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Strategic Political Environments:

Gerrymandering and Campaign Expenditures

Scott Taplin Macdonell, Ph.D.

The University of Texas at Austin, 2012

Supervisor: Thomas Wiseman

My dissertation contains three chapters studying the strategic alloca-

tion of resources in political environments.

Chapter 2 asks if redistricting is the result of partisan gerrymandering

or apolitical considerations. I develop a statistical test for partisan gerryman-

dering and apply it to the U.S. Congressional districting plan chosen by the

Republican legislature in Pennsylvania in 2001. First, I formally model the op-

timization problem faced by a strategic Republican redistricter and character-

ize the theoretically optimal solution. I then estimate the likelihood a district

is represented by a Republican, conditional on district demographics. This

estimate allows me to determine the value of the gerrymanderer’s objective

function under any districting plan. Next, I use a geographic representation

of the state to randomly generate a sample of legally valid plans. Finally, I

calculate the estimated value of a strategic Republican redistricter’s objective

function under each of the sample plans and under the actual plan chosen by

Republicans. When controlling for incumbency the formal test shows that the

Republicans’ plan was a partisan gerrymander.
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In Chapter 3 I introduce a new and novel electoral reform that con-

tinues to allow redistricting but changes the incentives to do so. This reform

ensures that parties earn seats proportional to their performance at the polls

without substantially changing the electoral system in the U.S. In order to

evaluate the reform’s impacts, I model and solve a game that incorporates the

redistricting decision, candidate choice, state legislative elections, and policy

choice. Unsurprisingly, strategic redistricting biases policy in favor of the re-

districting party. In the environments studied, the new reform never increases

policy bias, and often reduces it.

Political campaigns often require the strategic allocation of resources

across multiple contests. In Chapter 4 I analyze these environments in terms

of the canonical Colonel Blotto game, beginning with the most basic of Blotto

games: Two officers simultaneously allocate their forces across two fields of

battle. The larger force on each front wins that battle, and the payoff is the

sum of the values of the battles won. I completely characterize the set of

Nash equilibria to any such game and provide the unique equilibrium payoffs.

This characterization comes from an intuitive graphical algorithm which I then

apply to several generalizations of the game. I completely characterize the set

of equilibria and provide the unique equilibrium payoffs to Blotto games with

battlefield values that vary across players and games with general resource

constraints. I also use my approach to solve the Blotto games on more than

two battlefields with asymmetric battlefields and force endowments.

vii



Table of Contents

Acknowledgments v

Abstract vi

List of Tables xi

List of Figures xii

Chapter 1. Introduction 1

Chapter 2. A Statistical Test for Partisan Gerrymandering 4

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2.2 Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.3 Statistical Test . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.3.1 Estimation of F (·) . . . . . . . . . . . . . . . . . . . . . 16

2.3.1.1 Data . . . . . . . . . . . . . . . . . . . . . . . . 17

2.3.1.2 Statistical Model and Estimation . . . . . . . . 18

2.3.2 Generation of Sample Plans . . . . . . . . . . . . . . . . 24

2.3.2.1 Data . . . . . . . . . . . . . . . . . . . . . . . . 24

2.3.2.2 Algorithm . . . . . . . . . . . . . . . . . . . . . 26

2.3.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

2.4.1 Limitations . . . . . . . . . . . . . . . . . . . . . . . . . 32

2.4.2 Further Work . . . . . . . . . . . . . . . . . . . . . . . . 35

2.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

viii



Chapter 3. Rendering Gerrymandering Impotent: A Simple
Redistricting Reform 38

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

3.2 A New Reform . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.3 Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

3.3.1 Stage One: Redistricting . . . . . . . . . . . . . . . . . 47

3.3.2 Candidate Choice . . . . . . . . . . . . . . . . . . . . . 48

3.3.3 Stage Four: The Election . . . . . . . . . . . . . . . . . 50

3.3.3.1 Current Electoral System . . . . . . . . . . . . 51

3.3.3.2 Reformed Electoral System . . . . . . . . . . . 52

3.3.4 Stage Five: Policy Implementation . . . . . . . . . . . . 54

3.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

3.4.1 Current System . . . . . . . . . . . . . . . . . . . . . . 54

3.4.2 Reformed . . . . . . . . . . . . . . . . . . . . . . . . . . 57

3.4.2.1 Naive Candidate Choice . . . . . . . . . . . . . 57

3.4.2.2 Strategic Candidate Choice . . . . . . . . . . . 58

3.4.2.3 Numerical Examples . . . . . . . . . . . . . . . 66

3.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

3.5.1 Benefits . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

3.5.2 Concerns . . . . . . . . . . . . . . . . . . . . . . . . . . 70

3.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

Chapter 4. Waging Simple Wars: A Complete Characterization
of Two Battlefield Blotto Equilibria 72

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

4.2 Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

4.3 Macdonell and Mastronardi (2009) Equilibrium Construction
Intuition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

4.3.1 E ∈ [0, 1
2
] . . . . . . . . . . . . . . . . . . . . . . . . . . 81

4.3.2 E ∈ (1
2
, 2

3
] . . . . . . . . . . . . . . . . . . . . . . . . . . 83

4.3.3 The General Approach . . . . . . . . . . . . . . . . . . 88

4.4 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

4.4.1 Unique Battlefield Values . . . . . . . . . . . . . . . . . 96

ix



4.4.2 Force Effectiveness . . . . . . . . . . . . . . . . . . . . . 99

4.5 Formal Results . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

4.5.1 Two Battlefield Characterization . . . . . . . . . . . . . 102

4.5.2 Three Battlefields . . . . . . . . . . . . . . . . . . . . . 109

4.6 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

4.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

Chapter 5. Conclusion 116

Appendix 118

Appendix 1. 119

1.1 Proof of Theorem 2.2.1 . . . . . . . . . . . . . . . . . . . . . . 119

1.2 Estimating votes in other Shapefiles . . . . . . . . . . . . . . . 121

Appendix 2. 123

2.1 Proofs of Theorems 4.5.1-4.5.3 . . . . . . . . . . . . . . . . . . 123

2.1.1 Proof of Theorem 4.5.1 . . . . . . . . . . . . . . . . . . 126

2.1.2 Proof of Theorem 4.5.2 . . . . . . . . . . . . . . . . . . 127

2.1.3 Proof of Theorem 4.5.3 . . . . . . . . . . . . . . . . . . 130

2.2 Proof of Theorem 4.5.4 . . . . . . . . . . . . . . . . . . . . . . 145

Bibliography 148

x



List of Tables

2.1 5 District State with 440 Democrats and 560 Republicans . . . 5

2.2 Summary Statistics . . . . . . . . . . . . . . . . . . . . . . . . 20

2.3 Estimation Results . . . . . . . . . . . . . . . . . . . . . . . . 22

2.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

3.1 Districts/Election Results . . . . . . . . . . . . . . . . . . . . 43

3.2 Election Results . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3.3 D = 0.25, R = 0.2, N = 5, m = −0.09 . . . . . . . . . . . . . 67

3.4 D = 0.2, R = 0.25, N = 5, m = 0.09 . . . . . . . . . . . . . . 68

xi



List of Figures

2.1 Pennsylvania . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

3.1 A State . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

4.1 The Trivial Region . . . . . . . . . . . . . . . . . . . . . . . . 83

4.2 Region 2 Construction . . . . . . . . . . . . . . . . . . . . . . 86

4.3 Region 2 Mass Restrictions . . . . . . . . . . . . . . . . . . . . 88

4.4 The General Graphical Method . . . . . . . . . . . . . . . . . 90

4.5 Region 3 Mass Restrictions . . . . . . . . . . . . . . . . . . . 95

4.6 Weights . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

4.7 Force Effectiveness . . . . . . . . . . . . . . . . . . . . . . . . 100

4.8 Generic Budget Constraints . . . . . . . . . . . . . . . . . . . 101

4.9 µ∗B . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

2.1 Enemy Deviations in Region 3 . . . . . . . . . . . . . . . . . . 133

2.2 Blotto Deviations in Region 3 . . . . . . . . . . . . . . . . . . 139

xii



Chapter 1

Introduction

The political environment in the U.S. pits the two major parties against

each other in a constant struggle for dominance. While there are many avenues

of competition, this dissertation focuses on two of the most important strategic

considerations in legislative elections: the initial partisan gerrymandering of

districts, and the subsequent expenditure of campaign resources.

First, I demonstrate that gerrymandering actually occurs. The practice

is widely acknowledged, but notoriously hard to prove. In fact, the Supreme

Court has ruled that courts cannot currently intervene in partisan gerryman-

dering cases as there is not an appropriate test to determine when a map has

been gerrymandered.

In Chapter 2 I offer a remedy. I develop and implement a new sta-

tistical test for partisan gerrymandering. Using the most common definition

of partisan gerrymandering I formulate the objective function of a partisan

redistricter. Then, I estimate the parameters of that objective function us-

ing data from past elections. Next, I randomly generate a large sample of

maps like those we might have expected to see if redistricting were done in a

non-partisan manner. Finally, I compare the estimated value of the objective
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function under an actual electoral map, and the randomly generated sample.

By just sheer chance it is very unlikely that the redistricting party would done

as well as they did under their actual map. This allows me to statistically

conclude that the actual map is a partisan gerrymander.

Given that we now know gerrymandering actually occurs, one might

still wonder if gerrymandering is really a problem, and what we can do about

it. In Chapter 3 I develop a model of redistricting, elections, and policy choice

in order to examine the impacts of gerrymandering. Unsurprisingly, I find that

gerrymandering biases policy away from that preferred by the median voter.

As a potentially remedy, I introduce a new reform that combines features of

proportional representation and single member districts. Solving the model

under the reform, I find that the reform often reduces policy bias and never

increases it.

After the district lines are drawn and the candidates are chosen, the

parties must compete across multiple legislative elections simultaneously. For

instance, every two years, representatives are elected to each of the 435 seats

in the U.S. House of Representatives. The parties each have organizations (the

DCCC and RCCC) tasked with improving the party’s performance in these

elections. How should these organizations allocate campaign resources across

435 different electoral contests? Political scientists have frequently studied

these environments as Colonel Blotto games, first defined by Gross and Wagner

(1950) over 60 years ago.

In such games, two officers, Colonel Blotto and Enemy, simultaneously

2



allocate their finite resource endowments across multiple fields of battle. The

officer allocating more resources to a battlefield wins that front, and an officer’s

payoff is the sum of the values of the fronts won. It is easy to see the rela-

tionship with elections. The two parties compete in multiple winner-take-all

contests.

Unfortunately, despite over half a century of work, our understanding

of these games is quite limited. In Chapter 4, I increase our theoretical un-

derstanding of this long studied game. I extend a graphical algorithm, first

developed by Macdonell and Mastronardi (2009), to completely characterize

the set of Nash equilibria to all two battlefield Blotto games. Then I also

show how this method can be extended to allow players to value the fronts

differently, and have general resource constraints. Finally, I provide the first so-

lutions to Blotto games where officers have asymmetric resource endowments,

and compete on more than two unequally valuable fronts.

These three chapters span the entire time-line of legislative elections,

from the initial gerrymandering of the districts to the allocation of campaign

resources to the final election results and policy implications. It is my sincere

hope that some of the insights herein will be of use to future policy makers.

Chapter 5 concludes and discusses some ways this research may prove useful

in that regard.
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Chapter 2

A Statistical Test for Partisan

Gerrymandering

2.1 Introduction

The United States adds an unusual wrinkle to the standard form of

representative democracy; every ten years politicians are required to choose

voters. Specifically, I consider the decennial redrawing of U.S. Congressional

Districts by state legislatures. This process is designed to avoid an anti-

majoritarian problem: Given varying growth rates across the U.S., if Con-

gressional Districts were not occasionally redrawn, some Congresspeople could

represent districts of a few thousand individuals, with others representing dis-

tricts of a few million. In Reynolds v. Sims (1964) the U.S. Supreme Court

decided that the constitution requires occasional redistricting to ensure that

“one man’s vote in a congressional election is to be worth as much as an-

other’s.” However, the constitution makes no mention of who should draw

new maps; this process has generally been left to state legislatures.

This fact gives incumbent politicians substantial power to allocate seats

in Congress according to their own interests, possibly against the will of the

majority. Their only universal legal constraints are that all districts must be

4



Table 2.1: 5 District State with 440 Democrats and 560 Republicans

District Democrats Republicans

1 0 200
2 110 90
3 110 90
4 110 90
5 110 90

(a) “Democratic” Plan

District Democrats Republicans

1 88 112
2 88 112
3 88 112
4 88 112
5 88 112

(b) “Republican” Plan

contiguous and (approximately) equipopulous.1 As a quick example of the

power of gerrymandering, consider a five district state with 440 voters who

always vote for Democrats and 560 voters who always vote for Republicans.

Ignoring contiguity, two possible plans are shown in Table 2.1. The first plan

has one district of 0 Democrats and 200 Republicans, and the other four dis-

tricts have 110 Democrats and 90 Republicans. In this case Democrats would

win an 80% super-majority of the seats while making up a minority of the

population. On the other hand, the second plan may initially seem fair as

it is “proportional;” Each district has 88 Democrats and 112 Republicans.

However, in this case Democrats from the state would have no representation

despite making up nearly half the population. As evidenced by this simple

example, the choice of districts can significantly impact the allocation of seats

in Congress.

After the 2000 Census, both houses of the Pennsylvania state legislature

1Even the contiguity constraint must sometimes be relaxed if, for example, the state
has some small islands. Also, different states may allow different margins of error on the
equipopulous constraint.
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and the Governor’s mansion were controlled by Republicans. This presented

them with the opportunity to draw Pennsylvania’s 19 Congressional Districts

so as to increase the number of Republicans in the U.S. House of Represen-

tatives. In fact, in the 2002 Congressional elections, Republicans won 12 of

the state’s 19 seats, despite the fact that Pennsylvania seemed to be a swing

state that leaned Democratic.2 This lead several Pennsylvania Democrats to

claim their rights to equal representation had been violated and mount a le-

gal challenge to Pennsylvania’s districting scheme. This culminated in their

case, Vieth v. Jubelirer (2004), reaching the U.S. Supreme Court. The court

declined to intervene, deciding that partisan gerrymandering cases were non-

justiciable. In Justice Kennedy’s controlling opinion he noted that there was

no test to appropriately determine if a districting scheme was an unconstitu-

tional attempt to deny members of one party representation, or one based on

other, less invidious considerations.3 However, he left open the possibility that

such a test could be developed in the future and that at such a time it could

be appropriate for courts to intervene in partisan gerrymandering cases.4

2Two years earlier, Democratic presidential candidate Al Gore won Pennsylvania by a
larger margin than he won the national popular vote (which he won).

3Of course, the justice phrased it differently: “Because there are yet no agreed upon
substantive principles of fairness in districting, we have no basis on which to define clear,
manageable, and politically neutral standards for measuring the particular burden a given
partisan classification imposes on representational rights. Suitable standards for measuring
this burden, however, are critical to our intervention.” (Justice Kennedy’s Concurrence
from Vieth v. Jubelirer (2004))

4This opinion was decisive as four justices wished to strike down the Pennsylvania dis-
tricting plan as an unconstitutional partisan gerrymander while the other four wished to
declare partisan gerrymandering cases non-justiciable essentially in perpetuity.

6



The purpose of this chapter is to develop a statistical test to evalu-

ate claims of partisan gerrymandering. I start by setting up the theoretical

optimization problem implied by a claim that a particular plan is a parti-

san gerrymander: the party in control chose district demographics in order to

maximize the expected number of Representatives from their party. Next, in

order to calculate the value of the objective function under particular district-

ing schemes, I estimate the relationship between district demographics and

the probability of electing a Representative from a given party. Using precinct

and census tract data from Pennsylvania in 2000 and GIS techniques, I then

randomly generate a sample of alternative districting schemes that respect

contiguity and population equality; this method allows me to calculate the

demographics of each district in each sample plan.

The final step of the test compares the estimated value of the objective

function under the actual districting scheme and under the sample schemes in

order to test a “no partisan gerrymandering” null hypothesis. Formally, my

null hypothesis is that partisan considerations were not used to develop the

districting scheme. I will use plans generated by my algorithm to test this

claim in the following manner: If the chances of a disinterested cartographer

producing a scheme so favorable to the redistricting party were less than 5%,

I then would reject the null hypothesis at the 5% level. This forces acceptance

of the alternative, that partisan considerations were used to develop the plan

for Pennsylvania. This would imply that charges of partisan gerrymandering

are valid by definition.

7



There is a large theoretical and empirical literature on strategic redis-

tricting, though it abstracts away from the geographic nature of the problem.

Many papers set up and solve the optimization problem or gerrymandering

game faced by the party in charge of redistricting (e.g. Friedman and Holden

(2008); Gul and Pesendorfer (2010)) or attempt to find socially optimal rules

which could be imposed on the redistricting process (e.g. Coate and Knight

(2007)) Alternatively, many papers take redistricting schemes as given and

estimate theoretical quantities like “bias”5 in order to determine how much a

particular plan favors one party (e.g. Cox and Katz (1999); King and Browning

(1987)).

Ignoring the geographic nature of redistricting limits the applicability

of these theoretical and empirical lines of research. As an example, consider a

hypothetical state that leans slightly Democratic overall, but only because of

one very Democratic urban area. Perhaps the rest of the state leans slightly

Republican. An apolitical cartographer might create a plan with a few districts

which include parts of the urban area, but with most districts only covering

other parts of the state. Under this plan Democrats would generally win with

large majorities in the few urban districts, while Republicans may generally

win the rest of the districts more narrowly. This plan might look “biased;” in

this slightly Democratic state the Republicans could expect to win more seats.

However, such plans might be quite likely even using non-partisan districting

5Bias is often defined based on the share of the seats a party could expect to win if they
earned half of the statewide vote. For example, if the party should expect to win less than
half the seats in this situation, then the plan is biased against them.

8



principles. One would expect far different outcomes in a more homogeneous

state. Clearly, the geographic distribution of voters has important implications

for the study of redistricting. To a partisan gerrymanderer, the geographic

distribution of voter demographics constrains the set of demographics possible

for Congressional Districts.

A state could be thought of as a collection of a large number of “small”

areas (e.g. street addresses, census blocks or tracts, etc...). Redistricting can

then be thought of as the process of aggregating those smaller units into a

certain number of larger units (Congressional Districts), with the requirement

that the larger units be equipopulous and contiguous. Figure 2.1 demonstrates

this approach. Figure 2.1a breaks the state of Pennsylvania down into indi-

vidual census tracts, while Figure 2.1b shows the actual 2002 Congressional

District boundaries.

An alternative line of research heavily focuses on this geographic in-

terpretation of the problem, but often ignores the important theoretical and

empirical results. For instance, papers such as Garfinkel and Nemhauser (1970)

and Rossiter and Johnston (1981) attempt to identify all possible contiguous

and equipopulous solutions to particular redistricting problems, in the hopes

of choosing the “best.” However, this approach is only computationally fea-

sible when the “small” units are in fact quite large. For example Garfinkel

and Nemhauser’s (1970) method uses counties as their small units and fails

for a state with as few as 55 counties. This negates the possibility of using

the possibly significant variation of within county demographic differences to

9



increase the demographic variation between Congressional Districts.6 Similar

to this chapter, Engstrom and Wildgen (1977) and Cirincione, Darling and

O’Rourke (2000) take the alternative approach of randomly generating many

contiguous and equipopulous redistricting plans in order to evaluate claims

that a particular state unconstitutionally used race as a predominant factor

during redistricting.

This chapter provides the first empirical test of theoretical partisan

gerrymandering predictions using a single redistricting plan.7 Using theoret-

ical and empirical results, I design the test based on a random sample of

geographically allowable plans. While scholars have previously used random

redistricting methods to test racial gerrymandering claims, they’ve arbitrarily

chosen their test statistics. For instance, Cirincione, Darling and O’Rourke

(2000) simply count the number of majority-minority districts in each plan

(actual and randomly generated).8 This ignores the possibility that there is

a range of population levels where minority representation is likely, yet un-

certain.9 Given these arbitrary test statistics, it may not be surprising that

6Increases in computational power provide little hope of redeeming this approach. Alt-
man and McDonald (2011) suggest that even for the modestly sized Wisconsin, when using
census blocks, the number of potential districting schemes these methods would have to
check may be on the order of the number of quarks in the universe.

7Others such as Gelman and King (1994) empirically test partisan gerrymandering pre-
dictions. However, they require a large number of redistricting plans in their analysis. Courts
need the capability to evaluate a claim that an individual plan is a partisan gerrymander.

8However, they do explore the implications of a few alternative thresholds for when a
district should be considered majority-minority.

9Engstrom and Wildgen (1977) begin to address this concern. Their test statistic assigns
a 1 to each district in a plan where less than 45% of the population is a minority, a 3 in each
district where minorities make up more than 55% of the population and the corresponding

10



Figure 2.1: Pennsylvania

(a) Census Tracts

(b) 2002 Congressional Districts
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tests based on random samples of possible plans have not yet been used to

evaluate claims of partisan gerrymandering. Do we simply count the number

of “Democratic” districts? Is a district Democratic if it contains more regis-

tered Democrats? What if there are many independent voters?... I address

this issue by formally modeling the optimization problem faced by a partisan

redistricter and using the estimated value of their objective function as my

test statistic.

My approach has the added value of being agnostic towards questions

of fairness. For instance, Coate and Knight (2007) and Dopp (2011) try and

determine redistricting principles that would induce more “optimal” districting

schemes. Justice Kennedy was quite clear in his controlling opinion in Vieth v.

Jubelirer (2004) that choosing among such principles was essentially a political

question; any principle would likely favor one party over the other. Here, my

test is not based on fairness or optimality, but on how abnormally beneficial

a plan is to a particular party. Courts could avoid ruling based on whether a

plan was fair or unfair. Instead, if the chances of a non-partisan cartographer

producing a plan so favorable to the redistricting party were remote, courts

could judge the plan a partisan gerrymander.

The remainder of this chapter proceeds as follows: Section 2.2 formally

defines the partisan gerrymanderer’s optimization problem and characterizes a

theoretically optimal solution ignoring geography. Section 2.3.1 discusses some

weighted average for districts in between. However, they do not provide a model or empirical
estimates to justify this particular choice.

12



of the data and estimates the parameters of the objective function. Section

2.3.2 describes the geographic data I use and the algorithm which generates

my random sample of alternative plans. Section 2.3.3 provides the results.

Section 2.4 further discusses the results of my analysis, explores some of the

limitations of my approach, and examines further directions for related work.

Section 2.5 concludes.

2.2 Theory

Partisan gerrymandering of U.S. House districts is generally assumed

to be done with the aim of increasing the number of Representatives from

the redistricter’s own party in Congress. A partisan gerrymanderer’s task is

then to divide a state into N Congressional Districts in such a manner as to

maximize the expected number of districts which elect a representative of her

party. She may achieve her objectives by choosing the demographics for each

district.

Without loss of generality, assume that the state is being gerryman-

dered by Republicans. Let xi be a vector denoting the demographics of inter-

est in district i. Suppose an element of this vector is a scalar “Republicaness”

measure, ri. I will discuss the interpretation and definition of ri further in

Section 2.3.1.

For now, assume that the only constraints the redistricter faces are that

each resident of the state must be in exactly one district, and that the districts

must be of equal population. Let x (r) be the value of the demographics
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(“Republicaness”) for the whole state. It can be shown that this implies the

alternative constraint
PN

i=1 xi

N
= x.10 Of course, geography and correlation

across demographic types add additional constraints, but ignore those until

Section 2.3.2.

Let yi represent the outcome of the upcoming election in district i.

Define yi ≡ 1 if district i elects a Republican, and yi ≡ 0 if it elects a Demo-

crat. Assume that there exists some known function, F (xi) ≡ Prob(yi = 1|xi),

which gives the probability of electing a Republican given district demograph-

ics. Then the gerrymanderer’s optimization problem is as follows:

max
{xi}Ni=1

N∑
i=1

F (xi) s.t. (2.2.1)

∑N
i=1 xi
N

= x, x ≤ xi ≤ x, ∀i (2.2.2)

where x and x represent the lower and upper bounds of the demographics.

These could simply reflect the fact that it is impossible to make districts that

are more than 100% (less than 0%) of a certain demographic type, or one

could be more restrictive with the bounds in an attempt to capture some yet

unmodeled constraints faced by redistricters, such as contiguity.11 Assume the

problem is non-trivial for all demographics of interest (x,� x� x).

10So long as we suppose x measures the percentage of voters who are of various demo-
graphic types. For example, suppose one of those types is Hispanics. Given a particular
plan, if we want to increase the portion of district one that is Hispanic by 1% we must remove
1% of the population from the district (choosing all non-Hispanics) and exchange them with
Hispanics from other districts (by the population equality constraint). This process would
keep the average percent Hispanic constant across the districts.

11It is more appropriate to simply include the geographic constraints as in Section 2.3.2.
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For the purposes of my statistical test, I could end this section with

only equation 2.2.1. All I need is an objective function to evaluate under

each districting scheme I consider. However, it is instructive to consider what

a solution to this “geography-blind” optimization problem should look like.

Comparing the solution to this version of the gerrymandering problem with

the chosen plan provides a useful demonstration of the importance of the yet

unmodeled geographic constraints.

Assume that ri is the only demographic of interest which can vary

across districts (xi is a scalar equal to ri).
12 Assume that F (·) is a smooth,

symmetric, S shaped distribution.13 Then, the following theorem applies and

will allow me to find the optimal solution given a specific parameterization of

the optimization problem:

Theorem 2.2.1. For some m ∈ {0, 1, 2, ..., N − 1} one of the following two

demographic profiles will be a solution to equations 2.2.1 and 2.2.2:

1. ri = r ∀i ∈ {1, ...,m} (ifm = 0, then this holds for none of the districts)

and rj = q ∀j ∈ {m+ 1,m+ 2, ..., N} where q solves (N−m)q+mr
N

= r.

2. ri = r ∀i ∈ {1, ...,m} and rj = r ∀j ∈ {m+ 2,m+ 3, ..., N} and

rm+1 = p where p solves mr+(N−m−1)r+p
N

= r.

12I will justify this assumption in Section 2.3.1.2.
13Formally, assume ∃z ∈ R s.t. ∀y > 0, 1−F (z+y) = F (z−y) and that ∀w < z, F ′′ (w) >

0 and that F (·) is continuously differentiable.
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For a proof of this Theorem please see Appendix 1.1. Once the optimization

problem has been parameterized, this theorem takes an N dimensional opti-

mization problem and allows one to find a solution by checking no more than

2N candidate solutions.14 Furthermore, this Theorem mirrors the “pack and

crack” result already common in the literature.15 The Republican redistricters

will “pack” many of their opponents into districts where the Democrats will

generally win with overwhelming majorities. However, in the the rest of the

districts the redistricter will spread the population more evenly (crack) such

that the Republicans have more moderate majorities. The logic is that the

Republicans are certain to lose a few districts, but with many Democrats ex-

cluded from the remaining districts the Republicans are likely to capture a

large majority of those.

2.3 Statistical Test

2.3.1 Estimation of F (·)

In order to perform my statistical test I need to be able to evaluate

equation 2.2.1 for any potential districting scheme. This will require that I be

able to determine {xi}Ni=1 under any potential districting scheme, and that I

estimate F (·). First, I discuss the dataset I use in this subsection. Then, I

formalize my statistical model and discuss results.

14Some of the demographic profiles that satisfy Theorem 2.2.1 may not satisfy the con-
straints in equation 2.2.2. Therefore, one also needs to check the feasibility of each candidate
solution under this Theorem.

15For a discussion of this common result as well as an example of the rare paper which
finds conflicting results see Friedman and Holden (2008)
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2.3.1.1 Data

In order to complete the estimation stage of my analysis I used data

from a variety of sources. First, I have presidential votes by Congressional

District for 1972-2008 provided generously by Sean Theriault. This allows me

to calculate a useful measure of “Republicaness.” Specifically, I assume that

ri for any Congressional District is equal to the Republican presidential can-

didate’s share of the major party vote in the most recent presidential election

in district i minus the same share nationwide.16

Using this measure confers a number of advantages. For one, it directly

measures how much more or less “Republican” a particular area is relative to

the rest of the country. This leads to it being consistent across time. Esti-

mating F (·) using multiple elections cycles and other demographics one might

have to worry about a particular group’s allegiance to each party changing

over time. It seems less likely that there would be a significant change in how

people who prefer Republican presidential candidates feel about Republican

Congressional candidates. Furthermore, it inherently controls for the possibil-

ity that in the most recent election the Republican candidate may have been

especially (un)appealing relative to his opponent.

Also, I have all U.S. House of Representatives election outcomes for

16For example, suppose that nationwide in 2008 John McCain received 45% of the votes
that were cast for either himself or Barack Obama. Also, suppose that in district i John
McCain got 40% of the votes that were cast for either himself or Barack Obama. Then
ri = −0.05 for district i in 2008 and 2010.
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1972-1992 from ICPSR study 6311 (King, 2006).17 This dataset also contains

information on the presence of any incumbents, and their party.18 Addition-

ally, I have a large number of other demographic variables by Congressional

District from 1972-1994 coming from a dataset produced by David Lublin.19

However, as I will discuss along with the estimation, it seems as though a parti-

san gerrymanderer need not worry about other demographics after controlling

for how “Republican” a district is.

2.3.1.2 Statistical Model and Estimation

Let
∧

(·) be the logistic function. In order to facilitate estimation,

assume that F (xi) =
∧

(α + βxi) . β is a vector of coefficients and α is some

constant. Now, F (·) can be estimated according to the standard logit model.

Prior to discussing the results of the estimation, I should briefly dis-

cuss incumbency, a variable conspicuously absent up until now. In general,

incumbents nearly always win if they run for reelection. For instance, between

1972 and 1990, there was a Democratic incumbent in 2140 House races. The

incumbent won 93.178% of these races.20 However, all incumbents eventu-

ally do not run again (retirement, death, scandal...). Furthermore, districting

17This dataset contains data going further back in time. However, I chose not to use it
as Wallace’s 1968 run for president and concerns about the earlier Dixiecrats could have
confounded my “Republicaness” measure.

18This data is available for all of the more recent elections in pdf format in CQ Weekly
publications, released around mid-April following each congressional election. Future ver-
sions of this work will incorporate this more recent data.

19Currently available at http://web.mit.edu/17.251/www/data page.html#5
201328 such races featured a Republican incumbent. In these races the incumbent won

92.169% of the time.
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schemes tend to be long lived (10 years). So, there is a strong possibility that

any seat will become an open seat under the implemented scheme. Therefore,

gerrymanderers may be particularly concerned with how their party would fair

in each district were the seat there open. Then, one should think of F (·) as

the probability of electing a Republican, conditional on the seat being open.

Since the gerrymanderer may not know who will be retiring, facing a scandal,

or dying over the next ten years, they should maximize the sum of the proba-

bilities that they win each seat conditional on that seat being open. After all,

the redistricter has far more control over elections to open seats.

Alternatively, the gerrymanderer may be particularly concerned with

the next election. In this case incumbency plays an important role and it may

be appropriate to include variables related to incumbency in the x′is.

Therefore, I estimate F (·) under both assumptions. I base my estimates

only on elections in the years for which I currently have data on election

outcomes (1972-1992). Also, it may have been possible that some districts were

designed specifically with some information about the immediately upcoming

elections in mind. Thus, in order to remove this possible source of bias, I ignore

years ending in 2.21 I also ignore the few districts which elected independents.

This leaves me with 3429 U.S. House races off of which to estimate F (·) . The

specifications focusing on open seats limit the data to 333 U.S. house races. I

21Also, my results from the 1980 presidential election by Congressional District would not
have matched up with the Congressional Districts in 1982, due to the intervening redistrict-
ing.
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Table 2.2: Summary Statistics

ri % Black % Hispanic % Urban Median Age

Mean -0.00611 0.102 0.0489 0.726 29.274
Std Dev 0.116 0.146 0.0781 0.219 3.207

obs 333 333 283 333 333

(a) Incumbentless

ri % Black % Hispanic % Urban

Mean -0.00634 0.110 0.060 0.733
Std Dev 0.115 0.144 0.104 0.227

obs 3429 3429 3077 3429

Median Age RepIncumb DemIncumb
Mean 29.329 0.343 0.560

Std Dev 3.140 0.475 0.497
obs 3429 3429 3429

(b) With Incumbents

also estimate F (·) including demographic variables other than ri, specifically:

percent Black, percent Hispanic, percent urban, and median age. Data on the

number of Hispanics was missing for some districts. Therefore, the estimates

using the additional demographics were based on fewer U.S. House races. I

provide summary statistics for my variables in Table 2.2.

The results of my estimation are presented in Table 2.3. Estimated

coefficients are presented with standard errors in parentheses beneath each

estimated coefficient. In the first two columns I report results for districts

without incumbents. In column (1) I present the results based on using ri as

the only demographic of interest. Clearly, districts that are more “Republi-
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can” are significantly more likely to elect a Republican to represent them in

Congress. Also, it appears that districts which were about as Republican as

the nation as a whole tended to favor Democratic candidates over this time

period (the estimated constant was significantly less than 0).

Additionally, I explore the value of controlling for other demographics

in column (2) by including the median age of residents as well as the percentage

of residents who were Black, Hispanic or Urban. While Black voters tend to

choose Democratic candidates, controlling for this demographic does not seem

to improve my estimates. In fact, none of the added coefficients are significant

at even the 10% level. Performing a Wald test on the restriction that all of the

added coefficients are zero yields a p-value of 0.491. This test further suggests

that controlling for other demographics adds little to my specification of F (·) .

Since I’m already controlling for how “Republican” a district is, also controlling

for another variable (such as % Black) which predicts how “Republican” a

district is does not lead to better predictions of electoral outcomes. Therefore,

for the rest of this chapter I will assume redistricters ignore other demographic

variables.

The last two columns report results for the estimation when controlling

for incumbency. This was done by including dummy variables for the presence

of Republican or Democratic incumbents and two variables interacting ri with

those dummies. Column (3) ignores demographics beyond ri and incumbency.

Here, the coefficients on both dummies have the expected sign and are signif-

icant at the 1% level. The coefficients on both of the interaction terms are
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Table 2.3: Estimation Results

(1) (2) (3) (4)

ri 13.090*** 14.621*** 13.090*** 14.779***
(1.790 ) (2.256 ) (1.790) (2.212)

ri ∗RepIncumb -9.661*** -11.365***
(2.316) (2.682)

ri ∗DemIncumb -6.594*** -7.565***
(2.064) (2.505)

%Black -1.501 -0.798
(1.754) (0.707)

%Hispanic -0.987 -0.773
(2.057) (0.809)

%Urban -1.002 -0.537*
(0.750) (0.324)

Median Age 0.017 -0.005
(0.046) (0.021)

RepIncumb 2.672*** 2.816***
(0.182) (0.205)

DemIncumb -1.995*** -1.830***
(0.161) (0.185)

Constant -0.475*** 0.436 -0.475*** -0.037
(0.133) (1.402) (0.133) (0.655)

obs 333 283 3429 3077
*Significant at the 10% level
**Significant at the 5% level
***Significant at the 1% level
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negative and significant. The effect of “Republicaness” on electoral outcomes

appears to be muted in the presence of incumbents.

Alternatively, I include additional demographics in column (4). Here

one of the added coefficients is significant at the 10% level (with a p-value of

0.098). However running a Wald test on the restriction that all of the added

coefficients are zero yields a p-value of 0.337. As such for the rest of this

chapter I will use columns (1) and (3) as my estimates of F (·).

With F (·) estimated it is now possible to determine the theoretical so-

lution to the optimization problem from equation 2.2.1 using Theorem 2.2.1.

Assuming the F (·) implied by column (1) from Table 2.3.22 I defined r and r

such that Bush’s share of the vote in any district was bounded by [0, 1] . Check-

ing all candidate solutions implies that the theoretically optimal Republican

districting scheme for Pennsylvania in the 2000’s is one in which six districts

were completely “Democratic” (Gore would have received 100% of the vote)

and ri = 0.201 in the rest of the districts. (Bush would have received about

70% of the vote in these districts.) The estimates from column (1) imply that

the Republicans could have expected to win 11.656 of the 19 seats under this

plan.

22This Theorem does not apply to the specification from column (3) as it does not allow
for variables like incumbency.
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2.3.2 Generation of Sample Plans

In order to perform my statistical test I generate a sample of plans

randomly drawn so as to respect contiguity and population equality. I then

evaluate each plan according to the objective function developed in Section

2.2 and my estimates of F (·) from Section 2.3.1.

2.3.2.1 Data

I make use of two Census 2000 TIGER/Line shapefiles publicly avail-

able from Esri.23 Each shapefile represents the state of Pennsylvania broken

down by geographic boundaries from the year 2000. One splits the state into

9418 precincts,24 while the other breaks the state into 3135 census tracts. Ad-

ditionally, I merged the precinct shapefile with the 2000 election results and

demographic data by precinct available from the Federal Elections Project.25

(Lublin and Voss, 2001) I also merged the tract shapefile with the 2000 cen-

sus population counts by tract downloaded through the American Fact Finder

available on census.gov. Additionally, I downloaded shapefiles representing

Pennsylvania broken down by 2000 and 2002 Congressional District from the

Census Bureau.26

Precincts are the smallest level at which votes are counted. This dataset

23Currently all available from http://arcdata.esri.com/data/tiger2000/tiger download.cfm
24referred to as “voting districts”
25The merge was generally straightforward, but the two datasets didn’t always match up

exactly. Please contact me for access to this data as well as a readme file explaining my
approach to the merge.

26http://www.census.gov/geo/www/cob/bdy files.html
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then allows me access to the demographics of interest at the most disaggre-

gated level available to a redistricter. Unfortunately, the algorithm I discuss

in Section 2.3.2.2 took too long to divide 9418 precincts into 19 contiguous,

equipopulous districts. Therefore, I used the elections data at the precinct

level to estimate the number of votes received by Bush and Gore in each cen-

sus tract. I estimated the number of votes received by a candidate within a

tract as the sum of the votes received in each precinct times the percentage of

that precinct within the tract.27 Looking at the two maps, it appeared that

a large majority of all precincts lay entirely within a larger tract. Therefore,

this method “estimated” which tract got most precincts’ votes with zero error.

I also used the same method with the precinct shapefile and the 2002 Con-

gressional District shapefile to estimate the number of votes Bush and Gore

received in each 2002 Congressional District in Pennsylvania. Precincts were

also unlikely to lie in multiple Congressional Districts. This estimate should

also be very accurate by a similar argument.

Additionally, I used the same method to estimate the population of

each tract living in each of the 21 Congressional Districts used for the 2000

elections. Generally, a tract was entirely within one district. So, it’s population

was accurately counted as all living in that district. For those interested in

the GIS techniques which led to these estimates please see Appendix 1.2.

27So, if tract 1 contained 50% of precinct A and 25% of precinct B and no other area,
then I estimated the number of votes received by Gore in tract 1 as .5 times the number of
votes received in precinct A plus .25 times the number of votes received in precinct B.
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2.3.2.2 Algorithm

The first part of my algorithm follows directly from Cirincione, Darling

and O’Rourke (2000). It starts with the map of Pennsylvania by census tract

with no tracts assigned to any Congressional District. First, it randomly

chooses an unassigned tract and adds it to District 1. Then it randomly

chooses an unassigned tract which neighbors the now growing District 1 and

adds it to the district. This last step repeats until the population of the district

reaches the ideal district population (646,371), or there are no more unassigned

neighbors.28 Then the above repeats for each of the other 19 districts. (It

randomly selects an unassigned tract which neighbors district 1 and assigns

it to district 2 and then randomly selects an unassigned neighbor...). If any

tracts are left unassigned at the end they are randomly chosen and assigned to

a neighboring district.29 The original Cirincione, Darling and O’Rourke (2000)

algorithm required that the population of each district be within 1% of ideal or

the algorithm would simply restart, throwing out the plan and starting from

scratch. Under this restriction my algorithm always started over. Instead, my

algorithm only restarts if at least one district isn’t within 50% of the ideal

28There may be no unassigned neighbors if the construction of an earlier district caused
there to be a few unassigned tracts surrounded by already assigned tracts. If the algorithm
started creating a district from one of these tracts, it would not be able to make the district
large enough before running out of unassigned neighbors.

29It is possible that all of the tracts neighboring an unassigned tract are also unassigned.
In this case the algorithm moves on, randomly selecting other unassigned tracts until it finds
one with a neighbor assigned to a Congressional District. If the tract chosen has multiple
neighbors assigned to different districts, the district is chosen randomly from among the
possible choices.
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district population. Otherwise, it attempts to fix any population inequality

by randomly choosing tracts and reassigning. Reassignments are kept if they

improve population equality without hindering contiguity.

One can think of plans generated by this algorithm as samples of the

plans that might be produced if we tasked an otherwise disinterested cartogra-

pher with dividing a state into equipopulous, contiguous districts. She might

start picking a small part of the state and decide that should be in one dis-

trict and then subsequently add small neighboring bits of the state until the

district was large enough. Then she might repeat the same process for the

other districts she was required to create. If she got stuck, instead of starting

from scratch she might choose to reallocate small areas until she achieved an

appropriate solution.

2.3.3 Results

My approach generates districting schemes which are apolitical and

random, but which also respect the population equality and contiguity con-

straints required of legal plans. These are exactly the types of alternative

plans against which one should compare the actual plan. The purpose of the

test is to determine whether partisan considerations guided the design of the

redistricting scheme. Again, the null hypothesis is that partisan considera-

tions were not used to develop the plan for Pennsylvania. If the chances of a

disinterested cartographer producing a scheme so favorable to the redistricting

party were less than 5%, then we should reject the null hypothesis at the 5%
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level. I would then be forced to accept the alternative, that partisan consider-

ations were used to develop the plan for Pennsylvania. This would imply that

charges of partisan gerrymandering are valid by definition.

The program to implement my algorithm was coded in R and my code

made use of packages designed to deal with this type of geographic problem.

Especially helpful was the package described in Altman and McDonald (2011).

Using my program I generated a sample of 10,000 equipopulous, contiguous

districting schemes for Pennsylvania. For each sample plan, I used the list of

tracts contained within each district and the estimated election results by tract

to calculate the number of votes received by Bush and Gore in each district.30

From there, the calculation of ri for each district in each sample plan (and the

actual plan) was straightforward.

I used the estimates of how many people in each tract lived in each

of the pre-redistricting districts similarly to determine the population of each

new district that came from each of the old districts. I assumed that incum-

bents would then run in whichever new district contained the largest number

of their former constituents. From here it was straightforward to determine

which districts had incumbents from which party.31 Incumbency dummies

were generated for the actual plan by looking at which incumbents ran in

30Technically, these numbers are estimates as the number of votes in each tract are esti-
mates. However, as discussed earlier those estimates generally (though not always) should
have zero error.

31Sometimes, two Democratic (Republican) incumbents would have decided to run in the
same district. In this case the DemIncumb (RepIncumb) dummy equaled 1.
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Table 2.4: Results

Specification from Table 2.3 (1) (3)

Range of Expected 6.061 to 9.498 6.920 to 12.282
Actual Expected 7.938 10.707

Percentile of Actual 76.62 96.25

which of the new districts.32

Then, using the estimates of F (·) from columns (1) and (3) of Table 2.3,

I estimated the value of the partisan redistricter’s objective function, Equa-

tion 2.2.1, for each sample plan as well as for the actual 2002 Congressional

Districting scheme.

The results are reported in Table 2.4. When ignoring incumbency

(Specification (1)), the estimated value of the objective function among the

sample plans ranged from 6.061 to 9.498. The same value for the actual plan

was 7.938. This was at, approximately, the 77th percentile of the value for

the sample plans. Therefore, using this specification I cannot reject the null

hypothesis that partisan considerations were not used to develop the plan for

Pennsylvania. If one thinks redistricters are farsighted and we should not be

considering the interaction between redistricting and current incumbents, then

my test cannot prove intent. However, it still shows that the chosen plan was

particularly favorable for Republicans. These results suggest that only a small

32Of the 21 Representatives elected in 2000, there was only one that retired without
running in 2002. However, most of his constituents were combined with the district of
another Democrat (likely prompting the retirement). So, my method would have produced
the appropriate incumbency variables under the actual plan as well.
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fraction (≈23%) of possible plans were better for Republicans than the one

they chose.

The results are much stronger under Specification (3). Republicans

could expect to elect more Representatives under their chosen plan than under

96.25% of the sampled plans. We should then reject the non-partisan null-

hypothesis at the five percent level. We must then accept the alternative,

that partisan considerations were used to choose the redistricting plan. This

implies that the plan is a partisan gerrymander by definition. Bear in mind

that the purpose of this chapter is to initially present the test. The goal is not

to test this particular map in an exceedingly robust manner. As such, these

results should be considered preliminary.

2.4 Discussion

Assuming gerrymanderers are only concerned with the next election,

my test confirms that the Pennsylvania plan was in fact a partisan gerry-

mander. However, if gerrymanderers are concerned with the long run, it may

make sense for them to forgo considering the current incumbents while design-

ing their plan. They should then be concerned with how candidates from their

party would do in an election to an open seat (which all seats may eventually

become).

However, my results suggest that the Republicans redistricting Pennsyl-

vania in 2001 were especially concerned with the next election. This seems to

match with Pennsylvania’s electoral history for the rest of the decade. While in
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2002 and 2004, Republicans captured 12 of Pennsylvania’s 19 seats, this trend

was reversed in the next two elections. Under the same districting scheme in

2006 the Democrats captured 11 seats, and then 12 in 2008. The chosen plan

worked well in the 2002 election, but eventually Democrats were able to elect

a majority of the state’s Representatives.

This suggests that gerrymanderers are particularly interested in the

next election. In Pennsylvania it seems Republicans chose the plan under

which they would do the best in the immediately following election. If true,

then the appropriate specification is likely the one under which I was able to

confirm partisan gerrymandering.

Also, in other cases even if my test fails to show intent, it still provides

valuable information about effect. If courts were to decide that plans which

significantly favored one party were illegal because they had the effect of a

partisan gerrymander they could easily use a less restricted version of my

test. An obvious criteria to use might be to require that any plan yield a

test statistic within the middle 50% of those of sampled plans. This criteria

would not be based on proving intent, but on demonstrating effect. This rule

would ban plans under which the redistricting party did better than could be

expected, “on average,” under plans generated by apolitical processes. While

this would not eliminate the possibility of partisan gerrymandering, it would

add an additional constraint. For instance, the plan for Pennsylvania tested

here would fail to meet this stricter criteria under both specifications.

While my test makes some rather specific assumptions, the method is
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easily adapted to alternative conceptions of partisan gerrymandering. The

theory section could be readily modified to use another objective function.33

For instance, one might want to include some level of risk aversion, where

the redistricter is particularly concerned about how well they do when the

opposing party has a strong election year. Empirically, one might want to

specify a different functional form for F (·) , or include more demographics in

the estimation. In fact, earlier in this project I estimated F (·) using kernel

density procedures, avoiding any functional form assumptions at all. However,

with very little data off of which to base estimates in the the tails of the

distribution of ri, it seemed wise to switch to parametric methods. This may

be less of a concern if using updated datasets including more recent elections.

Also, alternative random algorithms could be used to generate the sample

of alternative plans. Perhaps one thinks a disinterested cartographer would

approach the problem differently than the algorithm proposed here.

2.4.1 Limitations

Again, all results should be considered preliminary. This test could

certainly use further refinement. Beyond that, several potential criticisms of

my approach seem apparent. Obviously, opinions may differ as to the actual

objective of a partisan gerrymanderer. I believe I used the most obvious choice:

maximizing the expected number of Representatives from the gerrymanderer’s

party. However, nothing about my test requires this specific objective function,

33So long as that function could be estimated using available data.
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and an alternative could easily be used if preferred.

Perhaps the most significant concern with my approach is that the

redistricter could have access to some unobserved information about the pop-

ulation or the upcoming elections. I deal with this as a source of bias for my

estimation by only estimating off of elections at least one cycle removed from

redistricting. It seems unlikely that in 2001 redistricters had special informa-

tion about the elections that were not going to occur until 2004.

It is still possible that redistricters had some unobserved information

that could have made a particular plan more (or less) attractive than my

estimates would suggest. While this is a potential source of error for my test,

I argue one should only expect it to increase the incidence of type II errors.

If redistricters were not using partisan objectives to choose a plan, there is no

reason to suspect that any additional information they had would tend to lead

them to choose a plan that looked especially partisan based on my estimates

(thus causing a type I error). The alternative is that the redistricter was using

partisan objectives to choose a plan. If this was the case and the unobserved

information caused an error, it would have to be a type II error (failing to

reject non-partisan motives when the redistricter was in fact partisan).

Currently the estimation of F (·) is based on only one demographic

and less than current data. In Section 2.3.1.2 I made the case that one should

treat deviation from national Republican presidential vote share as a sufficient

statistic for other demographics that may be of interest to a partisan redis-

tricter. However, there is nothing to prevent one from using more information
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in the estimation of F (·).

I assumed an incumbent would run in a newly created district if that

district contained more of his former constituents than any other district.

This may be an inappropriate assumption. Suppose 51% of an incumbents

constituents ended up in district 1 and 49% ended up in district 2. My as-

sumption implies that incumbent will run in district 1 during the next election.

That implication may be wrong, especially if district 2 would be an otherwise

open seat whose demographics favor that incumbent’s party. I could remedy

this issue by formally modeling the incumbent’s choice of which district to

run in. I hope to do so in future versions of this works. However, in the case

of Pennsylvania, this would be a game with 21 players, each choosing 1 of

19 districts in which to run. Accounting for this feature may unnecessarily

complicate the model.

Ideally, statistical tests are based on random samples drawn from some

population. There is nothing to guarantee that my algorithm generates plans

which are randomly drawn from the set of contiguous equipopulous plans.

Given the size of the redistricting problem, generating such a random sample

seems computationally infeasible. As already discussed, there is no feasible way

to generate the entire population of such plans, and taking a random sample

would seemingly involve randomly assigning each tract to a Congressional

District and then throwing out the plan and starting over if you had not

created a contiguous, equipopulous plan. Such an approach would almost

always create an invalid plan and have to start again, essentially ad infinitum.
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Instead, I randomly generate a sample of plans using an algorithm

which I believe mimics how a disinterested cartographer might go about cre-

ating legally valid districts. There may be some disagreement as to how a

disinterested party would in fact attempt to draw a legally valid plan. Noth-

ing about my test relies on this specific algorithm; it could be substituted for

another that seemed more appropriate. Additionally, it might be prudent to

run my test using multiple algorithms, as a robustness check to ensure my

results aren’t driven by a particular choice of algorithm.

Specifically, the current algorithm starts with a blank map to randomly

draw districts. It may be more appropriate to assume the “re”-districter would

start with the previous map and modify it to satisfy the current constraints.

This difference may partially explain why my results are so surprisingly strong

when accounting for incumbency. There were 11 Republican incumbents go-

ing into the 2002 House elections in Pennsylvania. The actual plan did not

“waste” any Republican incumbents; each was placed in a separate district.

This outcome seems unlikely when redrawing the map from scratch. However,

it seems more likely if the new map were drawn by making modifications to

the old map until it satisfied the new requirements. In future versions of this

test I plan to also use such an algorithm as a robustness check.

2.4.2 Further Work

The states are currently finishing another round of redistricting based

on the results of the 2010 Census. In several states this process is completely
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controlled by one party. Hopefully, this work can be helpful in evaluating

claims of partisan gerrymandering based on these plans. Ideally, the Supreme

Court might find a test based on this one acceptable for evaluating charges of

partisan gerrymandering.

As mentioned earlier, scholars have already used random redistricting to

attempt to evaluate charges of racial gerrymandering, but they chose their test

statistics arbitrarily. My methodology could be readily applied to improve this

line of literature. The most obvious objective function that we might ascribe

to a racially motivated gerrymanderer would be to minimize (or maximize) the

number of minority representatives. Clearly, one would need to use different

demographic variables when estimating this objective function, but the basic

approach would remain the same.

Additionally, there are a few tasks that, once completed, will improve

this test. I need to update my election results data so that I may base my

estimates off of more recent data. Though it is not clear why, it is possible that

the relationship between preference for Republican presidential candidates and

Republican congressional candidates may have changed since the 1970’s. Also,

running the test based on samples generated by multiple algorithms would

provide an important robustness check.

2.5 Conclusion

I developed a statistical test for partisan gerrymandering and applied it

to the districting plan chosen by Pennsylvania in 2001. My approach remedies
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a universal problem among papers which use random redistricting to evaluate

gerrymandering claims: arbitrary test statistics. I treat partisan gerrymander-

ing as a maximization problem faced by a seat maximizing party. I estimate

the parameters of this objective function, and my test rests naturally on the

value of the objective function under the actual and simulated plans. Using

GIS techniques, I randomly produce a large sample of legally valid districting

plans and calculate the value of the necessary demographics to evaluate the

objective function under each sample plan.

When controlling for incumbency, my test initially seems to find that

the plan chosen by Pennsylvania in 2001 was a Republican partisan gerryman-

der. Since Vieth v. Jubelirer (2004) courts have been unable to hear claims of

partisan gerrymandering for lack of an acceptable test. This test should serve

their purposes well. It avoids many of the messy questions related to how dis-

tricts “should” be drawn and what plans would be “fair.” Instead, it focuses

on how unlikely it would be to see a plan so favorable to the redistricting party

developed by a disinterested cartographer.
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Chapter 3

Rendering Gerrymandering Impotent: A

Simple Redistricting Reform

3.1 Introduction

In the United States, electoral boundaries are usually drawn by elected

representatives. This “gerrymandering” process allows politicians to choose

their voters and causes other conflicts of interest. How should electoral insti-

tutions be designed in the face of gerrymandering? In this chapter I examine

a new, simple reform which ameliorates the effects of gerrymandering. Unlike

many such reforms, this one would not restrict partisans’ abilities to draw elec-

toral districts, but instead reduces the potential impact of changing district

boundaries. The reform is simple in a sense: it leaves electoral institutions as

they are before the polls close, but alters how winners are chosen. The reform

is inspired by proportional representation systems, but essentially maintains

single member districts. Under the reform, parties could no longer just find

cleaver ways to get the most candidates with 50% of the vote. They would

have to get the most votes.

The purpose of this chapter is to propose and evaluate the new reform.

First, I formally define the reform. Then, I develop a model to examine gerry-
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mandering under the current system and the impact of implementing the new

reform. I show that if the reform were adopted, redistricters’ ability to bias1

policy would generally be reduced, and never increased.

The literature on socially optimal redistricting is surprisingly sparse.

Many papers, such as Gilligan and Matsusaka (1999), Friedman and Holden

(2008), and Gul and Pesendorfer (2010), focus purely on the question of how

parties should redistrict to achieve partisan ends. Other papers like King

and Browning (1987), and Cox and Katz (1999) test the predictions of such

models. However, a few papers such as Coate and Knight (2007) and Gilligan

and Matsusaka (2006) focus on the more policy oriented question: how can

we improve on our electoral system in the face of gerrymandering? I continue

that vein of research by examining policy bias induced by different electoral

institutions.

This chapter contributes to two distinct lines of research. I further the

literature on strategic redistricting by examining a rich model of gerryman-

dering, elections and policy choice. This model confirms the standard “pack

and crack” intuition2 from prior literature. I also propose a new electoral

reform that deviates minimally from current institutions, but has the power

to substantially limit gerrymandering. The proposed reform also adds to a

1Throughout this chapter, when used as a noun, (policy) bias will refer to the distance
between actual policy and the policy preferred by the median voter. When used as a verb,
bias will refer to moving policy towards one’s preferred position and away from that of the
median voter.

2This intuition will be explained later.
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large literature on alternative electoral and voting systems. Similar to Single

Transferable Vote or Instant Run-Off systems, my reform could be thought

of as reducing “wasted votes” that would otherwise exist in districts in which

elections are currently a forgone conclusion.

I find a subgame perfect equilibrium to my model under the current sys-

tem, and subgame perfect equilibrium outcomes under my proposed reform.3

Under the current system, partisans in control of the redistricting process can

substantially bias policy towards their favored position. After implementing

the reform, redistricters may still be able to bias policy in their favor. However,

the reform never increases that ability and often greatly reduces it.

The rest of this chapter proceeds as follows: Section 3.2 introduces and

formally defines my proposed reform. Section 3.3 lays out the model I will use

to examine gerrymandering under the current system and under my proposed

reform. Section 3.4 provides solutions to the model under the current system

and under my proposed reform. Section 3.5 discusses the implications of my

results and Section 3.6 concludes.

3.2 A New Reform

In this section I discuss a new electoral system that in a simple model

would completely eliminate the effects of gerrymandering. This reform offers

two main benefits. First, it ensures that the distribution of Democrats and Re-

3Throughout this chapter “equilibrium” will refer to subgame perfect equilibrium.
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publicans in the legislature is proportional to the votes received by each party

in the general election. Second, it requires no changes to the way elections

or redistricting are currently implemented in any state. In fact, this reform

could be easily added on top of other redistricting reforms such as the Voters

FIRST Act passed in California in 2008. I further discuss the benefits after

explaining the electoral system.

This reform does not change any electoral institutions before the polls

close. It only changes how representatives are chosen from the candidates

running in individual districts. Suppose we are discussing elections to a state’s

House of Representatives which has N districts (seats to fill). Suppose that

there is one Democrat and one Republican running for every seat (and no third

party or independent candidates). Once the election happens call vdn (vrn) the

number of votes received by the Democratic (Republican) candidate in district

n. Then let Vd ≡
∑N

n=1 vdn (Vr ≡
∑N

n=1 vrn) be the votes cast statewide

for Democratic (Republican) candidates. The share of the votes received by

the Democratic (Republican) candidate in district n is then sdn = vdn

vni+vrn

(srn = vrn

vdn+vrn
) and the share of the vote received by Democrats (Republicans)

statewide is Sd = Vd

Vd+Vr

(
Sr = Vr

Vd+Vr

)
.

Under the current system, in each district the candidate receiving the

most votes becomes the representative of that district. In other words the
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Democrat wins the seat for district i if4

vdn > vrn.

Instead, we could choose representatives according to the following mechanism:

List the districts by the Democratic win margin, sdn− srn. This way you have

contests where the Democrat defeated her opponent the most readily at the

top of the list, and contests where the Republican defeated her opponent most

readily at the bottom of the list. In the first Sd · N districts on the list, the

Democrat becomes the representative, while in the last Sr ·N , the Republican

becomes the representative. This way, the proportion of seats each party

holds in the House is equal to the proportion of votes received statewide, and

the “strongest” Democratic and Republican candidates are the ones that get

elected. Here “strength” refers to the ability to get a larger share of the vote

in your local election. Of course, it’s likely that Sd ·N and Sr ·N will not be

integers. In that case, just round each to the nearest integer.5,6

4For now I ignore the possibility of ties.
5There are many potential ways of dealing with this rounding issue. If we want to support

minority voices, another option is to award the problem seat to the party that will be in the
minority. However, Coate and Knight (2007) find that the majority party should optimally
have a portion of the seats greater than it’s proportion of the vote. Given their result you
should award the problem seat to the majority party. In the models I use in this chapter,
the parties only care about whether or not they’ve earned a majority. Therefore this is
only a problem if it’s the decisive seat; in which case you should always award the seat to
the party winning the most votes. Dealing with integer problems for other seats becomes
unimportant.

6This method is not as clean if we wish to include third parties. However, since the
U.S. already has a stable two party system, keeping minority parties out of the new system
hardly seems objectionable. Specifically, this system could be applied to the top two vote
getting parties, or we could ignore districts with a strong third party showing.
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Table 3.1: Districts/Election Results

District Democrats Republicans

1 0 200
2 0 200
3 120 80
4 130 70
5 150 50

Table 3.2: Election Results

District Democrats Republicans

5 150 50
4 130 70
3 120 80
2 0 200
1 0 200

To see how this electoral system works and how it would change the

incentives to gerrymander, consider the following example. Consider a state

made up of 400 Democrats, and 600 Republicans with a state legislature that

will have five representatives. Suppose voters are simple; they always vote for

their party. Further, say the Democrats were able to gerrymander after the last

census such that districts have the makeup shown in Table 3.1. Since voters

are perfectly predictable, the district makeups in the table exactly mirror votes

in the election. As you can see, under the current electoral system, Democrats

will win 3 out of 5 seats despite receiving only 2 out of every 5 votes statewide.

Alternatively, under the proposed system, the Democrats would receive 2 out

of 5 seats because they received 2 out of every 5 votes. To decide which two

seats would be Democratic, take Table 3.1 and reorder it as in Table 3.2. Now
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the districts that most heavily favored the Democrats are at the top. Since the

Democrats are to receive two seats, the “strongest” two Democrats in Table

3.2 (those in bold) will win their elections. The “strongest” three Republicans

(those in italics) will win their elections.

As you can see, under the reform in one of the districts a Republican

is elected while receiving fewer votes than her opponent. Under the current

system the Democrats control the legislature while receiving fewer votes than

Republicans. In this example, any method of choosing representatives must

cause at least one of these undesirable results.7 The choice is then between

allowing some representatives to be elected without winning the most votes,

or to allow one party to govern without winning the most votes.

In this simple model, gerrymandering is clearly harmful under the cur-

rent system. It can bias the legislature away from majority rule. The proposed

system completely eliminates this bias without doing away with single mem-

ber districts. Since partisans are all exactly alike, and voters are perfectly

predictable, the proposed system completely eliminates any incentive to ger-

rymander. All that matters for a party is their share of the aggregate vote,

and gerrymandering can not affect this. In the rest of the chapter I discuss

this reform in the context of a richer model of gerrymandering.

7This must be true as one party received a majority of the votes in a majority of the
districts, while the other party got a majority of the votes statewide.
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3.3 Model

In this chapter I consider a multi stage model of elections and redis-

tricting. In the first stage, one of the two parties will redistrict with the only

consideration being their partisan agenda. Next, each party will choose a

candidate to run in each district. Then comes the election, where each voter

chooses one of the two candidates. In the final stage, the elected representa-

tives gather and implement a policy.

My model captures many of the intricacies of actual gerrymandering.

Specifically, the candidate choice stage allows me to examine how gerryman-

dering not only affects the numbers of Democrats and Republicans in office,

but also the policy positions of individual candidates and representatives. The

election stage allows me to make prediction of the effects of gerrymandering on

votes and the final stage provides insight into the impact on policy outcomes.

The ability to to study candidate policy positions is particularly use-

ful. Gerrymandering could have significant effects on the types of representa-

tives elected. Consider the common pack and crack result from the strategic

redistricting literature8 in a state gerrymandered by Democrats. They will

pack as many Republican voters as possible into a few heavily Republican

districts, while placing more mild Democratic majorities in the remaining dis-

tricts. Since the Republicans are sure to win their few districts, the Republican

primary will essentially decide the election in those districts. Since Republi-

8As mentioned, for example, in Gul and Pesendorfer (2010).
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Figure 3.1: A State

cans need not worry about attracting moderate voters, they are likely to chose

a candidate that is extreme. However, since the Democrats have slimmer ma-

jorities in the remaining districts, they may still need to worry about losing to

a moderate Republican in those districts. As such, they may nominate more

moderate Democrats.

In my model, a state has a unit measure of voters. The measures of

Democrats, Republicans and Independents statewide areD, R, and I = 1−D−

R,9 respectively. Democrats prefer policy -1, Republicans prefer policy 1, and

independents prefer policy x ∼ U [−1, 1]. The state can then be represented

as in Figure 3.1. The state is to be divided into N ≥ 3 Congressional Districts

by the party in charge of redistricting. For convenience assume N is an odd

number.

9Obviously, I assume D, R, D +R ∈ [0, 1].
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3.3.1 Stage One: Redistricting

Without loss of generality assume that the Democratic party is gerry-

mandering. Their task is then to divide the state’s population into N districts

of equal population. Here I abstract away from geographic (and other dis-

tricting) constraints and assume any voter can be placed in any district.10

However, I also assume that the gerrymanderer can only observe party affil-

iation,11 but not ideology. With partisans, this distinction is unimportant.

However, any independents placed in a district will be a random draw from

the overall distribution of independents in the state. Since I assume vot-

ers have measure zero, the distribution of independents within a district will

be the same as the distribution statewide. Therefore, the gerrymanderer is

tasked with choosing proportions of Democrats and Republicans in each dis-

trict {Dn, Rn} ∀n = 1, ..., N , respectively. This will imply the number of

independents in the district, In = 1 − Dn − Rn. They must respect several

constraints. Clearly,

Dn, Rn, Dn +Rn ∈ [0, 1] ∀n = 1, ..., N. (3.3.1)

10On first inspection this may seem like an overly simple assumption. However, consider
the requirement that districts be contiguous. Gerrymanderers have been known to create
districts with thin portions connecting disjoint regions, effectively bypassing the continuity
requirement. (For a famous example, see Illinois 4th Congressional district from 2010.)
However, if such constraints are binding one can view the solution to this model as the
redistricting scheme gerrymanderers would prefer to implement, absent constraints. Actual
redistricting schemes could then be thought of as second best approximations. The result I
find regarding gerrymanderers ability to bias policy could then be interpreted as a maximum
possible bias.

11This may be a particularly appropriate assumption in states where voters register by
party.
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Additionally, all Democrats, Republicans, and independents in a state must

be in one of the N equally sized districts. This is equivalent to requiring

that the average proportion of any voter type across the districts must equal

the statewide measure of that type. Alternatively, we could write this as the

following constraint:

N∑
n=1

Dn

N
= D,

N∑
n=1

Rn

N
= R. (3.3.2)

The districting scheme chosen by the Democratic party may impact the

policy that is eventually implemented. We will use g to denote that policy.

Throughout this model I assume that utility decreases linearly in the distance

of the actual policy from one’s preferred policy. Therefore, the objective of the

Democratic party in this stage is to minimize the expected distance between

−1 and the policy which will eventually be implemented, g. As will be appar-

ent later, policy outcomes must be in [−1, 1] so this is equivalent to simply

minimizing the expectation of g or:

min
{Dn,Rn}Nn=1

E (g) . (3.3.3)

The equilibria outcomes I find are all in pure strategies. So, one can ignore

the expectation.

3.3.2 Candidate Choice

Assume that first the smaller party chooses their candidates” policy

positions followed by the larger party. Specifically, if D ≥ R, first the Re-

publican Party chooses its candidates’ policy positions, {rn}Nn=1 followed by
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the Democratic party choosing its candidates’ policy positions {dn}Nn=1 .
12 If

R > D this order is reversed. Thus, I will refer to stage 2 as the stage where

the smaller party chooses their candidates, and stage 3 as the the stage where

the larger party chooses its candidates.

Without some additional assumptions, this model would essentially col-

lapse to the median voter model. However, the parties are subject to the

following constraints:

dn ∈ [−1, 0] (3.3.4)

rn ∈ [0, 1]. (3.3.5)

While these constraints may seem arbitrary, they are grounded in re-

ality. In strongly Democratic or Republican districts we rarely see credible

challengers. For example, in heavily Republican districts we often see quite

conservative Republican candidates. However, we don’t expect to see only

slightly less conservative Democratic challengers that do nearly as well. For

whatever reason, the Democrats chose not to, or are unable to, field very

conservative (and successful) candidates.13

12Having the parties play sequentially is unimportant when examining the model under
the current system. Under the reform, in equilibrium, the Democratic vote share may
be the same across many districts. This assumption removes the ability for Republicans to
randomly choose weaker candidates in a certain district in the hopes of making the Democrat
from that district a representative while causing a Republican from another district to
become a representative. Without this assumption it does not seem that the game would
be solvable in pure strategies under the reform.

13Perhaps such candidates have trouble amassing the support needed to make it through
the party’s primary, or are assumed disingenuous as conservative Democrats.
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Democrats attempt to maximize the expected partisanship of their rep-

resentative. Specifically, the Democrats’ objective function is:

min
{dn}Nn=1

E (g) (3.3.6)

Similarly, the Republicans’ optimization problem will be the following:

max
{rn}Nn=1

E (g) . (3.3.7)

3.3.3 Stage Four: The Election

Assume district n is made up of Dn, Rn, and 1−Dn−Rn, Democrats,

Republicans, and independents, respectively, and that Democrats and Repub-

licans have nominated candidates at positions dn and rn, respectively. Voters

always vote for the candidate closest to them.14 Therefore, an independent

voter at x votes for the Democratic candidate with position dn if

|x− dn| < |rn − x|, (3.3.8)

and votes for the Republican candidate with position rn if

|x− dn| > |rn − x|. (3.3.9)

I will later discuss tie breaking rules if it matters that for voter x, |x− dn| =

|rn − x|. Assume partisans always vote for their party’s candidate.15

14This assumes away the potential for strategic voting under the new reform. Specifically,
voters never vote for the candidate farther away from them in order to reduce the aggregate
vote share of the party to whose candidate is closer. Strategic voting would likely be mostly
against the party which was biasing policy away from the median. As such, admitting this
possibility should only strengthen my results regarding policy outcomes.

15This assumption is only necessary when both candidates are located at zero.
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3.3.3.1 Current Electoral System

Since there is no uncertainty, the median voter will be decisive if we use

the current rules for choosing winners in elections. As long as both parties’

make up less than 1
2

of the district (Dn, Rn < 1
2
) the median voter will be

Rn−Dn

1−Dn−Rn
.16 Otherwise, Dn ≥ 1

2
or Rn ≥ 1

2
, and the median voter will be the

corresponding partisan (Unless of course Dn = Rn = 1
2
). Formally, define the

median voter in district n, as follows:

mn =



Rn−Dn

1−Dn−Rn
if Dn, Rn <

1
2

−1 if Dn ≥ 1
2
> Rn

1 if Rn ≥ 1
2
> Dn

−1 if Rn = Dn = 1
2
and D ≥ R

1 if Rn = Dn = 1
2
and R > D

. (3.3.10)

The elected representative of district n will then be the candidate chosen by

the median voter according to equations 3.3.8 and 3.3.9. If the median voter

is indifferent between the candidates (|mn − dn| = |mn − rn|), suppose that

the candidate of the party with a larger population in that district wins.17 If

the median voter is indifferent and both parties have the same population in

the district, elections are decided by the flip of a fair coin.18

16The median voter is the policy position with half the voters to the right and half to the
left. Using the later we can set up the equation Dn + mn+1

2 (1−Dn −Rn) = 1
2 and solve to

find the mn in the first line of equation 3.3.10
17One can think of this tying rule as an approximation of the following in an environment

where ties are decided by the flip of a coin: In equilibrium, the candidate of the party with
a smaller population will be at zero. So, the advantaged party could find the policy position
which makes the median voter indifferent, and then run a candidate marginally closer to 0
in order to ensure victory.

18In this case the mn = 0 Then, in equilibrium dn = rn = 0. So, the different realizations
of the the tie breaking rule will not change policy as both candidates are the same.
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In order to formally define the policy position of the representative from

district n, first define qn as the difference between how far median voter is from

the democratic candidate and how far she is from the republican candidate.

Formally,

qn = |mn − dn| − |mn − rn|. (3.3.11)

This way, qn is less than zero when the median voter is closer to the Demo-

crat and greater than zero when closer to the Republican. Therefore, the

representative from district n will be

yn =


dn if (qn < 0) or (qn = 0 and Dn > Rn)

rn if (qn > 0) or (qn = 0 and Dn < Rn)

dn if qn = 0 and Dn = Rn (with probability 1
2
)

rn if qn = 0 and Dn = Rn (with probability 1
2
)

(3.3.12)

3.3.3.2 Reformed Electoral System

Define pn as the voter that is indifferent between the Democratic and

Republican candidates in district n :

pn =
dn + rn

2
(3.3.13)

The fraction of the vote received by the Democratic candidate in district n

will equal the number of of Democrats in the district plus the portion of the

independent voters who are to the left of pn. Using our notation from above,

sdn = Dn +
1 + pn

2
In. (3.3.14)

Without loss of generality assume that the districts are ordered such that

sdn ≥ sdn+1 ∀n = 1, ..., N − 1. (3.3.15)
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As the districts are all the same size, the share of the statewide vote received

by Democratic candidates will equal the average share across the districts,

Sd =
N∑
n=1

sdn
N
. (3.3.16)

If D ≥ R, assume the Democratic party will receive Pd = bSdN + 0.5c seats

in the state House. Otherwise, D < R and assume that the Democratic party

will receive Pd = dSdN − 0.5e seats in the state House. This way, the larger

party will control the state House so long as they receive at least 50% of the

vote (statewide). The Democratic candidates from the Pd districts with the

largest sdn (the first Pd districts) will become representatives. The Republican

candidates from the N − Pd districts with the smallest sdn (the last N − Pd

districts) will become representatives.

The above description will uniquely determine the representatives from

each district unless the margin of victory is exactly the same in districts Pd

and Pd + 1 (if sdPd
= sdPd+1

).19 Assume this ambiguity is resolved in whichever

manor is most favorable to the larger party.20,21 Specifically, the more partisan

candidate is elected. Alternatively, one could think of the larger party choosing

the ordering of the {sdn}Nn=1 subject to the constraint that sdn ≥ sdn+1 ∀n =

1, ..., N − 1.

19If the reform were enacted the chances of this happening in the real world would be
remote.

20the Democratic party when D = R.
21This is similar to having the redistricting party make small changes in the districting

scheme and their choice of candidates such that their preferred candidates go to congress.
Obviously, a different tying rule would be a part of any actual reform.
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3.3.4 Stage Five: Policy Implementation

Here I draw on Gilligan and Matsusaka (2006) and assume that in

stage four, when the legislature meets, it will adopt the policies of the median

representative.22 Therefore, the goal of the Democratic party is to minimize

the policy position of the median legislator. If we reorder the districts such

that yn ≤ yn+1 ∀n = 1, 2, ..., N − 1, then the policy implemented will be:

g = yN+1
2
. (3.3.17)

3.4 Results

Under both the current system and the reform, the game outlined above

is a two player zero-sum game.23 Such games feature the “constant payoffs”

property: while such games may have multiple equilibrium, the expected pay-

offs must be the same in all equilibrium. Since payoffs are linear in g, the

expected policy outcome must be the same across all equilibria. Therefore,

all results relating to policy outcomes are robust to concerns about alternate

equilibria.

3.4.1 Current System

A subgame perfect equilibrium to this model under the current elec-

toral system is a variation on the standard pack and crack result common in

22I could provide a larger median voter model for this stage. However, this Downsian
reasoning is sufficiently well known to skip directly to the result.

23The Democratic Party is attempting to minimize g while the Republican Party is at-
tempting to maximize it.
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the literature. The Democrats goal is to get N+1
2

representatives who are as

liberal as possible as measured by the least liberal among them.24 These will

come from N+1
2

“Democratic” districts. In effect this gives them N−1
2

“Re-

publican” districts in which to place voters, without regard to the outcome in

those districts. In order to achieve their goals they need to move the median

voter as far to the left as possible in the “Democratic” districts (since the

representative from each district will be 2mn (or the corresponding partisan if

mn /∈ [−0.5, 0.5]). In my model, placing an extra Republican in a district will

always move the median voter to the right more than placing an independent

(or a Democrat).

Therefore, to maximize the partisanship of the “Democratic” districts

they will contain as few Republicans as possible. Alternatively, as many Re-

publicans as possible will be placed in the “Republican” districts. If there is

not a sufficient population of Republicans to fill all N−1
2

“Republican” districts,

as many independents as possible will be placed in the “Republican” districts.

This is because Democrats will tend to move the median voter to the left in the

“Democratic” districts, while independents would moderate those districts. If

there are not enough Republicans and independents to fill the “Republican”

districts, obviously, there will only be Democrats left. They will make up

the remaining population of the “Republican” districts, and the “Democratic”

districts will only be populated by Democrats.

24since the median representative will be the
(
N+1

2

)th
most liberal representative
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After filling the “Republican” districts according to the rules described

above, the remaining population should be spread uniformly throughout the

N+1
2

“Democratic” districts. Spreading the population non-uniformly could

not decrease the mn in all “Democratic” districts.. Since the policy imple-

mented depends (weakly) monotonically on the highest mn in the “Demo-

cratic” districts, spreading the population non-uniformly could not be payoff

improving.

Under the current system local elections do not affect other elections.

Therefore, I assume that in each district, each party chooses their candidate

in order to minimize the distance between the party’s position and that of the

eventual representative. The following selection rules achieve that goal:

dn =


0 mn > 0

2mn mn ∈ [0,−1
2
]

−1 else

(3.4.1)

rn =


0 mn < 0

2mn mn ∈ [0, 1
2
]

1 else

(3.4.2)

Thus, the median voter in each district is halfway between the two candidates,

or the district is so extreme that a pure partisan25 will win.

To ensure this is an equilibrium we need to make sure all players are

playing a best response in each stage game. After the candidate choice stage,

in each district, the party that wins the election is nominating a candidate who

25a candidate located at -1 or 1.
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is as partisan as possible, but still capable of winning the election. The other

party’s candidate is at 0, and will lose no matter what they do. So, neither

party could increase their payoffs by changing their candidate choice rules.

Therefore, Equations 3.4.1 and 3.4.2 represent best response strategies. The

above explanation guarantees that the “Democratic” districts have the lowest

possible mn (given the above this implies the lowest possible g). Therefore, the

Democrats are optimally gerrymandering and the above describes a subgame

perfect equilibrium.

3.4.2 Reformed

How we think this reform will affect election depends on whether or

not we think it will affect the candidate choice stage. While in Section 3.4.2.2

I allow parties to be completely strategic, in Section 3.4.2.1 I first examine

the effect of the reform under the assumption that it would not change the

relationship between district demographics and the candidates chosen by the

parties.

3.4.2.1 Naive Candidate Choice

Here, suppose that stage two happens exactly the same way as it would

have without the reform. Specifically, in each district suppose candidate choice

still occurs according to equations 3.4.1 and 3.4.2 that we found in Section

3.4.1. While it may seem unreasonable to assume that the reform would not

change the nominating process at all, it may be useful to consider as an extreme
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alternative to the case where the state parties strategically choose candidates

in all districts, ignoring any district specific considerations. While I have not

solved the game in this case, the next proposition follows directly.

Proposition 3.4.1. If the reform does not change the candidate choice rules

(equations 3.4.1 and 3.4.2) which prevail under the current system, the policy

outcome will be weakly less biased towards the gerrymandering party than under

the current system.

Proof. The Democrats goal is to elect N+1
2

representatives who are as liberal

as possible26 and the districting from Section 3.4.1 yields N+1
2

districts where

the more liberal candidate is as liberal as possible given equation 3.4.1. Under

the current system the more liberal candidate would win all those elections.

However, under the reform that may not be the case. The Democrats may

not have a majority of the aggregate vote. Therefore, the policy outcome can

be no more biased toward the gerrymandering party than under the current

system.

3.4.2.2 Strategic Candidate Choice

Now, assume that both parties treat the candidate choice stages strate-

gically. Specifically, both parties take the districting scheme as given and

choose candidates across all districts. Recall that the smaller party will choose

26Again, as measured by the least liberal among them.
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their candidates first, and then the larger. I will make use of the following lem-

mas:

Lemma 3.4.2. A best response must exist to any subgame starting at stage 3

(larger party candidate choice).

Proof. Suppose the Democrats are the larger party (D ≥ R). I have assumed

that ties in aggregate vote share go to the larger party, and that if multiple

districts could be the P th
d most Democratic, that ambiguity is resolved in favor

of the Democrats. Therefore, all potential payoff discontinuities are resolved

in favor of the Democrats. Therefore, the Democrats objective function is

lower semicontinuous in candidate choices. Since actions must be taken over

a closed and bounded set, a best response exists. A similar argument follows

if the Republicans are the larger party R > D.

Lemma 3.4.3. If the larger party is playing a strategy that always plays best

responses in stage 3, it is a best response for the smaller party to run all

candidates at 0 in any subgame at stage 2.

Proof. Suppose the smaller party is the Republicans. Let {r∗n}
N
n=1 be the vector

of candidate choices where ∀n, r∗n = 0. Suppose {d∗n}
N
n=1 is a best response to

{r∗n}
N
n=1 . Let g∗ be the policy outcome of

{
{r∗n}

N
n=1 , {d∗n}

N
n=1

}
.

Suppose the lemma is false. Then there is a vector
{
r#
n

}N
n=1

where

r#
n > 0 for some n. Also, playing

{
r#
n

}N
n=1

yields a higher policy outcome, g#,
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then setting all rn = 0 when the Democrats best respond. As the Democrats

are the larger party, either
{
{r∗n}

N
n=1 , {d∗n}

N
n=1

}
yields g∗ < 0 or g∗ = 0.

Suppose it yields g∗ < 0. Consider the Republicans playing
{
r#
n

}N
n=1

.

The Democrats could respond by choosing a
{
d#
n

}N
n=1

in the following manner:

For all n, set d#
n such that pn is the same as it would have been if the Republi-

cans had played {r∗n}
N
n=1 and the Democrats had chosen {d∗n}

N
n=1 , unless such

a d#
n is less than −1. In that case set d#

n = −1. This would yield g# < g∗.

Therefore,
{
r#
n

}N
n=1

not a better response and {r∗n}
N
n=1 is a best response.

Suppose instead that
{
{r∗n}

N
n=1 , {d∗n}

N
n=1

}
yields g∗ = 0.As the Democrats

are the (weakly) larger party, they can guarantee g# ≤ 0 by setting d#
n = 0

for all n and winning at least half the votes. Thus, g# cannot be greater than

0. Therefore, {r∗n}
N
n=1 is always a best response. Similar logic applies if the

smaller party is the Democrats.

I make use of Lemma 3.4.3 by assuming that the smaller party always

places their candidates at zero in stage 2 of any equilibrium. I break the

possible parameter values into four separate cases that I will now discuss.

Case 1: D ≥ R and I ≤ N−1
2N

If D ≥ R and it is possible to fit all the independents in N−1
2

districts,

the following is equilibrium play: In the first stage, the Democrats will make

N−1
2

“Republican” districts which contain all the independent voters. If that

does not fill up the “Republican” districts, the Democrats will fill the rest of

those districts with Republicans. If that does not fill up those districts the
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remaining mass will be made of up Democrats. After populating the “Repub-

lican” districts the remaining population will be spread evenly throughout the

remaining N+1
2

“Democratic” districts. Note that in the “Democratic” dis-

tricts, Dn ≥ Rn and In = 0. In stage two, the Republicans will play {r∗n}
N
n=1 .

In stage three the Democrats will set dn = −1 in the “Democratic” districts

and dn = 0 in the “Republican” districts. On election day, the Democrats will

receive half of the independent vote statewide. Their share of the vote in the

“Republican” districts will be weakly less than their share in the “Democratic”

districts. Therefore, N+1
2

Democrats will be elected from the “Democratic” dis-

tricts. Therefore, g = −1. This must be a subgame perfect outcome as it has

the Republicans playing a best response and the Democrats achieving their

maximum payoff.

Note that in this case it was possible to draw N+1
2

districts where mn =

−1. Therefore, the policy outcome would have been −1 under the current

system as well.

Case 2: D = R and I > N−1
2N

Now consider the case where D = R and it is not possible to fit all the

independents in N−1
2

districts. Since there will be independent voters in at

least N+1
2

districts, the Republicans can ensure g ≥ 0 by playing {r∗n}
N
n=1 . The

Democrats can similarly ensure g ≤ 0. Therefore, in any equilibrium outcome

g = 0.

Note that in the equilibrium under the current system, as long as D =
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R > 0 there would be more Democrats than Republicans in the “Democratic”

districts. Therefore, g would have been less than zero. As m = 0 in this case

we can say the current system would have produced a strictly more biased

outcome than the reform.

Case 3: D > R and I > N−1
2N

In this case we know g < 0 in equilibrium. If the Democrats set all

dn = 2m they will win at least half the statewide vote, and g = 2m < 0. Also,

we have the following lemma:

Lemma 3.4.4. If D > R, then in equilibrium g = −1 or Sd = 1
2
.

Proof. Suppose not. Then there is an equilibrium where g > −1 and Sd 6= 1
2
.

If Sd >
1
2

the Democrats could move every candidate (for whom dn > −1

) slightly left while keeping the order of the sdn’s. This would decrease g.

Therefore we were not in equilibrium. Note that alternatively, Sd <
1
2

implies

that g ≥ 0. Therefore, we were not in equilibrium.

Consider the following sequence of actions: In the first stage, the

Democrats will make Districts 1, ..., N−1
2

“Republican” districts and fill them

completely with independent voters. After populating the “Republican” dis-

tricts the remaining population will be spread evenly throughout districts

N+1
2
, ..., N , the N+1

2
“Democratic” districts. Note that in these districts,

Dn ≥ Rn and In > 0. In stage two, the Republicans will play {r∗n}
N
n=1 . In

stage three the Democrats will set d∗n = max {−1, 2mn} for all n = N+1
2
, ..., N,
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(the “Democratic” districts) and d∗n = 0 for all n = 1, ..., N−1
2

(the “Republi-

can” districts). On election day, the Democrats will receive half of the vote

in the “Republican” districts and at least half of the vote in the “Demo-

cratic” districts. Therefore, N+1
2

Democrats will be elected, and they will all

come from the “Democratic” districts. Therefore, g = max {−1, 2mn} for

any n corresponding to a Democratic district. If this g = −1 then clearly

this is equilibrium play: the Republicans are playing a best response and the

Democrats must be playing a best response, as they are achieving their best

possible payoff.

Alternatively, if g > −1 we know that Sd = 1
2
. Note that no matter the

actions taken in the other stages, if in N+1
2

districts the Democrats set dn < d∗N

they would necessarily receive fewer than half the votes. They would receive a

smaller portion of the independent votes in the N+1
2

districts compared to the

“Democratic” districts above, and could not possibly receive a higher share in

the other districts than they already do in the “Republican” districts above.

Since as many independents as possible were in the high share “Republican”

districts, the Democrats will get fewer independent votes overall. Therefore,

the Republicans would get more than half the votes and would win at least N+1
2

seats. This would yield a g ≥ 0. Therefore, it is impossible for the Democrats

to lower g any further in equilibrium. Therefore, the above is equilibrium play

as the Democrats and Republicans are both playing best responses.

Compare this outcome with that from the equilibrium under the current

system. If we ended up with g = −1 here, then it was possible to draw N+1
2
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districts where mn ≤ −1
2

and we would have ended up with g = −1 under the

current system as well. Alternatively, if we ended up with g > −1 then that

was based on g = 2mn for the mn from the “Democratic” districts. Note that

this mn must be strictly greater than it would have under the current system;

under the reform there are more Republicans and fewer independents in the

“Democratic” districts. Therefore, the reform would have strictly reduced bias

in this case.

Case 4: R > D

Note here that the Republicans can guarantee g ≥ min {1, 2m} by

setting rn = min {1, 2m} for all n. They will necessarily win at least half the

vote as dn ≤ 0 ∀n.

Consider the following sequence of actions: In stage one, the Democrats

set De
n = D, and Re

n = R (and Ien = I) for all n. In stage two, the Democrats

set den = 0 for all n. In stage three the Republicans set ren = min {1, 2me
n} =

min {1, 2m} for all n.

If they set ren = 2m the Republicans win half the votes in each district

and statewide , and ge = 2m. Otherwise, if they set ren = 1, it must have

been because 2me
n was weakly greater, they will win weakly more than half

the votes in each district and ge = 1.

This has the Republicans playing a best response in stage three. To see

why, suppose it were not a best response, then we must be in the case where

they set ren = 2m < 1, the Republicans win half the votes in each district and
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statewide , and ge = 2m < 1. As they weren’t playing a best response, there

must also be a way to set r#
n > 2m in N+1

2
districts and have the candidates

from those districts elected. To do so they must receive weakly more votes

than in P#
d districts, and have P#

d ∈ [0, N−1
2

]. Note that Republicans will get

less than half the votes in the N+1
2

+Pd districts where r#
n > 2m. Note that in

the remaining N − N+1
2
− Pd districts the Republican candidate can get more

than under r∗n, but r#
n must increase their vote-share there by less than 100%.

This implies that they do not win enough votes state-wide to elect N − Pd

representatives. Therefore, no such r# is possible, and ren is a best response.

The above described sequence of actions then represents equilibrium play as

the Republicans are best responding in the last stage, and the Democrats are

getting the best possible payoff they can expect when facing best responding

Republicans.

Compare this outcome with that from the equilibrium under the current

system. Either the current system could have resulted in g ≤ 0, (in which case

the reform weakly reduced bias), or the current system could have resulted in

g > 0.

In the later case, under the current system equilibrium there must have

been more Republicans in the “Democratic” districts than Democrats. So,

R − N−1
2N

> D which implies that R −D > N−1
2N

, R > N−1
2N

, and I < 1− N−1
2N

.

Substituting R − D and I into the equation for the statewide median and

solving gives that m > N−1
N+1

. Given that N is at least three this implies that

m > 1
2

and that g under the reform is then 1. The bias under the reform is
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then 1− R−D
I

= 1−2R
I

<
1−N−1

N

I
=

1
N

I
.

Under the equilibrium found for the current system, in the “Demo-

cratic” districts we will have that Rn =
(
R− N−1

2N

)
2N
N+1

and Dn = D 2N
N+1

.

Solving we find this implies mn =
R−D−N−1

2N

I
. The equation for the bias under

the current system is then
∣∣∣R−DI − 2

R−D−N−1
2N

I

∣∣∣ . Simplifying we find this ex-

pression is equal to
N−1

N

I
. Therefore, the bias under the reform is strictly less

than under the current system.

Therefore, in all possible cases, the policy outcome I find under my

reform is less biased than the one I find under the current system. Since this

is a two player zero sum game with payoffs linear in g, the expected policy

must be the same in any equilibrium by constant payoffs. Therefore, my reform

sometimes reduces bias, and never increases it.

Given the assumption of linear distance utility functions, social welfare

is decreasing in bias. Therefore, the reform often increases welfare, and never

decreases it.

3.4.2.3 Numerical Examples

In this section I provide two numerical examples of my equilibrium

outcomes for various parameter values. Table 3.3 provides an example for the

case where D = 0.25, R = 0.2 and N = 5. In each table, Democrats from the

bold rows will go to Congress. As you can see in Table 3.3a, under the current

system, the Democrats would be able to completely bias policy towards their

preferred position −1. This seems significant as m = −0.09. However, as you
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Table 3.3: D = 0.25, R = 0.2, N = 5, m = −0.09

District Dn Rn In mn dn rn

1 0.417 0.000 0.583 -0.714 -1.000 0.000
2 0.417 0.000 0.583 -0.714 -1.000 0.000
3 0.417 0.000 0.583 -0.714 -1.000 0.000
4 0.000 0.500 0.500 1.000 0.000 1.000
5 0.000 0.500 0.500 1.000 0.000 1.000

(a) Current System

District Dn Rn In mn dn rn

1 0.4167 0.3333 0.2500 -0.3333 -0.6667 0.0000
2 0.4167 0.3333 0.2500 -0.3333 -0.6667 0.0000
3 0.4167 0.3333 0.2500 -0.3333 -0.6667 0.0000
4 0.0000 0.0000 1.0000 0.0000 0.0000 0.0000
5 0.0000 0.0000 1.0000 0.0000 0.0000 0.0000

(b) Reform

can see in Table 3.3b, their ability to bias policy is significantly reduced under

the reform. In this case g = −2
3
< 1.

The reform is even more powerful in the case shown in Table 3.3 where

D = 0.2, R = 0.25 and N = 5. Again, the Democrats are able to enact policy

g = 1 under the current system. This is even more biased than before as now

m = 0.09. However, here the reform is much stronger and enacts a policy of

g = 0.18. For these parameters, the state leans slightly right, but under the

current system the Democrats were able to enact a left wing policy. The bias

under the Reform switches directions, towards the right. However, it is much

smaller, 0.09 instead of 1.09.
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Table 3.4: D = 0.2, R = 0.25, N = 5, m = 0.09

District Dn Rn In mn dn rn

1 0.333 0.000 0.667 -0.500 -1.000 0.000
2 0.333 0.000 0.667 -0.500 -1.000 0.000
3 0.333 0.000 0.667 -0.500 -1.000 0.000
4 0.000 0.625 0.375 1.667 0.000 3.333
5 0.000 0.625 0.375 1.667 0.000 3.333

(a) Current System

District Dn Rn In mn dn rn

1 0.2000 0.2500 0.5500 0.0909 0.0000 0.1818
2 0.2000 0.2500 0.5500 0.0909 0.0000 0.1818
3 0.2000 0.2500 0.5500 0.0909 0.0000 0.1818
4 0.2000 0.2500 0.5500 0.0909 0.0000 0.1818
5 0.2000 0.2500 0.5500 0.0909 0.0000 0.1818

(b) Reform

3.5 Discussion

3.5.1 Benefits

The main benefit of this new reform is that it is in many ways simple.

The drawing of districts is a very complicated process and this reform addresses

gerrymandering without having to deal with how districts are drawn. It simply

alters the election to weaken gerrymandering’s potential impact. This allows

the reform to be implemented on it’s own or act as a supplement to other

reforms. For instance, California’s Voter’s FIRST Act took control of the

districting process away from the State Legislature and gave it to a citizens’

commission. While the intention was clearly to create a commission that will

not have the same conflicts of interest as the legislature, there is nothing to
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guarantee that the new group wont draw districts that bias the legislature

towards one party or another (intentionally or not). Adding my reform on top

of the Voter’s FIRST Act could mitigate that problem.

Also, this reform could ameliorate the wide concern over the “perverse-

effects” of creating majority-minority districts (e.g. see Gilligan and Mat-

susaka (2006)). The mandate to create such districts is designed to ensure

that minorities have some representation in the legislature. However consider,

purposefully “packing” a large number of Black voters into one district. This

will dilute the number of Black voters in other districts. Since Blacks generally

prefer Democrats by a wide margin, this will nearly guarantee that a Democrat

is elected in the “Black district” but harm the electoral prospects of Democrats

in many other districts. This could result in significantly fewer Democrats be-

ing elected to the legislature. Since Blacks tend to prefer Democrats, this may

end up being detrimental to their interests overall. Under my reform, packing

minority voters (and their votes) into a few districts would no longer harm

that minority’s preferred party. Their votes would still be used in determining

each parties overall share of the seats.

Some may wish to see more moderate government and representatives.

My reform may help achieve that goal. Under the current system, parties have

no reason to appeal to moderate voters in “safe” districts. However, under my

reform parties tend to run more moderate candidates. Even if a party is sure to

get most of the votes in a district, they may still want to run a more moderate

candidate to increase their aggregate vote share.
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The reform would not require significant changes to elections as gen-

erally held in the United States. Voter’s don’t need to vote differently. They

can still just choose their preferred candidate to represent them come election

day.27 Furthermore, it maintains an often touted virtue of the United State’s

version representative democracy: each representative is directly responsible

to a unique set of constituents.

3.5.2 Concerns

The main concern is likely to be that some representatives will have

been elected while receiving fewer votes than their opponents. While this may

strike some as “unfair,” by the same logic, having one party control the legis-

lature while receiving fewer votes than the opposing party is also unfair. As

noted earlier, any method of choosing representatives from individual elections

must admit at least one of these “unfair” outcomes. The choice is then which

to allow.

Unfortunately, the reform may still admit forms of gerrymandering that

are outside of my model. For instance, perhaps packing one’s opponents in

a few safe districts lowers their turnout. It is also still possible under the

reform to draw district lines to protect incumbents. However, if there is some

uncertainty about aggregate vote shares, at least some incumbents must be at

risk. Under the current system it may be possible to place all incumbents in

safe districts.

27However, it may create an opportunity to vote strategically.
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There may also be some issues implementing my reform. Making the

change nationally would require an amendment to the U.S. Constitution, an

infrequent occurrence. However, states modify their constitutions far more

often. So, the reform may be more likely at the state level. Some states even

allow citizens to directly propose and vote on amendments. In these states

you wouldn’t have to rely on those with the power to gerrymander voluntarily

limiting that power.

3.6 Conclusion

This chapter’s main contribution is the new redistricting reform. I de-

velop a model which demonstrates the reform’s benefits and limitations. With

or without the reform, a clever redistricter can sometimes bias policy away

from majority rule. However, the reform often shrinks the redistricter’s ability

to bias, and never increases it. Furthermore, the reform seems to completely

change the optimal gerrymandering technique. Under the current system the

redistricter wants to pack their opponents into a few districts and leave the

rest filled with independents and members of her own party. The reform en-

courages redistricters to instead segregate independents into a few moderate

districts, while maintaining a majority in other, highly partisan districts. This

result would seem to make districts more competitive, and adding uncertainty

to this model should make gerrymandering more difficult.
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Chapter 4

Waging Simple Wars: A Complete

Characterization of Two Battlefield Blotto

Equilibria

4.1 Introduction

Colonel Blotto games have a wide range of applications including: mil-

itary and political campaigns, network defense, and strategic hiring situations

such as professional sports or the economics job market. In Gross and Wag-

ner’s (1950) canonical paper, two officers, Colonel Blotto and Enemy, are each

endowed with a quantity of B and E soldiers, respectively. They compete

on multiple battlefields, simultaneously deciding how to allocate their soldiers

across each. The officer with more resources on a particular front wins that

battle, and an officer’s payoff is the sum of the values of the fronts won.1

As another example, consider two Economics departments that have received

“use-it or lose-it” grants to hire new faculty and suppose they are both in-

terested in hiring the same candidates. Should the departments make many

modest offers or fewer offers with higher salaries? To which candidates should

they make which offers?

1I use the terms “battlefield” or “front” to refer to the location where the individual
“battles” occur.
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These games are particularly applicable to political environments, in-

cluding those studied in this dissertation. After gerrymandering has occurred

the Democrats and Republicans must compete across the 435 congressional

districts. How should they allocate their campaign resources in the next elec-

tion?

The purpose of this chapter is to characterize the complete set of Nash

equilibria to all two battlefield Colonel Blotto games. I wish to know all types

of behavior one can (and cannot) expect in situations resembling this classic

game. I start with the most basic of all Blotto games: those on two battlefields

where each front is valued equally. Here, I show how Macdonell and Mas-

tronardi (2009) provided the first complete characterization of the set of Nash

equilibria to such games. Their characterization comes from a simple graphical

algorithm that provides important intuition to this long studied game. I then

apply this algorithm to several generalizations of the basic game. I completely

characterize the set of Nash equilibrium and provide the unique equilibrium

payoffs under two generalizations of this game: when one front has a different

value than another and when I allow for very general resource constraints.

Furthermore, I am able to extend the characterization to non-constant-sum

Blotto games where each player values each battlefield differently. I then ap-

ply my results to some previously unsolved three battlefield Blotto games and

provide a Nash equilibrium to each of these games. Finally, I discuss ways my

results will aid future theoretical and empirical Blotto research.

Borel (1921) posited the first Colonel Blotto game nearly 90 years ago,
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but the first large set of solutions came from Gross and Wagner (1950). They

provide equilibria to many versions of the game.2 Much of the subsequent

research explored the implications of modifying the standard Blotto game.

Blackett (1954), Blackett (1958), and Golman and Page (2009) all examine

Blotto games where the payoff on an individual battlefield changes contin-

uously as players alter their allocations, instead of discretely as one player

outspends the other. One line of research, exemplified by Hart (2008), con-

siders Blotto games where players’ allocations of force must be integer valued.

Work by Adamo and Matros (2009), Kovenock and Roberson (2007), Powell

(2009) and Roberson and Kvasov (2011) consider other modifications to the

game, including relaxing the constant-sum assumption.

Gross and Wagner’s (1950) original version of the game most directly

studies the allocation of troops in conventional warfare. However, since then

Colonel Blotto games have seen wide application. For instance they have

been applied to systems defense (Coughlin, 1992), and more specifically to

problems surrounding the jamming of radio signals Wu, Wang and Liu (2009).

Powell (2009) and Powers and Shen (2009) use Colonel Blotto games to study

terrorism. Hortala-Vallve and Llorente-Saguer (2010) use a Blotto game to

study conflict resolution generally.

Blotto games also see wide use in political science. Colantoni, Levesque

and Ordeshook (1975), Merolla, Munger and Tofias (2005), and Sahuguet and

2Gross and Wagner (1950) also invented the game’s eponym: the fictional Colonel Blotto.
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Persico (2006) relate Blotto games to the expenditure of campaign resources

in electoral competition. Laslier and Picard (2002) use a Blotto game in their

study of redistribution. Young (1978) and Le Breton and Zaporozhets (2010)

consider the relationship between political lobbying and Blotto games.

Szentes and Rosenthal (2003) provide a bridge to the large literature

on auctions and compare solutions to some Blotto games to solutions to their

“chopstick” auctions.3 In general, a canonical Blotto game is equivalent to a

multiunit all-pay auction with no payoff for unspent resources.

While Blotto games are important for their adaptability and applica-

tions to many environments, my work is concerned with Gross and Wagner’s

(1950) canonical game.4 While some equilibria to these Blotto games were pro-

vided over the 56 years5 following Gross and Wagner’s (1950) work, the next

major theoretical contribution to the Blotto literature came from Roberson

(2006). He examined Blotto games on three or more equally valued battle-

fields. In all such games where resource endowments are not too asymmetric,

he characterizes the univariate marginal distributions of each players’ strate-

gies in any Nash equilibrium. Additionally, he gives an equilibrium fore each

of the other cases.6 These two results allowed him to provide the unique

3Three chopsticks are being auctioned, and winning only one is worthless.
4I use “canonical” to distinguish Blotto games whose setup is essentially that used by

Gross and Wagner (1950) from similar “Blotto” games with substantially different assump-
tions. For example, Hart’s (2008) game would not be “canonical” as it requires the officers
to choose integer valued allocations of force while Gross and Wagner (1950) did not.

5e.g. see Weinstein (2005).
6Interestingly, extending my analysis to 3 or more battlefield games would seem to apply

most directly to the cases where he only provides one equilibria. For more see Sections 4.5.2

75



equilibrium payoffs to any Blotto game with three or more equally valuable

fronts.

Macdonell and Mastronardi (2009) provided a complete characteriza-

tion of the set of Nash equilibria to any canonical Colonel Blotto game with

two, equally weighted fronts. I extend their approach to allow unequally valu-

able fronts.7 My method also covers several generalizations of the canonical

game, and in these cases I provide the first Nash equilibria. For instance,

I allow players to have general, non-linear resource constraints. I also show

that this characterization extends to games where the value of fronts is al-

lowed to vary across players. However, in this case the characterization is not

necessarily complete.

Roberson (2006) examines Blotto play on strictly more than two battle-

fields, but does not consider possible asymmetries across the fronts. I start by

making an opposite trade-off and examine Blotto games with two asymmetric

battlefields.8 However, I also extend my approach and provide the first Nash

equilibria to canonical Blotto games on more than two fronts with asymmetric

resources and battlefields.

Despite nearly a century of research, the literature’s understanding of

Blotto games is still limited. I attribute much of this deficit to the dimen-

and 4.6.
7We have a jointly authored paper circulating which combines the results of Macdonell

and Mastronardi (2009) and this chapter.
8Gross (1950), Laslier (2002), and Thomas (2009) take a third approach to this trade-off.

She allows for asymmetric fronts and more than two battlefields, but assumes that B = E.
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sionality of the problem. A strategy for either player is a joint distribution

over allocations to each of the battlefields, and a Nash Equilibrium is then a

pair of joint distributions. Roberson (2006) completely characterizes the set

of equilibrium univariate marginal distributions to most of the Blotto games

he examines. By focusing on two battlefield games I am able to characterize

the complete set of equilibrium directly in terms of joint distributions.

Using my graphical algorithm, my results are easily pictured and inter-

preted. I place all two battlefield Blotto games into a “region” n ∈ {1, 2, 3...}

based on the relative strength of players’ endowments. In equilibrium, each

officer plays allocations from one of n sets of allocations and I determine the

probability they play in each. This provides empirically testable predictions

for any two battlefield Blotto play.

The organization for the remainder of this chapter is as follows: Section

4.2 formally describes the game I begin studying. Section 4.3 describes the

graphical algorithm from Macdonell and Mastronardi (2009) used to construct

the complete set of equilibria in the case of equally weighted battlefields. Sec-

tion 4.4 demonstrates how to extend this algorithm to construct a similar set

of equilibria under two previously unsolved generalizations: non-constant-sum

Blotto games, and games where one player’s forces may be relatively more

effective on a particular front. Section 4.5 formalizes my results for two bat-

tlefield Blotto games and demonstrates how to extend them to solve some

three battlefield games. Section 4.6 discusses my results and their impact on

further Blotto research. Section 4.7 Concludes.
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4.2 Model

I consider the following generalization of Gross and Wagner’s (1950)

Blotto game on two battlefields. The two players simultaneously take action by

setting {bi}2i=1 and {ei}2i=1, denoting Blotto and Enemy’s respective strength

of force on Battlefield i. If Blotto has a (weakly) stronger force on Battlefield

i he wins that battle and receives a payoff on that front of wBi > 0. Otherwise,

Enemy wins that battle and receives wEi > 0. The losing player receives a

payoff of 0 from that front. Players attempt to maximize the expected sum

of their payoffs across the fronts. A mixed strategy for Blotto (Enemy) is

a randomization over choices of {bi}2i=1 ({ei}2i=1) . Therefore, I denote Blotto

or Enemy’s strategy as probability measure µB or µE, respectively. Blotto’s

allocation is constrained by b1 ≥ 0, b2 ≥ 0 and a general resource constraint,

b2 ≤ f(b1). So, his optimization problem is:

max
b1,b2

(
2∑
i=1

(
Prob(bi≥ei|µE) · wBi

))
s.t. (4.2.1)

b1 ≥ 0, b2 ≥ 0, b2 ≤ f(b1) (4.2.2)

Similarly, Enemy is constrained by e1 ≥ 0, e2 ≥ 0, and e2 ≤ g(e1) and his

optimization problem is:

max
e1,e2

(
2∑
i=1

(
Prob(ei > bi|µB) · wEi

))
s.t. (4.2.3)

e1 ≥ 0, e2 ≥ 0, e2 ≤ g(e1). (4.2.4)

The two battlefield games originally studied by Gross and Wagner
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(1950) are equivalent to the above with two exceptions.9 First, they restrict

the budget constraints by assuming f(b1) = B − b1 and g(e1) = E − e1 for

some constants B and E such that B ≥ E. Second, they make a different

assumption about payoffs when players allocate the same strength of force to

a battlefield. I award ties to Blotto for consistency with the recent literature

(Roberson, 2006).10

To make the problem more tractable I make some normalizations and

assumptions. Without loss of generality, I scale battlefield values for each

player to normalize wB1 , w
E
1 ≡ 1. To ease notation define wE ≡ wE2 and wB ≡

wB2 . Also, assume that

∃ B1, B2 > 0 s.t. f(B1) = 0, f(0) = B2. (4.2.5)

∃ E1, E2 > 0 s.t. g(E1) = 0, g(0) = E2. (4.2.6)

In other words, there exist strictly positive x and y intercepts, E1 and

E2 (B1 and B2), of Enemy’s (Blotto’s) resource constraint.11 Furthermore,

assume that both f and g are continuous, strictly decreasing functions. Also:

9They also normalize the payoffs differently to make the game zero-sum. I find this
constant sum version more intuitive.

10I do not believe that this change substantially impacts our results. However, to verify
this, one could repeat my analysis using an alternative tie breaking rule. This is left beyond
the scope of this chapter.

11I believe I could relax this assumption somewhat for Blotto. However, it seems realistic
and makes the proof cleaner.
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f (x1) = B2 − x1 ∀x1 < 0 (4.2.7)

f (x1) = B1 − x1 ∀x1 > B1 (4.2.8)

g (x1) = E2 − x1 ∀x1 < 0 (4.2.9)

g (x1) = E1 − x1 ∀x1 > E1 (4.2.10)

Equations 4.2.7-4.2.10 specify that the resource constraints continue with slope

−1 outside of quadrant I. As allocations on either front may never be negative,

these specifications do not actually affect the game. However, they ease the

algebraic characterization.

Finally, I need to make an assumption so that Blotto is always the

advantaged player. I do this by assuming that there is always some minimum

distance between Blotto and Enemy’s resource constraints or

∃ζ > 0 s.t. (∀x1, f(x1) ≥ g(x1) + ζ) and
(
∀x2, f

−1(x2) ≥ g−1(x2) + ζ
)

(4.2.11)

In terms of Gross and Wagner’s(1950) original game, this assumption

implies that B > E. In the special case of B = E equilibria are easy to

describe. If Blotto always allocates E to the more valuable front, he will win

it for certain. Against this strategy Enemy can do no better than winning the

least valuable front for certain. If Enemy’s strategy randomizes over only full
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expenditure allocations the only way for Blotto to win both fronts is to tie

Enemy’s allocation on both. If Enemy’s strategy has no mass points, Blotto

can do no better than winning the more valuable front for certain.

In non-linear games, Equation 4.2.11 rules out the possibility that the

budget constraints touch at a point or cross, but often such games have simple

Nash equilibria. For instance, if the budget constraints cross exactly once (or

any odd number of times), each player can guarantee victory on exactly one

battlefield. A simple Nash equilibrium is for each player to “hunker-down”

and always send an unbeatable force to the front on which they can guarantee

victory.

4.3 Macdonell and Mastronardi (2009) Equilibrium Con-
struction Intuition

In this section I provide the intuition behind the algorithm used by

Macdonell and Mastronardi (2009). I leave the formal characterization for

Section 4.5.1. Section 4.3.1 graphically constructs the set of all Nash equilib-

rium in the trivial case where E ≤ 1
2
. Section 4.3.2 constructs the slightly more

complicated set of all Nash equilibrium in the case where 1
2
< E ≤ 2

3
. Section

4.3.3 shows how one can continue using this method for other endowments.

4.3.1 E ∈ [0, 1
2
]

I begin considering the case where Blotto has at least double the re-

sources of Enemy, E ≤ 1
2
. The results here may seem trivial, but the method
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of analysis used here proves useful when considering more complicated versions

of the game. The intuition for the region is simple. If Colonel Blotto has twice

the forces of Enemy, he can guarantee himself victory on both battlefields by

deploying forces (E,E) and earning payoff of 2. In fact, any allocation where

Blotto allocates at least E to both battlefields will ensure him a payoff of 2.

Figure 4.1 shows all feasible Blotto and Enemy allocations on one graph.

On the graph, Blotto could potentially play any allocation within the simplex

bounded by the axes and his full expenditure boundary (the line from (0, 1)

to (1, 0), representing his budget constraint). Similarly, Enemy could poten-

tially play any allocation within the simplex bounded by the axes and his full

expenditure boundary (the line from (0, E) to (E, 0)). A strategy for either

player is a randomization over his feasible allocations. Therefore, Macdonell

and Mastronardi (2009) take the general approach of finding the set of points

over which each player may randomize in some equilibrium. It turns out that

these sets are easily graphed areas. Subject to their constraints, Blotto can

play any strategy that always sends at least E to both battlefields (the striped

region in Figure 4.1), and Enemy can play any strategy at all (the checkered

region). When Blotto plays in this manner, Enemy can never win on either

battlefield.

As already mentioned, Blotto should ensure victory on both fronts. In

order to see where Blotto can do so, bound the area labeled Blotto in Figure

4.1 with three lines. Playing above the horizontal dotted line (a) ensures that

Blotto plays at least E on Battlefield 2 and guarantees victory there. Playing
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Figure 4.1: The Trivial Region

to the right of the vertical dotted line (b) ensures that Blotto plays at least

E on Battlefield 1, guaranteeing victory there. Finally the line from (1, 0)

to (0, 1) ensures that Blotto plays only feasible allocations. When playing

inside this region Blotto guarantees himself victory on both battlefields while

respecting his resource constraint. When playing outside this region Blotto is

either presenting Enemy with an opportunity to take one of the battlefields,

or violating his resource constraint. Therefore, the complete set of equilibrium

Blotto strategies is the set of strategies where Blotto randomizes over this

region and this region only. As you can see the only restriction on Enemy’s

strategy is that he must play within his constraints.

4.3.2 E ∈ (1
2
, 2

3
]

Now consider possible resource endowments where Enemy has more

than half of Blotto’s resources (E > 1
2
), but no more than two-thirds (E ≤ 2

3
).
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Previously Blotto was able to guarantee victory on both fronts by sending at

least E soldiers to each battlefield.

While Blotto no longer has enough soldiers to guarantee victory on

both fronts, he has enough resources to do the following: choose a battlefield

by the flip of a fair coin; send E soldiers to that front and E
2

to the other front.

The best that Enemy can do against this strategy is send more than half of his

forces (for example all his forces) to one front. Enemy hopes he chooses the

front to which Blotto sent E
2

in which case he will win one battle. Otherwise,

he will find the bulk of his forces facing E of Blotto’s soldiers, and less than

half his troops facing E
2

of Blotto’s. In this case he loses both battles.

Intuitively, in equilibrium, each player heavily attacks one front and

sends a smaller force to the other front. Blotto hopes they both heavily attack

the same front, while Enemy hopes they mismatch. Half the time Blotto wins

both fronts, and the rest of the time they each win one.

There are many strategies which loosely fit the above description. In

order to construct the complete set of equilibrium strategies, consider this re-

gion graphically in Figure 4.2. Figure 4.2a shows that Blotto has two separate

areas where he may play while attacking one battlefield heavily. Line (a) shows

that he must play more than E on Battlefield 2 if he is to ensure victory there

when he attacks that front heavily. Line (b) shows a similar condition when

he decides to attack the other front heavily. If Blotto plays in each of these

areas with a 50/50 chance, Enemy will not know which battlefield to avoid.
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Figure 4.3b shows that when Enemy attacks a front heavily, he needs to

ensure that he will win there when Blotto attacks the other front heavily. For

instance, the horizontal line (c) shows that when Enemy is attacking Battlefield

2 heavily, he needs to be sure his force is large enough to beat any residual

force Blotto might send to Battlefield 2 when Blotto is attacking Battlefield 1

heavily.12 The vertical line (d) shows a similar condition when Enemy decides

to attack Battlefield 1 heavily. If Enemy plays in each of the two regions with

equal probability Blotto wont know which battlefield to attack heavily, and

which only needs a smaller force.

When Blotto attacks a battlefield heavily, he needs to ensure he has

enough left over troops to ensure victory on the other front when Enemy sends

his smaller force there. For instance, only playing (1, 0) and (0, 1) would not be

a good idea. Enemy could play (E
2
, E

2
) and always win one battle. Figure 4.2c

demonstrates this restriction. The horizontal line (e) shows that when Blotto

attacks Battlefield 1 heavily, he needs to send enough forces to Battlefield 2

to ensure victory there if Enemy attacks Battlefield 1 heavily, but still sends

a small force to Battlefield 2. The vertical line (f) demonstrates a similar

condition when Blotto attacks Battlefield 2 heavily.

There are now two areas for both Blotto and Enemy, and they must

play in both areas 1
2

of the time. How may they choose to distribute mass

within those two areas? In equilibrium Blotto expects a payoff of 11
2

and En-

12Recall that Enemy can never when on Battlefield 2 when Blotto is also attacking Bat-
tlefield 2 heavily.
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Figure 4.2: Region 2 Construction

(a) (b)

(c)
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emy expects 1
2
. The only condition on the distribution of mass within the two

areas is that it cannot provide the other player with a higher expected pay-

off if they deviate. These conditions are demonstrated in Figure 4.3. Figure

4.3a demonstrates how certain Blotto distributions could provide Enemy with

profitable deviation from his prescribed strategy. Observe the potential devi-

ating (e∗1, e
∗
2). Line (h) divides the area where Blotto is attacking Battlefield

2 heavily into two parts. In j, b1 < e∗1, and in m, b1 ≥ e∗1. Line (g) similarly

divides the area where Blotto is attacking Battlefield 1 heavily. In k, b2 < e∗2

and in l, b2 ≥ e∗2. Enemy can only expect a payoff of at most 1
2

if he were to

play here.

Playing (e∗1, e
∗
2) he may end up winning either front. He may win on

Battlefield 1 when Blotto plays in region j, and he may win on Battlefield

2 when Blotto plays in region k. In either of these cases he will win one

battlefield. When Blotto plays in either of the other regions (l or m) Enemy

loses on both fronts. Therefore, the total mass Blotto plays over regions j

and k can be no more than 1
2
. Notice that (e∗1, e

∗
2) was chosen arbitrarily.

Any full expenditure deviating (e∗1, e
∗
2) would have done. As such, there are

a continuum of such restrictions on how Blotto can randomize over the two

areas.

Figure 4.3b demonstrates how similar restrictions affect Enemy’s po-

tential distributions. One can now graphically interpret the complete set of

equilibrium Blotto and Enemy strategies. They are the set of randomizations

that place 1
2

of the mass on the player’s two areas shown in Figure 4.2, and
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Figure 4.3: Region 2 Mass Restrictions

(a) (b)

distribute the mass within those two areas in such a way that their opponent

has no profitable deviations (as shown in Figure 4.3).

4.3.3 The General Approach

Before continuing, recall that previously Blotto could randomize be-

tween (E, E
2

) and (E
2
, E). This meant that dividing his forces across both

fronts could not benefit Enemy. Each front always had at least E
2

of Blotto’s

soldiers allocated to it. If E ∈ (2
3
, 3

4
] Blotto no longer has a sufficient resource

advantage to support this allocation. He now must be concerned that Enemy

might split his forces across both fronts. However, Blotto can still randomize

between (E, E
3

), (2E
3
, 2E

3
), and (E

3
, E). Any potential Enemy allocation will

lose on both fronts against one of these three Blotto allocations. However,

if Enemy’s endowment is larger those three allocations are no longer feasible

for Blotto. In fact, there are no three allocations Blotto can play for which
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at least one would beat any feasible Enemy allocation on both fronts. Blotto

must now randomize between at least four allocations13 in order to ensure that

any Enemy allocation sometimes loses both fronts. In general, as E increases,

Blotto must randomize between more allocations to ensure that Enemy always

risks losing both fronts.

Given this intuition I will now explain the graphical algorithm for find-

ing the set of equilibrium. As an aid to the reader, I provide an illustration of

the method for E ∈ (2
3
, 3

4
] in Figure 4.4.

The graphical algorithm is a three step process. In step one, as shown

in Figure 4.4a, draw a (solid) vertical line coming out of the point (E1, 0).

Every time this line intersects a resource constraint rotate it 90 degrees (al-

ternating counterclockwise, clockwise, counterclockwise...). Stop the rotations

once reaching a point (x1, x2) on Blotto’s resource constraint where x2 ≥ E2.

Every time the solid line intersects Enemy’s resource constraint also draw a

dotted line showing how the solid line would continue if one did not rotate it.

I put all Blotto games in a “region” n. A formal definition appears in

Section 4.5. However, the region could be defined as the number of times step

one intersected Blotto’s resource constraint. For example, the game depicted

in Figure 4.4a is in region n = 3 as the lines intersected Blotto’s resource

constraint three times (at points l1, l2, and l3).

Step two is similar to Step one. As shown in Figure 4.4b, draw a (solid)

13e.g. (E, E4 ), ( 3E
4 ,

2E
4 ), ( 2E

4 ,
3E
4 ) and (E4 , E)
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Figure 4.4: The General Graphical Method

(a) (b)

(c) (d)
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horizontal line coming out of the point (0, E2). Again, when the line intersects

a resource constraint rotate it 90 degrees (alternating clockwise, counterclock-

wise, clockwise...). Stop the rotations once reaching a point (x1, x2) on Blotto’s

resource constraint where x1 ≥ E1. Again draw a dotted line showing how the

solid line would continue every time it intersects Enemy’s resource constraint.

After doing both steps, one will have a graph like Figure 4.4c.

In step three one uses the graph to find the regions over which each

player will randomize. After completing steps one and two there will be n

triangles directly below Enemy’s resource constraint and 2n − 1 triangles di-

rectly below Blotto’s resource constraint as shown in Figure 4.4c.14 Label the

triangles directly below Enemy’s resource constraint T e1 , ..., T
e
n, from top left to

bottom right as in Figure 4.4d. These will be the areas over which Enemy can

randomize in equilibrium. For the triangles directly below Blotto’s resource

constraint label the top left T b1 . Moving down and right along the resource

constraint skip the next triangle and then label T b2 , skip another, label T b3 and

so on until reaching T bn.15 Observe this see this in Figure 4.4d.

Recall that steps one and two stop when reaching points on Blotto’s

resource constraint where x2 ≥ E2 and x1 ≥ E1, respectively. If stopping step

one because x2 = E2 then one will necessarily stop step two because x1 = E1

and the lines drawn by these steps will overlap exactly and each T bi will consist

14I am not discussing any of the larger triangles in the graph which contain smaller
shapes (e.g. the axes and the resource constraints form triangles, but these are not what I
am interested in). The triangles I am discussing are empty in Figure 4.4c

15Whether the various bounds of the Ti’s are open or closed is left for Section 4.5.
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of a single point.

In equilibrium each player will play in each of their Ti’s with probability

1
n
. If they play this way, with probability 1

n
they will “match,” or for some

j Blotto and Enemy will play allocations in T bj and T ej , respectively. In this

case, Blotto wins both battlefields. Otherwise (with probability n−1
n

) they

will “mismatch,” and Blotto and Enemy will play allocations in T bi and T ej ,

respectively, such that i 6= j. In this case each player wins one front. Thus, for

any allocation in one of their Ti’s, Blotto expects a payoff of n+1
n

while Enemy

expects n−1
n

.

It is now possible to develop intuition as to why the graphical algorithm

determines necessary conditions for equilibrium allocations. As Blotto is the

advantaged player, he can always guarantee victory on one front. However,

he can do better than this by always playing allocations which sometimes win

on both fronts. Thus, in equilibrium, all potential Enemy allocations must

sometimes lose on both fronts. This last condition is directly visible in the

results of the graphical algorithm.

Enemy’s largest possible Battlefield 1 allocation is E1. Blotto must then

sometimes allocate at least E1 to Battlefield 1. When Blotto does that the

most he can send to Battlefield 2 is the vertical component of the point l1 from

Figure 4.4a. Also, Enemy may consider playing allocation m1. If Enemy were

to play m1, to win both battlefields Blotto must play at least the horizontal

component of m1. If Blotto plays at least the horizontal component of m1, the

most can allocate to Battlefield 2 is the vertical component of l2. Continuing
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this train of thought, the next relevant threatening allocation by Enemy is

m2. If Enemy might play allocation m2, then in order to sometimes win both

battlefields Blotto must now play at least the horizontal component of m2 on

Battlefield 1. All such allocations by Blotto can leave at most the vertical

component of l3 as a residual Battlefield 2 allocation. Thus, the vertical line

segments generated by the algorithm in Figure 4.4a represent lower bounds

on Battlefield 1 allocations that must be played by Blotto if he is to ensure

all Enemy allocations sometimes lose on both fronts. A similar analysis is

performed by starting from the point (0, E2) in Figure 4.4b. This generates

horizontal line segments which represent the lower bounds on Battlefield 2 al-

locations that must be played by Blotto if he is to ensure all Enemy allocations

sometimes lose on both fronts. Combining the bounds yields the T bi ’s found

in Figure 4.4d.

The bounds on Enemy’s T ei ’s are also intuitive. Consider T e2 in Figure

4.4d. If Enemy plays in this area he will lose on both fronts when Blotto plays

in T b2 , but otherwise he will win one of the fronts. Now consider what happens

if Enemy reduces his allocation to either front. He would still lose on both

fronts to any Blotto allocation in T b2 , but would also lose on both fronts to

some Blotto allocations in T b1 or T b3 . This would result in a lower expected

payoff, hence the bounds on T e2 . A similar analysis can be performed for any

T ei .

In order to completely characterize the set of equilibrium strategies,

there are additional restrictions on how players can randomize within their
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Ti’s. These restrictions are very similar to the restrictions shown earlier in

Figure 4.3; they prevent profitable deviations by the opponent. Since either

player’s expected payoff is weakly increasing in allocations on either battle-

field, ensuring that there are no full expenditure, expected payoff increasing

deviations is sufficient.

Consider e∗ = (e∗1, e
∗
2), a full expenditure deviation by Enemy like that

shown in Figure 4.5a. Any such e∗ will always lie on Enemy’s resource con-

straint between some T ei and T ei+1. To understand how this deviation will

affect Enemy’s expected payoff, compare e∗ to any allocation ē ∈ T ei . Enemy’s

realized payoffs will be the same unless Blotto plays in T bi or T bi+1. If Blotto

plays certain allocations in T bi (allocations in j in the Figure) Enemy will win

on Battlefield 1 with e∗ when he would have lost with ē. The trade-off is that

if Blotto plays certain allocations in T bi+1, (allocations in m in the picture)

Enemy will lose on Battlefield 2 with e∗ when he would have won with ē.

In order for Enemy to not have any payoff improving deviations the added

probability of losing Battlefield 2 must be at least as great as the added prob-

ability of winning on Battlefield 1. In terms of Figure 4.5a this requires that

µB(m) ≥ µB(j). This type of condition must be satisfied for any deviating full

expenditure e∗. Figure 4.5b graphically demonstrates the similar restrictions

on Enemy’s randomization.

What strategies would satisfy this characterization? Formal examples

in the general case will be provided later, but for now the reader may with

to consider the following Nash equilibrium in terms of the game presented in
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Figure 4.5: Region 3 Mass Restrictions

(a) (b)

Figure 4.5. Each player plays in each of their Ti’s with probability 1
n

by playing

that mass uniformly over their resource constraint within each Ti. Note that

since the slope of both resource constraints is −1, the conditions preventing

payoff improving deviations will always hold with equality in this equilibrium.

I now have a graphical method for depicting the complete set of equilib-

rium strategies for Blotto and Enemy. For each player it is the set of strategies

where they play allocations within each of their Ti’s with probability 1
n
, and

randomize within the Ti’s in such a way that their opponent has no full expen-

diture, expected payoff improving deviations. I provide a graphical algorithm

for constructing the Ti’s and for visualizing the deviation preventing condition.

The complete set of equilibria is the set of such pairs of Blotto and Enemy

equilibrium strategies and is given formally in Section 4.5.1.
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4.4 Applications

In this section I apply the algorithm to two previously unsolved gener-

alizations of Gross and Wagner’s (1950) original game. In this section I again

discuss the graphical algorithm while leaving the formal characterization for

Section 4.5.1.

4.4.1 Unique Battlefield Values

Now I relax my earlier assumption that both players care about both

battlefields equally. Now I allow games where 1 6= wB 6= wE 6= 1. To my

knowledge, no equilibrium to these Blotto games have been found before, un-

less assuming the game is constant sum (wB = wE). I characterize a set of

equilibria with a small extension of the graphical method.16 In the constant

sum case prior work has only provided some of the possible equilibria, (Gross

and Wagner, 1950) and in this case I characterize the complete set of equilibria.

While I explain how to find my set of equilibrium strategies in any

region, Figure 4.6 shows how my process applies to Region three. I follow

the process in Section 4.3.3 to find the Ti’s over which players may randomize

(Figure 4.6a). Previously, player’s would play in each Ti with probability 1
n
.

Now that the players place different weights on the two battlefields, they need

to play in each Ti with a different probability in order to make their opponent

indifferent between his own Ti’s.

16In fact, I would conjecture that the set I characterize is indeed complete, but I leave
the proof of this fact for future work.
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Figure 4.6: Weights

(a) (b)

Suppose Enemy is examining the expected payoff of playing in some

T ei compared to playing in T ei+1 (e.g. T e1 v.s. T e2 in Figure 4.6a). The realized

payoff of playing in either will be the same unless Blotto plays in T bi or T bi+1.

Moving from T ei+1 to T ei allows Enemy to now win Battlefield 2 if Blotto plays

in T bi+1 but at the cost of now losing on Battlefield 1 when Blotto plays in

T bi . Since Enemy values Battlefield 2 wE times as much as Battlefield 1, his

added chance of losing Battlefield 1 needs to be wE times his added chance of

winning Battlefield 2. This implies that µB(T bi ) = wE ·µB(T bi+1). As this must

hold for all i:

µB(T bi ) =
wn−iE
n−1∑
j=0

wjE

,

as shown in Figure 4.6b.

One can also perform a similar analysis to find the the probability En-

97



emy will play in each T ei . Suppose now that Blotto is examining the expected

payoff of playing in some T bi+1 compared to playing in T bi (e.g. T b2 v.s. T b1

in Figure 4.7a). The realized payoff of playing in either will be the same un-

less Enemy plays in T ei or T ei+1. Moving from T bi to T bi+1 allows Blotto to

now win Battlefield 1 if Enemy plays in T ei+1 but at the cost of now losing

on Battlefield 2 when Enemy plays in T ei . Since Blotto values Battlefield 2

wB times as much as Battlefield 1, his added chance of winning Battlefield 1

needs to be wB times his added chance of losing Battlefield 2. This implies

that µE(T ei+1) = wB · µE(T ei ). As this must hold for all i:

µE(T ei ) =
wi−1
B

n−1∑
j=0

wjB

,

as shown in Figure 4.6b.

One still needs additional restrictions on how player’s can randomize

within their Ti’s. However, one can show the restrictions in the same manner

as before in Figure 4.5. The only difference is that now one need to account

for the different weights. This is easily reconciled. In terms of Figure 4.5a the

restriction now becomes µB(m) ≥ wE · µB(j) and similarly for µE. My set of

equilibrium in these non-constant sum Blotto games is going to be the set of

pairs of Blotto and Enemy strategies that satisfy the conditions I have just

described. As I will show later, this set is complete if we assume wE = wB.
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4.4.2 Force Effectiveness

One may wish to consider Blotto games where one player’s forces have

an advantage on one of the battlefields. For instance, suppose Blotto’s forces

are marines, while Enemy’s are general infantry and attacking Battlefield 2

involves a water landing. One would expect that adding forces to Battlefield

2 will increase Blotto’s strength there more than a similar increase by Enemy.

As far as I know, there are no prior solutions to this generalization of the

Blotto game, but my graphical method allows us to address it quite easily.

Allowing for such cases relaxes our earlier assumptions that f (b1) = 1 − b1

and g (e1) = E − e1.

Since a player’s forces may now be better at attacking either battlefield,

each player will face their own trade-off when moving forces from one battlefield

to the other. For now consider cases where each player can trade strength

between the two battlefields linearly. So I normalize the rate at which Blotto

can trade strength on Battlefield 1 for strength on Battlefield 2 to 1 and let

Enemy trade off strength on Battlefield 1 for strength on Battlefield 2 at rate

s. So, if Blotto and Enemy sent all their forces to Battlefield 2, their strengths

there would be 1 and s · E, respectively. These trade-offs are reflected by the

constraints in Figure 4.7.

My previous graphical algorithm described in Section 4.3.3 works here

without modification. I only need to use the new budget constraints. Figure

4.7 demonstrates how my method works here in the same way as Figure 4.4 did

for the case where forces were equally effective on all battlefields. If I wanted
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Figure 4.7: Force Effectiveness

(a) (b)

(c) (d)
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Figure 4.8: Generic Budget Constraints

allow for this modification and general battlefield weights, the analysis from

Section 4.4.1 would carry over directly.

Note that if Blotto’s forces were relatively ineffective when attacking

Battlefield 2 the resource constraints could cross and my method would no

longer work. However, in this case there is a very simple Nash equilibrium.

Both players can “hunker down” and send their full force to the battlefield

where they are the strongest and guarantee victory there.

In fact, linear budget constraints aren’t necessary. The algorithm is

able to deal with any strictly decreasing resource constraints.17 Figure 4.8

shows how my graphical algorithm could be applied in these cases. In Section

4.5.1 I will formally describe my set of equilibrium in this general case.

17so long they satisfy Equations 4.2.5-4.2.11.
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4.5 Formal Results

In this section I analyze Blotto games more formally. First in subsection

4.5.1 I provide the complete characterization of the of the set of equilibria to all

constant sum two battlefield Blotto games, and characterize a corresponding

set of equilibria in all non-constant sum Blotto games. Then, in subsection

4.5.2 I extend my analysis to a class of three battlefield Blotto games and

provide an equilibrium for all such games.

4.5.1 Two Battlefield Characterization

Here I generalize and formalize my two battlefield algorithm.

Also, I will use the following to composite functions:

h(x) ≡ g−1(f(x)) (4.5.1)

p(y) ≡ g(f−1(y)). (4.5.2)

Note that these functions are well-defined for all x and y given equations 4.2.7-

4.2.10 and the fact that f (·) and g (·) are both strictly decreasing functions.

Also, both pi (·) and hi (·) are then well-defined strictly increasing functions

∀i = 0, 1, 2, ...

Note that I follow the standard convention where h0(x) ≡ x (and sim-

ilarly for other functions). If necessary, h−1 (x) ≡ f−1 (g (x)) and p−1 (y) ≡

f (g−1 (y)) as one would expect.

The intuition behind h and p is as follows. h (·) takes a Battlefield 1

allocation x, and returns an Enemy Battlefield 1 allocation h (x) such that the
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following is true: If Blotto and Enemy allocate x and h (x) to Battlefield 1,

respectively, and exhaust their resources, then they will have the same Bat-

tlefield 2 allocation. This also corresponds directly to the reflection process

explained in Section 4.3.3. Refer back to Figure 4.4a. h (E1) gives the hor-

izontal component of point m1, and h2 (E1) gives the horizontal component

of m2. The first step of the graphical algorithm iterates on h. The iterations

of h stop when the next iteration would yield a non-positive number (a non-

positive Battlefield 1 allocation). However, the algorithm does apply f one

additional time to find the vertical component of one more point on Blotto’s

resource constraint (point l3 in Figure 4.4a).

p (·) takes a Battlefield 2 allocation y and returns an Enemy Battlefield

2 allocation p (y) such that the following is true: If Blotto and Enemy allocate

y and p (y) to Battlefield 2, respectively, and exhaust their resources, then

they will have the same Battlefield 1 allocation. This corresponds directly

to the reflection process shown in Figure 4.4b. Specifically, p (E2) gives the

vertical component of point q1, and p2 (E2) gives the vertical component of q2.

Iterating on p is equivalent to the second step of the graphical algorithm. The

iterations stop when the next iteration would yield a non-positive number (a

non-positive Battlefield 2 allocation). However, the algorithm does apply f−1

one additional time to find the horizontal component of one more point on

Blotto’s resource constraint (point p3 in Figure 4.4b).

Definition 4.5.1. Define the “region” n of a Blotto game to be the positive
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integer which satisfies the following condition:

E2 ∈ (f
(
hn−2 (E1)

)
, f
(
hn−1 (E1)

)
]. (4.5.3)

For any Blotto game this must be true for exactly one positive n. Note

that for n = 1 the above becomes E2 ∈ (0, f (E1)] (and the game is triv-

ial). Consider an integer i > 0. By Equation 4.2.11, f (g−1 (f (hi−1 (E1)))) ≥

g (g−1 (f (hi−1 (E1)))) + ζ. Simplifying we have

f
(
hi (E1)

)
≥ f

(
hi−1 (E1)

)
+ ζ. (4.5.4)

As f (h−1 (E1)) = 0 by definition, iterating on equation 4.5.4 implies that

f (hi (E1)) ≥ ε(i + 1). So, for i ≥ E2

ζ
− 1 we have f (hi (E1)) ≥ E2. Given

that f (hi (E1)) is strictly increasing in i and that there is some i for which

f (hi (E1)) ≥ E2, Equation 4.5.3 must be true for exactly one integer n.

(Note that one could provide a similar definition and explanation in terms

of f−1 (pi (E2)) .)

Consider a two battlefield Blotto game in Region n ≥ 2. define the

following sets of allocations:

∀i = 1, ..., n T bi ≡ {(b1, b2) : (b1 ≥ hn−i(E1),

b2 ≥ pi−1(E2), b2 ≤ f(b1)} (4.5.5)

∀i = 2, 3, ..., n− 1 T ei ≡ {(e1, e2) : (e1 > f−1
(
pi−2 (E2)

)
,

e2 > f
(
hn−i−1 (E1)

)
, e2 ≤ g(e1))} (4.5.6)

104



T e1 ≡ {(e1, e2) : (e1 ≥ 0, e2 > f
(
hn−2 (E1)

)
, e2 ≤ g(e1))} (4.5.7)

T en ≡ {(e1, e2) : (e1 > f−1
(
pn−2 (E2)

)
, e2 ≥ 0, e2 ≤ g (e1))} (4.5.8)

The above sets correspond to the triangles I found in the prior sections which

bounded the players’ equilibrium allocations. Since I am allowing nonlinear

budget constraints these sets may no longer be triangles, but I retain the

notation T. I also need to define some sets that so that I can restrict how

players can randomize over these “triangles” (as I did in the prior sections).

∀i < 1, 2, ..., n− 1,∀x ∈ R:

jx,ib ≡ {(b1, b2) : ((b1, b2) ∈ T bi , b1 < x)} (4.5.9)

kx,ib ≡ {(b1, b2) : ((b1, b2) ∈ Ti+1, b2 ≥ g (x))} (4.5.10)

jx,ie ≡ {(e1, e2) : ((e1, e2) ∈ T ei+1, e1 ≤ x)} (4.5.11)

kx,ie ≡ {(e1, e2) : ((e1, e2) ∈ T ei , e2 > f (x))} (4.5.12)

If Enemy were to play (x, g(x)), jx,ib represents the portion of T bi where Blotto

would lose on Battlefield 1. While kx,ib represents the portion of Ti+1 where

Blotto would win on Battlefield 2. Conversely, if Blotto were to play (x, f (x)) ,

jx,ie represents the portion of T ei+1 where Blotto would win on Battlefield 1.

While kx,ie represents the portion of T ei where Blotto would lose on Battlefield

2.

Now, define ΩB as the set of probability measures, µB, which satisfy

the following two properties:

Property 1b) ∀i = 1, ...n
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µB(T bi ) =
wn−iE
n−1∑
j=0

wjE

Property 2b) ∀i < 1, 2, ..., n− 1, ∀x ∈ [hn−i(E1), f
−1 (pi−2 (E2))]:

µB(jx,ib )− µB(kx,ib ) · wE ≤ 0

As an example, consider the strategy µ∗B where in each T bi Blotto

plays the allocations (hn−i(E1), f (hn−i(E1))) and (f−1 (pi−1 (E2)) , p
i−1 (E2))

with probability
wn−i

E

2·
n−1P
j=0

wj
E

each. These points correspond to z1 − z6 in Figure

4.9 for a game in region 3. Blotto never plays any other allocations. Re-

call that if E2 = f (hn−i(E1)) each of the T bi ’s contain only one allocation,

(hn−i(E1), f (hn−i(E1))) = (f−1 (pi−1 (E2)) , p
i−1 (E2)) . In this case this single

allocation is played with probability
wn−i

E
n−1P
j=0

wj
E

.

In each T bi , (hn−i(E1), f (hn−i(E1))) and (f−1 (pi−1 (E2)) , p
i−1 (E2)) are

the intersections of Blotto’s resource constraint with the two other bounds on

T bi . So, Property 1b holds as 2 · wn−i
E

2·
n−1P
j=0

wj
E

=
wn−i

E
n−1P
j=0

wj
E

= µ∗B
(
T bi
)
. Now consider

Property 2b. As Blotto is playing (f−1 (pi−1 (E2)) , p
i−1 (E2)) in T bi with prob-

ability
wn−i

E

2·
n−1P
j=0

wj
e

, µ∗B(jx,ib ) ≤ wn−i
E

n−1P
j=0

wj
E

− wn−i
E

2·
n−1P
j=0

wj
E

=
wn−i

E

2·
n−1P
j=0

wj
E

, ∀i < 1, 2, ..., n−1, ∀x ∈

[hn−i(E1), f
−1 (pi−1 (E2))]. As g is strictly decreasing the minimum µ∗B(kx,ib )

for x ∈ [hn−i(E1), f
−1 (pi−1 (E2))] occurs when x = hn−i(E1). Then ∀x ∈

[hn−i(E1), f
−1 (pi−1 (E2))], µ

∗
B(kx,ib ) ≥ w

n−(i+1)
E

2·
n−1P
j=0

wj
E

as g (hn−i(E1)) = f (hn−i−1(E1))

106



Figure 4.9: µ∗B

and
(
hn−(i+1)(E1), f

(
hn−(i+1)(E1)

))
is played with probability

w
n−(i+1)
E

2·
n−1P
j=0

wj
E

in T bi+1.

Therefore µ∗B(kx,ib ) ·wE ≥
wn−i

E

2·
n−1P
j=0

wj
E

≥ µ∗B(jx,ib ) and Property 2b holds, µ∗B ∈ ΩB.

Now, define ΩE as the set of probability measures, µE, with the follow-

ing two properties:

Property 1e) ∀i = 1, ..., n

µE(T ei ) =
wi−1
B

n−1∑
j=0

wjB

Property 2e) ∀i = 1, 2, ..., n− 1 ∀x ∈ (f−1 (pi−1 (E2)) , h
n−i−1(E1))

µE(jx,ie )− µE(kx,ie ) · wB ≤ 0

As an example consider the following Enemy strategy, µ1
E, where in each

T ei Enemy plays points (g−1 (pi−1 (E2 − iε)) , pi−1 (E2 − iε)) and (hn−i (E1 − (n+ 1− i) ε) , g (hn−i (E1 − (n+ 1− i) ε)))

with probability
wi−1

B

2·
n−1P
j=0

wj
B

. This implies that no other allocations are in the sup-
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port of µ1
E since 2 ·

∑n
i=1

wi−1
B

2·
n−1P
j=0

wj
B

= 1.

For ε sufficiently small, µ1
E ∈ ΩB. We show this formally in our proof of

Lemma 2.1.7 in Appendix 2.1.3. The intuition of this strategy is as follows: In

each T ei , (g
−1 (pi−1 (E2 − iε)) , pi−1 (E2 − iε)) and (hn−i (E1 − (n+ 1− i) ε) , g (hn−i (E1 − (n+ 1− i) ε)))

are points very close to the intersection of Enemy’s resource constraint and

the two other (open) bounds of T ei . The ε’s in these allocations are multi-

plied by terms containing i’s to ensure property 2e holds. If the ε’s were

not multiplied by the terms containing i’s then Blotto could, for example,

play (f−1 (pi−1 (E2 − ε)) , pi−1 (E2 − ε)) = (g−1 (pi (E2 − ε)) , pi−1 (E2 − ε)) . In

this case he would beat both (g−1 (pi−1 (E2 − ε)) , pi−1 (E2 − ε)) from T ei and

(g−1 (pi (E2 − ε)) , pi (E2 − ε)) from T ei+1 on both fronts, violating property 2e.

These definitions lead to three Theorems which I prove in Appendix

2.1:

Theorem 4.5.1. When Blotto plays a strategy µB ∈ ΩB and Enemy plays a

strategy µE ∈ ΩE, Blotto’s expected payoff is∑n
j=0w

j
B∑n−1

j=0 w
j
B

(4.5.13)

and Enemy’s expected payoff is ∑n−1
j=1 w

j
E∑n−1

j=0 w
j
E

. (4.5.14)

I prove Theorem 4.5.1 in Appendix 2.1.1. Combined with the next two

theorems, I will be able to say that these payoffs are the unique equilibrium
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payoffs in any constant sum version of the game, as well as the payoffs to any

equilibrium I have characterized under my non-constant sum generalization.

Theorem 4.5.2. Any pair of strategies {µB, µE} such that µB ∈ ΩB and

µE ∈ ΩE constitute a Nash equilibrium.

In other words pairing a Blotto strategy from ΩB, with an Enemy

strategy from ΩE forms a Nash equilibrium.

Theorem 4.5.3. When wB = wE the complete set of Nash Equilibrium to

any two battlefield Colonel Blotto game is the set of pairs {µB, µE} such that

µB ∈ ΩB and µE ∈ ΩE.

While I wait to prove Theorems 4.5.2 and 4.5.3 until Appendix 2.1, the

underlying conditions on the Ω’s correspond quite directly to the conditions

I found graphically in Sections 4.3 and 4.4. Property 1b(e) simply requires

that Blotto (Enemy) randomizes over the areas I found in Figures 4.4d, 4.7,

and 4.8 and that he plays within each area with the probabilities found in

Section 4.4.1. Property 2b(e) simply requires that Blotto (Enemy) distributes

his mass over the areas from Property 1b(e) in such a way that he does not

provide his opponent with any profitable deviations. This condition reflects

the requirements I found graphically in Figures 4.3a and 4.5a (4.3b and 4.5b).

4.5.2 Three Battlefields

Here I apply the insight of my algorithm to previously unsolved Blotto

games on three battlefields. Specifically, I consider the following three bat-
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tlefield Blotto game: Blotto and Enemy have B and E soldiers to allocate

across the three battlefields. Normalize B ≡ 1. Consider Blotto games where

E ∈ (1
3
, 2

5
]. The two players simultaneously set {bi}3i=1 and {ei}3i=1, denoting

Blotto and Enemy’s respective allocations on Battlefield i. If Blotto has a

(weakly) stronger force on Battlefield i he wins that battle and receives a pay-

off on that front of abi > 0. Otherwise, Enemy wins that battle and receives

aei > 0. The losing player receives a payoff of 0 from that front. Players

attempt to maximize the expected sum of their payoffs across the fronts. I

denote Blotto’s or Enemy’s strategy as µB or µE, respectively. Blotto’s alloca-

tion is constrained by bi ≥ 0 ∀i and his resource constraint,
∑3

i=1 bi ≤ 1. So,

his optimization problem is:

max
{bi}3i=1

(
3∑
i=1

(
Prob(bi≥ei|µE) · abi

))
s.t. (4.5.15)

3∑
i=1

bi ≤ 1 and bi ≥ 0 ∀i. (4.5.16)

Similarly, Enemy is constrained by ei ≥ 0 ∀i and
∑3

i=1 ei ≤ E and his opti-

mization problem is:

max
{ei}3i=1

(
3∑
i=1

(Prob(ei > bi|µB) · aei )

)
s.t. (4.5.17)

3∑
i=1

ei ≤ E and ei ≥ 0 ∀i. (4.5.18)

Without loss of generality normalize ab1 ≡ ae1 ≡ 1. Now I am concerned with

the relative weight each player places on the other two battlefields. So, let

wbi ≡
ab

i

ab
1
∀i and wei ≡

ae
i

ae
1
∀i.
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Intuitively, this Blotto game corresponds to my two battlefield Blotto

games in region 2. These are the three battlefield Blotto game where Blotto’s

resource advantage is so great that he can send E to two battlefields and

guarantee victory there, while sending at least half of Enemy’s endowment to

the other front. If Blotto randomizes the battlefield to which he sends the

smaller force, the best Enemy can do is to send his entire force to one front

and hope it is the same one to which Blotto sent a smaller force. Enemy can

not benefit by splitting his forces across fronts as Blotto always sends at least

E
2

to each front. This is the same line of reasoning as behind the two battlefield

algorithm. Enemy attacks only one front heavily, and Blotto attacks all but

one front heavily. Again, Blotto hopes they both heavily attack the same front,

while Enemy hopes they mismatch.

Define Se1 ≡ {(E, 0, 0)}, Se2 ≡ {(0, E, 0)}, Se3 ≡ {(0, 0, E)} and Sb1 ≡

{(E
2
, E, E)}, Sb2 ≡ {(E, E2 , E)}, Sb3 ≡ {(E,E, E2 )}. Define µB,3 as the proba-

bility measure with the following three properties:

µB,3(S
b
1) =

we2w
e
3

we2 + we3 + we2w
e
3

(4.5.19)

µB,3(S
b
2) =

we3
we2 + we3 + we2w

e
3

(4.5.20)

µB,3(S
b
3) =

we3
we2 + we3 + we2w

e
3

. (4.5.21)

Also, define µE,3 as the probability measure with the following three properties:

µE,3(S
e
1) =

wb2w
b
3

wb2 + wb3 + wb2w
b
3

(4.5.22)

111



µE,3(S
e
2) =

wb3
wb2 + wb3 + wb2w

b
3

(4.5.23)

µE,3(S
e
3) =

wb2
wb2 + wb3 + wb2w

b
3

. (4.5.24)

Clearly, these equations imply that these measures equal zero over all areas

that do not contain one of these points.

Theorem 4.5.4. {µB,3, µE,3} constitutes a Nash Equilibria to the three battle-

field Blotto game defined in this section.

I leave the proof of this Theorem for Appendix 2.2. To my knowledge,

these are the first solutions to any canonical Blotto game on more than two

battlefields which features both asymmetric fronts and endowments.18

4.6 Discussion

Experimentally, Chowdhury, Kovenock and Sheremeta (2011) are able

to confirm most of Roberson’s (2006) theoretical predictions. Prior to my

work, testing two battlefield Blotto predictions (experimentally or empirically)

would have been problematic. The set of Nash equilibrium strategies I find

is infinite. For all of the games I study, the previous literature has provided

either no equilibria, or only some of the possible equilibria. Even if one used

data that came from Nash equilibrium play to one of the previously solved

games, there would have been no reason to assume that the data came from

one of the previously known equilibria.

18Roberson (2006) provides a solution to these games in the special case of symmetric
fronts, where wji = 1 ∀i = 2, 3 ∀j = b, e.
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When considering a larger number of battlefields (m ≥ 3) my analysis

applies most directly to relative levels of force where Roberson (2006) only

provided one equilibrium to each game. I refer to this region, where B ∈

[(m− 1)E,mE], as “very asymmetric.” My approach has the added benefit of

tackling battlefields with asymmetric weights quite easily. While I solve some

of these games when m = 3, the approach seems quite general. Specifically,

consider the case where B ∈ [(m−1/2)E,mE) while m > 3. In relation to my

above analysis, this is analogous to region 2 where E > δ ≥ 1
2
E; Blotto can

guarantee himself victory on (m − 1) battlefields, and give Enemy only one

shot at attacking the less defended battlefield. Blotto can randomly choose

one battlefield and send 1
2
E units there, and send E units to the rest. The

best Enemy can then do is to randomly choose a front and attack it with

full force. If the fronts have different values to different players, players could

easily weight their randomizations to make each other indifferent. I have yet

to characterize the complete set of equilibrium to these “very asymmetric”

Blotto games, but it seems as though it will satisfy properties similar to 1b(e)

and 2b(e). Analogous to Property 1e Enemy will randomize which battlefield

he attacks heavily, and analogous to Property 2e will be a set of conditions

that ensure Blotto does not wish to deviate.

4.7 Conclusion

I provide a complete characterization of the set of Nash equilibria to

any canonical two battlefield Blotto game and to Blotto games with generic
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resource constraints. I also characterize a set of equilibria to non-constant-sum

Blotto games where I allow the players to value the battlefields differently. Fur-

thermore, these sets are constructed using a graphical algorithm which makes

a previously very technical game far more accessible. Starting with the simple

logic of the trivial case I am able to show how that logic extends to much more

complicated versions of the game. In fact, this approach demonstrates further

utility by applying easily to a previously unsolved class of three battlefield

Blotto games.

My work should prove useful for further empirical and theoretical work.

While the set of equilibria I find is infinite, my characterization provides some

easily testable criteria: In equilibrium each player should only play allocations

from one of n distinct areas. I define these areas and provide the probability

with which they should play in each. I demonstrate the theoretical utility of

my approach by characterizing a set of equilibria to two previously unsolved

generalizations of the canonical Blotto game. A higher dimensional analog

of my algorithm would apply most directly to the “very asymmetric” Blotto

games we know least about. I begin this application by providing the first

solutions to canonical Blotto games on more than two battlefields with both

asymmetric resources and battlefield values.

Characterizing the complete set of equilibrium strategies to canonical

Blotto games exposes new equilibria and the full set of conditions constraining

them. Interestingly, there exist equilibria where neither player fully expends

their resources, even though there is no payoff to unallocated resources. Per-
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haps this suggests possible equilibrium refinement techniques or potential in-

sight into the shadow value of the players’ resources. Extending the logic of the

equilibrium construction algorithm yield insights into more complicated vari-

ants of the game, which may be more representative of real military, political,

or other environments.
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Chapter 5

Conclusion

Gerrymandering clearly occurs. Chapter 2 demonstrated that it in

fact occurred during the 2000’s redistricting of Pennsylvania. However, the

test developed here was applied to but one state, and there is no reason to

think Pennsylvania is particularly unique. It seems likely that this test, or

a similar test, could be used to prove other maps have been gerrymandered.

Hopefully, this will provide courts with the standard they have been looking

for to judge gerrymandering cases. Given that we can now demonstrate that

gerrymandering occurs, this leaves open two questions: What harm comes

from gerrymandering, and, what can we do about it? These questions were

addressed in the next chapter.

In Chapter 3 I developed a model of state legislative elections and

found that partisan gerrymandering biases policy away from the median voter.

Furthermore, in my model, this bias reduced social welfare relative to the

policy of the median voter. In order to deal with this problem I introduced

a new electoral reform that borrows elements of proportional representation

without doing away with single member districts. It turns out that relative

to the outcome under gerrymandering, the reform never increases policy bias,
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and often reduces it.

After gerrymandering, campaign resources must be allocated across

the various legislative contests. These environments have often been studied

in terms of Colonel Blotto games. I add to this literature by providing the first

complete characterization of the set of Nash equilibria to all Colonel Blotto

games on two battlefields. I also extend my characterization to cover games

where officers value the battlefields differently, and have general resource con-

straints. Finally, I provide the first Nash equilibria to any games on more than

two unequally valued battlefields where officers have asymmetric resources.

My hope is that this dissertation will provide important information

that could help future policy makers choose wise election reforms. Chapter 3

perhaps does this most explicitly; it offers a new reform and demonstrates its

potential benefits. Chapter 2 may achieve a similar goal through the courts.

It provides a test courts could use to determine when an electoral map was

created by illegal partisan gerrymandering. Finally, Chapter 4 provides im-

portant new insights into a game long used to study campaign expenditures.

Hopefully, these insights will help shed light on the potential ramifications of

future changes to campaign finance law.
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Appendix 1

1.1 Proof of Theorem 2.2.1

Since the theorem considers a continuous objective function evaluated

over a compact subset of RN , we are assured that at least one solution exists.

I prove this theorem by contradiction. In the first two of the following cases

I show that no solution could satisfy particular properties which would not

satisfy the theorem. Then, in Case 3 I show that the only other class of

potential solutions which could violate the theorem either admits a solution

which does not violate the theorem, or cannot be optimal. Let z be the value

of the demographic about which F (·) is symmetric.1

1. First suppose that there is a solution {ri}Ni=1 such that for some i and j:

ri 6= rj and rk ∈ [z, r] ∀k ∈ {i, j} .

WLOG assume ri < rj. However note that F ′ (ri) > F ′ (rj) by assump-

tion. Therefore, it would be possible to decrease rj by ε and increase ri

by ε while holding the demographics of the other districts constant and

increasing the overall value of the objective function. This is a contra-

diction. Therefore, in any solution, all districts whose demographic is at

least z have the same value for the demographic.

1i.e. ∀y ≥ 0 1− F (z + y) = F (z − y).
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2. Similarly, suppose that there is a solution {ri}Ni=1 such that for some

i 6= j:

rk ∈ (r, z) ∀k ∈ {i, j} .

WLOG assume ri ≤ rj. However note that F ′′ (v) > 0 ∀v < z by as-

sumption. Therefore, it would be possible to increase rj by ε and lower

ri by ε while holding the demographics of the other districts constant

and increasing the overall value of the objective function. This is a con-

tradiction. Therefore, no more than one district can have a demographic

strictly less than z, but strictly greater than r.

3. Suppose that there is a solution {ri}Ni=1 which does not exhibit Cases 1

or 2. Also, suppose that for some i 6= j:

ri ∈ (r, z) and rj ∈ [z, r).

If z − ri 6= rj − z then note that F ′ (ri) 6= F ′ (rj) by assumption. There-

fore, it would be possible to increase rj by ε and lower ri by ε2 while

holding the demographics of the other districts constant and increasing

the overall value of the objective function. This is a contradiction. Alter-

natively, if z− ri = rj − z, then if we were to change ri and rj to equal z

while holding the demographics of the other districts constant we would

not change the value of the objective function and the constraint would

still hold (both by the symmetry of F (·) about z). Either there exist

2Depending on the direction of the inequality between F ′ (ri) and F ′ (rj) , ε will need to
be either positive or negative.
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other districts in this new solution with demographics strictly greater

than z, or there do not. In the former we would have a contradiction by

the logic of Case 1, in the latter we would have an alternative solution

that satisfies Theorem 2.2.1

By cases 1 and 2, in any solution there can only be one value of the demo-

graphic weakly greater than z and all but one district whose demographic is

strictly less than z must be at r. Therefore, any solution must satisfy Theo-

rem 2.2.1 or exhibit Case 3. As any solution exhibiting Case 3 must admit a

solution which satisfies Theorem 2.2.1, there must always exist a solution that

satisfies Theorem 2.2.1.

1.2 Estimating votes in other Shapefiles

In order to get my estimate of the votes Bush and Gore received in each

census tract I did the following in ArcGIS: First, I added an area attribute to

the precinct shapefile which was a measure of the area of each polygon. Next,

I did a union with tract shapefile. This split up any precincts into the parts

strictly within a tract. Each polygon in the new shapefile then had attributes

recording the number of votes in, and area of, the precinct from which they

came. Next I added an area attribute to the union shapefile which measured

the area of each new polygon (using the same units as the area measure for

the precincts). Next, I generated new attributes to estimate Gore and Bush

votes in each polygon in the union shapefile. Specifically, estimated votes

received in a polygon in the union were set equal to the votes received in the
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precinct the polygon came from times the ratio of the area of the new polygon

to the area of the original precinct. The polygon union shapefile was then

converted to a point shapefile (all attributes were assigned to a point at the

centroid of each polygon). Finally, I used the join by location feature to sum

the estimated votes from each point that occurred within a polygon in the

census tract shapefile. The analogous approach was used to estimate votes by

2002 Congressional District.
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Appendix 2

2.1 Proofs of Theorems 4.5.1-4.5.3

First I prove that pairs of strategies from ΩB and ΩE provide the ex-

pected payoffs from Theorem 4.5.1. Then I prove that all pairs of strategies

from ΩB and ΩE constitute a Nash Equilibrium. Finally, I show that in the

constant sum case (wB = wE) no other strategies are a part of any Nash Equi-

librium.

For the sake of readability I start with several definitions and minor

Lemmas. First, define two projection operators. Ψ1(S) is the set of all scalars

that are the first dimension of some two dimensional point in the set of two

dimensional points, S.

Ψ1(S) ≡ {x1 : (∃x2 ∈ R s.t. (x1, x2) ∈ S)}

Ψ2(S) is defined similarly:

Ψ2(S) ≡ {x2 : (∃x1 ∈ R s.t. (x1, x2) ∈ S)}

1I also define the set of all points in some T bi (T ei ):

T b ≡ T b1 ∪ T b2 ∪ ... ∪ T bn

1For instance, if S = {(1, 3), (2, 5)}, then Ψ1(S) = {1, 2} and Ψ2(S) = {3, 5}.
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T e ≡ T e1 ∪ T e2 ∪ ... ∪ T en

Finally, I define the sets of all feasible Blotto and Enemy allocations:

F b ≡ {(b1, b2) : b1, b2 ≥ 0 and b2 ≤ fb (b1)}

F e ≡ {(e1, e2) : e1, e2 ≥ 0 and e2 ≤ fe (e1)}.

The following Lemma gives us the intervals of battlefield allocations

within the various T xi ’s (∀x = b, e).

Lemma 2.1.1. ∀i = 1, 2, ..., n :

Ψ1(T
e
i ) = (f−1

(
pi−2 (E2)

)
, hn−i(E1)), (2.1.1)

2

Ψ1(T
b
i ) = [hn−i(E1), f

−1
(
pi−1 (E2)

)
], (2.1.2)

Ψ2(T
e
i ) = (f

(
hn−i−1 (E1)

)
, pi−1(E2)), (2.1.3)

3 and

Ψ2(T
b
i ) = [pi−1(E2), f

(
hn−i (E1)

)
]. (2.1.4)

2For i = 1, the lower bound becomes f−1
(
p−1 (E2)

)
= f−1

(
f
(
g−1 (E2)

))
= 0 and is

actually a closed boundary. For i = n, the upper boundary becomes h0(E1) = E1 and is
actually a closed boundary.

3For i = 1, the upper bound becomes p0(E2) = E2 and is actually a closed boundary.
For i = n, the lower boundary becomes f

(
h−1 (E1)

)
= f

(
f−1 (g (E1))

)
= 0 and is actually

a closed boundary.
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I will simultaneously prove Lemma 2.1.1 with my proof of the next

lemma. Informally and abusing notation, I can rewrite the interval [0, f−1 (pn−1 (E2))]

as

[Ψ1(T
e
1 ),Ψ1(T

b
1 ),Ψ1(T

e
2 ),Ψ1(T

b
2 ), ...,Ψ1(T

e
n),Ψ1(T

b
n)]

or I could write the interval Ψ2(T
e) ∪Ψ2(T

b) = [0, f (hn−1 (E1))] as

[Ψ2(T
e
n),Ψ2(T

b
n),Ψ2(T

e
n−1),Ψ2(T

b
n−1), ...,Ψ2(T

e
1 ),Ψ2(T

b
1 )].

More formally,

Lemma 2.1.2. Ψ1(T
e)∪Ψ1(T

b) = [0, f−1 (pn−1 (E2))] and Ψ2(T
e)∪Ψ2(T

b) =

[0, f (hn−1 (E1))] while Ψ1(T
e)∩Ψ1(T

b) = {E1} and Ψ2(T
e)∩Ψ2(T

b) = {E2}.

Proof. Refer back to equations 4.5.7-4.5.8. Consider the bounds for any e1 ∈

Ψ1(T
e
i ). Its open4 infimum is f−1 (pi−2 (E2)). Changing the two other con-

straints on T ei to equalities and solving I find that for e1 ∈ Ψ1(T
e
i ) the open5

supremum is hn−i(E1), which is the closed infimum of b1 ∈ Ψ1(T
b
i ). Similar

algebra for the other relevant bounds in Lemma 2.1.1 combined with simple

induction confirms Lemmas 2.1.1 and 2.1.2.

Lemma 2.1.3. ∀i ∈ {1, ..., n} any e1 ∈ Ψ1(T
e
i ) is strictly less than any b1 ∈

Ψ1(T
b
i ) which is strictly less than any e1 ∈ Ψ1(T

e
i+1).6 Also, ∀i ∈ {1, ..., n} any

4closed when i = 1
5closed when i = n
6The former inequality is weak when i = n. Obviously, I ignore the latter when i = n.
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e2 ∈ Ψ2(T
e
i−1) is strictly greater than any b2 ∈ Ψ2(T

b
i ) which is strictly greater

than any e2 ∈ Ψ2(T
e
i ).7 Formally,

∀i ∈ {1, ..., n−1} (ei1 ∈ Ψ1(T
e
i ), ei+1

1 ∈ Ψ1(T
e
i+1), b

i
1 ∈ Ψ1(T

b
i )) =⇒ (ei1 < bi1 < ei+1

1 )

(2.1.5)

(en1 ∈ Ψ1(T
e
n), bn1 ∈ Ψ1(T

b
n)) =⇒ en1 ≤ bn1 (2.1.6)

∀i ∈ {2, 3, ..., n} (ei−1
2 ∈ Ψ2(T

e
i−1), e

i
2 ∈ Ψ2(T

e
i ), bi2 ∈ Ψ2(T

b
i ) =⇒ (ei2 < bi2 < ei−1

2 )

(2.1.7)

(e12 ∈ Ψ2(T
e
1 ), b12 ∈ Ψ2(T

e
2 )) =⇒ e12 ≤ b12 (2.1.8)

Lemma 2.1.3 follows directly by examining the bounds in Lemma 2.1.1.

2.1.1 Proof of Theorem 4.5.1

Proof. Given Lemma 2.1.3, I know that against any Blotto strategy in ΩB,

when Enemy plays in T ei his probability of winning on Battlefield 1 is:

µB(T b1 ∪ ... ∪ T bi−1) =

∑n−1
j=n−(i−1)w

j
E∑n−1

j=0 w
j
E

and his probability of winning Battlefield 2 is:

µB(T bi+1 ∪ ... ∪ T bn) =

∑n−i−1
j=0 wjE∑n−1
j=0 w

j
E

.

The total expected payoff is then:

1 ·
∑n−1

j=n−(i−1)w
j
E∑n−1

j=0 w
j
E

+ wE ·
∑n−i−1

j=0 wjE∑n−1
j=0 w

j
E

=

∑n−1
j=1 w

j
E∑n−1

j=0 w
j
E

(2.1.9)

7The later inequality is weak when i = 1. Obviously, I ignore the former when i = 1.
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for any allocation in any T ei .

Similarly, against any Enemy strategy from above, when Blotto plays

in T bi his probability of winning Battlefield 1 is:

µE (T e1 ∪ ... ∪ T ei ) =

∑i−1
j=0w

j
B∑n−1

j=0 w
j
B

and his probability of winning Battlefield 2 is:

µE (T ei ∪ ... ∪ T en) =

∑n−i
j=i−1w

j
B∑n−1

j=0 w
j
B

His total expected payoff is then

1 ·
∑i−1

j=0w
j
B∑n−1

j=0 w
j
B

+ wB ·
∑n−i

j=i−1w
j
B∑n−1

j=0 w
j
B

=

∑n
j=0w

j
B∑n−1

j=0 w
j
B

(2.1.10)

for any allocation in any T bi .

2.1.2 Proof of Theorem 4.5.2

In this section I will prove that satisfying my characterization is a suf-

ficient condition for Nash equilibrium. In other words, any pair of strategies

I have characterized in fact forms a Nash Equilibrium to this game. Before

proceeding with the formal proof I provide the intuition. Properties 1b and

1e specify that in any equilibrium Blotto and Enemy each randomize over n

distinct areas (T b1 , ..., T
b
n and T e1 , ..., T

e
n). Blotto and Enemy’s potential equilib-

rium allocations on either battlefield only overlap at one point in the following

sense:

Ψ1(T
b) ∩Ψ1(T

e) = {E1},
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Ψ2(T
b) ∩Ψ2(T

e) = {E2}.

Given that ties always go to Blotto, I calculated players’ expected payoffs in

Appendix 2.1.1. When they both play strategies satisfying Properties 1b and

1e, Blotto achieves an expected payoff of
Pn

j=0 w
j
BPn−1

j=0 w
j
B

while Enemy earns
Pn−1

j=1 w
j
EPn−1

j=0 w
j
E

.

Given these payoffs, Property 2b(e) ensures that Enemy (Blotto) has no full

expenditure allocation outside the T ei ’s (T bi ’s) which provide a payoff strictly

greater than
Pn−1

j=1 w
j
EPn−1

j=0 w
j
E

(
Pn

j=0 w
j
BPn−1

j=0 w
j
B

). Since all allocations in the players’ supports

provide the same payoff, and there exist no allocations providing higher payoffs,

pairs of strategies from these distributions constitute a Nash equilibrium.

Recall Theorem 4.5.2: Any pair of strategies {µB, µE} such that µB ∈

ΩB and µE ∈ ΩE constitute a Nash equilibrium.

Proof. I now show that there are no allocations for Enemy or Blotto that pro-

vide a strictly higher expected payoff than I found in the previous paragraph.

Note that if either player were to have an expected payoff improving devia-

tion from the strategies I defined, they must have a full expenditure payoff

improving deviation.8 Therefore, I only need to show that there are no payoff

improving full expenditure deviations. So, I check full expenditure deviations

outside of any T ei or T bi .

Consider a full expenditure Enemy deviation e∗ = (e∗1, e
∗
2), e

∗ /∈ T e.9

Given the boundaries of the T ei ’s and the fact that (0, E2) is in T e1 and (E1, 0)

8As the expected payoff must be weakly increasing in strength on either battlefield.
9Clearly e∗2 = g(e∗1).
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is in T en, (e∗1, e
∗
2) must lie “between” some T ei and T ei+1.

10 Let (e1, e2) be a

non-deviating allocation in T ei . Examine Property 2b with x = e∗1. Given

Lemma 2.1.3 the realized payoff to Enemy of playing (e∗1, e
∗
2) against any of

my Blotto strategies will be the same as if he had played (e1, e2) unless Blotto

plays in T bi or T bi+1. If Blotto plays in T bi the deviant strategy may do better11

on Battlefield 1 (without changing the outcome on Battlefield 2). The cost is

that if Blotto plays in T bi+1 the deviant strategy may do worse on Battlefield

2 (without changing the outcome on Battlefield 1). Using the notation of

Property 2b, any b1 in j
e∗1,i
b will lose to e∗1 (while it would have beat e1) and

any b2 in k
e∗1,i
b will beat e∗2 (while it would have lost to e2). Property 2b then

says that by moving from any (e1, e2) in T ei to (e∗1, e
∗
2) the additional probability

of winning on Battlefield 1 is weakly less than the additional probability of

losing on Battlefield 2 times the weight placed on that battlefield. Therefore,

no full expenditure deviation (e∗1, e
∗
2) is payoff improving, and therefore no

deviation is payoff improving.

The same line of reasoning applies directly to Property 2e and full ex-

penditure deviations which lie “between” some T bi and T bi+1.
12 Additionally,

there are full expenditure deviations which do not lie “between” some T bi and

10By “between” I mean: ∀ei1 ∈ Ψ1(T ei ), ei+1
1 ∈ Ψ1(T ei+1) ei1 < e∗1 < ei+1

1 , and similarly
for e∗2.

11By “do better” I mean e∗1 would be larger than Blotto’s Battlefield 1 allocation, whereas
e1 would be weakly less.

12Specifically, Property 2e ensures that a full expenditure deviating allocation by Blotto,
(b∗1, b

∗
2), cannot be payoff improving. Simply set b∗1 = x in the property and the same line

of reasoning follows.
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some T bi+1.
13 Specifically, there are two more deviating types of full expendi-

ture allocations: a (b∗1, b
∗
2) where ∀(b1, b2) ∈ T b1 b∗1 < b1 and b∗2 > b2 or a

(b#1 , b
#
2 ) where ∀(b1, b2) ∈ T bn b#1 > b1 and b#2 < b2.

14 In the former, Blotto

increases allocations to Battlefield 2 at the expense of Battlefield 1, relative to

T b1 . However, in T b1 , Blotto is guaranteeing victory on Battlefield 2, so this can

not be payoff improving. Similar logic applies to the later type of allocations.

Thus, if Blotto plays µB ∈ ΩB and Enemy plays µE ∈ ΩE, they would

both be playing best responses to the other’s strategy. Therefore any such

pair {µB, µE} constitutes a Nash equilibrium.

2.1.3 Proof of Theorem 4.5.3

I now prove that in the constant sum case there are no other strategies

which could be part of a Nash equilibrium. Specifically, I consider the version

of the Blotto game from Section 4.5.1 while assuming w ≡ wB = wE. Before

proceeding I need the following definition and lemma:15

Definition 2.1.1. A game is said to feature constant payoffs if, for each player,

the expected payoff is the same in each Nash equilibrium.

Lemma 2.1.4. If a Nash equilibrium exists to any two-player constant sum

game, that game features constant payoffs. In other words ∃ {ci}2i=1 such that

13For instance, (B, 0) and (0, B).
14Given Lemma 2.1.1, 2.1.3 and Property 1b, there are no other types of full expenditure

deviations.
15Vega-Redondo (2003, pp. 47-50) provides an excellent discussion of Constant Payoffs

and Equilibrium Interchangeability in finite games.
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in every Nash equilibrium {xj, yj}, f i(xj, yj) = ci for all i = 1, 2.

Proof. Suppose not. Then there exists a two-player, constant sum game with

two Nash equilibria where the expected payoffs differ for at least one player.

Given that (expected) payoffs are constant sum, the payoffs must differ for both

players across the two equilibria. Therefore, there exist two Nash equilibria,

{x1, y1} and {x2, y2} where f 1 (x1, y1) 6= f 1 (x2, y2) . Without loss of generality

assume f 1 (x1, y1) > f 1 (x2, y2) Given that x2 is a best response to y2 the

following must hold: f 1 (x2, y2) ≥ f 1 (x1, y2) . Given that the game is constant

sum and that x1 is a best response to y1 the following must hold: f 1 (x1, y2) ≥

f 1 (x1, y1) . Therefore f 1 (x2, y2) ≥ f 1 (x1, y1) , a contradiction.

Lemma 2.1.5. Equilibrium Interchangeability

In any two-player constant sum game every strategy that a player uses

in any Nash equilibrium forms a Nash equilibrium with any opponent strategy

from any (other) Nash equilibrium. (In other words: for all x∗ ∈ Ξ1 and all

y∗ ∈ Ξ2, {x∗, y∗} constitutes a Nash Equilibrium.)

Proof. Suppose not. Then ∃x∗ ∈ Ξ1, and y∗ ∈ Ξ2, such that {x∗, y∗} does not

constitute an equilibrium. Therefore, at least one player must not be playing

a best response. Without loss of generality assume it is Player 1. There must

exist an alternate x′ ∈ X such that f 1(x′, y∗) > f 1(x∗, y∗). This game features

constant payoffs by Lemma 2.1.4. As there exists a Nash equilibrium where

Player 2 plays y∗ and Player 1 expects payoff c1, f
1(x′, y∗) ≤ c1. Therefore

f 1(x∗, y∗) < c1. As this game is constant-sum this means f 2(x∗, y∗) > c2. This
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means Player 2 has a strategy available that when played against x∗ provides

a payoff greater than their constant equilibrium payoff. Therefore x∗ /∈ Ξ1, a

contradiction.

Equilibrium Interchangeability and constant payoffs prove useful when

proving the completeness of my characterization.16 Equilibrium Interchange-

ability allows us to consider equilibrium strategies for Blotto and Enemy sep-

arately. Unlike with most multiple equilibria games, there is no need to worry

about pairing with a particular opponent equilibrium strategy. If one discov-

ers just one Nash equilibrium (pair of strategies) all the remaining equilibria

are simply the cross of all the Blotto strategies that form an equilibrium with

the one known Enemy strategy, and all the Enemy strategies that form an

equilibrium with the one known Blotto strategy.

My proof of the completeness of my characterization proceeds as fol-

lows. I first prove that all Enemy strategies that are a part of some Nash

equilibrium are in ΩE. Then I prove that all Blotto strategies that are a part

of some equilibrium are in ΩB. Therefore, the set of all Nash equilibria is the

set of pairs of strategies from ΩE and ΩB by Equilibrium Interchangeability.

Lemma 2.1.6. Any Enemy strategy which is a part of some Nash Equilibrium

is in ΩE.

16I am not the first to use these two results when analyzing Blotto Games (e.g. see Rober-
son (2006)). However, formal proofs often make assumptions to ensure equilibrium existence
which are unnecessary here. Therefore, I provide proofs for the sake of completeness, even
though similar proofs already exist (e.g. see Vega-Redondo (2003, pp. 50)).
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Figure 2.1: Enemy Deviations in Region 3

Proof. Because of Equilibrium Interchangeability, all I need to show in order

to prove that a strategy is not a part of any Nash equilibrium is that the

strategy does not form a Nash equilibrium when paired with a Blotto strategy

that is a part of some Nash Equilibrium. I make use of the Blotto strategy µ∗B

defined in Section 4.5.

I prove Lemma 2.1.6 by contradiction. Suppose there exists a Nash

Equilibrium Enemy strategy that is not in ΩE. Such a strategy must then

either violate Property 1e or satisfy Property 1e and violate Property 2e. In

proving that all my strategies were indeed part of a Nash equilibrium, I have

already shown how a violation of Property 2e alone would provide Blotto with

a payoff improving deviation, so I rule out that possibility. The only other

way Lemma 2.1.6 could be false is if there were a Nash equilibrium Enemy

strategy which violated property 1e. I divide deviations from property 1e into

three possible cases. Figure 2.1 provides a graphical reference (in Region 3)

to aid the reader.
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Intuitively Deviation 1 represents Enemy placing some mass on allo-

cations which, relative to some T ei , always send less to one battlefield, without

increasing the allocation to the other. Deviation 2 represents Enemy placing

mass on allocations which, relative to any T ei always send less to one battle-

field, but increase the allocation to the other. Deviation 3 has him playing

an “incorrect” mass on some T ei (µE(T ei ) 6= wi−1

n−1P
j=0

wj

).

Deviation 1) Enemy could play over an area that sends less to both

fronts than some (e1, e2) in some T ei . Formally, this would have Enemy play a

µd1E such that the following three statements hold for some set of points S:17

S ∩ T e = ∅ (2.1.11)

µd1E (S) > 0 (2.1.12)

∀(e∗1, e∗2) ∈ S, ∃(e1, e2) ∈ T e s.t. e∗1 ≤ e1 and e∗2 ≤ e2 (2.1.13)

Condition 2.1.11 implies that at least one of the two inequalities in 2.1.13

always holds strictly.

Consider an allocation (e∗1, e
∗
2) for which Deviation 1 holds. Without

loss of generality suppose ∃ (e1, e2) ∈ T ei such that e∗1 ≤ e1 and e∗2 < e2. Either

17Obviously, all points in S must also satisfy feasibility: (e1, e2) ∈ S =⇒ e1 ≥ 0, e2 ≥
0, e2 ≤ g (e1) .
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e∗2 < e#2 for all e#2 ∈ Ψ2 (T ei ) or not. If so, (e∗1, e
∗
2) cannot be a best response

to µ∗B which has Blotto playing the open lower bounds of e#2 ∈ Ψ2 (T ei ) with

positive probability. Enemy could increase his expected payoff by playing

(e1, e2). Alternatively, there could exist an e#2 ∈ Ψ2 (T ei ) for which e∗2 ≥ e#2 .

Since e∗2 < e2 ∈ Ψ2 (T ei ) it must be that e∗2 ∈ Ψ2 (T ei ) . Given the bounds of

T ei and equation 2.1.11 it must be the case that e∗1 ≤ f−1 (pi−2 (E2)) the

open lower bound of Ψ1 (T ei ) , a Battlefield 1 allocation Blotto plays with

positive probability in µ∗B. Therefore (e∗1, e
∗
2) cannot be a best response to

µ∗B which has Blotto playing the open lower bounds of e#1 ∈ Ψ1 (T ei ) with

positive probability. Enemy could increase his payoff by playing (e1, e2) . Given

equilibrium interchangeability and the fact that no allocation (e∗1, e
∗
2) ∈ S could

be a best response to µ∗B,Deviation 1 cannot happen in any Nash equilibrium.

This only leaves two possible types of deviations by Enemy: He could

play with mass other than wi−1

n−1P
j=0

wj

over some T ei (Deviation 3) and/or he could

play with mass over a region S where ∀(e∗1, e∗2) ∈ S, ∀(e1, e2) ∈ T e :

e∗1 > e1 or e
∗
2 > e2

S ∩ T e = ∅

(Deviation 2). Given the bounds of the T ei ’s it is easy to show that any such

region S must be within the set of points De
i , indexed by i = 1, 2, . . .n − 1,

where

De
i ≡

{
(e1, e2) : (e1 ≥ hn−i(E1), e2 ≥ pi(E2), and e2 ≤ g (e1))

}
.
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Given Lemma 2.1.1 there are no other allocations for which Deviation 2

holds.

I simultaneously prove that neither of the latter two deviations is pos-

sible. Consider a T ei and De
i and a deviating Enemy strategy µdE that forms

an Nash equilibrium with any µB ∈ ΩB. Consider some i ∈ {1, 2, 3, ..., n− 1}.

Assume that,

∀k = 1, 2, . . . , i− 1, µdE(De
k) = 0 and µdE(T ek ) =

wi−1

n−1∑
j=0

wj
(2.1.14)

In other words, there has not “yet” been a Deviation 2 or Deviation 3.

Suppose the mass over µdE(T ei ) < wi−1

n−1P
j=0

wj

. Given Lemma 2.1.3, equation

2.1.14 and the fact that we’ve ruled out Deviation 1, when Blotto plays

(hn−i(E1), f (hn−i(E1))) (which he does with probability wn−i

2·
n−1P
j=0

wj

in strategy

µ∗B) he wins Battlefield 1 with probability µdE (T e1 ∪ ... ∪ T ei ) <
Pi−1

j=0 w
jPn−1

j=0 w
j but

still wins Battlefield 2 with probability 1− µdE
(
T e1 ∪ ... ∪ T ei−1

)
=

Pn−i
j=i−1 w

jPn−1
j=0 w

j for

a total expected payoff strictly less than
Pn

j=0 w
jPn−1

j=0 w
j , which is Blotto’s constant

expected payoff in all equilibria. Therefore, µdE(T ei ) ≥ wi−1

n−1P
j=0

wj

.

Similarly, if µdE (T ei ) > wi−1

n−1P
j=0

wj

then when Blotto plays (hn−i(E1), f (hn−i(E1))),

he wins Battlefield 1 with probability µdE (T e1 ∪ ... ∪ T ei ) >
Pi−1

j=0 w
jPn−1

j=0 w
j but still wins

Battlefield 2 with probability 1 − µdE
(
T e1 ∪ ... ∪ T ei−1

)
=

Pn−i
j=i−1 w

jPn−1
j=0 w

j for a total

expected payoff strictly greater than his constant equilibrium payoff,
Pn

j=0 w
jPn−1

j=0 w
j .
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Therefore, µdE(T ei ) = wi−1

n−1P
j=0

wj

.

Now suppose µdE(De
i ) > 0. Now, when Blotto plays (f−1 (pi−1 (E2)) , p

i−1 (E2))

(which he does with probability wn−i

2·
n−1P
j=0

wj

in strategy µ∗B) he expects to win on

Battlefield 1 with probability µdE (T e1 ∪ ... ∪ T ei ∪De
i ) >

Pi−1
j=0 w

jPn−1
j=0 w

j and expects

to win on Battlefield 2 with probability 1 − µdE
(
T e1 ∪ ... ∪ T ei−1

)
=

Pn−i
j=i−1 w

jPn−1
j=0 w

j .

Therefore his total expected payoff is strictly greater than
Pn

j=0 w
jPn−1

j=0 w
j , his constant

equilibrium payoff, another contradiction. Therefore, µdE(De
i ) must equal zero.

As the above analysis holds for all i = 1, 2, . . . , n− 1, the mass over all

such T ei and De
i must equal wi−1

n−1P
j=0

wj

and 0, respectively. The remaining mass of

wn−1

n−1P
j=0

wj

must then be distributed over the only region left, T en. Therefore, µdE

satisfies Property 1e. We’ve already discussed why it must also satisfy Property

2e. Therefore, µdE ∈ ΩE, and there can be no Enemy strategies which are a

part of some Nash equilibrium which do not satisfy my characterization.

I have ruled out any potential Enemy strategies that deviate from my

characterization of possible Nash equilibrium Enemy strategies. The proof

that I have characterized the complete set of Blotto Nash equilibrium strate-

gies proceeds much the same way as the proof of completeness for Enemy’s

strategies. However, due to the open boundaries of the T ei ’s, the proof requires

additional consideration.

Lemma 2.1.7. Any Blotto strategy which is a part of some Nash Equilibrium

is in ΩB.
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Proof. Suppose not. Then there exists at least one Blotto strategy which is

a part of some Nash Equilibrium that does not satisfy properties 1b and 2b.

Call such a strategy µdB We’ve already shown how a strategy that satisfied

property 1b, but violated property 2b would give Enemy an allocation offering

a payoff higher than his constant equilibrium payoff. So, any uncharacterized

Blotto strategy which is part of some Nash equilibrium must violate property

1b. Property 1b specifies that Blotto must only play in his T bi ’s and provides

the probability of play in each. There are two ways Blotto could violate this

property: He could sometimes play outside of T b, or his µB could assign an

incorrect probability to some T bi . I break the former down into two separate

deviations. The first type of deviations I consider (Deviation 1) are where

Blotto mixes over allocations that send weakly less to both battlefields than

some non-deviating allocation. Formally, a strategy, µd1B , exhibits Deviation

1 if the following conditions hold for some S :

µd1B (S) > 0 (2.1.15)

S ∩ T b = ∅ (2.1.16)

∀(b∗1, b∗2) ∈ S, ∃(b1, b2) ∈ T b s.t. b∗1 ≤ b1 and b∗2 ≤ b2 (2.1.17)

The second condition implies that one of the two inequalities in the third

condition always holds strictly.

The next type of deviations I consider (Deviation 2) are the remaining

feasible allocations outside of T b. Specifically, these are the allocations that

are outside T b, and, relative to any allocation in T b, send strictly more to one
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Figure 2.2: Blotto Deviations in Region 3

battlefield. Formally a strategy, µd2B , exhibits Deviation 2 if the following

conditions hold for some S:

µd2B (S) > 0 (2.1.18)

S ∩ T b = ∅ (2.1.19)

∀(b∗1, b∗2) ∈ S, (b1, b2) ∈ T b either b∗1 > b1 or b∗2 > b2 (2.1.20)

Consider the following sets of allocations:

Db
0 ≡ {(b1, b2) : (b1 ≥ 0), (b2 > f

(
hn−1 (E1)

)
), (b2 ≤ f (b1))} (2.1.21)

Db
i ≡ {(b1, b2) : (b1 > f−1

(
pi−1 (E2)

)
), (b2 > f

(
hn−i−1 (E1)

)
), (b2 ≤ f (b1))} ∀i = 1, ..., n−1

(2.1.22)

Db
n ≡ {(b1, b2) : (b1 > f−1

(
pn−1 (E2)

)
), (b2 ≥ 0), (b2 ≤ f (b1))} (2.1.23)
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Note that equations 2.1.21 and 2.1.23 are implied by 2.1.22 with the excep-

tion of the weak inequalities at the zero bounds. A strategy, µd2B , satisfying

Deviation 2 must allocate some mass over at least one of the Db
i ’s as, given

Lemma 2.1.1 these are the only regions where conditions 2.1.18-2.1.20 hold.

For the intuition see Figure 2.2.

The last type of deviation I consider (Deviation 3) is simply where

Blotto plays inappropriate mass over one of his T bi . Formally, a strategy µd3B

exhibits Deviation 3 if the following condition holds for at least one of Blotto’s

T bi ’s:

µd3B
(
T bi
)
6= wn−i

n−1∑
j=0

wj
.

Because of Lemma 2.1.5 (Equilibrium Interchangeability), any Blotto

strategy from any Nash equilibrium must form a Nash equilibrium with any

Enemy strategy from ΩE. Specifically, consider the following sequence of En-

emy strategies: For any k = 1, 2, ... let µkE be the strategy where in each T ei

Enemy plays points(
g−1

(
pi−1

(
E2 − i

ε

k

))
, pi−1

(
E2 − i

ε

k

))
and (

hn−i
(
E1 − (n+ 1− i) ε

k

)
, g
(
hn−i

(
E1 − (n+ 1− i) ε

k

)))
with probability wi−1

2·
n−1P
j=0

wj

. This implies that no other allocations are in the

support of µkE since 2 ·
∑n

i=1
wi−1

2·
n−1P
j=0

wj

= 1. For ε sufficiently small µ1
E (and any
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other µkE) to satisfies properties 1e and 2e. Note that µ1
E was defined earlier

in Section 4.5 to provide an example Enemy strategy.

Intuitively, this is a sequence of strategies that has Enemy randomizing

over allocations on his resource constraint, arbitrarily close to the corners in

his T ei ’s. In other words, for any T ei one can find some µkE where Enemy plays

arbitrarily close to each intersection of his resource constraint and either of

the other two bounds for T ei with strictly positive probability.

To see that any µkE is in fact in ΩE consider the following. So long as ε

is sufficiently small, the points from µ1
E,
(
g−1

(
pi−1

(
E2 − i ε1

))
, pi−1

(
E2 − i ε1

))
and

(
hn−i

(
E1 − (n+ 1− i) ε

1

)
, g
(
hn−i

(
E1 − (n+ 1− i) ε

1

)))
, will be in T ei .

These points are a small (note the iε or (n+ 1− i) ε terms) distance from the

intersection with their respective boundary of T ei . As they are a small distance

towards the interior, Property 1e holds (for sufficiently small ε). Since these

points will simply get closer to the boundary as k increases, (yet never touch

it) Property 1e will hold for any µkE.

The ε
k

terms are multiplied by i and (n+ 1− i) to ensure that property

2e holds. Note that full expenditure deviating play by Blotto of:
(
f−1

(
pi−1

(
E2 − i εk

))
, pi−1

(
E2 − i εk

))
will exactly match the pi−1

(
E2 − i εk

)
Enemy sometimes plays on Battlefield

2, but will not increase his payoff on Battlefield 1 as f−1
(
pi−1

(
E2 − i εk

))
is

strictly less than f−1
(
pi
(
E2 − (i+ 1) ε

k

))
(from T bi+1). So, Blotto’s expected

payoff will not increase relative to play in T bi . Similar analysis on other poten-

tial full expenditure Blotto deviations ensures Property 2e holds.
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Now I am ready to start considering Blotto’s potential deviations. De-

viation 1 has Blotto mix over allocations which send weakly less to both

battlefields than some allocation in some T bi . Since these deviating alloca-

tions are not themselves in T bi they must send strictly less to at least one

battlefield. Suppose these conditions hold for some set of allocations S and

suppose (b∗1, b
∗
2) ∈ S satisfies Deviation 1 relative to T bi . Suppose it sends

strictly less to Battlefield 1, or, by Lemma 2.1.1, b∗1 < hn−i(E1) (and b∗2 ≤

f (hn−i (E1))). There exists some k∗ where b∗1 < hn−i
(
E1 − (n+ 1− i) ε

k∗

)
<

hn−i (E1). Thus, (b∗1, b
∗
2) cannot be a best response to µk

∗
E . Blotto could play

(hn−i(E1), f (hn−i(E1))), but he plays (b∗1, b
∗
2) which strictly lowers his prob-

ability of winning on Battlefield 1 when Enemy plays µk
∗
E , and it does so

without increasing Blotto’s probability of winning on Battlefield 2. Therefore

(b∗1, b
∗
2) provides a strictly lower payoff and cannot be a best response. Sim-

ilar logic applies to (b∗1, b
∗
2) that send strictly less to Battlefield 2 (or where

b∗1 ≤ f−1 (pi−1 (E2)) and b∗2 < pi−1(E2)). Therefore, all allocations which could

be randomized over in Deviation 1 are not best responses to some µkE. There-

fore, no equilibrium Blotto strategy exhibits Deviation 1.

Consider a deviating Blotto strategy µdB that forms an Nash equilib-

rium with any µE ∈ ΩE. First off realize that all allocations in Db
0 and Db

n

are not best responses to certain Nash equilibrium Enemy strategies. For

instance, take an allocation (b∗1, b
∗
2) ∈ Db

0. Blotto is increasing his Battle-

field 2 allocation while reducing his Battlefield 1 allocation relative to T b1 .

However, in T b1 Blotto was already guaranteeing victory on Battlefield 2 so
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this cannot be payoff improving. Clearly b∗1 < hn−1(E1). One can find some

k∗ ∈ N such that b∗1 < hn−1
(
E1 − (n+ 1− 1) ε

k∗

)
< hn−1(E1). As Enemy plays

hn−1
(
E1 − (n+ 1− 1) ε

k∗

)
on Battlefield 1 with positive probability in µk

∗
E ,

(b∗1, b
∗
2) must provide Blotto with a strictly lower payoff than (hn−1(E1), f (hn−1(E1))) ,

which also guarantees victory on Battlefield 2. Therefore, µdB
(
Db

0

)
= 0. Simi-

lar logic implies that µdB
(
Db
n

)
= 0.

I now simultaneously prove that neither Deviation 2 nor 3 is possible

in a Nash equilibrium. Consider some i ∈ {1, 2, 3, ..., n− 1} . Assume that

∀j = 1, 2, . . . , i− 1, µdB(Db
j) = 0 and µdB(T bj ) =

wn−j

n−1∑
l=0

wl
(2.1.24)

In other words, there has not “yet” been a Deviation 2 or Deviation 3.

Consider possible versions of Deviation 3 for T bi . First suppose,

µdB
(
T bi
)
> wn−i

n−1P
j=0

wj

. Given equation 2.1.24 and the fact that we’ve already ruled

out Deviation 1, when Enemy plays in T ei his probability of winning on

Battlefield 1 is µdB
(
T b1 ∪ ... ∪ T bi−1

)
=

Pn−1
j=n−(i−1)

wjPn−1
j=0 w

j .18 However, his probabil-

ity of winning on Battlefield 2 is 1 − µdB(T b1 ∪ ... ∪ T bi ) <
Pn−i−1

j=0 wjPn−1
j=0 w

j . There-

fore, Enemy’s total expected payoff is then strictly less than
Pn−1

j=1 w
jPn−1

j=0 w
j which is

his constant equilibrium payoff, a contradiction. Similar logic applies to the

case where µdB
(
T bi
)
< wn−i and implies that his expected payoff would be

greater than
Pn−1

j=1 w
jPn−1

j=0 w
j , his constant equilibrium payoff, a contradiction. There-

18µdB (∅) = 0 for i = 1.
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fore, µdB
(
T bi
)

= wn−i

n−1P
j=0

wj

.

Now consider a possible Deviation 2. Specifically, µdB
(
Db
i

)
> 0. Note

that all Battlefield 2 allocations in Db
i are strictly greater than f (hn−i−1 (E1)) .

Define Si (δ) =
{

(b1, b2) : (b1, b2) ∈ Db
i and b2 ≥ f (hn−i−1 (E1)) + δ

}
. I am

then assured that ∃δ > 0 sufficiently small that µdB (Si (δ)) > 0. Then I am also

assured that ∃k∗ ∈ N such that f (hn−i−1 (E1))+δ > g
(
hn−i

(
E1 − (n+ 1− i) ε

k∗

))
.19

Note that Enemy plays
(
hn−i

(
E1 − (n+ 1− i) ε

k∗

)
, g
(
hn−i

(
E1 − (n+ 1− i) ε

k∗

)))
with positive probability in µk

∗
E . When he does so the probability that he wins

on Battlefield 1 is µB(T b1∪...∪T bi−1) =
Pn−1

j=n−(i−1)
wjPn−1

j=0 w
j , but the probability he wins

on Battlefield 2 is weakly less than 1− µB(T b1 ∪ ...∪ T bi−1 ∪ Si(δ)) <
Pn−i−1

j=0 wjPn−1
j=0 w

j .

Therefore his expected payoff is strictly less than
Pn−1

j=1 w
jPn−1

j=0 w
j , his constant equi-

librium payoff, a contradiction.

This analysis holds for all i = 1, ..., n−1. Therefore, given Lemma 2.1.1

and the definitions of the T bi ’s, Db
i ’s, and Deviation 1, I have now determined

the mass over sets containing all feasible Blotto allocations other than those

in T bn (See Figure 2.2 for the intuition). Thus, µdB
(
T bn
)

= 1
n−1P
j=0

wj

, the remaining

mass. Therefore, µdB does not violate Property 1b. Since we’ve already shown

it can’t violate property 2b, it is the case that µdB ∈ ΩB.

Recall Theorem 4.5.3: The complete set of Nash Equilibria to any

two battlefield Colonel Blotto game is the set of pairs {µB, µE} such that

19Note, g
(
hn−i

(
E1 − (n+ 1− i) ε

k∗

))
= g

(
h
(
hn−i−1

(
E1 − (n+ 1− i) ε

k∗

)))
=

f
(
hn−i−1

(
E1 − (n+ 1− i) ε

k∗

))
.
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µB ∈ ΩB and µE ∈ ΩE.

Proof. The theorem follows directly from Lemmas 2.1.5, 2.1.6, and 2.1.7.

2.2 Proof of Theorem 4.5.4

First, notice that given B ≡ 1 and my assumption that E ∈ (1
3
, 2

5
], all

allocations played in µB,3 and µE,3 are feasible. Now I will show that Enemy

has no payoff improving deviations. Clearly, Enemy can only send a force

larger than E
2

to at most one Battlefield. Since Blotto is never sending less

than E
2

to any battlefield, it is optimal for Enemy to send more than E
2

to

some front. µE,3 has Enemy randomize the front to which he sends more than

E
2

(to which he sends E). Enemy’s expected payoff from sending a force larger

than E
2

to a given front will be the value of that front to Enemy times the

probability Blotto sends E
2

to that front. Given Blotto’s strategy, Enemy’s

expected payoff will then be

1 · we2w
e
3

we2 + we3 + we2w
e
3

,

we2 ·
we3

we2 + we3 + we2w
e
3

,

or

we3 ·
we2

we2 + we3 + we2w
e
3

if he sends a force larger than E
2

to Battlefield 1, 2 or 3, respectively. As these

expressions are equal, Enemy’s expected payoff from sending a force larger
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than E
2

to any front is the same. Since he can only do this on one front20 this

is his highest possible payoff. Since it is achieved by all points played in µE,3,

that strategy is a best response.

Notice that Blotto is unable send E to all three fronts. Since Enemy

is never sending a force in (0, E) to any front, and sends E to each front

occasionally, it is optimal for Blotto to play E on two fronts.21 µB,3 has Blotto

randomize the one front to which he sends less than E. When Blotto sends less

than E to a battlefield and at least E to the other two, his expected payoff

will then be the value of that front to Blotto, times the probability Enemy

sends E to one of the other two fronts, plus the value of the other two fronts

to Blotto. Given Enemy’s strategy, Blotto’s expected payoff will then be

1 ·
(

wb3
wb2 + wb3 + wb2w

b
3

+
wb2

wb2 + wb3 + wb2w
b
3

)
+ wb2 + wb3,

1 + wb2 ·
(

wb2w
b
3

wb2 + wb3 + wb2w
b
3

+
wb2

wb2 + wb3 + wb2w
b
3

)
+ wb3,

or

1 + wb2 + wb3 ·
(

wb2w
b
3

wb2 + wb3 + wb2w
b
3

+
wb3

wb2 + wb3 + wb2w
b
3

)
if he sends a force less than E to Battlefield 1, 2 or 3, respectively. It turns out

these expressions are equal. Therefore, Blotto’s expected payoff from sending

a force smaller than E to any one of the fronts is the same.22 Since he must

20and the fact that expected payoff to allocating at most E
2 to each front is zero

21Any allocation x1 which does not send E to two fronts is dominated by allocations
which send E to any fronts which received E in x1 and also send E to one of the other
fronts.

22Supposing he always sends a force of at least E to the other two fronts.

146



send a force smaller than E to at least one front, this is his highest possible

payoff. Since it is achieved by all points played in µB,3, that strategy is a best

response.

As both strategies are feasible best responses to one another, the pair

constitutes a Nash equilibrium.
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