corner where the edge of the porous
disk and surface of the base come into contact. It can be seen that the reactant species in
the porous media is only present very close to the interface with the ambient fluid.

Figure 3.9. Surface plot of species concentration in and around the porous disk for
parameters kk r /ν = 3 × 10 −5 , h / R = 0.5 , k / R 2 = 2.5 × 10 −6 and Tr = 9.36 × 10 −4 . A
diffusion boundary layer can be seen at the surface of the porous media.
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Finally, we show the results of normalized current calculations from the model.
Many parameter combinations were solved for. All results show a similar trend of slow
increase of current generation at low rotation rates then an intermediate region where
there is rapid increase of current generation and a slow saturation of the current at high
rotation rates. But the actual values differ with the permeability, reaction rate, geometry,
and fluid properties. Figure 3.10 shows a plot of how the normalized current varies with
the previously introduced modified dimensionless reaction time Tr for various k r k /ν ,
k / R 2 , and h / R values. Among our results ten sets are shown here along with seven

potassium iodide experimental data sets from Chapter 2. The normalized current ranges
from 0 to 1 and the dimensionless reaction time shows a range of 10-4 to 100. At low Tr
there is slow increase in the normalized current and at about Tr =0.2 there is a transition
into rapid current increase and around Tr =10 the current generation saturates. Regardless
of the values and combinations of the other three groups, all the data collapse onto a
single curve with some scattering at lower values of Tr . This is due to diffusion effects,
which become significant at lower rotation rates due to the weak advection. Comparisons
with experiments show excellent agreement. The value of k r k /ν for the experimental
data sets is estimated to be 3×10-5. The permeability was estimated using the method
from Clague & Phillips (1997). k / R 2 values for the first five experimental data sets are
2.475×10-6 and for the last two sets: 9.9×10-6. It is interesting to note that the transition
region is when the dimensionless reaction time Tr is on the order of one.
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Figure 3.10. Simulation results of normalized current versus the modified dimensionless
reaction time for ten different sets of parameters and seven sets of experiments for
various geometries.

The diffusion effects, that cause the scattering of the data at low Tr∞ , are briefly
explored in Figure 3.11. It shows the normalized current versus Tr∞ . First there are three
sets with differing parameters but without diffusion. All three sets lie on a very tight
curve regardless of the parameter values. The next two sets have the same parameters as
the third set but with the diffusion terms, which increase in value. We can see that at low

Tr∞ the current values are significantly different depending on the value of the diffusion
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coefficient, but at higher Tr∞ all the data collapse regardless of the amount of diffusion.
The cutoff point, where diffusion effects start to take over, being somewhere between

Tr∞ value of 0.1 to 1. Thus as claimed previously, the diffusion effects can be ignored at
the second and third transitional regimes. Without the diffusion terms all normalized
current data fall onto a single curve without scattering even at low Tr∞ .
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Figure 3.11. Normalized current versus dimensionless reaction time for three sets without
diffusion and two sets with increasing diffusion coefficient values.
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3.5. CONCLUSIONS

A simulation model coupling the flow and reaction was used to study the finite
porous rotating disk electrode (PRDE) system for a large range of the governing
parameters. The flow model was compared and tested against von Karman’s solution and
Joseph’s prediction. We examined the flow field in the porous disk through streamline
and pressure plots and also calculated the flow rates through disks of various geometries.
We identified what effects the finite size of the porous disk has compared to the analytic
solution of the infinite case. From the coupled problem it was found that a dimensionless
reaction time corrected for geometry effects can sufficiently characterize the system.
Observation of the concentration field in the porous rotating disk can be utilized
in developing simple analytical models of the PRDE. A preliminary study on diffusion
effects observed at low rotation rates has been presented. What happens in this regime
where diffusion effects become significant is dealt with in Chapter 4.
In conclusion, the numerical model has provided many insights into the workings
of the PRDE: how to explain its behavior and characterize the system. Important
dimensionless groups could be identified. Results from the model show excellent
agreement with experimental data and many of the findings can become part of the
foundation of understanding necessary for the PRDE to become potentially an even more
useful tool than the rotating disk electrode.
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Chapter 4: Analytic Models of the Infinite Porous Rotating Disk
Electrode

4.1. INTRODUCTION

The strength of the rotating disk electrode (RDE) technique lies in the firm
understanding of the flow field solved by von Karman (von Karman 1921, Batchelor
1967) and its application to characterize the mass transfer, resulting in the analytic Levich
and Koutetskii-Levich equations (Bard & Faulkner 2001, Koutetskii & Levich 1957) that
relate the current to the rotation rate as a function of various chemical and physical
parameters. The purpose of this chapter is to build on what has been uncovered through
experimental observations and simulations and derive similarly useful equations for the
porous rotating disk electrode (PRDE).
Here analytic models that are able to describe the complex behavior of the PRDE
are developed in two separate regimes. First for the advection dominated regime, which
will correspond to the two transitions above the lower critical rotation rate, and second
for when the rotation rate is low and diffusion becomes comparable to advection. To find
the concentration field of the reactant in the advection dominated regime, fluid elements
in the porous disk are assumed to act like batch reactors and are traced along the
streamlines utilizing the known flow field solution in an infinite porous rotating disk
(Joseph 1965). When diffusion becomes significant, a boundary layer theory is used to
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find a regular perturbation solution to the concentration variation in the diffusion layer
both in the ambient fluid and the fluid in the porous media.

4.2. ADVECTION DOMINATED REGIME

z

ν
porous
disk

fluid

c

k

ĉ

h
r

R

Ω

Figure 4.1. Schematic of a porous rotating disk electrode. The box denotes a fluid
element containing the reactant that traverses the porous disk with the flow.

Consider a fluid element entering the top of the rotating porous disk as can be
seen in Figure 4.1. We can track the fluid element as it travels through the disk along a
streamline of the flow. Using Joseph’s analytic solution for the velocity field in a porous
disk of infinite radius, the path of streamlines is given by,

dz
kΩ 2
= q z = −2
z,
dt
ν
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(4.1)

in dimensional terms, where z is the axial coordinate, t is time, q z is the axial velocity
of the fluid in the porous disk, k is the permeability, Ω is the rotation rate, and ν is the
kinematic viscosity. This equation is easily integrated, and from it the time of travel t(z)
for a fluid element entering at the top of the disk and exiting at the side at a height z is
given by,
t( z) = −

ν

z
ln  ,
2kΩ
h
2

(4.2)

where h is the thickness of the porous disk. Now, consider a reactant that is consumed
due to a first-order electrochemical reaction in the PRDE. Assuming the fluid element
does not mix with other elements in the PRDE, it can be considered a batch reactor.
The concentration of the reactant along a streamline is then given by,
cˆ( z ) = c ∞ e − k r t ( z ) ,

(4.3)

where c∞ is the bulk concentration of the reactant far from the disk (and assumed to be
the value at the top of the disk) and k r is the first-order reaction rate constant.
Combining (4.2) and (4.3) gives the following expression for the concentration:
1

 z  Tr∞
cˆ( z ) = c∞   .
h

(4.4)

Here, Tr∞ is the ratio of the reaction time to the residence time given by,
Tr∞ =

2kΩ 2
.
k rν

(4.5)

From a material balance, the current generated by the electrochemical reaction can be
calculated from the expression,
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h

I = 2πR ∫ nFq r ( z ) (c∞ − cˆ( z ))dz ,

(4.6)

0

where R is the radius of the disk, n is the number of electrons in the reaction, and F is
Faraday’s constant, and q r is the radial velocity of the fluid in the porous disk. We
normalize the current by the maximum current I M , estimated assuming a completely
perfused disk and mass transport limited reaction rate, namely,
I M = π k r c∞ nFR 2 h .

(4.7)

Using equation (4.4) and Joseph’s solution for the radial velocity (see Appendix A) to
evaluate the integral in (4.6) and normalizing the result with I M we arrive at,
IR =

Tr∞
.
1 + Tr∞

(4.8)

Thus we are able to express the normalized current in terms of the dimensionless
reaction time. Figure 4.2 plots this simple analytic model with ten different sets of
simulations (Chapter 3) and seven sets of experiments (Chapter 2) for h/R ratios ranging
from 0.0625 to 0.25. Since Joseph’s solution is for an infinite radius disk with finite
height we can expect it to be more relevant to cases where the ratio of the height to radius
is small. The prediction of the analytic model agrees very well with results from both
simulations and experiments when h/R is small, except at the lowest Tr∞ values before
the first transition where diffusive transport of the reactant is comparable to advective
transport. Also included in Figure 4.2 are the results from three simulations where the h/R
ratios are 0.5 or higher to illustrate the limits of the theory. As expected, we start to see
significant deviation from the model for cases where h/R is not small since the
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assumption of an infinite disk is no longer valid. However the general trend is the same,
the data seems to have undergone only a rightward shift. This has been observed
previously and can be taken into account by introducing a geometric correction
(Appendix C) after which the data can be plotted onto a universal curve regardless of the
height to radius ratio of the porous disk.
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Figure 4.2. Comparison of the analytic model with simulation results for ten different sets
of parameters and seven experiment sets shown in black. Three additional simulations for
higher h/R in open symbols show deviation from the model. The legend of the graph is
defined as follows: ( k r k /ν (10 −6 ), k / R 2 (10 −6 ), h / R )
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4.3. BOUNDARY LAYER MODEL

When the rotation rate is large, the transport of fluid to and through the disk is
dominated by the flow. When the rotation rate is small, however, diffusion becomes
significant and in some cases the dominant form of mass transport. In this case a
boundary layer will form near the top surface of the PRDE. This is illustrated by the
simulated concentration field in the bottom graph of Figure 4.3 for a slowly rotating
porous disk. The dark area within most of the disk shows zero concentration of reactant
while the gray in the ambient fluid denotes a concentration value of 1. The light area at
the interface is where the concentration changes abruptly. The boundary layer is similar
to that of the classic RDE, though it now also extends into the porous disk as well as
sitting on top of it.
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Figure 4.3. Comparison of the concentration profile of the reactant in the vicinity of the
interface of porous disk and ambient fluid for a typical simulation and corresponding
boundary layer solution when diffusion is comparable to advective flow. Also the
concentration plot from the simulation where the diffusion layer is visible. The
parameters used were as follows: ( Tr∞ = 7.018 × 10 −3 , k r k /ν = 8 × 10 −6 , k / R 2 = 2 × 10 −6 ,
h / R = 0.125, D f /ν = 2 × 10 −3 , D p /ν = 4.4 × 10 −4 )

For most parameter values the boundary layer is sufficiently thin, as can be seen
in Figure 4.3, that it can be modeled as an infinite disk and equations can be solved for an
infinite domain in the axial direction. Under these assumptions we eliminate all radial
dependence in the problem. From von Karman’s solution of the flow field caused by an
infinite rotating disk we know that near the surface of the disk the dimensionless axial
velocity can be approximated to be,
u z = −0.51z 2 .
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(4.9)

Since we are considering a porous disk, an additional suction velocity (Joseph 1965) is
superposed onto this velocity field so that the axial velocity in the ambient fluid near the
surface of the PRDE is given by
Ω
u z = −0.51z − 2kh 
ν 

3/ 2

2

.

(4.10)

The superposed suction velocity is approximate but is at most 2% off from the exact
value (Stuart 1954). Inside the porous disk, the axial velocity is given by,
Ω
q z = −2 k  
ν 

3/ 2

( z + h) .

(4.11)

Substituting these expressions for the velocities of the fluid and in the porous media
yields the following simplified dimensionless equations for the reactant transport problem
near the interface for the ambient fluid and fluid in the porous disk, respectively:

(− αz

2

−β
ˆ
dz

D
) dc
=
dz
ν

(− γz − β ) dc =
where α = 0.51 , β = 2kh(Ω /ν )

3/ 2

f

d 2c
,
dz 2

D p d 2 cˆ k r
− cˆ ,
ν dz 2 Ω

(4.12)

(4.13)

, γ = 2kΩ /ν , and D f and D p are, respectively,

the diffusion coefficients in the fluid phase and in the porous media. The governing
equations were nondimensionalized using von Karman’s classic scalings and the bulk
concentration of the reactant far from the disk, i.e., the lengths were nondimensionalized
by (ν / Ω )

1/ 2

, the velocities by (ν Ω )

1/ 2

, the pressures by ρν Ω , and the reactant

concentration by c∞ , where ρ is the density.
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The boundary conditions for these coupled, linear ordinary differential equations
are given by the concentration of reactant in the bulk fluid far from the interface,
continuity of concentration and flux at the interface, and a vanishing concentration deep
inside the porous disk since the reactant is completely consumed in the boundary layer.
These are expressed quantitatively in the following form:
c = 1 as z → ∞ ,

(4.14)

c = cˆ at z = 0 ,

(4.15)

D f dc D p dcˆ
=
at z = 0 ,
ν dz ν dz

(4.16)

cˆ = 0 as z → −∞ .

(4.17)

Note the flux condition at the interface reduces to a balance of only diffusive fluxes since
the concentrations and velocities are equal at the interface between the ambient fluid and
fluid in the porous medium.
There is no useful exact analytic solution form for these equations. So here we
present solutions in terms of an asymptotic expansion about essentially the classic Levich
solution. This form will naturally show the relationship between the PRDE and RDE in
the limit of low rotation rates.
To begin the asymptotic expansion, we rescale the lengths in the boundary layer
equations (4.12-4.13) by balancing the convection and diffusion in the fluid phase, which
gives the scaling factor
 3D f
λ = 
 αν
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1/ 3

.

(4.18)

Using this scaling factor our new axial variable is y = z / λ , and the boundary layer
equations become,
2

(

dc d c
=
,
) dy
dy

(4.19)

− (Gy + B )

dcˆ
d 2 cˆ
= D 2 − Kcˆ ,
dy
dy

(4.20)

− 3y 2 + B

(

where B = 3β / αλ2 = 2 k h 9 Ω 9 /ν 5α 2 D 4f

)

1/ 6

(

2

(

, G = 3γ / αλ = 2 k Ω 9 / α 2ν 2 D f

D p / D f , and K = 3k r / αλΩ = (k r / Ω ) 9ν / α 2 D f

)

1/ 3

)

1/ 3

, D=

. The boundary conditions are then,

c = 1 as y → ∞ ,

(4.21)

c = cˆ at y = 0 ,

(4.22)

dc
dcˆ
=D
at y = 0 ,
dy
dy

(4.23)

cˆ = 0 as y → −∞ .

(4.24)

Typical physical parameters for the PRDE are k ~ O(10 −5 ) mm2, k r ~ O(1) s-1,

ν ~ O(10 −2 ) mm2s-1, D f ~ O(10 −3 ) mm2s-1, D p ~ O(10 −4 ) mm2s-1, and h ~ O(10 −1 ) mm.
At the low rotation rates we are considering here ( Ω ≤ 10 3 rpm), typical values of G / B
are in the range of 10-2 to 10-1. Typical values of B are in the range of 10-2 to 1. Thus the
equations can be simplified by neglecting the Gy term in convection in the porous
medium. Then B becomes the small parameter around which we can construct a regular
perturbation expansion of the form,
c = c0 + Bc1 + L ,
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(4.25)

cˆ = cˆ0 + Bcˆ1 + L .

(4.26)

The zeroth-order problem is then given by,
dc0 d 2c0
− 3y
=
,
dy
dy 2

(4.27)

d 2 cˆ0
D
= K cˆ0 ,
dy 2

(4.28)

c0 = 1 as y → ∞ ,

(4.29)

c0 = cˆ0 at y = 0 ,

(4.30)

dcˆ
dc 0
= D 0 at y = 0 ,
dy
dy

(4.31)

cˆ0 = 0 as y → −∞ .

(4.32)

2

with the boundary conditions,

There are two definite integrals recurring in the solutions. For simplicity we will denote
them with the following constants,
b1 = ∫ exp (− y 3 ) =
∞

0

∞

2π 3
= 0.8930 ,
9Γ(2 / 3)

(

)

b2 = ∫ y exp − y 3 dy = 0.4514 .
0

(4.33)

(4.34)

The solution to the zeroth-order problem can be obtained analytically,
∞

(

)

c0 = 1 − A∫ exp − y 3 dy ,
y

[

]

1/ 2
cˆ0 = Aˆ exp (K / D ) y ,

where the constants evaluated from the boundary conditions are found to be,
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(4.35)
(4.36)

A = (KD )

1/ 2

Aˆ =

Aˆ ,

(4.37)

1

(KD )

1/ 2

b1 + 1

.

(4.38)

The O(B) equations are given by,
dc
dc
d 2 c1
+ 3y 2 1 = − 0 ,
2
dy
dy
dy

(4.39)

dcˆ
d 2 cˆ1
− K cˆ1 = − 0 ,
2
dy
dy

(4.40)

c1 = 0 as y → ∞ ,

(4.41)

c1 = cˆ1 at y = 0 ,

(4.42)

dcˆ
dc1
= D 1 at y = 0 ,
dy
dy

(4.43)

cˆ1 = 0 as y → −∞ .

(4.44)

D
with the boundary conditions,

Again the ordinary differential equations of the O(B) problem can be solved analytically
and we obtain the solution,
∞

(

)

(

y

)

c1 = a1 − a 2 ∫ exp − y 3 dy − A∫ y exp − y 3 dy ,

(4.45)

Aˆ
1/ 2
y exp (K / D ) y .
2D

(4.46)

y

[

]

1/ 2
cˆ1 = a3 exp (K / D ) y −

0

[

]

The constants are evaluated from the boundary conditions and are found to be of the
following forms,
a1 = Ab2 ,
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(4.47)

1

a 2 = Aˆ 2  KD b2 −  ,
2


1 − Aˆ
a 3 = Aˆ  Ab2 +
1/ 2
2(KD )


(4.48)

.



(4.49)

Combining the zeroth-order and O(B) solution, the concentration in the ambient fluid and
in the porous medium to O(B) is, respectively,
1 + (KD )

1/ 2

c=

∫

1/ 2

cˆ =

y

0

e ( K / D)

∞
3
3
3
1/ 2 ∞
e − y dy + B (KD ) ∫ ye − y dy − (KDb2 − 1 / 2)∫ e − y dy 


y
y
, (4.50)
1/ 2
1 + (KD ) b1

y

[1 + B((KD )

1/ 2

b2 + (KD )

1/ 2

(1 / 2 − y / 2 D )b1 − y / 2D )] .

1 + (KD ) b1
1/ 2

(4.51)

The top graph of Figure 4.3 plots this regular perturbation solution and compares it with
the concentration profile from a simulation. It can be seen that both show the sharp
change in concentration at the interface of the porous disk and ambient fluid within a
boundary layer of thickness δ and the two match each other closely.
Now recall that the current can be calculated from the concentration field by,
I = ∫ k r cˆnF dV ,

(4.52)

V

where n is the number of electrons in the reaction, F is the Faraday constant and V is the
volume of the disk. After dividing by the maximum current, I M = πk r c∞ nFR 2 h , we find
that the normalized current can be calculated directly from our solution in terms of the
scaled variables by,
IR =

I
IM

ν 
= 
Ω
62

1/ 2

λ

0

h ∫−∞

cˆ dy .

(4.53)

Substituting our perturbation solution for the concentration in the porous disk we find
that the normalized current is of the form,
 Dp
I R = 
 kr





1/ 2


Aˆ 
1
1 + B1 +
1/ 2
h 
 2(KD )


 .



(4.54)

Figure 4.4 plots the normalized current obtained from simulations (Chapter 3) and
measured experimentally (Chapter 2) for low rotation rates versus the right hand side of
equation (4.54), which is the normalized current predicted from the boundary layer
solution. Hence the solid line for the boundary layer solution simply corresponds to y = x.
To be able to see the data points at low current, this is shown in a semi-log plot. Eleven
sets of simulations and three sets of experiments of various parameters are plotted along
with the boundary layer solution. There are variations of at least two orders of magnitude
in both k r k /ν and k / R 2 . The height to thickness ratio of the disks range from 0.0625
to 0.75. Despite the infinite disk assumption used we find excellent agreement regardless
of the actual geometry of the disk. This is because here we are solving for the
concentration variation in the diffusion dominated regime and the diffusion boundary
layer itself is sufficiently thin compared to the geometry of the disk so that it is safe to
model the layer as an infinite disk.
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Figure 4.4. Comparison of the normalized current derived from the boundary layer theory
with eleven sets of simulations and three sets of experiments shown in gray. The legend
of the graph is as follows: ( k r k /ν 10 −6 , k / R 2 10 −6 , h / R , D f /ν 10 −3 ,

(
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(

)

(

)

(

)

D p /ν 10 −3 )

The perturbation solution using B as the small parameter is valid as long as we are
operating in the diffusion dominated regime as is shown in Figure 4.5. This figure plots
the percent error of the perturbation solution as compared to that of the full numerical
simulations, defined by the difference between the two currents divided by the current
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from the simulations, versus the small parameter B for three different sets of parameters.
It also plots the ratio of G over B against B for the same three sets of parameters. The
percent error is higher when B is very small but decreases with larger B then starts to
grow again abruptly as B becomes greater than 1. As stated previously, typical values of
B range from 10-2 to 1 in the domain of our interest. So it is expected that the error would
increase dramatically when B is greater than 1 where advection becomes dominant and
our assumptions are no longer valid. The percent error being higher at low B can be
attributed to the Gy term we neglected in the solution with the assumption that it is a
small number compared to B. As we can see in the figure the ratio G/B is higher when B
is smaller thus increasing the error. Here we do note that this seemingly high error at low
B is actually quite small in absolute value due to the fact that the current is tiny. The
absolute difference between the currents is less than 0.5 % of the maximum current.
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Figure 4.5. Percent error of the normalized current from the perturbation solution
compared to the full numerical solution versus the perturbation parameter B for three
different sets of parameters. Also the ratio of G over B versus B for the same parameter
sets in open symbols. The legend is as follows: ( k r k /ν 10 −6 , k / R 2 10 −6 , h / R ,
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Consider the expression for the generated current when the rotation rate
approaches zero. Since K is inversely proportional to the rotation rate, K will become a
large number. In this limit Â becomes,
Aˆ =

1

(KD )1 / 2 b1

Thus the normalized current becomes,
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.

(4.55)

 Dp
I R = 
 kr





1/ 2

(1 + B ) .
1/ 2
h (KD ) b1

(4.56)

The corresponding dimensional current can be found by multiplying with the maximum
current, yielding,
I=

α 1/ 3
9

1/ 6

b1

nFAD 2f / 3ν −1 / 6 Ω1 / 2 c∞ (1 + B) ,

(4.57)

where A is the geometric area of the top surface of the disk. The constant in the above
equation is evaluated to be 0.6204. Hence the current up to zeroth-order is,
I = 0.62nFAD 2f / 3ν −1 / 6 Ω1 / 2 c∞ .

(4.58)

Recognize that this is precisely the Levich equation, which is the expression for the
current on a flat rotating disk electrode for a mass transfer limited reaction. The fact that
the zeroth-order perturbation solution of the current recovers the Levich solution supports
previous studies that in the diffusion dominated regime there is little perfusion of the
fluid so the reaction occurs predominantly on the surface.

4.4. COMBINED ANALYTIC MODELS

The analytic model of the advection dominated regime is applicable to the rapid
increase of current after the first transition and the appearance of a plateau after the
second transition. But even before the first critical reaction time where considerable
scatter of data occurs due to diffusion effects the analytic model seems to provide the
lower bound. The boundary layer model applies to this region where diffusion dominates
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the flow. Figure 4.6 plots the normalized current against the dimensionless reaction time
for both models along with simulation and experimental data for two sets of parameters
each. At low reaction times the experiments, boundary layer model and the simulation
results with identical parameters match each other. It has been seen that for the thinnest
disks (h/R < 0.1) the experiments start to show slightly higher normalized current,
increasingly so as the disk gets thinner. The analytic model from the advection dominated
regime closely follows the universal curve created by both sets of parameters. Combined,
the two models derived here give us an accurate picture of the overall behavior of a
PRDE for the full range of operating speeds, especially when the height to radius ratio of
the disk is less than 0.25 so that the infinite disk assumption is valid.
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Figure 4.6. Normalized current versus the dimensionless reaction time for the analytic
model and two sets each of the boundary layer solution, simulations, and experiments for
the above parameters.
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4.4.1. Dominant Mode Transition Point

The transition point between the advection dominant and the diffusion dominant
regimes is best indicated by a generalized Péclet number defined as the ratio of the
advective flux to the diffusive flux in the porous media.
Q / R2
,
D p / lc

Pe* =

(4.59)

where Q is the advective flow rate including geometric correction (see equation (C 20)),
Q~

kΩ 2 R 2 h 
h
1 −  ,
ν
 R

(4.60)

and l c is the characteristic length of the diffusion boundary layer. From the boundary
layer model solution it is known that the concentration of the reactant in the porous disk
is to the leading order an exponential function (4.51), its argument revealing the
dimensionless length scale of the system. To find the characteristic length the scaling by

λ (4.18) and the von Karman length must also be taken into account.
lc ~

λ

(K / D )1 / 2

ν 
 
Ω

1/ 2

.

(4.61)

Combining these two scalings to find the generalized Péclet number yields,
Pe* =

kΩ 2 h

(D k )

h

1 −  .
ν  R

1/ 2

p

r

(4.62)

Recall from Figure 3.11, when advection dominates having the diffusion term made no
difference but in the diffusion dominant regime including diffusion terms resulted in
significantly higher currents compared to when only the advection terms are used. This
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characteristic is utilized to pinpoint as accurately as possible the point of transition by
running simulations with and without the diffusion terms and comparing the two. In
Figure 4.7 the ratio of the normalized current with diffusion over the normalized current
when there is no diffusion is plotted against the generalized Péclet number. Simulations
were run for eight different parameter sets concentrating on the region near the transition
point. As expected, when the Péclet number is small the ratio is greater, but around
Pe*=3 the ratio of the normalized currents plateaus to unity regardless of the various
parameters of the different cases.
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Figure 4.7. Ratio of normalized current with diffusion over the normalized current
obtained with advection only against the generalized Péclet number of the PRDE system
from simulations with various parameters. The legend is: ( k r k /ν (10 −6 ) , k / R 2 (10 −6 ) ,
h / R , D f /ν (10 −3 ) , D p /ν (10 −3 ) ).
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4.5. CONCLUSIONS

Analytic models were developed for the advection dominated and diffusion
dominated regimes of the porous rotating disk electrode utilizing known flow field
solutions for an infinite porous rotating disk. The analytic model for the advection
dominated regime yielded a simple algebraic expression for the current that showed
excellent agreement with both previous experiments and simulation results when the
height to radius ratio of the disk was less than 0.25. It is applicable to higher reaction
times but also provides a lower bound for the current at low reaction times. The analytic
model for the diffusion dominated regime provided an expression for the generated
current that shows excellent agreement with simulations and experiments at low reaction
times regardless of the geometry of the disk. The zeroth-order perturbation solution
recovers Levich equation suggesting reaction occurs predominantly on the surface at low
rotation rates. The transition point between the two dominant mass transfer modes is
identified as a generalized Péclet number. Combination of the two models provides an
accurate picture of the behavior of the porous rotating disk electrode for the full range of
its operation.
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Chapter 5. Validation of Porous Rotating Disk Electrode Models
through Experiments with Ferrocenemethanol

5.1. INTRODUCTION

In this chapter experiments were performed on the porous rotating disk electrode
(PRDE) system with a different reactant to verify and complement numerical and
theoretical work reported earlier. Experimental data presented in Chapter 2 are from the
electrooxidation of potassium iodide to iodine on conductive carbon fiber porous disks at
1 mM concentration and an overpotential of 0.3 V to ensure mass transfer limited
reaction. Here we conduct experiments with a different reactant to show that indeed the
models are applicable to general reaction systems. A larger reactant, ferrocenemethanol
(C11H12FeO), is studied using the PRDE system while varying the thickness and radius of
the carbon cloths and the rotation rate.
Macromolecular materials with transition-metal atoms are attracting increasing
attention because of their potentially interesting electrical, redox and optical properties.
Among the organotransition-metal complexes, ferrocene has been shown to have
excellent thermal and photochemical stability, and to undergo a facile and reversible oneelectron oxidation to ferrocenium cation. The reaction leads to a marked change in
electrical and spectroscopic properties and may be effected chemically, electrochemically
or photochemically (Shu & Shen 1997). With potential applications in chemical
modification of electrodes, construction of amperometric biosensors (Hale et al. 1989),
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and in the area of non-linear optical materials (Wright & Sigman 1992, Togni & Rihs
1993) ferrocenyl molecules has been studied quite extensively making available many
benchmarks on which we can verify and interpret experimental results obtained with the
PRDE.

5.2. EXPERIMENTAL PROCEDURE

Porous disks, formed of fixed diameter conductive carbon fibers, were mounted
on a rotating disk electrode (RDE). The porous disks had a radius of 1.5 mm or 2.5 mm,
and their thicknesses (h) ranged from 0.09 to 0.70 mm. The top and sides of the porous
disks were exposed to solution.
The carbon paper porous rotating disk electrodes were made by the following
procedure. The 1.5 mm radius vitreous carbon electrodes mounted in Teflon sleeves
that served as substrates to which the carbon cloth was bound, were polished with 0.05
µm Al2O3 powder (Buehler, Lake Bluff, IL) rinsed and sonicated for 5 minutes in
ultrapure water. The polishing step was repeated until no voltammetric features beyond
water oxidation were observed in a 50 mV/s scan in pH 8 phosphate buffer in the 0.2 to 1
V range. The electrode was then dried in an air stream. The carbon paper (nominal 78%
void fraction, composed of 10 µm diameter fibers) was purchased from E-TEK
(Somerset, NJ) with thicknesses of 0.09, 0.17, 0.26 and 0.35 mm. In the second step the
carbon cloths were cut into appropriate diameter disks (3 or 5 mm). These were cemented
to the desired thicknesses using conductive carbon paint (SPI, West Chester, PA) to the
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surface of the vitreous carbon electrodes and allowed to dry for 48 hours. The rod-bound
cloths were then made hydrophilic by exposure to one torr O2 plasma for 5 minutes. The
power input to the RF coil of the plasma cleaner (PDC-001, Harrick Plasma, Ithaca, NY)
was 7.2 W. The plasma treated electrode was either used immediately or stored in
deionized water when kept for later use to prevent gradual change in the surface treated.
Ferrocenemethanol (Aldrich, St Louis, MO) of 0.2 mM concentration in 0.1 M pH
8 phosphate buffer was electrooxidized on the porous rotating disk electrode (PRDE).
At this low concentration, the ferrocenemethanol was oxidized at a mass transport limited
rate, independent of the applied potential for over-potentials exceeding about 0.4 V.
The redox reaction is

Ferrocenemethanol ↔ Ferrocenium methanol + e- .
The potential scan rate was 10 mV/s and the rotation rate was varied from 50 to 9000
rpm.
Figure 5.1 shows the setup of the system. The carbon paper PRDE is mounted in a
rotator (Pine Instruments, Raleigh, NC) with speed modulation. The PRDE serves as the
working electrode and is connected to a potentiostat (CH Instruments, Austin, TX) along
with a platinum wire counter electrode and Ag/AgCl reference electrode (BASi, West
Lafayette, IN). All experiments were carried out at an ambient temperature of 24 ºC.
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Figure 5.1. Diagram of experimental setup.

5.3. RESULTS

A stationary glassy carbon electrode was used for cyclic voltammetry of the
ferrocenemethanol solution each time it was freshly prepared to make sure of the
consistency of the electrolyte solution. Figure 5.2 shows the resulting cyclic
voltammogram. The potential sweep was from -0.1 to 0.6 V and back to -0.1 V with a
scan rate of 0.1 V/s. As the potential is increased, initially there is no reaction but as the
redox potential is approached there is a sharp increase in the magnitude of the current as
the ferrocenemethanol is oxidized. This produces an anodic peak (negative current in
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Figure 5.2) when the potential is sufficiently positive, such that any ferrocenemethanol
reaching the electrode surface is oxidized quickly. This eventually causes a depletion of
ferrocenemethanol near the electrode and the current reaches a plateau. When the scan is
reversed a cathodic peak is produced when the net reduction of ferrocenium methanol to
ferrocenemethanol is at its highest. The peak potential separation (0.54~0.61 mV when
scan rate is 0.1~0.01 V/s) and the peak current ratio (1~1.1) indicates that the
ferrocenemethanol indeed undergoes a one-electron reversible reaction (Bard & Faulkner
2001). This result looks very similar to that observed by Bourdillon et al. (1995) under
the same conditions.
4
3
2
1

I 0
(µA) -1
-2
-3
-4
-5
0.6

0.5

0.4

0.3

0.2

0.1

0

-0.1

E (V)

Figure 5.2. Cyclic voltammogram of ferrocenemethanol. Scan rate is 0.1 V/s.
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A typical rotating disk voltammetry experiment was carried out prior to PRDE
experiments. The bare RDE was rotated at different rates ranging from 50 to 9000 rpm
while undergoing a cyclic potential sweep. The scan rate was 10 mV/s. As can be seen in
Figure 5.3, the current versus potential plot yields the classic sigmoidal curve with
current increasing with increased rotation rate. Unlike cyclic voltammetry the convective
flow caused by the rotating disk effectively replaces ferrocenemethanol at the electrode
so no decrease in current is observed. The current plateaus by 0.4 V. This plateau value is
the mass transfer limited Levich current.
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Figure 5.3. Current versus potential of ferrocenemethanol rotating disk electrode (RDE)
experiments for full range of possible rotation rates.
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The Levich current is plotted against the square root of the rotation rate in Figure
5.4. It yields a straight line just as would be expected from Levich theory. Recall the
Levich current is given by (Koutetskii & Levich 1957, Bard & Faulkner 2001)
I = 0.62nFAD 2f / 3ν −1 / 6 Ω1 / 2 c∞ ,

(5.1)

where n is the number of electrons, F is Faraday’s constant (96,485.34 C/mol), A is the
area of the electrode surface, D f is the diffusion coefficient of the reactant in the fluid,

ν is the kinematic viscosity (estimated as 0.91 mm2/s for water at 24 ºC), Ω is the
rotation rate, and c∞ the bulk concentration of the reactant. From the slope of the plot
and known values of other parameters of the system the diffusion coefficient of
ferrocenemethanol can be found to be 6.66×10-4 mm2/s, which is very close to the
literature value of 6.7×10-4 mm2/s for ferrocenemethanol in water (Ohsawa & Aoyagni
1978).
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Figure 5.4. Levich current versus the square root of the rotation rate from
ferrocenemethanol RDE voltammograms.

With the confidence of successfully benchmarking our system to previously
documented results of cyclic voltammetry and rotated disk voltammetry of
ferrocenemethanol, PRDE experiments were carried out by attaching carbon fiber disks
to the RDE apparatus.
Figure 5.5 shows typical voltammograms obtained from the PRDE experiments of
ferrocenemethanol. While this particular set of voltammograms was created with disks of
0.26 mm thickness and 2.5 mm radius, all the geometries studied showed qualitatively
similar features. At the lowest rotations the voltammogram resembled that of the cyclic
voltammograms from stationary electrodes but the peak features were sharper. Also the
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forward and reverse scan plateau current values got closer to each other as can be seen in
the top graph.
As the rotation rate increased, the current versus potential plot starts to take on the
sigmoidal shape of RDE voltammograms but with a pronounced negative current peak in
the forward scan. This indicates some weak adsorption (Bard & Faulkner 2001) of
ferrocenemethanol at the porous disk surface contributing to increased current at the
anode.
These current peaks appearing instead of plateaus at low rotation rates are also
called non-steady-state diffusional peaks and have been observed in RDE experiments at
higher scan rates and lower rotation rates. The relation between these two rates and the
current has been studied and discussed by Fried & Elving (1965). As the rotation rate
increases, it is possible to use higher scan rates and still obtain the steady state plateaus.
Being able to identify the maximum scan rate is useful as the time it takes for the
experiments to be carried out can be minimized. A correlation for estimating this exists
for the RDE (Hagan & Coury 1994).
The qualitative explanation for the appearance of these peaks is that a
concentration gradient starts to form in the solution close to the electrode surface as soon
as the electrode reaction begins. As the experiment proceeds, more of the electroactive
material reacts at the electrode surface and more is transported from the bulk solution to
the electrode. Thus, the distance from the electrode surface, at which the concentration
differs from that in the bulk of the solution, becomes progressively greater. Since mass
transport very close to the electrode surface is mainly by diffusion, the concentration
gradient at this distance resembles that at a stationary electrode. When the time of the
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experiment is not sufficient for the concentration gradient to develop to the distance
where both convection and diffusion play equal roles in mass transport, or when
convection predominates over diffusion, the current versus potential curve resembles that
obtained at stationary electrodes. It is when convection becomes comparable to or
dominates diffusion that the Levich equation holds. Here we note that the two regimes of
reactant transport we identified in our analytic models of the PRDE, advection dominant
and diffusion dominant each correspond to the ‘convection dominant’ and ‘comparable
convection and diffusion’ regimes of Fried and Elving’s (1965) study of the RDE.
At higher rotation rates the PRDE voltammogram looks qualitatively the same as
an RDE voltammogram, with a sigmoidal shape and almost identical forward and reverse
scan results. The peak disappears due to the much faster flow effectively maintaining the
bulk concentration of ferrocenemethanol near the electrode surface. Once the
voltammogram takes on this shape it stays qualitatively the same and the value of the
plateau current continues to increase with increasing rotation rate. All the PRDE
experiments reported here were carried out with a scan rate of 10 mV/s. The rotation rate
at which the current started to show clear plateaus systematically increased with the
thickness of the carbon fiber disks ranging from 600 up to 3000 rpm for thicknesses
varying from 0.09 to 0.70 mm. It is at this regime where we see clear current plateaus and
almost identical forward and reverse scans in terms of current versus potential that the
experimental data is relevant to the analytic models we are comparing to.
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Figure 5.5. Typical porous rotating disk electrode voltammograms for ferrocenemethanol.
The carbon fiber disk had a thickness of 0.26 mm and radius of 2.5 mm.
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The mass transfer limited current was plotted against the square root of the
rotation rate. As can be seen in Figure 5.6, the results are not linear as the case would be
if it were an RDE. At low rotations it seems to show Levich-like behavior but at some
transition point the current starts to increase rapidly, more so with larger disks. Red
symbols are for 1.5 mm radius disks and blue for 2.5 mm radius disks. Solid symbols
denote single layer carbon disks and open symbols are for double layer disks. Carbon
paper was purchased in four thicknesses and these were attached in identical thickness
pairs for thicker disks. This distinction is essential in some of the following discussions.
Ω
0

5

10

1/2

15

1/2

(rad/s)

20

25

30

35

0
0.09,1.5
0.17, 1.5
0.26, 1.5

-0.5

0.35, 1.5
0.09, 2.5
0.17, 2.5

-1

0.26, 2.5

I
(mA)

0.35, 2.5
0.18, 1.5
0.34, 1.5

-1.5

0.52, 1.5
0.70, 1.5
0.18, 2.5

-2

0.34, 2.5
0.52, 2.5
0.70, 2.5

-2.5

Figure 5.6. Mass transfer limited current versus the square root of the rotation rate from
ferrocenemethanol PRDE voltammograms for various disk geometries. Legend is
thickness and radius of carbon fiber disk in millimeters.
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The effective reaction rate and the permeability of the experimental data were
determined by finding the best fit with the analytic model for the advection dominant
regime presented in Chapter 4. Recall the normalized current I R was related to the
dimensionless reaction time Tr∞ = kΩ 2 / k rν by the simple algebraic expression,
Tr∞
IR =
,
1 + Tr∞

(5.2)

where the current was normalized by the maximum achievable current for a completely
perfused disk and mass transport limited reaction rate,
I M = π k r c0 nFR 2 h .

(5.3)

These permeability and reaction rate values are tabulated in Table 5.1. In a later section
this is compared to other methods of estimation. Also the variation in the values with the
disk geometry is explained by taking into account the porous disk preparation processes.

Table 5.1. Adjusted permeability and reaction rate values to account for uneven
activation and effect of glue used to attach the carbon fiber disks to the electrode.

Single layer
Double layer

R (mm)
h (mm)
0.17
0.26
0.35
0.34
0.52
0.70

k (mm2)

1.5

2×10-5
1.2×10-5
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kr (s-1)
25
20
20
25
16
15

k (mm2)
2.5×10-5
1.4×10-5

2.5

kr (s-1)
24
19
16
24
16
11

The permeability and reaction rate constant values in Table 5.1 were used to
create the rest of the figures in this chapter. Figure 5.7 shows the normalized current
versus the dimensionless reaction time for twelve different sized carbon fiber disks. The
data shows a reasonably good fit with the analytic model for the advection dominant
regime given by equation (5.2) with some increasing horizontal spread as the thickness to
radius ratio of the porous disk increases. This is expected since this dimensionless
reaction time was derived from the infinite rotating porous disk flow field solution by
Joseph (1965).
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Figure 5.7. Normalized current versus dimensionless reaction time of various disk sizes
compared to the analytic model. Color symbols are single layer porous disks and black
symbols are double layer.
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This same plot is made but with the geometric correction for finite disk size (refer
to Appendix C) in Figure 5.8. Much of the spread that was due to the disk geometry is
eliminated and the data at higher Tr are all very close to the analytic model curve
regardless of the thickness or radius of the disk. At lower dimensionless reaction time
however the experimental data exhibits somewhat higher current than the analytic model.
This behavior is due to diffusion becoming comparable to the advection and has been
noted in previous experiments and simulations.
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Figure 5.8. Normalized current versus dimensionless reaction time with geometric
correction for various disk geometries compared with analytic model.
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The experimental data starting to show deviation from the advection dominant
analytic model lies in the diffusion dominant regime. That data was plotted against the
boundary layer model in Figure 5.9. Recall from Chapter 4 that the normalized current
from the boundary layer model is,
 Dp
I R = 
 kr





1/ 2


Aˆ 
1
1 + B1 +
1/ 2

h
 2(KD )


 ,



(5.4)

with Â given by
Aˆ =

1

(KD )

1/ 2

b1 + 1

,

(5.5)

where b1 is the following integral
b1 = ∫ exp (− y 3 )dy =
∞

0

and

(

B = 2 k h 9 Ω 9 /ν 5α 2 D 4f

)

1/ 6

2π 3
= 0.8930 ,
9Γ(2 / 3)

(

, K = (k r / Ω ) 9ν / α 2 D f

)

1/ 3

,

(5.6)
D = Dp / D f ,

and

α = 0.51 .
Two simulation sets for the smallest and largest h/R ratio disks were also added to
Figure 5.9 for comparison to the experiments. The experiments show somewhat higher
current values than that from the model. It is thought that this deviation is not simply due
to experimental error. As will be discussed further, it seems the methods we have used
created uneven activation of surface and regions that are rather impermeable. Our
estimations of the reaction rate and permeability are therefore average values that work
well for the advection dominant regime model. But when diffusion dominates the thin
layer at the surface is the region of interest and here the surface activation will be at
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maximum and there should be minimal obstruction of flow. Therefore locally we will
have higher reaction rate and permeability. We note here that increasing the reaction rate
and permeability greatly improves the fit with the boundary layer model. The bottom plot
of Figure 5.9 was created by simply increasing the permeability value by 10~40% with
more increase for the double layer disks (thickness of 0.34, 0.52 mm), which have
significantly more obstruction of flow due to the carbon paint layer in between the disks.
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Figure 5.9. Comparison of the normalized current derived from the boundary layer model
with ferrocenemethanol experiments. Top, with reaction rate and permeability values
from Table 5.1. Bottom, with permeability increased by 10~40%.
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5.4. DISCUSSIONS

Here we discuss how the permeability of the porous disk and the effective
reaction rate of the ferrocenemethanol at the electrode were estimated and how variations
were caused by the electrode preparation process. Refer back to Table 5.1 for the values
of permeability and reaction rate.

5.4.1. Permeability Estimation

The permeability was estimated from correlations (Clague & Phillips 1997) for
disordered three dimensional fibrous media,
k=

3r f2
20(1 − φ )

(− ln(1 − φ ) − 0.931) = 1× 10 −5 mm 2 ,

(5.7)

where rf is the radius of the fiber (5 µm) and φ the void fraction. This estimation is
consistent with the values found from the PRDE experiments. Review of permeability
values from Table 5.1 reveal slight increase with disk size and decrease with additional
layer. This effect is caused mostly by the application of conductive carbon paint to attach
the carbon fiber disks to the RDE and to each other for the case of double layer electrodes.
The paint acts as an obstruction to flow with greater effect when it is in between two
layers. The paint was applied with a needle point making the amount of glue used each
time fairly constant. This means that when the radius increases the proportion of the disk
affected by the glue decreases. When more paint was used deliberately on disks of same
geometry it was found that there was a marked decrease in permeability. The disks made
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with 0.09 mm thick carbon paper showed deviant behavior and were not included in the
comparisons with the analytic models. This is thought to be due to the thinness of the
paper which caused the paint to surface at the top of the disk.

5.4.2. Reaction Rate Estimation

For a completely perfused porous disk, the flux of reactant to the surface of the
carbon fibers is approximately (D f c∞ / a )S , where S is the specific surface area of the
carbon mat, which assuming smooth fibers is 2(1-φ)/rf, where a is the average distance
between fibers (15 µm), rf is the radius of the fiber (5 µm) and φ the void fraction. Thus
the effective first order reaction rate constant is k r ~ O(D f S / a ) = 3.93 s-1, assuming
D f = 6.7 × 10 −4 mm2/s and S = 88 mm-1.
However these estimations assume the fiber has not changed from its initial form
by any of the preparation processes. In reality the very purpose of plasma treatment is to
modify surface properties of carbon fiber to increase wettability, and roughness for
increased active surface area. Thus, the actual effective reaction rate becomes much
higher. It is known that activation methods of electrodes have dramatic effects. For
example, when two different particle sizes are used for mechanical polishing of glassy
carbon electrodes, the finer particles (1/30th of the other) can yield a first order reaction
rate constant for redox reactions that is an order of magnitude higher (Thornton et al.
1985) by increasing the electrochemically active electrode area. The values of the
reaction rate in Table 5.1 show that indeed the plasma treatment has increased the
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effective reaction rate constant by a factor of three to six compared to the order of
magnitude estimation above. The reaction rate values also show a systematic decrease
with increased thickness and radius. This is due to uneven activation by the plasma
treatment. This uneven treatment is well documented in the literature and discussed
below.

5.4.3. The Issue of Activation by Plasma

Carbon electrodes have been widely used and studied (Kinoshita 1987, McCreery
et al. 1994) due to a number of desirable characteristics such as good electrical and
thermal conductivity, low density, adequate corrosion resistance, low thermal expansion,
low elasticity, high purity, and the fact that it is readily available and can be produced in
various structures with low cost. They also exhibit a wider potential range compared to
platinum or mercury electrodes. However, there are subtleties to consider when using
carbon electrodes. The degree of reversibility of a redox couple has been found to be
strongly dependent on the type of carbon electrode used (Wightman et al. 1984). Also,
their performance is highly sensitive to the activation procedure.
The role of electrode activation is to remove contaminants, increase concentration
of surface functional groups that may act as electron-transfer mediators, increase surface
area by increasing surface roughness, and expose fresh edge planes, microparticles, and
defects that may be sites for electron transfer. There are multiple techniques to achieve
these goals: mechanical polishing, electrochemical, chemical, or thermal treatment
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(Kinoshita 1987). In the case of glassy carbon electrodes mechanical polishing is widely
used and has been studied to ensure excellent reproducibility (Thornton et al. 1985).
Carbon fiber itself has been studied extensively mostly for applications geared
toward novel composite materials. The non-polar nature of carbon fibers makes them
difficult to wet and with smooth surfaces and relatively high diameters (6~10 µm) the
specific contact areas are relatively small. However, proper modification of the surfaces
can make them easily wettable with increased active surface area. Oxygen readily
chemisorbs on carbon to form C-O complexes, which are by far the most important
surface groups that influence wettability, surface reactivity, electrical properties, and
catalytic properties of carbon (Kinoshita 1987). A review of different methods of
oxidization of carbon fiber including plasma treatment can be found in Dilsiz (2000). The
plasma process can be easily controlled by several independent variables such as flow
rate, pressure, power input, and time (Yasuda 1978). Plasma techniques are used
extensively to alter surface energies, to improve wettability and to produce functional
groups (Dilsiz 2000).
The systematic decrease in the reaction rate with increasing size of the porous
disk indicates uneven activation of the carbon fiber disks by oxygen plasma. This is an
issue that has been identified and studied but does not seem to have been resolved. Huang
et al. (2003) proved through interfacial shear stress, wettability, and XPS (X-ray
photoelectron spectroscopy) analysis that in different regions of the fabric, the fiber
surfaces were oxidized and etched to different levels. It is claimed that around 30 minutes
relatively uniform oxidation is achieved but this seems dependent on the fiber
characteristics and the geometry of the fiber sample. After 30 minutes the wettability
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actually decreased due to the modified layer being etched away. Another study (Jin et al.
1994) found that the amount of functional groups on the fiber surface initially increased
with increasing treatment time up to 2 minutes, but thereafter remained constant. These
two studies indicate that plasma treatment is mostly useful as a surface treatment and
prolonged treatment is unnecessary and even undesirable. Currently there does not seem
to be a way to force uniform treatment of bulk porous medium through plasma.
If choosing to work with porous carbon electrodes it may be worthwhile to
consider alternative methods of activation to ensure uniform surface activity. Electrolytic
oxidation may be an option as the result is uniform, and suited to a mass production
process. Many electrolytes have been tried, including nitric, sulfuric and phosphoric acids,
dichromates and permanganates, but perhaps the most useful is ammonium bicarbonate,
which leaves no residues and simplifies the final washing and rinsing procedures
(Manocha 1982, Kozlowski & Sherwood 1986).

5.4.4. Comparison with Iodide Experiments

Both the ferrocenemethanol PRDE experiments and the potassium iodide
experiments mentioned in Chapter 2 exhibited the same qualitative behavior and matched
the analytic models presented in Chapter 4.
PRDE experiments with ferrocenemethanol used the same carbon paper for
creating the porous disks as the iodide experiments. The permeabilities obtained from the
two experiments are similar. The effective reaction rate of iodide was 5.9 s-1, whereas
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that of ferrocenemethanol ranged from 11~25 s-1. Iodide is a smaller molecule with a
higher diffusion coefficient, so provided the electrochemically active surface area is the
same, iodide is expected to have a higher reaction rate, but the opposite was observed.
One possible cause of this discrepancy may be that the surface functional groups
introduced by plasma treatment affect the oxidation of ferrocenemethanol much more
than the iodide. It is known that redox systems differ dramatically in their sensitivity to
the state of the carbon electrode surface, due to differences in their redox reaction
mechanisms, ionic charge, etc. Some reactions are relatively insensitive to surface oxides
and adsorbates, while others are dependent on particular surface sites that participate in
an electrocatalytic mechanism. Therefore activation of a carbon electrode should always
be discussed in light of the redox reaction used (McCreery 2008).

5.5. CONCLUSION AND SUGGESTIONS FOR FUTURE WORK

Cyclic voltammetry and rotated disk voltammetry of the redox reaction of
ferrocenemethanol was carried out using a glassy carbon electrode and was found to
match literature values. Porous rotating disk electrodes (PRDE) were constructed by
mounting carbon fiber disks on the electrode. The PRDE experiments verified analytic
models derived in Chapter 4. The use of carbon paint to attach disks and especially
plasma treatment was found to be an important factor.
The PRDE can be used for the quantitative determination of organic and inorganic
compounds in aqueous and nonaqueous solutions through the measurement of kinetic
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rates and constants, determination of adsorption processes on surfaces, and determination
of electron transfer and reaction mechanisms just like other voltammetry methods but
with increased sensitivity. Perhaps more importantly it can also be used to characterize
properties of the porous medium used.
One potential area of further study identified through the present work is ensuring
uniform activation when creating the porous disk for use with the electrode. XPS or other
analysis methods could be carried out alongside the plasma technique to find parameters
that yield as uniform as possible treatment or alternatively other methods such as
electrolytic oxidation could be studied for use in porous carbon electrode activation.
If an unambiguous verification of the PRDE is desired, this study has indicated
the need to find a means to attach the porous disk with minimal obstruction of flow, and
to find a way to either achieve uniform activation of the porous medium or to choose a
medium where activation is not an issue and uniform property is ensured. Also the
current peaks in PRDE voltammograms at low rotation rates can be minimized by
decreasing the scan rate further. In this set of experiments we used a scan rate of 10 mV/s,
which is a fairly standard value for RDE analysis, but most devices are capable of a scan
rate range of 1 mV/s to 500 mV/s. Compared to a flat electrode, the much larger and
rougher surface area of the porous disk calls for a lower scan rate to allow for fresh
electrolyte to be replaced making it possible to obtain mass transfer limited behavior at
low rotation rates.
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Chapter 6. Application of the Porous Rotating Disk to Rock Acidization
and Permeability Measurements

6.1. INTRODUCTION

Numerical, analytical, and experimental studies of the porous rotating disk
electrode (PRDE) have been presented in previous chapters. Here we apply an
understanding of the PRDE to extend its application to measure the permeability of rock.
This is potentially of practical use for characterizing oil reservoirs.
The permeability of reservoir rocks varies greatly. Reservoir rocks that hold
petroleum are mostly sandstone and limestone (also called carbonates including
dolomites). Less than 1% of the world's oil has been found in fractured igneous or
metamorphic rocks that typically lack the pore or void space needed to be successful
reservoir rocks. Absolute permeability of reservoir rocks can fall in a fairly wide range,
0.1 mD to 1 D (1 darcy is equivalent to a permeability of 9.86923×10−13 m²) or more is
quite common. Typical porosities range from 5 to 50%. Rock with permeabilities less
than 1 mD were once considered too tight for economically attractive commercial
production, but today petroleum fluids are being produced from many such formations,
such as in the Danish North Sea area (Dandekar 2006).
Oil production rates from such formations with low permeability in itself may be
uneconomic because of resistance of the formations to fluid flow. Areas in the formation
a substantial distance from the producing wells penetrating the formation may not be
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drained at all. A common method that has been used in an effort to stimulate production
from such formations is acidization. In this process acid is generally pumped down the
well and displaced into the formation near the well bore to dissolve a part of the
formation and create channels of increased permeability thereby increasing fluid
conductivity.
A little more detail for the difference in acidization depending on the rock is given
here. Sandstone formations are acidized with mixtures of hydrofluoric (HF) and
hydrochloric (HCl) acids that dissolve aluminosilicate minerals such as clays and
feldspars and also some of the quartz grains. These reactions are relatively slow at normal
treating temperatures, and are usually presumed to cause a gradual, relatively uniform
increase in the matrix permeability as mineral particles are slowly dissolved. If, however,
the sandstone has small scale heterogeneities in permeability or mineral distribution, the
acid may affect the matrix very non-uniformly.
Carbonate formations, such as limestone and dolomite are treated with strong HCl
solutions to dissolve calcite or dolomite. The reaction rates are much higher than in
sandstones, and mass transfer of reactants and products to and from the reactive surfaces
influences the dissolution process. Such mass transfer limitations and high reaction rates
cause the acid to form large channels, called wormholes, in the matrix. This highly nonuniform structure created by acid in carbonates results in much deeper penetration of acid
into the formation than is thought possible in sandstones. Because the wormholes
increase effective permeability greatly while only a small portion of the matrix is actually
dissolved, the creation of wormholes is an efficient and desirable mode of matrix
acidizing (Li et al. 2005). Carbonate acidization undergoes mode changes with increase
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of acid flow rate. At low flow rate all acid is spent at the surface, this mode is called
compact dissolution. When the flow rate is increased wormholing starts to occur and this
is the most efficient mode. Further increase in flow rate creates uniform dissolution and
this is where laws of porous media flow are followed (Gong & El-Rabaa 2001).
In this chapter we present a study that explores the feasibility of characterizing
nonconductive porous material, such as rock, using the PRDE concept. Analytic models
and simulations are developed for the case where the porous disk is no longer conductive
or electrochemically active. Rather, the electrochemical reaction occurs on the RDE on to
which the rock is attached. The porous rock, though, provides a resistance to transport of
the reactant. Using knowledge shown in previous chapters on the PRDE, the proposed
system can be used to determine the permeability of various nonconductive porous
materials by measuring the current. In addition we propose a specific possible application
to rock permeability measurement and laboratory acidization studies of reservoir core
samples. Although there are engineering challenges to be overcome, in principle the
PRDE makes it possible to simultaneously measure permeability and study acidization
treatments. It could be an invaluable tool for optimizing rock acidization for maximum
production improvement.
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6.2. ONE-DIMENSIONAL ANALYTIC MODELS

Consider a nonconductive porous disk attached to a rotating disk electrode (RDE)
as shown in Figure 6.1. A cylindrical rock sample of radius R and thickness h with
permeability k is mounted on the electrode surface. The porous rock and electrode are
rotated at a speed of Ω in an unbounded body of fluid with kinematic viscosity ν and
reactant concentration c in the ambient fluid and ĉ in the porous disk. Since the disk is
nonconductive the reaction occurs only at the surface of the electrode with a surface
reaction rate k rs .

z

ν
c

fluid

rock

R
k
krs

ĉ

h
r

electrode
Ω

Figure 6.1. Schematic of a rock mounted on a rotating disk electrode.
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Because the reaction occurs at the electrode surface, it is reasonable to imagine a
boundary layer forms at this surface, provided the disk spins sufficiently fast. How fast
will be shown shortly. It is possible to construct different versions of one dimensional
boundary layer models depending on specific assumptions. In this section we present four
variations where we assume the boundary layer in which the reactant concentration varies
is sufficiently thin that the ambient fluid no longer needs to be considered and it will
suffice to solve for just the transport in the porous disk. The variations are in the
boundary conditions. We either solve in an infinite or finite domain and we assume
infinite or finite reaction rate at the surface. In the next section we include transport in the
ambient fluid. A summary of the assumptions, boundary conditions and results for the
various models are given later in Table 6.1, after the models are presented in detail.
The first model is the simplest in that it is solved in a semi-infinite domain
assuming infinitely fast surface reaction rate. The governing equation for reactant
transport in the porous medium is essentially the same as the one used for obtaining
analytic solutions in the diffusion dominant regime (see Chapter 4). Since we are
interested in the thin boundary layer, all radial effects are ignored, and the equation
becomes one dimensional. The concentration of the reactant inside the porous disk is
described by the convective-diffusive transport equation,
− 2kz

Ω 2 dcˆ
d 2 cˆ
= Dp 2 ,
ν dz
dz

(6.1)

where D p is the diffusion coefficient in the porous medium. The axial velocity,
− 2kzΩ 2 /ν , is assumed to be that given by Joseph (1965). As previously mentioned, we

assume infinitely fast reaction for the boundary condition at the surface of the electrode,
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cˆ = 0 at z = 0 ,

(6.2)

and constant bulk concentration far from the electrode,
ĉ = c∞ as z → ∞ .

(6.3)

The resulting concentration field for this system is then given by,
cˆ = c∞ erf

(

)

Az ,

(6.4)

where erf is the error function and A = kΩ 2 / D pν , which has dimensions of inverse
length squared and will appear in other solutions as well. Note the boundary layer in this

(

)

case is O 1 / A . Hence for the boundary layer to be sufficiently thin compared to the
thickness of the porous disk,

1 / A << 1 .

Now the current I that we measure is found directly from the flux at the electrode
surface. That is,
I = πR 2 nFD p

dcˆ
dz

= 2c∞ R 2 nFΩ
z =0

πkD p
,
ν

(6.5)

where n is the number of electrons in the reaction and F is Faraday’s constant. Nondimensionalizing the current by
I M = πR 2 nFD p c∞ / h ,

(6.6)

we find the normalized current I R = I / I M for this model is simply given by
I R = 2hΩ

k
.
πD pν

(6.7)

In general for these one-dimensional analytic models of a nonconductive porous disk on a
RDE, the normalized current can be calculated directly from the concentration flux at the
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surface of the electrode by the following relation, derived simply by dividing equation
(6.5) by (6.6),
IR =

h dcˆ
c ∞ dz

.

(6.8)

z =0

The nondimensional group H is defined by,
H = hΩ

k
=
D pν

Ah .

(6.9)

In terms of this newly introduced group the normalized current for this first onedimensional model is
IR =

2H

π

.

(6.10)

For the second model, we change the boundary condition at the electrode surface
to account for finite reaction rate. The amount of reactant consumed in a given time is
equal to the flux at the surface.
k rs cˆ = D p

dcˆ
at z = 0 .
dz

(6.11)

This case can be solved in the same manner as with the previous model. The
concentration profile is then found to be,

k rs
cˆ( z ) = c∞ 1 −
 2 D p + (k rs / 2) π / A

[

]


erfc( A z ) .
A


π

(6.12)

The resulting normalized current is given by,
IR =

1
K + π / 2H
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,

(6.13)

where K is another dimensionless group appearing from the introduction of the reaction
rate, and it is given by,
K=

Dp
k rs h

.

(6.14)

We can also solve equation (6.1) for a disk with finite thickness h. In this case, the
boundary condition at the electrode surface changes to reflect the thickness of the disk,
cˆ = c∞ at z = h .

(6.15)

For the third model, we once again assume infinitely fast reaction, and the resulting
concentration field is given by,
cˆ = c∞ erf

(

)

A z / erf

(

)

Ah .

(6.16)

Using this concentration field, the current is,
IR =

2H
.
π erf ( H )

(6.17)

And finally for the fourth model, when again we have finite reaction rate, the
concentration field is

k rs
cˆ( z ) = c∞ 1 −
 2 D p + (k rs / 2) π / A ) erf( Ah)

[

] A (erf(
π


Ah) − erf( A z )  . (6.18)


)

And the resulting solution is
IR =

1
.
K + π erf ( H ) / 2 H
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(6.19)

6.3. EFFECT OF AMBIENT FLUID FLOW ON ONE-DIMENSIONAL MODEL

We have four variations of simple one dimensional analytic solutions. Now let us
consider the effect of the ambient fluid. Again the radial dependence is assumed
negligible. The reactant transport equations are similar to that from the boundary layer
model presented in Chapter 4, except that there is no reaction term. To simplify the
calculations, the coordinate system is chosen so that the interface between the ambient
fluid and the porous disk is y = 0. This is a simple shift from the coordinates used for the
models in the previous section, y = z - h. The transport in the ambient fluid is given by,
1/ 2

 Ω3 
Ω 2  dc
d 2c
 y 2 − 2kh

− 0.51
= Df
,
ν  dy
dy 2

ν 


(6.20)

where Df is the diffusion coefficient in the ambient fluid. The transport of the reactant in
the porous medium is expressed as,
− 2k

Ω2

ν

ˆ
dy

( y + h ) dc = D p d

2

cˆ

dy 2

.

(6.21)

Boundary conditions for a constant bulk concentration in far field, continuous
concentration and flux at the fluid and porous medium interface and finite reaction at the
surface of the electrode are then given by,

Df

c = c ∞ as y → ∞ ,

(6.22)

cˆ = 0 at y = 0 ,

(6.23)

dc
dcˆ
= Dp
at y = 0 ,
dy
dy
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(6.24)

k rs cˆ = D p

dcˆ
at y = − h .
dy

(6.25)

We use the substitution
dc
=C,
dy

(6.26)

and integrate the equation of the ambient fluid, which gives us

 0.51  Ω 3 1 / 2
dc
Ω 2 

 y 3 − 2kh
= c 2 exp  −
y / Df  ,
ν 
3 ν 
dy






(6.27)

where c2 is a constant of integration. Integrating again and using the far field boundary
condition gives us the general form of the concentration field in the ambient fluid:

 0.51  Ω 3 1 / 2
Ω 2 

 y 3 − 2kh
c( y ) = c∞ + c 2 ∫ exp  −
y / D f  dy .
∞
3 ν 
ν 





y

(6.28)

Using the same strategy for the porous medium, we find that

[ (

)]

dcˆ
= c 4 exp − A y 2 + 2hy ,
dy

(6.29)

where c4 is another constant of integration. This is integrated again to find the
concentration field in the porous disk
y

[ (

)]

cˆ( y ) = cˆ(− h) + c 4 ∫ exp − A y 2 + 2hy dy .
−h

(6.30)

From equal concentration at the interface we find that,
 0.51  Ω 3 1 / 2
Ω2
ˆc(−h) + c4 ∫ exp − A y + 2hy dy = c∞ + c 2 ∫ exp −
 y 3 − 2kh

−h
∞
D fν
 3D f  ν 
0

[ (

2

)]

0


y dy ,


(6.31)
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where the integral on the left hand side is evaluated as

∫

0

−h

[ (

)]

2

exp − A y + 2hy =

he H

2

π erf( H )
2H

.

(6.32)

From continuity of flux at the interface we have a relation between the two integration
constants,
D f c2 = D p c4 .

(6.33)

Finally the boundary condition at the electrode surface gives
cˆ(− h) = c 4

Dp
k rs

(

)

2

exp Ah 2 = c 4 Khe H .

(6.34)

Recall from equation (6.8) the normalized current can be found from the following
relation
h dcˆ
IR =
c ∞ dy

2

c 4 he H
=
.
c∞
y =− h

(6.35)

To find the constant c4 , results of the final two boundary conditions, equations (6.34)
and (6.33), are incorporated into equation (6.31), and we find that,
c4 =
2

Khe H +

he H

2

c∞
.
2
 0.51  Ω 3 1 / 2

π erf( H ) D p 0
Ω

 h 3 x 3 − 2kh 2
−
h ∫ exp −
x  dx
∞
2H
Df
D fν 
 3D f  ν 


(6.36)
The ratio of the diffusion coefficients is denoted as D = D p / D f and the dimensionless
integral in the denominator as Int1, where x is just a dummy variable of integration. Note
that Int1 < 0. The normalized current for this coupled problem is then given by
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1

IR =

π erf( H )

K+

2H

−D

Int1
eH

.

(6.37)

2

To evaluate the integral Int1, the following identity was used.

∫

∞

0

(

)

exp − ax 3 − bx dx =

π 3b

1/ 2

 
9 a

 1

 ( A1 / 3 (G ) − J 1 / 3 (G ) ) − Y1 / 3 (G ) − W1 / 3 (G ) ,(6.38)
 3


where the argument G = (2 / 9)b 3 / 2 3 / a , and A is the Anger J function defined as
Aν ( x) =

1

π

π∫

0

cos(νθ − x sin θ )dθ .

(6.39)

J and Y are the Bessel functions of the first and second kind, respectively, and W is the
Weber E function defined as
Wν ( x) =

1

π

∫

π

0

sin (νθ − x sin θ )dθ .

(6.40)

When using the integration identity (6.38) we find that (b / a )

1/ 2

G = (6.97 ND )

1/ 2

= (11.76 N )1 / 2 and

H 2 , where N is a new dimensionless group appearing in Int1,
k Ω
N=  
hν 

1/ 2

.

(6.41)

Thus Int1 is a function of the dimensionless group H and the two newly introduced
groups D and N when accounting for the effects of the ambient fluid. A simple Matlab
program was written using the above definitions of the Anger and Weber functions to
evaluate Int1. Let us call this solution model five. A summary of the various models and
their distinctions are shown in Table 6.1.
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Table 6.1. Summary of analytic model variations
Model Solution
domain
1
2

Porous
disk
only

3

Extent of domain

Surface reaction rate

Solution for normalized
current I R

Infinite
ĉ = c∞ as z → ∞

Infinite
cˆ = 0 as z → 0

2H
1

Finite
cˆ = c∞ as z → h

Finite
dcˆ
k rs cˆ = D p
at z = 0
dz
Infinite
cˆ = 0 as z → 0

Finite disk
Infinite fluid
c = c ∞ as y → ∞

Finite
dcˆ
at z = 0
k rs cˆ = D p
dz
Finite
dcˆ
k rs cˆ = D p
at y = − h
dy

4

5

Porous
disk and
ambient
fluid

Boundary conditions at interface
c = cˆ at z = 0
dc
dcˆ
Df
= Dp
at y = 0
dy
dy

π
K + π / 2H
2H

π erf( H )
1
K + π erf( H ) / 2 H
1
K+

π erf( H )
2H

−D

Int1
eH

2

where,
H = hΩ

Dp
k
,K =
D pν
k rs h

6.4. SIMULATIONS

Extensive details of porous rotating disk electrode simulations are presented in
Chapter 3. Simulating a non-conducting porous disk mounted on a rotating disk electrode
requires only minor modifications. The difference is that instead of reaction occurring
throughout the porous disk now we have reaction only at the surface of the electrode. The
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equations for the fluid flow are the same as in Chapter 3. The dimensionless equations for
reactant transport outside and inside the porous disk are given by,
∂c
∂c D f  1 ∂  ∂c  ∂ 2 c 

,
+ uz
=
r  +
ν  r ∂r  ∂r  ∂z 2 
∂r
∂z

(6.42)

∂c
∂c D p  1 ∂  ∂c  ∂ 2 c 
,

qr
+ qz
=
r  +
∂r
∂z ν  r ∂r  ∂r  ∂z 2 

(6.43)

ur

using von Karman’s (1921) classic scalings. Note that now there is no reaction term in
the porous medium.
The dimensionless boundary conditions are also the same as before except for the
third condition at the surface of the electrode where now the flux is equal to the amount
of reactant converted through reaction.
∂c
= 0 at r = 0 ,
∂r

(6.44)

c = 1 as z → ∞ ,

(6.45)

D p ∂c
k
= rs c at z = 0 ,
ν ∂z
Ων

(6.46)

∂c
= 0 as r → ∞ .
∂r

(6.47)

Since the simulations use the von Karman nondimensionalizations (see Chapter 3)
the normalized current can be computed using the following conversion,
IR =

k rsν h
c dA ,
ΩπR 2 D p ∫

(6.48)

where the integral of the dimensionless concentration over the surface of the electrode is
obtained directly from the simulation. A finer mesh was used at the electrode surface so
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that the boundary layer could be resolved. Other details of running the simulations are
similar to those of the original PRDE model.
Simulations were conducted for two different geometries and run for various
parameters so as to cover the range of interest. For successful mesh resolution and
convergence, dimensionless lengths had to be limited to O(100). If it is increased further
the von Karman boundary layer becomes too small relative to the disk geometry.
Figure 6.2 shows typical concentration profiles and streamlines for high and low
permeabilities, respectively. From the streamlines we can see that most of the flow skims
over the edge of the disk and the von Karman boundary layer can be seen near the base
surface outside of the disk. The dimensionless concentration ranges from zero to one and
it can be seen that the size of the region where concentration varies differs greatly in the
two cases. For high permeability the boundary layer is limited to a thin region near the
electrode surface and we expect one-dimensional models will suffice. But for low
permeability the boundary layer extends throughout the disk and the variation is not just
in the axial direction but we clearly see a radial dependence especially towards the edge
of the porous disk. Once this happens one-dimensional models will no longer be able to
fully describe the physical system.
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Figure 6.2. Concentration profile and streamlines in the vicinity of the porous disk from
two representative simulations at high (1 D) and low permeability (1 µD), respectively.
Other parameters used were: h = 1 mm, R = 3 mm, Ω = 1000 rpm, ν = 1 mm2/s,
D p = 2 × 10 −4 mm2/s, D f = 1 × 10 −3 mm2/s, k rs = 1 mm/s. This corresponds to
dimensionless values of H = 7.36 , N = 1.01 × 10 −5 for the top plot and
H = 7.36 × 10 −3 , N = 1.01 × 10 −11 for the bottom with common values of K = 2 × 10 −4
and D = 0.2 .

6.5. RESULTS AND COMPARISONS

The various one-dimensional models and full simulation results are compared in
Figure 6.3. The normalized current is plotted against the dimensionless height H that
appears in all the one-dimensional models. The range of H was determined to reflect a
permeability range of 1 µD to 10 D and rotation rates ranging from 100 to 10,000 rpm
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with typical values for aqueous systems used for the kinematic viscosity O(1 mm2/s) and
diffusion coefficients O(10-4 mm2/s).
Model 1 solved in an infinite domain with infinite surface reaction rate is a
straight line in this plot. Those solved in an infinite domain (Models 1 and 2) remain on
this straight line when H is less than unity but those solved in a finite domain (Models 3,
4, 5) branch off around an H value of unity and plateau to a normalized current of one.
However, the models solved in the same domain do not show any difference from each
other. The effect of finite versus infinite surface reaction rate is observed as H gets
higher. Models with infinite reaction rate (1 and 3) remain on the straight line but those
where actual reaction rate is taken into account (2, 4, and 5) show deviation, more so as
the reaction rate decreases, i.e. K increases. Again models with common boundary
conditions for reaction rate yield identical values.
One thing of interest among the one-dimensional models is how much more
information Model 5 provides by taking into account the ambient fluid. Recall the
solution is more complex and requires a computer program, albeit simple, and two
additional parameters. The value of the new group N, given by formula (6.41), was varied
for the full range of interest (permeability, rotation rate, and thickness), but it yielded at
most a 3% difference in the solution when H is less than unity. As that difference cannot
really be seen in this plot the various scenarios have not been added to Figure 6.3. So a
conclusion from this is Model 5, despite its additional physics and complexity, does not
add any significant information. We can safely say Model 4, of which the solution form
is given in equation (6.19), should be the one-dimensional model of choice. Its simple
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analytic form takes into account both the effect of the finite thickness of the disk and the
surface reaction rate.
Two sets of simulations with different thickness to radius ratios are also shown in
black open symbols. It can be seen that for higher values of H simulations results are
completely in line with what the one-dimensional models suggest. But somewhere
between H values of one and ten they also branch off like the finite thickness models (3,
4, and 5) but seem to plateau at a higher normalized current value. When the disk radius
is increased from 3 mm to 5 mm, presumably decreasing the radial dependence of the
problem, the plateau value is lowered as expected but it is still significantly higher than
one. Such a discrepancy is expected as the dimensionless height H is actually a ratio of
the thickness of the porous disk to the thickness of the concentration boundary layer. So
for our assumptions for the one-dimensional models to hold H should be much greater
than one. When the thickness of the disk starts to become comparable or even smaller
than the concentration boundary layer a significant radial dependence will exist in the
concentration field as we have seen in Figure 6.2 and one-dimensional models will fail to
capture this. Simulations could not be run at the highest H values because higher rotation
rates create extremely thin boundary layers compared to the model geometry and causes
difficulty in converging. But from what we know about the physics of this problem there
is no reason to expect it will differ from Model 4.
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Figure 6.3. Normalized current versus the dimensionless height H of the various onedimensional models and two sets of simulations with different thickness to radius ratios.
Note not all models require all three parameters, in which case it was left blank. For
model descriptions see Table 6.1.

To appreciate what this means in dimensional terms Figure 6.4 compares the
current and permeability relationship of all five model variations and simulations for one
typical set of parameters as given in the figure caption. Values chosen are typical for an
aqueous system but the size of the disk was limited by mesh resolution and convergence
issues of the simulations as mentioned earlier in section 6.4. Again, the range of
permeability studied was from 1 µD to 10 D. Due to resolution limits of the simulations
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the disk size chosen was in the millimeters range. We see essentially the same behavior
as in the dimensionless plot but from this we can see that all models agree when the
permeability is 1 D or higher for millimeter size disks spinning at 1000 rpm.
100
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I
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Analytic 2
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0.01

Analytic 4
Analytic 5
Simulation

0.001
0.001

0.01
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10

100

1000

10000
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Figure 6.4. Dimensional comparison of current versus permeability from the various
models and simulations with the sample parameters: h = 1 mm, R = 3 mm, Ω = 1000
rpm, ν = 1 mm2/s, D p = 2 × 10 −4 mm2/s, D f = 1 × 10 −3 mm2/s, k rs = 1 mm/s, c∞ = 1
mM. See Table 6.1 for model descriptions.

Actually the disagreement among models at lower permeability is not really an
issue because to be able to use the models for permeability measurements the current
must change with permeability. Once we are in the plateau region we see no difference in
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current with permeability change so there is no information that can be obtained by
measuring the current. So the issue is what practical range of permeability we can
measure with this method. From Figure 6.3 we found that if H is greater than about five
we can say we are operating in the region where we can evaluate the permeability by
measuring the current. Results in Figure 6.4 confirm this since by this analysis for a
millimeter thick disk the cut off point occurs when permeability is on the order of a
darcy. For H to be greater than five when the permeability is on the order of a mD and
with a reasonable rotation speed (less than 10,000 rpm) we need a disk thickness of a
centimeter. For lower permeability, for example on the order of a µD the necessary disk
thickness increases to a meter. If we want to apply this to rock property measurements we
must consider the realistic sample size. With conventional equipment, core samples up to
10 m in length and up to 15 cm in diameter can be obtained (Dandekar 2006). So with
maximum diameter on the order of 10 cm the maximum thickness we can work with is on
the order of centimeters. Thus we can say this method will work for permeability
measurement down to 1 mD with conventional core samples.

6.6. APPLICATION OF RESULTS TO STUDYING ROCK

By studying the non-conducting porous disk system on a rotating disk electrode
through one-dimensional analytic models and simulations we have found that the system
can be used for measuring permeability of 1 mD or higher when sample disks are about a
centimeter thick. The current and permeability correlation from Model 4 is recommended
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for general use (equation (6.19)). When we are operating in the advection limited region
(see Figure 6.3) the current is proportional to the square root of the permeability and in
the reaction limited region the proportionality can decrease somewhat with increasing K,
i.e. decreasing reaction rate, but the current and permeability are still correlated making it
possible for using the current measurements for estimating permeability.
There are currently many techniques used to measure the permeability of rock.
The methods vary widely from the standard gas permeameter to using NMR (Wang et al.
2004). However many of these are either invasive or toxic and require quite a bit of time.
The method of Wang and others are fast (about 15 minutes) and noninvasive, but
expensive and requires highly specialized equipment. Their sample results with
Fontainebleau sandstone and Austin chalk could serve as future benchmarks for high and
low permeability measurements respectively. Possible issues with cost and complexity of
the system may soon be overcome with the development of low cost portable NMRs
(Marble et al. 2007).
The non-conducting PRDE is useful for the permeability range that includes most
reservoir rocks. It is safe, non toxic and requires relatively simple low cost equipment. It
is also quite fast. A rough estimate of the amount of time it would take for a measurement
follows. Let us say the amount of time for measurement requires the time of replacing
one pore volume of fluid. This is essentially the residence time given by the ratio of the
volume of the disk to the volumetric flow rate. If we remove radial dependence from the
problem, as we have for the one-dimensional models, we can utilize Joseph’s (1965)
result for the flow rate to a rotating infinite permeable disk,
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τ=

ν
V
=
.
Q 2kΩ 2

(6.49)

The conservative scenario for the measurement time would be when the
permeability is lowest. When k is 1 mD, the lowest practical value for this method, and
the kinematic viscosity on the order of 1 mm2/s as is typical for aqueous systems it takes
roughly ten minutes to replace one pore volume. So applying the nonconductive PRDE to
permeability measurements is potentially one of the faster methods available.

6.7. CHALLENGES AND SUGGESTIONS

Using the nonconductive PRDE for permeability measurement has some
advantages but also some potential obstacles to overcome. One of which is building a
larger rotating disk electrode system. Conventional RDEs are millimeters in diameter.
The results of this study indicate that it must be scaled up to centimeters. The device
would be useful just as a permeameter but it may not be a significant improvement over
currently available permeameters. However, the non-conducting PRDE system also has
potential as a laboratory rock acidization device monitor. Matrix acidization studies can
be done while simultaneously monitoring the change in permeability. Adding the
acidization aspect obviously brings along its set of challenges. These are presented from
three perspectives: challenges for acidization, finer points of permeability that may bid
consideration, and building the actual device.
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6.7.1. Acidization Challenges

Let us briefly review an existing acidization study to see what is involved. Bartko
and Newhouse (1992) carried out long-core laboratory acidizing studies to optimize
acidiziation treatment for well stimulation and remediation of near-wellbore damage in a
sandstone reservoir. The experiment involved acidizing an undamaged sandstone core
sample. The core was 25.4 cm in length and 2.54 cm in diameter. The test was conducted
at 82°C. The initial porosity and permeability of the core sample were 26.5% and 0.365
D, respectively. After a pre-flush of 5 pore volumes of 7.5% HC1, mud acid (6% HC1
and 1.5% HF mixture) was injected through the core at a rate of 11 mL/min for 10 pore
volumes.
Noteworthy points from this study are the strong acidic conditions, elevated
temperature, the multiple steps involved (pre-flush, etc.), amount of acid used and
amount of time, which can be estimated from pore volumes. Replacing a pore volume
requires minutes for a permeability of 0.365 D. The time has an inverse relationship with
the permeability thus will increase dramatically when the rock of interest has a lower
permeability. Recall the PRDE required a maximum of ten minutes for exchange of one
pore volume when the permeability is 1 mD.
For the PRDE to be used in such acidization studies all parts that will be
immersed in solution must be able to withstand strong acid at elevated temperatures for
extended time. Candidates for working electrodes that can be used in strong acid are
platinum, reticulated vitreous carbon, and doped diamond electrodes. The base can be
constructed with Teflon. The counter electrode can also be a platinum wire and reference
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electrodes for use in such harsh conditions are available commercially (e.g., from
Cypress Systems, Chelmsford, MA), usually with Teflon or PEEK (poly ether ether
ketone) covers. Li and Peng (2003) studied strong acidic conditions and they also used
platinum working and counter electrodes and an Ag/AgCl electrode with a cover of
polyethylene containing 1 M KCl as their reference electrode. Another point to consider
is finding conductive glue that can be used to attach the sample disk to the RDE that will
hold up to such harsh conditions. A good candidate to try is commercially available acid
resistant and thermally stable conductive ink from Creative Materials (Tyngsboro, MA).
The multiple steps involved in an acidization study depend on the rock formation.
Sandstone acidizing procedures include pre-flush, mud acid treatment, after-flush and
back production. There exists a well established protocol for acidization on a rotating
disk apparatus (Boomer et al. 1972) that takes into account these multiple steps.
Our current models were developed assuming uniform dissolution but if
heterogeneities in sandstone or wormholing in carbonate are of interest it would be
possible to take that into account by modifying the permeability expressions in the porous
medium.
Another challenge is selecting the probe reactant to measure the current.
Depending on the rock composition a whole complex set of reactions will be occurring
during acidization (Liu et al. 1997). Products of these reactions may react on the
electrode surface and create complicated voltammograms. Ideally, we could use a
reactant that is not involved in any of the acidization reactions and will only react at the
surface and detect just the current from that reaction. Possible candidates are transition
metals but care must be taken to avoid metals that are present in the rock sample. For
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example dissolution of iron-bearing minerals has often been identified as an issue of
concern during acidization (Shaughnessy & Kunze 1981, Crowe 1986). One viable
candidate is vanadium chloride, of which the redox reaction is,
VCl2 + Cl− ↔ VCl3 + e− .
This has been studied in strong halide acids and exhibits an oxidizing potential of -0.58 V
versus the saturated calomel electrode (SCE) (Skyllas-Kazacos 2003). However
vanadium(II) is prone to oxidizing in air so the system would have to be deaerated and
kept under inert gas. Running background scans before adding reactant may also be
necessary to help decipher the voltammograms, allowing us to isolate features created
from acidization products.

6.7.2. The Finer Points of Permeability

The permeability depends on external stresses that might be impressed upon the
porous medium assuming that the latter is compressible. Sandstone can undergo a
reduction in absolute permeability as much as 60% when the confining pressure is varied
from 0 to 15000 psi (Fatt & Davis 1952). Other studies show a general trend of more
pressure dependence the higher the permeability (Aruna 1976). Most routine and special
core analysis tests are usually carried out by applying the representative overburden or
confining pressure that is determined from the sample depth and reservoir pressures.
Thus it is recommended the nonconductive PRDE system for rock permeability
measurements be built to enable application of pressure.
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Another point to consider is the horizontal and vertical permeability. The flow
field in the PRDE device enters vertically and exits radially and the models and
simulations assumed isotropic permeability. But this may neglect the reality of many
cases when studying rock. In underground strata the horizontal permeability is much
greater than the vertical permeability in the majority of cases (Rühl & Schmid 1957).
Correlations between the anisotropy of permeability with other properties of sedimentary
rocks can be set up and may be useful in the proposed system. Equipment for anisotropic
permeability measurements have been described in connection with the analysis of oil
well cores by Hutta and Griffiths (1955).
A final point to consider is the porosity permeability relationship. Our studies
assumed constant porosity, implied through the diffusion coefficient in the porous disk,
but in reality it is most likely that porosity will change along with the permeability.
Although the change in porosity is not as dramatic as the permeability so the model may
be sufficient. The problem is that no direct relationship exists, in either practice or theory,
simply because permeability depends on continuity of the pore space whereas porosity
basically signifies the availability of pore space. Consideration of theoretical possibilities
of the structures of porous media makes one realize that a general correlation between
porosity and permeability cannot exist (Scheidegger 1974). However empirical
correlations for different types of rock do exist and may help in improving the model.
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6.7.3. Building the Device

In theory the rotating disk system spins in an infinite volume of fluid, however
Gregory and Riddiford (1956) demonstrated that, in a liquid system, if the vessel
diameter is at least twice the disk diameter, the observed rate is independent of the vessel
diameter. From previous analysis we found that the RDE must be scaled up so that disks
with diameters up to about 10 cm can be mounted for measuring permeabilities as low as
1 mD. So the vessel diameter must be at least 20 cm and again material that will not
corrode is necessary. The usual glass cell should not be used as HF will react with it. A
strong motor that will not heat up excessively will be needed for constant rotation for
hours long for lowest permeability rocks. A method to securely mount the rock needs to
be developed.
In building a device capable of studying the multiple steps of acidization Boomer
and others’ (1972) rotating disk apparatus design for studying reactions between fluids
and solid surfaces is a good source for ideas. The apparatus is capable of operation in
extremely corrosive liquid environments including hydrochloric acid (37~38 wt% HCl)
and hydrochloric-hydrofluoric acid mixtures (up to 15% HCl-5% HF) under controlled
pressures and temperatures up to 70 atm and 150 ºC.
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6.8. CONCLUSION

The non-conducting porous rotating disk electrode system was studied through
one-dimensional analytic models and full two dimensional axisymmetric simulations. A
one-dimensional model incorporating the finite thickness of the porous disk and the
surface reaction rate suffices to describe the system. When the dimensionless height is
less than the thickness of the boundary layer, the normalized current plateaus to one and
when greater than one the normalized current is proportional to the square root of the
permeability and at much higher heights it starts to show behavior dependent on the
surface reaction rate. Thus, when the dimensionless height is greater than order one, there
is a strong correlation between the measured current and permeability. Thus, the system
can be used as a permeameter by detecting the current at the electrode. The lowest
possible permeability that can be detected considering realistic rock sample sizes is about
1 mD, which covers the range of most reservoir rocks.
The proposed device may also be used to study acidization of rock by measuring
the change in permeability. There are many issues to be considered in developing such a
device and challenges to be overcome. These have been identified and suggestions for
further work have been made. When all these are dealt with the non-conducting PRDE
can possibly become a valuable tool in petroleum reservoir engineering for fast and cost
effective studies of rock acidization and permeability measurement and can aid in finding
ways to optimize enhanced petroleum recovery.
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Chapter 7. Concluding Remarks

7.1. SUMMARY OF WORK

The rich behavior of the porous rotating disk electrode (PRDE) was studied
through experiments and theory. Experimental observation revealed that the current
generated at the PRDE is controlled by the reaction rate and the geometry, permeability,
and rotation rate of the porous disk. The complexity of the flow results from the
interaction between the flow in the porous medium and the bulk fluid. The generated
current can be characterized by a single dimensionless group, the ratio of the reaction
time to the residence time, when the flow is sufficiently fast and the radius of the disk is
at least four times that of the thickness.
A simulation model coupling the flow and reaction was used to study the finite
PRDE system for a large range of the governing parameters. The flow model was
compared and tested against von Karman’s (1921) solution and Joseph’s (1965)
prediction. The effects of the finite size of the porous disk as compared to the analytic
solution of the infinite case were analyzed and a simple geometric correction presented.
Observations of the concentration field in the porous rotating disk were utilized in
developing analytical models of the PRDE for the advection dominated and diffusion
dominated regimes.
The analytic model for the advection dominated regime was based on the analytic
flow field solution of the steadily rotating infinite porous disk (Joseph 1965). A
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segregated fluid model was used to yield a simple algebraic expression for the current
that showed excellent agreement with both previous experiments and simulation results
when the height to radius ratio of the disk was less than 0.25. When the correction for
finite geometry is applied, there is excellent agreement for all height to radius ratios
between zero to one. The model is accurate for long reaction times but also provides a
lower bound for the current at short reaction times.
An analytic model for the diffusion dominated regime was developed using a
boundary layer theory and provides an expression for the generated current in terms of
the physical parameters of the system. This model also shows excellent agreement with
simulations and experiments at low reaction times regardless of the geometry of the disk.
The zeroth-order perturbation solution recovers Levich equation (Bard & Faulkner 2001,
Koutetskii & Levich 1957) confirming predominant surface reaction at low rotation rates.
Also the transition point of the dominant mass transfer mode was identified and the
combination of the two models provides an accurate picture of the behavior of the PRDE
for the full range of its operation.
Additional experiments with ferrocenemethanol were carried out to complement
previous studies. PRDEs were constructed by mounting carbon fiber disks of various
radii and thicknesses on a glassy carbon electrode. The PRDE experiments verified the
analytic models. Subtleties in electrode preparation and carbon activation issues were
discussed.
A possible extension of the PRDE to permeability measurements and rock
acidization studies was probed. A nonconductive PRDE system was studied through onedimensional analytic models and full two dimensional axisymmetric simulations. It was
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found that a one-dimensional model incorporating the finite thickness of the porous disk
and the surface reaction rate suffices to describe the system. The dimensionless height,
the ratio of the thickness of the disk to that of the concentration boundary layer, is the
indicator of whether the system is limited by diffusion, advection, or the surface reaction
rate. When this height is greater than order one, there is a strong correlation between the
measured current and permeability. Thus, the system can be used as a permeameter by
detecting the current at the electrode. Considering realistic rock sample sizes the lowest
permeability that can be detected is about 1 mD, which covers the range of most reservoir
rocks.

7.2. CONCLUSIONS

Despite the inherent ease, sensitivity, and the already widespread use and interest
in the PRDE, it has been limited by lack of mathematical description unique to the PRDE
system. Thus porous material and electrocatalyst studies have mostly been confined to
thin film configurations where data can be analyzed through approximation to the RDE
system. Here this gap is filled by bringing together flow solutions in the bulk and porous
medium, coupling the momentum and mass transport, and applying classic reactor
analysis to hydrodynamic voltammetry. Experiments, numerical simulations, and analytic
methods were all deployed to characterize, model, and verify the system.
This study lays out the comprehensive theoretical groundwork for the PRDE
system in the mass transfer limited regime, corresponding to the Levich theory of the
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RDE. How the current is related to other physical parameters of the system is identified
in both the advection dominant and diffusion dominant regimes. The application range is
broad as the full range of practical rotation rates, permeabilities, and reaction rates are
covered. The theory also incorporates the full range of geometries of the porous disk. In
conclusion, this study provides a full set of tools for analysis of the catalytic activity of
electrode materials and can make the PRDE an even more powerful tool for the
convenient and rapid evaluation of the porous materials used in today’s high current
density battery and industrial electrodes.
This study also opened the door to possibilities of using the same configuration
for studying porous systems that are not electrochemically active, the example introduced
here is rock. But the analytic and numerical study itself is applicable to any relatively
isotropic nonconductive porous material.

7.3. SUGGESTED FUTURE WORK

Some minor enhancements to the models could be imagined, such as introducing
anisotropic permeability, and in the experiments improving the protocols such as
standardizing the level of electrode activation. Also, there is engineering work
opportunity in realizing the rock acidization and permeameter system proposed in the
nonconductive PRDE study. But the one significant extension of this work would be to
study the non-mass transfer limited regime, corresponding to Koutetskii-Levich theory
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(1957) of the RDE, and be able to determine the intrinsic rate constants of the
electrochemical reactions at the electrode surface.

7.3.1. Study of the Non-Mass Transfer Limited Regime

The simulation model could be modified to include the non-mass transfer limited
regime. This could be done through the reaction term in the convective-diffusive equation
in the porous media. Consider a first order surface reaction. At steady state the rate of
mass transfer to the surface and the rate of reaction at the surface should balance,
k m (c − c s ) = kˆr c s ,

(7.1)

where k m is the mass transfer coefficient, c is the bulk concentration, c s is the
concentration at the surface, and k̂ r is the reaction rate constant. From this the
concentration at the surface is found to be,
cs =

km
kˆr + k m

c.

(7.2)

The rate of consumption of reactant per volume is,
km  S 
S
kˆr  c s =
 c ,
V 
kˆr + k m  V 

(7.3)

where S is the surface area and V is the volume of the porous medium. Thus, the effective
reaction rate constant is,
k eff =

S
 .
kˆr + k m  V 
km
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(7.4)

This can be used in the simulation and to repeat the analytic studies for both the
advection dominated and diffusion dominated regimes.
In the case of general nth order reactions, the steady state mass balance would be,
k m (c − c s ) = kˆr c sn .

(7.5)

So the surface concentration would be related to the bulk concentration by the following
nonlinear nth order algebraic equation.
k m c = k m c s + kˆr c sn .

(7.6)

This equation would need to be coupled to the PRDE model for general nth order
reactions.
Correlations for k m , which depend on the diffusivity and geometry of the porous
medium as well as the flow field, would be taken from the literature for use. Simulations
could be run for various parameter sets and results can be analyzed to identify key
dimensionless groups. From the findings through the simulations and analytic studies, the
goal would be to generate semi-empirical or analytic models for use in analyzing data
from the PRDE.

132

Appendix A. Flow in a PRDE of Infinite Radius

Joseph (1965) solved the problem of the steadily rotating infinite porous disk
assuming a constant suction velocity, i.e., constant axial velocity entering the top surface
of the permeable disk. For the case when the disk has an impermeable underside, it was
found that the three components of velocity in the disk are given by
 −r 
qr 
kΩ 2
2rkΩ /ν  .
q  = −
2 

 θ
ν (1 + 4 (kΩ /ν ) )
 2 z 
 q z 

(A 1)

Noting that kΩ /ν is typically small, at most O(10-2), we conclude that this term
in the denominator is negligible for all practical purposes. Of particular interest is the
axial velocity. Nondimensionalizing velocities by (ν Ω)1 / 2 , we find the dimensionless
axial velocity at the surface of the porous disk is, to leading order, given by
Ω
q z = −2 k  
ν 

3/ 2

h.

(A 2)

The total flow rate across the face of the porous disk is then given by,
Ω
Q = 2k  
ν 

5/ 2
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π R2h .

(A 3)

Appendix B. Streamfunction model

Equations for the streamfunction were solved along with the model equations to
help in postprocessing simulation results. The streamfunction ψ

in cylindrical

coordinates is defined as,
ur = −
uz =

1 ∂ψ
,
r ∂z

(B 1)

1 ∂ψ
.
r ∂r

(B 2)

The streamfunction is related to the vorticity ωθ according to the following equation.
− ωθ =

∂  1 ∂ψ

∂r  r ∂r

2
 ∂
+

2
 ∂z

ψ

r


.


(B 3)

The following boundary conditions were used for solving equation (B 3).

ψ = 0 at r = 0 and z = 0 ,

(B 4)

1 ∂ψ
= u z as r → ∞ ,
r ∂r

(B 5)

−

1 ∂ψ
= u r as z → ∞ .
r ∂z
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(B 6)

Appendix C. Finite Disk Geometry Effects

Analytic models have been developed for the porous rotating disk electrode
(PRDE) using Joseph’s (1965) solution for the flow field in an infinite porous disk. As a
result, in the advection dominated regime the model is applicable for height to radius
ratios of about 0.25 or less. Previously, an empirical geometric correction term was
introduced (Chapter 2, Bonnecaze et al. 2007) to account for disks with greater height to
radius ratios. Here we attempt an analysis to gain insight into how the effect of the finite
size of the disk can be accounted for by solving analytically the flow equation in the
porous media with finite boundaries.

C.1. ZERO PRESSURE BOUNDARY CONDITION

Recall from governing equations introduced in the simulation model (Chapter 3),
the flow in the rotating porous disk is described through a single partial differential
equation. This is a result of combining the continuity equation with Darcy’s law with
additional Coriolis and centrifugal terms to account for the rotation.
2
2
1 ∂  ∂P  
 kΩ   ∂ P
2
1
4
r
+
+
  2 = 2 ρΩ .

 

r ∂r  ∂r  
 ν   ∂z

(C 1)

For boundary conditions we utilize the axisymmetric nature of the system and
also the fact that the base to which the porous disk is attached is impermeable. From
simulations we know that the pressure at the top of the porous disk is very close to zero
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everywhere but the pressure at the outer edge of the disk follows some unknown
function. It is always fairly close to zero at the top edge but decreases rapidly to varying
negative values at the bottom edge, depending on the rotation rate (Figure 3.4). We shall
assume a zero pressure at the top interface for the purposes of the rest of the analysis
here.
The final boundary condition at the side interface is more complicated. To be able
to solve this analytically in a finite domain, we first opt for the simplest condition
possible, namely also prescribing zero pressure.
∂P
= 0 at r = 0 , z ∈ [0, h] ,
∂r

(C 2)

∂P
= 0 at r ∈ [0, R ] , z = 0 ,
∂z

(C 3)

P = 0 at r = R , z ∈ [0, h] and r ∈ [0, R ] , z = h .

(C 4)

Let us assume the solution form is a combination of some function of r and
another function of z multiplied plus the solution of the pressure inside an infinite disk
PJ , which is also just a function of z.
P(r , z ) = Φ (r )Ψ ( z ) + PJ ( z ) .

(C 5)

To further simplify the solution we neglect the (kΩ /ν ) term which is at most O(10-2).
2

Equation (C 1) then becomes,
∂Φ   ∂ 2 Ψ ∂ 2 PJ
1 ∂ 
+
 + Φ
 rΨ
∂r   ∂z 2
r ∂r 
∂z 2


 = 2 ρΩ 2 .


(C 6)

For separation of variables to work the last two terms in the equation must cancel each
other.
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∂ 2 PJ
= 2 ρΩ 2 .
2
∂z

(C 7)

Double integration yields the following general form with two undetermined constants.
PJ ( z ) = ρΩ 2 z 2 + c1 z + c 2 .

(C 8)

The first is determined through the impermeable underside condition and the second
through zero pressure at the top interface. That is,
∂PJ (0)
= 0 = c1 ,
∂z

(C 9)

PJ (h) = 0 = ρΩ 2 h 2 + c 2 .

(C 10)

Thus, we recover Joseph’s solution
PJ ( z ) = ρΩ 2 (z 2 − h 2 ) .

(C 11)

Now the remaining governing equation is divided by ΦΨ .
1 ∂  ∂Φ  1 ∂ 2 Ψ
=0.
+
r
rΦ ∂r  ∂r  Ψ ∂z 2

(C 12)

This is rearranged to yield two ordinary differential equations, and λ is chosen to obtain
an orthogonal set of solution functions.
1 ∂  ∂Φ 
1 ∂2Ψ
= λ2 .
=−
r
Ψ ∂z 2
rΦ ∂r  ∂r 

(C 13)

Following the standard method of solution for these types of equations and boundary
conditions, we find that
4 ρΩ 2 h 2 (− 1)

n −1



1  πz 
1  πr 
I 0  n −   cos  n −   . + ρΩ 2 z 2 − h 2 ,
2 h 
2 h 
n =1 (n − 1 / 2 ) π I 0 ((n − 1 / 2 )πR / h )


(C 14)
∞

P( r , z ) = ∑

3

(

3

where
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)

Am =

4 ρΩ 2 h 2 (− 1)

m −1

(m − 1 / 2)3 π 3 I 0 ((m − 1 / 2)πR / h )

.

(C 15)

From the solution we can find the axial velocity entering the top surface of disk,
q z ( r , h) = −


2 I 0 ((n − 1 / 2 )πr / h )
k ∂P 2kΩ 2 h  ∞
=
− 1 .
∑
2
2
µ ∂z
ν  n=1 (n − 1 / 2) π I 0 ((n − 1 / 2 )πR / h ) 

(C 16)

The volumetric flow rate is found by integrating the axial velocity over the top surface of
the disk, namely
R

Q 2π ∫0 q z (r , h) r dr
=
.
V
πR 2 h

(C 17)

We make use of the following integration property of the modified Bessel function.

∫

R

0

r

I 0 (ar )
RI (aR )
dr = 1
.
aI 0 (aR )
I 0 (aR )

(C 18)

The volumetric flow rate is then found to be given by
2kΩ 2
Q
=−
V
ν

∞

I 1 ((n − 1 / 2)πR / h )
4
h
1
−
 ∑
.
3 3
 n =1 I 0 ((n − 1 / 2)πR / h ) (n − 1 / 2) π R 

(C 19)

The ratio of the modified Bessel function of the first kind of order one and order zero
rapidly approach one as the argument increases. This makes it possible for us to
approximate the total axial flow by,

2k Ω 2  h ∞
4
Q
=−
1 − ∑
,
ν  R n =1 ( n − 1/ 2 )3 π 3 
V

(C 20)

where the direct calculation of the sum yields 1.086.
Recall that the dimensionless reaction time is just a ratio of the reaction time to
the residence time, or the inverse of the volumetric flow rate.
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Tr∞ =

2kΩ 2 1 / k r
=
.
k rν
V /Q

(C 21)

From the above result (C 20), finite effects enter in the form,
h

Tr = Tr∞ 1 − α  ,
R


(C 22)

where α is a constant of about one. Even accounting for the ratio of the two Bessel
functions this constant should still be a number very close to one. This modified
dimensionless reaction time can be used instead of the dimensionless reaction time for
the analytic model.
IR =

Tr
.
1 + Tr

(C 23)

C.2. GENERAL PRESSURE BOUNDARY CONDITION

Is it possible to solve the problem with a general boundary condition at the side
interface? We can start at the point after the first three boundary conditions are applied.
At this point the solution form is
∞


1  πr 
1  πz 
P(r , z ) = ∑ An I 0  n −   cos  n −   + ρΩ 2 z 2 − h 2 .
2 h 
2 h 
n =1



(

)

(C 24)

The final boundary condition is changed so that the pressure there is some arbitrary
function
P = f (z ) at r = R , z ∈ [0, h] .
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(C 25)

This new condition is applied
∞

∑A I

n 0

n =1



1  πR 
1  πz 
2
2
2
 n − 2  h  cos  n − 2  h  = f ( z ) − ρΩ z − h ,
 
 



(

)

(C 26)


1  πz 
and again both sides are multiplied by cos  m −   and integrated from 0 to h,
2 h 

utilizing orthogonality.
h
h



1  πR  h
1  πz 
1  πz 
Am I 0  m −   = ∫ f ( z ) cos  m −  dz + ∫ ρΩ 2 h 2 − z 2 cos  m −  dz .
2 h  2 0
2 h 
2 h 



0

(

)

(C 27)
The second integral on the right hand side can be evaluated as


h
1  πR  h
1  πz 
m −1 
Am I 0  m −   = ∫ f ( z ) cos  m −  dz + 2 ρΩ 2 (− 1) 
2 h  2 0
2 h 


 (m − 1 / 2 )π
h

3


 .


(C 28)
And the set of constants are found to be,
2 ρΩ (− 1)
2

Am =

3

m −1

 h


h
1  πz 
 + ∫ f ( z ) cos  m −  dz

2 h 

 (m − 1 / 2)π  0
.

1  πR  h
I 0  m −  
2 h  2


(C 29)

And the pressure field is

(

)

P(r , z ) = ρΩ 2 z 2 − h 2
3
h


1  πz 
h
n −1 
2
 + ∫ f ( z ) cos  n −  dz
2 ρΩ (− 1) 
∞
2 h 


1  πr 
1  πz 

 (n − 1 / 2 )π 
0
I 0  n −   cos  n −   .
+∑
2 h 
2 h 

1  πR  h
n =1


I 0  n −  
2 h  2

(C 30)
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From that the axial velocity entering the top surface of disk is
q z ( r , h) = −

k ∂P
µ ∂z



1  πr 

−
I
n
 


0
n

∞
2  h  
(
2kΩ h 
2
n − 1 / 2)π (− 1)


−
=
−1+ ∑

ν 
ρΩ 2 h 3

1  πR   (n − 1 / 2)2 π 2
n =1


−
I
n



0
2  h 


2

h

∫
0




1  πz  
f ( z ) cos  n −  dz  .
2  h  



(C 31)

And in the same manner as before the volumetric flow rate is found to be
Q
2kΩ 2
=−
ν
V

n
 h ∞ 
4
2(− 1)
−
−
1

∑
3 3
ρΩ 2 h 3
 R n =1  (n − 1 / 2) π

h



1  πz   I 1 ((n − 1 / 2)πR / h ) 

∫ f ( z ) cos  n − 2  h dz  I ((n − 1 / 2)πR / h ) .

0

0

(C 32)
Note we end up with one additional term by using a generalized boundary
condition. There is nothing more we can glean from this if we do not know anything
about the arbitrary function.
But since we do know that the pressure at the side interface is zero at the top and
some negative value at the bottom we could assume a linear function where the intercept
is some fraction ε of Joseph’s pressure value for an infinite disk. Minding the
constraints at the boundary let us assume the following function for the pressure at the
side of the porous disk:
f ( z ) = ρΩ 2 hε ( z − h) .

(C 33)

Replacing this for the function in the volumetric flow rate expression for an arbitrary
boundary condition (C 32), evaluating the integral, and ignoring the ratio of the modified
Bessel functions we arrive at
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n
∞
Q
2kΩ 2  h  ∞
4
2(− 1)

=−
−ε∑
1 −
∑
2
2
ν  R  n =1 (n − 1 / 2)3 π 3
V
n =1 (n − 1 / 2 ) π


 .



(C 34)

Once again the we find that the finite effects essentially enter in the form of
h

Tr = Tr∞ 1 − α  ,
R


(C 35)

where α is some constant. Recall the first summation in (C 34) is the same as before (C
20) and its value is 1.086. The value of the second sum is 0.7414. Thus, the value of
constant α can have a maximum value of 1.086 down to a minimum value of 0.26 as

ε goes from zero to one. However, we know from simulations that this fraction is quite
small so α in practice is close to unity.
In conclusion, assuming a linear change in pressure on the side boundary, in
essence, yields the same result as assuming zero pressure. Note the simplicity of the way
finite effects are accounted for. So, is this enough for practical purposes? This geometric
correction, using an α value of unity is applied to simulation (Figure 3.9) and
experimental results (Figure 5.8) and shows excellent agreement.
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Appendix D. Alternative Nondimensionalization

The governing equations and boundary conditions of the porous rotating disk
electrode (PRDE) system can alternatively be nondimensionalized using scalings
deduced from Joseph’s results for the flow in a porous disk of infinite radius. i.e., the
lengths are nondimensionalized by h (axial) and R (radial), the axial velocity by
kΩ 2 h /ν , the radial and azimuthal velocities by kΩ 2 R /ν , the pressure by ρΩ 2 h 2 , and

the reactant concentration by c0 . We denote the nondimensional properties without
change of notation. The resulting equations of motion in the fluid phase become,
1 ∂
(ru r ) + ∂u z = 0 ,
∂z
r ∂r
2

(D 1)
2

2
∂u 
kΩ 2 h 2  ∂u r uθ2
h 2  h  ∂P  h  ∂  1 ∂
 ∂ ur
 u r
(
)
+
ru
−
+ u z r  = −  
+ 
,(D 2)

r 
2
ν  ∂r
r
k  R  ∂r  R  ∂r  r ∂r
∂z 
 ∂z
2

2
∂uθ   h  ∂  1 ∂
kΩ 2 h 2  ∂uθ u r uθ
 ∂ uθ
(
)
ru
u
u
+
,
=
+
+
 r
  

z
θ 
2
ν  ∂r
r
∂z   R  ∂r  r ∂r
 ∂z

(D 3)

2

∂u 
h 2 ∂P  h  1 ∂  ∂u z  ∂ 2 u z
kΩ 2 h 2  ∂u z
.
+ uz z  = −
+ 
 ur
r
+
k ∂z  R  r ∂r  ∂r  ∂z 2
∂z 
ν  ∂r

(D 4)

The partial differential equation obtained by combining Darcy’s law with continuity
equation is given by,
2

 h  1 ∂  ∂Pp
r
 
 R  r ∂r  ∂r

2
2
 
kΩ   ∂ Pp
 + 1 + 4
= 2.

2

 ν   ∂z
 

The dimensionless boundary conditions for the flow problem are,
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(D 5)

u r = 0 at r = 0 ,

(D 6)

u r = 0, uθ = rν / kΩ, u z = q z , Pp = P at r ∈ [0, 1] , z = 1 ,

(D 7)

u r = q r , uθ = rν / kΩ, u z = 0 , Pp = P at r = 1 , z ∈ [0, 1] ,

(D 8)

u r = 0, uθ = rν / kΩ, u z = 0 at z = 0 ,

(D 9)

2

−P+2

k ∂u r
∂ u 
 h  ∂u z ∂u r
+
= 0, r  θ  = 0,  
= 0 as r → ∞ ,
2
∂r  r 
∂z
h ∂r
 R  ∂r

(D 10)

u r = 0, uθ = 0 , P = 0 as z → ∞ .

(D 11)

q r = 0 at r = 0 ,

(D 12)

q z = 0 at z = 0 .

(D 13)

The dimensionless equations for the reaction and convection-diffusion outside
and inside the porous media are given by,

qr

2
∂c
∂c 1 1   h  1 ∂  ∂c  ∂ 2 c 
ur
,
+ uz
=
 
r  +
∂r
∂z Pe D   R  r ∂r  ∂r  ∂z 2 

(D 14)

2
2
1   h  1 ∂  ∂c  ∂ 2 c 
∂c
∂c
.
+ qz
= − ∞ c +  
r  +
Pe   R  r ∂r  ∂r  ∂z 2 
∂r
∂z
Tr

(D 15)

where, Pe = kΩ 2 h 2 / D pν is the Péclet number, D = D p / D f , and Tr∞ = 2kΩ 2 / k rν is
the dimensionless reaction time. The boundary conditions for these equations can be
rewritten in nondimensional terms as,
∂c
= 0 at r = 0 ,
∂r

(D 16)

c = 1 as z → ∞ ,

(D 17)
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∂c
= 0 at z = 0 ,
∂z

(D 18)

∂c
= 0 as r → ∞ .
∂r

(D 19)

Note with this alternative nondimensionalization the dimensionless reaction time appears
directly in the convection-diffusion equation in the porous disk (D 15).
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