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Acquiring channel state information (CSI) for link configuration in

wideband millimeter wave (mmWave) massive multiple-input-multiple-output

(MIMO) systems with hybrid architectures is challenging, due to the high di-

mensions of the channel matrices, the low signal-to-noise ratio (SNR) before

beamforming, the various hardware constraints and the high mobility in the

vehicular context. Previous work in this area exploits channel sparsity, sta-

tistical priors or side information to reduce the overhead associated to initial

channel estimation or channel tracking. These works consider, however, a sys-

tem model that neglects hardware imperfections. In addition, many of the

proposed solutions are unable to operate in some realistic scenarios, such as

vehicle-to-everything (V2X) communications. In this dissertation, we develop

new signal processing solutions that can enable low-overhead mmWave link
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configuration under various disturbances and practical limitations, e.g., hard-

ware impairments, calibration errors, beam squint effect, channel blockage,

high mobility, to name a few.

In the first part of this dissertation, we focus on the problem of wide-

band channel estimation for mmWave MIMO systems with different hardware

imperfections. We first design a dictionary learning aided channel estimation

strategy for wideband mmWave MIMO systems by explicitly considering the

hardware uncertainties and calibration errors, and then derive algorithms that

learn the optimal sparsifying dictionaries for channel representation and esti-

mation. In a second contribution of this part, we further develop a dictionary

learning aided compressive channel estimation scheme for mmWave MIMO

systems by incorporating beam squint into the model of array responses. Nu-

merical results show the proposed solutions can adapt to the practical scenarios

and help reduce the overhead associated with channel estimation significantly.

In the second part of this dissertation, we deal with the problem of

wideband channel tracking for mmWave MIMO systems with or without the

impact of blockage. We first introduce statistical channel models that include

the evolution models for channel gains and angles of arrival/departure, as well

as the statistics of blockage events. Then, we design novel blockage detection

schemes and efficient Bayesian channel tracking algorithms to facilitate the

low-overhead tracking with or without blockage. Numerical results corroborate

that the proposed solutions achieve better channel tracking performance even

in mobile scenarios that suffer from highly dynamic blockage events.
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Chapter 1

Introduction

1.1 Millimeter wave link configuration

Millimeter wave MIMO communication has become a key ingredient

for the fifth generation (5G) of wireless communications [1], thanks to its

potential to support Gigabits per second (Gbps) data rates with the aid of

large available spectrum at mmWave band and the multi-antenna techniques.

The design of MIMO communication at mmWave band is very different from

that at lower frequency systems. To obtain enough link margin, large-scale

antenna arrays comprised of hundreds or even thousands of antenna elements

will be deployed at the transceivers, providing substantial beamforming gains.

As a consequence, mmWave MIMO channels have a much higher dimension,

which will induce overwhelming computational complexity and communication

overhead associated to the link configuration procedures in practical scenarios.

The 5G New Radio (NR) considers a unified framework allowing an effi-

cient use of mmWave bands, and thus a typical beam alignment mechanism for

link configuration is adopted in 5G NR standards, i.e., the beam management

protocol. This beam alignment scheme facilitates the directional communica-

tions at mmWave band by searching for the optimal beam pairs that provide
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the largest link budget. Beam training can be performed either for initial

access (IA) or beam tracking. The IA phase conducts the beam sweeping at

both transmitter and receiver to determine their best beams. Once a beam pair

link has been established between the access point (AP) and a user equipment

(UE), the optimal beam pair will be tracked during beam tracking phases. To

recover from a beam failure instance, several alternative beams neighboring

the optimal one will also be monitored during the beam tracking procedure.

Though the beam management protocol is robust to different channel condi-

tions, it consumes a lot of time and frequency resources for the beam sweeping

mechanism, especially when the number of beams in the codebook increases

significantly and when the beam pair failure events (e.g., induced by channel

blockage) happen frequently. In the case of high mobility V2X communica-

tions, the shorter channel coherence time interval makes it infeasible to do the

beam alignment link configuration.

Channel estimation for IA is an effective alternative to beam training

to configure mmWave antenna arrays. To reduce the high overhead associated

to estimating the channel in mmWave MIMO systems, channel spatial sparsity

has been exploited, e.g., [2, 3]. In most prior works, a narrow band channel

model is considered, and the sparse channel matrices under a certain sparsify-

ing dictionary are recovered from compressive channel measurements with few

training resources. The dictionaries used in prior work are constructed from

the transmit and receive array response vectors evaluated on a grid of quan-

tized possible angles of arrival and departure (AoAs/AoDs) [4, 5]. The sparse

2



nature of frequency selective mmWave MIMO channels, both in the angular

and delay domains, has also been considered to redefine the sparsifying dictio-

naries [6]. Unfortunately, in prior works, e.g., [2–6], ideal antenna arrays are

considered for the channel model, without taking into consideration realistic

models for their imperfections.

Though channel estimation has been studied in the literature for nar-

row band [3, 7, 8], and frequency-selective channels [5, 6, 9–12], little attention

has yet been drawn towards the problem of wideband channel tracking. An

interesting feature of the new 5G NR channel model [13] is that it incorporates

spatial consistency. This way, a model for the temporal evolution of different

channel parameters can be leveraged to design effective strategies for channel

tracking. The problem of channel tracking under a narrow band communica-

tion model has been considered in recent work [14–21], although the mmWave

channel is frequency-selective. Besides this unrealistic assumption, prior work

on channel tracking considers different ad-hoc mathematical approaches to

model the channel dynamics, that is, how the AoA, AoD, and channel gains

evolve with time. Further, some prior work [21] considers the tracking problem

only for a narrow band, multiple-input single-output (MISO) scenario, with

single-antenna users, and considering channel vectors comprising of only two

multipath components. Generally, tracking a frequency selective channel is

significantly more challenging than tracking a narrowband channel. To op-

erate in a frequency selective mmWave channel, a large number of channel

matrices have to be tracked. In the literature, only a few works deal with the

3



problem of channel tracking assuming a hybrid mmWave MIMO system, and

considering frequency-selective single-user scenarios [22–25]. The limitations

of previous works include: 1) the considered channel model is not band-limited,

thus leading to both unrealistic and sparser channel realizations; and 2) the

channel gains are assumed to be time-invariant, which does not hold under

realistic tracking periodicities.

1.2 Practical limitations in mmWave systems

In this section, we describe various common disturbances and uncer-

tainties, including hardware imperfections, calibration errors, and beam squint

effect, that will inevitably occur in practical wideband mmWave MIMO sys-

tems, but are usually ignored or erroneously handled.

Practically constructed antenna arrays deviate from the ideal case in

many ways. Due to the manufacture and calibration errors, the antenna ar-

ray will generate unexpected radiation patterns. The imperfect spacing be-

tween antenna elements also has to be considered. For example, the inter-

element spacing in practical uniform linear arrays (ULA) is not the ideal half-

wavelength, due to the limited manufacturing accuracy, which will result in

irregular linear arrays rather than perfect ULAs. Therefore, the array response

vectors do not longer follow the Vandermonde structure. The disturbance in

the antenna spacing further increases the mutual coupling effect among an-

tenna elements. There are also other hardware impairments in the radio fre-

quency (RF) chains and the calibration errors that contribute to a general

4



mismatch between ideal and actual channel models. Given all the sources of

mismatch, sparsifying dictionaries constructed from ideal array response vec-

tors at quantized angels are not the best choice for exploiting channel sparsity.

Beam squint, namely, beams changing direction with frequency, is an-

other significant effect. As shown in [26–28], the time delay of the same data

symbol across the antenna array aperture is non-negligible in the large-scale

MIMO configurations and/or the wideband systems. Due to the spatial delay

difference of each data symbol at different antennas, the array steering vec-

tors will have dissimilar responses at each frequency and then gives rise to

the beam squint effect. Therefore, the adopted MIMO channel models in the

existing literature, e.g., [4,5,29], that use the array response vectors evaluated

at the carrier frequency for channel modeling at all subcarriers are no longer

valid when operating with very large bandwidths. Moreover, the prior works

on channel estimation under beam squint failed to consider the practical pulse

shaping and filtering effects in the channel modeling, which is a non-trivial

factor in practical wireless systems. We will show that the beam squint will

not only induce the frequency-dependence on array steering vectors, but also

yields to additional distortions at different antennas across all subcarriers, es-

pecially on side subcarriers in a multi-carrier system. This practical problem

has not been considered in the previous literature.

Blockage is another feature that should be carefully considered for

mmWave MIMO link configuration, especially for wideband channel track-

ing in high-mobility V2X scenarios. Due to the propagation properties of

5



mmWave signals, the directional mmWave links can be blocked by obstacles,

like human body, neighboring vehicles, buildings, foliage and other infrastruc-

tures. Considering the practical scenarios like in urban areas, blockage events

are expected to appear and disappear frequently, which will induce abrupt

changes and fluctuations in the channel. Previous work, such as [14,15,17,30],

derived different channel tracking strategies for narrowband channels, while

only [22,31,32] consider a frequency selective channel model. These approaches

consider an evolution model for the channel parameters and work well in the

absence of blockage. Although [33–35] do consider blockage and propose algo-

rithms to detect abrupt changes in the mmWave channel, only the narrowband

case was considered. Moreover, [33–35] focus on fast re-access to the channel

after link failure due to blockage, rather than on incorporating the statistics

of blockage into the channel tracking strategy. Based on these, research on

efficient wideband channel tracking strategies under blockage is essential for

practical mmWave V2X scenarios.

1.3 Overview of contributions

This dissertation proposes new signal processing solutions that can

enable low-overhead mmWave link configuration under various disturbances

and practical limitations, including hardware impairments, calibration errors,

beam squint effect, channel blockage, high mobility. The main contributions

of this dissertation are summarized as follows.

1. We propose a novel dictionary learning based channel estimation solu-

6



tion for hybrid frequency-selective mmWave MIMO systems under the

impact of hardware impairments. We develop the general model for

such hybrid wideband mmWave MIMO systems by explicitly incorpo-

rating the hardware imperfections, like array manifold disturbances, an-

tenna gain/phase errors, and array mutual coupling, and show why these

hardware impairments should be embedded into the sparsifying dictio-

naries for channel representation. We also derive the Cramér-Rao Lower

Bound (CRLB) for the estimation variance of frequency-domain channel

matrices with unknown hardware impairments. We then design efficient

dictionary learning approaches to optimize the best channel sparsifying

dictionaries, which facilitate the compressive channel estimation in hy-

brid wideband mmWave MIMO systems and help reduce the training

overhead significantly.

2. We propose another novel dictionary learning based channel estimation

solution for hybrid frequency-selective mmWave MIMO systems under

both the impact of hardware impairments and beam squint. We derive

the new general channel model, which not only incorporates the hardware

impairments, but also explicitly considers the impacts of combined pulse

shaping and filtering on channels, showing the limitations of existing

MIMO channel models and the associated channel estimation schemes.

We then devise with beam squint new efficient dictionary learning algo-

rithms by fully exploiting the channel properties at different subcarriers

under beam squint.

7



3. We investigate the efficient wideband channel tracking and hybrid pre-

coding design strategies for mmWave MIMO systems with or without the

impact of blockage. We first introduce statistical channel models that

include the evolution models for channel gains and AoAs/AoDs, and in-

vestigate efficient Bayesian channel tracking algorithms to facilitate the

low-overhead tracking without channel blockage. We then extend the

Bayesian tracking algorithm by generalizing the channel models with

statistics of blockage events. To simultaneously obtain a high blockage

detection probability and an accurate channel estimate, we also propose

a double digital combiner architecture that uses different digital combin-

ers for blockage detection and channel tracking.

The proposed solutions in this dissertation pay attentions to link con-

figuration for hybrid wideband mmWave MIMO systems in different practical

scenarios. The first and second contributions focus on compressive channel

estimation with the aid of dictionary learning for various disturbances and

practical limitations. The third contribution deals with the efficient channel

tracking and blockage detection in the context of high mobility V2X scenar-

ios. The proposed approaches in this dissertation have the advantages of lower

complexity for online deployment. The first and second contributions make an

assumption that enough computational power and capacity are available for

offline dictionary training, while the third contributions assumes the statisti-

cal priors on the channel parameters are known or can be learned. Generally,
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this dissertation has provided efficient and feasible solutions that are able to

operate in realistic scenarios in wireless communication systems.

1.4 Thesis organization

Chapter 2 introduces the dictionary learning based channel estimation

solution for hybrid wideband mmWave MIMO systems under the impact of

hardware impairments. In Chapter 3, the beam squint effect is illustrated

and a new dictionary learning aided wideband channel estimation approach,

under both the impact of hardware impairments and beam squint, is proposed.

Chapter 4 presents efficient wideband channel tracking and hybrid precoding

design strategies for mmWave MIMO systems without the impact of blockage.

The channel blockage modeling, detection and tracking schemes are illustrated

in Chapter 5. Chapter 6 concludes the dissertation.

1.5 Notation

In this dissertation, vectors and matrices are denoted by boldface small

and capital letters; the transpose, conjugate, Hermitian (conjugate transpose),

inverse, and pseudo-inverse of the matrix A are denoted by AT , A, A∗, A−1

and A†; IM is an M×M identity matrix; 0M×N is an M×N all-zero matrix and

1M×N is an M×N all-one matrix; [a]n denotes the n-th element of a and [A]:,j

denotes the j-th column vector of A; [A]m,n denotes the (m,n)-th element of

A; , represents new definitions; I(N) , {0, 1, . . . , N − 1} denotes the index

set of cardinality N ; C and R denote the sets of complex and real numbers;
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E{·} returns expectation; tr{A} is the trace of A; diag{a} denotes a diagonal

matrix with its diagonal elements given in a and diag{A} formulates a vector

by extracting the diagonal elements of A; j =
√
−1 is the imaginary unit; |K|

denotes the cardinality of a set and | · | denotes the amplitude of a complex

number; bxc denotes the largest integer less than or equal to x and dxe denotes

the smallest integer great than or equal to x; F(·)[f ] denotes the Fourier trans-

form evaluated at frequency f ; and ‖a‖0 denotes the `0 norm of vector, i.e., the

number of nonzero elements of a; ⊗, � an ? denote the Kronecker, Hadamard

and Khatri-rao product; tensors are denoted by bold-faced calligraphic capital

letters, e.g., A; For an Q-dimensional (Q-order) tensor A ∈ CM1×M2×...×MQ ,

the q-mode unfolding, denoted by [A](q) ∈ CMq×M1···Mq−1Mq+1···MQ , represents

a rearrangement of A into a matrix, where the q-th index is used as a row

index and all other indices are aligned along the columns (aligned in reverse

cyclical ordering), and the columns of [A](q) are referred to as mode-q fibers

(columns). The q-mode product between a tensor A ∈ CM1×M2×...×MQ and

a matrix B ∈ CNq×Mq is denoted by A ×q B and defined as [A ×q B](q) =

B[A](q). Moreover, there is Y = A ×1 B(1)
×2 B(2) · · ·×Q B(Q) ⇔ [Y](q) =

B(q)[A](q)
(
B(Q) ⊗ · · · ⊗B(q+1) ⊗B(q−1) ⊗ · · · ⊗B(1)

)T
. Furthermore, for a third-

order tensor A ∈ CM1×M2×M3 , its i-th horizontal, j-th lateral, and c-th frontal

slides are denoted by [A]i:: ∈ CM2×M3 , [A]:j: ∈ CM1×M3 , and [A]::c ∈ CM1×M2 .

Moreover, x ∼ CN (0,C) indicates that x is a circularly-symmetric com-

plex Gaussian random variable vector with zero mean and covariance matrix

C. Time-domain vectors (matrices) are represented using x[n] (X[n]), whilst
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frequency-domain vectors (matrices) are represented using x[k] (X[k]). We use

µx to denote the mean of a vector x, and Cxy to denote the covariance matrix

between two random vectors x,y.

1.6 Abbreviations

1D one-dimensional

2D two-dimensional

3D three-dimensional

5G Fifth-generation

6G Sixth-generation

AoA Angle-of-arrival

AoD Angle-of-departure

AP Access point

AWGN Additive white Gaussian noise

CPD Change point detection

CS Compressive sensing

CSI Channel state information

DFT Discrete Fourier transform

GHz Gigahertz

GMPF Generalized marginal particle filter

IARM Ideal array response matrix

IID Independent and identically distributed

LOS Line-of-sight
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LTE Long Term Evolution

MIMO Multiple-input multiple-output

MISO Multi-input-single-output

mmWave Millimeter wave

MPF Marginal particle filter

NLOS Non-line-of-sight

NMSE Normalized mean square error

NR New radio

OFDM Orthogonal frequency division multiplexing

OMP Orthogonal matching pursuit

QPSK Quadrature phase shift keying

RF Radio frequency

SE Spectral efficiency

SNR Signal-to-noise ratio

SVD Singular value decomposition

THz Terahertz

UE User equipment

ULA Uniform linear array

V2X Vehicle-to-everything
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Chapter 2

Dictionary Learning for Channel Estimation in

Hybrid Wideband mmWave MIMO Systems

In this chapter1, we propose dictionary learning aided compressive

channel estimation solutions for hybrid wideband mmWave MIMO systems

under the impact of hardware impairments. Exploiting channel sparsity at

mmWave frequencies can reduce the high training overhead associated with

the channel estimation stage. Prior CS channel estimation techniques usually

adopt the (overcomplete) Fourier transform matrix as sparsifying dictionary.

This may not be the best choice when considering hardware impairments in

practical arrays. We propose two dictionary learning algorithms to learn the

best sparsifying dictionaries for channel matrices from observations obtained

with practical hybrid frequency-selective mmWave MIMO systems. First, we

optimize the combined dictionary, i.e., the Kronecker product of transmit and

receive dictionaries, as it is used in practice to sparsify the channel matrix.

This stage operates as a calibration phase, since all the hardware imperfections

1This chapter is based on our published work [36]: H. Xie and N. González-Prelcic,
“Dictionary learning for channel estimation in hybrid frequency-selective mmWave MIMO
systems,” IEEE Trans. Wireless Commun., vol. 19, no. 11, pp. 7407–7422, Nov. 2020.
This work was supervised by Prof. González-Prelcic. My contributions lie in designing and
performing the research, doing simulations, analyzing data and writing the paper, etc.

13



are embedded into the learned dictionaries. Second, considering the different

array structures at the transmitter and receiver, we exploit separable dictio-

nary learning to find the best transmit and receive dictionaries. Once the

channel is expressed in terms of the optimized dictionaries, various CS-based

sparse recovery techniques can be applied for low overhead channel estima-

tion. The effectiveness of the proposed dictionary learning algorithms under

low SNR conditions has been corroborated via numerical simulations with

different system configurations, array geometries and hardware impairments.

2.1 Introduction

To reduce the high overhead associated to estimating the channel in

mmWave MIMO systems, channel spatial sparsity has been exploited, e.g.,

[2,3]. In most prior work, a narrowband channel model is considered, and the

sparse channel matrices under a certain sparsifying dictionary are recovered

from compressive channel measurements with few training resources. The

dictionaries used in prior work are constructed from the transmit and receive

array response vectors evaluated on a grid of quantized possible AoAs/AoDs

[4,5]. The sparse nature of frequency selective mmWave MIMO channels, both

in the angular and delay domains, has also been considered to redefine the

sparsifying dictionaries [6]. Unfortunately, in prior work [2–6], ideal antenna

arrays are considered in the channel model, without taking into consideration

many practical effects, including hardware impairments and calibration errors.

Practically constructed antenna arrays deviate from the ideal case in
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many ways. Due to the manufacture and calibration errors, the antenna array

will generate unexpected radiation patterns. The imperfect spacing between

antenna elements also has to be considered. For example, the inter-element

spacing in practical ULA is not the ideal half-wavelength, due to the limited

manufacturing accuracy, which will result in irregular linear arrays rather than

perfect ULAs. Therefore, the array response vectors do not longer follow

the Vandermonde structure. The disturbance in the antenna spacing further

induces the mutual coupling effect among antenna elements. There are also

other hardware impairments in the RF chains and the calibration errors that

contribute to a general mismatch between ideal and actual channel models.

Given all the sources of mismatch, sparsifying dictionaries constructed from

ideal array response vectors at quantized angels are not the best choice for

exploiting channel sparsity.

Learning a sparsifying dictionary using dictionary learning is one ap-

proach to capture the underlying practical structure in mmWave MIMO chan-

nels. This way, the compressive channel estimation stage will have the capabil-

ity to adapt to all kinds of uncertainties and impairments. Dictionary learning

for sparse signal representation has many applications in image processing in-

cluding image denoising [37,38], component analysis [39], classification [40], or

feature extraction [41] among others [42, 43]. Dictionary learning for wireless

signal processing is not straightforward, however, given the different signal

characteristics, the low SNR operation ranges and the different sparse struc-

tures to be exploited. The idea of dictionary learning based channel sparse
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representation and estimation was proposed in [44] for massive MIMO sys-

tems operating at low frequencies. In that work, an overcomplete dictionary

was learned from the channel measurement (training) data to substitute the

predetermined discrete Fourier transform (DFT) dictionaries. A similar ap-

proach for dictionary learning based low-rank channel approximation was also

considered in [45]. While [44] shows the power of leveraging dictionary learn-

ing for CSI acquisition, the formulation was limited to narrow band massive

MIMO systems in high SNR regimes, without considering the aforementioned

practical effects or the operating conditions at mmWave frequencies.

2.2 Contributions

In this chapter, we develop dictionary learning strategies for frequency

selective mmWave MIMO systems with practical hybrid array architectures.

The main contributions of this chapter are as follows:

• We propose a general model for frequency-selective mmWave MIMO

systems that explicitly includes the array manifold disturbances, antenna

gain/phase errors, and array mutual coupling. In the new model, the

hardware impairments are embedded into the sparsifying dictionaries,

and the channel parameters are represented by a sparse matrix. This

general model will motivate and justify the formulation of our dictionary

learning problems.

• We propose a channel estimation framework for mmWave channels based
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on dictionary learning strategies. The dictionary learning process is im-

plicitly calibrating the hardware at both ends, avoiding the need of

conventional calibration and recalibration procedures based on extra

transceiver hardware or an implicit feedback stage as the one described

for example for the WiFi standard IEEE802.11n [46].

• We propose the combined dictionary learning (CoDL) algorithm to di-

rectly optimize a combined dictionary, i.e., the Kronecker product of

transmit and receive dictionaries. By exploiting the common sparsity

between subcarriers, CoDL is formulated as a non-convex optimization

problem with two regularization terms to promote the common sparsity

and combat high noise level. While common sparsity has been commonly

considered for CS-based channel estimation, e.g., [5, 47,48], it has never

been exploited for learning a sparsifying dictionary for wireless channels.

• We propose the separable dictionary learning (SeDL) algorithm to op-

timize the transmit and receive dictionaries separately, which is more

consistent with the practical system architecture, considering different

array structures at transmitters and receivers. To exploit the separabil-

ity of the Kronecker product between transmit and receive dictionaries,

we formulate the SeDL problem in the tensor space, where the common

sparsity among subcarriers is translated into the common sparsity sup-

port along the third-dimension of tensors. This is a typical property and

constraint for our SeDL formulation that has not been considered in ex-

isting CS or dictionary learning problems. Though there is a performance
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gap between SeDL and CoDL, SeDL has a much lower computational

complexity due to the smaller sizes of transmit/receive dictionaries com-

pared to the combined one used in CoDL. Therefore, SeDL achieves a

good trade-off between performances and complexity.

• We derive the Cramér-Rao Lower Bound (CRLB) for the estimation

variance of frequency-domain channel matrices with unknown hardware

impairments. This helps to understand the performances of various com-

pressive channel estimation techniques with different sparsifying dictio-

naries.

• We evaluate the proposed dictionary learning algorithms on different

system configurations, array geometries and channel conditions. Numer-

ical results show that the training overhead of channel estimation with

learned dictionaries can be significantly reduced compared to that based

on overcomplete dictionaries constructed from array response vectors.

This corroborates the effectiveness of the proposed dictionary learning

algorithms for hybrid wideband mmWave MIMO systems.

Compared with our prior work in [49], we develop a new DL algorithm (CoDL),

we compute the CRLB for the original problem, we analyze the complexity of

our approaches and we show the effectiveness of the proposed approaches via

extensive simulations. The rest of the chapter is organized as follows. Sec-

tion 2.3 describes the system, channel and signal models for the considered

18



wideband mmWave MIMO system based on fully connected hybrid architec-

tures. The CRLB computation for the problem of estimating a mmWave chan-

nel and the hardware impairments is described in Section 2.4. Section 2.5 and

Section 2.6 introduce the proposed CoDL and SeDL algorithms, respectively.

Numerical simulations are provided in Section 2.7 to justify the effectiveness

of the proposed dictionary learning algorithms and conclusions are drawn in

Section 2.8.

2.3 System and channel models

2.3.1 System model

Consider a hybrid mmWave multi-user MIMO system with an AP of

Nt antennas and Lt RF chains, as well as UEs using Nr antennas and Lr

RF chains. The channel between the AP and the UE is assumed to be

frequency-selective. An orthogonal frequency division multiplexing (OFDM)-

based mmWave MIMO link employing Nc subcarriers is used to simultaneously

transmit Ns (≤ min{Lt, Lr}) data streams. The hybrid precoder and combiner

adopted for such frequency-selective mmWave systems can be represented as

F[c] = FRFFBB[c] and W[c] = WRFWBB[c], for the c-th (c ∈ I(Nc)) subcar-

rier, where FRF ∈ CNt×Lt and FBB[c] ∈ CLt×Ns denote the analog and digital

precoders, and WRF ∈ CNr×Lr and WBB[c] ∈ CLr×Ns are the analog and dig-

ital combiners. The analog precoders/combiners are frequency-flat, while the

baseband ones can be different for each subcarrier. In this chapter, we will

consider a fully connected phase shifting network for the analog precoder and

19



combiner. During the channel estimation stage, prior knowledge of the training

precoders and combiners is assumed at both the AP and the UE.

2.3.2 Channel model

We consider the frequency-selective channel model in [6,50], consisting

of Np clusters with Nray rays in each cluster and a delay tap length Ntap. In

the sequel, we will focus on dictionary learning and channel estimation for

the downlink, although the analysis and proposed algorithms can be similarly

developed for the uplink. The d-th delay tap of the downlink channel between

the AP and a UE is denoted as Hd ∈ CNr×Nt , d ∈ I(Ntap), and can be

expressed as

Hd =

√
NtNr

NpNray

Np∑
`=1

Nray∑
k=1

α`,kprc(dTs − τ`)CRΓRaR(φ`,k)(CTΓTaT(θ`,k))
∗,

(2.3.1)

where prc(τ) denotes a band-limited function including all filtering effects eval-

uated at τ ; Ts is the system sampling time; α`,k ∈ C is the complex gain;

φ`,k ∈ [−π, π) and θ`,k ∈ [−π, π) are the AoA and AoD of the k-th ray in the

`-th cluster; τ` ∈ R is the path delay of all rays in the `-th cluster. Moreover,

aR(φ`,k) ∈ CNr×1 and aT(θ`,k) ∈ CNt×1 denote the antenna array response vec-

tors at UE and AP, which depend on the specific geometries of the antenna

arrays and include any disturbance in the spacing between antenna elements

due to manufacture errors. For instance, for a linear antenna array, instead of

assuming a perfect ULA with an ideal uniform antenna spacing d, we denote
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aR(φ) as

aR(φ) ,
1√
Nr

[
1, e−j2π(d+εr,1)/λ sin(φ), . . . , e−j2π((Nr−1)d+εr,Nr−1)/λ sin(φ)

]T
, (2.3.2)

where λ is the carrier wavelength and εr,1, . . . , εr,Nr−1 denote the errors in

the spacing between receive antenna elements. Furthermore, CR ∈ CNr×Nr

and CT ∈ CNt×Nt in (2.3.1) are the mutual coupling matrices for the re-

ceive and transmit antenna arrays, representing the unwanted interchange

of energy between elements in the arrays [51]. ΓR ∈ CNr×Nr and ΓT ∈

CNt×Nt are the antenna gain and phase error matrices, defined as ΓR ,

diag
{
gr,1e

jνr,1 , gr,2e
jνr,2 , . . . , gr,Nre

jνr,Nr

}
, in which {gr,i}Nr

i=1 are the receive gain

error normalized to a reference amplitude and {νr,i}Nr
i=1 are the additional re-

ceive phase errors. Note that these antenna gain and phase errors are due to

the hardware impairments and calibration errors in production processes with

respect to impedance matching networks, baluns, possible amplifiers, PCB

materials, etc, [51]. Since our work focuses on the channel estimation prob-

lem with hardware impairments for a particular AP-UE mmWave link, during

the channel coherence time both the physical channel parameters and the pa-

rameters modeling the impairments can be considered fixed and treated as

deterministic. The deterministic consideration of the imperfections has also

been assumed in many works on antenna array calibration such as [51–57].

We define anNpNray×NpNray diagonal matrix that contains the channel

coeffients as ∆d ,
√

NtNr

NpNray
diag

{
α1,1prc(dTs− τ1), . . . , αNp,Nrayprc(dTs− τNp)

}
.
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Then the compact expression for (2.3.1) is given as

Hd = CRΓRAR∆dA
∗
TΓ∗TC∗T, (2.3.3)

where AR ,
[
aR(φ1,1), . . . , aR(φNp,Nray)

]
and AT ,

[
aT(θ1,1), . . . , aT(θNp,Nray)

]
collect the receive and transmit array response vectors evaluated at the actual

AoAs and AoDs.

To exploit the sparsity within the channel matrix and enable the CS

techniques, the exact expression of Hd in (2.3.3) can be approximated with

the extended virtual channel model [4] as

Hd ≈ CRΓRAv
R∆v

d(A
v
T)∗Γ∗TC∗T, (2.3.4)

where the dictionary matrices Av
R ∈ CNr×Gr and Av

T ∈ CNt×Gt generalize AR

and AT in (2.3.3), while ∆v
d ∈ CGr×Gt is the generalization of ∆d in (2.3.3).

Av
R and Av

T collect the receive and transmit array response vectors evaluated

on Gr quantized angles for AoAs and Gt quantized angles for AoDs, both sam-

pled in [−π, π), and ∆v
d contains the path gains of these discrete quantized

AoAs/AoDs at the non-zero elements. For the particular case of ULAs, the

work in [58] proves that the virtual channel representation based on the array

steering vectors evaluated on a grid of size equal to the number of antennas in

the array is exact. In this case, the quantized dictionaries are in fact DFT and

IDFT matrices. This proof can be extended to uniform planar arrays. This

idea of building a basis for the representation of the channel based on virtual

AoAs and AoDs, has been extended to general array geometries and grid sizes
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larger than the number of antennas, using the extended virtual model defined

in [4]. For this more general scenario, the extended model is only an approx-

imation of the channel. Inspecting (2.3.4), if there is no prior knowledge on

CR, CT, ΓR, ΓT, the existing channel estimation strategies based on CS tech-

niques will not be applicable for this general model as the dictionary would be

unknown. For this reason, in prior work like [5, 6], the mutual coupling ma-

trices and gain/phase error matrices were all set as identity matrices and the

antenna spacing disturbances were considered as zeros. Under this circum-

stance, a popular choice for Av
R and Av

T is the overcomplete DFT matrices

if perfect ULAs are considered at the AP and the UE. Nevertheless, this is

not an optimal choice for the general channel models that include hardware

imperfections and callibration errors.

A natural solution is to substitute CRΓRAv
R and CTΓTAv

T in (2.3.4)

with two general dictionaries DR and DT, without any array structure related

constraints, so that they can be applied to arbitrary antenna geometries and

include all the hardware impairments. Under these assumptions, Hd in (2.3.3)

can be generalized as

Hd ≈ DRΩ[m, d]D∗T, (2.3.5)

where DR , [dR,0,dR,1, . . . ,dR,Kr−1] ∈ CNr×Kr and DT ,

[dT,0,dT,1, . . . ,dT,Kt−1] ∈ CNt×Kt denote the optimal receive and trans-

mit dictionaries to be determined, and Ω[m, d] ∈ CKr×Kt is a sparse channel

matrix with few non-zero elements, similar to its counterpart ∆v
d in (2.3.4).
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The objective of the approximation from (2.3.4) to (2.3.5) is to operate with

a more compact expression for the approximated channel that depends only

on a dictionary for the transmit side DT, a dictionary for the receive side DR,

both embedding the hardware impairments, and a sparse matrix representing

the channel gains in the virtual domain Ω[m, d]. Notice that with this

definition, the new virtual domain accounts for the hardware imperfections.

To avoid the ambiguity between dictionaries and channel matrices, the

dictionary atoms (columns) are normalized, i.e., ‖dR,kr‖2 = 1,∀kr ∈ I(Kr)

and ‖dT,kt‖2 = 1,∀kt ∈ I(Kt), where Kr (≥ Nr) and Kt (≥ Nt) are the

numbers of atoms of each dictionary. Note that with the optimized dictio-

naries accounting for practical antenna uncertainties and adapted to different

channel effects, it is expected that the new channel matrix Ω[m, d] will be

sparser than ∆v
d.

For the geometric channel model in (2.3.5), the frequency-domain chan-

nel matrix at the c-th (c ∈ I(Nc)) subcarrier can be written as

H[c] =

Ntap−1∑
d=0

Hde
−j 2πcd

Nc = CRΓRAR

(Ntap−1∑
d=0

∆de
−j 2πcd

Nc

)
︸ ︷︷ ︸

∆[c]

A∗TΓ∗TC∗T

≈ DR

(Ntap−1∑
d=0

Ω[m, d]e−j 2πcd
Nc

)
︸ ︷︷ ︸

Ω[c]

D∗T, (2.3.6)

where ∆[c] and Ω[c] are defined accordingly and denote the channel gains

in the frequency domain. In (2.3.6), we observe that ∆[c] is computed as∑Ntap−1
d=0 ∆de

−j 2πcd
Nc , ∀c ∈ I(Nc), which is the sum of the diagonal matrices
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∆de
−j 2πcd

Nc . These matrices are diagonal because they are the product of a

diagonal matrix and a scalar. We can conclude then that ∆[c] is also diagonal.

To be noted, we assume that CR,CT,ΓR,ΓT, as well as AR and AT, are

frequency-independent in this chapter, as we neglect the beam squint effect

[26,27]. Therefore, the generalized dictionaries DR and DT are also frequency-

independent in (2.3.6). Recalling that vec(ABC) = (CT ⊗ A)vec(B), the

vectorization of (2.3.6) is given as

vec
(
H[c]

)
=
(
(CTΓTAT)⊗ (CRΓRAR)

)
vec
(
∆[c]

)
≈
(
DT ⊗DR

)
vec
(
Ω[c]

)
= Ψh̃[c], (2.3.7)

where Ψ ,
(
DT ⊗ DR

)
∈ CNrNt×KrKt is the combined dictionary and

h̃[c] , vec(Ω[c]) ∈ CKrKt×1 is the vectorized sparse channel matrix when

this combined dictionary is used to build vec(H[c]).

2.3.3 Frequency domain signal model

According to [5,6], the received signal at the UE for the c-th subcarrier

can be written as

y[c] = W∗
BB[c]W∗

RFH[c]FRFFBB[c]s[c] + W∗
BB[c]W∗

RFz[c], (2.3.8)

where s[c] ∈ CNs×1 is the transmitted signal vector at the c-th subcarrier

and z[c] ∼ CN(0, σ2INr) denotes the Gaussian noise vector with variance σ2.

During the DL and channel estimation phases, let the AP and the UE use the

same frequency-flat precoder Fm ∈ CNt×Lt and combiner Wm ∈ CNr×Lr for

all the subcarriers in the m-th OFDM symbol. Suppose that the transmitted
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symbols satisfy E
{
sm[c]s∗m[c]

}
= Ptr

Ns
INs , with Ptr the total power constraint

and thus the SNR is defined as SNR = Ptr

σ2 . To facilitate our proposed DL and

channel estimation algorithms in the following, we decompose the transmitted

symbol as sm[c] = qmtm[c] with qm ∈ CLt×1 a frequency-flat vector and tm[c]

a scalar pilot symbol known at the receiver, as in [5]. To provide SNR gain

for the DL algorithm to work properly, additional temporal spreading has to

be considered. Therefore, during the learning stage, the training sequence

is generated by repetition of the symbols in the auxiliary symbol sequence

rn[c], n = 0, 1, 2, . . . For a given spreading factor Nrep, the training sequence is

generated as tm[c] = rb m
Nrep

c[c], i.e.,

tm[c] = r0[c], · · · , r0[c]︸ ︷︷ ︸
Nrep times

, r1[c], · · · , r1[c]︸ ︷︷ ︸
Nrep times

, · · · (2.3.9)

Then the post-combining received training signals at c-th subcarrier, i.e.,

(2.3.8), in the m-th (m = 0, 1, 2, . . .) training OFDM symbol is rewritten

as

ym[c] = W∗
mH[c]Fmqmtm[c] + W∗

mzm[c]. (2.3.10)

To enable sparse reconstruction with a single subcarrier-independent measure-

ment matrix, we multiply the received signal ym[c] by (tm[c])−1 and vectorize

it to get

ỹm[c] , vec
(
(tm[c])−1ym[c]

)
=
(
qTmFT

m ⊗W∗
m

)
vec (H[c]) + z̃m[c], (2.3.11)
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where z̃m[c] , vec((tm[c])−1W∗
mzm[c]). Combining with (2.3.7), (2.3.11) can

be approximated by

ỹm[c] ≈
(
qTmFT

m ⊗W∗
m

) (
DT ⊗DR

)
vec
(
Ω[c]

)
+ z̃m[c]

= ΦmΨh̃[c] + z̃m[c], (2.3.12)

where Φm ,
(
qTmFT

m ⊗W∗
m

)
∈ CLr×NrNt is defined accordingly. Note that

Φm is the sensing matrix for m-th OFDM symbol based on hybrid precoders

and combiners, and ΦmΨ is the measurement matrix commonly defined in the

literature of CS. To use the training spreading to average out the noise, we will

keep the same Fm and Wm for the Nrep OFDM symbols during which the same

training symbol tm[c] is transmitted, and then averaged the received signals

as ỹave,i[c] =
∑Nrep−1

m=0 ỹiNrep+m[c]/Nrep for i = 0, 1, 2, . . .. Next, we formulate

a tall sensing matrix by stacking M averaged measurements obtained above,

and express the received signals at the c-th subcarrier as[
ỹTave,0[c], . . . , ỹTave,M−1[c]

]T
︸ ︷︷ ︸

ỹ[c]

=
[
ΦT

0 , . . . ,Φ
T
M−1

]T
︸ ︷︷ ︸

Φ

Ψh̃[c]+

[
z̃Tave,0[c], . . . , z̃Tave,M−1[c]

]T
︸ ︷︷ ︸

z̃[c]

, (2.3.13)

where ỹ[c] ∈ CMLr×1, Φ ∈ CMLr×NrNt and z̃[c] ∈ CMLr×1 are defined accord-

ingly.
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2.4 CRLB analysis for channel estimation with un-
known dictionaries

The original problem we would like to solve is to obtain an estimation of

H[c], c ∈ I(Nc) in (2.3.6), which includes the physical channel parameters and

the impairments. The derivations in this section and the Appendix A give us

the CRLB [59], which characterizes the behavior of the best possible estimator

of H[c] from the received signal defined in (2.3.11). Since the optimal estimator

of this high number of parameters, some of them of high dimension, with a non

linear dependence on the received signal and the channelHd, will likely involve

a high complexity, we propose to consider an approximation of H[c]. Then,

in Section IV and Section V, we derive two estimators of this approximation

of H[c] that operate in two stages. Our estimators are suboptimal, but with

low complexity, and it is interesting to compare their performance with the

CRLB that we derive in this section to understand how close to optimal our

approaches perform.

Specifically, from (2.3.3) and (2.3.6), we first rewrite the vectorized

channel matrix as vec(H[c]) =
(
(CTΓTAT(θ)) ?CRΓRAR(φ)

)
g[c] and g[c] ∈

CNpNray×1 contains the nonzero diagonal elements of ∆[c] corresponding to

the multipath gains at the c-th subcarrier. For the estimation of the channel

matrices H[c], we collect the measurements at all Nc subcarriers based on
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(2.3.13) as

[
ỹ[0], . . . , ỹ[Nc − 1]

]︸ ︷︷ ︸
Ỹ

= ΦΨ
[
h̃[0], . . . , h̃[Nc − 1]

]︸ ︷︷ ︸
H̃

+
[
z̃[0], . . . , z̃[Nc − 1]

]︸ ︷︷ ︸
Z̃

,

(2.4.1)

= Φ
(
(CTΓTAT(θ)) ?CRΓRAR(φ)

) [
g[0], . . . ,g[Nc − 1]

]︸ ︷︷ ︸
G̃

+Z̃, (2.4.2)

where Ỹ ∈ CMLr×Nc , H̃ ∈ CKrKt×Nc , Z̃ ∈ CMLr×Nc and G̃ ∈ CNpNray×Nc are

defined accordingly. Vectorizing (2.4.2), we have

vec(Ỹ) =
(
INc ⊗Φ

(
CTΓTAT(θ) ?CRΓRAR(φ)

))
vec(G̃) + vec(Z̃),

=
(
INc ⊗Φ

(
CT ⊗CR

)(
ΓT ⊗ ΓR

)(
AT(θ) ?AR(φ)

))
vec(G̃) + vec(Z̃).

(2.4.3)

Therefore, the received signal is Gaussian distributed as

vec(Ỹ) ∼ CN(µ,Cvec(Z̃)), where µ ,
(
INc ⊗ Φ

(
CT ⊗

CR

)(
ΓT ⊗ ΓR

)(
AT(θ) ? AR(φ)

))
vec(G̃) and Cvec(Z̃) , σ2INc ⊗

blkdiag
{
W∗

0W0,W
∗
1W1, · · · ,W∗

M−1WM−1

}
. For simplicity, we can fur-

ther whiten the received signal by σC
−1/2

vec(Z̃)
vec(Ỹ), such that the whitened

mean is µw ,
(
INc ⊗Φw

(
CT⊗CR

)(
ΓT⊗ΓR

)(
AT(θ) ?AR(φ)

))
vec(G̃), with

Φw , blkdiag
{
W∗

0W0,W
∗
1W1, · · · ,W∗

M−1WM−1

}−1/2
Φ, and the whitened

noise covariance matrix is σ2IMLrNc .

Let us stack all the unknown parameters of interest into a vector ξ,

including NpNray pairs of AoAs/AoDs {φ,θ}, the real and imaginary parts of

the path gain vectors gR[c],gI[c] (from g[c] , gR[c] + jgI[c], ∀c ∈ I(Nc)), the

antenna gain errors gt , {gt,i}Nt
i=1 and gr , {gr,i}Nr

i=1, the antenna phase errors
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φt , {φt,i}Nt
i=1 and φr , {φr,i}Nr

i=1, the antenna spacing errors εt , {εt,i}Nt−1
i=1

and εr , {εr,i}Nr−1
i=1 , and the coupling coefficients ct , {ct,i,j, ∀1<i<j<Nt}

and cr , {cr,i,j,∀1<i<j<Nr}. Note that there are only Nt − 1 and Nr − 1

spacing error terms at the transmitter and receiver, respectively. Moreover,

there are Nt(Nt−1)
2

and Nr(Nr−1)
2

unknown coupling coefficients in CT and CR,

respectively, for the coupling matrix for ULAs is Toeplitz matrices with di-

agonal elements being one (notice that the number of coupling coefficients is

different if other types of coupling matrices are assumed). Therefore, ξ ,

[θT ,φT ,gR[0]T ,gI[0]T , . . . ,gR[Nc−1]T ,gI[Nc−1]T , gTt , g
T
r ,φ

T
t ,φ

T
r , ε

T
t , ε

T
r ]T ∈

C2NpNray+2NpNrayNc+2Nr+2Nt+(Nt−1)+(Nr−1)+Nr(Nr−1)/2+Nt(Nt−1)/2. Then the (i, j)-

th entry in the overall Fisher Information Matrix (FIM) for ξ, denoted by

[I(ξ)]ξi,ξj , is given as [59]

[I(ξ)]ξi,ξj = 2<
{
∂µ∗(ξ)

∂ξi
C−1

vec(Z̃)
(ξ)

∂µ(ξ)

∂ξj

}
=

2

σ2
<
{
∂µw

∗(ξ)

∂ξi

∂µw(ξ)

∂ξj

}
.

(2.4.4)

Based on (2.4.4) , the detailed derivations of FIM I(ξ) are given in Appendix

A. Once the FIM I(ξ) in (A.0.26) is available, considering that the channel

vec(H[c]) =
(
(CTΓTAT(θ)) ?CRΓRAR(φ)

)
g[c] is a function of the unknown

variable ξ, then the covariance matrix of any unbiased estimator for vec(H[c])

is given as [59]

Cvec(H[c]) ≥ Jξ(c)I
−1(ξ)J∗ξ(c), ∀c ∈ I(Nc), (2.4.5)

where Jξ(c) ,
∂vec(H[c])

∂ξT
is the Jacobian matrix of the channel vec(H[c])

w.r.t. ξ. It can be expressed as a block column matrix as Jξ(c) =
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[Jθ(c) Jφ(c) Jg[c](c) Jgt(c) Jgr(c) Jφt(c) Jφr(c) Jεt(c) Jεr(c) Jct(c) Jcr(c)], and

the expressions of each column block can be derived similarly following the

above procedure of derivation for the FIM I(ξ). Finally, the total CRLB for

the channel matrices vec(H[c]),∀c ∈ I(Nc) is

CRLB =
Nc−1∑
c=0

tr{Jξ(c)I−1 (ξ)J∗ξ(c)}. (2.4.6)

The value of the CRLB will be included in the simulations as a reference

to evaluate the channel estimation error performance when using the learned

dictionaries to model the channel.

2.5 Combined dictionary learning (CoDL)

In this section, we develop a solution to the problem of learning a

combined dictionary for frequency-selective mmWave MIMO channels, i.e.,

the Kronecker product of transmit and receive dictionaries in (2.3.7).

2.5.1 Problem formulation of CoDL

Inspecting (2.3.13), there are two unknown parameters, i.e., the com-

bined dictionary Ψ and the channel vector h̃[c]. The conventional DL problem

for recovering the optimal Ψ as well as h̃[c] can be formulated as

min
Ψ∈D, h̃[c]

∥∥ỹ[c]−ΦΨh̃[c]
∥∥2

2
+ w

∥∥h̃[c]
∥∥

0
, (2.5.1)

where ‖ · ‖0 is the `0-norm of a vector, i.e., the number of non-zero elements

and w is a regularization factor that trades off the model fitting error and
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sparsity level. Moreover, the unit-norm condition in (2.3.5) transfers to the

unit-norm constraint for the combined dictionary as

D =
{

Ψ ∈ CNtNr×KrKt
∣∣‖[Ψ]:,j‖2 = 1, ∀j ∈ I(KrKt)

}
. (2.5.2)

Note that the process of dictionary learning avoids the need for hardware

calibration and recalibration procedures and human interaction, since the im-

pairments are explicitly embedded into the sparsifying dictionaries.

Beyond the basic formulation in (2.5.1), the DL problem can be ex-

tended by considering the following aspects:

2.5.1.1 Common support among subcarriers

The frequency domain channel vectors h̃[c], c ∈ I(Nc) exhibit an impor-

tant property: common sparsity support among subcarriers [5]. Specifically,

the rows of H̃ in (2.4.1) will be either all zeros or non-zeros. This property is

commonly used when beam squint effect is not considered.

2.5.1.2 Multiple measurements at different locations

In addition to increasing the number of training OFDM symbols and

exploiting the common support between subcarriers, it is possible for the UE

to collect multiple measurements at different positions. This way, a larger

training set is created where different channel sparsity patterns are included,

and then the sparsifying dictionary does not depend on the specific location,

but on the specific impairments. Suppose there are Nsa measurement samples
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collected at different positions, and each measurement Ỹ defined in (2.4.1) is

then denoted by Ỹ(u), u ∈ I(Nsa). Stacking them in a compact form gives

[
Ỹ(0), Ỹ(1), . . . , Ỹ(Nsa−1)

]︸ ︷︷ ︸
Y

= ΦΨ
[
H̃(0), H̃(1), . . . , H̃(Nsa−1)

]︸ ︷︷ ︸
H

+

[
Z̃(0), Z̃(1), . . . , Z̃(Nsa−1)

]︸ ︷︷ ︸
Z

, (2.5.3)

where Y ∈ CMLr×NcNsa , H ∈ CKrKt×NcNsa and Z ∈ CMLr×NcNsa are defined

accordingly.

The overhead associated with the measurement collection can be ne-

glected by operating in two different ways:

• Off-line operation: In many scenarios, an indoor WiFi system or an en-

terprise deployed cellular supported communication system, the learning

process can be performed at the stage of network setup. In Section 2.7,

we show that at mmWave frequencies the DL process can be performed

in the order of hundred of microseconds, even at low SNR. This training

time is negligible compared to the recalibration period, which will be

very infrequent in these indoor environments.

• On-line operation: The mmWave link could be initially established with-

out calibration, i.e., neglecting the hardware impairments. The achieved

rate can be later improved by collecting enough measurements during

different training periods for channel tracking. After a short time, when

the number of measurements is sufficient, the sparsifying dictionaries
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can be updated to account for hardware imperfections. The next chan-

nel estimate will be more accurate, and therefore, the achieved rate will

increase, as we will show in Section 2.7. With this strategy, the training

overhead associated to learning the dictionary can be distributed across

several online training intervals and its overall effect can be neglected.

2.5.1.3 Denoising option

The proposed DL algorithm has to be able to operate under the low

SNR conditions in mmWave communications. Next, we denote a denoised (and

unknown) version of Y in (2.5.3) by X, i.e., Y = ΦΨH + Z = X + Z′, where

Z′ is comprised of Z and the mismatch error between X and ΦΨH. Then, an

additional regularization term ‖Y − X‖2
F can be added to the following DL

problem formulation to alleviate the influence of noise.

Given these three aspects, the CoDL problem in (2.5.1) can be written

as [37]

min
Ψ∈D, X,

h̃(u)[0],...,h̃(u)[Nc−1]

∥∥X−ΦΨH
∥∥2

F
+ w1

Nsa−1∑
u=0

Nc−1∑
c=0

∥∥h̃(u)[c]
∥∥

0
+ w2‖Y − X‖2

F

s.t. supp{h̃(u)[0]} = · · · = supp{h̃(u)[Nc − 1]}, ∀u ∈ I(Nsa).
(2.5.4)

Note that an additional superscript (u) is added as sample index for h̃(u)[c]

to indicate which channel matrix H̃(u) it belongs to. Inspecting (2.5.4), the

sparsity enhancement regularization term and the common sparsity support

property can be considered jointly, i.e., using the joint sparsity regularization
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`2/`1 norm of H̃(u),∀u ∈ I(Nsa), rather than encoding each subcarrier channel

vector h̃(u)[c] separately. In doing so, the sparsity enhancement regularization

term together with the common sparsity support constraint in (2.5.4) can be

integrated as f(H), given by

f(H) =
Nsa−1∑
u=0

∥∥H̃(u)
∥∥

2,1
=

Nsa−1∑
u=0

KrKt−1∑
i=0

∥∥[H̃(u)
]
i,:

∥∥
2
. (2.5.5)

Then, we have the final formulation for the CoDL problem as

min
Ψ∈D, H, X

∥∥X−ΦΨH
∥∥2

F
+ w1f(H) + w2‖Y − X‖2

F . (2.5.6)

2.5.2 Problem optimization of CoDL

The objective function in (2.5.6) is not jointly convex w.r.t. Ψ, H

and X, but it is convex in each of the variables when the others are kept

fixed. Thereby, a possible approach to finding the solution of (2.5.6) involves

solving three sub-problems: 1) updating the channel H with fixed Ψ and X, 2)

updating the dictionary Ψ with fixed X and newly updated H, and 3) updating

X with fixed newly updated H and Ψ.

2.5.2.1 Sparse coding stage

Let us first assume that Ψ and X are fixed, so that the optimization

problem is reduced to a sparse coding problem for updating H. Thanks to

the separability of the objective function (2.5.6) w.r.t. each H̃(u), u ∈ I(Nsa),

we can compute H̃(u) separately. Specifically, all H̃(v), v 6= u are fixed when

computing H̃(u). Along these lines, the objective function in (2.5.6) can be
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further simplified to

min
H̃(u)

∥∥X̃(u) −ΦΨH̃(u)
∥∥2

F
+ w1

∥∥H̃(u)
∥∥

2,1
. (2.5.7)

Various sparse coding techniques can be used to solve this problem, such as

the orthogonal matching pursuit (OMP) [60], the simultaneous-weighted (SW-

OMP) [5], and the alternating direction method of multipliers (ADMM) [42,

61,62].

2.5.2.2 Dictionary update stage

Following the sparse coding step, we then update dictionary Ψ column

by column with fixed X and newly estimated H. When updating the k-th (k ∈

I(KrKt)) atom, all the other columns are fixed as well. Then the dictionary

update is formulated as

min
Ψ

∥∥X−ΦΨH
∥∥2

F
, s.t.

∥∥[Ψ]:,k
∥∥

2
= 1. (2.5.8)

This problem can be solved by using the well-known K-SVD algorithm [63]

(or approximate K-SVD [64] with reduced complexity), which updates the

dictionary Ψ atom by atom, or by the canonical method of optimal direction

(MOD) algorithm [65].

2.5.2.3 Denoising stage

Following the sparse coding and dictionary update stages, the value of

X is updated by computing

min
X

∥∥X−ΦΨH
∥∥2

F
+ w2‖Y − X‖2

F , (2.5.9)
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Algorithm 1 : Combined dictionary learning (CoDL)

• Input: Training measurements Y ∈ CMLr×NcNsa , measurement matrix
Φ ∈ CMLr×NrNt , number of OFDM subcarriers Nc, number of measure-
ment samples Nsa, regularization parameters w1, w2.

• Initialization: Set the dictionary matrix Ψ ∈ CNtNr×KrKt using mea-
surement data with normalized columns, and set X = Y.

• While not converge do

1. Sparse coding stage: Solve (2.5.7) for each u ∈ I(Nsa) to get the

channel matrix H =
[
H̃(0), H̃(1), . . . , H̃(Nsa−1)

]
.

2. Dictionary update stage: If MOD is adopted, the update of Ψ
is given by Ψ = Φ†XH∗(HH∗)−1, followed by normalization on each
column. If K-SVD is considered, Ψ is updated column by column as did
in [63,64].

3. Denoising stage: Update X by solving (2.5.9), i.e., [X]new =
(1 + w2)−1(w2Y + ΦΨH).

end while

• Output: The optimal dictionary Ψ, the channel matrix H and the
denoised version measurement X.

which can be solved by least squares (LS) and given as [X]new = (1 +

w2)−1(w2Y + ΦΨH).

The whole procedure of the proposed CoDL algorithm is summarized in

Algortihm 1. The proposed algorithm will stop either if the values of objective

function (2.5.6) at adjacent iterations are sufficiently close, or if the maximum

number of iterations is reached. In Section 2.7, we will show via numerical

simulations that the objective function is to decrease quickly as the number of

37



DR

⇥1 ⇥2

DTH

=

Common support along 
the third-dimension

Figure 2.1: Illustration of tensor expression of Y ∈ CNr×Nt×NcNsa and its tensor
mode product expansion.

iterations increase, which helps to illustrate fast convergence of the proposed

algorithms.

2.5.3 Convergence analysis and dictionary initialization

For sparse coding stage, the ADMM algorithm can compute the exact

solution for each sub-problem, its convergence is guaranteed by the existing

ADM theory [42,66]. In this stage, when the dictionaries are fixed, each sparse

coding step decreases the value of the objective function. While for the dictio-

nary update and denoising stages, as explained in [63], an additional reduction

or no change in the mismatch error is guaranteed. Therefore, the alternating

steps for optimizing the CoDL problem ensure a monotonic decrease in the

objective function and then convergence to a local minimum is guaranteed.

As the alternating optimization can only guarantee to converge to a

local minimum, the initialization is then of significant importance to avoid

local minimizers and ensure the learned dictionaries to be closer to the actu-
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ally dictionaries. The common initialization choices for current DL algorithms

include random initial dictionary, an overcomplete wavelet/Fourier dictionary

or a sample of data measurements. Some other initialization methods were

also proposed for different DL problems in the literature, e.g., [67–69]. In

this chapter, after thorough comparisons and investigations among different

initialization methods, we finally adopt the dictionary initialization algorithm

(DIA) proposed in [67]. The main idea of DIA is to use incoherent structures

to create a very good initialization for a DL problem, which involves an itera-

tive adaptation of the dictionary to the dataset with pruning of the less used

atoms and constructions of new atoms that fit the data better. The detailed

procedures of DIA can be found in the Algorithm 1 in [67].

2.6 Separable dictionary learning (SeDL)

Inspecting (2.5.6), the combined dictionary Ψ was learned without con-

sidering the specific structure constraints on DT and DR, i.e., ‖dT,kt‖2 = 1,

∀kt ∈ I(Kt) and ‖dR,kr‖2 = 1, ∀kr ∈ I(Kr). In this section, we investigate

the formulation and optimization for the SeDL problem. By separating the

constraints on transmit and receive dictionaries, the SeDL problem will be

more suited for the practical MIMO systems.

2.6.1 Problem formulation of SeDL

To facilitate the problem formulation for SeDL, we re-formulate (2.5.3)

in a higher dimensional tensor space [70]. Specifically, the collected mea-

39



surements after removing the training sequences, i.e., Φ†Y ∈ CNrNt×NcNsa

in (2.5.3), is re-written as a three-order (three-dimensional) tensor Y ∈

CNr×Nt×NcNsa , which is stacked by Nsa sub-tensors Y(u) ∈ CNr×Nt×Nc , u ∈

I(Nsa) along the third dimension, as shown in Fig. 2.1. A similar definition

goes for its unknown denoised version X ∈ CNr×Nt×NcNsa . We also replace

H ∈ CKrKt×NcNsa with a tensor H ∈ CKr×Kt×NcNsa , which is stacked by Nsa

sub-tensors H(u) ∈ CKr×Kt×Nc , u ∈ I(Nsa) along the third dimension. Then

we have the following formulation for the SeDL problem as

min
H,X,DR,DT

Nsa−1∑
u=0

∥∥X(u) −H(u)
×1 DR ×2 DT

∥∥2

F

+ w1

Nsa−1∑
u=0

‖H(u)‖1,1,2 + w2

∥∥Y−X
∥∥2

F

s.t. ‖dT,kt‖2 = 1, ‖dR,kr‖2 = 1, ∀kt ∈ I(Kt), kr ∈ I(Kr). (2.6.1)

where ‖H(u)‖1,1,2 denotes the summation of `2 norm of all the mode-3 columns

along the third dimension in H(u) and is used to promote the common sparsity

support between subcarriers.

2.6.2 Problem optimization of SeDL

Similar to Section 2.5.2, the optimization for SeDL in (2.6.1) is also

divided into three parts, i.e., 1) sparse coding, 2) dictionary update, and 3)

denosing stage.

Sparse coding stage Let us first assume that the transmit/receive dictio-

naries, DT and DR, together with X are fixed, and then update the channel
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tensor H(u) for each u ∈ I(Nsa). Under these assumptions, the objective

function is reduced to

min
H(u)

∥∥X(u) −H(u)
×1 DR ×2 DT

∥∥2

F
+ w1

∥∥H(u)
∥∥

1,1,2
. (2.6.2)

After some mathematical manipulations, (2.6.2) is equivalent to

min
H(u)

∥∥∥[X(u)]
T

(3) −
(
DT ⊗DR

)
[H(u)]

T

(3)

∥∥∥2

F
+ w1

∥∥∥[H(u)]
T

(3)

∥∥∥
2,1
, (2.6.3)

where the `1,1,2 norm of tensor is simplified to the `2/`1 norm of matrix ac-

cording to the definitions of these norms and the involved tensor operations.

Inspecting (2.6.3), it is exactly in the form of (2.5.7). In fact, this is intuitive

that when DT and DR are fixed, they can be combined to replace Ψ in (2.5.7)

and thereby the update of H(u) is similar to that for H̃(u). Note that besides

transforming back to the form of (2.5.7), the sparse coding algorithms, e.g.,

ADMM, can be re-derived for this SeDL problem, which leads to lower com-

putational complexity for the smaller dimensions of DT and DR compared to

the Kronecker product
(
DT ⊗DR

)
.

Dictionary update stage Following the sparse coding stage, the two dic-

tionaries DT and DR are then updated column by column with fixed H and

X. Note that rather than considering a combined dictionary Ψ as did in Sec-

tion 2.5, the update of DT and DR here are separated. If MOD is considered,

we first fix DT and then the optimization of (2.6.1) w.r.t. DR is equivalent to

min
DR

∥∥∥[X](1) −DR[H](1)(INsa ⊗ INc ⊗DT)T
∥∥∥2

F
, (2.6.4)
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where [X](1) ,
[
[X(0)](1), · · · , [X(Nsa−1)](1)

]
∈ CNr×NtNcNsa and its columns are

the mode-1 fibers of X. Similarly, [H](1) ,
[
[H(0)][(1), · · · , [H(Nsa−1)](1)

]
∈

CKr×KtNcNsa collects the mode-1 fibers of H. Therefore, the updates for DR is

readily available by LS as
[
DR

]new
= [X](1)

(
[H](1)

(
INsa ⊗ INc ⊗

[
DT

]old)T)†
.

Similarly, the update for DT is given as
[
DT

]new
= [X](2)

(
[H](2)

(
INsa ⊗ INc ⊗[

DR

]new)T)†
. Besides, the basic idea of K-SVD for dictionary update could be

extended accordingly in the tensor case by using the high-order SVD (HOSVD)

[71].

Denoising stage Following the sparse coding and dictionary update stages,

to update X(u),∀u ∈ I(Nsa), we can still transform it back to the denoising

stage of CoDL, i.e.,

min
X(u)

∥∥∥[X(u)]
T

(3) −
(
DT ⊗DR

)
[H(u)]

T

(3)

∥∥∥2

F
+ w2

∥∥∥[Y(u)]
T

(3) − [X(u)]
T

(3)

∥∥∥2

F
,

(2.6.5)

whose solution is also readily available by LS.

Based on these sparse coding, dictionary update and denoising steps,

the whole procedure for SeDL can be summarized similar to Algortihm 1,

which we omit for space limitation.

2.6.3 Complexity analysis

The convergence analysis and stopping rules of the SeDL problem are

similar to those of CoDL in Section 2.5. The analysis of computational com-

plexity in terms of complex multiplication operations per iteration for CoDL
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Table 2.1: Complexity analysis for different sparse coding and dictionary up-
date algorithms

Sparse coding (online
computation)

Dictionary update (offline computation)
MOD K-SVD/K-HOSVD

SW-OMP [5] O(NsaNcNK) —

CoDL
O
(
Nsa(NK2 +K3) +

NsaNc(NK +K2)
) O

(
NsaNcNK+NK2+
NsaNcK

2 +K3
) O

(
N2(S0NsaNc +
NK)

)
SeDL

Reducing to CoDL The same as CoDL O
(
2NsaNc(N

√
K+K

√
N)+

6NsaNcK
√
K + 2K

√
K
) O

(
N2(S0NsaNc +

NK) + 2NsaNcN
3S0

)
ADMM for SeDL O

(
4NsaNcK

√
K
)

and SeDL is provided in Table 2.1, where we assume Nr = Nt =
√
N and

Kr = Kt =
√
K for ease of comparison, and S0 denotes the sparsity level of

coefficient matrices. Note that the approximate K-SVD [64] can be used to

alleviate the computational burden of K-SVD based algorithms. Moreover,

the involved computations for dictionary update are implemented offline so

that they will not affect the complexity of sparse coding once the dictionary

is learned.

2.6.4 Channel estimation with learned dictionary

Once the optimal combined dictionary Ψ or separable dictionaries DR

and DT are learned via CoDL and SeDL algorithms, they will be used for chan-

nel estimation in the following transmissions. Then, the problem of channel

estimation at UE exactly boils down to a compressive sensing (sparse coding)

problem, as formulated in (2.5.7) and (2.6.2) with fixed Ψ or DR and DT, so

that the various sparse coding algorithms for CoDL and SeDL can be directly

applied, such as OMP, SW-OMP, ADMM, to name a few.
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2.7 Numerical results

In this section, we provide numerical simulations to corroborate the

effectiveness of the proposed dictionary learning and channel estimation algo-

rithms for hybrid wideband mmWave MIMO systems. For comparison, com-

pressive channel estimation (sparse coding) by SW-OMP [5] and the canon-

ical OMP methods [60], using the overcomplete ideal array response matrix

(IARM) uniformly sampled in the physical angle domain as the sparsifying

dictionaries are also evaluated.

2.7.1 Simulation parameters

Unless otherwise specified, the default parameters in the simulations

are summarized as follows. Both the AP and the UE deploy a ULA with

(presumed) half-wavelength antenna spacing, and Nt = 32, Nr = 8, Ns =

Lt = Lr = 2 and Kt = 64, Kr = 16. The phase-shifters used at the AP and

the UE are assumed to have NQ = 2 quantization bits, so that the phases

of the entries of precoders Fm and combiners Wm are randomly chosen from{
0, 2π

2
NQ
, . . . , 2π(2

NQ−1)

2
NQ

}
. The number of OFDM subcarriers is set as Nc = 128

and Ts = 1
1760

µs, as specified in the IEEE 802.11ad wireless standard. The

channels are generated according to (2.3.1) with Ntap = 16 delay taps and

Np = 6 multipath components each of Nray = 1 ray (which is typical in indoor

scenarios), whose delays are chosen uniformly from [0, (Ntap−1)Ts]. The band-

limited filter prc(t) is assumed to be a raised-cosine filter with roll-off factor

of 0.8. Moreover, all the AoAs and AoDs are supposed to be constrained
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in a sector range of 120◦, because we expect to have multiple antenna array

panels covering different sectors. The number of measurement samples Nsa

is set as 100. The SNR is set to 0 dB for dictionary learning and channel

estimation. During the dictionary learning phase, M = 500 and the spreading

factor Nrep = 10 is used to increase the effective SNR in 10 dBs.

To evaluate the effects of array uncertainties on dictionary learning

performances, we adopt the models and parameters in [51] to characterize the

antenna gain and phase errors as well as their mutual coupling. Specifically,

the gains and phase shifts in ΓR and ΓT are modeled as gi = 1.0 + 0.05 · σg
and νi = 20◦π

180◦
· σν , with σg ∼ N(0, 1). This indicates that the gain and phase

error variances for each antenna element are 5% and 20◦π/180◦. The mutual

coupling coefficients among antennas are in the range between 0.01 and 0.4 as

assumed in [51]. Moreover, to characterize the manufacture error and evaluate

irregular array geometries, we introduce the antenna spacing perturbation as

in [72], and assume that the antenna spacing is not 0.5λ, but is uniformly

distributed between 0.4λ and 0.6λ, with λ the carrier wavelength.

For the optimization of CoDL and SeDL, unless otherwise specified,

the ADMM-based algorithms are used for sparse coding, while approximate

K-SVD based algorithms [64] are used for dictionary update. The afore-

mentioned DIA algorithm is used for dictionary initialization. The regular-

ization parameters w1, w2 can be tuned and their default values are set as

w1 = 0.1, w2 = 0.001.

45



2.7.2 Performances of dictionary learning and channel estimation
with learned dictionaries
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Figure 2.2: The cumulative density function of ‖H̃‖l2/l1 on different sparsifying
dictionaries.

In Fig. 2.2, we compare the cumulative density functions (CDF) of

l2/l1 norm of the estimated channel matrices, i.e., ‖H̃‖l2/l1 , using different

sparsifying dictionaries, including learned dictionaries from CoDL and SeDL,

as well as the overcomplete IARM dictionaries. As explained before, since

the l2/l1 norm of a matrix is a convex surrogate of its row sparsity, CDFs of

‖H̃‖l2/l1 on distinct dictionaries are then able to illustrate the capability of the

corresponding dictionary for channel sparsity enhancement. It is clear from

Fig. 2.2, the values of ‖H̃‖l2/l1 corresponding to CoDL and SeDL are more

likely smaller than those of overcomplete IARM dictionary, which means that

the learned dictionaries by CoDL and SeDL can enhance the channel common
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sparsity compared to the overcomplete IARM dictionary. The performance

gap between CoDL and SeDL lies in the fact that the unit-norm constraint

on the combined dictionary in (2.5.6) is generally less strict than that on

the separable transmit and receive dictionaries in (2.6.1). In other words,

the predetermined structure constraints on separable dictionaries limit their

feasible ranges.
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Figure 2.3: Example of NMSE versus M performance comparison between the
CRLB benchmark and various combinations of compressive channel estimation
algorithms and dictionary learning methods with fixed channel and impairment
parameters.

The performance metric for channel estimation is the normalized mean

squared error (NMSE) in the estimation of Ĥ[c]. To understand the effective-

ness of our approaches to learn the dictionaries and estimate the channel, we

show in Fig. 2.3 the NMSE obtained by various combinations of SW-OMP and
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different dictionary learning methods and initializations versus the number of

training symbols when SNR= 0dB, the channel parameters and the impair-

ments are fixed and set according to the description in 2.7.1. The CRLB for

the joint estimation of all the parameters in the exact channel representation

in (2.3.3) is also shown as benchmark. The NMSE obtained by SW-OMP when

the hardware impairments are neglected is also shown for comparison. The

gap between the performance of our approaches and the CRLB is due to three

types of error: 1) approximation error in the channel model in (5); 2) error

in the dictionary learning stage; and 3) error in the channel estimate based

on the obtained dictionaries. Even if the performance gap could be further

reduced, our approaches clearly outperform prior work that neglects hardware

impairments [5]: around 4 dB reduction in NMSE for SW-OMP+CoDL, and

3dB for SW-OMP+SeDL with respect to SW-OMP when M=120.
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Figure 2.4: Comparisons of NMSE and SE performances for ULA versus num-
ber of training OFDM symbols using various sparse coding algorithms and
sparsifying dictionaries.
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We now compare the channel estimation performances of various sparse

coding algorithms and sparsifying dictionaries in Fig. 2.4(a) as a function of

the number of training OFDM symbols averaging among 20 different channels

and noise realizations. Since we have modeled the channel with a set of de-

terministic parameters, and the statistical CRLB is unknown, we include as

benchmark for the averaged performance, the NMSE provided by our strate-

gies when the impairments are assumed to be known and the dictionaries are

initialized to DT = CTΓTAv
T, and DR = CRΓRAv

R. It can be seen that when

the learned dictionaries from CoDL and SeDL are used, the NMSE perfor-

mances of SW-OMP outperform all the cases based on an IARM dictionary.

Furthermore, the ADMM-based sparse coding together with the optimized dic-

tionaries is able to further reduce the training overhead, compared to all other

sparse coding algorithms and dictionaries. The average reduction in NMSE

when considering the impairments and learning the dictionaries is about 2.5

dB for ADMM+CoDL. Last but not least, though there is a performance

gap between SeDL and CoDL, SeDL has lower computational complexity. In

other words, SeDL provides a better trade-off between complexity and channel

estimation performance.

The comparison of spectral efficiency (SE) performances is then given

in Fig. 2.4(b) as a function of the number of training OFDM symbols. The

SE is computed by assuming fully-digital precoding and combining using es-

timates for the Ns dominant left and right singular vectors of the channel

estimates [5]. Specifically, the effective channels are defined as Heff[c] ,
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[
Û1[c]

]∗
:,1:Ns

H[c]
[
Û2[c]

]
:,1:Ns

,∀c ∈ I(Nc), where Û1[c] and Û2[c] are the left

and right singular vectors of the channel estimates Ĥ[c]. Then SE is defined

as

SE =
1

Nc

Nc−1∑
c=0

Ns∑
n=1

log

(
1 +

SNR

Ns

λn(Heff[c])2

)
, (2.7.1)

where λn(Heff[c]), n = 1, . . . , Ns are the singular values of each effective chan-

nel Heff[c]. For comparison, SE with perfect CSI is also provided as an upper

bound. As can be seen from Fig. 2.4(b), SE is significantly increased by us-

ing SW-OMP with the learned dictionaries compared to those of SW-OMP

with overcomplete IARM dictionary. Similar results can be found for ADMM-

based sparse coding algorithm. It can be seen that a loss of only 0.25 bps ap-

pears when using ADMM+CoDL instead of ADMM+CoDL and impairment

knowledge. These results illustrate the effectiveness of the proposed dictio-

nary learning and channel estimation algorithms for the goal of designing the

precoders and combiners that maximize the spectral efficiency.

To evaluate the effectiveness of the proposed dictionary learning al-

gorithms on different array geometries, the compressive channel estimation

algorithms based on the learned dictionaries have been evaluated for uniform

circular arrays (UCAs), where the presumed spacing distances between adja-

cent antennas are half-wavelength (e.g., see [73]). From Fig. 2.5(a) and 2.5(b),

it can be seen that the learned dictionaries from our proposed dictionary learn-

ing algorithms can result in significant performance gains for UCAs compared

to the overcomplete IARM dictionary, both for SW-OMP or ADMM-based
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Figure 2.5: Comparisons of NMSE and SE performances for UCA versus num-
ber of training OFDM symbols using various sparse coding algorithms and
sparsifying dictionaries.

sparse coding algorithms. This is consistent with the case of ULAs and thus

corroborates the applicability of the proposed dictionary learning algorithms

for various (irregular) array geometries. In Fig. 2.6, we compare the NMSE and
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Figure 2.6: Comparisons of NMSE and SE performances of OMP and SW-
OMP as a function of SNR using various sparsifying dictionaries.
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SE performances of OMP and SW-OMP as a function of SNR, using overcom-

plete IARM dictionary or the learned dictionaries, and also include the impact

of the number of training OFDM symbols. The parameters involved in this

simulation are the same as Fig. 2.4(a). As can be seen, both the NMSE and SE

performances of SW-OMP with learned dictionaries by CoDL and SeDL are

superior to those using overcomplete IARM dictionary, even at a relatively low

SNR. Of course, the performance gains of learned dictionaries at low SNR is

relatively smaller, as the high noise level may mask the structural information

of the channel so that the accuracy of learned dictionaries is deteriorated. Fur-

thermore, the performance gains of the learned dictionaries are obvious when

the number of training OFDM symbols is small, which means the dictionary

learning methods can help to reduce the training overhead greatly.

2.8 Conclusions

In this chapter, we proposed two dictionary learning algorithms, i.e.,

CoDL and SeDL, to find the best sparsifying dictionaries for channel sparse

representation in hybrid wideband mmWave MIMO systems with hardware

impairments. The CoDL and SeDL problems were formulated by exploiting

the common sparsity properties within the large bandwidth. The CoDL fo-

cused on the best combined dictionary, while SeDL incorporated the detailed

constraints on separable transmit and receive dictionaries, and thus SeDL can

achieve a better trade-off between performance gains and computational com-

plexity. It has been shown that the learned dictionaries from both CoDL and
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SeDL can result in a sparser channel representation, compared to commonly

adopted overcomplete Fourier dictionary, especially when there exist irregu-

lar array geometries and array uncertainties. With the learned dictionaries,

various compressive channel estimation techniques can be applied for CSI ac-

quisition at low SNR with much reduced training overhead, which has been

corroborated via numerical simulations with different system configurations,

array geometries and channel environments.
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Chapter 3

Dictionary Learning and Channel Estimation

For Hybrid mmWave MIMO Systems Under

Hardware Impairments and Beam Squint

In this chapter1, we propose dictionary learning aided compressive

channel estimation solutions for hybrid wideband mmWave MIMO systems

under both the impact of hardware impairments and beam squint effect. Low

overhead channel estimation based on CS has been widely investigated for hy-

brid wideband mmWave MIMO systems. The channel sparsifying dictionaries

used in previous works typically are the (overcomplete) ideal array response

vectors evaluated on discrete angles of arrivals/departures, and assumed to be

the same for all subcarriers, without considering the impacts of either hard-

ware impairments or beam squint effect. In this chapter, we propose a dictio-

nary learning aided channel estimation strategy for hybrid wideband mmWave

MIMO systems under both hardware impairments and beam squint. We first

derive a general channel model by explicitly incorporating the impacts of hard-

1This chapter was based on our work [74]: H. Xie, J. Palacios, and Nuria González-
Prelcic, “Dictionary learning and channel estimation for hybrid mmWave MIMO systems
under hardware impairments and beam squint,” In preparation for submission to IEEE
Trans. Wireless Commun. This work was supervised by Prof. González-Prelcic. My
contributions lie in designing and performing the research, doing simulations, analyzing
data and writing the paper, etc.
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ware impairments and practical pulse shaping functions, which will illustrate

and compensate the limitations of existing MIMO channel modeling without

considering beam squint. Then we propose a dictionary learning algorithm

for learning hardware impairments related dictionaries, which exploits beam

squint impacts but avoids learning beam squint itself. A novel CS channel

estimation algorithm under beam squint is also designed, where the channel

structures at different subcarriers are exploited to handle beam squint impacts

and facilitate channel parameter estimation with lower complexity and higher

accuracy. Numerical results have demonstrated the effectiveness and superi-

ority of the proposed dictionary learning and channel estimation strategy.

3.1 Introduction

The acquisition of CSI is vital for link configuration in the mmWave

massive MIMO systems with hybrid beamforming architectures. To reduce

the training overhead associated with CSI acquisition, previous works have

made full use of the sparsity properties of mmWave channels [2, 3] either in

term of narrowband/wideband systems [4, 5] or from the perspective of an-

gular/delay domains [6], which promote various CS based channel estimation

strategies. These prior works have demonstrated the feasibility and effective-

ness of compressive channel estimation for hybrid mmWave MIMO systems.

Nevertheless, two significant practical factors have not been fully investigated

in prior works, i.e., the beam squint effect and the hardware impairments.

Specifically, the channel sparsifying dictionaries used in previous compressive
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channel estimation works are typically assumed to be (overcomplete) DFT ma-

trices or constructed from the ideal array response matrices (IARM) evaluated

on discrete grids of quantized angles of AoAs/AoDs [4–6]. These assumptions

of ideal antenna arrays are valid only when the beam squint effect is negligible

and no hardware impairments or calibration errors exist on the antenna arrays.

However, we will show in this chapter that the array response vectors will no

long be the Vandermonde vectors under hardware impairments, and different

array response vectors should be considered at every frequency for channel

modeling under beam squint. In other words, the assumptions and modeling

of wideband mmWave MIMO channels in most of prior works are not valid and

thus their proposed CSI acquisition algorithms are not effective either under

the circumstances of beam squint and hardware impairment impacts.

Many works have illustrated the beam squint effect, namely, beams

changing direction with frequency. As shown in [26–28], the time delay of

the same data symbol across the antenna array aperture is non-negligible in

the large-scale MIMO configurations and/or the wideband systems. Due to

the spatial delay difference of each data symbol at different antennas, the ar-

ray steering vectors will have dissimilar responses at each frequency and then

gives rise to the beam squint effect. Therefore, the adopted MIMO channel

models in the existing literature, e.g., [4, 5, 29], that use the array response

vectors evaluated at the carrier frequency for channel modeling at all subcar-

riers are no longer valid. The work of [26] derived a channel model for the

large-scale MIMO system under beam squint and showed that the array re-
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sponse vectors for channel modeling have to be frequency-dependent. Aware

of this beam squint impact, [75] and [76] also considered the frequency domain

channel models by using explicit frequency-dependent array response vectors

for different subcarriers. Meanwhile, to avoid the impacts of beam squint on

channel estimation at different subcarriers, [77–79] proposed to estimate the

channel parameters from the perspective of angle and delay domains, together

with user scheduling to alleviate inter-user interference. Generally, these prior

works on channel estimation under beam squint are feasible but they failed

to consider the practical pulse shaping and filtering effects in the channel

modeling, which is a non-trivial factor in practical wireless systems. We will

show in this chapter that the beam squint will not only induce the frequency-

dependence on array steering vectors but also yield additional distortions at

different antennas across all subcarriers, especially on side subcarriers. This

has not been considered yet in the previous literature. Furthermore, these

prior works either assumed fully-digital architectures for large-scale antenna

systems at mmWave band, or neglected the impacts of hardware impairments.

The issue of hardware impairments on MIMO channels has been inves-

tigated in [36, 44, 51, 80]. There are many different hardware impairments in

the practical RF chains and three main types of hardware impairments are

typically considered in the channel modeling. Specifically, due to the man-

ufacture and calibration errors, the antenna array will generate unexpected

radiation patterns, including both gain and phase errors on each antenna ele-

ment. Moreover, any perturbation on antenna locations or inter-element spac-
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ing between antenna elements will result in irregular linear arrays rather than

perfect half-wavelength ULAs. The antenna spacing disturbance also creates

the mutual coupling effect between antenna elements. Taking into account all

these hardware errors, it is apparent that the aforementioned sparsifying dic-

tionaries constructed from IARM evaluated at quantized angles are no longer

the best choice for exploiting channel sparsity. Previous works [36, 44, 45, 80]

have shown that dictionary learning is an effective technique to capture the

underlying practical structure of mmWave MIMO channels with various hard-

ware impairments. Specifically, [44] proposed a joint uplink/downlink sparsi-

fying Dictionary learning algorithm for narrow band massive MIMO systems

operating at lower frequencies. Our previous work [36] further investigated

the dictionary learning and channel estimation strategy for hybrid wideband

mmWave MIMO systems under low SNR conditions. Nevertheless, the beam

squint effect has not been incorporated in previous work, which is a significant

phenomenon in wideband system and thus cannot be ignored.

3.2 Contributions

Motivated by the limitations discussed above in the literature, we in

this chapter propose a dictionary learning based channel estimation strat-

egy for hybrid mmWave MIMO systems under the impacts of both hardware

impairments and beam squint. The main contributions of this chapter are

summarized as follows:

• We derive a general model for wideband mmWave MIMO channels under
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both hardware impairments and beam squint impacts. The new general

model not only incorporates the hardware impairments of antenna spac-

ing disturbances, gain/phase errors, and array mutual coupling, but also

explicitly considers the impacts of combined pulse shaping and filter-

ing on channels, showing the limitations of existing beam squint MIMO

channel models and the associated channel estimation schemes. This

general model has not been considered yet in the literature and will

justify the motivation of our proposed dictionary learning strategies.

• We propose a dictionary learning algorithm for learning hardware impair-

ments related dictionaries, which fully exploits the channel properties at

different subcarriers under beam squint but does not learn the impacts of

beam squint effect on the dictionaries. Comparing to existing dictionary

learning strategies which has to learn a general dictionary for both hard-

ware impairment and beam squint, i.e., a compromised dictionary, the

newly proposed dictionary learning scheme enables better adaptation to

the impacts of hardware impairments and then facilitates to address the

beam squint impact at different subcarriers.

• We design a novel OMP based algorithm for CS channel estimation under

beam squint impacts, which exploits the simple structures of the beam

squint channel models at central subcarriers to obtain initial parame-

ter estimates with low complexity, and then compensates the additional

distortions at side subcarriers induced by beam squint, such that the
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measurements at all subcarriers can be used to achieve higher parameter

estimation accuracy with lower complexity.

• We evaluate the proposed dictionary learning and channel estimation

algorithms via numerical simulations. Results show that the training

overhead of channel estimation with learned dictionaries can be signifi-

cantly reduced compared to traditional dictionaries without considering

hardware impairment or beam squint. This corroborates the effective-

ness of the proposed dictionary learning algorithms for hybrid wideband

mmWave MIMO systems under both hardware impairments and beam

squint effects.

3.3 System, channel and signal models

3.3.1 System model

As shown in Fig. 3.1, we in this chapter consider a hybrid mmWave

MIMO system between a transmitter (TX) of Nt antennas and Lt RF chains,

and a receiver (RX) of Nr antennas and Lr RF chains. The channel between

TX and RX is assumed to be frequency-selective fading and the pulse shaping

based OFDM modulation with K subcarriers is considered to simultaneously

transmit Ns (≤ min(Lt, Lr)) data streams. For ease of expression, the system

sampling period is denoted by Ts. If the pulse shaping function has a roll-

off factor β, the overall system bandwidth will be (1 + β)/Ts. Moreover, the

center carrier frequency and wavelength are denoted by fc and λc = c/fc (with

c the speed of light). We will use the index k to denote the frequency domain
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<latexit sha1_base64="HxdlrCmw8gkqmRClsl95gssw2fk=">AAACCHicbVDLSsNAFJ3UV62vqEs3wUZwVZJudFl040oq2Ae0IUymk3boTBJmbool5Af8Bre6didu/QuX/onTNgvbeuDC4Zx7OZcTJJwpcJxvo7SxubW9U96t7O0fHB6ZxydtFaeS0BaJeSy7AVaUs4i2gAGn3URSLAJOO8H4duZ3JlQqFkePME2oJ/AwYiEjGLTkm6Zt3/tZH+gTZCrPbds3q07NmcNaJ25BqqhA0zd/+oOYpIJGQDhWquc6CXgZlsAIp3mlnyqaYDLGQ9rTNMKCKi+bf55bF1oZWGEs9URgzdW/FxkWSk1FoDcFhpFa9Wbif14vhfDay1iUpEAjsggKU25BbM1qsAZMUgJ8qgkmkulfLTLCEhPQZS2lBCLXnbirDayTdr3mOjX3oV5t3BTtlNEZOkeXyEVXqIHuUBO1EEET9IJe0ZvxbLwbH8bnYrVkFDenaAnG1y+rUJmg</latexit><latexit sha1_base64="HxdlrCmw8gkqmRClsl95gssw2fk=">AAACCHicbVDLSsNAFJ3UV62vqEs3wUZwVZJudFl040oq2Ae0IUymk3boTBJmbool5Af8Bre6didu/QuX/onTNgvbeuDC4Zx7OZcTJJwpcJxvo7SxubW9U96t7O0fHB6ZxydtFaeS0BaJeSy7AVaUs4i2gAGn3URSLAJOO8H4duZ3JlQqFkePME2oJ/AwYiEjGLTkm6Zt3/tZH+gTZCrPbds3q07NmcNaJ25BqqhA0zd/+oOYpIJGQDhWquc6CXgZlsAIp3mlnyqaYDLGQ9rTNMKCKi+bf55bF1oZWGEs9URgzdW/FxkWSk1FoDcFhpFa9Wbif14vhfDay1iUpEAjsggKU25BbM1qsAZMUgJ8qgkmkulfLTLCEhPQZS2lBCLXnbirDayTdr3mOjX3oV5t3BTtlNEZOkeXyEVXqIHuUBO1EEET9IJe0ZvxbLwbH8bnYrVkFDenaAnG1y+rUJmg</latexit><latexit sha1_base64="HxdlrCmw8gkqmRClsl95gssw2fk=">AAACCHicbVDLSsNAFJ3UV62vqEs3wUZwVZJudFl040oq2Ae0IUymk3boTBJmbool5Af8Bre6didu/QuX/onTNgvbeuDC4Zx7OZcTJJwpcJxvo7SxubW9U96t7O0fHB6ZxydtFaeS0BaJeSy7AVaUs4i2gAGn3URSLAJOO8H4duZ3JlQqFkePME2oJ/AwYiEjGLTkm6Zt3/tZH+gTZCrPbds3q07NmcNaJ25BqqhA0zd/+oOYpIJGQDhWquc6CXgZlsAIp3mlnyqaYDLGQ9rTNMKCKi+bf55bF1oZWGEs9URgzdW/FxkWSk1FoDcFhpFa9Wbif14vhfDay1iUpEAjsggKU25BbM1qsAZMUgJ8qgkmkulfLTLCEhPQZS2lBCLXnbirDayTdr3mOjX3oV5t3BTtlNEZOkeXyEVXqIHuUBO1EEET9IJe0ZvxbLwbH8bnYrVkFDenaAnG1y+rUJmg</latexit><latexit sha1_base64="HxdlrCmw8gkqmRClsl95gssw2fk=">AAACCHicbVDLSsNAFJ3UV62vqEs3wUZwVZJudFl040oq2Ae0IUymk3boTBJmbool5Af8Bre6didu/QuX/onTNgvbeuDC4Zx7OZcTJJwpcJxvo7SxubW9U96t7O0fHB6ZxydtFaeS0BaJeSy7AVaUs4i2gAGn3URSLAJOO8H4duZ3JlQqFkePME2oJ/AwYiEjGLTkm6Zt3/tZH+gTZCrPbds3q07NmcNaJ25BqqhA0zd/+oOYpIJGQDhWquc6CXgZlsAIp3mlnyqaYDLGQ9rTNMKCKi+bf55bF1oZWGEs9URgzdW/FxkWSk1FoDcFhpFa9Wbif14vhfDay1iUpEAjsggKU25BbM1qsAZMUgJ8qgkmkulfLTLCEhPQZS2lBCLXnbirDayTdr3mOjX3oV5t3BTtlNEZOkeXyEVXqIHuUBO1EEET9IJe0ZvxbLwbH8bnYrVkFDenaAnG1y+rUJmg</latexit>

B
aseband

Precoder

FBB[k]
<latexit sha1_base64="x8lIgsKFb585Cz8TdDHnJJRm3/o=">AAACFXicbVDLSsNAFJ3UV62vqEsRgo3gqiTd6LJUEJcV7APSUCbTSTt0JgkzN2IJWfkRfoNbXbsTt65d+idOHwvbeuDC4Zx7ufeeIOFMgeN8G4W19Y3NreJ2aWd3b//APDxqqTiVhDZJzGPZCbCinEW0CQw47SSSYhFw2g5G1xO//UClYnF0D+OE+gIPIhYygkFLPfPUtrsCwzAIs5u8l3WBPkJWr+e5N/Jtu2eWnYozhbVK3DkpozkaPfOn249JKmgEhGOlPNdJwM+wBEY4zUvdVNEEkxEeUE/TCAuq/Gz6Rm6da6VvhbHUFYE1Vf9OZFgoNRaB7pycrJa9ifif56UQXvkZi5IUaERmi8KUWxBbk0ysPpOUAB9rgolk+laLDLHEBHRyC1sCketM3OUEVkmrWnGdintXLdfq83SK6ASdoQvkoktUQ7eogZqIoCf0gl7Rm/FsvBsfxuestWDMZ47RAoyvX8WmnxQ=</latexit><latexit sha1_base64="x8lIgsKFb585Cz8TdDHnJJRm3/o=">AAACFXicbVDLSsNAFJ3UV62vqEsRgo3gqiTd6LJUEJcV7APSUCbTSTt0JgkzN2IJWfkRfoNbXbsTt65d+idOHwvbeuDC4Zx7ufeeIOFMgeN8G4W19Y3NreJ2aWd3b//APDxqqTiVhDZJzGPZCbCinEW0CQw47SSSYhFw2g5G1xO//UClYnF0D+OE+gIPIhYygkFLPfPUtrsCwzAIs5u8l3WBPkJWr+e5N/Jtu2eWnYozhbVK3DkpozkaPfOn249JKmgEhGOlPNdJwM+wBEY4zUvdVNEEkxEeUE/TCAuq/Gz6Rm6da6VvhbHUFYE1Vf9OZFgoNRaB7pycrJa9ifif56UQXvkZi5IUaERmi8KUWxBbk0ysPpOUAB9rgolk+laLDLHEBHRyC1sCketM3OUEVkmrWnGdintXLdfq83SK6ASdoQvkoktUQ7eogZqIoCf0gl7Rm/FsvBsfxuestWDMZ47RAoyvX8WmnxQ=</latexit><latexit sha1_base64="x8lIgsKFb585Cz8TdDHnJJRm3/o=">AAACFXicbVDLSsNAFJ3UV62vqEsRgo3gqiTd6LJUEJcV7APSUCbTSTt0JgkzN2IJWfkRfoNbXbsTt65d+idOHwvbeuDC4Zx7ufeeIOFMgeN8G4W19Y3NreJ2aWd3b//APDxqqTiVhDZJzGPZCbCinEW0CQw47SSSYhFw2g5G1xO//UClYnF0D+OE+gIPIhYygkFLPfPUtrsCwzAIs5u8l3WBPkJWr+e5N/Jtu2eWnYozhbVK3DkpozkaPfOn249JKmgEhGOlPNdJwM+wBEY4zUvdVNEEkxEeUE/TCAuq/Gz6Rm6da6VvhbHUFYE1Vf9OZFgoNRaB7pycrJa9ifif56UQXvkZi5IUaERmi8KUWxBbk0ysPpOUAB9rgolk+laLDLHEBHRyC1sCketM3OUEVkmrWnGdintXLdfq83SK6ASdoQvkoktUQ7eogZqIoCf0gl7Rm/FsvBsfxuestWDMZ47RAoyvX8WmnxQ=</latexit><latexit sha1_base64="x8lIgsKFb585Cz8TdDHnJJRm3/o=">AAACFXicbVDLSsNAFJ3UV62vqEsRgo3gqiTd6LJUEJcV7APSUCbTSTt0JgkzN2IJWfkRfoNbXbsTt65d+idOHwvbeuDC4Zx7ufeeIOFMgeN8G4W19Y3NreJ2aWd3b//APDxqqTiVhDZJzGPZCbCinEW0CQw47SSSYhFw2g5G1xO//UClYnF0D+OE+gIPIhYygkFLPfPUtrsCwzAIs5u8l3WBPkJWr+e5N/Jtu2eWnYozhbVK3DkpozkaPfOn249JKmgEhGOlPNdJwM+wBEY4zUvdVNEEkxEeUE/TCAuq/Gz6Rm6da6VvhbHUFYE1Vf9OZFgoNRaB7pycrJa9ifif56UQXvkZi5IUaERmi8KUWxBbk0ysPpOUAB9rgolk+laLDLHEBHRyC1sCketM3OUEVkmrWnGdintXLdfq83SK6ASdoQvkoktUQ7eogZqIoCf0gl7Rm/FsvBsfxuestWDMZ47RAoyvX8WmnxQ=</latexit>

RF
chain

RF
chain

…
…

…

FRF
<latexit sha1_base64="j+StJhbAm9P4iXlfhxAt1+QFriE=">AAACEXicbVDLSsNAFJ34rPUVdSVuBlvBVUm60WVRKC6r2Ac0pUymk3bo5MHMjVhC8CP8Bre6didu/QKX/omTNgvbeuDC4Zx7ufceNxJcgWV9Gyura+sbm4Wt4vbO7t6+eXDYUmEsKWvSUISy4xLFBA9YEzgI1okkI74rWNsdX2d++4FJxcPgHiYR6/lkGHCPUwJa6pvH5bLjExi5Hq73EwfYIyR39TQtl/tmyapYU+BlYuekhHI0+uaPMwhp7LMAqCBKdW0rgl5CJHAqWFp0YsUiQsdkyLqaBsRnqpdMX0jxmVYG2AulrgDwVP07kRBfqYnv6s7sXLXoZeJ/XjcG77KX8CCKgQV0tsiLBYYQZ3ngAZeMgphoQqjk+lZMR0QSCjq1uS2un+pM7MUElkmrWrGtin1bLdWu8nQK6ASdonNkowtUQzeogZqIoif0gl7Rm/FsvBsfxuesdcXIZ47QHIyvXwLfnQU=</latexit><latexit sha1_base64="j+StJhbAm9P4iXlfhxAt1+QFriE=">AAACEXicbVDLSsNAFJ34rPUVdSVuBlvBVUm60WVRKC6r2Ac0pUymk3bo5MHMjVhC8CP8Bre6didu/QKX/omTNgvbeuDC4Zx7ufceNxJcgWV9Gyura+sbm4Wt4vbO7t6+eXDYUmEsKWvSUISy4xLFBA9YEzgI1okkI74rWNsdX2d++4FJxcPgHiYR6/lkGHCPUwJa6pvH5bLjExi5Hq73EwfYIyR39TQtl/tmyapYU+BlYuekhHI0+uaPMwhp7LMAqCBKdW0rgl5CJHAqWFp0YsUiQsdkyLqaBsRnqpdMX0jxmVYG2AulrgDwVP07kRBfqYnv6s7sXLXoZeJ/XjcG77KX8CCKgQV0tsiLBYYQZ3ngAZeMgphoQqjk+lZMR0QSCjq1uS2un+pM7MUElkmrWrGtin1bLdWu8nQK6ASdonNkowtUQzeogZqIoif0gl7Rm/FsvBsfxuesdcXIZ47QHIyvXwLfnQU=</latexit><latexit sha1_base64="j+StJhbAm9P4iXlfhxAt1+QFriE=">AAACEXicbVDLSsNAFJ34rPUVdSVuBlvBVUm60WVRKC6r2Ac0pUymk3bo5MHMjVhC8CP8Bre6didu/QKX/omTNgvbeuDC4Zx7ufceNxJcgWV9Gyura+sbm4Wt4vbO7t6+eXDYUmEsKWvSUISy4xLFBA9YEzgI1okkI74rWNsdX2d++4FJxcPgHiYR6/lkGHCPUwJa6pvH5bLjExi5Hq73EwfYIyR39TQtl/tmyapYU+BlYuekhHI0+uaPMwhp7LMAqCBKdW0rgl5CJHAqWFp0YsUiQsdkyLqaBsRnqpdMX0jxmVYG2AulrgDwVP07kRBfqYnv6s7sXLXoZeJ/XjcG77KX8CCKgQV0tsiLBYYQZ3ngAZeMgphoQqjk+lZMR0QSCjq1uS2un+pM7MUElkmrWrGtin1bLdWu8nQK6ASdonNkowtUQzeogZqIoif0gl7Rm/FsvBsfxuesdcXIZ47QHIyvXwLfnQU=</latexit><latexit sha1_base64="j+StJhbAm9P4iXlfhxAt1+QFriE=">AAACEXicbVDLSsNAFJ34rPUVdSVuBlvBVUm60WVRKC6r2Ac0pUymk3bo5MHMjVhC8CP8Bre6didu/QKX/omTNgvbeuDC4Zx7ufceNxJcgWV9Gyura+sbm4Wt4vbO7t6+eXDYUmEsKWvSUISy4xLFBA9YEzgI1okkI74rWNsdX2d++4FJxcPgHiYR6/lkGHCPUwJa6pvH5bLjExi5Hq73EwfYIyR39TQtl/tmyapYU+BlYuekhHI0+uaPMwhp7LMAqCBKdW0rgl5CJHAqWFp0YsUiQsdkyLqaBsRnqpdMX0jxmVYG2AulrgDwVP07kRBfqYnv6s7sXLXoZeJ/XjcG77KX8CCKgQV0tsiLBYYQZ3ngAZeMgphoQqjk+lZMR0QSCjq1uS2un+pM7MUElkmrWrGtin1bLdWu8nQK6ASdonNkowtUQzeogZqIoif0gl7Rm/FsvBsfxuesdcXIZ47QHIyvXwLfnQU=</latexit>

…
…

…

WRF
<latexit sha1_base64="3EckvbGrRrFS8ZrZWRW0bCQfcn4=">AAACEXicbVDLSsNAFJ3UV62vqitxM9gKrkrSjS6LgrisYh/QhjCZTtqhM0mYuRFLCH6E3+BW1+7ErV/g0j9x+ljY1gMXDufcy733+LHgGmz728qtrK6tb+Q3C1vbO7t7xf2Dpo4SRVmDRiJSbZ9oJnjIGsBBsHasGJG+YC1/eDX2Ww9MaR6F9zCKmStJP+QBpwSM5BWPyuWuJDDwA9zy0i6wR0jvrrOsXPaKJbtiT4CXiTMjJTRD3Sv+dHsRTSQLgQqidcexY3BTooBTwbJCN9EsJnRI+qxjaEgk0246eSHDp0bp4SBSpkLAE/XvREqk1iPpm87xuXrRG4v/eZ0Eggs35WGcAAvpdFGQCAwRHueBe1wxCmJkCKGKm1sxHRBFKJjU5rb4MjOZOIsJLJNmteLYFee2WqpdztLJo2N0gs6Qg85RDd2gOmogip7QC3pFb9az9W59WJ/T1pw1mzlEc7C+fgEekJ0W</latexit><latexit sha1_base64="3EckvbGrRrFS8ZrZWRW0bCQfcn4=">AAACEXicbVDLSsNAFJ3UV62vqitxM9gKrkrSjS6LgrisYh/QhjCZTtqhM0mYuRFLCH6E3+BW1+7ErV/g0j9x+ljY1gMXDufcy733+LHgGmz728qtrK6tb+Q3C1vbO7t7xf2Dpo4SRVmDRiJSbZ9oJnjIGsBBsHasGJG+YC1/eDX2Ww9MaR6F9zCKmStJP+QBpwSM5BWPyuWuJDDwA9zy0i6wR0jvrrOsXPaKJbtiT4CXiTMjJTRD3Sv+dHsRTSQLgQqidcexY3BTooBTwbJCN9EsJnRI+qxjaEgk0246eSHDp0bp4SBSpkLAE/XvREqk1iPpm87xuXrRG4v/eZ0Eggs35WGcAAvpdFGQCAwRHueBe1wxCmJkCKGKm1sxHRBFKJjU5rb4MjOZOIsJLJNmteLYFee2WqpdztLJo2N0gs6Qg85RDd2gOmogip7QC3pFb9az9W59WJ/T1pw1mzlEc7C+fgEekJ0W</latexit><latexit sha1_base64="3EckvbGrRrFS8ZrZWRW0bCQfcn4=">AAACEXicbVDLSsNAFJ3UV62vqitxM9gKrkrSjS6LgrisYh/QhjCZTtqhM0mYuRFLCH6E3+BW1+7ErV/g0j9x+ljY1gMXDufcy733+LHgGmz728qtrK6tb+Q3C1vbO7t7xf2Dpo4SRVmDRiJSbZ9oJnjIGsBBsHasGJG+YC1/eDX2Ww9MaR6F9zCKmStJP+QBpwSM5BWPyuWuJDDwA9zy0i6wR0jvrrOsXPaKJbtiT4CXiTMjJTRD3Sv+dHsRTSQLgQqidcexY3BTooBTwbJCN9EsJnRI+qxjaEgk0246eSHDp0bp4SBSpkLAE/XvREqk1iPpm87xuXrRG4v/eZ0Eggs35WGcAAvpdFGQCAwRHueBe1wxCmJkCKGKm1sxHRBFKJjU5rb4MjOZOIsJLJNmteLYFee2WqpdztLJo2N0gs6Qg85RDd2gOmogip7QC3pFb9az9W59WJ/T1pw1mzlEc7C+fgEekJ0W</latexit><latexit sha1_base64="3EckvbGrRrFS8ZrZWRW0bCQfcn4=">AAACEXicbVDLSsNAFJ3UV62vqitxM9gKrkrSjS6LgrisYh/QhjCZTtqhM0mYuRFLCH6E3+BW1+7ErV/g0j9x+ljY1gMXDufcy733+LHgGmz728qtrK6tb+Q3C1vbO7t7xf2Dpo4SRVmDRiJSbZ9oJnjIGsBBsHasGJG+YC1/eDX2Ww9MaR6F9zCKmStJP+QBpwSM5BWPyuWuJDDwA9zy0i6wR0jvrrOsXPaKJbtiT4CXiTMjJTRD3Sv+dHsRTSQLgQqidcexY3BTooBTwbJCN9EsJnRI+qxjaEgk0246eSHDp0bp4SBSpkLAE/XvREqk1iPpm87xuXrRG4v/eZ0Eggs35WGcAAvpdFGQCAwRHueBe1wxCmJkCKGKm1sxHRBFKJjU5rb4MjOZOIsJLJNmteLYFee2WqpdztLJo2N0gs6Qg85RDd2gOmogip7QC3pFb9az9W59WJ/T1pw1mzlEc7C+fgEekJ0W</latexit>

B
aseband

C
om
biner

WBB[k]
<latexit sha1_base64="Nqy0PHisQr+5RZjY6fHRRy/ZUfQ=">AAACFHicbVC7TsNAEDzzDOFloITiRIxEFdlpoIxCQxkk8pASKzpfzskp54fu1ojIcsNH8A20UNMhWnpK/oRz4oIkjLTSaGZXuzteLLgC2/421tY3Nre2Szvl3b39g0Pz6LitokRS1qKRiGTXI4oJHrIWcBCsG0tGAk+wjje5yf3OA5OKR+E9TGPmBmQUcp9TAloamGeW1Q8IjD0fdwZpH9gjpI1GlvUmrmUNzIpdtWfAq8QpSAUVaA7Mn/4woknAQqCCKNVz7BjclEjgVLCs3E8UiwmdkBHraRqSgCk3nX2R4QutDLEfSV0h4Jn6dyIlgVLTwNOd+cVq2cvF/7xeAv61m/IwToCFdL7ITwSGCOeR4CGXjIKYakKo5PpWTMdEEgo6uIUtXpDpTJzlBFZJu1Z17KpzV6vUG0U6JXSKztElctAVqqNb1EQtRNETekGv6M14Nt6ND+Nz3rpmFDMnaAHG1y9VoZ5D</latexit><latexit sha1_base64="Nqy0PHisQr+5RZjY6fHRRy/ZUfQ=">AAACFHicbVC7TsNAEDzzDOFloITiRIxEFdlpoIxCQxkk8pASKzpfzskp54fu1ojIcsNH8A20UNMhWnpK/oRz4oIkjLTSaGZXuzteLLgC2/421tY3Nre2Szvl3b39g0Pz6LitokRS1qKRiGTXI4oJHrIWcBCsG0tGAk+wjje5yf3OA5OKR+E9TGPmBmQUcp9TAloamGeW1Q8IjD0fdwZpH9gjpI1GlvUmrmUNzIpdtWfAq8QpSAUVaA7Mn/4woknAQqCCKNVz7BjclEjgVLCs3E8UiwmdkBHraRqSgCk3nX2R4QutDLEfSV0h4Jn6dyIlgVLTwNOd+cVq2cvF/7xeAv61m/IwToCFdL7ITwSGCOeR4CGXjIKYakKo5PpWTMdEEgo6uIUtXpDpTJzlBFZJu1Z17KpzV6vUG0U6JXSKztElctAVqqNb1EQtRNETekGv6M14Nt6ND+Nz3rpmFDMnaAHG1y9VoZ5D</latexit><latexit sha1_base64="Nqy0PHisQr+5RZjY6fHRRy/ZUfQ=">AAACFHicbVC7TsNAEDzzDOFloITiRIxEFdlpoIxCQxkk8pASKzpfzskp54fu1ojIcsNH8A20UNMhWnpK/oRz4oIkjLTSaGZXuzteLLgC2/421tY3Nre2Szvl3b39g0Pz6LitokRS1qKRiGTXI4oJHrIWcBCsG0tGAk+wjje5yf3OA5OKR+E9TGPmBmQUcp9TAloamGeW1Q8IjD0fdwZpH9gjpI1GlvUmrmUNzIpdtWfAq8QpSAUVaA7Mn/4woknAQqCCKNVz7BjclEjgVLCs3E8UiwmdkBHraRqSgCk3nX2R4QutDLEfSV0h4Jn6dyIlgVLTwNOd+cVq2cvF/7xeAv61m/IwToCFdL7ITwSGCOeR4CGXjIKYakKo5PpWTMdEEgo6uIUtXpDpTJzlBFZJu1Z17KpzV6vUG0U6JXSKztElctAVqqNb1EQtRNETekGv6M14Nt6ND+Nz3rpmFDMnaAHG1y9VoZ5D</latexit><latexit sha1_base64="i21blzHBwl/OPIo/vlvVfBB8eO0=">AAAB6HicbZBLSwMxFIXv1FetVevaTbAIrsqMG10KblxWsA9oh5LJZNrQPIbkjlKG/gG3rt2J/8ml/8T0sbDWA4HDOQn35ktyKRyG4VdQ2dnd2z+oHtaO6rXjk9NGvetMYRnvMCON7SfUcSk076BAyfu55VQlkveS6f2i7z1z64TRTzjLeazoWItMMIo+ao8azbAVLkW2TbQ2TVhr1PgepoYVimtkkjo3iMIc45JaFEzyeW1YOJ5TNqVjPvBWU8VdXC7XnJNLn6QkM9YfjWSZ/n5RUuXcTCX+pqI4cX+7RfhfNygwu41LofMCuWarQVkhCRqy+DNJheUM5cwbyqzwuxI2oZYy9GQ2piRq7pFEfwFsm+51Kwpb0WMIVTiHC7iCCG7gDh6gDR1gkMIrvAUvwXvwsUJXCdYMz2BDwecPfSOQvw==</latexit><latexit sha1_base64="PXFNMzMGMVem6JlCmSqS4v9xsFU=">AAACCXicbZC9TgJBFIXv4h8iKtpqMRFMrMiujZYGG0tM5CeBDZkdZmHC7E9m7hrJZhsfwmew1drO+BCWvomzQCHgSSY5OWcm987nxVJotO1vq7CxubW9U9wt7ZX3Dw4rR+W2jhLFeItFMlJdj2ouRchbKFDybqw4DTzJO97kNu87j1xpEYUPOI25G9BRKHzBKJpoUDmt1foBxbHnk84g7SN/wrTRyLLexK3VBpWqXbdnIuvGWZgqLNQcVH76w4glAQ+RSap1z7FjdFOqUDDJs1I/0TymbEJHvGdsSAOu3XT2i4ycm2RI/EiZEyKZpX9fpDTQehp45ma+sV7t8vC/rpegf+2mIowT5CGbD/ITSTAiORIyFIozlFNjKFPC7ErYmCrK0IBbmuIFmWHirBJYN+3LumPXnXsbinACZ3ABDlzBDdxBE1rA4Ble4Q3erRfrw/qc0ytYC4zHsCTr6xeJNZzG</latexit><latexit sha1_base64="PXFNMzMGMVem6JlCmSqS4v9xsFU=">AAACCXicbZC9TgJBFIXv4h8iKtpqMRFMrMiujZYGG0tM5CeBDZkdZmHC7E9m7hrJZhsfwmew1drO+BCWvomzQCHgSSY5OWcm987nxVJotO1vq7CxubW9U9wt7ZX3Dw4rR+W2jhLFeItFMlJdj2ouRchbKFDybqw4DTzJO97kNu87j1xpEYUPOI25G9BRKHzBKJpoUDmt1foBxbHnk84g7SN/wrTRyLLexK3VBpWqXbdnIuvGWZgqLNQcVH76w4glAQ+RSap1z7FjdFOqUDDJs1I/0TymbEJHvGdsSAOu3XT2i4ycm2RI/EiZEyKZpX9fpDTQehp45ma+sV7t8vC/rpegf+2mIowT5CGbD/ITSTAiORIyFIozlFNjKFPC7ErYmCrK0IBbmuIFmWHirBJYN+3LumPXnXsbinACZ3ABDlzBDdxBE1rA4Ble4Q3erRfrw/qc0ytYC4zHsCTr6xeJNZzG</latexit><latexit sha1_base64="LOl5gAXhmv0PKlSdTPLX464g+/Q=">AAACFHicbVC5TsNAEF2HK4QrQAnFihiJKrJpoIxCQxkkcki2Za0362SV9aHdMSKy3PARfAMt1HSIlp6SP2FzFCThSSM9vTejmXlBKrgCy/o2SmvrG5tb5e3Kzu7e/kH18KijkkxS1qaJSGQvIIoJHrM2cBCsl0pGokCwbjC6mfjdByYVT+J7GKfMi8gg5iGnBLTkV09N040IDIMQd/3cBfYIebNZFM7IM02/WrPq1hR4ldhzUkNztPzqj9tPaBaxGKggSjm2lYKXEwmcClZU3EyxlNARGTBH05hETHn59IsCn2ulj8NE6ooBT9W/EzmJlBpHge6cXKyWvYn4n+dkEF57OY/TDFhMZ4vCTGBI8CQS3OeSURBjTQiVXN+K6ZBIQkEHt7AliAqdib2cwCrpXNZtq27fWbVGc55OGZ2gM3SBbHSFGugWtVAbUfSEXtArejOejXfjw/ictZaM+cwxWoDx9QtVAZ5B</latexit><latexit sha1_base64="Nqy0PHisQr+5RZjY6fHRRy/ZUfQ=">AAACFHicbVC7TsNAEDzzDOFloITiRIxEFdlpoIxCQxkk8pASKzpfzskp54fu1ojIcsNH8A20UNMhWnpK/oRz4oIkjLTSaGZXuzteLLgC2/421tY3Nre2Szvl3b39g0Pz6LitokRS1qKRiGTXI4oJHrIWcBCsG0tGAk+wjje5yf3OA5OKR+E9TGPmBmQUcp9TAloamGeW1Q8IjD0fdwZpH9gjpI1GlvUmrmUNzIpdtWfAq8QpSAUVaA7Mn/4woknAQqCCKNVz7BjclEjgVLCs3E8UiwmdkBHraRqSgCk3nX2R4QutDLEfSV0h4Jn6dyIlgVLTwNOd+cVq2cvF/7xeAv61m/IwToCFdL7ITwSGCOeR4CGXjIKYakKo5PpWTMdEEgo6uIUtXpDpTJzlBFZJu1Z17KpzV6vUG0U6JXSKztElctAVqqNb1EQtRNETekGv6M14Nt6ND+Nz3rpmFDMnaAHG1y9VoZ5D</latexit><latexit sha1_base64="Nqy0PHisQr+5RZjY6fHRRy/ZUfQ=">AAACFHicbVC7TsNAEDzzDOFloITiRIxEFdlpoIxCQxkk8pASKzpfzskp54fu1ojIcsNH8A20UNMhWnpK/oRz4oIkjLTSaGZXuzteLLgC2/421tY3Nre2Szvl3b39g0Pz6LitokRS1qKRiGTXI4oJHrIWcBCsG0tGAk+wjje5yf3OA5OKR+E9TGPmBmQUcp9TAloamGeW1Q8IjD0fdwZpH9gjpI1GlvUmrmUNzIpdtWfAq8QpSAUVaA7Mn/4woknAQqCCKNVz7BjclEjgVLCs3E8UiwmdkBHraRqSgCk3nX2R4QutDLEfSV0h4Jn6dyIlgVLTwNOd+cVq2cvF/7xeAv61m/IwToCFdL7ITwSGCOeR4CGXjIKYakKo5PpWTMdEEgo6uIUtXpDpTJzlBFZJu1Z17KpzV6vUG0U6JXSKztElctAVqqNb1EQtRNETekGv6M14Nt6ND+Nz3rpmFDMnaAHG1y9VoZ5D</latexit><latexit sha1_base64="Nqy0PHisQr+5RZjY6fHRRy/ZUfQ=">AAACFHicbVC7TsNAEDzzDOFloITiRIxEFdlpoIxCQxkk8pASKzpfzskp54fu1ojIcsNH8A20UNMhWnpK/oRz4oIkjLTSaGZXuzteLLgC2/421tY3Nre2Szvl3b39g0Pz6LitokRS1qKRiGTXI4oJHrIWcBCsG0tGAk+wjje5yf3OA5OKR+E9TGPmBmQUcp9TAloamGeW1Q8IjD0fdwZpH9gjpI1GlvUmrmUNzIpdtWfAq8QpSAUVaA7Mn/4woknAQqCCKNVz7BjclEjgVLCs3E8UiwmdkBHraRqSgCk3nX2R4QutDLEfSV0h4Jn6dyIlgVLTwNOd+cVq2cvF/7xeAv61m/IwToCFdL7ITwSGCOeR4CGXjIKYakKo5PpWTMdEEgo6uIUtXpDpTJzlBFZJu1Z17KpzV6vUG0U6JXSKztElctAVqqNb1EQtRNETekGv6M14Nt6ND+Nz3rpmFDMnaAHG1y9VoZ5D</latexit><latexit sha1_base64="Nqy0PHisQr+5RZjY6fHRRy/ZUfQ=">AAACFHicbVC7TsNAEDzzDOFloITiRIxEFdlpoIxCQxkk8pASKzpfzskp54fu1ojIcsNH8A20UNMhWnpK/oRz4oIkjLTSaGZXuzteLLgC2/421tY3Nre2Szvl3b39g0Pz6LitokRS1qKRiGTXI4oJHrIWcBCsG0tGAk+wjje5yf3OA5OKR+E9TGPmBmQUcp9TAloamGeW1Q8IjD0fdwZpH9gjpI1GlvUmrmUNzIpdtWfAq8QpSAUVaA7Mn/4woknAQqCCKNVz7BjclEjgVLCs3E8UiwmdkBHraRqSgCk3nX2R4QutDLEfSV0h4Jn6dyIlgVLTwNOd+cVq2cvF/7xeAv61m/IwToCFdL7ITwSGCOeR4CGXjIKYakKo5PpWTMdEEgo6uIUtXpDpTJzlBFZJu1Z17KpzV6vUG0U6JXSKztElctAVqqNb1EQtRNETekGv6M14Nt6ND+Nz3rpmFDMnaAHG1y9VoZ5D</latexit><latexit sha1_base64="Nqy0PHisQr+5RZjY6fHRRy/ZUfQ=">AAACFHicbVC7TsNAEDzzDOFloITiRIxEFdlpoIxCQxkk8pASKzpfzskp54fu1ojIcsNH8A20UNMhWnpK/oRz4oIkjLTSaGZXuzteLLgC2/421tY3Nre2Szvl3b39g0Pz6LitokRS1qKRiGTXI4oJHrIWcBCsG0tGAk+wjje5yf3OA5OKR+E9TGPmBmQUcp9TAloamGeW1Q8IjD0fdwZpH9gjpI1GlvUmrmUNzIpdtWfAq8QpSAUVaA7Mn/4woknAQqCCKNVz7BjclEjgVLCs3E8UiwmdkBHraRqSgCk3nX2R4QutDLEfSV0h4Jn6dyIlgVLTwNOd+cVq2cvF/7xeAv61m/IwToCFdL7ITwSGCOeR4CGXjIKYakKo5PpWTMdEEgo6uIUtXpDpTJzlBFZJu1Z17KpzV6vUG0U6JXSKztElctAVqqNb1EQtRNETekGv6M14Nt6ND+Nz3rpmFDMnaAHG1y9VoZ5D</latexit><latexit sha1_base64="Nqy0PHisQr+5RZjY6fHRRy/ZUfQ=">AAACFHicbVC7TsNAEDzzDOFloITiRIxEFdlpoIxCQxkk8pASKzpfzskp54fu1ojIcsNH8A20UNMhWnpK/oRz4oIkjLTSaGZXuzteLLgC2/421tY3Nre2Szvl3b39g0Pz6LitokRS1qKRiGTXI4oJHrIWcBCsG0tGAk+wjje5yf3OA5OKR+E9TGPmBmQUcp9TAloamGeW1Q8IjD0fdwZpH9gjpI1GlvUmrmUNzIpdtWfAq8QpSAUVaA7Mn/4woknAQqCCKNVz7BjclEjgVLCs3E8UiwmdkBHraRqSgCk3nX2R4QutDLEfSV0h4Jn6dyIlgVLTwNOd+cVq2cvF/7xeAv61m/IwToCFdL7ITwSGCOeR4CGXjIKYakKo5PpWTMdEEgo6uIUtXpDpTJzlBFZJu1Z17KpzV6vUG0U6JXSKztElctAVqqNb1EQtRNETekGv6M14Nt6ND+Nz3rpmFDMnaAHG1y9VoZ5D</latexit>

…

Ns
<latexit sha1_base64="HxdlrCmw8gkqmRClsl95gssw2fk=">AAACCHicbVDLSsNAFJ3UV62vqEs3wUZwVZJudFl040oq2Ae0IUymk3boTBJmbool5Af8Bre6didu/QuX/onTNgvbeuDC4Zx7OZcTJJwpcJxvo7SxubW9U96t7O0fHB6ZxydtFaeS0BaJeSy7AVaUs4i2gAGn3URSLAJOO8H4duZ3JlQqFkePME2oJ/AwYiEjGLTkm6Zt3/tZH+gTZCrPbds3q07NmcNaJ25BqqhA0zd/+oOYpIJGQDhWquc6CXgZlsAIp3mlnyqaYDLGQ9rTNMKCKi+bf55bF1oZWGEs9URgzdW/FxkWSk1FoDcFhpFa9Wbif14vhfDay1iUpEAjsggKU25BbM1qsAZMUgJ8qgkmkulfLTLCEhPQZS2lBCLXnbirDayTdr3mOjX3oV5t3BTtlNEZOkeXyEVXqIHuUBO1EEET9IJe0ZvxbLwbH8bnYrVkFDenaAnG1y+rUJmg</latexit><latexit sha1_base64="HxdlrCmw8gkqmRClsl95gssw2fk=">AAACCHicbVDLSsNAFJ3UV62vqEs3wUZwVZJudFl040oq2Ae0IUymk3boTBJmbool5Af8Bre6didu/QuX/onTNgvbeuDC4Zx7OZcTJJwpcJxvo7SxubW9U96t7O0fHB6ZxydtFaeS0BaJeSy7AVaUs4i2gAGn3URSLAJOO8H4duZ3JlQqFkePME2oJ/AwYiEjGLTkm6Zt3/tZH+gTZCrPbds3q07NmcNaJ25BqqhA0zd/+oOYpIJGQDhWquc6CXgZlsAIp3mlnyqaYDLGQ9rTNMKCKi+bf55bF1oZWGEs9URgzdW/FxkWSk1FoDcFhpFa9Wbif14vhfDay1iUpEAjsggKU25BbM1qsAZMUgJ8qgkmkulfLTLCEhPQZS2lBCLXnbirDayTdr3mOjX3oV5t3BTtlNEZOkeXyEVXqIHuUBO1EEET9IJe0ZvxbLwbH8bnYrVkFDenaAnG1y+rUJmg</latexit><latexit sha1_base64="HxdlrCmw8gkqmRClsl95gssw2fk=">AAACCHicbVDLSsNAFJ3UV62vqEs3wUZwVZJudFl040oq2Ae0IUymk3boTBJmbool5Af8Bre6didu/QuX/onTNgvbeuDC4Zx7OZcTJJwpcJxvo7SxubW9U96t7O0fHB6ZxydtFaeS0BaJeSy7AVaUs4i2gAGn3URSLAJOO8H4duZ3JlQqFkePME2oJ/AwYiEjGLTkm6Zt3/tZH+gTZCrPbds3q07NmcNaJ25BqqhA0zd/+oOYpIJGQDhWquc6CXgZlsAIp3mlnyqaYDLGQ9rTNMKCKi+bf55bF1oZWGEs9URgzdW/FxkWSk1FoDcFhpFa9Wbif14vhfDay1iUpEAjsggKU25BbM1qsAZMUgJ8qgkmkulfLTLCEhPQZS2lBCLXnbirDayTdr3mOjX3oV5t3BTtlNEZOkeXyEVXqIHuUBO1EEET9IJe0ZvxbLwbH8bnYrVkFDenaAnG1y+rUJmg</latexit><latexit sha1_base64="HxdlrCmw8gkqmRClsl95gssw2fk=">AAACCHicbVDLSsNAFJ3UV62vqEs3wUZwVZJudFl040oq2Ae0IUymk3boTBJmbool5Af8Bre6didu/QuX/onTNgvbeuDC4Zx7OZcTJJwpcJxvo7SxubW9U96t7O0fHB6ZxydtFaeS0BaJeSy7AVaUs4i2gAGn3URSLAJOO8H4duZ3JlQqFkePME2oJ/AwYiEjGLTkm6Zt3/tZH+gTZCrPbds3q07NmcNaJ25BqqhA0zd/+oOYpIJGQDhWquc6CXgZlsAIp3mlnyqaYDLGQ9rTNMKCKi+bf55bF1oZWGEs9URgzdW/FxkWSk1FoDcFhpFa9Wbif14vhfDay1iUpEAjsggKU25BbM1qsAZMUgJ8qgkmkulfLTLCEhPQZS2lBCLXnbirDayTdr3mOjX3oV5t3BTtlNEZOkeXyEVXqIHuUBO1EEET9IJe0ZvxbLwbH8bnYrVkFDenaAnG1y+rUJmg</latexit>

RF
chain

RF
chainScatter

✓`
<latexit sha1_base64="ZgD01DblNr1XjKDieFa/3f165Xo=">AAACCXicbVC7TsNAEDyHVwivBEoaixiJKrLTQBlBQxkk8pBiyzpf1skp54fu1qDI8hfwDbRQ0yFavoKSP+HyKCBhpJVGM7ua1QSp4Apt+8sobWxube+Udyt7+weHR9XacVclmWTQYYlIZD+gCgSPoYMcBfRTCTQKBPSCyc3M7z2AVDyJ73GaghfRUcxDzihqya/WLMvFMSD1cxeEKCzLr9bthj2HuU6cJamTJdp+9dsdJiyLIEYmqFIDx07Ry6lEzgQUFTdTkFI2oSMYaBrTCJSXz18vzHOtDM0wkXpiNOfq74ucRkpNo0BvRhTHatWbif95gwzDKy/ncZohxGwRFGbCxMSc9WAOuQSGYqoJZZLrX002ppIy1G39SQmiQnfirDawTrrNhmM3nLtmvXW9bKdMTskZuSAOuSQtckvapEMYeSTP5IW8Gk/Gm/FufCxWS8by5oT8gfH5AyNHmds=</latexit><latexit sha1_base64="ZgD01DblNr1XjKDieFa/3f165Xo=">AAACCXicbVC7TsNAEDyHVwivBEoaixiJKrLTQBlBQxkk8pBiyzpf1skp54fu1qDI8hfwDbRQ0yFavoKSP+HyKCBhpJVGM7ua1QSp4Apt+8sobWxube+Udyt7+weHR9XacVclmWTQYYlIZD+gCgSPoYMcBfRTCTQKBPSCyc3M7z2AVDyJ73GaghfRUcxDzihqya/WLMvFMSD1cxeEKCzLr9bthj2HuU6cJamTJdp+9dsdJiyLIEYmqFIDx07Ry6lEzgQUFTdTkFI2oSMYaBrTCJSXz18vzHOtDM0wkXpiNOfq74ucRkpNo0BvRhTHatWbif95gwzDKy/ncZohxGwRFGbCxMSc9WAOuQSGYqoJZZLrX002ppIy1G39SQmiQnfirDawTrrNhmM3nLtmvXW9bKdMTskZuSAOuSQtckvapEMYeSTP5IW8Gk/Gm/FufCxWS8by5oT8gfH5AyNHmds=</latexit><latexit sha1_base64="ZgD01DblNr1XjKDieFa/3f165Xo=">AAACCXicbVC7TsNAEDyHVwivBEoaixiJKrLTQBlBQxkk8pBiyzpf1skp54fu1qDI8hfwDbRQ0yFavoKSP+HyKCBhpJVGM7ua1QSp4Apt+8sobWxube+Udyt7+weHR9XacVclmWTQYYlIZD+gCgSPoYMcBfRTCTQKBPSCyc3M7z2AVDyJ73GaghfRUcxDzihqya/WLMvFMSD1cxeEKCzLr9bthj2HuU6cJamTJdp+9dsdJiyLIEYmqFIDx07Ry6lEzgQUFTdTkFI2oSMYaBrTCJSXz18vzHOtDM0wkXpiNOfq74ucRkpNo0BvRhTHatWbif95gwzDKy/ncZohxGwRFGbCxMSc9WAOuQSGYqoJZZLrX002ppIy1G39SQmiQnfirDawTrrNhmM3nLtmvXW9bKdMTskZuSAOuSQtckvapEMYeSTP5IW8Gk/Gm/FufCxWS8by5oT8gfH5AyNHmds=</latexit><latexit sha1_base64="ZgD01DblNr1XjKDieFa/3f165Xo=">AAACCXicbVC7TsNAEDyHVwivBEoaixiJKrLTQBlBQxkk8pBiyzpf1skp54fu1qDI8hfwDbRQ0yFavoKSP+HyKCBhpJVGM7ua1QSp4Apt+8sobWxube+Udyt7+weHR9XacVclmWTQYYlIZD+gCgSPoYMcBfRTCTQKBPSCyc3M7z2AVDyJ73GaghfRUcxDzihqya/WLMvFMSD1cxeEKCzLr9bthj2HuU6cJamTJdp+9dsdJiyLIEYmqFIDx07Ry6lEzgQUFTdTkFI2oSMYaBrTCJSXz18vzHOtDM0wkXpiNOfq74ucRkpNo0BvRhTHatWbif95gwzDKy/ncZohxGwRFGbCxMSc9WAOuQSGYqoJZZLrX002ppIy1G39SQmiQnfirDawTrrNhmM3nLtmvXW9bKdMTskZuSAOuSQtckvapEMYeSTP5IW8Gk/Gm/FufCxWS8by5oT8gfH5AyNHmds=</latexit>

�`
<latexit sha1_base64="j0pCSikVVxhMPO6RGm3ujL/EYdw=">AAACB3icbVC7TsMwFHXKq5RHA4wsFg0SU5V0gbGChbFI9CE1UeS4TmvVdiLbQaqifADfwAozG2LlMxj5E9w2A2050pWOzrlX5+pEKaNKu+63Vdna3tndq+7XDg6Pjuv2yWlPJZnEpIsTlshBhBRhVJCuppqRQSoJ4hEj/Wh6N/f7T0QqmohHPUtJwNFY0JhipI0U2nXH8dMJDXOfMFY4Tmg33Ka7ANwkXkkaoEQntH/8UYIzToTGDCk19NxUBzmSmmJGipqfKZIiPEVjMjRUIE5UkC8eL+ClUUYwTqQZoeFC/XuRI67UjEdmkyM9UeveXPzPG2Y6vglyKtJME4GXQXHGoE7gvAU4opJgzWaGICyp+RXiCZIIa9PVSkrEC9OJt97AJum1mp7b9B5ajfZt2U4VnIMLcAU8cA3a4B50QBdgkIEX8ArerGfr3fqwPperFau8OQMrsL5+AX25mPI=</latexit><latexit sha1_base64="j0pCSikVVxhMPO6RGm3ujL/EYdw=">AAACB3icbVC7TsMwFHXKq5RHA4wsFg0SU5V0gbGChbFI9CE1UeS4TmvVdiLbQaqifADfwAozG2LlMxj5E9w2A2050pWOzrlX5+pEKaNKu+63Vdna3tndq+7XDg6Pjuv2yWlPJZnEpIsTlshBhBRhVJCuppqRQSoJ4hEj/Wh6N/f7T0QqmohHPUtJwNFY0JhipI0U2nXH8dMJDXOfMFY4Tmg33Ka7ANwkXkkaoEQntH/8UYIzToTGDCk19NxUBzmSmmJGipqfKZIiPEVjMjRUIE5UkC8eL+ClUUYwTqQZoeFC/XuRI67UjEdmkyM9UeveXPzPG2Y6vglyKtJME4GXQXHGoE7gvAU4opJgzWaGICyp+RXiCZIIa9PVSkrEC9OJt97AJum1mp7b9B5ajfZt2U4VnIMLcAU8cA3a4B50QBdgkIEX8ArerGfr3fqwPperFau8OQMrsL5+AX25mPI=</latexit><latexit sha1_base64="j0pCSikVVxhMPO6RGm3ujL/EYdw=">AAACB3icbVC7TsMwFHXKq5RHA4wsFg0SU5V0gbGChbFI9CE1UeS4TmvVdiLbQaqifADfwAozG2LlMxj5E9w2A2050pWOzrlX5+pEKaNKu+63Vdna3tndq+7XDg6Pjuv2yWlPJZnEpIsTlshBhBRhVJCuppqRQSoJ4hEj/Wh6N/f7T0QqmohHPUtJwNFY0JhipI0U2nXH8dMJDXOfMFY4Tmg33Ka7ANwkXkkaoEQntH/8UYIzToTGDCk19NxUBzmSmmJGipqfKZIiPEVjMjRUIE5UkC8eL+ClUUYwTqQZoeFC/XuRI67UjEdmkyM9UeveXPzPG2Y6vglyKtJME4GXQXHGoE7gvAU4opJgzWaGICyp+RXiCZIIa9PVSkrEC9OJt97AJum1mp7b9B5ajfZt2U4VnIMLcAU8cA3a4B50QBdgkIEX8ArerGfr3fqwPperFau8OQMrsL5+AX25mPI=</latexit><latexit sha1_base64="j0pCSikVVxhMPO6RGm3ujL/EYdw=">AAACB3icbVC7TsMwFHXKq5RHA4wsFg0SU5V0gbGChbFI9CE1UeS4TmvVdiLbQaqifADfwAozG2LlMxj5E9w2A2050pWOzrlX5+pEKaNKu+63Vdna3tndq+7XDg6Pjuv2yWlPJZnEpIsTlshBhBRhVJCuppqRQSoJ4hEj/Wh6N/f7T0QqmohHPUtJwNFY0JhipI0U2nXH8dMJDXOfMFY4Tmg33Ka7ANwkXkkaoEQntH/8UYIzToTGDCk19NxUBzmSmmJGipqfKZIiPEVjMjRUIE5UkC8eL+ClUUYwTqQZoeFC/XuRI67UjEdmkyM9UeveXPzPG2Y6vglyKtJME4GXQXHGoE7gvAU4opJgzWaGICyp+RXiCZIIa9PVSkrEC9OJt97AJum1mp7b9B5ajfZt2U4VnIMLcAU8cA3a4B50QBdgkIEX8ArerGfr3fqwPperFau8OQMrsL5+AX25mPI=</latexit>

↵`
<latexit sha1_base64="LeZg4tzK3bLMPl2nFCLBO4p4COw="></latexit><latexit sha1_base64="LeZg4tzK3bLMPl2nFCLBO4p4COw="></latexit><latexit sha1_base64="LeZg4tzK3bLMPl2nFCLBO4p4COw="></latexit><latexit sha1_base64="I3++ExRVViANRJIGCuhZumJNt14="></latexit><latexit sha1_base64="dDNvPXkb7pw2FXN52+YnAkhN8rA="></latexit><latexit sha1_base64="dDNvPXkb7pw2FXN52+YnAkhN8rA="></latexit><latexit sha1_base64="XqtnVWTfT6MNJtPqDSVcjzhqg5s="></latexit><latexit sha1_base64="LeZg4tzK3bLMPl2nFCLBO4p4COw="></latexit><latexit sha1_base64="LeZg4tzK3bLMPl2nFCLBO4p4COw="></latexit><latexit sha1_base64="LeZg4tzK3bLMPl2nFCLBO4p4COw="></latexit><latexit sha1_base64="LeZg4tzK3bLMPl2nFCLBO4p4COw="></latexit><latexit sha1_base64="LeZg4tzK3bLMPl2nFCLBO4p4COw="></latexit><latexit sha1_base64="LeZg4tzK3bLMPl2nFCLBO4p4COw="></latexit>
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Figure 3.1: System model and architecture of a hybrid mmWave MIMO system
with hardware impairments on antennas.

subcarriers and fk as the corresponding subcarrier frequency value. Therefore,

we have [81]

fk = fc + ∆fk = fc −
1

2Ts

+
k

KTs

, for k = 0, . . . , K − 1. (3.3.1)

Moreover, we consider a fully connected phase shifting network for the hybrid

architectures [4] as shown in Fig. 3.1.

3.3.2 Channel and signal models

In this section, we derive the new general time domain signal model

and frequency domain channel model for the hybrid mmWave MIMO systems

under the impact of both hardware impairments and beam squint. It will

be seen that the assumed channel models for beam squint circumstances in

previous works [26, 75–79] are not complete or valid in some cases. Let us

start with the antenna array architectures. It is common in the literature to

assume that all the antennas are arranged in the form of ULAs at both TX

and RX, whose expected ideal antenna spacings are denoted by dT and dR,
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respectively. In this work, we also assume the linear architecture for TX and

RX arrays but take into consideration some practical imperfections. As shown

in [36, 44, 51, 82, 83] and illustrated in Fig 3.1, various hardware impairments

on antennas exist in practical implementations, such as the gain/phase errors

on each antenna element, the perturbation errors at each antenna element

location, as well as the coupling effect between antenna elements, to name a

few. For better exposition, let us first define some hardware impairments re-

lated variables. Specifically, we denote CR ∈ CNr×Nr as the symmetric mutual

coupling matrix for the RX antenna array, representing the unwanted inter-

change of energy between elements in the arrays, and denote γR ∈ CNR×1 with

[γR]nR
= gR,nR

ejνR,nR as the antenna gain and phase errors, in which gR,nR

and νR,nR
are respectively the receive gain error normalized to a reference am-

plitude and the additional receive phase error for the nR-th antenna element.

Moreover, let εR ∈ RNr×1 with [εR]nR
= εR,nR

be the vector of antenna location

errors at all RX antenna elements, where the location error of the first antenna

element is normalized to εR,0 = 0. Similar hardware impairment variables for

TX antenna arrays are defined accordingly. Based on these definitions and no-

tations, we next derive the new channel model including the impacts of both

hardware impairments and beam squint effect.

We consider a measurement model in which the TX transmits an Lt×1

signal vector s(t) at time instant t, where the lT-th (lT = 1, . . . , Lt) element
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of s(t) is defined as

slT(t) , [s(t)]lT =
+∞∑
i=−∞

[S]lT,iδ(t− iTs), (3.3.2)

where S collects all the time domain signal symbols to be transmitted. More-

over, s(t) satisfies E{s(t)s(t)∗} = PT

Lt
ILt , with PT the transmit power con-

straint. Using an analog precoder F ∈ CNt×Lt , the transmitted signal at each

antenna element without considering any filtering effect can be computed as

f (T)
nT

(t) =
Lt∑
lT=1

[F]nT,lT [s(t)]lT . (3.3.3)

Due to hardware imperfections, the signal at each antenna nT receives a phase

and amplitude perturbation [γT]∗nT
and then leaks into the signal at each an-

tenna n′T through mutual coupling by a factor [CT]∗nT,n
′
T
, leading to the ex-

pression

f
(T′)
n′T

(t) =
Nt∑

nT=1

[CT]∗nT,n
′
T
[γT]∗nT

f (T)
nT

(t) =
Nt∑

nT=1

[(diag(γT)CT)∗]n′T,nT
f (T)
nT

(t).

(3.3.4)

Then the signal goes through the geometric channel and a series of filters, which

is modeled as a convolution with a combined pulse shaping filter p(t) with a

time delay, due to the channel characteristics and antenna array geometry. An

additive noise function znR
(t) is also added and thus the received signal at the

nR-th receive antenna is expressed as

f (R)
nR

(t) =
L∑
`=1

Nt∑
nT=1

α` · (p ∗ f (T′)
nT

)(t− τ`,nR,nT
) + znR

(t), (3.3.5)
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where ∗ denotes convolution operation, L is the number of distinguishable

paths of the mmWave channel, α` ∈ C is the path gain, and τ`,nR,nT
is the

delay of `-th path between the nR-th receive antenna and the nT-th transmit

antenna. Similarly, owing to hardware imperfections, the signal at each an-

tenna nR leaks into the signal at each antenna n′T through mutual coupling by

a factor [CR]n′R,nR
and then receives a gain/phase weight [γR]n′R as follows

f
(R′)
n′R

(t) =
Nr∑

nR=1

[γR]n′T [CR]n′R,nR
f (R)
nR

(t) =
Nr∑

nR=1

[diag(γR)CR]n′R,nR
f (R)
nR

(t).

(3.3.6)

Using an analog combiner W ∈ CNR×LR , the received signal vector is denoted

by y(t) ∈ CLr×1, with the lR-th element given as

[y(t)]lR =
Nr∑

nR=1

[W]∗nR,lR
f (R′)
nR

(t). (3.3.7)

Finally, RX measures the received signal samples with the system sampling

period Ts, yielding the final time domain discrete measurement expression at

the d-th tap as

[
y[d]

]
lR

= [y(dTs)]lR , for d = 0, 1, . . . (3.3.8)

By developing the previous steps, we reach the final measurement expression

as

[
y[d]

]
lR

=
∑

`,nR,nT,lT

α`[W̆]∗nR,lR
[F̆]nT,lT(p ∗ slT)(dTs − τ`,nR,nT

) + [W̆]∗nR,lR
znR

(dTs),

(3.3.9)
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Figure 3.2: Illustration of the spatial wideband effect (from the perspective
of time domain) or the beam squint effect (from the perspective of frequency
domain) under large-scale antenna array regimes.

where W̆ , (diag(γR)CR)∗W and F̆ , (diag(γT)CT)∗F summarize the linear

effects at RX and TX respectively.

Next, following the derivation in the Appendix B, the DFT of (3.3.9)

over the time domain taps d, by considering the independent contributions of

slT(t), is given as

[y[k]]lR =
K−1∑
d=0

[
y[d]

]
lR
e−j 2πdk

K =
∑

`,nR,nT,lT

α`[W̆]∗nR,lR
[F̆]nT,lTg(k, τ`,nR,nT

)

· e−j2πfkτ`,nR,nT [s[k]]lT + [W̆]∗nR,lR
[z[k]]nR

, (3.3.10)

where g(k, τ`,nR,nT
) is defined in (B.0.8) in the Appendix B, representing

the frequency domain pulse shaping function response at the k-th subcar-

rier for the `-th path between nR-th RX antenna and nT-th RX antenna.

Moreover, [s[k]]lT is the frequency domain transmitted signal and [z[k]]nR
,
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∑K−1
d=0 znR

(dTs)e
−j 2πdk

K is the frequency domain noise term. Regarding the de-

lay τ`,nR,nT
, as shown in Fig. 3.2, it can be expressed through the different

contributions on account of time of arrival and antenna geometry, i.e.,

τ`,nR,nT
= τ` + (nRdR + εR,nR

) sin(φ`)/c− (nTdT + εT,nT
) sin(θ`)/c. (3.3.11)

Now by defining the frequency-dependent array steering vectors ăR,k(φ) ∈

CNR×1 and ăT,k(θ) ∈ CNT×1 as

ăR,k(φ) = diag(γR)CRǎR,k(φ), (3.3.12)

ăT,k(θ) = diag(γT)CTǎT,k(θ), (3.3.13)

with

[ǎR,k(φ)]n =
1√
NR

e−j2πfk(ndR+εR,n) sin(φ)/c (3.3.14)

[ǎT,k(θ)]n =
1√
NT

e−j2πfk(ndT+εT,n) sin(θ)/c, (3.3.15)

and denoting the distortion matrix by

[Gk(τ`, φ`, θ`)]nR,nT
= g(k, τ`,nR,nT

), (3.3.16)

we can rewrite (3.3.10) in form of

y[k] = W∗
L∑
`=1

(
α`e
−j2πfkτ`Gk(τ`, φ`, θ`)� (ăR,k(φ`)ă

∗
T,k(θ`))

)
Fŝ[k] + W̆∗z[k].

(3.3.17)

Based on this expression, we can define the general frequency domain channel

matrix per frequency, namely,

H[k] =
L∑
`=1

α`e
−j2πfkτ`Gk(τ`, φ`, θ`)� (ăR,k(φ`)ă

∗
T,k(θ`)), (3.3.18)
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and then the final measurement formula under these definitions becomes

y[k] = W∗H[k]Fs[k] + W̆∗z[k]. (3.3.19)

Note that the equivalent combiner for noise includes the hardware impairments

as well and thereby the noise covariance matrix is Cz[k] = σ2W̆∗W̆.

As per the definition of g(k, τ) in the Appendix B, i.e.,

g(k, τ) =


F(p)[fk]
Ts

+ F(p)[fk−1/Ts]
Ts

ej2πτ/Ts if 2(fk − fc) > (1− β)/Ts
F(p)[fk]
Ts

if 2|fk − fc| ≤ (1− β)/Ts
F(p)[fk]
Ts

+ F(p)[fk+1/Ts]
Ts

e−j2πτ/Ts if 2(fk − fc) < −(1− β)/Ts

(3.3.20)

where F(p)[fk] is the Fourier transform of the pulse shaping function p(t) eval-

uated at frequency fk, the general channel matrix in (3.3.18) can be rewritten

as

H[k] =


∑L

`=1 α`e
−j2πfkτ`Gk(τ`, φ`, θ`)� (ăR,k(φ`)ă

∗
T,k(θ`)),

∀|fk − fc| > (1− β)/2Ts∑L
`=1 α`

F(p)[fk]
Ts

e−j2πfkτ` ăR,k(φ`)ă
∗
T,k(θ`),

∀|fk − fc| ≤ (1− β)/2Ts

(3.3.21)

where the second case is due to the fact that when |fk − fc| ≤ (1 − β)/2Ts,

the factor g(k, τ`,nR,nT
) = F(p)[fk]

Ts
is independent of delay τ`,nR,nT

at different

antenna indices, and thus enables the simplification. Note that (3.3.21) is

valid for any random pulse shaping function (as shown in the derivation in

Appendix B) and thus this is not a new assumption on the channel model.

Remark 1. We have derived the new general model for MIMO channels under

both hardware impairments and beam squint impacts. This new model shows
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that the beam squint will not only induce the frequency-dependence on ar-

ray steering vectors but also yield additional distortions at different antennas

across all subcarriers, especially on side subcarriers. Comparing (3.3.21) to

the existing MIMO channel modeling for beam squint in [26,75–79], it is obvi-

ous that current channel modeling only considered the second case in (3.3.21)

and assumed the same expression for all subcarriers. In other words, the prior

works only considered the frequency-dependence impact of beam squint but

ignored the additional distortions. This is due to the fact that they derived the

channel modeling in the continuous time domain and did not take into account

the influences of extra bandwidth of pulse shaping functions (as shown in the

detailed derivations in Appendix B). For ease of subsequent exposition, we

will denote the set of central subcarriers by Kcen = {k
∣∣|fk−fc| ≤ (1−β)/2Ts}

and the set of side subcarriers by Kside = {k
∣∣|fk−fc| > (1−β)/2Ts}. As shown

in Fig. 3.3, there are approximately |Kcen| ≈ b(1 − β)Kc central subcarriers

inside Kcen and |Kside| ≈ dβKe side subcarriers inside Kside.

3.3.3 Frequency domain signal model for training

With the aforementioned system and channel models, the received sig-

nal model for training is described as follows. During the training phase,

TX will send pilot signals over several OFDM frames for RX to collect mea-

surements for initial channel estimation and dictionary learning. Specifically,

during the m-th (m = 1, 2, . . .) training OFDM symbol, TX will send an

Lt×1 pilot signal sm[k] at the k-th subcarriers using a frequency-flat precoder
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Figure 3.3: Frequency response of a random pulse shaping function with roll-
off factor β, center frequency fc and fs = 1/Ts. For OFDM systems with K
subcarriers, there are approximately b(1−β)Kc central subcarriers inside Kcen

and dβKe side subcarriers inside Kside.

Fm ∈ CNt×Lt , while RX receives with a frequency-flat combiner Wm ∈ CNr×Lr ,

so that the received signal ym[k] is given as

ym[k] = W∗
mH[k]Fmsm[k] + nm[k], (3.3.22)

where nm[k] ∈ CLr×1 is the additive Gaussian noise vector, distributed as

CN(0, σ2W̆∗
mW̆m). Generally, we can decompose the transmitted signal sm[k]

as sm[k] , qms[k], with qm ∈ CLt×1 a frequency-flat training vector and s[k]

a frequency-dependent training symbol. In doing so, we can multiply the

received signal ym[k] by (s[k])−1 and get a frequency-flat measurement matrix

at the RX as follows

ỹm[k] , vec
(
ym[k](s[k])−1

)
= (qTmFT

m ⊗W∗
m)vec(H[k]) + ñm[k]

= Φmvec(H[k]) + ñm[k], (3.3.23)
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where ñm[k] , vec
(
nm[k](s[k])−1

)
and Φm is defined accordingly, represent-

ing the sensing matrix for the m-th OFDM symbol. To get a higher effective

SNR for the received measurements, we will use training spreading to average

out the noise [36]. Moreover, to enable the initial channel estimate, the mea-

surements over in total M OFDM symbols are stacked together such that we

have

[
ỹ1[k]T , . . . , ỹM [k]T

]T︸ ︷︷ ︸
ỹ[k]

=
[
ΦT

1 , . . . ,Φ
T
M

]T︸ ︷︷ ︸
Φ

h[k] +
[
ñ1[k]T , . . . , ñM [k]T

]T︸ ︷︷ ︸
ñ[k]

,

(3.3.24)

where ỹ[k] ∈ CMLr×1, Φ ∈ CMLr×NrNt and ñ[k] ∈ CMLr×1 are defined accord-

ingly. Therefore, we can have the initial channel estimate by least square (LS)

as

ĥ[k] = Φ†ỹ[k], (3.3.25)

and the corresponding channel matrix Ĥ[k] = unvec(ĥ[k]).

During the training phase, it is also necessary to collect initial channel

measurements at different locations across the coverage area as the RX moves

around. This can not only create a large training data set for dictionary

learning but also ensure the data set is diverse for the environment. In doing

so, the learned sparsifying dictionary is not dedicated for a specific location,

but adapted to the fixed hardware impairments. As the case in [36], this

procedure of collecting measurements at multiple locations can be done at the

stage of network setup, like the case of an indoor WiFi scenario. Therefore, we
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assume the measurements are collected at Nsa locations and the initial channel

estimate at the u-th location is then represented as ĥ(u)[k] for u ∈ I(Nsa). In

the following, these initial channel estimates obtained at the training phases

will be used for learning the hardware impairments related dictionaries.

3.4 Dictionary learning for hardware impairments
(DLHW)

In this section, we will discuss the problem formulation and optimiza-

tion for learning the channel dictionaries adapted to hardware impairments.

Generally, the overall channel representing dictionaries are partitioned into

two parts, i.e., one frequency-flat part adapting to the hardware impairments

and one frequency-dependent part accounting for the beam squint effect. The

learning of hardware impairment related dictionaries will take into considera-

tion of the channel properties under beam squint at different subcarriers.

3.4.1 Problem formulation of DLHW

As shown in (3.3.21), the frequency domain channel model can be par-

titioned into two sets. On one hand, for central subcarriers inside Kcen, the

channel model can be simplified so that it is more convenient and straightfor-

ward to separate the hardware impairments and beam squint impact on the

channel matrix. Let us first rewrite the channel matrix for k ∈ Kcen as follows

H[k] =
L∑
`=1

α`
F(p)[fk]

Ts

e−j2πfkτ` ăR,k(φ`)ă
∗
T,k(θ`) = ĂR,k(φ)Λ[k]Ă∗T,k(θ)

≈ Ăv
R,kΩ[k]Ăv∗

T,k, (3.4.1)
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where Λ[k] , diag
{

[α1
F(p)[fk]
Ts

e−j2πfkτ1 , . . . , αL
F(p)[fk]
Ts

e−j2πfkτL ]T
}

is a diago-

nal matrix containing the frequency domain path gains, and ĂR,k(φ) ,

[ăR,k(φ1), . . . , ăR,k(φL)] ∈ CNr×L collects the receive array response vectors

at all paths. Moreover, the approximation is obtained by discretizing the

AoA/AoD spaces with on-grid angles, i.e., Ăv
R,k , [ăR,k(φ

v
1), . . . , ăR,k(φ

v
Kr

)] ∈

CNr×Kr and Ăv
T,k , [ăT,k(θ

v
1), . . . , ăT,k(θ

v
Kt

)] ∈ CNt×Kt collect the virtual re-

ceive and transmit array response vectors evaluated on Kr quantized angles

φv = {φv
i }Kr
i=1 for AoAs and Kt quantized angles θv = {θv

i }Kt
i=1 for AoDs, and

Ω[k] ∈ CKr×Kt is a sparse matrix, containing the path gains of these discrete

quantized AoAs/AoDs at its non-zero elements. To separate the impact of

hardware impairments and beam squint on channel matrix, we can rewrite the

array steering vector in (3.3.14) as

[ǎR,k(φ)]nR
=

1√
Nr

e−j2πfk(nRdR+εR,nR ) sin(φ)/c

=
1√
Nr

e−j2π(fcεR,nR+∆fkεR,nR ) sin(φ)/ce−j2π(fknRdR) sin(φ)/c

≈ e−j2π(fcεR,nR ) sin(φ)/c · 1√
Nr

e−j2π(fknRdR) sin(φ)/c, (3.4.2)

ǎR,k(φ) ≈ eR(φ)� aR,k(φ), (3.4.3)

where [eR(φ)]nR
= e−j2π(fcεR,nR ) sin(φ)/c comprises the hardware antenna element

location imperfection effects. Therefore, the expression of Ăv
R,k in (3.4.1) can
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be rewritten as

Ăv
R,k , [ăR,k(φ

v
1), . . . , ăR,k(φ

v
Kr

)]

= diag(γR)CR︸ ︷︷ ︸
DR,1

([
eR(φv

1), . . . , eR(φv
Kr

)
]︸ ︷︷ ︸

DR,2

�
[
aR,k(φ

v
1), . . . , aR,k(φ

v
Kr

)
]︸ ︷︷ ︸

Av
R,k

)
= DR,1

(
DR,2 �Av

R,k

)
, (3.4.4)

where the general RX dictionary Ăv
R,k is partitioned into three parts, i.e.,

DR,1 includes the impacts of antenna coupling and gain/phase errors, DR,2

accounts for the antenna location perturbations, and Av
R,k ∈ CNr×Kr han-

dles the beam squint effect at each subcarriers. Note that DR,1 and DR,2

are hardware impairments related dictionary components to be learned while

Av
R,k is known for all subcarriers. Moreover, recalling the notation of antenna

location error vector εR and the definition of eR(φ) in (3.4.2), we can fur-

ther express DR,2 as a function of the antenna location error vector εR, i.e.,

DR,2 = f(εR) = e−j2πfcεR·sin(φv)T /c. Similarly, the general TX dictionary Ăv
T,k

can be expressed as Ăv
T,k = DT,1

(
DT,2 �Av

T,k

)
and DT,2 is a function of the

antenna location error vector εT, i.e., DT,2 = f(εT) = e−j2πfcεT·sin(θv)T /c. Then

the vectorization of H[k], k ∈ Kcen in (3.4.1) can be expressed as

h[k] = vec(H[k]) ≈
(
Ăv

T,k ⊗ Ăv
R,k

)
vec(Ω[k])

=
(
DT,1 ⊗DR,1

) [(
DT,2 ⊗DR,2

)
�
(
Av

T,k ⊗Av
R,k

)]
vec(Ω[k]). (3.4.5)

On the other hand, the channel model for side subcarriers k ∈ Kside in
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(3.3.21) can be represented and approximated as follows

H[k] =
L∑
`=1

α`e
−j2πfkτ`Gk(τ`, φ`, θ`)� (ăR,k(φ`)ă

∗
T,k(θ`))

≈
Lv∑
l=1

Kr∑
i=1

Kt∑
j=1

bl,i,je
−j2πfkτ

v
l Gk(τ

v
l , φ

v
i , θ

v
j )� (ăR,k(φ

v
i )ă
∗
T,k(θ

v
j )) (3.4.6)

where the approximation is obtained by first discretizing the AoA/AoD spaces

as did in (3.4.1) and then discretizing the delay space with Lv on-grid de-

lays {τv
l }Lv

l=1. Moreover, bl,i,j is the corresponding path gain on each pair

of discretized AoA/AoD/delay grids, which theoretically is nonzero only

at the discrete AoA/AoD/delay bin (φv
i , θ

v
j , τ

v
l ) corresponding to the true

AoA/AoD/delay (φ`, θ`, τ`). Then the vectorization of H[k], k ∈ Kside can

be given as

h[k] = vec(H[k]) =
L∑
`=1

α`e
−j2πfkτ`vec(Gk(τ`, φ`, θ`))� (ăT,k(θ`)⊗ ăR,k(φ`))

≈
Lv∑
l=1

[
Ψk(τ

v
l ,φ

v,θv)�
(
Ăv

T,k ⊗ Ăv
R,k

) ]
bl, (3.4.7)

where Ψk(τ
v
l ,φ

v,θv) ∈ CNrNt×KrKt and its columns are defined as

[
Ψk(τ

v
l ,φ

v,θv)
]

:,(j−1)Kt+i
= e−j2πfkτ

v
l vec(Gk(τ

v
l , φ

v
i , θ

v
j )),

∀i = 1, . . . , Kr, j = 1, . . . , Kt, (3.4.8)

and bl ∈ CKrKt×1 collects bl,i,j, satisfying ‖bl‖0 ≤ 1 and
∑Lv

l=1 ‖bl‖0 ≤ L.

Remark 2. Comparing the channel approximation expressions for central sub-

carriers in (3.4.1) and for side subcarriers in (3.4.6), it is clear that the addi-

tional distortion matrix Gk(τ`, φ`, θ`) for side subcarriers entangles the three
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parameters of delay, AoA and AoD, such that a combination of discretized

delay, AoA and AoD grids is needed. This will increase the sparsifying dic-

tionary dimension significantly and induce overwhelming computational com-

plexity during the CS recovery of these parameters. Instead, for the central

subcarriers, the discretization of delay, AoA and AoD is decoupled without

the additional distortion matrix and thus even one-dimensional search can be

done sequentially for each parameter, which will help reduce the computational

complexity to a large extent.

Next, as per the approximate channel models in (3.4.1)-(3.4.5) as well

as (3.4.6)-(3.4.7), we can formulate the final dictionary learning problem for

hardware impairments. Specifically, stacking the initial channel estimates at

all subcarriers from all locations u ∈ I(Nsa), the problem formulation of DLHW

can be expressed as

min
DT,1,DT,2,DR,1,DR,2,

Ω(u)[k],b
(u)
l

∑
u∈I(Nsa)

∑
k∈Kcen

∥∥∥ĥ(u)[k]−
(
Ăv

T,k ⊗ Ăv
R,k

)
vec(Ω(u)[k])

∥∥∥2

F

+
∑

u∈I(Nsa)

∑
k∈Kside

∥∥∥ĥ(u)[k]−
Lv∑
l=1

[
Ψk(τ

v
l ,φ

v,θv)�
(
Ăv

T,k ⊗ Ăv
R,k

) ]
b

(u)
l

∥∥∥2

F
,

subject to
∥∥vec(Ω(u)[k])

∥∥
0
≤ L(u);

∥∥b(u)
l

∥∥
0
≤ 1,

Lv∑
l=1

∥∥b(u)
l

∥∥
0
≤ L(u).

(3.4.9)

Note that the two sum terms in (3.4.9) are format-consistent as[
Ψk(τ

v
l ,φ

v,θv)
]

:,(j−1)Kt+i
= F(p)[fk]

Ts
e−j2πfkτ

v
l 1NrNt for central subcarriers k ∈

Kcen. We will see that the simplified expression for central subcarriers can

help facilitate the derivations of DL algorithms.
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3.4.2 Problem optimization of DLHW

The optimization problem in (3.4.9) is not jointly convex with respect

to the variables DT,1, DT,2, DR,1, DR,2, Ω(u)[k], and b
(u)
l , but it can still be

solved by the alternating optimization techniques. As in the typical dictionary

learning problems [63], the optimization of (3.4.9) is split into two stages:

sparse coding and dictionary update.

3.4.2.1 Sparse coding stage

In this stage, we fix all dictionary parts and update the channel coef-

ficients Ω(u)[k], ∀k ∈ Kcen, u ∈ I(Nsa) and b
(u)
l ,∀k ∈ Kside, u ∈ I(Nsa). Specif-

ically, for each u ∈ I(Nsa), the optimization problem of (3.4.9) is reduced to

(omitting the superscript (u) for simplicity)

min
Ω[k],bl

∑
k∈Kcen

∥∥∥ĥ[k]−
(
Ăv

T,k ⊗ Ăv
R,k

)
vec(Ω[k])

∥∥∥2

F

+
∑

k∈Kside

∥∥∥ĥ[k]−
Lv∑
l=1

[
Ψk(τ

v
l ,φ

v,θv)�
(
Ăv

T,k ⊗ Ăv
R,k

) ]
bl

∥∥∥2

F
,

subject to
∥∥vec(Ω[k])

∥∥
0
≤ L;

∥∥bl∥∥0
≤ 1,

Lv∑
l=1

∥∥bl∥∥0
≤ L. (3.4.10)

Generally, this problem can be optimized by various CS techniques, such as

OMP [60], simultaneous OMP (SOMP) [84], simultaneous weighted OMP

(SWOMP) [5], to name a few. Compared to existing SOMP and SWOMP,

we in this chapter propose a new sparse coding algorithm for (3.4.10), named

Dictionary Adaptive SWOMP under beam squint (DA-SWOMP-beam squint)

as shown in Algorithm 2. Crucially, the newly proposed DA-SWOMP-beam
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squint exploits the following two important properties of the channel mod-

els under beam squint, which will enable low-complexity and high-accuracy

recovery of the channel coefficients and parameters:

• First, the common sparsity support property of channel vectors across

subcarriers will still be considered but with frequency-dependent dictio-

naries accounting for beam squint impacts. For SOMP and SWOMP

in previous works, the common sparsity support of channel coefficients

between subcarriers is assumed under the same dictionary for all sub-

carriers. This is an approximate result for the case without considering

beam squint effect. When the steering vector at the center frequency

is used for all subcarriers, there exist approximation errors no matter

how significant beam squint effect is. Under beam squint circumstances,

we can exploit the true property of common sparsity support between

subcarriers but with different frequency-dependent dictionaries account-

ing for the beam squint impacts. The principle behind this argument is

that the physical AoAs and AoDs associated with propagation paths are

constant and independent of subcarriers, and thereby when the channel

vector at each subcarrier is projected to the corresponding sparsifying

dictionary, only a few bins out of the Kr or Kt virtual angular bins

corresponding to the physical AoAs and AoDs are nonzero.

• Second, as mentioned above, the additional distortion matrix at side sub-

carriers tangles the three parameters of delay, AoA and AoD. Then if
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traditional SOMP or SWOMP is directly applied for (3.4.10), the overall

sparsifying dictionary will be a three-dimensional (3D) dictionary [6] and

the dimension of this 3D dictionary [Ψk(τ
v
1 ,φ

v,θv)�
(
Ăv

T,k⊗Ăv
R,k

)
, . . . ,

Ψk(τ
v
Lv
,φv,θv) �

(
Ăv

T,k ⊗ Ăv
R,k

)
] will be NrNt × LvKrKt, proportional

to the product of the numbers of delay/AoA/AoD grids. This will cer-

tainly induce overwhelming complexity. As for the newly proposed DA-

SWOMP-BS, it will first exploit the channel models at central subcarriers

to obtain initial estimates of the delay/AoA/AoD parameters. Without

the impact of additional distortion matrix at central subcarriers, this

can be done even by one-dimensional search over each parameter space

iteratively. These initial estimates of parameters are then used to reduce

the effective dictionary dimension at side subcarriers and compensate

the distortions induced by beam squint, so that all the subcarriers can

be collected to improve the estimates of delays/AoAs/AoDs again. In

doing so, the sparse coding of (3.4.10) can be solved with much lower

complexity and higher accuracy.

In line of these ideas, the DA-SWOMP-BS is expected to outperform SOMP

and SWOMP without considering beam squint. We summarize the procedure

of DA-SWOMP-BS in Algorithm 2. Once the sparse coding stage of (3.4.10)

is done, the coefficients Ω(u)[k], k ∈ Kcen and b
(u)
l , k ∈ Kside as well as the

estimates of path gains, delays, AoAs, and AoDs ϕ̂
(u)

l̂
, {α̂(u)

l̂
, φ̂

(u)

l̂
, θ̂

(u)

l̂
, τ̂

(u)

l̂
}

for l̂ = 1, . . . , L̂(u),∀u ∈ I(Nsa) can be obtained, which will be used to update

the hardware impairments related dictionaries in the next subsections.
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3.4.2.2 Dictionary update stage

Next, we fix the channel coefficients and path parameters in (3.4.9)

in preparation of updating the hardware impairments related dictionaries

DT,1,DT,2,DR,1,DR,2. Note that due to the special structure in this prob-

lem that the TX and RX dictionaries are entangled with the beam squint

effect at different subcarriers, the typical dictionary update algorithms, like

the method of optimal directions (MOD) [65] or K-SVD [63], cannot be di-

rectly used. Therefore, we apply alternating optimization in this sub-stage as

well to subsequently update the four dictionaries.

For the update of DR,1, the problem of (3.4.9) can be reduced to

min
DR,1

∑
u∈I(Nsa)

∑
k∈Kcen

∥∥∥∥Ĥ(u)[k]−DR,1

(
DR,2 �Av

R,k

)
Ω(u)[k]

(
DT,2 �Av

T,k

)∗
D∗T,1︸ ︷︷ ︸

X
(u)
R,1[k]

∥∥∥∥2

F

+
∑

u∈I(Nsa)

∑
k∈Kside

∥∥∥∥Ĥ(u)[k]−
L̂(u)∑
l̂=1

α̂
(u)

l̂
e−j2πfk τ̂

(u)

l̂ Gk(τ̂
(u)

l̂
, φ̂

(u)

l̂
, θ̂

(u)

l̂
)

�
(
ăR,k(φ̂

(u)

l̂
)ă∗T,k(θ̂

(u)

l̂
)
)∥∥∥∥2

F

. (3.4.11)

which is equivalent to

min
DR,1

∑
u∈I(Nsa)

∑
k∈Kcen

∥∥∥∥Ĥ(u)[k]−DR,1

(
DR,2 �Av

R,k

)
Ω(u)[k]

(
DT,2 �Av

T,k

)∗
D∗T,1︸ ︷︷ ︸

X
(u)
R,1[k]

∥∥∥∥2

F

+
∑

u∈I(Nsa)

∑
k∈Kside

∥∥∥∥Ĥ(u)[k]−
L̂(u)∑
l̂=1

α̂
(u)

l̂
e−j2πfk τ̂

(u)

l̂ Gk(τ̂
(u)

l̂
, φ̂

(u)

l̂
, θ̂

(u)

l̂
)
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�
(
DR,1

(
eR(φ̂

(u)

l̂
)� aR,k(φ̂

(u)

l̂
)
)(

eT(θ̂
(u)

l̂
)� aT,k(θ̂

(u)

l̂
)
)∗

D∗T,1︸ ︷︷ ︸
X

(u)

R,1,l̂
[k]

)∥∥∥∥2

F

,

(3.4.12)

where X
(u)
R,1[k] and X

(u)

R,1,l̂
[k] are defined accordingly for ease of expression. To

update DR,1, we need to calculate the derivative of the objective function with

respect to DR,1, i.e.,
∂J

∂DR,1

, which is expressed as follows (A proof is provided

in Appendix C.)

∂J

∂DR,1

= −
∑

u∈I(Nsa)

∑
k∈Kcen

(Ĥ(u)[k]−DR,1X
(u)
R,1[k])(X

(u)
R,1[k])T

−
∑

u∈I(Nsa)

∑
k∈Kside

L̂(u)∑
l̂=1

α̂
(u)

l̂
e−j2πfk τ̂

(u)

l̂

·
[(

Ĥ(u)[k]−
L̂(u)∑
l̂=1

α̂
(u)

l̂
e−j2πfk τ̂

(u)

l̂ Gk(τ̂
(u)

l̂
, φ̂

(u)

l̂
, θ̂

(u)

l̂
)�DR,1X

(u)

R,1,l̂
[k]
)

�Gk(τ̂
(u)

l̂
, φ̂

(u)

l̂
, θ̂

(u)

l̂
)

]
·
(
X

(u)

R,1,l̂
[k]
)T
. (3.4.13)

Therefore, the update of DR,1 can be obtained by (stochastic) gradient decent

as

[DR,1]new = [DR,1]old − η ∂J

∂DR,1

, (3.4.14)

where η is the step-size of gradient descent and can be determined by back-

tracking line search. Similarly, the update of DT,1 can be obtained.

For the update of DR,2 = f(εR) , e−j2πfcεR·sin(φv)T /c, it is equivalent to

updating εR. By stacking all subcarriers, we have the objective of updating

80



εR as follows

min
εR

∑
u∈I(Nsa)

∑
k∈Kcen

∥∥∥∥D†R,1Ĥ
(u)[k]D∗†T,1︸ ︷︷ ︸

Y
(u)
R,2[k]

−
(
DR,2 �Av

R,k

)
Ω(u)[k]

(
DT,2 �Av

T,k

)∗︸ ︷︷ ︸
X

(u)
R,2[k]

∥∥∥∥2

F

+
∑

u∈I(Nsa)

∑
k∈Kside

∥∥∥∥Ĥ(u)[k]−
L̂(u)∑
l̂=1

α̂
(u)

l̂
e−j2πfk τ̂

(u)

l̂ Gk(τ̂
(u)

l̂
, φ̂

(u)

l̂
, θ̂

(u)

l̂
)

�
(
DR,1

(
eR(φ̂

(u)

l̂
)� aR,k(φ̂

(u)

l̂
)
) (

eT(θ̂
(u)

l̂
)� aT,k(θ̂

(u)

l̂
)
)∗

D∗T,1︸ ︷︷ ︸
X

(u)

R,2,l̂
[k]

)∥∥∥∥2

F

,

(3.4.15)

where X
(u)
R,2[k] and X

(u)

R,2,l̂
[k] are defined accordingly for ease of expression. To

update εR, we need to calculate the derivative of the objective function with

respect to εR, which can be expressed as (A proof is given in Appendix D)

∂J

∂εR

=
∑

u∈I(Nsa)

∑
k∈Kcen

2R

{{
∂J

(u)
k

∂DR,2

�DR,2

}
· −j2πfc sin(φv)

c

}

−
∑

u∈I(Nsa)

∑
k∈Kside

2R

{
L̂(u)∑
l̂=1

α̂
(u)

l̂
e−j2πfk τ̂

(u)

l̂ ·
−j2πfc sin(φ̂

(u)

l̂
)

c
·
[
DT

R,1

((
Ĥ(u)[k]

−
L̂(u)∑
l̂=1

α̂
(u)

l̂
e−j2πfk τ̂

(u)

l̂ Gk(τ̂
(u)

l̂
, φ̂

(u)

l̂
, θ̂

(u)

l̂
)�

(
DR,1

(
eR(φ̂

(u)

l̂
)� aR,k(φ̂

(u)

l̂
)
)
X

(u)

R,2,l̂
[k]
))

�Gk(τ̂
(u)

l̂
, φ̂

(u)

l̂
, θ̂

(u)

l̂
)

)
(X

(u)

R,2,l̂
[k])T

]
�
(
eR(φ̂

(u)

l̂
)� aR,k(φ̂

(u)

l̂
)
)}
. (3.4.16)

Therefore, the update of DR,2 is given as

[DR,2]new = f([εR]new) = f

(
[εR]old − η ∂J

∂εR

)
. (3.4.17)

Similarly, the update of DT,2 can be obtained.
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By iterative refinement between sparse coding and dictionary update

stages, the learned hardware impairments related dictionaries can be obtained

when the objective function in (3.4.9) converges. The overall procedure of the

proposed dictionary learning scheme is summarized in Algorithm 3.

Once the hardware impairments related dictionaries

DR,1,DR,2,DT,1,DT,2 are obtained, the overall RX and TX sparsifying

dictionaries Ăv
R,k and Ăv

T,k can be constructed at each subcarrier to incor-

porate the beam squint impact as in (3.4.4), and then used for subsequent

online compressive channel estimation, which is expected to help reduce the

training overhead significantly.

3.4.3 Convergence and complexity analysis

The alternating optimization involves two stages. For sparse coding

stage, as explained in [63], when the sparsity level of signals is small related to

its dimension, OMP based pursuit algorithms are known to perform well, i.e.,

obtaining the best approximation of signals and satisfying the sparsity con-

straint. Therefore, the proposed OMP based Algorithm 2 is able to decrease

the value of the objective function during each sparse coding stage. While for

the dictionary update, an additional reduction or no change in the mismatch

error is guaranteed at each sub-stage by using gradient descent with backtrack-

ing line search. Therefore, the alternating steps for optimizing the dictionary

learning problem can guarantee a monotonic decrease in the objective function

and then ensure the convergence to a local minimum.
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As for the complexity, since the dictionary learning phase can be im-

plemented offline, the complexity involved in dictionary update stage does

not increase the overall complexity of the online sparse coding stage. There-

fore, we compare the computational overhead of the proposed DA-SWOMP-BS

with those of SOMP [84] and SWOMP [5], in terms of complex multiplication

operations for each iteration. For ease of comparison, we set the numbers

of AoA/AoD/delay grids to be the same Kr = Kt = Lv = S. For sparse

coding with DA-SWOMP-BS, the parameters can be estimated by iterative

one-dimensional search over each parameter space, and thus the complexity

order per iteration is O(3NrNtSNcNsa). While for SOMP or SWOMP, the

joint search over the 3D parameter space induces a much higher complexity

order of O
(
NrNtS

3NcNsa

)
.

3.5 Numerical results

In this section, numerical results are presented to demonstrate the ef-

fectiveness of the proposed dictionary learning and channel estimation algo-

rithms for hybrid wideband mmWave MIMO systems under both hardware

impairments and beam squint.

3.5.1 Simulation parameters

The TX and RX are assumed to deploy ULAs with half-wavelength

spacing, i.e., dR = dT = λc/2, and Nt = 32, Nr = 8, Ns = Lt = Lr = 2.

The number of OFDM subcarriers is Nc = 64 and Ts = 1 ns. Moreover,
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for fair comparison, the numbers of discrete angle and delay grids are set as

Kt = 2Nt, Kr = 2Nr and Lv = 2Nc for different algorithms in the simulations

(To be noted that, the proposed Algorithm 2 is of much lower complexity so

that finer angle and delay grids can be used to improve parameter estimation

accuracy). The channels are generated based on (3.3.21) with L = 6 multipath

components, as in the typical indoor scenarios. The pulse shaping function

p(t) is assumed to be a raised-cosine filter with roll-off factor of β = 0.25. The

SNR is set to 0 dB for dictionary learning and channel estimation. During the

dictionary learning phase, the number of OFDM symbols for training is set as

500 and a spreading factor 10 is used to increase the effective SNR in 10 dBs.

For the parameters of hardware impairments, as in [36, 44, 51], the maximum

gain and phase error variances for each antenna element are set as 5% and

20◦π/180◦ respectively. Furthermore, the mutual coupling coefficients among

antennas are within [0.01, 0.4] and the antenna location errors are assumed to

be uniformly distributed between [−0.1λc, 0.1λc].

For the optimization of DLHW, a revised version of dictionary ini-

tialization algorithm (DIA) in [67] is used for initialization of the hardware

impairments. Specifically, the original DIA algorithm [67] is first applied to

initialize the combined dictionary Dinit
R , DR,1(DR,2 � Av

R,k). Then we set

the initial values of the antenna spacing errors as zeros, i.e., εR = 0 and

DR,2 = 1Nr×Kr , and thus the initialization of gain, phase and coupling matrix

is obtained by DR,1 = Dinit
R (Av

R,k)
†.

For comparison, the sparsifying dictionaries constructed from overcom-
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plete ideal array response matrix (IARM) Av
R,k and Av

T,k assuming no any

hardware impairments, are also evaluated. Moreover, we take into account

the general dictionary learning algorithm proposed in [36], which learns a

frequency-flat combined dictionary for both hardware impairments and beam

squint impact. For ease of exposition, we denote it by DLHWBS. Last but not

least, we also assume full knowledge of the hardware impairments to gauge the

performance gaps of DLHW from the true case. With these various sparsify-

ing dictionaries, the online compressive channel estimation, which is exactly a

sparse coding problem in (3.4.10), will be solved by the proposed DA-SWOMP-

BS in Algorithm 2. The conventional SWOMP [5,6] described in section 3.4.2.1

will also be included for channel estimation for comparison.

3.5.2 Performance comparison between different dictionaries and
sparse coding algorithms

In Fig. 3.4(a), we evaluate the normalized mean square error (NMSE)

performances of online compressive channel estimation with different sparsi-

fying dictionaries and sparse coding algorithms, as a function of the number

of training OFDM symbols. The results are averaged over 100 realizations of

channels. First, let us focus on channel estimation using the proposed DA-

SWOMP-BS algorithm. Since the ideal IARM dictionaries do not have any

prior information on the hardware impairments, the overall channel estimation

performances are not satisfying. By contrast, the dictionary learning based

approaches, i.e., DLHWBS and the newly proposed DLHW, can improve the

channel estimation accuracy to a large extent, as they are able to capture the
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intrinsic hardware impairments in the learned dictionaries. Comparing be-

tween DLHWBS and DLHW, the latter outperforms the former significantly.

This is due to the fact that DLHWBS attempts to learn a frequency-flat dic-

tionary for all subcarriers under both hardware impairments and beam squint

effect, and assumes the channel models are all in the form of the second case

of (3.3.21). In other words, the distortions on the channel models at side sub-

carriers are ignored and thus there already exist some modeling errors when

DLHWBS is applied. Instead, the newly proposed DLHW is adapted only

to the hardware impairments while the beam squint impacts are incorporated

for different subcarriers, which enables it to achieve better accuracy. More-

over, the performances of DLHW are closer to the case of ideal knowledge of

hardware impairments. As the ideal information of hardware impairments is

not available in practice, the proposed DLHW algorithm has been a feasible

and effective option. These results not only justify the motivation of DLHW

in this chapter, but also demonstrate its effectiveness under both hardware

impairments and beam squint effects.

Fig. 3.4(a) has also illustrated the channel estimation performances of

the conventional SWOMP [5] with various dictionaries. As described in sec-

tion 3.4.2.1, the additional channel distortion under beam squint will tangle

the three parameters of delay/AoA/AoD, and thus the overall sparsifying dic-

tionary for SWOMP in this case will be a 3D dictionary [6], with dimension

proportional to the product of numbers of delay/AoA/AoD grids. This induces

quite large computational complexity. Specifically, in this example, the aver-
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Figure 3.4: Comparisons of NMSE and SE performances as a function of the
number of training OFDM symbols for various sparsifying dictionaries and
sparse coding algorithms, where SNR = 0 dB.

age simulation time is more than 10 times that of DA-SWOMP-BS in Matlab.

Moreover, as can be seen from Fig. 3.4(a), the newly proposed DA-SWOMP-

BS algorithm outperforms the conventional 3D SWOMP significantly with all

various dictionaries. This is due to the fact that the newly proposed algorithm

is able to conduct one-dimensional OMP for each parameter over the corre-

sponding parameter space sequentially, and then iteratively update the esti-

mated delay/AoA/AoD based on already computed ones, while the SWOMP

performs only one projection over the 3D parameter space considering the limi-

tation of overwhelming complexity. These results further demonstrate that the

newly proposed DA-SWOMP-BS is able to estimate the channel parameters

with much lower complexity and higher accuracy.

In Fig. 3.4(b), we also compare the spectral efficiency (SE) perfor-

mances corresponding to the various sparsifying dictionaries and sparse cod-
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Figure 3.5: Comparisons of NMSE and SE performances as a function of SNR
using the various sparsifying dictionaries and sparse coding algorithms, where
the number of training OFDM symbols is set as M = 60.

ing algorithms in Fig. 3.4(a). As in previous work [5,36], the SE is computed

by assuming fully-digital precoding and combining using estimates for the Ns

dominant left and right singular vectors of the channel estimates. To be clear,

SE is defined as

SE =
1

K

K−1∑
k=0

Ns∑
n=1

log

(
1 +

SNR

Ns

λn(Heff[k])2

)
, (3.5.1)

where Heff[k] is the effective channel after precoding/combining and λn(Heff[k])

takes the singular values of Heff[k]. As can be seen that, for both DA-SWOMP-

BS and conventional 3D SWOMP, SE can be significantly increased with the

learned dictionaries compared to those of using IARM dictionaries. Moreover,

the performance gap between the proposed DLHW algorithm and the case of

ideal hardware impairment knowledge is small, while the performance gain of

DLHW compared to DLHWBS is obviously larger. Moreover, when compar-

ing the SE performances between DA-SWOMP-BS and the 3D SWOMP, the
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former still outperforms the latter with various dictionaries, consistent with

the channel estimation results in Fig. 3.4(a).

In Fig. 3.5, we further evaluate the channel estimation and SE perfor-

mances for different sparsifying dictionaries and sparse coding algorithms, as

a function of SNR. The parameters involved in this simulation are the same

as those in Fig. 3.4. As can be seen from Fig. 3.5, both the NMSE and SE

performances of DLHW are superior to those using DLHWBS or IARM dic-

tionaries, even at a relatively low SNR. This means that the proposed DLHW

algorithm is feasible and effective under different conditions.

-15 -10 -5 0

SNR (dB)

10
-4

10
-3

10
-2

10
-1

B
it
 e

rr
o

r 
ra

te
 (

B
E

R
)

Perfect CSI

DA-SWOMP-BS + Known impairments

DA-SWOMP-BS + DLHW

DA-SWOMP-BS + DLHWBS

DA-SWOMP-BS + IARM

3D SWOMP + Known impairments

3D SWOMP + DLHW

3D SWOMP + DLHWBS

3D SWOMP + IARM

Figure 3.6: Comparison of BER performances as a function of SNR using
QPSK modulation and MMSE equalizer, where the number of training OFDM
symbols is set as M = 60.

We also evaluate the bit error rate (BER) performances in Fig. 3.6,

89



where the quadrature phase shift keying (QPSK) modulation and the mini-

mum mean squared error (MMSE) detection are considered. As can be seen,

the average BER performance gap between the proposed DLHW and the ideal

case of known knowledge is less than 0.5 dB, while the performance gain of

DLHW compared to DLHWBS is larger than 1 dB at the BER level of 10−3.

This also corroborates the effectiveness of our proposed algorithm for hybrid

wideband channel under hardware impairments and beam squint from a more

practical perspective.

Last, as mentioned above, the advantage of lower complexity of the

newly proposed DA-SWOMP-BS algorithm enables it to adopt finer grids for

delay/AoA/AoD, so that parameter estimation accuracy can be further im-

proved. To illustrate this, we evaluate the performances of DA-SWOMP-BS

with various oversampling factors, i.e., the ratios of Kr/Nr, Kt/Nt and Lv/Nc,

in Fig. 3.7. Note that the conventional 3D SWOMP is not evaluated, for its

overwhelming complexity with larger oversampling factors makes it unfeasi-

ble in a reasonable time. It is clear in Fig. 3.7 that when the oversampling

factor is increased, the performances of DA-SWOMP-BS with various dic-

tionaries can be improved accordingly due to the finer grids of parameters.

This performance gain of larger oversampling factor is at the cost of increased

computational complexity, which, however, is still much lower than that of

conventional SWOMP with even a small oversampling factor.
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Figure 3.7: Comparison of NMSE and SE performances of the proposed DA-
SWOMP-BS algorithm with various oversampling factors.

3.6 Conclusions

In this chapter, we investigated the dictionary learning and channel

estimation problems for hybrid wideband mmWave MIMO systems under the

impacts of both hardware impairments and beam squint. We first derived a

general channel model for MIMO systems under beam squint, by explicitly

considering the influences of hardware impairments and pulse shaping func-

tions, which is a compensation and extension to existing MIMO channel mod-

els without considering beam squint. Based on this general channel modeling,

we formulated a dictionary learning problem only for hardware impairments,

which exploits the beam squint impacts but does not learn its impact on

the dictionaries. Comparing to previous dictionary learning algorithm that

learns the dictionary for both hardware impairments and beam squint, the

newly proposed dictionary learning strategy ensures the learned dictionaries

to be better adapted to hardware impairments. We also proposed a novel
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compressive channel estimation algorithm under beam squint, which exploits

the beam squint channel structures at different subcarriers to compensate the

beam squint impacts and then facilitates the parameter estimations with much

lower complexity and higher accuracy. Numerical results have demonstrated

the effectiveness of the proposed dictionary learning and channel estimation

strategies.
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Algorithm 2 : DA-SWOMP-BS algorithm for sparse coding

1: procedure DA-SWOMP-BS (y(u)[k], Φ, DT,1, DT,2, DR,1,
DR,2, Kr, Kt, Lv)

2: Construct Ăv
R,k and Ăv

T,k at each subcarrier with input dictio-
naries

3: Compute the whitened equivalent sensing matrix and received
signals

4: Lw = blkdiag
{

W̆∗
1W̆1, . . . ,W̆

∗
MW̆M

}−1/2

and Φw = LwΦ

5: y
(u)
w [k] = Lwy(u)[k], for k = 0, . . . , K − 1, u ∈ I(Nsa)

6: for u = 0, . . . , Nsa − 1 do
7: Initialize the residual vectors and set of estimated param-

eters
8: r[k] = Φ∗wy

(u)
w [k], ∀k = 0, . . . , K − 1 and L̂(u) = 0, ϕ̂

(u)
l = ∅

9: while MSE > ε do:
10: Initial parameter estimation using central subcarriers

11: delay: τ̂ = argmaxτvl

∥∥∑
k∈Kcen

r[k]ej2πfkτ
v
l

∥∥2

F

12: AoA: φ̂ = argmaxφvi

∥∥∑
k∈Kcen

(INt⊗ăv
R,k(φvi ))∗(r[k]ej2πfkτ̂ )

∥∥2

F∥∥∑
k∈Kcen

(INt⊗ăv
R,k(φvi ))∗(Φ∗we

j2πfkτ̂ )

∥∥2

F

13: AoD: θ̂ = argmaxθvj

∥∥∑
k∈Kcen

(ăv
T,k(θvj )⊗ăv

R,k(φ̂))∗(r[k]ej2πfkτ̂ )

∥∥2

F∥∥∑
k∈Kcen

(ăv
T,k(θvj )⊗ăv

R,k(φ̂))∗(Φ∗we
j2πfkτ̂ )

∥∥2

F

14: Improve the initial parameter estimates

15: delay: τ̂ = argmaxτvl

∥∥∑
k∈Kcen

(ăv
T,k(θ̂)⊗ăv

R,k(φ̂))∗(r[k]ej2πfkτ
v
l )

∥∥2

F∥∥∑
k∈Kcen

(ăv
T,k(θ̂)⊗ăv

R,k(φ̂))∗(Φ∗we
j2πfkτ

v
l )

∥∥2

F

16: AoA: φ̂ = argmaxφvi

∥∥∑
k∈Kcen

(INt⊗ăv
R,k(φvi ))∗(r[k]ej2πfkτ̂ )

∥∥2

F∥∥∑
k∈Kcen

(INt⊗ăv
R,k(φvi ))∗(Φ∗we

j2πfkτ̂ )

∥∥2

F

17: AoD: θ̂ = argmaxθvj

∥∥∑
k∈Kcen

(ăv
T,k(θvj )⊗ăv

R,k(φ̂))∗(r[k]ej2πfkτ̂ )

∥∥2

F∥∥∑
k∈Kcen

(ăv
T,k(θvj )⊗ăv

R,k(φ̂))∗(Φ∗we
j2πfkτ̂ )

∥∥2

F

18: Distortion compensation at side subcarriers

19: r[k] = diag
{

vec(Gk(τ̂ , φ̂, θ̂))
}−1

r[k], ∀k ∈ Kside

20: Update parameter estimates using all subcarriers

21: delay: τ̂ = argmaxτvl

∥∥∑K−1
k=0 (ăv

T,k(θ̂)⊗ăv
R,k(φ̂))∗(r[k]ej2πfkτ

v
l )

∥∥2

F∥∥∑K−1
k=0 (ăv

T,k(θ̂)⊗ăv
R,k(φ̂))∗(Φ∗we

j2πfkτ
v
l )

∥∥2

F

22: AoA: φ̂ = argmaxφvi

∥∥∑K−1
k=0 (INt⊗ăv

R,k(φvi ))∗(r[k]ej2πfkτ̂ )

∥∥2

F∥∥∑K−1
k=0 (INt⊗ăv

R,k(φvi ))∗(Φ∗we
j2πfkτ̂ )

∥∥2

F

23: AoD: θ̂ = argmaxθvj

∥∥∑K−1
k=0 (ăv

T,k(θvj )⊗ăv
R,k(φ̂))∗(r[k]ej2πfkτ̂ )

∥∥2

F∥∥∑K−1
k=0 (ăv

T,k(θvj )⊗ăv
R,k(φ̂))∗(Φ∗we

j2πfkτ̂ )

∥∥2

F

24: Update the set of estimated parameters: L̂(u) = L̂(u) +
1, ϕ̂

(u)
l = {τ̂ , φ̂, θ̂}
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Algorithm 2 : DA-SWOMP-BS algorithm for sparse coding (continued)

25: Update the path gains α̂l and coefficient vectors by solv-
ing

26:
∑K−1

k=0

∥∥y(u)
w [k]−Φw

∑L̂(u)

l=1 αle
−j2πfk τ̂lvec(Gk(τ̂l, φ̂l, θ̂l)) �

(ăT,k(θ̂l)⊗ ăR,k(φ̂l))
∥∥2

2
27: Update the residual for each subcarrier

28: r[k]=Φ∗w
(
y

(u)
w [k]−Φw

∑L̂(u)

l=1 α̂le
−j2πfk τ̂lvec(Gk(τ̂l, φ̂l, θ̂l)) �

(ăT,k(θ̂l)⊗ ăR,k(φ̂l))
)

29: Update the current MSE: MSE= 1
MLrK

∑K−1
k=0 ‖(Φ∗w)†r[k]‖2

2

30: end while
31: end for
32: Output: The estimated parameters ϕ̂

(u)
l ={α̂l, τ̂l, φ̂l, θ̂l}, and the coeffi-

cient vectors vec(Ω̂(u)[k]) and b
(u)
l , for u ∈ I(Nsa)
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Algorithm 3 : Dictionary learning for hardware impairment (DLHW)

• Input: Initial channel estimates ĥ(u)[k],∀k = 0, . . . , K − 1, u ∈ I(Nsa).

• Initialization: Set the dictionary matrices DR,1 ∈ CNr×Nr and DT,1 ∈
CNt×Nt using measurement data based on DIA algorithm [67], and set
the dictionary matrices DT,2 and DR,2 as all-one matrices.

• While not converge do

1. Sparse coding stage: Fixing all dictionaries, solve (3.4.10) using

Algorithm 2 to update channel coefficients Ω(u)[k] and b
(u)
l , as well as

the path parameters ϕ̂
(u)

l̂
.

2. Dictionary update stage: Fixing coefficients, update dictionaries
as follows

While not converge do

Update DR,1 using (3.4.14) and update DT,1 similarly,

Update DR,2 using (3.4.17) and update DT,2 similarly.

end while

end while

• Output: The optimal dictionaries DT,1,DT,2,DR,1,DR,2.
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Chapter 4

Channel Tracking for Wideband mmWave

MIMO Systems Without Blockage

In this chapter1, we investigate the efficient wideband channel tracking

and hybrid precoding design strategies for mmWave MIMO systems in the

context of high mobility V2X scenarios. A major source of difficulty when

operating with large arrays at mmWave frequencies is to estimate the wide-

band channel, since the use of hybrid architectures acts as a compression stage

for the received signal. Moreover, the channel has to be tracked and the an-

tenna arrays regularly reconfigured to obtain appropriate beamforming gains

when a mobile setting is considered. In this chapter, we focus on the prob-

lem of channel tracking for frequency-selective mmWave channels, and propose

two novel channel tracking algorithms. One of them exploits the sparsity of

the mmWave channel, while the other one leverages prior statistical informa-

tion about the channel parameters. We also propose a hybrid precoder and

combiner design method to increase the received signal-to-noise ratio (SNR)

1This chapter was based on our published work [32]: N. González-Prelcic, H. Xie, J.
Palacios, and T. Shimizu, “Wideband channel tracking and hybrid precoding for mmWave
MIMO systems,” IEEE Trans. Wireless Commun., vol. 20, no. 4, pp. 2161-2174, Oct.
2020. This work was supervised by Prof. González-Prelcic. My contributions lie in doing
simulations and analyzing data, etc.
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during channel tracking, such that near-optimum data rates can be obtained

with low-overhead. In our numerical results, we analyze the performance of

our proposed algorithms for different system parameters. Simulation results

show that our proposed channel tracking algorithms are able to achieve near-

optimum data rates outperforming state-of-the-art methods.

4.1 Introduction

MmWave MIMO is a key ingredient for the fifth generation of wireless

communications, which has been standardized as 5G NR [1]. 5G NR considers

an unified framework allowing an efficient use of sub-6 GHz and millimeter

wave bands. The current version of the standard lacks, however, of an efficient

procedure for configuring the antenna arrays. The proposed beam training

protocol incurs in a high overhead, and it is not appropriate for high mobility

scenarios [85].

Channel estimation for initial access is an effective alternative to beam

training to configure mmWave antenna arrays. It has been studied in the

literature for narrowband [3, 7, 8], and frequency-selective channels [5, 6, 9–

12], yet little attention has been drawn towards the problem of wideband

channel tracking. An interesting feature of the new 5G NR channel model

[13] is that it incorporates spatial consistency. This way, a model for the

temporal evolution of different channel parameters can be leveraged to design

effective strategies for channel tracking. The problem of channel tracking

under a narrow band communication model has been considered in recent work
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[14–21], although the mmWave channel is frequency-selective. Besides this

unrealistic assumption, prior work on channel tracking considers different ad-

hoc mathematical approaches to model the channel dynamics, that is, how the

AoA, AoD, and channel gains evolve with time. Further, some prior work [21]

considers the tracking problem only for a narrow band, multiple-input single-

output (MISO) scenario, with single-antenna users, and considering channel

vectors comprising of only two multipath components. For instance, prior work

considering time correlation for the channel gains assumes a first-order Gauss-

Markov process with very large correlation factor (i.e., 0.995), and makes no

distinction between the correlation of line-of-sight (LOS) and non line-of-sight

(NLOS) multipath components [15], [16], [86], [22], while the spatial correlation

of channel gains has been shown to be different for LOS and NLOS components

[87], the latter exhibiting lower correlation values. As to the AoA and AoD,

prior work considers that the angles evolve according to a Gaussian distribution

(which is a mathematical artifact to enable the use of a linearized Kalman

filter (KF)) [86], [20], a uniform distribution [15], [16], or deterministically [22],

while these parameters have been shown to follow a Laplacian distribution [88].

Finally, the spatial consistency model proposed in 5G NR differs in one or

another sense from all these other models.

Tracking a frequency selective channel is significantly more challenging

than tracking a narrowband channel. A frequency selective channel, in the

context of a MIMO-OFDM millimeter wave system for example, is modeled

in the frequency domain by a number of MIMO channel matrices equal to

98



the number of subcarriers, while a narrowband channel can be represented

with a single matrix. This means that to operate in a frequency selective

mmWave channel, a large number of channel matrices have to be tracked. A

frequency-domain narrowband channel tracking algorithm could be applied in

parallel to every subcarrier, but this is highly inefficient, because the spatial

correlation of the channel matrices corresponding to different subcarriers would

not be exploited. Alternatively, the problem can be analyzed considering a

time domain representation of the received signal and the channel. In this case,

the MIMO channel is represented by a number of MIMO channel matrices,

each one associated to a given channel delay. Tracking these time domain

channel matrices is equivalent to estimate the time evolution of the small scale

parameters (gain, delay, AoA, AoD) associated to every multipath component

in each channel matrix for all possible delays. The specific number of delays

necessary to represent a given mmWave channel depends on the propagation

scenario and the bandwidth, but it is also large. For example, the IEEE

802.11ad standard for Wi-Fi at 60 GHz considers a cyclic prefix length of 128,

which means that channels composed from up to 128 delay taps are being

considered.

To the best of our knowledge, only a few works deal with the problem of

channel tracking assuming a hybrid mmWave MIMO system, and considering

frequency-selective single-user scenarios [22], [23], [24], [25]. The limitations

of [22] are: 1) the considered channel model is not band-limited, thus leading

to both unrealistic and sparser channel realizations; 2) the channel gains are
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assumed to be time-invariant, which does not hold under realistic tracking

periodicities. In our prior work in [23], we developed a gradient algorithm

for channel tracking that approximates the maximum likelihood (ML) estima-

tor conditioned on a certain sparsity level, which was estimated during initial

channel acquisition. Since the angular resolution of an N -element ideal an-

tenna array is limited by 1/N , two multipath components arriving with an

angular separation smaller than this limit cannot be distinguished. Therefore,

the ML estimator cannot be found in general owing to clustering and the use

of finite-resolution antenna arrays. The main limitations of [23] are the high

complexity, caused by the method used to design the hybrid precoders and

combiners during tracking, and the still high tracking overhead. The draw-

backs of [24] are: 1) that the strategy exploits position information at the user

side, which is not always available; and 2) it does not specify a clear design

of the precoder and combiners to be used during tracking. The design in [25]

focuses on tracking the gains, assuming that the AoA/AoD are time invariant,

which does not hold in practical scenarios when considering mobility.

4.2 Contributions

In this chapter, we focus on the problem of channel tracking for

frequency-selective mmWave MIMO systems under the channel model used for

5G NR. We focus on the single-user scenario with transceivers being equipped

with hybrid MIMO architectures [7], although the proposed channel track-

ing framework can be extended to the multi-user MIMO (MU-MIMO) sce-
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nario similarly to [12]. We propose two novel algorithms to perform channel

tracking at mmWave, considering both compressive and Bayesian solutions,

suitable for different type of scenarios. The compressive solution is appro-

priate for general scenarios, where the only assumption that can be made

about the mmWave communication channel is that it is sparse in the angu-

lar domain, as shown in different measurements campaigns [89] and exploited

in previous work [17, 22, 23]. The Bayesian approach can be used when the

statistical priors on the channel parameters are known or can be learnt. Statis-

tical information has already been exploited in previous work on narrowband

channel tracking [14–16, 18–21]. If not available, it could be easily obtained

in some particular settings. For example, in vehicular communications, ma-

chine learning techniques could be applied to learn the distributions for the

angular parameters, as in [90]. The proposed algorithms allow not only find-

ing accurate estimates of the mmWave MIMO channel, but they also result

in very low training overhead. Consequently, they enable us to obtain high

spectral efficiency values, even when mobility is high and the distance between

transmitter and receiver is small, thereby making the AoA and AoD harder to

track. Further, we also focus on the problem of precoder and combiner design

for channel tracking, whereby our interest is in achieving near-optimum data

rates while keeping low overhead and low computational complexity as well.

The detailed contributions of this chapter are listed hereafter:

• We formulate the channel tracking problem for a single-user frequency-

selective mmWave MIMO system. We present a general formulation of
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the time varying received signal, in which prior statistical information

on the different small scale parameters may or may not be available.

• We propose a method to design hybrid precoders and combiners for

channel tracking exploiting prior angular information from the channel

estimates at the immediately preceding channel slot. Further, we prove

that this method maximizes the received SNR.

• We derive a low complexity channel tracking algorithm building upon

our prior work in [23]. We rely on an off-grid representation of the

MIMO channel to obtain the sparsity-constrained ML estimator for the

AoAs/AoDs. The channel gains for each channel slot are assumed un-

correlated, and are obtained by deriving the minimum variance unbiased

estimator (MVUE).

• We develop a second algorithm that follows a Bayesian approach to find-

ing the sparsity-constrained minimum mean squared error (MMSE) esti-

mator of the mmWave MIMO channel matrices when prior information

on the statistics of the small scale parameters is available. The priors re-

lated to the average number of clusters, average number of rays per clus-

ter, and angular parameters are taken from the 5G channel model [13],

while the statistical knowledge about the channel gains and their evolu-

tion has been proposed in previous work [16], [86], [22], [87].

• We obtain numerical results that show how our proposed strategies are

capable to track the mmWave channel, outperforming state-of-the-art
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techniques under different propagation conditions and system parame-

ters.

4.3 System and channel models

In this section, we introduce the models and assumptions for the dif-

ferent blocks of the communication system considered in this chapter.

4.3.1 System model

We consider a single-user MIMO-OFDM communication link between

a transmitter and a receiver equipped with Nt and Nr antennas, and Lt and

Lr radio frequency (RF) chains. The system has to transmit Ns data streams.

Both transceivers are assumed to use a fully-connected hybrid architecture [7].

We will use the super-index n to denote the n-th channel slot, which is defined

as the time window during which the channel may be considered to be constant.

Within a channel slot, there are two different transmission stages as

shown in Fig. 4.1: i) a training phase to acquire CSI in order to configure

the hybrid antenna arrays; and ii) a data phase to communicate data vectors

from the transmitter to the receiver. The training/tracking phase consists of

the transmission of several OFDM training (pilot) symbols, known at both

the transmitter and the receiver. The received pilot symbols are used at the

receiver side to estimate the channel (initial estimate) or the channel varia-

tions (channel tracking), which are then fed-back to the transmitter through

the control channel. More specifically, we consider a tracking algorithm that
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Figure 4.1: Illustration of how mmWave channel acquisition is obtained on a
frame-by-frame basis, encompassing both a training phase and a data trans-
mission phase.

provides a frequency domain estimation of the AoAs/AoDs and channel gains.

During initial acquisition (n = 0), the training phase lasts longer than during

tracking (n ≥ 1), owing to the lack of prior information about the channel.

In practical mmWave MIMO links, variations are expected between two con-

secutive slots, and each slot should be long enough to accommodate both the

training and data phases.

During the data phase of the n-th channel slot, the transmitter uses a

hybrid precoder F(n)[k] ∈ CNt×Ns for the k-th subcarrier, k = 0, . . . , K − 1, to

transmit a Ns×1 vector of data streams s(n)[k], in which Ns denotes the number

of data streams to be transmitted. F(n)[k] = F
(n)
RFF

(n)
BB[k], with F

(n)
RF ∈ CNt×Lt

the analog precoder, common for all subcarriers, and F(n)
BB[k] ∈ CLt×Ns the

baseband precoder for the k-th subcarrier. We denote the transmit power as

Ptx, and we assume that
∑K−1

k=0 ‖F(n)[k]‖2
F = Ptx. Likewise, the receiver uses
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a hybrid combiner W(n)[k] ∈ CNr×Ns , W(n)[k] = W
(n)
RFW

(n)
BB[k], with W

(n)
RF ∈

CNr×Lr the analog combiner, and W(n)
BB[k] ∈ CLr×Ns the baseband combiner at

the k-th subcarrier. If the mmWave MIMO channel for a given subcarrier k

and slot n is denoted as H(n)[k], the received signal during transmission of a

data stream s(n)[k] ∈ CNs×1 is given by

y(n)[k] = W(n)∗
BB [k]W(n)∗

RF H(n)[k]F(n)
RFF

(n)
BB[k]s(n)[k] + n(n)[k], (4.3.1)

where the Ns × 1 vector n(n)[k] is the complex-valued additive Gaussian-

distributed received noise, n(n)[k] ∼ N(0, σ2C(n)
w [k]), with C(n)

w [k] the noise

covariance matrix given by C(n)
w [k] = W(n)∗

BB [k]W(n)∗
RF W(n)

RFW
(n)
BB[k].

For the training phase, we need to sound the channel with a different

combination of training precoder and combiner for every OFDM pilot. The

training precoders and combiners for tracking are designed by the transmit-

ter and receiver based on the CSI corresponding to the previous channel slot,

which is assumed to be already available at both ends of the communication

system. The specific design for training precoders and combiners, is derived

in Section 4.4, and assumes frequency-flat hybrid filters. The reasons for this

choice are the following: i) the analog precoder/combiner is frequency-flat

due to hardware constraints, and is the one that captures the main angu-

lar characteristics of the channel; ii) to estimate the channel gains, matrix

inverses (pseudoinverses) need to be computed at the receiver, so that the

use of frequency-flat precoders and combiners allow computing these gains

by using a single matrix inverse, thereby reducing computational complexity
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during tracking, and iii) it reduces memory storage needs at both transmitter

and receiver. Thus, during tracking, the transmitter uses a hybrid precoder

F(m,n)
tr ∈ CNt×Ns to transmit the m-th OFDM pilot. Such a precoder can be

expressed as F(m,n)
tr = F

(m,n)
tr,RFF

(m,n)
tr,BB , with F

(m,n)
tr,RF ∈ CNt×Lt the training analog

precoder, and F(m,n)
tr,BB ∈ CLt×Ns the training baseband precoder. We assume

again that
∑K−1

k=0 ‖F
(m,n)
tr ‖2

F = Ptx. Similarly to the transmitter, the training

combiner can be expressed as W(m,n)
tr = W

(m,n)
tr,RFW

(m,n)
tr,BB , with W

(m,n)
tr,RF ∈ CNr×Lr

the training analog combiner, and W(m,n)
tr,BB ∈ CLr×Ns the training baseband

combiner at the k-th subcarrier. The m-th pilot symbol to be sent during

training at the n-th channel slot is denoted as s(m,n)
tr [k] ∈ CNs×1. The received

signal during training is then given by

y(m,n)
tr [k] = W(m,n)∗

tr H(n)[k]F(m,n)
tr s(m,n)

tr [k] + n(m,n)[k], (4.3.2)

where the Ns × 1 noise vector n(m,n)[k] follows the same distribution as in the

data phase, but with a covariance matrix depending on the training combiner.

4.3.2 Frequency-selective channel model

The d-th delay tap of the mmWave MIMO channel matrix correspond-

ing to the n-th channel slot is defined using a clustered channel model [91] as

follows. Let D ∈ N be the channel delay tap length, α
(n)
c,r ∈ C be the complex

gain of the r-th ray within the c-th cluster, φnc,r, θ
n
c,r ∈ R be the AoA and

AoD, τnc,r ∈ R be the time-delay, and p(τ) be the equivalent response of trans-

mit and receive pulse-shapes and other analog filtering evaluated at τ . The

total number of clusters is denoted by C ∈ N, and the c-th cluster consists
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of Rc ∈ N rays. Last, let aT

(
θnc,r
)
∈ CNt×1 and aR

(
φnc,r
)
∈ CNr×1 be the

transmit and receive array steering vectors evaluated on the AoD and AoA

of each corresponding path. Then, the Nr × Nt channel matrix at delay tap

d = 0, . . . , D − 1 is given by [91]

H(n)[d] =
C∑
c=1

Rc∑
r=1

α(n)
c,r p

(
dTs − τ (n)

c,r

)
× aR

(
φ(n)
c,r

)
a∗T
(
θ(n)
c,r

)
. (4.3.3)

From (4.3.3), we may express the MIMO channel in the frequency domain,

whereby taking the K-point DFT of (4.3.3) yields

H(n)[k] =
D−1∑
d=0

H(n)[d]e−j
2πkd
K = AR

(
φ(n)

)
G(n)[k]A∗T

(
θ(n)

)
, (4.3.4)

where AT

(
θ(n)

)
∈ CNt×

∑C
c=1Rc , AR

(
φ(n)

)
∈ CNr×

∑C
c=1Rc denote the transmit

and receive antenna array responses, and G(n)[k] ∈ C
∑C
c=1Rc×

∑C
c=1Rc is the

diagonal matrix containing the complex channel gains. Notice that we have

neglected the beam squint effect in the channel model above. From the results

in [92], [93], we can conclude that this effect is not critical when operating at

frequencies in the order of 60 GHz and bandwidths of 1-3 GHz. For scenarios

where the system parameters lead to a more noticeable beam squint effect, we

have shown that it can be effectively handled by using a simple strategy, which

consists of subcarrier grouping [92], [93]. The same idea could be applied to

the channel tracking problem, so that any of the algorithms proposed in this

chapter could run in parallel for several (few) subgroups of sucarriers.
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4.4 Hybrid precoder and combiner design for channel
tracking

In this section, we propose a method to design the training hybrid

precoders and combiners for use during channel track for a single training step

m, 1 ≤ m ≤Mtck during the n-th channel slot. This is different than designing

the training precoders and combiners for single shot channel estimation, as the

entire angular space does not need to be explored. Channel tracking precoders

are also different than those used for communication, which has the objective

of maximizing spectral efficiency. Our design maximizes average received SNR,

while allowing certain incoherence in the measurement process, i.e., making it

possible to compressively estimate and update the channel parameters using

a small number of measurements.

We make four assumptions about the precoders (and combiners). (A1)

The precoder is frequency flat. The main reason, besides the complexity con-

sideration discussed in Section 4.3, is that hybrid precoding in frequency se-

lective channels involves a higher dimension frequency flat component com-

mon for all subcarriers and a lower dimension frequency selective component.

The frequency flat component captures the main angular characteristics of the

channel, which need to be tracked, and is generally the most important and

challenging component to find. With this assumption, we write the precoder

as F(m,n)
tr as described in previous section, since the k index is not needed.

(A2) The number of training data streams is set as Ns = Lt to exploit all the

possible degrees of freedom provided by the hybrid architecture when sound-
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ing the channnel. (A3) The precoder represents a subspace, which means that

only the subspace spanned by the Lt columns of the Nt × Lt matrix F(m,n)
tr

needs to be found. This is known as Grassmannian precoding. Expressed

computationally, the columns of F(m,n)
tr are an orthonormal basis for the sub-

space. Then F(m,n)∗
tr F(m,n)

tr = I. Further, because the Grassmann manifold is

quotient space of the Stiefel manifold, for any unitary Q, F(m,n)
tr Q is equivalent

to F(m,n)
tr in the sense that both refer to the same subspace. Grassmannian

precoding is widely used in MIMO communication systems, though normally

for information transmission not training. (A4) The precoder is fully digital.

At the end, that precoder is factorized into RF and BB components. The

same assumptions also hold for the Nr × Lr combiner W(m,n)
tr .

Let us consider the channel estimates obtained at the end of the (n−1)-

th channel slot, denoted by Ĥ
(n−1)

[k], 0 ≤ k ≤ K − 1. We use this estimate

to find the training precoder F(m,n)
tr and training combiner W(m,n)

tr for the next

channel slot. As a performance measure, we consider an average received SNR

as a function of a given precoder F, W, and Ĥ
(n−1)

[k]

SNRtr(F,W|Ĥ
(n−1)

[k]) =
1

σ2K

K−1∑
k=0

‖W∗Ĥ
(n−1)

[k]F‖2
F

‖WW∗‖2
F

(a)
=

1

σ2KLr

K−1∑
k=0

tr
{
W∗Ĥ

(n−1)
[k]FF∗Ĥ

(n−1)∗
[k]W

}
(4.4.1)

where (a) results from using the definition of the Frobenius norm and the fact

that the combiner represents an orthonormal basis. Pulling out the constant
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combiner term gives

SNRtr(F,W|Ĥ
(n−1)

[k]) =
1

σ2KLr

tr

{
W∗

(
K−1∑
k=0

Ĥ
(n−1)

[k]FF∗Ĥ
(n−1)∗

[k]

)
︸ ︷︷ ︸

RF(F)

W

}
,

(4.4.2)

while exploiting tr{AB} = tr{BA} and pulling out the precoder gives another

result

SNRtr(F,W|Ĥ
(n−1)

[k]) =
1

σ2KLr

tr

{
F∗
(
K−1∑
k=0

Ĥ
(n−1)∗

[k]WW∗Ĥ
(n−1)

[k]

)
︸ ︷︷ ︸

RW(W)

F

}
.

(4.4.3)

We will use (4.4.2) to solve for W and (4.4.3) to solve for F in an iterative

fashion.

Joint optimization of SNRtr(F,W) is challenging due to the frequency

flatness of the precoders and combiners. An alternative is to exploit alternating

maximization, which is in the same vein as alternating minimization [94], which

is guaranteed to converge. Let q denote the q-th step of the optimization.

Initialize the precoders and combiners with random semi-unitary matrices to

give W0 and F0. This may be done by generating for the precoder for example,

an Nt × Nt matrix with IID CN(0, 1) entries, taking the SVD, and choosing

the first Lt left singular vectors. For q > 0, given Wq−1 and Fq−1, find the

precoders and combiners as

Fq = argmax
A: A∗A=ILt

SNRtr

(
A,Wq−1|Ĥ

(n−1)
[k]
)

(4.4.4)

Wq = argmax
A: A∗A=ILr

SNRtr

(
Fq,A|Ĥ

(n−1)
[k]
)
. (4.4.5)
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The form of the solution is similar in both cases and follows from linear algebra.

The precoder Fq is a basis of the dominant Lt singular vectors of RW(Wq−1),

while the combiner is a basis of the dominant Lr singular vectors of RF(Fq).

The algorithm may be stopped after a certain number of steps or once an error

residual SNRtr(Fq,Wq|Ĥ
(n−1)

[k]) − SNRtr(Fq−1,Wq−1|Ĥ
(n−1)

[k]) falls below a

target threshold. Similar alternating algorithms have been used in the past

in the context of interference alignment, see e.g. [95], though with the objec-

tive minimized (taking the part corresponding to the smaller singular values).

Assuming that the iteration stops at step Q, we define FQ and WQ as the so-

lution provided by the algorithm. This solution is not unique. Another basis

generated as a rotation of the initial one is also a basis for the same subspace.

This fact let us to easily introduce some randomness in the final design for

the precoder/combiner, which is interesting when estimating sparse vectors.

Thus, the all-digital optimal precoders for training step m and channel slot n

are defined as F(m,n)
tr = FQΩ

(m)
F and W(m,n)

tr = WQΩ
(m)
W , where Ω

(m)
F and Ω

(m)
W

are random rotation matrices. Note that we need to define a different pair of

rotation matrices for every pilot symbol to be transmitted/received in a given

channel slot to reduce the coherence of the measurement.

Finally, the fully digital assumption is dismissed and the hybrid con-

straint is imposed. Each matrix is decomposed into RF and baseband compo-

nents using the hybrid factorization in [96], which has been shown to provide

good performance and low complexity. Per-antenna power constraints could

be included by including an extra term in the alternating maximization (along
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the lines of [97, Algorithm 2]) or by using a suitable hybrid algorithm [98].

4.5 Channel tracking algorithms

In this section, we propose novel algorithms for tracking the variations

of the mmWave MIMO channel. The main assumptions we make are summa-

rized as follows:

• We assume that the number of paths is invariant along successive slots,

i.e., there are no abrupt changes and only tracking is performed. If

cluster blockage is present, the system needs to fully re-estimate the

channel again. In this manuscript, we only focus on solving the problem

of configuring the transmit and receive antenna arrays during channel

slots that meet the spatial consistency model defined in [13].

• We assume that the AoAs and AoDs vary relatively smoothly between

any two consecutively slots, such that estimates of these parameters

obtained during the (n − 1)-th slot can be used as prior information

to refine those at the n-th slot. This assumption is reasonable if the

mobile terminal is not moving extremely fast (i.e. less than 400 km/h),

it has been verified in measurement campaigns [89], and it is part of

the spatial consistency model defined in the 5G channel model [13, Sec.

7.6.3]. This assumption has been leveraged in all prior work on channel

tracking [14–21], and it is a built-in feature of the QuaDRiGa [99] channel

simulator, that we will use in our numerical experiments to generate test
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channels.

4.5.1 Problem formulation

During the training phase of the n-th channel slot, Mtck training frames

are forwarded to the receiver. The received signal during training in (4.3.2)

can be rewritten as

y(m,n)
tr [k] =

(
s(m,n)T

tr [k]F
(m,n)T
tr ⊗W

(m,n)∗
tr

)
︸ ︷︷ ︸

Φ(m,n)[k]

vec{H(n)[k]}+ n(m,n)[k],

m = 1, . . . ,Mtck, (4.5.1)

with Φ(m,n)[k] ∈ CNs×NtNr . Now, owing to dimensionality reduction at the RF

stage of both transmitter and receiver, it may be necessary to acquire sev-

eral measurements to track the variations of the mmWave frequency-selective

channel. Hence, we define

y(n)[k] , [y(1,n)T
tr [k], . . . , y(Mtck,n)T

tr [k]]T ∈ CNsMtck×1, (4.5.2)

Φ(n)[k] ,


Φ(1,n)[k]
Φ(2,n)[k]

...
Φ(Mtck,n)[k]

 ∈ CNsMtck×NtNr , (4.5.3)

n(n)[k] , [n(1,n)T [k], . . . ,n(Mtck,n)T [k]]T ∈ CNsMtck×1 (4.5.4)

to extend (4.5.1) for Mtck received training OFDM symbols as

y(n)[k] ≈ Φ(n)[k]vec{H(n)[k]}+ n(n)[k], (4.5.5)
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The approximation comes from neglecting the beam squint effect and defining

vec{H(n)[k]} as

vec{H(n)[k]} ≈
(
AC

T

(
θ(n)

)
?AR

(
φ(n)

))︸ ︷︷ ︸
Ψ(θ(n),φ(n))

× vec{diag{G(n)[k]}}︸ ︷︷ ︸
g(n)[k]

, (4.5.6)

where the AoAs/AoDs do not depend on the subcarrier index. Therefore,

(4.5.5) can be expressed in terms of the unknown AoAs/AoDs, common for

all the subcarriers, and the frequency selective channel gains as

y(n)[k] ≈ Φ(n)[k]Ψ
(
θ(n),φ(n)

)
g(n)[k] + n(n)[k]. (4.5.7)

The signal model in (4.5.7) can be used to derive different channel

tracking algorithms. Nonetheless, using frequency-dependent training sym-

bols s(m,n)[k] leads to algorithms with high computational complexity. Then,

to simplify subsequent calculations, we may express the training streams dur-

ing tracking s(m,n)[k] as s(m,n)[k] = q(m,n)s(m,n)[k], where q(m,n) ∈ CNs×1 is a

frequency-flat spatial modulation vector consisting of independent and identi-

cally distributed energy-normalized QPSK constellation symbols, and s(m,n)[k]

is a frequency-dependent constellation symbol (i.e. QPSK) whose effect can

be eliminated at the receiver by simply multiplying y(n)[k]s(m,n)−1[k], without

altering noise statistics. Further, as shown in [5], the use of q(m,n) allows

exploiting the Lt degrees of freedom coming from the transmit hybrid MIMO

architecture. Thereby, with this particular structure for the training sequence,

Φ(n) is also frequency flat, and (4.5.7) can be simplified to

y(n)[k] = Φ(n)Ψ
(
θ(n),φ(n)

)
g(n)[k] + n(n)[k]. (4.5.8)
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4.5.2 Generalized marginalized particle filter (GMPF)

In this subsection, we present a new channel tracking algorithm. This

strategy exploits prior statistical knowledge about the AoA, AoD, and channel

gains so it is possible to obtain the minimum mean squared estimator for the

channel matrix using a Bayesian approach. As long as the channel model

can be accurately described using a clustered channel model, the proposed

algorithm is directly applicable regardless of the particular statistics of the

AoA/AoD. As for the channel gains, these must remain Gaussian, assumption

that has been adopted in most of prior work. In summary, this Bayesian

procedure can be applied to any channel model if we know the distribution of

the channel parameters

To track off-grid variations of the AoA and AoD, some prior knowledge

on the sparsity level (number of significant multipath components) is required.

Channel models at mmWave are usually defined in terms of average number

of clusters and average number of rays per cluster [13], for which there is prior

statistical knowledge. Therefore, to devise our Bayesian tracking strategy, we

consider that, on average, there are µL = CµRc multipath components in the

channel, with µRc the average number of rays per cluster and C the average

number of clusters. Notice that we do not consider that the total number of

paths is known, but only the statistics on the number of paths is assumed to

be known. This assumption is properly justified as these statistics are given

in the 5G NR channel model.

We also consider that there is prior information about the distributions
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of the AoAs and AoDs. We define ξ(n) = [θ(n)T ,φ(n)T ]T ,∈ R2µL×1 as the set of

AoAs and AoDs for the n-th channel slot, and ξ(n−1) the set of AoAs and AoDs

for the (n − 1)-th channel slot. In this chapter, we assume, as in the 5G NR

channel model, that the conditional density function p(ξ(n)|ξ(n−1)) follows a

Laplacian distribution for each multipath component. In our Bayesian channel

tracking algorithm, for channel slot n, we will group the rays within clusters,

and we will compute the mean of this Laplacian distribution for each multipath

component as the sample mean of its corresponding cluster, as illustrated in

Fig. 4.2. The mean computation is performed for each cluster and repeated for

each channel slot. The variance can be computed in different ways depending

on the practical scenario. For example, in a cellular system it could be set as

the square of the RMS angular spread for AoA/AoD provided by the selected

channel model (see for example Table 7.5-6, Part 1 in [13]). It could also be

estimated at a particular mobile receiver if the maximum velocity is known

and the trajectory is assumed to be linear during the channel slot (we will use

this approach in our numerical simulations). The variance remains constant

during the tracking stage, as specified in the 5G channel model.

Let g(n) ∈ CKµL×1 denote the set of channel gains for the different

subcarriers, g(n) = [g(n)T [0], . . . , g(n)T [K − 1]]T . We assume that g(n) follows a

first-order Gauss-Markov process as in previous work [15]

g(n) = R(n)g(n−1) + (I− R(n)R(n)∗)1/2∆g(n), (4.5.9)

for the correlation matrix R(n) ∈ CKµL×KµL , which is assumed to be known,

and a vector ∆g(n) ∈ CKµL×1 with entries drawn from CN (0, NtNr/ρ), being ρ
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Figure 4.2: Illustration of the prior statistical knowledge about the he condi-
tional density function p(ξ(n)|ξ(n−1)).

the path loss associated to the distance between the transmitter and receiver.

R(n) is the correlation matrix between channel gains in the frequency domain,

as defined in g(n). It has been analyzed and characterized in some measure-

ments campaigns for narrowband systems [87]. The values in R(n) correspond

to the correlations between the gains corresponding to different paths l,m and

different subcarriers j, k denoted as Rl,m(j, k). The gains corresponding to dif-

ferent paths are assumed to be uncorrelated. This way Rl,m(j, k) = 0,∀l 6= m.

For our wideband system, we propose the following expression for the correla-

tion between channel gains for the same path at two different subcarriers i, j,

as a function of the frequency separation, for a given bandwidth B, tracking

time Ttck, velocity of the receiver v and number of subcarriers K

Rl,l(j, k) = (ae−bvTtck − c)︸ ︷︷ ︸
Spatial autocorrelation

× e−|(j−k)|BTtck
K︸ ︷︷ ︸

Frequency cross-correlation

. (4.5.10)

The first term captures the spatial autocorrelation and has been previously
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proposed in [87] for outdoor environments. The second term in (4.5.10) cap-

tures the exponential decaying correlation between channel gains as their fre-

quency separation increases. In the numerical results section, we will partic-

ularize and justify the choices of a, b, c from the results in [87]. B and the

tracking time Ttck are system parameters that will also be set in the simu-

lations section. It also hods that the conditional pdf of g(n)|g(n−1) follows

g(n)|g(n−1) ∼ CN
(
R(n)g(n−1), (I− R(n)R(n)∗)

)
. Further, g(n) ∼ CN

(
0,C(n)

gg

)
,

with C(n)
gg = R(n)C(n−1)

gg R(n)∗ + (I− R(n)R(n)∗).

In the following, we will derive our Bayesian filtering strategy

based on these assumptions. In particular, we will focus on finding

the sparsity-constrained MMSE estimator of {H(n)[k]}K−1
k=0 . Let y(n) =

[y(n)T [0], . . . , y(n)T [K−1]]T denote the received wideband signal, and T
(
ξ(n)
)

=

IK ⊗ Φ(n)Ψ
(
ξ(n)
)

denote the transfer matrix of the system. Therefore, the

wideband received signal yields

y(n) ≈
(
IK ⊗Φ(n)Ψ

(
ξ(n)
))

g(n) + n(n). (4.5.11)

Let us define C(n)
w = blkdiag{C(1,n)

w , . . . ,C(Mtck,n)
w }. Then, n(n) in (4.5.11)

follows n(n) ∼ CN
(
0, σ2IK ⊗ C(n)

w

)
. The measurement model in (4.5.11) is

non-linear in ξ(n), but the received signal y(n) exhibits a linear sub-structure

when conditioned on ξ(n), i.e., y(n)|ξ(n) ∼ CN
(
T
(
ξ(n)
)
C(n)
gg T

∗ (ξ(n)
)

+ C(n)
w

)
.

Therefore, exploiting this signal structure can be used to obtain better esti-

mates by analytically marginalizing out the linear state variables g(n). The

problem of finding the MMSE estimator of h(n) = vec{[H(n)[0], . . . ,H(n)[K −
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1]]} =
(
IK ⊗Ψ

(
ξ(n)
))

g(n) reduces to finding its posterior conditional expec-

tation as (Ξ(n) = {ξ(i)}ni=0, Y(n) = {y(i)}ni=0)

ĥ
(n)

MMSE , Eh(n)|Y(n){h(n)}. (4.5.12)

As shown in (4.5.13), an approximation of the MMSE estimator in (4.5.12)

will be given by the combination of a KF to estimate the channel gains g(n),

a particle filter (PF) to estimate the angular parameters in ξ(n), and a second

PF to estimate the vectorized wideband channel h(n). The joint posterior pdf

of g(n), Ξ(n), and h(n) is given by

p(g(n),Ξ(n),h(n)|Y(n))= p(h(n)|Y(n), g(n),Ξ(n))︸ ︷︷ ︸
PF # 2

× p(Ξ(n)|Y(n))︸ ︷︷ ︸
PF # 1

p(g(n)|Ξ(n),Y(n))︸ ︷︷ ︸
Optimum KF

.

(4.5.13)

The different terms in the right hand side of (4.5.13) can be seen to yield

p(h(n)|Y(n), g(n),Ξ(n)) = δ
(
h(n) −

(
IK ⊗Ψ

(
ξ(n)
))

g(n)
)

(4.5.14)

p(Ξ(n)|Y(n)) ∝ p(y(n)|Ξ(n),Y(n−1))× p(ξ(n)|Ξ(n−1),Y(n−1))× p(Ξ(n−1)|Y(n−1))

(4.5.15)

p(g(n)|Ξ(n),Y(n)) = CN
(
ĝ(n|n),C(n|n)

gg

)
, (4.5.16)

p(g(n|n−1)|Ξ(n),Y(n)) = CN
(
ĝ(n|n−1),C(n|n−1)

gg

)
, (4.5.17)

wherein δ(.) stands for the Dirac delta function and p(x) = CN(µ,C) indicates

that p(x) takes the form of a circularly symmetric multivariate complex Gaus-

sian distribution with mean µ and covariance matrix C. The last two pdfs in

(4.5.16) and (4.5.17) are of the form of the optimal KF, whereby exploiting
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the linear sub-structure in (4.5.11) is clearly emphasized. Using straightfor-

ward application of the KF [100], the statistics in (4.5.16)-(4.5.17) yield the

well-known KF prediction and update equations [101], which are omitted here

for the sake of brevity.

The second pdf in (4.5.16) does not admit a closed-form for the differ-

ent terms on its right hand side. Nonetheless, the terms p
(
y(n)|Ξ(n),Y(n−1)

)
,

p
(
ξ(n)|Ξ(n−1),Y(n−1)

)
can be expressed in closed form. Thus, we will ap-

proximate it using a standard PF, which corresponds to the PF #1. By

direct inspection of y(n) in (4.5.11), assuming that the noise realizations for

two different channel slots are independent, it follows that the random vector

z(n) = y(n)|Ξ(n),Y(n−1) is distributed as z(n) ∼ CN
(
µ

(n)
z ,C(n)

zz

)
, with µ

(n)
z , C(n)

z

given by

µ(n)
z = T

(
ξ(n)
)
ĝ(n|n−1) (4.5.18)

C(n)
zz = T

(
ξ(n)
)
C(n|n−1)

gg T∗
(
ξ(n)
)

+ σ2Cw. (4.5.19)

The other random vector ξ(n)|Ξ(n−1),Y(n−1) is distributed with pdf

p(ξ(n)|ξ(n−1)), which is assumed to be known, yet arbitrary. The pdf of

Ξ(n−1)|Y(n−1) corresponding to the last term in (4.5.15) can be approximated

by the previous iteration of the first PF highlighted in (4.5.13). Now, the linear

system in (4.5.9) and (4.5.11) can be formed for the i-th particle {ξ(n,i)}NPF
i=1 ,

1 ≤ i ≤ NPF, in which NPF is the number of particles used by the PF. This

requires one KF associated with each particle. Let the final sampled distribu-

tion of Ξ(n)|Y(n) be denoted by the weights
{
w
(
Ξ(n,i)

)}NPF

i=1
, which must satisfy
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∑NPF

i=1 w
(
Ξ(n,i)

)
= 1, since we are approximating a pdf by a probability mass

function (pmf). Let us define B
(
ξ(n)
)

= IK ⊗Ψ
(
ξ(n)
)
. Then, the vectorized

channel can be estimated as

ĥ
(n)

=

∫
S(g(n),Ξ(n))

B
(
ξ(n)
)
g(n) × p(g(n)|Ξ(n),Y(n))w

(
Ξ(n,i)

)︸ ︷︷ ︸
q(n)

dg(n)dΞ(n).

(4.5.20)

The final estimator in (4.5.20) involves a complex integration over the joint

support of g(n),Ξ(n), which cannot be solved in closed form. For this reason, we

propose to approximate it using a second PF, which was highlighted in (4.5.13).

Thus, normalizing the weights q(n) so that q̃(n,i) = q(n,i)/
∑NPF

n=1 q
(n,i)q̃(n−1,i), the

MMSE estimator of the channel can be approximately expressed as a convex

combination of B
(
ξ(n,i)

)
and ĝ(n|n,i)

ĥ
(n) ≈

NPF∑
n=1

q̃(n,i)B
(
ξ(n,i)

)
ĝ(n|n,j). (4.5.21)

Remark: for the ML estimator, a function f(z) of ML estimates ẑML will

generally yield the ML estimator of a given vector z. In the Bayesian frame-

work, this property, called the asymptotic invariance property does not hold.

We might be tempted to directly calculate the estimator of the channel by

using the MMSE estimator of ξ(n) and g(n), but this would not result in

the MMSE estimator of h(n). To find the true MMSE estimator, the pdf

of h(n) = f
(
ξ(n), g(n)

)
needs to be calculated to find the posterior conditional

mean, as shown in (4.5.20).

Our proposed approach is a generalization of the marginalized particle

filter (MPF) presented in [101], which has already been shown to perform well
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Algorithm 4 Generalized Marginalized Particle Filter (GMPF)

1: GMPF
(
Y(n),NPF,Φ(n),θ̂

(0)
r,u,φ̂

(0)
r,u

)
2: Initialize angular particles based on prior information
3: θ

(1|0,i)
r,u = θ̂

(0)
r,u

4: φ
(1|0,i)
r,u = φ̂

(0)
r,u

5: Initialize linear particles

6: ĝ(1|0,i) = 0, Ĉ
(1|0,i)
gg = NtNr

µL
IµL ⊗ F1F

∗
1, with F1 ∈ CK×Zp the matrix

comprising the first Zp Fourier vectors.
7: Evaluate the importance weights q(n,i) =
p(y(n)|Ξ(n,i),Y(n−1))p(g(n)|Ξ(n),Y(n)) and normalize them

8: q̃(n,i) = q(n,i)∑NPF
j=1 q(n,j)

q̃(n−1,i)

9: PF #1 measurement update (resampling NPF particles with re-
placement) P

(
ξ(n|n,i) = ξ(n|n−1,j)

)
= q̃(n,j)

10: KF measurement update for 1 ≤ i ≤ NPF K(n,i) =
C(n|n−1,i)

gy C(n|n−1,i)−1
yy

11: ĝ(n|n,i) = ĝ(n|n−1,i) + K(n,i)
(
y(n,i) − µ(n|n−1)

y

)
12: Ĉ

(n|n,i)
gg = C(n|n−1,i)

gg −K(n,i)C(n|n−1,i)
gy

13: PF #1 prediction

14: ξ(n+1|n,i) ∼ p
(
ξ(n+1|n)|Ξ(n,i),Y(n)

)
15: KF prediction for 1 ≤ i ≤ NPF

16: ĝ(n|n−1,i) = R(n)ĝ(n−1|n−1)

17: C(n|n−1,i)
gg = R(n)C(n−1|n−1,i)

gg R(n)∗ + (I− R(n)R(n)∗)
18: PF #2 to estimate the channel

19: ĥ
(n)

=
∑NPF

j=1 q̃
(n,j)B

(
ξ(n|n,j)) ĝ(n|n,j)

20: Reshape vectorized channel estimate to find Ĥ
(n)

[k]

21: Ĥ
(n)

[k] = unvec{ĥ(n)}

in practice and has optimality guarantees as NPF grows large. Owing to our

proposed algorithm being based on the MPF in [101], we name the proposed

algorithm as GMPF. The detailed steps the algorithm follows are given in

Algorithm 4.
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4.6 Numerical results

In this section, we include a performance evaluation of the channel

tracking algorithms proposed in Section IV, GMPF, and a comparison with

an extension of two state-of-the art narrowband tracking strategies. We also

present numerical results to evaluate the effectiveness of the precoders and

combiners especially designed for tracking in Section III.

4.6.1 Simulation parameters

The parameters used to configure the transmitter and the receiver in

the simulations included in this section are summarized as follows. Both the

transmitter and the receiver are assumed to be equipped with uniform linear

arrays (ULAs) with half-wavelength separation. Such a ULA has steering

vectors obeying the expressions {aT(θ`)}n =
√

1
Nt
ejnπ cos(θ`), n = 0, . . . , Nt− 1,

and {aR(φ`)}m =
√

1
Nr
ejmπ cos(φ`), m = 0, . . . , Nr − 1. We take Nt = 64,

Nr = 32 for illustration. The phase-shifters employed in both transmitter

and receiver are assumed to have NQ,Tx and NQ,Rx quantization bits, so that

the entries of the analog precoders and combiners are drawn from the sets

ATx =
{

0, 2π

2
NQ,Tx

, . . . , 2π(2
NQ,Tx−1)

2
NQ,Tx

}
and ARx =

{
0, 2π

2
NQ,Rx

, . . . , 2π(2
NQ,Rx−1)

2
NQ,Rx

}
.

The number of quantization bits is set to NQ,Tx = NQ,Rx = 4 for illustration.

The number of RF chains is set to Lt = Lr = 4. The number of OFDM

subcarriers is set to K = 32, and a zero-prefix length of ZP = K/4 = 8 samples

is assumed to remove intersymbol interference (ISI). The carrier frequency is

set to fc = 60 GHz, the bandwidth is set to B = 2.55 GHz, with a roll-off
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factor of 0.3 for the raised cosine pulse shaping factor. We use the sampling

period defined in the 5G NR standard, Ts = 0.509 ns. The OFDM symbol

duration is (K+Zp)Ts = 0.02 µs, and the subcarrier spacing is 1/(KTs) = 60.8

MHz. The transmitted power is set to Ptx = 35 dBm for illustration. We also

consider that the channel slot duration is M = 240 OFDM symbols.

The main performance metric we consider in this chapter is the ergodic

spectral efficiency. To gain insight into how well the proposed channel track-

ing methods perform, we compute the ergodic spectral efficiency that could

be achieved when operating with all-digital precoders and combiners obtained

from the channel estimates provided by the different algorithms. If Ĥ
(n)

[k]

is the channel estimate for subcarrier k provided by a given algorithm, con-

sider the SVD Ĥ
(n)

[k] = Û
(n)

H [k]Σ̂
(n)
H [k]V̂

(n)∗
H [k], and define Ĥ

(n)

eff [k] ∈ CNs×Ns ,

Ĥ
(n)

eff [k] , Û
(n)∗
H [k]H(n)[k]V̂

(n)

H [k]. Let η quantify the performance loss ow-

ing to sending Mtck OFDM symbols to track the mmWave channel, so that

Mdata = M −Mtck OFDM symbols are left to transmit data. In this case,

η = TsMdata/(TsMdata + TsMtck). Then, we define the sample average ergodic

spectral efficiency as

R(n) = η
1

K

K−1∑
k=0

log2

∣∣∣∣INs +
SNR

Ns

Ĥ
(n)

eff [k]Ĥ
(n)∗
eff [k]

∣∣∣∣ . (4.6.1)

4.6.2 Performance evaluation of GMPF

We consider now the performance evaluation of GMPF, the Bayesian

algorithm that we propose for channel tracking in scenarios where the channel
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statistics are known or can be learnt. In these simulations, we consider that

the channel has a LOS component with a single ray [13], and C = 2 NLOS

clusters, each contributing with a number of rays Rc ∼ U[6, 20] as in the 5G

NR channel model. Therefore, the average number of multipath components

µL = 27 will be considered in GMPF. We choose the Rician K-factor for

the generated test channels as -10dB, 0 dB, and 10 dB, to represent different

propagation scenarios. We consider a relative velocity of v = 30 m/s for the

receiver. We generate test channels that follow the statistical priors described

in Section 4.5.2. To compute the correlation matrix in (4.5.10) we consider the

parameters a = 0.91, c = 0 and b = 0.1/λc, with λc the wavelength. Moreover,

the tracking time is set as Ttck = 0.1577 ms. The mean of the Laplacian

distribution that models the angle evolution for each multipath component is

set as the estimated angle for the previous slot. To get a good trade off between

performance and complexity, the proposed GMPF algorithm is configured to

use NPF = 50 particles to discretize the joint Laplacian pdf of the AoA/AoD.

Considering that the transmitter and scatterers are fixed, and that the receiver

follows a linear trajectory during every channel slot, we define the maximum

displacement of the receiver in a channel slot as dslot
max = vmaxTtck. Under

the assumption d >> dslot
max, which always holds since Ttck is very small, it

can be easily shown that the variation in angle of arrival at the receiver for

any multipath component satisfies |∆ sinφ
(n)
c,r | ≈ |∆φ(n)

c,r | < dslotmax

d
. Considering a

minimum distance d between the transmitter and the receiver, and a maximum

velocity, we can obtain an upper bound for |∆φ(n)
c,r |. In our simulation setting,
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and considering a minimum distance between receiver and transmitter of 5

m and vmax = 30 m/s, |∆φ(n)
c,r | < 0.042◦. This way, we set the value for

the standard deviation of the Laplacian distribution as 0.57◦, ten orders the

magnitude bigger than the maximum expected variation.

We choose two baselines strategies to be compared with GMPF. One

of them is 5G NR and The second baseline algorithm is a modified version

of the fast beam tracking strategy proposed in [14], which also exploits sta-

tistical priors. As explained before, due to the lack of wideband approaches

to track the mmWave channel, we have enabled wideband operation of [14]

by computing a narrowband version of the received signals for the different

subcarriers and different pilot symbols. In particular, we collect the received

signals in a tensor of size LrµL×K×Mtck. Then, after averaging over the Mtck

measurements, we obtain a matrix of size LrµL × K. Finally, we obtain the

dominant eigenvalue of this matrix, which provides an estimate of the centroid

for the set of received signals as described in [102]. This narrowband version

of the received signal is the input to the algorithm in [14], which provides the

best analog precoder/combiners following a Bayesian approach. The digital

precoders and combiners are computed from an estimate of the beamformed

channel as in our 5G NR implementation.

Fig. 4.3 shows the additional benefit coming from exploiting prior

statistical information. We present the spectral efficiency obtained by the

different systems when the Rician K-factor is −10, 0 or 10 dB, and Ns = {1, 2}

streams. GMPF outperforms the other Bayesian approach and 5G NR as
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Figure 4.3: Comparison of evolution of the spectral efficiency versus number
of tracking pilots for GMPF, 5G NR and fast beam training in for different
SNRs. The Rician factor is Kfactor = 10dB for (a) and (b), Kfactor = 0dB for
(c) and (d) and Kfactor = 0dB for (e) and (f). The number of data streams is
set to Ns = 1 for (a), (c) and (e), and Ns = 2 for (b) and (d) and (f).
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expected, for all considered scenarios. The performance gap increases with

the number of transmit streams and the NLOS behavior of the channel. 5G

NR only provides near optimal performance when the channel has a dominant

LoS component.

4.7 Conclusions

In this chapter, we formulated the problem of channel tracking for

an MIMO-OFDM system operating at mmWave, and proposed a non-linear

Bayesian filter aiming at finding the global MMSE estimator. We also pro-

posed an SNR-maximizing precoding and combining design method for channel

tracking, leveraging prior information on the previously estimated AoA and

AoD, such that low-overhead channel tracking can be performed efficiently.

Simulation results showed the effectiveness of our proposed methods, which

have been evaluated using realistic channel realizations extracted from the 5G

NR channel model. We showed that, even under high mobility conditions,

the proposed tracking framework is able to maintain near-optimum spectral

efficiency values at low overhead, even if the distance between transmitter and

receiver is small. Future work would conduct the extension of the proposed

framework to deal with channel blockage, and consider a multi-user scenario,

without assuming perfect synchronization, and accounting for the beam-squint

effect that is present when the signal bandwidth is very large.
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Chapter 5

Blockage Detection and Channel Tracking in

Wideband mmWave MIMO Systems

In this chapter1, we propose novel blockage detection and channel track-

ing strategies for wideband mmWave MIMO systems in the context of high

mobility V2X scenarios under blockage. Tracking wideband mmWave MIMO

systems based on a hybrid architecture is a challenging problem, especially in

high mobility scenarios where links are likely to be blocked by obstacles, such

as trees, pedestrians or vehicles. In this chapter, we propose a new strategy

to track the frequency selective mmWave channel under blockage. We first

introduce a statistical channel model that includes the evolution models for

channel gains and angles of arrival and departure, as well as the statistics

of blockage events. Then, we define a change point detection (CPD) test to

identify the time instants where blockage appears/disappears, so the appro-

priate channel evolution models can be used for wideband channel tracking

during the blockage events. To simultaneously achieve a high CPD success

1This chapter was based on our work [103]: H. Xie, N. González-Prelcic, and T. Shimizu,
“Blockage detection and channel tracking in wideband mmWave MIMO systems,”’ in Proc.
of IEEE ICC’21, 2021. This work was supervised by Prof. González-Prelcic. My contribu-
tions lie in designing and performing the research, doing simulations, analyzing data and
writing the paper, etc.
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rate and a high accuracy in the channel estimate, we further propose a double

digital combiner architecture that employs different digital combiners for CPD

and channel tracking. Finally, we integrate into our framework a previously

proposed Bayesian channel tracking algorithm. Simulation results show that

the proposed approach achieves a good channel tracking performance even in

mobile scenarios that suffer from highly dynamic blockage events.

5.1 Introduction

Configuring the wideband mmWave links for massive MIMO based on

hybrid architectures is a challenging problem that has been addressed in prior

works. After initial access, tracking the CSI with low overhead is necessary

to maintain high-quality mmWave links, especially in high mobility use cases.

The strategies proposed in prior work on channel tracking at mmWave assume

a slow variation of channel parameters and/or a narrowband channel model.

However, the mmWave channel with large bandwidth is typically frequency

selective, and the directional mmWave links may be blocked by obstacles, like

human body, neighboring vehicles, buildings, foliage and other infrastructures.

Blockage may appear and disappear frequently, which induces abrupt changes

in the channel.

5.2 Contributions

Previous work, such as [14,17,22,30], derive different channel tracking

strategies for narrowband channels, while only [22,31,32] consider a frequency
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selective channel model. These approaches consider an evolution model for

the channel parameters and work well in the absence of blockage. Although

[33–35] do consider blockage and propose algorithms to detect abrupt changes

in the mmWave channel, only the narrowband case was considered. Moreover,

[33–35] focus on fast re-access to the channel after link failure due to blockage,

rather than on incorporating the statistics of blockage into the channel tracking

strategy.

Motivated by the limitations of previous work, we address, for the first

time, the problem of tracking the frequency selective mmWave channel under

blockage. Besides the statistical knowledge of the continuous-time evolution

of the channel parameters, we further incorporate and exploit the statistics of

blockage events described in prior work [104–107]. To derive a channel track-

ing algorithm robust to blockage, we adopt the CPD algorithm to identify

the time instants where blockage appears/disappears. Then, this temporal

information is used in the channel tracking stage to select the continuous-time

evolution model of the channel parameters during smooth variation/blockage

phases. This way, the tracking algorithm can use the appropriate evolution

model at every time, providing a highly accurate channel estimate even dur-

ing blockage. Therefore, we extend the Bayesian tracking algorithm in [32] by

generalizing the channel models under blockage and integrating the blockage

detection scheme. To simultaneously obtain a high blockage detection prob-

ability and an accurate channel estimate, we also propose in this chapter a

double digital combiner architecture that uses different digital combiners for
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CPD and channel tracking. Simulation results demonstrate the effectiveness

of the proposed approach blockage even in high mobility scenarios.

5.3 System and signal models

We consider a single-user mmWave MIMO communication system,

where the AP serves a moving UE using an OFDM link at mmWave. The

AP and UE are equipped with Nt and Nr antennas, and Lt and Lr RF chains

respectively. Moreover, both the AP and UE are assumed to use a fully-

connected hybrid architecture.

We assume the channel is evolving between transmission intervals or

time slots, but it keeps constant within each slot. We use the super-index n

to denote the n-th channel slot (n = 1, 2, . . .). During the data transmission,

the transmitter uses a hybrid precoder F(n)[k] ∈ CNt×Ns for the k-th (k =

0, . . . , K − 1) subcarrier to transmit an Ns × 1 vector of data streams s(n)[k],

while the receiver uses a hybrid combiner W(n)[k] ∈ CNr×Ns for reception.

Let us denote the downlink channel between AP and UE as H(n)[k] for the

subcarrier k and slot n. The received signal is given by

y(n)[k] = W(n)∗[k]H(n)[k]F(n)[k]s(n)[k] + n(n)[k], (5.3.1)

where the received additive Gaussian noise is denoted as n(n)[k] ∼

N(0, σ2C(n)
w [k]), with C(n)

w [k] , W(n)∗[k]W(n)[k] ∈ CNs×Ns the noise covari-

ance matrix. Note that during the training phase of the n-th channel slot,

frequency-flat precoders and combiners will be used. We also define the trans-
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mitted signal s(n)[k] as s(n)[k]=q(n)s[k], with q(n)∈CNs×1 a frequency-flat train-

ing vector and s[k] a frequency-dependent training symbol. Then, we can

multiply the received signal y(n)[k] by (s[k])−1 and get a frequency-flat mea-

surement matrix. Moreover, Mtck training OFDM symbols will be transmitted

by AP to collect measurement at UE. Specifically, the received signal for the

m-th training OFDM symbol can be expressed as

y(m,n)[k] =
(
q(m,n)TF(m,n)T ⊗W(m,n)∗

)
vec{H(n)[k]}

+ n(m,n)[k], m = 1, . . . ,Mtck. (5.3.2)

Stacking all the Mtck measurements as in [32], we have

y(n)[k] ≈ Φ(n)vec{H(n)[k]}+ n(n)[k], (5.3.3)

where y(n)[k] , [y(1,n)T [k], . . . , y(Mtck,n)T [k]]T ∈ CNsMtck×1, n(n)[k] ,

[n(1,n)T [k], . . . ,n(Mtck,n)T [k]]T ∈ CNsMtck×1, and Φ(n) ∈ CNsMtck×NtNr stacks all

the training OFDM symbols in the n-th slot accordingly.

5.4 Statistical channel model under blockage

In this section, we introduce a statistical model for the mmWave chan-

nel which includes the impact of blockage.

5.4.1 Geometrical channel model without blockage

First, a geometrical channel model [91] is adopted. Specifically, we

denote the d-th delay tap of the mmWave MIMO channel at the n-th channel
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slot as H(n)[d] ∈ CNr×Nt , for d = 0, . . . , D − 1, with D the channel delay tap

length. Moreover, we assume that there are in total R rays. Let α
(n)
r ∈ C

be the complex gain of the r-th ray, φnr , θnr ∈ R be the AoA and AoD, τnr ∈

R be the time-delay, and prc(τ) be the equivalent response of transmit and

receive pulse-shapes and other analog filtering evaluated at τ . In addition,

let aT (θnr ) ∈ CNt×1 and aR (φnr ) ∈ CNr×1 be the transmit and receive array

steering vectors evaluated on the AoD and AoA of each corresponding path.

Then, the Nr ×Nt channel matrix at the d-th delay tap is given by [91]

H(n)[d] =

√
NtNr

R

R∑
r=1

α(n)
r prc

(
dTs − τ (n)

r

)
× aR

(
φ(n)
r

)
a∗T
(
θ(n)
r

)
. (5.4.1)

By taking the K-point DFT of (5.4.1), the frequency domain channel response

can be expressed as

H(n)[k] = AR

(
φ(n)

)
G(n)[k]A∗T

(
θ(n)

)
, (5.4.2)

where AT

(
θ(n)

)
∈ CNt×R, AR

(
φ(n)

)
∈ CNr×R contain the transmit and receive

antenna array responses at all AoDs and AoAs, and G(n)[k] ∈ CR×R is the

diagonal matrix containing the frequency responses of the channel gains filtered

by the equivalent pulse-shape for all rays in (5.4.1). Vectorizing (5.4.2) gives

vec{H(n)[k]} =
(
AC

T(θ(n)) ?AR

(
φ(n)

))
g(n)[k]

= Ψ(ξ(n))g(n)[k], (5.4.3)

where the superscript C of AC
T

(
θ(n)

)
denotes the conjugate of matrix

AT

(
θ(n)

)
, and g(n)[k] is an R × 1 vector containing the diagonal elements of

G(n)[k]. Moreover, Ψ
(
ξ(n)
)

is defined from (5.4.3), with ξ(n) = [θ(n)T ,φ(n)T ]T

being the set of AoDs and AoAs for the n-th channel slot.
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5.4.2 Blockage modeling on geometrical channel model

Next, we introduce the statistical models of channel parameters

and blockage effects. For better illustration, we first denote g
(n)
r [d] =√

NtNr

R
prc(dTs − τ

(n)
r ), r = 0, . . . , R − 1, and then define the D × 1 vector

ḡ
(n)
r , [g

(n)
r [0], . . . , g

(n)
r [D − 1]]T containing the complex channel gains in time

domain for the r-th ray. Let F1 ∈ CK×D be the matrix containing the first

D column vectors of the unitary DFT matrix of size K and we can define the

frequency-domain channel gains g
(n)
r ∈ CK×1 for the r-th ray as g

(n)
r , F1ḡ

(n)
r

with

g(n)
r ∼ CN

(
0,
NtNr

R
F1

(
diag

{
p2

rc(dTs − τ (n)
r )
}D−1

d=0

)
F∗1

)
, (5.4.4)

where diag{. . .}D−1
d=0 creates aD×D diagonal matrix with the givenD elements.

As for the blockage modeling, the 5G NR standards [13] and some measure-

ment works [104–107] show that blockage is an add-on feature. In other words,

the modeling of channel under blockage can be obtained by adding the impacts

of blockage to the original channel models in (5.4.4). From [104], the key pa-

rameters for blockage modeling during a long transmission time include the

birth time of blockage events, the duration of each blockage event as well as the

additional pathloss on blocked paths. Generally, the appearance of blockage

can be viewed as random event and thus we assume its birth time is uniform

across the communication intervals. Moreover, the duration of blockage events

can be modeled as Weibull distribution [104]. As for the additional pathloss,

it can be modeled as Gaussian distribution [104,105,107]. That is, if the r-th
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path has been blocked during the n-th time slot, the (5.4.4) has to be modified

as

g
(n)
r,b ∼CN

(
0,
NtNr

R
F1

(
diag

{p2
rc(dTs − τ (n)

r )

P 2
blk

}D−1

d=0

)
F∗1

)
, (5.4.5)

where P 2
blk ∼ N(µblk, σ

2
blk) connotes the additional pathloss due to the blockage

effect, with µblk and σ2
blk being the mean and variance of this pathloss variable.

It indicates that the received power of the blocked path has been significantly

degraded. If P 2
blk is large, the r-th ray will completely disappear.

To perform channel tracking, the time evolution of the channel gains

in the frequency domain, g
(n)
r , is assumed to be a first-order Gauss-Markov

process as in prior work [22,22] without blockage. After taking into considera-

tion of blockage effect, we will have different gain evolution models as follows.

Specifically, when there is no abrupt change or blockage event emerging from

(n− 1)-th slot to the n-th slot, the gain evolution is given as{
g

(n)
r = Rrg

(n−1)
r + (I−RrR

∗
r)

1/2 ∆g
(n)
r ,

with ∆g
(n)
r defined as in (5.4.4).

(5.4.6)

where, Rr ∈ CK×K is the correlation matrix between channel gains in the

frequency domain for any ray r and its definition is given as in [31, 32]. Note

that the gains corresponding to different paths are assumed to be uncorrelated.

While if the r-th ray is blocked during the transition from (n − 1)-th slot to

the n-th slot, the gain evolution should be modified as{
g

(n)
r = Rrg

(n−1)
r /Pblk + (I−RrR

∗
r)

1/2 ∆g
(n)
r ,

with ∆g
(n)
r defined as in (5.4.5).

(5.4.7)
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Note that the differences of (5.4.7) compared to (5.4.6) exist not only on the

covariance matrix ∆g
(n)
r , but also on the additional pathloss of the one-step

prediction of the gains. Last but no least, the gain evolution model during the

phase of a blockage interval should be adjusted as{
g

(n)
r = Rrg

(n−1)
r + (I−RrR

∗
r)

1/2 ∆g
(n)
r ,

with ∆g
(n)
r defined as in (5.4.5).

(5.4.8)

The difference between (5.4.8) and (5.4.7) lies in that the additional pathloss

for the one-step prediction of gains has already been added at the beginning

of the blockage and thus should not be evaluated again during the blockage

interval. Then, the joint definitions in (5.4.6), (5.4.7) and (5.4.8) provide the

new evolution modeling for channel gains under blockage.

Regarding the time evolution of angle parameters, as defined in (5.4.3),

let ξ(n) = [θ(n)T ,φ(n)T ]T be the set of AoDs and AoAs for the n-th channel

slot, and ξ(n−1) be the set of AoDs and AoAs for the (n− 1)-th channel slot.

In this chapter, we assume, as in the 5G NR channel model [13, 32], that the

conditional density function p(ξ(n)|ξ(n−1)) follows a Laplacian distribution for

each multipath component. That is, for the r-ray, we have

θ(n)
r ∼ L(θ(n−1)

r , σ2
∆,AoD),

φ(n)
r ∼ L(φ(n−1)

r , σ2
∆,AoA), (5.4.9)

where σ2
∆,AoD and σ2

∆,AoA) can be set based on the environment, system and

user mobility parameters. When new paths appear or the blockage disappears,

the initial estimates of the new AoAs and AoDs will be denoted as φ
(n),new
ini and

137



θ
(n),new
ini , which will be the initial points in the angle evolution model defined

in (5.4.9).

5.5 Blockage detection and wideband channel tracking
under blockage

In this section, we propose a channel estimation and tracking strategy

suitable for mmWave MIMO communications under blockage. Our approach

considers a blockage detection stage based on a CPD test that selects the ap-

propriate channel evolution model for the channel tracking stage, as illustrated

in Fig. 5.1. As channel tracking strategy we propose a modified version of the

Generalized Marginal Partial Filter (GMPF) algorithm in [32]. To simulta-

neously obtain a good blockage detection performance and a high channel

estimation accuracy we propose a double digital combiner architecture, as can

be seen in Fig. 5.1. On one hand, one of the digital combiners aims to only

capture the energy of the dominant multipath components, which in case of

being blocked may cause a link failure. On the other hand, the second digital

combiner operating in parallel is designed to maximize the SNR during the

tracking stage that estimates the channel parameters. In the next subsection

we explain in detail all the components of this blockage detection and tracking

strategy.
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Figure 5.1: Block diagram of the proposed double digital combiner scheme
and CPD-aided GMPF for wideband channel tracking under blockage.

5.5.1 Detection of blockage events and digital combiner design for
CPD

From the blockage model in previous section, we know that when the

blockage events appear or disappear, there will be significant changes in the

channel responses due to the birth/death or additional attenuation of some

propagation paths. In line of this idea, the detection of blockage events can

be achieved with different change point detection or abrupt change detection

algorithms, such as the ones described in [33–35]. In this chapter, we adopt

the hypothesis test idea in [33, 35] for blockage detection, and introduce two

modifications. First, the measurements at all K subcarriers are collected for

CPD, which can increase the effective number of measurements compared to

the narrowband case. Second, a different digital combiner will be designed for
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CPD rather than using the same combiner for channel tracking that maximizes

the SNR.

Let us first consider a general precoder/combiner for transmis-

sion/reception. The CPD test defines two hypotheses regarding if there exist

abrupt changes in the channel during transition from (n − 1)-th channel slot

to n channel slot, i.e.,{
H0 : No large changes exist in the channel,

H1 : Large changes exist in the channel.
(5.5.1)

For the hypothesis test, we need to define the test statistic. To this end, we first

combine (5.3.3) and (5.4.3), and stack the measurements at all subcarriers to

get the following wideband signal model for all Mtck training OFDM symbols

as

y(n) ≈
(
IK ⊗Φ(n)Ψ

(
ξ(n)
))

g(n) + n(n), (5.5.2)

where y(n) = [y(n)T [0], . . . , y(n)T [K − 1]]T collects received wideband sig-

nals, n(n) = [n(n)T [0], . . . ,n(n)T [K − 1]]T collects received noise, g(n) =

[g(n)T [0], . . . , g(n)T [K − 1]]T collects the channel gains at all different subcarri-

ers, and T
(
ξ(n)
)

= IK⊗Φ(n)Ψ
(
ξ(n)
)

denotes the transfer matrix of the system.

Based on the measurements in (5.5.2), the test statistic can be defined as

T (y(n)) =
(
y(n) − T

(
ξ̂(n|n−1)

)
ĝ(n|n−1)

)∗ (
σ2C(n)

w

)−1

·
(
y(n) − T

(
ξ̂(n|n−1)

)
ĝ(n|n−1)

)
, (5.5.3)

where the one-step prediction of angles and gains at the n-th slot from

the previous (n − 1)-th slot are ξ̂(n|n−1) and ĝ(n|n−1). Moreover, C(n)
w is
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the covariance matrix of n(n) and is defined as C(n)
w = IK ⊗ D

(n)
w , with

D
(n)
w , blkdiag{W(1,n)W(1,n)∗, . . . ,W(Mtck,n)W(Mtck,n)∗} ∈ CMtckLr×MtckLr .

Inspecting (5.5.3), on one hand, if there are no abrupt changes in the

channels, the difference between the received measurements and the predicted

channels should be small, with only noise terms left. On the other hand, once

there are abrupt changes, the difference between the received measurements

and the predicted channels will contain the components of the blocked paths

or the new paths. Thus, we can identify the appearance or disappearance of

blockage when this difference is larger than a predetermined threshold Tth,

i.e., T (y(n))
H1

≷
H0

Tth. Note that this predetermined threshold can be determined

based on a given false alarm probability, as shown in [33].

Note that different designs of precoders and combiners can be used in

(5.5.2). In our previous work [32] we designed a frequency-flat SNR-optimal

training precoder/combiner that can maximize the average received SNR based

on the channel estimate of previous slot. In this chapter, we assume that this

SNR-optimal precoder F(n) = F(n)
RFF

(n)
BB will be used at the transmitter and the

SNR-optimal combiner W(n)
Q = W(n)

RFW
CE,(n)
BB will be used at the receiver for

channel estimation/tracking.

For the change point detection stage, we design a different digital com-

biner WCPD,(n)
BB with the aim of maximizing the blockage detection probability.

We exploit the fact that only a few multipath components in mmWave chan-

nels dominate the received energy, such as the LOS path and/or the strongest

NLOS path. Therefore, we can focus on detecting the abrupt changes on the
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main multipath components, rather than also in those marginal clusters. To

this end, the new digital combiner WCPD,(n)
BB should be a spatial filter that

remove the marginal clusters and emphasize the dominant ones. In line of this

idea, we consider the following problem formulation

WCPD,(n)
BB = argminW ‖AR

(
φ̂(n|n−1)

)
−W(n)

RFW‖2
F , (5.5.4)

where φ̂(n|n−1) is the predicted mean AoAs of the main clusters from the pre-

vious channel estimate. Note that if the number of main clusters is smaller

than the number of RF chains Lr, the same digital combiner can be repeated

to fully exploit all the RF chains. Once the new digital combiner is obtained,

it can be used for CPD as shown in Fig. 5.1. We will show in Section V that

this new digital combiner outperforms others in terms of CPD success rate.

This justifies the proposed double digital combiner architecture.

5.5.2 CPD-aided GMPF strategy for wideband channel tracking
under blockage

In this section, we extend the GMPF channel tracking algorithm pro-

posed in [32] to take into consideration the impact of blockage. The difference

lies in that the channel evolution models during the blockage phases should

be adjusted accordingly during tracking, as indicated in (5.4.6)–(5.4.8).

Based on the measurement model in (5.5.2), the idea of GMPF is

to exploit the conditional linear structures between measurements y(n) and

the gain vector g(n), given the angle parameters ξ(n). In other words, ex-

ploiting this conditional linear structure can help get better estimates for
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Algorithm 5 CPD-aided GMPF

1: CPD-aided GMPF
(
Y(n), NPF, Φ(n), θ̂

(0)
r , φ̂

(0)
r

)
2: Initialize angular particles based on prior information
3: θ

(1|0,i)
r = θ̂

(0)
r , φ

(1|0,i)
r = φ̂

(0)
r

4: Initialize linear particles

5: ĝ(1|0,i) = 0, Ĉ
(1|0,i)
gg = NtNr

µL
IµL ⊗ F1F

∗
1, with µL the average number

of multipath components in the channel, i.e., the approximation of R.
6: for i = 1, . . . , NPF do
7: Evaluate the importance weights q(n,i) =
p(y(n)|Ξ(n,i),Y(n−1))p(g(n)|Ξ(n),Y(n)) and normalize them

8: q̃(n,i) = q(n,i)∑NPF
j=1 q(n,j)

q̃(n−1,i)

9: PF #1 measurement update P
(
ξ(n|n,i) = ξ(n|n−1,j)

)
= q̃(n,j)

10: KF measurement update for 1 ≤ i ≤ NPF

11: If blockage is detected:
12: Select corresponding gain evolution models and then update line 14–

21.
13: If no blockage is detected:
14: K(n,i) = C(n|n−1,i)

gy C(n|n−1,i)−1
yy

15: ĝ(n|n,i) = ĝ(n|n−1,i) + K(n,i)
(
y(n,i) − µ(n|n−1)

y

)
16: Ĉ

(n|n,i)
gg = C(n|n−1,i)

gg −K(n,i)C(n|n−1,i)
gy

17: PF #1 prediction

18: ξ(n+1|n,i) ∼ p
(
ξ(n+1|n)|Ξ(n,i),Y(n)

)
19: KF prediction for 1 ≤ i ≤ NPF

20: ĝ(n|n−1,i) = R(n)ĝ(n−1|n−1)

21: C(n|n−1,i)
gg = R(n)C(n−1|n−1,i)

gg R(n)∗ + (I− R(n)R(n)∗)
22: PF #2 to estimate the channel

23: ĥ
(n)

=
∑NPF

j=1 q̃
(n,j)A

(
ξ(n|n,j)) ĝ(n|n,j)

24: Reshape vectorized channel estimate to find Ĥ
(n)

[k]

25: Ĥ
(n)

[k] = unvec{ĥ(n)}

the channel by analytically marginalizing out the linear state variables g(n)

when necessary. Then the problem of finding the MMSE estimator of h(n) =
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vec{H(n)[0], . . . ,H(n)[K − 1]} =
(
IK ⊗Ψ

(
ξ(n)
))

g(n) is reduced to finding its

posterior conditional expectation as

ĥ
(n)

MMSE , Eh(n)|Y(n){h(n)}, (5.5.5)

where Y(n) = {y(i)}ni=0 accumulates the measurements from the very beginning

until current slot. The detailed steps of the proposed CPD-aided GMPF

algorithm for wideband channel tracking are summarized in Algorithm 5.

5.6 Numerical results

In this section, we provide some numerical results on the performance

of the proposed wideband channel tracking strategy for mmWave MIMO com-

munications under blockage.

5.6.1 Simulation parameters

We assume that both the AP and UE are equipped with ULAs with

half-wavelength separation, with Nt = 32, Nr = 16 and Lt = Lr = 4. The

phase-shifters have NQ,Tx = NQ,Rx = 4 quantization bits. The number of

OFDM subcarriers is set to K = 32. The carrier frequency is set to fc = 60

GHz, and the bandwidth is set to B = 1.96 GHz, obtained with a sampling

rate Ts = 0.509 ns and a raised cosine with a roll-off factor of 0.3 to model the

equivalent filtering effects.

We consider the channel tracking process along Nslot = 20 slots, while
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each slot contains M = 240 OFDM symbols. The tracking time is set as

Ttck = 0.157 ms. Moreover, we consider that the channel has a LOS component

with a single ray [13], and C = 2 NLOS clusters, each contributing with a

number of rays Rc ∼ U[6, 10]. We set v = 30 m/s the relative velocity of UE.

To compute the correlation matrix Rr, we consider the parameters a = 0.91,

c = 0 and b = 0.1/λc as in [32], with λc the wavelength. We also assume that

the correlation matrix is the same for all paths in the simulations. For the angle

evolution, in our simulation setting, considering a minimum distance between

receiver and transmitter of 5 m and vmax = 30 m/s, we have |∆φ(n)
r | < 0.042◦,

and therefore we set the value for the standard deviation of the Laplacian

distribution that model the angle spread as 0.57◦, ten orders the magnitude

bigger than the maximum expected variation. Last, NPF = 50 is considered.

For the blockage statistics, the additional pathloss is assumed to be Gaussian

distributed as N(13.4, 2) dB.
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Figure 5.2: Comparison of channel power with and without blockage.
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5.6.2 Illustration of channel blockage modeling

In Fig. 5.2 , we provide an example to illustrate the impact of blockage

by comparing the power of channel matrices with and without blockage. It can

be seen that the blockage appears from slot 5 to slot 8 and slot 15 to slot 17,

as the significant decrease in channel power indicates additional attenuation

by blockage.

5.6.3 Comparison of CPD performance with different combiners
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Figure 5.3: Comparison of CPD performance with different combiners, using
Mtck = 1, SNR = -10dB, and with a threshold determined by a false positive
rate of 0.01.

In Fig. 5.3, we illustrate one realization of the CPD test statistics with

different combiners. It can be seen that the CPD test based on the new direc-

tional digital combiner can successfully identify all the abrupt changes. The
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CPD test based on the SNR-optimal combiner may induce some missed alarm

errors in this case. We further evaluate the receiver operating characteristics

(ROCs), i.e., true positive rate vs. false positive rate, of the CPD test with

different combiners in Fig. 5.4, which shows that the proposed directional

digital combiner can improve the success rate at any given false alarm proba-

bility. These results demonstrate the effectiveness of our proposed new digital

combiner design for blockage detection.
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Figure 5.4: Receiver operating characteristic (ROC) curves of the CPD with
different combiners, when Mtck = 1, SNR = -10dB.

5.6.4 Performances of channel tracking under blockage

In Fig. 5.5, we then compare the NMSE performances of the pro-

posed wideband channel tracking strategy under blockage corresponding to

the scenario in Fig. 5.2 . The NMSE of channel tracking along the Nslot com-
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Figure 5.5: NMSE performances of wideband channel tracking under blockage,
where Mtck = 8, SNR = -10dB, and Rician K-factor = 0 dB.

munication slots is defined as NMSE(n) = 10 log10
1
K

∑K−1
k=0

‖Ĥ(n)
[k]−H(n)[k]‖2F
‖H(n)[k]‖2F

.

For comparison, we also include the results of the original GMPF algorithm

without CPD for the channel tracking under blockage. The number of OFDM

symbols used for tracking is set to Mtck = 8 in this case. When the blockage

events are detected with CPD algorithms, the evolution models under blockage

can be adjusted for GMPF based channel tracking, as shown in line 14–21 in

Algorithm 5. As can be seen, the proposed CPD aided GMPF channel tracking

strategy can achieve a good channel tracking accuracy along the time, espe-

cially during the blockage phases. Nevertheless, without blockage detection,

the original GMPF algorithm failed to track the channels when the blockage

exists. This is due to the mismatch between the channel gain evolution models

and the realistic channel measurements under blockage.
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Figure 5.6: SE performances of wideband channel tracking under blockage as
a function of tracking overhead Mtck, where Nslot = 20 and Ns = 2..

In Fig. 5.6, we further evaluate the ergodic SE performances as a

function of the number of tracking overhead Mtck. The SE of the n-th slot is

defined as R(n)=M−Mtck

M

∑K−1
k=0 log2

∣∣∣INs + SNR
Ns

Ĥ
(n)

eff [k]Ĥ
(n)∗
eff [k]

∣∣∣ , where Ĥ
(n)

eff [k] is

the effective channel estimates with eigen-beamforming. The sum SE is then

averaged over the Nslot = 20 slots. For comparison, we also include the beam

management procedure in 5G NR and the fast beam tracking scheme proposed

in [14], which only exploits statistical priors of angles. As can be seen, the

proposed CPD aided GMPF based wideband channel tracking scheme can

achieve higher SE performances than the original GMPF algorithm, 5G NR

beam management and the fast beam tracking scheme, for the better channel

tracking accuracy during the blockage phases. Note that the SE has been

averaged over the whole transmission interval, which means if the blockage
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events happen frequently, the performance gains of the proposed strategy can

be even larger. This further demonstrates the effectiveness of the proposed

wideband channel tracking strategy under blockage.

5.7 Conclusions

In this chapter, we derived a channel tracking strategy for wideband

mmWave MIMO systems robust to blockage. We first established a statistical

wideband channel model for mmWave communications by exploiting the sta-

tistical knowledge of both the channel parameters and the blockage events. We

then proposed a CPD algorithm to identify the appearance and disappearance

of blockage events. Afterwards, we proposed a CPD-aided Bayesian algorithm

for channel tracking under blockage. A double digital combiner structure was

also designed to enhance both the CPD success rate and the channel tracking

accuracy. Simulations show that the proposed CPD-aided wideband channel

tracking scheme is robust to blockage, and can achieve a good channel tracking

performance even in high mobility scenarios.
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Chapter 6

Conclusion

Millimeter wave communication is a key technique for 5G cellular com-

munication systems and wireless local area networks (WLAN). To realize the

potential of mmWave communications, CSI acquisition is a vital stage for link

configuration. Nevertheless, considering the high dimensions of the channel

matrices, the low SNR conditions before beamforming, the inevitable hard-

ware imperfections and the fast motion in the vehicular scenarios, efficient

channel estimation or tracking are challenging at mmWave. Prior work on

this topic either assumes ideal models or simplify the constraints, making pre-

viously proposed solutions infeasible in some realistic scenarios. Motivated

by these limitations in previous work, in this dissertation we presented novel

solutions to facilitate and improve mmWave MIMO link configuration under

different practical conditions. We present a summary of the main contributions

in this dissertation as follows.

6.1 Summary

In Chapter 2 of this dissertation, we investigated the channel estima-

tion problem for hybrid wideband mmWave MIMO systems under the impact
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of hardware impairments. We proposed novel dictionary learning based solu-

tions to find the best sparsifying dictionaries for channel sparse representation.

Two specific dictionary learning algorithms were formulated and optimized by

exploiting the special channel properties of mmWave MIMO as well as the

structures of hardware imperfections, achieving the advantages of both high

performance gains and low computation burden. Numerical results show that

with the proposed dictionary learning approaches, compressive channel estima-

tion for mmWave MIMO systems can be done at low SNR with a low training

overhead.

In Chapter 3 of this dissertation, we considered a more practical sce-

nario for mmWave MIMO communications by incorporating the impact of both

hardware impairments and the beam squint effect. We proposed a dictionary

learning and channel estimation algorithm that exploit the channel response

at different subcarriers in the presence of beam squint. The effectiveness and

performance enhancement have also been demonstrated by numerical results

under different system parameters.

In Chapter 4 and Chapter 5 of this dissertation, we proposed efficient

wideband channel tracking solutions for mmWave MIMO systems when the

variation of the channel is smooth and also when there are abrupt changes

caused by blockage events. We first designed an efficient Bayesian channel

tracking algorithm to facilitate the low-overhead tracking without channel

blockage, and then extend the method by generalizing the channel models with

statistics of blockage events. We also proposed a novel double digital combiner
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architecture to enhance the channel blockage detection accuracy and the re-

sultant Bayesian channel tracking performance under blockage. Simulations

show that, even under high mobility conditions or frequent blockage distur-

bance, the proposed wideband channel tracking solutions are able to maintain

satisfying CSI acquisition accuracy at low overhead.

6.2 Future work

This dissertation has drew attentions to the typical limitations or im-

perfections in practical mmWave MIMO communication systems and pre-

sented some solutions for specific problems. Nevertheless, the research on

powerful mmWave MIMO link configuration solutions is far from over. On

one hand, the work in this dissertation still considers some basic assumptions

like single-user case, single polarization, or perfect time and frequency syn-

chronization. On the other hand, new use cases and scenarios have their own

problems to be solved. Dealing with these limitations or assumptions leads to

new future research directions.

6.2.1 Link configuration for imperfect polarized antenna systems

This dissertation and most of prior works on the topic of mmWave

MIMO link configuration have assumed the antenna geometry to be ULA

or uniform rectangular array (URA), but in practical 5G LTE or NR stan-

dards, antenna arrays are typically comprised of single- or dual- polarized

(DP) antennas. Polarization parameters are critical in successful operation on
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mmWave MIMO systems [108]. It is widely used at the AP to account for

the random orientations of the UE and considered for encrypting the classified

information in secure mmWave communications. Therefore, accurate angle

and polarization parameter estimations are particularly essential in mmWave

MIMO systems with DP antennas.

The typical channel models for MIMO systems with DP antennas in

the literature [108–112] assume same polarization angles for all antenna ele-

ments in the arrays, i.e., vertical/horizontal (0◦/90◦) polarization or (±45◦)

cross polarization. Nevertheless, this kind of channel modeling is too ideal

for practical implementation, where the polarization angles of each antenna

may be different in a general case, due to calibration/manufacturing errors or

deliberate design. In addition, non-ideal antenna radiation patterns should

also be considered. Moreover, the difference in orientation angles between

the transmit and receive antenna arrays, as well as the channel depolariza-

tion effect should be taken into consideration for the channel modeling and

parameter estimation [113]. Based on these considerations, efficient parame-

ter and channel estimation for mmWave MIMO systems with imperfect DP

antennas should be carefully investigated. Inspired by the work in Chapter 2

and Chapter 3 of this dissertation, dictionary learning can be a good direction

to deal with the aforementioned problems. Other potential solutions are also

necessary and need more efforts.
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6.2.2 Channel estimation for high mobility mmWave V2X under
beam squint

In this dissertation, we investigated the impact of beam squint effect

on mmWave MIMO link configuration in Chapter 3 for a time-flat frequency-

selective channel. In practice, a more realistic mmWave V2X communication

scenario will be both time-selective and frequency-selective. Therefore, it is

necessary to consider the link configuration for practical high mobility wide-

band V2X communication systems under beam squint.

Specifically, the doubly-selective (DS) channel, i.e., both time- and

frequency-selective channel, will be encountered in many wireless access links,

such as high-speed trains, vehicle-to-vehicle (V2V), and mmWave commu-

nications. Considering the channel estimation for an MIMO-OFDM system

over a DS channel, the number of channel coefficients to be estimated dur-

ing each OFDM symbol is scaled with the numbers of subcarriers (sample-

dimension), delay taps (delay-dimension) as well as the transmit/receive an-

tennas (antenna-dimension) Inspecting the literature [114–116], their assump-

tion on the common sparsity along the antenna-dimension is problematic for

large-scale MIMO regimes or wideband systems when the beam squint effect

is considered. Moreover, due to the delay differences of each data symbol at

different antennas, the assumption that common sparsity support is shared

among different transmit antennas does not longer hold true . More impor-

tantly, the commonly adopted antenna-dimension MIMO channel models in

the existing literature that use the conventional array response vectors for
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channel modeling are not valid either under beam squint circumstances. In

other words, the previous works that uses Vandermonde structured array re-

sponse vectors to form the non-orthogonal dictionary basis is questionable

either. Considering these limitations, novel channel estimation solutions for

high mobility mmWave V2X systems under beam squint are necessary and

again the dictionary learning idea proposed in this dissertation is a promising

direction.

6.2.3 Wideband channel tracking without statistical priors of chan-
nel parameter or blockage

In Chapter 4 and Chapter 5, we considered the problem of wideband

channel tracking for mmWave MIMO systems without and with channel block-

age, by introducing statistical channel models that include the evolution mod-

els for channel gains and AoAs/AoDs, as well as the statistics of blockage

events. This has enabled the design of the proposed Bayesian channel track-

ing solutions. Though many measurement campaigns and field test works have

provided some accurate statistical modeling of channel gains, AoAs/AoDs and

blockage, these modeling is not enough for more general realistic scenarios. In

other words, considering the complex practical communication scenario, the

true statistical priors of channel parameters or blockage may not be known or

accurate. In this sensing, the proposed Bayesian solutions may not be able

to work well for a satisfying performance. Considering these, it is necessary

to incorporate some schemes, which can learn the statistical information of

the environment and adjust the models accordingly. The widely used artificial
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intelligence (AI) or deep learning tools can be a potential candidate.

In the Chapter 5 of this dissertation, we adopted the blockage detection

scheme to help correct the right channel statistical models and compensate the

influence of blockage. To be noted that, this kind of solution still needs some

training resources in each channel slot to help identify the status of channel

blockage. Another alternative solution could be a general Bayesian algorithm

that uses hierarchical channel modeling to incorporate all the channel statis-

tics. For example, the variational Bayesian inference (VBI) algorithm [117]

can be a promising direction, Specifically, VBI models the channel gain, angle

and blockage priors with unknown hyperprior parameters. These hyperprior

parameters can be updated and adjusted along the time as the algorithms

operate, so that they can be better optimized and adapted to the realistic en-

vironments. In doing so, not only can the blockage detection step be omitted,

but also can the channel tracking performances be improved. Last, other po-

tential solutions to handle the wideband channel tracking without statistical

priors of channel parameters and blockage are needed as well.
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Appendix A

Calculation of FIM I(ξ)

In this appendix, we provide the detailed derivations for the expressions

of FIM I(ξ) based on (2.4.4). We first consider the diagonal blocks of the

FIM I(ξ) with respect to (w.r.t.) each type of above unknown parameter.

Specifically, the elements of the FIM I(ξ) w.r.t. the AODs/AOAs (∀i, j ∈

I(NpNray)) are given as

[I(ξ)]θi,φj =
2

σ2
<
{
∂µw

∗(ξ)

∂θi

∂µw(ξ)

∂φj

}
=

2

σ2

Nc−1∑
c=0

<
{
gi[c]

∂aT(θi)
T ⊗ aR(φi)

∗

∂θi(
ΓT ⊗ ΓR

)∗(
CT ⊗CR

)∗
Φw
∗Φw

(
CT ⊗CR

)(
ΓT ⊗ ΓR

)∂aT(θj)⊗ aR(φj)

∂φj
gj[c]

}
=

2

σ2

Nc−1∑
c=0

<
{

tr
{

gi [c]gj [c]
(
Γ T ⊗ ΓR

)∗(
CT ⊗CR

)∗
Φw
∗Φw

·
(
CT ⊗CR

)(
ΓT ⊗ ΓR

)
aT(θj)

∂aT(θi)
T

∂θi
⊗ ∂aR(φj)

∂φj
aR(φi)

∗
}}

, (A.0.1)

where, recalling the expression of aR(φj) in (2.3.2), the derivative of aR(φj)

w.r.t. φj is[
∂aR(φj)

∂φj

]
m

= −j
2π(md+ εr,m)

λ
cos(φj) [aR(φj)]m , ∀m = 0, . . . , Nr − 1,

(A.0.2)
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and the derivative of aT(θi) w.r.t. θi can be obtained accordingly. Likewise,

we have

[I(ξ)]φi,θj =
2

σ2

Nc−1∑
c=0

<
{

tr
{

gi [c]gj [c]
(
Γ T ⊗ ΓR

)∗(
CT ⊗CR

)∗
Φw
∗Φw

·
(
CT ⊗CR

)(
ΓT ⊗ ΓR

)∂aT(θj)

∂θj
aT(θi)

T ⊗ aR(φj)
∂aR(φi)

∗

∂φi

}}
, (A.0.3)

[I(ξ)]θi,θj =
2

σ2

Nc−1∑
c=0

<
{

tr
{

gi [c]gj [c]
(
Γ T ⊗ ΓR

)∗(
CT ⊗CR

)∗
Φw
∗Φw

·
(
CT ⊗CR

)(
ΓT ⊗ ΓR

)∂aT(θj)

∂θj

∂aT(θi)
T

∂θi
⊗ aR(φj)aR(φi)

∗
}}

, (A.0.4)

[I(ξ)]φi,φj =
2

σ2

Nc−1∑
c=0

<
{

tr
{

gi [c]gj [c]
(
Γ T ⊗ ΓR

)∗(
CT ⊗CR

)∗
Φw
∗Φw

·
(
CT ⊗CR

)(
ΓT ⊗ ΓR

)
aT(θj)aT(θi)

T ⊗ ∂aR(φj)

∂φj

∂aR(φi)
∗

∂φi

}}
. (A.0.5)

Similar computations for the elements of the FIM I(ξ) w.r.t. the path gains

(∀i, j ∈ I(NpNray),∀c ∈ I(Nc)) yield

[I(ξ)]gRi [c],gRj [c] =
2

σ2
<
{
∂µw

∗(ξ)

∂gR
i [c]

∂µw(ξ)

∂gR
j [c]

}
=

2

σ2
<
{

tr
{(

Γ T ⊗ ΓR

)∗(
CT ⊗CR

)∗
· Φw

∗Φw

(
CT ⊗CR

)(
ΓT ⊗ ΓR

)(
aT(θj)aT(θi)

T
)
⊗
(
aR(φj)aR(φi)

∗)}} ,
(A.0.6)

and [I(ξ)]gIi [c],gIj [c] = [I(ξ)]gRi [c],gRj [c], and

[I(ξ)]gRi [c],gIj [c]
=

2

σ2
<
{

tr
{

j
(
Γ T ⊗ ΓR

)∗(
CT ⊗CR

)∗
Φw
∗Φw

·
(
CT ⊗CR

)(
ΓT ⊗ ΓR

)
aT(θj)aT(θi)

T ⊗ aR(φj)aR(φi)
∗}} , (A.0.7)
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[I(ξ)]gIi [c],gRj [c] =
2

σ2
<
{

tr
{
−j
(
Γ T ⊗ ΓR

)∗(
CT ⊗CR

)∗
Φw
∗Φw

·
(
CT ⊗CR

)(
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aT(θj)aT(θi)

T ⊗ aR(φj)aR(φi)
∗}} . (A.0.8)

Similar computations for the elements of FIM I(ξ) w.r.t. the antenna gain

errors yield

[I(ξ)]gt,i,gr,j =
2

σ2
<
{
∂µw

∗(ξ)

∂gt,i

∂µw(ξ)

∂gr,j

}
=

2

σ2

Nc−1∑
c=0

<
{
g∗[c](AT ?AR)∗(diag{ejφt,iei} ⊗ Γ∗R)(CT ⊗CR)∗Φw

∗Φw

·(CT ⊗CR)(ΓT ⊗ diag{ejφr,jej})(AT ?AR)g[c]
}
, ∀i ∈ I(Nt), j ∈ I(Nr),

(A.0.9)

where ei is the i-th column of the identity matrix of appropriate dimension.

Besides, we have

[I(ξ)]gr,i,gt,j =
2

σ2

Nc−1∑
c=0

<
{
g∗[c](AT ?AR)∗(ΓT
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∗Φw(CT ⊗CR)(diag{e−jφt,jej} ⊗ ΓR)(AT ?AR)g[c]

}
,

∀i ∈ I(Nr), j ∈ I(Nt), (A.0.10)
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}
,

∀i, j ∈ I(Nr). (A.0.12)
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Similar computations for the elements of FIM I(ξ) w.r.t. the antenna phase

errors yield

[I(ξ)]φt,i,φt,j =
2

σ2
<
{
∂µw
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∂φt,i
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(A.0.13)

and

[I(ξ)]φr,i,φr,j =
2
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,

∀i ∈ I(Nt), j ∈ I(Nr), (A.0.15)
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Nc−1∑
c=0

<
{
g∗[c](AT ?AR)∗(ΓT

T ⊗ diag{−jgr,ie
−jφr,iei})

·(CT ⊗CR)∗Φw
∗Φw(CT ⊗CR)(diag{−jgt,je

−jφt,jej} ⊗ ΓR)(AT ?AR)g[c]
}
,

∀i ∈ I(Nr), j ∈ I(Nt). (A.0.16)
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Similar computations for the elements of FIM I(ξ) w.r.t. the antenna spacing

errors yield

[I(ξ)]εt,i,εr,j =
2

σ2
<
{
∂µw

∗(ξ)

∂εt,i

∂µw(ξ)

∂εr,j

}
=

2

σ2

Nc−1∑
c=0

<
{

g∗[c]
(∂AT

∂εt,i
?AR

)∗
(ΓT ⊗ ΓR)∗(CT ⊗CR)∗Φw

∗Φw(CT ⊗CR)

·(ΓT ⊗ ΓR)
(
AT ?

∂AR

∂εr,j

)
g[c]

}
, ∀i ∈ I(Nt), j ∈ I(Nr), (A.0.17)

where the derivative of AR w.r.t. εr,j is expressed as[
∂AR

∂εr,j

]
:,`

=
∂aR(φ`)

∂εr,j
= −j

2π

λ
sin(φ`)[aR(φ`)]j · ej, ∀` ∈ I(NpNray), j ∈ I(Nr),

(A.0.18)

and the derivative of AT w.r.t. εt,i can be expressed accordingly. Besides, we

have

[I(ξ)]εr,i,εt,j =
2

σ2

Nc−1∑
c=0

<
{

g∗[c]
(
AT ?

∂AR

∂εr,i

)∗
(ΓT ⊗ ΓR)∗(CT ⊗CR)∗Φw

∗Φw

·(CT ⊗CR)(ΓT ⊗ ΓR)
(∂AT

∂εt,j
?AR

)
g[c]

}
, ∀i ∈ I(Nr), j ∈ I(Nt), (A.0.19)

[I(ξ)]εt,i,εt,j =
2

σ2

Nc−1∑
c=0

<
{

g∗[c]
(∂AT

∂εt,i
?AR

)∗
(ΓT ⊗ ΓR)∗(CT ⊗CR)∗Φw

∗Φw

·(CT ⊗CR)(ΓT ⊗ ΓR)
(∂AT

∂εt,j
?AR

)
g[c]

}
, ∀i, j ∈ I(Nt), (A.0.20)

[I(ξ)]εr,i,εr,j =
2

σ2

Nc−1∑
c=0

<
{

g∗[c]
(
AT ?

∂AR

∂εr,i

)∗
(ΓT ⊗ ΓR)∗(CT ⊗CR)∗Φw

∗Φw

·(CT ⊗CR)(ΓT ⊗ ΓR)
(
AT ?

∂AR

∂εr,j

)
g[c]

}
, ∀i, j ∈ I(Nr). (A.0.21)
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Finally, similar computations for the elements of FIM I(ξ) w.r.t. the coupling

matrix coefficients yield

[I(ξ)]ct,i,j ,cr,m,n =
2

σ2
<
{
∂µw

∗(ξ)

∂ct,i,j

∂µw(ξ)

∂cr,m,n

}
=

2

σ2

Nc−1∑
c=0

<
{

g∗[c](AT ?AR)∗(ΓT ⊗ ΓR)∗
( ∂CT

∂ct,i,j

⊗CR

)∗
Φw
∗Φw

·
(
CT ⊗

∂CR

∂cr,m,n

)
(ΓT ⊗ ΓR)(AT ?AR)g[c]

}
,

∀1 < i < j < Nt, 1 < m < n < Nr, (A.0.22)

where the derivative of CR w.r.t. cr,m,n is an Nr ×Nr matrix with ones at the

indices of cr,m,n and zeros otherwise, and the derivative of CT w.r.t. ct,i,j can

be expressed accordingly. Besides, we have

[I(ξ)]cr,i,j ,ct,m,n =
2

σ2

Nc−1∑
c=0

<
{

g∗[c](AT ?AR)∗(ΓT ⊗ ΓR)∗
(
CT ⊗

∂CR

∂cr,i,j

)∗
·Φw

∗Φw

( ∂CT

∂ct,m,n

⊗CR

)
(ΓT ⊗ ΓR)(AT ?AR)g[c]

}
,

∀1 < i < j < Nr, 1 < m < n < Nt, (A.0.23)

[I(ξ)]ct,i,j ,ct,m,n =
2

σ2

Nc−1∑
c=0

<
{

g∗[c](AT ?AR)∗(ΓT ⊗ ΓR)∗
( ∂CT

∂ct,i,j

⊗CR

)∗
·Φw

∗Φw

( ∂CT

∂ct,m,n

⊗CR

)
(ΓT ⊗ ΓR)(AT ?AR)g[c]

}
,

∀1 < i < j < Nt, 1 < m < n < Nt, (A.0.24)

[I(ξ)]cr,i,j ,cr,m,n =
2

σ2

Nc−1∑
c=0

<
{

g∗[c](AT ?AR)∗(ΓT ⊗ ΓR)∗
(
CT ⊗

∂CR

∂cr,i,j

)∗
·Φw

∗Φw

(
CT ⊗

∂CR

∂cr,m,n

)
(ΓT ⊗ ΓR)(AT ?AR)g[c]

}
,

∀1 < i < j < Nr, 1 < m < n < Nr. (A.0.25)
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Note that the off-diagonal blocks of the FIM I(ξ) between two different types

of parameters can be obtained similarly following (2.4.4) and the derivations of

above diagonal blocks, and thus are omitted for space limitation. The complete

FIM I(ξ) is obtained as follows

I(ξ) =

[
I(1,1)(ξ) I(1,2)(ξ)
I(2,1)(ξ) I(2,2)(ξ)

]
, (A.0.26)

in which the sub-matrix I(1,1)(ξ) is defined as

I(1,1)(ξ) ,


[I(ξ)]θ,θ [I(ξ)]θ,φ [I(ξ)]θ,g[0] ··· [I(ξ)]θ,g[Nc−1]

[I(ξ)]φ,θ [I(ξ)]φ,φ [I(ξ)]φ,g[0] ··· [I(ξ)]φ,g[Nc−1]

[I(ξ)]g[0],θ [I(ξ)]g[0],φ [I(ξ)]g[0],g[0] ··· [I(ξ)]g[0],g[Nc−1]

...
...

...
...

...
[I(ξ)]g[Nc−1],θ [I(ξ)]g[Nc−1],φ [I(ξ)]g[Nc−1],g[0] ··· [I(ξ)]g[Nc−1],g[Nc−1]

 ,
(A.0.27)

containing the Fisher information between AOAs/AODs and channel gains.

Similarly, I(1,2)(ξ) is given as

I(1,2)(ξ) ,



[I(ξ)]gt,θ [I(ξ)]gt,φ [I(ξ)]gt,g[0] ··· [I(ξ)]gt,g[Nc−1]

[I(ξ)]gr,θ [I(ξ)]gr,φ [I(ξ)]gr,g[0] ··· [I(ξ)]gr,g[Nc−1]

[I(ξ)]φt,θ [I(ξ)]φt,φ [I(ξ)]φt,g[0] ··· [I(ξ)]φt,g[Nc−1]

[I(ξ)]φr,θ [I(ξ)]φr,φ [I(ξ)]φr,g[0] ··· [I(ξ)]φr,g[Nc−1]

[I(ξ)]εt,θ [I(ξ)]εt,φ [I(ξ)]εt,g[0] ··· [I(ξ)]εt,g[Nc−1]

[I(ξ)]εr,θ [I(ξ)]εr,φ [I(ξ)]εr,g[0] ··· [I(ξ)]εr,g[Nc−1]

[I(ξ)]ct,θ [I(ξ)]ct,φ [I(ξ)]ct,g[0] ··· [I(ξ)]ct,g[Nc−1]

[I(ξ)]cr,θ [I(ξ)]cr,φ [I(ξ)]cr,g[0] ··· [I(ξ)]cr,g[Nc−1]

 , (A.0.28)

which gathers the Fisher information between AOAs/AODs, channel gains

and the remaining disturbance parameters. Moreover, I(2,1)(ξ) =
[
I(1,2)(ξ)

]T
.

Lastly, I(2,2)(ξ) contains the Fisher information between remaining disturbance
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parameters and is expressed as

I(2,2)(ξ) ,


[I(ξ)]gt,gt [I(ξ)]gt,gr [I(ξ)]gt,φt [I(ξ)]gt,φr [I(ξ)]gt,εt [I(ξ)]gt,εr [I(ξ)]gt,ct [I(ξ)]gt,cr
[I(ξ)]gr,gt [I(ξ)]gr,gr [I(ξ)]gr,φt [I(ξ)]gr,φr [I(ξ)]gr,εt [I(ξ)]gr,εr [I(ξ)]gr,ct [I(ξ)]gr,cr
[I(ξ)]φt,gt [I(ξ)]φt,gr [I(ξ)]φt,φt [I(ξ)]φt,φr [I(ξ)]φt,εt [I(ξ)]φt,εr [I(ξ)]φt,ct [I(ξ)]φt,cr
[I(ξ)]φr,gt [I(ξ)]φr,gr [I(ξ)]φr,φt [I(ξ)]φr,φr [I(ξ)]φr,εt [I(ξ)]φr,εr [I(ξ)]φr,ct [I(ξ)]φr,cr
[I(ξ)]εt,gt [I(ξ)]εt,gr [I(ξ)]εt,φt [I(ξ)]εt,φr [I(ξ)]εt,εt [I(ξ)]εt,εr [I(ξ)]εt,ct [I(ξ)]εt,cr
[I(ξ)]εr,gt [I(ξ)]εr,gr [I(ξ)]εr,φt [I(ξ)]εr,φr [I(ξ)]εr,εt [I(ξ)]εr,εr [I(ξ)]εr,ct [I(ξ)]εr,cr
[I(ξ)]ct,gt [I(ξ)]ct,gr [I(ξ)]ct,φt [I(ξ)]ct,φr [I(ξ)]ct,εt [I(ξ)]ct,εr [I(ξ)]ct,ct [I(ξ)]ct,cr
[I(ξ)]cr,gt [I(ξ)]cr,gr [I(ξ)]cr,φt [I(ξ)]cr,φr [I(ξ)]cr,εt [I(ξ)]cr,εr [I(ξ)]cr,ct [I(ξ)]cr,cr

 .
(A.0.29)
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Appendix B

Proof of equation (3.3.10)

Let the delayed filter be

r(t) = p(t− τ). (B.0.1)

If we have a set of measurements r = [r(0), r(Ts), . . . , r((K − 1)Ts)]
T , the k-th

entry after DFT can be computed as

r̂[k] =
K−1∑
d=0

[r]d · e−j 2πkd
K . (B.0.2)

Equivalently, we can use the continuous interpretation of the DFT to represent

this as

r̂[k] = F
(∑

d

δdTs(p ∗ δτ )
)

[fk], (B.0.3)

where
∑

d δdTs =
∑∞

d=−∞ δ(t − dTs) is the sampling function with period Ts

and δτ , δ(t − τ). Moreover, ∗ denotes convolution operation and F(·)[fk]

is the Fourier transform evaluated at frequency fk. Next we can make use of

Fourier product and convolution identities to get to

r̂[k] =
(
F
(∑

d

δdTs
)
∗
(
F(p)F(δτ )

))
[fk]. (B.0.4)
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Using the Dirac comb Fourier identity formula we reach

r̂[k] =
(( 1

Ts

∑
i

δi/Ts
)
∗
(
F(p)F(δτ )

))
[fk]. (B.0.5)

Now we can express the convolution in terms of an integral

r̂[k] =
1

Ts

∫
F(p)[f ]e−j2πfτ

∑
i

δi/Ts(fk − f)df, (B.0.6)

and this can be solved by evaluating the Dirac comb as follows

r̂[k] =
∑
i

F(p)[fk + i/Ts]

Ts

e−j2π(fk+i/Ts)τ

=
(∑

i

F(p)[fk + i/Ts]

Ts

e−j2πiτ/Ts
)
e−j2πfkτ . (B.0.7)

Note that since F(p) is bounded, this sum only includes a few terms. Let us

define the delay-frequency distortion as

g(k, τ) =
∑
i

F(p)[fk + i/Ts]

Ts

e−j2πiτ/Ts , (B.0.8)

and then (B.0.7) can be simplified to

r̂[k] = g(k, τ)e−j2πfkτ . (B.0.9)

If we assume the domain of F(p) to be in [fc − 1+β
2Ts

, fc + 1+β
2Ts

] with β ∈ [0, 1],

then we have the expression for g(k, τ) as

g(k, τ) =


F(p)[fk]
Ts

+ F(p)[fk−1/Ts]
Ts

ej2πτ/Ts if 2(fk − fc) > (1− β)/Ts
F(p)[fk]
Ts

if 2|fk − fc| ≤ (1− β)/Ts
F(p)[fk]
Ts

+ F(p)[fk+1/Ts]
Ts

e−j2πτ/Ts if 2(fk − fc) < −(1− β)/Ts

(B.0.10)
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In the case of a raised cosine filter with parameters T = Ts and β ∈ [0, 1], it is

straightforward to prove that

g(k, τ) =



1
2
(1 + ej 2πτ

Ts + (1− ej 2πτ
Ts ) cos(πTs

β
(|fk| − 1−β

2Ts
))),

if 2(fk − fc) > (1− β)/Ts

1, if 2|fk − fc| ≤ (1− β)/Ts

1
2
(1 + e−j 2πτ

Ts + (1− e−j 2πτ
Ts ) cos(πTs

β
(|fk| − 1−β

2Ts
))),

if 2(fk − fc) < −(1− β)/Ts

(B.0.11)
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Appendix C

Derivative of the objective function in (3.4.12)

with respect to hardware impairment related

dictionary

First, we calculate the derivative of the first sum term in (3.4.12) with

respect to DR,1. For u ∈ I(Nsa), k ∈ Kcen, we have

∂J
(u)
k

∂DR,1

= −(Ĥ(u)[k]−DR,1X
(u)
R,1[k])(X

(u)
R,1[k])T . (C.0.1)

Next, we calculate the derivative of the second sum term in (3.4.12)

with respect to DR,1. Recalling the chain rule, we can express the Jacobian

matrix of the second sum term with respect to DR,1 as, ∀u ∈ I(Nsa), k ∈ Kside,

∂J
(u)
k

∂vec(DR,1)T
=

∂J
(u)
k

∂vec(
∑L̂

l̂=1 α̂l̂e
−j2πfk τ̂l̂Gk(τ̂l̂, φ̂l̂, θ̂l̂)�DR,1X

(u)

R,1,l̂
[k])T

·
∂vec(

∑L̂
l̂=1 α̂l̂e

−j2πfk τ̂l̂Gk(τ̂l̂, φ̂l̂, θ̂l̂)�DR,1X
(u)

R,1,l̂
[k])

∂vec(DR,1X
(u)

R,1,l̂
[k])T

·
∂vec

(
DR,1X

(u)

R,1,l̂
[k]
)

∂vec(DR,1)T

= −vec
(
Ĥ(u)[k]−

L̂∑
l̂=1

α̂l̂e
−j2πfk τ̂l̂Gk(τ̂l̂, φ̂l̂, θ̂l̂)�DR,1X

(u)

R,1,l̂
[k]
)T

·
L̂∑
l̂=1

α̂l̂e
−j2πfk τ̂l̂diag

{
vec(Gk(τ̂l̂, φ̂l̂, θ̂l̂))

}(
(X

(u)

R,1,l̂
[k])T ⊗ INr

)
. (C.0.2)
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With the Jocobian matrix, we can expressive the derivative of the second sum

term in (3.4.12) with respect to DR,1 as follows

∂J
(u)
k

∂DR,1

= unvec
{ ∂J

(u)
k

∂vec(DR,1)

}
= unvec

{
−

L̂∑
l̂=1

α̂l̂e
−j2πfk τ̂l̂

(
X

(u)

R,1,l̂
[k]⊗ INr

)
· diag

{
vec(Gk(τ̂l̂, φ̂l̂, θ̂l̂))

}
· vec

(
Ĥ(u)[k]

−
L̂∑
l̂=1

α̂l̂e
−j2πfk τ̂l̂Gk(τ̂l̂, φ̂l̂, θ̂l̂)�DR,1X

(u)

R,1,l̂
[k]
)}

= −
L̂∑
l̂=1

α̂l̂e
−j2πfk τ̂l̂

[(
Ĥ(u)[k]−

L̂∑
l̂=1

α̂l̂e
−j2πfk τ̂l̂Gk(τ̂l̂, φ̂l̂, θ̂l̂)�DR,1X

(u)

R,1,l̂
[k]
)

�Gk(τ̂l̂, φ̂l̂, θ̂l̂)
](

X
(u)

R,1,l̂
[k]
)T
. (C.0.3)

Then combining the derivatives in (C.0.1) for k ∈ Kcen and the derivatives

in (C.0.3) for k ∈ Kside, we can obtain the final derivative of the objective

function in (3.4.12) with respect to DR,1, i.e.,

∂J

∂DR,1

= −
∑

u∈I(Nsa)

∑
k∈Kcen

(Ĥ(u)[k]−DR,1X
(u)
R,1[k])(X

(u)
R,1[k])T

−
∑

u∈I(Nsa)

∑
k∈Kside

L̂∑
l̂=1

α̂l̂e
−j2πfk τ̂l̂

[(
Ĥ(u)[k]

−
L̂∑
l̂=1

α̂l̂e
−j2πfk τ̂l̂Gk(τ̂l̂, φ̂l̂, θ̂l̂)�DR,1X

(u)

R,1,l̂
[k]
)
�Gk(τ̂l̂, φ̂l̂, θ̂l̂)

](
X

(u)

R,1,l̂
[k]
)T
.

(C.0.4)
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Appendix D

Derivative of the objective function in (3.4.15)

with respect to location error

First, we calculate the derivative of the first sum term in (3.4.15) with

respect to the location error εR. Note that the gradient of any element of DR,2

with respect to the antenna location error εR,m can be expressed as

∂[DR,2]m,n
∂εR,m

=
∂e−j2πfcεR,m·sin(φvn)/c

∂εR,m
= [DR,2]m,n ·

−j2πfc sin(φv
n)

c
. (D.0.1)

Therefore, we have the gradient of J
(u)
k with respect to εR as

∂J
(u)
k

∂εR

= 2R

{{
∂J

(u)
k

∂DR,2

�DR,2

}
· −j2πfc sin(φv)

c

}
, (D.0.2)

We next calculate the derivative of the second sum term in (3.4.15)
with respect to εR. Similar to Appendix C, using the chain rule of Jacobian
matrix, we have, ∀u ∈ I(Nsa), k ∈ Kside,

∂J
(u)
k

∂εTR
= 2R

{
∂J

(u)
k

∂vec
(∑L̂

l̂=1 α̂l̂e
−j2πfk τ̂l̂Gk(τ̂l̂, φ̂l̂, θ̂l̂)�

(
DR,1

(
eR(φ̂l̂)� aR,k(φ̂l̂)

)
X

(u)

R,2,l̂
[k]
))T

·
∂vec

(∑L̂
l̂=1 α̂l̂e

−j2πfk τ̂l̂Gk(τ̂l̂, φ̂l̂, θ̂l̂)�
(
DR,1

(
eR(φ̂l̂)� aR,k(φ̂l̂)

)
X

(u)

R,2,l̂
[k]
))

∂vec
(
DR,1

(
eR(φ̂l̂)� aR,k(φ̂l̂)

)
X

(u)

R,2,l̂
[k]
)T

·
∂vec

(
DR,1

(
eR(φ̂l̂)� aR,k(φ̂l̂)

)
X

(u)

R,2,l̂
[k]
)

∂vec
(
eR(φ̂l̂)� aR,k(φ̂l̂)

)T · ∂vec
(
eR(φ̂l̂)� aR,k(φ̂l̂)

)
∂vec

(
eR(φ̂l̂)

)T · ∂vec
(
eR(φ̂l̂)

)
∂εTR

}

= 2R

{
− vec

(
Ĥ(u)[k]−

L̂∑
l̂=1

α̂l̂e
−j2πfk τ̂l̂Gk(τ̂l̂, φ̂l̂, θ̂l̂)�

(
DR,1

(
eR(φ̂l̂)� aR,k(φ̂l̂)

)
X

(u)

R,2,l̂
[k]
))T
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·
L̂∑
l̂=1

αl̂e
−j2πfk τ̂l̂diag

{
vec(Gk(τ̂l̂, φ̂l̂, θ̂l̂))

}
·
(
(X

(u)

R,2,l̂
[k])T ⊗DR,1

)
· diag

{
vec(aR,k(φ̂l̂))

}
· diag

{
eR(φ̂l̂)

}
· −j2πfc sin(φ̂l̂)

c

}
. (D.0.3)

Therefore, we have

∂J
(u)
k

∂εR
= 2R

{
−

L̂∑
l̂=1

α̂l̂e
−j2πfk τ̂l̂ · −j2πfc sin(φ̂l̂)

c
· diag

{
eR(φ̂l̂)� aR,k(φ̂l̂)

}
·
(
(X

(u)

R,2,l̂
[k])⊗DT

R,1

)
· diag

{
vec(Gk(τ̂l̂, φ̂l̂, θ̂l̂))

}
· vec

(
Ĥ(u)[k]−

L̂∑
l̂=1

α̂l̂e
−j2πfk τ̂l̂Gk(τ̂l̂, φ̂l̂, θ̂l̂)�

(
DR,1

(
eR(φ̂l̂)� aR,k(φ̂l̂)

)
X

(u)

R,2,l̂
[k]
))}

= 2R

{
−

L̂∑
l̂=1

α̂l̂e
−j2πfk τ̂l̂ · −j2πfc sin(φ̂l̂)

c
·
[
DT

R,1

·
((

Ĥ(u)[k]−
L̂∑
l̂=1

α̂l̂e
−j2πfk τ̂l̂Gk(τ̂l̂, φ̂l̂, θ̂l̂)�

(
DR,1

(
eR(φ̂l̂)� aR,k(φ̂l̂)

)
X

(u)

R,2,l̂
[k]
))

�Gk(τ̂l̂, φ̂l̂, θ̂l̂)

)
(X

(u)

R,2,l̂
[k])T

]
�
(
eR(φ̂l̂)� aR,k(φ̂l̂)

)}
. (D.0.4)

Then combining the derivatives in (D.0.2) for k ∈ Kcen and the derivatives
in (D.0.4) for k ∈ Kside, we can obtain the final derivative of the objective
function in (3.4.15) with respect to εR, i.e.,
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and Robert W Heath, “Frequency-domain compressive channel esti-

mation for frequency-selective hybrid millimeter wave MIMO systems,”

IEEE Trans. Wireless Commun., vol. 17, no. 5, pp. 2946–2960, May

2018.

174



[6] Kiran Venugopal, Ahmed Alkhateeb, Nuria González Prelcic, and
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