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In healthcare-related studies, individual patient or hospital data are

not often publicly available due to privacy restrictions, legal issues or report-

ing norms. However, such measures may be provided at a higher or more

aggregated level, such as state-level, county-level summaries or averages over

health zones such as Hospital Referral Regions (HRR) or Hospital Service

Areas (HSA). Such levels constitute partitions over the underlying individ-

ual level data, which may not match the groupings that would have been

obtained if one clustered the data based on individual-level attributes. More-

over, treating aggregated values as representatives for the individuals can re-

sult in the ecological fallacy. How can one run data mining procedures on such

data where different variables are available at different levels of aggregation or

granularity? In this thesis, we seek a better utilization of variably aggregated

datasets, which are possibly assembled from different sources. We propose a

novel “cross-level” imputation technique that models the generative process of
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such datasets using a Bayesian directed graphical model. The imputation is

based on the underlying data distribution and is shown to be unbiased. This

imputation can be further utilized in a subsequent predictive modeling, yield-

ing improved accuracies. The experimental results using a simulated dataset

and the Behavioral Risk Factor Surveillance System (BRFSS) dataset are pro-

vided to illustrate the generality and capabilities of the proposed framework.
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Chapter 1

Introduction

In healthcare-related studies, individual patient or hospital data may

contain private or confidential information such as medical conditions. Public

disclosure of raw data potentially introduces ethical or legal issues. Thus, in

many cases, disclosure of sensitive raw data requires legally authorized pro-

tocols such as Health Insurance Portability and Accountability Act (HIPPA)

Privacy Rule or data providers’ consents to share. Adherence to these reg-

ulations can consume considerable time and effort, and even worse only a

limited number of attributes or features might be provided to researchers. On

the other hand, such measures may be provided publicly at a higher or more

aggregated level, such as state-level, county-level summaries or averages over

health zones such as Hospital Referral Regions (HRR) or Hospital Service Ar-

eas (HSA)1. Averaged statistics over such levels protect privacy by blending

individual information in group summaries, thereby making individual data

subjects invisible or unidentifiable over sensitive data. This kind of aggregate

information may provide richer feature spaces compared to publicly available

individual-level data without infringing privacy and legal issues.

1for example see http://www.data.gov/health or http://www.cdc.gov/datastatistics/
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Aggregate information has been frequently used across various domains

such as political science, ecological and healthcare-related studies due to its

relatively easier access. A common practice to deal with such information

is to regard group summaries as representatives for the individuals in the

same group. Individual-level feature interactions can be inferred by applying

several statistical tools, known as “cross-level inferences” [3], [32], in which

partitions based on such levels consist of homogeneous characteristic individ-

uals (the constancy assumption). However, this assumption is valid usually

under restrictive conditions such as very small sized partitions. Even worse,

the constancy assumption is difficult to verify in real applications. In fact,

many partitions derived from such levels are composed of a heterogeneous

population, which causes the ecological fallacy. Thus, the applicability and

the effectiveness of cross-level inference are still controversial [23].

Aggregate variables in healthcare data are not the only problem that

hinders individual-level statistical analyses or data mining research. Many

healthcare datasets have limited scope of variables or features as the survey

has a pre-defined purpose. In such cases, designing additional sets of sur-

veys might be inappropriate due to cost or temporal dynamics. Although

combining multiple datasets from different sources can be an alternative so-

lution, their aggregation levels generally differ in their geographical regions

or administrative units. For example, routinely collected administrative data

sets, such as national registers, aim to collect information on a limited num-

ber of variables for the whole population, while survey and cohort studies
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contain more detailed data from a sample of the population. To the best of

our knowledge, systematic integration of multiple data sources with different

aggregation levels has not been studied thoroughly, and we firstly propose a

theoretical framework on combining and utilizing such datasets. We expect

that a proper utilization of such data might (i) help to reduce any extra cost

or (ii) extend the scope of current healthcare research.

In this thesis, we seek a better utilization of such aggregated informa-

tion for augmenting individual-level data. Suppose two datasets from possi-

bly multiple sources are available for research where their aggregation levels

are also different. We refer to the dataset with a finer granularity as the

individual-level dataset, and the other dataset as the aggregate-level dataset.

Assuming the dataset of interest is generated by a mixture model that repre-

sents underlying heterogeneous groups, we introduce a novel generative process

that captures the underlying distributions using a Bayesian directed graphical

model and the Central Limit Theorem. Despite the limited nature of given

aggregated information, our clustering algorithm provides not only reasonable

cluster centroids, but also imputes the unobserved individual features. These

“cross-level” imputed features reflect the underlying distribution of the data,

thus a subsequent predictive model using such extended information shows im-

proved performance. As many datasets in the healthcare domain are divided

into multiple tables containing different levels of aggregation (sometimes ob-

tained from different sources), the suggested methodology in this thesis can

be useful in maximizing the utility of such available information.
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The rest of the thesis is organized as follows: We begin by reviewing

traditional statistical cross-level imputation techniques and then outline var-

ious inference mechanisms that will be used extensively in our approach. In

Section 3, we approach the problem by modeling the data generation pro-

cess. We start from a generic Bayesian clustering model, then step-by-step,

we impose additional constraints and transform the simple model to suit the

problem setting. After presenting the final model, its model parameter estima-

tion technique is explained in Section 4. Due to the complexity of the model, a

new approximate Monte Carlo Expectation Maximization (MCEM) algorithm

is developed, which is more computationally efficient than a generic MCEM

technique. Moreover, a deterministic algorithm that can be used as a param-

eter initialization method is derived as a valuable artifact of our probabilistic

approach. Using the learned model parameters, in Section 4, we propose a

“cross-level imputation” formula, which basically enables us to estimate the

masked individual values for the aggregate features. The imputation procedure

is shown to be a “unbiased” estimator, and it statistical properties are analyzed

in detail in Appendix B. To highlight the effectiveness of our approach, we

first examine the imputation quality using a simulated dataset in Section 6.1.

Then we demonstrate various possible settings in real applications using the

Behavioral Risk Factor Surveillance System dataset in Section 6.2. Then, in

Chapter 6.3, a multi-source application of the CUDIA model is provided us-

ing the datasets from the Dartmouth Health Atlas project and the Henry J.

Kaiser Family Foundation. Finally, we discuss the possible constraints of our
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framework and future work in Chapter 7.

Notation. Letters with arrows at the top represent vectors, for example ~x

and ~s. Boldface letters such as Π and H represent matrices, and calligraphic

uppercase letters like D represent sets. Probabilistic estimates are denoted

with hats at the top like Π̂ and x̂. Individual elements of a matrix, for example,

Π, are represented as πij, where i and j are the row and column indices

respectively.
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Chapter 2

Related Work

In this section, we summarize three bodies of related work, starting

from traditional imputation techniques in statistics. This is followed by eco-

logical study techniques, where aggregated and individual information are both

available. Finally, we briefly discuss various approaches that are used to make

inferences in Bayesian graphical models.

2.1 Imputation techniques in statistics

In statistics, there is a vast literature on imputation techniques that are

mainly used to substitute missing values in data [39]. A once-common method

is cold-deck imputation, where a missing value is imputed from randomly se-

lected similar records from another dataset. More sophisticated techniques,

such as the nearest neighbor imputation and the approximate Bayesian boot-

strap, have been developed to supersede this original method. As a special

case, when geographical information is missing in the data, geo-imputation

techniques are widely used, where the imputation is taken from approximate

locations derived from associated data [29]. Regression estimation [44] is an-

other widely used imputation technique in statistics. In regression estimation,
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the variable with missing data is treated as the dependent variable, while the

other variables are treated as the independent variables. A normal regression

is performed based on this setting, then the missing values are replaced by the

regression results. Regression estimation assumes enough number of complete

individual samples, which is not the case in our setting. If missing values are

rather sparse, a Bootstrap technique can be used to improve a subsequent pre-

dictive modeling performance [12]. However, these traditional techniques are

based on individual-level data, and some of them have limited applicability.

2.2 Ecological studies

In ecological studies, aggregated information is usually the unit of anal-

ysis, as individual information is usually not available due to expensive ac-

quisition costs or legal issues. Most of the ecological analyses are based on

ecological regression, which uses the Goodman’s “constancy assumption” [24],

[25], [32]. The constancy assumption states that behavior within an ecolog-

ical group does not depend on the other specific characteristics of the group

i.e. a group consists of homogenous individuals. Although ecological studies

have been used frequently across multiple domains such as social science and

healthcare analysis, the validity of the studies is still controversial because of

the difference between ecological correlation and individual correlation [38],

which is also known as the “ecological fallacy”. In many cases, the constancy

assumption may not hold because regional and contextual effects on ecological

groups cannot be overlooked, and one ecological group is rarely homogeneous
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in its behavior.

Ecological regression analysis based on the constancy assumption is vul-

nerable to “confounding factors” and “aggregation bias”. Traditionally, the

aggregation bias has been tackled in two ways: (i) by assuming a quadratic

model rather than a linear model, or (ii) by calculating interval estimates

for unobserved individual features rather than point estimates. In the first

method, a quadratic model is obtained by relaxing the constancy assumption

[3]. In this framework, an individual in a specific ecological group is no longer

independent of the group, and this relationship is specified by a linear model,

resulting in a quadratic model at aggregation level. However, the added as-

sumption is not verifiable in most of the cases, and the interpretation of the

results becomes harder. In the second method, unobserved individual features

are bounded to satisfy aggregated information constraints. This technique is

also known as the “method of bounds” [18]. But the bounds are too broad to

be informative in practice, and are typically only used as a sanity check tool.

Despite their theoretical instabilities, ecological analyses continue to be

used due to relatively easier access to the aggregate data [23]. Fortuitously, in

recent years, it has been reported that auxiliary individual-level information

can help to reduce the ecological fallacy [48]. In the Hierarchical Related Re-

gression (HRR) framework, auxiliary individual-level information represents

a small fraction of the individual samples that constitute the aggregate in-

formation [30], [31]. This setting is useful when acquisition costs of getting

individual data are expensive, so detailed information is only obtained from a
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small portion of the entire population. The HRR model relates the regression

coefficients from both aggregate and individual data. This analysis has been

shown to reduce the ecological bias, but the type of the auxiliary information

used in HRR is different from the setting in this thesis. In our setting, aux-

iliary individual-level information has no overlapping feature or column with

available aggregate-level data. This happens because aggregated features are

privacy sensitive and hence cannot be revealed at individual level for even a

small subset of the population. We instead focus on a generative process of

such data, and derive an inference mechanism to get estimated individual val-

ues for the aggregated features. From the generative process, heterogeneity

of ecological groups is naturally captured by suitable mixture distributions,

resulting in better imputation.

2.3 Inference algorithms in Bayesian Graphical Models

In Bayesian graphical models such as the model presented in this the-

sis, inference can often be challenging. The Expectation Maximization (EM)

algorithm is a popular approach when latent variables are present in the mod-

els. However, many sophisticated models such as Latent Dirichlet Alloca-

tion (LDA) [9] have intractable posterior distributions for the latent variables.

To approximate the posterior distributions, other techniques such as varia-

tional EM algorithm, Gibbs sampling and collapsed Gibbs sampling have been

proposed. Although their computational complexities and assumptions are

slightly different, their performances are often comparable [6]. In this thesis,
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we demonstrate an approximated Gibbs sampling approach, which is special-

ized for our setting. Then we propose a related deterministic algorithm that

is not only much faster but also scalable to massive datasets.

10



Chapter 3

Clustering Model: CUDIA

We denote the set of attributes or features that are available at the indi-

vidual level by ~xo, where “individual” refers to entities at the finest resolution

available. The features that are observed only at an aggregated level are de-

noted by ~xu, where u denotes ‘unobserved’ at the individual level. Thus there

is an underlying “complete” dataset, Dx = {(~xo, ~xu)1, (~xo, ~xu)2, ..., (~xo, ~xu)N},

which has all features known for each individual. The data provider only pro-

vides the values of observed variables though. In addition, it specifies a set of

partitions: P = {D1
x,D

2
x, ...,D

P
x }, where

⋃P
p=1D

p
x = Dx and Dp

x

⋂
Dq
x = ∅ for

any distinct p, q. These partitions specify the aggregated values provided on

the unobserved features (~xu), Ds = {~s1, ~s2, ..., ~sP}, where ~sp is derived from Dx

as ~sp = 1
Np

∑N
i=1 ~xui1(~xui∈Dpx) (sample mean within Dp

x) and Np = |Dp
x|. Note

that in general, different partitions (and hence levels of aggregation) may ap-

ply to different unobserved variables. Though our approach can be readily

extended to cover such situations, and in this thesis we consider a common

partitioning to keep the notation and exposition simple.

Suppose we want to find K clusters denoted by {C1,C2, ...,CK} in

the complete data. Note that the clusters are based on the full features

11



Figure 3.1: (a) Clustering models when complete data is available (left) and
(b) when only aggregates ~s are observed instead of ~xu (right).

(~xo, ~xu), while the partitions typically reflect geographical or administrative

units, so that the partitions don’t match with the intrinsic clusters. To cater

to the unobserved data, an assumption of conditional independence is made:

p(~xo, ~xu|Ck) = p(~xo|Ck)p(~xu|Ck) for any Ck. Let ~πp = (πp1, πp2, ..., πpK)T =

(p(C1|Dp
x), p(C2|Dp

x), ..., p(CK |Dp
x))

T , which represents the mixing coefficients

of the partition p. Let ~ξk and ~θk be the sufficient statistics for the distribu-

tions p(~xu|Ck) and p(~xo|Ck) respectively. If all data features are observed at

the individual level, an LDA-like clustering model can be built based on the

conditional independence assumption as in Figure 1 (a), where ~π is sampled

from a Dirichlet distribution parametrized by ~α. As ~xu and ~xo are independent

given Ck, they can be separated using different nodes. Figure 1 (b) shows a

modified clustering model that accommodates the aggregated nature of the

unobserved variables. In the model, ~xu is not observed; rather the derived

(aggregated) features ~s are observed.
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Even though the model of Figure 1(b) captures the problem character-

istics, it is highly inefficient and contains redundant nodes. Fortunately, the

complexity of the model can be reduced by removing the unobserved nodes

~xu’s if Np is large enough. Let ~ηk and T2
k be the mean and variance of the

distribution, p(~xu|Ck). Using the linearity of mean statistics and the Central

Limit Theorem (CLT), ~sp can be approximated as being generated from a

normal distribution as follows:

~sp ∼ N(~µp,Σ
2
p), ~µp =

K∑
k=1

πpk~ηk, (3.1)

Σ2
p =

K∑
k=1

πpk(~ηk · ~ηTk + T2
k)− ~µp · ~µTp

Np

, where ~ηk = E[~xu|Ck], T2
k = V ar[~xu|Ck]

(3.2)

Essentially, ~ηk and T2
k are the sufficient statistics of ~sp’s, since the CLT only

requires the mean and variance of the samples. As the actual values of ~xu’s

don’t contribute to the likelihood of this process, ~xu can actually be removed,

resulting in the efficient Clustering Using features with DIfferent levels of

Aggregation (CUDIA) model as shown in Figure 2. The full generative process

for CUDIA is as follows:

For ~sp in Ds,

Sample ~πp ∼ Dirichlet(~α).

Sample ~sp ∼ N(~µp,Σ
2
p),

– where ~µp =
∑K

k=1 πpk~ηk and Σ2
p =

∑K
k=1

πpk(~ηk·~ηTk +T2
k)−~µp·~µ

T
p

Np
.

13



For ~xo in Dp
x,

Sample ~z ∼ Multinomial(~πp).

Sample ~xo ∼
∏K

k=1 p(~xo|~θk)zk .

~π is sampled from a Dirichlet distribution parametrized by ~α, and

observed sample mean statistics ~s is generated from a Normal distribution

parametrized by a mixture of true means ~η’s and a covariance Σ2. ~z’s in

each partition are sampled from a Multinomial distribution parametrized by

~π, which is specific to the partition, and corresponding ~xo’s are sampled from

a distribution
∏K

k=1 p(~xo|~θk)zk , where the suitable form of p(~xo|~θk) depends on

the properties of the variable ~xo’s. For conciseness, the remaining sections of

this thesis will denote ~xo as ~x.

14



Figure 3.2: Graphical Model of CUDIA.
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Chapter 4

Inference

From the generative process, the likelihood function of the CUDIA

model is given by:

p(x, s|~η, ~θ, ~α) =
∑
z

∫
π

P∏
p=1

p(~sp|~πp, ~η)p(~πp|~α)

Np∏
i=1

K∏
k=1

p(~xi|~θk)zikp(~zi|~πp)dπ

(4.1)

The posterior distribution of the hidden variables, ~π’s and ~z’s, is as follows:

p(π, z|~η, ~θ, ~α,x, s) =
p(x, s,π, z|~η, ~θ, ~α)

p(x, s|~η, ~θ, ~α)
. (4.2)

The key inferential problem is how to calculate this posterior distribution. A

generic EM algorithm [17] cannot be applied, since the normalization constant

of its posterior distribution in Equation (4.2) is intractable. Collapsed Gibbs

sampling [33] also cannot be applied because ~π cannot be integrated out due to

non-conjugacy between ~s and ~π in p(x, s,π, z|~η, ~θ, ~α). In this case, the model

can be learned using either variational methods or Gibbs sampling approaches,

and this thesis follows the latter alternative. Nevertheless, näıve Gibbs sam-

pling approaches are computationally inefficient, thus this thesis employs an

approximated Gibbs sampling approach, which can be applied when the di-

mension of ~x is small. The model parameter estimation follows the MCEM

algorithm [10] using this approximation technique.
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4.1 E-step: Gibbs Sampling

In the CUDIA model, the latent variables are ~π and ~z. So we have:

p(x, s,π, z|~η, ~θ, ~α) =
P∏
p=1

p(~sp|~πp, ~η)p(~πp|~α)

Np∏
i=1

K∏
k=1

p(~xi|~θk)zikp(~zi|~πp). (4.3)

For each partition p, the Gibbs sampling is performed as follows:

~π(j+1)
p ∼ p(~π|~z(j)1 , ~z

(j)
2 , ..., ~z

(j)
Np
, ~sp, ~η, ~α) (4.4)

~z
(j+1)
i ∼ p(~z|~π(j+1)

p , ~xi, ~θ). (4.5)

However, sampling ~π is problematic as Equation (4.4) is not a trivial distribu-

tion. Instead of sampling directly from Equation (4.4), Metropolis-Hastings

(MH) algorithm can be used with a proposal density Dirichlet(~α). This algo-

rithm is described in Algorithm 1.

Sampling from a Dirchlet distribution might be computationally heavy

in some programming languages such as Numpy in Python1. As an alternative,

the prior distribution of ~π can be replaced by a Logistic Normal distribution or

a Uniform distribution by modifying the CUDIA model, so that we can adopt

a different proposal density function according to the modified model. In our

empirical evaluation, different prior distributions showed marginal differences

in their performances. Even though this MH algorithm inside the Gibbs sam-

pling becomes inefficient when dealing with large datasets, the sampling step

of ~z’s can be avoided given a large enough size of Np for low dimensional ~x’s.

1In Numpy, a Dirichlet sample is generated from multiple gamma distributions.

17



Input: Initial value ~π
(0)
p

Output: Gibbs sample ~π
(IMax)
p

index = 0;
repeat

~π
(new)
p ∼ Dir(~α);
ζ ∼ Uniform(0, 1);

Set n(z
(j)
·k ) as the count of z

(j)
·k = 1;

g(~π
(new)
p , ~π

(index)
p ) ← (p(~sp|~π(new)

p ,~η)p(~π
(new)
p |~α)2)

(p(~sp|~π(index)
p ,~η)p(~π

(index)
p |~α)2)

;

Threshold ← g(~π
(new)
p , ~π

(j)
p )

∏K
k (π

(new)
pk /π

(index)
pk )n(z

(j)
·k );

if ζ < Threshold then

~π
(index+1)
p ← ~π

(new)
p ;

else

~π
(index+1)
p ← ~π

(index)
p ;

end

until index < IMax;

Algorithm 1: MH Algorithm using Dirichlet proposal density.
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The overall idea of this approximation is as follows: If ~x is generated

from an exponential family distribution, p(zk|~x, π) is continuous with respect

to ~x, so that p(~z|~x, ~π) ≈ p(~z|~x+d~x, ~π). Consider a ball of radius r > 0 centered

at ~xc, Br(~x
c), such that p(~z|~xc, ~π) ≈ p(~z|~x, ~π), where ~x is in the ball. If the

number of ~x’s that are in the ball is large enough, then n(z·k) in the ball can

be approximated as n(z·k) ≈ |Br(~x
c)|E[zk|πp, ~xc] ≈

∑
~x∈Br(~xc)E[zk|πp, ~x]. This

idea can be effectively applied when Np is large and a low dimensional ~x is

given, even better when ~x is a discrete variable. Assuming partitional balls

over Dp
x, n(z·k) in the partition p can be approximated as

∑Np
i=1E[zk|πp, ~xi].

Letting the number of Gibbs samples be NGibbs, the algorithm is described in

Algorithm 2:

Input: x, s, ~η, ~θ, ~α
Output: π, z
index = 0;
repeat

Sample π
(index)
p using Algorithm 1;

Set E[zk|π(index)
p ,x] ∝ p(x|~θk)π(index)

pk ;

Set n(z·k)← E[zk|π(index)
p ,x];

until index < NGibbs;

Set E[zk|x] ∝
∑NGibbs

j=1 E[z
(j)
k |π

(j)
p ,x];

Set ~πp ∝
∑
E[~z|x];

Algorithm 2: Gibbs sampling E-Step

The last line of the algorithm is derived by using the Partition Theorem

of conditional expectation [27]. As a result, the actual sampling process occurs

only in MH sampling (Algorithm 1). In this thesis, we used a burning period
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of 10 samples, and NGibbs ≈ 50 to 100 [4]. Our empirical results show that

with this small number of samples, the algorithm converges with reasonable

speed.

4.2 M-step: Parameter Estimation

The model parameters are ~α, ~θ and ~η. Maximization on ~α and ~θ can

be easily performed and won’t be discussed in this thesis. ~η∗ and T∗ can

be obtained by alternating the maximization steps on ~η and T respectively.

However, if we assume T2
k = δ2kI, the maximization step on ~η can be simplified.

To simplify the notation, the following matrices are defined:

Si = [s1i, s2i, ..., sPi]
T (4.6)

Π̂ = [~̂π1, ~̂π2, ..., ~̂πP ]T , where ~̂πp =

∑NGibbs
i=1 ~π

(i)
p

NGibbs

(4.7)

W = diag(N1, N2, ..., NP ) (4.8)

H = [~η1, ~η2, ..., ~ηK ]T (4.9)

Note that

H·i =


η1i
η2i
...
ηKi

 , Π̂ =


π̂11 π̂12 ... π̂1K
π̂21 π̂22 ... π̂2K
... ... ... ...
π̂P1 π̂P2 ... π̂PK

 . (4.10)

As ~s is normally distributed in CUDIA, the relationship between Si and H·i

in the CUDIA model can be described as:

Si ≈ Π̂ ·H·i (4.11)
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However, each ~sp has a different variance, thus the solution of ‘weighted linear

regression’ can be applied to get the optimal H∗·i:

H∗·i = (Π̂TWΠ̂)−1Π̂TWSi. (4.12)

Note that rank(Π̂TWΠ̂) = rank(Π̂) = K w.p. 1 if P > K. However, mean

values (Π̂) are susceptible to outliers from the Gibbs sampling. To ensure

a more stable solution, regularization techniques can be incorporated. For

example, if a Ridge penalty is used, then H becomes:

H∗·i = (Π̂TWΠ̂ + λI)−1Π̂TWSi. (4.13)

The entire inference algorithm is described in Algorithm 3.

Input: x, s
Output: ~η, ~θ, ~α
index = 0;
repeat

(E-Step) Algorithm 2;

(M-Step) Learn ~α and ~θ;

H∗·i = (Π̂TWΠ̂ + λI)−1Π̂TWSi;

until Convergence;

Algorithm 3: Gibbs CUDIA EM algorithm

4.3 Deterministic Hard Clustering

The CUDIA model leads to an intuitive deterministic hard clustering

algorithm. Starting from the log-likelihood of CUDIA, the hard clustering
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objective function is obtained as (see Appendix A for details):

min
z,~µ,~η

∑
p

{
∑
k,np

znpk ‖ ~xnp − ~µk ‖2}+ β ‖ ~sp −
∑
k

∑
np
znpk

Np

~ηk ‖2 (4.14)

= min
z,~µ,~η

∑
p,k,np

znpk ‖ ~xnp − ~µk ‖2 +
β

KNp

‖ ~sp −
∑
k

π̂pk~ηk ‖2 (4.15)

where π̂pk =
∑
np
znpk

Np
and β is a parameter that determines weights on the

group average statistics. Local minima of this objective function can be found

by alternating minimization steps between z and (~µ, ~η) as in Algorithm 4. One

Input: x, s
Output: ~η, ~θ,π, z
repeat

(Assignment Step)

k∗ = arg min
k

‖ ~xnp − ~µk ‖2 −2(~sp −HT ~̂πp)
T~ηk(

β
KNp

);

if k = k∗ then
znpk ← 1;

else
znpk ← 0;

end
(Update Step)
~µk ←

∑
n

(znk~xn)/Nk, ~πp ←
∑
np

~znp/Np;

H·i ← (Π̂TWΠ̂ + λI)−1Π̂TWSi;

until Convergence;

Algorithm 4: Deterministic CUDIA Algorithm

iteration of this algorithm costs Θ(KN). For a fixed number of iterations I, the

overall complexity is therefore Θ(KNI), which is linear in all relevant factors.

The complexity of this algorithm is the same as the “k-means” algorithm,

promising its scalability to massive datasets. Moreover, this algorithm can be
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used as an initialization step for the probabilistic algorithm (Algorithm 3),

which in turn will reduce the total running time.

The squared loss function in the deterministic algorithm is appropriate

for an additive Gaussian model. Our approach can however be generalized

to any exponential family distribution (of which the Gaussian is a specific

example) by exploiting the bijection property between Exponential family and

the family of loss functions represented by Bregman divergences [7]. Given two

vectors ~x and ~µ, the Bregman divergence is defined as:

dφ(~x, ~µ) = φ(~x)− φ(~µ)− 〈~x− ~µ,∇φ(~µ)〉 (4.16)

where φ(·) is a differentiable convex function and∇φ(~µ) represents the gradient

vector of φ evaluated at ~µ. Although the Bregman divergence possesses many

other interesting properties, this thesis focuses on its bijective relationship to

the Exponential family distribution.

This bijective relation can be exploited when clustering data points

cannot be appropriately modeled using the Gaussian distribution, as in the

Bregman Hard/Soft Clustering algorithms [7]. Table 4.1 shows the relationship

between specific Bregman divergences and their corresponding Exponential

family distributions. The results in [7] state that minimizing the negative

log-likelihood is the same as minimizing the corresponding expected Bregman

divergence. For example, if clustering data points are generated by a mixture

of Gaussian distributions, the maximum likelihood parameters can be obtained

by minimizing the squared loss function, which is the corresponding Bregman
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divergence for Gaussian distributions. Using this bijection and adopting the

idea from the Bregman Hard Clustering algorithm, the deterministic algorithm

of CUDIA can be extended by modifying the assignment step of Algorithm 4

as follows:

• Assignment Step

znpk∗ ← 1, if

k∗ = arg min
k

dφ(~xnp , ~µk)− 2(~sp −HT ~̂πp)
T~ηk(

β

KNp

) (4.17)

znpk∗ ← 0, otherwise.

φ can be chosen based on the distribution of ~x and the update step remains the

same. Note that ~sp follows a Gaussian distribution according to the Central

Limit Theorem regardless of the underlying distribution of ~xu’s. Thus, the

second term in Equation (4.17) remains the same, but the first term is changed

to capture various Exponential distributions. The update step remains the

same as in Algorithm 4, since a unique minimizer of a Bregman divergence is

given by its mean (see Proposition 1 in [7]).

This extended algorithm captures various distributions while maintain-

ing the original complexity. Furthermore, the linkage between Bregman diver-

gences and the Exponential family distributions enables probabilistic interpre-

tations on the resultant clustering assignments as in the Bregman Soft Clus-

tering algorithm. Perhaps the most useful case is when the vectors represent
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Table 4.1: Bregman divergence and Exponential family.
Distr. p(x; θ) µ φ(~µ) dφ(~x, ~µ)

1-D Gauss. 1√
2πσ2

e(−
(x−a)2

2σ2
) a 1

2σ2µ
2 1

2σ2 (x− µ)2

d-D Gauss. 1√
(2πσ2)d

e(−
‖~x−~a‖2

2σ2
) ~a 1

2σ2 ‖ ~µ ‖2 1
2σ2 ‖ ~x− ~µ ‖2

1-D Exp. λexp(−λx) 1/λ µ log µ− µ x log (x
µ
)− (x− µ)

d-D Multi. N !∏d
j=1 xj !

∏d
j=1 q

xj
j [Nqj]

d−1
j=1

∑d
j=1 µj log

µj
M

∑d
j=1 xj log

xj
µj

probability distributions, in which case the KL-divergence (another special

case of Bregman divergences), is the appropriate loss function to use.
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Chapter 5

Imputation

After all the parameters of the CUDIA model are learned, the model

allows us to impute the unobserved features ~xu’s at the individual level. Given

the observed features and learned parameters, the imputation is as follows:

p(~xu|~xo, ~πp) =
∑
k

p(~xu, zk|~xo, ~πp) =
∑
k

p(~xu, zk, ~xo, ~πp)

p(~xo)
(5.1)

=
∑
k

p(~xu|zk, ~xo, ~πp)p(zk|~xo, ~πp)p(~xo, ~πp)
p(~xo, ~πp)

(5.2)

=
∑
k

p(~xu|zk)p(zk|~xo, ~πp). (5.3)

Equation (5.3) provides the exact imputation formula for any p(~xu|zk), de-

pending on the form of the cluster-conditional pdf of the unobserved features.

For example, if ~xu|zk is generated from an Exponential family distribution

with a mean ~ηk and a covariance δ2I, the imputation formula obtained is:

~̂xu ←
K∑
k=1

~ηkE[zk|~xo, ~πp]. (5.4)

This imputation method also can be applied to the deterministic algo-

rithm. The bijective relationship between Bregman divergence and Exponen-

tial family yields a soft cluster assignment as follows:

E[zk|~xo, ~πp] =
πpkexp(−dφ(~xo, ~µk))∑
l πplexp(−dφ(~xo, ~µl))

. (5.5)
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For example, if ~xo’s are generated from a mixture of Gaussians, which means

dφ(~x, ~µ) = 1
2σ2 ‖ ~x− ~µ ‖2, then Equation (5.5) becomes:

E[zk|~xo, ~πp] ∝ πpkexp(−‖ ~xo − ~µk ‖
2

2σ2
). (5.6)

As another example, if ~xo’s are generated from a mixture of d-D multinomial

distributions, using the bijective relationship, we get dφ(~x, ~µ) =
∑d

j=1 xj log
xj
µj

(KL-divergence). Then, Equation (5.5) becomes:

E[zk|~xo, ~πp] ∝ πpk

d∏
j=1

(
xoj
µkj

)xoj . (5.7)

Thus, the deterministic algorithm provides not only the cluster centroids/assignments,

but also the basic imputation framework on the unobserved features, which in

turn can be used for preliminary tests for the model’s applicability.

The imputation formula, Equation (5.4), calculates an unbiased esti-

mate for ~xu. Moreover, the variance of the imputation is inversely proportional

to the size of the data. The detailed properties of this imputation are derived

and explained in Appendix B.
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Chapter 6

Experimental Results

In this section, we provide two kinds of experimental results. (i) First,

imputation quality of the CUDIA model is assessed using a simulated mix-

ture of Gaussians data. (ii) Then, its applicability to predictive modeling1 is

discussed using the data from the Behavioral Risk Factor Surveillance System

(BRFSS), the Dartmouth Health Atlas project and the Centers for Disease

Control and Prevention (CDC).

6.1 Imputation Quality

We demonstrate CUDIA’s properties for imputation using a simulated

dataset. The dataset is generated by a mixture of three 2-D Gaussians (K =

3) as shown in Figure 6.1(a). We generated 2000 samples, then partitioned

into ten groups according to the randomly generated mixture coefficients (Π).

Thus, P = 10 and Np = 200 ∀p. The mixture coefficients are:

Π =


π1,1 π1,2 π1,3
π2,1 π2,2 π2,3
... ... ...
π10,1 π10,2 π10,3

 =


0.166 0.023 0.811
0.270 0.387 0.343
... ... ...

0.580 0.174 0.246

 . (6.1)

1Targets are chosen arbitrarily to illustrate the applicability of the CUDIA framework.
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Figure 6.1: (a) Simulated dataset with the individual level data (x-axis) and
the true individual values (y-axis) for the aggregate data (left). (b) Direct
imputation using the aggregate level data (center). (c) CUDIA imputation
(right). Each partition is represented by a different color.

From this dataset, we assume the first column (x-axis column) is the auxiliary

individual-level information, and the second column (y-axis column) is aggre-

gated within each partition. If the unobserved individual-level second column

is imputed by its corresponding aggregated value i.e. everyone in the same

partition shares the same feature value, then the resultant dataset is as in Fig-

ure 6.1(b). We can observe that this näıve imputation scheme does not reflect

the underlying heterogeneous distributions. Next, we run our CUDIA model

over these individual- and aggregate-level datasets to discover the underly-

ing mixture distributions. Figure 6.1(c) shows the CUDIA imputation based

on Equation (5.4). The CUDIA imputation captures the hidden underlying

mixture distributions, and the imputation follows the mean statistics of each

intrinsic cluster. Figure 6.2 shows the Mean Squared Error (MSE) between

the true and the imputed data points. The CUDIA imputation achieves lower

MSE as well as lower variance compared to the näıve imputation.
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Figure 6.2: Imputation accuracy (Mean Squared Error) on the simulated
dataset.

6.2 BRFSS dataset

In this section, we provide the experimental results using the a world

dataset in various settings.

6.2.1 Dataset description

We demonstrate the proposed method using the BRFSS 2009 dataset.

BRFSS (Behavioral Risk Factor Surveillance System) 2 is the world’s largest

telephone health survey since 1984, tracking health conditions and risk behav-

iors in the United States. The data are collected monthly in all 50+ states

in the United States. The dataset contains information on a variety of dis-

2http://www.cdc.gov/brfss/
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eases like diabetes, hypertension, cancer, asthma, HIV etc, and in this thesis,

we mainly focus on diabetes rather than other diseases 3. The 2009 dataset

contains more than 400,000 records and 405 variables and the diabetic (pos-

itive class) ratio is 12%. Empty and less informative columns are dropped

and we finally chose six variables to perform our experiments. The selected

variables are: Age, Body Mass Index (BMI), Education level, Income level,

Hypertension and Hyper-cholesterol.

In many cases, revealing personal disease records or medical conditions

can be problematic, or even cause traumatic situations e.g. HIV. Rather than

having the raw individual disease records, suppose the data is provided at

aggregate level such as state-level or county-level summaries. The aggregation

level we chose in this thesis is the US census division as shown in Figure 6.3. For

each division, the important feature distributions are described in Figure 6.4.

Although the distributions are slightly different across each division, we can

observe that they do not reflect the true clusters of the individual-level features.

6.2.2 Aggregated Target

In this section, we focus on diabetes records that are aggregated at

the US division level as in Figure 6.4(c). We use (i) Age, (ii) BMI, (iii)

Education level and (iv) Income level as the individual-level features and the

aggregated diabetes ratio as the aggregate-level features. This individual-level

dataset along with the division-level aggregated diabetes records are given as

3Targets are chosen arbitrarily to illustrate the applicability of the CUDIA framework.
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Figure 6.3: Census Regions and Divisions of the United States. This picture
is adopted from http://www.eia.gov/emeu/reps/maps/us census.html .
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Figure 6.4: BRFSS dataset description for each division. (a) Age (left), (b)
BMI (center) and (c) Diabetes (right).
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the inputs to the CUDIA model. Although the individual-level features are

numeric values, their values are grouped ranging from three to six levels. To

prevent the singular variance problem in the EM algorithm, their values are

perturbed with a negligible Uniform noise before the learning process. After

all the parameters in the CUDIA model are learned, the hidden individual-

level diabetic information is imputed based on the underlying distribution.

Since the masked variable is a binary feature ∈ {Diabetic (positive), Normal

(negative)}, the imputation quality can be measured as follows:

Average Log-likelihood =
1

|T |

|T |∑
i=1

log t̂tii (1− t̂i)1−ti , (6.2)

where t is the original target value, t̂ is the CUDIA imputed value and |T |

represents the total number of the data points.

Figure 6.5 shows the results with varying λ and K in the model. In

Figure 6.5(b), the relative Log-likelihood is calculated based on the perfor-

mance of the näıve imputation method, which makes everyone in the same

division shares the corresponding average statistics. This base performance

recorded −0.3532 average log-likelihood. From the figure, we can observe that

the CUDIA imputation outperforms the näıve imputation. Although the per-

formance increases as K increases, we cannot test the cases when K > 9 since

these cases make Equation (4.12) to be under-determined.

We provide another performance metric for the CUDIA imputation.

Note that the imputation formula produces a probabilistic estimate of how

he/she is likely to have diabetes. Receiver Operating Characteristic (ROC)
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Figure 6.5: Results from the aggregated diabetes dataset. (a) λ vs. Average
Log-likelihood when K = 7 (left), (b) K vs. Relative Log-likelihood when
λ = 20.0 (right).

curve is a graphical plot of the “sensitivity” or True Positive Rate (TPR)

vs. “1−specificity” or False Positive Rate (FPR). A ROC curve visualizes the

tradeoff between TPR and FPR and helps to choose the best model among var-

ious. Figure 6.6 shows the ROC curves from the aggregated diabetes dataset,

ranging from CUDIA (K=3) to CUDIA (K=9), also including the base model.

In ROC space, the ideal best model is located at the point (0,1), which means

TPR=1.0 and FPR=0.0. Thus, the closer to the point (0,1) a curve is, the

better a model is. We observe that all CUDIA models outperforms the base

model in ROC space. As a quantifiable measurement, Area Under ROC (AU-

ROC) indirectly represents the performance in ROC space. Figure 6.7 shows

the AUROC values from the ROC curve. We can observe that as K increase,

the performance of the CUDIA imputation improves.
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Figure 6.7: AUROC from the aggregated diabetes dataset.

The CUDIA model provides another valuable information about the

data, which is the underlying distribution. Table 6.1 shows the learned pa-

rameters from the model. Noticeably, Cluster 7 exhibits a high risk diabetes.

Their profiles can be described as “higher age”, “obese” and “middle-class”,

where this relationship between obesity and diabetes coincides with the med-

ical research literature [43]. On the other hand, Cluster 3 shows a lower risk,

and their profiles can be summarized as “slim”, “high education” and “high

level income”. Note that these cluster parameters are learned without access-

ing the individual diabetes information.
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Table 6.1: θ and η values from the aggregated diabetes dataset.
Index Age (θ1) BMI (θ2) Edu. (θ1) Income (θ4) Diabetes (η)
1 3.904 2.015 2.516 4.999 0.065
2 4.639 1.000 2.602 2.767 0.105
3 4.136 1.790 4.000 4.999 0.068
4 2.909 2.000 2.726 3.389 0.121
5 4.689 2.000 2.635 3.126 0.135
6 4.270 1.999 2.261 1.002 0.124
7 4.534 2.999 2.480 2.617 0.233
8 6.000 2.000 2.617 3.015 0.119
9 4.936 2.000 0.997 2.001 0.126

Figure 6.8: Predictive modeling using the CUDIA framework.

6.2.3 Aggregated Features

In this section, we consider a different setting based on the same dataset,

in which the target variable is available at individual level, but other impor-

tant features are masked due to privacy or legal issues. In this case, we can

impute the masked features using the CUDIA model, then propagate its re-

sults to predictive modeling algorithms such as decision trees or regressions.

Figure 6.8 describes the main idea of this approach.

In this setting, Age and BMI are the individual features, Hypertension

and High-cholesterol are the masked features and Diabetic condition is the
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target. The masked features are aggregated using the US census division

mapping, and the target is only used in the predictive modeling i.e. the target

is not used before the predictive modeling. As the formulated problem is

a binary prediction problem, we can use any binary classifier such as SVM,

Logistic regression, decision tree, Näıve Bayes, etc. If a regression problem

is formulated for this setting, one can use other regression techniques such

as Lasso and Ridge regression [35], [36]. In this thesis, we demonstrate this

predictive modeling framework using a Logistic regression family and decision

trees.

Table 6.2 shows the estimated parameters from the dataset. The people

belong to Cluster 8 have higher hypertension risk as well as high-cholesterol

risk. Their observed individual features are centered at the “higher age” and

“obese” centroid [13]. On the other hand, the people from Cluster 3 have lower

hypertension risk while their ages are comparably high. But interestingly, their

BMI’s are very low, and this supports the result. For the rest of the predictive

modeling tasks, we used K = 9 and λ = 10.0, where λ is in Equation (4.13).

Logistic regression only with aggregated features. In some cases, the

relationship between the aggregated features and the target might be of pri-

mary research interest. If we have available individual side information along

with the aggregated features (in this case, age and BMI), we can use either

the CUDIA imputed values or the aggregate values (baseline approach). The
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Table 6.2: θ and η values from the aggregated features dataset. HTN and HC
stand for Hypertension and High-cholesterol respectively.

Cluster Index Age (θ1) BMI (θ2) HTN (η1) HC (η2)
1 2.999 1.999 0.374 0.405
2 3.000 2.000 0.380 0.415
3 4.569 1.000 0.199 0.354
4 3.999 1.999 0.271 0.438
5 5.999 1.999 0.437 0.541
6 5.999 2.000 0.395 0.396
7 5.000 1.999 0.408 0.397
8 4.486 2.999 0.647 0.504
9 1.860 1.999 0.384 0.413
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Figure 6.9: Results from the Logistic regression only with the masked variables.
(a) Coefficients (β) (left), (b) Average Log-likelihood on the test sets (right).

Logistic regression equation is given as:

p(Diabetes) ∼ logit(βHyper(Hypertension) + βChol(Cholesterol) + βConst).

(6.3)

Figure 6.9 shows the Logistic regression results from three different

kinds of datasets: (i) Baseline dataset (direct aggregate variable imputation),

(ii) Complete dataset (full individual observation) and (iii) CUDIA dataset

(CUDIA imputation). In Figure 6.9(a), we can observe that the coefficients
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from the CUDIA dataset mimics the coefficients of the complete dataset quite

well. 5-fold cross validation is performed and the average log-likelihood values

of the hold-out samples are recorded. Figure 6.9(b) shows that the CUDIA

dataset outperforms the baseline dataset, while it performs slightly worse than

the complete dataset.

Logistic regression with L1 constraints. The rest of the experiments use

a combination of the individual- and the aggregate-level features. The depen-

dent variables are two individual variables (Age and BMI) and two aggregate

variables (Hypertension and High-cholesterol). Unfortunately, many features

in the BRFSS dataset are interdependent such as “Age” and “Income level”,

“BMI” and “Hypertension”, etc. This property becomes even worse when the

interdependent numeric values are grouped into a few number of bins, as in the

BRFSS dataset. This type of problems can be alleviated if we adopt shrinkage

methods, also known as regularizers such as L1 or L2 [28]. In this thesis, we

demonstrate two widely used regularizers, L1 and L2.

The L1 regularizer is known to generate a sparser solution compared

to a normal regression [14], which can be regarded as an automatic feature

selection technique. Figure 6.10 shows the results from the L1 Logistic regres-

sion. From Figure 6.10(a), we can observe that the hypertension affects the

most in both the complete and the CUDIA datasets, but not in the baseline

dataset. The coefficients for the aggregate variables from the baseline dataset

are actually zeroed out due to the effect of the L1 regularizer. Furthermore,
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Figure 6.10: Results from the Logistic regression with L1 constraints. (a)
Coefficients (β) (left), (b) Average Log-likelihood on the test sets (right).

the average log-likelihood values from 5-cv show that the CUDIA imputation

is more effective in this predictive task than the baseline imputation.

Logistic regression with L2 constraints. The results obtained on apply-

ing an L2 constraints (Ridge regression) are shown in Figure 6.11. Unlike the

L1 case, all the coefficients have non-zero values in Figure 6.11(a). Note that

the coefficients from the complete and the CUDIA datasets have very similar

weights. Again, from Figure 6.11(b), we observe that the CUDIA imputation

is more effective than the baseline dataset.

Decision Tree. Decision trees are recursive rule based classifiers. We demon-

strate the impact of CUDIA using two kinds of decision trees based respectively

on: (i) Gini criterion [11] and (ii) Entropy criterion [37]. We used the decision

tree package from KNIME4, and the Minimum Description Length (MDL)

4http://www.knime.org
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Figure 6.11: Results from the Logistic regression with L2 constraints. (a)
Coefficients (β) (left), (b) Average Log-likelihood on the test sets (right).

principle is used for pruning.

Figure 6.12(a) shows the results from the decision trees. The perfor-

mance is measured using Area under Receiver Operating Characteristic (AU-

ROC) curve in both cases. Surprisingly, the CUDIA imputation recorded

almost the same performance as the complete dataset. Originally, the CUDIA

model is designed to model the underlying distribution, then the individual

values are imputed utilizing the learned conditional distributions. As the re-

cursive decision tree algorithms more focus on the conditional distributions

between the target and the features than the individual values themselves, the

CUDIA model shows its strength especially in decision tree algorithms.

6.3 Dartmouth and KFF Dataset

Many healthcare datasets have limited scope of variables or features

as the survey has a predefined purpose. Key variables for a specific research

purpose sometimes can be found in another dataset but with different aggre-
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Figure 6.12: Results from the Decision trees. (a) Entropy criterion (left), (b)
Gini criterion (right).
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gation levels. The CUDIA model can handle combining two datasets from

different sources. Let’s refer to the dataset with a finer granularity as the

individual-level dataset, and the other dataset as the aggregate-level dataset.

Assuming the sample spaces of two different sources are the same or at least

similar, the CUDIA imputation allows us to estimate the values of the ag-

gregated individual-level features. The augmented dataset using the CUDIA

imputation can be further utilized in subsequent predictive modeling or other

data mining research. In this section, we provide the experimental results us-

ing the Dartmouth Health Atlas dataset and the Kaiser Family Foundation

dataset in single and multi-source settings.

6.3.1 Dataset description

In this experiment, we use two datasets from the Dartmouth Atlas

Project and the Kaiser Family Foundation: (i) The Dartmouth Atlas Project

[45] has documented variations in how medical resources are distributed and

used in the United States for more than 20 year. The project uses Medicare

data and the data has been widely used by policymakers, the media, health-

care analysts and others. The Dartmouth Health Atlas dataset is composed

of several tables with different levels of aggregation. For example, the number

of beds in a hospital can be accessed at the hospital-level, whereas the med-

ical/surgical discharge rates can only be obtained at State/HRR/HSA levels.

(ii) The Kaiser Family Foundation (KFF) is a non-profit, private foundation,

which focuses on the major healthcare issues facing the nation. Statehealth-
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facts.org is a project of KFF, which provides various health-related statistics

for all 50 states in the US. The state-level summaries range from household

income, employment status to state budgets as well as the other basic demo-

graphics and economics indicators. The data is provided for free, and state-

wise comparison and histograms are also available.

6.3.2 Single source example

In this section, we use only the Dartmouth dataset i.e. single-source

setting. From the Dartmouth dataset, we try to predict the number of beds

in a hospital (target) where the target information is available at individual-

level in the data. Although the number of beds is strongly related with the

medical/surgical discharge rates [2], this information cannot be directly used

as they are aggregated at a different level. Table 6.3 describes the subset of

the Dartmouth data used in this experiment. Only data from the 5 most

populous states (CA, FL, IL, NY, TX) was used so as to have a higher value

of number of hospitals per state. For this subset, the “complete data” would

have consisted of five variables at the hospital-level, of which two are actually

available only at the state level. The CUDIA model can be used to impute

the unobserved features (~xu).

Ridge regression is used to perform predictive modeling on three kinds

of datasets: (i) “hospital-level” dataset alone, (ii) imputed complete dataset

using “state-level” summaries and (iii) imputed dataset using the CUDIA

model, then 5-fold CV is performed. Note that Lasso or other regression tech-
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Table 6.3: Dataset Description. Target is not included when performing the
imputation. The top 5 biggest population states are selected to maintain large
enough Np.

Hospital-level
1 Hospital beds(Target)
2 Home health agency

visits per decedent
3 Percent of deaths

occurring in hospital

State-level
1 Medical discharge rate
2 Surgical discharge rate

niques can be used in this framework, and Ridge regression is just a choice

in this thesis. One fold is used for testing, and the remaining folds are again

divided into training and validation sets (80/20). ‘λ’ (in Ridge regression) is

learned for each run. Each run has different λ values. Figure 6.13 shows the

results, which are measured by R2 values:

R2 = 1− SSerr
SStot

, (6.4)

where SSerr and SStot represent the residual sum of squares and the total sum

of squares, respectively. Note that the R2 values are upper-bounded by 1, and

the bigger the R2 values are, the better the prediction model is. We observe

that K = 5 gives the best R2 value among all the alternatives. Table 6.4

shows the coefficients of Linear regression when K = 5. The imputed medical

discharge rate is positively correlated with the number of beds in a hospital.
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Figure 6.13: Case 1: Regression Results on Dartmouth datasets. R2s over
5-fold cv are listed. As K < P , K > 5 is not an option.

Table 6.4: Coefficients of Linear regression when K = 5. All features are
standardized.

Independent Variable Coefficient
Home health agency visits per decedent 0.276
Percent of deaths occurring in hospital 0.646

Medical discharge rate 0.618
Surgical discharge rate -0.057
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6.3.3 Multi-source example (Dartmouth + KFF)

State-level summaries of health-related indicators can be obtained from

various external sources. For example, CDC publishes annual state-level health

statistics, that covers aging, cancer, diabetes, etc. In this experiment, we use

an external dataset from the Kaiser Family Foundation (Statehealthfacts.org),

which provides multiple state-level statistics for free. The hospital-level Dart-

mouth dataset from the previous experiment is used as is. We assume that

the samples from the KFF dataset are drawn from the same or at least similar

distribution of the Dartmouth dataset. If the sampling bias for both datasets

are negligible, then this assumption readily holds. The state-level dataset is

replaced with the external dataset, which has state-level (i) healthcare spend-

ing, (ii) hospital admissions and (ii) adult physical disabilities information.

All these features are not available in the Dartmouth data. As in the previous

experiment, three datasets are formed. Figure 6.14 shows the R2 results using

5-fold CV. Imputation using the CUDIA model leads to a 9% increase in R2

value compared to the base model without imputation. Table 6.5 shows the co-

efficients of Linear regression when K = 5. The imputed healthcare spending

exhibits the strongest correlation with hospital spending, as one may expect.
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Figure 6.14: Case 2: Regression Results on Dartmouth datasets. R2s over
5-fold cv are listed. As K < P , K > 5 is not an option.

Table 6.5: Coefficients of Linear regression using the external source when
K = 5. All features are standardized.

Independent Variable Coefficient
Home health agency visits per decedent 0.249
Percent of death occurring in hospital 0.359

Healthcare spending 0.280
Admissions 0.177

Adult physical disabilities -0.051
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Chapter 7

Discussion

In this thesis, aggregated statistics over certain partitions are utilized

to identify clusters and impute features that are observed only as aggregated

values. The imputed features are further used in predictive modeling, leading

to improved performance. The experiments provided in this thesis are illus-

trative of the generality of the proposed framework and its applicability to

several healthcare related datasets in which individual records are often not

available, and different information sources reflect different types and levels of

aggregation.

In the CUDIA framework, the aggregate data do not need to be the ac-

tual average of the underlying individual-level data. The CLT approximation

in CUDIA provides flexibility in this and many other practical settings. For

example, in the UK census, some aggregate data are calculated using a 10%

sample to maintain confidentiality. The observed statistics are not the same

as the true sample average, thus the direct application of the model of Fig-

ure 3.1(b) is no longer valid. However, the difference between the sub-sampled

average and the true sample average can be modeled using a Normal distribu-

tion, which fits the key assumption of the CUDIA approximation. As another
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example, to maintain confidentiality or privacy, a popular technique is to add

noise to the true values. Additive Laplace or Gaussian noise are known to

guarantee (ε, δ)-differential privacy [20] under certain assumptions [21], [19].

Adding a Gaussian noise exactly fits the assumption in the CUDIA model, so

that the CUDIA model becomes no longer an approximation in this case.

CUDIA is quite scalable, and in particular, the deterministic hard clus-

tering version can be readily applied to massive datasets. Furthermore, the

square loss function on ~xo can be generalized to all Bregman divergences, or

equivalently, one can cater to any noise function from the exponential family

of probability distributions [7]. One restriction of the current model is that

the number of clusters (K) cannot be more than the number of partitions (P )

specified by the data provider. This is why we had to stop at K = 9 for several

of the results even though the performances were improving with increasing

K.

Privacy Considerations. Healthcare-related datasets often contain sensi-

tive information such as medical conditions, disease records and confidential

test statistics. To alleviate possible privacy leakage in publishing such data,

two approaches are commonly used in practice: (i) removing or suppressing

all personal identifiable information or (ii) providing only aggregate-level in-

formation over specific regional partitions or ecological groups. Even though

both approaches seem reasonable enough to protect sensitive information, pre-

venting privacy leakage is a very complicated task as it should be approached

51



from multiple angles. For example, the first approach has been shown to leak

identifiable information even though “seemingly” identifiable information is

removed or suppressed. The Netflix prize provides a well-known example for

this case. In 2006, Netflix, an online DVD-rental service, opened a competition

for a ten percent improvements in its recommendation system, and released a

training dataset with random user IDs. However, Narayanan and Shmatikov

linked the Internet Movie Database (IMDB) dataset with the Netflix dataset

[34], then successfully de-anonymized the Netflix dataset.

The second approach, which provides only aggregate information, might

not be privacy-sensitive anymore. In this thesis, we explored a better way

to utilize aggregate information by linking auxiliary individual information

from other sources. We derived the CUDIA model to combine two datasets

with different levels of aggregation, and suggested an imputation formula to

infer original individual-level information. In many of our experiments, the

aggregate information is reasonably estimated at an individual-level. Even

though the suggested model is not intended to attack private information, the

model can be used by privacy attackers, which might cause a new threat to

current aggregate data publication practices.

The privacy risk of the currently available aggregate information is dif-

ficult to assess as we need to count all the possible dataset combinations. Con-

sider two innocuous data providers: one publishes a healthcare-related survey

dataset with anonymization, and the other releases an aggregate-level dataset

with a different set of features, which might contain sensitive information. In
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this case, our suggested model, CUDIA, can impute the sensitive aggregate-

level information at an individual-level. Of course there is no guarantee that

the imputed values are the true values, only that they are more accurate than

group-average, still this may be an issue. For example, CDC provides various

annual surveillance or survey datasets such as National Youth Tobacco Survey

(NYTS), National Health Interview Survey (NHIS), Behavioral Risk Factor

Surveillance System (BRFSS), etc. These datasets are provided at individual-

level with anonymization. Aggregate information is much easier to access.

The United States government and other healthcare-related institutes such as

KFF, publicly post and provide various state-level and county-level summaries.

If they are combined using CUDIA with proper conditions and assumptions,

the sensitive aggregate information can be inferred to some extent for spe-

cific groups of people. An important future work is to try to better quantify

imputation accuracy based on the model parameters such as ~µk and Tk as

imputation errors would depend on underlying clusters and distributions.
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Appendix A

Hard Clustering Derivation

The log-likelihood of the CUDIA model is given by:

log p(x,s, z|π, ~η, ~θ, ~α) = log
P∏
p=1

p(~sp|~πp, ~η)

Np∏
i=1

K∏
k=1

p(~xi|~θk)zikp(~zi|~πp) (A.1)

=
P∑
p=1

log p(~sp|~πp, ~η) +
P∑
p=1

Np∑
i=1

K∑
k=1

zik log(πpkp(~xi|~θk)) (A.2)

=
∑
p

log p(~sp|~πp, ~η) +
∑
p,i,k

zik(log πpk + log p(~xi|~θk)), (A.3)

where π is treated as a model parameter.

p(~sp|~πp, ~η) is a Gaussian distribution according to the Central Limit

Theorem, where its mean and variance are ~µp and Σ2
p, respectively. Suppose

p(~xi|~θk) is a Gaussian distribution with a mean ~µk and a diagonal covariance

matricx εI, and Σ2
p has a form of ε

β
I. Then, the log-likelihood becomes:

= −
∑
p

β ‖ ~sp − ~µp ‖2

ε
−
∑
p,i,k

zik
‖ ~xi − ~µk ‖2

ε
− const. (A.4)

∝ −
∑
p

β ‖ ~sp − ~µp ‖2 −
∑
p,i,k

zik ‖ ~xi − ~µk ‖2 (A.5)

Note that the maximum likelihood estimator of ~µp is given as
∑

k

∑
np
znpk

Np
~ηk.

By replacing ~µp with its maximum likelihood estimator and changing the sign
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of the log-likelihood, we get an approximate deterministic clustering objective

function as follows:

min
z,~µ,~η

∑
p

{
∑
k,np

znpk ‖ ~xnp − ~µk ‖2}+ β ‖ ~sp −
∑
k

∑
np
znpk

Np

~ηk ‖2 . (A.6)

A local minimum of Equation (A.6) can be obtained by alternating the

minimization steps between (i) z and (ii) ~µ, ~η. This alternating minimization

mechanism directly leads to Algorithm 4.
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Appendix B

Properties of the CUDIA imputation

In this section, we show the basic properties of the CUDIA imputation,

including the bias and variance of this imputation.

B.1 Unbiasedness of x̂u

Using (i) the law of iterated expectations and (ii) linearity of expecta-

tion,

E[x̂u] = E[
K∑
k=1

ηkE[zk|~xo, ~πp]] =
K∑
k=1

ηkE[E[zk|~xo, ~πp]] =
K∑
k=1

ηkE[zk] = E[xu].

(B.1)

The expectation of the estimated x̂u is the same as the expectation of the

unobserved xu. Thus, the imputation formula provides unbiased estimators

for the xu’s. This property holds regardless of the distribution of xu.
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B.2 Variance of η

Recall the observed sample statistics (sample average) of a given par-

tition p is:

sp ∼ N(µp, σ
2
p) (B.2)

µp =
K∑
k=1

πpkηk (B.3)

σ2
p =

∑K
k=1 πpk(η

2
k + τ 2k ) − µ2

p

Np

∝ 1

Np

. (B.4)

πpk represents the mixing proportion of the kth component in the partition

p. The linearity of expectation naturally leads to Equation (B.3). From the

properties of mixture distributions, the variance of ~xu in the partition p is

given by:

V ar[xu|xu ∈ partition p] =
K∑
k=1

πpk(η
2
k + τ 2k ) − µ2

p. (B.5)

Applying the Central Limit Theorem, we get Equation (B.4).

Suppose all the parameters of the CUDIA model are learned correctly,

which means the log-likelihood reaches the global optimum. However, the

sample means we used to learn the model are inherently noisy based on the

Central Limit Theorem. This results in the noisy estimation of η’s regardless

of the learning methods used. As Equation (4.12) is the optimal solution in

this setting, if all the parameters are learned correctly, then Equation (4.12)

should also hold. Equation (4.12) gives another interesting interpretation, if

we view S as “dependent variables” and Π as “independent variables” in a

Linear regression formulation.
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Theorem B.2.1. If all the parameters are learned correctly and Np = M, ∀p,

then

(a) η̂ is normally distributed.

(b) The means and variances are given by

E[η̂k] = ηk (B.6)

V ar[η̂k] ∝
1

M
(B.7)

Cov[η̂i, η̂j] ∝
1

M
, where i 6= j and 0 < i, j < K. (B.8)

Proof: From Equation (4.12),

E[H∗] = E[(ΠTΠ)−1ΠTS] = E[(ΠTΠ)−1ΠT (ΠH + ε)]

= E[H] + E[(ΠTΠ)−1ΠT ε] = E[H] + E[E[(ΠTΠ)−1ΠT ε|Π]]

= E[H] + E[(ΠTΠ)−1ΠTE[ε|Π]] = E[H].

This proves Equation (B.6) in the result (b). Moreover, since S is normally

distributed, a linear combination of S is also normal. Thus, H, which is a

linear combination of S, is normal.

The estimator H∗ can be written as:

H∗ = H + (ΠTΠ)−1ΠT ε. (B.9)

Thus, the variance of H∗ is the same as the variance of (ΠTΠ)−1ΠT ε. Let
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Qπ = (ΠTΠ)−1ΠT . Then,

V ar[H∗] = QπΣ
2
εQ

T
π , (B.10)

where Σ2
ε =


σ2
1 0 ... 0

0 σ2
2 ... 0

... ... ... ...
0 0 ... σ2

P

 and Qπ ≡


q11 q12 ... q1P
q21 q22 ... q2P
... ... ... ...
qK1 qK2 ... qKP

 .

(B.11)

Then,

V ar[ηk] =
P∑
p=1

q2kpσ
2
p =

P∑
p=1

q2kp

∑K
k=1 πpk(η

2
k + τ 2k ) − µ2

p

Np

(B.12)

=

∑P
p=1 q

2
kp{

∑K
k=1 πpk(η

2
k + τ 2k ) − µ2

p}
M

∝ 1

M
. (B.13)

Moreover,

Cov[ηi, ηj] =
P∑
p=1

qipqjpσ
2
p =

∑P
p=1 qipqjp{

∑K
k=1 πpk(η

2
k + τ 2k ) − µ2

p}
M

∝ 1

M
.

(B.14)

This proves Theorem (B.2.1).

B.3 Variance of x̂u

The estimated x̂u is a linear combination of η̂’s. Theorem (B.2.1) nat-

urally leads to the next theorem.

Theorem B.3.1. If x̂u =
∑K

k=1 η̂kE[zk|~xo, ~πp], then

V ar[x̂u] ∝
1

M
. (B.15)
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Proof: Let ak = E[zk|~xo, ~πp] to simplify the notation. Then,

V ar[x̂u] = V ar[
K∑
k=1

akη̂k] =
K∑
k=1

a2kV ar[η̂k] +
∑
i 6=j

aiajCov[η̂i, η̂j] ∝
1

M
. (B.16)

The last line of the equation comes from Theorem (B.2.1). This proves Theo-

rem (B.3.1).

Lemma B.3.2. The mean squared error, MSE(x̂u), is inversely proportional

to the size of the aggregation M .

Proof:

MSE(x̂u) = V ar[x̂u] + (Bias(x̂u, xu))
2 = V ar[x̂u] ∝

1

M
. (B.17)
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