
 

 

 

 

 

 

 

 

 

Copyright 

by 

Ipek Nese Sener 

2010 

 

 



 
The Dissertation Committee for Ipek Nese Sener certifies that this is the approved 

version of the following dissertation: 

 

 

ACCOMMODATING FLEXIBLE SPATIAL AND SOCIAL 

DEPENDENCY STRUCTURES IN DISCRETE CHOICE MODELS 

OF ACTIVITY-BASED TRAVEL DEMAND MODELING 

 

 

 

 
Committee: 
 

Chandra R. Bhat, Supervisor 

Randy B. Machemehl 

Ram M. Pendyala 

Chandler Stolp 

S. Travis Waller 



ACCOMMODATING FLEXIBLE SPATIAL AND SOCIAL 

DEPENDENCY STRUCTURES IN DISCRETE CHOICE MODELS 

OF ACTIVITY-BASED TRAVEL DEMAND MODELING 

 

 

by 

Ipek Nese Sener, B.S.C.E.; M.S.C.E.; M.S.Arch 

 

 

 

Dissertation  

Presented to the Faculty of the Graduate School of  

The University of Texas at Austin 

in Partial Fulfillment  

of the Requirements 

for the Degree of  

 

Doctor of Philosophy 

 

 

The University of Texas at Austin 

August, 2010 



 

 

 

 

Dedication 

 

To my beloved grandmother, Nese Nihal Ozsoy



 v

Acknowledgements 

I would like to express my sincere gratitude and appreciation to my advisor, Dr. Chandra 

Bhat, for his continuous guidance, support and encouragement throughout my doctoral 

studies. He has inspired me and motivated me to realize my potential as a researcher, and 

has taught me to strive to be the best in all that I do. It has been a great honor and 

pleasure to work with him, and to be mentored by him. I am also grateful to all members 

of my dissertation committee, Dr. Randy Machemehl, Dr. Ram Pendyala, Dr. Chandler 

Stolp, and Dr. Travis Waller, for their invaluable discussions and suggestions during the 

course of this research. I also owe sincere thanks to many staff members of the 

department, especially to Lisa Macias for her kind assistance and friendship. 

 It would not have been possible to achieve this journey without the support, 

patience and love of all my friends. I especially want to thank Erkin Bahceci, Naveen 

Eluru, Sezgin Kucukcoban, and David Suescún, for being part of all aspects of my life in 

Austin. There are no words to describe what you all mean to me. Special thanks also go 

to Merve Celen, Rachel Copperman, Aarti Kapur, Abdul Pinjari, Didem-Umut Unver, 

Pinar Yazicioglu, and Cengizhan-Duygu Yenerim, as I treasure your valuable friendship 

during good and challenging times. I am also particularly grateful to Deniz-Gunseli 

Akinc, Erdem Altinbilek, Alper Fulat, Alper Kahvecioglu, Elvan Odabasi, and Musa 

Yilmaz, for enlightening my life even from such a long distance.  

Lastly, but definitely not least, I am deeply thankful to my mother, Aynur Zehra 

Sener, my father, Erdinc Sener, and my brother, Hakan Selcuk Sener, for their 

unconditional love and support. I cannot express my love for you in words; you are just 

my heart-beating. Finally, I would like to thank my beloved grandmother, Nese Nihal 

Ozsoy, who was always there for me. You will be loved and missed forever.  



 vi

ACCOMMODATING FLEXIBLE SPATIAL AND SOCIAL 

DEPENDENCY STRUCTURES IN DISCRETE CHOICE MODELS 

OF ACTIVITY-BASED TRAVEL DEMAND MODELING 

 

 

 

 

Ipek Nese Sener, Ph.D. 

The University of Texas at Austin, 2010 

 

Supervisor:  Chandra R. Bhat 

 
Spatial and social dependence shape human activity-travel pattern decisions and their 

antecedent choices. Although the transportation literature has long recognized the 

importance of considering spatial and social dependencies in modeling individuals’ 

choice behavior, there has been less research on techniques to accommodate these 

dependencies in discrete choice models, mainly because of the modeling complexities 

introduced by such interdependencies. The main goal of this dissertation, therefore, is to 

propose new modeling approaches for accommodating flexible spatial and social 

dependency structures in discrete choice models within the broader context of activity-

based travel demand modeling.  

The primary objectives of this dissertation research are three-fold. The first 

objective is to develop a discrete choice modeling methodology that explicitly 

incorporates spatial dependency (or correlation) across location choice alternatives 
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(whether the choice alternatives are contiguous or non-contiguous). This is achieved by 

incorporating flexible spatial correlations and patterns using a closed-form Generalized 

Extreme Value (GEV) structure. The second objective is to propose new approaches to 

accommodate spatial dependency (or correlation) across observational units for different 

aspatial discrete choice models, including binary choice and ordered-response choice 

models. This is achieved by adopting different copula-based methodologies, which offer 

flexible dependency structures to test for different forms of dependencies. Further, simple 

and practical approaches are proposed, obviating the need for any kind of simulation 

machinery and methods for estimation. Finally, the third objective is to formulate an 

enhanced methodology to capture the social dependency (or correlation) across 

observational units. In particular, a clustered copula-based approach is formulated to 

recognize the potential dependence due to cluster effects (such as family-related effects) 

in an ordered-response context. The proposed approaches are empirically applied in the 

context of both spatial and aspatial choice situations, including residential location and 

activity participation choices. 

In particular, the results show that ignoring spatial and social dependencies, when 

present, can lead to inconsistent and inefficient parameter estimates that, in turn, can 

result in misinformed policy actions and recommendations. The approaches proposed in 

this research are simple, flexible and easy-to-implement, applicable to data sets of any 

size, do not require any simulation machinery, and do not impose any restrictive 

assumptions on the dependency structure.  
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CHAPTER 1  

INTRODUCTION 

 

1.1 INTRODUCTION AND BACKGROUND 

Spatial and social dependence shape human activity and travel pattern decisions and their 

antecedent choices. Individuals make decisions about where to live and work, where to 

go to school, where to pursue various activities such as shopping, personal business, and 

social/recreation, and which route to take when traveling between an origin-destination 

pair. Thus, the generation of activities and trips, and the activity-travel patterns of 

decision makers, are strongly influenced by the effects of space. At the same time, 

individuals’ activity-travel patterns are substantially influenced by task allocation, joint 

activity engagement, and activity dependency relationships inherent to any social 

network (Axhausen, 2005). As individuals are an integral part of society, social networks, 

social interactions, and intra-household interactions are inevitably present in their daily 

lives, influencing their activity engagement (and their resulting travel) decisions.  

Travel demand models require realistic behavioral representations of the activity-

travel decisions of individuals or households. In this context, the importance of spatial 

and social dependencies in modeling individuals’ choice behavior has been well 

recognized. In particular, the last decade has witnessed a considerable amount of research 

on activity-travel behavior analysis highlighting the relevance of both the spatial and the 

social context of individuals’ choices for developing more behaviorally-oriented travel 

demand models. Although there are plenty of examples of research studies in the activity-

travel analysis literature that document the importance of spatial and social dependencies, 

there has been a relatively small body of literature explicitly accommodating this 

1 



 

awareness into the development of appropriate mathematical modeling techniques to deal 

effectively with such dependencies in the context of discrete choice modeling. Indeed, 

there is an urgent need for the development of robust, rigorous, and behaviorally realistic 

model formulations that are able to account for spatial and social dependencies in choice 

modeling. In this regard, the current dissertation aims at contributing to enhanced 

econometric frameworks to better accommodate the spatial and social context of 

individuals’ activity-travel choices. 

 

1.2 SPATIAL CONTEXT OF (CHOICE) MODELING IN ACTIVITY-TRAVEL ANALYSIS 

1.2.1 Spatial Effects in Choice Modeling   

As stated by Goodchild (2004): “space is an essential part of human experience: along 

with time it frames events, since everything that happens happens somewhere in space 

and time”. Spatial effects are quite ubiquitous in urban and economic data, whether the 

data is in aggregate form (such as crime rates, cancer rates, land cover change, and 

employment rates in each of several defined spatial units) or in disaggregate form (such 

as shopping activity location choice/commute mode choices for each of several sampled 

individuals, and pavement surface deterioration levels for each of several sampled 

roadway sections). 

Although the awareness of the spatial effects can be traced back to the work by 

Student (1914), the field of spatial econometrics started to gain recognition only in the 

1950s (Moran, 1948; Krishnna Iyer, 1949; Geary, 1954; Whittle, 1954; see Paelinck and 

Klassen, 1979 for a historical review). Over the past forty years, there has been a well 

established body of literature on methodological developments (see, for instance, Cliff 

and Ord, 1973; Ord, 1975; Hordijk and Nijkamp, 1977; Hordjik, 1979; Paelinck and 

Klassen, 1979; Cliff and Ord, 1981; Blommestein, 1983; Hubert et al., 1985; Anselin, 
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1988; Kelejian and Robinson, 1992; Case, 1992;  Dubin, 1992;  Anselin and Hudak, 

1992; Anselin, 1992; Legendre, 1993; Cressie, 1993; Fotheringham et al., 1996; Dubin, 

1998;  Fotheringham and Brunsdon, 1999; Rosenberg, 2000; Veldkamp and Lambin, 

2001; Pinkse et. al. 2002, Baltagi et al., 2003; Das et al., 2003; Overmars et al,  2003;  

Roy, 2004;  Rey and Boarnet, 2004; Florax and de Graaff, 2004; Boarnet et al., 2005; 

Munroe, 2007; Albers et al., 2008; LeSage  and Fischer, 2008; LeSage and Pace, 2008;  

Plumber and Neumayer, 2009; Fischer et al., 2009).  

Despite the developments in the treatment of spatial effects in the disciplines of 

economics, regional science, and geography, there have been few studies incorporating 

spatial effects into discrete choice models in general, and travel demand modeling in 

particular. As discussed in Bhat (2000), and more recently in Páez (2007), much of the 

spatial analysis literature to date has focused on accommodating spatial effects in models 

with continuous dependent variables or proportions (as can be also observed from the 

references listed above). In contrast, and as indicated by Páez (2007), “…the explicit 

incorporation of spatial effects in discrete choice models is still in its infancy”. On the 

other hand, many choices encountered in land use and transportation modeling are 

discrete and spatial in nature. The role of space has been well-recognized in the activity-

based approach since it views travel as a demand derived from the desire to pursue 

activities distributed in space (see Bhat and Lawton, 2000; Axhausen, 2000; Davidson et 

al., 2007). Accordingly, transport planners are in need of the geographic (or location-

related) information of the performed activities, and the travel undertaken by decision 

makers (individuals or households) for the development of behaviorally-oriented activity-

based travel demand models (Stopher, 2004).   

However, despite the clear recognition of the importance of the space dimension 

in modeling individuals’ choice behavior, research advances in modeling spatial effects 
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in the travel behavior field have generally lagged advances in modeling temporal effects 

such as time use patterns, temporal constraints associated with time-space prisms, and 

trade-offs and synergies in time allocation across activities of various types and across 

individuals in a household. This lag in modeling spatial effects in activity-travel behavior 

analysis may be traced to two main reasons.  First, activity-travel behavior data sets offer 

rich temporal information, but often lack much detail along the spatial dimension.  

Location information in typical activity-travel data sets tend to be either missing entirely 

or, where available, is coarse in nature – either because of the difficulty in measuring 

spatial dimensions or because of concerns regarding respondent privacy. Second, 

modeling spatial dependencies and interactions is inherently (more) complex due to the 

difficulty in characterizing, defining, and measuring such effects. For instance, while 

time moves in only one direction, space has no natural order or direction. Even in a 

simple one-dimensional model of spatial effects, the random variable of interest will be 

correlated with its nearest neighbors on both sides, and when it is geographic, space has 

two dimensions. Moreover, unlike temporal data, spatial data are generally not measured 

at regular intervals (Pinkse and Slade, 1998). However, in recent years, advances have 

been made on both fronts. Data sets from activity-based travel surveys, household panel 

surveys, census surveys, residential choice and mobility surveys, personality and 

behavior surveys, and real-estate sales data are beginning to offer richer information 

about spatial choices, and the availability of detailed spatial information is only going to 

get better with the increasing use of GPS-based surveys. Furthermore, advances in 

discrete choice modeling, both in terms of formulation and estimation, provide the 

framework for incorporating complex spatial effects in models of activity-travel 

behavior.   
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1.2.2 Types of Spatial Effects with a Focus on Choice Modeling 

In the spatial econometrics literature, spatial effects are mainly characterized by one or 

more of the following three spatial analytic issues in analyzing the dependent variable of 

interest: spatial dependency, spatial heterogeneity, and spatial heteroscedasticity (see 

Bhat, 2000).  

Spatial dependency (also referred to as spatial autocorrelation)1 refers to the 

tendency of the data points to be similar when closer in space. This may occur because of 

diffusion effects, social interaction effects, or unobserved location-related effects 

influencing the level of the dependent variable (see Jones and Bullen, 1994; Miller, 

1999). Accommodating such spatial dependence has been an active area of research in 

spatial statistics and spatial econometrics, and has spawned a vast literature in various 

application fields such as earth sciences, epidemiology, transportation, land use analysis, 

geography, social science and ecology (see Páez and Scott, 2004; Franzese and Hays, 

2008). However, and as mentioned before, while this literature abounds in techniques to 

address spatial dependence in continuous dependent variable models, there has been 

much less research on techniques to accommodate spatial dependence in discrete choice 

models. This, of course, is not because there is a dearth of application contexts of spatial 

dependence in discrete choice settings, but because of the data limitations as well as the 

estimation complications introduced by spatial interdependence in non-continuous 

dependent variable models. In general, ignoring spatial dependency can result in mis-

estimated standard errors in linear models (Anselin and Griffith, 1988) and (in addition) 

inconsistent parameter estimation in non-linear models (Case, 1992).  

Spatial heterogeneity refers to differences in the data-generating urban process 

over space due to location-specific effects, as demonstrated by Fotheringham et al. (1996; 

                                                 
1 In the following text of this dissertation, we will use spatial dependency and spatial (auto-) correlation 
interchangeably. 
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1997). Fotheringham and Brunsdon (1999) and Griffith and Layne (1999) discuss the 

reasons for these variations in detail, identifying two equally plausible but 

indistinguishable sources in their analysis. One source corresponds to intrinsic behavioral 

differences in the process across spatial units. The other source is the lack of information 

(on the part of the analyst) regarding some process-related or spatial-unit related 

attributes. In either case, the result is spatial non-stationarity. In particular, a single global 

relationship in a study region may not reflect the urban process appropriately in any local 

part of the study region. Further, this potential mismatch in the global relationship and 

local relationships can lead to inconsistent estimates of the effect of variables at the 

global-level if the process at work has a non-linear form. In an activity-based setting, 

spatial heterogeneity particularly refers to the variation in the relationships between 

activity travel-patterns and exogenous determinants across spatial units (or zones) due to 

locational effects (Pinjari and Bhat, 2010).   

Spatial heteroscedasticity refers to heterogeneity in the variance of the unobserved 

process across spatial units. For instance, if the activity-travel patterns of decision makers 

are affected by the heterogeneity in the variance of the unobserved component over 

space, one deals with spatial heteroscedasticity (Bhat and Zhao, 2002; Páez, 2006). 

Ignoring spatial heteroscedasticity when it is present leads to inconsistent parameter 

estimates in non-linear models (see McMillen, 1992; 1995).   

As emphasized before, the spatial effects identified above should be explicitly 

incorporated into choice models to prevent inconsistent parameter estimates as well as 

potentially inaccurate forecasting.   
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1.3 SOCIAL CONTEXT OF (CHOICE) MODELING IN ACTIVITY-TRAVEL ANALYSIS 

The previous section discussed spatial effects in choice modeling. Similar to spatial 

effects, the social context also plays an important role in modeling individuals’ choice 

behavior due to the inter-personal influences and dependencies that may be at play.  In 

fact, people are “social beings” and have an inherent dependence on their social circle 

(whether that be family or friends). If one household member wants to engage in a 

recreational activity, then that household member may influence other household 

members to join the activity.  This may be due to several reasons such as the desire of 

joint activity participation, the shared responsibilities of household members, or the need 

for serve-passenger activities. For instance, children are, by and large, dependent on 

adults for their ability to access, travel to, and participate in physically active recreational 

episodes, particularly those located outside home. Wendel-Vos et al. (2007) note that 

“social support and having a companion for physical activity were found to be 

convincingly associated with different types of physical activity including walking, 

bicycling, vigorous physical activity/sports, leisure time physical activity in general…”. 

Similarly, an individual’s activity participation (and hence travel decisions) might also be 

significantly influenced by non-household members (such as the case of co-workers 

attending gym facilities together at or within close proximity of their employment 

locations).  

In fact, there has been a growing body of literature in the field, highlighting the 

role of intra- and inter-household interactions in individuals’ activity generation and 

scheduling (see, for instance, Golob and McNally, 1997; Scott and Kanaroglou, 2002; 

Páez and Scott, 2004; Zhang et al., 2004; Bradley and Vovsha, 2005; Gliebe and 

Koppelman, 2005; Pribyl and Goulias, 2005; Goulias and Kim, 2005; Srinivasan and 

Bhat, 2005; Srinivasan and Athuru, 2005; Kato and Mataumoto, 2006; Copperman and 
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Bhat, 2007a; Sener and Bhat, 2007; Srinivasan and Bhat, 2008; Arentze and 

Timmermans, 2008, Carrasco and Miller, 2009; Timmermans and Zhang, 2009; Kato and 

Matsumoto, 2009; Ferdous et al., 2010).  However, despite this increasing interest and 

the recent developments in the field, the research to date has tended to focus more on the 

analysis and modeling of accompaniment type. In other words, the majority of earlier 

studies have focused on the observed (social) interactions among individuals by mainly 

examining the questions of “with whom” and “for whom” the activity is undertaken. 

Although these studies provide valuable insights regarding the social context of 

individuals’ choice decisions, they are likely to be of limited value for capturing the 

social dependencies that are unobserved to the analyst. On the other hand, the generation 

and scheduling of activity-travel patterns might be substantially influenced by such 

unobserved factors resulting from being a part of a social network (such as unobserved 

family-related factors). Such social dependencies due to unobserved factors need to be 

accommodated into activity-based travel demand models to prevent inconsistent 

parameter estimates as well as unreliable transportation and societal policy analysis.  

 

1.4 RESEARCH OBJECTIVES 

At a fundamental level, econometric models of discrete choice have been extensively 

used in the transportation field to develop and estimate travel demand models. Discrete 

choice models allow the incorporation of the temporal, spatial, and social context of 

individuals’ choice behavior into the transportation modeling framework, facilitating 

reliable and effective transportation policy recommendations. However, as underlined in 

the preceding discussion, although discrete choice models have a long history of 

development and application in the field of transportation choice analysis, spatial and 

social contexts have received relatively scant attention in discrete choice modeling (see 
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Miyamoto et al., 2004; Axhausen, 2005, Goulias and Kim, 2005; and Pinjari and Bhat, 

2010). The main goal of this research is, therefore, to contribute toward the development 

of appropriate modeling frameworks for accommodating flexible spatial and social 

dependency structures in discrete choice models within the broader context of activity-

based travel demand modeling. This is achieved by developing simple and practical 

approaches to address the complexities introduced by spatial and social dependencies in 

discrete choice models. 

 Spatial dependency or correlation may arise because of error correlation across 

alternatives or across units of observation. In this context, the first o bjective of this 

dissertation is to contribute to the area of spatial analysis in discrete choice modeling by 

developing a comprehensive econometric modeling structure that accounts for spatial 

dependencies along the first dimension, that is, spatial dependency (or correlation) across 

choice alternatives. Spatial correlation across alternatives arises naturally when the 

alternatives correspond to spatial units. An important early development in the discrete 

choice modeling field was the introduction of the Generalized Extreme Value (GEV) 

class of models within the random utility maximization framework. The GEV-class of 

models allows flexible substitution patterns between different choice alternatives, while 

maintaining a simple closed-form structure for the choice probabilities. The flexibility of 

GEV structures can be gainfully employed for the conceptualization and modeling of 

spatial location choice problems, where the utilities of various location choice 

alternatives may be correlated with each other due to common unobserved spatial 

elements. To this end, the first modeling effort in this research aims at relaxing the 

independence assumption used in standard discrete choice models, while incorporating 

flexible spatial correlations and patterns using advanced modeling techniques. 

Specifically, a spatially correlated GEV model is proposed, which accommodates spatial 
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correlation across contiguous and non-contiguous alternatives or choices. From an 

application standpoint, the proposed model is applied to a residential location choice 

problem, which is one of the most vital decisions of a household due to its significant 

impact on the activity-travel patterns of household members as well as on non-household 

members with whom a household interacts. 

In activity-based travel demand modeling, spatial analysis generally refers to 

spatial or location-specific choice behavior and the impact of spatial effects on the 

resulting activity-travel patterns (Pinjari and Bhat, 2010). However, in addition to the 

spatial (or location-specific) choice occasions where the alternatives themselves are 

spatial units generating spatial correlation across alternatives, there are several choice 

occasions where the alternatives themselves are not spatial units. However, the choices 

among these aspatial alternatives may be significantly influenced by the effects of space, 

generating spatial correlation across observational units. The incorporation of such spatial 

effects can be greatly facilitated by using a copula approach for modeling joint 

distributions. A copula is essentially a multivariate functional form for the joint 

distribution of random variables derived purely from pre-specified parametric marginal 

distributions of each random variable. In essence, the copula approach separates the 

marginal distributions from the dependence structure, so that the dependence structure is 

entirely unaffected by the marginal distributions assumed. This provides substantial 

flexibility in correlating random variables, which may not even have the same marginal 

distributions. Further, the copula-based approach can be simply integrated with a pseudo-

likelihood estimation technique based on a composite marginal likelihood (CML) 

inference approach to alleviate the estimation complications of discrete choice models 

with global spatial dependence across observational units. Along this line of discussion, 

the second objectiv e of this dissertation is to accommodate spatial correlation across 
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observational units by developing new approaches for two distinct aspatial discrete 

choice models: 1) binary choice model and 2) ordered-response choice model. This is 

achieved by adopting different copula-based methodologies, which offer flexible 

dependency structures to test for different forms of dependencies. Regarding the 

estimation of these choice models, simple and practical approaches are proposed, 

obviating the need for any kind of simulation machinery and methods. These two models 

are then applied to examine teenagers’ activity participation (with a substantial focus on 

physical activity participation levels), a subject of considerable interest in the 

transportation, sociology, and public health fields. 

As emphasized before, in addition to spatial dependency, social dependency can 

play an important role in activity-based travel demand modeling. As discussed later in 

this dissertation, the incorporation of this kind of social dependency can also be 

facilitated by using a copula approach for modeling joint distributions. The third 

objective of this dissertation is, therefore, to formulate an enhanced methodology to 

capture social dependency across observational units. In particular, a clustered socially 

dependent copula-based approach is formulated to recognize the potential dependence 

due to cluster effects in an ordered-response context. More specifically, the research 

explicitly analyzes and models the joint physical activity episode participation levels of 

all members of a family by considering a family as a “cluster” of individuals whose 

physical activity propensities may be affected by common observed and unobserved 

factors. The proposed copula-based clustered ordered-response model structure allows 

the testing of various dependency forms among the physical activity propensities of 

individuals of the same family.  

Overall, the estimation approaches proposed in this dissertation are applicable to 

data sets of any size, do not require any simulation machinery, do not impose any 
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restrictive assumption on the dependency structure, and highlight the importance of 

developing simple and practical models incorporating flexible dependency structures in 

activity-travel analysis. 

 

1.5 STRUCTURE OF THE DISSERTATION  

The rest of this dissertation is structured as follows. Chapter 2 contributes to the first 

objective mentioned above by developing a spatially correlated GEV model to 

accommodate spatial correlation across choice alternatives in discrete choice models. The 

proposed model is applied to residential location choice analysis. Chapters 3 and 4 

contribute to the second objective of this dissertation by incorporating flexible spatial 

dependency structures into different aspatial discrete choice models. Towards this end, 

Chapter 3 first introduces the copula concept, and then proposes a copula-based binary 

discrete choice model that accommodates spatial correlation across observational units. 

The model is then empirically applied to the analysis of teenagers’ physical activity 

participation. Borrowing from the basics of the copula concept described in Chapter 3, 

Chapter 4 formulates a new ordered-response discrete choice model with flexible spatial 

dependence structures across observational units. The estimation of this copula-based 

ordered response model is facilitated by integrating the model with a composite marginal 

likelihood (CML) approach. After describing the combined copula-CML approach, the 

chapter presents an application of the model in the context of teenagers’ recreational 

activity participation with a focus on physical activities. Chapter 5 contributes to the third 

objective of this dissertation by proposing a copula-based clustered ordered response 

discrete choice model that accommodates social dependency across observational units 

(family members in particular). The model is applied to study the physical activity 

participations of individuals belonging to the same family unit. Finally, Chapter 6 
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reiterates the objectives of this dissertation, summarizes the accomplished work as well 

as the research findings and implications, and then concludes the dissertation by 

discussing potential extensions for future research.  
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CHAPTER 2  

ACCOMMODATING SPATIAL CORRELATION ACROSS CHOICE 
ALTERNATIVES IN DISCRETE CHOICE MODELS: A 

RESIDENTIAL LOCATION CHOICE MODEL  

 

2.1 INTRODUCTION AND BACKGROUND 

This chapter addresses one of the key spatial effects described in the first chapter, that is, 

spatial autocorrelation (or simply spatial correlation in the rest of this chapter) across 

alternatives in a cross-sectional discrete choice setting.2 Cross-sectional spatial 

correlation across alternatives is prevalent when discrete location alternatives in a choice 

set are correlated or related to one another in contemporaneous time.  While such 

correlation can occur due to observed (to the analyst) and unobserved (to the analyst) 

factors, the former does not pose any substantial problems as long as the analyst 

introduces the observed “correlation-generating” variables appropriately as exogenous 

variables in the discrete choice model. However, in the latter case (that is, when 

alternatives share unobserved attributes that influence choice-maker behavior), the 

fundamental assumptions of independence across choice alternatives that form the basis 

of the multinomial logit formulation are violated.  In virtually any location choice 

context, one would expect alternatives (locations) that are closer to one another to be 

more correlated with one another in unobserved factors than those that are farther apart 

(in the rest of this chapter, and as is not uncommon in the spatial analysis literature, we 

                                                 
2 Other spatial effects across alternatives in the context of discrete choice modeling may include temporal 
dependence generated by the utility of an alternative at a certain location being dependent on the choice at 
that location and other locations at earlier periods in time (see Páez and Suzuki, 2001) and/or differential 
spatial variation magnitudes across alternatives (see Hunt et al., 2004). In the current chapter, we do not 
consider these other elements of spatial effects across alternatives.  
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will use the term “spatial correlation across alternatives” to specifically refer to the cross-

sectional spatial correlation across the utility of alternatives due to unobserved factors).  

Thus, the consideration of proximity is an important criterion in understanding and 

modeling spatial correlation effects in models of location choice.   

The current chapter presents a discrete choice modeling methodology that 

explicitly incorporates spatial correlation across location choice alternatives. The key 

feature of the proposed modeling methodology is that the extent of spatial correlation is a 

function of a multidimensional vector of attributes characterizing the relationship 

between each pair of locations. For instance, distance can be one element of this multi-

dimensional vector, since locations that are closer to one another are likely to be more 

correlated than others.  Similarly, whether or not locations share a common boundary and 

the length of the shared common boundary can also be elements of the multidimensional 

vector. By incorporating generalized spatial correlation patterns into advanced discrete 

choice modeling methods, one can model an array of discrete behavioral phenomena 

while accommodating flexible substitution patterns in a random utility-maximization 

framework.  

The Generalized Spatially Correlated Logit (GSCL) model formulated and 

presented in this chapter is applied in the context of residential location choice analysis, 

an important choice dimension that influences and is influenced by the built environment 

and human activity-travel patterns (see Guo and Bhat, 2007). Virtually all integrated land 

use–transportation microsimulation model systems include residential location models as 

a key component of the framework (see, for instance, Pinjari et al., 2006 and Habib and 

Miller, 2007). As many activity-travel choices are influenced by built environment 

attributes associated with residential locations, it is of utmost importance and interest to 

ensure that the residential location choice model component is robust with respect to 
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accounting for spatial correlation effects that inevitably exist in residential location 

choice contexts (see Miyamoto et al., 2004 and Bhat and Guo, 2004). When considering 

residential location choice alternatives, individuals often consider agglomerations of 

zones or spatial units that are not only adjacent to one another, but also closer to one 

another.  This is likely due to the common observed as well as unobserved attributes that 

spatial units in a “proximal cluster” share with one another with respect to the socio-

demographic composition of residents, income levels, density and pattern of 

development, proximity to services and shopping opportunities, availability of green 

space, and transit and pedestrian/bicycle-friendliness.    

In this chapter, the GSCL model is applied to examine residential location choices 

of a sample of households drawn from the 2000 San Francisco Bay Area Travel Survey 

(BATS) data set.  The activity-based travel survey data set is augmented with a host of 

secondary built environment variables to facilitate the specification and estimation of a 

residential location choice model that incorporates spatial correlation across location 

alternatives. The traffic analysis zone (TAZ) is treated as the spatial unit of analysis as 

most activity-travel demand models continue to use zone-level data sets, presumably 

because secondary data are available at this level of spatial aggregation.   

The remainder of this chapter is organized as follows.  The next section presents a 

detailed description of spatial correlation considerations in the context of interest and 

how spatial correlation (across alternatives) has been accommodated in models in past 

work.  The third section presents a detailed formulation of the Generalized Spatially 

Correlated Logit (GSCL) model proposed in this chapter.  The fourth section describes 

the data set used for the residential model application while the fifth section presents 

detailed model estimation results.  Conclusions are presented in the sixth and final section 

of the chapter.    
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2.2 UNDERSTANDING AND REPRESENTING SPATIAL CORRELATION IN CHOICE 
MODELS 

2.2.1 Analysis Context 

The existence of spatial correlation across discrete choice alternatives is best motivated 

by considering the First Law of Geography, as suggested by Tobler (1970): “Everything 

is related to everything else, but near things are more related than distant things”. For 

example, there may be a perceived similarity between neighboring or adjoining spatial 

choice alternatives as opposed to those that are farther apart (Guo, 2004; Bhat and Zhao, 

2002).  The reader will note that spatial correlation may also exist across decision-

makers, as discussed in the following two chapters. 

 

2.2.2 Overview of Earlier Relevant Research 

It has been long recognized that, while the multinomial logit (MNL) model offers 

computational tractability even in the presence of large choices sets, it suffers from 

potential violations of the IIA property arising from correlated choice alternatives that 

can lead to inconsistent parameter estimates and unrealistic forecasts (Horowitz, 1981; 

Train, 2003).  Hunt et al. (2004) and Haynes and Fotheringham (1990) have indicated 

that the IIA property is unlikely to hold true in spatial choice applications where 

alternatives are characterized by size, dimensionality, aggregation, location 

characteristics, and spatial continuity and variation.  Unlike the MNL, the nested logit 

(NL) model (see Williams, 1977; Daly and Zachary, 1978; McFadden, 1978) assumes a 

hierarchical choice structure, which makes it appropriate for representing various spatial 

choice behaviors, while potentially avoiding violations of the IIA property (see, for 

example, Waddell, 1996; Abraham and Hunt, 1997; Boots and Kanaroglou, 1988; Deng 

et al., 2003).  However, the NL model is not without its limitations.  As noted by 
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Pellegrini and Fotheringham (2002), the members of each cluster or nest of alternatives 

must be specified a priori in the NL model, requiring that space be divided meaningfully 

without accommodating the full range of spatial substitutability that may occur.   

Several researchers have indeed formulated and estimated more advanced discrete 

choice models than the MNL and NL models to incorporate spatial correlation across 

alternatives.  For example, Bolduc et al. (1996) use a mixed logit model formulation that 

adopts a first-order spatial autoregressive process and apply this framework to model the 

initial practice location (among 18 spatial alternatives) for general medical practitioners.  

Garrido and Mahmassani (2000) propose a spatially (and temporally) correlated 

multinomial probit model for analyzing the probability that a shipment of a particular 

commodity will originate in a certain spatial unit at a certain time interval of the day.  

Their model choice set includes between 31 and 41 location alternatives.  Miyamoto et al. 

(2004) use a framework similar to Bolduc et al. (1996) for the error autocorrelation, but 

also include an autocorrelated deterministic component of utility.  They estimate a mixed 

logit structure using residential location choice data for four specific zones in the city of 

Sendai in Japan.  All of these studies employed simulation-based techniques for model 

estimation due to the open-form nature of the choice probabilities that entail evaluation of 

a J-dimensional integral in the likelihood function where J is the number of choice 

alternatives.  Even with recent advances in simulation approaches, model estimation in 

these studies becomes prohibitive and potentially affected by simulation error in the 

presence of large choice sets. It is, therefore, not at all surprising that the studies cited 

above have limited the number of spatial alternatives in the choice set.  

An important development in the field of discrete choice modeling was the 

introduction of the Generalized Extreme Value (GEV) class of models within the random 

utility maximization framework (McFadden, 1978; 1981).  The GEV-class of models 
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allows flexible substitution patterns between different choice alternatives, while 

maintaining a simple closed-form structure for the choice probabilities. Several models 

have been developed within the GEV class, as recently discussed by Daly and Bierlaire 

(2006), Koppelman and Sethi (2008), and Bekhor and Prashker (2008). The flexibility of 

GEV structures also allows the modeling of spatial location choice problems where the 

utilities of various location choice alternatives may be correlated with one another due to 

common unobserved spatial elements.  Thus, Bhat and Guo (2004) proposed a GEV-

based model formulation called the spatially correlated logit (SCL) model that results in a 

closed-form expression regardless of the number of alternatives in the choice set.  They 

apply the SCL model to analyze residential location choice behavior among 98 zones in 

Dallas County in Texas.  

The main limitation of the SCL model is that it accommodates spatial correlation 

only across contiguous location alternatives that share a common border.  If the location 

alternatives are not adjacent to or adjoining one another, then the spatial correlation is 

assumed to be zero.  Although this specification may be applicable in some choice 

situations, it is likely to prove unnecessarily restrictive in model specifications for most 

choice situations.  In most choice contexts, one expects the degree of spatial correlation 

to be greater among alternatives that are close to one another and less for those that are 

farther apart. In other words, one expects that, while there may be a certain level of 

heightened correlation between adjacent spatial alternatives, there is also likely to be a 

decay function-based correlation that decreases as the degree of spatial separation 

between alternatives increases.  The study in this chapter is aimed at enhancing the SCL 

model to accommodate such flexible spatial correlation specifications, while retaining the 

appealing closed form nature of the SCL model.  Random taste preferences due to 
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unobserved decision-maker characteristics can also be captured by introducing a mixed 

version of the GSCL model.   

 

2.3 GENERALIZED SPATIALLY CORRELATED LOGIT (GSCL) MODEL FORMULATION 

The SCL model proposed by Bhat and Guo (2004) constitutes a GEV-based formulation 

adopted in the context of spatially correlated discrete (spatial) choice models. The SCL 

model is based on a special case of the generalized nested logit (GNL) model originally 

proposed by Wen and Koppelman (2001).   

The SCL model is derived from the following generator function: 
 

1
1 1/ 1/

, ,
1 1

( ,..., ) (( ) ( ) )njn nI ni
I I VV V V

i ij j ij
i j i

G e e e eµ µ µα α
−

= = +
= +∑ ∑         (2.1) 

 
In the above formulation, iji,α  represents the allocation parameter that 

characterizes the portion of alternative  that belongs to the i-j location pair, with            
0 <

i
iji,α < 1 for all i  and , and j ∑

j
ijα = 1 for all . Vi ni represents the deterministic 

component of the utility associated with location alternative  for individual n. i µ  is a 

dissimilarity parameter capturing the correlation between spatial units ( 0 1µ< ≤ ). As 

indicated in Bhat and Guo (2004), the correlation between two alternatives in the 

generator function form of Equation (2.1) increases as µ  gets closer to zero, and also 

increases as iji,α
 

and ,j ijα
 

increase (the correlation values need to be computed 

numerically, and are tabulated in Bhat and Guo for various combinations of µ , iji,α
 
and

 
,j ijα ).3 When 1=µ , the generator function in Equation (2.1) collapses to that of the MNL 

model generator function, and the SCL model becomes equivalent to the MNL model. 

The SCL model is formulated so that only adjacent (or contiguous) alternatives share 

                                                 
3 See also Marzano and Papola (2008) and Abbe et al. (2007) for discussions of the correlation structure for 
the GNL model. 
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common unobserved characteristics. Specifically, in the SCL model, the allocation 
parameter, iji,α , is defined as the proportion of number of neighboring zonal alternatives.  

This formulation is consistent with the assumption that sensitivity to changes in 

neighboring spatial units is larger for a zone with fewer neighboring zones.  Specifically, 

in the SCL model, the allocation parameter for zone  is defined as follows: i

 

,
ij

i ij
ik

k

ω
α

ω
=
∑

              (2.2) 

 
In the above allocation equation, ijω  is 1 if zone i  is contiguous to zone , and 0 

otherwise (by convention 

j

iiω = 0 for all i ). The specification of the allocation parameter 

as in Equation (2.2) implies equal allocation of zone i  to each nest formed by pairing i 

with each of its adjacent alternatives. Thus, zone i  is equally correlated with all 

neighboring zones that themselves have the same number of adjacent zones to them. In 

addition, the SCL model does not accommodate general patterns of spatial correlation 

across alternatives. In practice, the analyst will never know a priori the form of the “true” 

correlation pattern between alternatives, and it therefore is important to have a 

methodology that allows the empirical testing of various alternative forms of spatial 

correlation. For example, it is possible that there is some level of spatial correlation 

among alternatives even if the alternatives are not contiguous. Further, the magnitude of 

correlation between two spatial alternatives may be a function of a multidimensional 

vector of observed variables. In these respects, the model proposed in this chapter 

extends the SCL model by allowing general and flexible patterns of spatial correlation 

rather than pre-imposing restrictive spatial correlation patterns.4  

                                                 
4 Another approach to empirically test alternative forms of spatial correlation (rather than pre-imposing 
restrictive forms) is to estimate different non-nested model forms and then select an appropriate form based 
on non-nested statistical tests (see Kelejian, 2008).  
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The specific generalization of the SCL model is based on allowing the allocation 
parameter iji,α  to be a function of a multidimensional vector of attributes  

characterizing the spatial relationship between spatial choice alternatives i  and , rather 

than imposing the structure in Equation (2.2). Of course, the following two conditions 
should still be met by the allocation parameters: 0 <

ijz

j

iji,α < 1 for all i  and , and = 

1 for all i .  While many functional forms that satisfy the two conditions noted above may 

be employed for the mapping from  to 

j ∑
j

iji ,α

ijz iji,α , we use the simple multinomial logit form 

in the proposed generalized spatially correlated logit (GSCL) model: 
 

,
)exp(

)exp(
, ∑ ′

′
=

k
ik

ij
iji z

z
φ
φ

α                (2.3) 

 

where, by convention, = 0 for all i , and iiz φ  is a coefficient vector to be estimated. The 

 vector may include variables such as the shared boundary length for contiguous 

alternatives, the inter-alternative distance, whether alternatives share some common 

observed characteristic (such as say presence of a mall or presence of a large park or 

being part of the same “neighborhood”), similarity measures based on observed location 

characteristics (such as intensity or density of land-use in certain types of activities), 

presence of physical barriers such as rivers and mountains, and other measures of 

network connectivity and topography.

ijz

5 

                                                 
5 The use of the functional form in Equation (2.3) allows relatively easy interpretation of the φ  coefficient 
vector. Thus, for example, if the element of the φ  vector corresponding to shared boundary length is 

positive, it implies that iji,α  will be higher than iki,α  for a spatial unit j closer to i than is spatial unit k. 
This has the effect of a higher correlation between alternatives i and j than i and k. Also, note that we have 
chosen to parameterize the iji,α  terms instead of the alternative of maintaining the SCL form of Equation 

(2.2) for the iji,α terms, writing µ  as ijµ , and then parameterizing ijµ  as a function of the vector. This 
is because this alternative way of generalizing the SCL model will still impose zero spatial correlations for 
non-contiguous alternatives (even if allowing a more flexible correlation patterns among contiguous 
alternatives).  

ijz
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The reader will note that Equation (2.2) for the allocation parameters in the SCL 

model is not a restricted version of Equation (2.3) for the allocation parameters in the 

GSCL model. Thus, the GSCL model does not nest the SCL model. However, the GSCL 
model does generalize the SCL model by allowing multiple variables in the  vector, 

including the contiguity dummy variable 

ijz

ijω . The GSCL and the SCL models can be 

formally compared using a non-nested likelihood ratio test. On the other hand, the GSCL 

model, like the SCL model, nests the MNL model, which is obtained when 1=µ .6 

One other special case of the GSCL model that we will discuss here (because this 

was the form that proved to be relevant in the empirical context of the current study) is 

the distance-based spatially correlated logit (DSCL) model. In particular, consider the 
case where the only variable in the  vector of Equation (2.3) is inter-alternative 

distance. While many different functional forms can be tested for the inter-alternative 

distance (including linear distance, logarithm of distance, “cliff-distance” specifications 

where zones that exceed a certain distance threshold fall off the correlation “cliff” and 
become uncorrelated, etc.), consider the simple logarithm form of distance in the  

vector. In this case, Equation (2.3) collapses to the following form: 

ijz

ijz
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The expectation in the above DSCL model allocation form is that the parameter φ  

is negative, so that correlation between alternatives reduces as the distance between them 

increases. This is essentially a distance-decay function for the allocation parameters.   

The GSCL model is derived based on the generator function of Equation (2.1), 
but with iji,α  as specified in Equation (2.3). Based on the function given in Equation 

                                                 
6 When µ = 1 in the GSCL model, the φ  parameter vector in Equation (2.4) becomes econometrically 
unidentifiable. 
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(2.1), the vector of the unobserved portion of utility, ),...,,( 21 nInnn εεεε =  , has the 

following cumulative extreme-value distribution: 
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Note that the marginal cumulative distribution function (CDF) of each stochastic 

element iε  has a univariate extreme-value distribution, which is the standard Gumbel 

distribution function: 
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The bivariate marginal CDF for two stochastic elements iε  and kε  of two spatial 

units i  and , whether  and  are adjacent or not, is as follows: k i k
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The probability function of the GSCL model (i.e. the probability of decision 

maker  choosing alternative i ) is obtained by substituting the generator function of 

Equation (2.1) into McFadden’s (1978) probability expression: 
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As can be seen from the elasticity formulations, the cross elasticities for the SCL 

model are higher than the MNL model only for spatial units adjacent to alternative i . In 

other words, the cross elasticity expression of the SCL model is the same as that for the 

standard MNL for all choice alternatives not adjacent to alternative .  This is because 

the correlation between alternative i  and all non-adjacent alternatives is assumed to be 

zero in the SCL, which is consistent with the assumption of independence of choice 

alternatives intrinsic to the standard MNL formulation.  On the other hand, the GSCL 

model relaxes this assumption and does not yield constant cross elasticities, even for 

alternatives that are not adjacent to alternative  because correlation between non-

adjacent locations is accommodated.  

       The direct and cross elasticity formulas for the GSCL model are similar to those 

derived for the SCL model, except for the cross elasticity expressions for non-adjacent 

alternatives (see Table 2.1 for the elasticity expressions).  
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Table 2.1 Expressions for the Direct and Cross-Elasticities in the MNL, SCL, and GSCL Models 

 
Model Direct elasticity7 Cross-elasticity8
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7 Direct elasticity refers to the percentage change in the choice probability of alternative i due to a 1% change in the mth variable associated with 
alternative i. Note that we are suppressing the index for the individual in this table. 
8 Cross-elasticity is the percentage change in the choice probability of alternative j due to a 1% change in the mth variable associated with alternative i. 

 



 

The GSCL model discussed thus far accommodates correlation across spatial 

units regardless of adjacency. However, it does not consider heterogeneity across 

decision makers in the responsiveness to exogenous determinants of the choice 

alternatives. This sensitivity variation can be incorporated by superimposing a mixing 

distribution into the GEV structure of the GSCL model.  

To summarize, the GSCL model provides a more general functional form than the 

SCL model to explore potential correlation mechanisms across spatial units. Further, the 

GSCL model obviates the need to use any kind of simulation machinery, and hence, can 

be simply estimated by direct maximum likelihood techniques. This is in stark contrast to 

earlier studies in the literature that have accommodated spatial correlation across non-

contiguous alternatives using mixed logit and multinomial probit model structures (see 

Section 2.2.2). These model structures are estimated using simulation-based techniques, 

which become impractical and/or infeasible in situations with even a moderate number of 

spatial alternatives. Indeed, this explains the fact that the earlier studies reviewed in 

Section 2.2.2 have confined themselves to few spatial alternatives. On the other hand, 

there is no limit to the number of spatial alternatives that can be handled in our closed-

form GSCL model.  

An important note is in order here regarding the choice of the general formulation 

used to specify the allocation parameter before proceeding to the empirical section.  In 

our empirical analysis, a wide variety of variables was formulated and tested to examine 

their impacts on the allocation parameters, as discussed in the text surrounding Equation 

(2.3). It was found that the simple distance-based measure specified in Equation (2.4) 

turned out to be statistically adequate in the context of the empirical application in this 

chapter (that is, none of the other elements of the φ  parameter vector in Equation (2.3) 

turned out to be statistically significant). The remainder of the chapter is dedicated to 
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describing the empirical application, model estimation results, and model interpretation in 

the context of this distance-based SCL (DSCL) model, which is a special case of the 

GSCL model proposed in the chapter. 

 

2.4 THE EMPIRICAL CONTEXT 

2.4.1 Background 

Residential location choice is one of the most critical decisions made by a household, and 

has a profound and lasting impact on the activity-travel patterns of household members as 

well as non-household members with whom a household interacts. Residential location 

choices of households have impacts on the evolution of the built environment as 

transport, land use, and urban form change in response to the needs of the resident 

population.  The study of residential location choice is of major interest at the nexus of 

transportation and land use modeling and is considered fundamental to the development 

of integrated land use–transportation modeling systems (regardless of whether or not the 

transportation model is activity-based).   

More broadly, “the home is where people typically spend most of their time, a 

common venue for social contact and, for most people, a major and personal investment. 

One’s choice of residence also reflects one’s choice of surrounding neighborhood, which 

has a significant impact on one’s well-being and quality of life” (Guo, 2004). As a 

consequence of this awareness, the study of residential location choice has attracted 

considerable attention from researchers in several disciplines, including geography (see 

Waller et al., 2007), ecology (Brown and Robinson, 2006), human genetics (Whitfield et 

al., 2005), conservation biology (Peterson et al., 2008), psychology (Jokela et al., 2008), 

urban economics (Clark and Huang, 2003), regional science (Kim et al., 2005), 

transportation (Prashker et al., 2008), real-estate (Uyar and Brown, 2005), and land-use 
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(Cho et al., 2008). As expected, this increasing interest has led to a substantial and rich 

body of literature on residential location choice modeling. Discrete choice modeling has a 

unique place in this literature since it helps understand the trade-offs of various 

sociodemographic and locational variables, and allows the identification of the sensitivity 

of different demographic segments to the residential choice attributes (see Sermons and 

Koppelman, 2001; Bhat and Guo, 2004).  Examples of discrete choice studies of 

residential location in the transport geography field include McFadden (1978); Clark and 

Onaka (1985); Timmermans et al. (1992); Waddell (1993); Abraham and Hunt (1997); 

Ben-Akiva and Bowman (1998); Sermons and Koppelman (1998; 2001); Bhat and Guo 

(2004); Miyamoto et al. (2004); Bhat and Guo (2007); Prashker et al. (2008); and Pinjari 

et al. (2009). An extensive review of this body of literature is beyond the scope of this 

chapter, but is available in Bhat and Guo (2004) and Prashker et al. (2008). However, 

most previous discrete choice studies of residential location choice ignore spatial 

correlation considerations.  

 

2.4.2 Data Sources  

The modeling methodology is applied in this chapter to the study of residential location 

choice for a sample of households extracted from the 2000 San Francisco Bay Area 

Travel Survey (BATS).  Details about the survey, sampling and administration 

procedures may be found elsewhere (MORPACE International, Inc., 2002).  The survey 

data set includes detailed information about individual and household socio-demographic 

and employment characteristics for over 15,000 households in the Bay Area.  The data set 

also includes detailed information on all activity-travel episodes for a two-day period for 

all household members.  
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In addition to the data set from the 2000 BATS, several secondary Geographic 

Information System (GIS) data were used to obtain spatial and built environment 

variables that characterize the choice behavior of households in the region. These 

secondary data sets include: 1) Land-use and demographic coverage data, 2) Zone-to-

zone travel level-of-service (LOS) data, 3) The 2000 Census of population and household 

summary files (SF1), 4) GIS layers of highways (including interstate, toll, national, state 

and county highways), 5) GIS layers of local roadways (including local, neighborhood, 

and rural roads), 6) GIS layers of bicycle facilities, and 7) GIS layers of businesses 

(shopping and grocery stores, medical facilities and personal services, automotive 

businesses, food stores, sports and fitness centers, parks and gardens, restaurants, 

recreational businesses, and schools). 

Among the secondary data sets indicated above, the land-use/demographic 

coverage data, LOS data, and the GIS layer of bicycle facilities were obtained from the 

Metropolitan Commission (MTC). The land-use and demographic coverage data were 

obtained at the Traffic Analysis Zone (TAZ) level, and used to characterize the 

demographic characteristics of the households in each zone, the urban environment, and 

the accessibility to work or non-work related activities. The GIS layers of highways and 

local roadways were obtained from the 2000 Census Tiger Files. The GIS layers of 

businesses were obtained from the InfoUSA business directory. Further, various average 

household and region characteristics were obtained at the TAZ level by aggregating the 

census block-group level data.  
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2.4.3 Variable Specification  

2.4.3.1 Neighborhood Physical and Social Environment Measures   

The secondary data sources identified in the previous section provided a rich set of 

physical environment variables (including transportation system and built environment 

variables) and social environment variables (including residential neighborhood 

variables) for each TAZ.9  The following categories of neighborhood physical and social 

environment variables were considered for inclusion in the model specifications.   

The transportation system and built environment measures constructed from the 

secondary data sources include: 

1. Zonal land use structure variables, including housing type measures (fractions 

of single family, multiple family, duplex and other dwelling units), land-use composition 

measures (fractions of zonal area in residential, commercial, and other land-uses), and a 

land-use mix diversity index computed as a fraction based on the land-use composition 

measures with values between 0 and 1 (zones with a value closer to one have a richer 

land-use mix than zones with a value closer to zero; see Bhat and Guo, 2007 for a 

detailed explanation on the formulation of this index).  

2. Regional accessibility measures, which include Hansen-type (Fotheringham, 

1983) employment, shopping, and recreational accessibility indices that are computed 

separately for the drive and transit modes. 

3. Zonal commute-related variables, including variables that measure the 

commute time and cost as aggregate values across all workers in the household based on 

the assumption that employment location is predetermined. 

                                                 
9 The use of a TAZ as a spatial unit of resolution for computing physical and social environment variables 
is admittedly rather coarse. Future studies should consider more micro-scale measures to represent physical 
and social environment variable effects.  
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4. Zonal activity opportunity variables, characterizing the composition of zones in 

terms of the intensity or the density of various types of activity centers. The typology 

used for activity centers includes five categories: (a) maintenance centers, such as 

grocery stores, gas stations, food stores, car wash, automotive businesses, banks, medical 

facilities, (b) physically active recreation centers, such as fitness centers, sports centers, 

dance and yoga studios, (c) physically passive recreational centers, such as theatres, 

amusement centers, and arcades, (d) natural recreational centers, such as parks and 

gardens, and (e) restaurants and eat-out places. 

4. Zonal transportation network measures, including highway density (miles of 

highway facilities per square mile), local roadway density (miles of roadway density per 

square mile), bikeway density (miles of bikeway facilities per square mile), street block 

density (number of blocks per square mile), non-motorized distance between zones (i.e., 

the distance in miles along walk and bicycle paths between zones), and transit 

availability. The non-motorized distance between zones was used in the empirical 

analysis to develop an accessibility measure by non-motorized modes, computed as the 

number of zones (a proxy for activity opportunities) within “x” non-motorized mode 

miles of the individual’s residence zone. Several variables with different thresholds for 

“x” were formulated and tested. 

The residential neighborhood demographics constructed from the secondary data 

sources include: 

1. Zonal population size and employment/population density measures, including 

total population, number of housing units, population density, household density, and 

employment density by several employment categories, as well as dummy variables 

indicating whether the area corresponds to a central business district (CBD), urban area, 

suburban area, or rural area. 
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2. Zonal ethnic composition measures, constructed as fractions of Caucasian, 

African-American, Hispanic, Asian and other ethnic populations for each zone.  

3. Zonal demographics and housing cost variables, including average household 

size, median household income, and median housing cost in each zone. 

 

2.4.3.2 Interaction Effects  

In addition to the direct impacts of physical and social environment variables on 

residential location choice, the interaction effects between household socio-demographics 

and physical/social environment variables are considered to account for the taste 

variations of households to zonal attributes.  Interaction effects variables include those 

that capture interaction effects between household socio-demographics and zonal 

attributes such as the absolute difference between the median zonal income and 

household income, absolute difference between zonal average household size and 

household size, and household income interacted with accessibility measures.  

 

2.4.3.3 Spatial Correlation Variables 

Spatial correlation variables include those that characterize spatial correlation patterns 

across alternatives and may be used to formulate alternate specifications of the allocation 

parameter that represents the degree of dependency across choice alternatives, as 

discussed in the text following Equation (2.3). 

 

2.4.4 The Final Estimation Sample  

The sample of households extracted for use in this study is that with residential locations 

in San Mateo County in the San Francisco Bay Area. In particular, the county-specific 

subsample consisted of 702 households which, for the purposes of this study, are 
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assumed to have the choice of residing in one of the 115 traffic analysis zones (TAZs) 

that comprise San Mateo County.10 

 

2.5 MODEL ESTIMATION RESULTS 

The final model specification was based on intuitive considerations, insights from 

previous literature, parsimony in specification, and statistical fit/significance 

considerations.  In order to empirically demonstrate the value of incorporating spatial 

correlation across contiguous and non-contiguous zones, three different residential 

location choice models were estimated.  These include: 
 

1. A standard MNL model in which the residential choice alternatives are 

considered uncorrelated 

2. A SCL model in which the residential choice alternatives are allowed to be 

endogenously correlated only across adjacent or contiguous zones 

3. A GSCL model in which the residential choice alternatives are allowed to be 

endogenously correlated across contiguous and non-contiguous zones 
 

As noted earlier in the chapter, the MNL model is a restricted version of the SCL 

and GSCL models.  Therefore, to allow a behaviorally and statistically sound comparison 

of models, each model is estimated with the same sample data and set of variables. Table 

2.2 presents model estimation results for the MNL and GSCL models.  It should be noted 

that, in this particular application context, the dissimilarity (or correlation) parameter in 

the SCL model is found to be not statistically significantly different from one.  When the 

dissimilarity parameter is equal to one, the SCL model reduces to the standard MNL 

                                                 
10 Note that use of a mixed logit or multinomial probit model of the type used in earlier literature would 
lead to probability expressions with an integration order of 115 dimensions. Even with recent advances in 
simulation, handling such a large number of dimensions for integration is impractical.  
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model.  Therefore, the MNL and SCL model estimation results are one and the same in 

this study.  Also, the GSCL model specification collapsed to the DSCL model, and so we 

will henceforth substitute the acronym DSCL for the GSCL model (including in Table 

2.2).  

 

 

 

 

 

 

 

 

 

 
 

 



Multinomial Logit 
Model (MNL)11

Distance-based  
Spatially Correlated Logit 

Model (DSCL) Variables 

Parameter    t-stat Parameter t-stat

Zonal land-use structure     
Land-use mix  -0.447    -2.24 -0.329 -1.91
Zonal size and density     
Log # households in zone   0.916  9.45  0.750  6.35 
Zonal ethnic composition measure     
Fraction of Caucasian population interacted with Caucasian dummy variable  2.043  6.26  1.772  5.29 
Zonal demographics and housing cost     

Absolute difference between zonal median income and household income ($ x 10
-3

) -0.015    -6.94 -0.012 -5.62
Absolute difference between zonal average household size and household size -0.210    -2.08 -0.182 -2.05
Average of median housing value -0.153 -5.00 -0.125 -4.26 
Zonal activity opportunity variables     
Number of physically active recreation centers such as fitness centers, sports 

centers, dance and yoga studios 
 0.020  2.59  0.016  2.47 

Zonal transportation network measures     
Highway density (mileage per square mile)     -0.092 -1.93 -0.054 -1.36
Household level commute variables     
Total commute time (by auto) of all commuters in the household (min.) -0.042 -13.53 -0.040 -10.98 
Number of commuters in household with home and work zones served by transit 

within 30 min 
 0.605  5.34  0.510  4.61 

Dissimilarity (correlation) parameter (µ) 1.00 ---  0.617  3.79 

Distance coefficient in allocation parameter (φ ) ---    --- -2.052 -2.02

Number of observations 702 702 
Log-likelihood at convergence -3054.06 -3051.17 
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11 In this empirical context, the SCL model is equivalent to the MNL model.  

Table 2.2 Estimation Results for the MNL and DSCL Models 

 



 

In general, from a qualitative examination of the model estimation results in Table 

2.2, the MNL and DSCL models offer similar behavioral interpretations.  Coefficient 

values and signs are generally consistent with respect to behavioral interpretation across 

the two model specifications. In both models, it is found that households do not tend to 

locate or reside in zones with greater degrees of land use mix.  This is further 

corroborated by the finding that households tend to be positively inclined to locate in 

zones with larger numbers of households.  These findings are consistent with the pattern 

of land use development where households tend to reside in homogeneous residential 

zones or subdivisions with little mix of other land uses.  A clustering effect is observed 

for the Caucasian population, as evidenced by the positive coefficient associated with the 

interaction variable capturing the tendency of Caucasian households to locate themselves 

in predominantly Caucasian zones.  Such a clustering effect is not found for other ethnic 

groups in this particular sample.  Additional clustering effects are observed with respect 

to zonal demographics and housing cost.  Households tend to locate in zones with similar 

income levels and household sizes.  As the difference between the household income or 

household size and that of the zone increases, the likelihood that the household will 

reside in that zone decreases.  Housing affordability is another major factor influencing 

household residential location choice.  Model estimation results suggest that, as the 

median housing value rises, the likelihood of that zone being chosen by a household as a 

residential location falls. The effect of the zonal activity opportunity measures reflects the 

positive influence of the physically active recreation centers such as fitness centers, 

sports centers, dance, and yoga studios. As the number of these physical activity centers 

increases in a zone, households are more likely to reside in such a zone. Consistent with 

several other findings, residential location choice is negatively associated with highway 

density. Once again, considering that the general pattern of residential 
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development/location is one where households reside in low density suburban locations, 

this finding of a negative association with highway density is consistent with 

expectations.  Commute-related variables are important factors in household residential 

location choice.  As the total commute time (aggregated over all commuters in a 

household) rises, the likelihood of residential location in a particular zone falls.  On the 

other hand, residential location choice is positively impacted by the availability of transit 

between the home and work zones.  As the number of commuters in the household who 

have transit connectivity increases, the likelihood of residential location in a zone 

increases as well.  This suggests that transit availability can play a role in shaping 

residential location choices of households.  The combination of the effects of these two 

commute-related variables, coupled with the high and rising fuel prices seen in the last 

few years, makes the case for enhancing transit service availability, enhancing residential 

location opportunities along transit lines, and mixing land uses so that commute times are 

reduced.  Such measures may result in households locating in neighborhoods that foster 

the use of alternative modes of transportation and reduce the amount of distance and time 

involved in commuting.  It is interesting to note that, in this particular application 

context, regional accessibility measures were not found to be statistically significant in 

explaining residential location choice.  As the transportation system is generally of a 

ubiquitous nature in virtually all urban areas in the United States, it is not surprising that 

these variables have not turned out statistically significant in explaining residential 

location choice.  

Two key parameters of interest in the context of this study are the dissimilarity or 

correlation parameterµ , and the distance coefficient in the allocation parameter,φ . The 

dissimilarity or correlation parameter for the MNL model is 1 because the MNL model 

assumes independence across all choice alternatives.  In this particular context, it was 
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found that the SCL model offered the same result.  The dissimilarity parameter for the 

DSCL is 0.617 and this parameter is statistically significantly different from 1 at the 0.05 

level of significance. The finding of a dissimilarity parameter that is statistically 

significantly smaller than one indicates that the DSCL model rejects the MNL (and SCL) 

models, and that there is a high level of spatial correlation across contiguous and non-

contiguous zones in residential location choice, which both the MNL and SCL fail to 

recognize in this particular application. In addition, the distance coefficient in the 

allocation parameter, φ , is also found to be statistically significant at the 0.05 level of 

significance. The parameter is negative suggesting that the degree of correlation 

decreases as the distance between zones increases. It is also interesting to note that this 

coefficient is approximately equal to a value of 2, which is similar to a gravity model-

type formulation where the decay function assumes that the interaction between two 

zones falls off as the square of the distance between them.  This parameter does not exist 

in the MNL and SCL models; given that it is found to be statistically significant in this 

study, the DSCL is capturing a distance-based correlation effect between zones that is 

completely ignored in the MNL and SCL models. The DSCL model is also found to offer 

a statistically superior goodness-of-fit in comparison to the MNL/SCL models. In 

particular, the likelihood ratio test comparing the DSCL model and the MNL/SCL 

models is 5.78, which is statistically significant at the 0.0162 level of significance when 

compared with the chi-square distribution with one degree of freedom. This clearly 

indicates the superiority of the DSCL model over the MNL/SCL models. 

Differences between the MNL/SCL and DSCL models are further elucidated 

through a comparison of elasticity effects or measures offered by the alternative model 

specifications. In this respect, Tables 2.3 and 2.4 present direct and cross-elasticity effects 

estimated for a randomly selected household in the survey subsample.   
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Table 2.3 Disaggregate Elasticity Effects for the MNL/SCL Model 

    MNL and SCL Models 

    Zone 1  Zone 2  Zone 3  Zone 4 

Contiguity contiguous contiguous 
non-

contiguous 
non-

contiguous 
Distance between zones (in miles) 0.86 1.05 2.42 5.58 

Variables 
Direct 

Elasticity Cross Elasticity with respect to different zones 
Zonal land-use structure   
Land-use mix -0.1669 0.0124 
Zonal size and density   
Log # households in zone  6.9938 -0.5199 
Zonal ethnic composition 

measure 
  

Fraction of Caucasian 
population interacted with 
Caucasian dummy variable 

1.3699 -0.1018 

Zonal demographics and 
housing cost 

  

Absolute difference between 
zonal median income and 
household income ($ x 10-3) 

-0.2080 0.0155 

Absolute difference between 
zonal average household size 
and household size 

-0.2669 0.0198 

Average of median housing 
value 

-0.8136 0.0605 

Zonal activity opportunity 
variables 

  

Number of physically active 
recreation centers such as 
fitness centers, sports centers, 
dance and yoga studios 

0.2737 -0.0203 

Zonal transportation network 
measures 

  

Highway density (mileage per 
square mile) 

-0.0885 0.0066 

Household level commute 
variables 

  

Total commute time (by auto) of 
all commuters in the 
household (min.) 

-0.1082 0.0080 

Number of commuters in the 
household with home and 
work zones served by transit 
within 30 min. 

0.5630 -0.0418 
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Table 2.4 Disaggregate Elasticity Effects for the GSCL Model 

    DSCL Models 

    Zone 1  Zone 2  Zone 3  Zone 4 

Contiguity contiguous contiguous 
non-

contiguous 
non-

contiguous 
Distance between zones (in miles) 0.86 1.05 2.42 5.58 

Variables 
Direct 

Elasticity Cross Elasticity with respect to different zones 
Zonal land-use structure      
Land-use mix -0.1306 0.0136 0.0129 0.0097 0.0088 
Zonal size and density      
Log # households in zone  6.0902 -0.6351 -0.5998 -0.4534 -0.4102 
Zonal ethnic composition 

measure 
     

Fraction of Caucasian population 
interacted with Caucasian 
dummy variable 

1.2634 -0.1318 -0.1244 -0.0941 -0.0851 

Zonal demographics and 
housing cost 

     

Absolute difference between 
zonal median income and 
household income ($ x 10-3) 

-0.1866 0.0195 0.0184 0.0139 0.0126 

Absolute difference between 
zonal average household size 
and household size 

-0.2462 0.0257 0.0242 0.0183 0.0166 

Average of median housing 
value 

-0.7100 0.0740 0.0699 0.0529 0.0478 

Zonal activity opportunity 
variables 

     

Number of physically active 
recreation centers such as 
fitness centers, sports centers, 
dance and yoga studios 

0.2346 -0.0245 -0.0231 -0.0175 -0.0158 

Zonal transportation network 
measures 

     

Highway density (mileage per 
square mile) 

-0.0546 0.0057 0.0054 0.0041 0.0037 

Household level commute 
variables 

     

Total commute time (by auto) of 
all commuters in the 
household (min.) 

-0.1111 0.0116 0.0109 0.0083 0.0075 

Number of commuters in the 
household with home and 
work zones served by transit 
within 30 min 

0.5044 -0.0526 -0.0497 -0.0376 -0.0340 
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The elasticities are computed for the randomly chosen household with respect to 

changes in attributes of the residential location (zone) where the household currently 

resides. Thus, the direct and cross elasticities reflect the change in likelihood of choosing 

a zone as a residential location in response to change in attribute of the zone where the 

household currently resides.  Cross elasticities are computed for four alternate zones 

where two zones are contiguous or adjacent to the chosen residential zone and two zones 

are non-contiguous.  The four zones are considered in the tables in ascending order of 

distance from the chosen residential zone.   

Direct elasticity values are provided in the first column of the tables.  Just as the 

model coefficients in Table 2.2 showed differences between the MNL/SCL and DSCL 

models, the direct elasticity values also show some differences. As the DSCL model 

incorporates a different spatial correlation structure, these differences are consistent with 

expectations. Although the magnitudes and signs of direct elasticities are generally 

consistent across the model specifications, one should recognize that these elasticity 

differences could have substantial consequences when applied to a large population of 

households.   

More significant and noteworthy in the context of this study is the comparison of 

cross-elasticity values.  In Table 2.3, it should be noted that there is only a single cross-

elasticity value across all four alternate zones because the SCL model reduced to the 

MNL model in this particular specification.  If the SCL model offered a dissimilarity 

parameter significantly less than one, then the SCL model would have offered two sets of 

cross elasticity values – one set for the two contiguous zones and one set for the two non-

contiguous zones.  On the other hand, the DSCL model presents four distinct cross 

elasticity values because the degree of spatial correlation between the chosen subject 

zone and the four alternate zones is dependent on the distance between the zones.  Cross 
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elasticity values would be identical only in instances where the spatial separation between 

zones under consideration was equal.  An examination of the cross elasticity measures in 

Table 2.4 shows that the cross elasticity decreases as the distance between the chosen 

subject zone and the alternate zone increases.  This continuous variation in cross 

elasticity is a manifestation of the distance-based specification of the spatial correlation 

allocation parameter in the DSCL model.  The DSCL model is a more flexible version of 

the SCL model in that it accommodates disproportionate shifts in residential location 

choice probabilities in response to changes in built environment and zonal attributes.  

These findings suggest that the DSCL is a behaviorally realistic and statistically robust 

representation of spatial correlation across choice alternatives in location choice 

modeling contexts. 

 

2.6 SUMMARY AND CONCLUSIONS  

Location choice behavior of households and individuals lies at the heart of activity-travel 

demand modeling. Activity-travel behavior is characterized by interactions in time and 

space and it is widely recognized that the incorporation of time-space interaction effects 

is critical to understanding, explaining, and modeling activity-travel demand under a 

wide range of land use, transport, technology, and policy scenarios. Although great 

strides have been made in recognizing temporal constraints and dimensions in activity-

travel demand modeling, the incorporation of spatial effects in modeling frameworks has 

generally lagged advances made in the temporal domain.  The study in this chapter 

contributes to the profession’s ability to reflect spatial effects in discrete (spatial) choice 

models of travel behavior.  

This chapter focuses on the issue of spatial correlation that pervades most location 

choice modeling contexts where choice alternatives are correlated with one another.  In 
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many instances, location choice alternatives are correlated with one another due to 

unobserved spatial and demographic attributes that lead to spatial correlation.  In the 

presence of correlation across choice alternatives over space, the assumption of 

independency of choice alternatives intrinsic to the classic multinomial logit (MNL) 

model is violated and parameter estimates of standard logit models will be biased and 

inconsistent. Although there are several methods to accommodate spatial correlation, 

many of these methods have limitations and require the analyst to have a priori 

knowledge about the nature of the spatial correlation prevalent in the choice set.  Existing 

methods are also unsuitable to deal with contexts where the location choice set is very 

large, a situation that is often encountered in travel demand modeling.   

In previous work, Bhat and Guo (2004) proposed a spatially correlated logit 

(SCL) model that accommodated correlations across location alternatives that were 

contiguous to one another.  As long as two spatial units (such as traffic analysis zones) 

shared even a tiny stretch of common boundary, the alternatives were considered 

correlated. If two alternatives did not share a common boundary (i.e., they were non-

contiguous), they were treated as being completely uncorrelated.  Although this approach 

accommodated spatial correlation between neighboring zones, it did not accommodate 

spatial correlation between non-contiguous zones and was sensitive to the configuration 

of zonal boundaries.  If the zonal configuration was modified, the spatial correlation 

structure in the SCL model could change drastically leading to unreasonable degrees of 

change in parameter estimates.   

In order to overcome these limitations, this chapter offers a generalized version of 

the SCL model (labeled the Generalized SCL or GSCL model) by considering spatial 

correlation across all zone pairs. The GSCL model can be enhanced in a straightforward 

fashion to accommodate random taste variations across decision-makers.   
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The GSCL model is estimated and compared to the standard MNL and SCL in the 

context of a residential location modeling application.  A sample of about 700 households 

in the San Mateo County of the San Francisco Bay Area is extracted from the 2000 San 

Francisco Bay Area Travel Survey (BATS). An extensive set of secondary built 

environment variables were appended to the survey records to form a comprehensive 

database for model estimation.  The GSCL model takes a simpler distance-based SCL (or 

DSCL) model formulation in the empirical estimation, and clearly rejects the standard 

MNL specification.  On the other hand, in the particular empirical context considered in 

this study, the SCL offered a dissimilarity parameter not significantly different from one, 

making it essentially equivalent to the standard MNL.  The distance coefficient in the 

spatial correlation allocation parameter in the DSCL model is approximately -2, 

suggesting that the degree of correlation between location alternatives in the residential 

choice context falls as the second power of the distance between them.  Comparisons of 

cross-elasticities further demonstrate that the DSCL is able to capture the greater 

interaction effects between zones that are closer together, while simultaneously 

recognizing that zones that are farther apart (and non-contiguous) are also correlated, 

albeit to a lesser degree.   
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CHAPTER 3  

ACCOMMODATING SPATIAL CORRELATION ACROSS 
OBSERVATIONAL UNITS: A COPULA-BASED CLOSED FORM 

BINARY LOGIT CHOICE MODEL  

 

3.1 INTRODUCTION AND BACKGROUND 

Spatial error autocorrelation (or simply spatial correlation) may arise because of error 

correlation across alternatives or across units of observation. As discussed in the 

preceding chapter, spatial correlation across alternatives arises naturally when the 

alternatives correspond to spatial units. While spatial correlation across alternatives is an 

important component of modeling choice among multinomial spatial units, there are 

several choice occasions where the alternatives themselves are not spatial units. 

However, the choice among the aspatial alternatives may be moderated by space in a way 

that generates spatial correlation across the choice decisions of observational units. It is 

this aspect of spatial correlation that is of interest in the current chapter, as discussed 

next. 

Spatial correlation across observational units has been the focus of attention in the 

regional science and political/social science literature, though much of this literature is 

oriented toward non-discrete dependent variables. However, there has been increasing 

interest recently in accommodating spatial correlation across observational units in 

models with discrete dependent variables. A brief overview of the most commonly used 

estimation techniques is provided below.  

Case (1992) proposes a spatial probit-based maximum likelihood method that 

allows spatial dependence using a structure that generates correlation among observations 
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within a region, but assumes that there is no correlation among observations in different 

regions. McMillen (1992) proposed an Expectation Maximization (EM) algorithm to 

account for autocorrelation across observational units using a more general spatial 

autocorrelation structure in a probit model. The idea is to replace the latent dependent 

variable of the probit structure with an expectation based on the observed binary choice, 

and then to estimate the resulting model using standard maximum likelihood techniques 

for the case of a continuous dependent variable. The estimation results from the second 

“maximization” step provide new estimates of parameters that are used to construct 

updated expectations of the latent variable, and the procedure is iterated to convergence 

in the parameters.  

LeSage (2000) uses an approach similar to the EM algorithm of McMillen for a 

binary probit model, but adopts a Bayesian estimation approach for the maximization 

step using a Monte Carlo Markov Chain (MCMC) procedure (i.e., Gibbs sampling with a 

Metropolis-Hastings algorithm). This procedure entails specifying a complete conditional 

distribution for the model parameters and iteratively sampling from these conditional 

distributions (with the conditioning variables for each set of model parameters being the 

most recent draws of other model parameters). The sequence of the resulting parameter 

draws converge to the joint posterior distribution of the parameters after a sufficient 

number of draws (see Casella and George, 1992 or Train, 2003 for clear expositions of 

the MCMC approach). To construct values of the latent dependent variable (as in the 

expectation step of the EM technique), LeSage adds an additional conditional distribution 

for the posterior of this latent variable conditional on all other parameters, which takes 

the form of a truncated normal distribution. Both McMillen and LeSage apply their 

models to neighborhood crime, categorized as low crime or high crime based on the 
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number of burglaries and vehicle thefts per thousand households in each neighborhood. 

The number of observational units (or neighborhoods) in their application is 49. 

Pinkse and Slade (1998) propose a two-step Generalized Method of Moments 

(GMM) estimation technique for probit models that considers the induced 

heteroscedasticity from spatial correlation effects, but does not accommodate the 

dependency across observations due to the spatial correlation effects.12 A related GMM 

method that is equivalent to a weighted non-linear version of the familiar feasible 

generalized least squares estimator is described in Fleming (2004), and is based off the 

work of Kelejian and Prucha (1999) for the continuous-dependent variable case.  

Beron et al. (2003) and Beron and Vijverberg (2004) adopt, in their binary probit 

model with spatial error correlation, a recursive importance sampling (RIS) technique to 

directly evaluate the likelihood function that involves a multidimensional integral of the 

order of the number of observational units. This constitutes a maximum simulated 

likelihood (MSL) method using a GHK simulator, different from the EM or the Bayesian 

approaches of McMillen and LeSage.  

A problem with the approaches just discussed is that they are not feasible for 

moderate-to-large samples since they require the inversion and determinant computation 

of a square matrix of the order of the number of observational units (for McMillen’s EM 

method, LeSage’s MCMC method, and Pinkse and Slade’s heteroscedastic approach), or 

treat spatial dependence as a nuisance with no provision of an estimate of the standard 

error of the spatial error parameter (for the GMM method described in Fleming, 2004), or 

require the simulation of a multidimensional integral of the order of the number of 

                                                 
12 Klier and McMillen (2007) propose a linearized logit variant of Pinkse and Slade’s estimator, but this 
linearization technique does not work in the purely spatial error model since the gradient with respect to the 
spatial correlation term is zero for all observations at the starting linearization point that corresponds to the 
correlation term being equal to zero.  
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observational units (for the RIS-based method).13 Another possible approach is to 

maintain a relatively restrictive spatial correlation structure that allows a constant 

correlation within observational units in pre-specified spatial regions, but no correlation 

in observational units in different spatial regions. Bhat (2000) and Dugundji and Walker 

(2005) address unordered multinomial discrete choices in this manner. Specifically, Bhat 

(2000) examines work travel mode choice, allowing for error correlation across decision-

makers based on residential location as well as work location. Dugundji and Walker 

(2005) also examine work mode choice, but allow for spatial error correlation only 

among decision-makers in the same residential location. The result of such restrictive 

error correlation specifications is a considerable reduction in the dimensionality of 

integrals in the likelihood function, allowing relatively easy estimation within a mixed 

logit framework. However, these studies are likely to be more affected by the modifiable 

areal unit problem (MAUP) than general autocorrelation structures that are not as 

dependent on the definition of spatial regions (see Páez and Scott, 2004).14

 

3.2 THE CURRENT CHAPTER IN CONTEXT AND CHAPTER STRUCTURE 

The current chapter focuses on general spatial correlation structures across observational 

units for the case of a discrete dependent variable (more specifically, a binary discrete 

variable). While earlier studies discussed in Section 3.1 have addressed this problem, 

these methods become infeasible with a high number of observational units. The methods 

of Bhat (2000) and Dugundji and Walker (2005) are readily applicable to the case of 

                                                 
13 See Franzese and Hays (2008) for a detailed discussion of the drawbacks of the various methods in 
general, and the MCMC method in particular.  
14 In Anselin’s (2003) taxonomy, the work of Bhat (2000), Dugundji and Walker (2005), and Case (1992) 
(described earlier in the section) corresponds to “local” spatial effects, while more general correlation 
structures allow “global” spatial effects.  
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binary outcomes, but they rely on restrictive local specifications of the spatial correlation 

structure across observations.  

In the current chapter, we propose a new approach to accommodate spatial 

correlation across observational units. The resulting spatial logit model retains a simple 

closed-form expression, obviating the need for any kind of simulation machinery and 

methods. In particular, the model can be estimated using a standard and direct maximum 

likelihood technique and is computationally tractable even for a high number of 

observational units. The methodology proposed here highlights the power of closed-form 

techniques, and serves as yet another reminder that researchers would do well to 

formulate closed-form models rather than get carried away by the simulation 

advancements of the day.  

The rest of this chapter is structured as follows. The next section discusses the 

concept of a copula, which is a multivariate functional form for the joint distribution of 

random variables derived purely from the marginal distribution of each random variable. 

Section 3.4 employs a particular type of copula to generate spatial dependence among 

observations in any binary discrete choice structure. Section 3.5 describes the data source 

and sample formation procedures for an empirical application of the proposed spatial 

logit model to teenagers’ physical activity participation. Section 3.6 presents the 

corresponding empirical results. The final section summarizes the important findings 

from the study and concludes the chapter.  

 

3.3 THE COPULA APPROACH 

3.3.1 Copula Concepts 

The incorporation of dependency effects can be greatly facilitated by using a copula 

approach for modeling joint distributions, so that the resulting model can be in closed-
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form and can be estimated using direct maximum likelihood techniques (the reader is 

referred to Trivedi and Zimmer, 2007 or Nelsen, 2006 for extensive reviews of copula 

approaches and their benefits). A copula approach basically involves the generation of a 

multivariate joint distribution, given the marginal distributions of the correlated variables. 

The word copula itself was coined by Sklar, 1959 and is derived from the Latin word 

“copulare”, which means to tie, bond, or connect (see Schmidt, 2007). Thus, a copula is a 

device or function that generates a stochastic dependence relationship among random 

variables with pre-specified marginal distributions. In essence, the copula approach 

separates the marginal distributions from the dependence structure, so that the 

dependence structure is entirely unaffected by the marginal distributions assumed. This 

provides substantial flexibility in correlating random variables, which may not even have 

the same marginal distributions. The effectiveness of a copula approach has been 

recognized in the statistics field for several decades now (see Schweizer and Sklar, 1983, 

Chapter 6), but it is only recently that copula-based methods have been explicitly 

recognized and employed in the financial risk analysis and econometrics fields (see, for 

example, Smith, 2005; Zimmer and Trivedi, 2006; Cameron et al., 2004; Embrechts et al, 

2003; Cherubini et al, 2004; Junker and May, 2005; Quinn, 2007; and Bhat and Eluru, 

2009). 

The precise definition of a copula is that it is a multivariate distribution function 

defined over the unit cube linking uniformly distributed marginals. Let C be a Q-

dimensional copula of uniformly distributed random variables U1, U2, U3, …, UQ with 

support contained in [0,1]Q. Then,  
 

Cθ (u1, u2, …, uQ) = Pr(U1 < u1, U2 < u2, …, UQ < uQ), (3.1) 

where θ  is a parameter vector of the copula commonly referred to as the dependence 

parameter vector. A copula, once developed, allows the generation of joint multivariate 
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distribution functions with given marginals. Consider Q random variables V1, V2, V3, …, 

VQ, each with standard univariate continuous marginal distribution functions Fq(vq) = 

Pr(Vq < vq), q =1, 2, 3, …, Q. Then, by the integral transform result, and using the 

notation  for the inverse standard univariate cumulative distribution function, we 

can write the following expression for each q (q = 1, 2, 3, …, Q): 

(.)1−
qF

 

)).(Pr())(Pr()Pr()( 1
qqqqqqqqqq vFUvUFvVvF <=<=<= −  (3.2) 

Finally, by Sklar’s (1973) theorem, a joint Q-dimensional distribution function of 

the random variables with the continuous marginal distribution functions Fq(vq)  can be 

generated as follows: 
 
F(v1, v2, …, vQ) = Pr(V1 < v1, V2 < v2, …, VQ < vQ)  

  = Pr(U1 < F1(v1),, U2 < F2(v2), …,UQ < FQ(vQ))  

                          = Cθ (u1 = F1(v1), u2 = F2(v2),…, uQ = FQ(vQ)).  (3.3) 

Conversely, by Sklar’s theorem, for any multivariate distribution function with 

continuous marginal distribution functions, a unique copula can be defined that satisfies 

the condition in Equation (3.3). 

Copulas themselves can be generated in several different ways, including the 

method of inversion, geometric methods, and algebraic methods (see Nelsen, 2006; 

Chapter 3). A rich set of copula types have been generated using these methods, 

including the Farlie-Gumbel-Morgenstern (FGM) family, the Archimedean group 

(including the Clayton, Gumbel, Joe, and Frank family of copulas), the Gaussian copula, 

and the Student’s t-copula. In this chapter, we consider the simplest of these copulas, the 

FGM family, which is particularly well-suited to incorporate spatial correlation. As we 

will discuss later, the FGM family also imposes certain restrictions that are not 

maintained by other copulas (in particular, Archimedean class copulas), but these other 
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copulas are practically infeasible for the case of accommodating spatial correlation across 

observational units. Based on the FGM copula family, we will develop a particular 

multivariate variant of Gumbel’s (1961) Type III bivariate logistic distribution for use in 

binary choice models.  

 

3.3.2 The FGM Family-Based Multivariate Logistic Distributions 

The FGM family of copulas was first proposed by Morgenstern (1956), and has been well 

known for some time in statistics (see Conway, 1983 and Kotz et al., 2000; Section 

44.13). However, until Prieger’s (2002) application for sample selection, it does not seem 

to have been used in econometrics. In the bivariate case, the FGM copula takes the 

following form: 
 

)1)(1(1[) ,( 21212211 uuuuuUuUC −−+=<< θ ]. (3.4) 

For the copula above to be 2-increasing (that is, for any rectangle with vertices in 

the domain of [0,1] to have a positive volume based on the function), theta must be in     

[-1,1] (see Nelsen, 2006; pg. 77). The presence of the theta term allows the possibility of 

correlation between the uniform marginals  and . Specifically, the density function 

for the FGM copula is: 

1U 2U

 

)21)(21(1),( 212121
uuuuc UU −−+= θ . (3.5) 

From above, it is clear that, when θ is positive, the density is higher if  and  

are both high (both close to 1) or both low (both close to zero). On the other hand, when 

θ is negative, the density is higher if  is high and  is low, or if  is high and  is 

low. Thus, when θ is zero, it corresponds to independence. Otherwise, depending on 

whether θ is positive or negative, a positive or negative correlation, respectively, is 

1u 2u

1u 2u 2u 1u
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generated between the continuous variables  and . Thus, the FGM copula has a 

simple analytic form and allows for either negative or positive dependence. However, the 

correlation between  and  is restricted in the range of [-1/3, 1/3].  

1u 2u

1U 2U

The standard bivariate logistic distribution corresponding to the copula in 

Equation (3.4) is obtained using Equation (3.3) as follows: 
 

[ ], ))(1))((1(1)()(),( 221122112211 vvvvvVvV Λ−Λ−+ΛΛ=<<Λ θ  (3.6) 

where 
qvqq e

v
−+

=Λ
1

1)(  for q = 1, 2. 

The above distribution is Gumbel’s (1961) bivariate logistic distribution, with the 

Spearman’s correlation coefficient ),( 21 VVρ being 2

3
π
θ .  The restriction that θ  should be 

in the [-1,1] range implies that the maximal correlation between  and  is restricted 

by
1V 2V

304.0),( 21 ≤VVρ .  Thus, the logistic distribution of Equation (3.6) allows only 

moderate dependence.  However, in a modeling context, the correlation refers to the 

association between unobserved elements after controlling for observed factors.  In fact, 

high correlations between unobserved factors suggest a model that is not well-specified in 

its exogenous variables.  Further, in the typical context of spatial structure-based 

dependence, the correlation between observational units drops off sharply with 

geographic distance (see Anselin, 2003).  Thus, the correlation range of the FGM logistic 

distribution may not be too limiting.15 At the same time, the advantages of using the 

FGM distribution for spatial correlation analysis are several. First, the method offers a 

simple linear copula structure that can easily be extended to multivariate correlation 

                                                 
15 There are other copulas that are not as limiting as the FGM copula.  However, these copulas are 
extremely difficult to apply in a spatial modeling context, as discussed later. Also, as indicated by Prieger 
(2002), “allowed correlation is only one dimension along which to judge a model”. In fact, Prieger goes on 
to show that the multivariate FGM distribution with limited correlation substantially outperforms the 
multivariate normal distribution with a full range of correlation in his empirical application.   
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structures to accommodate spatial correlation across several observational units.  Second, 

the resulting structure provides a closed-form solution for the choice outcomes in the 

binary choice context that has been examined in the literature on spatial models. Thus, 

model estimation can proceed using standard simulation-free direct maximum likelihood 

methods.  Finally, the model easily accommodates flexible patterns of spatial correlation 

across observational units (rather than the strict space-based ordering effects that 

generally are imposed on spatial correlation in extant models).  

The bivariate logistic distribution can be readily extended using a multivariate 

version of the FGM copula (see Nelsen, 2006; pg. 108).  A particularly appealing 

approach to constructing a multivariate logistic distribution for spatial correlation 

analysis is to allow pairwise correlation across observational units (see Karunaratne and 

Elston, 1998 for such a pairwise correlation structure): 
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where qkθ  is the dependence parameter between  and (–1 ≤ qV kV qkθ  ≤ 1), qkθ = kqθ   for 

all q and k, and 
qvqq

e
v

−+
=Λ

1
1)( . 

It is important to note that the multivariate distribution above is legitimate only 

when the corresponding multivariate density is nonnegative, which implies the following 
restriction on the qkθ parameters: 
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Theoretically speaking, and since each )( qq vΛ  can take any value between 0 and 

1, the requirement for a nonnegative density globally at any (and all) points of the entire 
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Q-dimensional space of possible combination values of )( qq vΛ  across observational 

units is equivalent to the condition that the density is nonnegative at each of the 2Q 

vertices of the Q-dimensional unit cube [0,1]Q. This requires the very strong and limiting 
condition on the qkθ  values (see Cambanis, 1977 and Armstrong and Galli, 2002): 

 

,0 1
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θ  for all  }.1,1{,..., 21 +−∈∆∆∆ Q           (3.9) 

 
However, from a practical standpoint, the range of space spanned by the  

terms across observational units in discrete choice models is quite far away from the 

vertex points of the Q-dimensional unit cube. This is so even for prediction purposes on a 

new set of data and observations. In the spatial correlation setting in which the FGM 
copula-based multivariate logistic distribution is being applied, the 

)( qq vΛ

qkθ  terms are also 

quite small for pairs of observations that are not geographically proximate. The net effect 

of all this is that the restriction in Equation (3.9) will seldom be violated in the context of 

spatial correlation across observations in discrete choice models, either in estimation or in 
application, as long as each qkθ  term is bounded between 0 and 1. Thus, in general, there 

will be no practical need to expressly impose the very strong restriction implied by 

Equation (3.9). We found this to be the case in our own estimations and application of the 

model developed in the current chapter. 

 

3.4 THE BINARY CHOICE MODEL WITH SPATIAL CORRELATION  

Consider that the data (zq, xq) for q = 1, 2, …, Q are generated  by the following latent 

variable framework: 
 

qqq xz εβ +′=*  
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where  is an unobserved propensity variable, *

qz β  is  a vector of coefficients to be 

estimated, and qε  is a logistically distributed idiosyncratic error term with a scale 

parameter of qσ  (this allows spatial heteroscedasticity).16  Define ,/ qqqV σε= where  

is standard logistic distributed. Let the  terms (q = 1, 2, …, Q) follow the standard 

multivariate logistic distribution in Equation (3.7). Also, let d

qV

qV

q be the actual observed 

value of zq in the sample. Then, the probability of the observed vector of choices 
 can be written, after some algebraic manipulations, as: ) ,...,,,( 321 Qdddd
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The above probability function considers the spatial correlation across 
observation units through the qkθ  terms (see previous section). When all the qkθ  terms are 

zero, the expression above collapses to a heteroscedastic binary choice model with no 

spatial correlation.17

                                                 
16 As indicated by Franzese and Hays (2008), almost all earlier methodological and applied research on 
spatial discrete choice models have considered a normally distributed error term, leading to a spatial probit 
model. However, as we show below in the current chapter, a univariate logistical error distribution for each 
individual εq, combined with the FGM copula to generate dependence among the εq terms, leads to a simple 
spatial logit model structure with a closed-form solution for the joint choice probabilities.  
17 The simple structure for the spatially correlated binary logit model in Equation (3.11) is the reason for 
using the FGM-based multivariate logistic distribution. While more flexible multivariate distributions that 
do not restrict the magnitude of correlation to be 0.31 or less can be developed using the Archimedean 
family of copulas (such as Frank’s copula or Gumbel’s copulas) or other copulas, the problem with these is 
that the equivalent probability expression to Equation (3.11) can have up to 2Q terms on the right side. Even 
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In the probability expression of Equation (3.11), it is not possible to estimate a 
separate qkθ  term for each pair of observational units from the data. So, we propose that 

these terms be parameterized by writing: 
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where  is a vector of variables that influence the level of spatial correlation between 

observational units q and k, and 

qks

δ  is a parameter vector whose elements are associated 

with the elements of . By functional form, the expression in parenthesis in the above 

equation is bounded by 0 and 1, ensuring that the 

qks

qkθ  terms are between –1 and 1. The 

form also ensures the symmetry of the qkθ  terms (i.e., qkθ = kqθ ). In the current empirical 

context, we expect observational units in close proximity to have similar preferences. For 

this reason, we impose the ‘+’ sign in front of the expression in Equation (3.12), which 

generates positive correlation between pairs of observational units.  

The functional form of Equation (3.12) can accommodate multiple variables in 
the  vector that may influence spatial correlation across observational units, including 

whether or not two observational units are in the same spatial unit, whether or not two 

observational units are contiguous, boundary length of shared border between spatial 

units, and inverse of time or distance.  The parameterization in Equation (3.12) can also 

be used to test for “thresholds” of distance or time or cost beyond which there is 

effectively no spatial correlation between observation units (through the appropriate 
specification of independent variables in the  vector).  Finally, the specification in 

Equation (3.12) nests the typical spatial correlation patterns used in the literature as 

qks

qks

                                                                                                                                                 
for medium-sized Q values (sample sizes), computation of the probability expression becomes prohibitive. 
In the case of the FGM copula, the expressions simplify, so we get the simple and elegant expression in 
Equation (3.11). 
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special restrictive cases. For instance, the case of observational units correlated only if 
they are in the same spatial unit corresponds to only one variable in the  vector, which 

takes a value of 1 if q and k are in the same spatial unit and 0 otherwise. If there is only 

one observation per spatial unit (as in McMillen, 1992 and LeSage 2000), then first-order 

adjacency-based correlation can be obtained by restricting the specification so that there 
is one element in  which takes a value of 1 if q and k are in adjacent spatial units and 

zero otherwise. The case of a distance-based decay effect corresponds to a restricted 

version of Equation (3.12) with an inverse function of distance as the only element in the 
 vector. 

qks

qks

qks

The parameter  in Equation (3.11) is next parameterized as: qks
 

, )exp()( qqq g ϖλϖλσ ′=′=             (3.13) 
 
where qϖ  includes variables specific to pre-defined “neighborhoods” (or other 

groupings) of observational units and individual-related factors (see Páez, 2006 and Bhat 

and Zhao, 2002). 

Finally, the likelihood function of Equation (3.11) can be directly maximized to 

estimate the β , δ , and λ  vectors. The starting parameters may be obtained by 

constraining 0=qkθ  for all q and k, and estimating β  and λ  (this corresponds to a 

heteroscedastic binary logit model with independence across observation units).  The 

resulting values of  β  and λ  can be used to start the iterations for the likelihood 

maximization. In the current study, the GAUSS matrix programming language was 

employed to undertake the maximum likelihood estimation.  

A unique feature of our spatial model is that we directly capture heteroscedasticity 
and correlation in the error terms qε  across observational units, rather than using a pre-

specified spatially autoregressive structure to generate dependence ( )W u ,ε ρ ε= +  where 
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ε is a Q-dimensional vector of all the qε  terms stacked vertically, ρ is the spatial 

autoregressive parameter, W is a row-standardized spatial weights matrix that represents 

an average of values from neighboring spatial units,  and u is a Q-vector of independently 

distributed error terms. This autoregressive structure also indirectly generates 

heteroscedasticity, though this heteroscedasticity is artificial and not directly associated 

with inherent variations across spatial units (see McMillen, 1992). In our copula 

approach, the spatial correlation effect is completely delineated from heteroscedasticity 

effects, allowing a clear capture and testing of each of the heteroscedasticity and 

correlation effects distinctly. At the same time, our approach enables the accommodation 

of flexible patterns of spatial correlation, is simple to implement using traditional 

maximum likelihood methods, and does not require any simulation machinery 

whatsoever.  

 

3.5 EMPIRICAL CONTEXT AND DATA 

In this chapter, the copula-based binary choice model with spatial correlation (across 

observational units) is applied to examine the factors that influence whether or not a 

teenager participates in physical activity during the course of a day. Physical activity is 

an inherent part of a healthy lifestyle with the potential to increase the quality and years 

of life in the U.S. (see U.S. Department of Health and Human Services, USDHHS, 2000). 

Epidemiological research studies have emphasized a strong association between the lack 

of physical activity and the increasing rates of morbidity and mortality due to obesity, 

coronary heart disease, stroke, diabetes, high blood pressure, colon cancer, depression, 

and anxiety (see, for instance, Feldman et al., 2003; Dong et al., 2004; Nelson and 

Gordon-Larsen, 2006; and Ornelas et al., 2007). Other studies have established that 

regular physical activity helps increase cardiovascular fitness, enhances agility and 
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strength, reduces the need for medical help, and improves mental health (USDHHS, 

1996; Center for Disease Control, CDC, 2006).  

While the physical, emotional, and social benefits of physical activity are well 

established, physical inactivity is quite prevalent in today’s developed world, particularly 

among adolescents (Dong et al., 2004; Warburton et al., 2006). According to the results 

of the National Health and Life Style Surveys (2003), only about two-thirds of teenage 

boys and one-third of teenage girls reported participating in some form of vigorous 

physical activity during the day.18 A report by the Center for Disease Control (CDC, 

2002) also indicates that about a third of teenagers do not engage in adequate physical 

activity for health, and that the high school physical education class participation rate has 

been steadily declining over the past decade. In addition, studies have shown that 

physical activity participation decreases with age during the adolescence period 

(USDHHS, 1996; Mhuircheartaigh, 1999).  

The low physical activity participation, as well as the decrease in physical activity 

rates with age among adolescents, constitutes a national health concern, since inactive 

lifestyles may be transferred from adolescence to adulthood. Aaron et al. (2002) indicate 

that “the adolescent years are thought to be the period during which adult health 

behavior, such as dietary and physical activity patterns, begin to develop”.  Therefore, 

public health professionals strongly emphasize the importance of developing effective 

strategies to motivate and increase physical activity participation as an individual moves 

through the adolescence stage of life. 

At the same time that public health professionals are focusing on ways to promote 

physical activity participation among adolescents, urban transportation planners are 

                                                 
18 Vigorous physical activity is one that requires an energy expenditure that is more than 6 times the energy 
expended when sitting quietly, or equivalently, an energy expenditure of more than 7 kilo-calories per 
minute. Sample vigorous physical activities include jogging or running, mountain climbing, and bicycling 
more than 10 mph or bicycling uphill (see USDHHS, 2000). 
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becoming more interested in expanding their focus from studying only adults’ activity-

travel patterns to also explicitly examining children’s activity-travel patterns, including 

children’s participation in physical activity pursuits. This is because young teenagers 

depend, to a large extent, on household adults or other adults to drive them to physically 

active and non-physically active events, which in turn can influence adults’ activity-travel 

patterns in important ways (Reisner, 2003). For instance, the need to drop a teenager off 

at soccer practice at a certain time and location would influence the temporal and spatial 

dimensions of a parent’s activity-travel pattern. In addition to serve-passenger activities, 

children’s desires and needs can also influence adults’ activity-travel patterns through 

joint activity participation in such activities as going to the park, walking together, or 

playing tennis. Of course, the consideration of children’s activity-travel patterns is also 

important in its own right since these patterns contribute directly to travel demand. Due 

to the above reasons, the transportation field has witnessed an increasing interest in 

children’s activity-travel patterns, including participation in physical activity (see 

Transportation Research Board and Institute of Medicine, 2005; Goulias and Kim, 2005; 

Copperman and Bhat 2007a, b; and Sener et al., 2008). 

In the current application, we model teenagers’ participation in physical activity 

using a comprehensive set of socio-demographic, physical and social environment 

variables, while also accommodating spatial effects based on residence patterns. In the 

physical activity literature, there is an extensive research focusing on the effects of the 

demographic factors (including individual and household demographics) and the 

cognitive and behavioral factors (including individual-level attitudes, beliefs, and 

perceptions, and family and social influences) on children’s/teenagers’ physical activity 

(see Feldman et al., 2003; Kelly et al., 2006; and Salmon et al., 2007 for some recent 

examples). However, there has been limited research on the physical environment 
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variables (including transportation system and built environment measures as well as 

other environment factors such as perceived safety, weather and season of the year) and 

residential neighborhood determinants of physical activity.  Further, the few research 

studies that have accommodated physical environment and residential neighborhood 

factors in the analysis of children’s/teenagers’ physical activity have predominantly 

considered variables relating to highway network measures and the presence of, or access 

to, recreational facilities and programs (see, for example, Sallis et al., 2000, and Gordon-

Larsen et al., 2005). In this study, we consider an extensive set of such variables 

associated with teenagers’ residential neighborhoods, including (a) land-use attributes, 

(b) size and density measures, (c) accessibility to shopping, employment, and recreational 

activities, (d) ethnic composition, (e) demographics and housing cost attributes, (f) the 

intensity and density of activity opportunities, and (g) transportation network measures. 

But the current study also has its limitations.  Specifically, we do not accommodate 

cognitive and behavioral determinants of physical activity participation. Further, as in 

earlier studies, the current research study is based on cross-sectional outcome data from 

which one can, strictly speaking, only infer correlations and not causal effects. This 

caveat should be kept in mind as we interpret the effects of variables on physical activity. 

The reader will note that cross-sectional data still remains the main basis for modeling 

and interpreting physical activity behavior, since collecting panel data or process data has 

its own set of problems and limitations.  

 

3.5.1 Data Sources  

The primary source of data is the 2000 San Francisco Bay Area Travel Survey (BATS), 

which was designed and administered by MORPACE International, Inc. for the Bay Area 

Metropolitan Transportation Commission. The survey collected detailed information on 
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individual and household socio-demographic and employment-related characteristics 

from over 15,000 households in the Bay Area. The survey also included data on all 

activity-travel episodes for a two-day period of time (see MORPACE International Inc., 

2002 for details on survey, sampling, and administration procedures).  

In addition to the data set from the 2000 BATS, several secondary Geographic 

Information System (GIS) data layers of highways (including interstate, toll, national, 

state and county highways), local roadways (including local, neighborhood, and rural 

roads), bicycle facilities, businesses, as well as land-use/demographics and zone-to-zone 

travel level of service (LOS) data were used to obtain spatial variables that may influence 

spatial correlation across observational units as well as physical environment and 

residential neighborhood variables that may characterize the choice behavior of 

individuals. The details of the variables extracted from these data sets are discussed in the 

next section. 

 

3.5.2 Sample Formation  

3.5.2.1 Sample Extraction 

The final sample used for the analysis is confined to teenagers residing in nine Counties 

(Alameda, Contra Costa, San Francisco, San Mateo, Santa Clara, Solano, Napa, Sonoma 

and Marin) of the San Francisco Bay Area. Several steps were pursued in extracting the 

final sample for the analysis, which includes 722 teenagers. First, since the focus is on the 

physical activity participation of teenagers, only individuals aged between 13 and 19 

years in the BATS survey data were considered in the analysis. Second, each episode was 

classified as being physically active or physically passive.19 Third, a binary flag variable 

                                                 
19 A physically active episode requires regular bodily movement during the episode, while a physically 
passive episode involves maintaining a sedentary and stable position for the duration of the episode. For 
example, playing basketball or walking around the neighborhood would be a physically active episode, 

64 



 

was created for each teenager-day combination taking the value of ‘1’ if the individual 

participated in one or more physically active episodes during the course of the day, and 

‘0’ otherwise. This binary flag serves as the dependent variable in the current empirical 

application. Fourth, only weekday data were selected, since the focus of the current 

analysis is on weekdays. Fifth, only one randomly chosen day was selected among the 

two-day activity diary data for each teenager, and only one randomly chosen teenager 

was picked from each household, to keep the sample size manageable and prevent 

problems that may occur due to repeated data measurement from the same individual 

and/or household.  

Of the 722 teenagers, 186 (26%) participate in physical activity during the course 

of their sampled weekday and 536 (74%) do not participate in physical activity. These 

results are similar to those found by the Center for Disease Control, CDC, 2006. 

 

3.5.2.2 Neighborhood Physical and Social Environment Measures  

The secondary data sources identified in Section 3.5.1 provide a rich set of physical 

environment variables (including transportation system and built environment variables) 

as well as residential neighborhood variables (as part of social environment variables) for 

each TAZ. These variables include: 1) Zonal land-use structure variables, 2) Zonal size 

and density measures, 3) Regional accessibility measures, 4) Zonal ethnic composition 

measures, 5) Zonal demographics and housing cost variables, 6) Zonal activity 

opportunity variables, 7) Zonal transportation network measures. See Section 2.4.3.1 for 

details on these neighborhood physical and social environment variables extracted from 

the secondary data sets. 
                                                                                                                                                 
while watching television constitutes a physically passive episode. The designation of an episode as 
physically active or physically passive was based on the nature of the episode and the location type at 
which it is pursued, as reported in the survey. Thus, an episode designated as “recreation” by a respondent 
and pursued at a health club is labeled as physically active.  

65 



 

3.5.2.3 Spatial Correlation Variables 

Among the secondary data sets, the land use coverage data were also used to obtain 

variables to characterize spatial correlation patterns across observational units (these are 
the elements of the  vector in Section 3.4 of this chapter). Specifically, Geographic 

Information System (GIS) procedures were implemented to compute measures that may 

contribute to spatial correlation in physical activity choices between each pair of 

observational units (teenagers in the current application). These included (1) whether or 

not two teenagers reside in the same TAZ, (2) whether or not two teenagers reside in 

contiguous TAZs, (3) the boundary length of the shared border between the residence 

zones of two teenagers, and 4) several functional forms of the distance between the 

residence TAZ activity centroids of the two teenagers, such as inverse of distance, square 

of inverse of distance, and distance “cliff ” measures (the latter form essentially allows 

the spatial correlation between two teenagers to go to zero beyond a certain distance 

threshold).

qks

20  

  

3.6 MODEL RESULTS 

3.6.1 Variable Specification  

Several variable specifications and functional forms were considered in the model.  These 

included (1) teenager demographics (age, sex, race, driver’s license holding, physical 

disability status, etc.), (2) household demographics (number of adults, number of 

children, household composition and family structure, household income, dwelling type, 

whether the house is owned or rented, etc.), (3) activity-day variables (season of the year, 

day of week, rain-fall, etc.), (4) neighborhood physical and social environment measures 
                                                 
20 Due to privacy considerations, we do not have the point coordinates of each teenager’s residence. We 
only have the TAZ of residence of each teenager. Thus, for two teenagers in the same zone, we assigned a 
distance that was one-half of the distance between that zone and its closest neighboring zone.  
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(see Section 3.5.2.2), and (5) spatial correlation variables (see Section 3.5.2.3). In 

addition, several interaction effects of the variables were considered. 

The final model specification was based on intuitive considerations, insights from 

previous literature, parsimony in specification, and statistical fit/significance 

considerations. The final specification includes some variables that are not highly 

statistically significant, because of their intuitive effects and potential to guide future 

research efforts in the field.  

 

3.6.2 Estimation Results 

Table 3.1 presents the estimation results for teenagers’ weekday physical activity 

participation choice. The coefficients provide the effects of variables on the latent 

propensity to participate in physical activity. The second main column provides the 

aspatial binary logit (ABL) model results, while the third main column presents the 

copula-based spatially correlated heteroscedastic binary logit model (SCHBL) results. 

Overall, the parameter estimates for the two models have the same sign (except  the 

presence of bicycle variable), though the asymptotic t-statistic values of several 

determinants of physical activity are much improved in the SCHBL relative to the ABL 

model. This may be attributed to the increased efficiency from accounting for spatial 

correlation among teenagers’ physical activity choices in the SCHBL model.  

In the next few sections, we discuss the estimation results by variable category, 

discussing differences in the results among the ABL and SCBHL models.  
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Table 3.1 Estimation Results for Teenagers’ Weekday Physical Activity Participation 
Choice 

(Aspatial) Binary  
Logit Model 

Copula-based Spatially 
Correlated and 

Heteroscedastic Model Variables 

Parameter t-stat Parameter t-stat 

Constant -5.534 -7.45 -3.211 -3.56 

Individual demographics     

Male   0.238   1.18   0.259   2.22 

Caucasian   0.722   2.42   0.320   1.82 

Hispanic   0.457   0.95   0.336   1.72 

Driver’s license   0.661   3.02   0.309   2.23 

Household demographics     

Household size   0.562   5.40   0.275   2.73 

Single parent family   1.264   2.95   1.070   3.35 

Presence of bicycle -0.266 -0.93   0.168   1.35 

Household location and season variables     

San Francisco County   1.309   1.84   0.341   1.36 

Summer   0.816   3.94   0.450   3.28 

Fall   4.265   8.47   2.459   3.37 

Neighborhood physical and social 
environment measures     

Zonal structure, density, and race 
composition variables     

Fraction of multi-family dwelling units 1.100 1.57   0.883   2.66 

Household density -0.308 -3.54 -0.155 -3.32 

Fraction of African-American population -1.299 -0.59 -2.379 -1.65 

Fraction of Asian population  0.152  0.17   0.459   1.49 

 

68 



 

Table 3.1 (Continued) Estimation Results for Teenagers’ Weekday Physical Activity 
Participation Choice 

(Aspatial) Binary  
Logit Model  

Copula-based Spatially 
Correlated and 

Heteroscedastic Model Variables 

Parameter t-stat Parameter t-stat 

Zonal activity opportunity, housing 
cost, and transportation network 
variables 

    

Number of physically active 
recreation centers such as fitness 
centers, sports centers, dance and 
yoga studios 

 0.031 1.07   0.021   1.68 

Average of median housing value 0.132 2.09   0.052   1.67 

Bicycling facility density (miles of 
bike lanes per square mile) 0.033 0.66   0.035   1.89 

Number of zones within 4 non-
motorized mode miles

21 0.032 2.16   0.019   2.54 

(Spatial) heteroscedasticity 
variables      

Single parent family --- --- -2.177 -3.95 

Presence of bicycle --- --- -0.305 -1.23 

Fraction of multi-family dwelling 
units --- --- -0.982 -2.02 

Spatial correlation variables (δ) in 
the θ parameter     

Inverse of distance between zonal 
centroids --- ---   3.862   1.81 

Number of Observations 722 722 

Log-likelihood at convergence -318.323 -308.273 

 

                                                 
21

 The non-motorized distance between zones, which is computed based on the actual bike/walk way, was 
used in the empirical analysis to develop an accessibility measure by non-motorized modes, computed as 
the number of zones (a proxy for activity opportunities) within “x” non-motorized mode miles of the 
teenager’s residence zone. Several variables with different thresholds for “x” were formulated and tested. 
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3.6.2.1 Individual Demographics 

The effect of individual demographics indicates that, among teenagers, males are more 

likely to participate in physical activity than females, a result also found in other public 

health studies (see, for example, Mhuircheartaigh, 1999). This variable is statistically 

significant at beyond the 5% level in the SCHBL model, but not in the ABL model. The 

race variables suggest that Caucasian and Hispanic teenagers have a higher propensity to 

partake in physical activity relative to African Americans, Asians, and other ethnic 

groups (see Sallis et al., 2000 and Sener et al., 2008, for similar results). Both the race 

variables are statistically significant at the 10% level in the SCBHL model, though this is 

true only for the Caucasian variable in the ABL model.  

The final variable in the category of individual demographics indicates that 

teenagers with a driver’s license are more likely (than those without a driver’s license) to 

participate in physical activity, presumably due to less dependency on others to access 

physical activity opportunity locations. Perhaps, an appropriate policy strategy to increase 

the physical activity participation among non-driving teenagers would be to improve 

accessibility to activity opportunity centers and/or natural parks, as well as improving the 

neighborhood in terms of walking/cycling facilities (see Hoefer et al., 2001 and Sjloie 

and Thuen, 2002). Interestingly, we also considered age variables in the specification to 

examine if physical activity participation among teenagers drops off with age as 

suggested by some earlier studies, but did not find any such statistically significant 

effects.  

 

3.6.2.2 Household Demographics 

The household demographic variable effects reflect the higher prevalence of physical 

activity participation among teenagers living in large families, possibly due to increased 
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opportunities for joint physical activities with siblings and/or parents. We also examined 

if the type of household members (i.e., number of children, active adults, and senior 

adults) had an impact, but the results suggested no differential impacts among these 

categories of household members after controlling for the household structure effects, as 

discussed next. Teenagers living in single parent households are more likely to be 

physically active compared to those in other household structure types (nuclear families, 

roommate families, and joint families with several adults), a result that needs to be further 

explored. Finally, the coefficient on the “Presence of bicycle” variable has opposite signs 

in the ABL and SCHBL models, with the sign being intuitive in the SCHBL model 

though significant only at the 20% level. The corresponding result from the ABL model 

is counter-intuitive, though also insignificantly different from zero. Interestingly, we did 

not find any statistically significant effects of household income and household car 

ownership on the physical activity levels of teenagers.  

 

3.6.2.3 Household Location and Season Variables  

The next set of variables in Table 3.1 indicates the impact of household location and 

season variables. The results show a higher tendency to pursue physical activity among 

teenagers residing in San Francisco county compared to the rest of the counties in the 

region (i.e. San Mateo, Santa Clara, Alameda, Contra Costa, Solano, Napa, Sonoma, and 

Marin counties), though this effect is significant only at the 20% level in the SCHBL 

model. The seasonal variables imply that the summer and fall seasons correspond to 

higher levels of physical activity participation among teenagers in the San Francisco Bay 

area (see Sener and Bhat, 2007 for similar seasonal variations). This may be a result of 

more time availability in the summer, and temperate weather conditions in the summer 

and fall, for physically active outdoor pursuits.  
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3.6.2.4 Zonal Structure, Density, and Race Composition Variables  

In addition to the demographic, location, and season-related variables, the built 

environment and race composition measures identified in Section 3.5.2.2 were also 

considered in the model specification. Many of these variables did not turn out to be 

statistically significant at the 15% level or lower in the SCHBL model, and hence do not 

appear in Table 3.1. The insignificance of several variables in this category can be 

attributed to the high correlation among these variables.22  

The effect of the zonal structure and density variables in Table 1 show that there 

is higher propensity to participate in physical activity among teenagers residing in zones 

with a high share of multi-family units, though this effect is tempered if the teenager is in 

a high household density neighborhood. The first result may be a reflection of more 

opportunities for joint physical activity participation with peers and other individuals in 

neighborhoods with a high share of multi-family units, while the second result is perhaps 

related to the lack of open space in areas of high household density that may discourage 

physical activity (see Copperman and Bhat, 2007a).  

Among the zonal ethnic composition measures, the negative sign on the “fraction 

of African-American population” reveals that teenagers living in an area with a high 

percentage of African-American population are less likely to participate in physical 

activity relative to teenagers in other areas. Gordon-Larsen et al. (2005; 2006) also find 

similar results and suggest that this is due to poor neighborhood quality, and lack of good 

recreational facilities in areas with a high fraction of African-American population. Our 

results also indicate higher levels of physical activity participation among teenagers 

                                                 
22 The following discussion of the effects of built environment measures should be viewed with some 
caution, since we have not considered potential residential self-selection effects. That is, it is possible that 
highly physically active families self-select themselves into zones with built environment measures that 
support their active lifestyles (see Bhat and Guo, 2007 and Bhat and Eluru, 2009 for methodologies to 
accommodate such self-selection effects).  
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residing in highly populated Asian areas, though this result is not very statistically 

significant even in the SCHBL model. Interestingly, the race composition variables are 

not at all significant in the ABL model. 

 

3.6.2.5 Zonal Activity Opportunity, Housing Cost, and Transportation Network 
Variables 

As expected, the number of physically active recreation centers such as fitness centers, 

sports centers, dance, and yoga studios in a zone has a positive influence on the physical 

activity levels of teenagers residing in that zone, indicating that, as suggested by Trost et 

al. (1997), an effective policy to increase physical activity among teenagers would be to 

facilitate more opportunities for community-based physical activity outlets including 

sport/fitness programs, summer parks, and recreation programs.23 The zonal housing cost 

variable has a positive impact on the physical activity levels of teenagers, perhaps 

because of better recreational opportunities in such zones (Lacar et al., 2000 and Gordon-

Larsen et al., 2005 also find a similar result). Finally, the transportation network measure 

effects emphasize the positive influence of good bicycle facilities and walk/bicycle 

accessibility to activity opportunities on physical activity levels. This suggests that urban 

and transportation planners should consider the provision of well designed bicycle paths, 

and the design of dense, mixed land-use, neighborhoods as a means to increase physical 

activity levels of teenagers (Krizek et al., 2004 also discuss the importance of community 

design on the physical activity participation of the youth). The reader will note that the 

bicycle density variable is not significant in the ABL model, while it is statistically 

significant at about the 5% level of significance in the SCBHL model. 

                                                 
23 In addition to the number of activity opportunities, we also considered the presence of activity 
opportunities in the zone as well as accessibility to shopping, recreation, and employment opportunities. 
But these variables did not turn out to be statistically significant after including the number of 
opportunities.   
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3.6.3 Heteroscedasticity, Spatial Dependency, and Data Fit  

This section presents the parameter estimates characterizing heteroscedasticity and spatial 

correlation in the SCHBL model, and discusses data fit measures for the ABL and 

SCHBL models. 

 

 3.6.3.1 Heteroscedasticity 

The SCBHL model accommodates heteroscedasticity in the variance of the error term 

across individuals due to both individual attributes as well as spatial residence zone 

attributes.  In the current application, only three variables turned out to be statistically 

significant in influencing heteroscedasticity, including two household attributes and one 

built environment measure. Note that the estimates reported in the table correspond to the 

λ  vector in Equation (3.13). The results indicate  a much tighter variation (i.e., less 

spread) in the propensity to be physically active among teenagers who (1) live in single 

parent households, (2) belong to households owning a bicycle, and (3) live in areas with a 

high share of multi-family units. Specifically, the scale parameter is normalized to 1 for 

teenagers in non-single parent family households with no bicycles in the household and 

living in single-family dwelling units, but is statistically significantly smaller for other 

teenagers. For instance, if we consider the pool of teenagers in a single parent family with 

no bicycles in the household and living in a zone with no multi-family dwelling units, the 

scale parameter estimate is exp(–2.177) = 0.11 (with a standard error estimate of 0.06), 

while the corresponding value for teenagers in a non-single parent family with bicycles in 

the household and living in a zone with no multi-family dwelling units is exp(–0.305) = 

0.73 (with a standard error estimate of 0.18).   

In combination with the direct positive influence of the single parent, presence of 

bicycle, and fraction of multi-family dwelling unit variables on the physical activity 
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propensity, as discussed in earlier sections, the overall implication is that teenagers in 

single parent households with a bicycle, and living in areas with a high share of multi-

family units, are uniformly more likely to participate in physical activity. The estimates 

of the ABL model, which ignores such heteroscedasticity, are therefore inconsistent.  

 

3.6.3.2 Spatial Correlation Effects 

In addition to heteroscedasticity, the SCBHL model also incorporates spatial correlation 

across observational units. In this regard, several spatial variables and functional forms of 

these variables were considered to accommodate spatial correlation across teenagers’ 

propensity to participate in physical activity (see Section 3.5.2.3). The best specification 
included a single “inverse of distance” variable in the  vector of Equation (3.12). The 

corresponding 

qks

δ  coefficient on this variable is reported in Table 3.1, and has a value of 

3.862 (with a standard error estimate of 2.13). Given the range of the distance between 
teenagers’ residences in the sample, this results in qkθ  values (see Equation (3.12)) that 

range from 0.252 (for two teenagers located 141 miles apart) to 0.997 (for two teenagers 

located 0.14 miles apart), with a mean value of 0.590. The corresponding range of 

Spearman’s correlation between the physical activity propensities of teenagers is from 

0.075 to 0.303, with a mean correlation coefficient of 0.180. Table 3.2 provides the 
estimated qkθ  and correlation coefficient values for pairs of teenagers located (in terms of 

their residences) at different distances from each other. The table also provides the share 
of teenager pairs in the sample for each distance value. The asymptotic t-statistics for  qkθ  

and the correlation coefficient for each distance value are computed for the null 
hypothesis of no dependence (i.e., qkθ = 0 and the correlation is zero).24 The results show, 

                                                 
24 The standard errors for θqk and the correlation coefficient are computed based on the standard error of the 
estimated δ coefficient using the familiar “delta” method for the asymptotic distribution of a nonlinear 
function (see Greene, 2000, page 120). The asymptotic t-statistics for θqk and the correlation coefficient are 
identical because the correlation coefficient is a simple linear function of θqk. 
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as expected, the correlation decay with distance. As importantly, the correlation values 

are statistically significant at about the 10% level (for a one-tailed t-test) up to a distance 

of about 35 miles. The share of teenage pairings within 35 miles is 50.6%, indicating that 

spatial correlation is present and statistically significant for a high fraction of teenage 

pairings. The aspatial binary logit (ABL) model ignores these spatial correlations, and so 

it is not surprising that the spatially correlated heteroscedastic binary logit (SCHBL) 

model provides more efficient parameter estimates (as discussed in Sections 3.6.2.1 

through 3.6.2.5).   

 

Table 3.2 Spatial Correlation Patterns in Physical Activity Propensity 

qkθ  
Spearman’s 
correlation 
coefficient 

Distance 
between 

teenagers  
(in miles) 

Cumulative 
share of 

teenagers within 
specified 
distance Estimate Estimate t-stat*

0.1 0.0 0.998 0.303 223.3 

1.0 0.4 0.979 0.298 22.8 

5.0 2.9 0.905 0.275 4.9 

10.0 7.8 0.827 0.251 2.7 

15.0 15.1 0.760 0.231 2.0 

20.0 23.1 0.704 0.214 1.6 

25.0 32.1 0.655 0.199 1.4 

35.0 50.6 0.576 0.175 1.1 

50.0 72.4 0.488 0.148 0.9 

100.0 98.8 0.322 0.098 0.7 

150.0 100.0 0.241 0.073 0.6 

 
*The t-statistic values apply to both the θqk and the correlation coefficient estimates. 
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3.6.3.3 Overall Likelihood-Based Measures of Fit 

The data fit of the ABL and SCHBL models may be compared formally using likelihood 

ratio tests. The log-likelihood value at convergence for the ABL model is –318.3, while 

that for the SCHBL model is –308.3. The likelihood ratio test for testing between these 

two models is 20.1, which is larger than the critical χ2 value with 4 degrees of freedom at 

any reasonable level of significance, confirming the importance of accommodating 

heteroscedasticity and spatial correlation when modeling physical activity participation 

choice of teenagers. Further, the log-likelihood value for the model with only 

heteroscedasticity is –310.8. The likelihood ratio between this model and the ABL model 

yields a value of 15, which is again larger than the critical χ2 value with 3 degrees of 

freedom at any reasonable level of significance, rejecting the null hypothesis of absence 

of heteroscedasticity. Finally, a comparison of the SCHBL model and the model with 

only heteroscedasticity yields a likelihood ratio test value of 5, indicating that the null 

hypothesis of the absence of spatial correlation can be rejected at the 2.5% level of 

significance. Overall, the likelihood ratio tests show that heteroscedasticity and spatial 

correlation are both individually and jointly statistically significant.  

 

3.6.4 Aggregate-Level Elasticity Effects 

The parameters on the exogenous variables in Table 3.1 do not directly provide the 

magnitude of the effects of the variables on the probability of teenagers’ physical activity 

participation. Further, the parameters in the ABL and SCHBL models cannot be directly 

compared because the SCHBL model allows heteroscedasticity across individuals. To 

address these issues, we compute the aggregate-level “elasticity effects” of each variable. 

In particular, to compute the aggregate-level elasticity of a dummy exogenous variable 

(such as the “male” variable), we change the value of the variable to one for the 
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subsample of observations for which the variable takes a value of zero and to zero for the 

subsample of observations for which the variable takes a value of one. We then sum the 

shifts in expected aggregate shares in the two subsamples after reversing the sign of the 

shifts in the second subsample, and compute an effective percentage change in the 

expected aggregate share of teenagers participating in physical activity due to a change in 

the dummy variable from 0 to 1. On the other hand, to compute the aggregate level 

elasticity effect of an ordinal variable (such as household size), we increase the value of 

the variable by 1 and compute a percentage change in the expected aggregate share of 

teenagers participating in physical activity. Finally, the aggregate-level “arc” elasticity 

effect of a continuous exogenous variable (such as fraction of multi-family dwelling unit) 

is obtained by increasing the value of the corresponding variable by 10% for each 

individual in the sample, and computing a percentage change in the expected aggregate 

share of teenagers participating in physical activity  due to the increase in the continuous 

variable.  

The elasticity effects by variable category and for both the ABL and SCHBL 

models are presented in Table 3.3. The numbers in the table may be interpreted as the 

percentage change in the share of teenagers participating in physical activity. For 

instance, the first number “12.93” corresponding to the “male” variable in the ABL 

model indicates that the share of male teenagers participating in physical activity is about 

13% higher than the share of female teenagers participating in physical activity. 

Similarly, the number “34.07” corresponding to the “household size” variable in the ABL 

model reflects that an increase in household size by 1 leads to a 34% increase in the level 

of teenager participation in physical activity, while the number “1.33%” for the effect of 

the “zonal fraction of multi-family dwelling units” implies that teenager physical activity 
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participation levels increase by 1.33% due to a 10% increase in the zonal fraction of 

multi-family dwelling units. 

The elasticity results provide several insights. First, among the demographics and 

locational/seasonal variables, seasonality (whether the season is fall or not) constitutes 

the most important factor influencing teenagers’ physical activity participation levels, 

followed by family structure (whether the teenager is part of a single parent family or 

not). This suggests that public health policies aimed at encouraging year-round teenager 

physical activity participation should focus on providing more indoor recreational activity 

opportunities at affordable cost during the non-fall seasons in general, and the winter and 

spring seasons in particular. 

Also, the result related to family structure needs further exploration. Perhaps 

teenagers in single parent families are more independent and have a less-structured 

activity schedule because of the multiple responsibilities shouldered by single parents. 

Conversely, it may be that teenagers in two-parent (and other non-single parent) 

households have less independence and feel more “monitored”, contributing to less 

opportunity for physically active free play. Overall, there is a suggestion that physical 

activity participation may be related to independence and empowerment within the 

household. The behavioral dynamics of interpersonal interactions and how they manifest 

themselves in physical activity participation is a research topic that should benefit from 

joint collaborative research efforts by sociologists, public health researchers, and 

transportation professionals. 
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Table 3.3 Aggregate-level Elasticity Effects 

Formulation of the 
Change on the 

Variable 

(Aspatial) 
Binary 
Logit 
Model 

Copula-based 
Spatially Correlated 
and Heteroscedastic 

Model 
Individual socio-demographics 
Male changed from 0 to 1 12.93 25.90 
Caucasian changed from 0 to 1 36.33 29.63 
Hispanic changed from 0 to 1 26.86 36.72 
Driver's license changed from 0 to 1 37.85 31.61 

Household socio-demographics    
Household size increased by 1 34.07 30.72 
Single parent family changed from 0 to 1 82.22 137.63 
Presence of bicycle changed from 0 to 1 -15.02 1.10 

Household location variables    
San Francisco changed from 0 to 1 87.46 38.62 

Seasonal variables    
Summer changed from 0 to 1 45.53 47.94 
Fall changed from 0 to 1 274.37 243.60 

Zonal structure, density, and race 
composition variables  

  

Fraction of multi-family dwelling units increased by 10% 1.33 1.48 

Household density increased by 10% -3.99 -4.69 

Fraction of African-American 
population 

increased by 10% -0.29 -0.95 

Fraction of Asian population increased by 10% 0.13 0.90 

Zonal activity opportunity, housing 
cost, and transportation network 
variables 

   

Number of physically active recreation 
centers such as fitness centers, sports 
centers, dance and yoga studios 

increased by 10% 0.50 0.62 

Average of median housing value increased by 10% 2.99 2.33 

Bicycling facility density (miles of bike 
lanes per square miles) 

increased by 10% 0.42 1.01 

Number of zones within 4 non-
motorized mode miles 

increased by 10% 2.82 3.63 
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Second, among the built environment measures, the two major factors 

determining teenagers’ physical activity participation levels are zonal household density 

and the number of zones accessible within four non-motorized mode miles, suggesting 

that policies to provide planned open spaces in high density neighborhoods and increased 

accessibility by walk/bicycle modes have the potential to increase teenager physical 

activity levels. However, teenager physical activity levels appear to be quite inelastic to 

built environment changes.  

Third, there are differences in the elasticity effects between the ABL and SCHBL 

models. This, combined with the better data fit of the SCHBL model, points to the 

inconsistent elasticity effects from the ABL model. For instance, the ABL model 

underestimates gender differences and family structure differences in physical activity 

participation levels among teenagers, and overestimates the impact of residing in San 

Francisco County. Further, the ABL model predicts that teenager physical activity 

participation levels in the pool of households owning bicycles is 15% less than that in the 

pool of households not owning bicycles. This result is rather unintuitive. The SCHBL 

model, on the other hand, shows a marginally higher level of physical activity 

participation among teenagers in households with bicycles. Thus, ignoring spatial effects, 

when present, can lead to inconsistent estimation of variable effects that, in turn, can lead 

to misinformed policy actions and recommendations. 
 

3.7 SUMMARY AND CONCLUSIONS 

Spatial dependence (among observational units) is rather ubiquitous in many choice 

decisions in geography, transportation, political science, economics, and other social 

sciences. The current methods to address such dependence range from (1) ignoring the 

dependence entirely to (2) sampling from the data systematically to reduce the 

dependence among observations to (3) accommodating the full spatial dependency using 
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simulation techniques. The first approach is known to produce inconsistent and 

inefficient estimates in the presence of spatial heteroscedasticity and correlation. The 

second approach is inefficient because it reduces the size of the available data for 

estimation. The third approach considers the full spatial specification explicitly, but the 

techniques are too computationally intensive and not feasible for sample sizes of the type 

frequently encountered in practice.  

In the current chapter, we propose a new copula-based approach that adopts the 

full spatial specification approach. In contrast to current full spatial specification 

methods, our approach is based on a spatial logit structure rather than a spatial probit 

structure. The dependence between the logistic error terms of different observational 

units is directly accommodated using a multivariate logistic distribution based on the 

Farlie-Gumbel-Morgenstein (FGM) copula. The approach represents a simple, powerful, 

technique that results in a closed-form analytic expression for the joint probability of 

choice across observational units, and is straightforward to apply using a standard and 

direct maximum likelihood inference procedure. There is no simulation machinery 

involved, leading to substantial computation gains relative to current methods. The 

method is computationally tractable even for a high number of observational units. In 

addition to computational efficiency gains, there is another more basic reason to prefer 

the closed-form copula-based spatial logit model over the extant spatial probit model. 

This is related to the fact that closed-form analytic structures should be used whenever 

feasible, because they are always more accurate than the simulation evaluation of 

analytically intractable structures (see Train, 2003; pg. 191). Of course, one issue with 

our spatial logit approach is that the correlation between observations is limited to 

moderate levels. However, in the typical context of spatial structure-based dependence, 

where the correlation between observational units drops off sharply with geographic 
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distance, the correlation range of the FGM logistic distribution is not likely to be too 

limiting.  

In the current research, we demonstrate an application of the model to teenagers’ 

physical activity participation levels, a subject that is of considerable interest in the public 

health, transportation, sociology, and adolescence development fields. The data for the 

analysis is drawn from the 2000 San Francisco Bay Area Survey, supplemented with 

several other sources to obtain measures of built environment determinants. The 

empirical results indicate the important effects of individual demographics (gender, race, 

driver license holding), household demographics (family structure, household size and 

presence of bicycle), household location (whether teenager residence is in San Francisco 

County or not), and season of year. Neighborhood physical and social environment 

variables are also statistically significant determinants of teenagers’ physical activity 

levels, though these variable effects are inelastic.  

A comparison of the aspatial binary logit (ABL) model and the spatially 

correlated heteroscedastic binary logit (SCHBL) model proposed in the chapter indicates 

the significant presence of heteroscedasticity across observations and spatial correlation 

between teenager pairs. The ABL model, which ignores these effects, provides 

inconsistent and inefficient parameter estimates. The SCHBL model also leads to a 

statistically superior data fit. In addition, the results indicate that failing to accommodate 

heteroscedasticity and spatial correlation can lead to incorrect conclusions regarding the 

elasticity effects of exogenous variables.
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CHAPTER 4  

ACCOMMODATING SPATIAL CORRELATION ACROSS 
OBSERVATIONAL UNITS: A FLEXIBLE SPATIALLY 

DEPENDENT ORDERED-RESPONSE DISCRETE CHOICE MODEL 

 

4.1 INTRODUCTION AND BACKGROUND 

In the past decade, several alternative approaches have been introduced that attempt to 

address the estimation complications of spatial dependence across observational units in 

discrete choice models (see Fleming, 2004).  However, almost all of these efforts are 

focused on the binary spatial mode, which is predicated on a multivariate normality 

assumption to characterize the spatial dependence structure (see Section 3.1 of Chapter 

3). In this regard, the preceding chapter focused on accommodating spatial dependency 

(or correlation) across observational units in a binary choice context using a new copula-

based approach. The copula-approach proposed in Chapter 3 employs the Farlie-Gumbel-

Morgenstein (FGM) copula with univariate logistic distributions (leading to a spatial 

binary logit model rather than a spatial binary probit model), and has a simple closed-

form expression, obviating the need for any kind of simulation machinery and methods. 

In the current chapter, we go one step ahead, and focus on integrating the copula concept 

(and extending the copula approach) in the development of ordered-response discrete 

choice models with spatial dependence across observational units. 

The copula approach has recently revived interest in a whole set of alternative 

couplings that can allow non-linear and asymmetric dependencies. As described in 

Chapter 3, a copula is essentially a multivariate dependence structure for the joint 

distribution of random variables that is separated from the marginal distributions of 
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individual random variables, and derived purely from pre-specified parametric marginal 

distributions of each random variable. Under the copula approach, the multivariate 

normal distribution adopted in almost all spatial binary choice models in the past is but 

one of a suite of different types of error term couplings that can be tested. In particular, 

since it is difficult to know a priori what the best structure is to characterize the 

distribution of the univariate observation-specific error terms, as well as the dependence 

between the error terms across observations, it behooves the analyst to empirically test 

different univariate error distributions and multivariate dependence functions rather than 

pre-imposing particular error distributions. The copula approach enables such testing by 

allowing different specifications for the univariate marginal distributions and the 

dependence structure (see Bhat and Eluru, 2009; Trivedi and Zimmer, 2007).  

In terms of estimation of discrete choice models with a general spatial correlation 

structure, the analyst confronts, in the familiar probit model, a multi-dimensional integral 

over a multivariate normal distribution, which is of the order of the number of 

observational units in the data. While a number of approaches have been proposed to 

tackle this situation (see McMillen, 1995; LeSage, 2000; Pinske and Slade, 1998; 

Fleming, 2004; Beron et al., 2003; Beron and Vijverberg, 2004), none of these remain 

practically feasible for moderate-to-large samples (as also discussed in Section 3.1 of 

Chapter 3).25 These methods are also quite complicated and cumbersome. 26  An approach 

to deal with these estimation complications in the spatial probit or other non-normal 

copula-based spatial models is the technique of composite marginal likelihood (CML), an 

                                                 
25 McMillen’s EM method, LeSage’s MCMC method, and Pinkse and Slade’s heteroscedastic approach 
require the inversion and determinant computation of a square matrix of the order of the number of 
observational units. Most practical algorithms require O(Q3) steps to evaluate the determinant and inverse 
of a Q × Q matrix, which becomes prohibitive for moderate-to-large Q (see Caragea and Smith, 2006). 
Beron and Vijvberg’s method requires the simulation of a multidimensional integral of the order of the 
number of observational units, which again becomes prohibitive for large Q. 
26 Note that, the approach proposed in Chapter 3 is an exception that uses a copula-based closed form spatial 
logit model in a binary choice context. 
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emerging inference approach in the statistics field. CML estimation is a simple technique 

that can be used when the full likelihood function is nearly impossible or plainly 

infeasible to evaluate due to the underlying complex dependencies, as is the case with 

spatial discrete choice models. The CML approach represents a conceptually, 

pedagogically, and implementationally simpler procedure relative to simulation 

techniques, and also has the advantage of reproducibility of results.  

In the current chapter, we combine a copula-based formulation with a CML 

estimation technique to propose a simple and practical approach to estimate ordered-

response discrete choice models with spatial dependence across observational units. This 

approach subsumes the familiar and extensively studied spatial binary probit model as a 

special case. The approach is applicable to data sets of any size, provides standard error 

estimates for all parameters, and does not require any simulation machinery, which is in 

contrast to extant spatial approaches for binary choice models. In essence, the current 

chapter brings together two emerging areas in the statistics field – the copula approach to 

construct general multivariate distributions and the CML approach to estimate models 

with an intractable likelihood function – to develop and estimate spatial discrete choice 

models.  

The rest of this chapter is structured as follows. The next section provides an 

overview of the copula types used in this chapter and the composite marginal likelihood 

estimation method. Section 4.3 presents the structure of the copula-based spatial ordered 

response model and discusses the estimation/inference approach utilized in the current 

study. Section 4.4 focuses on a simulation study to evaluate the performance of the CML 

approach. Section 4.5 describes the data source and sample formation procedures for an 

empirical application of the proposed spatial model to teenagers’ recreational activity 
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participation. Section 4.6 presents the corresponding empirical results. The final section 

summarizes the important findings from the study and concludes the chapter.  

 

4.2 OVERVIEW OF THE COPULAS USED AND THE CML METHOD 

4.2.1 Copula Concept in the Context and FGM and Gaussian Copulas 

The details of the copula concept have already been discussed in Section 3.3.1. In the 

current section, we re-iterate some of the basic features of the copula as then relate to the 

current formulation, and then discuss the specific copulas used in this chapter.  

Let C be a K-dimensional copula of uniformly distributed random variables U1, 

U2, U3, …, UK with support contained in [0,1]K. Then,  
 

Cθ (u1, u2, …, uK) = Pr(U1 < u1, U2 < u2, …, UK < uK),        (4.1) 
 

where θ  is a parameter vector of the copula commonly referred to as the dependence 

parameter vector. Next, consider K random variables Y1, Y2, Y3, …, YK, each with 

univariate continuous marginal distribution functions Fk(yk) = Pr(Yk < yk), k =1, 2, 3, …, 

K. Then, by Sklar’s (1973) theorem, a joint K-dimensional distribution function of the 

random variables with the continuous marginal distribution functions Fk(yk) can be 

generated as follows: 
 

F(y1, y2, …, yK) = Pr(Y1 < y1, Y2 < y2, …, YK < yK)  

  = Pr(U1 < F1(y1),, U2 < F2(y2), …,UK < FK(yK))  

               = Cθ (F1(y1), F2(y2),…, FK(yK)).                     (4.2) 

Conversely, by Sklar’s theorem, for any multivariate distribution function with 

continuous marginal distribution functions, a unique copula can be defined that satisfies 

the condition in Equation (4.2).  
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Thus, given a known multivariate distribution F(y1, y2, …, yK) with continuous and 

strictly increasing margins Fk(yk), the inversion method may be used to obtain a unique 

copula using Equation (4.2) (see Nelsen, 2006):27

 

Cθ (u1, u2, …, uK) = Pr(U1 < u1, U2 < u2, …, UK < uK)  

     = Pr(Y1 < F–1
1(u1), Y2 < F–1

2(u2), ..., Y k < F–1
 k (u k))             (4.3) 

                 = F(F–1
1(u1), F–1

2(u2), ..., F–1
k(uk)). 

 

Once the copula is developed, one can revert to Equation (4.2) to develop new 

multivariate distributions with arbitrary univariate margins. 

 As indicated previously, a rich set of bivariate copula types have been generated 

using inversion and other methods, including the Gaussian copula, the Farlie-Gumbel-

Morgenstern (FGM) copula, and the Archimedean class of copulas (including the 

Clayton, Gumbel, Frank, and Joe copulas). Of these, the Gaussian and FGM copulas can 

be extended to more than two dimensions in a straightforward manner, allowing for 

differential dependence patterns among pairs of variables.28 In fact, the multivariate 

normal distribution used in the spatial probit model corresponds to the Gaussian copula 

with univariate normal distributions. In the previous chapter, we proposed the use of the 

FGM copula with univariate logistic distributions for spatial modeling in a binary choice 

context, but point out that the maximal correlation allowable between pairs of variables is 

0.303.  

In the current chapter, we use the Gaussian and FGM copulas to formulate spatial 

ordered response models. This allows us to test different distributions for the individual 

                                                 
27 The strictly increasing nature of the margins ensures the existence of the inverse of the margins.   
28 More generally, it is possible to specify specific copula forms in two dimensions, and then examine the 
compatibility issues in developing multivariate copula forms with the predetermined copula forms in two 
dimensions as the bivariate marginals (see Aas et al., 2009; Aas and Berg, 2009). 
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observation-specific error terms as well as the multivariate dependence structure. For 

reference, the multivariate Gaussian copula takes the following form: 
 

),),(),...,(),((),...,,( 1
2

1
1

1
21 θθ QQQ uuuuuuC −−− ΦΦΦΦ=         (4.4) 

where  is the Q-dimensional standard normal cumulative distribution function (CDF) 

with zero mean and correlation matrix (obtained by scaling an arbitrary covariance matrix 

so that each component has a variance of one) whose off-diagonal elements are captured 

in the vector 

QΦ

θ , and is the inverse (or quantile function) of the univariate standard 

normal CDF. This copula collapses to the independence copula when all elements of 

(.)1−Φ

θ take the value of zero.  In the bivariate case, the Gaussian copula takes the form given 

below: 
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where θ now includes a single parameter that is the correlation coefficient of the standard 

bivariate normal distribution, and also represents the direction and magnitude of 

dependence between the standard uniform variates U1 and U2.  

The multivariate FGM copula that allows for pairwise dependence for spatial 

analysis takes the form shown below: 
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where qkθ  is the dependence parameter between and  (–1 ≤ qU kU qkθ  ≤ 1), qkθ = kqθ  for 
all q and k. 
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4.2.2 Composite Marginal Likelihood Approach 

The composite marginal likelihood (CML) approach is an estimation technique that is 

gaining substantial attention in the field of statistics, though there has been little to no 

coverage of this method in econometrics and other fields.29 While the method has been 

suggested in the past under various pseudonyms such as quasi-likelihood (Hjort and 

Omre, 1994; Hjort and Varin, 2008), split likelihood (Vandekerkhove, 2005), and 

pseudolikelihood or marginal pseudo-likelihood (Molenberghs and Verbeke, 2005), 

Varin (2008) discusses reasons why the term composite marginal likelihood is less 

subject to literary confusion.30  

The composite marginal likelihood (CML) estimation approach is a relatively 

simple approach that can be used when the full likelihood function is near impossible or 

plain infeasible to evaluate due to the underlying complex dependencies, as is oftentimes 

the case with spatial and time-series models. For instance, in discrete choice models with 

spatial dependence based on a multivariate normal form, the full likelihood function 

entails a multidimensional integral of the order of the number of observational units. 

While there have been recent advances in simulation techniques within a classical or 

Bayesian framework that assist with such complex model estimation situations (see Bhat, 

2003; Beron and Vijverberg, 2004; LeSage, 2000), these techniques are impractical 

and/or infeasible in situations with a moderate to high number of observations. These 

simulation-based methods are also not straightforward to implement. In contrast, the 

CML method, which belongs to the more general class of composite likelihood function 
                                                 
29 The first conference dedicated to the composite likelihood method was held at the University of Warwick 
in the United Kingdom last year. For a recent review of the method, see Varin (2008).  
30 For instance, the term “quasi-likelihood” is already reserved for a well-established statistical estimating 
function method that is applicable to cases where the analyst is unable to posit (or would rather not posit) a 
statistical model for a given set of data, but is willing to identify a link function that relates the mean of the 
dependent variable vector to a set of covariates, and a variance function that relates the covariance of the 
dependent variables to the mean vector of the variable (see Wedderburn, 1974; Heyde, 1997, provides an 
extensive treatment).   
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approaches (see Lindsay, 1988), is based on forming a surrogate likelihood function that 

compounds much easier-to-compute, lower-dimensional, marginal likelihoods.31 The 

simplest CML, formed by assuming independence across observations, entails the 

product of univariate densities (for continuous data) or probability mass functions (for 

discrete data). However, this approach does not provide estimates of dependence that are 

of central interest in spatial application situations. Another approach is the pairwise 

likelihood function formed by the product of power-weighted likelihood contributions of 

all or a selected subset of couplets (i.e., pairs of observations).32 Almost all earlier 

research efforts employing the CML technique have used the pairwise approach, 

including Apanasovich et al. (2008), Bellio  and Varin (2005), de Leon (2005), Varin and 

Vidoni (2006; 2009), and Varin et al. (2005).  

Attention to the CML estimation approach in spatial analysis has been confined to 

the spatial statistics field thus far, primarily in the context of characterizing spatial 

dependence for spatial random fields or spatial points or spatial lattices (see, for example, 

Caragea and Smith, 2006; Guan, 2006; Oman et al., 2007; and Apanasovich et al., 2008).  

There is little to no mention of the CML approach in the spatial econometrics field, even 

in recent reviews of, and dedicated paper collections in, the field (see Fleming, 2004; 

Paelinck, 2005; Beck et al., 2006; Páez, 2007; Franzese and Hays, 2008).  

 

                                                 
31 The general class of composite likelihood function approaches includes composite marginal likelihood 
approaches and composite conditional likelihood approaches (see, for example, Besag, 1974; Hanfelt, 
2004; Mardia et al., 2007). The research of Hjort and Varin (2008) suggests that, in general, composite 
marginal likelihood approaches are much more efficient than composite conditional likelihood approaches. 
However, more research is needed to test this result for different types of model structures.  
32 The power weights for each couplet’s likelihood contribution may be optimally chosen based on 
estimating equation theory (Heyde, 1997; Chaganty and Joe, 2004; Kuk, 2007; Guan, 2006), though this is 
still an open area of debate and research.  
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4.3 MODEL FORMULATION 

4.3.1 Copula-based Spatial Ordered Response Model Structure 

In the usual framework of an ordered-response model based on a censoring mechanism 

involving the partitioning of an underlying latent continuous random variable into non-
overlapping intervals, let the data ( , ) be generated as follows: qz qx
 

qqq xz εβ +′=*

              
(4.7) 
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where { 1210 ... −<<< M }ψψψψ  is a set of thresholds to be estimated,  is a vector of 

exogenous variables whose elements are not linearly dependent (  does not include a 

constant), 

qx

qx

β  is a vector of parameters to be estimated, and qε  is a random error term. 

Note that since the underlying scale is unobserved, we normalize the scale without any 
loss of generality in a translational sense by not including a constant in the  vector. 

The univariate distribution of 

qx

qε  can be any parametric distribution in our copula 

approach, though we will confine ourselves here to a logistic or normal distribution. The 
mean of qε  is set to zero. Let qσ  be a scale parameter such that qqq σεη /=  is standard 

logistic or standard normal. Of course, it is not possible to estimate a separate qσ  

parameter for each q. Thus, we parameterize qσ  as )exp()( qqq wwg λλσ ′=′=  where  

includes variables specific to pre-defined “neighborhoods” or other groupings of 

observational units and individual related factors, and 

qw

λ  is a corresponding coefficient 

vector to be estimated. For identification purposes caused by scale invariance in the 
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ordered-response model, 
 
cannot include a constant. Additionally, consider that the qw qη  

terms are spatially dependent based on the multivariate copula . The vector θ 

includes pairwise dependence terms between an observational unit and other 

observational units (if only a selected subsample of observational units k within a 

threshold distance of observational unit q is considered in the CML estimation approach, 
then the vector θ includes only the 

(.)θC

qkθ  terms for the selected observational units k; 

alternatively, qkθ =0 for all observational units k beyond the threshold distance from 

observational unit q). Since it is not possible to estimate a separate dependence term for 

each pair of observational units q and k, and assuming that the spatial process is isotropic, 
we parameterize qkθ  for the Gaussian and FGM copulas as:33

 

qk

qk
qk se

se
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±= ς

ς

θ ,                (4.8) 34

where  is a vector of variables (taking on non-negative values) corresponding to the 

{q,k} pair and that influence the level of spatial dependence between observational units 

qks

                                                 

1)

33 Note that if we have a separate dependency term for each pair of observational units, there will be Q(Q –
1)/2 parameters to estimate, which would be more than the number of observations available for parameter 
estimation for Q > 3. 
34 A few issues about the functional form. A continuous transformation mapping to the -1 to +1 range, such 
as , would pose problems in interpretation if there are negative coefficients in the ( 1) / (qk qks s

qk e eς ςθ ′ ′= − +

ς  vector. For example, consider that there are two variables in the vector qks ,
 
one being whether q and k 

are in the same spatial neighborhood or not and another being the distance between q and k. Let the
 coefficient on the first variable be positive and that on the second negative. Then, the implication would be 

that for q and k in the same spatial neighborhood, the dependence is positive and decreasing up to a certain 
distance threshold, but then abruptly changes to a negative dependence beyond the threshold. Also, for q 
and k not in the same spatial neighborhood, the spatial dependence is always negative and lower in 
magnitude for q and k closer to one another than farther from one another. These dependency forms are 
difficult to explain. On the other hand, the functional form used in Equation (4.8) allows a dampening of 
the magnitude of dependence effects without changing the sign of dependency in response to variables in

 
qks . Finally, note that the functional form

 
/ ( 1)qk qks s

qk e eς ςθ ′ ′= + is also not appropriate. For example, 
consider the

 
case when

 qks  includes a single dummy variable indicating whether or not q and k are in the 
same spatial neighborhood. Then, if one uses the above functional form, a spatial dependency is implied 
even for observational units in different spatial neighborhoods. On the other hand, the functional form in 
Equation (4.8) ensures no spatial dependence.   
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q and k, and ς  is a corresponding set of parameters to be estimated.  By functional form, 

–1 ≤ qkθ  ≤ 1, as required in the FGM and Gaussian copulas (see Bhat and Eluru, 2009). 

Further, in a spatial context, we expect observational units in close proximity to have 

similar preferences, because of which we impose the ‘+’ sign in front of the expression in 

Equation (4.8). The functional form of Equation (4.8) can accommodate various (and 

multiple) forms of spatial dependence through the appropriate consideration of variables 
in the vector . In particular, the dependence form nests the typical spatial dependence 

patterns used in the extant literature as special cases, including dependence based on (1) 

whether observational units are in the same “neighborhood” or in contiguous 

“neighborhoods”, (2) shared border length of the “neighborhood” of two observational 

units, and (3) time or distance between observational units.

qks

35 

Let  be the cumulative distribution of  and let be the corresponding 

density function. Also, let  be the actual observed categorical response for  in the 

sample. Then, the probability of the observed vector of choices  can be 

written as: 
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where  and  is the copula 

density. The integration domain  is simply the multivariate region of the  variables 

 determined by the observed vector of choices . The 

dimensionality of the integration, in general, is equal to the number of observations Q (in 

},...,2,1  allfor    :,...,,{ *
)1(

**
2

*
1

* QqzzzzD
qq dqdQz =<<= − ψψ θc

*
zD *

qz

),...,2,1( Qq = ),...,,( 21 Qddd

                                                 
35 While the emphasis in this study is on spatial dependence, the model formulation here is much more 
general, and can generate dependence between observational units q and k based on proximity on such non-
spatial factors as income levels, education levels, and family structure. However, in the empirical analysis 
of this chapter, we will confine attention to spatial measures of proximity.  
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the ordinary, spatially uncorrelated ordered response model, the density function 

collapses to that of the independence copula, and so we are left with only single 
dimension integrals). If the copula used is the Gaussian copula, and the marginals  

are univariate normal, the result is the spatial ordered-response probit model. In this case, 

the probability expression for the observed vector of choices entails an analytically 

intractable Q-dimensional rectangular integral over the multivariate normal density. 

Equivalently, the expression involves the computation of the order of  terms, each 

term involving a Q-variate cumulative normal distribution.

(.)qF

Q2
36 Even with moderate-sized 

samples, it becomes numerically infeasible to evaluate such a high-dimensional integral. 

If the copula used is the FGM copula, one encounters the case of either numerically 

evaluating a Q-dimensional rectangular integral over the FGM density function or 

computing in the order of  closed-form FGM cumulative distribution functions.Q2 37 

Thus, even for the FGM copula, the direct computation of the likelihood function 

becomes infeasible for even moderate-sized Q in the context of an ordered-response 

model (for instance, with even just 200 observations, the number of closed-form 

cumulative distribution functions to be computed is of the order of ). Hence, we 

propose the much simpler and robust composite marginal likelihood approach for spatial 

econometric models. 

601061 ×⋅

 

                                                 
36 In the special case of just two categories – i.e., the spatial binary probit model – the expression can be 
collapsed into a single Q-variate cumulative normal distribution. 
37 In the special case of two categories and the FGM copula, the probability collapses to a single closed-
form expression term, as exploited in the previous chapter. 
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4.3.2 Approach to Estimation and Inference 

In this chapter, we use a pairwise marginal likelihood estimation approach, which 

corresponds to a composite marginal approach based on bivariate margins.38 Let 

)'',',','( ζλψβγ = . For the spatial copula-based ordered response (SCOR) model, the 

pairwise marginal likelihood function is given by: 
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(.)qF  in the above expression corresponds to the standard cumulative distribution form of 

. The bivariate-probability expressions in the likelihood function of Equation (4.10) 

are straightforward to compute, since they only entail four bivariate copula expressions 

(for example, in the case of univariate normal margins and a Gaussian copula, the 

bivariate probability involves four bivariate cumulative normal expressions).

(.)qF

39

The pairwise marginal likelihood function of Equation (4.10) comprises 

 pairs of bivariate probability computations, which can itself become quite 

time consuming. Fortunately, in a spatial case where dependency drops quickly with 

2/)1( −QQ

                                                 
38 The analyst can also consider larger subsets of observations, such as triplets or quadruplets or even higher 
dimensional subsets (see Oman et al., 2007; Engler et al., 2006; Caragea and Smith, 2007). In general, the 
issue of how best to form a CML function corresponding to a full likelihood function remains an open, and 
under-researched, area of research because of the relatively limited results on the properties of CML 
inferential procedures (but see Zhao and Joe, 2005 and Cox and Reid, 2004). However, it is generally 
agreed that the CML construction should be based on balancing statistical and computational efficiency. 
39 Cθ (u1,u2) = Φ2(Φ-1(u1), Φ-1(u2),θ) for the bivariate Gaussian copula 
   Cθ (u1,u2) = u1u2 [1 + θ (1– u1)( 1– u2)] for the bivariate FGM copula 
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inter-observation distance, the pairs formed from the closest observations provide much 

more information than pairs that are very far away. In fact, as demonstrated by Varin and 

Vidoni (2009), Varin and Czado (2008), and Apanasovich et al. (2008), in different 

empirical contexts, retaining all 2/)1( −QQ  pairs not only increases computational costs, 

but may also reduce estimator efficiency. Typically, in a spatial context, there appears to 

be an optimal distance for inclusion of observation pairs. This distance threshold may be 

set based on knowledge about the spatial process or based on testing the efficiency of 

estimators with varying values of the distance threshold. Assume that this distance 

threshold is m, and let the set of observational units k within the threshold distance of unit 
q be . Then, we propose dummy weights to include appropriate pairwise terms in the 

composite marginal likelihood function of Equation (4.10). In particular, 

qM

1=qkω  if 

 and qMk ∈ 0=qkω  otherwise. This effectively reduces the number of pairwise terms in 

the CML function. 

The properties of the CML estimator may be derived using the theory of 

estimating equations (see Cox and Reid, 2004). Specifically, under usual regularity 

assumptions (Molenberghs and Verbeke, 2005, page 191), the CML estimator is 

consistent and asymptotically normally distributed (this is because of the unbiasedness of 

the CML score function, which is a linear combination of proper score functions 

associated with the marginal event probabilities forming the composite likelihood). Of 

course, the maximum CML estimator loses some efficiency from a theoretical 

perspective relative to a full likelihood estimator (Lindsay, 1988; Zhao and Joe, 2005), 

but this efficiency loss has been shown to be minimal in most empirical cases (Lele and 

Taper, 2002; Henderson and Shimakura, 2003; Lele, 2006). Besides, in many situations, 

it is infeasible to use the full likelihood estimator anyway. Even if feasible, numerical 

simulation methods that are typically needed in such situations become imprecise as the 
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number of dimensions increase, leading to convergence problems during estimation. 

Further, as indicated by Varin and Vidoni (2009), it is possible that the “maximum CML 

estimator can be consistent when the ordinary full likelihood estimator is not”. This is 

because the CML procedures are typically more robust and can represent the underlying 

low-dimensional process of interest more accurately than the low dimensional process 

implied by an assumed high-dimensional multivariate model.  

The CML estimator CMLγ̂ , obtained by maximizing the logarithm of the function 

in Equation (4.10) with respect to the vector γ , is asymptotically normally distributed 

with asymptotic mean γ  and variance matrix given by the inverse of Godambe’s (1960) 

sandwich information matrix:40
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40 The analyst can also use a two-stage approach to maximize the logarithm of the composite likelihood 
function in Equation (4.9). This entails assuming independence across each pair of observational units (i.e., 
θqk = 0 for all q and k) and estimating ( ', ', ') 'ζγ β ψ λ− =  . Then, fixing these estimated parameters in 
Equation (4.9), the analyst can maximize the logarithm of the equation to estimate the ζ  parameter vector 
embedded in the θqk terms. Zhao and Joe (2005) have compared this two stage approach with the pairwise 
approach adopted in the current study for the case of a continuous dependent variable and a binary discrete 
variable, and have generally found that the pairwise approach outperforms the two stage approach. Besides, 
the computation of the covariance matrix of the parameters is more cumbersome in the two-stage approach 
than in the pairwise approach.  
41 This sandwich form for the asymptotic variance matrix for the CML estimator is similar to the asymptotic 
variance matrix for the ordinary maximum likelihood estimator under a mis-specified model. This is not 
surprising, since the CML setting is tantamount to a mis-specified model due to the consideration of only 
partial, though correctly specified, likelihood terms. Specifically, the use of the CML inference procedure 
implies the failure of the information identity (i.e., H(γ) ≠ J(γ)), implying a loss of efficiency with respect to 
the ordinary, but practically infeasible, maximum likelihood estimator. 
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The “bread” matrix )(γH  of Equation (4.11) can be estimated in a straightforward 

manner using the Hessian of the negative of )(log γCMLL , evaluated at the CML estimate 

γ̂ . This is because the information identity remains valid for each pairwise term forming 

the composite marginal likelihood. Thus, )(γH  can be estimated as: 
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However, the estimation of the “vegetable” matrix )(γJ  is more difficult. One cannot 

estimate )(γJ  as the sampling variance of individual contributions to the composite 

score function because of the underlying spatial dependence in observations. But, since 

the spatial dependence fades with distance, we can use the windows resampling 

procedure of Heagerty and Lumley (2000) to estimate )ˆ(γJ . This procedure entails the 

construction of suitable overlapping subgroups of the original data that may be viewed as 

independent replicated observations. Then, )(γJ  may be estimated empirically as the 

weighted average of the variance of composite score evaluations (computed at γ̂ ) across 

the subgroups (the weights correspond to the size of each subgroup). In the current spatial 

context, we can consider all the observational units k in the data within a distance m of 

observation q as a subgroup or cluster (note that the dependence is weak beyond a 

distance m, and thus each subgroup as just defined would be only weakly dependent on 

other subgroups). Then, we propose the following as an estimate of the matrix )(γJ : 
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As indicated earlier, for any copula model, one needs to determine the optimal threshold 

distance “m” that provides the most efficient parameter estimates. We establish this 

distance by estimating the variance matrix  G(γ) for different distance values and 

selecting the distance value that minimizes the total variance  across all parameters as 

given by tr[G(γ)], where  denotes the trace of the matrix A.  ][Atr

 

4.3.3 Model Selection  

Varin and Vidoni (2005) introduced a composite likelihood information criterion (CLIC) 

for model selection. In the current study, this criterion can be used for selecting between 

different copula models with the same threshold distance (i.e., the same number of 

pairwise terms).  We select the copula model that maximizes the following penalized log-

composite likelihood:42

 
* ˆ ˆ ˆlog ( ) log ( ) ( ) ( )CML CMLL L tr J Hγ γ γ −⎡= − ⎣

1γ̂ ⎤⎦  (4.14) 

An issue that is closely associated with model selection is testing null hypotheses. 

The composite likelihood ratio statistic may be used for this purpose. Consider the null 

hypothesis 00 : ττ =H  against 01 : ττ ≠H , where τ  is a subvector of γ  of dimension d; 

i.e., ),( ′′′= ατγ . The statistic takes the familiar form shown below: 

                                                 
42 This penalized log-composite likelihood is nothing but the generalization of the usual Akaike’s 
Information Criterion (AIC). In fact, when the candidate model includes the true model in the usual 
maximum likelihood inference procedure, the information identity holds (i.e., H(γ) = J(γ)) and the CLIC in 
this case is exactly the AIC  ˆ[ log ( ) (# of model parameters)].MLL γ= − Note also that the CLIC can be 
applied only for the case when the log composite likelihoods ˆ[log ( )]CMLL γ are comparable across the 
models being tested or, equivalently, only when the same number of pairwise terms are used in the 
development of the log-composite likelihood function.  
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[ ]0ˆ2 log ( ) log ( ) ,CML CMLCLRT L Lγ= − γ         (4.15) 

where 0γ  is the composite marginal likelihood estimate under the null hypothesis 

))(,( 00 τατ CML′′ . The CLRT statistic does not have a standard chi-squared asymptotic 

distribution as in the case of the ordinary maximum likelihood ratio statistic. 

Molenberghs and Verbeke (2005; Chapter 9) provides the appropriate asymptotic 

distribution, which is based on Kent’s (1982) derivation of the distribution of the ordinary 

likelihood ratio statistic under a mis-specified likelihood function. To write this, first 

define )(γτG  and )(γτH  as the dd ×  submatrices of )(γG  and )(γH , respectively, 

which correspond to the vector .τ  Then, CLRT has the following asymptotic distribution: 
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~ ii
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WCLRT λ∑
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,           (4.16)  

where  for i = 1, 2, …, d are independent  variates and 2
iW 2

1χ dλλλ ...21 ≥≥  are the 

eigenvalues of the matrix  evaluated under the null hypothesis. The 

problem with this approach though is that it cannot be used when the parameter value(s) 

under the null hypothesis is at the boundary of the parameter space. For instance, in the 

spatial dependence case of this chapter, one may want to test if 

)()( 1 γγ ττ GH −

−∞→ς  in Equation 

(4.7), which corresponds to the case of no spatial dependence. This represents a 

degenerate case for the application of Equation (4.14). Fortunately, one can resort to 

parametric bootstrapping to obtain the precise distribution of the CLRT statistic for any 

null hypothesis situation. Such a bootstrapping procedure is rendered very simple in the 

CML approach, and can be used to compute the p-value of the null hypothesis test. The 

procedure is as follows (see Varin and Czado, 2008): 
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1. Compute the observed CLRT value as in Equation (4.14) from the estimation 

sample. Let the estimation sample be denoted as , and the observed CLRT value as 

 

obsy

).( obsyCLRT

2. Generate B sample data sets using the CML convergent values 

under the null hypothesis 

Byyyy ,...,,, 321

3. Compute the CLRT statistic of Equation (4.14) for each generated data set, and 

label it as  ).( byCLRT

4. Calculate the p-value of the test using the following expression: 
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 where 1}{ =AI if A is true. 

 

4.4 SIMULATION STUDY 

To evaluate the performance of the CML estimation technique just discussed, we 

generate a sample of 500 observations with three independent variable and four ordered 

categories.  The values for each of the independent variables are drawn from a standard 

univariate normal distribution. The coefficients applied to the independent variables are 
1, 0.5, and 0.25.  Next, values of the error terms qε  (q = 1, 2, …, 500) in Equation (4.7) 

are generated with the dependence structure of Equation (4.8). We use a standard 
distribution for the qε  terms (i.e., we assume qσ = 1 for all q) and focus on spatial 

dependence, which is what creates estimation complications in moderate to large sized 

samples. Further, for this simulation study, we consider normally distributed marginal 

error terms and consider a Gaussian copula to tie the error terms. To accommodate a 

global spatial dependence pattern among the error terms, we consider a single variable     
- the inverse of distance - in the  vector that influences the level of spatial dependence qks
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between observational units q and k. We adopt this specification because it is simple and 

intuitive, and generates a global spatial dependence structure. The distance between 

members of each pair of the 500 observations is borrowed from the residential locations 

of 500 teenagers residing in the San Francisco Bay Area, based on the 2000 San 

Francisco Bay Area Travel Survey (BATS) that is used in the empirical analysis of this 

chapter (see Section 4.5 of this chapter). We then consider two values of ς  for the 

coefficient on the inverse of distance [see Equation (4.8)]: 0.5ς = −  and 0.5ς = . For a 

given distance between two observations, the former value for ς  leads to lower spatial 

error dependence, while the latter value results in higher spatial error dependence. For 

instance, for two observations spaced 1 mile (10 miles) apart, the error correlation is 0.38 

(0.06) when 0.5ς = − and 0.62 (0.14) when 0.5ς = + .  For each of the two values of ς , 

we generate a multivariate realization of the error term vector with the 

desired correlation matrix. The error terms for each observation (

),...,( 50021 εεεε =

qε ) is then added to the 

systematic component qxβ ′ as in Equation (4.7) and then translated to “observed” values 

of  (= 0, 1, 2,3) based on the pre-specified threshold values of qz 0ψ = 0.25, 1ψ = 0.75, 

and 2ψ =1.5. The data generation process is undertaken 25 times with different 

realizations of the random vector ε to generate 25 different data sets. The CML 

estimation procedure is then applied to each dataset to obtain estimated values. In this 

estimation, we considered all possible pairings of the 500 observations.  

The performance evaluation of the CML technique is based on the ability to 

recover the parameter vector )'',','( ςψβγ = . The proximity of estimated and true values 

for each parameter is based on computing the following three metrics: (a) bias (or the 

difference between the mean of the relevant values across the 25 runs and the true 

values), (b) the relative bias (i.e., the bias as a percentage of the true value), (c) the total 

error computed as the root mean-squared error (RMSE) between the estimated and true 
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values across all 25 runs ( RRMSE
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γγ , where R is the number of 

data replications). 

Table 4.1 presents the results, and shows that the CML approach recovers the 

parameters extremely well in terms of bias and relative bias (see the fourth and fifth 

columns of the table). The relative bias is, in general, higher for the case of higher 

dependence (ς = 0.5), but still is very small. The RMSE values are also generally small, 

though it is interesting to note that the RMSE values for the thresholds are consistently 

higher than for other parameters in both the low and high correlation case. Overall, the 

simulation results clearly demonstrate the ability of the Composite Marginal Likelihood 

(CML) to recover the parameters in a spatially dependent discrete choice context. 

Combined with its conceptual and implementation simplicity, the CML approach is an 

effective method in spatial and other high-dimensional multivariate distribution contexts.  
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Table 4.1 CML Estimation Results with 25 samples of 500 Observations 

Case 1: ς = -0.50 

Parameter True Value Mean CML 
estimate Bias Relative 

Bias (%) RMSE 

1β  1.0000 1.0052 -0.0052 0.5228 0.0793 

2β  0.5000 0.4981 0.0019 0.3832 0.0696 

3β  0.2500 0.2490 0.0010 0.4080 0.0561 

0ψ  -0.7500 -0.7504 0.0004 0.0544 0.1678 

1ψ  0.2500 0.2563 -0.0063 2.5328 0.1899 

2ψ  1.2500 1.2494 0.0006 0.0480 0.1959 
ς  -0.5000 -0.5011 0.0011 0.2224 0.0020 

 
 

Case 2: ς = 0.50 

Parameter True Value Mean CML 
estimate Bias Relative 

Bias (%) RMSE 

1β  1.0000 1.0203 -0.0203 2.0300 0.0829 

2β  0.5000 0.5203 -0.0203 4.0512 0.0752 

3β  0.2500 0.2570 -0.0070 2.7952 0.0554 

0ψ  -0.7500 -0.7768 0.0268 3.5771 0.2185 

1ψ  0.2500 0.2516 -0.0016 0.6544 0.2233 

2ψ  1.2500 1.2714 -0.0214 1.7155 0.2577 
ς  0.5000 0.4918 0.0082 1.6368 0.0098 

 

4.5 THE EMPIRICAL CONTEXT 

4.5.1 Background 

The empirical context of the current study is the participation of teenagers in out-of-

home, weekday, recreational episodes. Participation in out-of-home recreational activity 

is an important part of a balanced and healthy lifestyle, and contributes in important ways 

to the physical, emotional, and mental health of adolescents (see Campbell, 2007). 

Specifically, several earlier studies have shown that participation in out-of-home 
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structured recreational activities helps adolescents develop social skills, self-esteem, 

teamwork abilities, fairness concepts, and tolerance. Such participation also provides 

increased learning opportunities, and reduces the incidence of drug and tobacco use, 

depression and level of illness (see, for example, Hofferth and Sandberg, 2001; 

Tiggemann, 2001; Marsh and Kleitman, 2003; Klentrou et al., 2003).  

In this application, we distinguish between physically active and physically 

inactive activity episodes within the context of out-of-home recreation pursuits. As also 

discussed in the previous chapter (see Section 3.5), earlier studies in the literature 

strongly emphasize the importance of physical activity in improving health, since 

physical activity increases cardiovascular fitness and decreases obesity, heart disease, 

diabetes, high blood pressure, and several forms of cancer. Further, it also enhances 

agility and strength, reduces the need for medical attention, contributes to improved 

mental health, and decreases depression and anxiety (see, for instance, Nelson and 

Gordon-Larsen, 2006; Center for Disease Control (CDC), 2006; Ornelas et al., 2007). 

But, in spite of its well-acknowledged benefits, adolescents’ participation rates in 

physical activity have been very low. A report by the Center for Disease Control (2002) 

indicates that about a third of teenagers do not engage in adequate physical activity, and 

that the high school physical education class participation rate has been steadily declining 

over the past decade. Since physically inactive lifestyles may be transferred from 

adolescence to adulthood (Aaron et al., 2002), the low physical activity participation 

among adolescents has become a particularly serious health concern in the U.S. and other 

countries.  

Of course, the recreational activity participation of adolescents is not only 

relevant to the sociology or public health fields, but is also of considerable interest to 

transportation professionals in understanding children’s activity engagement patterns 
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(see, for example, Transportation Research Board and Institute of Medicine, 2005; 

Goulias and Kim, 2005; Copperman and Bhat, 2007a,b; and Sener et al., 2008). In 

particular, teenagers’ activity engagement desires and needs impact the activity-travel 

patterns of adults through serve-passenger activities (such as the need to drop off a 

teenager at an out-of-home recreational activity site at a certain time of the day) and joint 

activity participations with parents (such as going to the park or taking a walk around the 

neighborhood).  Also, the consideration of children’s activity-travel patterns is important 

in its own right since these patterns contribute directly to travel demand. 

 In the current application, we model teenagers’ participation in recreational 

activity (both physically active and physically inactive) in terms of the number of 

episodes of participation during the weekday, using a comprehensive set of socio-

demographic and built environment variables as potential determinants, while also 

accommodating spatial effects based on residence patterns. The approach developed in 

this research allows spatial dependence in recreational pursuits across teenagers, as well 

as accommodates heteroscedasticity across teenagers based on spatial and individual-

related characteristics. 
 

4.5.2 Data and Sample Formation 

The primary source of data is the 2000 San Francisco Bay Area Travel Survey (BATS), 

which was designed and administered by MORPACE International, Inc. for the Bay Area 

Metropolitan Transportation Commission (see MORPACE International Inc., 2002). The 

sample used for the current analysis is confined to a single weekday of 1447 teenagers 

from 1447 different households residing in nine counties (Alameda, Contra Costa, San 

Francisco, San Mateo, Santa Clara, Solano, Napa, Sonoma and Marin) of the San 

Francisco Bay Area. Each recreational activity episode of the teenagers is classified as 

being physically active (such as sports, games, walking around the neighborhood, and 
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physically active play) or physically inactive (such as organized hobbies, attending sports 

events, going to the movies/concerts, and arts and crafts). The episodes are appropriately 

aggregated to obtain the number of physically active and physically inactive episodes 

undertaken by each teenager during the sampled weekday. These two variables constitute 

the dependent variables. The distributions of the number of active episodes and the 

number of inactive episodes in the sample are as follows: zero episodes (active: 89.0%, 

inactive: 79.1%), one episode (active: 9.9%, inactive: 17.3%), and two or more episodes 

(active: 1.1%, inactive: 3.6%).  

In addition to the BATS survey, several other secondary Geographic Information 

System (GIS) data layers of highways, local roadways, bicycle facilities, businesses, and 

land-use/demographics were used to obtain neighborhood physical environment variables 

(including transportation system and built environment variables) and social environment 

variables (including residential neighborhood variables) characterizing the residential 

traffic analysis zone (TAZ) of each teenager (see Section 2.4.3.1 for details on these 

neighborhood  physical and social environment variables).  

Among the secondary data sets, the land use coverage data were also used to 

obtain spatial dependence variables. Spatial dependence variables characterize the spatial 

dependence of the residences of each pair of teenagers (these are the elements of the sqk 

vector in Section 4.3.1). These include (1) whether or not two teenagers reside in the 

same TAZ, (2) whether or not two teenagers reside in contiguous TAZs, (3) the boundary 

length of the shared border between the residence zones of two teenagers, and 4) several 

functional forms of the distance between the residence TAZ activity centroids of the two 

teenagers, such as inverse of distance and square of inverse of distance. 
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4.6 EMPIRICAL ANALYSIS 

4.6.1 Model Specification  

Several different variable specifications, functional forms, and variable interactions were 

considered to identify the final model specification.  The variables included (1) individual 

characteristics (age, sex, race, driver’s license holding, physical disability status, etc.), (2) 

household characteristics (number of adults, number of children, household composition 

and family structure, household income, dwelling type, whether the house is owned or 

rented, parents’ activity participation characteristics, etc.), (3) activity-day variables 

(season of the year, day of week, etc.), and (4) neighborhood physical and social 

environment variables  (as discussed in Section 4.5.2). 

We estimated separate ordered response models for teenagers’ physically active 

recreational activity (or active recreation) and physically inactive recreational activity (or 

inactive recreation). The models were estimated with two different univariate distribution 
assumptions (normal and logistic) for the random error term qε  and two different copula 

structures (FGM and Gaussian). Thus, for each of the active and inactive recreation 

ordered response structures, we estimated four distribution-copula models: (1) Normal-

FGM, (2) Normal-Gaussian, (3) Logistic-FGM, and (4) Logistic-Gaussian. 

The final model specification was based on a systematic process of eliminating 

variables found to be statistically insignificant, intuitive considerations, insights from 

previous literature, and parsimony in specification. The final specification includes some 

variables that are not highly statistically significant, because of their intuitive effects and 

potential to guide future research efforts in the field. Further, we retained the same set of 

variables across all the four distribution-copula models for consistency and comparison 

purposes, so some variables that may turn out to be statistically significant in one model 

may be marginally significant in another.  
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4.6.2 Model Selection  

As discussed before, the optimal distance for selecting pairwise terms for inclusion in the 

composite likelihood was set based on minimizing the trace of the variance-covariance 

matrix, tr(G(γ)). To achieve this, tr(G(γ)) was computed for five distance thresholds (5 

miles, 10 miles, 20 miles, 40 miles and 151.46 miles, the last one representing the case of 

including all the possible pairs in the CML function). Our results showed that 

the trace values did not change substantially based on the distance threshold used, 

particularly for the inactive recreation category. But, in general and across the four 

distribution-copula models, the best estimator efficiency was obtained at about 40 miles 

for the active recreation category and at 151.46 miles for the inactive recreation category.  

2/)1( −QQ

The next step in the selection process was to identify the best model from the 

distribution-copula models estimated using the 40 miles (151.46 miles) distance threshold 

for active (inactive) recreation using the composite likelihood information criterion 

(CLIC).  Table 4.2 provides the values of the log-composite likelihood at convergence 

)ˆ(log γCMLL , the trace value in the CLIC statistic ( [ ]1)ˆ()ˆ( −γγ HJtr ), and the CLIC statistic 

value [see Equation (4.12)]. As can be observed from the CLIC statistic column, the 

Logistic-Gaussian model turns out to be the best specification for both the active and 

inactive recreation categories. The usual multivariate normal specification for the error 

terms (as captured by the Normal-Gaussian model) has a poorer fit. This finding 

highlights the value of the copula approach that is able to separate out the univariate 

marginal distribution form from the multivariate dependence structure.  
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Table 4.2 Model Selection based on the CLIC Statistic 

Recreation 
Category Distribution Copula Log-composite 

likelihood 

Trace of 
the matrix 

in the 
CLIC 

statistic 

 CLIC 
statistic 

FGM -432,318.74 10,629.02 -442,947.77 
Normal 

Gaussian -432,370.84 10,303.54 -442,674.37 

FGM -433,256.40 11,441.04 -444,697.44 

Active 
recreation 
(40 miles) 

Logistic 
Gaussian -433,233.25 3,839.25 -437,072.49 

FGM -1,249,341.25 8,035.03 -
1,257,376.28Normal 

Gaussian -1,251,218.01 7,807.39 -
1,259,025.39

FGM -1,247,454.36 7,754.06 -
1,255,208.42

Inactive 
recreation 
(151.46 
miles) 

Logistic 
Gaussian -1,247,475.00 4,120.94 -

1,251,595.94
 

Finally, one can compare the Logistic-Gaussian model for each of the two 

recreation activity categories with a standard ordered logistic (SOL) model with no 

spatial dependence and no heteroscedasticity. This SOL model can be easily estimated 

using the classical maximum likelihood procedure. However, we estimate it using the 

CML approach so that we can compare the data fit of these models with those that 

incorporate spatial dependence.43 The CLIC statistic value at convergence for the SOL 

model is -447,759 for the active recreation category and -1,271,030 for the inactive 

                                                 
43 The CML and ML estimates are, as expected, almost identical for the SOL model. For the active 
recreation category, we observed some very small differences between the CML and ML estimates because 
of the use of the 40 mile threshold in the CML approach, which effectively has the result of weighting 
some observations more than others. For the inactive category, the CML and ML estimates are pretty much 
identical because of the use of all pairs in the CML estimation, which weights all observations equally as in 
the ML case. 
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recreation category. Comparing these numbers with the corresponding ones from Table 

4.2, we observe that all the copula models perform better than the SOL model in terms of 

the CLIC statistic, rejecting the null hypothesis of no spatial dependence and no 

heterogeneity.  One can also use the more powerful CLRT statistic to compare the SOL 

model with the best Logistic-Gaussian model from Table 4.2. Using the parametric 

bootstrap procedure discussed in Section 4.3.3, we can compute the p-value 

corresponding to the null hypothesis of 0=λ  and −∞→ς . The estimated p-value based 

on 25 bootstrap samples is 0.115 for the active recreation category and 0.038 for the 

inactive recreation category. The low p-values reject the null hypotheses of absence of 

heterogeneity and spatial dependence, and highlight the value of the Logistic-Gaussian 

models estimated in the current study.44  

The empirical results are presented in the following section, in which we focus 

our attention on the results of the best Logistic-Gaussian copula models.  

 

4.6.3 Estimation Results  

Table 4.3 presents the estimation results for the best ordered response models as 

identified in the previous section. The coefficients provide the effects of variables on the 

latent propensity of teenagers to participate in active recreation (second main column) 

and inactive recreation (third main column).  

 
 
 
                                                 
44 We also compared the Logistic-Gaussian models for each of the active and inactive recreation categories 
with corresponding pure heteroscedastic ordered logistic (HOL) models with no spatial dependence. This 
tests the exclusive null hypothesis of the absence of spatial dependence. Again, the CLIC statistics for the 
Logistic-Gaussian models were higher than those for the HOL models (the HOL CLIC statistics were          
-437,171 for the active recreation category and -1,255,749 for the inactive recreation category, both of 
which are lower than the corresponding Logistic-Gaussian CLIC values). As we will see later in Section 
4.6.4.2, we can also reject the null hypothesis of no spatial dependence based on the statistically significant 
t-statistics on the spatial dependence effects. 
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Table 4.3 Estimation Results for the Number of Recreational Activity Episodes 

 

 Active Recreation Inactive Recreation  

Variable Parameter t-stat Parameter t-stat 

Threshold parameters     

Threshold 1  3.114 23.31  1.357 23.01 

Threshold 2  5.781 31.03  3.131 29.14 

Individual characteristics     

Male   0.386  4.19 - - 

Age greater than 15 - -  0.285  5.73 

Hispanic  -0.438 -1.86 -0.523 -4.56 

Asian - - -0.244 -3.18 

Part time student - -  0.397  2.59 

Employed - - -0.272 -4.38 

Household characteristics     

Number of children  0.299  6.15 - - 

Nuclear family -0.631 -5.98 - - 

Household income less than 35k -1.423 -4.65 - - 

Household income greater than 90k - -  0.131  2.77 

Teenager’s father physically active   0.933  5.57 - - 

Teenager’s mother physically active  1.471 12.32 - - 

Household location, season and 
activity-day variables     

San Francisco County  1.732  7.55 -0.651 -2.34 

Alameda County - - -0.228 -1.98 

Summer  0.502  4.81 - - 

Winter -0.420 -1.74  0.799 13.98 

Friday - -  0.280  5.82 
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Table 4.3 (Continued) Estimation Results for the Number of Recreational Activity 
Episodes 

 Active Recreation Inactive Recreation  

Variable Parameter t-stat Parameter t-stat 

Neighborhood physical and social 
environment variables     

Fraction of African-American 
population -2.395 -2.69 - - 

Presence of natural recreation sites 
such as county/state/national parks, 
gardens, nature centers 

 0.740  6.12 - - 

Bicycling facility density multiplied 
with number of bikes in the 
household (miles of bike lanes per 
square mile) 

 0.011  2.48 - - 

(Spatial) heteroscedasticity 
variables      

Winter  0.125  1.96 -0.915 -11.12 

Fall - - -0.283 -7.44 

Alameda County - -  0.144  1.91 

Contra Costa  0.268  5.49 - - 

San Francisco -0.485 -2.81 - - 

Solano -0.187 -2.42 - - 

Spatial dependence variable     

ζ in the θ parameter 
 “Inverse of distance between zonal 
centroids” 

-1.690 -22.88 -1.116 -23.63 

Number of Observations 1447 1447 

Trace of G 1.2452 0.1783 
Log-composite likelihood at 
convergence -433,233.25 -1,247,475.00 

Trace of the matrix in the CLIC 
statistic 3,839.25 4,120.94 

Penalized log-composite likelihood 
(PLCL) -437,072.49 -1,251,595.94 
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4.6.3.1 Threshold Values 

The first two rows in Table 4.3 provide estimates of the threshold values that do not have 

any substantive interpretation. These thresholds simply serve to translate the latent 

propensity into the observed ordered categories of the number of recreational activity 

participations. 

 

4.6.3.2 Individual Characteristics 

The effects of individual characteristics indicate that, among teenagers, males are more 

likely than females to participate in active recreation (see Mhuircheartaigh, 1999 and 

Bhat, 2008 for similar results). The age variable suggests a significantly higher 

propensity for inactive recreation among teenagers aged 16 to 19 years (relative to their 

younger teenage counterparts), perhaps because these older teenagers can drive 

themselves to recreation activity locations and not be dependent on others to chauffeur 

them. The race variable effects reveal that Hispanic teenagers have a lower propensity to 

partake in recreational activity (active and inactive) relative to Caucasians, African 

Americans, Asians, and other ethnic groups, while Asian teenagers are less likely to 

participate in inactive recreation relative to their non-Hispanic teenager peers.  

The part-time student status (employment status) variable effect reflects a higher 

(lower) prevalence of inactive recreation among part-time students (employed 

individuals) compared to full-time students (non-employed individuals), possibly due to 

time constraints of full-time students (employed teenagers). Interestingly, we did not find 

any statistically significant effects of these variables on active recreation propensity. 
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4.6.3.3 Household Characteristics 

The household-related variable effects show that teenagers in households with more 

children (age less than 18 years) are associated with a higher propensity to participate in 

active recreation, possibly due to increased opportunities for joint physical recreational 

activities with siblings. The household structure effects indicate that teenagers living in 

nuclear family households (i.e., households with both parents living with the teenager) 

are less likely to partake in active recreation compared to those in other household 

structure types (single parent families, roommate families, and joint families with several 

adults), a result that needs further exploration. Finally, among the household 

demographic variables, teenagers in low income households (less than an annual income 

of $35,000) have a lower propensity for active recreation, presumably due to financial 

constraints (see Bhat et al., 2006 for a similar income-related effect). At the same time, 

the results indicate that teenagers living in high income households (more than an annual 

income of $90,000) are more likely to participate in inactive recreation. 

The final variables in the category of household characteristics indicate, as 

expected, a higher level of active recreation among teenagers whose parents participate in 

physically active recreation (for the purpose of this research, we designate a parent as 

participating in physically active recreation if the parent pursues one or more active 

recreation episodes on the survey day). This is presumably because parents serve as role 

models to children. Further, the joint activity participation of parents and children can 

significantly motivate and increase physical activity participation among teenagers (such 

as bicycling or walking together as a family around the neighborhood). Perhaps, an 

appropriate policy strategy to encourage physical activity participation among teenagers 

would be to develop family oriented programs focusing on encouraging physical activity 

levels among parents as well as other household members.  
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4.6.3.4 Household Location, Season, and Activity Day Variables  

Teenagers residing in San Francisco County have a higher (lower) tendency to pursue 

active (inactive) recreation compared to the rest of the counties in the region (i.e., San 

Mateo, Santa Clara, Alameda, Contra Costa, Solano, Napa, Sonoma, and Marin 

Counties). Further, the tendency for inactive recreation among teenagers is lower if they 

reside in Alameda County.45 

The seasonal variables reflect the higher propensity to participate in active 

recreation during the temperate summer months and the higher inclination for inactive 

recreation during cold and damp winter months. This suggests that public health policies 

aimed at encouraging year-round teenager physical activity participation should focus on 

providing more indoor recreational activity opportunities at affordable cost during the 

non-summer months in general, and the winter season in particular. 

The results also indicate that teenagers have a higher propensity to participate in 

inactive recreation on Fridays compared to other days of the week.  
 

4.6.3.5 Neighborhood Physical and Social Environment Variables  

The next set of variables in Table 4.3 corresponds to the impacts of the neighborhood 

physical and social environment measures identified in Section 4.5.2. Many of these 

variables did not turn out to be statistically significant even at the 15% level in both of 

the models, and hence do not appear in Table 4.3. Of course, as indicated earlier, this 

                                                 
45

 These location dummy variables are perhaps capturing micro-scale urban form characteristics and crime-
related characteristics. Further exploration of the effects of such attributes is an important avenue for future 
research. In the current study, a number of built environment measures were considered, but these are at the 
relatively coarse spatial scale of the traffic analysis zone (because we could not obtain the point coordinates 
of each teenager’s residence, and only have the teenager’s residence tagged to a traffic analysis zone). 
Further, we were able to obtain crime statistics only at the county level, and this aggregate crime variable 
did not have a statistically significant impact on recreation activity participation.  
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result may be the consequence of using a relatively coarse spatial resolution for 

computing these variables. 

The effect of the “Fraction of African-American population” variable in Table 4.3 

shows that there is a lower propensity to participate in active recreation among teenagers 

living in zones with a high percentage of African-American population relative to 

teenagers in other areas. A similar result is obtained by Gordon-Larsen et al. (2005; 

2006), who suggest that this may be because of poor neighborhood quality and lack of 

good recreational facilities in areas with a high fraction of African-American population. 

As expected, the presence of natural recreation sites (such as county/state/national parks, 

gardens, nature centers) in a zone has a positive influence on active recreation among 

teenagers residing in the zone, suggesting that providing more opportunities for natural 

recreation and improving accessibility to natural recreation sites may be an effective 

urban and transportation policy to improve public health. Finally, teenagers in households 

that own several bicycles and that are in residential areas with a high bicycle facility 

density (as measured by miles of bicycle lanes per square mile in the residential TAZ) are 

more likely to participate in physically active recreational pursuits than their peers in 

other households.   
 

4.6.4 Heteroscedasticity and Spatial Dependency  

This section presents the parameter estimates characterizing heteroscedasticity and spatial 

dependence in the models. 
 

4.6.4.1 Heteroscedasticity  

Several variables were considered in the  vector that generates scale heteroscedasticity 

among individuals (note that 

qw

)exp( qq wλσ ′= ), though only a handful turned out to be 

statistically significant. The estimates provided in Table 4.3 under “(Spatial) 
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heteroscedasticity variables” correspond to the λ  vector. The results indicate a higher 

variation (i.e., greater spread) in the propensity to participate in active recreation during 

the winter season (relative to other seasons) and among teenagers living in Contra Costa 

County (compared to other counties). Further, the results reveal a much tighter variation 

(i.e., lesser spread) in the propensity to participate in active recreation among teenagers 

residing in San Francisco and Solano County. In combination with the direct positive 

effect of the San Francisco location variable on active recreation propensity (see Section 

4.6.3.4), the net implication is that teenagers residing in San Francisco have a uniformly 

higher propensity to participate in active recreation relative to teenagers living elsewhere.  

The season and “Alameda County” residence variables influence the scale of the 

error term for the inactive recreation category. Specifically, there is a much tighter 

variation (i.e., lesser spread) in the propensity to participate in inactive recreation among 

teenagers during the winter and fall seasons (relative to other seasons), and a higher 

variation (i.e., greater spread) among teenagers residing in Alameda County (relative to 

other counties).  

 

4.6.4.2 Spatial Dependence Effects 

In addition to heteroscedasticity, the estimated ordered choice models also incorporate 
spatial dependency across observational units through the 

 
vector and the 

corresponding 

qks

ς coefficient vector. In this regard, the best specification for the models 

included a single “inverse of distance” variable in the  vector of Equation (4.7). The 

corresponding 

qks

ς  coefficient is reported in Table 2, and has a value of -1.690 (with a 

standard error estimate of 0.074) for active recreation, and -1.116 (with a standard error 

estimate of 0.047) for inactive recreation.  The implied value of  is 0.185 for active 

recreation and 0.327 for inactive recreation, with corresponding t-statistics values of 

ςµ e=
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13.53 and 21.18 with respect to the null hypothesis that 0=µ  (the standard error for µ  

may be computed from that for ς using the familiar delta method). These t-statistics 

clearly reject the hypothesis of no spatial dependence (note that qkθ = 0 for all q and k 

pairs in Equation (4.7) if 0=µ , and so rejection of the hypothesis that 0=µ is a clear 

rejection of spatial independence). In fact, it is easy to show that the t-statistic 
corresponding to the spatial correlation coefficient qkθ  ( qkθ for the Gaussian copula 

corresponds to the traditional Spearman’s correlation) may be written as follows: 
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which then implies that as ∞→qkdist , 0→qkθ  and the t-statistic for qkθ tends toward 

the t-statistic of µ . As the distance between two teenagers q and k decreases, 

qkθ increases and the t-statistic of qkθ also increases. Essentially then, one can reject the 

null hypothesis that  qkθ =0 even for the most distant pair of teenagers, since the t-statistic 

for testing this hypothesis will be at least 13.53 for active recreation and 21.18 for 

inactive recreation for any pair of teenagers. Given the range of the distance between 

teenagers’ residences in the sample, the Spearman’s correlation ranges, for active 

recreation, from 0.001 (for two teenagers located 151.460 miles apart) to 0.575 (for two 

teenagers located 0.135 miles apart). The correlation for two teenagers spaced 1 mile 

apart in the active recreation case is 0.156 and that for two teenagers spaced 2 miles apart 

is 0.085. The correlation values for inactive recreation range from 0.002 (for two 

teenagers located 151.460 miles apart) to 0.708 (for two teenagers located 0.135 miles 

apart). The correlation for two teenagers spaced 1 mile apart in the inactive recreation 

case is 0.247 and for two teenagers spaced 2 miles apart is 0.141. These results indicate 

that the spatial extent of dependence in unobserved factors for active recreation is smaller 

than the spatial extent of dependence in unobserved factors for inactive recreation. 
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Alternatively, the spatial dependence effect is more localized for active recreation relative 

to inactive recreation. Thus, including distant teenager pairs (in the construction of the 

CML function) provides more useful information (and better estimator efficiency) for 

inactive recreation compared to active recreation, as our empirical results indicated in 

Section 4.6.2. 

It is clear from the discussion above that the spatial dependence effect is very 

highly statistically significant, and needs to be accommodated. The standard ordered 

logistic (SOL) model ignores these spatial dependencies, while the Logistic-Gaussian 

(LG) copula models of this study consider these dependencies and accommodates (spatial 

and individual) heteroscedasticity. The result is that the SOL model provides less 

efficient estimates. In particular, the average of the trace of the covariance matrix of 

parameter estimates for the active recreation (inactive recreation) model is 0.062 (0.011) 

for the LG model and 0.074 (0.024) for the SOL model, indicating the higher standard 

errors of the SOL model. Further, as we discuss in the next section, the SOL model also 

provides inconsistent elasticity effects.  

 

4.6.5 Aggregate-Level Elasticity Effects 

The parameters on the exogenous variables in Table 4.3 do not directly provide the 

magnitude of the effects of the variables on the probability of each number of weekday 

recreation episodes. To do so, we compute the aggregate-level “elasticity effects” of each 

variable. In particular, to compute the aggregate-level elasticity of a dummy exogenous 

variable (such as the “male” variable), we change the value of the variable to one for the 

subsample of observations for which the variable takes a value of zero and to zero for the 

subsample of observations for which the variable takes a value of one. We then sum the 

shifts in expected aggregate shares of each number of activity episodes in the two 
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subsamples after reversing the sign of the shifts in the second subsample, and compute an 

effective percentage change in the expected aggregate share of teenagers participating in 

each number of activity episodes due to a change in the dummy variable from 0 to 1. On 

the other hand, to compute the aggregate level elasticity effect of an ordinal variable 

(such as number of children), we increase the value of the variable by 1 and compute a 

percentage change in the expected aggregate share of teenagers participating in each 

number of activity episodes. Finally, the aggregate-level “arc” elasticity effect of a 

continuous exogenous variable (such as fraction of African-American population) is 

obtained by increasing the value of the corresponding variable by 10% for each 

individual in the sample, and computing a percentage change in the expected aggregate 

share of teenagers participating in each number of activity episodes. While the aggregate 

level elasticity effects are not strictly comparable across the three different types of 

independent variables (dummy, ordinal, and continuous), they do provide order of 

magnitude effects. 

The elasticity effects by variable category for each of the active and inactive 

recreation categories, and for both the (aspatial) standard ordered logistic (SOL) and the 

best spatial model, are presented in Table 4.4. To reduce clutter, we have simplified the 

presentation by translating the elasticity effects of variables from the ordered models to a 

simple binary elasticity effect of variables on the share of teenagers not participating, and 

participating, in each recreation activity category. Further, we present only the elasticity 

effect on the “1 or more activity episodes” category in the table (rather then presenting 

the effect on the “no activity episodes” category too). Thus, the numbers in the table may 

be interpreted as the percentage change in the share of teenagers participating in 

recreational activity. For instance, the first number “24.94” corresponding to the “male” 

variable in the SOL model indicates that the share of male teenagers participating in 
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active recreation is about 25% higher than the share of female teenagers participating in 

physical activity. Similarly, the number “22.56” corresponding to the “Number of 

children” variable in the SOL model reflects that an increase in number of children by 1 

leads to about a 23% increase in teenager participation in active recreation, while the 

number “-0.86” for the effect of the “Fraction of African-American population” implies 

that teenager participation in active recreation decreases by 0.9% due to a 10% increase 

in the zonal fraction of African-American population. 

The elasticity results provide several insights. First, for active recreation, parents’ 

physical activity participation constitutes the most important factor influencing teenagers’ 

physical activity participation levels. This suggests that an effective way to increase 

active recreation among teenagers would be to direct informational and education 

campaigns (that raise awareness of the health benefits of active recreation) toward 

parents, perhaps at special physical education sessions at schools for parents of teenagers 

studying there. Interestingly, regardless of the sex of the teenager, it is the teenager’s 

mother’s physical activity participation that appears to have a higher influence (than the 

teenager’s father’s physical activity participation) on the teenager’s active recreation 

participation. Second, another variable with a strong influence on recreation activity 

participation is the “San Francisco” location dummy variable. Specifically, living in San 

Francisco County substantially increases active recreation among teenagers, perhaps 

because of better active recreation opportunities and access to opportunities. On the other 

hand, living in San Francisco reduces participation in inactive recreation. As indicated 

earlier, while we considered several built environment and other measures of the 

residential environment, these are at a coarse geographic level and may not be capturing 

the micro-urban form attributes that get manifested in the effects of the location dummy 

variables in the current estimation. 
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Table 4.4 Aggregate-level Elasticity Effects of the Aspatial SOL and Spatial Models 

Active 
Recreation Inactive Recreation 

SOL Spatial SOL Spatial Variable 

1 or more 
episodes 

1 or more 
episodes 

1 or more 
episodes 

1 or more 
episodes 

Individual characteristics     

Male  24.94  30.70 - - 

Age greater than 15 - -  21.76  26.44 

Hispanic -31.33 -30.54 -33.71 -40.28 

Asian - - -28.83 -20.69 

Part time student - -  35.15  40.95 

Employed - - -24.16 -23.49 

Household characteristics     

Number of children  22.56   26.08 - - 

Nuclear family -46.38 -51.07 - - 

Household income less than 35k -61.45 -72.65 - - 

Household income greater than 90k - -  12.96  12.08 

Teenager’s father physically active 126.20   94.37 - - 

Teenager’s mother physically active 166.49 166.76 - - 

Household location, season, and activity-day variables     

San Francisco 136.40 165.94 -27.23 -46.74 

Alameda County - -   -6.63    -5.18 

Contra Costa     0.00   43.07 - - 

Solano     0.00 -26.29 - - 

Summer   42.54   42.33 - - 

Winter      1.36  -11.44  19.92  15.50 

Fall - -     0.00 -28.66 

Friday - -  16.33  26.90 
Neighborhood physical and social environment
variables     

Fraction of African-American population    -0.86    -0.77 - - 

Presence of natural recreation sites such as 
county/state/national parks, gardens, nature centers   41.99   68.26 - - 

Bicycling facility density multiplied with # of bikes in 
the household (miles of bike lanes per square mile)     0.53     0.66 - - 
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Third, the share of teenagers in nuclear family and low income households participating 

in active recreation is about 50-75% lower than the share of teenagers in non-nuclear 

family and high income households, respectively, that participate in active recreation. 

The effect of the “nuclear family” variable may be because teenagers in nuclear family 

households perceive less independence and feel more “controlled” by parents in their 

activity schedules (contributing to less opportunity for physically active free play), while 

teenagers in non-nuclear families are more independent and participate in more active 

free-play.  Fourth, the presence of natural recreation sites in and around a teenager’s 

residence has a clear and strong impact on active recreation participation. Fifth, there is a 

higher likelihood of active recreation during the summer season compared to other 

seasons, and a higher propensity for inactive recreation during the winter season, 

suggesting that public health policies need to aim at providing more indoor active 

recreation opportunities at affordable cost to promote year-round teenager physical 

activity participation. Sixth, individual characteristics (age, race, and student and 

employment status) appear to play a much more important role in determining inactive 

recreation participation, while household characteristics play a more dominant role in 

influencing active recreation participation. This is an interesting result for activity 

scheduling models, pointing to a more individual-orientated decision process for 

participation in inactive recreation and a more household interactive influence 

mechanism for participation in active recreation. Finally, there are differences in the 

elasticity effects between the SOL and spatial models. This, combined with the better 

data fit of the spatial model, points to the inconsistent elasticity effects from the SOL 

model. For instance, for the active recreation category, the SOL model underestimates the 

influence of gender and family structure, and overestimates the impact of the teenager’s 

father’s physical activity participation. Further, the SOL model also underestimates the 
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effect of the presence of natural recreation sites on active recreation participation. There 

are similar differences in the elasticity effects for the inactive recreation category. 

Further, note that some of the location variables (Contra Costa and Solano dummy 

variables) have an impact on active recreation participation in the spatial model, but not 

in the aspatial SOL, because these location variables appear in the heteroscedasticity 

specification in the spatial model. The same is the case for the fall season dummy 

variable effect for inactive recreation. Overall, ignoring spatial effects, when present, can 

lead to inconsistent estimation of variable effects that, in turn, can lead to misinformed 

policy actions. 
 

4.7 SUMMARY AND CONCLUSIONS  

This chapter proposes a copula-based ordered-response spatial dependence formulation 

across decision agents that can incorporate a variety of different kinds of marginal 

distribution forms for the random terms of each decision agent as well as dependence 

forms that characterize the multivariate relationship among the decision agents. 

Regardless of the dependence form used, extant methods in spatial econometrics become 

practically infeasible to implement with a moderate-to-large sized sample of decision 

agents. To address this situation, we propose a simple pseudo-likelihood estimation 

technique based on a composite marginal likelihood (CML) inference approach to 

estimate spatial ordered-response discrete choice models. The approach is applicable to 

data sets of any size, provides standard error estimates for all parameters, and does not 

require any simulation machinery. It also represents a conceptually and pedagogically 

simpler procedure relative to current simulation techniques, and has the advantage of 

reproducibility of the results. The estimation of the asymptotic standard errors and model 

selection/hypothesis testing procedures are a little more tedious than in the case of the 

traditional maximum likelihood method, but the appropriate expressions/statistics are 
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presented for spatial econometric models in the current study. These expressions/statistics 

are easy to code and implement.  

The ability of the CML approach to recover the parameters of a spatially ordered 

process is evaluated using a simulation study, which clearly points to the effectiveness of 

the approach. In addition, the combined copula-CML approach is applied to study the 

daily episode frequency of teenagers’ recreational activity participation (both physically 

active and physically passive), a subject of considerable interest in the transportation, 

sociology, and adolescence development fields. The data for the analysis is drawn from 

the 2000 San Francisco Bay Area Survey. Several model forms were tested during the 

empirical specification, from which the Logistic-Gaussian model emerged as the best 

specification for both the active and inactive recreation categories. The usual multivariate 

normal specification for the error terms, as captured in the Normal-Gaussian model, has a 

poorer fit. This finding highlights the value of the copula approach that is able to separate 

out the univariate marginal distribution form from the multivariate dependence structure. 

A further comparison of the aspatial standard ordered logit (SOL) model with the 

Logistic-Gaussian spatial model indicates the significant presence of heteroscedasticity 

across observations and spatial dependence between teenager pairs. This underscores the 

need to consider spatial effects in recreational activity participation to obtain consistent 

and efficient parameter estimates and elasticity effects.  

The variable effects indicate that parents’ physical activity participation 

constitutes the most important factor influencing teenagers’ physical activity participation 

levels, suggesting that one of the most effective ways to increase active recreation among 

teenagers would be to direct physical activity benefit-related information and education 

campaigns toward parents, perhaps at special physical education sessions at schools for 

parents of teenagers studying there. Another important general result is that individual 
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characteristics (age, race, and student and employment status) are more important than 

household characteristics in determining teenagers’ inactive recreation participation, 

while household characteristics (number of children, household structure, household 

income, and parents’ recreation participation) are more important determinants of 

teenagers’ active recreation participation.  

To summarize, we have proposed a combined copula-CML approach to 

accommodate, estimate, and test different forms of multivariate dependence in the spatial 

process underlying observed ordinal discrete choices of decision agents. However, the 

approach should be very appealing for application to several other multivariate modeling 

contexts too because it is simple and flexible, and is easy to implement.

128 



 

 

CHAPTER 5  

ACCOMMODATING SOCIAL CORRELATION ACROSS 
OBSERVATIONAL UNITS: A COPULA-BASED CLUSTERED 

ORDERED-RESPONSE DISCRETE CHOICE MODEL 

 

5.1 INTRODUCTION AND BACKGROUND 

The main focus of the preceding chapters was on accommodating spatial correlation (or 

dependency) in discrete choice models. In particular, Chapter 2 focused on spatial 

correlation across alternatives (in the context of a residential location choice model), 

while Chapters 3 and 4 focused on spatial correlation across observational units in a 

binary choice context and an ordered response context, respectively.  In the current 

chapter, on the other hand, the focus is on modeling the phenomenon of social correlation 

(or dependency)46 via an ordered-response discrete choice model. This is achieved by 

developing a copula-based approach to examine the physical activity participation levels 

(in terms of the discrete choice of the number of daily “bouts” or “episodes” of physical 

activity) of all members of a family jointly.  

 

5.1.1 Role of Social Dependency in Physical Activity Participation of Family 
Members  

The potentially serious adverse mental and physical health consequences of obesity have 

been well documented in epidemiological studies (see, for instance, Nelson and Gordon-

Larsen, 2006, and Ornelas et al., 2007), as also discussed in the previous chapters of this 
                                                 
46 In the following text of this chapter, we will use social dependency and social correlation 
interchangeably. 
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study. Specifically, obesity has been established as an important risk factor for health 

problems such as diabetes, hypertension, coronary heart and related cardiovascular 

diseases, strokes, some forms of cancer, depression, sleep apnea and anxiety (Swallen, 

2005 and WHO, 2006). At the same time, there has been a dramatic increase in the 

prevalence of obesity among U.S. adults, adolescents, and children over the past two 

decades (CDC, 2009). The 2003-2006 National Health and Nutrition Examination Survey 

(NHANES) data indicate that about two thirds of adults in the U.S. may be classified as 

being overweight and almost one-third as being obese (see Ogden et al., 2007; 2008). 

The same data indicate that 15.6% of children and adolescents (ages 2 through 19 years) 

may be characterized as being overweight, and 16.3% as being obese. 

While there are several factors influencing obesity, it has now been established 

that a low level of physical activity is certainly an important contributing factor (see for 

instance, Haskell et al., 2007 and Steinbeck, 2008). Besides, earlier studies in the 

literature strongly emphasize the importance of physical activity even in non-obese and 

non-overweight individuals from the standpoint of increasing cardiovascular fitness and 

decreasing heart disease, diabetes, high blood pressure, and several forms of cancer 

(USDHHS, 2008). Further, physical activity also enhances agility and strength, reduces 

the need for medical attention, contributes to improved mental health, and decreases 

depression and anxiety in all individuals (Center for Disease Control (CDC), 2006). But, 

despite these well acknowledged benefits of physical activity, a high fraction of 

individuals in the U.S. and other developed countries lead relatively sedentary (or 

physically inactive) lifestyles. For instance, the 2007 Behavioral Risk Factor Surveillance 

System (BRFSS) survey suggests that about one-third of U.S. adults are physically 
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inactive, while the 2007 Youth Risk Behavior Surveillance survey indicates that about 

65.3% of high school students do not meet the current physical activity guidelines.47  

The low level of physical activity participation in the U.S. population has 

prompted several research studies in the past decade that examine the determinants of 

physical activity participation, with the objective of designing appropriate intervention 

strategies to promote active lifestyles. However, as we discuss later, most of these studies 

focus on adult physical activity participation or children’s/adolescent’s physical activity 

participation, without explicitly considering family-level interactions due to observed and 

unobserved factors in the physical activity participation levels of all individuals (adults 

and children/adolescents) of the same family. In this regard, the current chapter focuses 

on jointly analyzing and modeling the physical activity participation levels of all 

individuals belonging to the same family. Essentially, we consider a family as a “cluster” 

of individuals whose physical activity levels may be affected by common household 

attributes (such as household income and household structure) as well as unobserved 

family-related factors (such as family life-style and health consciousness, and residential 

location-related factors). Ignoring such family-specific interactions due to unobserved 

factors (also referred to as unobserved heterogeneity in the econometric literature) will, in 

general, result in inconsistent estimates regarding the influence of covariates and 

inconsistent probability predictions in discrete choice models (see Chamberlain, 1980 and 

Hsiao, 1986). This, in turn, can lead to mis-informed intervention strategies to encourage 

physical activity.  

The joint generation of physical activity episodes at the household level is also 

important from an activity-based travel modeling perspective. As discussed by 
                                                 
47 The current guidelines call for at least 150 minutes a week of moderate-level physical activity (such as 
jogging, running, mountain climbing, and bicycling uphill) or 75 minutes a week of vigorous-level physical 
activity (such as brisk walking, bicycling, and water aerobics) for adults. In addition, children and 
adolescents should participate in at least 60 minutes of physical activity every day, and this activity should 
be at a vigorous level at least 3 days a week (USDHHS, 2008). 
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Copperman and Bhat (2007a), much of the focus on activity generation (and scheduling) 

and inter-individual interactions in the activity analysis field has been on adult patterns. 

In contrast, few studies have explicitly considered the activity patterns of children, and 

the interactions of children’s patterns with those of adults’ patterns, when children are 

present in the household. If the activity participation of children with adults is primarily 

driven by the activity participation needs/responsibilities of adults (such as a parent 

wanting to go to the gym, and tagging along her/his child for the trip), then the emphasis 

on adults’ activity-travel patterns would be appropriate. However, in many instances, it is 

the children’s activity participations (as in the case of serve-passenger activities such as a 

parent dropping off a child at tennis practice), and the dependency of children on adults 

for facilitating the participations, that lead to interactions between adults’ and children’s 

activity-travel patterns. Of course, in addition to serve-passenger activities, children can 

also impact adults’ activity-travel patterns in the form of joint activity participation in 

such activities as shopping, going to the park, walking together, and other social-

recreational activities. In this regard, there is increasing recognition that children as 

young as 6-8 years start developing their own identities and individualities, and social 

and activity participation needs. They then “work” with their parents to fulfill those needs 

(see Stefan and Hunt, 2006; CDC, 2005; Eccles, 1999). The joint generation of physical 

activity episodes in the current chapter is consistent with such an emphasis on both 

adults’ and children’s activity-travel patterns within a household.  

 

5.1.2 Overview of Earlier Studies on Physical Activity Participation 

The body of work in the area of understanding the determinants of physical activity 

participation has been burgeoning in the past decade or so in many different disciplines, 

including child development, preventive medicine, sports medicine, public health, 
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physical activity, and transportation. The intent here is not to provide an exhaustive 

review of these past studies (some good recent reviews of these works are Wendel-Vos et 

al., 2007; Allender et al., 2006; Gustafson and Ryan, 2006; and Ferreira et al., 2007). 

However, one may make two general observations from past studies. First, almost all of 

these studies focus on individual physical activity without recognition that individuals are 

part of families and that there are potentially strong family interactions in physical 

activity levels. In this regard, the studies focus on either adults only or 

children/adolescents only. That is, they have adopted either an “adult-centric” approach 

focusing on adult physical activity patterns, and used children’s demographic variables 

(such as presence/number of children in the household) as determinant variables, or a 

“child-centric” approach focusing on children’s physical activity patterns, and used 

adults’ (parents’) demographic, attitudinal, and physical activity variables (such as 

number of adults in the household, support for children’s physical activity, and adults’ 

physical activity levels) as determinant variables (see Sener and Bhat, 2007 for more 

details on these approaches; examples of adult-centric studies include Collins et al., 2007; 

Srinivasan and Bhat, 2008; Dunton et al., 2008, while examples of child-centric studies 

include Davison et al., 2003; Trost et al., 2003; Cleland  et al., 2005; Sener et al., 2008; 

and Ornelas et al., 2007).48 While these earlier studies provide important information on 

the determinants of adults’ or children’s physical activity levels, they do not explicitly 

                                                 
48 The works of Trost et al. (2003) and Davison et al. (2003) are particularly valuable, since they examine 
different mechanisms through which parents may influence their children’s physical activity pursuits. As 
identified by Trost et al. (2003), these may include genetics, direct modeling (i.e., parents’ own physical 
activity involvement effects on children’s physical activity levels), provision of time and money resources 
to support children’s activities, rewarding desirable behaviors and punishing/ignoring undesirable 
behaviors, parents’ own attitudes and beliefs about the importance of physical activity, and adopting 
authoritative parenting procedures to encourage children’s physical activity. While most studies in the 
literature adopt the direct modeling hypothesis, Trost et al. (2003) suggest that support-related and 
parenting beliefs/attitudes are perhaps more important predictors of children’s physical activity levels than 
direct modeling. Davison et al. (2003) indicate that both direct modeling and parental support/parenting 
practices influence children’s (girls’) physical activity levels.  
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recognize the role of the family as a fundamental social unit for the development of 

overall physical activity orientations and lifestyles. This is particularly important 

considering parental influence on, and involvement in, children’s physical activities, as 

well as children’s physical activity needs/desires that may influence parents’ (among 

other household members) physical activity patterns. Since these effects are likely to be 

reinforcing (either toward high physical activity levels or low physical activity levels), 

the appropriate way to consider these family interactions would be to model the physical 

activity levels of all family members jointly as a package, considering observed and 

unobserved covariate effects.  

The second general observation from earlier studies is that they have proposed 

three broad groups of determinants of individual physical activity within an ecological 

framework: individual or intrapersonal factors, physical environment factors, and social 

environment or interpersonal factors (e.g. Sallis and Owen, 2002; Giles-Corti and 

Donovan, 2002; Gordon-Larsen et al., 2005; GAO, 2006; Kelly et al., 2006; Salmon et 

al., 2007). The category of individual factors includes demographics (such as age, 

education levels, and gender), and work-related characteristics (employment status, hours 

of week, work schedule, work flexibility, etc.).  The category of physical environment 

factors includes weather, season of year, transportation system attributes (level-of-service 

offered by various alternative modes for participation in out-of-home activities), and built 

environment characteristics (BECs). The final category of social environment factors 

includes family-level demographics (presence and age distribution of children in the 

household, household structure, and household income), residential neighborhood 

demographics, social and cultural mores, attitudes related to, and in support of, physical 

activity pursuits, and perceived friendliness of one’s residential neighborhood. Of these 

three groups of factors, public health researchers have focused more on the first and third 
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categories of factors (i.e., the individual and social environment factors), particularly as 

they correlate to participation in such recreational physical activity as sports, 

walking/biking for leisure, working out at the gym, and unstructured play (see, for 

instance, Kelly et al., 2006; Salmon et al., 2007, and Dunton et al., 2008). On the other 

hand, transportation and urban planning researchers have particularly focused their 

attention on the first and second category of factors (with limited consideration of the 

third category in the form of family-level demographics) as they relate to non-motorized 

mode use for utilitarian activity purposes such as walking/biking to school or to work or 

to shop (see, for instance, Dill and Carr, 2003; Cervero and Duncan, 2003, and Sener et 

al., 2009). There have been few studies that consider elements of all three groups of 

physical activity determinants, and that consider recreational physical activities and non-

motorized travel for utilitarian purposes (but see Hoehner et al., 2005 and Copperman 

and Bhat, 2007a for a couple of exceptions).  

 

5.1.3 The Current Chapter in Context and Chapter Structure 

In this chapter, we contribute to the earlier literature by focusing on the family as a 

“cluster unit” when modeling the physical activity levels of individuals. In this regard, 

and because earlier physical activity studies have focused only on adults or only on 

children, our emphasis is on analyzing physical activity levels of families with one or 

more parents and children in the household. That is, we examine the determinants of 

physical activity in the context of family households with children. In doing so, we 

explicitly accommodate family-level observed and unobserved effects that may influence 

the physical activity levels of each (and all) individuals in the family. Further, we 

consider variables belonging to all the three groups of individual factors, physical 

environment factors, and social environment factors. In particular, we incorporate a rich 
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set of neighborhood physical environment variables such as land-use structure and mix, 

population size and density, accessibility measures, demographic and housing measures, 

safety from crime, and highway and non-motorized mode network measures. However, in 

the context of social factors, we do not explicitly accommodate physical activity 

attitudes/beliefs and support systems of individual family members as they influence the 

physical activity levels of others in the family. This is because our data source does not 

collect such information, though it is well suited to examine the influence of several other 

potential determinants. Future studies would benefit from including family-level 

attitudinal/support variables, while also adopting a family-level perspective of physical 

activity. 

The measure of physical activity we adopt in the current study is the number of 

out-of-home bouts or episodes (regardless of whether these bouts correspond to 

recreation or to walking/biking for utilitarian purposes) on a weekend day as reported in 

an activity survey. Such surveys typically collect information on all types of (out-of-

home) episodes of all individuals in sampled households over the course of 1-2 days. As 

indicated by Dunton et al. (2008), the use of a short-term (1-2 days) self-report reduces 

memory-related errors compared to other long-term methods of data collection used in 

the physical activity literature (such as self-reports over a week or a month). Further, 

survey data allow the consideration of the social context (family characteristics and 

physical activity levels of family members), while methods that examine the level of use 

of physical activity environments (such as a park or a playground) do not provide 

information to consider the social context in any depth. Further, for our family-level 

modeling of physical activity, survey data provide information on physical activity 

participation for all members of a family.49 Finally, the activity survey data used here 

                                                 
49 As we discuss later again, the characterization of an activity episode as a physically active one or not is 
based on the activity type and the type of location (such as bowling alley, gymnasium, shopping mall, etc.). 
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provide information on residential location, which is used to develop measures of the 

physical and social environment variables in the family’s neighborhood. Of course, a 

limitation of activity survey-based data is that some episodes of physical activity, such as 

free play, in-home physical activity, and incidental physical activity may not be identified 

well. Further, activity surveys do not provide a measure of the physical activity intensity 

level. Thus, there are strengths and limitations of using survey data, but such data are 

ideally suited for family-level cluster analysis of the type undertaken in the current effort.  

From a methodological standpoint, the daily number of physical activity episodes 

of each individual is represented using an ordered response structure. The jointness 

between the episodes of different members of the same family is generated by common 

household demographic and location variables, as well as through dependency among the 

stochastic error terms of the random latent variables assumed to be underlying the 

observed discrete number of physical activity episodes.  In the past, several studies have 

considered such clustered ordered response systems by employing a normal mixing 

distribution to introduce dependencies among the error terms of the underlying 

propensities, but such an assumption assumes linear and symmetric error dependency 

patterns. In the current research, we generalize the structure of the dependency by 

allowing non-linear and asymmetric error dependencies using a copula structure, which is 

essentially a multivariate functional form for the joint distribution of random variables 

derived purely from pre-specified parametric marginal distributions of each random 

variable. To our knowledge, this is the first formulation and application in the 

econometric literature of a copula approach for the case of a clustered ordered response 

model structure. 

                                                                                                                                                 
Thus, an episode involving recreation activity at a soccer stadium is designated as a physical activity 
episode. For travel episodes, the episode is designated as physically active if it involves walking or 
bicycling. 
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The rest of this chapter is structured as follows. The next section discusses and 

presents the copula-based clustered ordered-response model structure.  Section 5.3 

describes the survey-based data source and sample formation procedures for the 

empirical analysis. Section 5.4 discusses the empirical results, and presents the results of 

a policy-based simulation. Finally, Section 5.5 summarizes important findings from the 

study, and concludes the chapter. 

 

5.2 MODEL STRUCTURE 

5.2.1 Background 

This study in this chapter uses an ordered-response model for analyzing the number of 

physical activity episodes for each individual, with the assumption that there is an 

underlying continuous latent variable whose horizontal partitioning maps into the 

observed set of count outcomes. While the traditional ordered-response model was 

initially developed for the case of ordinal responses, and while count outcomes are 

cardinal, this distinction is really irrelevant for the use of the ordered-response system for 

count outcomes. This is particularly the case when the count outcome takes few discrete 

values, as in the current empirical case, but is also not much of an issue when the count 

outcome takes a large number of possible values (see Herriges et al., 2008 and Ferdous et 

al., 2010 for detailed discussions).  

An important issue, though, is that we have to recognize the potential (social) 

dependence in the number of physical activity episodes of different members of the same 

family due to both observed exogenous variables as well as unobserved factors. If there is 

no dependence based on unobserved factors, one can accommodate the dependence due 

to observed factors by estimating independent ordered-response models for each 

individual in the family after including common exogenous variables. But the 
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dependence due to unobserved family-related factors (such as family life-style and health 

consciousness, and residential location-related factors) can be accommodated only by 

jointly modeling the number of episodes of all family members together. This is the 

classic case of clusters of dependent random variables that has widely been studied and 

modeled in the transportation and other fields (see Bhat, 2000; Bottai et al., 2006; and 

Czado and Prokopenko, 2008). In our case, the clusters correspond to family units, 

although the methodology we present in the current research can be used for any situation 

involving clusters.  

A well-established method to deal with unobserved interactions due to cluster 

effects is a random effects model. In the ordered-response context, this entails adding a 

common cluster-based normal error term to the latent underlying propensities for each 

individual in the cluster (see Bhat and Zhao, 2002 for example of this method). Under the 

usual assumption that this cluster-based error term is independent of the remaining error 

term and the explanatory variables, the analyst can first write the joint probability for 

each cluster conditional on the cluster error term as the product of the individual 

probabilities in the cluster, and then obtain the unconditional joint probability for each 

cluster by integrating out the normally distributed cluster error term. Such a mixing 

approach or an unobserved individual heterogeneity approach is relatively 

straightforward, even if it involves integration. However, from a conceptual standpoint, 

the mixing of error terms generates a joint distribution for each cluster whose form, in 

general, is anything but straightforward (see O’Brien and Dunson, 2004). Equivalently, 

the marginal distribution of the individual error terms, and therefore the marginal 

probabilities in the joint model, do not have an obvious form (except in the case of a 

random-effects ordered-response probit model). In addition, there is a restrictive 

assumption introduced in the dependence structure through the random normal error 
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term. Thus, for instance, in the random-effects ordered-response probit model, the joint 

distribution of error terms is considered multivariate normal, which assumes that the 

dependence (due to unobserved factors) among the physical activity propensities of 

family members is radially symmetric. On the other hand, it may be the case that the 

dependence among the propensities of family members is actually asymmetric; for 

instance, one may observe family members having a simultaneously low propensity for 

physical activity participation, but not necessarily family members having a 

simultaneously high propensity for physical activity participation. That is, unobserved 

factors that decrease physical activity propensity may “rub off” more among individuals 

in a family than unobserved factors that increase physical activity propensity. 

Alternatively, one may have the reverse asymmetry too where family members have a 

simultaneously high propensity for physical activity propensity, but not a simultaneously 

low propensity for physical activity propensity.  

In the current chapter, rather than using the random effects approach, we use a 

copula approach to accommodate the dependence in physical activity propensity among 

family members. Such an approach is ideally suited to generate a joint distribution of a 

cluster outcome for a number of reasons. First, the approach allows testing of a variety of 

parametric marginal distributions for individual members in a cluster and preserves these 

marginal distributions when developing the joint probability distribution of the cluster. 

Second, the copula approach separates the marginal distributions from the dependence 

structure, so that the dependence structure is entirely unaffected by the marginal 

distributions assumed. Thus, rank measures of the intra-cluster dependence of the 

underlying physical activity propensities for members of a family are independent of the 

marginal distributions used, facilitating a clear interpretation of the dependence structure 

regardless of the marginal distribution assumed. Third, the clustering context, wherein the 
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level of dependence in the marginal random unobserved terms within a cluster is identical 

(i.e., exchangeable) across any (and all) pairs of individuals in the cluster, is ideal for the 

application of a group of copulas referred to as the Archimedean copulas. The 

Archimedean copulas are closed-form copulas that can be used to obtain the joint 

multivariate cumulative distribution function of any number of individuals belonging to a 

cluster. Further, these copulas retain the same form regardless of cluster size, and so it is 

straightforward to accommodate clusters of varying sizes. Fourth, the Archimedean group 

of copulas allows testing a variety of radially symmetric and asymmetric joint 

distributions, as well as testing the assumption of within-cluster independence. Fifth, it is 

simple to allow the level of dependence within a cluster to vary based on cluster type. For 

example, the dependence among family members in their latent propensities of physical 

activity may vary by such family characteristics as family type or income. Finally, the 

closed-form nature of the model structure resulting from using the Archimedean group of 

copulas lends itself very nicely to the implementation of a computationally 

straightforward maximum likelihood procedure for parameter estimation.  

  

5.2.2 Overview of Copulas Used  

5.2.2.1 Basics 

Let C be an I-dimensional copula of uniformly distributed random variables U1, U2, U3, 

…, UI with support contained in [0,1]I. Then,  
 

Cθ (u1, u2, …, uI) = Pr(U1 < u1, U2 < u2, …, UI < uI), (5.1) 

where θ  is a parameter vector of the copula commonly referred to as the dependence 
parameter vector. Then, consider I random variables ,,,,, 321 Iεεεε … each with 
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univariate continuous marginal distribution function ).Pr()( iii zzF <= ε 50 Then, by 

Sklar’s (1973) theorem, a joint I-dimensional distribution function of the random 

variables with the continuous marginal distribution functions  can be generated as 

follows: 
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        (5.2)  

The above equation offers a vehicle to develop different dependency patterns for the 
random variables Iεεεε ,,,, 321 … based on the copula that is used as the underlying basis 

of construction. The next section briefly discusses the Archimedean class of copulas and 

presents some specific copulas within this broad family.  

 

5.2.2.2 Archimedean Copulas 

In the current chapter, we use a class of copulas referred to as the Archimedean copulas 

to generate the dependency between the random variables. The Archimedean class of 

copulas is popular in empirical applications, and includes a whole suite of closed-form 

copulas that cover a wide range of dependency formulations, including comprehensive 

and non-comprehensive structures, radially symmetric and asymmetric shapes, and 

asymptotically tail independent and dependent forms (see Nelsen, 2006 and Bhat and 

Eluru, 2009 for a detailed discussion). The class is very flexible, and easy to construct. 

Archimedean copulas are constructed based on an underlying continuous convex 

decreasing generator function ϕ  from [0, 1] to [0, ∞] with the following properties: 

                                                 
50 Note that the univariate marginal distribution functions of the random variables can be different, though 
we use the more restrictive notation here that the univariate distributions are the same. This is the norm 
when developing econometric models where the random terms represent individual-level idiosyncratic 
effects.  
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Further, in the discussion here, we will assume that 
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∞=)0(ϕ , so that an inverse  

exists. Also, let be completely monotonic on [0, ∞]. With these preliminaries, we can 

generate multivariate I-dimensional Archimedean copulas as: 
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where the dependence parameter θ is embedded within the generator function. A whole 

variety of Archimedean copulas have been identified based on different forms of the 

generator function. In this research, we will consider four of the most popular 

Archimedean copulas that span the spectrum of different kinds of dependency structures. 

These are the Clayton, Gumbel, Frank, and Joe copulas (see Bhat and Eluru, 2009 for 

graphical descriptions of the implied dependency structures). All these copulas allow 

only positive associations and equal dependencies among pairs of random variables in 

their multivariate forms, which is well-suited for cluster analysis where we expect 

positive and equal dependencies among elements within a cluster.  

The Clayton copula (Clayton, 1978) has the generator function 

, giving rise to the following I-dimensional copula function (see 

Huard et al., 2006): 
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Independence corresponds to 0→θ . The copula is best suited for strong left tail 

dependence and weak right tail dependence. That is, it is best suited when individuals in a 

family show strong tendencies to have low physical activity levels together but not high 

activity levels together.  
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The Gumbel copula, first discussed by Gumbel (1960) and sometimes also 

referred to as the Gumbel-Hougaard copula, has a generator function given by 

. The form of the I-dimensional copula is provided below: θϕ )ln()( tt −=
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Independence corresponds to 1=θ . This copula is well suited for the case when 

there is strong right tail dependence (strong correlation at high values) but weak left tail 

dependence (weak correlation at low values). Thus, this copula would be applicable when 

individuals in a family show strong tendencies to have high physical activity levels 

together but not low activity levels together.  

The Frank copula, proposed by Frank (1979), is radially symmetric in its 

dependence structure like the Gaussian (normal) copula. The generator function 

is , and the corresponding copula function is given by: )]1/()1ln[()( −−−= −− θθϕ eet t
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Independence is attained in Frank’s copula as .0→θ  This copula is suitable for 

equal levels of dependency in the left and right tails; that is, when individuals either show 

low physical activity levels together or high activity levels together.  

The Joe copula, introduced by Joe (1993; 1997), has a generator function 

and takes the following copula form: ])1(1ln[)( θϕ tt −−−=
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The Joe copula is similar to the Gumbel copula, but the right tail positive dependence is 

stronger. Independence corresponds to .1=θ  

 

5.2.3 Model Formulation 

Let q be an index for clusters (family unit in the current empirical context) (q = 1, 2, …, 

Q), and let i be the index for individuals (i = 1, 2, …, Iq, where Iq denotes the total 

number of individuals in family q, including adults and children; in the current study Iq, 

varies between 2 and 5). Also, let k be an index for the discrete outcomes corresponding 

to the number of weekend day physical activity episodes (k = 0, 1, 2, 3, …, K). In the 
usual ordered response framework notation, we write the latent propensity ( ) of 

individual i in family q to participate in physical activity as a function of relevant 
covariates, and then relate this latent propensity to the count outcome ( ) representing 

the number of weekend physical activity episodes of individual i in family q through 

threshold bounds (see McKelvey and Zavonia, 1975): 

*
qiy

qiy

 

,          (5.8)   y < k y  , + x  = y kqikqiqiqiqi ψψεβ 1
**  if   ' +≤=

where qix  is a (L×1) vector of exogenous variables for individual i in family q (not 

including a constant),  β  is a corresponding (L×1) vector of coefficients to be estimated, 

and kψ  is the lower bound threshold for count level k 

( +∞=−∞=<<...<< ++ 101210   ,  ; KKK ψψψψψψψ ).51 The qiε  terms capture the 

idiosyncratic effect of all omitted variables for individual i in family q, and are assumed 
to be independent of β  and qix . The qiε  terms are assumed identical across individuals, 

each with a univariate continuous marginal distribution function )Pr()( qiqiqi zzF <= ε . 

                                                 
51 In the empirical analysis, we allow different thresholds for children and adults. From a strict notation 
standpoint, this implies that the thresholds should be subscripted as kiψ . However, for notational ease, we 
suppress the subscript i when writing the thresholds. 
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The error terms can take any parametric marginal distribution, though we confine 

ourselves to the normal and logistic distributions in the current study. Due to 

identification considerations in the ordered-response model, we standardize the univariate 

distribution functions, so that they are standard normal or standard logistic distributed. 
However, we allow dependence in the qiε  terms across individuals i in the same family 

unit q to allow unobserved cluster effects. This dependency is generated through the use 

of an Archimedean copula based on Equation (5.2), where the only difference now is the 

introduction of the index q to reflect that the dependence is confined to members of the 

same family: 
 

1 1 2 2 1 1 2 2

1 1 2 2

Pr( , , , ) Pr[ ( ), ( ), , ( )]

[ ( ), ( ), ( )].
q q q

q q q

q q q q qI qI q q q q qI qI

q q q q qI qI

z z z U F z U F z U F z

C u F z u F z u F zθ

q
ε ε ε< < < = < < <

= = = =

… …

…
 (5.9) 

It is important to note above that the level of dependence among individuals of a family 
can vary across families, as reflected by the qθ  notation for the dependence parameter. 

As we indicate later, we parameterize this dependence parameter as a function of 

observed family characteristics in estimation. Technically, one can also use different 

copula forms (i.e., dependency surfaces) for different families, but, in the current study, 

we will maintain the same copula form across all families to keep the estimation tractable 

(however, note that we test for different copula forms, even if we maintain the same 

copula form across all families). 

 

5.2.4 Model Estimation 

Let  be the actual observed categorical response for  in the sample. Then, the 

probability of the observed vector of number of episodes across individuals in household 
q  can be written as: 

qim qiy

),...,,,( 321 qqIqqq mmmm
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where  and  is the 

copula density. The integration domain M
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q is simply the multivariate region of the  

variables  determined by the observed vector of choices . 

The dimensionality of the integration, in general, is equal to the number of individuals I

*
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q 

in the family. Thus, if one uses a Gaussian copula, one ends up with integrals of the order 

of the number of individuals in the family for the joint probability of the observed 

combination of the number of activity episodes across individuals in the family. This will 

need simulation techniques when Iq is greater than 3. However, in the case of a family-

level cluster with identical dependencies between pairs of individuals in the family, one 

can gainfully employ the Archimedean copulas since they provide closed-form 

multivariate cumulative distribution functions. In particular, the probability in Equation 

(5.10) can be written in terms of closed-form multivariate cumulative distribution 

functions as follows: 

qI2

 

),,(

),...,,(

1
**

22
*
1

2211

12111 +<<<<<<=

===

++ qqIqqqIqqq

qq

mqImmqmmqm

qIqIqqqq

yyyP

mymymyP

ψψψψψψ …
 

[ ]∑∑ ∑
= =

−+−+−+
=

++
<<<−=

2

1

2

1
1

*
1

*
21

*
1

2

11 2

2211

21 ),,()1(
a a

amqIamqamq
a

aaa

qIqqIqqq

qI

qI yyyP ψψψ …… …  

[ ]     (5.11) 

where  is the one of the four Archimedean copulas discussed in Section 5.2.2 with an 

association parameter 
q

Cθ

qθ , and ).'( 11 qiamam xFu
iqiiqi

βψ −= −+−+ The number of cumulative 

distribution function computations increases rapidly with the number of individuals Iq in 
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family q, but this is not much of a problem when the cluster sizes are 6 or less because of 

the closed-form structures of the cumulative distribution functions. In the current 

empirical context, Iq 5. However, in other empirical contexts when there are several 

individuals in a cluster, one can resort to the use of a composite marginal likelihood 

approach as described in Chapter 4.  

≤

The association parameter qθ  is allowed to vary across families. However, it is 

not possible to estimate a separate dependence term for each family. So, we parameterize 

qθ  as a function of a vector  of observed family variables, while also choosing a 

functional form that ensures that 

qs

qθ  for any family q is within the allowable range for 

each copula. Thus, we use the form )exp( qq sδθ ′=  for the Frank and Clayton copulas, 

and the form )exp(1 qq sδθ ′+=  for the Gumbel and Joe copulas.  

The parameters to be estimated in the model may be gathered in a vector 

,) , ,( ′′′′=Ω ψδβ  where the vector ψ  is the vector of threshold bounds: 

). , ,( 21 Kψψψψ …=  The likelihood function for household q may be constructed based 

on the probability expression in Equation (5.11) as:  
 

),...,,()( 2211 qq qIqIqqqqq mymymyPL ====Ω .       (5.12) 

The likelihood function is then given by ( ) ( )q
q

L LΩ =∏ Ω .         (5.13) 

The likelihood function above is maximized using conventional maximum 

likelihood procedures approach. All estimations and computations were carried out using 

the GAUSS programming language.  Gradients of the log-likelihood function with 

respect to the parameters were coded. 
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5.3 THE DATA 

5.3.1 The Primary Data Source 

The primary source of data is the 2000 San Francisco Bay Area Travel Survey (BATS), 

which was designed and administered by MORPACE International, Inc. for the Bay Area 

Metropolitan Transportation Commission (see MORPACE International Inc., 2002). The 

survey collected detailed information on individual and household socio-demographic 

and employment-related characteristics from about 15,000 households in the Bay Area. 

The survey also collected information on all activity and travel episodes undertaken by 

individuals of the sampled households over a two-day period. For a subset of the sampled 

households, the two-day survey period included a weekend day, though activity/travel 

data on only one weekend day was collected (i.e., a subset of households were surveyed 

on Friday and Saturday or Sunday and Monday, but not Saturday and Sunday). The 

information collected on activity episodes included the type of activity (based on a 17-

category classification system), the name of the activity participation location (for 

example, Jewish community center, Riverpark plaza, etc.), the type of participation 

location (such as religious place, or shopping mall), start and end times of activity 

participation, and the geographic location of activity participation.  

As discussed earlier, we identified whether an activity episode is physically active 

or not based on the activity type and the type of participation location at which the 

episode is pursued, as reported in the survey.52  Thus, an episode designated as 

“recreation” activity by a respondent and pursued at a health club (such as working out at 

the gym) is labeled as physically active. Similarly, an episode designated as “recreation” 

activity by a respondent and pursued outdoors (such as walking/running/bicycling around 
                                                 
52 A physically active episode requires regular bodily movement during the episode, while a physically 
passive episode involves maintaining a sedentary and stable position for the duration of the episode. For 
example, swimming or walking around the neighborhoods would be a physically active episode, while 
going to a movie is a physically passive episode. 
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the neighborhood “without any specific destination”) is labeled as being physically 

active. For the current analysis, we consider only out-of-home activity episodes. In 

addition, travel episodes to any out-of-home location using non-motorized forms of travel 

(bicycling and/or walking) are characterized as physical activity episodes. In this regard, 

each non-motorized travel episode ending at an activity-location was characterized as a 

physical activity episode. For instance, if an individual goes to a grocery shopping center 

by bike and then returns back home, the individual is considered to have participated in 

two physical activity episodes.   

After categorizing out-of-home episodes into physically active or otherwise, the 

number of physically active episodes during the weekend day for each individual in each 

family is obtained by appropriate aggregation. This constitutes the dependent variable in 

this analysis. Further, while the methodology developed can be used for all types of 

families, we focus only on families with children in this research to examine both adults’ 

and children’s physical activity participations (while also accommodating family-level 

observed and unobserved effects). In terms of adults, we focus on parents’ physical 

activity participations and, in terms of children, we focus on the physical activity 

participation of children between the age of 5 to 15. Further, we restricted ourselves to 

families with three children or less as they accounted for approximately 97% of families 

with children. 

 

5.3.2 The Secondary Data Sources 

In addition to the 2000 BATS survey data set, several other secondary data sets were used 

to obtain transportation system attributes and built environment characteristics (within the 

broad group of physical environment factors discussed in Section 5.1.2), as well as 

residential neighborhood demographics (within the broad group of social environment 
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factors in Section 5.1.2). All these variables were computed at the level of the residential 

traffic analysis zone (TAZ) of each household.53 The secondary data sources included 

land-use/demographic coverage data, the 2000 Census of population and household 

summary files, a Geographic Information System (GIS) layer of bicycle facilities, a GIS 

layer of highways and local roadways, and GIS layers of businesses (see Section 2.4.3.1 

for details on the transportation system attributes, built environment characteristics and 

the residential neighborhood demographics constructed from these secondary data 

sources.  

 

5.3.3 Sample Characteristics 

The final sample used for the analysis comprises 1687 individuals (894 adults and 793 

children) from 517 family households residing in nine Counties of the San Francisco Bay 

Area (Alameda, Contra Costa, San Francisco, San Mateo, Santa Clara, Solano, Napa, 

Sonoma and Marin). This final sample includes 377 two parent families (73.0% of all 

families), 85 single mother families (16.4% of all families), and 55 single father families 

(10.6% of all families). The number of children in the family varies between one and 

three children, with the distribution as follows: one child (53.4%), two children (39.8), 

and three children (6.8 %). The distribution of the number of physically active episodes 

per weekend day in the entire sample of individuals is: zero episodes (79.8), one episode 

(17.5%), and two or more episodes (2.7%). The distribution within the sample of adults is 

zero episodes (80.3%), one episode (16.7%), and two or more episodes (3.0%), while the 

corresponding distribution within the sample of children is zero episodes (79.2%), one 

episode (18.4%), and two or more episodes (2.4%). These statistics reveal that there is no 

                                                 
53 Due to privacy considerations, the point coordinates of each household’s residence is not available; only 
the TAZ of residence of each household is available. 
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substantial difference in the aggregate distribution of the number of weekend day 

physically active episodes between adults and children.  

 

5.4 MODEL RESULTS 

5.4.1 Variable Specification  

Several different variables within the three broad variable categories of individual factors, 

physical environment correlates, and social environment determinants were considered in 

our model specifications. The individual factors included demographics (age, sex, race, 

driver’s license holding, physical disability status, etc.) and work-related characteristics 

(employment status, hours of week, work schedule, and work flexibility, etc); the 

physical environment factors included weather, season of year, transportation system 

attributes, and built environment characteristics; and the social environment factors 

included family-level demographics (household composition and family structure, 

household income, dwelling type, whether the house is owned or rented, etc.) and 

residential neighborhood demographics (see Section 5.3.2 for details). 

The final model specification was based on a systematic process of eliminating 

variables found to be statistically insignificant, intuitive considerations, parsimony in 

specification, and results from earlier studies. Several different variable specifications, 

functional forms of variables as well as interaction variables were examined. The final 

specification includes some variables that are not highly statistically significant, because 

of their intuitive effects and potential to guide future research efforts in the field. 

  

5.4.2 Model Specification and Data Fit 

The empirical analysis involved estimating models with two different univariate 

distribution assumptions (normal and logistic) for the random error term εqi, and four 
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different copula structures (Clayton, Gumbel, Frank, and Joe) for specifying the 

dependency between the εqi terms across individuals in each family to represent the 

family cluster effect. Thus, a total of eight copula-based models were estimated: (1) 

Normal-Clayton, (2) Normal-Gumbel, (3) Normal-Frank, (4) Normal-Joe, (5) Logistic-

Clayton, (6) Logistic-Gumbel, (7) Logistic-Frank, and (8) Logistic-Joe.  

In addition, we also estimated two models (one with a normal marginal error term 

and the other with a logistic marginal error term) that assume independence in physical 

activity propensity among family members, as well as two models based on the more 

common methodological approach to accommodate clusters through a family-specific 

normal mixing error term. To allow a fair comparison between such random-effects 

models and the copula models, we specified the variance of the random error term in the 

random-effects models to vary across families based on observed family characteristics 

(see Bhat and Zhao, 2002, and Bhat, 2000 for such specifications in the past). Such a 

formulation accommodates heterogeneity across families in the level of association 
between family members, akin to parametrizing the qθ  dependence term in the copula 

models as a function of the vector  of observed family variables.   qs

To conserve on space, we will only provide the data fit results for the best copula 

model, the best independent model (from the logistic and the normal distributions for the 

εqi terms), and the best random-effects model (again from the logistic and normal 

distributions for the εqi terms). Note that the maximum-likelihood estimation of the 

models with different copulas leads to a case of non-nested models. The most widely 

used approach to select among competing non-nested copula models is the Bayesian 

Information Criterion (or BIC; see Quinn, 2007; Genius and Strazzera, 2008; Trivedi and 

Zimmer, 2007, page 65). The BIC for a given copula model is equal to 

2 ln( ) ln( )L B N− + , where  is the log-likelihood value at convergence, B is the )ln(L
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number of parameters, and N is the number of observations. The copula that results in the 

lowest BIC value is the preferred copula. But, if all the competing models have the same 

exogenous variables and the same number of thresholds, as in our empirical case, the BIC 

information selection procedure measure is equivalent to selection based on the largest 

value of the log-likelihood function at convergence. 

Among the copula models, our results indicated that the Logistic-Clayton (LC) 

model provides the best data fit with a likelihood value of -732.573. However, in all the 

copula models, the dependency parameters were highly statistically significant, with the 

family-level dependency in unobserved factors varying based on family structure. 

Specifically, the family-level dependency was different among the three family types of 

(1) family with both parents, (2) single father family, and (3) single mother family. 

Between the two independent models, the logistic error term distribution for the margins 

(i.e., the ordered-response logit or ORL) provided a marginally better fit than the normal 

error term distribution for the margins (i.e., the ordered-response probit). The log-

likelihood value at convergence for the ordered-response logit is -916.894. Also, between 

the random-effects ordered-response logit (RORL) and the random-effects ordered-

response probit (RORP) models, the former (i.e., the RORL model) provided a superior 

data fit with a convergent log-likelihood value of -737.624. In both these random-effects 

models, we also considered variations in the family-level correlation levels across 

families, and found once again that there was variation based on the same family 

structure grouping as in the LC model.  

The likelihood ratio test for testing between the LC model in this study and the 

ORL model is 368.640, which is substantially larger than the critical χ2 value with 3 

degrees of freedom (corresponding to the three dependency parameters) at any reasonable 

level of significance, confirming the importance of accommodating dependence in 
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physical activity propensity among family members. The likelihood ratio test for testing 

the RORL model with the ORL model is 358.540, which again is larger than the critical 

χ2 value with 3 degrees of freedom. The LC and RORL models are non-nested, but they 

can be tested using a non-nested likelihood ratio test. Specifically, the difference in the 

adjusted rho-bar squared ( 2
cρ ) values between the two models is 0.00167.54 The 

probability that this difference could have occurred by chance is less than 

{ }0.5[ 2 0.00167 ( ) (32 32)]L CΦ − − × × + − . This value, with L(C) = -3022.698, is almost 

zero, indicating that the difference in adjusted rho-bar squared values between the 

copula-based LC and the RORL models is highly statistically significant and that the 

copula model is to be preferred over the more traditional random-effects model in terms 

of model fit. Specifically, as we discuss later, the results indicate a clear asymmetry in the 

dependence relationship among the physical activity propensities of individuals of the 

same family, an issue that cannot be handled by the random-effects approach.  

In the following presentation of the empirical results, we focus our attention on 

the results of the LC model that provides the best data fit.  

 

5.4.3 Estimation Results 

Table 5.1 presents the estimation results for the LC model. The coefficients provide the 

effects of variables on the latent propensity of an individual to participate in weekend 

out-of-home physically active episodes.  

 

 
                                                 
54 The adjusted rho-bar squared value 2

cρ  for an ordered-response model is computed as 
2 ˆ1 [( ( ) ) / ( )]c L H L Cρ β= − − , where ˆ( )L β is the log-likelihood at convergence, H  is the number of 

model parameters excluding the thresholds, and L(C) is the log-likelihood with only thresholds in the 
model. 
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Table 5.1 Estimation Results for the Number of Out-of-Home Weekend Physically 
Active Activity Episodes 

 Adults (Parents) Children (aged 5-15) 
Variable Parameter t-stat Parameter t-stat 

Threshold parameters     
   Threshold 1  3.084  4.68  2.702  4.02 

   Threshold 2  5.138  6.86  5.187  7.13 

Individual factors     
   Male adult (Father) between 35 -45 years -1.297 -3.20 -1.586 -3.69 

   Male adult (Father) over 45 years -1.297 -3.20 -1.586 -3.69 

   Female adult (Mother) between 35 -45 years  2.137  4.06  1.822  3.57 

   Female adult (Mother) over 45 years  1.848  3.95  1.704  3.87 

   Child’s age  - - -0.044 -1.56 

   Adult’s internet use -0.295 -1.26 - - 

Physical environment factors     
Season and activity day      

   Winter -0.428 -1.31 - - 

   Sunday -0.580 -2.73 -0.635 -2.84 
Transportation system and built environment 
characteristics     

   Bicycling facility density (miles of bike lanes 
per square mile)   0.073  2.03  0.106  2.75 

   Fraction of multi family dwelling units - -  0.479  1.03 
   Presence of physically inactive recreation 

centers (such as theaters, amusement parks, 
inactive clubs (e.g. video games or cards))  

- - -0.387 -1.39 

Social environment factors     
Family-level demographics     

   Two-parent families  0.422  1.60 - - 

   Presence of children aged less than 5 years  1.565  2.57 - - 

   Family income greater than 90k  0.283  1.27  0.484  2.13 

   Own household -0.655 -2.31 -0.425 -1.55 

   Number of motorized vehicles  -0.227 -1.62 - - 

   Number of bicycles - -  0.121  2.10 

Residential neighborhood demographics     

   Fraction of Caucasian American population  0.632  1.24 - - 

   Fraction of African-American population - - -2.783 -1.34 
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For ease in presentation, we indicate the effects of independent variables separately on 

adults (i.e., parents) and children, though the estimation is undertaken for all individuals 

together, while also accommodating unobserved dependencies in the physical activity 

propensities of individuals within a family.55 The first main row of Table 5.1 provides 

estimates of the threshold values (for parents and children). These do not have any 

substantive interpretation; rather, they simply serve to translate the latent propensity into 

the observed ordered categories of the number of physical activity participations. 

 

5.4.3.1 Individual Factors 

The effects of individual characteristics indicate the influence of the parents’ age on both 

parents’ and children’s physical activity propensities. In particular, we find important 

interaction effects of sex and age in the physical activity propensity of adults. This is 

interesting, since many earlier studies examine the impact of sex and age as two separate 

variables or focus only on women (see, for example, Weuve et al., 2004, and King et al., 

2005). However, our results suggest that there are important interaction effects between 

age and sex in adults’ physical activity propensity.56 In particular, our results indicate no 

statistically significant differences in weekend day physical activity propensity between 

male and female adults until the age of 35 years. On the other hand, most earlier studies 

indicate that male adults tend to be more physically active compared to female adults at 

almost any age (see, for example, Schulz and Schoeller, 1994, Azevedo et al., 2007, and 

                                                 
55 In the rest of this chapter, we will use the terms adults and parents interchangeably, based on the context 
of the discussion.  
56 Note that we tried various threshold age values to capture the age-related effects in our specification, but 
the thresholds of 35 years and 45 years provided the best fit. This dummy variable specification was better 
than a continuous age specification and a specification that considered non-linear spline effects. For male 
adults, there was literally no difference in the coefficients for the “35-45” years and “over 45 years” age 
categories. So, we have a single coefficient for these two categories for males. For females, there were 
larger differences in the two age categories. Thus, even though not statistically different at the 0.05 level of 
significance, we retained different coefficients on the two age categories for females.  
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Trolana, 2008). Further, according to our results, the propensity for weekend physical 

activity is lower for males who are 35 years of age or more relative to their younger 

counterparts (less than 35 years of age), while, for females in family households, the 

propensity is higher for individuals who are 35 years or more relative to their younger 

counterparts (less than 35 years of age). Hawkins et al. (2009) find a similar result of 

increased physical activity among women in middle ages (40-59 years) relative to their 

younger peers, but this holds only for Hispanic women in their sample. As importantly, 

the implication of our results is that women who are 35 years of age or over have a higher 

propensity to participate in physically active episodes relative to their male counterparts. 

Of course, one should keep in mind that the measure of physical activity in our study (as 

in Dunton et al., 2008) is the number of physical activity bouts on a weekend day as 

reported in a general activity survey, while several earlier studies have considered time 

expended in physical activity over longer stretches of time (such as a week or a longer 

period of time) using focused physical activity surveys or objective measurements of 

physical activity. Overall, there is a clear need for an analysis of different dimensions of 

physical activity, including types of physical activity bouts, time investments and number 

of bouts, where bouts occurred and time-of-day of bouts, weekend-day versus weekday 

patterns, as well as with-whom bouts occurred. Understanding the role of demographics 

and other variables on each and all of these physical activity dimensions can provide 

important information for effective intervention strategies. While the field is moving 

toward such comprehensive analyses of physical activity (see, for example, Dunton et al., 

2008 and Sener et al., 2008), the challenge is to obtain reliable data to support the 

analysis of all these dimensions jointly.  

Parental age also has an important effect on children’s physical activity 

propensity, though, once again, the effect is different for mothers and fathers. Children in 
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families with young fathers (less than 35 years of age) have a higher physical activity 

propensity relative to children in families with older fathers, while children in families 

with young mothers have a lower physical activity propensity relative to children in 

families with older mothers. Taken together with the impact of parental age on parental 

physical activity, these results perhaps suggest that children explicitly model their 

parents’ physical activity participation so that children in households with one or both 

physically active parents are more likely to be physically active. Overall, the results 

indicate that the highest levels of physical activity across all individuals in a family 

(parents and children) tend to be in two-parent families with young fathers (less then 35 

years of age) and older mothers (35 years of age or more), while the lowest levels of 

physical activity are in two-parent families with the father over 35 years of age and the 

mother less than 35 years of age. Previous studies (see, for example, Davison et al., 2003) 

have suggested that mothers and fathers support and shape the physical activity 

participation of children in quite different ways, with fathers taking more of an explicit 

modeling role (a more hands-on physical activity-embracing role) and mothers taking 

more of a logistics support role (driving children to coaching camps and related physical 

activity opportunity locations). It would be interesting in future studies to examine if such 

differential support roles of parents in influencing children’s physical activity 

participation are somehow being manifested in the parental age-based effects found in 

this study. In any case, the results suggest that policy interventions aimed at increasing 

children’s physical activity levels could potentially benefit from targeting entire family 

units rather than targeting only children. 

The effect of the child’s age variable in Table 5.1 indicates that older children 

have a lower propensity to partake in physical activities. This is a result that is consistent 

with the findings of earlier studies (see, for example, Sallis et al., 2000, and Sener et al., 
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2008). While there may be several reasons for this result, one reason may be that, as 

children get older, they gravitate more toward unstructured social activities rather than 

structured sports activities and unstructured free play (Copperman and Bhat, 2007b). It is 

interesting to note here that we did not find any statistically significant effect of the 

child’s age on parents’ physical activity propensity.   

Finally, within the category of individual characteristics, adults who use the 

internet during the weekend day are less likely to partake in physical activity compared to 

adults who do not use the internet.57 This result may be a reflection of overall sedentary 

inclinations or lesser time availability for physically active pursuits in the day (due to 

getting “sucked up” in social conversations or internet browsing or e-mail checking). 

While only marginally significant, this result emphasizes the need to balance the positive 

aspects of internet connectivity with the potentially detrimental effect on physical activity 

lifestyles (see also Kennedy et al., 2008). 

In addition to the variables discussed above, we also examined the effects of 

work-related factors on physical activity propensity of family members. But we did not 

find any statistically significant impacts even at the 15% level. 

 

5.4.3.2 Physical Environment Factors 

In the group of physical environment factors, the first set of variables corresponds to 

season and activity day variables. The season variables suggest a lower propensity among 

adults to participate in weekend physical activities during the cold winter months relative 

to other times of the year (though this effect is not significant at the 0.05 significance 

level). Such seasonal variations have been found in other studies of adult physical activity 

                                                 
57 The “internet use” variable corresponds to the individuals’ internet use over the sampled weekday for 
personal reasons such as for browsing (information seeking and shopping), entertainment/games, social e-
mail, chat rooms, and banking/financial purposes. 
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participation (see Tucker and Gilliland, 2007, Sener and Bhat, 2007, and Pivarnik, 2003). 

This may be attributed to the discomfort in participating in outdoor physically active 

pursuits during the winter season. Interestingly, we did not find such similar season 

effects for children’s physical activity participation. The activity day variable indicates 

lower physical activity propensity among both parents and children on Sundays 

compared to Saturdays, presumably because of the time investment in religious and 

social activities on Sundays. Further, as indicated in some other studies, Sundays serve 

the purpose of “rest” days at home before the transition to school or work the next day 

(see, for instance, Bhat and Gossen, 2004).  

We tested several transportation system and built environment variables, though 

most of these did not turn out to be statistically significant even at the 15% level of 

significance.58  However, as shown under “Transportation system and built environment 

characteristics” in Table 5.1, both adults and children in households residing in areas with 

high bicycle facility density (as measured by miles of bicycle lanes per square mile in the 

residential traffic analysis zone) are more likely to participate in physically active 

pursuits relative to individuals in other households. Of course, this result (and the rest of 

the effects in the transportation system/built environment variable category) should be 

viewed with some caution since we have not considered potential residential self-

selection effects. That is, it is possible that highly physically active families self-select 

themselves into zones with built environment measures that support their active lifestyles 

(see Bhat and Guo, 2007 and Bhat and Eluru, 2009 for methodologies to accommodate 

such self-selection effects). The “fraction of multi-family dwelling units” variable effect 

                                                 
58 This may be a reflection of the use of a traffic analysis zone (TAZ) as a spatial unit of resolution for 
computing transportation system and built environment attributes, which is admittedly rather coarse. Future 
studies should consider more micro-scale measures to represent transportation system and built 
environment variable effects, but, as indicated before, we are constrained to use the TAZ in this study 
because residence locations were tagged only to TAZs due to privacy considerations.  
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reveals a higher level of physical activity among children residing in zones with a high 

percent of multi-family dwelling units. This may be a reflection of more opportunities for 

joint physical activity participation with peers and other individuals in neighborhoods 

with a high share of multi-family units, Finally, the presence of physically inactive 

recreation centers in a zone reduces the physical activity propensity of children residing 

in that zone (though this effect is only marginally significant).  

 

5.4.3.3 Social Environment Factors 

The family demographics effects in Table 5.1 (within the category of social environment 

factors) show that adults in two-parent families have a higher propensity to participate in 

physically active episodes over the weekend day relative to families with only one parent, 

perhaps because of increased opportunities for joint participation in out-of-home adult 

physical activity participation or because one of the parents can look after children at 

home while the other participates in physical activity. The results also indicate the higher 

physical activity propensity of parents with young children (less than 5 years of age) 

relative to parents of older children (5 years or more). This may be related to the 

increased demands and reliance of older children on their parents for logistics and related 

support to participate in activities based on their own independent needs (see Stefan and 

Hunt, 2006; CDC, 2005; Eccles, 1999), leaving less time for parents to pursue physical 

activities. Both parents and children in high income families (with an annual income of 

more than $90,000) have a higher propensity (than low income families) for physical 

activities, presumably due to fewer financial restrictions to travel to, and participate in, 

physical activities (see Parks et al., 2003, and Day, 2006). On the other hand, the results 

in Table 5.1 indicate a lower weekend physical activity participation propensity among 

individuals (adults and children) residing in their own houses relative to individuals 
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residing in non-owned houses. Finally, as the number of motorized vehicles in the family 

increases, adults (but not children) are less likely to engage  in physical activity episodes, 

while, as the number of bicycles in the household increases, children (but not adults) are 

more likely to engage in physical activity episodes. Of course, a caution here is that this 

may be an associative effect rather than a causal effect. That is, rather than fewer 

cars/more bicycles engendering more physical activity, it may be that households with 

physically active individuals choose to own fewer cars/more bicycles.  

The neighborhood race composition effects under neighborhood residential 

demographics do show a general trend of higher (lower) physical activity propensity 

among adults (children) residing in neighborhoods with a high share of Caucasian-

American households (African-American households) relative to adults (children) 

residing in other neighborhoods.  As indicated by Rai and Finch (1997), physical activity 

in the population has generally been a “white” domain. Gordon-Larsen et al. (2005; 

2006) also suggest that the lower physical activity propensity among children in 

predominantly African-American neighborhoods may be because of poor neighborhood 

quality and lack of good recreational centers.  

 

5.4.3.4 Dependence Effects 

The estimated copula-based clustered ordered response model incorporates the jointness 

between physical activity episodes of family members not only through observed factors 

but also based on unobserved factors. As indicated earlier, the Clayton copula turned out 

to provide the best fit. The association parameter is parameterized in the Clayton copula 
as )exp( qq sδθ ′= , where the δ vector is estimated. As indicated earlier, in our 

estimations, the  vector included three dummy variables: (1) family with both parents, 

(2) single mother family, and (3) single father family. The implied Clayton association 

qs
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parameter qθ  for these three family types and their corresponding standard errors 

(computed using the familiar delta method; see Greene, 2003, page 70) are as follows: 

Family with both parents: 1.866 (0.155), single mother family: 2.158 (0.467), and single 

father family: 1.413 (0.478). All of these parameters are very highly statistically 

significant (relative to the value of ‘0’, which corresponds to independence), indicating 

the strong dependence among the unobserved physical activity determinants of family 

members. Another common way to quantify the dependence in the copula literature is to 

compute the Kendall’s measure of dependence.59 For the estimated association 

parameters, the values of the Kendall’s τ  are (standard errors are in parenthesis): Family 

with both parents: 0.483 (0.021), single mother family: 0.519 (0.054), and single father 

family: 0.414 (0.082). 

The dependence form of the Clayton copula implies that the dependency in 

unobserved components across family members in the propensity to participate in 

physically active episodes is strong at the left tail, but not at the right tail. Figure 5.1 plots 

the dependency scatterplot of the relationship between the unobserved components εqi  of 

physical activity propensity for any two individuals in the same family , based on 

family type.   

q

 

                                                 
59 See Bhat and Eluru (2009) for a description of this dependency measure. The traditional dependence 
concept of correlation coefficient ρ is not informative for asymmetric distributions, and has led statisticians 
to use concordance measures. Basically, two random variables are labeled as being concordant (discordant) 
if large values of one variable are associated with large (small) values of the other, and small values of one 
variable are associated with small (large) values of the other. This concordance concept has led to the use 
of the Kendall’s τ, which is in the range between 0 and 1, assumes the value of zero under independence, 
and is not dependent on the margins. For the Clayton copula, τ = θ / (θ + 2). 
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(1a) Two-parent families (τ =0.483) 

 

 
(1b) Single-mother families (τ =0.519) 

 

 
(1c) Single-father families (τ = 0.414) 

Figure 5.1 Logistic-Clayton Copula Plots across Family Types  
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As can be observed, the results indicate that individuals in a family tend to have 

uniformly low physical activity (tighter clustering of data points at the low end of the 

physical activity spectrum), but there is lesser clustering of individuals in a family toward 

the high physical activity propensity spectrum. The figures also show the higher (lower) 

dependency at the lower end of the physically activity spectrum for single mother (single 

father) families relative to two-parent families.  

From an education-based intervention standpoint to promote physical activity, the 

result that there is strong clustering within individuals in a family at the low physical 

activity spectrum end is encouraging. It suggests that a cost-effective strategy would be to 

identify individuals who have a low physical activity level, then trace the individual back 

to her/his household, and target the entire family unit, all of whose members are likely to 

have low physical activity levels. Such a strategy constitutes a good “capture” 

mechanism to bring educational campaigns to those who may benefit most from such 

campaigns.60 

To summarize, the discussion above clearly illustrates that the dependency effects 

within a family (in the propensity to participate in physical activity) are asymmetric and 

statistically significant. A model that does not consider dependence between individuals 

in a family (i.e., the simple ordered response model) and a model that accommodates 

only a restrictive normal dependency form provide relatively poorer data fits. These 

models also provide biased estimates that are quite different from those obtained from the 

Logistic-Clayton (LC) model, as we discuss in the next section.  

 
                                                 
60 The statement here is not intended to be patronizing in any way to those who have low physically active 
levels. In fact, many individuals with low physically active levels may already know a substantial amount 
of statistics about the potential benefits of regular physical activity (to themselves and to society as a 
whole), and may be making informed choices. But, as in all promotional campaigns of services/products, 
one of the important tasks is to efficiently identify the population groups who are current “non-consumers” 
(i.e., those who do not partake much in physical activity levels in the empirical context of the current 
chapter) and attempt to “convert” them. The statement should be viewed in this light.  
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5.4.3.5 Aggregate Impacts of Variables 

In this section, we examine the magnitude of the influence of variables on the number of 

out-of-home weekend physical activity episode participations. The results are presented 

for the standard ordered-response logit (ORL) model, the random-effects ordered-

response model (RORL) and the LC models. To reduce clutter, we simplify the effects 

from the ordered models to a simple binary effect of variables on the share of adults 

(parents) and children participating in physical activity episodes. Further, we also confine 

our attention to selected variables to focus attention.  These variables (and the change in 

the variables that are examined) are as follows: (1) increase in adult internet usage (10% 

increase); (2) increase in bicycling facility density in the zone of each household (10% 

increase); (3) increase in the fraction of multi-family dwelling units in the zone of 

residence of each household (10% increase); (4) decrease in vehicle ownership for each 

household (decrease by one vehicle, except for zero vehicle households whose car 

ownership level is left unchanged); (5) increase in bicycle ownership for each household 

(increase by one bicycle); (6) increase in the fraction of Caucasian-American population 

in the zone of residence of each household (increase by 10%), and; (7) increase in the 

fraction of African-American population in the zone of each household in the sample 

(increase by 10%).  To examine the impact of these changes, we compute an effective 

percentage change (between the base case and the case with the change in each variable) 

in the expected aggregate share of adults and children participating in weekend physical 

activity episodes.  

Table 5.2 presents the results. Several important observations may be made from 

the table, as discussed below.  
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  Aggregate change in the percentage probability of expected physical activity participation 

ORL   RORL LC
Variable 

Formulation of the 
Change on the 

Variable Adults      Children Adults Children Adults Children

Individual factors        

Parental internet use Increased by 10% -1.046 - -1.691 - -2.177 - 

Physical environment factors        

Built environment 
characteristics        

Bicycling facility density (miles 
of bike lanes per square mile) Increased by 10%       2.441 2.497 1.646 2.206 1.585 2.232

Fraction of multi-family 
dwelling units Increased by 10%       - 1.418 - 0.993 - 0.965

Social environment factors        

Family-level demographics        

Household vehicle ownership Decreased by 1        15.297 - 11.682 - 18.762 -

Household bicycle ownership Increased by 1 - 14.947 - 9.273  9.283 

Residential neighborhood 
demographics)        

Fraction of Caucasian-
American population Increased by 10% 4.945      - 3.260 - 3.012 -

Fraction of African-American 
population Increased by 10%       - -1.422 - -1.022 - -0.941

Table 5.2 Impact of Change in Individual, Physical and Social Environment Factors 

 



 

First, it is clear from the table that the most important determinants of weekend 

physical activity participation are vehicle ownership (for adults) and bicycle ownership 

(for children). This is interesting, since it catapults policies aimed at reducing motorized 

vehicle ownership and increasing bicycle ownership as important ones to consider not 

only from the standpoint of reducing traffic congestion and greenhouse gas emissions, 

but also from the perspective of improving public health. Obviously, the continued 

collaboration of transportation and public health professionals is important in designing 

and obtaining traction for implementing such policies.  Second, there is a clear impact of 

the fraction of Caucasian-American population in a zone on the physical activity levels of 

adults in that zone, though the reasons for this finding are not obvious. Is it that 

recreational opportunities and facilities (some of which are not captured in the built 

environment variables considered in this study) are better in zones with a high Caucasian-

American population, as suggested by Gordon-Larsen et al. (2005; 2006), or are there 

other reasons for the differences? Additional qualitative investigation into this finding 

should provide valuable insights. Third, adding bicycle lanes and increasing bicycle 

facility density does increase physical activity levels in both adults and children, even 

though the usual caveat has to be added that the directionality of this influence needs to 

be examined carefully. In particular, whether this influence is a causal effect of bicycle 

facility density on physical activity levels or simply a self-selection effect of highly 

physically active-oriented individuals locating themselves in areas with good bicycle 

facilities is an open question (see Bhat and Guo, 2007 and Pinjari et al., 2008 for 

additional discussions of this issue). Finally, there are differences in the effects of 

variables between the ORL, RORL, and LC models. This, combined with the better data 

fit of the LC model, points to the inconsistent effects from the ORL and RORL models. 

Overall, the results underscore the importance of testing different copula structures for 
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accommodating family dependencies to avoid the risks of inappropriate covariate 

influences and inconsistent predictions of the number of out-of-home weekend physically 

active activity episodes. For instance, the ORL and RORL models underestimate the 

influence of an increase in adults’ internet use at home on adult physical activity levels, 

as well as underestimate the influence of reduced household vehicle ownership levels on 

adult physical activity levels. Thus, use of the ORL and RORL models would lead 

(inappropriately) to the reduced consideration of educational policies targeting the public 

regarding the potential detrimental effects of internet use at home (from a physical 

activity standpoint), and reduced emphasis on economic and other policies aimed at 

reducing vehicle ownership levels.  

 

5.5 SUMMARY AND CONCLUSIONS 

This chapter presents a copula-based model to examine the physical activity participation 

levels of individuals, while also explicitly accommodating (social) dependencies due to 

observed and unobserved factors within individuals belonging to the same family unit. In 

the copula-based approach, the model structure allows the testing of various dependency 

forms, including non-linear and asymmetric dependencies among family members. For 

instance, family members may be likely to have simultaneously low propensities for 

physical activity but not simultaneously high propensities, or high propensities together 

but not low propensities together.  In the current chapter, the focus is on the Archimedean 

class of copulas, a class that is ideally suited to the clustering context where the level of 

dependence in the marginal random unobserved terms within a cluster is identical (i.e., 

exchangeable) across any (and all) pairs of individuals in the cluster.  

The measure of physical activity we adopt in the current study is the number of 

out-of-home physical activity bouts or episodes (regardless of whether these bouts 
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correspond to recreation or to walking/biking for utilitarian purposes) on a weekend day 

as reported by respondents in the 2000 San Francisco Bay Area Survey. Accordingly, we 

use an ordered-response structure to analyze physical activity levels, while testing various 

multivariate copulas. The empirical results indicate that the Logistic-Clayton (LC) model 

specification provides the best data fit. That is, individuals in a family tend to have 

uniformly low physical activity, but there is lesser clustering of individuals in a family 

toward the high physical activity propensity spectrum. This result suggests that a cost-

effective “capture” mechanism to bring educational campaigns to those who may benefit 

most from such campaigns would be to identify individuals who have a low physical 

activity level, then trace the individual back to her/his household, and target the entire 

family unit, all of whose members are likely to have low physical activity levels. 

A number of individual factors, physical environment factors, and social 

environment factors are considered in the empirical analysis. The results indicate that the 

most important determinants of weekend physical activity participation are vehicle 

ownership (for adults) and bicycle ownership (for children). Thus, our results suggest that 

policies aimed at reducing motorized vehicle ownership and increasing bicycle ownership 

can serve the dual purpose of reducing traffic congestion (and its consequent benefits) as 

well as increasing physical activity levels. In addition, individual factors (demographics, 

work characteristics, internet use at home), physical environment variables (season and 

activity-day variables, as well as built environment measures), and social environment 

factors (family-level demographics and residential neighborhood demographics) are other 

important determinants of physical activity participation levels.  
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CHAPTER 6  

CONCLUSIONS 

6.1 SUMMARY 

Travel demand models require realistic behavioral representations of the activity-travel 

decisions of individuals or households. Accurate and behaviorally realistic modeling 

requires a clear understanding of the complex nature of individuals’ choice behavior, 

which is substantially influenced by the temporal, spatial, and social dependencies of 

their choices. This observation warrants the development of powerful and parsimonious 

econometric models of discrete choice with the potential to enhance the reliability of 

estimation results, which can then be used for the development of appropriate and 

effective policy recommendations. However, although discrete choice models have a long 

history of developments and applications in the activity-travel analysis field, the spatial 

and social context of discrete choice modeling has started to gain importance only very 

recently, presumably because of the (modeling and estimation) complications introduced 

by spatial and social dependencies.   

The research in this dissertation was motivated by realizing the indisputable 

existence of spatial and social dependencies in individuals’ activity-travel decisions, and 

the corresponding need to include such dependencies into travel demand models. 

Activity-based travel models that purport to capture spatial and social interactions should 

be formulated to recognize these dependency (or correlation) effects.  To this end, the 

goal of this dissertation was to develop robust, reliable, and easy-to-implement modeling 

methodologies to accommodate flexible spatial and social dependency structures into 

discrete choice models.  Specifically, this research explicitly addresses three dependency 
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issues in analyzing different discrete choice problems: 1) spatial correlation (or 

dependency) across alternatives, 2) spatial correlation (or dependency) across 

observational units, and finally 3) social correlation (or dependency) across observational 

units.  

In this context, the primary objectives of this dissertation research were three-

fold. The first objective was to develop a discrete choice modeling methodology that 

explicitly incorporates spatial correlation (or dependency) across location choice 

alternatives (whether the choice alternatives are contiguous or non-contiguous). To 

achieve this objective, a modeling methodology capable of accounting for spatial 

correlation across choice alternatives in discrete choice modeling applications was 

proposed in Chapter 2. Many location choice (e.g., residential location, workplace 

location, destination location) modeling contexts involve choice sets where alternatives 

are spatially correlated with one another due to unobserved factors.  In the presence of 

such spatial correlation, traditional discrete choice modeling methods that are often based 

on the assumption of independence among choice alternatives are not appropriate. In 

Chapter 2, a generalized spatially correlated logit (GSCL) model that allows one to 

represent the degree of spatial correlation as a function of a multidimensional vector of 

attributes characterizing each pair of location choice alternatives was formulated and 

presented. The formulation of the GSCL model allows one to accommodate alternative 

correlation mechanisms rather than pre-imposing restrictive correlation assumptions on 

the location choice alternatives. The model was applied to the analysis of residential 

location choice behavior using a sample of households drawn from the 2000 San 

Francisco Bay Area Travel Survey (BATS) data set. Model estimation results obtained 

from the GSCL were compared against those obtained using the standard multinomial 

logit (MNL) model and the spatially correlated logit (SCL) model where only 
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correlations across neighboring (or adjacent) alternatives are accommodated. Model 

findings suggested that there is significant spatial correlation across alternatives that do 

not share a common boundary, and that the GSCL offers the ability to more accurately 

capture spatial location choice behavior.   

The next dependency issue addressed in this dissertation is also relevant to the 

spatial dependency in data indexed by geographic location, but in the case of aspatial 

discrete choice models. Along this direction, the second objective of this dissertation was 

to propose new approaches to accommodate spatial correlation across observational units 

for different aspatial discrete choice models, including binary choice and ordered-

response choice models. In particular, in Chapter 3, the emphasis was on accommodating 

spatial error correlation across observational units in binary discrete choice models. In 

this regard, a copula-based approach to spatial dependence modeling was formulated 

based on a spatial logit structure rather than a spatial probit structure. In this approach, 

the dependence between the logistic error terms of different observational units was 

directly accommodated using a multivariate logistic distribution based on the Farlie-

Gumbel-Morgenstein (FGM) copula. The approach represents a simple and powerful 

technique that results in a closed-form analytic expression for the joint probability of 

choice across observational units, and is straightforward to apply using a standard and 

direct maximum likelihood inference procedure. There is no simulation machinery 

involved, leading to substantial computation gains relative to current methods to address 

spatial correlation. The approach was applied to teenagers’ physical activity participation 

levels, a subject of considerable interest in the fields of public health, transportation, 

sociology, and adolescence development. The data for the analysis were drawn from the 

2000 San Francisco Bay Area Survey. The results indicated that failing to accommodate 

heteroscedasticity and spatial correlation can lead to inconsistent and inefficient 
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parameter estimates, as well as incorrect conclusions regarding the elasticity effects of 

exogenous variables.  

Next, the study in Chapter 4 proposed a simple and practical Composite Marginal 

Likelihood (CML) inference approach to estimate ordered-response discrete choice 

models with flexible copula-based spatial dependence structures across observational 

units. The approach is applicable to data sets of any size, provides standard error 

estimates for all parameters, and does not require any simulation machinery. The 

combined copula-CML approach proposed in Chapter 4 should be appealing for general 

multivariate modeling contexts because it is simple and flexible, and is easy to 

implement. The ability of the CML approach to recover the parameters of a spatially 

ordered process was evaluated using a simulation study, which clearly points to the 

effectiveness of the approach. In addition, the combined copula-CML approach was 

applied to study the daily episode frequency of teenagers’ physically active and 

physically inactive recreational activity participation. The data for the analysis were again 

drawn from the 2000 San Francisco Bay Area Survey. The results highlighted the value 

of the proposed copula approach that separates the univariate marginal distribution form 

from the multivariate dependence structure, and underscored the need to consider spatial 

effects in recreational activity participation choice modeling. The variable effects 

indicated that parents’ physical activity participation constitutes the most important factor 

influencing teenagers’ physical activity participation levels. Thus, an effective way to 

increase active recreation among teenagers may be to direct physical activity benefit-

related information and education campaigns toward parents, perhaps at special physical 

education sessions at the schools of teenagers.  

The final contribution of this dissertation was on accommodating social 

dependency among individuals, recognizing the fact that human beings are part of social 
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units, and that they are likely to be dependent on each other in their activity-travel choice 

behavior. Chapter 5, consequently, proposed a copula formulation to accommodate social 

dependency structures in ordinal response models, and applied the methodology to a 

study of physical activity participation levels of individuals as part of their families. 

Specifically, the focus was on analyzing and modeling the physical activity participation 

levels (in terms of the number of daily “bouts” or “episodes” of physical activity) of all 

members of a family jointly. Towards this aim, families were considered as a “cluster” of 

individuals whose physical activity propensities may be affected by common household 

attributes (such as household income) as well as unobserved family-related factors (such 

as sedentary life-style of families). The proposed copula-based clustered ordered-

response model structure allows the testing of various dependency forms among the 

physical activity propensities of individuals of the same household (generated due to the 

unobserved family-related factors), including non-linear and asymmetric dependency 

forms. The proposed model system was then applied to study physical activity 

participations of individuals, using data drawn from the 2000 San Francisco Bay Area 

Household Travel Survey (BATS).  A rich set of individual factors, physical environment 

factors, and social environment factors were considered in the empirical analysis. The 

results indicated that reduced vehicle ownership and increased bicycle ownership are 

important positive determinants of weekend physical activity participation levels. 

Further, the results suggested that policy interventions aimed at increasing children’s 

physical activity levels could potentially benefit from targeting entire family units rather 

than targeting only children. Finally, the results indicated a strong and asymmetric 

dependence among the unobserved physical activity determinants of family members. 

Particularly, the results showed that individuals in a family tend to have uniformly low 
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physical activity, but there is lesser clustering of individuals in a family toward the high 

physical activity propensity spectrum. 

 In closing, the model structures proposed in this dissertation offer rigorous 

approaches for incorporating flexible (spatial and social) dependency structures in 

various discrete choice models (whether the choice is spatial or aspatial). The models 

developed in this research, to our knowledge, represent the first formulations and 

applications of such approaches for accommodating spatial and/or social dependencies, 

and highlight the power of simulation-free estimation techniques (including closed-form 

formulations/techniques as well as the CML inference approach) for accommodating 

such effects. Since the approaches are simple and practical, applicable to data sets of any 

size, flexible to accommodate, estimate and test different forms of dependence, and do 

not require any simulation machinery, they should be very appealing for application in 

several other modeling contexts.  

 

6.2 EXTENSIONS AND FUTURE WORK 

Emerging activity-based approaches to travel analysis explicitly recognize interactions 

among activities, trips, and individuals in time and space. While the research in this 

dissertation provides enhanced methodologies for accommodating such interactions in 

spatial and social contexts, it also highlights the need for further research along different 

directions. A few of these research ideas are discussed below. 

1) While the GSCL model developed in Chapter 2 accommodates spatial correlation 

across location choice alternatives regardless of adjacency, it does not consider 

random taste variations (or heterogeneity) across decision makers. Such 

sensitivity variations should be incorporated to obtain more accurate 

representations of individuals’ choice behavior. As indicated in Chapter 2, these 
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variations can be incorporated by imposing a mixing distribution into the GEV 

structure of the proposed GSCL model.  

In particular, such unobserved response heterogeneity can be 

accommodated by representing the distribution of the unobserved heterogeneity 

with a continuous function. Specifically, the coefficient vector β  embedded in 

the  vector of the GSCL model (see Section 2.3 for the GSCL model notation 

and formulation) may be assumed to be multivariate normal with a vector 

niV

θ  of 

underlying moment parameters. Then, the probability of choosing alternative  by 

decision maker n  in the mixed GSCL (MGSCL) model is given as follows: 

i
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           and  represents the density function of the multivariate normal distribution.  f

The parameters to be estimated in Equation (6.2) include the β  vector 

representing the observed parameters for the choice attributes, the scalar 

dissimilarity parameter µ , the coefficient vector φ  embedded in the allocation 

parameters, and the θ  vector characterizing the multivariate normal distribution 

of the β  parameters. Define 1nim =   if decision maker  chooses the spatial unit 

, and 0 otherwise. Then, the likelihood function for estimation of the various 

parameters collected into a single vector 

n

i

γ  can be written as: 
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The evaluation of the log-likelihood function in Equation (6.3) requires 

the computation of the multivariate integral in the choice probability whose 

dimensionality is equal to the number of random elements in the coefficient 

vector β . It should be noted that, if the mixed logit model is used instead of the 

MGSCL model, the dimensionality of the integral in the choice probability would 

be equal to the number of random elements in the vector β  plus the number of all 

paired nests. Thus, the GEV-based formulation underlying the GSCL model 

substantially increases the computational efficiency even if mixing is introduced. 

This efficiency gain is especially important in spatial location choice models 

where the number of paired nests is very large. Simulation techniques can be 

applied to approximate the multidimensional integrals in the likelihood function 

and maximize the resulting simulated log-likelihood function.  

2) One apparent problem in the spatial location choice models is the widely 

recognized modifiable areal unit problem (MAUP) (Openshaw, 1984). The 

presence of MAUP results from the use of aggregate geographical data, such as 

census tracts or zones (as opposed to the representation of space as points of 

latitude and longitude), when micro-data is not available. In particular, MAUP 

results in model estimates being sensitive to the zonal configuration. Any change 

in zonal configuration leads to a critical problem, especially in spatial location 

choice modeling contexts where contiguity is taken as the key parameter to 

account for the correlation among spatial choice alternatives. As Fotheringham 

and Brunsdon (1999) note “by changing the zonal system, not only will the 

aggregated data alter, but also the points in the study area that are considered to be 

in adjacent zones”.  
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In this regard, the generalized formulation of the proposed GSCL model 

(in Chapter 2) potentially reduces the impact of the MAUP on model estimates 

(compared to the contiguity-based models) since the impact of zonal 

configuration on model estimates is both accommodated and moderated in the 

GSCL formulation61. However, although the effect is reduced, the GSCL model 

does not really resolve the MAUP issue. Indeed, no method will completely 

resolve the MAUP issue (except if the entire issue becomes mute by focusing on 

points as being alternatives). One way to alleviate the scaling effect associated 

with the MAUP problem, while still using aggregate spatial representations, is to 

work with the finest resolution of spatial aggregation possible. This warrants the 

need for collecting detailed (and micro-scale) geospatial information in activity-

travel surveys, and careful examination of the MAUP issue in future studies.  

3) Spatial dependence is inherent in many aspects of human decision-making, with 

the choice decisions of one individual being affected by those of other individuals 

who are proximal in space. The copula-based models developed in Chapter 3 and 

Chapter 4 are simple and easy-to-implement, and provide rich structures to 

capture flexible spatial dependency structures in binary choice and ordered-

response choice situations, respectively. However, there are also several choice 

situations where the response variable has a multinomial unordered setting (such 

as travel mode choice, activity type choice, and activity location choice). 

Although there have been a handful of studies explicitly considering spatial 

dependence in a multinomial unordered response setting, none of these studies 

consider global dependency effects; rather, they impose a relatively restrictive 
                                                 
61 Note that a zone pair that shares a common boundary in one spatial configuration could become non-
adjacent zones in a different spatial configuration. Therefore, the correlation between this pair of zones 
would instantaneously change from a positive value to zero in the contiguity-based models as a result of the 
change in zonal configuration. 
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local spatial dependency structure that allows a constant dependence within 

observational units in pre-specified spatial regions, but no correlation in 

observational units in different spatial regions (see, for example, Bhat, 2000 and 

Dugundji and Walker, 2005). As a consequence, the resulting multinomial 

unordered choice probability expressions become quite tractable, but the model 

also becomes vulnerable to the modifiable areal unit problem (MAUP). An 

extension toward developing an approach to address flexible spatial dependency 

effects in unordered multinomial choice models would be a significant 

contribution to the field. In this vein, exploring the use of flexible copula 

structures would certainly be useful.  

4) In the empirical application of the models proposed in this dissertation, 

transportation system and built environment variables were considered as 

independent variables to explain the physical activity episode participation of 

family members. The models do not take into account residential self-selection 

effects, and hence imply a uni-directional relationship between the physical 

environment and activity behavior. On the other hand, “such a one-way cause-

and-effect assumption ignore the possible bi-directional nature of the decisions” 

Pinjari (2008). For instance, while the results of the model developed in Chapter 5 

show that individuals in families residing in areas with high bicycle facility 

density have a higher tendency to participate in physically active activities, this 

result may be because highly physically active families self-select themselves into 

zones with built environment measures assisting their physically active lifestyle. 

Future research studies should certainly consider such residential self-selection 

effects, and carefully examine the direction of influence for developing more 

reliable and effective policy strategies.  
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5) The data used for the empirical applications of the models developed in this 

dissertation were drawn from the 2000 San Francisco Bay Area Household Travel 

Survey (BATS). Although the data provide comprehensive information on the 

demographics (both at the individual and household levels) as well as the built 

environment, transportation systems, and residential neighborhood demographics, 

the data source does not involve any information on the attitudes/beliefs, support 

systems and social networks of individuals as well as the social and cultural 

norms. Considering the vital role of such measures on the choice decisions of 

individuals, future studies would benefit from including such attitudinal, 

perceptional and support variables especially in the context of clustered models 

where individuals are assumed to be strongly correlated due to clustering effects 

(such as when adopting a family-level perspective of physical activity as 

discussed in Chapter 5). In this context, activity-travel surveys should collect 

detailed information on the social environment or interpersonal factors.  

6) As discussed throughout this dissertation, each chapter deals with a unique and 

distinct dependency issue. A very important extension of the work in this study 

would be to formulate integrated models, which allow accommodation of 

different dependency issues (whether the dependence is spatial or social) 

simultaneously in a comprehensive, unified framework, and test the robustness of 

the findings in various empirical contexts. For instance, the model structure 

developed in Chapter 5 accommodates the (social) dependence among individuals 

belonging to the same family unit. However, the model does not consider the 

potential dependence among families due to location-related effects (leading to 

spatial dependence) or social-interaction effects (leading to social dependence at a 

different level). Furthermore, in the analysis presented in Chapter 3, we 
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considered physically active and physically inactive recreation activity purposes 

in isolation to keep things relatively simple in this first application of a composite 

likelihood procedure in a spatial econometric context. However, it is possible that, 

in addition to dependence due to unobserved factors in the propensities of 

participation in physically active recreation across teenagers, and similar 

dependence in the propensities of participation in physically inactive recreation 

across teenagers, there is also dependence in unobserved factors in the 

propensities of participation in physically active and physically inactive recreation 

within the same teenager. The consideration of such integrated dependencies 

(such as dependence across observational units due to both social and spatial 

clustering effects, or the dependence across observational units as well as across 

multiple dependent variables of the same observational unit) is left for future 

research. 
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