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Fractions are an essential skill for students to master, and one students struggling 

in mathematics face particular difficulty with (National Mathematics Advisory Panel, 

2008; Mazzocco & Devlin, 2008). This study employed the multi-probe multiple baseline 

design to examine the effectiveness of the concrete-representational-abstract (CRA) 

approach and explicit teaching practices to teach fraction equivalence to students 

struggling in mathematics. The study was conducted across four students, and replicated 

simultaneously across four more. The CRA approach included concrete aids such as 

fraction circles and fraction strips, representations such as pictures of fraction circles and 

polygons, and algorithms. Explicit teaching involved following a model-lead-test 

sequence and included an advanced organizer, corrective feedback and cumulative 

reviews. Results of this study indicated that the intervention program was effective to 

improve students‟ performances in fraction equivalence tasks. In particular, the use of 
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representations was seen to impact performance and concrete aids alone may not be 

sufficient to improve performance. With regards types of representational and concrete 

aids employed, results of this study tended to favor the use of linear versus circular aids. 

Results indicated that students whose performances tend to vary may not benefit to the 

same extent as those who have stable profiles. Students who demonstrate variable 

profiles may require additional practice to master skills being taught. This study also 

examined transfer of skills to word problems and, results demonstrated that the CRA and 

explicit teaching approaches were beneficial in helping aiding transfer. Several aspects of 

the program may have contributed to aiding transfer including, minimal exposure to word 

problems during intervention, drawing connections between representations and abstract 

information, and incorporating the fair sharing understanding or quotient interpretation of 

fractions. This program concluded that students were able to maintain performances over 

time, and that representations in particular appeared to aid conceptual understanding and 

promote maintenance of skills.  
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Chapter 1: Introduction 

Fractions pose a very big challenge to both students with and without disabilities 

(National Mathematics Advisory Panel, NMAP; 2008). Numerous studies have 

demonstrated that students have difficulties with fractions, (Behr, Wachsmuth, Post & 

Lesh, 1984; Hiebert, 1985; McLeod & Armstrong, 1982; Ni, 2001; Subramaniam & 

Verma, 2009).  Fractions are even more demanding for students who struggle in 

mathematics, such as students with learning disabilities (LD) or low achievers in 

mathematics (Barbaresi, Katusic, Colligan, Weaver, & Jacobsen, 2005; NMAP, 2008; 

Mazzocco & Devlin, 2008).  

The recent report of the National Mathematics Advisory Panel (NMAP; 2008) 

highlighted the importance of fractions as a foundational skill to algebra, and as a pre-

requisite to success post high school. Of immediate concern to the panel were reports of 

student performance in algebra declining as they moved to higher grades, with less than 

40 percent meeting proficiency levels. Results indicated that 40 to 50 percent of middle 

and high school students struggled with basic elementary level fraction content. The 

performance of students struggling in mathematics is of even greater concern, given that 

these students typically lag two grade levels or more below their peers (Wagner & 

Blackorby, 1996).  

Similar difficulties in fractions have been reported with children in India, and 

educational organizations are striving to identify what works to teach fractions 

(Subramaniam, Subramaniam, & Naik, 2008). A recent World Bank study (Das & 

Zajonc, 2008) ranked the performance of Indian children below children from 43 of 51 

countries participating in the Trends in International Mathematics and Science Study 
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(TIMSS; Mullis, Martin, Gonzalez, Chrostowski, 2003) in 1999 and 2003, with almost 

40% of students unable to pass the basic mathematics knowledge assessment. India also 

falls behind the average for developing countries such as Brazil and Sri Lanka on math 

performance scores (Kingdon, 2007). The World Bank (2009) attributes this failure in 

mathematics in part to poor content knowledge of teachers and poor teaching strategies in 

education. Given the need for effective educational strategies in mathematics for all 

students, and more particularly those with difficulties, this study undertakes to identify 

effective instructional practices to teach fractions to students struggling in mathematics. 

The purpose of this study was to examine the combined effectiveness of two 

approaches, the concrete-representational-abstract (CRA) sequence, and explicit teaching, 

to improve fraction outcomes for students who struggle in mathematics. The combined 

effectiveness of the two approaches has been demonstrated in the literature (Gersten et 

al., 2009; Miller & Hudson, 2007; NMAP, 2008), while the purpose of this study was to 

examine the effectiveness of the two approaches to teach fractions to students in Mumbai, 

India.  

STUDENTS STRUGGLING IN MATHEMATICS 

Depending on the criteria adopted to identify mathematics disabilities, research 

indicates that mathematics disabilities are prevalent in between 5% and 10% of the 

school population (Barbaresi, Katusic, Colligan, Weaver, & Jacobsen, 2005; Fuchs et al., 

2005; Shalev & Gross-Tsur, 2001). In particular, students with learning disabilities (LD) 

struggle with fact retrieval (Bryant et al., 2000), which is can be attributed to a deficit in 

the phonological and semantic memory, or difficulty in inhibiting other information 

(Geary et al., 2007). Another common area of difficulty is the inefficient use of counting 

strategies. Studies have reported that as students move through developmental stages, 
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their counting strategies become more refined, while students with LD continue to make 

use of less efficient strategies to aid their calculations (Geary, 1990, 1991; Geary et al., 

2000). Underlying causes such as working memory deficits also pay an important role in 

struggling learners‟ performance on mathematics tasks. Difficulties associated with 

working memory impact the amount and nature of mathematical information students are 

able to process (Geary, Hoard, & Hamson, 1991; Geary Hamson, & Hoard, 2000; Geary 

et al., 2007; Hecht et al., 2003) and thus hamper their problem solving abilities.  

In general, children with low achievement (LA) tend to perform better than 

students with LD (Fuchs, Fuchs, Mathes, & Lipsey, 2000; NMAP, 2008). However, the 

definition of low achievement in mathematics remains ambiguous, and characteristics of 

students may differ depending on the definition adopted (Murphy, Mazzocco, Hanich, & 

Early, 2007). Very few studies have examined the factors contributing to low 

achievement versus disability in mathematics (NMAP, 2008), and researchers tend to 

combine the two groups when discussing difficulties (Gersten, Jordan, & Flojo, 2005). 

FRACTION CONTENT 

Fractions refer to as any point on the number line, represented as a part-whole 

relationship, with the unit segment [0, 1] as the whole (Wu, 2007). For example, the 

fraction 
4

1
represents one part of the unit segment [0,1] when it is divided equally into 

four. Similarly, each segment on the number line is divided into four equal parts. 

Therefore, a fraction,
4

5
, represents one unit segment and one part of the next segment.  

As part of the content about fractions presented in schools, students acquire both 

conceptual and procedural knowledge of fractions (NMAP, 2008). Conceptual 

knowledge refers to how students understand a topic, and create relationships and links 

with previously learned information, while procedural knowledge refers to a set of rules 
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or algorithms students follow in order to solve a particular problem (Goldman et al., 

1997; Miller & Hudson, 2007). Conceptual knowledge of fractions includes 

understanding fractions as part of the number line, magnitude comparison of fractions, 

and fraction equivalence. Procedural knowledge involves computations with fractions 

including addition, subtraction, multiplication and division. The National Mathematics 

Advisory Panel (NMAP; 2008) recommends that both conceptual and procedural 

knowledge are critical for students‟ successful interaction with fractions, and the 

development of one leads to the development of the other.  

The panel outlines benchmarks for fractions at different grade levels. 

Recommendations of the NMAP (2008) are consistent with focal points for fractions 

outlined by the National Council for Teachers of Mathematics (NCTM, 2006), a leading 

body in mathematics education. By grade four, students should be able to recognize and 

produce fractions, and represent fractions on the number line or through other 

representations. In grade four, students need to develop a strong conceptual 

understanding of fractions, and begin to make comparisons between different 

representations of fractions, such as fractions and decimals. By grade 5, students should 

be fluent in making comparisons between fractions, decimals and percents, and in 

performing basic operations of addition and subtraction of fractions and decimals. By 

grade 6, students should be fluent with all operations with fractions including 

multiplication and division, and be able to extend this knowledge to operations with other 

rational number such as ratio. Finally, by grade 7, students should be proficient with 

computations of positive and negative fractions. 
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DIFFICULTY WITH FRACTIONS 

Fractions, by their very nature as parts of wholes, rather than whole numbers, are 

difficult to grasp. Students‟ prior mathematical knowledge and their understanding of 

fraction concepts have been seen to impact their performance in fractions (Pitkethly & 

Hunting, 1996; NMAP, 2008). The literature also documents the influence of underlying 

processes, specifically working memory, on mathematical and fraction performance for 

students (Geary, Hecht, Close & Santisi, 2003). In the following section, I provide an 

overview of difficulties children face when learning fractions.  

Mathematical Knowledge 

Many children struggle to learn fractions, and one explanation for their difficulties 

is early exposure to, and working with, whole numbers (Pitkethly & Hunting, 1996; 

NMAP, 2008; Ni & Zhou, 2005). Students begin to conceive the number line as 

consisting of discrete units and fail to see how these can be further sub-divided (Mix, 

Levine, & Huttenlocher, 1999). When reading a fractional number, therefore, students 

tend simply to read the numerator and denominator as two separate wholes (for example, 

¾ as „three and four‟) and fail to see the relationship between the two numbers (Gallistel 

& Gelman, 1992). These errors can occur despite using the measure one-fourth, or half, 

or three-fourths in day to day situations. It is a failure, according to Hiebert (1985), of 

connecting form (symbols, numerals, and algorithms) with understanding (connecting 

mathematical ideas and real-life situations). Children may have an intuitive knowledge of 

fractions, but do not apply this to their abstract representation (Mack, 1990, 1995).  

Children also have difficulties when conceptualizing fractions in ways other than 

the part-whole representation (NMAP, 2008; Pitkethly & Hunting, 1996). From early 

grades, fractions are usually represented as being part of a whole such as dividing a 

rectangle, or a pie. These depictions of fractions make it difficult to comprehend 
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improper fractions where the denominator is smaller than the numerator (for example 
3

4

). The partitive model of fractions forms the basis for most fraction instruction in schools 

(Charalambous & Pitta-Pantazi, 2007) and it is emphasizing the part-whole relationship 

that further inhibits the development of other sub-constructs of fractions, such as 

fractions as quotients or fair-shares (Steffe, 2002). 

Underlying Causes 

In addition to aspects of the fraction content itself that contributes to difficulties 

learning, certain underlying processes also impact students‟ understanding of fractions. 

Working memory is noted to influence students‟ computation with fraction problems as 

well as solution of word problems with fractions (Hecht, Close & Santisi, 2003).  

Working memory deficits can inhibit students‟ conceptualization of fractions (NMAP, 

2008), and the impact is more pronounced for struggling learners who have limited 

working memory capacity (Fletcher, Lyon, Fuchs, & Barnes, 2007; Geary, Hoard, Byrd-

Craven, Nugent, & Numtee, 2007).  

Grobecker (1999) examined the proportional reasoning of students with and 

without learning difficulties. She noted that although proportional thinking evolves 

similarly in both students with and without disabilities, struggling learners tend to use 

inferior strategies when solving problems involving fractions when compared to their 

peers.  

Given the challenges that students in general, and more specifically students 

struggling in mathematics, face with fractions, it is essential to identify interventions that 

target performance in this critical foundational skill. To anchor the instructional methods, 

this study (a) refers to standards related to academic content, (b) examines evidence-

based practices in mathematics. When selecting approaches, this study draws on 
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evidence-based practices identified by Gersten et  al. (2009) and the National 

Mathematics Advisory Panel (2008). 

STANDARDS BASED MATHEMATICS INSTRUCTION 

Alarmed at the low mathematics performance scores of  attained by some students 

in mathematics, the National Council of Teachers of Mathematics (NCTM; 1989, 2000) a 

leading force in mathematics reform in the United States (Blank & Dalkilic, 1992; 

Woodward & Montague, 2002) developed principles and standards to ensure all students 

receive appropriate mathematics instruction. Founded on the principle of equity, the 

standards were developed to ensure that excellence in mathematics was not confined to a 

specific group of students, but rather, was a right for all students (Lubienski, 2001). The 

equity principle of mathematics argues against „watering down‟ the curriculum for 

students of different abilities (NCTM, 2000). Students with disabilities and those from 

diverse backgrounds should be provided access to the same curriculum and held to the 

same standards as their peers. Identifying quality educational practices becomes critical 

therefore, if students are to participate successfully in the general education classroom, 

and learn mathematics meaningfully to apply their knowledge to their day to day living 

activities.  

The NCTM (1989, 2000) outlined ten standards (hereafter Standards) to be 

reflected in school mathematics education in Grades K through 12; five content standards 

(Number and Operations, Algebra, Geometry, Measurement, and Data and Analysis and 

Probability) detailing what should be taught, and five process standards (Problems 

Solving, Reasoning and Proof, Communication, Connections, and Representation) 

emphasizing the type of thinking practitioners should encourage when teaching the 

content. Fractions, as a content topic, fall under the Number and Operations standard and 
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include conceptual knowledge of fractions such as the relationship of fractions to whole-

numbers and the number-line, fraction equivalence, and procedural knowledge including 

operations with fractions. 

The emphasis of the Standards is on how content should be addressed. Problem 

solving, the first process standard, encourages students to build new mathematical 

knowledge by engaging in problem solving activities using multiple strategies, and 

applying this knowledge to problems arising in real-life situations. The Standards place 

particular emphasis on problem solving, describing it as the „cornerstone of school 

mathematics‟ (NCTM, 2000, p. 3) and urge that it be integrated in all content areas of 

mathematics. The guide recommends problems used reflect those that students would 

experience in real-life situations, and include problems without obvious answers. The 

teacher‟s role is primarily a facilitator, guiding and monitoring the problem solving 

process and engaging students in discussions about their mathematical thinking. 

The standard of reasoning and proof involves analyzing and evaluating 

mathematical relationships. Students are encouraged to examine their mathematical 

thinking and describe how they arrived at a solution to a problem. In the early grades, 

students should begin to see patterns and investigate the relationships that exist among 

them. Again, the teacher serves primarily as a facilitator, questioning students‟ thinking 

and encouraging them to engage in meaningful discussions with their peers.  

Communication calls for students to engage in conversations to share 

mathematical ideas and consolidate learning. As part of a group, students are encouraged 

to explore their mathematical reasoning and convey their ideas clearly, making use of 

mathematical language. As part of the connections standard, students are encouraged to 

examine how they can relate different topics in mathematics with their own set of 
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experiences and knowledge. Making connections across different mathematical ideas 

facilitates a deeper understanding of mathematical content.  

Finally, the Standards call for the use of representations when expressing 

mathematical ideas. Representations make knowledge more accessible and enable 

students to better relate to abstract symbols in mathematics.    

Since the Standards were developed in 1989, they have been adopted in at least 41 

states (Blank & Dalkilic, 1992) and form the emphasis of most general education 

mathematics curricula (Woodward & Montague, 2002). The Standards ensure meaningful 

participation with mathematics, encouraging students to examine how mathematics 

relates to their own lives. Strategies to teach mathematics to struggling learners need to 

be aligned to the Standards to ensure students develop the knowledge and skills to use in 

their lives and in the future. 

EVIDENCE BASED PRACTICES FOR MATHEMATICS INSTRUCTION 

A second body of literature this study draws from is evidence-based practices for 

students struggling in mathematics. The What Works Clearinghouse (WWC; Gersten et 

al., 2009) published a guide detailing evidence-based practices to teach mathematics to 

struggling learners in elementary and middle schools. The guide presents seven 

recommendations grounded in research to teach mathematics to struggling learners 

including (a) emphasis on whole numbers from grade 1 to 5, and rational numbers from 

grade 4, (b) explicit and systematic instruction, (c) use of word problem solving 

strategies, (d) use of visual representations and manipulatives, (e) basic fact fluency, (f) 

progress monitoring, and (g) use of motivational strategies.  The WWC guide also 

distinguishes between practices having a strong, moderate, and adequate research base, 

categorizing the visual representations and manipulatives, under which the concrete-
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representational-abstract strategy falls, as supported by a moderate evidence base and the 

explicit teaching approach as having a strong evidence-base. The NMAP, as part of its 

meta-analysis of effective strategies to teach mathematics to students with LD and low 

achievers in mathematics, also identified explicit teaching practices and the use of 

manipulatives and representations as effective to teach students struggling in mathematics 

(NMAP, 2008;  Gersten et al., 2009). In the following sections, I describe the CRA and 

explicit teaching approaches to instruction. 

CRA and Explicit Teaching 

The CRA approach, as envisioned and researched by Miller, Mercer and their 

colleagues, is introduced using an explicit teaching framework. Several researchers have 

combined the CRA and explicit teaching approaches to teach mathematical concepts to 

struggling learners. Hudson, Miller, and Butler (2006), in their article encouraging the 

use of explicit teaching practices for struggling learners, reported that most of the 

research in CRA has involved the explicit teaching of concepts. Studies have addressed 

basic operations in mathematics (Mercer & Miller, 1991, 1994; Miller, Harris, Strawser, 

Jones, & Mercer, 1998), as well as higher concepts such as rational numbers (Butler et 

al., 2003; Jordan, Miller, & Mercer, 1999), algebra (Witzel et al., 2003) and geometry 

(Cass et al., 2003; Mulcahy, 2007). In the following sections, I describe the CRA 

sequence of instruction and explicit teaching of fractions.  

CRA Approach 

The CRA sequence to teach mathematics involves a systematic progression 

through the use of manipulatives, graphical representations and finally abstractions, to 

help students develop a strong understanding of mathematical concepts (Miller & 

Hudson, 2007). The concrete phase of instruction incorporates the use of manipulatives 
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such as Cuisenaire rods, small objects, and construction paper; representational phase 

includes using pictures of objects, tally marks, or the number line; and finally at the 

abstract phase students solve mathematical problems using only numbers. When students 

have achieved the mastery criterion for solving problems using manipulatives, instruction 

then begins at the representational level. When mastery level is achieved at this phase, 

then instruction continues entirely at the abstract level. The effectiveness of the CRA 

approach for students struggling in mathematics has been demonstrated repeatedly in the 

literature. The CRA sequence has been seen to improve performance in mathematics for 

students with students struggling in mathematics including students with LD and at-risk 

for failure (Kroesbergen & Van Luit, 2003; Miller, Butler, & Lee, 1998). It has been used 

to teach concepts of addition, multiplication, fraction equivalence, geometry and algebra 

(see Harris, Miller, & Mercer, 1995; Hiebert, Wearne, & Taber, 1991; Miller & Mercer, 

1993).  

The CRA sequence was selected for this study for two reasons. First, the NMAP 

(2008) highlighted the need for emphasizing both conceptual knowledge and procedural 

knowledge of fractions. Miller and Hudson (2007) discussed evidence-based practices in 

mathematics specifically to improve conceptual knowledge and cited the CRA teaching 

sequence as one method repeatedly seen to enhance conceptual understanding in 

mathematics. The CRA sequence is introduced using an explicit teaching framework with 

emphasizes procedural understanding of a task, breaking down a skill into component 

tasks till mastery is achieved. Thus the CRA approach addresses both conceptual and 

procedural knowledge of mathematics.  

Second, the CRA sequence aligns well with the NCTM process standards of 

representation, connections and reasoning and proof (Hudson, Miller & Butler, 2006). As 

part of the sequence, students are presented numerous representations of the concept 
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being taught using concrete aids and graphic representations. Students learn to make 

connections between the different representations, from the concrete to the abstract, 

relating concepts to experiences in their daily lives. They are taught to reason how to 

represent problems, and to justify the accuracy of their representations. The CRA 

therefore, is one approach seen to be effective for struggling learners, as well as meets 

current trends in mathematics education. 

Explicit Teaching 

Explicit instruction and systematic instruction are terms used to describe a set of 

teaching practices adopted from Direct Instruction (Adams & Carnine, 2003) which 

include an advanced organizer, modeling, guided practice, independent practice, 

corrective feedback and progress monitoring. Direct, explicit instruction has repeatedly 

been identified as an effective instructional delivery model to teach struggling learners 

(Butler, Miller, Lee & Pierce, 2001; Baker, Gersten, & Lee, 2002; Gersten et al., 2009; 

Kroesbergen & Van Luit, 2003; Miller, Butler, & Lee, 1998; Rosenshine, 1986), and the 

use of explicit and systematic teaching procedures have become effective teaching 

practices for most intervention studies in special education conducted in the U.S. When 

teaching fractions using the explicit teaching approach, a skill is broken down into its 

components parts, targeting one step at a time till mastery (see Engelmann & Steely, 

2005; Stein, Silbert, & Carnine, 1997). For example, a lesson may address writing 

denominators of fractions on the number line, or reading fractional quantities. Instruction 

proceeds only once mastery has been attained on previous skills.  

Over the years, numerous research studies and syntheses have documented the 

effectiveness of explicit teaching strategies for struggling learners, specifically for 

fractions, and for mathematics instruction in general. When teaching fractions, explicit 
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teaching instruction has made use of Direct Instruction software such as Mastering 

Fractions (see Bottge & Hasselbring, 1993; Gersten & Kelly, 1992; Kelly, Gersten & 

Carnine, 1990), published Direct Instruction curriculum, and guides to develop 

instruction using a direct instruction approach (see Flores & Kaylor, 2007). For 

mathematics in general, Swanson (1999) and Swanson and Hoskyn (1998), in their 

exhaustive meta-analysis examining instructional studies over a period of 25 years, 

identified components of explicit teaching such as segmenting tasks, repeated practice, 

and scaffolding instruction as best practices to teach students with learning difficulties. 

Rosenshine (1986), in his synthesis of explicit teaching practices, highlighted six 

teaching functions associated with explicit instruction that were effective: reviewing 

previous work, modeling procedures, guided practice, corrective feedback, independent 

practice, and periodic reviews to monitor progress. Kroesbergen and Van Luit (2003) 

evaluated the effectiveness of mathematical interventions for students with special needs, 

concluding that interventions incorporating a more explicit instructional were more 

effective when teaching children with difficulties than more mediated- or reform-based 

instruction. Most recently, the WWC‟s (Gersten et al., 2009) guide of best practices to 

teach mathematics to struggling learners cited the use of explicit teaching practices as 

supported by a strong evidence base and recommended they be incorporated in all 

interventions. 

RATIONALE 

The combined effectiveness of the CRA approach and explicit teaching has 

repeatedly been documented to enhance mathematical outcomes for struggling learners 

(Gersten et al., 2009; Miller & Hudson, 2007; NMAP, 2008). Very few studies, however, 

have specifically examined the effectiveness of these approaches with fractions (see 
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Butler, Miller, Crehan, Babbitt, & Pierce, 2003; Jordan, Miller & Mercer, 1999). This 

study will add to the current research base on the effectiveness of the CRA and explicit 

teaching approaches to improve performance in fractions for students struggling in 

mathematics.  

Second, all studies with students struggling in mathematics were conducted in the 

United States, and the majority of research has been conducted by the same body of 

researchers (see Miller & Mercer, 1993; Harris, Miller, & Mercer, 1995). This study will 

expand the scope of the CRA and explicit teaching literature by examining their 

effectiveness in Mumbai, India.  

Third, previous studies employed group designs to study the impact of the two 

approaches on performance in fractions (see Butler et al., 2003; Jordan, Miller, & Mercer, 

1999). This study employs the single subject design to examine the effectiveness of the 

CRA and explicit teaching approaches. Children struggling in mathematics do not all 

share the same characteristics (Bryant, Bryant & Hammill, 2000; Geary, 2004; Jordan, 

Hanich, & Kaplan, 2003). Employing the single subject design allows the researcher to 

examine how each student responds individually to instruction, and how the response 

may differ depending on individual characteristics of the student. Employing a single-

subject design is a first-step to examining the effectiveness of these approaches in 

Mumbai, India. The flexibility that the design affords compared to group designs, will 

allow researchers to identify areas for future adaptation of the program to the Indian 

context.  

STATEMENT OF PURPOSE 

The purpose of this study was to extend the current research base on fractions 

with students struggling in mathematics, by investigating the combined effectiveness of 
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these two approaches on fraction outcomes with students in Mumbai, India. The CRA 

approach, by definition, incorporates the explicit teaching framework (Miller & Mercer, 

1992). For the purpose of this study, however, I chose to discuss the CRA approach as 

the systematic use of manipulatives and representations, and the explicit teaching 

approach as the model of delivery incorporating principles of direct instruction. Explicit 

teaching, as evidence-based practice has repeatedly been demonstrated in the U.S. and is 

now incorporated into most instructional strategies for students with academic difficulties 

(see Bryant et al., 2008; Darch, Carnine, & Gersten, 1984; Jitendra et al., 1998). In India, 

however, the systematic use of the explicit teaching approach has not been documented 

as part of instructional strategies for students with difficulties (Banerjee, Cole, Duflo, & 

Linden, 2007)  and leading bodies in mathematics instruction, recommend the use of 

more discovery-learning methods to teach mathematical concepts (Navnirmiti, n.d.; Naik, 

2008). The explicit teaching framework therefore, remains a novel approach and its use 

as part of a teaching sequence needs to be investigated. Specifically, the following 

research questions were used to guide this inquiry: 

1. Do students struggling in mathematics improve the accuracy of their 

performance in solving problems involving fraction equivalence when taught using CRA 

and explicit instruction? 

2. Do students struggling in mathematics transfer their knowledge of fraction 

equivalence to word problems, when taught using CRA and explicit instruction? 

3. Does the use of CRA and explicit instruction to teach fraction equivalence 

to students struggling in mathematics result in maintenance of their performance over 

time? 
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SIGNIFICANCE OF THE STUDY 

This study targets a much needed and under-researched area in the field of 

mathematics, that is, fractions (NMAP, 2008). Previous research in the area of fractions 

has identified fractions as a skill students repeatedly struggle with, but one that is 

essential for their academic advancement (Hecht, Close, & Santisi, 2003; Mazzocco & 

Devlin, 2008; Subramaniam & Pradhan, 2007). One explanation for students‟ difficulty 

in fractions is that they have a very superficial understanding of the concepts and hence 

are not able to apply or manipulate fractional quantities. This study hopes to bridge this 

gap by targeting students‟ understanding of fraction concepts through a conceptual 

approach. Further, few studies have been conducted to examine effective interventions to 

teach fractions. This study hopes to contribute to the research base by identifying 

effective practices to teach fractions to students struggling in mathematics. 
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Chapter 2: Review of Related Literature 

Fractions have repeatedly been identified in the literature as one of the most 

difficult concepts in mathematics for students to understand and master (Charalambous & 

Pitta-Pantazi, 2006; Hiebert, Wearne & Taber, 1991; Lesh, Behr, & Post, 1987; Pitkethly 

& Hunting, 1996). Results from the NMAP (2008) highlight students‟ difficulty with 

conceptualizing fractions, a foundational skill for later mathematical success. Students 

with difficulties in mathematics, such as students with LD and low achievers in 

mathematics, struggle even more with fractions than their peers without disabilities 

(Groebecker, 1999; Wagner, 1995). Few studies have investigated instructional strategies 

specifically to teach fractions to students struggling in mathematics (for reviews of 

mathematics literature see Baker, Gersten, & Lee, 2002; Maccini & Hughes, 1997; 

Micallef & Prior, 2004; Xin & Jitendra, 1999).  

A review of the fraction literature for learners struggling in mathematics indicates 

that strategies effective to teach mathematics in general are effective to teach fractions 

(Misquitta, in press). One strategy documented in the literature is the use of the CRA 

approach to teach mathematics (Gersten et al., 2009; Miller & Hudson, 2007). A second 

strategy, the use of explicit instruction strategies has a strong research base indicating its 

effectiveness to teach mathematics to struggling learners (Gersten et al., 2009; NMAP, 

2008; Swanson, 1998). Literature indicates that the CRA approach is most often 

combined with explicit teaching as a method of delivery when teaching students 

struggling in mathematics (Hudson, Miller, & Butler, 2006). In fact, all studies 

addressing the CRA approach reviewed in this chapter, made use of explicit teaching 

procedures as a method of delivery.  
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This chapter presents an overview of literature pertaining to mathematics and 

fractions for students who struggle in mathematics. The purpose of this review is to (a) 

describe characteristics of students with difficulties in mathematics in general, and in 

fractions specifically, (b) examine the status of interventions in the field to teach fractions 

to struggling learners and normally achieving peers, (c) review literature combining the 

CRA and explicit teaching approaches to teach students struggling in mathematics, (d) 

and lend validation to the purpose of this study. 

CHARACTERISTICS OF STUDENTS WITH DIFFICULTIES IN MATHEMATICS 

Mathematics Disabilities 

Several studies have documented difficulties faced by students with mathematics 

disabilities (MD; Bryant, Bryant & Hammill, 2000; Geary, 1993; Geary, 2004; Jordan, 

Hanich, & Kaplan, 2003). Studies have reported difficulties with computation and with 

problem solving (Fletcher, Lyon, Fuchs, & Barnes, 2007). Mathematics difficulties may 

be seen in conceptual knowledge and well as procedural knowledge (Geary, 2004), that 

can be traced to underlying cognitive deficits, such as working memory deficits. Bryant 

et al. (2000) identified nine behaviors most commonly seen across students with MD, 

which include, (a) difficulty with multi-step problems, (b) regrouping errors, (c) fact 

retrieval, (d) misspelling numbers, (e) unreasonable answers, (f) poor calculation when 

order of digits are altered, (g) errors in copying accurately, (h) errors when ordering and 

spacing for multiplication and division, and (i) not remembering number words or digits. 

In the following sections, I describe difficulties most commonly documented in the 

literature (NMAP, 2008). 
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Fact Retrieval 

Literature on mathematical difficulties consistently identifies efficient retrieval of 

mathematics facts as a primary difficulty faced by students with MD (Bryant et al., 2000; 

Jordan & Hanich, 2003; Jordan, Hanich & Kaplan, 2003). Difficulties in fact retrieval 

have been attributed to a more general deficit with the phonological and semantic 

memory (Geary, Hamson & Hoard, 2000). Jordan, Hanich and Kaplan (2003) analyzed 

performance of third-graders with good fact mastery to those with poor fact mastery. In 

this longitudinal study, the authors tracked students‟ performances in the second and third 

grade. Results indicated that students with poor fact retrieval at the end of the third grade 

showed almost no growth for the duration of the study, while those with good fact 

retrieval at the end of the third grade, improved at a steady rate.  

Retrieval of facts is also hampered due to inefficient inhibiting of irrelevant 

associations (Barrouillet, Fayol & Lathurliere, 1997; Geary et al., 2007; Passolunghi & 

Siegel, 2001).  Barrouillet, Fayol and Lathuliere (1997) examined errors of adolescents 

with LD on multiplication facts. The authors reported that errors tended to be more when 

the product was higher. Facts involving the 4, 6, 7, 8 and 9 times tables were the most 

difficult to retrieve. Further, when multiple products were associated with a particular 

operator, retrieval of facts were more difficult. The authors attributed this difficulty to a 

failure to inhibit incorrect responses. The failure to inhibit inappropriate answers was also 

seen with arithmetic facts (Geary et al., 2000) where errors in arithmetic factors were 

seen most when a counting-string was associated with a particular addend. For example, 

stating the answer as 3 or 7 for the problem 2 + 6, which are the numbers after each 

addend.  
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Efficient Counting Strategies 

Students with LD tend to use less efficient counting strategies than their peers 

(NMAP, 2008). When using the counting-on strategy for example, students tend to count 

up from the lower addend, instead of using the min procedure, that is starting with the 

bigger addend and counting on, and are therefore more likely to make errors.   

Geary (1990) examined the strategy choice of students with and without LD. The 

author noted that a sub-group of students (LD-No change) tended to make more errors 

that their peers, and tended to overuse the counting-all strategy (that is counting both 

addends starting from 1) instead of the counting-on strategy (counting up from the larger 

addend) which is a more efficient strategy. In a follow-up study, Geary (1991) compared 

the strategy choice of the LD-no change group with students without disabilities. The 

author noted a gradual shift towards more efficient strategy use that is from counting-all 

to fact retrieval for the group without disabilities, but no change in the strategy use for the 

LD- no change group. The author did note that the LD-no change group improved their 

overall counting accuracy.  

In a subsequent study, Geary and colleagues (Geary et al., 2000) examined the 

strategy use of first graders with a combination of mathematics and reading disabilities 

(MD/RD), only MD, only reading disabilities (RD) and with no disabilities. The authors 

noted that students with MD continued to use finger counting as a strategy when their 

peers, including students with reading disabilities (RD) graduated to more efficient 

strategies (Geary et al., 2000). In addition, the MD/RD and MD groups tended to make 

more errors while counting on their fingers. Similar findings were reported by Jordan and 

Montani (1997) who examined the strategy use of third-graders with MD only and 

MD/RD combined in timed and untimed conditions. Results indicated the MD only group 

performed better in untimed than timed conditions. Examination of the strategies 



 

 21 

employed indicated this group tended to rely on back-up or less efficient counting 

strategies to aid problem solving. Similar to results noted by Geary et al. (2000), the MD/ 

RD group performed significantly lower on all tasks when compared to MD only group 

and typically achieving peers.  

With regards fractions, Groebecker (1999) examined the development of 

proportional reasoning, a pre-requisite for rational numbers, of grade two to grade seven 

students with LD (n = 29) and without LD (n = 30). The author was interested in the 

progression from additive thought structures to higher order multiplicative structures. 

Students were asked to divide cheerios among fish of different sizes in given proportions. 

Results indicated that significantly higher number of students with LD tended to make 

use of inferior strategies to solve problems that their peers. Students with LD tended to 

make use of addition rather than multiplication when solving problems that required 

proportionality. 

Underlying Causes 

The underlying cause most frequently associated with difficulties in mathematics 

is working memory. Working memory refers to the ability to retain information while 

processing another task (Mabbott & Bisanz, 2008). Children with LD have limited 

working memory which impacts their ability to store and retrieve information when 

solving problems (NMAP, 2008; Geary, Hoard, Byrd-Craven, Nugent, & Numtee, 2007). 

Studies have reported difficulties in verbal and visual-spatial working memory (Hitch & 

McAuley, 1991; Geary et al., 2007), and that domain-specific and well as domain-general 

working memory deficits were associated with mathematical difficulties (Swanson & 

Sachse-Lee, 2001; Wilson & Swanson, 2001). The associations of working memory and 

mathematics are complicated and more research is needed to identify which specific 
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components of the working memory are associated with mathematics difficulties (Geary, 

Hamson, & Hoard, 2000; Geary, Hoard, Byrd-Craven, & DeSoto, 2004). 

In one experiment, Hitch and McAuley (1991) sought to identify the cognitive 

deficits of students with arithmetic learning difficulties (ALD) by examining the types 

and amount of information that they could be temporarily stored. The authors compared 

the performance of 15 eight and nine-year olds with arithmetic learning difficulties with 

15 students with no disabilities on concurrent visual and auditory counting span and 

comparison span tasks. Participants were asked to recall the objects and sounds counted, 

and objects and sounds identified as odd from among a set. Results indicated that 

participants with arithmetic difficulties had significantly lower concurrent counting spans 

than those without disabilities, but did not differ on concurrent comparison tasks. The 

authors concluded that these difficulties could be attributed to a deficit in working 

memory capacity. In a follow up experiment, the authors sought to further identify 

specific components of the working memory that may be associated with mathematics 

difficulties. With the same cohort of students, the authors assessed counting and the 

ability to store information temporarily through auditory digit span, visual counting span, 

rate of speech articulation and counting to support their hypothesis. The arithmetic 

learning difficulties group was significantly slower than regular group on counting and 

auditory digit span.  

In a series of studies, Geary and his colleagues (Geary, Hoard, & Hamson, 1991; 

Geary Hamson, & Hoard, 2000; Geary et al., 2007) examined the relationship of working 

memory and mathematics difficulties. Geary, Hoard, & Hamson (1991) assessed 

performance of 55 first-grade students at-risk for LD to regular achieving peers (n = 35). 

The authors assessed students on recognition and understanding of numbers, counting 

knowledge, use of efficient strategies, digit span and articulation speed. Specifically for 
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working memory, the authors were interested in students‟ backward digit span 

performance. Participants were divided into four groups: those with mathematical and 

reading difficulties (MD/ RD), those with only mathematics difficulties (MD), only 

reading difficulties (RD) and students without disabilities. Results indicated that on the 

backward digit span tasks, the MD/ RD group performed significantly lower than the RD 

or normal achieving peers. A further analysis of the MD group indicated that students 

who had failed to detect double counting errors, that is, errors where the first chip was 

counted twice, scored significantly lower on backward digit span test. The authors 

concluded that students with mathematics learning difficulty have deficits in their 

working memory capacity, specifically in retaining information stored in the 

phonological loop, while engaged in other tasks.  

In a subsequent study, Geary, Hamson and Hoard (2000) examined the 

mathematical performance of first and second graders with mathematics disabilities 

(MD), reading disabilities (RD), and mathematics and reading disabilities (MD/RD), and 

regular achieving peers. Results indicated the MD/RD group performed significantly 

lower than their normally achieving peers on backward digit span tasks. No group 

differences were reported for the MD and RD groups. The authors suggested that more 

research was needed to identify specific components of working memory that may be 

associated with mathematical difficulties, and digit span tasks were may not be sufficient 

to identify the role of working memory and mathematics achievement.  

In a recent study, Geary et al. (2007) assessed the working memory abilities of 

students with LD (MLD), low achievers in mathematics (LA) and typically achieving 

students (TA). Participants included 15 MLD students, 44 LA, and 36 TA students. 

Working memory was assessed through various visual-spatial and verbal span tests 

targeted the central executive system, phonological and visual representations, and the 
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speed of processing.  Results indicated that the MLD group performed significantly lower 

on tasks involving the phonological and visual representations, as well as central 

executive system, with the central executive system emerging as the primary mediator for 

mathematics difficulties, with both the phonological loop and visuospatial sketch pad 

contributing to more significant difficulties in mathematics. Difficulties in central 

executive were seen as contributing to differences between MLD and LA groups. Both 

the MLD and LA groups performed significantly lower on speed of processing subtest 

than the TA group.   

Hecht, Close & Santisi (2003) assessed the contributions of working memory, 

conceptual understanding of fractions and arithmetic operations to performance in 

fractions. The authors assessed 105 fifth-grade students on various outcome measures 

targeting procedural and conceptual knowledge of fractions, arithmetic performance, and 

counting span. Using a factor analysis the authors concluded that working memory was 

seen to independently contribute to students‟ understanding of fractions. Working 

memory was seen to influence students‟ word problem solving with fractions 

independent of arithmetic knowledge and conceptual knowledge of fractions. When 

examining factors contributing to fraction computations, results indicated working 

memory contributed uniquely to arithmetic operations which in turn influenced students‟ 

performance in fractions. 

Difficulties with Fractions 

Very few studies have specifically examined the difficulties students struggling in 

mathematics face with fractions (see Mazzocco & Devlin, 2008). However, an extensive 

research base documents why fractions are a difficult skill for all students to master 

(Behr, Wachsmuth, Post, & Lesh, 1984; Mack, 1990, 1995; Ni, 2001; Ni & Zhou, 2005; 
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Streefland, 1991). It can be assumed that students struggling in mathematics would 

experience difficulties faced by their typically achieving peers in addition to those 

specific to struggling learners, as their performance is typically two grade levels below 

their peers (Wagner, 1995). For example, Mazzocco and Devlin (2008) assessed three 

groups of students––students with mathematics disabilities (MD), low achievers, and 

typically achieving students––on naming decimals and fractions, rank ordering rational 

numbers including decimals and pictures of fractions, and determining equivalence of 

decimal and fractions. The authors concluded that while all children faced difficulty in 

rational numbers, students with MD differed both quantitatively and qualitatively in their 

performance from typically achieving peers. Also, while the performance of students 

with MD was significantly lower than that of their low achieving peers in some tests, 

both students with MD and low achievers struggled with determining equivalence of 

decimals and fractions, and ranking rational numbers compared to their typically 

achieving peers.  

In this section, I discuss difficulties students face while learning knowledge 

related to fractions, including literature pertaining specifically to students struggling in 

mathematics. It should be noted that in addition to difficulties specific to fraction content, 

those that impact mathematics performance in general, such as fact retrieval and working, 

also influence students‟ working with fractions (Hecht, Close & Santisi, 2003). 

Whole Number Bias 

One of the primary difficulties observed when learning fractions is that students 

tend to confuse whole number and fraction concepts (Pitkethly & Hunting, 1996), termed 

as the whole-number bias (Ni & Zhou, 2005). Students use their understanding of whole 

numbers to solve problems with fractions. For example, simply adding numerators and 
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denominators, or comparing the magnitude of fractions based on either the value of the 

numerator or denominator alone (NMAP, 2008).  

Mack (1990) examined the ways in which students‟ prior knowledge of whole 

numbers influenced their understanding of fractions. In a case study of four third-grade 

and four fourth-grade students, the author introduced the concept of fractions to each 

child individually using clinical interviews and co-constructing knowledge. The 

intervention program made use of real-world problems presented verbally and then 

symbolically. Results indicated that while students were able to appropriately distinguish 

between whole numbers and fraction quantities when verbally answer real-world 

problems, they did not extend this knowledge to symbolic representations of the same. 

Prior knowledge of whole numbers interfered with learning with students treating the 

numerator and denominator of fractional quantities as whole numbers. Mack (1990) 

concluded that students were unable to represent their intuitive knowledge of fractions in 

the real-world with symbols for fractions.  

Behr, Wachsmuth, Post, & Lesh (1984) reached similar conclusions when 

teaching fractions to fourth-graders. The authors conducted clinical interviews through a 

teaching experiment for 12 fourth-graders. Instruction focused on establishing order and 

equivalence of fractional quantities and made use of concrete manipulatives and visual 

representations. Results indicated that students‟ prior knowledge of whole numbers 

interferes with their initial understanding of fraction concepts. However, this dominance 

of whole number interpretations of fractions diminished as instruction progressed.   

This over-use of whole number knowledge has been seen with struggling learners 

as well. Woodward, Baxter, and Robinson (1999) investigated the effectiveness of an 

approach to teach decimal fractions to 35 eighth- and ninth-grade struggling learners in 

mathematics including students with LD. When examining students‟ error patterns, the 
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authors noted that students tended to use whole number strategies when computing with 

rational numbers, and interpret rational numbers using their understanding of whole 

numbers. For example, students simply ordered decimal numbers by the number of digits 

in the entire number (0.6 was ranked smaller than 0.47). 

Nature of Wholes 

Early pictorial representations of fractions tend to depict fractions as parts of 

discrete wholes, for example, pieces of a pie, instead of as continuous values (Pitkethly & 

Hunting, 1996). This over-emphasis of the part-whole model interferes with the 

development of other fraction sub-constructs such as fractions as ratios or quotients, or 

improper fractions such as   (NMAP, 2008).  

Sophian et al. (1997) investigated how young children developed their 

understandings of the quotient sub-construct of fractions, or fractions as fair shares. The 

authors examined the performance of 56 kindergarten, first grade and second grade 

students on their understanding of creating equivalent fractions or fair shares. Results 

indicated that students consistently made more errors when creating more shares, and had 

difficulty recognizing the inverse relationship between the size of parts and number of 

parts. Only 25% of students were correct more often than incorrect when dividing wholes 

into fair shares. In a subsequent experiment, the authors contrasted the performance of 16 

kindergarten students on similar tasks that required students to partition wholes, rather 

than create fair shares. Although students still made consistently more errors when 

dividing among recipients, 69% of students compared to 25% in the previous study 

achieved more success than failure. 
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INSTRUCTIONAL STRATEGIES 

This paper reviewed three bodies of literature on instructional strategies: (a) 

fraction instruction for students struggling in mathematics, (b) fraction instruction for 

typically achieving students, and (c) the use of CRA and explicit teaching to teach 

mathematics concepts to student struggling in mathematics. A total of 13 studies 

targeting fraction instruction for students struggling in mathematics, 16 studies 

addressing fraction instruction for typically achieving students, and eight studies that 

combined the CRA and explicit teaching approaches for students struggling in 

mathematics were reviewed. In this review, fraction refers to content addressing rational 

number knowledge including basic fractions, decimals and percents. Tables 1, 2 and 3 

present an overview of study characteristics. 

OVERVIEW OF STUDIES 

Of the studies targeting fraction instruction for struggling learners, seven 

employed treatment/ comparison designs, four single group designs, and two single-

subject designs. A total of 288 struggling learners were included in these studies. Three 

studies targeted students in elementary grades and ten focused on students in middle and 

high school. Of the general education studies, all 16 general education studies employed 

treatment/ comparison designs and included a total of 2,912 participants. Ten studies 

focused on elementary instruction that is between grades 2 to 5 and the ages of 6 to 10, 

and six targeted middle- and high-school students. Four of the eight CRA and explicit 

teaching studies employed single-subject designs, and four employed treatment-

comparison designs. This review includes studies conducted in English and in languages 

other than English. 
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Table 1: Characteristics of Fraction Studies for Students Struggling in Mathematics. 

Study Participants Grade Design Setting SES Race/ 

Ethnicity 

Age  

Baker, Young, & Martin 

(1990) 

Treatment Fidelity 

 

6 LD 5 Experimental: Pre-test-post-

test control group design 

Sydney, 

Australia 

NR NR NR 

Bottge (1999) 

Treatment Fidelity 

Validity 

 

 

2 LD, 4 OHI, 11 

at-risk 

8 Experimental: Pre-test-post-

test control group design 

Rural school 

district, 

Midwest, 

U.S. 

NR NR NR 

Bottge & Hasselbring 

(1993) 

Treatment Fidelity 

Validity 

 

17 with 

disabilities 

9 Quasi-experimental: Pre-test-

post-test single group design 

Midwest, 

U.S. 

NR NR NR 

Bottge, Heinrichs, Mehta, 

& Hung (2002) 

Treatment Fidelity 

Validity 

 

7 LD, 1 ED, 34 

without 

disabilities 

7 Quasi-experimental: Pre-test-

post-test control group design 

Rural school 

district, 

Midwest, 

U.S. 

NR NR NR 

Butler et al. (2003) 

Treatment Fidelity 

Std. Measures 

Validity  

 

42 LD, 8 MLD;  

65 8th grade for 

norm reference 

group 

6,7,8 Quasi experimental: Pre-post 

control group design 

Urban school 

district, 

south-

western U.S. 

NR NR 11 to 15  

Flores & Kaylor (2007) 

Treatment Fidelity 

 

30 at-risk for 

failure in math 

7 Quasi-experimental: Pre-

post-test single group design 

Rural school 

district, 

south-

western U.S. 

 18 Hispanic, 

6 White, 6 

African 

American 

 

12 to 14  

Gersten & Kelly (1992) 

Treatment Fidelity 

Validity 

 

26 LD Seconda

ry 

Pre-test-post-test single 

group design 

Urban school 

district, U.S. 

NR Minority 

groups 

NR 

Jordan, Miller, & Mercer 

(1999) 

 

5 LD, 1 ED, 6 

OHI, 113 

without 

disabilities 

4 Experimental: Pre-test-post-

test control group design 

South-eastern 

U.S. 

28 

recei

ved 

free 

and 

reduc

ed 

lunch 

 

52 White, 11 

Non-White 

NR 

Joseph & Hunter (2001) 

 

3 LD 8 Single subject: Multiple 

baseline across participants 

with different planning 

abilities design. 

Urban school 

district, Ohio, 

U.S. 

High  White 13 to 14 

Kelly, Gersten, & Carnine 

(1990) 

Treatment Fidelity 

Validity 

 

17 with 

disabilities, 11  

LA 

9 Quasi-experimental: Pre-test-

post-test single group design 

U.S. NR NR NR 

Owen & Fuchs (2002) 

Treatment Fidelity 

Validity 

 

20 LD, 1ID, 2 

SLD, 1 ADHD 

3 Experimental: Pre-test-post-

test multiple group design 

U.S. 55% 

recei

ved 

free 

and 

reduc

ed 

lunch 

60% African 

American; 

40% White 

 

NR 

Test & Ellis (2005) 

Treatment Fidelity 

3 LD, 3 ID 8 Single subject: Delayed 

multi-probe multiple baseline 

across pairs of participants 

design 

Small town, 

south-

eastern, U.S. 

 

NR 3 White, 3 

African 

American 

NR 

Woodward, Baxter & 

Robinson (1999) 

 

7 LD; 20 low 

achievers 

8,9 Quasi-experimental: Pre-test- 

post-test control group design 

U.S. NR NR NR 

Note. LD = Learning disabilities. ID = Intellectual disabilities. LA = Low achievers. ED = Emotional disturbance. SLD = Speech and language disorders. 

ADHD = Attention-deficit/ hyperactivity disorder. OHI = Other health impairment. NR = Not reported. Std. Measures = Standardized measures. U.S. = 

United States 
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Table 2: Characteristics of Fraction Studies for Typically Achieving Students. 

Study Participants Grade Design Setting Language SES Ethnicity Age  

Cramer, Post, 

& delMas 

(2002) 

Treatment 

Fidelity 

Validity 

66 

classrooms  

4 and 5 Experimental: 

Post-test only 

control group 

design 

Suburban 

Minneapol

is, United 

States 

English Middle- 

to 

Upper-

middle 

class 

 

NR NR 

Irwin (2001) 

Treatment 

Fidelity 

16  7 and 8 Quasi- 

experimental: 

Pre-test-post-

test control 

group design 

 

Auckland, 

New 

Zealand 

English Low 6 

European 

8 

Indigenous 

2 Mixed 

race 

11 to 

12 

Keijzer & 

Terwel (2003) 

 

20  6 Quasi-

experimental: 

Non-

equivalent pre-

test-posttest 

control group 

design 

 

Amsterda

m, 

Netherland

s 

Dutch NR NR 9 to 

10 

Kellman et al. 

(2008) 

 

76  7 Experimental: 

Pre-test-post-

test control 

group design 

Urban 

public 

school, 

United 

States 

English Low  NR NR 

Kong (2008) 

Validity 

 

48  4 Quasi- 

experimental: 

Pre-test-post-

test control 

group design 

 

Hong 

Kong, 

China 

NR NR NR 9 

Kong & Kwok 

(2005) 

Validity 

 

124  4 Quasi- 

experimental: 

Pre-test-post-

test control 

group design 

 

Hong 

Kong, 

China 

NR NR NR 9 to 

10 

Moss & Case 

(1999) 

 

29  4 Quasi- 

experimental: 

Pre-test-post-

test control 

group design 

 

Toronto, 

Canada 

English Middle 

class 

NR NR 

Rittle-Johnson 

& Koedinger 

(2009a) 

 

77  6 Quasi- 

experimental: 

Pre-test-post-

test control 

group design 

 

Suburban 

public 

school, 

United 

States 

English NR NR 11 

Rittle-Johnson 

& Koedinger 

(2009b) 

 

26  6 Quasi- 

experimental: 

Pre-test-post-

test control 

group design 

 

Suburban 

public 

school, 

United 

States 

English NR NR NR 
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Table 2, cont. 
 

Study Participants Grade Design Setting Language SES Ethnicity Age  

         

Roschelle et al. 

(2010) 

Treatment 

Fidelity 

Validity 

173 4 Experimental: 

Pre-test-post-

test control 

group design 

San 

Francisco 

Bay, 

United 

States 

 

English Low 

SES 

51% 

Hispanic, 

21% 

Asian, 

18% White 

NR 

Ross & Bruce 

(2009) 

Validity 

 

91  7 to 10 Quasi-

experimental: 

Early and late 

treatment pre-

test-post-test 

control group 

design 

 

Ontario, 

Canada 

English NR NR NR 

Siegal & Smith 

(1997) 

 

118  2 and 3 Quasi-

experimental: 

Non-

equivalent 

post-test only 

control group 

design  

 

Queenslan

d, 

Australia 

English NR NR 6 to 8 

Steiner & 

Stoecklin 

(1997) 

 

76  6 Quasi-

experimental: 

Pre-test-post-

tests control 

group design 

 

Basel, 

Switzerlan

d 

NR NR NR Mean 

12.2  

Yoshida & 

Sawano (2002) 

 

185  3 Quasi-

experimental: 

Non-

equivalent pre-

test-post-test 

control group 

design 

 

Miyazaki, 

Japan 

NR Middle 

class 

NR NR 

Yoshida & 

Shinmachi 

(1999) 

 

86   Quasi-

experimental: 

Non-

equivalent pre-

test-post-test 

control group 

design 

Miyakono-

jyo, Japan 

NR Middle 

class 

NR NR 

Note. NR = Not reported.  
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Table 3: Characteristics of CRA and Explicit Teaching Studies for Students 

Struggling in Mathematics. 

Study Participants Grade Design Setting SES Ethnicity Age  

Cass, Case, & Smith 

(2003) 

Treatment Fidelity 

 

3LD 7 to 10 Single subject: 

Multiple baseline 

across 

participants and 

two behaviours 

Rural 

school 

district, 

Central 

U.S. 

 

Below 

Average 

2 White, 1 

African 

American 

13 to 16 

Butler et al. (2003) 

Treatment Fidelity 

Std. Measures 

Validity  

 

42LD, 8MLD;  

65 8
th
 grade 

for norm 

reference 

group 

6,7,8 Quasi 

experimental: 

Pre-post control 

group design 

Urban 

school 

district, 

south-

western 

U.S. 

 

NR NR 11 to 15  

Fuchs et al. (2005) 

Treatment Fidelity 

Std. Measures 

Validity  

 

127 At-risk; 

582 typically 

achieving 

1 Experimental: 

Pre-test-post-test 

multiple group 

design 

U.S. Approximat

ely 50% 

received 

free and 

reduced 

lunch 

45% African 

American, 

48% White, 

6% Hispanic, 

1% Other 

 

NR 

Harris, Miller, & Mercer 

(1995) 

Treatment Fidelity 

 

12LD, 1ED, 

99 without 

disabilities 

2 Multiple baseline 

across 

classrooms 

Florida, 

U.S. 

Majority 

received 

free and 

reduced 

lunch 

74% White, 

26% African 

American 

 

Mean of 

8 years 

Jordan, Miller, & 

Mercer (1999) 

5LD, 1ED, 

6OHI, 113 

without 

disabilities 

4 Experimental: 

Pre-test-post-test 

control group 

design 

South-

eastern, 

U.S. 

28 received 

free and 

reduced 

lunch 

 

52 White, 11 

Non-White 

NR 

Maccini & Ruhl (2000) 

Treatment Fidelity 

 

3LD 8 Single subject: 

Multi-probe 

multiple baseline 

across 

participants 

 

Pennsylvan

ia, U.S. 

NR 2 White; 1 

African 

American 

14 and 

15 

Miller & Mercer (1993) 5LD, 3 At-

risk, 1 ID 

1 to 5 Single subject: 

Multiple baseline 

across 

participants 

 

U.S. NR 4 White; 5 

African 

American 

7 to 11 

Witzel, Mercer, & 

Miller (2003) 

Treatment Fidelity 

Validity 

 

41LD, 27 At-

risk, 290 

without 

disabilities 

 

6 and 7 Experimental: 

Pre-test-post-test 

control group 

design 

South-

eastern 

U.S. 

NR NR 11 to 13 

Note. LD = Learning disabilities. ID = Intellectual disabilities. LA = Low achievers. ED = Emotional disturbance. SLD = Speech and 

language disorders. ADHD = Attention-deficit/ hyperactivity disorder. OHI = Other health impairment. NR = Not reported. Std. 

Measures = Standardized measures. U.S. = United States.  

QUALITY OF STUDIES 

I examined the quality of studies based on indicators described by Odom and his 

colleagues (2005) and other articles in the series (Gersten et al., 2005; Horner et al., 

2005). The quality of a study influences the confidence one places in its conclusions 
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(Pressley & Harris, 1994) and I examined studies for (a) internal validity, (b) fidelity of 

instruction, and (c) dependent measures. 

Twenty-five studies, nine targeting struggling learners (Bottge, 1999; Bottge et 

al., 2002; Butler et al., 2003; Fuchs et al., 2005; Jordan, Miller & Mercer, 1999; Kelly, 

Gersten & Carnine, 1990; Owen & Fuchs, 2002; Witzel, Miller, & Mercer, 2003; 

Woodward, Baxter & Johnson, 1999) and all sixteen general education studies included a 

control group in their analysis. Of the 25 treatment/comparison studies, authors of six 

studies (Bottge, 1999; Cramer, Post, & delMas, 2002; Fuchs et al., 2005; Kellman et al., 

2008; Kelly, Gersten, & Carnine, 1990; Siegal & Smith, 1997) randomly assigned 

participants to groups, and four studies (Baker, Young, & Martin, 1990; Irwin, 2001; 

Keijzer & Terwel, 2003; Witzel, Miller, & Mercer, 2003) first matched students, then 

randomly assigned them to conditions, thus controlling for extraneous influences.  

To equate groups when random assignment was not possible (Gersten, Baker & 

Lloyd, 2000), special education studies employed the following measures: random 

assignment of classes to treatment conditions (Butler et al., 2003; Owen & Fuchs, 2002; 

Rittle-Johnson & Koedinger, 2009a; Ross & Bruce, 2009), random assignment of  

students within the same school or class to different conditions (Kong & Kwok, 2005; 

Rittle-Johnson & Koedinger, 2009b; Roschelle et al., 2010), matched pairs within classes 

(Bottge et al., 2002), and counterbalancing teachers (Bottge et al., 2002; Butler et al., 

2003; Rittle-Johnson & Koedinger, 2009a, 2009b; Roschelle et al., 2010; Woodward, 

Baxter & Johnson, 1999). Authors of 16 studies (Bottge, 1999; Bottge et al., 2002; Butler 

et al., 2003; Keijzer & Terwel, 2003; Kellman et al., 2008; Kong, 2008; Kong & Kwok, 

2005; Moss & Cass, 1999; Owen & Fuchs, 2002; Rittle-Johnson & Koedinger, 2009a; 

Rittle-Johnson & Koedinger, 2009b; Ross & Bruce, 2009; Steiner & Stoecklin, 1997; 

Woodward, Baxter and Johnson, 1999; Yoshida & Sawano, 2002; Yoshida & Shinmachi, 
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1999) equated groups on the basis of their pre-test scores or included pre-test scores in 

their analyses.  

The majority of single subject studies demonstrated internal validity. With the 

exception of one study (Test & Ellis, 2005) all met the criterion for internal validity of at 

least three demonstrations of experimental control (Horner et al., 2005).  

Treatment integrity or fidelity of treatment increases the reader‟s confidence that 

results of the study can be attributed to the intervention being investigated and not 

extraneous factors, and is critical when researchers are interested in replicating findings 

of a study (Gersten et al., 2005; Gresham, MacMillan, Beebe-Frankenberger, & Bocian, 

2000). Fourteen studies targeting students struggling in mathematics reported that they 

measured fidelity of implementation as well as how it was established (Baker, Young, & 

Martin, 1990; Bottge, 1999; Bottge & Hasselbring, 1993; Bottge et al., 2002; Butler et 

al., 2003; Cass, Case, & Smith, 2003; Flores & Kaylor, 2007; Fuchs et al., 2005; Harris, 

Miller, & Mercer, 1995; Kelly, Gersten, & Carnine, 1990; Maccini & Ruhl, 2000; Owen 

& Fuchs, 2002; Test & Ellis, 2005; Witzel, Miller, & Mercer, 2003). Only three general 

education studies reported that treatment fidelity data was established (Cramer, Post, & 

delMas, 2002; Irwin, 2001; Roschelle et al., 2010). One study (Roschelle et al., 2010) 

reported an interobserver reliability of 90% (formula not reported), while Irwin (2001) 

analyzed proportion of statements in both groups to determine if instruction differed. 

Cramer, Post, and delMas (2002) asked teachers to maintain a log of conducted. 

I also examined studies for the type of dependent measures employed. I examined 

studies for their use of standardized tools as opposed to researcher developed measures 

which have been seen to elevate effect sizes (Swanson & Hoskyn, 1998) and the use of 

multiple measures to better capture treatment effects (Gersten et al., 2005). Two studies 

(Butler et al., 2003; Fuchs et al., 2005) incorporated subtests from a standardized measure 
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to assess the effectiveness of the intervention. Of the researcher developed measures, 

thirteen of the remaining twenty-two studies (Bottge, 1999; Bottge & Hasselbring, 1993; 

Bottge et al., 2002; Butler et al., 2003; Cramer, Post, & delMas, 2002; Gersten & Kelly, 

1992; Kelly, Gersten & Carnine, 1990; Kong, 2008; Kong & Kwok, 2005; Owen & 

Fuchs, 2002; Roschelle et al., 2010; Ross & Bruce, 2009; Witzel, Miller, & Mercer, 

2003) reported test validity and reliability information for dependent measures. Six 

studies (Cramer, Post, & delMas, 2002; Fuchs et al., 2005; Keijzer & Terwel, 2003; 

Owen & Fuchs, 2002; Steiner & Stoecklin, 1997; Woodward, Baxter & Johnson, 1999) 

included multiple measures to assess the efficacy of the intervention such as conceptual 

and procedural assessment tools, clinical interviews, and general mathematical 

achievement tests. 

Summary of Quality of Studies 

In this section, I examined studies against quality indicators identified in the 

literature (Gersten, Baker & Lloyd, 2000; Gersten et al., 2005; Horner et al., 2005; 

Pressley & Harris, 1994). Only one study (Fuchs et al., 2005) met all quality indicators. 

However, six studies targeting students struggling in mathematics (Bottge, 1999; Bottge 

et al., 2002; Butler et al., 2003; Kelly, Gersten, & Carnine, 1990; Owen & Fuchs, 2002; 

Witzel, Miller, & Mercer, 2003) met partially with all three indicators, and one study 

(Woodward, Baxter & Johnson, 1999) met with at least two indicators. Of the fifteen 

general education studies, only two studies (Cramer, Post, & delMas, 2002; Roschelle et 

al., 2010) complied partially with all three quality indicators. Six general education 

studies (Irwin, 2001; Keijzer & Terwel, 2003; Kong, 2008; Kong & Kwok, 2005; Ross & 

Bruce, 2009; Steiner & Stoecklin, 1997) met with at least two of the three quality 

indicators. Reporting fidelity of treatment emerges as a major concern with general 
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education studies as very few (n = 3) reported they had collected data on fidelity and only 

one study provided any statistical measure of fidelity. When discussing results of the 

studies, I emphasize results of the higher quality studies. 

Table 4: Intervention Characteristics of Fraction Studies for Struggling Learners in 

Mathematics. 

Study Dependent Variable Independent Variable Results 

Baker, Young, & 

Martin (1990) 

 

Minutes to mastery and 

minutes on-task; percent 

correct on fraction test; total 

instructional time 

T1: Direct Instruction published 

curriculum administered in group 

setting 

T2: Direct Instruction published 

curriculum administered in one-

to-one setting  

 

116% mean percent difference in 

favor of T2 for minutes to mastery; no 

significant difference between T1 and 

T2 for time on-task; almost all 

students (n=5) achieved 100% 

mastery in post-test 

Bottge (1999) 

 

Score on computation (

r .94) and word 

problem test ( r .90) 

assessing addition and 

subtraction of problems 

 

T1: Anchoring instruction using 

contextualized video 

C1: Word problem instruction 

No significant difference between T1 

and C1; 28... MSE  

 

Bottge & 

Hasselbring (1993) 

 

Score on computation (

r .98) and word 

problem test ( r .95) 

assessing addition and 

subtraction of problems 

 

T1: Videodisc instructional 

package based on principles of 

Direct Instruction  

Significant increase from pre-test to 

post-test (p < .01) 

Bottge, Heinrichs, 

Mehta, & Hung 

(2002) 

 

Score on computation (

r .91) and word 

problem test ( r .92) 

assessing addition and 

subtraction of problems 

 

T1: Anchoring instruction using 

contextualized video 

C1: Word problem instruction 

No significant difference between T1 

and C1; 

25... MSE  

Butler, Miller, 

Crehan, Battitt, & 

Pierce (2003) 

 

Score on three subsets of 

CIBS-R and two 

experimenter-developed 

subtests assessing fraction 

equivalence 

T1: Use of a graduated sequence 

moving from concrete to 

representational to abstract 

C1: Use of graduated sequence 

moving from representational to 

abstract 

 

Significant difference using 

MANOVA in favor of T1, p < .05), 

E.S. = .26; higher means for T1 on all 

subtests 

Flores & Kaylor 

(2007) 

 

Curriculum-based 

assessment assessing 

addition, subtraction, 

multiplication of like 

fractions, mixed fractions, 

and whole numbers and 

fractions 

 

T: Published Direct Instruction 

curriculum  

Significant improvement from pre- to 

post-test (p < .01), E.S. not reported 
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Table 4, cont.  
Study Dependent Variable Independent Variable Results 

    

Gersten and Kelly 

(1992) 

 

Score on 30-item test (

98.r ; 96.xxr ) 

measuring fraction 

equivalence, computation 

with proper, improper and 

mixed fractions 

 

T: Videodisc instructional 

packaged based on principles of 

Direct Instruction 

Average percent change from pre-test 

to post-test = 51.5% 

Jordan, Miller, & 

Mercer (1999) 

 

Score on 80-item test 

assessing identification 

skills, comparison skills, 

equivalence skills, addition 

skills and subtraction skills 

T1: Graduated sequence moving 

from concrete to semi concrete or 

representational to abstract 

C1: Textbook instruction 

 

Significant increase in performance in 

favor of T1 over C1 from pre-test to 

post-test (p < .001), post-test 1 to 

post-test 2 (p < .05) and post-test 2 to 

post-test 3 (p < .05) 

Joseph & Hunter 

(2001) 

 

Number of fraction 

problems calculated 

correctly on 10 item fraction 

computation- addition and 

subtraction of like and 

unlike fractions 

 

T: Strategy instruction using cue 

cards indicating steps to add and 

subtract fractions 

Improvement for all students from 

baseline to maintenance. 

PND = 96.6% 

Kelly, Gersten, & 

Carnine (1990) 

 

Score on 12-item test (

r .98) measuring 

writing fractions from 

pictures, distinguishing 

numerator from 

denominator, adding and 

subtracting fractions with 

like denominators, 

multiplying fraction with 

whole numbers 

T1: Videodisc instructional 

packaged based on principles of 

Direct Instruction 

C1: Textbook instruction 

Positive results in favor of T1 (p < 

.01) 

24.1.. SE  

Owen & Fuchs 

(2002) 

 

Number correct on word 

problem solving test; Steps 

correct on word problem 

solving test 

T1: Four sessions on problem-

solving strategy  

T2: Two sessions on problem-

solving strategy + two on explicit 

instruction in transfer  

T3: Four sessions on problem-

solving strategy + two on explicit 

instruction in transfer  

C1: Traditional instruction 

 

Significant increase in performance 

for number correct in favor of T3 dose 

group over C1 (E.S. = 4.6), over T1 

(E.S. = 1.94); for steps correct in favor 

of T3 over C1 (E.S. = 2.9) and T2 

over C (E.S. = 2.4) 

E.S.M = 2.96 

Test & Ellis (2005) 

 

Percent correct of steps on 

LAP fractions strategy; 

percent correct on 

application of LAP strategy 

on fractions test 

T: Strategy to compute using 

fractions; LAP = (L)ook at the 

denominator and sign to 

determine if fractions were like or 

unlike, and what operation was 

required; (A)sk themselves if the 

denominators would divide 

evenly into each other; and (P)ick 

a fraction type. 

 

Improvement for all students from 

baseline to maintenance. 

PND = 100% 

Woodward,  Baxter 

& Robinson (1999) 

 

Number correct on hand 

computation test; number 

correct on calculator test; 

Score on Likert scale 

assessing mathematical 

reasoning 

T1: Conceptual instruction  

C1: Procedural instruction 

Significant improvement in favor of 

treatment group on mathematical 

reasoning (E.S. = .75) 

 

Note. T = Treatment. C = Comparison condition. E.S. = Effect size. r = internal consistency reliability. xxr = parallel forms 

reliability. CIBS-R = Brigance Comprehensive Inventory of Basic Skills-Revised. MANOVA = Multivariate Analysis of Variance.  
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Table 5: Intervention Characteristics of Fraction Studies for Typically Achieving 

Students. 

Study Dependent Variable Independent Variable Results 

Cramer, Post, & delMas, 

2002 

T: Rational Number 

Project 

C: Textbook 

Fraction concepts, equivalence, 

magnitude comparisons, unit 

ideas, estimation, operations 

(addition and subtraction) and 

transfer to multiplication 

problems, word problems and 

number line concepts  

T1: Multiple representations of 

fractions including manipulatives, 

representations, and real-life 

contexts 

C1: Symbolic instruction with 

minimal use of representations 

and manipulatives 

Significant results in favor of 

T1 versus C1 on sub-scales of 

concepts, magnitude 

comparisons, estimation and 

transfer; E.S. (eta-squared) = 

.205 

Irwin, 2001 

 

Decimals: concepts, magnitude 

comparison, operations 

(addition, subtraction, 

multiplication and division) and 

estimation 

T1: Underlying schema: Conflicts 

presented within context targeting 

misconceptions, 

C1: Conflicts not presented in 

context 

Significant results in favor of 

T1 versus C2  

Keijzer & Terwel, 2003 

T: Reaslistic 

mathematics education 

(RME) 

C: Traditional 

instruction 

Fraction concepts including 

fraction language, magnitude 

comparison, and equivalence 

T1: Contextualized instruction 

using number line and negotiating 

meaning by working in groups 

C1: Students work individually 

using divided bars and circles 

Significant results in favor of 

the T1 versus C1  

Kellman et al., 2008 

T: Mixed perceptual 

learning modules 

(PLMs) 

C: Teacher-directed 

instruction 

Fraction knowledge and problem 

solving 

Software based brief learning 

episodes where students 

discovered relationships by 

interacting with them in a 

structured manner in a variety of 

contexts and gain fluency in the 

same  

T1: PLM software in which unit 

and non-unit fractions introduced 

simultaneously  

T2: PLM software where unit-

fractions introduced first 

C1: Teacher-directed instruction 

Significant improvement of T1 

and T2 versus C2 from pre- to 

post-test; significant 

improvement in favor of T1 

versus T2, and T1 versus C1 on 

delayed post-test  

Kong & Kwok, 2005 

T: Graphical 

Partitioning Model 

(GPM) 

C: Traditional 

instruction 

Concept and computation of 

fraction equivalence, addition 

and subtraction of fractions  (

67.r ) 

T1: Web-based cognitive tool 

(GPM) making use of graphical 

representations and manipulative 

operators 

C1: Traditional instruction 

Significant results in favor of 

T1 versus C1 ; E.S.M = 1.15 

Kong, 2008 

T: Graphical 

Partitioning Model 

(GPM) 

C: Textbook instruction 

Concept and computation of 

fraction equivalence, addition 

and subtraction of fractions (

81.r ) 

T1: Web-based cognitive tool 

(GPM) making use of graphical 

representations and manipulative 

operators  

C1: Teacher-directed instruction 

using textbook 

No significant difference 

between groups; both groups 

improved in performance from 

pre- to post-test 

Moss & Case, 1999 

 

Rational number knowledge, 

non-standard and standard 

computation, and magnitude 

comparison 

T1: Curriculum integrating 

students‟ understanding of 

percents, decimals and fractions 

using glass beakers of water, 

number lines, and stopwatches 

C1: Traditional instruction 

sequentially introducing fractions 

and decimals emphasizing 

procedural knowledge 

Significant improvement in 

favor T1 versus C1  

Rittle-Johnson & 

Koedinger, 2009a 

 

Familiar and novel items 

assessing decimal place value, 

and regrouping; arithmetic 

procedures  

T1: Iterating lesson sequence 

between conceptual and 

procedural knowledge 

C1: Teaching concepts first, then 

procedures 

Statistically significant 

difference in favor of T1 versus 

C1, with stronger effect on 

arithmetic procedures than 

place value; E.S.M = .27 
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Table 5, cont.  
Study Dependent Variable Independent Variable Results 

    

Rittle-Johnson & 

Koedinger, 2009b 

 

Decimal place value, 

regrouping; arithmetic 

procedures; word problems in 

context and not in context 

T1: Iterating lesson sequence 

between conceptual and 

procedural knowledge 

C1: Teaching concepts first, then 

procedures 

Statistically significant 

difference in favor of T1 versus 

C1 on  arithmetic procedures; 

E.S.M = .63; C1 outperformed 

T1 on novel items  for place 

value, while T1 outperformed 

C1 on familiar items 

Rittle-Johnson, Siegler 

& Alibali, 2001 

 

Decimal concepts including 

place value, regrouping and 

computations, word problems in 

context and not in context 

Computer program in the form of 

a game targeting procedural 

knowledge in decimals 

T: Prompts to notice the first digit 

in a decimal and number line 

provided to aid problem 

representation 

Significant results in favor of 

T1 versus other treatment and 

control groups; E.S. = .63 

Roschelle et al., 2010 

T: Technology-

mediated, Peer-assisted 

Learning (TechPALS) 

C: iSucceed 

Fraction concepts, procedures, 

and word problems (

83.r ) 

T1: Group feedback using 

handheld software, TechPALS 

C1: Computer software 

application providing individual 

feedback, iSucceed 

Siginficant results in favor of 

T1 versus C1; E.S. = .28 

Ross & Bruce, 2009 

T: Critical Learning 

Instructional Paths 

Supports (CLIPS) 

Fraction concepts including 

equivalence, magnitude 

comparison ( 80.meanr ) 

Technological support in the form 

of multi-media learning objects 

T1: CLIPS provided first, then 

traditional instruction 

T2: Traditional instruction, then 

CLIPS 

Significant effect for Late 

CLIPS versus Early CLIPS; 

E.S.M = .24 

Siegal & Smith, 1997 

 

Fraction magnitude comparison 

and ordering and transfer 

assessing ordering without 

pictures 

T1: Linear manipulatives 

including fish, chocolate-tails and 

chocolate-borders 

C1: Circular manipulatives 

including pies and faces 

Statistically significant results 

in favor of T1 versus C1 

Steiner & Stoecklin, 

1997 

T: Progressive 

transformation (PT) 

C: Traditional 

instruction 

Fraction test assessing 

procedural knowledge and 

conceptual knowledge; transfer 

test to more complex problems 

T1: PT didactics based on 

semantic memory theory 

emphasizing conceptual 

understanding 

C1: Traditional instruction where 

relationships of different 

problems are not made explicit 

Statistically significant results 

in favor of T1 versus C1 on 

conceptual tasks; E.S.M = 1.21 

Yoshida & Sawano, 

2002 

 

Fraction test assessing equal 

partitioning, magnitude 

comparison, computation; 

transfer test assessing equal 

partitioning, magnitude 

comparison, ordering and 

computation 

Instruction emphasising equal-

partitioning and equal-whole 

using paper strips 

T1: Only experimental curriculum 

T2: Experimental, then textbook 

instruction 

C1: Only textbook instruction 

using the number line 

Signficant results in favor of 

T1 over T2 and C1 on equal 

partitioning, ordering, and 

computation 

Yoshida & Shinmachi, 

1999 

 

Fraction test assessing ordering, 

representation, fraction 

equivalence, improper and 

mixed fractions, and 

computations with fractions 

T1: Instruction emphasizing 

equal-whole and equal-

partitioning 

C1: Textbook instruction 

Significant results in favor of 

T1 versus C1 on ordering and 

representation 

Note. T = Treatment. C = Comparison condition. E.S. = Effect size. r = internal consistency reliability. xxr = parallel forms 

reliability. CIBS-R = Brigance Comprehensive Inventory of Basic Skills-Revised. CRA = Concrete-representational- abstract. RA = 

Representational-abstract.  
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Table 6: Intervention Characteristics of Fraction Studies for Struggling Learners in 

Mathematics. 

Study Dependent Variable Content Area Results 

Cass, Case, Smith, & 

Jackson (2003) 

 

Percent correct and number 

of errors on probe 

Area and perimeter Results in favor of the treatment 

(PND = 93%) 

Fuchs et al. (2005) 

 

CBM measures: 

computation, fact fluency, 
subtraction, first grade 

concepts 

Standardized measures: 

Woodcock-Johnson 

Applications and 

Calculations   

First grade mathematics 

concepts; addition and 
subtraction computation 

and fact fluency 

Significant difference between 

treatment and control; T1 
outperformed C1 on CBM 

computations; WJ calculations; 

grade level concepts, and story 

problems. T1 performed equal to 

NAR on CBM calculations; and 

outperformed them on WJ 

calculations and grade level 

concepts; ES (M) = .58 

 

Harris, Miller, & 

Mercer (1995) 

 

Rate correct and incorrect 

on multiplication fact 

sheet; percent correct on 
20-item pre-post test 

Multiplication Results in favor of treatment 

(PNDCorrect = 86.4%; PNDIncorrect = 

59%). An average change in the 
median of 29.1% for correct 

responses, and 26.2% for 

incorrect responses 

 

Miller & Mercer 

(1993) 

Rate correct and incorrect 

on 1-minute fluency 

addition, division, and 

money problems 

Addition facts, division 

facts, and coin 

problems 

Results in favor of treatment 

(PND = 84.6%) 

Participants needed both concrete 

and representational phases to 

transfer knowledge to abstract 

concepts 

 
Maccini & Ruhl 

(2000) 

Percent correct on problem 

solution and problem 

representation and strategy 

use; near and far transfer 

Algebra (addition and 

subtraction of integers) 

Results in favor of the treatment 

group (PND = 94%). PND for 

problem representation could not 

be calculated due to 100% ceiling 

effects at baseline 

 

Witzel, Miller, & 

Mercer (2003) 

Number correct on 27-item 

test of algebra equations 

including inverse 

operations, and operations 

with negative and divisor 
variables 

Algebra (complex 

equations) 

Results in favor of treatment 

group (E.S. = .86). Results 

maintained over time (E.S. = .51) 

Note. T = Treatment. C = Comparison condition. E.S. = Effect size. r = internal consistency reliability. 

xxr = parallel forms reliability. CIBS-R = Brigance Comprehensive Inventory of Basic Skills-Revised. 

CRA = Concrete-representational- abstract. RA = Representational-abstract.  
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RESULTS BY TYPE OF INTERVENTION 

In this section, I first describe interventions employed by studies targeting fraction 

instruction for students struggling in mathematics, and next describe general education 

studies. Table 1 and 3 presents a description of the intervention characteristics of the 

general and special education studies. 

Students Struggling in Mathematics 

Early pictorial representations of fractions tend to depict fractions as parts of 

discrete wholes, for example, pieces of a pie, instead of as continuous values (Pitkethly & 

Hunting, 1996). This over-emphasis of the part-whole model interferes with the 

development of other fraction sub-constructs such as fractions as ratios or quotients, or 

improper fractions such as   (NMAP, 2008). 

Graduated Sequence 

Three studies (Butler et al., 2003; Jordan, Miller & Mercer, 1999; Woodward, 

Baxter & Robinson, 1999) investigated the effectiveness of a graduated sequence, using 

manipulatives and representations, to improve understanding of rational numbers for 

struggling learners. All studies demonstrated positive outcomes (E.S. range = .26 to .75) 

with students‟ performances improving in operations with fractions, fraction equivalence, 

and decimal fractions. Of the three studies, two studies (Butler et al., 2003; Woodward, 

Baxter & Robinson, 1999) met at least 3 of the four quality indicators and are discussed 

below. 

Butler and colleagues (2003) combined the CRA and explicit teaching approaches 

to teach the concept of fraction equivalence to middle school struggling learners. The 

authors reported results in favor of the CRA sequence (E.S. = .26). Through the ten-

lesson curriculum, students were first introduced to fraction equivalence with concrete 
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objects fraction circles, construction paper and beans. Next, aids included visual 

representations of fractions, and finally, at the abstract stage, students solved problems 

with the help of algorithms. In this lesson, while the overall concept of fraction 

equivalence was introduced through a graduated sequence, skills under the concept, such 

as converting mixed numbers to improper fractions, or reducing to lowest terms, were not 

necessarily introduced using all types of aids. That is, a new skill may have been 

introduced using only visual aids as students progressed through the graduated sequence.  

Woodward, Baxter and Johnson (1999) compared the effectiveness of a 

conceptual (graduated sequence) versus a procedural approach to teach decimal fractions 

to middle school struggling learners. The procedural group was taught using the Direct 

Instruction package, Mastery Decimals and Percents. While both groups improved in 

computation of decimal fractions, results favored the conceptual group on tasks assessing 

understanding of decimals (E.S. = .75). As part of the intervention package in the 

conceptual group, authors made use of base 10 blocks as concrete aids, and pie diagrams 

and decimal squares as graphic aids. Authors emphasized the continuous nature of 

decimals, helped students link decimals to fractions, and round off decimals. Authors also 

assessed students hand computation of decimal problems, and while results favored the 

procedural group (thought not statistically significant), the percentage correct for both 

procedural and conceptual groups was low (34.4% and 22.4% respectively). When 

computing using calculator however, both groups performed better. 

Anchored Instruction 

Bottge (1999) and his colleagues (2002) were interested in the effectiveness of 

anchoring instruction using video versus a more traditional approach on struggling 

learners‟ problem solving abilities in mathematics. Both studies did not yield significant 
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effects in favor of the intervention for performance on fraction measures (E.S. range = - 

.28 to - .25). 

As part of the video, Bottge (1999) and Bottge and colleagues (2002) presented 

real-life problems such as creating a skateboard ramp or building a bird cage, that 

students had to solve collaboratively using mathematical operations of fractions and 

measurement. The purpose of these studies was to develop students problem solving and 

reasoning abilities, although the authors also tested students‟ performance on fractions 

independently. Learning was primarily student-directed, with the teacher as a facilitator, 

guiding students‟ progress and providing assistance when needed. The studies did not 

teach fractions explicitly. However, one study (Bottge et al., 2002) reviewed fraction 

concepts with students prior to implementing pre-tests. 

Strategy Instruction 

Joseph and Hunter (2001) and Test and Ellis (2005) employed multiple baseline 

designs and Owen and Fuchs (2002) used a treatment/ comparison design to evaluate the 

effectiveness of strategy instruction on the rational number performance of struggling 

learners. All three studies yielded positive effect sizes (PND = 96.6 and 100 respectively; 

E.S.M = 2.96) in favor of the strategy and results were maintained over time (Joseph & 

Hunter, 2001; Test & Ellis, 2005) and generalized to more complex word problems 

(Owen & Fuchs, 2002).  

Interventions involved three- to six-step strategies presented verbally (Owen & 

Fuchs, 2002), on cue cards (Joseph & Hunter, 2001) or using mnemonics (Test & Ellis, 

2005) to teach computation and word problem solving to elementary and middle school 

students. In addition to following the strategy, students in the Joseph and Hunter (2001) 
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study also monitored their progress daily by graphing their performance which the 

authors posited helped with self-regulation.  

Owen and Fuchs (2002) investigated the effectiveness of a strategy instruction to 

enhance word problem solving using half (1/2) plus explicit instruction in transfer to 

more complex word problems. Treatment conditions included a control group (basal 

curriculum), an acquisition group (strategy, and no instruction for transfer), a low dose 

acquisition group (time divided between strategy and transfer), and full dose acquisition 

group (strategy taught first, then extra lessons to facilitate transfer). Authors scored 

students both for correctly solving a problem, as well as for employing steps accurately to 

solve the problem, whether or not the answer was correct. Results for both scoring types 

were in favor of the full dose acquisition group. The authors concluded therefore that 

strategy instruction was effective to teach word problem solving in rational numbers, and 

over and above strategy instruction, specifically teaching for transfer aids elementary 

students‟ transfer of skills to more complex word problems. 

Direct Instruction 

Bottge (1999) and his colleagues (2002) were interested in the effectiveness of 

Five studies (Baker, Young, & Martin, 1990; Bottge & Hasselbring, 1993; Gersten & 

Kelly, 1992; Kelly, Gersten, & Carnine, 1990) investigated the effectiveness of a direct 

instructional approach to teach fraction computations to struggling learners with positive 

results in favor of direct instruction. Three studies (Bottge & Hasselbring, 1993; Gersten 

& Kelly, 1992; Kelly, Gersten, & Carnine, 1990) examined the effectiveness of videodisc 

instruction based on the direct instruction approach, and two studies (Baker, Young, & 

Martin, 1990; Flores & Kaylor, 2007) employed a published Direct Instruction 

curriculum. The direct instruction approach was seen to be more effective than traditional 
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instruction (Flores & Kaylor, 2007; Kelly, Gersten, Carnine, 1990) and improve students‟ 

performance over time (Bottge & Hasselbring, 1993; Gersten & Kelly, 1992).  

Kelly, Gersten, and Carnine (1990) compared two curricula, a videodisc 

curriculum (Mastering Fractions) versus a more traditional textbook approach to teach 

fractions to struggling learners. The authors employed a treatment/ comparison design 

with results in favor of the treatment group (E.S. = 1.24). The key curriculum variables 

included in the videodisc curriculum included practice on discriminating between 

different types of problems; a separation of confusing mathematical language and 

concepts; and a wide range of examples. As part of the curriculum, students were 

introduced to concepts in a step-by-step manner, provided opportunities through guided 

and independent practice. Once students had attained mastery, they could move to the 

next step. Learning was primarily teacher-directed. The teacher controlled the pace of the 

lesson, modified the lesson sequence in the video as required, and provided clarifications 

as needed. 

General Education Studies 

Manipulatives and Representations 

Eight studies (Cramer, Post, & delMas, 2002; Keijzer & Terwel, 2003; Kong, 

2008; Kong & Kwok, 2005; Moss & Case, 1999; Siegal & Smith, 1997; Yoshida & 

Sawano, 2002; Yoshida & Shinmachi, 1999) examined the effectiveness of using 

different types of manipulatives and representations to teach students rational number 

concept.  Results were in favor of the intervention groups. The fraction circle was the 

manipulative of choice in one study (Cramer, Post, & delMas, 2002), while five studies 

(Keijzer & Terwel, 2003; Moss & Case, 1999; Siegal & Smith, 1997; Yoshida & 

Sawano, 2002; Yoshida & Shinmachi, 1999) made use of the number line and linear 



 

 46 

stimuli, and two studies (Kong, 2008; Kong & Kwok, 2005) employed virtual 

manipulatives in the form of fraction bars.  

Cramer, Post, and delMas (2002) examined the effectiveness of the Rational 

Number Project (RNP) curriculum versus traditional textbook curriculum to improve 

fraction skills for students with results in favor of the treatment group receiving the RNP 

curriculum (E.S.= .205). The RNP curriculum emphasizes conceptual understanding of 

fractions using multiple physical manipulatives such as fraction circles, paper folding and 

chips, as well as representations, abstract symbols and story problems. The curriculum is 

available for download on the RNP website (RNP, 2001). The manipulative model most 

emphasized in the curriculum is the fraction circle, while other manipulatives and 

representations played a supporting role. Students were expected to solve problem using 

the manipulative models chosen. The whole circle was not always the unit and students 

were provided experiences with using ½ a circle as the unit. Students worked 

collaboratively in small and large groups to solve problems. 

Keijzer and Terwel (2003) also examined the use of mental models in different 

contexts to improve fraction problem solving skills for students. Unlike Cramer, Post and 

delMas (2002), the authors made use of the number line as a mental model, comparing 

the effectiveness of the number line to fraction circles and bars as mental models. Keijzer 

and Terwel (2003) examined the effectiveness of Realistic Mathematics Education 

(RME) curriculum in which students worked collaboratively to generate knowledge using 

the number line, to a traditional textbook instruction where students worked individually 

and made use of bars and circles as mental models. Results favored the RME group.  The 

RME curriculum involves developing „fraction language‟, comparison of fractions, and 

determining fraction equivalence. Students are encouraged to work collaboratively in 
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groups, exploring using the number line as a manipulative and thus arrive at solutions to 

problems. The emphasis is on discovery of fraction concepts.  

Moss and Case (1999) and Siegal and Smith (1997) argued against the use of 

fraction circles and pie diagrams to introduce fraction concepts. Moss and Case (1997) 

contended that pie diagrams inhibited conceptual development and rational numbers 

developed a curriculum that taught rational numbers in an integrated manner, making use 

of representations and manipulatives that cut across types of rational numbers, decimals, 

fractions and percents. Results were in favor of the treatment group. The authors made 

use of manipulatives such as a beaker of water, and the number line. Students engaged 

with the beaker using their intuitive knowledge of percents to estimate how empty or full 

the container was. Students were encouraged to develop their own strategies to calculate 

the volume of water in the beakers before presenting them the algorithm to solve 

problems. The authors made use of the number line to connect decimals and percents. In 

addition, the authors used fraction vocabulary throughout the program when referring to 

decimals and percents, and formally taught fractions in the final lessons of the program.  

Siegal and Smith (1997) hypothesized that liner stimuli would be more effective 

than circular stimuli for ordering fractions. Results favored the groups taught using linear 

stimuli. Linear stimuli included fish with tails, chocolate bars, and chocolate with tails on 

both ends. Circular stimuli included pies and faces.  

As part of their curriculum, Kong (2008), Kong and Kwok (2005), Yoshida and 

Sawano (2002) and Yoshida and Shinmachi (1999) also made use of manipulatives. 

Kong (2008) and Kong and Kwok (2005) employed virtual manipulatives that students 

used as part of a technological package. Students could manipulate fraction bars on the 

program to add and subtract fractions with unlike denominators, and compare fraction 

equivalence. Yoshida and Sawano (2002) and Yoshida and Shinmachi (1999) also made 
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use of linear manipulatives, specifically paper tapes to teach the concept of equal-wholes 

and fair-shares. 

Underlying Schema 

Four studies (Irwin, 2001; Steiner & Stoecklin, 1997; Yoshida & Sawano, 2002; 

Yoshida & Shinmachi, 1999) investigated the effectiveness of targeting underlying 

schema to aid students‟ performance in rational number problems, either by focusing on 

misconceptions or emphasizing schemata students would need to solve problems. All 

four studies yielded positive results in favor of the treatment group. 

Irwin (2001) investigated how students‟ everyday knowledge of decimals aided 

their problem solving abilities. Students solved conflicts presented in context, and not in 

context. Results were in favor of students taught using contextualized instruction. 

Intervention specifically targeted students‟ misconceptions about decimals. Students 

worked collaboratively to solve the problem, engaging in discussion with their 

classmates.  

Steiner and Stoecklin (1997) examined the effectiveness of progressive 

transformation (PT) didactics in solving fraction problems versus a traditional curriculum 

emphasizing procedural knowledge. Results were in favor of the PT group on conceptual 

tasks (E.S. = 1.21) and no significant difference emerged between treatment and control 

on procedural tasks. The PT didactics procedure encouraged students to relate their 

understandings and knowledge with mathematical problems, and make connections 

between different mathematical problems. Students move gradually, first describing the 

problem presented, estimating the answer, verifying it, and then finally using an 

algorithm.  
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Yoshida and Sawano (2002) and Yoshida and Shinmachi (1999) investigated the 

effectiveness of emphasizing underlying concepts of equal-wholes when teaching 

fractions and fair-sharing or equal-partitioning when creating equivalent fractions versus 

a curriculum where the concepts were not emphasized. Results were in favor of the 

treatment groups.  

Yoshida and Sawano (2002) compared an experimental curriculum that 

emphasized the equal-whole and equal-partitioning schemata to a semi-experimental 

curriculum that was a mix of experimental and traditional instruction and to a traditional 

curriculum. Results indicated that the experimental group outperformed both the semi-

experimental and the control groups. 

Technology 

Five studies investigated the effectiveness of technology in the form of a 

computer instructional package or technological device on students‟ understanding of 

rational numbers (Kellman et al., 2008; Kong, 2008; Kong & Kwok, 2005; Roschelle et 

al., 2010; Ross & Bruce, 2009). Results favored the treatment groups as a stand-alone 

package (Ross & Bruce, 2009), as an instructional support (Kellman et al., 2008; Kong & 

Kwok, 2005), and as a means of providing feedback (Roschelle et al., 2010; E.S. range = 

.24 to 1.15).  

Kong (2008) and Kong and Kwok (2005) examined the effectiveness of a 

cognitive tool, the Graphic Partitioning Model (GPM) to improve students‟ conceptual 

understanding of fractions. Results were in favor of the treatment group in the Kong and 

Kwok (2005) study (E.S. = 1.15). In the Kong (2008) study, both treatment and control 

groups improved in performance from pre- to post-test, but there was no significant 

difference between the groups. The authors concluded however, that the instructional 
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package afforded students opportunities to develop procedural knowledge, and thus 

develop a deeper understanding of the content. 

As part of the GPM, students used the fraction bar to determine fraction 

equivalence and add and subtract fractions with different denominators. Learners could 

manipulate fraction bars as part of the program to explore equivalence by partitioning or 

regrouping bars. Fraction equivalence served as pre-requisite knowledge to help students 

add and subtract fractions with unlike denominators.  

Ross and Bruce (2009) developed a multi-media package to teach fraction 

concepts and procedures to students. Results were in favor of the treatment group (E.S. = 

.24). The technology package, Critical Learning Instructional Paths Supports (CLIPS), 

consists of sequenced and scaffolded activities that target conceptual understanding of 

fractions, practice opportunities and provide immediate corrective feedback. The package 

is designed as a stand-alone and does not require a teacher‟s input.  

Kellman et al. (2008) developed instructional units, Perceptual Learning Modules 

(PLMs), that provided students with a large number of brief learning trials where students 

were required to recognize, classify or discriminate unit and non-unit fractions. The 

authors compared performance of students who received classroom instruction in unit 

and non-unit fractions and then PLM instruction (Mixed PLM), to students who received 

classroom instruction and PLM on unit fractions first, followed by instruction in non-unit 

fractions (Unit First PLM), as well as to a group who received only classroom instruction. 

Both the Mixed PLM and Unit First PLM outperformed the control group on the posttest, 

and performance of the Mixed PLM group was significantly different than that of Unit 

First on delayed posttest. Kellman et al. (2001) compared the PLM software with 

classroom instruction designed on the same principles as the experimental group, but 

which was guided by teachers and did not provide as wide a variety of examples. 
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Students in treatment conditions were provided with additional instruction after receiving 

whole group instruction on unit and non-unit fractions. 

Roschelle et al. (2010) examined the impact of provided group feedback versus 

individual feedback using handheld technology. Results were in favor of the treatment 

group (E.S. = .28). After engaging in whole group instruction, students worked 

cooperatively in groups to solve fraction problems presented using multiple 

representations. Students were provided with feedback as a group in different ways. On 

one activity, each student in the group had to answer a multiple-choice question, but 

feedback was provided to the group as a whole when students had agreed on a response. 

Another activity required students to check their responses with each other, and only once 

the majority had similar responses was feedback provided. A third type of evaluation 

allowed the group to give feedback to each other. 

Conceptual and Procedural Iterations 

Two studies (Rittle-Johnson & Koedinger, 2009a, 2009B) investigated the 

effectiveness of iterating between conceptual knowledge and procedural versus teaching 

conceptual knowledge first then procedural knowledge on students‟ decimal 

performances. Results were in favor of the iterating sequence (E.S. range = .27 to .63).  

As part of the treatment group, students were first taught a lesson on concepts 

followed by a lesson targeting procedural knowledge in arithmetic procedures and place 

value. The authors made use of money and other familiar contexts to introduce concepts. 

Results indicated that the iterations group outperformed concepts first on both measures 

(Rittle-Johnson & Koedinger, 2009a) and only on arithmetic measures (Rittle-Johnson & 

Koedinger, 2009b). However, in both studies, students performed better in arithmetic 
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than place value tests. Again, students in iterative condition were better able to solve 

novel problems than those in concepts first. 

Summary of Type of Interventions 

This review identified interventions to teach rational numbers to struggling 

learners as well as students without disabilities. Four strategies emerged to teach fractions 

to struggling learners: a graduated sequence, anchored instruction, strategy instruction, 

and direct instruction. Of these four approaches, three (the graduated sequence approach, 

strategy instruction and direction instruction) led to improved outcomes in fractions.  

Four interventions emerged to teach rational numbers to students without 

disabilities: manipulatives and representations, underlying schema, technology, and 

iterating sequence. All four interventions were seen to improve performance in rational 

numbers. Results indicate that both circular and linear stimuli were effective in 

improving students‟ performance in fractions. Targeting the underlying schema of 

rational number problems, such as emphasizing equal-wholes and equal-partitioning or 

enabling students to represent fraction problems is effective when teaching rational 

numbers. Using technology as a stand-alone means of instruction, as an instructional 

support, and to provide feedback was seen to be effective. Both conceptual knowledge 

and procedural knowledge are essential when teaching fractions (NMAP, 2008) and 

results indicate that iterating between the skills may be more effective that targeting 

conceptual knowledge first and then procedural.  

The NMAP (2008) discusses two types of knowledge, conceptual and procedural, 

as necessary when working with rational numbers. Conceptual knowledge involves 

understanding the underlying concepts, and making connections with previous 

knowledge. For fractions it includes fraction equivalence, magnitude comparison, and 
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identifying relationships between pictorial representations and abstractions, and vice 

versa (NMAP, 2008). Procedural knowledge includes all the rules and procedures 

students follow to arrive at the solution to a problem. Procedural knowledge for fractions 

includes computations with fractions such as addition, subtraction, multiplication and 

division. Of the studies targeting struggling learners, the graduated sequence approach 

primarily emphasized both conceptual and procedural knowledge in mathematics, and 

strategy instruction and direct instruction were seen to enhance procedural knowledge of 

rational number problem solving. Unlike special education studies, all general education 

studies emphasized conceptual knowledge of fractions, one study iterated between 

emphasizing procedural and conceptual knowledge.  

When selecting approaches to teach fractions, two considerations need to be borne 

in mind. First, the focus of the NCTM standards (NCTM, 2000) is on mathematics for 

understanding, emphasizing reasoning and problem solving abilities and therefore 

emphasizes conceptual knowledge. With the movement towards inclusion, most students 

with difficulties are being educated in general education classrooms, which follow 

NCTM recommendations. Therefore to encourage participation of students in the regular 

education setup (Bush, 2001; Individuals with Disabilities Education Act, 2004), we need 

identify interventions that align with the Standards, and emphasize conceptual 

knowledge. 

Second, when investigating studies for their focus on either conceptual or 

procedural knowledge, it could be seen that interventions for struggling learners tended to 

focus more on procedures (62%) than on concepts, while those targeting students without 

disabilities emphasized conceptual knowledge. One explanation could be that struggling 

learners have working memory deficits compared to their peers, which impact students‟ 

development of efficient procedures (Geary et al. 2007; Mabbot & Bisanz, 2008). 
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Emphasizing procedural knowledge therefore, would be one way to bridge the gap. 

However, students struggling in mathematics also lag behind their peers on understanding 

basic concepts, which hinders students‟ ability to transfer knowledge to novel problems 

(NMAP, 2008). Targeting both conceptual and procedural knowledge therefore, is 

essential to help struggling learners perform on par with their peers. The NMAP (2008) 

too recommends that both conceptual and procedural knowledge are essential to improve 

students‟ performance in fractions. An ideal strategy to teach fractions therefore, would 

target both the procedural and conceptual knowledge of fractions. 

RESULTS BY METHOD OF DELIVERY 

Method of delivery is categorized as either teacher-directed or student-centered 

approaches (NMAP, 2008). Teacher-directed instructional strategies are those where the 

teacher has control of the instruction, and tend to be more direct and explicit, including 

structured instructional sequences, emphasis on explanation and feedback, error 

correction, and review. Student-centered approaches on the other hand include 

instructional strategies where the teacher‟s role is not so central, and students take 

responsibility for their learning. Student-centered approaches include emphasis on 

students‟ prior experiences and learning, and students uncovering their own learning 

rather than explicit teaching by the teacher. The teacher‟s role in a student-centered 

approach is more of a facilitator and coach. In this section I discuss results by (a) teacher-

directed strategies, (b) combined teacher- and student-centered strategies, and (c) student-

centered strategies. 

Teacher-Directed Strategies 

Nine special education studies (Baker, Young & Martin, 1990; Bottge & 

Hasselbring, 1993; Butler et al., 2003; Gersten & Kelly, 1992; Flores & Kaylor, 2007; 
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Jordan, Miller & Mercer, 1999; Joseph & Hunter, 2001; Kelly, Gersten, & Carnine, 1990; 

Woodward, Baxter & Johnson, 1999) and five general education studies (Kellman et al., 

2008; Rittle-Johnson & Koedinger, 2009a, 2009b; Ross & Bruce, 2009; Siegal & Smith, 

1997) employed explicit instructional strategies as part of their intervention with results 

in favor of the treatment group (E.S. range = .24 to 1.24). Instructional strategies 

involved presentation of an advanced organizer (Butler et al., 2003; Jordan, Miller & 

Mercer, 1999), introducing and reviewing previous content, teacher demonstration and 

modeling, guided practice, independent practice, review and feedback, and progress 

monitoring. Instructional activities followed a structured sequence with the teacher 

controlling the pace of the lesson and providing support as needed. 

Instructional strategies included the use of direct instruction (Kellman et al., 

2008), teacher demonstration and modeling (Siegal & Smith, 1997), and the teacher 

explicitly drawing links for students (Rittle-Johnson & Koedinger, 2009a, 2009b). The 

pace of the lesson was controlled by teachers and lessons were delivered primarily in the 

whole group setting. Ross and Bruce (2009) used a multi-media resource where teacher 

input was not required. However, lessons in the resource were structured, provided 

explicit feedback and required students to complete tasks to mastery. 

Combined Teacher- and Student-Centered Strategies 

Three special education studies (Bottge, 1999; Owen & Fuchs, 2002; Test & Ellis, 

2005) and six general education studies (Cramer, Post, & delMas, 2002; Kong, 2008; 

Kong & Kwok, 2005; Moss & Case, 1999; Yoshida & Sawano, 2002; Yoshida & 

Shinmachi, 1999) employed a combination of explicit teaching and student-centered 

approaches to teach rational numbers to struggling learners. Results indicated positive 

effects for nine studies (Cramer, Post, & delMas, 2002; Kong, 2008; Kong & Kwok, 
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2005; Moss & Case, 1999; Owen & Fuchs, 2002; Test & Ellis, 2005; Yoshida & Sawano, 

2002; Yoshida & Shinmachi, 1999; E.S. range =. 205 to 2.94) and negative results in 

favor of the treatment group for one study (Bottge, 1999; E.S. = -.28). 

Intervention began with instructors demonstrating the problem solving strategy to 

students as a whole group. Next, students worked in whole groups (Moss & Case, 1999; 

Yoshida & Sawano, 2002; Yoshida & Shinmachi, 1999), in pairs (Owen & Fuchs, 2002; 

Tests & Ellis, 2005) or in small groups (Bottge, 1999; Cramer, Post, & delMas, 2002; 

Kong, 2008; Kong & Kwok, 2005) to solve problems. The teacher‟s role during 

independent practice for all studies except two (Owen & Fuchs, 2002; Test & Ellis, 

2005), was more of a facilitator, moving between groups and students, engaging in 

meaningful discussions, clarifying doubts and providing feedback. Owen and Fuchs 

(2002) and Test and Ellis (2005) incorporated student-centered strategies for independent 

practice of the strategy. However, instruction was still teacher-directed in that authors 

first provided guided practice in whole group settings, and students practiced in pairs till 

they attained mastery as determined by the teacher (Test & Ellis, 2005) and had to report 

correct answers to the teacher (Owen & Fuchs, 2002). 

Student-Centered Strategies 

One special education study (Bottge et al., 2002) and three general education 

studies (Keijzer & Terwel, 2003; Irwin, 2001; Roschelle et al., 2010) employed 

cooperative learning, and discovery methods as teaching strategies. Results were in favor 

of the treatment groups for the general education studies (E.S. = .28), while the special 

education study (Bottge et al., 2002) did not yield positive results (E.S. = -.25). The 

teachers‟ role in these interventions was minimal and teachers functioned primarily as a 

facilitator, providing support to aid students‟ understanding. Students worked in pairs 



 

 57 

(Irwin, 2001) or in cooperative groups (Bottge et al., 2002; Kellman et al., 2008), and 

negotiated meaning (Keijzer & Terwel, 2003). 

Summary of Method of Delivery 

Studies employed three methods of delivery: teacher-directed using explicit and 

systematic instruction, a combination of teacher-directed and student-centered 

approaches, and student-centered approaches alone. The majority of special education 

and general education studies (n = 14) favored a teacher-directed approach. Only one 

special education study (Bottge et al., 2002) employed a student-centered approach alone, 

and did not yield positive results in favor of the treatment group. This is consistent with 

previous reviews on effective instructional strategies for struggling learners (Gersten et 

al., 2009; Swanson & Hoskyn, 1998) which identify explicit instruction as evidence-

based practice for struggling learners. 

CRA AND EXPLICIT INSTRUCTION 

The CRA approach is a systematic method to introduce mathematics concepts to 

students. The approach targets conceptual understanding of mathematics (Miller & 

Hudson, 2007). The majority of CRA studies employ explicit teaching to deliver 

instruction (Hudson, Miller, & Butler, 2006). Explicit instruction includes in the use of 

modeling, guided practice, and multiple opportunities to practice, corrective feedback and 

progress monitoring (Gersten et al., 2009). The use of explicit teaching procedures has 

been well documented as an effective teaching practice in all areas of learning (Swanson, 

1998) and specifically for mathematics (Gersten et al., 2009; NMAP, 2008). Studies 

investigating the effectiveness of the CRA and explicit teaching approaches have 

examined various content areas including addition (Miller & Mercer, 1993), subtraction 

(Fuchs et al., 2005), multiplication (Harris et al., 1995), division (Miller & Mercer, 
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1993), fractions (Butler et al., 2003; Jordan, Miller & Mercer, 1999), algebra (Maccini & 

Ruhl, 2000; Witzel, Mercer & Miller, 2003), geometry (Cass, Case, Smith & Jackson, 

2003), and money (Miller & Mercer, 1993).  

Studies have investigated the effectiveness of the combined approaches with 

initial mathematics concepts (Fuchs et al., 2005; Miller & Mercer, 199?; Miller & 

Mercer, 1993) and higher level concepts (Butler et al., 2003; Witzel, Mercer, & Miller, 

2003). The majority of studies have been conducted by Mercer, Miller and their 

colleagues (n = 7). 

Early Mathematics Concepts 

In a series of studies, Miller, Mercer and their colleagues, examined the 

effectiveness of the CRA and explicit teaching approaches to teach initial mathematic 

concepts to students struggling in mathematics. The authors made use of scripted lesson 

plans and the explicit instruction format included an advanced organizer, model of the 

skill, guided practice, independent practice, corrective feedback and progress monitoring.  

Miller and Mercer (1993) investigated the impact of the approaches on basic 

mathematics skills of addition facts, division and coin problems. Using a multiple-

baseline design, the authors examined when in the CRA sequence, students were able to 

cross-over or transfer learning gained through the use of manipulatives and 

representations to abstract concepts. Participants included five students with LD, three at-

risk, and one student with intellectual disabilities. Results indicated students improved in 

their basic addition facts (PND = 94%), their division problems (PND = 83%) and 

solving problems with money (PND = 83%). Maintenance results though lower than 

post-test for most students, remained higher than baseline, and students were able to 

score more correct than incorrect responses. With regards the cross-over effect, results 
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indicated the majority of students did not make the transfer to abstract after instruction in 

the concrete phase alone. Most students required instruction using both concrete and 

representational aids to make an association with abstract content.  

Harris, Miller & Mercer (1995) employed two simultaneous multiple baseline 

designs to teach multiplication facts and word problems to second-graders with 

disabilities in general education classrooms using the combined CRA and explicit 

teaching approaches. A total of 13 children, 12 with LD and 1 with ED were included in 

this study. The authors conducted the study in two parts. In the first part, the study 

targeted mastery and fluency of multiplication facts and students learnt a strategy to solve 

multiplication problems. Students were administered a post-test after the first part of the 

study. Results indicated students improved their performance on multiplication skills 

from pre- to post-test (range, 25 to 75 percentage points). In the second part of the study, 

students continued to work towards fluency in multiplication facts, and solved 

multiplication word problems. Multiplication fluency data indicated that students 

improved their multiplication rate (Average Median Change = 29.5 points, range, 3 to 15; 

PND Correct = 86.4%), and students scored more correct than incorrect responses 

(Average Median Change = 26.2; PND Incorrect = 59%). Students‟ performance tended 

to be lower when complex word problems were introduced.  

In a randomized control trial, Fuchs et al. (2005) investigated the combined 

effectiveness of the two approaches versus traditional instruction on initial mathematics 

concepts and addition and subtraction math fact fluency. Participants included 127 first 

grade students at risk for LD. Authors also compared the performance of at-risk students 

with typically achieving peers. The authors employed researcher-developed and 

standardized tests. Results indicated the target group outperformed the control group of 

at-risk students on researcher-developed and standardized measure of computations, on 
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grade level concepts, and story problems (E.S.M = .48, range, .33 to .64). When 

comparing the performance of the target group to typically achieving peers, authors noted 

that improvement in scores from pre- to post-test was significantly higher for the 

treatment group compared to their typically achieving peers on the standardized measure 

of computation and grade level concepts. 

Higher Mathematics Concepts 

Studies have examined the combined effectiveness of the two approaches on 

higher mathematics concepts of fractions (Butler et al., 2003; Jordan, Miller & Mercer, 

1999), geometric concepts (Cass, Cates, Smith, & Jackson, 2003), and algebra (Maccini 

& Ruhl, 2000; Witzel, Mercer, & Miller, 2003). Jordan, Miller and Mercer (1999) and 

Butler et al. (2003) examined the effectiveness of the approaches to teach fraction 

computation and fraction equivalence. Results were in favor of the treatment groups. For 

a description of the studies, please refer to the section on fraction instruction.  

Cass, Cates, Smith, and Jackson (2003) employed a multiple baseline design to 

investigate the combined effectiveness of the two approaches for teaching area and 

perimeter problems to students with LD. The authors made use of the geoboard for 

concrete materials, and pictures of figures as representations. Lessons followed the 

model-lead-test sequence of instruction, and specified steps for error correction. All 

students improved their performance in area and perimeter problems (Average PND = 

94%). 

Maccini and Ruhl (2000) investigated the use of a strategy along with the CRA 

and explicit teaching approaches to teach algebra problem solving to students struggling 

in mathematics. Using a multi-probe design, Maccini and Ruhl (2000) taught the STAR 

strategy which directed students to search the word problem, translate using concrete 
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materials, pictures or an equation, answer the problem, and review. Using algebra tiles, 

representations and finally only abstract symbols, students solved problems with the help 

of the START strategy at the concrete, representational, and abstract phases of 

instruction. Participants included three eighth-grade students with LD. Results were in 

favor of the strategy (PND = 94%) and were able to maintain performance over time. The 

authors also examined transfer of skills to more complex word problems (near and far 

transfer). Students were able to solve near transfer problems with 67% accuracy and far 

transfer with 28.7% accuracy.  

Witzel, Miller, and Mercer (2003) employed a randomized control trial to 

investigate the effectiveness of the combined approaches versus only explicit instruction 

to teach algebraic equations. Participants included thirty-four matched pairs of sixth- and 

seventh-grade students struggling in mathematics. The authors expanded on the algebraic 

representations taught in the Miller and Ruhl (2000) by targeting the use of CRA and 

explicit instruction with more complex algebraic equations.  Results were in favor of the 

combined approaches group (E.S. = .86) and students in the treatment group were able to 

maintain their performance over time (E.S. = .51). 

Summary of CRA and Explicit Instruction 

Studies combining the CRA and explicit teaching approaches have addressed 

elementary level topics in mathematics such as the computations and word problems of 

addition, subtraction, multiplication, and division, as well as higher level concepts of 

fractions, geometry, and algebra. Results appear promising as all students improved their 

performance when taught using the combined approaches. Further, the CRA as an 

approach to teach fractions seems promising as the use of manipulatives and 

representations have been investigated for students struggling in mathematics as well as 
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their typically achieving peers, with positive results. All studies targeting students 

struggling in mathematics reviewed in this paper however, were conducted in the U.S. 

and the majority by the same group of researchers. Examining the effectiveness of these 

approaches with a non-U.S. population would add valuable information regarding the 

effectiveness of these approaches. 

SUMMARY OF FINDINGS 

From this review, we see that struggling learners have several difficulties in 

mathematics and in understanding and working with fractions. These difficulties may 

result from working memory deficits, and include difficulties in fact retrieval and 

inappropriate strategy use. Difficulties struggling learners face in mathematics also 

impacts their understanding of fractions, and are further compounded by the fraction 

content itself which poses a difficulty for most students. 

Several reviews in mathematics have identified approaches effective to teach 

mathematics to struggling learners. Of these, the CRA approach that combines a 

graduated sequence and explicit instruction appears promising. Studies have also 

investigated strategies to improve fraction performance for students struggling in 

mathematics, and students without disabilities.    

This review examined the literature for effective practices to enhance knowledge 

of rational numbers for struggling learners and students without disabilities, and studies 

employing the CRA and explicit teaching approaches for struggling learners. Effective 

instructional strategies to teach fractions to struggling learners include: (a) a graduated 

sequence approach, (b) strategy instruction, and (c) direct instruction. Strategies to 

improve rational number performance for students without disabilities include (a) the use 

of manipulative materials such as fraction circles, number lines, and linear stimuli and 
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visual representations, (b) emphasizing underlying schema, (c) use of technology, and (d) 

iterating between conceptual and procedural knowledge. One strategy, the use of 

manipulatives and representations has been investigated by both general education and 

special education studies with positive results. The majority of studies made use of 

explicit teaching strategies to teach rational number strategies.  

The CRA and explicit teaching strategy was seen to be effective to teach early 

mathematics concepts such as the basic operations, and place value and higher math 

concepts of fractions, algebra and geometry. Only two studies, however, examined the 

effectiveness of these approaches with fractions. Further, the majority of the CRA and 

explicit teaching approaches have been conducted by the same cohort of researchers and 

in the U.S. 
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Chapter 3: Methodology 

This study employed the single-subject research design to investigate the 

effectiveness of combining of the concrete-representational-abstract (CRA) approach and 

explicit teaching practices to teach fraction concepts to middle-school struggling learners 

in mathematics in Mumbai, India. The study was designed to investigate the impact of a 

combined CRA and explicit teaching approach on the performance in fractions for middle 

school students struggling in mathematics.  Specifically, the following research questions 

were used to guide this inquiry: 

1. Do students struggling in mathematics improve the accuracy of their 

performance in solving problems involving fraction equivalence when taught using CRA 

and explicit instruction? 

2. Do students struggling in mathematics transfer their knowledge of fraction 

equivalence to word problems, when taught using CRA and explicit instruction? 

3. Does the use of CRA and explicit instruction to teach struggling learners 

fraction equivalence result in maintenance of their performance over time? 

RESEARCH DESIGN 

The single-subject design utilized in this study is a multi-probe, multiple baseline 

design (Horner & Baer, 1978; Tawney & Gast, 1984).  Single-subject designs allow the 

investigator to determine the effectiveness of an intervention by eliminating competing 

explanations (McCormick, 1995) and specifically to “understand the performance of a 

specific individual under a given set of conditions” (Horner et al., 2005, p. 172). Unlike 

group designs, single subject designs are concerned with how individuals behave and not 

in averages (Kennedy, 2005). The mean obtained from a group of participants may be 

different from an individual student‟s response to the intervention (Sidman, 1952). While 
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group designs collapse data across different participants, with single subject designs, one 

is able to examine the individual progress of each participant. Given that characteristics 

of students with LD are varied (Fletcher, Lyon, Fuchs, & Barnes, 2007; Fletcher et al., 

2002), the single-subject design enables the investigator to ascertain how each individual 

responds, contrasting this with other individuals, to establish proof, one participant at a 

time (Kennedy, 2005). 

Multiple-baseline single-subject designs are appropriate in cases where the effects 

of the independent variable cannot be reversed (Richards, Taylor, Ramasamy, & 

Richards, 1999). Multi-probe designs are variations of the multiple baseline designs 

(Kennedy, 2005) and may be employed when extended baselines prove reactive, or are 

deemed unnecessary or impractical (Horner & Baer, 1978; Kearns, 1986; Murphy & 

Bryan, 1980).  As compared to group studies, multiple baseline designs allow the 

investigator to examine specific characteristics of students, and how the intervention is 

applicable to them.  

In multi-probe designs, data collected represent only a sampling of the overall 

performance (Kennedy, 2005), but if conducted systematically still present an accurate 

picture of the participants‟ skill levels (Horner & Baer, 1978). Tawney and Gast (1984) 

recommend a minimum of three probes be conducted prior to introducing intervention, 

across a minimum of three participants. In this study, a multi-probe design was 

considered appropriate because it was believed that (a) effects of the intervention could 

not be reversed, and (b) continuous measurement of students was impractical due to 

constraints of the school timetable.  Additionally, repeated testing of participants‟ for 

whom mathematics poses a problem without intervention might have proved reactive 

(Horner & Baer, 1978) with participants losing interest in the study, or developing 

adverse feeling toward the topic and the researcher.  



 

 66 

Replication of the design across participants helps strengthen the external validity 

of conclusions drawn (Kennedy, 2005), and this study was replicated across three more 

participants simultaneously. To strengthen the internal validity of the design, a fourth 

participant was added in each group, who served as a control and who did not receive any 

intervention. The student was probed intermittently during baseline, intervention and 

maintenance phases. Adding a fourth participant as control was to help strengthen 

conclusions that changes in the dependent variable could be attributed to the independent 

variable and not extraneous factors. 

CONTEXT AND SETTING 

Context 

This study was conducted in Samarpan, a private school in Mumbai. In order to 

maintain confidentiality, the school has been assigned a pseudonym. Students attending 

the school were primarily from middle class families (as indicated by the school) living in 

Mumbai. The school served about 800 students from grades 3 to 10 with two to three 

sections per grade and the number of students ranging from 30 to 35 per class. The school 

day consisted of 10 academic periods and each period ranged approximately 40 minutes. 

General Education 

During a typical school day, students first assemble in their classes and join in 

morning prayers conducted over the intercom. Next, the class teacher would discuss 

current events and happenings during the week highlighting significant events. Students 

followed set time-tables, with teachers moving between classes. By the sixth grade, 

students‟ work load consisted of seven academic subjects, English (Literature and 

Grammar), a second language (Hindi), social studies (History and Geography), 

mathematics, and a religion class (Dharam Shiksha). Weekly periods for sports, yoga, 
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music, and art were also scheduled into the timetable. The school doctrine emphasized 

discipline and respect for elders. As each teacher entered or exited a class, the class 

greeted them with „Namaste‟. There was a 15-minute recess mid-morning. and a half-

hour lunch break. Most students ate in the school canteen or brought home-packed 

lunches.  

Samarpan school laid particular emphasis on cultural events. During the course of 

this study, the school held three whole-school events, Balsatsang, a religious assembly, 

Grandparent‟s Day and Teacher‟s Day, that took precedence over the daily time-table and 

school work. During these events, academic periods were shortened so students could use 

the latter part of the school day to practice. 

Special Education 

Kapoor (2007) examined the criteria for students in India to be identified as 

having a learning disability. Inclusion factors include presence of average to above 

average intelligence and poor academic achievement identified using standardized 

intelligence tests that may or may not be normed on Indian population (see WISC – 

Indian adaptation, and Raven‟s Progressive Matrices), and informal academic 

achievement tests. Samarpan School served students identified with LD on the basis of 

intelligence test scores and achievement tests, as well as students struggling in academics 

with no identified disabilities. The school provided services for students with high 

incidence disabilities, whereas children with more severe disabilities such as autism and 

intellectual disabilities were referred to special schools or schools that followed an 

inclusion model. Samarpan School adopted a resource room model for special education 

services consisting of special education teachers and counselors. Each special educator 

has a caseload of about 25 to 30 students. General educators referred students whom they 
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felt had academic difficulties to the resource room (RR). Once the RR teacher has 

determined (through a procedure of classroom observations and curriculum based 

assessments) that students were in need of support services, an individualized education 

plan (IEP) was then developed and parents of students were asked to consent to the 

delivery of services. Instruction received in the RR was meant to be supplemental to 

instruction received in the general education classroom. The focus of intervention in the 

RR was on strategy development that students could then generalize to their curriculum.  

Mathematics Instruction 

The mathematics instruction provided as part of this study was in addition to the 

general mathematics instruction students received in class, and any supplemental 

instruction provided as part of RR services. The topic of fractions had been taught in 

grade 5 and was not addressed during the course of this study. However, students were 

required to apply their knowledge of fractions to solve problems in arithmetic, such as 

simple interest, in algebra, and in geometry. In this section I describe instructional 

practices in a typical mathematics classroom. Verbal dialogue with teachers indicated that 

fractions had been introduced in a similar manner in grades four and five. 

The sixth grade sections from which participants were drawn were taught by two 

different mathematics teachers. Both teachers had at least three years‟ experience in the 

field. In the sixth grade, students received mathematics instruction four times a week for 

at least one academic period. Instruction was conducted in a whole group setting with 

about 40 to 45 students per class. The teacher first presented the topic of the day and 

elicited background knowledge from students. Next, the teacher provided every-day 

examples of the content, drawing on students‟ daily experiences. Students were then 

asked to think of examples themselves. Finally, the teacher presented the algorithm to 
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help solve the problem on the board and solved problems along with students. Students 

raised their hands to provide answers to questions. Periodically, teachers called students 

to the board to help solve problems. At the end of class, students were presented with a 

worksheet of problems to be completed independently as homework. During the study, 

topics addressed in mathematics included decimal fractions, angles, and the unitary 

method. At the conclusion of the topic, students were provided with a worksheet that 

summarized problems taught in that topic and served as a guide when students practiced 

independently. Visual representations were used minimally as part of teaching and 

teachers rarely employed concrete manipulatives. 

Setting 

The majority of the intervention sessions were conducted in a quiet corner in the 

library of the school. The corner was separated from the rest of the library by a dividing 

panel. It included a long table, with plastic chairs on either side. The room was well lit 

with white artificial lighting and an overhead fan. Only materials required for the 

intervention such as pencils, pens, manipulatives, worksheets and instructors booklets 

were presented on the table. When the library was not available, intervention sessions 

were conducted in a quiet corner of the Resource Room of the school. The corner was 

separated from the rest of the resource room by a dividing panel. The space included a 

desk with two benches opposite each other. The corner was flanked by windows and in 

summer months (April through November) the natural light was adequate. 

PARTICIPANTS 

In order to maintain confidentiality, I assigned a pseudonym for all participants 

and the school. Participants were 8 sixth-grade students attending Samarpan School. 

Participants were drawn from those students referred for special education services for 
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difficulties in mathematics. All students had exposure to working with fraction 

equivalence as part of the school curriculum. Table 7 and 8 present a description of 

participant characteristics and pre-requisite skills assessment data. 

Table 7: Participant Characteristics. 

Name Age Gender Areas of 

Difficulty 

Language(s) 

spoken at 

home 

SES 

Bijal 11 years, 1 month Female Mathematics and 

Reading 

Hindi Sponsored 

Malaika 11 years Female Mathematics and 

Reading 

English Full tuition 

Tanya 11 years, 2 

months 

Female Mathematics English and 

Hindi 

Full tuition 

Lohit 11 years, 1 month Male Mathematics English and 

Gujrati 

Full tuition 

Ella 11 years, 1 month Female Mathematics , 

Reading and 

Emotional 

Difficulties 

English and 

Hindi 

Full tuition 

Aadit 11 years, 3 

months 

Male Mathematics, 

Reading, and 

Behaviour 

English and 

Hindi 

Full tuition 

Seema 11 years, 2 

months 

Female Mathematics and 

Reading 

English and 

Hindi 

Full tuition 

Jay 11 years Male Mathematics, 

Reading and 

Behaviour 

English and 

Hindi 

Full tuition 

Participant Selection 

As part of the selection process, all students referred for special education 

services in mathematics were administered a screening tool, a pre-requisite skills 

assessment package, and a reading eligibility test. To be eligible, learners had to: (a) be 

referred for special education services for difficulties in mathematics, (b) answer 

correctly 40% or less on a researcher-developed screening tool, (c) read independently, 
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that is correctly read at least 95%, of the words on a 4th grade level reading passage, and 

(d) earn accuracy scores similar to other participants in mathematics performance as 

determined by screening tool, pre-requisite skills assessment and previous mathematics 

scores. Ten participants from grade six were referred for special education services for 

difficulties in mathematics and were, therefore, screened as possible candidates for this 

study. Of the 10 students screened, nine met the criteria for this study, that is, scored 

below 40% on the screening tool. Eight students whose accuracy scores were most 

equivalent  were selected for the study.  

To equate participants, students were ranked on three factors: scores on the 

screening tool, scores on pre-skills assessment and previous year‟s mathematics scores 

obtained from students‟ fifth grade annual report. The highest scorer ranked first, the next 

second, and so on. Students with the same scores were given equal ranks. To ensure 

students with similar characteristics were grouped together, and to obtain a higher 

comparability within groups, the ranks for each student were combined and the four 

highest rankers formed Group A, with the next four forming the second group. Group A 

included Bijal, Malaika, Tanya and Laksh, and Group B consisted of Ella, Aadit, Seema, 

and Jay (see Table 8). 

Bijal was an 11-year old girl who had been referred for special needs services in 

grade four because of difficulties in mathematics. She had also been receiving support 

services in reading and language since the first grade. In grade five, Bijal had received 

intensive mathematics instruction three times a week for 45 minutes after school hours. 

During the study, she was being tutored in mathematics five times a week after school 

and once a week for 30 minutes in school. Teachers described Bijal as an extremely hard-

working girl. She took longer to grasp concepts compared to her peers, but with help, 

teachers believed she could perform. Teachers had noted an improvement in Bijal‟s 
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mathematics performance in grades five and six compared to grade four. At home, Bijal 

communicated in Hindi with her parents and siblings. She conversed using a mixture of 

English and Hindi with me, with her teachers and peers in school. Language enrichment 

remained a part of her IEP in grade six.  

Table 8: Screening Scores. 

Name Screening Reading 

Eligibility 

Pre-skills 

pre-test 

Pre-skills 

post-test 

Multiplication 

(per minute) 

School 

tests 

Group A 

 

Bijal 33% 97% 60% 85% 19 62.5% 

Malaika 40% 99% 65% 85% 22 55% 

Tanya 20% 97% 60% 85% 17 35% 

Laksh 33% 97% 75% 80% 12 35% 

Group B       

 

Ella 

 

0 

 

98% 

 

65% 

 

90% 

 

23 

 

57.5% 

Aadit 33% 97% 35% 55% 23 13.5% 

Seema 27% 98% 70% 80% 15 8.75% 

Jay 27% 98% 50% 60% 0 40% 

Malaika was an 11-year old girl who was referred for special needs in grade two 

because of difficulties in reading and mathematics. Malaika had been diagnosed with 

Learning Disabilities and her Full Scale IQ on WISC-III (Indian Adaptation) was 123, 

with a 19 point discrepancy between Visual IQ and Pictorial IQ. In grade five and during 

this study, Malaika received intensive mathematics instruction three times a week for 45 

minutes after school hours. Teachers described Malaika as enthusiastic and hardworking. 

She had difficulty with concepts as well as mathematical computations. Malaika was 

fluent in English and Hindi. In school, Malaika communicated primarily in English with 

me, her peers and teachers.  

Tanya was an 11-year old girl who was recently referred for special needs in 

mathematics at the end of grade five. During the study, Tanya was being tutored in 
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mathematics after school for one hour daily. Tanya‟s mother described her as very soft-

spoken and shy. She was reluctant to ask for help to clarify her doubts and this impacted 

her understanding. Tanya‟s teachers indicated that she took longer than her peers to grasp 

concepts, but performed better in comparison to other students selected for this study. 

Tanya spoke English and Hindi at home. Tanya conversed in English in school with me, 

with her teachers and her peers.  

Laksh was an 11-year old boy who was referred in grade four because of 

difficulties in mathematics. During the study, Laksh was being tutored in mathematics 

after school hours for one hour three times a week. Additionally, Laksh‟s mother worked 

with him on mathematics skill-building. Laksh‟s mother shared that although Laksh had 

difficulties in mathematics, if drilled he was able to perform. Laksh‟s teachers described 

his performance as erratic. Teachers indicated that his performance was below the class 

and he took longer to grasp concepts when compared to his peers. Teachers had seen an 

improvement in his performance in grade six when compared to grade five. Laksh spoke 

English and Hindi with his parents and family. In school, he spoke primarily in English to 

me, to his teachers, and a mixture of English and Hindi.  

Ella was an 11-year old girl who was referred because of difficulties in 

mathematics in grade four. Ella had been receiving support in language, reading and for 

emotional difficulties since the first grade. Teachers described her as very shy and soft 

spoken. She took longer than her peers to grasp concepts and her performance was 

erratic. Teachers were concerned that her emotional difficulties further hampered her 

academic performance. She spoke her both English and Hindi at home. Ella 

communicated primarily in English with me, with her teachers, and her peers. 

Aadit was an 11-year old boy, referred for special education services in grade 

three because of difficulties in mathematics, inattention and behavior problems. Aadit 
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had also been receiving support services in reading from grade one. He had been 

diagnosed with ADHD in grade one. During the course of the study, Aadit was not on 

medication for ADHD. Aadit‟s IQ score on the WISC- III (Indian adaptation) was 116 

with a one-point discrepancy between his VIQ and PIQ scale scores. During the study, 

Aadit began consulting an occupational therapist. His occupational therapy assessment 

indicated problems in vestibular processing, poor balance and motor skills. Teachers 

described Aadit‟s performance as very erratic. While Aadit was able to perform in school 

tests, teachers were concerned that his foundational skills were weak and thought his 

performance was poorer in grade six as compared to the previous years. Aadit often 

appeared lost in class and drowsy. He was fluent in both English and Hindi. Aadit 

communicated in English with his peers at school, with the teachers, and with me.  

Seema was an 11-year old girl referred for special education services in grade six 

for difficulties in reading and mathematics. Seema had transferred to Samarpan school in 

grade five. Teachers described Seema‟s performance as much below the level of the 

class. She had difficulty grasping concepts compared to the class but did not ask for help 

in class. Seema‟s mother added that Seema had faced difficulties in mathematics from 

earlier grades, and seemed unable to retain information taught. Teachers were concerned 

that Seema‟s performance was much below the level of the class, and they had seen a 

drop in her performance since grade five. Seema was fluent in English and Hindi. Seema 

conversed primarily in English in school with her peers and teachers.  

Jay was an 11-year old boy referred for special education services in grade two 

because of difficulties in mathematics, written expression, and behavior concerns. Jay‟s 

performance in mathematics was below the level of the class, but teachers‟ described his 

performance as inconsistent. Jay was easily distracted. He had not received any formal 

assessment for ADHD, and was not on any medication for his attention difficulties. Jay 
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was able to converse fluently in English, Hindi and Gujrati. At school, he spoke a mixture 

of English and Hindi with her peers, and primarily English with her teachers and with 

me. 

Consent and Confidentiality 

Prior to implementing the study, I obtained permission from the school and 

parents to involve students in a research study. I discussed the purpose of the study and 

its potential benefits with school officials as well as teachers. I conducted individual 

meetings with parents of students eligible to participate to discuss goals of the study, 

potential benefits to their child, activities that their child was required to perform as part 

of the study, and address concerns regarding their child‟s participation. I obtained written 

consent from the students (see Appendix A) and their guardians (see Appendix B) prior 

to participation in this study as part of the IRB requirements. Parents‟ primary concern 

was that students did not miss their academic periods. Participating students agreed they 

needed help with fractions and were willing to learn with me. In order to maintain 

confidentiality of the results and academic records, students were assigned a pseudonym. 

Student identifiers such as name, roll number, and class were deleted from the records as 

soon as they were obtained and replaced with the pseudonym. Student records were kept 

in a locked drawer at my home. 

MEASURES 

In this section, I describe the screening tool, pre-assessment tools, reading 

eligibility measure, and dependent measures. 

Screening Tool 

There are no local measures, to my knowledge, to assess fraction equivalence 

skills in mathematics. For eligibility in this study therefore, the Comprehensive Probe A 
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(see Appendix C) served as a screening tool. The screening tool was administered to all 

students referred for special education services in mathematics (n = 10). Students scoring 

40% or lower were eligible to participate in the study.  

Pre-Skills Assessment 

The pre-skills assessment package included two measures, a timed multiplication 

test and a test of pre-requisite skills in fractions. The tests was administered to all 

students scoring 40% or below (n = 9) on the screening tools.  

Multiplication Tool 

The multiplication assessment tool (see Appendix D) consisted of an 

experimenter-developed one-minute timed test assessing multiplication facts with 

products up to 81. Each sheet contained 60 facts with factors ranging between 0 to 9,  

arranged in rows of 10 and columns of 6. Scores were calculated as the total number of 

problems solved correctly in one minute (total number of problems attempted minus 

errors). Results were used to match students to create as homogeneous a group as 

possible. However, to remove knowledge of multiplication facts as a confounding 

variable in the design, all students were provided with a multiplication chart to aid 

computations.  

Pre-Requisite Skills Tool 

The pre-requisite skills tool (see Appendix E) was a 20-item test assessing student 

knowledge of foundational skills in fractions such as knowledge of the terms numerator, 

denominator and fraction bar, reading and writing fractional numbers including proper 

fractions, improper fractions and mixed numbers, and comparing fractions to one whole, 

as well as computation of the highest common factor (HCF; Stein, Silbert, & Carnine, 

1997). The tool was developed based on recommendations by Stein, Silbert, & Carnine 
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(1997) on pre-requisite skills necessary to understand and compute fraction equivalence. 

Items were drawn from from Keys to Fractions Book 1 and 4 (Rasmussen, 1980), from 

items developed by Navnirmiti, a leading organization in mathematics in India, and from 

students‟ fourth and fifth-grade textbooks used by the school. Participants scoring below 

70% (n = 9) attended the bridge program to review prerequisite skills for fractions. The 

tool served as a pre- and post-test. At the conclusion of the program, the test was 

administered again, and students matched to form equivalent groups on the basis of their 

post-test scores (see Table 8 above).  

Reading Measure for Eligibility 

This study required students to read and solve word problems as part of a 

generalization of skills measure. Participants selected for this study were administered a 

reading test to assess independent reading level. There is no standardized measure of 

reading assessment available in India, to my knowledge that is normed on the Indian 

population, and specifically, the urban sub-population of Mumbai. A passage (see 

Appendix F) developed as part of the school‟s informal testing procedures for fourth 

grade students served as a reading eligibility test. The school established grade 

appropriateness using the Flesch formula provided as part of Microsoft Office 2007. The 

Flesch-Kincaid Grade level for the passage employed as part of this program was 3.6. 

While there is no reliability or validity information available for these measures, it was 

more appropriate than using a standardized test normed on a different population and 

drawing erroneous conclusions from it (Cohen & Swerdlik, 2004). All students read the 

passage with above 95% accuracy (see Table 8).  



 

 78 

Probes 

Comprehensive probes, daily probes and transfer probes were the primary 

dependent variables in this study (see Appendix C and G). All probes were developed by 

me.  

Comprehensive Probes 

Comprehensive probes (see Appendix C) included all skills taught during the 

course of the study and were administered during baseline, at strategic points during the 

intervention program, and during maintenance phases. Each comprehensive probe 

consisted of 15 items assessing fraction equivalence. Abstract items were drawn from 

fourth-, fifth- and sixth-grade textbooks used by the school (Aggarwal, 2001, 2007; 

Alamelu, 2009; Bansal, 2007; Ogra, 2009). For visual representations, I created items 

using shapes provided as part of Word 2007 objects, and ClipArt available on Microsoft 

Office‟s online site for each tool based on representations used in their textbooks. A total 

of six forms of the probes were created to be used across the study.  

Validity 

One form of the comprehensive probes was examined by three experts in the field 

of mathematics in India to assess validity. Experts rated each item on the test as (a) 

essential, (b) useful by not essential, and (c) not necessary and included comments about 

the tool. The majority of items on the tool were marked as essential by all experts. No 

item was marked as unnecessary. Two experts suggested that the number of 

representative problems be increased.  

A table of specifications, allocating the proportion for each content area in the 

probe, was then created to establish content validity of the tool. Validity examines how 

well a test measures what it purports to measure (Cohen & Swerdlik, 2004), and 
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specifically, content validity judges how whether or not items in the test are 

representative of concepts the test is designed to measure. Based on a review of relevant 

curricula, representation problems formed one-third of the total problems on the tool (see 

Table 9). Areas addressed in each probe are: (a) Equivalent fractions of area 

(representational) (2 points); (b) Equivalent fractions of a set (representational) (1 point); 

(c) Equivalent fractions with known denominator or numerator (abstract) (5 points); (d) 

Equivalent fractions of any value (representational) (1 point); (e) Equivalent fractions of 

any value (abstract) (2 points); (f) Reducing to lowest terms (representational) (1 point); 

(g) Reducing to lowest terms (abstract) (3 points). A problem bank for each area on the 

probe was created, and items randomly selected. 

Table 9: Table of Specifications for Comprehensive Probes. 

Content Area Representational Abstract Total 

Equivalent fractions 

with known 

denominator or 

numerator 

20% 33% 53% 

Equivalent fractions 

of any value 

7% 13% 20% 

Reducing  7% 20% 27% 

Total 34% 66% 100% 

Daily Probes 

Performance during the intervention phase was assessed using a 10-item 

investigator developed daily probe (see Appendix G). Daily probes targeted specific 
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skills taught during an instructional lesson. Each probe included 10 items assessing the 

fraction equivalence sub-skill targeted during that lesson.  

Transfer Probe 

The transfer tool was a 10-item test assessing students‟ generalization of fraction 

equivalence to word problems on fraction equivalence (see Appendix H). Word problems 

were created using (a) problems developed by the Homi Bhabha Institute Centre for 

Science Education (HBCSE-TIFR, 2010), a leading research and educational institute in 

India; (b) the sharing interpretation of fractions and (c) problems created  by Butler et al. 

(2003). The story structure of the word problems consisted of three to four sentences. The 

first two sentences presented values that children would use to calculate. The third 

sentence provided the question that students had to answer, and the fourth, when used, 

asked students to write their answer in lowest terms. Two forms of the transfer tool were 

created to be used intermittently in baseline, intervention and maintenance phases. Each 

form followed the same story structure, with different mathematical values and contexts.  

MATERIALS 

In this section, I describe materials employed as part of the instructional program. 

Materials include instructional materials, and a description of the intervention program.  

Instructional Materials 

Instructional materials refer to aids used as part of the intervention program. Aids 

include concrete materials, graphic representations, worksheets, and student learning 

sheets.  
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Concrete Aids 

For the concrete phase of the intervention fraction circles and fraction strips were 

used. Fraction circles were made of ½ cm thick foam, each with a 12 cm diameter. 

Concrete aids for circles and strips ranged from halves to twelfths, excluding sevenths. 

Fraction circles were presented in plastic bags, with each denominator in separate bags. 

Each bag contained parts for three wholes of different colors, and was labeled with the 

corresponding denominator. For example, the bag with thirds, was titled thirds and 

contained nine equal parts. Paper strips consisted of 19 cm strips of card paper with the 

denominators marked and parts labeled. For example, for the strip showing thirds, three 

equal parts were marked on the strip, and each labeled.  

Graphic Representations 

As part of the representational phase, pictorial representations included pictures of 

fraction shapes such as circles, rectangles, and polygons, and sets of objects such as 

apples, triangles, lines and dots. Shapes available for download (see Educational 

Technology Clearinghouse, n.d.) and shapes available as part of Microsoft Office 2007 

were used.   

Cue Cards 

All definitions, vocabulary words and algorithms for the concrete, 

representational or abstract phases, necessary to solve problems were presented on cue 

cards during the intervention sessions. Cue cards were printed on card paper with the key 

term in 22 Times New Roman Bold font, and the definition in 18 Times New Roman.   

Learning Sheets 

Students were presented with learning sheets for each lesson (Appendix I). Each 

sheet consisted of 10 to 12 problems including problems for modeling and guided 
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practice. Problems presented in learning sheets were similar to those on the 

comprehensive and daily probes (see Appendix C and G) and also included two word 

problems on fractions.   

Multiplication Chart 

Multiplication chart included multiplication facts with combinations of single 

digit numbers from 1 to 9. Facts could be read both horizontally and vertically.   

Intervention Program 

The independent variable was the intervention package containing 11 scripted 

lesson plans that combined the CRA and explicit teaching approaches to teach fraction 

equivalence to students struggling in mathematics (see Appendix J). Sub-skills under 

fraction equivalence included understanding the shared interpretation of fractions, 

creating equivalent fractions, and reducing to lowest terms. Lessons were designed to 

span one instructional period (35 to 40 minutes). Each lesson targeted one sub-skill in 

fraction equivalence (see Table 10). 

CRA Sequence 

Instructional sessions included 11 scripted lessons, three using concrete aids, five 

with representations, and three at the abstract level (see Table 9). At the middle-school 

level, Gersten et al. (2009) recommend that interventions explicitly teach students to 

express mathematical concepts with visual representations and draw connections between 

visual representations and symbolic representations. The authors (Gersten et al., 2009) 

recommend interventions emphasize visual representations over concrete manipulatives 

as representations in particular aid students‟ transition to working with abstract symbols. 

The majority of instructional lessons therefore employed visual representations, and 
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concrete manipulatives were used to introduce the concept and then the same was 

reinforced using abstract symbols.   

Table 10: Format for Intervention. 

Lesson Content Materials 

1 Fair-sharing Fraction circles 

 

2 Equivalent fractions with known 

denominators 

Fraction circles 

 

3 Equivalent fractions with known 

numerators 

Fraction strips 

 

4 Fractions as sets Pictures of fractions 

 

Review Cumulative review Fraction circles, strips 

and pictures 

 

5 Equivalent fractions of any value Pictures of fractions 

 

6 Equivalent fractions with known 

numerator and denominator 

 

Pictures of fractions 

7 Lowest terms Pictures of fractions 

8 Reducing fractions Pictures of fractions 

 

Review Cumulative review Pictures of fractions 

 

9 Fundamental law- equivalent fractions 

of any value 

 

Symbols 

10 Fundamental law- equivalent fractions 

with known numerator and denominator 

 

Symbols 

11 Lowest terms using highest common 

factor (HCF) 

 

Symbols 

Review Cumulative Review Pictures of fractions, 

symbols 

  Lessons were designed to introduce the concept of fraction equivalence during the 

concrete and representational phases of the study, and emphasize procedural knowledge 
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in the abstract phase. The program emphasized the relationship between manipulatives, 

representations and symbols. During the concrete and representational phases, students 

worked with aids to help solve problems, but were required to represent their solutions 

using symbols on the worksheets. The instructor encouraged the use of algorithms during 

the concrete and representational stages, although algorithms were explicitly taught only 

during the abstract phase. For example, although the rule to create equivalent fractions 

using multiplication was taught only in the abstract phase, students were encouraged to 

use multiplication, in the concrete and representational phases, to identify the numerator 

and denominator of equivalent fractions.  

Explicit Instruction 

All lessons were scripted and followed a sequence of: (a) advanced organizer, (b) 

modeling, (c) guided practice, (d) independent practice, (e) feedback, and (f) progress 

monitoring. The lesson sequence also included three cumulative reviews, at the end the 

concrete, representational, and abstract phases of the study, and after a break of more 

than five consecutive week days. Steps for error corrections were specified such as 

reviewing definitions and algorithms, and re-teaching using concrete aids when 

appropriate.   

Word Problems 

This study assessed students‟ ability to transfer fraction equivalence skills to word 

problems. Lesson plans explicitly taught word problems, although word problem solving 

was not assessed as part of the primary dependent measures, that is as part of 

comprehensive or daily probes. Owen and Fuchs (2002) compared the performance of 

students given specific instruction in transfer to those who were not. The authors 

concluded that struggling learners benefit from minimal practice to aid transfer. Word 
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problems were selected in keep with the recommendations of the NCTM (1989, 2000), 

which calls for making mathematics instruction more meaningful and incorporating real-

life connections   

Development and Pilot of Intervention Program 

The researcher developed instructional lessons using (a) mathematics content in 

textbooks employed by schools in Mumbai, (b) explicit teaching practices recommended 

by the Gersten et al. (2009) related to response-to-intervention (RtI) practices in 

mathematics, and the direct instructional model to teach fractions recommended by Stein, 

Silbert and Carnine (1997), (c) the sequence and lesson plans developed by Butler (1999) 

and her colleagues (2003), (d) sequence and lesson plans as part of the Rational Number 

Project (Cramer, Behr, Post & Lesh, 1997) (e) suggestions from experts and (f) feedback 

from pilot study. I developed the instructional package in three stages (See Appendix K). 

First I developed a sequence and scripted lesson plans based on the direct instruction 

framework, and incorporating the CRA framework, and tasks employed in grade level 

textbooks. Next, I sent the package to experts in the field for their input and modified the 

intervention plan accordingly. Finally, I piloted the program on one student and made 

further modifications. Below, is a description of the development of the package.  

Initial Development 

I first examined instructional texts used by the school (see Aggarwal, 2001, 2007; 

Alamelu, 2009; Bansal, 2007; Foundation Mathematics, 2007; Ogra, 2009) to ascertain 

what concepts were addressed in fractions. Under fraction equivalence, students were 

required to (a) compute equivalent fractions with a known numerator/ denominator, (b) 

find equivalent fractions when given a fraction, and (c) reduce to lowest terms. Each of 

these skills was addressed when creating lesson plans. I also sourced lesson plans on 
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fraction equivalence (HBCSE - TIFR, 2009) created by the HBCSE in India. While many 

of the plans employed use of concrete aids (common daily objects such as food, water) 

they did not follow a structured format moving from concrete to representational and 

finally abstract. Additionally, these lesson plans tended to employ a discovery method of 

teaching. For the purpose of this study, therefore, I chose to develop the intervention 

plans.   

To develop the CRA sequence, I sought the help of lesson plans prepared by 

Butler (1999) and Butler et al. (2003) to teach fraction equivalence skills using the CRA 

approach, and recommendations by Gersten et al. (2009). For the explicit teaching 

approach, I included components of effective instruction highlighted in Gersten and 

colleagues (2009) guide to effective practices in mathematics and previous reviews of 

explicit teaching practices (for example, see Rosenshine, 1986; Swanson & Hoskyn, 

1999).   

Modifications by Experts 

Next, to improve appropriateness of the intervention the package was examined 

by experts in the field of mathematics in India (n = 2), special education (n =1), and 

experts in the field of special education in the U.S. (n = 1). Based on feedback, some 

terminology, such as using highest common factor instead of greatest common factor and 

lowest terms instead of simplest terms, were modified to suit the Indian context. I also 

revised the sequence of the lesson plans as well as the content to include word problems 

based on the sharing interpretation (Subramaniam & Verma, 2009) or quotient 

interpretation (Charalambous & Pitta-Pintazi, 2007; Streefland, 1991) of fractions. 

Previous plans included the part-whole and ratio interpretations of fractions. Lesson plans 

were modified to include fractions as quotients. Some of the framework to teach fractions 
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as part of the Rational Number Project (Cramer, Behr, Post, & Lesh, 1997) was also 

incorporated. The Rational Number Project is an on-going research project by the 

University of Minnesota that investigates employing manipulatives to teach rational 

numbers (including fractions). Authors recommend the use of fraction circles as an aid to 

students‟ understanding of fractions.  

Mathematics experts in India would have liked to see a more constructive 

approach to fractions. Both experts consulted suggested that I incorporate more project-

based learning, such as setting up a shop, to make activities more enjoyable. The purpose 

of this study is to examine how students responded to explicit teaching practices in 

mathematics. I therefore chose not to include a more constructivist, discovery-learning 

model. 

Experts in the field of special education also suggested that I include content on 

operations with fractions, specifically, addition and subtraction of fractions with same 

(like) and different denominators (unlike), as students are required to conduct these as 

part of their syllabus. While this would also have been beneficial to students, input from 

experts determined that the understanding of fraction equivalence was also a necessary 

skill at this grade level. To avoid tractability if the intervention was too long (Kennedy, 

2005) and ensure the instructional package was more focused, I chose to include only 

fraction equivalence.   

Pilot Study 

After modifying the lesson plans, I next conducted a pilot study of the program 

with one student. Deepa was a sixth-grader who had performed poorly in mathematics in 

her school examinations. She had been exposed to all content addressed in the 

intervention package as part of her fifth- and sixth- grade curricula. The purpose of this 
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study was to obtain feedback regarding the sequence of the lesson plans, the suitability of 

the fraction problems, as well as language use. The pilot study took a total of 12 days, 

with a lesson completed per day, and one lesson repeated as the student did not meet 

mastery criterion. Each lesson took approximately 30 minutes, including time to answer 

the probe. However, lessons requiring the use of concrete materials tended to go beyond 

40 minutes depending on the computation or word problem. Comprehensive probes were 

not piloted at this stage. 

During the pilot study, I was interested in how Deepa responded to the content of 

the instructional package as well as its delivery. With regards to content, the focus was on 

whether she grasped the sequence of lessons, the language used, and key concepts. 

Several modifications were made to the lesson plans both during and after the pilot study 

based on my observations. (a) First, an additional lesson plan that focused only on the 

unknown numerator was included, as targeting both denominator and numerator in a 

single lesson appeared confusing. (b) I increased the number of modeled problems to be 

modeled from one to two, and those for guided practice to at least 4. Additionally, I 

edited the sequence so that students would now solve problems independently only 

during the probe portion of the intervention. (c) Reducing appeared particularly time 

consuming, and Deepa required three lessons before she attained mastery. Additional 

lessons targeting reducing at the concrete and representational stages were included.  

For delivery of the intervention package, I noted the time taken, pacing, and use 

of materials. Using fraction circles appeared very time-consuming. The number of 

problems on the learning sheets for the concrete phase of the study was therefore 

reduced. Initially, for the first lesson with fraction circles, each set of circles was placed 

in separate transparent plastic bags. To improve efficiency when using aids, I also labeled 
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them as halves, thirds and so on for subsequent lessons. Deepa was able to follow the 

lesson at the pace I set, and most lessons were completed within one academic period.  

PROCEDURES 

The study was conducted over a 16-week period. I was not able to conduct 

sessions during the school examinations, due to scheduling changes in the school and 

requests from the parents, to enable students to focus on their examination content. Three 

students therefore, Tanya, from Group A, and Aadit and Seema from Group B, had a 

three-week break from the sessions. These three participants received an extra review 

session before regular session resumed. Intervention had concluded with the other three 

participants, Bijal, Malaika and Ella, so this school break did not impact them. All 

sessions were conducted by me and spanned one academic period. Students attended 

sessions individually. Students were pulled out of their classes during their non-academic 

periods such as art, music, religion class, library and games. Students asked that I not 

choose non-academic periods that they enjoyed, such as games period, or art class. I 

worked with each participant to draw up a schedule that was agreeable to them. The study 

was conducted in the following sequence: bridge program, baseline, intervention, post-

test, maintenance and generalization probes.  

Bridge Program 

To understand fraction equivalence, students need to have mastered foundational 

knowledge in fraction (Stein, Silbert & Carnine, 1997). Prior to entering the baseline 

phase, students who scored below 70% (n = 9) on foundational knowledge pre-skills 

assessment received four lessons targeting prerequisite skills for fraction equivalence. 

Sessions were conducted in groups of four. The first session targeted naming fractions 

and introduced the terms numerator and denominator. During session two, students 
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practiced reading and writing fractional quantities and were introduced to the term 

fraction bar. In the third session, students created fractions equal to one whole, and 

multiplying fractional quantities. Finally in the fourth, students practiced calculating the 

HCF of two numbers. At the end of four sessions, students were re-administered the pre-

skills assessment, and sorted into groups on the basis on their scores.  

Baseline 

To understand fraction equivalence, students need to have mastered foundational 

All participants were administered a comprehensive probe on Day 1 of the study . 

Subsequent comprehensive probes were administered intermittently and at strategic 

points during the study, adding additional baseline probes as participants were introduced 

into the study, with a minimum of 3 data points at each phase (Horner & Baer, 1978; 

Tawney & Gast, 1984). A continuous and stable baseline was established for participants 

immediately prior to intervention beginning. All participants were also probed as each 

successive participant was introduced into the design.  

Comprehensive probes were administered individually, and were randomly 

selected for each student. I presented each student with the probe and instructed them to 

solve it independently. Students were provided with a multiplication chart. No instruction 

was given at this time and students were asked to “Do your best” and “Skip a problem if 

you feel you cannot solve it”. The first student who achieved a stable baseline in each 

group entered the study. During baseline, students continued to receive mathematics 

instruction in their general education classrooms as well as for the duration of the study.  

Intervention 

Intervention sessions were conducted 3 to 4 times a week depending on students‟ 

availability. Sessions spanned 15 to 25 minutes, depending on the number of guided 
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instructions required and students‟ speed while working. At the beginning of each week, I 

drew up a time-table with each student taking into consideration their preferences, class 

time-table and my availability. Sessions were spread across the school day and no student 

received intervention in the same time slot for each session.  

Advanced Organizer 

Each lesson began with a brief recapitulation of content previously taught and 

relevant to the session for that day. Next, I presented the instructional objectives at the 

start of each lesson directing students‟ attention to what was required from them and what 

activities they would participate in. For example, instructions for lesson 3 were Yesterday 

we saw how we could make equivalent fractions using fraction circles when we knew the 

denominator to preview previously taught material and Let‟s continue making equivalent 

fractions. Today we‟ll make equivalent fractions when we know the numerator. We‟ll use 

fraction strips to help us as instructional goals for that lesson. I also demonstrated how 

fractions were represented using the particular aid for that lesson. For example, when 

using fraction circles, the instructor directed students‟ attention to how parts were 

labeled, such as thirds, and demonstrated how if students picked three thirds, they would 

equal one whole.  

Modeling 

Next, I explicitly modeled the first two problems on the learning sheets for each 

lesson. I used first-person language and think-alouds such as I know to do or I pick the 

fraction circle” to enable easy translation when students worked on problems 

independently. The think-alouds told students the steps to be followed as well as the 

reasoning behind the procedures (Gersten et al., 2009). For example, when making 

equivalent fractions using fraction strips, the teacher said, Look at the fraction. The 
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fraction is one-fourth. What is the denominator? The denominator is 4. The denominator 

tells how many equal parts in each whole. Because the denominator is 4, I pick the 

fraction with four equal parts. In keep with recommendations of Gersten et al. (2009) I 

modeled at least one challenging problem.  

Guided Practice 

The instructor guided students through at least 4 problems on the learning sheet, 

gradually withdrawing support as students were able to solve problems independently. 

Vocabulary for the guided practice section of the lesson was the same as the modeling, 

with the teacher probing for understanding by questioning. I rephrased or redirected 

students‟ responses as needed during this phase. Questions such as What does the 

numerator tell? and What is our first step? were used to elicit responses from students and 

determine the level of support required. I asked students to explain and provide reasons 

for their solutions.  

Independent Practice/ Progress Monitoring 

At the end of each lesson, students were presented with a 10-item probe assessing 

the skills targeted in the lesson. Mastery was set at 80% on daily probes. I did not offer 

any support but provided feedback once the problems were completed. Students could 

make use of the aids used during the lesson to solve the probe. After attaining criteria on 

daily probes for three consecutive times, the next participant to achieve a stable baseline 

was introduced to the study. If the student did not achieve mastery, the day‟s lesson and 

probe was re-administered till mastery was attained.  

Corrective Feedback 

I provided specific feedback during guided practice and after independent 

practice, giving students opportunities to correct their errors. If students were still unable 
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to solve the problem, each lesson included explicit instructions for error correction, such 

as modeling the concept using concrete aids, or and modeling steps for the strategy.  

Post-test, Generalization, and Maintenance 

Once students had completed the intervention package, comprehensive probes 

were administered immediately after intervention to assess progress (post-test) as well as 

2 weeks after intervention (maintenance). Transfer probes assessed students‟ ability to 

generalize fraction equivalence skills learned through the intervention package to word 

problems addressing the same concepts. Transfer probes were administered on the next 

consecutive day following administration of the post-test.  

FIDELITY OF TREATMENT 

To assess treatment integrity, I developed a checklist that incorporated 

components of the intervention (see Appendix L). One special education teacher and one 

general education mathematics teacher at the school served as observers. I trained both 

teachers prior to intervention. As part of the training, the investigator explained the 

purpose of the study, the intervention package, and components of the checklist. Next, I 

modeled a lesson for the teachers, and filled in the checklist along with teachers. I 

conducted one mock session where teachers were asked to fill in the checklist 

independently. A 100% agreement was established prior to observations commencing.   

Two data collectors independently observed 20% of the sessions. Treatment 

fidelity was calculated as the number of occurrences of the components of the study, 

divided by the total number of components, and then multiplied by 100. Treatment 

fidelity for the study was 100%.  

Interobserver agreement was established for six sessions. Interobserver agreement 

for the study was 100%.  
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INTER-SCORER AGREEMENT 

Inter-scorer agreement was established for 30% of the comprehensive probes. The 

special education teacher who served as an observer in the study independently scored 

30% of the probes. A 100% agreement was established.    

SOCIAL VALIDITY 

The purpose of this study was to examine the effectiveness of the CRA approach 

and explicit instruction to teach fractions to struggling learners. The CRA approach and 

explicit instruction are considered evidence-based practices in the United States to 

improve mathematics performance. This study was conducted in Mumbai, India. In 

recent years, with the globalization trend in academia, the field of mathematics has been 

growing (Atweh, Forgazz, & Nebress, 2001), and approaches used in one country or 

setting are being applied in other contexts. Researchers, in fact, contend that the field of 

mathematics, more than any other area in academics, is being „internationalized‟ (Atweh 

& Clarkson, 2001) with the number of international conferences on the rise and sharing 

of curricula across countries. In the field of learning disabilities too, Sideridis (2007) 

reported that there were more similarities than differences between countries in their 

conceptualization of LD, with most countries primarily adopting a U.S. understanding of 

the disability.   

However, globalization is not the same as homogenization (Lim & Renshaw, 

2001), and despite this cross-cultural sharing of mathematics approaches, every cultural 

setting is different and there is no direct translation of intervention strategies from one 

setting to another (Garcia & Dominguez, 1997; Klingner & Edwards, 2006). We cannot 

simply extrapolate from data of studies conducted in the United States to conclude that 

these practices, employed in a similar manner, will be effective in other settings. 
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Examining the social validity of the approaches therefore, becomes critical in order to 

ascertain their appropriateness in a diverse context.  

A single subject design examines the effectiveness of an intervention by 

establishing a functional relation between the independent and dependent variables. 

Social validity provides the researcher with information in addition to this functional 

relation to help understand the impact of the intervention. Social validity may be defined 

as „the estimation of the importance, effectiveness, appropriateness, and/ or satisfaction 

various people experience in relation to a particular intervention‟ (Kennedy, 2005, p. 

219). These may be interpreted differently across different socio-cultural settings. An 

intervention that results in gains in performances will be of little value if it is not accepted 

by stakeholders. Establishing the social validity of an intervention helps the researcher 

identify areas that are important to the target group, determine if an intervention will be 

adopted in practice, and what changes may be required to facilitate its adoption. 

Social Validity Measures 

There are different methods to establish social validity. Social validity can be 

determined through subjective evaluation of participants‟ and stake holders‟ perceptions 

of the intervention as well as through a more normative comparison, comparing 

individual‟s performances not only to themselves, but to an optimal level of performance 

(Kennedy, 2005; Van Houten, 1979). In this study, I examined social validity at three 

levels (Wolf, 1978), by assessing goals, procedures, and effects. Below is a description of 

the measures employed to establish the different levels of social validity. 

(1) Evaluation of goals. The goal of this study was to improve student 

performance in fractions. Establishing social validity of goals is needed to determine if 

the specific behavioral goals for the study are what the society actually wants. Prior to 



 

 96 

implementation of the package, I sought input from experts in the field to ascertain if the 

content in the package would be relevant for the grades in which it would be 

administered, and if the knowledge students gained through this package would be useful 

to them in their current mathematics curriculum. Additionally, when developing the 

package, I aligned content with topics and sequence in major textbooks to bridge the gap 

between curriculum and this program.  

(2) Evaluation of effects. I calculated the social validity of effects to 

determine if stakeholders were satisfied with the results of the study, including any that 

were unpredicted. Effects were evaluated by comparing participants‟ scores against the 

mean score their peers. Comprehensive Probe A (see Appendix C) was administered to 

73 average-achieving students in the sixth -grade, excluding participants, to serve as a 

normative comparison. Stakeholders can examine the relative value of the intervention by 

examining participants‟ scores against the norm.  

(3) Evaluation of procedures. Evaluating the procedures is determining if 

stakeholders consider intervention procedures acceptable. In other words, if „the ends 

justify the means‟ (Wolf, 1978, p. 207). Evaluation of procedures was conducted in two 

ways:  

a. I conducted one post-intervention interview with participants to assess 

their perceptions on the acceptability and effectiveness of the intervention. At the 

conclusion of the study, each participant was interviewed using a semi-structured 

interview format (see Appendix M). The purpose of these interviews was to obtain a 

more in-depth understanding (Wilson & Sapsford, 2006) of participants‟ perceptions of 

the program, what specifically they liked or disliked about the package, and what changes 

they feel could be incorporated to make the program more effective.  
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b. In addition to the post-study interviews, participants were asked for a brief 

feedback at the end of each lesson. I posed a question such as What did you like about 

this lesson?, Did you find this lesson easy or difficult? and Did something in the way this 

lesson was taught help you learn? How? Participants‟ responses were combined with the 

researcher‟s field notes as part of the daily summaries, a write-up of key aspects of the 

lesson.  

Post-Study Interview Protocol 

Interview protocols consisted of key questions related to the purpose of this study 

(see Appendix M). One graduate student of Indian origin from the University of Texas at 

Austin with experience teaching in Asian countries, and two experts in the field of special 

education and mathematics in Mumbai reviewed the questions developed for the 

interview for, (a) relevance to the study, (b) selection of respondents (that is, whether the 

question is appropriate for respondents selected), and (c) ease of response (if respondents 

can answer without reference to external sources) (ERIC, 1997).  

Interviews included both close-ended and open-ended questions. The 

questionnaire consisted of a researcher-developed 11-item questionnaire using a three-

point Likert scale (that is, (1) Disagree, (2) Neutral, and (3) Agree). Students marked 

their responses on paper. I helped students read items, directing their attention to sentence 

structure, especially for negatively worded items, and clarifying meanings as required. 

Next, students engaged in an oral open-ended interview. The interview included three 

open-ended questions that served to guide a focused conversation between the researcher 

and participant (deMarrais, 2004). Data from open-ended questions were audio-taped and 

transcribed. 
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DATA ANALYSIS 

The effectiveness of the treatment was estimated using visual analysis of probes, 

percent non-overlapping data (PND) effect size, standardized mean difference (SMD) 

and social validity analysis. Students received a maximum of 15 points for 

comprehensive probes, and 10 points for daily probes. Probes were scored as correct 

response (1 point) or incorrect response (0 point). The scores were then converted to 

percentages and plotted on a graph.  

Data from comprehensive probes was examined visually to establish a functional 

relation, if any. I analyzed changes in participants‟ performances within each phase, as 

well as across baseline and intervention phases, and baseline and maintenance phases. 

Specifically, I examined learners‟ performance for (a) baseline stability, (b) changes in 

level, trend, and variability between and across phases, (c) immediacy of effect between 

baseline and intervention phases, and (d) overlap of data points, if any, across phases 

(Kennedy, 2005).  

Data on daily probes were examined for changes in the performance of students 

during the intervention program. I visually examined data for number of trials to mastery 

to determine skills students found easier or more difficult. Data were also examined for 

differences in performances across the concrete, representational, and abstract phases.  

Data were analyzed using two effect sizes, the Percent Non-Overlapping Data 

(PND; Scruggs, Mastropieri & Casto, 1987) and the Standardized Mean Difference using 

the last three data points of baseline and intervention phases (ESSMD3; Marquis et al., 

2000) to supplement visual analysis and as a means of comparison between other single 

subject studies. There is no consensus in the literature on which effect size is most valid 

for single subject studies (Campbell, 2004; Olive & Smith, 2005). I therefore selected the 

PND as it is a commonly employed measure (Scruggs, Mastropieri, & Casto, 1987). I 
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computed the percent of non-overlapping data as the number of data points 

(comprehensive probes) in the treatment, and maintenance phases that exceeded the 

highest baseline data point in an expected direction, divided by the total number of data 

points in the treatment and maintenance phase, and multiplied by 100.  

A limitation of PND, however, is that it may be strongly influenced by the 

number of data points in a series as well as outliers (Marquis et al., 2000). I therefore 

calculated the Standardized Mean Difference (SMD), an effect size recommended by the 

literature as an alternate to PND (Olive & Smith, 2005; Marquis et al., 2000; Swanson & 

Lee, 2000). I calculated the SMD using the last three data points of baseline and 

intervention phases. Two approaches have been suggested for calculating SMD, either 

using all data points, or the last three data points in each phase. I selected the last three 

data points because (a) in single-subject studies, the end-of-phase data points are 

typically considered when examining the effect of an intervention, (b) as this was a multi-

probe study, the last three data points would represent the most continuous measurement 

in baseline, and (c) the last three data points would best represent the effects of this 

intervention as they were administered towards, or at the conclusion of the concrete, 

representation, and abstract phases of the intervention. I calculated ESSMD3 by subtracting 

the average of the last three baseline data points from the average of the last three 

intervention data points and divided by the standard deviation of baseline.   

To answer research question 1, I examined data within and between phases for 

level stability, trend, and variability. Data were considered stable if at least 80% of data 

points fell within a 15% range of the mean (Tawney & Gast, 1984). Trend within each 

phase was estimated qualitatively as positive or negative, and as having a high, medium 

or low magnitude. The trend line could not be established quantitatively as there were 

fewer than seven data points in each phase (Kennedy, 2005). Level was calculated as the 
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sum of all data points in a phase, baseline or intervention, divided by the number of data 

points in that phase.  

Social Validity Analysis 

This study investigated the effectiveness of evidence-based practices in novel 

settings. To examine the applicability of these approaches in diverse settings, this study 

incorporated multiple methods of assessing social validity. First, scores on the 

comprehensive probe administered to the reference group served as a normative 

comparison when evaluating the results of the study. The average score of the reference 

group was plotted on the results graph for a visual comparison.  

Second, data from the summary of daily lessons and interviews were analyzed to 

assess the social validity of the program with regard to the effectiveness of procedures 

employed. Interviews were scored on a three-point Likert type scale, with Disagree 

awarded 1 point, Neutral, 2 points, and Agree, 3 points. A score of 18 points on any item 

indicated complete agreement and a score of 6 indicates complete disagreement. Items 

worded negatively were reverse-coded. Raw scores were generated indicating student 

responses to each question.  

Next, as soon as data collection began, I reviewed transcripts of daily summaries 

(student feedback and field notes) and interviews, and categorized data primarily as 

„Facilitators to Comprehension‟ and „Barriers to Comprehension‟. Categories were 

further expanded and modified to capture themes that emerged.  

Credibility 

Once data were categorized, I reviewed the daily summaries as well interview 

transcripts to look for disconfirming evidence (Brantlinger, 2005). I then revisited 

categories, modifying them to include these data, or adding other categories to capture an 
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emerging theme. Second, I made use of peer debriefing to further support the credibility 

of the data and research process (Creswell & Miller, 2000). A special educator, with a 

master‟s degree in Special Education and familiar with the research and with qualitative 

methodology served as the peer debriefer. The researcher and debriefer conducted 

discussions, with the peer challenging insights, and posing questions to clarify methods 

and interpretations.  

SUMMARY 

Fractions are a critical skill for students to master, in order to achieve success in 

advanced mathematical tasks, as well as in their day to day lives. Understanding how to 

teach students struggling in mathematics is necessary to best serve their educational 

needs. This study employs evidence-based practices to teach mathematics, and applies 

the same to teach fractions to students struggling in mathematics. A few studies (Butler et 

al., 2003; Jordan, Miller, & Mercer, 1999) have been conducted that target fractions 

employing the CRA and explicit teaching approaches. This study differs from previous 

research as it employs the single-subject design. This design allows the researcher to 

examine how each child responds individually to teaching methods, rather than 

collapsing data. These data are important in the field of special education to better 

understand how different groups of children struggling in mathematics, may differ 

depending on their individual characteristics. Further, this study is conducted out of the 

U.S., namely, in Mumbai, India, and therefore also examines how methods, validated in 

the United States, can be employed in other contexts and by examining social validity in 

numerous ways, also directs the field as to what modifications may be necessary.  
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Chapter 4: Results 

The purpose of this study was to investigate the effectiveness of the CRA and 

explicit instruction approaches on mathematics performance of struggling students in 

Mumbai, India. Three research questions guided this study: (a) Do students struggling in 

mathematics improve the accuracy of their performance in solving problems involving 

fraction equivalence when taught using CRA and explicit instruction? (b) Do students 

struggling in mathematics transfer their knowledge of fraction equivalence to word 

problems, when taught using CRA and explicit instruction? and (c) Does the use of CRA 

and explicit instruction to teach struggling learners fraction equivalence result in 

maintenance of their performance over time? 

RESEARCH QUESTION 1 

Do students struggling in mathematics improve the accuracy of their performance 

in solving problems involving fraction equivalence when taught using CRA and explicit 

instruction?  

To answer the first research question, participants‟ scores on comprehensive 

probes were examined. Figures 1 and 2 display results for Group A and Figures 3 and 4 

for Group B. It can be seen from the graph that all students improved their performance 

after intervention was introduced. Additionally, data of the control student support the 

hypothesis that the intervention program results in improvement in fraction performance. 

Group A 

The top panel in Figure 1 displays results of the comprehensive probes for Bijal. 

Bijal received three baseline comprehensive probes, and four intervention and one 

maintenance comprehensive probes. She completed a total of 17 sessions. During 

baseline, Bijal struggled with identifying equivalent fractions (M = 35.3%, range 33 - 



 

 103 

40%). Baseline scores were stable with a slight negative trend. When intervention was 

introduced, Bijal‟s scores improved during intervention (M = 70%, range 53 - 87%) and 

maintenance (M = 100%). The trend line shows a positive slope. Comparison to the norm 

(90%) indicated that Bijal scored just below the norm towards the end of the intervention 

period (87%) and at post-test (80%), and above the norm during maintenance (100%). 

The norm in this study is defined as the average obtained on Comprehensive Probe A by 

73 average-achieving students in sixth grade, excluding participants, attending the same 

school as the participants.  

The second panel displays results for Malaika who received a total of four 

baseline probes, four intervention and one maintenance comprehensive probes. She 

completed a total of 17 sessions. Her baseline scores were stable (M = 45.3%, range 40 -

47%) and trend line indicated a flat slope prior to intervention being introduced. 

Malaika‟s computation of equivalent fractions improved once intervention was 

introduced (M = 70.3, range 47% - 87%), as well as at maintenance (87%). The trend line 

during intervention shows a medium positive slope. A comparison to the norm indicated 

Malaika scored almost up to the norm at the post-test and maintenance testing (80% and 

87% respectively). 

The third panel displays results for Tanya. Tanya received a total of six baseline 

probes and four intervention probes and one maintenance probe. She received 18 

intervention sessions in total. Baseline data indicated Tanya struggled with identifying 

equivalent fractions (M = 13.2%, range 7 - 20%). Her baseline scores were stable, prior 

to intervention being introduced. Tanya‟s scores improved when intervention was 

introduced (M = 71.5%, range 20 - 100%), and at maintenance (93%). The trend line 

during intervention shows a positive slope. Tanya was able to perform above the norm 
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towards the end of the intervention and at post-intervention testing (93% and 100% 

respectively).  

The bottom panel displays results for Laksh, the control participant who did not 

receive intervention. Laksh received a total of eight baseline probes across the study. It 

can be seen from the diagram that Laksh‟s performance initially increases, and then 

gradually drops after the third probe, displaying a negative slope towards the conclusion 

of the study. Data for Laksh are variable (M = 51%, range 33 - 67%).  Laksh‟s 

performance stays below the norm throughout the study.  

Analysis across phases indicates the effect of the intervention is evident when 

examining the slope of baseline and intervention phases. Trend lines during baseline are 

flat. Intervention trends indicate positive slopes for all three participants receiving 

intervention. The impact of the intervention is further demonstrated by the slope of the 

control student, Laksh, which differs from other participants in the study, as the probe 

scores accelerated gradually and then began to decline  There is no overlap between 

intervention and baseline data points for Bijal, and few points of overlap for Malaika and 

Tanya (n = 1). Table 11 presents effect sizes calculated for Group A and Group B. A 

Percent Non-Overlapping Data (PND) of 100% was established for Bijal and 80% for 

Malaika and Tanya. I also calculated a second effect size measure, the standardized mean 

difference using the last three data points of baseline and intervention (ESSMD3). Although 

PND indicated Bijal‟s performance was the highest, ESSMD3 ranked Tanya first (19.97), 

Bijal second (13.29), and Malaika third (11.43). 
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Figure 1: Intervention and Transfer Probes Measuring Fraction Performance for 

Group A. 
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Figure 2: Group A Means Measuring Fraction Performance on Intervention Probes. 

Table 11: Effect Sizes Measuring Fraction Performance. 

Participant PND ESSMD3 

Group A 

Bijal 

Malaika 

Tanya 

 

100% 

80% 

80% 

 

13.29 

11.43 

19.97 

Group B 

Ella 

Aadit 

Seema 

 

100% 

60% 

60% 

 

10.32 

6.42 

5.94 

Note: PND = Percent Non-Overlapping Data. ES = Effect size. SMD3 = Standardized 

Mean Difference. 
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Group B 

Figures 3 and 4 display results for Group B. The top panel in figure 3 displays 

scores on comprehensive probes for Ella. Ella received a total of three baseline probes 

and four intervention and one maintenance probe. Ella received a total of 17 intervention 

sessions. Baseline data indicate a low positive slope that flattens prior to intervention 

being introduced. Baseline data were considered stable (M = 51%, range 47 - 53%). 

Ella‟s performance in equivalent fractions improved when intervention was introduced, 

and she attained a mean of 81.8 % during intervention (range 67 - 100%), and 80% at 

maintenance (80%). The intervention trend indicated a positive slope. Comparison to the 

norm (90%) indicated that Ella was able to attain a score above the norm (90%) during 

the intervention phase (100%) and her scores remained just below the norm at 

maintenance testing (80%).  

The second panel displays results for Aadit. Aadit received a total of five baseline 

and five intervention probes and one maintenance probe. He completed a total of 28 

sessions. Baseline data for Aadit were considered stable (M = 24%, range 20 - 33%), and 

demonstrated a decelerating trend prior to intervention being introduced. Aadit‟s 

performance improved only marginally once intervention was introduced (M = 40%, 

range, 20 - 73%). There was a considerable change in level from intervention to post-test 

(73%), and maintenance (73%). The trend line shows a low positive slope during 

intervention with a sudden increase in level at post-test from last data point at 

intervention (40% to 73% respectively). Comparison to the norm indicates that Aadit‟s 

performance continued to remain below the norm post-intervention (73%).  

The third panel displays scores on comprehensive probes for Seema. Seema 

received a total of six baseline probes and four intervention probes and one maintenance 

probe. She received a total of 28 intervention sessions. Baseline data are variable (M = 
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18.8%, range 7 - 33%), with the majority of data points falling outside the 15% range 

from the mean. Examination of the trend indicated a flat slope was achieved prior to 

beginning intervention. Seema‟s performance improved consistently after intervention 

was introduced, with intervention data displaying a medium positive slope (M = 48.3%, 

range 13 - 93%). There was a significant level change from intervention to post-test (47% 

to 93% respectively). Seema attained a score of 67% at maintenance. Comparison to the 

norm indicates that Seema was able to perform above the norm immediately post-

intervention (93%), but below the norm at maintenance (67%).  

The bottom panel displays results for the control student, Jay. Jay received a total 

of eight baseline probes across the study. Data display high variability (M = 11%, range 0 

- 27%), with the trend line initially decelerating, then accelerating and finally 

demonstrating a downward trend towards the end of the study. A comparison to the norm 

indicated that Jay‟s scores stayed below the norm throughout the study. 

Examination of results across phases suggests an immediate effect for Ella with a 

level change from baseline to intervention, from 53% to 67% respectively. No immediate 

effect is seen for Aadit and Seema. As with Group A, results are evident by examining 

the trend in slopes. Slopes during intervention indicate a positive trend when compared to 

baseline trend that suggest a flat or low positive or negative trend. There was no overlap 

between data points in baseline and intervention phase for Ella and PND of 100% was 

established (see Table 11). A PND of 60% was established for Aadit and Seema, with 2 

data points in the intervention phase overlapping with baseline points. An ESSMD3 of 

10.32 was established for Ella, 6.42 for Aadit, and 5.94 for Seema. 
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Figure 3: Intervention and Transfer Probes Measuring Fraction Performance for 

Group B. 
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Figure 4: Group B Means Measuring Fraction Performance on Intervention Probes. 

RESEARCH QUESTION 2 

Do students struggling in mathematics transfer their knowledge of fraction 

equivalence to word problems, when taught using CRA and explicit instruction?  

A 10-item tool measuring the accuracy with which the students solve word 

problem problems using fraction equivalence was used to examine transfer of knowledge. 

Open circles in Figures 1 and 3 display results for participants during baseline and 

intervention phases. Students received two to four transfer probes across baseline, 

intervention and post-intervention phases. Visual examination of transfer scores indicated 

that five of the six participants who received intervention, Bijal, Malaika, Tanya, Ella and 

Aadit, displayed accelerating trends on transfer probes, with scores increasing from 

baseline to post-intervention. This is in contrast with the control students Laksh, whose 

trend line remained flat from baseline to intervention, and Jay, who displayed a 
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decelerating trend as the study proceeded.  Of the participants who received intervention, 

Seema did not display an accelerating trend from baseline to post-intervention, although 

post-intervention scores remain higher than baseline. Seema‟s transfer scores increased 

from 0% in baseline, to 70% during intervention and dropped to 30% at the post-

intervention testing. 

RESEARCH QUESTION 3 

Does the use of CRA and explicit instruction to teach struggling learners fraction 

equivalence result in maintenance of their performance over time?  

This study assessed maintenance of skills two weeks after intervention concluded. 

Figures 1 and 2 display maintenance results for Group A, and Figures 3 and 4 for Group 

B. All students improved their performance from baseline to maintenance. Bijal‟s and 

Malaika‟s performance increased from post-test to maintenance (80% to 100%; 80% to 

87%), while Tanya, Ella, and Aadit, maintained performance from post-test to 

maintenance (93%, 80%; 73%). Seema‟s performance dropped from post-test to 

maintenance (93% to 67%). Seema‟s performance at maintenance remained higher than 

her intervention mean (31%) and baseline mean (18.8%). 

ANALYSIS OF INTERVENTION SESSIONS 

Participants‟ performances on different intervention sessions were also analyzed. 

Figure 5 presents data of daily probes in each intervention session for participants. 

Overall, participants required more time to grasp the concept of sharing (Lesson 1), and 

creating equivalent fractions using representations (Lesson 5). All participants attained 

mastery at first presentation when asked to create equivalent fractions using abstract 

symbols (Lesson 9), and the majority of students (n = 5) were able to attain mastery 
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creating equivalent fractions with unknown numerators using concrete fraction circles 

(Lesson 2) and reducing to lowest terms using representations (Lesson 7). 

Panel 1 of Figure 5 displays results for Bijal. Examination of daily probes for 

Bijal indicates she achieved mastery for most intervention sessions in the first 

presentation. Bijal did not attain mastery in two lessons (Lesson 4 and Lesson 11). 

Lesson 4 targeted equivalent fractions of set, using representations. Bijal required two 

intervention sessions to attain mastery. When drawing parts, she tended to make the 

number of parts equal to the objects in the each part, instead of the denominator (100% of 

total errors). For example, for the problem Circle 2/5 of 20, Bijal drew four parts of 5, 

instead of five parts of 4. Lesson 11 targeted reducing fractions to lowest terms, using 

abstract symbols. Bijal took three intervention sessions to attain mastery. An examination 

of errors indicated the majority were errors in multiplication, where Bijal wrote the 

multiple incorrect, or failed to reduce by the highest factor.  

 Panel 2 displays results of daily probes for Malaika. Malaika did not attain 

mastery at the first presentation for Lesson 1, Lesson 5, and Lesson 6. Lesson 1 targeted 

the sharing interpretation of fractions using concrete aids (circles).  An analysis of errors 

indicated she did not attempt the majority of questions on Lesson 1 probe (60%), and of 

those she attempted, Malaika confused equivalent fractions with fractions equal to one 

whole. For example, she created the equivalent fraction
2

2

4

1
 . Malaika also had 

difficulty creating equivalent shares when asked to share more than one whole. When 

asked to share 2 wholes among 4, Malaika created a fraction 
4

1
  instead of 

4

2
 or 

2

1
. 

Lessons 5 and 6 targeted creating equivalent fractions of different values using 

representations. Malaika often drew an incorrect number of parts on objects, and thus was 
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not able to create equivalent fractions. Errors were seen when drawing parts on both 

circles as well as rectangles.  

Panel 3 displays results for Tanya. Tanya did not attain mastery on Lesson 1, 

Lesson 3, and Cumulative Review 1. Lesson 1 addressed the sharing interpretation of 

fractions using concrete fraction circles. She did not attempt the majority of questions on 

Lesson 1 (60%), and of those she attempted, Tanya created equivalent fractions with the 

same number of parts in the numerator, and different denominators. Lesson 3 made use of 

fraction strips to calculate equivalent fractions with unknown denominators. Tanya‟s 

errors were primarily on problems where she had to use strips to create equivalent 

fractions using smaller numbers, rather than larger numbers. For example, Tanya created 

the equivalent fractions, 
12

2

6

3
 . Cumulative review 1 assessed concepts using concrete 

aids, and equivalent fractions of sets using representations. Tanya created fractions that 

were not equivalent, either simply using the denominator or numerator from the given 

fraction to create an equivalent fraction, or creating a bizarre fraction.   

Panel 4 displays results for Ella. Ella did not attain mastery in Lesson 1 and 

Lesson 4. Lesson 1 addressed the sharing interpretation of fractions. Ella had difficulty 

creating equivalent shares when she had to share more than 1 whole. Lesson 4 targeted 

the set theory of fractions using representations. Similar to Bijal, Ella tended to make the 

number of parts equal to the objects in the each part, instead of the denominator.  
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Figure 5: Daily Probes Graph Measuring Fraction Performance. 
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Panel 5 displays results for Aadit. Aadit did not attain mastery at the first 

presentation for the majority of intervention sessions, specifically for Lessons 2, 3, 4, 

Cumulative Review 1, Lessons 5, 8, Cumulative Review 2, Lesson 11 and Cumulative 

Review 3. In particular, Aadit required more than two intervention sessions for Lesson 2, 

Lesson 5 and Cumulative Review 2. Lessons 2 targeted creating equivalent fractions 

using concrete fraction circles. He did not appear to follow any pattern for creating 

equivalent fractions and his answers were bizarre. Feedback from daily observations 

indicated that Aadit did not use the fraction circles to create equivalent fractions, but 

rather selected one part and guessed the value of the fraction. Lesson 5 required Aadit to 

create fractions using representations. Aadit had difficulty creating parts on circles. When 

drawing parts on circles, Aadit tended to draw straight lines through instead of creating 

parts beginning at the centre. Cumulative Review 2 assessed previous skills taught using 

representations. Aadit attempted to draw pictures to help him solve the problems in the 

review sheet. However, although he was able to create correct representations, Aadit 

seemed unable to translate this to abstract symbols. For example, for the problem
?

10

6

5
 , 

Aadit drew a diagram in which he had 12 parts in the denominator. However, when 

writing the answer, he wrote 2 as the denominator. Feedback from the daily logs 

indicated he was unable to recall what he was being asked for or whether he had to create 

a smaller (reduce) fraction or one using larger numbers.   

Panel 6 displays results for Seema who did not attain mastery on the first 

presentation for most lessons, and required more than two intervention sessions for 

Lesson 3, Lesson 5, Lesson 10, and Lesson 11. Lesson 3 targeted creating equivalent 

fractions with unknown denominators using strips. Seema primarily had difficulty with 

problems that required her to reduce and create a fraction using smaller numbers. Lesson 
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5 targeted creating equivalent fractions using representations. Seema had difficulty 

drawing parts on shapes. Also, for some problems, she miscounted the parts although she 

was able to represent it on the figure. Lesson 10 targeted creating equivalent fractions 

using symbols. Seema confused reducing and creating an equivalent fraction with larger 

numbers. For example, Seema created the equivalent fractions, 
12

1

4

3
 . Examination of 

her calculations indicated she had used the strategy to reduce fractions rather than create 

an equivalent fraction using larger numbers. Lesson 11 targeted reducing fractions to the 

lowest terms. Seema‟s errors were primarily errors in multiplication. Seema often 

reduced fractions, but not to lowest terms. Feedback from the daily logs indicated she 

was had difficulty identifying common factors of both the numerator and denominator, 

although she used the multiplication chart. 

ANALYSIS OF INDIVIDUAL STUDENTS 

A visual examination of data and an examination of effect sizes indicate that 

although all students improved their performance on equivalent fractions, the 

performances of two participants, Aadit and Seema, differed from other participants. 

Both these students made progress, but their progress remained lower when compared to 

their peers. Aadit‟s and Seema‟s baseline scores tended to be more variable than their 

peers. They required additional lessons, 28 sessions compared to 17 and 18 needed by 

other participants, and required more sessions to attain mastery on daily probes. I 

conducted a more in-depth analysis to better understand these students‟ progress. I first 

present an overview of students‟ behavior during intervention. Next, I examine students‟ 

performances on comprehensive probes in relation to daily probes. Finally, I conduct an 

error analysis of errors on comprehensive probes. 
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Aadit 

Aadit tended to be distracted during sessions. He often engaged in unrelated 

conversations while the lesson was being taught. For example, he would relate an 

incident that happened previously when the lesson had begun and I was modeling the 

task. While working independently on the probe, Aadit tended to make conversation on 

unrelated topics, and had to be brought back to task. Aadit tended to be impulsive and 

often would not wait for me to complete modeling the problem before attempting to solve 

it himself. He was eager to begin each lesson, and would get frustrated when asked to 

repeat definitions as that slowed down his pace. However, Aadit continued to confuse 

definitions event towards the latter half of the program, and was unsure of the definition 

of equivalent fractions. An examination of pre-requisite skills indicated that Aadit‟s 

multiplication scores ranked him first among participants. However, Aadit did make 

errors in multiplication. Although asked to use the multiplication chart, he tended to 

avoid it and preferred solving problems independently. Aadit indicated he was enjoyed 

sessions. When Aadit attained success, he appeared more motivated to perform. He 

would ask for more problems to solve, and ask to remain for another session after we 

completed the lesson. He appeared eager to begin the independent probe. The next day 

after Aadit attained success, he would initiate beginning the lesson, instead of conversing 

about unrelated events.  

During some sessions Aadit appeared lethargic and unable to perform. He simply 

put his head down and would appear to fall asleep while writing. This behavior was also 

noted by the class teacher and Resource Room staff who brought it to the attention of his 

mother. During the course of the study, Aadit was asked to undergo a comprehensive 

neurological examination and an occupational therapy assessment to identify the cause. 
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In addition, Aadit‟s mother was asked to monitor his sleep patterns especially before a 

significant event, such as an examination.  

Figure 6 presents scores on comprehensive probes that are represented by solid 

circles, and performance on daily probes, represented as a bar graph. Table 12 presents 

the error analysis of each probe. Aadit‟s mean accuracy scores at baseline range from 

20% to 33%. We can see from the error analysis that Aadit was not consistent in his 

performance on the different areas of the probe. On the majority of probes in baseline, 

Aadit was able to score on abstract items, while on some, he solved representational 

items correctly. 

 

Figure 6: Percent Accuracy of Fraction Performance on Intervention Sessions for 

Aadit. 
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Table 12: Percent Accuracy of Fraction Performance on Comprehensive Probes for 

Aadit. 

 
Unknown numerator/ 

denominator Reducing Any Value R 

(Mean) 

A 

(Mean) 
Total 

 Area Set 

 R  A  R  R  A  R  A  

Baseline1 0% 20% 0% 0% 100% 0% 0% 0% 40% 27% 

Baseline2 0% 60% 0% 0% 0% 0% 0% 0% 30% 20% 

Baseline3 50% 20% 0% 0% 33% 0% 0% 20% 20% 20% 

Baseline4 0% 40% 0% 0% 100% 0% 0% 0% 50% 33% 

Baseline5 0% 20% 0% 0% 66% 0% 0% 0% 30% 20% 

Intervention1 0% 40% 0% 0% 33% 0% 0% 0% 30% 20% 
Intervention2 0% 20% 0% 0% 100% 0% 0% 0% 40% 27% 

Intervention3 100% 0% 100% 0% 100% 0% 0% 60% 30% 40% 

Intervention4 50% 0% 0% 0% 100% 100% 50% 40% 40% 40% 

Post-test 50% 100% 0% 100% 66% 100% 50% 60% 80% 73% 

Maintenance 100% 80% 100% 0% 33% 100% 100% 80% 70% 73% 
Note: R = representation, A = abstract 

Overall, Aadit was able to score higher on abstract items during baseline than on 

representational. Specifically, Aadit was able to solve problems with unknown 

numerator/ denominator and that required reducing.  

We can see from the figure that Aadit‟s scores stayed depressed when he was 

assessed after intervention in the concrete phase (20%). Error analysis indicates that he 

was still able to solve only the abstract items on the probe. There was marginal 

improvement at testing during intervention in the representational phase of the study 

(27% to 40%). We see that Aadit began to solve representational problems at the second 

probe. These data correspond to the phase of the study being taught, which is 

representational. Aadit‟s performance on abstract items continues to remain erratic, with 

him being able to solve certain problems on a particular probe, but unable to do so on 

others. Interestingly, Aadit‟s performance on abstract items dropped on initial 

intervention probes compared to his scores in baseline. This may be attributed to 

confusion as he was being taught using representations at this stage. At post-intervention, 

we see there was a sharp increase at post-test after intervention concluded and his high 
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scores were maintained after 2 weeks (73%). Aadit‟s improvement was minimal until 

intervention was introduced using abstract symbols. He appeared not be able to transfer 

his knowledge of equivalent fractions from concrete to representational and abstract 

figures, and from representational to abstract. An error analysis indicated that Aadit was 

able to solve more representational problems at maintenance than other probes. At 

maintenance, his representational scores were higher than his abstract scores. His scores 

on abstract items remained higher than baseline and intervention, though dropped from 

post-test to maintenance. 

Seema 

At first, Seema was very reluctant to participate in the program. She did not attend 

sessions on time, and I had difficulty scheduling sessions with her as she felt they 

interfered with her regular school timetable. Although Seema was given an option to opt 

out of the study, her parents as well as Seema indicated she would like to continue. 

Seema appeared distracted during the sessions, often unable to repeat instructions the 

instructor had given. She found it difficult to recall definitions on cue cards. Seema 

constantly looked to me for confirmation of her answers, and needed guidance for most 

of the problems on the Learning sheets. Towards the end of the program, Seema indicated 

she was enjoying the lessons. She attempted to solve problems independently, on her own 

before seeking guidance. Seema continued to have difficulty with definitions and 

meanings of concepts throughout the study. An examination of Seema‟s pre-test 

multiplication scores placed her in the bottom half of the group. She needed the help of 

the multiplication chart to help her solve most problems. 
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Table 13: Percent Accuracy of Fraction Performance on Comprehensive Probes for 

Seema. 

 
Unknown numerator/ 

denominator Reducing Any Value 
R A Total 

 Area Set 

 R  A  R  R  A  R  A  

Baseline1 0 2 0 1 0 0 0 20% 20% 20% 

Baseline2 0 2 0 0 3 0 0 0% 50% 33% 

Baseline3 0 2 0 0 2 0 0 0% 40% 27% 

Baseline4 0 1 0 0 0 0 0 0% 10% 7% 

Baseline5 1 0 0 0 1 0 0 20% 10% 13% 
Baseline6 0 1 0 0 1 0 0 0% 20% 13% 

Intervention1 0 0 0 0 3 0 0 0% 30% 20% 

Intervention2 2 1 0 1 1 0 0 60% 20% 33% 

Intervention3 1 1 1 0 3 1 0 60% 40% 47% 

Post-Test 2 4 1 1 3 1 2 100% 90% 93% 

Maintenance 2 1 1 1 3 1 1 100% 50% 67% 

Figure 7 presents scores on comprehensive probes for Seema represented by solid 

circles, and performance on daily probes, represented as a bar graph. Table 13 presents 

the error analysis of each probe. Seema‟s scores at baseline were highly variable and 

range from 7% to 33%. We can see from the error analysis that Seema had difficulty 

answering representational problems and was not consistent in her performance on 

abstract problems. Overall, Seema was able to score higher on abstract items during 

baseline than on representational at baseline. Specifically, she was able to solve problems 

with unknown numerator/ denominator and reducing.  

Similar to Aadit, Seema‟s scores stayed depressed when she was assessed after 

intervention in the concrete phase (20%). Error analysis indicates that she was able to 

solve only the abstract items on the probe. When Seema was assessed again using the 

comprehensive probe after intervention at the representational phase, we seen an 

improvement (13% to 33%). An error analysis indicated that Seema had begun to solve 

more representational problems correctly, than abstract.  
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Figure 7: Percent Accuracy for Fraction Performance on Intervention Sessions for 

Seema. 

Seema continued to be erratic in her performance on abstract items. Similar to 

Aadit, Seema‟s performance on abstract items dropped on initial intervention probes 

compared to her scores in baseline. As intervention progressed to the abstract phase, 

Seema‟s performance continued to improve (33% to 47%). Error analysis indicated that 

she was able to solve representational as well as abstract problems. At post-intervention, 

we see there was a sharp increase in her performance at post-test (47% to 93%), with 

Seema solving all problems at the representational level correctly. Seema was not able to 

maintain this performance at the maintenance probe (93% to 67%). An error analysis 

indicated that Seema scored 100% on representational items, and only 50% on abstract 

items.  
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SOCIAL VALIDITY 

Social validity was measured with a questionnaire using a 3 point Likert scale, 

scored as Disagree (1), Neutral (2) and Agree (3). The average scores on each question 

on the social validity measure ranged from 2 to 3 (M = 2.6). Table 14 presents results of 

the social validity measure. Overall, participants reported that they could now solve 

problems with equivalent fractions, that representations helped to solve problems, that 

they would recommend others learn through this method, and that they felt better about 

their ability to solve problems with equivalent fractions. Participants appeared to prefer 

diagrams (M = 2.7), over circles (M = 2.5) and strips (M = 2.2). Participants indicated 

they had learned to solve equivalent fractions using this method (M = 2.8), and were 

optimistic about their ability to solve equivalent fractions (M = 3.0). 

I also examined interviews and daily logs to determine what aspects of the 

program facilitated learning. The following themes emerged from the analysis. 

Concrete and Representational Aids were Helpful for Difficult Problems 

Manipulatives and representations were reported to be helpful in solving problems 

that participants were unable to discern see obvious answers to. Students tended to solve 

problems using only abstract symbols when they knew the algorithm, but would make 

use of aids for problems involving reducing fractions, or fractions of numbers that were 

not direct multiples, for example, 
10

5

6

3
 .  In particular, participants tended to use 

manipulatives and representations more for problems that required reducing, and when 

solving word problems. 

Circles Versus Rectangles as Conceptual Aids 

Of the representational aids, participants had difficulty making parts on circles, in 

particular, when the denominator was an odd number. When drawing parts on circles, 
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participants used the support of the given diagram to make additional parts instead of 

drawing a similar diagram. 

Highest Common Factor (HCF) was Not Beneficial as a Strategy to Reduce 

Identifying the HCF and then using this number to reduce fractions was 

introduced as a strategy to rewrite fractions in lowest terms. This strategy possibly 

conflicted with previous methods and strategies of instruction. Participants had been 

taught using a different strategy of simply reducing using any common factor, and not 

necessarily the highest common factor. The strategy involved repeated reducing till the 

fraction was in the lowest terms. Students found the HCF strategy time-consuming and 

tended to reduce directly with any common factor. While this sometimes resulted in 

correct solutions, observations indicated that at times students were not able to reduce 

fractions to the lowest terms using this strategy. 

Face Validity of Strips 

Of the representational aids, participants had difficulty making parts on circles. 

Overall, observations indicated that participants were able to use strips effectively and in 

fact opted to use strips instead of circles during the cumulative review sessions. However, 

interviews with children revealed that participants found strips “a little confusing” and 

when asked to compare the two, circles and strips, the majority of participants indicated 

circles were more preferred. 

Multiplication as a Necessary Pre-requisite Skill 

When asked what helped them solve problems, participants simply indicated it 

was “multiplication”. This statement was supported by observations of errors which 

indicated numerous multiplication errors when working with abstract numbers. 

Multiplication errors occurred in spite of the multiplication chart being available for 
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students to use. Participants tended to use the chart more as a last resort and would first 

attempt to solve the problem independently. As a result, many errors would go 

unchecked. 

Table 14: Social Validity. 

  Statement Bijal Malaika Tanya Ella Aadit Seema TOTAL AVERAGE 

1 
I learned to solve problems 
with equivalent fractions 

correctly 3 3 3 3 2 3 17 2.8 

2 

Using fraction circles helped 

me to solve problems with 

equivalent fractions 2 2 3 2 3 3 15 2.5 

3 Fractions are easy 2 3 2 2 2 3 14 2.3 

4 

Strips helped me solve 

problems with equivalent 

fractions 1 2 3 2 3 2 13 2.2 

5 

Pictures of fractions helped me 

solve problems with equivalent 
fractions 3 3 3 2 2 3 16 2.7 

6 
The teaching method was very 

long (reverse coded) 3 3 3 2 1 3 15 2.5 

7 

I did not learn to solve 

problems with equivalent 

fractions using this programme 

(reverse coded) 3 3 3 3 2 3 17 2.8 

8 
I would recommend my 

friends learn using this method 3 3 3 2 3 3 17 2.8 

9 

After this programme, I feel 

better about my ability to solve 

problems with equivalent 

fractions 3 3 3 3 3 3 18 3.0 

10 
Fractions are hard (reverse 

coded) 3 3 3 3 1 3 16 2.7 

11 
I enjoyed learning with this 

teaching method 3 3 3 3 3 3 18 3.0 
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Chapter 5: Discussion 

The purpose of this study was to evaluate the effectiveness of a combined 

approach of CRA and explicit instruction to teach fraction equivalence to students 

struggling in mathematics. The CRA approach and explicit instruction are considered 

evidence-based practices in the United States to teach students who struggle with 

mathematics (Gersten et al., 2009). The two approaches have been combined in previous 

studies and yielded positive results (Mercer & Miller, 1991, 1994; Miller, Harris, 

Strawser, Jones, & Mercer, 1998). This study examined the combined effectiveness of the 

two approaches to teach students in Mumbai, India. To this effect, I developed an 

intervention program combining the two approaches. Participants were 8 sixth-grade 

students who struggled with mathematics.  

Three research questions were addressed in this study: a) Do students struggling 

in mathematics improve their performance in problems involving fraction equivalence 

when taught using CRA and explicit instruction? b) Do students struggling in 

mathematics transfer their knowledge of fraction equivalence to word problems, when 

taught using CRA and explicit instruction? c) Does the use of CRA and explicit 

instruction to teach students struggling in mathematics fraction equivalence result in 

maintenance of their performance over time? In this chapter, I first discuss the results of 

the study in relation to the research questions posed. Next, I discuss the limitations of the 

study, and finally, directions for future research. 

RESEARCH QUESTION 1 

Do students struggling in mathematics improve their performance in problems 

involving fraction equivalence when taught using CRA and explicit instruction? 
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Measurement of fraction equivalence in this study included representational and 

abstract problems that required students to create equivalent fractions, and reduce 

fractions to the lowest terms. All six participants who received intervention in the study 

improved their performance on fraction equivalence measures. These results are 

consistent with the positive findings seen in previous studies targeting students struggling 

in mathematics, where a combination of these approaches has been evaluated to teach 

fractions (Butler et al., 2003; Jordan, Miller, & Mercer, 1999).  

Previous literature has examined the effectiveness of the CRA and explicit 

teaching approaches to teach mathematical concepts to students struggling in 

mathematics with positive results (see Fuchs et al., 2005; Witzel, Mercer, & Miller, 

2003). A mean PND of 90.5% (range, 69% to 100%) was observed across the three CRA 

and explicit instruction studies employing single subject designs. The mean ESSMD3 

could not be established as the standard deviation for participants in some studies was 

zero (see Cass et al., 2003; Miller & Mercer, 1993). A PND of 90.5% indicates that 

participants were able to perform better than the best baseline score 90.5% of the time. A 

mean PND of 80% (range, 60% to 100%) was established for this study. Although a 

lower PND was observed for this study, it corresponds to studies employing parallel 

probes across each phase of the study, for example, Miller and Mercer (1993) who 

established a mean PND of 81% (range, 69% to 94%). The authors employed probes only 

at the abstract level, and assessed students‟ performance on these probes through all 

phases, the concrete, representational, and abstract, of the study.   

Of the single-subject studies investigating approaches to teach fractions, Joseph 

and Hunter (2001) and Test and Ellis (2005) established a mean PND of 98.3% (96.6% to 

100%). One explanation for a lower PND observed in this study is the nature of students‟ 

progress through the probes. Participants tended to improve performance only once 
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intervention was introduced at the representational phase and sometimes only the abstract 

phase. Therefore, there was overlap between baseline and intervention scores for initial 

probes. Another reason is that this study targeted both conceptual and procedural 

knowledge of fractions. Authors of fraction studies that employed single-subject designs 

investigated only procedural knowledge in fractions through strategy instruction. It could 

be that students require more time to grasp conceptual understanding of a topic which 

accounts for overlap of initial scores between baseline and maintenance. It was not 

possible to establish a mean ESSMD3 across single subject studies targeting fractions, as 

the standard deviation for one study (see Test & Ellis, 2005) was zero. Joseph and Hunter 

reported a mean ESSMD3 of 5.76. A mean ESSMD3 of 9.56 was observed in this study. 

Thus although a lower PND was established, the overall change from baseline to 

intervention was greater in this study as compared to studies employing only strategy 

instruction. 

These data suggest three implications. First, results of this study can be attributed 

to components of the intervention package, explicit instruction and the use of the 

concrete-representational-abstract sequence to teach concepts. Explicit instruction 

included the use of an advanced organizer, a model of the skill, guided practice, 

independent practice, progress monitoring, and corrective feedback. Further, cumulative 

reviews were incorporated in the lesson sequence to facilitate retention of skills. This 

study made use of fraction circles and fraction strips as concrete aids, diagrams of circles, 

rectangles and other polygons as other representational aids, and strategies to solve 

problems using abstract symbols to aid performance at the abstract phase. These results 

are in accordance with literature reviews that identify explicit teaching practices and the 

CRA approach as evidence-based practices to teach students who struggle in mathematics 

(Gersten et al., 2009; Miller & Hudson, 2007).  
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Second, these data suggest that explicit instruction using representations and 

symbols are necessary to improve performance on abstract tasks, and concrete aids alone 

may not be sufficient to improve performance on abstract tasks. An examination of the 

performance of participants indicated that they made minimal progress on comprehensive 

probes when assessed after receiving instruction using concrete aids. When assessed after 

the concrete phase of the study, only two participants, Bijal and Ella, improved their 

performance marginally, while the performance of the four other participants overlapped 

with baseline. It can be concluded therefore, that students were not able to transfer their 

knowledge of equivalent fractions using concrete aids, to solve problems with 

representations and abstract values. These results are consistent with other studies 

employing the CRA approach (see Miller & Mercer, 1993). Miller and Mercer (1993) 

examined when, during the concrete-representational-abstract sequence, students were 

able to make the transition to abstract knowledge. Results indicated that most participants 

were not able to transfer knowledge after instruction using only concrete aids. Transfer 

occurred for most students only when instructed using representations. This supports the 

recommendation of Gersten et al. (2009) that concrete objects alone may not be sufficient 

to facilitate understanding of mathematical concepts at a more abstract level for older 

students struggling in mathematics.  

The importance of representations is further highlighted in this study, given that 

students had difficulty with representations as compared to lessons involving abstract 

calculations. A possible explanation for students needing more time to master problem 

solving with representations could be the lack of exposure in previous instruction to 

representations. This is significant as representations are key to conceptual 

understanding. This study highlights the need for mathematical instruction in Mumbai to 

include representations as part of the instructional activities.  
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Third, while all participants improved their performance in fractions, the scores of 

two students remained below other participants. These data suggest that students whose 

performances tend to vary may not benefit from the program to the same extent as their 

peers whose scores are more stable. Aadit and Seema‟s scores at baseline displayed more 

variability as compared to the other participants. A PND of 60% was established for 

Aadit and Seema, compared to a mean PND of 90% for other participants (range, 80% to 

100%). An ESSMD3 of 6.42 and for Aadit, of 5.94 for Seema was established, compared 

to a mean of 13.75 for other participants. The PND scores indicate that participants 

improved more than the highest baseline point across 60% of the study, while the 

ESSMD3 describes the magnitude of the change. Although the ESSMD3 for both 

students indicate positive results, they remain considerably lower as compared to other 

participants in the study (range, 10.32 to 19.97).  

However, although Aadit and Seema‟s performances did not increase to the same 

extent as their peers, they improved compared to their own baseline scores and their slope 

and trajectory of their improvement differed when compared to the performance of the 

control students who did not receive any intervention. Aadit and Seema display a positive 

slope that increases towards the end of intervention phase and at maintenance. The 

control students, Jay and Laksh however, display high variability throughout the 

intervention and maintenance phases. These data suggest that when students have 

variable baselines, this program appears beneficial when the intensity is increased, such 

as increasing the amount of practice given to these students. For example, both Aadit and 

Seema required additional lessons to attain mastery on the daily probes for the majority 

of the intervention sessions.  

These data can be viewed in the light of findings of the Joseph and Hunter (2001) 

study. The authors examined the differential performance for different types of planners, 
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average, above average, and below average. The authors noted that the student who was a 

poor planner did not improve to the same extent as the average or above average planner. 

The ability to sustain attention, and ignore distracters has been reported to be closely 

associated with planning (Naglieri & Das, 1997). While the current study did not assess 

students‟ planning abilities, it may be that Aadit and Seema fall into the category of poor 

planners. Both students appeared distracted during instruction, and had difficulty 

attending to the task being taught. Naglieri and colleagues (Naglieri & Johnson, 2000; 

Iseman & Naglieri, 2011) have done extensive research on cognitive strategy instruction 

specifically targeting poor planners. Future research could consider examining the 

planning abilities of students as part of the screening process, and then specifically 

incorporating cognitive strategy instruction that would help poor planners benefit the 

most from the instruction. 

RESEARCH QUESTION 2 

Do students struggling in mathematics transfer their knowledge of fraction 

equivalence to word problems, when taught using CRA and explicit instruction? 

This study assessed students‟ transfer of knowledge of equivalent fractions to 

word problems on fraction equivalence. Data indicated participants were able to transfer 

their knowledge to word problems, with intervention and post-intervention means higher 

than baseline.  

Participants‟ transfer of knowledge as part of this intervention program to word 

problems may be attributed to different components of the intervention package. The 

generalization data in this study are consistent with findings of Owen and Fuchs (2002) 

who investigated the kinds of support students required to be able to transfer learning to 

more complex problems. The authors concluded that minimal exposure to transfer 



 

 132 

problems was beneficial for students to generalize knowledge. Students in the full-dose 

acquisition plus transfer group, that is the group that received intervention training as 

well as minimal training in transfer, outperformed the group that received no transfer 

training on measures assessing knowledge and transfer. Transfer of knowledge in this 

study therefore, may be attributed to minimal exposure to word problems as part of each 

lesson. 

When examining previous literature that employed a combined CRA and explicit 

teaching approach, one study (Maccini & Ruhl, 2000) examined transfer of skills. 

Maccini and Ruhl (2000) assessed how students were able to transfer learning to word 

problems with a similar structure as taught during intervention (near transfer) and to more 

complex word problems (far transfer). The mean accuracy of students on near transfer 

problems was 67%, and for more complex problems was 28.7%. As the far transfer mean 

was very low, one may conclude that students were not able to generalize their 

knowledge to more complex word problems. However, as the authors did not include any 

pre-test or baseline measures, it is difficult to conclude, from this study, if the combined 

CRA and explicit teaching approaches result in transfer of knowledge to word problems. 

Results from another study with typically achieving students however, indicate 

that incorporating representations may lead to transfer of knowledge to more complex 

problems. When targeting fraction instruction for typical learners, Steiner and Stoecklin 

(1997), investigated how progressive transformations, that is, making connections 

between different types of mathematical knowledge, representations and abstractions, 

was effective in solving word problems. Participants were able to more successfully 

transfer knowledge to more complex problems when progressive transformations were 

emphasized. Progressive transformations include how mathematical problems can be 

transformed such as represented pictorially, anticipating what the problem asks, and 
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verifying the answer. For example, if a student is able to transform a problem into its 

representation form, the student has understood that problem and anticipated what is 

required in order to solve it successfully. Students can also use the diagram to verify their 

answers. It may be, therefore, that drawing connections between representations and 

abstractions, as done in the CRA approach aids transfer of knowledge.  

Transfer of skills to word problems in this study may also be attributed to 

incorporating the quotient (fair-share) interpretation of fractions as part of the 

instructional procedure and when constructing word problems (Charamlambous & Pitta-

Pantazi, 2006). The quotient interpretation of fractions has been associated with students‟ 

ability to comprehend word problems and some researchers contend is best suited to 

conceptual understanding of fractions (Lamon, 1999; Subramaniam & Verma, 2007). 

Equal partitioning or fair sharing was part of Yoshida and Sawano‟s (2002) instructional 

method to teach fractions to typical learners. The authors reported a significant difference 

in transfer for students taught with a method that emphasized equal partitioning tasks. 

Future research could investigate which particular component, minimal exposure to 

transfer problems, incorporating representations, or the quotient interpretation of 

fractions, facilitate generalization of knowledge. 

RESEARCH QUESTION 3 

Does the use of CRA and explicit instruction to teach fraction equivalence to 

students struggling in mathematics result in maintenance of their performance over time? 

This study evaluated if students were able to maintain performance two-weeks 

after intervention concluded. The two week time period was selected based on a review 

of maintenance intervals employed as part of previous studies to teach mathematics to 

students struggling in mathematics (see Cass, Cates, & Smith, 2003; Jordan, Miller & 
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Mercer, 1999; Joseph & Hunter, 2003; Miller & Mercer, 1993; Witzel, Mercer & Miller, 

2003). Results indicated that participants‟ maintenance scores remained higher than 

baseline and for some students, was higher than their post-test.  

Maintenance results are consistent with previous literature employing a 

combination of CRA and explicit teaching approaches that assessed maintenance data 

(Cass, Case, & Smith, 2003; Harris et al., 1995; Jordan, Miller, & Mercer, 1999; Maccini 

& Ruhl, 2000; Miller & Mercer, 1993; Witzel, Mercer, & Miller, 2003). Participants in 

these studies improved performance at post-test and maintained performance over time. 

Maintenance results are also consistent with studies addressing fraction instruction for 

students struggling in mathematics. Two studies (Joseph & Hunter, 2001; Test & Ellis, 

2005) assessed maintenance data for students struggling in mathematics, when taught 

using strategy instruction. Results indicated students were able to maintain results over 

time.  

When analyzing error patterns during maintenance of two students in this study, 

results indicated that students scored better on representational tasks compared to 

abstract, and this differed from baseline where performance on abstract items was higher 

than representational. The CRA approach has been noted to target conceptual knowledge 

of mathematics (Miller & Hudson, 2007), and representations in particular aid concept 

development (Gersten et al., 2009). It may be concluded from this study that students‟ 

conceptual understanding of fraction equivalence improved as a result of this program. 

However, as in the case of Aadit and Seema, students‟ performances on abstract items 

fell during the time between post-test to maintenance testing. Instructional strategies, as 

part of this intervention package therefore, may not have been sufficient to ensure 

students mastery and fluency of algorithms to solve problems. Future research could 

consider emphasizing algorithms, as employed by Joseph and Hunter (2001) and Test and 
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Ellis (2005) to solve problems once students have mastered the concept using concrete 

and representational aids.  

SOCIAL VALIDITY 

An analysis of interviews and observations indicated aspects of the program that 

appeared beneficial and those that needed to be modified. Overall, as indicated by their 

interview responses, participants were positive about the program and felt it helped them 

understand and solve problems with fraction equivalence. Manipulatives and diagrams 

aided problem solving, especially when the solutions were not obvious.  

When reviewing responses from interview data, results were contradictory when 

examining the use of circular and linear manipulatives and diagrams. An observation of 

the type of diagrams used indicated students found it easier to work with rectangles rather 

than circles. Circles were especially difficult to use when participants had to draw 

fractions with odd denominators, as students were most inclined to first divide a circle 

along its diameter. For odd numbers, however, partitions must be drawn along the radii. 

On the other hand, students indicated they preferred working with circular manipulatives 

(fraction circles) versus linear manipulatives (fraction strips), although observations 

indicated strips were preferred when given an option of the two models. When discussing 

models of fractions for older students, Wu (2007) described pies or circles as “awkward” 

(p. 3) models for performing mathematical operations with fractions. Siegal and Smith 

(1997) compared the effectiveness of linear versus circular stimuli to teach fraction 

concepts. Results were in favor of the group that used linear stimuli. Moss and Case 

(1999) argued that circular stimuli inhibited conceptual development of fractions and was 

not a model that could be used across different types of rational numbers. Results from 

this study support the use of linear versus circular stimuli as a model to solve problems of 
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fraction equivalence. Students‟ preference of circular over linear stimuli may be 

attributed to familiarity with the fraction pie model prior to beginning this study. Over 

familiarity with the pie model or circular model of fractions has been seen inhibit other 

conceptualizations of fractions (Pithkethly & Hunting, 1996) such as improper fractions 

or fractions with odd denominators.  

Data in this study point to a possible interaction effect between students‟ prior 

knowledge and methods they were taught previously, with the current method of 

instruction. Participants did not make use of HCF as a strategy to reduce fractions to 

lowest terms. Participants preferred to reduce using smaller common factors, for 

example, instead of 6, using 2 or 3, possibly as they had been taught using that strategy. 

Again, participants were reluctant to use the multiplication table as a tool to aid their 

performance, despite not being fluent with their multiplication tables. A possible 

explanation for this could be the emphasis society places on being able to solve 

mathematics problems independently. Another indication of the interaction effect was 

seen with the use of representations. Representations were particularly difficult for 

children to master, and most participants required more than one lesson to achieve 

mastery. This is of particular concern as representations have been seen to aid conceptual 

understanding, versus procedural knowledge (Gersten et al., 2009).  

Multiplication emerged as a necessary pre-requisite skill to compute equivalent 

fractions. Using the multiplication chart was helpful, but limited in its use as participants 

tended to use it as a last resort. Again, participants made errors even when using the 

chart, sometimes copying multiples or factors incorrectly. Efficient retrieval of math facts 

is a commonly documented difficulty faced by students struggling in mathematics 

(Bryant et al., 2000; Jordan & Hanich, 2003; Jordan, Hanich & Kaplan, 2003). Given that 

students may have difficulties when multiplying, future research in fractions could 
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consider first incorporating a multiplication drill program or providing extensive practice 

in the effective use of aids such as a multiplication chart.  

LIMITATIONS 

Although the data presented in this study are positive, several limitations have to 

be considered when interpreting the results. First, this study employed a multi-probe 

design across participants and replicated across four participants. In order to create 

equivalence within groups, this study grouped participants based on the similarities of 

their characteristics. However, in grouping students in this manner, the two groups 

themselves were not comparable, with one group including higher-scorers and the other, 

lower-scorers. In addition, students in Group A were more comparable to each other than 

students in Group B.  

Second, although this study demonstrated positive results, it is not possible to 

identify how each component of the intervention package differentially impacted 

generalization of knowledge to word problems. Several components such as minimal 

exposure to word problems during the program, associations between representations and 

symbols, and incorporating the quotient interpretation of fractions may have contributed 

to students‟ transfer of knowledge to word problems.  

Third, this study did not provide any reliability or validity statistic for the 

dependent measures. The study attempted to ensure comparability across probes using a 

table of specifications as a guide. However, to improve the technical adequacy of the 

tool, a subsequent study investigating the validity and reliability of the tests is needed.   

Fourth, multiplication emerged as a necessary pre-requisite for students to solve 

fraction equivalence problems accurately. This study anticipated the importance of 

multiplication, and attempted to control for variance due to difficulties in multiplication 



 

 138 

by including a multiplication chart. However, as seen from the results, this chart was not 

adequate to control for differences and students‟ tended to rely on their own knowledge 

and use the chart as a last resort.  

Finally, this study conducted sessions individually with students. While single-

subjects designs are effective in examining an individual‟s, rather than group‟s response 

to an intervention, results of this study are not generalizable to learning in pairs or small 

groups, which are common grouping formats adopted in special education.  

IMPLICATIONS FOR PRACTICE 

This study has several practical implications. To begin with, results from this 

study indicate that using the CRA and explicit teaching approaches are effective to teach 

fraction equivalence skills. Teachers need to incorporate both approaches when targeting 

the topic of fractions. When selecting among manipulatives, this study emphasizes the 

benefits of using a linear versus a more circular model. Teachers can make use of fraction 

strips as concrete aids, and rectangles as representations. Next, when examining which 

students this approach most benefits, teachers need to keep in mind that students whose 

profiles vary, may need additional time with this program, to master skills being taught. 

This program helps students transfer their knowledge to word problems with fractions. 

Three components of this program may be beneficial in improving transfer, that is 

minimal exposure to word problems, introducing fractions as fair-shares, and drawing 

connections between representations and symbols. Teachers need to emphasize all three 

when teaching students to transfer learning. Finally, teachers need to keep in mind the 

knowledge that students bring to the table before introducing strategies. Previous 

knowledge, that is, how students understand fractions, and previous strategies learned, 

may interfere with strategies being introduced by the teacher.   
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FUTURE RESEARCH 

The data presented in this study are promising and suggest several follow-up 

studies to better understand the results. First, two participants whose learning profiles 

were variable performed lower than their peers. A follow-up study could examine what 

factors contributed to their performance being lower and how the intervention can be 

modified to maximize their potential.  

Participants in this study were able to transfer knowledge of fraction equivalence 

to word problems. This study incorporated several components that facilitated transfer 

including minimal exposure to word problems, the CRA sequence, and the quotient 

interpretation of fractions. Future research could examine if and how each of these 

components contributes uniquely to transfer of knowledge.   

The literature on the type of manipulative material, whether circular or linear, is 

conflicting, with some researchers propounding the use of circles and pies (Cramer, Post, 

& delMas, 2002), and others arguing against it (Wu, 2007). Results from this study 

support the use of more linear models of manipulatives. No research exists specifically 

examining the effectiveness of the type of model for students struggling in mathematics. 

Future research could consider investigating which of the two models are more beneficial 

to teach rational number concepts to students struggling in mathematics. 

SUMMARY 

In summary, results of this study indicate that the intervention program 

incorporating the CRA and explicit teaching approaches is effective to improve students‟ 

performances in fraction equivalence tasks. In particular, the use of representations was 

seen to impact performance and concrete aids alone may not be sufficient to improve 

performance. With regards types of representational and concrete aids employed, results 

of this study tended to favor the use of linear versus circular aids. When employing this 
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instructional program, it appears that students whose performances tend to vary may not 

benefit to the same extent as those who have stable profiles. Students who demonstrate 

variable profiles may require additional practice to master skills being taught. With 

regards transfer, results of this study demonstrate that the CRA and explicit teaching 

approaches are beneficial in helping students transfer knowledge to word problems. 

Several aspects of the program may have contributed to aiding transfer including, 

minimal exposure to word problems during intervention, drawing connections between 

representations and abstract information, and incorporating the fair sharing understanding 

or quotient interpretation of fractions. This program concluded that students were able to 

maintain performances over time, and that representations in particular appear to aid 

conceptual understanding and promote maintenance of skills. Future research could 

consider identifying effective strategies to aid students reduce fractions as the HCF 

strategy appeared cumbersome and students tended to avoid using it. Finally, 

multiplication skills appeared as a necessary pre-requisite to solving problems involving 

fraction equivalence.  
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Appendix A 

ASSENT FORM 

Fraction Instruction 

 

I agree to be in a study about fractions. This study was explained to my parents and they 

said that I could be in it. The only people who will know about what I say and do in the 

study will be the people in charge of the study and my teachers.  

 

As part of the study, I will attend sessions in my school for 45 minutes, four to five 

times a week to learn about fractions. I will perform activities and answer worksheets 

that will help my understanding of fractions. At the end of the study, I will be asked 

questions about how I feel about the way I was taught fractions.  

 

Writing my name on this page means that the page was read by me and to me and that I 

agree to be in the study. I know what will happen to me. If I decide to quit the study, all I 

have to do is tell the person in charge.  

 

 

 

__________________________________________ __________________ 

          Child's Signature Date 

 

__________________________________________ __________________ 

     Signature of Researcher Date 
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Appendix B 

CONSENT FORM 

 

Title: Fraction Instruction for Struggling Learners in Mathematics   

IRB PROTOCOL # 

Conducted By: Radhika Misquitta, The University of Texas at Austin 

Telephone: +919769242720 

Email: radhikamisquitta@gmail.com 

 

Dear Sir/ Madam, 

 

You are being asked to allow your child to participate in a research study.  This 

form provides you with information about the study.  I will also describe this study to you 

and answer all of your questions. Please read the information below and ask any 

questions you might have before deciding whether or not to take part. Your participation 

is entirely voluntary.  You can refuse to participate without penalty or loss of benefits to 

which you are otherwise entitled.  You can stop your participation at any time and your 

refusal will not impact current for future relationships with UT Austin or Arya Vidya 

Mandir School.  To do so simply me or the school you wish to stop participation.  I will 

provide you with a copy of this consent for your records. 

 

The purpose of this study is to try to identify effective methods to teach fractions to 

students who have difficulties in mathematics. Specifically, we will be investigated the 

effectiveness of two approaches, the concrete-representational-abstract and explicit 

teaching approaches to improve performance in fractions. A total of eight students will 

participate in this study.  

 

If you agree to be in this study, we will ask your child to do the following things: 

 Attend intervention sessions during school hours for a duration of 45 minutes (one 

academic period), four to five times a week. Timings will be allotted by the 

school and your child will not miss any academic periods.  

 Complete tasks as part of the intervention such as worksheets. 

 Complete assessment sheets as part of the intervention programme.  

 Participate in an interview at the conclusion of the study to give feedback 

regarding the effectiveness of the programme. 

 

Total estimated time to participate in study is 3 months. 

 

Risks of being in the study 

 We do not foresee any risks associated with your child‟s participation in this 

study. If you wish to discuss the information above or any other risks your child 

may experience, you may ask questions now or call me (information listed at the 

mailto:radhikamisquitta@gmail.com
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top of this form). 

 

Benefits of being in the study are numerous. Your child will receive individual 

instruction on the topic of fractions, an essential skill required for all higher level 

mathematics problem solving. The method involves the use of manipulatives such as 

fraction circles and beans, to help develop conceptual understanding of this critical topic.  

 

Compensation: 

 As part of this study, you and your child will not incur any costs. We will not 

provide any compensation for participation in this study.  

 

Confidentiality and Privacy Protections: 

For this study, your child‟s name will be kept confidential. The records of this study 

will be stored securely and kept confidential. Authorized persons from The University of 

Texas at Austin, and members of the Institutional Review Board have the legal right to 

review your child‟s research records and will protect the confidentiality of those records to 

the extent permitted by law.  All publications will exclude any information that will make 

it possible to identify you as a subject. Throughout the study, I will notify you of new 

information that may become available and that might affect your decision to remain in the 

study. 

As part of this study, interviews with your child will be audio-taped. Tapes will be 

coded so that no personally identifying information is visible on them. They will be stored 

in a secure place with the researcher and only viewed for research purposes by me and my 

associates. Finally, audiotapes will be erased after being transcribed and coded.  

 

Contacts and Questions: 

 If you have any questions about the study please ask now.  If you have questions 

later, want additional information, or wish to withdraw your child‟s participation please 

feel free to contact me.  My phone number and e-mail address are at the top of this page.  

If you have questions about your child‟s rights as a research participant, complaints, 

concerns, or questions about the research please contact Jody Jensen, Ph.D., Chair, The 

University of Texas at Austin Institutional Review Board for the Protection of Human 

Subjects at (512) 232-2685 or the Office of Research Support at (512) 471-8871.or email: 

orsc@uts.cc.utexas.edu. 

 

You may keep the copy of this consent form.  

 

 

You are making a decision about allowing your child to participate in this study. Your 

signature below indicates that you have read the information provided above and have 

decided to allow him or her to participate in the study. If you later decide that you wish to 

withdraw your permission for your child to participate in the study, simply tell me. You 

may discontinue his or her participation at any time. 
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______________________________ 

Printed Name of (son/daughter) 

 

_________________________________    _________________ 

Signature of Parent(s) or Legal Guardian Date 

 

_________________________________    _________________ 

Signature of Investigator      Date  
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Appendix C 

COMPREHNESIVE PROBE A 

Name: _____________________________ Class: ___________ Date: ___________ 

Directions:  Please answer the following questions about fractions. Write your answers 

on this paper. You can use a rough sheet to do additional work. Attach the 

rough sheet if you use one. You can use the multiplication chart to help you. 

A) Show the equivalent fraction by making parts and colouring.   

1. 
3

1
 =    

15
 

     

 

 

2. 
4

3
 =    

12
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B) Make equivalent fractions. 

3. 
248

3
  4. 

35

6

5
     5. 

16

5

4
  

   

6. 
427

3
  7. 

729

5
  

 

C) Do as directed. 

8. Shade 
5

1
.   9. Shade 

6

4
of this triangle 

    

D) Reduce to lowest terms. 

10. 
72

8
 11. 

21

6
   12. 

36

30
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E) Make any three equivalent fractions 

13. 

 

 

 

4

1
 =   = 

F) Make any three equivalent fractions  

14. 
3

1
   

15. 
7

6
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COMPREHENSIVE PROBE B 

Name: _____________________________ Class: ___________ Date: ___________ 

Directions:  Please answer the following questions about fractions. Write your answers 

on this paper. You can use a rough sheet to do additional work. Attach the 

rough sheet if you use one. You can use the multiplication chart to help you. 

A) Show the equivalent fraction by making parts and colouring.    

1. 
3

1
 =    

6
 

     

2. 
5

3
 =   

10
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B) Make equivalent fractions. 

3. 
93

2
  4. 

42

8

6
    5. 

30

4

3
   

  

6. 
639

4
  7. 

18

8

3
  

 

C) Do as directed. 

8. Shade 
3

2
.   9. Shade 

16

12
of this rectangle. 

 

 

E) Reduce to lowest terms. 

10. 
25

5
 11. 

63

36
   12. 

48

42
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E) Make any three equivalent fractions 

13.  

 

4

2
 =    = 

 

F. Make any three equivalent fractions. 

14. 
5

4
  

15. 
8

1
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COMPREHENSIVE PROBE C 

Name: _____________________________ Class: ___________ Date: ___________ 

Directions:  Please answer the following questions about fractions. Write your answers 

on this paper. You can use a rough sheet to do additional work. Attach the 

rough sheet if you use one. You can use the multiplication chart to help you. 

 

A) Show the equivalent fraction by making parts and colouring.   

1. 
4

1
 =    

12
 

     

2. 
7

3
 =    

14
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B) Make equivalent fractions. 

3. 
164

3
   4. 

32

5

4
   5. 

16

7

4
   

   

6. 
728

2
   7. 

21

4

3
  

C) Do as directed. 

8.  Circle
7

2
.  9. 

24

20
of this rectangle. 

 

 

D) Reduce to lowest terms. 

10. 
21

7
  11. 

35

15
  12. 

16

12
 

 

E) Make any three equivalent fractions 

13.  

 

       =     = 
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F) Make any three equivalent fractions. 

14. 
9

7
   

 

15. 
5

2
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COMPREHENSIVE PROBE D 

Name: _____________________________ Class: ___________ Date: ___________ 

Directions:  Please answer the following questions about fractions. Write your answers 

on this paper. You can use a rough sheet to do additional work. Attach the rough 

sheet if you use one. You can use the multiplication chart to help you. 

A) Show the equivalent fraction by making parts and colouring.    

1. 
5

1
 =    

25
 

     

 

 

 

2. 
3

2
 =    

9
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B) Make equivalent fractions. 

3. 
248

5
   4. 

25

8

5
   5. 

8

9

4
  

6. 
32

5

4
   7. 

366

5
  

C) Do as directed. 

8. Shade 
12

9
of this polygon.    9. Shade 

4

3
.  

 

D) Reduce to lowest terms. 

10. 
15

12
  11. 

35

21
  12. 

42

7
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E) Make any three equivalent fractions. 

13.  

 

6

2
                                                       =    = 

F) Make any three equivalent fractions 

14. 
7

3
   

15. 
5

4
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COMPREHENSIVE PROBE E 

Name: _____________________________ Class: ___________ Date: ___________ 

Directions:  Please answer the following questions about fractions. Write your answers 

on this paper. You can use a rough sheet to do additional work. Attach the 

rough sheet if you use one. You can use the multiplication chart to help you. 

A) Show the equivalent fraction by making parts and colouring.    

1. 
2

1
 =    

20
 

     

 

 

 

2. 
4

3
 =    

12
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B) Make equivalent fractions. 

3. 
93

2
   4. 

35

8

5
   5. 

12

7

4


 

6. 
63

9

7
   7. 

355

3
  

C) Shade parts. 

8. Shade 
4

3
.    9. 

24

8
of this circle  

       

 

 

E) Reduce to lowest terms. 

10. 
36

9
  11. 

49

35
   12. 

36

27
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E) Make any three equivalent fractions. 

13. 
9

4
 

 

 

 

 

F) Make any three equivalent fractions 

14. 
6

5
   

 

15. 
8

7
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COMPREHENSIVE PROBE F 

Name: _____________________________ Class: ___________ Date: ___________ 

Directions:  Please answer the following questions about fractions. Write your answers 

on this paper. You can use a rough sheet to do additional work. Attach the 

rough sheet if you use one. You can use the multiplication chart to help you. 

A) Show the equivalent fraction by making parts and colouring.    

1. 
7

1
 =    

21
 

     

 

 

 

 

2. 
2

1
 =    

12
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B) Make the equivalent fraction. 

3. 
408

3
   4. 

40

8

5
    5. 

10

5

2
  

6. 
35

6

5
   7. 

305

2
  

C) Shade parts. 

8. Shade 
7

1
.       9. 

25

10
 

     

E) Reduce to lowest terms. 

10. 
30

15
  11. 

72

45
   12. 

24

16
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E) Make any three equivalent fractions. 

13. 
6

5
 =    = 

 

 

F) Make any three equivalent fractions 

14. 
5

2
   

 

15. 
9

4
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Appendix D 
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Appendix E 

Pre-requisite Skills Assessment 

FRACTIONS 

 

Name: ___________________________________ Class: ___________ Date: 

___________ 

 

Directions:  Please answer the following questions about fractions. Write your answers 

on this paper. You can use a rough sheet to do additional work. Attach the 

rough sheet if you use one. You can use the multiplication chart if you want.  

1. Which shows fourths? 

 

 

 

2. The rectangle is divided 

into six equal parts or 

_____________. Write 

another word for six equal 

parts.  

3. The circle is divided into 

five parts. It shows fifths.  

TRUE                      FALSE 

Circle the correct answer.  

 

4. Use a fraction to name the shaded part of each figure. 

                                                                             

                                                                                                                     

5. Shade 
6

5
 

         

6.  Shade this milk packet 

4

1
full.  

 

 

7. Fill in the blanks. 

7
1   

5
1   
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8. Write the fraction. 

 

three fourths _________________  eleven thirteenths ___________________ 

9.  

5 is the denominator; 2 is the numerator. The fraction is ___________. 

 

In 
4

1
, ______ is the numerator and _______ is the denominator. 

10. Circle the fractions equal to one. 

 

4

1
       

5

5
  

7

3
  

9

2
     

3

3
        

25

25
      

10

1
  

111

11
    

3

1
      

1362

1362
  

12

5
      

25

6
 

 

11. Multiply the fractions. 

a. 
4

1

5

1
 

 

 

b. 
5

3

7

4
 

 

12. Calculate the HCF of the following: 

a. 8 and 40 

 

 

 

 

 

 

b. 18 and 45 c. 16 and 60 
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Appendix E 

Reading Eligibility Tool 

A Just King 

 Once there lived a king in the city of Baghdad. He ordered a fine palace to 

be built. Near the front door of the palace, there was a mean looking cottage of a 

poor man. The prime minister thought that the presence of the cottage spoiled the 

look of the beautiful door of the palace. So he went to the poor man and said, 

“Take this money and buy a better cottage for yourself.”  

“Please go away from this place. I don‟t want your money.” Said the poor man. “I 

want to live in this cottage where I was born.” The prime minister was angry with 

the poor man and was going to burn his cottage when the king said, “Don‟t turn 

the poor man out of the cottage. When the people see the great palace, they will 

say the king was great. But when they see this poor old cottage in front of the 

palace, they will say, this king is just.” So the poor man was allowed to live in his 

old cottage there.  

 

 

Errors: 

Number Correct (176 – Errors): 

Percent Correct (Number Correct/ 176 * 10

16 

 

33 

 

 

47 
 

64 

 

 

74 

 

90 

 

106 

 

 

122 
 

138 

 

155 

 

 

173 

 

176 
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Appendix G 

Daily Probe 1 

Name: ___________________________________ Class: ___________ Date: ___________ 

Write one person’s share by  making equal shares. 

1. Share 1 equally among 3 in 

three different ways. 

 

 

 

2. Share 2 equally among 3 in 

two different ways.  

 

 

 

3. Share 2 equally 

among 5 in two 

different ways.  

 

 

 

4. Share 2 equally among 4 in 

two different ways 

5. Share 1 equally among 4 in 

two different ways. 

6. Share 1 equally 

among 5 in two 

different ways. 

 

7. Share 1 equally among 2 in 

three different ways 

8. Share 3 equally among 4 in 

two different ways. 

 

 

 9. Share 1 among 6 in 

two different ways 

 

 

10. Share 1 among 4 in three different ways 
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Daily Probe 2 

Name: ___________________________________ Class: ___________ Date: ___________ 

 

Make the equivalent fraction. 

1. 
63

1
  

 

2. 
126

5
  

3. 
42

1
  

 

4. 
106

3
  

5. 
68

4
  

 

6. 
63

2
  

7. 
84

3
  

 

8. 
39

6
  

9. 
124

2
  

 

10. 
105

3
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Daily Probe 3 

Name: ___________________________________ Class: ___________ Date: ___________ 

 

Make the equivalent fraction. 

1. 
2

2

1
  

 

2. 
2

6

3
  

3. 
6

5

3
  

 

4. 
1

9

3
  

5. 
2

6

4
  

 

6. 
4

5

2
  

7. 
2

6

4
  

 

8. 
1

12

3
  

9. 
6

3

2
  

 

10. 
3

4

1
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 Daily Probe 4 

Name: ___________________________________ Class: ___________ Date: ___________ 

Make equivalent fractions 

1. Shade 
3

1
 

 

 

 

2. Shade 
5

3
 

3. Circle 
7

4
 

 

 

4. Shade 
9

8
 

 

5. Shade 
4

1
 

 

 

6. Shade 
6

5
 

 

7. Circle 
2

1
 

 

 

8. Shade 
6

3
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9. Circle 
5

2
 10. Shade 

4

3
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Daily Probe 5 

Name: ___________________________________ Class: ___________ Date: ___________ 

Make the equivalent fraction. 

1. 
6

2

1
  

  

2. 
126

5
  

 

3. 
2

2

1
  

 

 

4. 
105

3
  

                  

5. 
4

2

1
  

 

6. 
123

2
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7. 
6

4

3
  

 

8. 
63

2
  

 

9. 
124

2
  

 

 

10. 
6

5

3
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 Cumulative Review Daily Probe 1 

Name: ___________________________________ Class: ___________ Date: ___________ 

1. Share 1 equally among 2 in 

two different ways. Write each 

person‟s share. 

 

 

2. 
105

1
  3. 

6

4

3
  

4. Circle 
3

2
 

 

 

5. Find the HCF of 12 

and 20 

 

 

 

 

6. Complete the following: 

1 = 
4

 

 

1 = 
13

 

7. Share 2 equally among 4 in 

two different ways. Write each 

person‟s share.  

 

 

8. 
68

6
  9. 

2

4

1
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10. Which shows thirds? 
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Daily Probe 6 

Name: ___________________________________ Class: ___________ Date: ___________ 

Make any three equivalent fractions 

1.  

 

 

 

2.  

3. 

 

 

 

 

4.  

 

5.  

 

 

 

 

6.  
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7.  

 

 

 

 

8.  

 

 

 

 

 

9.  

 

 

 

 

10.  
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Daily Probe 7 

Name: ___________________________________ Class: ___________ Date: ___________ 

Write in lowest terms 

1. 
6

3
  

 

2. 
8

4
 

 

3. 
10

2
 

 

 

 

 

 

4. 
10

5
 

 

5. 
9

3
 

 

 

6. 
8

6
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7. 
14

7
 

 

 

 

8. 
12

2
 

 

9. 
6

4
 

 

10. 
9

6
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Cumulative Review Daily Probe 2 

Name: ___________________________________ Class: ___________ Date: ___________ 

 

1. Share 1 equally among 3 in 

two different ways. Write each 

person‟s share. 

 

 

2. 
124

3
  3. 

10

6

5
  

4. Circle 
3

1
 

 

 

 

5. Find the HCF of 30 and 

36 

 

 

 

 

 

6. Complete the following: 

1 = 
44

 

 

1 = 
3

 

7. Write 
8

6
in lowest terms 

 

 

8. 
36

4
  9. Shade 

24

16
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10. Which shows fifths? 
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Daily Probe 8 

Name: ___________________________________ Class: ___________ Date: ___________ 

Write the equivalent fractions. 

1. Shade 
10

5
 

 

So 
210

5
  

2. Shade 
12

3
 

 

 

 

 

 

 

So 
412

3
  

3. Shade 
15

10
 

 

 

So 
315

10
  

4. Shade 
12

8
 

 
 

So 
612

8
  

5. Shade 
16

8
 

 

 

 

 

 

 

 

So 
216

8
  

6. Shade 
20

8
 

 

So 
520

8
  

7. . Shade 
9

3
 

 

So 
39

3
  

8. Shade 
8

4
 

 

 

 

 

 

So 
48

4
  

9. Shade 
8

2
 

 

So 
48

2
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10.  Shade 
10

8
 

 

 

So 
510

8
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Daily Probe 9 

Name: ___________________________________ Class: ___________ Date: ___________ 

Make equivalent fractions 

1. 
2

1
  2. 

5

2
 3. 

8

3
 

4. 
9

1
 5. 

4

1
 6. 

5

4
 

7. 
7

6
 8. 

10

3
 9. 

3

1
 

10. 
3

2
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Daily Probe 10 

Name: ___________________________________ Class: ___________ Date: ___________ 

 

Make equivalent fractions 

1. 
15

6

5
   2. 

123

4
  3. 

714

2
  

4. 
168

3
  5. 

848

36
  6. 

24

8

6
  

7. 
217

6
  8. 

35

10

7
  9. 

123

1
  

10. 
1

27

3
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Daily Probe 11 

Name: ___________________________________ Class: ___________ Date: ___________ 

Write in lowest terms 

1. 
18

15
  

 

 

 

2. 
36

20
 3. 

56

42
 

4. 
9

6
 

 

 

 

5. 
54

36
 6. 

30

24
 

7. 
49

42
 

 

 

 

 

8. 
30

15
 9. 

24

12
 

8. 
45

27
 

 

 

9. 
64

56
 10. 

36

6
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Cumulative Review Daily Probe 3 

Name: ___________________________________ Class: ___________ Date: ___________ 

Write in lowest terms: 

1. 
40

24
 

 

 

 

 

 

2. 
72

54
 

 

 

 

 

 

Make the equivalent 

fractions 

3. 
8

5

2
  

 

 

4. 
624

16
  

 

 

5. Circle 
3

2
 

 

6. Shade 
25

10
 

 

7. Make equivalent fractions: 

 

8. Make any three equivalent 

fractions: 


5

4
 

 

 

 

9. Share 2 among 4 in 

two different ways.  

10. Make any three 

equivalent fractions. 
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Review Probe 1 (after 2 weeks break) 

Name: ___________________________________ Class: ___________ Date: ___________ 

1. Share 1 equally among 4 in 

two different ways. Write each 

person‟s share. 

 

 

2. 
126

1
  3. 

6

3

2
  

4. Shade 
4

1
 

 

 

5. Find the HCF of 18 and 

24 

 

 

 

 

6. Complete the following: 

1 = 
6

 

 

1 = 
33

 

7. Share 2 equally among 3 in 

two different ways. Write each 

person‟s share.  

 

 

8. 
68

4
  9. Circle 

5

4
 

10. 
2

9

6
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Review Probe 2 (after 2 weeks break) 

Name: ___________________________________ Class: ___________ Date: ___________ 

1. Share 2 equally among 4 in two 

different ways. Write each person‟s share. 

 

 

 

2. 
126

4
  

 

3. 
6

3

2
  

 

4. Circle 
3

2
 

 

 

5. Write 
12

10
 in lowest terms 

 

So 
12

10
= 

6. 
39

3
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7. Shade 
24

20
 

 

So 
24

20
= 

 

8. Make any three equivalent fractions 

9. Write 
16

12
in lowest terms 

 

 

 

 

10. Shade 
18

15
 

 

So 
18

15
= 
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Appendix H 

TRANSFER PROBE A 

Name: _____________________________ Class: ___________ Date: ___________ 

Directions:  Please answer the following word problems about fractions. Write your 

answers on this paper. You can use a rough sheet to do additional work. Please 

attach the rough sheet if you use one.  

 

1.  Sheetal bought 1 pizzas. Show how she can share them equally among 6 friends in two 

different ways such that the share stays the same. Write each person‟s share. 

 

 

 

2. When one whole is divided into fourths, each person‟s share is 1. What is each person‟s 

share when the whole is divided into eighths? 

 

 

3. In one office, 10 people are talking on cell phones. 5 people are using the phone for 

business calls. What fraction of the people are using it for business? Write in lowest 

terms.  
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4. Share 2 cakes among 3 in two different ways such that the share stays the same. Write 

each person‟s share. 

 

5. Mother bought 9 metres of cloth. She used two-thirds of it. How many metres did she 

use? 

 

6. Four-sixths is the same as how many thirds? Write your answer as a fraction. 

  

 

7. In a class, 6 students like Maths, 2 students like English, and 4 students like Science. 

What fraction of the students like Maths? Write in lowest terms. 

 

 

8.  Sheena gets Rs. 20 a day as pocket money. She spends Rs. 5 on a chocolate. What 

fraction of the money does she spend on chocolate? Write in lowest terms.  

 

 

9. 12 people are taking dancing lessons. 8 people like Bharatnatyam, and 4 like 

Bollywood. What fraction of the people like Bharatnatyam? Write in lowest terms.  

 

 

10. Two-sixths is the same as how many thirds? Write your answer as a fraction. 
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TRANSFER PROBE B 

Name: _____________________________ Class: ___________ Date: ___________ 

 

Directions:  Please answer the following word problems about fractions. Write your 

answers on this paper. You can use a rough sheet to do additional work. 

Please attach the rough sheet if you use one.  

 

1.  Ketan has 1 apple. Show how he can share them equally among 4 friends in two 

different ways such that the share stays the same. Write each person‟s share. 

 

 

 

2. When two wholes are divided among 4, each person‟s share is two-fourths. What is 

each person‟s share when the wholes are divided into halves? 

 

 

3. In a building, 20 people have cell phones. 8 people use Vodafone. What fraction of the 

people use vodafone? Write in lowest terms.  

 

 

4. Share 1 pie among 3 in two different ways such that the share stays the same. Write 

each person‟s share. 
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5. A running track is 12 kilometres long. Kiran ran three-fourths of the track. How many 

kilometres did she run?  

 

 

6. Each person got one-fifth of my birthday cake. If my cake was cut into 10 pieces, how 

many pieces did each person get?   

  

 

7. Out of 14 books, 4 are novels, 8 are children stories, and 2 are textbooks. What fraction 

of the books are novels? Write in lowest terms.  

 

 

8.  Mother spends Rs. 45 on buying vegetables. She spent one-fifth of the money to buy 

pototoes. How much did she spend on potatoes? 

 

 

9. In a class, 9 people are taking cooking, 6 are art, and 5 people are taking calligraphy. 

What fraction of the people are taking art? Write in lowest terms.  

 

 

10. Three-fourths is the same as how many twelfths? Write your answer as a fraction. 
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Appendix I 

Name: _____________________________ Class: ___________ Date: ___________ 

Learning Sheet 1 

Write one person’s share by making equal shares.  

1. Share 1 equally among 3 

in three different ways. 

  

2. Share 2 equally among 3 

in two different ways.  

3. Share 1 equally among 5 

in two different ways.  

 

4. Share 2 equally among 4 

in two different ways. 

 

5. Share 3 equally among 4 

in two different ways. 

6. Share 1 equally among 2 

in two different ways.  

 

7. Share 1 equally among 4 

in two different ways. 

8. Share 1 equally among 6 

in two different ways.  

 

 

9. Three friends bought 2 burgers. Show how they can share the burgers equally in two 

different ways. Write each person‟s share.  

 

10. Rashmi made some poha for breakfast. There were only 5 people at the table. Write 

two different ways of sharing the poha among 5. Write each person‟s share. 
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Learning Sheet 2 

Name: _____________________________ Class: ___________ Date: ___________ 

 

Make the equivalent fraction.  

1. 
42

1
  2. 

105

2
  3. 

26

3
   

4. 
48

2
  5. 

410

5
  6. 

126

5
  

7. 
69

6
  8. 

124

3
  

 

9. The constructor has completed 
4

2
 of the playground. If the playground was divided into 

sixths, how much of the building is complete? Write the equivalent fractions.  

 

 

10. When one whole is divided into thirds, each person‟s share is 1. What is each person‟s 

share when the whole is divided into sixths? 
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Learning Sheet 3 

 

Name: _____________________________ Class: ___________ Date: ___________ 

 

Make the equivalent fraction.  

1. 
2

3

1
  2. 

9

4

3
  3. 

4

12

6
  

4. 
6

3

2
  5. 

5

2

1
  6. 

3

8

6
  

7. 
3

4

1
  8. 

2

10

4
  

 

9. Each person got one-fourth of Vishal‟s cake. If each person got 3 slices of cake, how 

many slices did Vishal divide his cake into? Write each person‟s share and the equivalent 

fractions. 

 

 

10. Five children share three biscuits equally. When each biscuit is divided in fifths, each 

child‟s share is 3. If each child‟s share is 6, how is each biscuit divided? 
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Learning Sheet 4 

Name: _____________________________ Class: ___________ Date: ___________ 

Make equivalent fractions 

1. Circle 
4

1
 

 

 

 

 

2. Shade 
7

3
 

3. Circle 
6

5
 

 

 

4. Shade 
3

2
 

 

5. Shade 
4

1
 

 

 

6. Shade 
9

2
 

 

7. Shade 
2

1
 

 

 

 

8. Shade 
8

5
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9. Circle 
5

3
 

 

10. The vegetable vendor has 20 bananas. He sold 
5

4
of his stock. How many bananas did 

he sell?  

 

 

 

11. Each year has 12 months. Dance classes are held for three-fourths of the year. How 

many months are dance classes held for? 
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Cumulative Review Learning Sheet 1 

Name: _____________________________ Class: ___________ Date: ___________ 

1. Share 1 equally among 3 

in two different ways. Write 

each person‟s share. 

 

 

2. 
84

1
  3. 

6

3

2
  

4. Circle 
5

1
 

 

 

 

5. Find the HCF of 18 and 

24 

 

 

 

 

 

6. Complete the following: 

1 = 
5

 

 

1 = 
24

 

7. Share 2 equally among 3 

in two different ways. Write 

each person‟s share.  

8. 
36

4
  9. 

9

5

3
  

10. Find the HCF of 12 and 

16 

11. Which shows fifths? 

 

 

 

12. This circle shows four 

equal parts or _________ 
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Learning Sheet 5 

Make the equivalent fraction.  

1. 
2

3

1
  

 
 

2. 
124

3
  

 

3. 
1

8

4
  

 
 

4. 
126

5
  

 

5. 
102

1
  

 

 

 

 

 

6. 
6

4

2
  

 

7. 
3

6

1
  

 

 

 

8. 
2

10

4
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9. 
93

2
  

 

 

 

10. Mum made some thali sweet and divided among Sonu and her friends such that each 

person got one-fifth. If each person got 2 pieces of sweet, how many slices did Mum 

divide the sweet into? Write each person‟s share and the equivalent fractions. 

 

 

 

 

 

 

11. I spend two-thirds of my Maths period solving sums. Each Maths period is 15 

minutes. How many minutes did I spend solving sums? 
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 Learning Sheet 6 

Make equivalent fractions 

Name: ____________________________ Class: ___________ Date: ___________ 

1.  

 

 

 

 

2.  

 
 

 

 

 

 

 

3.  

 
 

 

 

 

4.  

 

5. 

  
 

 

 

6.  
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7.  

 

 
 

 

 

 

 

 

 

 

8.  

 

9.  

 
 

10.  Two friends want to share a dosa. Write two different ways they can divide the dosa. 

Write each person‟s share. 

 

 

 

11. Show three different ways 2 apples can be shared among 4 people. Write each 

person‟s share. 
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Learning Sheet 7 

Name: ____________________________ Class: ___________ Date: ___________ 

Write in lowest terms. 

1. 
10

5
 

 

 

2. 
12

6
 

 

3. 
30

10
 

 

 

 

 

 

4. 
10

2
= 

 

5. 
6

2
 

 

 

 

 

6. 
12

3
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7. 
9

6
 

 

8. 
16

12
 

 

9. 
8

4
 

 

 

 

 

 

 

10. At a playground, 4 children were playing on the swings, 6 on the slide, and 2 in the 

sandpit. If 10 children were playing at the ground altogether, what fraction of the children 

were on the swings? Write your answer in lowest terms.  

 

 

 

11. Mary had a packet of 12 biscuits. She ate four. What fraction of the biscuits did she 

eat? Write your answer in lowest terms.  
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Lesson 8 

Name: _____________________________ Class: ___________ Date: ___________ 

Write the equivalent fractions. 

1. Shade 
6

3
 

 

So 
26

3
  

2. Shade 
12

8
 

 

 

 

 

 

 

So 
312

8
  

3. Shade 
8

6
 

 

So 
48

6
  

4. Shade 
6

4
 

 

So 
36

4
  

5. Shade 
14

7
 

 

 

 

 

 

 

 

 

 

So 
214

7
  

6. Shade 
10

6
 

 

So 
510

6
  

7. Shade 
9

6
 

 

8. Shade 
16

12
 

 

 

 

 

 

 

 

 

9. Shade 
8

2
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So 
39

6
  So 

416

12
  So 

48

2
  

10. Seema ate two-sixths of her biscuit packet. If each packet had 3 biscuits, how many 

did Seema eat? 

 

 

 

 

 

11. Nine-twelfths equal how many fourths? 
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Cumulative Review Learning Sheet 2 

Name: _____________________________ Class: ___________ Date: ___________ 

1. Share 1 equally among 3 

in two different ways. Write 

each person‟s share. 

 

 

2. 
105

4
  3. 

9

4

3
  

4. Circle 
5

2
 

 

 

 

5. Find the HCF of 20 and 

24 

 

 

 

 

 

6. Complete the following: 

1 = 
12

 

 

1 = 
8

 

7. Write 
12

10
 in lowest terms 

 

 

 

8. 
48

6
  

9. Make any two equivalent 

fractions: 
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10. Circle 
3

2
 

 

 

11. Which shows sixths? 

 

 

 

12. Shade 
21

14
 

 

So 
321

14
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Lesson 9 

Name: ____________________________ Class: ___________ Date: ___________ 

 

Make any three equivalent fractions 

1. 
5

4
  

 

2. 
6

5
  3. 

3

1
 

4. 
7

2
  

 

5. 
2

1
 6. 

4

1
 

7. 
9

4
  

 

8. 
9

8
 9. 

7

5
 

10. Rona brought a chocolate cake to school. Write three different ways Rona can 

distribute her cake to her 3 friends. Write each person‟s share.  

 

 

11. Show two different ways 2 apples can be shared among 6 people.  
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Lesson 10 

Name: _____________________________ Class: ___________ Date: ___________ 

 

Make equivalent fractions 

1. 
124

3
  

 

 

2. 
525

5
  3. 

12

7

3
  

4. 
24

9

3
  

 

 

5. 
624

8
  6. 

2010

9
  

7. 
32

9

8
  

 

 

8. 
856

7
  9. 

412

3
  

9. Mum made 10 chapattis. We ate two-fifths. How many chappatis did we eat? 

  

 

 

10. Two-sixths is the same as how many thirds? 
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Lesson 11 

Name: _____________________________ Class: ___________ Date: ___________ 

Write in lowest terms 

1. 
12

8
 

 

 

 

 

 

2. 
63

42
 3. 

42

36
 

4. 
18

12
 

 

 

 

 

 

5. 
36

27
 6. 

24

16
 

7. 
45

30
 

 

 

 

 

 

8. 
36

4
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9. In a class, 10 children like Maths, 3 children like Science, and 5 children like English. 

What fraction of the children like Maths? Write your answer in lowest terms.  

 

 

 

 

 

10. In June, it rained for 15 days. What fraction of the month did it rain for? Write your 

answer in lowest terms.  
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Cumulative Review Lesson 3 

Name: _____________________________ Class: ___________ Date: ___________ 

Write in lowest terms: 

1. 
42

14
 

 

 

 

 

 

2. 
56

24
 

 

 

 

 

 

3. 
24

18
 

 

 

 

 

Make the equivalent 

fractions 

4. 
16

5

4
  

 

 

 

 

 

5. 
618

12
  

 

 

 

 

 

6. 
459

8
  

7. Circle 
4

1
 

 

 

 

 

 

 

8. Shade 
36

18
 

 

 



 

 216 

9. Make equivalent 

fractions: 

123

1
  

 

 

 

 

10. Make any three 

equivalent fractions. 


5

2
 

 

 

11. Make any three equivalent 

fractions. 

 

12. Share 2 among 3 in two 

different ways. Write each 

person‟s share.  

 

 

 

 

 

13. Share 1 among 5 in 

three different ways. Write 

each person‟s share.  
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Review Learning Sheet 1 (after 2 weeks break) 

Name: _____________________________ Class: ___________ Date: ___________ 

1. Share 1 equally among 4 

in two different ways. Write 

each person‟s share. 

 

 

2. 
93

2
  3. 

2

5

1
  

4. Circle 
5

2
 

 

 

 

5. Find the HCF of 12 and 

30 

 

 

 

 

 

6. Complete the 

following: 

1 = 
8

 

 

1 = 
18

 

7. Share 2 equally among 3 

in two different ways. Write 

each person‟s share.  

 

8. 
510

6
  9. 

3

12

9
  

10. 
126

5
  11. Shade 

4

3
 

 

 

12. 
5

4

2
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Review Learning Sheet 2 (after 2 weeks break) 

 

Name: _____________________________ Class: ___________ Date: ___________ 

1. Share 1 equally among 4 in two different 

ways. Write each person‟s share. 

 

2. 
93

2
  

 

3. Circle 
5

3
 

 

 

 

4. 
4

5

2
  

 
 

5. 
412

9
  6. 

3

8

6
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7. Write 
12

8
in lowest terms 

 

 

8. Write 
9

6
in lowest terms 

 

9. Make any three equivalent fractions 

 

 

 
 

 

 

 

 

 

10. Make any three equivalent fractions 

11. Shade 
14

7
 

 

 

So 
14

7
= 

12. Shade 
16

12
 

 

So 
16

12
= 
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Appendix J 

Lesson 1 

Objectives:  (a) to visualize and comprehend the relative values of fractions as quotients 

using physical representations 

(b) To express fractions using the sharing interpretation 

Vocabulary: Equal share 

Materials: Fraction circles, Learning Sheet 1A, Probe 1A 

PREVIEW 

1. Review previous content and provide advanced organizer for the day‟s lesson.  

We did a test on fractions and we‟ve agreed that we need to work more on 

understanding fractions. Today we will be learning about fractions. We will use 

our fraction circles to help us. We will learn different how fractions for the same 

amount are often shown by different numbers. We will learn about „equivalent 

fractions‟.  

Equivalent fractions are fractions that show the same amount. What are 

equivalent fractions? (Cue card) 

MODELLING 

1. Discuss concept of „equivalence‟. Pick fraction 4/8, and ½.  

2. Explain using the example of a share of pizza. 

So 4/8 and ½ are equal. They show the same amount. 

4/8ths is another name for ½.  

Fractions that show the same amount are called equivalent fractions.  
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3. Show an example (3/4 and 6/8) and non-example (3/4 and 3/6).  

4. Distribute Learning Sheet 1. Demonstrate problems 1 to 3.  

Our sheet tells us to write one person‟s share by making equally shares. 

Look at the first problem. It says. Share one whole equally among 3 in two 

different ways.  

How can we divide it among 3? (Elicit response from students). 

I have one whole. I need to share it equally among three people. So I divide the 

whole into thirds.  

How many wholes? How many parts? 

I have three parts. Now I can divide them equally among three. Each person gets 

one. What fraction of the whole has each person got? 

So my fraction is one-third.  

When I divide 1 whole equally among three, each gets one-third. 

Each person‟s share is one-third.  

Now I need to find another way of dividing my whole so each person‟s share 

stays the same, that is 1/3.  

5. Demonstrate first with fourths and then sixths.  

Is the share the same? 

When we divide in fourths, can we divide among 3? 

When we divide in sixths, can we divide among 3? 

So two-sixths and one-third show the same amount.  

So two-sixths and one-thirds are equivalent fractions.   
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Two-sixths is another way of naming one-third.  

So what are some equivalent fractions we‟ve seen? (1/3 and 2/6) 

Good. We can share one whole among 3, so each person gets 1/3 or 2/6. 

GUIDED PRACTICE 

6. Guide students through problems 4 to 8.  

What are equivalent fractions? 

What is each person‟s share?  

Check if the share is the same.  

So what are some equivalent fractions we‟ve seen? 

ERROR CORRECTION 

a. Model again with manipuluatives. 

b. If students have difficulty conceptualizing improper fractions, use real-life 

examples to describe fair-sharing (e.g. pavs, poha, bowl of rice, sheet of 

paper).  

PROBLEM SOLVING PRACTICE 

7. Demonstrate problem 9 on Learning Sheet 1. 

Look at problem 9. Problem 9 is a word problem, but we will be using our 

fraction circles just as we have been doing. Read the problem.  

8. Guide students through problem 10. 

INDEPENDENT PRACTICE/ PROGRESS MONITORING 

9. Hand out Daily Probe. 
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I want you to solve some problems on your own. This is not timed. Do your best 

to solve all the problems. You will use your fraction circles just as we have been 

doing to help solve your problems. If you come across a problem you don‟t 

know, skip it and go to the next.  
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Introduction of equivalent fractions using concrete objects 

Lesson 2 

Objectives:  (a) to use the region model to visualize and comprehend the relative values 

of fractions using physical representations 

 (b) To recognize relative sizes of fractions and equivalent fractions with 

known denominators 

 (c) To use the terms numerator and denominator  

Vocabulary: equivalent fractions, numerator, denominator 

Materials:  manipulatives, worksheet 

PREVIEW 

1. Review previous content and present advanced organizer for the day‟s lesson.  

We have learnt how to make equivalent fractions, or fractions that show the 

same amount. What are some of the equivalent fractions we have seen? (Elicit 

responses from students). Today let‟s continue learning about fractions. We will 

use our fraction circles to help us. We will learn different how fractions for the 

same amount are often shown by different numbers. We will learn about 

„equivalent fractions‟.  

MODELLING 

2. Distribute Learning Sheet 1.  

3. Demonstrate problem 1.  

4. Pick one-half and fourths.  

Look at the first problem. It says, “One-half equals how many fourths?”  
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First, we need to make the fraction one-half. Listen to how we make it. 

I first look at the bottom number or the denominator.   

The denominator 2 tells us how many equal parts in each whole. It tells us how 

many equal pieces there are in the whole fraction circle.  

What does the denominator tell? (Cue card) 

I look for the fraction circle that has two parts. This is my whole.  

Now look at the numerator.  

The top number or the numerator tells the number of parts being used. (Cue card) 

The numerator tells us how many parts are being used.  

I pick one part to show one-half.  

Now I need to find a fraction that is another way of naming one-half.  

I need to make a fraction that is the same as one-half, but this time the fraction has 

a different denominator.  

Look at the second fraction. The denominator is 4.  

So I look for the fraction circle that has 4 parts.  

How many parts of this fraction circle do I need to cover the same amount as the 

one-half circle?  

What does this new fraction show? (Two-fourths) 

That‟s right. This fraction shows two-fourths. Write it.  

The two fractions show the same amount. So ½ equals 2/4.  

2/4ths is another name for ½. .  

We can also say ½ is equivalent to 2/4.  
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5. Review definitions of equivalent fractions, numerator and denominator.  

6. Demonstrate problems 2 and 3. 

GUIDED PRACTICE 

7. Guide students through problems 4 to 8.  

8. Probe for understanding.  

9. Review key vocabulary terms. 

What does the first fraction have to show?  

I need to make a fraction that is equivalent, but with a different denominator. 

How many parts of this fraction circle do I need to cover the same amount? 

ERROR CORRECTION 

a. Review definition of equivalent fractions. 

b. Ask students if fraction value covers the same amount.  

PROBLEM SOLVING PRACTICE 

10. Demonstrate problem 9 on Learning Sheet 1. 

Look at problem 9. Problem 9 is a word problem, but we will be using fraction 

circles just as we are doing. Read the problem.  

11. Guide students to solve problems 10.  

INDEPENDENT PRACTICE/ PROGRESS MONITORING 

12. Hand out Daily Probe 1. 

I want you to solve some problems on your own. This is not timed. Do your best 

to solve all the problems. You will use your fraction circles just as we have been 
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doing to help solve your problems. If you come across a problem you don‟t 

know, skip it and go to the next.  
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Continue introduction of equivalent fractions using concrete objects 

Lesson 3 

Objectives:  (a) to use the length model to visualize and comprehend the relative values 

of fractions using physical representations 

 (b) To recognize relative sizes of fractions and equivalent fractions with 

known numerators 

 (c) To use the term „fraction bar‟  

Vocabulary: equivalent fractions 

Materials: fraction strips, worksheet 

Content: Proper; computation problems 

PREVIEW 

1. Review previous content and present an advanced organizer for the day‟s lesson.  

Yesterday we learnt how to make equivalent fractions, or fractions that show the 

same amount. What are some of the equivalent fractions we saw? (Elicit 

responses from students). Today we will be learning about equivalent fractions. 

We will see how to make equivalent fractions when we know how many parts are 

being used or when we know the numerator.   

MODELLING 

2. Distribute Learning Sheet 3. 

3. Demonstrate problem 1. Make one-third.  

The first fraction is one-third. 

I look for my fraction strip showing thirds. This is my whole.  
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The numerator tells us how many parts are being used.  

How many parts do I need to use? I now have one-third. 

Now I need to find a fraction that is another way of naming one-third.  

I need to make a fraction that is the same as one-third, but this time the fraction 

has a different numerator.  

Look at the second fraction. The numerator is 2.  

Listen to this, I look for the fraction strip two parts of which will cover the same 

amount as my first fraction. 

2 is more than 1, so I look for the fraction with more parts in the whole.  

I look at the fraction strip with 8 parts. I need two parts. 

What fraction have I made? (2/8) 

Is the amount covered by the fractions the same? No. So two-eighths is not 

equivalent to one-third. 

I look at the fraction circle with 6 parts. I pick 2 parts.  

What does this fraction show? (Two-sixths) 

Is the amount covered by the two fractions the same? That‟s right. Write it.  

The two fractions show the same amount. So 1/3 equals 2/6.  

2/6 is another name for 1/3.  

Two-sixths is equivalent to one-third.  

4. Introduce the term „fraction bar‟. 

The fraction bar means „divide‟ or separate into equal parts. (Cue card) 
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5. Review definitions of fraction bar, equivalent fractions, numerator and 

denominator.  

6. Model problems 2 and 3. 

GUIDED PRACTICE 

7. Guide students through problems 3 to 8.  

8. Probe for understanding. 

What does the first fraction have to show?  

Now I need to make a fraction ____ parts of which will cover the same amount. 

9. Review key vocabulary words.  

ERROR CORRECTION 

a. Review definition of equivalent. 

b. Ask students if fraction value covers the same amount.  

c. I need a fraction circle with smaller/ bigger parts 

PROBLEM SOLVING PRACTICE 

10. Demonstrate problem 9 on Learning Sheet 2. 

Look at problem 9. Problem 9 is a word problem, but we will be using our 

fraction strips just as we have been doing. Read the problem.  

11. Guide students to solve problems 10. 

INDEPENDENT PRACTICE/ PROGRESS MONITORING 

12. Hand out Daily Probe 2. 

I want you to solve some problems on your own. This is not timed. Do your best 

to solve all the problems. You will use your fraction strips just as we have been 
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doing to help solve your problems. If you come across a problem you don‟t 

know, skip it and go to the next.  
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Begin generalization of equivalent fractions using graphic representations 

Lesson 4 

Objectives:  (a) to visualize and comprehend the relative values of fractions using 

graphic representations 

 (b) To recognize relative sizes of fractions and equivalent fractions  

 (c) To create equivalent fractions based on the set model 

Vocabulary: equivalent fractions 

Materials: pictures of objects, worksheet 

Content: Proper; computation problems 

PREVIEW 

1. Review previous content and provide advanced organizer for the day‟s lesson.  

We have learnt how to make equivalent fractions, or fractions that show the 

same amount. What are some of the equivalent fractions we have seen? (Elicit 

responses from students). We have seen how to make equivalent fractions when 

we know we have beans. Today let‟s continue making equivalent fractions using 

pictures of things.   

MODELLING 

2. Distribute Learning Sheet 4.  

3. Demonstrate problems 1 to 3.  

Look at the first problem. It says, “Circle one-fourth”  

I need to find a fraction that is another way of naming one-fourth.  

What does the picture show? 
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That‟s right. The picture shows pictures of apples.  

How many apples? (4) 

I need to circle one-fourth of 4. 

Do you know what one-third of 4 is? 

My denominator is 4, so I have to divide 4 into 4 equal parts.  

How many in each part? (1)  

My numerator is 1, so I know I have to use one part. 

How many apples in one part?  

That‟s right. There are 1.  

So one-fourth of 4 is 1.  

GUIDED PRACTICE 

4. Guide students through problems 3 to 8.  

What does the picture show? 

How many parts do I need to divide ___ into? 

ERROR CORRECTION 

a. Revise definition of equivalent. 

b. Ask students if fraction value covers the same amount.  

c. I need a fraction circle with smaller/ bigger parts 

d. Demonstrate using manipulatives if needed. 

PROBLEM SOLVING PRACTICE 

5. Demonstrate problem 9 on Learning Sheet 4. 
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Look at problem 9. Problem 9 is a word problem, but we will be using pictures 

just as we are doing. Read the problem.  

6. Guide students through problems 10. 

INDEPENDENT PRACTICE/ PROGRESS MONITORING 

7. Hand out Daily Probe 5. 

I want you to solve some problems on your own. This is not timed. Do your best 

to solve all the problems. You will use pictures of fractions just as we have been 

doing to help solve your problems. If you come across a problem you don‟t 

know, skip it and go to the next.  
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Introduce equivalent fractions using graphic representations 

Lesson 5 

Objectives:  (a) to visualize and comprehend the relative values of fractions using 

graphic representations 

 (b) To recognize relative sizes of fractions and equivalent fractions  

Vocabulary: equivalent fractions 

Materials: pictures of fractions, worksheet 

Content: Proper; computation problems 

PREVIEW 

1. Review previous content and provide advanced organizer for the day‟s lesson.  

We have learnt how to make equivalent fractions, or fractions that show the 

same amount. What are some of the equivalent fractions we have seen? (Elicit 

responses from students). We have seen how to make equivalent fractions when 

we know how many parts are in each whole. Today we will see how to make 

equivalent fractions using pictures of fractions.   

MODELLING 

2. Distribute Learning Sheet 4.  

3. Demonstrate problems 1 to 3.  

Look at the first problem. It says, “One-third equals two how-manys?”  

Now I need to find a fraction that is another way of naming one-third.  

I need to make a fraction that is the same as one-half, but this time the fraction 

has a different numerator.  
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Listen to this; I need to make a fraction, two parts of which will cover the same 

amount as my first fraction. 

I divide the part my first fraction covers into 2 equal parts. 

How many parts will be in my whole? 

Let‟s divide my whole.  

What does this fraction show? (Two-sixths) 

Is the amount covered by the two fractions the same? 

The two fractions show the same amount. So 1/3 equals 2/6.  

2/6 is another name for 1/3.  

Two-sixths is equivalent to one-third.  

What are equivalent fractions?  

What are the equivalent fractions we‟ve seen? 

What does the denominator tell? 

What does the numerator tell? 

GUIDED PRACTICE 

4. Guide students through problems 3 to 8.  

What does the first fraction have to show?  

Now I need to make a fraction ____ parts of which will cover the same amount. 

What are equivalent fractions? 

ERROR CORRECTION 

a. Revise definition of equivalent. 

b. Ask students if fraction value covers the same amount.  
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c. I need a fraction circle with smaller/ bigger parts 

d. Demonstrate using manipulatives if needed. 

PROBLEM SOLVING PRACTICE 

5. Demonstrate problem 9 on Learning Sheet 6. 

Look at problem 9. Problem 9 is a word problem, but we will be using pictures of 

fractions just as we are doing. Read the problem.  

It says each person got one-fourth of Vishal‟s cake. If each person got 3 slices of 

cake, how many slices did Vishal divide his cake into? 

Let‟s make the first fraction. It is 1/4. I know to divide my whole into four equal 

parts. I know to use one part. I now have 1/4.  

I need to make another fraction equivalent to 1/4, but 3 parts of which will cover 

the same amount as 1/4.  

I divide my one part into 3 parts because my numerator is 3.  

Now I divide my whole into equal parts. 

What fraction have I made? 

So 1/4 is equivalent to 3/12.  

6. Guide students through problems 10. 

Let‟s do some more problems together. You try.  

INDEPENDENT PRACTICE/ PROGRESS MONITORING 

7. Hand out Daily Probe 6. 

I want you to solve some problems on your own. This is not timed. Do your best 

to solve all the problems. You will use pictures of fractions just as we have been 



 

 238 

doing to help solve your problems. If you come across a problem you don‟t 

know, skip it and go to the next.  
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Continue generalization of equivalent fractions using graphic representations 

Lesson 6 

Objectives:  (a) to visualize and comprehend the relative values of fractions using 

graphic representations 

 (b) To recognize relative sizes of fractions and equivalent fractions  

 (c) To create equivalent fractions of different values 

Vocabulary: equivalent fractions 

Materials: pictures of fractions, worksheet 

Content: Proper; computation problems 

PREVIEW 

1. Review previous content and provide advanced organizer for the day‟s lesson.  

We have learnt how to make equivalent fractions, or fractions that show the 

same amount. What are some of the equivalent fractions we have seen? (Elicit 

responses from students). We have seen how to make equivalent fractions when 

we know a denominator and numerator. Today let‟s make equivalent fractions of 

any value.  

MODELLING 

2. Distribute Learning Sheet 3.  

3. Demonstrate problems 1 to 3.  

Look at the first problem. It says, “Shade one-fourth of these circles”  

What does the denominator tell?  

What does the numerator tell? 
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The first circle has four parts.  

How many do I shade? 

That‟s right. So what fraction have I made? 

The second circle shows eight parts. I need to shade one-fourth. 

How many do I shade? 

What fraction have I made? 

Two-eighths. 

Good. Let‟s make another.  

What are equivalent fractions?  

What are the equivalent fractions we‟ve seen? 

Let‟s do the next problem. 

FOR NEXT PROBLEM DON‟T DIVIDE SHAPES 

GUIDED PRACTICE 

4. Guide students through problems 3 to 8.  

What fraction do we need to show?  

How many parts do I shade? 

What fraction have I made? 

What are equivalent fractions? 

ERROR CORRECTION 

a. Revise definition of equivalent. 

b. Ask students if fraction value covers the same amount.  

c. Demonstrate using manipulatives if needed. 
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PROBLEM SOLVING PRACTICE 

5. Demonstrate problem 9 on Learning Sheet 5. 

Look at problem 9. Problem 9 is a word problem, but we will be using pictures 

just as we are doing. Read the problem.  

Seema is distributing cake to four of her friends. What are some ways she can 

cut her cake? Write each person‟s share.  

6. Guide students through problems 10. 

Let‟s do some more problems together. You try.  

INDEPENDENT PRACTICE/ PROGRESS MONITORING 

7. Hand out Daily Probe 3. 

I want you to solve some problems on your own. This is not timed. Do your best 

to solve all the problems. You will use pictures of fractions just as we have been 

doing to help solve your problems. If you come across a problem you don‟t 

know, skip it and go to the next.  
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Continue generalization of fraction equivalence using representational drawings 

Lesson 7  

Objectives:  (a) to visualize and comprehend the relative values of fractions using 

graphic representations  

 (b) To use the term „lowest terms‟ 

Vocabulary: equivalent fractions 

Materials: strip diagrams, worksheet 

Content: Proper fractions 

PREVIEW 

1. Review previous content and provide advanced organizer for the day‟s lesson.  

We have learnt make equivalent fractions using fraction circles, strips, and 

different objects. What are some of the equivalent fractions we saw? (Elicit 

responses from students). Today we‟ll continue to make equivalent fractions. 

We‟ve used circles, squares, and rectangles to help us make fractions. Today you 

can choose whichever shape you‟d like to create fractions. We will write 

fractions in „lowest terms‟.  

MODELLING 

2. Distribute Learning Sheet 5. Demonstrate „lowest terms‟ using manipulatives. 

Lowest terms means using the smallest numbers to show the same amount. (Cue 

card) 

Lowest terms means writing the smallest equivalent fraction.  
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Look at this fraction. It is two-fourths. Look at this fraction. It is one-half. Do 

the fractions cover the same amount?  

Yes they do. One-half is two-fourths in lowest terms.  

3. Demonstrate how to compute Problem 1 on the Learning Sheet 5.  

Look at the first problem. It says, “Five-tenths = _______?”  

What does the problem say? We have to write this fraction in lowest terms. 

We have to write this fraction in „lowest terms‟. 

We need to find a fraction that is equivalent to five-tenths, but using smaller 

numbers.  

I ask myself, what number goes into both 5 and 10? That‟s right. 5. 5 is the 

HCF. I divide both the numerator and the denominator by 5. What fraction have 

I made? 

Can any other number go into 1 and 2? No. So ½ is 5/10
th

 in lowest terms.  

Let‟s check it using the pictures.  

4. Demonstrate problem 2.  

Let‟s do another problem. Our fraction is 6/12.  

GUIDED PRACTICE 

5. Guide students through problems 3 to 9.  

I need to make a fraction that is equivalent to _____. 

What is the denominator?  

How many _________ do I need to cover the same amount as ______? 

What is it in lowest terms?  
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ERROR CORRECTION 

(a) Use manipulatives if necessary to show lowest terms. 

(b) Remind students of definition of lowest terms   

PROBLEM SOLVING PRACTICE 

6. Demonstrate problem 10 on Learning Sheet 6. 

Look at problem 10. Problem 10 is a word problem, but we will be using shapes 

just as we are doing. Read the problem.   

7.  Guide students through problem 11. 

Let‟s do another problem.  

INDPENDENT PRACTICE/ PROGRESS MONITORING 

8. Hand out Daily Probe 6. 

I want you to solve some problems on your own. This is not timed. Do your best 

to solve all the problems. You will use pictures of fractions just as we have been 

doing to help solve your problems. If you come across a problem you don‟t 

know, skip it and go to the next. 
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Lesson 8 

Objectives:  (a) to visualize and comprehend the relative values of fractions using 

graphic representations 

 (b) To recognize relative sizes of fractions and equivalent fractions  

 (c) To reduce fractions 

Vocabulary: equivalent fractions 

Materials: pictures of fractions, worksheet 

Content: Proper; computation problems 

PREVIEW 

1. Review previous content and provide advanced organizer for the day‟s lesson.  

We have learnt how to make equivalent fractions, or fractions that show the 

same amount. What are some of the equivalent fractions we have seen? (Elicit 

responses from students). We have seen how to make equivalent fractions when 

we know how many parts are in each whole. Today we will see how to make 

equivalent fractions using pictures of fractions.   

MODELLING 

2. Distribute Learning Sheet 7.  

3. Demonstrate problems 1 to 3.  

Look at the first problem. It says, “Three-sixths equals how-many halves?”  

The first fraction is three-sixths. 

The denominator 6 tells us how many equal parts in each whole.  

Now look at the numerator.  



 

 246 

The top number or the numerator is the number of parts being used. (Cue card) 

What is the numerator? 

This problem tells me to shade three-sixths of the figure.  

Look at the figure. There are 2 parts in the whole. 

I need to make a fraction equivalent to three-sixths, but with a different 

denominator.  

My denominator is 2. Write it.  

I ask myself, 2 goes into 6 how many times? 

So what goes into 3 three times? Write it.  

What does this fraction show? (One-half) 

Is the amount covered by the two fractions the same? 

That‟s right. Write it.  

The two fractions show the same amount. So 3/6 = 1/2.  

Two-sixths is equivalent to one-third.  

What are equivalent fractions?  

What are the equivalent fractions we‟ve seen? 

What does the denominator tell? 

What does the numerator tell? 

Let‟s do the next problem. 

GUIDED PRACTICE 

4. Guide students through problems 3 to 8.  

What does the first fraction have to show?  



 

 247 

Now I need to make a fraction ____ parts of which will cover the same amount. 

What are equivalent fractions? 

ERROR CORRECTION 

a. Revise definition of equivalent. 

b. Ask students if fraction value covers the same amount.  

c. I need a fraction circle with smaller/ bigger parts 

d. Demonstrate using manipulatives if needed. 

PROBLEM SOLVING PRACTICE 

5. Demonstrate problem 9 on Learning Sheet 6. 

Look at problem 9. Problem 9 is a word problem, but we will be using pictures of 

fractions just as we are doing. Read the problem.   

6. Guide students through problems 10. 

Let‟s do some more problems together. You try.  

INDEPENDENT PRACTICE/ PROGRESS MONITORING 

7. Hand out Daily Probe 7. 

I want you to solve some problems on your own. This is not timed. Do your best 

to solve all the problems. You will use pictures of fractions just as we have been 

doing to help solve your problems. If you come across a problem you don‟t 

know, skip it and go to the next.  
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 Introduction of fraction equivalence at the abstract level 

Lesson 9 

Objectives:  (a) to write equivalent fractions using the Fundamental Law of Fractions 

 (b) To identify equivalent fractions 

Vocabulary: equivalent fractions 

Materials: worksheet 

Content: Proper fractions 

PREVIEW 

1. Review previous content and provide advanced organizer for the day‟s lesson.  

What are some of the equivalent fractions we saw? (Elicit responses from 

students). Yesterday we saw how to write fractions in lowest terms. Today we‟ll 

keep working with equivalent fractions. We‟ll do it only with numbers now. We 

will also learn the Fundamental Law of Fractions.    

MODELLING 

2. Distribute Learning Sheet 8.  

Listen to this: Any number, multiplied by one, is the same number. 

So 4 X 1 = 1. We can see the same for fractions.  

3/8 X 1 =?  

3/8. What is the rule? Any number, multiplied by one, is the same number.  

1 can be written in different ways. We can write one as a fraction. 

1 equals how many halves? 2/2, how many thirds? 3/3. Good.  
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Listen to the Fundamental Law of Fractions: The Fundamental Law of 

Fractions says that the value of the fraction does not change if we multiply the 

fraction by 1 or by a fraction that equals one whole.  

Fractions that have the same value are called equivalent fractions. 

What are equivalent fractions? 

So one way of finding equivalent fractions is to multiply the fraction by 1, or a by 

a fraction that equals one whole.  

Let‟s see. Let‟s multiply one-half by 1. Is the answer the same? Yes. 

Now let‟s multiply one-half by two-halves. We get 2/4. In lowest terms 2/4 is ½. 

Is the value the same? Yes.  

Let‟s try another. Another way of writing one is three-thirds. I multiply ½ by 3/3. 

We get three-sixths. In lowest terms the value is ½.  

What are the equivalent fractions we‟ve made? 

3. Demonstrate how to compute Problem 1 on the Learning Sheet 8.  

Look at the first problem.  

We need to find 3 equivalent fractions for 4/5.  

What‟s one way of writing 1?  

2/2 Good. Let‟s multiply 4/5 by 2/2.  

Is the value the same? Yes. Let‟s try another. 3/3. Good. 4/4.  

4. Demonstrate problem 2 and 3.  

GUIDED PRACTICE 

5. Guide students through problems 3 to 8.  
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What is the Fundamental Law of Fractions? 

What are equivalent fractions? 

ERROR CORRECTION 

(a) Remind students of the fundamental law of fractions 

(b) Use manipulatives to construct one whole and demonstrate concretely 

PROBLEM SOLVING PRACTICE 

6. Demonstrate problem 9 on Learning Sheet 8. 

Look at problem 9. Problem 9 is a word problem. Read the problem.  

Rona brought 2/3 of a chocolate cake to school. Write three different ways Rona 

can distribute her cake to her friends.    

We need to find 3 equivalent fractions for 2/3.  

What‟s one way of writing 1?  

2/2 Good. Let‟s multiply 4/5 by 2/2.  

Is the value the same? Yes. Let‟s try another. 3/3. Good. 4/4.  

7. Guide students through problem 10.  

Your turn to solve word problems by yourself.  

INDEPENDENT PRACTICE/ PROGRESS MONITORING 

8. Hand out Daily Probe 8. 

I want you to solve some problems on your own. This is not timed. Do your best 

to solve all the problems. If you come across a problem you don‟t know, skip it 

and go to the next.  
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Begin generalization of fraction equivalence at the abstract level 

Lesson 10 

Objectives:  (a) to write equivalent fractions using the Fundamental Law of Fractions 

 (b) To create equivalent fractions with known numerators and 

denominators 

Vocabulary: equivalent fractions 

Materials: worksheet 

PREVIEW 

1. Review previous content and provide advanced organizer for the day‟s lesson.  

We have learnt how to create equivalent fractions using the Fundamental Law 

of Fractions. Today we‟ll keep practicing expressing equivalent fractions.   

MODELLING 

2. Distribute Learning Sheet 9.  

3. Demonstrate problems 1 to 4 on the Learning Sheet 9.  

Look at the first problem. It says ¾ = ?/12.  

What is the Fundamental Law of Fractions? 

I need to change this fraction so that my denominator is 12. But the value needs 

to remain the same. I ask myself: How many times does 4 goes into 12? 3 times. 

Good. What fraction with 3 as a denominator equals one whole?  

Good. Three-thirds equals one-whole.  

So I can multiply my fraction ¾ by 3/3. My denominator becomes 12. My 

numerator is 9. I know the value of the fraction remains the same.  
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Let‟s try another.  

GUIDED PRACTICE 

4. Guide students through problems 5 and 9.  

How many times does _____ go into _____? 

What is the Fundamental Law of Fractions? 

What fraction with __ denominator equals one whole? 

ERROR CORRECTION 

(a) Remind students of Fundamental Law of Fractions 

(b) Repeat steps to create equivalent fractions 

PROBLEM SOLVING PRACTICE 

5. Demonstrate problem 10 on Learning Sheet 9. 

Look at problem 10. Problem 10 is a word problem. Read the problem.  

Mum made 10 chapattis. We ate 2/5. What fraction of the chapattis that Mum 

made did we eat? We need to find a fraction that‟s equivalent to 2/5 but with 10 

as the denominator. I ask myself the question. How many times does 5 go into 

10? Twice. What fraction with 2 as a denominator equals one whole? So I 

multiply my fraction 2/5 by 2/2. We ate 4/10 of the chapattis.      

6. Guide students through problem 11. 

Let‟s do some more problems. You try.  
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Continue generalization of fraction equivalence at the abstract level 

Lesson 11 

Objectives:  (a) to write fractions in lowest terms 

 (b) To find the highest common factor of two whole numbers (obvious 

HCF) 

Vocabulary: equivalent fractions 

Materials: worksheet 

Content: Proper fractions 

PREVIEW 

1. Review previous content and provide advanced organizer for the day‟s lesson.  

What are some of the equivalent fractions we saw? (Elicit responses from 

students). We have learnt how to write equivalent fractions using the 

Fundamental Law of Fractions. We have learnt that the value of a fraction does 

not change when we multiply it by another fraction equal to 1. We‟ve also learnt 

to reduce fractions to lowest terms. We used pictures to help us. Today we‟re 

going to learn how to write fractions in lowest terms without the help of our 

fraction pictures, but by finding the highest common factor or HCF of two 

numbers.   

MODELLING 

2. Distribute Learning Sheet 10.  

3. Review HCF. 
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Let‟s go over how we calculate the HCF of 2 numbers. For example, look at the 

number 15. 

5 X 3 = 15 

Factors are numbers that are multiplied together. So, since 5 X 3 = 15, we can 

say that 5 and 3 are factors of 15. The numbers 1 and 15 are also factors of 15. 

What are some factors of 18 (1, 2, 3, 6, 9, and 18). Sometimes, two numbers have 

some of the same factors. These are called common factors.  

4. Review examples of HCF: 6 and 9, 12 and 16 

We will use a strategy to help us write fractions in lowest terms.   

5. Demonstrate how to compute Problem 1 on the Learning Sheet 9.  

Look at the first problem. It says 8/12 = ? We need to write this in lowest terms. 

We need to reduce this fraction so that the value of the fraction stays the same. 

Step 1 says: find the HCF of the numerator and denominator. What is the HCF 

of 8 and 12?  

Step 2 says: make a fraction equal to one whole with the HCF. So if the HCF is 

4, our fraction equal to a whole number with the HCF is 4/4. 

My Fundamental Law of Fractions tells me that if I multiply a fraction by a 

fraction that equals one whole the value stays the same. 

The same way, we can divide the fraction and the value stays the same. 

Step 3 says: divide numerator and denominator by HCF.  

How do we reduce? 
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Let‟s figure out the numerator of this fraction. How many times does 4 go into 

8? How many times does 4 go into 12? So 8/12 equals 2/3 in lowest terms. 

8/12 is equivalent to 2/3. 

6. Demonstrate problem 2 and 3.  

GUIDED PRACTICE 

7. Guide students through problems 4 to 8.  

How do we reduce fractions?  

How many times does _____ go into _____? 

What is the HCF? 

What fraction can we divide? 

ERROR CORRECTION 

a. Remind students how to compute HCF 

b. Ask students to check answers using lowest terms.  

PROBLEM SOLVING PRACTICE 

8. Demonstrate problem 10 on Learning Sheet 10. 

Look at problem 10. Problem 10 is a word problem. Read the problem.  

In a class, 10 children like Maths, 3 children like Science, and 5 children like 

English. If there are 18 children in the class altogether, what fraction of the 

children like Maths?  

9. Guide students through problem 10.  

Let‟s try another problem.  

INDEPENDENT PRACTICE/ PROGRESS MONITORING 
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9. Hand out Daily Probe 10. 

I want you to solve some problems on your own. This is not timed. Do your best 

to solve all the problems. If you come across a problem you don‟t know, skip it 

and go to the next.  

  



 

 257 

Appendix K 

Development of Program 

 

 

 

TOOL 

Content 

 Mathematics textbooks of 

ICSE schools in India 

 Butler and colleagues (2002) 

 

Delivery approaches 

 CRA sequence employed by Butler (1999) 

and colleagues (2002) 

 Explicit teaching practices highlighted in 

What Works Clearinghouse (Gersten, 

2009) guide to RTI practices in 

mathematics, previous reviews (e.g. 

Swanson & Hoskyn,1999) 

 

 

Modifications by experts 

 Sharing interpretation of 

fractions 

 Change in terminology 

(GCF to HCF; simplest 

terms to lowest terms) 

 Rational Number Project 

Pilot Study 

Content 

 Additional lesson plans (unknown numerator) 

 Increasing number of modelled problems 

 Emphasizing „lowest terms‟ using concrete 

aids 

Delivery approaches 

 Reduced number of problems for lessons 

using fraction circles 

 Labelled fraction circles 
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Appendix L 

Treatment Fidelity 

Item Description Y/N Comments 

1 Advanced Organizer: The instructor made 

connections with content from previous lessons, 

introduced the skill to be addressed, and reviewed 

prior knowledge. 

  

2 Materials: The instructor provided the student with 

learning sheets, cue cards, and manipulatives (when 

required) 

  

3 Modeling: The instructor demonstrated at least 2 

problems. 

  

4 Guided practice: Students performed subsequent 

problems with guidance and prompts from the 

instructor. 

  

5 Corrective feedback: The instructor monitored 

students‟ performance during guided practice, and 

provided feedback on errors. 

  

6 Independent work: The student performed the 

problems on the probe independently. 

  

7 Error analysis: The instructor reviewed error on the 

probe with students at the conclusion of the lesson. 

  

Note.  Adapted from Maccini (1998) and Mulcahy (2007) 

Total number of procedures followed as planned: 

Percentage of procedures followed as planned: 
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Appendix M 

Interview Protocol 

Name: _____________________________ Class: ___________ Date: ___________ 

No. Item Disagree Neutral Agree 

1 I learned to solve problems with equivalent 

fractions correctly 

   

2 Using fraction circles helped me to solve problems 

with equivalent fractions 

   

3 Fractions are easy    

4 Fraction strips helped me solve problems with 

equivalent fractions 

   

5 Pictures of fractions helped me solve problems with 

equivalent fractions 

   

6 The teaching method was very long    

7 I did not learn to solve problems with equivalent 

fractions using this programme 

   

8 I would recommend my friends learn using this 

method 

   

9 After this programme, I feel better about my ability 

to solve problems with equivalent fractions  

   

10 Fractions are hard    

11 I enjoyed learning with this teaching method    

1. What did you like best about the programme? 

2. What did you like least about the programme? 

3. What suggestions do you have to make the programme more interesting/ help you 

learn better?  
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Glossary 

 

Students struggling in mathematics include students with learning disabilities (LD) or 

mathematics disabilities (MD), and low achievers in mathematics.  

Accuracy of performance in fractions refers to mastery performance on tasks requiring 

understanding of fraction equivalence. 

CRA is an instructional sequence to teach mathematical concepts using a systematic 

progression of manipulatives, graphical representations and finally abstractions. Once 

students have mastered the concept at the concrete level, instruction proceeds at the 

representational level, and last, at the abstract.   

Explicit teaching is a model of instruction incorporating teaching practices of an 

advanced organizer, modeling, guided practice, independent practice, corrective 

feedback, and progress monitoring.  

Proper fractions are fractions less than one whole or whose numerator is smaller than the 

denominator. 

Sharing interpretation of fractions or fair-shares refers to fractions as quotients, where 

the numerator and denominator represent two different measure spaces (for example, 

pizzas and friends). 
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