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Some modern spacecraft missions require precise knowledge of the attitude, 

obtained from the ground processing of on-board attitude sensors. A traditional 6-state 

attitude determination filter, containing three attitude errors and three gyro bias errors, 

has been recognized for its robust performance when it is used with high quality 

measurement data from a star tracker for many past and present missions. However, as 

higher accuracies are required for attitude knowledge in the missions, systematic errors 

such as sensor misalignment and scale factor errors, which could often be neglected in 

previous missions, have become serious, and sometimes, the dominant error sources. The 

star tracker data have gaps and degradation caused by, for example, the Sun and Moon 

blocking in the filed of view and data time tag errors. Thus, attitude determination based 

on the gyro data without using the star tracker data is inevitably required for most 

missions for the period when the star tracker is unable to provide accurate data. However, 

any gyro-based attitude errors would eventually grow exponentially because of the 

uncorrected systematic errors of gyros and the uncorrected gyro random noises. 
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An improved understanding of the gyro random noise characteristics and the 

estimation of the gyro scale factor errors and gyro misalignments are necessary for 

precise attitude determination for some present and future missions. The 6-state filters 

have been extended to 15-state filters to estimate the scale factor and misalignment errors 

of gyros especially during a high-slew maneuver and the performance of theses filters has 

been investigated. During a starless period, the inevitable drift of the EKF solutions, 

which are caused by the uncorrected gyro’s systematic errors and the gyro random noises, 

can be replaced with the batch solutions, which are less affected by the data gap in the 

star tracker. Power Spectral Density and the Allan Variance Method are used for 

analyzing the gyro random noises in both ICESat and simulated gyro data, which provide 

better information about the process noise covariance in the attitude filter. Both simulated 

and real data are used for analyzing and evaluating the performances of EKF and batch 

algorithms. 
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Chapter 1: Introduction 

1.1 GLAS MISSION AND GLAS SYSTEM 

Ice, Cloud and Land Elevation Satellite (ICESat) was launched in January, 2003 

as a part of the NASA Earth Observing System (EOS). The Geoscience Laser Altimeter 

System (GLAS) was carried aboard ICESat. The laser altimeter can estimate the height 

between the spacecraft to the Earth surface and also measure the vertical distribution of 

clouds and aerosols. These measurements can provide the information to determine the 

mass balance of ice sheets on Greenland and Antarctica and their effects on global sea 

level change [1]. Thus, the measurements from the GLAS must be precise to estimate its 

annual surface elevation change on the Polar Regions. 

The error budget for the instrument and the necessary ancillary information can be 

seen in the GLAS science requirements to fulfill the GLAS mission goals [1]. The 

accuracy of the laser pointing direction should be within 1.5 arcseconds ( 1 ) to satisfy 

the requirement for the elevation measurement. There are several steps for processing the 

measurements for the spacecraft to achieve the accuracy for the laser pointing direction. 

The Precision Orbit Determination (POD) for the GLAS can be acquired from the data 

collected by the Global Positioning System (GPS) and the Ground-based Satellite Laser 

Ranging (SLR) [2]. When the laser altimeter system fires the laser beam from the 

spacecraft to the Earth, the laser altimeter system can estimate the range between the 

spacecraft and the spot on the Earth surface by measuring the round-trip time of the 

returned laser pulse. During the laser pulse firing process, the laser beam angle pointing 

determination in a body-fixed Terrestrial Reference Frame (TRF) is also required [3]. 

The laser pointing angle information comes from the process known as Precision Attitude 

Determination (PAD). The PAD process is accomplished through an Extended Kalman 

Filter (EKF) by using the data from a star tracker and gyros, and provides the spacecraft 
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optical bench orientation with respect to the Celestial Reference Frame (CRF), which is 

related to the laser pointing direction. The information from POD, PAD and the ranging 

provides the generation of data products to fulfill the science goal of the mission, which 

is to determine the temporal variations of the ice sheets in Greenland and Antarctica [4].   

The GLAS attitude system includes a HD-1003 star tracker as a primary attitude 

sensor, which is called the Instrument Star Tracker (IST) and a Hemispherical Resonator 

Gyro (HRG) unit. This star tracker can measure multiple stars images in a single 

measurement frame. These star images are compared with the star catalog information in 

the star identification algorithm to provide the unit vectors of each star in the body 

coordinated frame and in the CRF. The unit vector leads the attitude solutions in the 

specified algorithm for the attitude determination, for example, the Quaternion Estimator 

(QUEST). The attitude solutions from QUEST are used as the measurement attitude data 

in the EKF. Besides the IST, two Ball Aerospace Engineering’s CT-602 star trackers, 

which are called BST 1 and BST 2, are mounted on the spacecraft to provide on-board 

attitude determination for real-time attitude control. Since two BSTs’ Bore-sight 

Directions (BD) have 30 degrees angle separation from IST’s BD, the BSTs can provide 

the ground-based attitude determination when the IST can not. As the inertial 

measurement units, four HRGs mounted on the optical bench of the spacecraft can 

measure the continuous angular measurements associated with spacecraft attitude 

changes. Even if the HRG units are the redundant inertial measurement units 

compromised from four gyros, only three active gyros are used to provide the angular 

measurements to fulfill three axes attitude determination during the mission. 

Besides the IST, there are Laser Reference Sensor (LRS) and the Laser Profiling 

Array (LPA) on the GLAS optical bench for the laser pointing determination. As the 

second star tracker, LRS can observe a portion of the outgoing laser energy and the 
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occasional stars that are observed in its 0.5 degree Field Of View (FOV) at a 10 Hz rate. 

Thus, both star observations and laser pulse observations in LRS can provide the 

alignment link between the laser pointing and the spacecraft optical bench. The 

Collimated Reference Source (CRS), which is rigidly attached to the IST, can emit its 

own laser pulse to the LRS at a 10 Hz rate. Thus, it can provide the alignment 

information between the IST and LRS [5]. LPA can record the spatial laser beam patterns 

at a 40 Hz rate to monitor the shot-to-shot variation [6].  

1.2 GLAS MISSION’S OPERATION 

ICESat is in a near-circular orbit with 94
o
 inclination and its altitude is 

approximately 600 km. The orbit is frozen so that the mean perigee is fixed near the 

North Pole. According to the beta-prime angle, which is the angular distance between the 

orbit plane and the Sun, two different attitude modes are used in the mission. When the 

absolute value of the beta-prime angle is less than 33
o
, the airplane mode is used, which 

means the satellite velocity direction is perpendicular the solar panel rotation axis. When 

the absolute value of the beta prime angle is greater than 33
o
, the sailboat mode, in which 

the satellite velocity direction is parallel to the solar panel rotation axis, is used.  

Figure 1.1 explains the attitude modes. As the beta prime angle decreases in 

absolute sense, the sun-blinding occurs. It leads the data gaps in the star measurements. 

Because of the low beta prime angle operation during the airplane mode, the duration of 

the Sun-blinding is longer than that of the sailboat mode. The Sun-blinding period will 

not affect the attitude accuracy of the GLAS mission since it happens at the low latitudes 

not at the Polar Regions. 
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Figure 1.1 Attitude modes of ICESat. 
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GLAS is equipped with three lasers for the entire mission span. According to the 

used laser numbers and the sequence of operation modes, the campaign’s name for the 

GLAS mission can be defined. Laser 1 was used for L1a and L1b campaigns from 

February to March 2003. After the unexpected failure of Laser 1, Laser 2 was used for 

the L2a, L2b, and L2c campaigns from September 2003 to June 2004. Laser 3 has been 

operated from September 2004 (L3a campaign) to October 2008 (L3k campaign). Laser 2 

has been used again for L2d, L2e and L2f campaigns since December 2008. Each laser 

campaign lasts about 33 days from the laser turn-on to the laser turn-off, but occasionally 

it has a noticeably longer or shorter duration.  

To provide the calibration and validation of the laser direction, there are high-

slew maneuvers such as the Ocean Scan (OS) maneuver and “round”-the-world (RTW) 

scan maneuver in the GLAS mission. The maneuver is defined as the angular rate change 

in any direction of the spacecraft. During the maneuvers in the GLAS mission, the 

spacecraft is orbiting with 3~5
o
 off-nadir angle primarily in roll and pitch direction. One 

of the differences between two scan maneuvers is the length of scan time such as 20 

minutes for OS maneuver and one orbital period for RTW scan maneuver. Another 

difference is that the OS maneuver is performed nominally twice a day for measuring the 

daily thermal-mechanical variation of GLAS components and the RTW scan is operated 

nominally every eight days to provide the information to estimate the remaining 

Systematic Pointing Errors (SPE) orbital variation as a function of the orbit angle [7].  

1.3 MOTIVATION AND DISSERTATION OUTLINE 

The attitude of ICESat (GLAS) is determined by using star tracker and gyro data, 

and Extended Kalman Filter estimation. While the gyro is providing data continuously, 

the star tracker experiences occasional data gaps for various reasons. Internal processing 
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errors in the star tracker, or data transmission problems, can cause data loss. Reduced 

numbers of stars in certain sky regions also cause data gaps. In addition, ICESat crosses 

the equator about 28 times a day, 14 times each on opposite sides of the earth, due to its 

97 minute orbital period. The beta prime angle, which is the angle between the orbit 

plane and the Sun, changes at a rate of approximately 0.5 degree per day.  When this 

angle is small and the Sun is close to the IST FOV near the equator, Sun light saturates 

the star tracker measurements. This sun-blinding usually happens when the beta prime 

angle is in the range between ±25 degrees. The data gaps reach up to 750 seconds per 

orbit when the beta prime angle is near at 0 degrees. With maneuvers like OS or RTW, 

the IST can lose data for over 800 seconds. Moon-blinding also cause IST data gaps, with 

the time interval determined by the geometry of Moon and Earth. 

The quality of the gyro data is important in the spacecraft mission regardless of 

the star tracker data availability. Gyro uncertainties can be described by using gyro error 

models which represent the error sources as stochastic processes. The standard gyro error 

model is convenient because it can be represented as process noise in a Kalman filter 

using two or three white noise or integrated white noise parameters. Many simplifications 

or approximations are involved since there are more than two or three gyro error sources, 

and some of the most important are not white noise, in particular the bias instability. One 

research direction concerns the values of the gyro error model parameters and the effects 

of incorrect values. A broader research direction concerns gyro error sources and 

stochastic processes, alternative gyro error models, and alternative filter designs. The 

gyro model in the PAD attitude determination is based on the 6-state EKF developed by 

Lefferts, Markley and Shuster [8]. The gyro related parameters in these 6 states are three 

gyro rate biases at each orthogonal coordinate axis. Different models can include more 

gyro parameters, such as gyro scale factor and misalignments in addition to the gyro 
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biases. However, if the spacecraft is rotating about a vector that is constant in direction 

and if the magnitude of the angular rate is constant, the parameters are not independently 

observable and their effect is the same as a gyro bias [9]. To meet its science 

requirements, ICESat is rotating with constant angular rate to keep the laser direction 

towards the Earth center. For PAD with real ICESat data, the gyro rate bias has all the 

information for gyro rate calibration when the star tracker provides star data 

continuously.  

During the star tracker data gaps, gyros are used to propagate the attitude. With 

rate-integrating gyros, the user has to first differentiate the output and then immediately 

integrate it in another coordinate system because attitude is represented at the body-fixed 

coordinate frames that are constrained and not independent. It turned out that the gyro-

only attitude can be reasonably accurate over shorter time periods, but the attitude error 

could become large as the duration of star data gap grows. Hundreds of seconds with an 

IST data gap made the gyro propagated attitude error increase up to several tens of 

arcseconds. A research direction concerns how accurately and for how long gyro 

propagation can be used, and what improvements are possible for better solution. This 

dissertation is focused on the performance of the ICESat gyros: how well gyros perform 

compared to the given gyro properties, and how to improve the attitude solution with the 

given gyro data. 

ICESat PAD is based on the 6-state EKF for attitude determination and the 6-state 

batch method for calibration (correction) procedures. As mentioned earlier, PAD does not 

nominally require additional estimation parameters, which are the gyro scale factor and 

misalignment errors. The motivation of this research is to improve attitude accuracy in 

certain environments such as long IST data gaps due mainly to Sun-blinding. The 

additional parameters increase the number of estimation states to 15 from the traditional 6 
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states. The research also includes the conditions for efficient 15-state estimation, such as 

addressing the question: when can these parameters be observed? It will be shown that 

the 15-state EKF and batch method estimate spacecraft attitude more accurately than the 

6-state EKF and batch method during high-rate slew maneuvers. The research includes 

simulation data as well as real ICESat data. The results with the simulation data provide 

some information that the real data cannot, because real ICESat maneuvers were limited. 

The processing of the real ICESat data is also important because it has realistic problems 

that were not included in the simulation data.   

In Chapter 2, the fundamental theory of attitude determination is explained with 

the introduction of kinematic equations. The processes of various algorithms, such as 

EKF and batch algorithms for attitude determination are also described. The conventional 

6-state filter, which can estimate three attitude angles and three gyro bias errors, can be 

extended to the 15-state filter to estimate the scale factor and misalignment errors.  

In Chapter 3, the methods for the gyro random noise analysis are introduced. The 

principal operation for Hemispherical Resonator Gyro (HRG) is briefly explained. Also, 

the various gyro noise sources are described. The gyro noise sources can be divided into 

two categories, the systematic error sources and the random noise sources. The main goal 

of the Chapter 3 is to introduce the methods for estimating the random noise sources such 

as the stochastic processing. Power Spectral Density (PSD) and Allan Variance Method 

(AVM) can be used for measuring the gyro random noise intensities, which provide the 

information for process noise covariance matrix in the EKF. 

In Chapter 4, the processes for generating the simulated gyro data and the 

measurement attitude data are presented. The various maneuvers such as a non-high-slew 

maneuver, a high-slew maneuver, and the Sun/Moon-blocking period are introduced to 

test the performances of the EKF and batch algorithms. 
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In Chapter 5, the gyro random noise analysis for both the simulated gyro data and 

the real GLAS gyro data is described by using the PSD and AVM. The procedures for 

finding and computing the random noise coefficients from each method’s results are also 

introduced. Through this analysis, the information for the process noise covariance 

matrix can be provided. The performance of HRG used on the ICESat can be explained 

by comparing the changes of the random noise coefficients during the GLAS mission 

period. 

In Chapter 6, the attitude results of the simulated data from the 6-state filters and 

the 15-state filters are described by testing various maneuvers explained in Chapter 4. 

During a high-slew maneuver, the attitude accuracy can be improved by using the 15-

state EKF and the 15-state batch because these filters can estimate the scale factor and 

misalignment errors. The batch attitude solutions are less affected by the data gap in the 

measurement data (the starless period), while the EKF attitude solutions become less 

accurate because of the cumulative gyro random noise effects and the uncorrected 

systematic errors of gyros during a starless period. Thus, the batch attitude solution can 

replace the EKF attitude solution during a starless period. 

In Chapter 7, the attitude results of the GLAS mission are shown and analyzed by 

testing all filters for the various maneuvers. Since the true attitude solution is unknown, 

the values of root mean squares (RMS) of the laser pointing angle direction are estimated 

and figured as the attitude accuracy criteria. By comparing each result of EKF or batch 

algorithms, we can investigate which filters provide more accurate attitude solutions. 

In Chapter 8, the conclusions and future work are presented. In the conclusions 

section, the attitude solution results and the gyro random noise analysis results from 

simulated data and GLAS data are explained. For the future work, the modified 6-state 

EKF algorithm is briefly introduced to utilize the 15-state EKF property during a high-
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slew maneuver and to adopt the batch algorithm for a starless period. Finally, the new 

method for analyzing the gyro random noise characteristics is presented.  
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CHAPTER 2: GLAS Ground-based Attitude Determination 

2.1 ATTITUDE DEFINITION AND REPRESENTATIONS 

The attitude determination means the determination of the orientation of the 

spacecraft body-fixed frame with respect to a defined reference frame, which is usually 

the Celestial Reference Frame (CRF). There are several ways to represent the attitude. 

For example, a direction cosine matrix, Euler angles, quaternions, or a Gibbs vector. 

The direction cosine matrix is comprised of the nine components of three 

orthogonal axes specifying the spacecraft orientation with respect to the reference frame. 

The advantages of the direction cosine matrix representation are that it has no singularity 

and no trigonometric functions, while it has 6 redundant parameters since only three 

components are required to define the orientation of the rigid body [10].  

The Euler angles are defined as three sequential rotation angles specifying the 

body-fixed frame of the spacecraft with respect to the reference frame. Thus, there are no 

redundant parameters for the Euler angles representation. The disadvantage of that 

representation is that it has trigonometric functions, which require relatively large 

amounts of time for computer processing. Another disadvantage is that the Euler angle 

representation has a possibility for singularity caused by gimbal-lock [10], which occurs 

when two of three Euler angles can not be distinguished from each other.  

Quaternions are the formation of attitude in terms of the rotation angle and the 

rotation axis. The rotation axis is defined as the unit vector from Euler’s theorem. 

Quaternions are widely used because the quaternion differential equation can be treated 

as linear and it is free from singularities, unlike the Euler angle representation. Finally, 

the attitude matrix in terms of the quaternion components is algebraic, which means no 

trigonometric functions are required [10]. Based on these advantages of the quaternion 
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representation, quaternions are used for attitude determination and they are used in this 

study. The expression of the quaternion representation is given by 
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where 
xe , ye  and ze  are components of the rotation axis as the unit vector and   is the 

rotation angle. One of the drawbacks of quaternion expression is that it has one redundant 

component. Thus, it has the constraint that the norm of the four elements should be equal 

to one. If the state vector in an Extended Kalman Filter (EKF) includes four components 

of the quaternion, the covariance matrix can be singular because of the constraint. The 

problem of singularity in the covariance matrix can be solved by reducing the state 

vectors from four quaternion elements to three attitude angles [8].  

The Gibbs vector can be obtained by dividing the three vector components of the 

quaternion by the scalar component [10]. It has no redundant parameters but it 

approaches infinity when the rotation angle is 180 degrees. 

2.2 DYNAMIC MODEL AND MODEL REPLACEMENT  

Kalman filters have been widely used for many past and current missions because 

of its robust performance for both on-board and ground-based attitude determination. A 

reliable dynamic model is essential to the applicability of Kalman filter for the attitude 

determination. When the dynamic modeling is expressed in terms of external torque and 

its momentum distribution, it adds significant uncertainty to the model because of the 

difficulty of estimating the values of torque and momentum. However, if the gyro sets are 

used in the spacecraft to measure its angular velocity, the difficulty in the dynamic 
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modeling can be solved [8]. With this model replacement, we can write the differential 

dynamic equation as follows: 
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  is the 4X4 asymmetric matrix in terms of the measurement gyro rate data.  
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In Equation 2.2, the gyro data does not act as observation data and the gyro noise acts as 

a state noise not as an observation noise [8]. Before the gyro data is used in Equation 2.2, 

it should be compensated for the systematic errors, which are gyro bias, scale factor and 

misalignment errors. If the direction of 


 is constant over the time interval or if the angle 

increment (‘the rotation vector’) defined by  
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is small, then the solution of the Equation 2.2 is 
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From Equations 2.5 and 2.6, the predicted quaternion can be estimated. 
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2.3 EXTENDED KALMAN FILTER (EKF)  

The gyro calibration is a critical procedure to achieve an accurate attitude solution 

for the measurement data from a star tracker or other attitude sensors. The EKF linearizes 

the differential dynamic equations along the estimated trajectory and the states are 

updated at every measurement. Thus, its convergence is faster than the Kalman filter and 

it yields more accurate solutions [11]. Because of these properties, the EKF has been 

widely used to estimate the gyro calibration parameters in attitude determination. In this 

chapter, the processes of EKF for the attitude determination are introduced. 

2.3.1 6-STATE EKF 

A traditional 6-state EKF attitude-determination filter, containing three attitude 

angle states and three gyro bias states as the gyro calibration parameters, has been 

recognized for its robust performance for many missions when it is used with high quality 

measurement data from a star tracker. The reason three attitude angles are used instead of 

four quaternion elements is that a singularity of the covariance matrix can be avoided. 

The singularity in the covariance matrix results from the constraint that the norm of the 

quaternion should be one. The definition of the bias errors of the gyros will be explained 

in Chapter 3. The 6-state EKF algorithm is based on the paper from Lefferts et al. [8]. 

The perturbation vector of the angle error 


 can be expressed as follows. 
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To find the quaternion perturbation, first, the quaternion composition operation can be 

introduced  
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where   is the symbol of the quaternion sequential composition of two successive 

rotations. The quaternion perturbation q


  is given by 
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where 
trueq  is the true quaternion and q̂  is the estimated quaternion from Equation 2.5. 

Another state vector is the perturbation vector of gyro bias error for each axes defined by 
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where trueb


 is the true gyro bias vector and b


 is the estimated gyro bias vector. 

It follows that the dynamics equations in terms of the states are given by 
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where 


 is the compensated gyro rate vector and 
m


 is the measurement gyro rate 

vector. The vector 1


 in Equation 2.11 is the white noise term representing the angular 

random walk of the gyro and the vector 2


 in Equation 2.12 is the white noise accounting 

for the rate random walk of the gyro. The noise terms are assumed as to be Gaussian 

white noise and are not correlated with each other. The state vector x

  in the 6-state EKF 

is given by 
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The dynamic Equations 2.11 and 2.12 can be rewritten as follows 
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The discrete solution for Equation 2.16 in terms of the state transition matrix can be 

written as 
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where 
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Since the state transition matrix can be obtained by satisfying the following condition, 
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The solution of Equation 2.21, the state transition matrix for attitude, is given by the 

following equation 
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The general forms of two terms in the state transition matrix can be defined as follows 

assuming that the rotation angle   is small [9] 
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 where T  is the time interval and 


 is the rotation angle vector during the time interval 

and   is the magnitude of the rotation angle vector. 

2.3.2 15-STATE EKF 

There are other systematic errors in gyro data beside the bias errors: scale factor 

and misalignment errors, which will be explained in Chapter 3. When the spacecraft 
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orbits with a high-slew motion, the attitude accuracy can be degraded by these additional 

systematic errors. Also, a low-performance gyro or thermal deformation effects also 

cause the attitude accuracy to be degraded because of the scale factor and misalignment 

errors [12]. This study examines the effects of those errors on the attitude accuracy 

during a high-slew maneuver. Since the conventional 6-state EKF only estimates the gyro 

bias errors, a new filter is required to estimate these additional systematic errors if there 

are high-slew maneuvers during some orbital revolution. A 6-state EKF can be extended 

to a 15-state EKF by adding three scale factor errors and six misalignment errors as new 

states. Since the 15-state EKF can estimate the scale factor and misalignment errors, the 

attitude accuracy degradation caused by these additional errors can be reduced. If these 

additional errors are small compared with the bias errors, the effects of those errors are 

negligible in the attitude accuracy. Assuming that the intensities of scale factor and 

misalignment errors cannot be neglected in the simulated data, we can see how the 

attitude accuracy can be improved by the performance of the 15-state EKF, which will be 

shown in Chapter 6. The processes for extending the 6-state EKF into the 15-state EKF 

are based on the information from Ref. [9] and Ref. [12]. 

Considering these additional gyro errors as new gyro calibration parameters, we 

can obtain the necessary equations for the 15-state EKF process from the 6-state EKF 

process. The perturbations for the three scale factor errors can be defined as 
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where truek


 is the true scale factor error vector and k̂  is the estimated scale factor error 

vector. The perturbations for the six misalignment errors are given by 
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where 
truem


 is the true misalignment error vector and m̂  is the estimated misalignment 

error vector. The state vector for the 15-state EKF can be defined as follows 
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More details of these errors will be explained in the gyro error model in Chapter 3. The 

dynamics equation for the 15-state Kalman filter can be written as follows 
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In Equation 2.33, the new noise vector 
k


 is the white noise for scale factor error 

perturbation and 
m


is the white noises for the misalignment error perturbation. The state 

transition matrix for the 15-state EKF is given by [9]. In Equation 2.30, the compensated 

gyro rate vector for the 15-state EKF can be defines as follows 

 

bM m
ˆ)1(  


       (2.34) 

 

where 

 



















zzyzx

yzyyx

xzxyx

kmm

mkm

mmk

mkM ),(


     (2.35) 

 





































3333333333

3333333333

3333333333

3333333333

11111

11

0000

0000

0000

0000

)()()()()(

),()(

I

I

I

I

tt

mlkmukdiagkkk

kkk



       (2.36) 

 

Since we have the state transition matrix, the propagation equation for the covariance 

matrix for both the 6-state EKF and the 15-state EKF can be given by  
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In Equation 2.37, the second term is the discrete noise covariance matrix and the 

expression for this term is given by 

 

 dtGQGtQ k

TT

t

t

k

T

kkk

k

k

),()()()(),(
1

111  


      (2.38) 

 

where )(Q is the continuous diagonal noise covariance matrix in terms of the variances 

of gyro random noises. 

2.3.3 OBSERVATION MODEL 

The measurement attitude can be estimated by using the Quaternion Estimator 

(QUEST) method, which minimizes the loss function of the Wahba problem. The Wahba 

problem is defined to find the proper orthogonal attitude matrix between the unit vector 

of the star data in the body-fixed frame and the unit vector of the star data in the celestial 

reference frame. The detailed procedure of QUEST method can be found in the paper 

[13]. The quaternion can be obtained by solving the Wahba problem. QUEST quaternion 

defined as 
kp  is combined with the predicted estimated quaternion using the 

compensated gyro data, 1| kkq , provide the derived observation, 
kz , 

 

 1|
12 
 kkkk qpz      (2.39) 

 

 The derived observation can be divided into vector and scalar components by 
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where the scalar component is 1 because kz  is expected to be a small amount of rotation.  

 The observation-state equation can be defined as 
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kkkkkk xHvz 


      (2.41)  

 

where 
kH is the star tracker measurement matrix and 

kv


 is the star tracker noise. 

For example, 
kH  for the 6-state EKF can be written as 
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For the 15-state EKF, the star tracker measurement matrix or the sensitivity matrix can be 

defined as 
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The measurement noise covariance matrix can be defined as follows 
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where 2  is the variance of the star tracker noise at the measurement time. 

2.3.4 EKF Update 

Whenever the measurement data are available, the states can be updated with the 

EKF update equations, given by [14]: 
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The quaternion perturbations from the angle error changes and the state estimates at time 

kt  are given by Equations 2.48-2.52. 
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Equations 2.48, 2.49 and 2.50 are used for updating the states in both the 6-state EKF and 

the 15-state EKF. Equations 2.51 and 2.52 are used for only the 15-state EKF updates. 

2.4 BATCH ALGORITHMS 

The batch estimator in the attitude determination uses mainly the gyro data to 

predict the attitude quaternion and the gyro systematic error is less dependent on the star 

tracker data. To estimate the gyro calibration parameters as the initial conditions in batch 

algorithms, a sufficient time is required for the calibration maneuver while the EKF does 

not require the calibration maneuver and is less sensitive to the duration of the maneuver 

[15]. The disadvantage of EKF in the gyro calibration is that the parameters can be 

estimated only when the star tracker data are available. Since the batch estimator is less 

sensitive to the data gaps in the star tracker data, it can provide better gyro calibration 

parameters as the initial conditions during a long starless period [16], which leads to a 

more accurate attitude solution. This is one of the reasons to introduce the batch 

algorithm in this study.  
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In EKF processes described previously, the calibration parameters of the star 

tracker are not included in the state vectors. The star tracker data in which systematic 

errors are not calibrated cause attitude errors in the EKF solution since the EKF uses star 

tracker data as the measurement data [17]. Systematic errors in the star tracker data can 

be removed by comparing the EKF attitude solution and the batch attitude solution. This 

is another reason for the batch estimator to be introduced. 

2.4.1 6-STATE BATCH 

The batch algorithm is the gyro-based attitude determination. In other words, the 

attitude is estimated from the propagation of gyro rate data in Equation 2.2 by correcting 

the gyro bias errors with the 6-state batch algorithm. The batch algorithm can be derived 

from EKF process. Thus, the estimated states are same as EKF.  The normal equations for 

the 6-state batch estimation at the epoch time are given by [14]: 
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where kx

  and kP are the estimated states and covariance matrix at epoch time kt  while 

kx and kP  are a priori states and covariance matrix at the same epoch time. A priori 

states and a priori covariance matrix are not changed during the propagation process. The 

two terms in Equation 2.53 are accumulated as follows 

 







n

i

kiii

T

kiikk

T

k ttHRttHHRH
1

11
),(

~
)),(

~
(      (2.55) 

 







n

i

ii

T

kiikk

T

k zRttHzRH
1

11
)),(

~
(


      (2.56) 

 



 25 

where iH
~

 is the same as 
kH  in Equation 2.42 and 

iR  is the measurement noise 

covariance matrix. The state transition matrix used in Equation 2.55 and 2.56 is a matrix 

in which data are accumulated at each measurement time from the epoch time as defined 

by Equation 2.57: 
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After finding the state perturbations from Equation 2.53, the initial conditions for the 6-

state batch can be estimated by using Equations 2.48, 2.49, and 2.50.The iterative 

procedure continues until the conditions in Equation 2.58 are satisfied: 
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where m is the iteration number and   is the pre-set value. 

2.4.2 15-STATE BATCH 

A 15-state batch estimation can be derived from a 15-state EKF in a similar way 

that a 6-state batch is derived from a 6-state EKF. During the high-slew maneuver, the 6-

state batch estimation can not estimate the scale factor and misalignment errors of gyros. 

Therefore, it provides the uncorrected initial states, which leads to a less accurate attitude 

solution. Thus, the 15-state batch is better for the high-slew maneuver than the 6-state 

batch. The states, the state transition matrix, and the star tracker measurement matrix 

used in the 15-state EKF algorithm can be applied to derive the 15-state batch algorithm. 

The equations and procedures defined for the 6-state batch can be used for the 15-state 

batch. 
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CHAPTER 3: Gyro Analysis 

 3.1 HEMISPHERICAL RESONATOR GYRO (HRG) 

The gyro is the instrument to measure the spacecraft angular measurements. The 

ICESat uses a Hemispherical Resonator Gyro (HRG) [18], which is mounted on the 

optical bench of the GLAS. The principle of HRG operation is based on the inertial 

sensing property of a standing vibration wave on a hemispherical body which was 

discovered and analyzed by G. H. Bryan [19]. When the shell is rotating around its 

symmetry axis, the location of a vibration pattern at the rim of a hemispherical shell 

precesses relative to a reference on the shell. The vibration pattern precession is observed 

to be a constant fraction of the inertial input. The output of HRG is the integrating rate 

data, or the angle data. 

Figure 3.1 shows the geometry of the gyro structure of ICESat, which uses four 

HRGs made by Litton, known as the Space Inertial Reference Unit (SIRU).  This is an 

example of a redundant inertial measurement unit. If any one of the four gyros fails, the 

other three gyros can provide the data for three-axis attitude determination. The four 

HRG gyros shown in Figure 3.1 are not orthogonal to each other, but the measured data 

from each gyro axis 1, 2, 3 and 4 can be converted to the values at the Gyro box 

Coordinate Frames (GCF), which are the orthogonal frames, by using the transition 

matrix. Considering the alignment between GCF and the instrument star tracker (IST) 

frame, the gyro rate with respect to IST can be estimated. The reason the gyro rate value 

is converted to the IST frame is that the body-fixed coordinate frame in the EKF or batch 

algorithm is assumed to be the IST coordinate frame. Since three IST axes are orthogonal 

and the transition matrix between the IST frame and the gyro coordinate frame is a 90 

degree rotation about one axis, both the IST coordinate frame and the gyro coordinate 

frame can be the body-fixed coordinate frame. During the ICESat mission, only three 
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gyros provided the spacecraft angular measurements. The spacecraft angular rates can be 

obtained by differentiating the angular measurements.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.1 Geometry of the gyro structure of ICESat. 

 

3.2 IMPORTANCE OF GYRO RANDOM NOISE ANALYSIS  

The gyro data alone can also provide the attitude information by propagating the 

angular rate in the quaternion dynamic equation but the gyro-only attitude will deviate 

from the true attitude because of the random noise error sources and also the uncorrected 

bias errors. Combined with star tracker data as measurement data in the EKF, the EKF 

solution can correct the angular rate with the estimated gyro calibration parameters. 
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Calibration parameters in a 6-state EKF are three gyro bias errors. A 15-state EKF 

includes three scale factor errors, six misalignment errors, and three bias errors as gyro 

calibration parameters. The quality of the gyro data is important in the spacecraft mission 

regardless of the star tracker availability. Gyro uncertainties can be described by using 

gyro error models which represent the error sources as stochastic processes. The standard 

gyro error model is convenient because it can be represented as process noise in a 

Kalman filter using two or three white noises or integrated white noises parameters. As 

shown in Equation 2.38, during the EKF procedure, the information of gyro random noise 

intensities as white noises or integrated white noises is required to update the process 

noise covariance matrix in the filters to calibrate the gyro parameters. The proper gyro 

calibration is essential to achieve the precise attitude determination from the EKF. Thus, 

the process noise covariance matrix plays an important role in the EKF for achieving the 

required accuracy. The information for the process noise covariance matrix comes from 

the noise intensity from the gyro random noise sources. Therefore, the gyro random noise 

analysis is necessary to enhance the attitude accuracy. 

3.3 GYRO NOISE SOURCES 

   The spacecraft angular rate data provided by the gyros is influenced by some 

errors. The gyro output can be affected by misreading output counts, the electric noise of 

the gyro system or the spacecraft environments, such as the temperature or mechanical 

variation. These errors can be divided into two categories: the systematic errors and the 

random noise errors. The systematic errors should be removed before analyzing the gyro 

random noise sources.  
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3.3.1 SYSTEMATIC ERROR SOURCES  

In this study, the bias, scale factor and misalignment errors are considered to be 

the systematic errors in the gyro data. The imperfection of the gyro mounting to the 

spacecraft, the electric device noise and the constant drift rate cause the systematic errors. 

The systematic errors can be estimated from the EKF with a proper gyro calibration 

model. When the gyro output error sources are small, we can assume that each error 

source independently affects the gyro calibration model [20]. Thus, each error model can 

be assumed to be linear. The contributions of all error models can be obtained by the 

summation of all error models. Considering only the systematic errors, 


  the 

measurement gyro data 
m


 can be described by Equation 3.1: 

 




 tm
      (3.1) 

 

where 
t


 is the true gyro data. 

3.3.1.1 BIAS ERROR MODEL 

The bias error is the constant drift rate in the data, which means averaging the 

drift output over a specified time. Traditionally, the bias errors are the states in the 6-state 

EKF and batch algorithm for attitude determination. In this study, since all results from 

filters are based on the IST coordinate frame, we assume that the specified frame is the 

IST frame. The bias error model, b


  is simply given by 
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where 33I  is the third order identity matrix. 
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Usually, the bias errors are the dominant errors in the systematic errors. 

3.3.1.2 SCALE FACTOR ERROR MODEL 

The scale factor errors are caused by the differences between the true gyro data 

values and the measurement gyro data values [20]. The scale factor error model can be 

described in terms of the scale factor error for each axis and the true gyro rate: 
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By defining 
k  as, 
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We can rewrite Equation 3.4: 
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where k


 is the vector of scale factor error of each axis. 

3.3.1.3 MISALIGNMENT ERROR MODEL 

The imperfection of gyro mounting to the spacecraft causes the misalignment 

error. In other words, the direction of the actual gyro axis is not aligned to that of the 

intended true gyro axis. Figure 3.2 shows an example of the misalignment effect of the 

gyro X input axis. In this description, X, Y, and Z are body coordinate axes and also this 

orthogonal coordinate frame is for the input axis for each gyro. The orientation of both 

actual and assumed input axis is expressed by a vector of unit length. When the effect of 
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the gyro X input axis is projected to the body coordinate frame axes, there are 

misalignment effects on the Y and Z axes. Since the component of the projected gyro X 

input axis is parallel to the X-axis in the body coordinate frame, the intensity is zero on 

that axis. Considering all three input axes, the misalignment error model can be given by 

 

     (3.7) 

where mij is the projection of the gyro i input axis on the j body axis, which is orthogonal 

to the i body axis. After defining the matrix in terms of the true gyro rate in Equation 3.7 

as , the Equation 3.7 can be rewritten: 
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where  is the vector of misalignment error of each axis. Thus, the total gyro error 

model can be given by summing Equations 3.2, 3.6 and 3.8 to produce the following: 
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Figure 3.2 Geometry of the assumed and actual direction of the gyro X input axis. 

 

3.3.2 GYRO RANDOM NOISES 

The other source for the gyro noise is the gyro random noise. There are various 

random noise sources but only three random noise errors are explained in this study: 

angular white noise (AWN), angular random walk (ARW) and rate random walk (RRW). 

The reason for focusing on these random noise sources is that the quaternion dynamic 

equation shown in Equation 2.16 requires the information of ARW and RRW, and AWN, 

which are the common noises in the gyro data. These random noise sources cannot be 

estimated in the gyro calibration model. However, a stochastic model approach, such as 

the power spectral density or the Allan variance method, can be used for measuring the 

random noise sources. 
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3.3.2.1 ANGULAR WHITE NOISE  

For white noise, the power spectrum density for the angle data is approximately 

constant over the frequency range. Since the HRG used in the mission is the integrating 

gyro, which means the output is the gyro angle data, the AWN is the white noise in the 

angle data. As a consequence, it is the first derivative noise in the gyro rate data. When 

the signal is amplified to reach a certain level, the white noise can be introduced [21]. 

The effect of the AWN on the attitude will be minimal on both the EKF and batch 

algorithms since the attitude from both filters is the angle representation. 

  3.3.2.2 ANGULAR RANDOM WALK 

ARW is white noise in the gyro rate or the first-integrating noise in the gyro angle 

data. It is a common type of noise in passive resonator frequency standards [21]. When 

the noise is integrated, the noise level becomes continuously larger. Since the batch 

algorithm estimate only the systematic errors in the gyro calibration model, the effects of 

ARW on the attitude solution cannot be removed. That is, there is no procedure in batch 

processing to compensate for the random noise sources while the EKF has the process 

noise covariance matrix, which compensates for the random noises. Thus, if the intensity 

of ARW becomes large in the gyro data, the batch attitude determination may not 

converge.  

3.3.2.3 RATE RANDOM WALK 

RRW is found by integrating the white noise on the gyro rate data or integrating 

the white noise on gyro angle data twice. The physical environment of the oscillator such 

as the mechanical shock, vibration, temperature or the other environmental effects causes 

the noise in the data [21]. This noise is dominant in the low-frequency region, which 
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corresponds to a long time span in the data set. The effects of this noise on the attitude 

solutions are similar to those of ARW.  

3.4 METHODS OF ANALYZING OF GYRO RANDOM NOISES 

3.4.1 ALLAN VARIANCE METHOD (AVM) 

The Allan variance is the time domain analysis method used to study the 

frequency stability of oscillators developed by Dr. David Allan [21]. It has been widely 

used to determine the random noise characteristics of the measured data from the 

oscillators because of its straight forward process. If we assume that we have discrete 

data 
ix  at each measurement time, which is the angle output data from the integrating 

gyro (HRG), and the sampling time interval is 
o , the discrete rate data 

iy  can be derived 

by the linear approximation 
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Thus, we have another discrete rate data set 
iy  at each measurement, where the total 

number of data points is M. Then, we can divide the whole data set into each cluster data 

set with the given averaging time or the cluster time  . The cluster time can be defined 

with Equation 3.11: 

 

ro       (3.11) 

where r is the positive integer number. Then, the number of the cluster data sets at each 

given cluster time can be defined by Equation 3.12: 

 

/Mn       (3.12) 

 

where n is the largest integer number not greater than the right side of Equation 3.12. 
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 The next step is to calculate the mean value 
iy  of each cluster data set at the specified 

cluster time. The mean value of each cluster data set can be given by 
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where j is the positive integer number, and i is the sequence of each cluster data set 

reading. The mean values of each cluster data set can be obtained from Equation 3.13 

until all data sets are read. Thus, the total numbers of the mean values, 
iy  of each cluster 

data set at the given cluster time are equal to n. We can add up the squares of the 

difference between two consecutive data sets defined from Equation 3.13, and divide the 

sums of the squares by the total number of cluster data sets to yield the Allan variance. 

These procedures can be given by the following equation: 

 












 







1

1

2

1

2 ))()((
)1(2

1
)(

n

i

iiA yy
n

     (3.14) 

 

Where n is the total number of the cluster data set and i is the sequence of the data being 

read. The summation defined by Equation 3.14 is called the Allan variance. The Allan 

variance can also be expressed in terms of the averaged data set based on angle data set 

[21]: 
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By increasing the averaging time , we can find the Allan variances at each averaging 

time. If we plot the Allan variances at each cluster time on a log-log scale, it shows the 

distinct slopes that represent the various random noise sources. The benefit of the Allan 

variance is that we can estimate the strength of the random noise or the coefficients of 
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noise from the slopes of the variance plots [22]. The benefit results from the unique 

relation between the Allan variance )(2  A  and the power spectral density (PSD), which 

is described in the next section, associated with random noise input [23]:  
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From Equation 3.16, we can characterize the slope of each random noise based on the 

corresponding PSD of each noise. For example, the rate PSD of the RRW is:  
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where K is the coefficient of the RRW and f is the frequency in PSD. After inserting 

Equation 3.17 into Equation 3.16 and solving the integral, the integral yields: 
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The square root of Equation 3.18, which is the one  of Allan variance of RRW, shows 

that the variance is proportional to the square root of the cluster time , which means that 

the slope is 1/2. We can find the coefficients for other random noises from similar 

processes: 
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where 
sf  is the sampling frequency. Table 3.1 shows the slopes of each random noise 

source for both rate and angle data [23]. The Allan variance estimation accuracy can be 
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defined in terms of the total number of data set and the number of the data set used in the 

given cluster time [23]: 
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Table 3.1 Allan variance slopes on a log-log scale. 

 Rate Angle 

AWN -1 -1/2 

ARW -1/2 1/2 

RRW 1/2 3/2 

 

where M is the total number of points in the data set and r is the number of points in the 

data set at a given cluster time. Equation 3.21 indicates that the error percentage is small 

in the short cluster time region and the error percentage is large in the long cluster time 

region. 

3.4.2 POWER SPECTRAL DENSITY  (PSD) 

The power spectral density is the most common method to characterize the noise 

of the signal in the frequency domain [21]. PSD indicates how the average power of 

signal including the random noise is distributed over the frequency. Mathematically, it is 

defined as the Discrete Fourier Transform (DFT) of the autocorrelation of the time series 

[24]. Because of the nature of the discrete data set from gyros, the Discrete Fourier 

Transform is explained in the context of spectral analysis. Assuming we have M points of 

the gyro rate data sets at each measurement time and the sampling interval is o , the 

discrete gyro rate data set, ty , can be described as Equation 3.22: 
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The DFT of the above time series is: 
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where r is positive for integers from 0 to M-1. The spectral sample rY corresponds to 

Fourier frequency 
oMr /  or Mrfs / , where 

sf is the sampling frequency. Thus, we have 

spectral sample at each frequency so we can calculate the power of spectrum of the gyro 

rate data.  
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However, the disadvantage of the DFT is the time-consuming computation for large data 

sets. For example, the DFT needs 
2M  operations for finding spectral samples. To avoid 

this problem, the Fast Fourier Transform (FFT) algorithm is used for the spectral analysis 

because of its efficient implementation of computation. When the sampling frequency is 

sf , the useful data range is from 0 to 
sf /2 [21]. Half of sampling frequency is called the 

Nyquist sampling rate. The Nyquist sampling theorem states the sampling rate must be 

greater than twice the bandwidth of the real, band-limited, baseband signal, in order for 

the samples to correctly represent the information in the discrete signal [25]. The spectral 

components higher than Nyquist sampling rate are captured into the low frequency range, 

which is called ‘aliasing’ [21]. Before using the discrete data for spectral analysis, the 

aliasing effect should be removed by an anti-aliasing filter. The power spectral density 

for discrete data set at each frequency can be obtained. Then, from the slope of the plot of 
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PSD versus frequency on a log-log scale, or power-law, we can define the random noise. 

The power-law can be expressed as [21]: 

 










 fhfS y )(      (3.25) 

 

where h  is the intensity coefficient and  is a number modeling the most appropriate 

power of law for the data. Table 3.2 shows the number   for gyro rate data and angle 

data to define the various random noise sources.  

 

Table 3.2 PSD slopes on a log-log scale. 

 Rate Angle 

Angular white noise (AWN) +2 0 

Angle random walk (ARW) 0 -2 

Rate random walk (RRW) -2 -4 

 

From the Table 3.2, the relation between the PSD of the angle data and that of the rate 

data can be expressed as  
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where )( fSx  is PSD of the angle data. 
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CHAPTER 4: Simulated Data and Maneuvers 

4.1 SIMULATED GYRO DATA 

Simulated gyro data are based on the Farrenkopf gyro model, which includes bias 

errors and random noise sources [26]. The scale factor and misalignment errors, which 

were explained in Chapter 2 and Chapter 3, are included in the gyro data. The reason that 

the scale factor errors and the misalignment errors were included is to investigate the 

performance of the 15-state EKF and the 15-state batch algorithm during a high-slew 

maneuver period. As explained in Chapter 2 and Chapter 3, the measurement gyro model 

can be defined by 
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where M is the matrix in terms of the vectors of three scale factor and six misalignment 

errors 
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Thus, if the spacecraft does not rotate, the effects of scale factor and misalignment errors 

are not visible in Equation 4.1. If the spacecraft rotates along the constant direction of the 

vector and if the magnitude of the angular rate is not changed, the scale factor and 

misalignment errors are not independently observable and the effects of those errors on 

the attitude solution cannot be separated from those of the bias errors. This is called as 

“the spill-over effect”. Thus, the estimated bias errors from the filter include the scale 

factor and misalignment errors when the rotation vector of the spacecraft is not changed 

[9]. This explanation can be proved by analysis of the simulated gyro data given in 
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Chapter 6. Therefore, a high-slew rate maneuver is necessary to investigate the effects of 

the scale factor and misalignment errors on the attitude solution. Angle white noise, 

angular random walk, and rate random walk are used as noise sources for the gyro data 

generation. These random noise sources are already described in Chapter 3. 

For the simulation study, we assume that the laser altimeter system of ICESat 

points in the nadir direction during the mission. Thus, the satellite must rotate about a 

specified axis. Assuming that the specified axis is the z-axis, then, the ideal angular 

velocity can be defined as: 
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where T is the orbital period. As we can see, Equation 4.3 does not consider all factors, 

like the Earth rotation or the orbital element’s variations. Therefore, considering the 

realistic effects on the spacecraft orbit, the nominal angular velocity can be obtained from 

the 3-1-3 Euler angle representation, where the Euler angles can be expressed in terms of 

the orbital elements: 
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where   is the longitude of the ascending node, i is the inclination and u is the true 

anomaly. The gyro rate generated from Equation 4.4 is the true gyro rate data. The 
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measurement gyro data can be generated by including the systematic errors and the 

random noise sources.  

The measurement gyro data including the scale factor and misalignment errors 

can be described as: 
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Equation 2.12 can be used to add the bias errors on the gyro data. Assuming the interval 

time of the integration is small, Equation 2.12 yields 
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where ob


 is the constant bias error vector and 
rrw


 is the white noise vector of the rate 

random walk for each axes. In Equation 4.6, 
sT  is the time scaling factor for making the 

integration for the white noise become the true rate random walk noise in the simulation 

since the unit of 
rrw  is rad/sec

1.5
 [24]. Also, the time scaling factor should be applied to 

generate the angular random walk since the unit of that noise is rad/sec
0.5

. The 

measurement data including the bias error model described in Equation 4.6 and the given 

angular random walk, can be described as: 
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where arw


 is the white noise vector for the angular random walk. Finally, we can obtain 

the measurement gyro angle data by integrating Equation 4.7 and by adding the angular 

white noise to yield 
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where m


 is the measurement gyro angle data, and 
awn


 is the angular white noise 

vector. The gyro rate data, which are used in the dynamic equation, can be obtained by 

differentiating the gyro angle data. The generated angle data are same as GLAS algorithm 

used to generate the real angle data.  

4.2 SIMULATED STAR TRACKER DATA AND TRUE ATTITUDE 

If we assume that the star tracker and gyros are rigidly attached to the spacecraft 

and that there is no motion between the spacecraft itself and the star tracker or the gyros, 

the gyros and star tracker can be considered parts of the rigid body along with the 

spacecraft. Thus, the star tracker and gyros are influenced in the same manner as the 

spacecraft maneuvers or the spacecraft’s environment effects during the orbital 

revolution. The configurations of the star tracker and gyros are potentially different: the 

bore-sight direction of the star tracker is in the zenith direction so it can detect stars while 

the gyros can be attached to the spacecraft in the opposite direction of the star tracker, 

such as the nadir direction. The spacecraft attitude information from the star tracker data 

is the same as the attitude information from the gyro data by correcting the geometry of 

these two different instruments. Thus, the gyro data can be used to generate the 

measurement attitude data in this study. 

The true gyro data can be obtained from Equation 4.4. Then, the true attitude 

solution can be generated from solving the quaternion dynamic equation described in 

Equation 2.2 by using the true gyro rate data. The true attitude solution is not influenced 

by the gyro noise sources. The star measurement noise can be applied to yield the 

measurement data from the true attitude data. For example, the intensities of the attitude 

angle errors are given by 
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     (4.9) 

 

By using Equations 2.48 and 2.49, the measurement attitude can be obtained. Thus, the 

true attitude data, the measurement attitude data and the measurement gyro data can be 

used as observations in an EKF or batch algorithms. 

4.3 MANEUVER WITHOUT HIGH-SLEW MOTION 

Maneuvers without high-slew motion are nominal maneuvers for the simulation 

and the GLAS mission. For example, in the simulation data with this maneuver, the 

orbital elements of the GLAS mission are used. The inclination is defined as 94
o
 and the 

rate for the inclination is assumed to be zero. The rate for the longitude of ascending node 

is defined as 0.5 degree/day, which is mostly caused by the Earth oblateness, and the 

orbital period is 5800 seconds. If these orbital elements are inserted into Equation 4.4, the 

measurement angle data can be generated using Equations 4.5, 4.6, 4.7, and 4.8. 

Differentiation of Equation 4.8 yields the measurement gyro data. 

From this maneuver, the performances of all filters described in Chapter 2 will be 

tested in Chapter 6 by comparing the true attitude solution with the solutions from each 

filter. If there are differences between the EKF and batch solutions, the causes of the 

differences in the solution can be evaluated. For example, the EKF may give high weight 

to the star measurement data while the batch may give high weight to the gyro data, 

which will cause the attitude solution difference. Moreover, the EKF can estimate the 

systematic errors and has the process noise covariance matrix to compensate for the gyro 

random noises, while the batch can only estimate the systematic errors. Thus, the 

influence of gyro random noise on the batch attitude solution can be tested. Another goal 
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of this maneuver is to investigate the spill-over effects of the scale factor and 

misalignment errors on the estimated gyro bias errors in the EKF since this is not a high-

slew maneuver. The spill-over effect can be defined as the estimated bias errors are the 

summations with the defined scale factor and misalignment errors. 

For the GLAS data, since the true attitude solution is unknown, the performances 

of the 6-state EKF and the 15-state EKF can be compared to investigate the attitude 

accuracy from the respective filters. The root mean square (RMS) of the roll and pitch 

errors can be estimated as a criterion for the attitude accuracy in EKF solution since the 

roll and pitch errors in the attitude provide the laser pointing angle direction. In the 

simulation data generation, the star tracker and gyros are assumed to be part of the rigid 

body along with the spacecraft. However, in the GLAS mission, there is motion between 

the IST and the spacecraft. When the IST is exposed to the Sun, there is a temperature 

change in the IST, which causes motion between the IST and the GLAS optical bench 

[27]. A question exists regarding whether the IST bracket motion can be identified from 

the comparison between the EKF attitude solution and the batch attitude solution.  

4.4 MANEUVER WITH HIGH-SLEW MOTION 

As mentioned earlier, a high-slew maneuver is required to investigate the effects 

of scale factor and misalignment errors on the attitude accuracy. By changing the orbit 

elements for a specific time, we can generate the data for a high-slew motion maneuver. 

Since the 6-state EKF and the 6-state batch estimate only three attitude angle errors and 

three gyro bias errors, the attitude accuracies from both filters can be degraded by the 

effects of scale factor and misalignment errors. Thus, from the simulation data, we can 

investigate how the 15-state filters can improve the attitude accuracies compared with the 

true attitude. In addition, the differences between the estimated systematic errors from the 
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15-state filter and the given systematic errors on the simulation data can be compared. 

We can determine how much the attitude accuracy in the 6-state EKF solution is 

degraded by the scale factor and misalignment errors during the high-slew maneuver. The 

question is whether there is any method to reduce the effects of those errors on the 6-state 

batch solution. 

The method to decrease those effects is to change the tuning parameters in the 

noise covariance matrix. By increasing the tuning parameters, that is, the measurement 

data can be weighted higher (or the gyro data can be weighted lower) for the 6-state EKF 

process, which means that the effects of the noise properties of gyro data will have less 

effect on the attitude accuracy. However, the drawback of this method is that the larger 

values for the tuning parameters will make the uncertainty of the solution increase. In 

other words, the attitude solution from the tuning parameter’s changes may not satisfy the 

accuracy requirement. There is no need to change the tuning parameters for the 15-state 

filters. 

In the GLAS mission, there were high-slew maneuvers such as ocean scan 

maneuvers to provide calibrations and validations of the laser direction [7]. Thus, during 

this maneuver type, the attitude solution’s differences can be compared between the 6-

state filters and the 15-state filters. In these comparisons, we can investigate whether the 

scale factor and misalignment errors effects on the attitude accuracy are significant 

factors for the 6-state EKF. If not, the reason can be explained and analyzed with the 

simulated data. Also, the impacts of a high-slew maneuver on the batch solution can be 

tested.   
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4.5 SUN/MOON-BLOCKING 

The non-uniform distribution of stars in the universe and the fact that the Sun and 

Moon can block the stars in the star tracker causes a starless periods in the IST data. In 

this case of the Sun, this starless period could be as long as 800 seconds. When the star 

tracker observes the region where the stars are densely populated, and if the brightness of 

nearby stars is close to each other, it is difficult to identify each star. In the sparse region, 

the restriction of bright stars can also cause the starless period sometimes since the bright 

star numbers are less than the requirements of the star numbers used in the attitude 

algorithm such as the QUEST [16]. The major source of a starless period in the IST data 

is the Sun. When the Sun is near the IST FOV, the star observation can not be possible 

and a starless period occurs, which is called as the sun-blinding period. The sun-blinding 

period in the GLAS mission can reach 800 seconds in the airplane mode. 

During a sun-blinding period, only the gyro data are used in the EKF for 

quaternion prediction. The uncorrected bias errors and the gyro random noise can cause 

the estimated attitude solution to deviate from the true solution. The EKF solution cannot 

provide an accurate attitude solution during a starless period. Because of poor 

performance of the EKF during a starless period, the batch algorithm is useful as 

explained in Chapter 2.4. Since the batch algorithm gives higher weights to the gyro data, 

the attitude solution from the batch is less affected by the star data. Also, since the initial 

conditions for the states in the batch are obtained by accumulating data and those values 

are used for estimating the quaternions during the entire process time, the batch algorithm 

is less affected by a measurement data gap. 

For the simulation data, a starless period can be generated by removing the 

measurement attitude data at the specified time period. The attitude accuracy degradation 

caused by the starless period can be investigated by the comparison between the true 
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attitude solution and each EKF solution. In terms of the attitude angle errors, we can 

explain which algorithms give better performances during this period. Also, we can 

investigate how the batch algorithms can improve the attitude accuracy. If the attitude 

accuracy from the EKF is beyond the requirements for the starless period, the batch 

attitude solution can replace the EKF solution for the period. 

For the GLAS mission, the absolute value of the beta prime angle in the airplane 

mode is less than 33
o
. The beta prime angle is defined as the angle between the IST bore-

sight direction and the Sun. When the beta prime angle decreases in an absolute sense, a 

sun-blinding occurs. A starless period caused by the sun-blinding can reach up to 800 

seconds at a beta prime angle of zero. For example, 800 seconds is about 1/7 of the 

orbital period that covers 53
o
 of ICESat’s rotation around the Earth. Since the EKF 

solution provides the attitude information for the GLAS mission, the EKF solution 

containing the attitude errors influenced by a starless period causes some errors in 

determining the laser pointing angle direction. Thus, the EKF solution during a starless 

period should be corrected.  

There are two ways to compensate for the EKF solution errors during a starless 

period. One is to use the attitude information from other star trackers, such as the BSTs. 

Since the BST is attached to the spacecraft bus at a 30
o
 angle with respect to the IST, the 

BST can detect stars when the IST FOV is influenced by a sun-blinding. Assuming the 

angle between the IST and the BST has not changed and the BST has star measurement 

data, the comparison between the EKF solution from the BST and the EKF attitude 

solution from the IST can provide the attitude errors in the IST EKF solution. The 

problem of using the BST quaternions instead of the IST quaternions during a starless 

period is the BST yaw error. In other words, the large yaw errors of BST can be 

infiltrated into the IST EKF solution. Another problem is that BST and IST can have 
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starless periods simultaneously, which means it is impossible to use the EKF solution as a 

replacement from the BST data to correct the attitude angle errors. 

The second method is to use the batch algorithm to estimate the quaternions. 

Since the batch estimation gives high weight to the gyro data and low weight to the star 

data, the attitude solution from the batch algorithm is less affected by a starless periods. 

We can identify the attitude solution deviated from EKF by comparing with that of the 

batch solution. If there are large discrepancies between the solutions, the EKF attitude 

solution could be replaced with the batch attitude solution for a starless period. 
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CHAPTER 5: Results from Gyro Random Noise Analysis 

In Chapter 3.4, the Allan Variance Method (AVM) and Power Spectral Density 

(PSD) are introduced as tools for analyzing the gyro random noise characteristics. The 

results from both methods for the simulated gyro data and the real gyro data of the GLAS 

mission are shown in this chapter. Since the process noise covariance matrix shown in 

Equation 2.38 needs coefficients to represent the random noise source, procedures to find 

these coefficients from the results are explained for both methods. 

5.1 ALLAN VARIANCE METHOD FOR SIMULATED GYRO DATA 

In this section, the Allan Variance Method introduced in Chapter 3.4 was used to 

analyze the gyro random noise sources in the simulated gyro data. The simulated gyro 

data were generated by following the processes described in Chapter 4.1. The data set 

duration was approximately 2.2 orbital periods, which is approximately 13000 seconds. 

The reason for choosing the data set duration is that the maximum time length without 

maneuvers in the real data was approximately 13000 seconds.  

5.1.1 EFFECTS OF EACH RANDOM NOISE SOURCES 

We can investigate random noise effects on the gyro data. Table 3.1 shows the 

slopes of various random noise sources corresponding to the Allan Variance Method. The 

first case (Case 1) is defined to be the case where the random noise source input is only 

the angular white noise in gyro data. All result figures are plotted on log-log scales and 

the values for the y-axis are one   of the Allan variance of each result. Figure 5.1 and 

Figure 5.2 show the results for case 1. The identified slope for the rate data is -1 in Figure 

5.1 and the slope for the gyro angle data is -1/2 in Figure 5.2. These identified slopes for 

both cases are matched to those values shown in Table 3.1. When the cluster time 

increases, the average value of the summation of the noises at the given cluster time 
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becomes closer to the zero mean white noise. Thus, the intensity of the white noise 

becomes smaller when the cluster time becomes larger.  

 

 

Figure 5.1 Allan variance of the simulated gyro rate data with the AWN. 
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Figure 5.2 Allan variance of the simulated gyro angle data with the AWN. 

 

The second case (Case 2) is defined when the angular random walk is the only 

input source in the data generation. Figures 5.3 and 5.4 demonstrate the results from the 

second case. From the Figure 5.3, the slope for the rate data is -1/2 and the slope for the 

angle data is 1/2 in angle data in Figure 5.4. The ARW has white noise characteristics in 

the rate data described in Chapter 3. 

Thus, the slope for the ARW in the rate data has a negative value similar to the 

result shown in Figure 5.2 for the first case. Meanwhile, since the ARW in the angle data 

is the first integral of the white noise, the intensity of the first integral of the white noise 

increases when it is integrated. Thus, the average value of the summation of the noises 

becomes large when the cluster time increases. This leads the positive value of the slope 

for the ARW in the angle data when Allan variance method is applied. 
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Figure 5.3 Allan variance of the simulated gyro rate data with the ARW. 

 

 

Figure 5.4 Allan variance of the simulated gyro angle data with the ARW. 
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Figure 5.5 Allan variance of the simulated gyro rate data with the RRW. 

 

 

Figure 5.6 Allan variance of the simulated gyro angle data with the RRW. 
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In the third case (Case 3), the data has only the rate random walk as the random 

noise source. Figures 5.5 and 5.6 show the results from the data with the rate random 

walk as input. As we can see the slope for the rate data is 1/2 in the Figure 5.5 and the 

slope for the angle data is 3/2 in the Figure 5.6.  Since the RRW is the first integral of the 

white noise in the rate data, the slope of the RRW in Figure 5.5 is the same as the integral 

of the ARW in the angle data in Figure 5.4.  In the angle data, the rate random walk is 

found by integrating the white noise twice. When the white noise is integrated twice, the 

resulting noise differs from the zero mean value more than the results of integrating the 

white noise. Thus, the slope of RRW in the angle data is larger than that of the rate data. 

From the above three cases, we can say that the identified slopes using the AVM agree 

closely with the defined slopes in Table 3.1. The coefficients of three random noises,  , 

N, and K, are defined in Equations 3.18, 3.19, and 3.20. Each coefficient represents the 

intensity of the individual random noise in the rate data. Table 5.1 shows the coefficients 

of each random noise source for the AVM. Since there is no information about the 

coefficients for the angle data in Ref. [23], the table in Ref. [24] is used for the angle 

data.  The power of the averaging time for RRW is changed from 1 to 3/2 since the slope 

shown in Table 3.1 is defined by the reciprocal of the power of the averaging time in the 

AVM.  

 

Table 5.1 Coefficients of Random Noise Sources. 

               Rate             Angle 

AWN sawn f3/)( 
 

3)(  awn
 

ARW  )(arwN 
 

 /3)(arwN 
 

RRW  /3)(rrwK 
 

2/3/3)(  rrwK 
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Based on Table 5.1, noise coefficients can be obtained for each random noise. 

Each coefficient can be calculated at each cluster time, which is the sampling time. Then, 

the mean value of each calculated coefficient at different cluster time is assumed to be the 

noise coefficient in this study. 

 

Table 5.2 The random noise coefficients from each individual random noise input by 

using the AVM in the simulated gyro data. 

 Given Identified(rate) Error (%) Identified(angle) Error (%) 

AWN(X) 71093.1   
71093.1    0.05 71091.1    1.24 

         (Y) 71093.1   
71093.1    0.41 71080.1    6.83 

         (Z) 71093.1   
71093.1    0.36 71081.1    6.36 

ARW(X) 71042.2   
71044.2    0.83 71038.2    1.82 

         (Y) 71042.2   
71039.2    1.28 71059.2    6.72 

         (Z) 71042.2   
71038.2    1.77 71068.2   10.64 

RRW(X) 91073.7   
91008.8    4.46 91045.6   16.58 

        (Y) 91073.7   
91063.7    1.40 91013.7     7.78 

        (Z) 91073.7   
91008.8    4.46 91045.6   16.58 

 

 

Table 5.2 shows the random noise coefficients for each gyro axis for the rate and 

angle data shown in Figures 5.1-5.6. From the results, we can say that the simulated gyro 

data is well tested for each random noise case. For example, the difference of the angular 

white noise for each axis between the identified value and the given value are below 1%. 

The large errors come from the RRW case. It is possibly caused by the defined small 

value to generate the rate random walk and the limited cluster time, which is 1000 

seconds in the Allan variance analysis. Compared with the results from the rate data, the 
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errors from the angle data are generally high in error percentage. It is possible that this 

effect is caused by the fact that the angle data is obtained by integrating the rate data.  

5.1.2 EFFECTS OF ALL RANDOM NOISE SOURCES 

The case including all random noise sources (Case 4) can be evaluated. This case 

might be the case most similar to the real GLAS data since the real GLAS gyro data have 

various random noises included. Figure 5.7 demonstrates the result from the rate data 

with all random noises included.  However, based on the definition of the slope for each 

random noise, we can separate each random noise in the result. For example, the cluster 

time from 100 seconds to 1000 seconds is the RRW region. From Figure 5.7, we can see 

that AWN is dominant in the low-averaging cluster time zone and the RRW is dominant 

in the high-averaging cluster time zone. Since the difference of slopes between the AWN 

and ARW is 1/2, it is difficult to separate two random noises. However, since the slope 

difference between the ARW and RRW is one, it is easier to separate two random noises. 

 

 

Figure 5.7 Allan variance of the simulated gyro rate data including all random noises. 
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Figure 5.8 shows the results from the angle data. Compared with the result from the rate 

data, it shows the three distinctive slopes much more clearly for each random noise since 

the slope difference between each random noise is 1. Table 5.3 represents the random 

noise coefficients from the case including all random noise sources in the gyro data. 

 

 

Figure 5.8 Allan variance of the simulated gyro angle data including all random noises. 
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Table 5.3 The random noise coefficients from simulated data including all random noise 

by using the AVM. 

 Given Identified(rate) Error (%) Identified(angle) Error (%) 

AWN(X) 71093.1   71021.2   14.43 71066.2   37.28 

         (Y) 71093.1   71021.2   14.22 71064.2   36.50 

         (Z) 71093.1   71022.2   14.89 71064.2   36.40 

ARW(X) 71042.2   71077.2   14.44 71021.3   32.26 

         (Y) 71042.2   71077.2   14.23 71021.3   32.55 

         (Z) 71042.2   71070.2   11.47 71009.3   27.35 

RRW(X) 91073.7   91081.7    1.02 91046.6   16.47 

        (Y) 91073.7   91017.8    5.63 91013.7    7.76 

        (Z) 91073.7   91088.7    1.90 91056.6   15.21 

 

5.2 ALLAN VARIANCE METHOD FOR THE ICESAT GYRO DATA 

Now we can apply the Allan variance analysis to the real ICESat gyro data to 

investigate the gyro noise characteristics. The Allan variances for each day were 

computed by following the same processes for the simulation data. The added criterion 

for the data selection is that the time period is chosen that does not have any maneuver 

since the maneuver affects the random noise characteristics, especially the rate random 

walk. In other words, the maneuver means a long-period motion change, which leads to a 

strong signal in the high cluster time. Figures 5.9 and 5.10 indicate the Allan variances of 

the real gyro data from ICESat during the early mission and both figures show three 

slopes, which correspond to three different random noises. However, the slopes values 

for each random noise do not exactly match the defined values shown in Table 3.1. 
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Figure 5.9 Allan variance of the ICESat gyro rate data (L1a (campaign), 058(day)). 

 

 

Figure 5.10 Allan variance of the ICESat gyro angle data (L1a, 058). 
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Since the results show all random noises possibly included in the real data, the combined 

noises can make a different slopes. Even if the slopes do not correspond to the specified 

random noise slopes in Table 3.1, an assumption is made that the slopes in Figure 5.9 and 

5.10 represent AWN, ARW and RRW, respectively. Thus, we can separate each random 

noise zone. For example, the cluster time zone of the AWN is from approximately 0.2 

seconds to 1 second, and that of the ARW is from 1 second to 100 seconds. Finally, the 

cluster time zone of the RRW is from 100 seconds to 1000 seconds.   

 

 

Figure 5.11 Allan variance of the ICESat gyro rate data for the mission campaigns. 
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within each campaign were averaged. Figures 5.11 and 5.12 show the results for gyro rate 

and gyro angle data, respectively. Since both figures are almost similar to each other, the 

results from the gyro rate data shown in Figure 5.11 will be mostly explained. 

We can investigate the AWN first. The variances of gyro-2 and gyro-3 are almost 

identical since the alignment of gyro-2 and gyro-3 shown in Figure 3.1 are symmetrical 

to the Ybox axis. Gyro-1 is not symmetric to the other gyros but it is aligned with the Ybox 

axis, which is parallel to the solar panel rotation axis. Thus, gyro-1 is less affected by the 

effects of the solar panel rotation. The solar panel rotates at a 1Hz rate, which 

corresponds to the AWN region. Thus, the variance of gyro-1 has a lower value than 

those of the others. Another result is that the AWN depends on the attitude modes. The 

different attitude modes cause different drag effects on the solar panel [28]. When the 

laser is operated in airplane attitude mode, the Allan variances of the AWN for all gyros 

become closer and smaller, which means the drag effect is small. During the sailboat 

mode, the drag effects on the solar panel become higher. The AWN intensities for gyro-2 

and gyro-3 reach a factor of two higher compared with those on the airplane mode. Thus, 

we can say that the AWN is a function of the structure of the gyro and the attitude mode. 

Generally, the AWN property for each gyro is not changed on each mode. 

The ARW and RRW are constant during the mission and all gyros show similar 

values except the L1 campaign. During the L1 campaign, Laser 1 was used and there 

were no high-slew maneuvers. After the L1 campaign, ocean scan (OS) maneuvers were 

performed twice a day and “round” the world (RTW) scans were performed nominally 

every 8 days. This can lead the fact that the L1 campaign has different intensities for the 

ARW and RRW since the scan maneuvers mean long-period motion, which represents a 

strong signal of the high-cluster-time domain. Unlike the AWN, these two noises are not 

related to the gyro structure or the attitude mode. As explained in Chapter 3.3.2, the 
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random walk noise is related to the spacecraft environmental effects and the oscillator 

physical environment. The relationship explains why the intensities of both ARW and 

RRW for the three gyros are similar. From each identified random noise, we can 

conclude that the performances of the gyros are constant and unchanged during the 

mission. In Figure 5.12, the defined ARW values are generally higher than those in 

Figure 5.11. The influence of the AWN in the angle data is larger than that in the rate 

data caused by the uncorrected selection for each random noise. 

 

 

Figure 5.12 Allan variance of the ICESat gyro angle data for the mission campaigns. 
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5.3 POWER SPECTRAL DENSITY FOR SIMULATED GYRO DATA 

We can characterize the random noises from the simulated data by using PSD 

described in Chapter 3.4. Based on the Nyquist sampling theorem, the highest observable 

frequency is 5 Hz since the measurement sampling frequency is 10Hz. The algorithm for 

PSD is based on the FFT algorithm implemented in MATLAB programming. All figures 

are plotted on log-log scales to find the slope. 

5.3.1 EFFECTS OF EACH RANDOM NOISE SOURCES 

 The gyro random noise characteristics can be investigated by using the PSD 

method. The effects of each random noise on the gyro data were tested. Figures 5.13 and 

5.14 show the PSD of Case 1, which is only AWN as the input noise in the data 

generation. As we can see, the slope of the PSD in the rate data is +2 in Figure 5.13 and 

the slope of the angle data is zero in Figure 5.14. As Table 3.2 shows the slopes of every 

random noise for the PSD, the defined slopes from both data match those of Table 3.2. 

Unlike the Allan Variance Method, the PSD method focuses on the high-frequency 

domain, which is the low cluster time zone in the Allan Variance Method. Thus, the 

signals shown in the high-frequency domain are strong while those shown in the low-

frequency domain are weak. That is, the total frequency bins for the high-frequency 

signal are larger than those for the low-frequency signal. Figures 5.15 and Figure 5.16 

show the PSD plots for Case 2, where the ARW is the only input noise. The identified 

slope for the ARW in the gyro rate data is zero in Figure 5.15 since the ARW has the 

white noise characteristics in the rate data and the slope from the angle data is -2 in 

Figure 5.16. These values are identical to those in Table 3.2. 
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Figure 5.13 The PSD of the simulated gyro rate data with the AWN. 

 

 

Figure 5.14 The PSD of the simulated gyro angle data with the AWN. 
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Figure 5.15 The PSD of the simulated gyro rate data with the ARW. 

 

 

Figure 5.16 The PSD of the simulated gyro angle data with the ARW. 
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Figure 5.17 and Figure 5.18 show the PSD plots of the gyro rate data and angle 

data from Case 3, for which the input noise is RRW. As we can see the slope in Figure 

5.17 is -2 for the rate data and the slope in Figure 5.18 is -4 for the angle data. From the 

results of each case, the identified slopes well match to those in Table 3.2, which means 

the gyro random noise generation defined in Chapter 4.1 is reasonably simulated and the 

FFT algorithm is working correctly. 

 

 

Figure 5.17 The PSD of the simulated gyro rate data with the RRW. 
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Figure 5.18 The PSD of the simulated gyro angle data with the RRW. 

 

Table 5.4 The relation between the PSD and the random noise coefficients. 
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We first isolate and calculate the total spectral density corresponding to the slope 

for each random noise. For example, the slope for RRW is -2 in rate data so the total 

spectral density corresponding to the slope can be isolated and summed up with the 

proper frequency term. This process can be described in Equation 5.1: 

 

10
-4

10
-3

10
-2

10
-1

10
0

10
-20

10
-15

10
-10

10
-5

PSD of Gyro angle,(sim, RRW only)

x(
ra

d2 )

frequency(Hz)



 69 

2

_:1

_:1_

_
)2(

)(

rrwni

rrwninoisetotal

rrwiso
f

fS
S







     (5.1) 

 

where, rrwisoS _  is the isolated spectral density for the RRW, rrwn _  is the number of the 

frequency bin associated with the isolated spectral density, and rrwnif _:1  is the frequency 

bin corresponding to the RRW in the PSD plot [24]. The coefficient for the RRW from 

the isolated total spectral density, K, can be obtained by dividing the summed value with 

the total number of frequency bins: 
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The isolated spectral densities and the coefficients for the ARW and AWN can be 

described following same process as used for the RRW: 
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The coefficients for each random noise of the gyro rate data can be computed from 

Equation 5.1-5.6. Equations 5.1, 5.3 and 5.5 can be modified for each random noise slope 
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for the angle data. Thus, the isolated spectral densities of each random noise in the angle 

data are given by Equations 5.7-5.9: 

 

)( _:1__ awnninoisetotalawniso fSS      (5.7) 

 
2

_:1_:1__ )2/()( arwniarwninoisetotalarwiso ffSS  
     (5.8) 

 

4

_:1_:1__ )2/()( rrwnirrwninoisetotalrrwiso ffSS        (5.9) 

 

The coefficients of each random noise in the angle data can be calculated by using 

Equations 5.2, 5.4 and 5.6. Table 5.5 shows the identified values for each case. 

 

Table 5.5 The random noise coefficients from each individual random noise input by 

using the PSD in the simulated data. 

 Given Identified(rate) Error Identified(angle) Error 

AWN(X) 71093.1   71094.1   0.26 71095.1    0.98 

         (Y) 71093.1   71090.1   1.55 71092.1    0.83 

         (Z) 71093.1   71092.1   0.57 71094.1    0.16 

ARW(X) 71042.2   71043.2   0.12 71045.2    0.91 

         (Y) 71042.2   71042.2   0.25 71043.2    0.08 

         (Z) 71042.2   71043.2   0.12 71045.2    0.87 

RRW(X) 91073.7   91090.7   2.12 91010.8    4.72 

        (Y) 91073.7   91011.8   4.84 91026.8    6.85 

        (Z) 91073.7   91090.7   2.12 91010.8     4.72 

 

Generally, the errors for the AWN and ARW corresponding to the high-frequency 

and middle-frequency domains respectively, are below 2% for both rate data and angle 

data, while the error for the RRW is a little higher than other noises, especially for the 
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angle data. The lack of the frequency bins and the given small intensity for the RRW can 

cause the higher errors in the estimated values. 

5.3.2 EFFECTS OF ALL RANDOM NOISE SOURCES 

Figure 5.19 represents the result of the gyro rate data, which includes all random 

noise sources. Three distinctive slopes for each random noise are identified in Figure 5.19 

since the slope difference between the noises is 2.  

 

 

Figure 5.19 The PSD plot of the simulated gyro rate data. 

 

In the identified slopes, the dominant noise is AWN in the high-frequency, ARW 

in the middle-frequency, and RRW in the lower-frequency domain. However, we can see 

that the random noise effects are mixed in the entire frequency domain, which is different 

than the results for each individual random noise’s effect. Figure 5.20 demonstrates three 

distinctive slopes of each random noise in angle data. 
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Figure 5.20 The PSD plot of simulated the gyro angle data. 

 

From Figures 5.19 and 5.20, the signal strength of the PSD in the low-frequency 

region for RRW is really weak. For example, the total number of frequency bins for the 

RRW in the FFT is approximately 270 out of 130000. Thus, we can say that the PSD 

analysis for the low-frequency area is not enough to estimate the coefficient for the 

RRW. Table 5.6 shows the results of the case including all random noise sources. The 

error percentages for the AWN and ARW from the gyro angle data are below 13 % while 

the error percentages for the AWN and ARW from the angle data in the Allan variance 

method shown in Table 5.3 reach up to 38%. Thus, the identified values from the PSD 

are closer to the true values than those from the Allan variance method. The errors for the 

RRW in the rate data and angle data are so high due to the lack of the corresponding 

frequency bins, which means that the identified value for the RRW may not be correct. 
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Table 5.6 The random noise coefficients from simulated data including all random noises 

by using the PSD. 

 Given Identified(rate) Error (%) Identified(angle) Error (%) 

AWN(X) 71093.1   71002.2    4.65 71018.2   12.67 

         (Y) 71093.1   71002.2    4.24 71017.2   12.31 

         (Z) 71093.1   71002.2    4.50 71018.2   12.56 

ARW(X) 71042.2   71062.2    7.92 71062.2    8.04 

         (Y) 71042.2   71060.2    7.05 71060.2    7.18 

         (Z) 71042.2   71060.2    7.26 71060.2    7.38 

RRW(X) 91073.7   81015.1   48.33 81047.1   89.84 

        (Y) 91073.7   81023.1   59.45 81047.1   90.35 

        (Z) 91073.7   81014.1   47.42 81046.1   89.32 

 

The PSD has an advantage for the AWN and ARW estimation compared with the results 

from the Allan variance method. Meanwhile, the Allan variance method has an advantage 

for the RRW estimation. For example, the error percentages of the RRW for the rate data 

from the Allan variance method are below 6% while the error percentages of the RRW 

for the rate data from the PSD are above 47%. 

5.4 POWER SPECTRAL DENSITY FOR THE ICESAT GYRO DATA 

The PSD method can be applied to the real gyro data for estimating the random 

noises with the same procedures used for the Allan variance method. Figures 5.21 and 

5.22 show the PSD plots for a selected day of the L1a campaign. In Figure 5.21, three 

slopes can be identified but the slopes corresponding to each random noise are not clearly 

distinctive, compared with those from the simulated data. As already mentioned in the 

analysis from the real data using the Allan Variance Method, the PSD plots contain all 
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random noise effects for the entire frequency domain. Thus, the slopes of each random 

noise can be mixed, which will change different slopes in certain frequency bins. 

Moreover, the real data may have the different random noise sources. Therefore, the 

defined slopes cannot be matched to those of each random noise shown in Table 3.2. 

 

 

Figure 5.21 The PSD plot of the ICESat gyro rate data (L1a, 058). 
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Figure 5.22 The PSD plot of the ICESat gyro angle data (L1a, 058). 

 

The solar panel articulation causes the 1 Hz and 3 Hz signals in the gyro 

measurement data. In Figures 5.21 and 5.22, 1 Hz and 3 Hz peaks are clearly shown since 

the PSD analysis focuses on the high-frequency domain. Because of these strong peaks in 

the high-frequency domain, the slope identification for the AWN becomes more difficult. 

Assuming that the identified slopes represent three random noises, we can estimate the 

coefficients of each random noise from the PSD analysis during the GLAS campaign. 

Figure 5.23 shows the mean random noise coefficients of the PSD plot in the gyro rate 

data for each campaign and Figure 5.24 shows the mean random noise coefficients of the 

PSD plot in the gyro angle data.  The identified mean values for both data sets are almost 

identical. In addition, the results from the PSD shown in Figure 5.23 are almost identical 

the results from the Allan variance method shown in Figure 5.11. 
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For the AWN, gyro-2 and gyro-3 have identical coefficients since the alignment 

of the two gyros are symmetrical. The coefficients of the AWN are changed depending 

on the attitude modes; that is, the spacecraft motion mode and the gyro structure affect 

the AWN intensity. 

 

 

Figure 5.23 The PSD of the ICESat gyro rate data for the mission campaigns. 
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words, the Allan Variance Method focuses on the high-cluster-time zone, which is the 

low-frequency domain, while the PSD focuses on the high-frequency domain.  

 

 

Figure 5.24 The PSD of the ICESat gyro angle data for the mission campaigns. 
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data will be used for the information of the noise process covariance matrix in Chapter 7 

when the 6-state and 15-state EKF algorithms are tested for various maneuvers. 
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CHAPTER 6:  Attitude Results from Simulated Data 

In this chapter, attitude results from all filters are shown for the simulated data 

generated by the processes described in Sections 4.1 and 4.2. For a high-slew motion, the 

improved performance of the 15-state filter is described and is compared with that of the 

6-state filter. During the Sun/Moon-blocking period, the attitude accuracy of the EKF can 

be degraded by the gyro random noise sources and the uncorrected systematic errors. 

Since the batch algorithm is used for the gyro-based attitude determination, the influence 

of the Sun/Moon-blocking on the batch attitude solution is sufficiently small that the EKF 

solution can be replaced with the batch solution during a starless period. 

6.1 SIMULATED GYRO DATA AND MEASUREMENT ATTITUDE DATA  

As explained in Section 4.1, the simulated gyro data is generated by including 

three systematic errors and three random noise errors. Table 6.1 shows the given values 

of each systematic error and each random noise error source used in the gyro data 

generation. For the random noise error sources, the values described in Chapter 5 are 

used except for the AWN. The AWN coefficient in Chapter 5 was increased to show all 

three distinctive slopes in PSD and AVM results. For the systematic errors, those values 

are determined for the test by trial and error. The defined values for the scale factor and 

misalignment errors are 1000 ppm, and its values multiplied by the gyro rate data are a 

small amount of error compared with the constant bias errors. Figure 6.1 demonstrates 

the simulated gyro rate data for one orbital period of 5800 seconds. To keep the laser 

pointing toward the nadir direction, the spacecraft must rotate about the orbit-normal 

axis, which is the z-axis in the spacecraft body-fixed coordinate frame. Thus, the gyro 

rate value at the z-axis is approximately 223.4 arc-seconds per second. The true gyro rate 

can be obtained by using Equation 4.4. Following the processes described in Section 4.1, 
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the measurement gyro data can be generated by including all systematic errors and all 

random noises. The measurement attitude data can be obtained by following the steps 

described in Section 4.2 and the attitude angle errors shown in Equation 4.9. Figure 6.2 

shows the attitude angle errors between the true attitude and the measurement attitude 

data with one sigma values of the error covariance matrix. One sigma values shown in 

Figure 6.2 are used as the measurement noise in the EKF and batch filters.  

 

Table 6.1 Gyro noise Sources.  

Source Error Given values 

Constant bias error xb  0.03962 (arcsecond/sec) 

yb  0.05345 (arcsecond/sec) 

zb  0.00328 (arcsecond/sec) 

Scale factor error xk  1000 (ppm) 

xk  1000 (ppm) 

xk  1000 (ppm) 

Misalignment error xym  1000 (ppm) 

xzm  -1000 (ppm) 

yxm  1000 (ppm) 

yzm  -1000 (ppm) 

zxm  1000 (ppm) 

zym  -1000 (ppm) 

Random noise error AWN 710645.0   ( rad ) 

ARW 710424.2   ( 5.0sec/rad ) 

RRW 910733.7   ( 5.1sec/rad ) 
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Figure 6.1 Simulated gyro rate data. 

 

 

Figure 6.2 Attitude angle errors between the true attitude and the measurement attitude in 

the simulated data. 

1σ value of the covariance matrix in QUEST 
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6.2 MANEUVER WITHOUT HIGH-SLEW MOTION 

The gyro data and the star tracker data described in Section 6.1 are used for the 

input data for this maneuver. This maneuver is close to the nominal maneuver of the 

GLAS mission. From this analysis, the performance of all algorithms described in 

Chapter 2 can be tested.  

6.2.1 RESULTS FROM THE EKF 

Since there is no attitude maneuver in this case, the attitude results from both 6-

state and 15-state EKF filters are almost identical. Figure 6.3 and Figure 6.4 represent the 

attitude angle errors between the true attitude and both EKF solutions for this case. Even 

if the scale factor and misalignment errors are added in the gyro data, the effects of those 

errors on the 6-state EKF solution are not separated with those of the bias error. In other 

words, the estimated bias errors include the effects of scale factor and misalignment 

errors, which are called the spill-over effects of the scale factor and misalignment errors 

on the bias errors [12]. For the 15-state EKF, the estimated three systematic errors are not 

close to the defined values since there is no maneuver. However, the estimated bias errors 

in the 6-state EKF and the summations of the estimated systematic errors in the 15-state 

EKF are almost the same in that both EKF attitude solutions give similar results. The 

angle errors in roll and pitch direction in both solutions are below one arcsecond level. 

Furthermore, all errors are inside 1  values of the covariance matrix. The figure of the 

root mean squares (RMS) of roll and pitch errors is not presented in this chapter since the 

true attitude solution exists in the simulated data. 
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Figure 6.3 Attitude angle errors between the true attitude and the 6-state EKF solution in 

the simulated data. 

 

 

Figure 6.4 Attitude angle errors between the true and the 15-state EKF attitude in the 

simulated data. 

1σ line 

True-EKF 
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In the figures of attitude angle errors and gyro bias errors, the arcsec is used as an 

abbreviation of arcseconds. 

Figures 6.5 and 6.6 show the estimated gyro bias errors from both EKF filters. 

The black line represents the estimated bias error and the gray line indicates the 1  

values of the covariance matrix corresponding to the gyro bias error vector in both 

Figures. Both figures demonstrate that the estimated bias errors are well bounded within 

1  values of the covariance matrix. The only difference is that the 1  value from the 15-

state EKF is larger than that of the 6-state EKF. The covariance matrix for the gyro bias 

in the 15-state EKF is influenced by the initial value of the covariance matrix for the 

scale factor and misalignment errors. 

 

 

Figure 6.5 Gyro bias errors from the 6-state EKF in the simulated data. 
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Figure 6.6 Gyro bias errors from the 15-state EKF in the simulated data. 

 

6.2.2 RESULTS FROM THE BATCH 

The respective performances of the 6-state and the 15-state batch algorithms were 

tested for the non-maneuver period case. Figure 6.7 presents the angle errors between the 

true attitude and the solution from the 6-state batch. Since the 6-state batch algorithm 

assumed to be the gyro-based attitude determination, there is no process for removing the 

gyro random noise and the solution from the filter deviates from the true attitude. For 

example, the maximum error in the roll direction is approximately 5 arc-seconds. Figure 

6.8 shows the attitude angle errors from the 15-state batch results. Since the random walk 

noises (ARW and RRW) are integral noises of the white noises, the effect of these noises 

is long-period motion, which means the measurement gyro data can be influenced by the 

scale factor and misalignment errors. Thus, the 15-state batch solution can remove the 



 86 

effects of these errors by estimating the initial scale factor and misalignment errors to 

propagate the quaternion dynamic equation using only the gyro data.  

 

 

Figure 6.7 Attitude angle errors between the true attitude and the 6-state batch solution in 

the simulated data. 

 

Table 6.2 shows standard deviations of each attitude angle error and pointing 

angle errors of all filters. As mentioned previously, the estimated values for attitude 

accuracies are similar in both EKF filters. The pointing angle error from the 6-state batch 

is beyond the attitude accuracy requirement, which is 1.5 arcseconds, while the 15-state 

batch satisfies the requirement, which suggests that the performance of the 15-state batch 

is better than that of the 6-state batch. 
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Table 6.2 Standard deviations of attitude angle errors in roll, pitch and yaw direction and 

pointing angle error for all filters from simulated non high-slew maneuver 

(All values are given in arcseconds). 

 Roll Pitch Yaw Pointing angle error 

EKF6 0.328 0.327 2.175 0.463 

EKF15 0.328 0.324 2.068 0.462 

BATCH6 1.730 1.309 0.844 2.172 

BATCH15 0.390 0.415 0.223 0.574 

 

 

 

Figure 6.8 Attitude angle errors between the true attitude and the 15-state batch solution 

in the simulated data. 

 

Figure 6.9 demonstrates the result from decreasing two random walk noises by 

10% of the defined values. By decreasing the coefficients of random noises, we can show 
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that the solution from the 6-state batch algorithm can be close to the true attitude. If the 

intensities of two random walk noises are increased by up to 10 times of the defined 

values, the attitude solution from the 6-state batch deviates more from the true attitude. 

Figure 6.10 shows the effects of the increased random walk noise sources on the batch 

attitude solution. As we can see in Figure 6.10, the 6-state batch solution shows angle 

errors larger than 20 arcseconds in roll and pitch directions. Thus, the main factor for the 

attitude accuracy in the batch solution is the strengths of the random walk noises. 

 

 

Figure 6.9 Attitude angle errors between the true solution and the 6-state batch solution 

resulting from decreasing the given angular random walks in the simulated 

data (10%). 
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Figure 6.10 Attitude angle errors between the true solution and the 6-state batch solution 

resulting from decreasing the given angular random walks in the simulated 

data (1000%). 

 

6.2.3 EFFECTS OF THE 1 HZ MOTION IN THE GYRO DATA 

In Chapter 5, the gyro noise analysis from the PSD indicates that the real gyro 

data used in GLAS mission shows a 1 Hz signal originating from the solar panel 

articulation. To investigate the effect of 1 Hz motion on the attitude solution, 1 Hz 

motion is applied to the simulated gyro data by using the sinusoid with an amplitude 0.5 

of arcseconds. Table 6.1 shows the system error sources. Figure 6.11 shows the attitude 

angle errors between the true attitude data and the 6-state EKF result for this case. 

Compared with the case without 1 Hz motion shown in Figure 6.3, the 1  value becomes 

slightly larger in this case. However, the attitude angle errors are bounded within 1  

values of the covariance matrix.  
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Figure 6.11 Attitude angle errors between the true attitude and the 6-state EKF solution 

with simulated 1 Hz motion in the gyro data. 

 

Even if the 1 Hz motion is included in the gyro data over the entire orbital 

revolution, the data are not associated with a high-slew maneuver. Thus, the estimated 

bias error absorbs the effects of the scale factor and the misalignment errors. Figure 6.12 

demonstrates the attitude angle between the true attitude data and the 15-state EKF result. 

The figure indicates that the attitude solution is bounded within 1  values, as was the 6-

state EKF result.  
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Figure 6.12 Attitude angle errors between the true attitude and the 15-state EKF solution 

with simulated 1 Hz motion in the gyro data. 

 

Figure 6.13 shows the 6-state batch result when 1 Hz motion is added in the gyro 

data. The 6-state batch solution from this case gives similar results to the case without 1 

Hz motion shown in Figure 6.7. The difference between the two cases is that the attitude 

solution shown in Figure 6.13 becomes noisy. In other words, the 1 Hz motion in the 

gyro data acts as the white noise in the 6-state batch solution. The intensity of the noisy 

solution from 1 Hz motion corresponds to the amplitude of the motion applied to the gyro 

data generation, which is one arcsecond in this case. The difference between the true 

solution and the 6-state batch solution comes from the effects of the gyro random noise 

since the batch filter does not have the process to remove the gyro random noise. The 

effects of the gyro random noise are already shown in Figures 6.9 and 6.10.  

 



 92 

 

Figure 6.13 Attitude angle errors between the true attitude and the 6-state batch solution 

with simulated 1 Hz motion in the gyro data. 

 

Figure 6.14 represents the attitude angle errors between the true attitude solution 

and the 15-state batch result. The 15-state batch result for the case without 1 Hz motion is 

shown in Figure 6.8. The effects of 1 Hz motion in the gyro data on the 15-state batch 

solution are similar to that of the 6-state batch, which is the attitude solution with low 

noise from the case without 1 Hz motion in the gyro data. Since the 15-state batch filter 

can remove the effects of the scale factor and misalignment errors caused by the gyro 

random noise, the attitude angle errors from the 15-state batch solution are below two 

arcseconds in the roll and pitch direction while those from the 6-state batch solution are 

up to five arcseconds. 
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Figure 6.14 Attitude angle errors between the true attitude and the 15-state batch solution 

with simulated 1 Hz motion in the gyro data. 

 

Thus, we can say that the 1 Hz motion in the gyro data does not affect the attitude 

accuracies of all filters. Therefore, the 1 Hz motion in the gyro rate data will not be 

included in subsequent maneuvers for the simulation analysis. Table 6.3 shows the 

statistics for 1Hz motion of the gyro data. 
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Table 6.3 Standard deviations of attitude angle errors in roll, pitch and yaw direction and 

pointing angle error for all filters from simulated non high-slew maneuver 

including simulated 1Hz motion in the gyro data (All values are given in 

arcseconds). 

 Roll Pitch Yaw Pointing angle error 

EKF6 0.639 0.639 2.256 0.904 

EKF15 0.634 0.635 2.249 0.897 

BATCH6 1.822 1.428 1.020 2.318 

BATCH15 0.679 0.698 0.553 0.976 

 

6.3 MANEUVER WITH HIGH-SLEW MOTION 

A high-slew maneuver is required to investigate the performances of the 15-state 

filter algorithms. During the motion, the gyro data can be affected by the scale factor and 

misalignment errors. By changing the orbit elements, a high-slew motion can be 

generated. For this study, sinusoidal functions with an interval 500 seconds are used for 

the inclination and the true anomaly changes, where amplitudes are 126 degrees and 48 

degrees respectively. Figure 6.15 shows the gyro rate data for the maneuver. For the 

estimated systematic error to converge to the defined true values, a sufficient maneuver 

duration is required. The total maneuver time is assumed to be 1500 seconds in this 

study. The dashed line indicates a maneuver period. For this maneuver, the scale factor 

and misalignment errors are increased to 10 times the defined values in Table 6.1 to 

investigate the effects of larger errors on the attitude solution. If the defined values of 

those errors are small, the effects of the errors can be negligible in the attitude solution. 

One of the main goals of the study is to show how the performance of the 15-state 

algorithm can enhance the attitude accuracy during a high-slew maneuver period.   
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Figure 6.15 Gyro rate data for simulated high-slew maneuver. 

 

6.3.1 RESULTS FROM THE EKF 

Figure 6.16 shows the attitude angle errors from the 6-state EFK result for a high-slew 

maneuver. During a high-slew maneuver, the attitude solution from the 6-state EKF is not 

within 1  values of the covariance matrix, but it is within 3  values of the covariance 

matrix. As we can see in Figure 6.16, the spacecraft motion, which is shown as the 

sinusoidal motion, still exists in the attitude angle errors. Since the 6-state EKF does not 

estimate the scale factor and misalignment errors in the gyro calibration model, the 

attitude solution cannot remove those effects by correcting only the bias errors. During 

the maneuver, three systematic errors can independently affect the attitude solution. 

When the maneuver ends, the attitude solution returns to the required accuracy. 
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The effects of scale and misalignment errors can be attenuated by proper tuning of 

the covariance matrix. An increase in the tuning parameters means that more weight is 

applied to the measurement attitude data, which is the star tracker data, and the weight is 

less applied to the filter model. Thus, the effects of the high-slew gyro motion can be 

decreased in the attitude solution. Figure 6.17 presents the results from the tuning 

parameter’s change. Compared with Figure 6.16, the spacecraft motion is clearly reduced 

and the angle errors are within the 1  values. However, the problem is that the attitude 

angle errors become larger. We can say that the increase of the tuning parameters means 

an increase of the uncertainty in the attitude accuracy. 

 

 

Figure 6.16 Attitude angle errors from the 6-state EKF with simulated high-slew 

maneuver. 
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Figure 6.17 Attitude angle errors from the 6-state EKF with simulated high-slew 

maneuver (Tuning). 

 

To avoid less accurate attitude results from increasing the tuning parameters, we 

can extend the 6-state EKF to the 15-state EKF and estimate the scale factor and 

misalignment errors in the states along with the bias errors. As described in Chapter 2, 

the adjusted state transition matrix and the process noise covariance matrix can be 

implemented into the 15-state EKF. Figure 6.18 shows the results from the 15-state EKF. 

Compared with the solution of the 6-state EKF, there are no remaining effects of the 

spacecraft motion and the attitude angle errors are within approximately one arc-second 

of the mean. The 15-state EKF result for the high-slew maneuver is almost identical to 

that of the non-maneuver case shown in Figure 6.4. The attitude angle errors differences 

are large only at the starting point of the maneuver since the gyro calibration parameters 

are changed rapidly at that point.  
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Figure 6.18 Attitude angle errors from the 15-state EKF with simulated high-slew 

maneuver. 

 

 

Figure 6.19 Gyro bias errors from the 6-state EKF with simulated high-slew maneuver. 
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Figure 6.19 shows the estimated bias errors from the 6-state EKF. The estimated 

bias errors are not within the 1  values of the covariance matrix during the high-slew 

maneuver time. The gyro motion remains in the results because of the scale factor and 

misalignment error effects. Therefore, the mean values are considerably large, 

approximately 0.2 arcseconds for all axes, which means that the estimated bias errors 

include the effects of scale factor and misalignment errors. Figure 6.20 represents the 

estimated gyro bias errors from the 15-state EKF. Compared with Figure 6.19, the gyro 

motion is rapidly reduced and the estimate bias errors are within 1  value of the 

covariance matrix. The mean values in this figure are close to the defined gyro bias 

errors. That is, the scale factor and misalignment errors effects are separated from the 

gyro bias effects in the 15-state EKF. Figure 6.21 shows the scale factor errors, and the 

estimated three scale errors reach 10000 ppm when the maneuver ends. Also, six 

misalignment errors shown in Figure 6.22 are converged to the defined values. Thus, the 

effects of the three systematic errors can be separated into each of the attitude solutions 

from the 15-state EKF. However, this separation only occurs when the spacecraft orbit 

has a high-slew motion. 
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Figure 6.20 Gyro bias errors from the 15-state EKF with simulated high-slew maneuver. 

 

 

Figure 6.21 Scale factor errors from the 15-state EKF with simulated high-slew 

maneuver. 
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Figure 6.22 Misalignment errors from the 15-state EKF with simulated high-slew 

maneuver. 

 

6.3.2 RESULTS FROM THE BATCH 

The results from the batch algorithms are analyzed in this section. Figure 6.23 

demonstrates the solution from the 6-state batch, which shows that the solution is not 

converged to the true attitude solution because of the scale factor and misalignment error 

effects. As a consequence, the initial mean bias errors compensating for the scale factor 

and misalignment errors cannot be estimated in the 6-state batch process during the high-

slew maneuver. Figure 6.24 shows the result from the 15-state batch. The 15-state batch 

solution improves on the 6-state batch solution by estimating scale factor and 

misalignment errors.  
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Figure 6.23 Attitude angle errors from the 6-state batch with simulated high-slew 

maneuver. 

 

 

Figure 6.24 Attitude angle errors from the 15-state batch with simulated high-slew 

maneuver. 
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However, there are still some attitude errors in the 15-state batch solution and the 

spacecraft motion during a high-slew maneuver can still be seen in Figure 6.24. Since the 

batch algorithm cannot remove the effects of the random noise, the effects of the random 

noises can cause the attitude errors in the 15-state batch solution. Also, when a high-slew 

maneuver occurs, the estimated initial conditions for the systematic errors may not be 

correct. Table 6.4 shows the statistics of all filters for a high-slew maneuver. The 15-state 

EKF provides most accurate attitude solution. However, the result from the 6-state EKF 

also satisfies the attitude accuracy requirement, which suggests that the implied scale 

factor and misalignment errors are relatively small during a high-slew maneuver. The 6-

state batch cannot remove the effects of a high-slew maneuver and cannot satisfy the 

attitude accuracy requirement. The 15-state batch yields a better performance compared 

to the 6-state batch.   

 

Table 6.4 Standard deviations of attitude angle errors in roll, pitch and yaw direction and 

pointing angle error for all filters from simulated high-slew maneuver (All 

values are given in arcseconds). 

 Roll Pitch Yaw Pointing angle error 

EKF6 0.607 0.707 16.039 0.932 

EKF15 0.337 0.335 2.781 0.475 

BATCH6 352.318 190.950 1692.536 403.110 

BATCH15 1.090 1.082 2.124 1.536 
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6.3.3 HIGH-SLEW MOTION ON EACH GYRO AXIS 

The previous high-slew motion in the gyro data was generated by changing the 

orbit elements for all gyro axes. The maneuver needs a sufficient transient time for the 

gyro calibration parameters to converge. In this section, another high-slew motion is 

applied to each gyro axis at different maneuver times. Figure 6.25 shows an example of 

the high-slew motion on each gyro axis. First, the high-slew motion on gyro x-axis is 

applied for 1000 seconds. The gyro rate of the x-axis is constantly 500 (arcseconds/sec) 

during the maneuver. The same amounts of the gyro rates are added to the gyro y and z-

axes at different times with same maneuver duration time, 1000 seconds. The reason for 

this high-slew maneuver is to investigate how each gyro axis responds to consecutive 

maneuvers. 

 

 

Figure 6.25 Gyro rate data from simulated high-slew maneuvers on each gyro axis. 
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6.3.3.1 RESULTS FROM THE EKF 

Figure 6.26 shows the attitude angle error between the true solution and the 6-

state EKF solution for the high-slew maneuver. The attitude angle errors are bounded 

within the 1  values except near the starting and ending points for each maneuver. The 

rapid changes in the gyro rate and the influences of scale factor errors and misalignment 

errors at the starting and ending points of the maneuvers cause the 6-state EKF solution 

to drift from the true attitude solution, which is shown as the angle error peaks. 

 

 

Figure 6.26 Attitude angle errors from the 6-state EKF with simulated high-slew 

maneuver on each gyro axis. 
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Figure 6.27 Gyro bias errors from the 6-state EKF with simulated high-slew maneuver on 

each gyro axis 

 

Figure 6.27, which shows the bias errors from the 6-state EKF, explains the 

drifted attitude solution. The estimated gyro biases errors are not within the 1  values. 

Since the scale factor and misalignment errors cannot be estimated in the 6-state EKF, the 

effects of those errors are added to the bias errors during the maneuver. Thus, the 

estimated bias errors are larger than the input bias errors, especially during each 

maneuver. Figure 6.28 represents the attitude angle errors from the 15-state EKF 

solutions. Compared with the results from the 6-state EKF, the attitude errors at the 

starting points of each maneuver become smaller, but still remain in the results because 

of the incomplete maneuver for all gyro axes. The angle errors peak at the ending points 

shown in Figure 6.26 are invisible in Figure 6.28 since the 15-state EKF can estimate the 

scale factor and misalignment errors. 
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Figure 6.28 Attitude angle errors from the 15-state EKF with simulated high-slew 

maneuver on each gyro axis. 

 

 

Figure 6.29 Gyro bias errors from the 15-state EKF with simulated high-slew maneuver 

on each gyro axis. 
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Figure 6.29 shows the estimated bias errors from the 15-state EKF filter. Unlike 

the results from the 6-state EKF, the calculated values are bounded within the 1  values 

and reach the true values when all maneuvers end. Figures 6.30 and 6.31 demonstrate the 

estimated scale factor and misalignment errors of the gyros. The scale factor error for the 

gyro x-axis reaches the true value immediately when there is a maneuver specifically for 

the gyro x-axis. Also, the estimated misalignments errors corresponding to the gyro x-

axis are close to the true values. The calibration parameters for the gyro y and z-axes are 

not close to the true values since the maneuver for those axes was not performed for the 

time period shown in the figure. After all maneuvers end, the scale factor and 

misalignment error for all gyro axes converge to the true value. For the previous high-

slew maneuver, it takes the sufficient transient time, which was approximately 1000 

seconds, for the gyro calibration parameters to reach the true values.  

 

 

Figure 6.30 Scale factor errors from the 15-state EKF with simulated high-slew maneuver 

on each gyro axis.  
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Figure 6.31 Misalignment errors from the 15-state EKF with simulated high-slew 

maneuver on each gyro axis. 

 

6.3.3.2 RESULTS FROM THE BATCH 

The results from batch filters for the simulated high-slew maneuver will be 

discussed in this section. Figure 6.32 shows the attitude angle errors from the 6-state 

batch filter. Since the 6-state batch algorithm cannot estimate the scale factor and 

misalignment errors of gyros, the influence of those errors cannot be corrected in the 

attitude solution. Thus, the 6-state batch result for the high-slew maneuver cannot satisfy 

the attitude accuracy. For example, the angle errors in the roll and pitch direction from 

the 6-state batch solution are above 1000 arcseconds. Figure 6.33 shows the attitude 

angle errors from the 15-state batch filter.  
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Figure 6.32 Attitude angle errors from the 6-state batch with simulated high-slew 

maneuver on each gyro axis. 

 

 

Figure 6.33 Attitude angle errors from the 15-state batch with simulated high-slew 

maneuver on each gyro axis. 
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The attitude angle errors in the roll and pitch direction from the 15-state batch solution 

are below 3 arc-seconds because the scale factor and misalignment errors can be 

corrected in the filter. Table 6.5 shows the statistics of a high-slew maneuver on each 

gyro axis. It gives similar results to the previous high-slew maneuver. Compared to the 

Table 6.4, the performance of the 15-state batch is better than that of the 6-state EKF, 

which suggests that the estimated gyro calibration parameters in the 15-state batch were 

converged to the true values. 

 

Table 6.5 Standard deviations of attitude angle errors in roll, pitch and yaw direction and 

pointing angle error for all filters from simulated high-slew maneuver on 

each gyro axis (All values are given in arcseconds). 

 Roll Pitch Yaw Pointing angle error 

EKF6 0.607 0.610 11.243 0.861 

EKF15 0.343 0.340 3.548 0.483 

BATCH6 1791.648 1138.886 4957.585 2414.636 

BATCH15 0.427 0.420 1.590 0.609 

 

For a high-slew maneuver, the magnitude of scale factor and misalignment error 

was 10000 ppm and the duration of a maneuver was 1500 seconds. We can investigate 

the effects of the magnitude of scale factor and misalignment error and the duration of a 

high-slew maneuver on the attitude solution. Table 6.6 shows pointing angle errors of 

each filter for various maneuver durations with the magnitude of the scale factor and 

misalignment error 100 ppm. EKF filters give similar results. Unlike previous high-slew 

maneuvers, the 6-state EKF is not affected by a high-slew maneuver. Also, we can see 

that both EKF filter’s accuracies are the same regardless of the duration of a high-slew 



 112 

maneuver. For the 6-state batch, it cannot satisfy the attitude accuracy requirement. The 

results from the 15-state batch clarify that a sufficient maneuver time is required to 

estimate the scale factor and misalignment. For this specific case, the duration of a 

maneuver should be longer than 1000 seconds for the 15-state batch to properly estimate 

the scale factor and misalignment errors. 

 

Table 6.6 Pointing angle errors of all filters during simulated high-slew maneuvers (100 

ppm for scale factor and misalignment errors. All values are given in 

arcseconds). 

 100s 500s 1000s 3000s 5000s 

EKF6 0.459 0.459 0.459 0.460 0.460 

EKF15 0.461 0.463 0.464 0.466 0.467 

BATCH6 3.625(*) 4.218(*) 4.020(*) 6.493(*) 7.620(*) 

BATCH15 1.851(*) 2.129(*) 2.087(*) 1.536 1.441 

where * means that the estimated gyro parameters were not converged to the true values.  

 

Table 6.7 shows pointing angle errors of each filter by changing the durations of 

maneuver with the magnitude of scale factor and misalignment error 10000 ppm. The 

effects of the increased intensities of the scale factor and misalignment errors were shown 

on the 6-state EKF solutions. Pointing angle errors of the 6-state EKF become worse as 

the duration of maneuver is increased. The 6-state batch attitude solutions were not 

converged. Pointing angle errors from the 15-state batch become better as the duration of 

maneuver is increased. Unlike the results from Table 6.6, it took only 500 seconds for the 

estimated gyro parameters to be converged closely to the true values in the 15-state batch. 

In other words, the intensities of scale factor and misalignment and the duration of a 

maneuver are the main factors for the 15-state batch’s performance. 
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Table 6.7 Pointing angle errors of all filters during simulated high-slew maneuvers 

(10000 ppm for scale factor and misalignment errors. All values are given in 

arcseconds). 

 100s 500s 1000s 3000s 5000s 

EKF6 0.680 0.784 0.846 1.407 1.742 

EKF15 0.465 0.468 0.470 0.472 0.472 

BATCH6 165.370(*) 351.056(*) 356.160(*) 655.408(*) 815.724(*) 

BATCH15 1.648(*) 1.899 1.851 1.305 1.193 

where * means that the estimated gyro parameters were not converged to the true values. 

 

Table 6.8 shows pointing angle errors of all filters when the intensities of scale 

factor and misalignment were 10
5
 ppm. In this case, the intensities of scale factor and 

misalignment errors are bigger than those of gyro bias errors. The 15-state EKF only 

yields the attitude solution fulfilled to the attitude accuracy requirement. Even if the 

estimated gyro parameters were not converged to the true values in the 15-state batch, the 

performance of the 15-state batch is better than that of the 6-state EKF since the 

estimated gyro parameters were reaching close to the true values with increased 

maneuver time. 

From Tables 6.6, 6.7 and 6.8, we can conclude that the main factor of attitude 

accuracy is the intensity of scale factor and misalignment error during a high-slew 

maneuver. The performances of the 15-state EKF are better than other filters based on the 

pointing angle error. A 6-state batch cannot satisfy the attitude accuracy requirement in 

any cases if there is a high-slew maneuver during an orbital revolution. When the 

magnitudes of scale factor and misalignment errors are increased, the performance of the 

6-state EKF becomes inadequate and cannot satisfy the attitude accuracy requirement. 

The 15-state batch can provide more accurate attitude solution than the 6-state EKF when 
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the magnitudes of scale factor and misalignment errors are increased during a high-slew 

maneuver. 

 

Table 6.8 Pointing angle errors of all filters during simulated high-slew maneuvers (10
5
 

ppm for scale factor and misalignment errors. All values are given in 

arcseconds). 

 100s 500s 1000s 3000s 5000s 

EKF6 5.079 6.441 7.197 13.342 16.863 

EKF15 0.779 0.800 0.812 0.835 0.841 

BATCH6 1659.409(*) 3622.177(*) 3694.134(*) 6790.802(*) 8706.195 (*) 

BATCH15 291291.988(*) 1.811(*) 1.600(*) 1.520(*) 1.651(*) 

where * means that the estimated gyro parameters were not converged to the true values. 

 

6.4 SUN/MOON-BLOCKING INFLUENCE AND SOLUTION 

When the star tracker points near the Sun or the Moon, the influences of those 

objects affect the star data measurement since those objects are so bright that the received 

photons from them can reach the saturation level in the star image detector. Thus, during 

Sun/Moon-blocking periods, there are no available star measurement data. To investigate 

the influence of a starless period caused by the Sun and the Moon, the star measurement 

data in the simulated data can be removed for certain periods; periods of 800 seconds are 

used in this study.  

6.4.1 RESULTS FROM THE EKF 

In the EKF, the attitude solution can be obtained by propagating the gyro data 

only during the starless period. When there is no star data available, the EKF can not 

update the states. When the starless period starts, the estimated gyro parameters at the 



 115 

previous measurement time are used to propagate the quaternion dynamic equation. Thus, 

the gyro random noises and the uncorrected systematic errors can cause the attitude 

solution to deviate from the true solution.  

 

 

Figure 6.34 Attitude angle errors from the 6-state EKF with simulated starless period. 

  

Figures 6.34 and 6.35 demonstrate the attitude angle errors from each EKF 

solutions. Both figures show the angle errors continuously drift from the true solution 

during the period. For example, the pitch angle error is above 20 arc-second. Thus, a 

method is required to avoid the attitude solution’s drift from the true attitude, which will 

be discussed later. The attitude solution quickly returns to the original accuracy when the 

star data are available. 
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Figure 6.35 Attitude angle errors from the 15-state EKF with simulated starless period. 

 

6.4.2 RESULTS FROM THE BATCH  

The batch algorithm is the gyro-based attitude determination, which means the 

batch solution is less affected by the measurement star data. As we can see in Figures 

6.36 and 6.37, the attitude angle errors are almost identical to those from the non-

maneuver case presented in Figure 6.7 and Figure 6.8. Since the initial conditions for the 

systematic errors in batch algorithm are obtained by the all measurement star data and 

these initial conditions are considered to be the mean values for those errors, a starless 

period does not affect the attitude accuracy in the batch solution as the mean values of the 

systematic errors approach the true values. Thus, the remaining factor for the attitude 

accuracy in the batch algorithm during a starless period is the gyro random noises’ effect. 
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Figure 6.36 Attitude angle errors from the 6-state batch with simulated starless period. 

 

 

Figure 6.37 Attitude angle errors from the 15-state batch with simulated starless period. 
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6.4.3 INCORPORATING BATCH RESULTS IN THE EKF SOLUTION   

Since the batch solution is not affected by the Sun/Moon-blocking influence on 

the attitude determination, the EKF results can be replaced with the batch results during a 

starless period. Figure 6.38 shows the replacement of the 6-state batch results into the 6-

state EKF for a starless period. Compared with Figure 6.34, the roll and pitch angle errors 

are largely reduced. Figure 6.39 demonstrates the batch/EKF hybrid solution with the 15-

state filters’ results. Since the 15-state batch solution is closer to the true attitude solution 

than the 6-state batch solution, it is better to use the 15-state batch result than the 6-state 

batch for the hybrid solution. In the ICESat PAD, the best precise attitude determination 

solutions are required in the Polar Regions (Antarctica and Greenland) and the Sun-

blocking occurs in the low-latitude region near the equator. Thus, the drift in the EKF 

attitude solutions will not affect the laser pointing angle determination in the Polar 

Regions, but it is still desirable to achieve a solution with the accuracy better than 20+ 

arc-seconds, especially during the scan maneuver for calibration/validation. 
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Figure 6.38 Attitude angle errors from the 6-state EKF with the replacement during a 

simulated starless period. 

 

 

Figure 6.39 Attitude angle errors from the 15-state EKF with the replacement during a 

simulated starless period. 
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Table 6.9 shows the statistics of all filters during a starless period. The pointing 

angle errors of both EKF filters are beyond the attitude accuracy requirement. The batch 

algorithms give similar results shown in Table 6.2. In other words, the effects of starless 

period in the batch algorithm’s performances are negligible. The EKF solutions replaced 

with the batch solutions during a starless period satisfy the attitude accuracy requirement. 

Since the 15-state batch solution is close to the true attitude solution than the 6-state 

batch solution, it is better to use the 15-state batch result than the 6-state batch for the 

hybrid solution. 

 

Table 6.9 Standard deviations of attitude angle errors in roll, pitch and yaw direction and 

pointing angle error for all filters from a simulated starless period (All 

values are given in arcseconds). 

 Roll Pitch Yaw Pointing angle error 

EKF6 1.297 6.815 4.726 7.328 

EKF15 1.296 6.817 4.679 7.331 

BATCH6 1.751 1.348 0.832 2.247 

BATCH15 0.390 0.430 0.239 0.584 

IN_EKF6 0.738 0.796 2.135 1.142 

IN_EKF15 0.343 0.364 1.987 0.504 

where IN_EKF6 means the 6-state EKF solution replaced with the 6-state batch during a 

starless period. IN_EKF15 means the 15-state EKF solution replaced with the 15-state 

batch during a starless period. 

 

Table 6.10 shows the pointing angle errors of all filters during a non high-slew 

maneuver by inserting starless periods, in which a starless period is increased from 0 to 
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2000 seconds with the interval 500 seconds. The accuracies from both EKF filters 

become worse as a starless period is increased while there are small differences in the 

batch results even if a starless period is increased to 2000 seconds. A 15-state batch 

yields the best performance during a starless period. 

 

Table 6.10 Pointing angle errors of all filters during simulated starless periods (All values 

are given in arcseconds). 

 0 500s 1000s 1500s 2000s 

EKF6 0.500 4.552 12.650 22.292 32.130 

EKF15 0.473 4.551 12.653 22.300 32.146 

BATCH6 2.213 2.224 2.265 2.452 2.658 

BATCH15 0.512 0.521 0.560 0.748 0.819 

 

To investigate the effects of starless periods during a high slew maneuver, we can 

generate the simulation data similar to the ICESat data for a RTW scan maneuver, which 

will be explained in Chapter 7.3. A high-slew maneuver time is approximately 5800 

seconds. 2000 ppm is used for the intensities of scale factor and misalignment errors, 

which is similar to the estimated values from the ICESat’s RTW scan maneuver. Figure 

6.40 shows the simulated gyro rate data for a RTW scan maneuver. A starless period 

starts at 3500 seconds and the duration of a starless period is increased from 0 to 2000 

seconds with the interval 500 seconds.  

Table 6.11 shows pointing angle errors of each filter for this simulated maneuver. 

Without a starless period, both EKF filters satisfied the attitude accuracy requirement. 

However, the pointing angle errors from the 6-state EKF were rapidly degraded during a 

starless period because of the uncorrected systematic errors and the gyro random noises. 
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The performance of the 15-state EKF was much better than that of the 6-state EKF since 

the more accurate gyro parameters were used in the gyro-based attitude determination 

during a starless period. Figure 6.41 and Figure 6.42 show the estimated scale factor and 

misalignment error when a starless period is 2000 seconds. Before a starless period starts, 

the estimated gyro parameters corresponding to each gyro axes were converged closely to 

the true values. The effects of a starless period were negligible in the batch attitude 

solutions. A high-slew maneuver degraded the performance of the 6-state batch. The 15-

state batch provided most accurate attitude solution in terms of the pointing angle error 

since the effects of gyro’s systematic errors and a starless period could be removed. 

 

 

Figure 6.40 Simulated gyro rate data for a RTW scan maneuver. 
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Table 6.11 Pointing angle errors of each filter for various starless periods during a 

simulated RTW scan maneuver (2000 ppm for scale factor and 

misalignment error. All values are given in arcseconds). 

 0 500s 1000s 1500s 2000s 

EKF6 0.500 88.888 203.489 329.132 462.082 

EKF15 0.462 3.585 9.704 18.112 28.077 

BATCH6 69.475 69.503 69.557 69.894 69.859 

BATCH15 1.116 1.123 1.170 1.211 1.222 

 

 

 

Figure 6.41 Estimated scale factot errors in the 15-state EKF duirng a simulated RTW 

scan maneuver with a starless period 2000 seconds. 
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Figure 6.42 Estimated misalignment errors in the 15-state EKF duirng a simulated RTW 

scan maneuver with a starless period 2000 seconds. 

 

Table 6.12 shows the estimated scale factor and misalignment errors from the 15-

state batch and the 15-state EKF. The estimated values from the 15-state batch were very 

close to the true values regardless of the existence of a starless period. However, the 

estimated errors from the 15-state EKF were not close to true values, especially, the gyro 

parameters corresponding to the gyro z-axis because of small magnitude of a maneuver. 

The errors between the true values and the estimated gyro parameters’ values in the 15-

state EKF are caused by the small intensities of the scale factor and misalignment errors 

and the small amplitude of a high-slew maneuver. 
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Table 6.12 Estimated scale factor and misalignment errors during a simulated RTW scan 

maneuver in the 15-state filters (All values are given in ppm). 

 Given EKF15 BATCH15 

RTW RTW (SP:2000s) RTW RTW (SP:2000s) 

k x
 2000 1802 1291 2005 2015 

k y
 2000 2257 789 2010 2000 

k z
 2000 1307 1312 1867 1905 

mxy
 2000 2204 2594 1992 1973 

mxz
 -2000 -558 -579 -2023 -2067 

myx
 2000 1730 3827 1972 1978 

myz
 -2000 -227 86 -1915 -1923 

mzx
 2000 1862 1751 2021 2077 

mzy
 -2000 -1851 -1897 -1976 -1974 

 

In this chapter, the performances of all filters are tested by using simulated data. 

The 15-state filters provide more accurate attitude solutions than the 6-state filters during 

a high-slew maneuver based on the nature of the maneuver. In other words, if the 

magnitude of the angular change becomes larger, the 15-state filters yield more accurate 

attitude solutions. The degraded gyro performance caused by the scale factor and 

misalignments errors causes the attitude solution to be less accurate in the 6-state filters. 

The drift in the EKF attitude solution during a starless period can be replaced with the 

batch attitude solution to satisfy the required attitude accuracy. 
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CHAPTER 7: Attitude Results from GLAS Data 

Precise attitude determination results from both EKF and batch algorithms using 

the ICESat data are analyzed in this chapter. Since there is no true attitude solution for 

the real data, unlike the simulated data, the results from all filters are compared during 

the various maneuver scenarios, including non-high-slew maneuvers, high-slew 

maneuvers, and Sun/Moon-blocking periods. The root mean square of the roll and pitch 

errors is estimated in the EKF as the attitude accuracy criterion, similar to the procedure 

used with the simulated data. 

7.1 REAL GYRO DATA AND STAR DATA 

Figure 7.1 shows the gyro rate data from one orbital period during Day 275 in 

campaign L2a. Since the attitude solution represents the instrument star tracker attitude, 

the measurement gyro data in the gyro coordinate frame was converted into values with 

respect to the IST frame. This example demonstrates non-high-slew maneuvers since the 

spacecraft rotates about the y-axis of the IST and there are no specific angular changes in 

the gyro data. The sailboat mode was used for L2a, so the spacecraft velocity direction is 

parallel to the solar array rotation axis. There are many peaks shown in Figure 7.1, with 

magnitudes reaching 10 arc-seconds. Currently, we assume that these peaks are reflecting 

a real vibration of the spacecraft which possibly originates from the solar array motion 

and reaction wheel operation. Figure 7.2 shows the attitude errors between the 

measurement attitude data and the 6-state EKF solution with the uncertainty of the 

covariance matrix in the QUEST model, which provides measurement attitude data from 

the star data. The QUEST solutions were used in the EKF algorithm as the measurement 

data. The 1  value of the roll and pitch direction in the measurement data noise is 
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approximately 5 arc-seconds and that of the yaw direction, which is the bore-sight 

direction of the IST, is near 100 arc-seconds.  

 

 

Figure 7.1 ICESat gyro rate data from L2a campaign (2003, 275). 

 

The measurement attitude data is the coarse attitude determination using the 

QUEST method. It does not meet the attitude accuracy requirement for the GLAS 

mission. The EKF solution using both the gyro data and the measurement attitude data 

can provide a more accurate attitude solution. During the sailboat mode, since the 

Sun/Moon-blocking period is small, the data gaps in the star measurement data are much 

smaller than those for the airplane mode. The difference will be explained later. As 

mentioned previously, it is believed that the gyro data have peaks resulting from the 

vibration of the spacecraft. If the peaks in the gyro data are real, the peaks should exist in 

the star data and QUEST solution. However, the resolution of the raw star data is not as 
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good as the gyro data. The attitude errors in roll and pitch direction in Figure 7.2 are 

approximately 3~4 arc-seconds, which suggests that the EKF solution provides attitude 

accuracy similar to or better than the QUEST solution. 

 

 

Figure 7.2 Attitude difference between the EKF solution and the QUEST solution. 

 

7.2 MANEUVER WITHOUT HIGH-SLEW MOTION 

A maneuver without high-slew motion is assumed as nominal maneuver in the 

GLAS mission. In other words, a laser points toward the nadir direction, which leads the 

spacecraft rotates about the orbit-nominal axis. The performances of all filters will be 

tested by a maneuver without high-slew motion to investigate how all filters will properly 

work. The data shown in Figures 7.1 and 7.2 are used as the input data for this maneuver. 
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7.2.1 RESULTS FROM THE EKF 

The attitude results from the 6-state and the 15-state EKF are compared for non-

high-slew maneuver by using the data shown in Figure 7.1 and 7.2. Figure 7.3 shows the 

attitude difference between the 6-state and the 15-state EKF solutions.  

 

 

Figure 7.3 Attitude difference between the 6-state EKF and the 15-state EKF. 

 

As we can see the attitude solutions from both filters are essentially identical for 

the maneuver without high-slew motion, i.e., attitude differences are small. Assuming 

that the real gyro data has scale factor and misalignment errors, since there is no high-

slew motion in this orbital period, the scale factor and misalignment errors’ effects cannot 

be separated from the effect of the bias errors in the 6-state EKF. Thus, the estimated bias 

errors include the effects of scale factor and misalignment errors in the 6-state EKF. Even 

if the 15-state EKF is designed to estimate scale factor and misalignment errors, the 
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estimated gyro calibration parameters cannot be close to the unknown true values because 

of non-high-slew maneuver. Without high-slew maneuver, the 15-state EKF can not 

estimate the scale factor and misalignment errors properly. The summation of the 

estimated errors in the 15-state EKF should be close to the estimated bias errors in the 6-

state EKF since the differences in both EFK results are small.  

 

 

Figure 7.4 RMS for the attitude accuracy (the error covariance matrix). 

 

As mentioned previously, the true attitude solution is unknown in the real 

mission. Thus, the root mean square (RMS) of 1  values of the covariance matrix in roll 

and pitch directions can be used as the criterion for the attitude accuracy for the EKF. For 

the GLAS mission, the requirement accuracy for the laser pointing direction is better than 

1.5 arc-seconds. Figure 7.4 demonstrates the RMS values of the 6-state and the 15-state 

EKF. The RMS values of each filter are beyond the 1.5 arc-second level at some points. 

One of the reasons the QUSET solution has large uncertainty is the poor geometry of the 
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measured stars when the distances between stars are too close. However, the means of the 

RMS for both the 6-state EKF and the 15-state EKF during one orbital period is 1.4 arc-

seconds, which satisfies the requirement. 

7.2.2 RESULTS FROM THE BATCH 

The batch algorithm can be called the gyro-based attitude determination since the 

gyro data are the main data used for the quaternion predictions. We can say that the batch 

attitude solution represents the effects of the motion of the gyros mounted on the optical 

bench. The EKF uses both the gyro data and the measurement attitude data to provide the 

attitude solutions. Since the attitude quaternion is estimated and updated at every 

measurement, we can say that the EKF attitude solution gives more weight to the 

measurement data compared to the batch algorithm. Thus, the EKF solution represents 

the effects of both the star tracker motion and the gyro motion. Therefore, the attitude 

difference between the EKF solution and the batch solution comes from the effects of the 

star tracker motion.  

Based on the results from [27], the GLAS optical bench experiences thermal 

variation caused by the periodic exposure to the Sun during the orbital period. When the 

IST is exposed to the Sun, there are rapid temperature changes in the IST bracket, which 

causes the IST bracket to move with respect to the GLAS optical bench. Since the 

attitude solution is defined in the IST frame, the attitude from the EKF is equivalent to 

the attitude of the moving IST. The IST bracket motion can be observed by comparing 

the attitude solution from the batch and the attitude solution from the EKF. Figure 7.5 

shows the attitude difference between the 6-state batch and the 6-state EKF. As 

mentioned previously, the attitude difference between the EKF and the batch solutions 

comes from the thermally-induced effects of the star tracker motion. The motion shown 
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in Figure 7.5 is the IST bracket motion because the Collimated Reference Sources (CSR) 

data, which provides the alignment information of the IST, shows similar motion [29]. 

For example, the maximum magnitude of the IST motion in the pitch direction reaches 20 

arc-seconds, which is worse than the attitude requirements 1.5 arc-seconds. Thus, to 

achieve the attitude accuracy requirement for the laser pointing angle direction, the IST 

bracket motion should be removed from the measurement data before it can be used in 

the EKF filter.  

 

 

Figure 7.5 Attitude differences between the 6-state EKF and the 6-state batch. 

 

After removing the IST bracket motion in the star measurement data, the attitude 

solutions from all filters can be estimated again. Figure 7.6 presents the attitude 

difference between the 6-state batch and the 15-state batch. Unlike the EKF results, the 

results from both batch algorithms are not close. As already explained in the simulation 
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data result, the gyro random noise can cause differences in the attitude solutions because 

the effects of the gyro random noises can behave like long-term motion, which causes 

scale factor and misalignment error effects on the gyro data. Since the 15-state batch can 

absorb the effects of the scale factor and misalignment errors on the attitude solution, the 

long-term motion in the roll and pitch directions shown in Figure 7.6 is caused by the less 

accurate attitude solution of the 6-state batch. Another reason is that the IST bracket 

motion is not removed perfectly from the measurement data. Figure 7.7 shows the 

attitude difference between the 6-state batch and the 6-state EKF. 

 

 

 Figure 7.6 Attitude difference between the batch algorithms. 
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Figure 7.7 Attitude difference between the 6-state EKF and the 6-state batch. 

 

 

Figure 7.8 Attitude difference between the 15-state EKF and the 15-state batch. 
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The IST bracket motion still exists in Figure 7.7. Figure 7.8 shows the attitude difference 

between the 15-state EKF and the 15-state batch solutions.  Compared to the motion 

shown in Figure 7.7, the magnitude of the motion shown in Figure 7.8 is reduced. Thus, 

we can say that the performance of the 15-state batch is better than that of the 6-state 

batch associated with the simulated data results of batch algorithms for non high-slew 

maneuver case. 

 7.3 MANEUVER WITH HIGH-SLEW MOTION  

During a high-slew maneuver period, the measurement gyro data including the 

scale factor and misalignment errors can cause the estimated attitude to deviate from the 

true attitude.  In this section, the improved performance of the 15-state filter can be 

investigated. Figure 7.9 shows an example of a high-slew maneuver for the GLAS 

mission, a maneuver called “round”-the-world (RTW) scan in the mission with the 

duration approximately one orbital period, 5800 seconds. This maneuver is operated 

nominally every eight days to provide the information to estimate the remaining 

Systematic Pointing Errors (SPE) orbital variation as a function of the orbit angle [7]. 

7.3.1 RESULTS FROM THE EKF  

The attitude solution can be obtained by using the 6-state and the 15-state EKF 

during the RTW scan period. Figure 7.10 shows the angle errors between the 6-state and 

the 15-state EKF. Two filters provide similar attitude solutions since the attitude 

difference is very small. However, the attitude solutions are different near the starting and 

ending times of the maneuver or during a starless period because of the rapid changes in 

the states, such as the scale factor and the misalignment error in the 15-state EKF. Figure 

7.11 and Figure 7.12 show the estimated scale factor errors and the misalignment errors 
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in the 15-state EKF. When a high-slew maneuver starts, the 15-state EKF filter also starts 

to estimate those errors. 

 

 

Figure 7.9 Gyro rate data during a RTW scan maneuver. 
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Figure 7.10 Attitude difference between the 6-state EKF and the 15-state EKF during a 

RTW scan maneuver. 

 

After the maneuver ends, the scale factor and misalignment errors reach a 

constant value.  For the scale factor errors, the constant value is around 2000 ppm for 

each axis. The constant values for those errors are small, compared with the tested values 

for the simulation data, which are around 10000 ppm, which means the effects of these 

additional errors on the measurement gyro data can be negligible in the EKF filter 

performance. That is, the effects of gyro bias errors are dominant in the attitude solution 

compared with those from the scale factor and misalignment errors. As shown in Table 

6.11, the results from simulated high slew maneuver similar to this RTW scan maneuver 

verify that the performances of the 6-state and 15-state EKF are resemble when the 

intensities of the scale factor and misalignment errors are 2000 ppm.  
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Figure 7.11 Scale factor errors during a RTW scan maneuver. 

 

 

Figure 7.12 Misalignment errors during a RTW scan maneuver. 
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Thus, we can say the conventional 6-state EKF can archive the attitude accuracy 

requirement for the GLAS mission because the magnitudes of the scale factor and 

misalignment errors are small. Figure 7.11 and 7.12 shows that the 15-state EKF requires 

a high-slew motion maneuver to estimate the scale factor and misalignment errors. 

7.3.2 RESULTS FROM THE BATCH 

Unlike the EKF algorithm, the batch algorithm is affected by small magnitudes of 

the scale factor and misalignment errors of the gyro rate data since the batch is the gyro-

based attitude determination. For the 6-state batch, since the estimated states are the 

attitude angle errors and three axes bias errors, the existence of the scale factor and 

misalignment errors can affect the attitude solution.  

 

 

Figure 7.13 Attitude difference between the 6-state EKF and the 6-state batch during a 

RTW scan maneuver. 
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Figure 7.13 shows the attitude differences between the 6-state EKF and the 6-state 

batch. Since the 6-state EKF solution is not affected by the scale factor and misalignment 

errors, the motion shown in the figure results from poor performance of the 6-state batch. 

In other words, the 6-state batch solution contains the biased attitude solution caused by 

the scale factor and misalignment errors. Also, the sinusoidal motion in Figure 7.13 is 

similar to the gyro data motion shown in Figure 7.9. 

 

 

Figure 7.14 Attitude difference between the 15-state EKF and the 15-state batch during a 

RTW scan maneuver. 

 

Figure 7.14 shows the angle errors between the 15-state EKF and the 15-state 

batch. The gyro motion shown in Figure 7.13, especially, the roll and pitch direction, is 

removed in Figure 7.14. Except for the starting and ending time of the maneuver, the 15-

state batch solution is close to the 15-state EKF attitude solution, even the small motion 

of the gyro remains in the 15-state batch results; that is, the effect of the rapid change in 
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the gyro data remains in the attitude solution. The model error of the quaternion dynamic 

equation or the gyro error estimation in the batch algorithm does not perfectly describe 

the physics for the high-slew maneuver. Figure 7.15 shows how the 15-state batch can 

improve the attitude solution compared to that of the 6-state batch. 

 

 

Figure 7.15 Attitude difference between the 6-state batch and the 15-state batch during a 

RTW scan maneuver. 

 

7.4 SUN/MOON-BLOCKING INFLUENCE AND SOLUTION 

When the absolute value of the beta prime angle, which is the angle between the 

orbit plane and the Sun, is below 33
o
, the satellite is operated in the airplane mode, where 

the satellite velocity direction is perpendicular to the solar panel rotation axis. When the 

absolute value of the beta prime angle is larger than 33
o
, the satellite is operated in the 

sailboat mode, where the spacecraft velocity direction is parallel to the solar panel 
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rotation axis [4]. By changing the attitude mode, the solar panels can generate sufficient 

power for the spacecraft and instrument operations. When the satellite is airplane mode, 

Sun-blocking causes gaps in the measurement star data. The duration of the data gaps 

corresponds to the absolute values of beta-prime angle. That is, when the beta-prime 

angle is close to zero, a maximum Sun-blinding period is possible. 

 

 

Figure 7.16 Sun-blinding time for L2c campaign.  

 

Figure 7.16 shows an example of the data gap for the L2c campaign, which is an 

“airplane” attitude mode campaign. As we can see, the mean data gap is approximately 

700 seconds during the whole campaign. When the star data are not available, the EKF 

depends on the gyro data to propagate the quaternion. It causes a significant attitude 

deviation from the true attitude solution caused by the gyro random noise and the 

uncorrected systematic errors. Figure 7.17 demonstrates the angle errors between the 
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measurement star data (QUEST) and the EKF solution. In the middle of the orbit, Sun-

blinding occurs and there are no measurement star data for 700 seconds. From the gyro 

data and the measurement attitude data shown in Figure 7.17, the effects of starless 

period on the EKF solution can be investigated. 

 

 

Figure 7.17 Attitude difference between the EKF solution and the measurement attitude 

data (L2c, 2004, 170, Orbit 13). 

 

7.4.1 RESULTS FROM THE EKF 

During a starless period caused by the Sun-blinding, the gyro data alone are used 

to propagate the quaternion without proper gyro calibration in both EKF filters. Also, 

since the process noise covariance matrix is not used in the EKF filter, the gyro random 

noise effects cannot be removed. Figure 7.18 shows the angle error differences between 

the 6-state EKF and the 15-state EKF solutions. In this figure, two EKF algorithms give 
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almost same results. The main difference occurs during the starless period caused by the 

uncorrected systematic errors, which are gyro biases, scale factor and misalignment 

errors. However, the angle error difference is below 0.5 arcseconds, which can be 

negligible. Based on the RMS shown in Figure 7.19, the attitude accuracies for both 

algorithms satisfy the requirement, which is below 1.5 arc-seconds for the laser pointing 

angle direction. The effects of the Sun-blinding cannot be observed by comparing each 

EKF result in this case since the attitude solutions from both EKF filters are deviated 

from the true solution simultaneously. Also, during the starless period, the RMS cannot 

be computed, which means the EKF solution accuracy cannot be estimated. 

 

 

Figure 7.18 Attitude difference between the 6-state and the 15-state EKF (L2c, 2004, 

170, Orbit 13). 
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Figure 7.19 RMS for the attitude accuracy (L2c, 2004, 170, Orbit 13). 

 

7.4.2 RESULTS FROM THE BATCH 

To investigate the effects of the Sun blinding on the attitude determination, we 

can compare the batch results with the EKF results. As already mentioned in Chapter 6, 

the batch algorithm is not affected much by the missing star data since the batch depends 

mainly on the gyro data. Since the EKF depends on both the gyro data and the 

measurement attitude data, the absence of the measurement attitude data in EKF process 

can cause a significant attitude deviation from the true attitude solution caused by the 

gyro random noise and the uncorrected systematic errors. 

Figure 7.20 shows the attitude difference between the 6-state EKF and the 6-state 

batch. The attitude solutions are quite different during the starless period. The attitude 

difference reaches above 100 arcseconds for both roll and pitch directions resulting from 

the 6-state EKF solution. Once the measurement attitude data are available, the attitude 
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difference between the two filters is small again. Figure 7.21 shows the attitude 

difference between the 15-state EKF and the 15-state batch. The errors from the 15-state 

EKF solution cause large attitude differences since the solution is obtained by using the 

uncorrected systematic errors and the effects of the accumulated random noise effects. As 

we can see in both Figure 7.20 and Figure 7.21, each EKF attitude solution is not 

accurate during a starless period. Thus, the EKF solution should be replaced with the 

more accurate solution from the other sources, like the batch solutions, when the Sun-

blinding occurs [29]. 

 

 

Figure 7.20 Attitude difference between the 6-state batch and the 6-state EKF (L2c, 2004, 

170, Orbit 13). 
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Figure 7.21 Attitude difference between the 15-state batch and the 15-state EKF (L2c, 

2004, 170, Orbit 13). 

 

Table 7.1 shows the pointing angle errors during starless periods. A non high-slew 

maneuver described in Chapter 7.2 is used to generate various starless periods. The 

measurement attitude data in the ICESat data were removed for certain periods. A starless 

period was increased from 0 to 2000 seconds with the interval 500 seconds. Since the true 

attitude solution is unknown in the real data, the 15-state EKF solution during a non high-

slew maneuver is assumed as the true solution to investigate the effect of a starless period 

on the attitude solution. Both EKF solutions were rapidly deviated from the assumed true 

solution when a starless period was increased since the gyro data with uncorrected gyro 

calibration parameters were only used to predict the quaternions during a starless period. 

For example, the pointing angle error is almost 100 arcseconds when a starless period is 

1000 seconds. The solutions from both batch algorithms show that the batch algorithms 



 148 

are less affected by the duration of starless period. Thus, the EKF solution should be 

replaced with the more accurate solution from the other sources, like the batch solutions. 

 

Table 7.1 Pointing angle errors of each filter for various starless periods during a non 

high-slew maneuver (All values are given in arcseconds). 

  0 500s 1000s 1500s 2000s 

EKF6-EKF15(*)  0.005 21.444 94.564 221.308 384.504 

EKF15-EKF15(*)  0.000 21.290  94.103 220.626 383.917 

BATCH6-EKF15(*)  3.524  3.567   3.671    3.910    4.293 

BATCH15-EKF15(*)  2.450  2.467   2.486    2.546    2.908 

where EKF15(*) means the attitude result from the 15-state EKF during a non high-slew 

maneuver without starless period. 

 

7.4.3 EFFECTS OF A STARLESS PERIOD AND A HIGH-SLEW MANEUVER 

During the airplane mode, the Sun-blinding happens once per orbital revolution 

and also high-slew maneuvers like OS or RTW scan maneuvers are performed 

periodically. Thus, two scenarios can happen at same time. The influence of these two 

effects on the attitude accuracy is investigated in this section. Figure 7.22 and Figure 7.23 

show both a high-slew motion maneuver and a starless period. In the middle of the OS 

maneuver, the Sun-blinding occurs and has 700 second duration. As already explained, 

the effects of the high-slew motion on the attitude accuracy dominate the batch solution, 

especially the 6-state batch while, those of the starless period dominate the EKF 

solutions.  
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Figure 7.22 Gyro rate data (L2c, 2004, 170, Orbit 14). 

 

 

Figure 7.23 Attitude differences between the EKF solution and the QUEST solution (L2c, 

2004, 170, Orbit 14).  
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Figure 7.24 presents the attitude difference between the EKF algorithms. The EKF 

solutions are not close to each other during the starless periods. Since both EKF solutions 

are not affected by a high-slew motion, the attitude difference is influenced by a starless 

period, especially the gyro calibration parameters, because the effects of the random 

noise on the attitude solution in both EKF filters can be cancelled. Thus, the estimated 

gyro calibration parameters used in the quaternion prediction at the starting point of a 

starless period are the key factors for the attitude solution to be close to the true attitude 

solution.  

 

 

Figure 7.24 Attitude difference between the 6-state EKF and the 15-state EKF (L2C, 

2004, 170, Orbit 14). 

 

During a high-slew maneuver, the gyro calibration parameters are rapidly 

changed to correspond to the spacecraft motion. Thus, when a starless period starts, the 

used gyro parameters in the quaternion prediction for both EKF filters can be quite 
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different and cause the attitude difference during a starless period. For example, the 15-

state EKF starts to estimate the scale factor and misalignment errors when a high-slew 

maneuver starts. Since the measurement data are not available in the middle of the high-

slew maneuver, the estimated systematic errors of gyros in the 15-state EKF cannot 

converge to the true errors. Thus, the summation of the estimated systematic errors in the 

15-state EKF may not be close to the estimated gyro bias errors in the 6-state EKF at the 

starting point of a starless period, which causes the attitude difference between the two 

EKF filters during a starless period. 

 

 

Figure 7.25 Attitude difference between the 6-state EKF and the 6-state batch (L2c, 2004, 

170, Orbit 14). 

 

Figure 7.25 shows the attitude difference between the 6-state EKF and the 6-state 

batch. Because of the effects of high-slew maneuver on the 6-state batch solution, the 
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mean values of the roll and pitch errors between the two filters are not close to zeros. 

Except during a starless period or a high-slew maneuver time, the results from the two 

filters should be close. Since the mean values offsets reach approximately 10 arc-seconds 

during a non-starless period, the use of the 6-state batch attitude solution in the 6-state 

EKF attitude solution during a starless period cannot satisfy the attitude accuracy 

requirement in this case.  

 

 

Figure 7.26 Attitude difference between the 15-state EKF and the 15-state batch (L2c, 

2004, 170, Orbit 14). 

 

Figure 7.26 demonstrates the attitude difference between the 15-state EKF and the 

15-state batch. Compared to the 6-state filter’s results, this figure shows that the mean 

values for roll and pitch errors are close to zero during a non-starless period. Since the 

15-state batch can provide the more accurate attitude solution during a high-slew 
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maneuver, the mean values offsets in roll and pitch directions shown in the 6-state filters’ 

comparison are not shown in the 15-state filter’s comparison. The 15-state EKF cannot 

provide a sufficiently accurate attitude solution during a starless period because of the 

absence of the measurement attitude data. Thus, the attitude solution from the 15-state 

batch can be used in the 15-state EKF or the 6-state EKF solution during a starless period 

to meet the attitude accuracy requirement. 

 

 

Figure 7.27 Attitude difference between the 6-state batch and the 15-state batch (L2c, 

2004, 170, Orbit 14). 

 

Figure 7.27 shows that the 15-state batch performs better than the 6-state batch 

during an Ocean Scan period since both batch algorithms are not affected much by a 

starless period. The roll and pitch mean values offsets described in Figure 7.25 can be 

clearly shown in Figure 7.27 resulting from the 6-state batch attitude solution. The effects 
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of the spacecraft motion during a scan maneuver are not reduced in the 6-state batch 

solution since the scale factor and misalignment errors were not estimated. 

Table 7.2 shows pointing angle errors for various starless periods during a RTW 

scan maneuver, which was explained in Chapter 7.3. To investigate the effects of both 

high-slew maneuver and starless period in the ICESat data, the measurement attitude data 

were removed for certain periods. The durations of starless periods were increased from 0 

to 2000 seconds with interval 500 seconds. A starless period started after 2000 seconds 

passed during a RTW scan maneuver. The 15-state EKF solution without starless period 

during a RTW scan maneuver was chosen as the assumed the true attitude solution for the 

pointing angle error’s comparisons. The performance of the 15-state EKF was better than 

that of the 6-state EKF unlike the EKF results shown in Table 7.1. Since a starless period 

started in the middle of a RTW scan maneuver, the 15-state EKF could estimate the scale 

factor and misalignment errors to some degree. Thus, the 15-state EKF with the estimated 

gyro calibration parameters provided more accurate attitude solution than that of the 6-

state EKF. However, the estimated gyro calibration parameters in the 15-state EKF 

process could not be close to the true value since a RTW scan maneuver did not end. 

Thus, the uncorrected systematic errors cause the attitude deviations in the 15-state EKF 

as a starless period is increased. The attitude solutions from the batch algorithms were 

less affected by a starless period. Even if a starless period is 2000 seconds, the pointing 

angle error from the 15-state batch is similar to the result to the case where a starless 

period is zero. 
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Table 7.2 Pointing angle errors of each filter for various starless periods during a RTW 

Scan maneuver (All values are given in arcseconds). 

 0 500s 1000s 1500s 2000s 

EKF6-EKF15(*)  1.282 91.800 258.740 488.185 764.324 

EKF15-EKF15(*)  0.000 42.349  81.477 114.821 168.971 

BATCH6-EKF15(*) 33.338 33.396  33.466  33.693  34.501 

BATCH15-EKF15(*)  4.891   4.965    5.016   4.985   5.001 

where EKF15(*) means the attitude result from the 15-state EKF during a RTW scan 

maneuver without starless period. 

  

In this chapter, the performances of all filters are tested by using on-orbit GLAS 

data. Two EKF filters provide the identical attitude solutions for a non-high-slew 

maneuver. During a high-slew maneuver, the 15-state filters perform better than the 6-

state filters in terms of the attitude accuracy, which indicates that the implemented 15-

state filters work properly. The uncorrected systematic errors cause the EKF attitude 

solution to deviate from the true attitude solution during a starless period while the batch 

filters are not affected much by a starless period. 
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Chapter 8: Conclusions and Future Work 

8.1 CONCLUSIONS 

The gyro random noises can be extracted from the simulated gyro data and the 

ICESat data by using the PSD and AVM described in Chapter 3. The measured noises are 

AWN, ARW, and RRW. Also, the procedures for computing the intensities of the noises 

in both methods are introduced in Chapter 5. The estimated coefficients from the ICESat 

data, especially the coefficients for ARW and RRW, are used for the information in the 

process noise covariance matrix in the 6-state EKF and 15-state EKF in Chapter 7, which 

is one of the factors for achieving the attitude accuracy requirement. By computing those 

coefficients from simulated data, we can confirm that the procedures for incorporating 

those random noises in the data are correct. By computing those coefficients from the 

GLAS gyro data, the performances of gyros used in the mission are investigated. The 

gyro random noise’s properties were not changed in terms of the estimated random noises 

coefficients as shown in Chapter 5. AWN depends on the attitude modes and the 

geometry of the gyros. ARW and RRW are reasonably constant from the L2a campaign 

to the L3j campaign. 

Three attitude angle errors and three bias errors are estimated in the conventional 

6-state EKF. In Chapter 2, the processes of extending the 6-state EKF into the 15-state 

EKF were presented to estimate the additional systematic errors, which were scale factor 

and misalignment errors of gyros. Also, the derived batch algorithms from both EKF 

filters were introduced. To investigate the effects of the scale factor and misalignment 

errors on the attitude solution, a high-slew maneuver is required. Without a high-slew 

maneuver, these additional gyro calibration parameters in the 15-state EKF can not be 

independently observable and their effects on the attitude solution are the same as gyro 

bias.  
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In Chapter 6.3, the 6-state EKF solution was degraded by the effects of the scale 

factor and misalignment errors during a high-slew maneuver when the intensities of these 

errors became larger. By increasing the values of the tuning parameters of the process 

noise covariance matrix, the degradation of the attitude solution can be reduced in the 6-

state EKF. The disadvantage of the method is that the uncertainty of the attitude solution 

also increases. The 15-state EKF performed better than the 6-state EKF in terms of the 

attitude accuracy when the intensities of scale factor and misalignment errors were large. 

When the intensities of the scale factor and misalignment errors were 10
6
 ppm, the 6-state 

EKF could not satisfy the required attitude accuracy. When this case happens in the real 

mission, the 15-state EKF is suitable to properly calibrate the gyro parameter and provide 

accurate attitude solution. 

The effects of the scale factor and misalignment errors on the attitude solution are 

more sensitive to the 6-state batch algorithm during a high-slew maneuver. The initial 

gyro calibration parameters, which are three bias errors, cannot be correctly estimated in 

the 6-state batch algorithm because of the influences of the scale factor and misalignment 

errors and the gyro random noise effects. Thus, the 6-state batch can not provide an 

accurate attitude solution in simulated data analysis. Since the scale factor and 

misalignment errors can be estimated in the 15-state batch, the 15-state batch can provide 

a more accurate attitude solution than the 6-state EKF when the intensities of scale factor 

and misalignment are large. 

When the star data are not available due to the Sun-blinding, the EKF algorithm 

uses only the gyro data without correcting the gyro calibration parameters, which causes 

the attitude solutions to deviate from the true attitude. As a starless period becomes long, 

the drift of the EKF attitude solution from the true attitude is increased by the uncorrected 

systematic errors of gyros and the cumulative gyro random noises. The batch algorithms 
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depend mainly on the gyro data, so the batch attitude solutions are not affected much by 

the star measurement data gap. 

The simulated data analysis shown in Chapter 6.4, the EKF attitude solutions 

deviate from the true attitude solutions during a starless period while the effects of a 

starless period on the batch attitude solutions were negligible. Thus, if a starless period is 

long, the drifted EKF attitude solutions can be replaced with the batch attitude solutions 

to satisfy the defined requirement attitude accuracy. 

When a starless period occurred during simulated RTW scan maneuver, the 6-

state EKF attitude solution was rapidly degraded as the duration of a starless period was 

increased. Even if the 6-state batch was not affected by a starless period, the 6-state batch 

could not provide an accurate attitude solution because of a high-slew maneuver. Since 

the 15-state EKF could compensate the effects of scale factor and misalignment on the 

attitude solution, the 15-state EKF could provide more accurate attitude solution than the 

6-state EKF. However, the 15-state EKF solution could not fulfill the required attitude 

accuracy when a starless period became longer. The 15-state batch yielded the best 

performance and the most accurate attitude solution during a high-slew maneuver with 

starless periods. 

From the real data analysis presented in Chapter 7.4, the comparison between the 

EKF attitude solution and the batch attitude solution showed large attitude differences 

caused by less accurate EKF results during starless periods in non high-slew maneuver. 

The less accurate attitude solution from the EKF filters should be replaced with the more 

accurate attitude solution from other sources, like the batch solution. The ICESat data for 

various starless periods during a RTW scan maneuver showed similar results to the 

analysis from the simulated data. The precise attitude information is mostly required in 

the polar regions for the GLAS mission. Since the Sun-blinding occurs at low latitudes of 
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the Earth, it will not affect the EKF attitude solution for Greenland and the South Pole, 

but it is still desirable to achieve a more accurate attitude solution during the scan 

maneuvers for calibration and validation. 

8.2 FUTURE WORK 

In the gyro random noise analysis, we can separate each random noise in the PSD 

and AVM results based on the definition of the slopes for each random noise. The noise 

corresponding to the separated region can be influenced by the effects of its neighbor 

noise, which causes error in the measured noise coefficients. Thus, the method can be 

further investigated to isolate the effects of its neighbor noise from the specified noise. 

Furthermore, the measured AWN coefficients in the GLAS data include the effects of 1 

Hz and 3 Hz peaks which originate from the solar array articulation. If we find a method 

to remove the peaks properly before applying PSD and AVM, the AWN coefficients of 

gyros could be estimated more accurately. The estimated RRW coefficients for the L1 

campaign are smaller than those of other campaigns since there are few scan maneuvers 

during the L1 campaign period. Since L2a campaign, OS maneuvers are performed 

nominally twice a day and RTW scan maneuvers are performed every 8 days. Even if the 

gyro data is carefully selected from the time when no maneuvers are performed, the 

RRW coefficients from the L2a campaign to the L3j campaign are 4~5 times larger than 

those of the L1 campaign. Thus, we can further study how long the effects of scan 

maneuver will last in the gyro data. 

In Chapters 6 and 7, the EKF attitude solution deviations are shown during a 

starless period compared with the batch attitude solutions. If a starless period is long and 

the attitude solutions deviations are large, the EKF attitude solution may not be used for 

providing the information to generate the elevation measurement data. Thus, the EKF 
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attitude solution can be replaced with the batch attitude solution during a starless period. 

Currently, the replacement process is manually operated. The modified EKF algorithm, 

which adopts the batch algorithm for a starless period, can be introduced for future work. 

Another area for future work is to utilize the advantage of the 15-state EKF during a 

high-slew maneuver in the 6-state EKF algorithm. In other words, the 6-state EKF can be 

used during a non-high-slew maneuver while the 15-state EKF can be used during a high-

slew maneuver in the modified 6-state EKF. 

The batch algorithms used in this study are sensitive to the random noises of 

gyros since there are no processes for removing the effects of the random noises. The 

performances of the batch algorithms including the process noise covariance matrix can 

be investigated in the future to find how the attitude solutions from the batch algorithms 

will be improved. The problem of this approach is that the mapping of the effects of 

process noise covariance matrix from at measurement time to at epoch time is so difficult 

since the size of the mapping matrix is so large [14]. 
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