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Understanding the action of an autoequivalence on a triangulated cate-

gory is generally a very difficult problem. If one can find a stability condition

for which the autoequivalence is “compatible”, one can explicitly write down

the action of this autoequivalence. In turn, the now understood autoequiva-

lence can provide ways of extracting geometric information from the stability

condition.

In this thesis, we elaborate on what it means for an autoequivalence and

stability condition to be “compatibile” and derive a sufficiency criterion. To

demonstrate the usefulness of these tools, we apply them to the triangulated

category Db(En), where En denotes the n-gon: a singular curve arising from

degenerations of elliptic curves with level n data. We calculate the structure of

the group Autcl(n) ⊂ Aut(Db(En)) consisting of all autoequivalences strongly

compatible with a classically inspired stability condition σcl(n). One can
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describe σcl(n) as the obvious extension of classical slope stability to the n-gon.

It is found that Autcl(n) is a group extension of Γ0(n).

We then use Autcl(n) to describe AutSph(n), the group generated by

spherical twists, and fully determine the compactification of stable objects of

phase a (in σcl(n)), Mst
cl(n, a), for all a ∈ R. When n > 1 and the phase a is

nontrivial, Mst
cl(n, a) is isomorphic to Em

∐
Z/nZ where m|n; m varies as a

varies and all such m occur.
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Chapter 1

Introduction

In algebraic geometry, one can associate to a variety X its category of

coherent sheaves, Coh(X). Coherent sheaves are an important generalization of

modules, that in many respects can be thought of as vector bundles supported

on subvarieties of X. It has been known for some time that given the category

Coh(X), one can reconstruct X. Enlarging this category by taking finite

chain complexes of coherent sheaves up to “quasi-equivalence”, an idea of

equivalence similar to weak homotopy equivalence, a mathematically rich

object called the bounded derived category, Db(X), is obtained. Generally,

one cannot reconstruct X from its derived category; however, it does contain

more geometric information than cohomology. The subtlety of geometric data

in a derived category has provided researchers with a wealth of interesting

connections between seemingly unrelated objects.

In this thesis, our tool of choice to study derived categories are stability

conditions. On one hand, stability conditions allow us to extract classical

geometric constructions from Db(X). For instance, associated to a stability

condition is its moduli of semistable objects. When X is a smooth curve

there exists a stability condition for which the semistable moduli and classical

GIT slope moduli coincide. On the other hand, stability conditions provide

various modern constructions that play fundamental roles in unifying topics

like quantum groups and Donaldson-Thomas invariants. Stability conditions
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are still a great mystery: there exists no generic way of finding a stability

condition, their moduli (which is a complex manifold) is rarely understood,

and interactions between stability conditions and other structures associated

to derived categories is underutilized.

This thesis is centered on using interactions between stability conditions

and autoequivalences (of derived categories) to derive information about both

objects. To demonstrate the usefulness of such techniques we apply them to

Db(En), where En denotes a class of singular schemes called n-gons (n ∈ N∗),

given by simple combinatorial data: n-gons are singular reducible genus 1

curves that can be envisioned as a cycle of n complex 2-spheres with transverse

intersections. They arise in many contexts, including as Galois covers of the

Weierstrass nodal cubic, degenerations of elliptic curves, and in constructing

Néron models. Our choice of a singular variety is appropriate: the difficulties

presented by singularities and reducibility have thwarted most attempts at

understanding even the most basic examples. This makes the n-gon a perfect

example to demonstrate why these techniques are an important contribution

to our mathematical toolkit.

With the setting now in place, we will describe what is meant by “inter-

actions” between stability conditions and autoequivalences. As a consequence

of their definition, stability conditions are refinements of bounded t-structures:

if I = [a, a + 1) (or (a, a + 1]) and P(I) designates the extension closed sub-

category generated by semistable objects F with φ(F ) ∈ I, then P(I) is the

heart of a bounded t-structure. Therefore, a stability condition gives a family

of t-structures. One can obtain all nearby t-structures by tilting the heart of

the given t-structure. This family yields an enhanced relationship between

t-structures: two t-structures are “related” if they originate from one stability
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condition. This relationship can be rephrased as a “change of basis” using the

G̃L
+

(2,R) action on the moduli of stability conditions.

Understanding when an autoequivalence takes one t-structure to a

related one is the fundamental idea to our framework. Loosely, we define an

autoequivalence Φ and a stability condition (Z,P) to be compatible if for each

t-structure A originating from (Z,P), Φ(A) also originates from (Z,P); we

will discuss the precise definition shortly. To aid in our understanding and

expand our repertoire of compatible autoequivalences, we develop Theorem

3.3.7 that gives sufficiency conditions for compatibility.

As an example of how a compatible autoequivalence can elucidate

structure in a triangulated category, we look no further than the Fourier-

Mukai transform on an elliptic curve E. The Fourier-Mukai transform is an

autoequivalence obtained by the integral transform ΦP of Db(E) with the kernel

P isomorphic to the Poincaré bundle. This autoequivalence does not preserve

the geometric t-structure Coh(E), yet it is known (and can be verified using

Theorem 3.3.7) that ΦP is compatible with all stability conditions on Db(E),

including classical slope stability. One can describe its action on Db(E) by

saying ΦP · (Z,P) = (Z,P) · eiπ/2 (for any stability condition). This description

allows one to rephrase Atiyah’s classification of the moduli of semistable vector

bundles on E as a transitive action of SL(2,Z) (via ΦP and ⊗L for any principle

polarization L) on the set of phases [1, 3].

Of central importance to the structure of Db(E) is that Aut(Db(E)) is

an extension of SL(2,Z). Using our criterion, we provide an analog for n-gons.

Let Zcl : K(En)→ C be defined by Zcl(F ) = −χ(F ) + i(Σ0<i≤nrki(F )). Using

Zcl and heart Coh(En), form the stability condition (Zcl,Pcl) (see §2 for how

this works). This stability condition is the obvious generalization of classical
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slope stability to the case of n-gons.

Theorem 5.2.7. Given n, the maximal subgroup Autcl(n) ⊂ Aut(Db(En)) of

autoequivalences strongly compatible with (Zcl,Pcl) is isomorphic to an extension

1 // Auttrivcl (n) // Autcl(n) // Γ0(n) // 1

where Γ0(n) ⊂ SL(2,Z) ,and Auttrivcl (n) is a subgroup generated by the tensoring

by certain line bundles, Aut(En), and the shift [2]. Under the action of Autcl(n)

there are Σd|n,d>0φ((d, n/d)) equivalence classes of phases, where φ is Euler’s

function.

The original motivation for this research project was the observation

that for elliptic curves (and E1), Aut(Db(E)) is generated by spherical twists,

while for the generic n-gon, this is far from true. Spherical twists are special

autoequivalences given by “spherical” objects. These twists (and objects) have

important roles in mirror symmetry: under the mirror isomorphism, spherical

twists correspond to Dehn twists. The presence of these objects generally

signifies that there are complex autoequivalences of the derived category that

are not coming from the geometry. From this perspective, it is important to

describe the group Autsph(n) ⊂ Aut(Db(En)).

For elliptic curves, being spherical is rigid enough to make the object

a stable vector bundle (or skyscraper), and the action well understood. For

n > 2, we have spherical objects that are arbitrarily far from sheaves, e.g.,

there exists spherical objects with the difference between the top and bottom

non-zero cohomological degrees is any positive integer. Using Theorem 3.3.7,

we give a description of the action of Autsph(n) for n = 2, conjecturally for all

n, by finding a transitive action of an extension of Autcl(n) by Zn−1, denoted
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Autd(n), on the set of spherical isomorphism classes. This is a very surprising

result, which has the consequence of proving Autsph(n) ⊂ Autd(n). This allows

us to understand all spherical twists in terms of Autcl(n) and a finite number

of well understood cases.

We have now shown how stability conditions can help in understanding

autoequivalences. To demonstrate the other direction, we provide an extension

of Atiyah’s classification to the n-gon. It can be shown that the semistable

objects in (Zcl,Pcl) correspond to Simpson semistable objects for a polarization

on En [16,19]. It therefore makes sense to classify the coarse moduli space of

semistable objects of given phase a, Mcl(n, a). Using the action of Autcl(n),

the analog of Atiyah’s work is

Theorem 7.1.1. Given a nontrivial slice P(a) of (Zcl,Pcl) on En with n > 1,

let Mst
cl(n, a) ⊂Mcl(n, a) denote the subscheme whose closed points correspond

to stable objects and Mst
cl(n, a) its closure. Then Mst

cl(n, a) ∼= Es
∐
Z/nZ

where s|n (s depends on a) and each component of Mst
cl(n, a) is a component

of Mcl(n, a).

Here we restrict to the case of n > 1 since for the nodal cubic it is

known that Mst
cl(1, a) ∼= E1 [7]. The case of n = 2 was calculated in [16].

Our classification relies on the reduction to a finite number of specific

cases. This is provided by Theorem 5.2.7. The shortcoming of Atiyah’s method

applied to the n-gon is now clear: for n > 4 taking quotients of semistable

sheaves by trivial subbundles is not enough to reduce the classification problem

to a finite number of cases. One must reduce by an infinite number of sheaves

to get a finite number of classes. This highlights the importance of having a

general criterion.
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The disjoint union of Mst
cl(n, a) is a result of the rigidness of indecom-

posable torsion-free, but not locally free, sheaves on En. If a is such that

locally free objects V ∈ Mst
cl(n, a) are line bundles, then these ”rigid” elements

correspond to elements of the form is,j∗L. Here is,j : Is → En is the inclusion

of the connected subscheme consisting of s consecutive components, starting

at the jth component, and L is a line bundle on Is. There is an action by

the Galois group of πn : En → E1 on Mst
cl(n, a) that cyclically permutes the

rigid elements and factors through Gal(Es → E1) on the positive dimensional

component.

Although we restricted to stable objects in Theorem 7.1.1, the methods

used can be extended to classify the entire coarse moduli space of semistable

objects. This is done by comparingMcl(n, a) toMcl(s, 1) for a suitable s. The

structure of the latter space is completely known: Mcl(s, 1) ∼=
∐

Symr(Es).

Using this one should be able to writeMcl(n, a) in terms of
∐

Symr(Es). This

work should allow substantial progress in classifying moduli spaces obtained

from other Simpson stability conditions and more general genus 1 curves.

The transitive action on spherical objects mentioned above should play

a key role in the calculation of the stability manifold of En. Our opinion on this

is further supported by the recent preprint [2]. The classification of the stability

manifolds associated to Db(En) is a very non-trivial calculation. Presently, very

few stability manifolds are known, and except for the nodal cubic, all of these

are for smooth varieties. The case of En, much like other aspects of Db(En)

is much more complex than the nodal cubic case: the manifold is at least n

dimensional. It is our hope that we can characterize the locality of a given

stability condition by a finite set of spherical objects. The action by Autd(n)

will then provide the necessary automorphism of Stab(En) to transport this
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locality to the familiar one given by the t-structure with heart Coh(En). Once

the stability manifold is calculated, we should understand all of Aut(Db(En)).

And in turn, we should be able to extract most, if not all, of the geometry

contained in Db(En).

1.1 Chapter summaries

Chapter 2. Background We will provide a brief introduction to the various

structures discussed above. In particular, we will define stability conditions,

integral transforms, and spherical twists. Of central importance is the action

of group Aut(T ) (here T is a triangulated category) on the moduli of stability

conditions (Z,P)(T ).

Integral transforms are a class of functors that behave “geometrically”.

In nice settings, all functors can be written as integral transforms (similar

to results about compact operators between banach spaces). One of the

shortcomings of derived categories is the difference between the category of

functors and the category of integral transforms.

Chapter 3. Compatible autoequivalences. The sufficiency criterion for a

stability condition and autoequivalence to be compatible applies to the general

setting of triangulated categories. In this chapter we depart from derived

categories, and work in the setting of triangulated categories. Since we will not

be giving the definition of a triangulated category, the non-experts can safely

substitute derived categories in place of triangulated.

We start by discussing the requirements of any useful criterion. This

serves the purpose of understanding some of the basic problems, and ensures

that the form of our criterion is sufficiently motivated. Mainly, the strength of
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our criterion is its ability to, for the most part, ignore the categorical structures,

and concentrate on K(T ), making most calculations linear algebra.

The action of Aut(T ) on Stab(T ) allows one to define a compatible

autoequivalence as an autoequivalence that sends our given stability condition

to one that is “nearby”. In particular, it must preserve semistable objects. Much

like the mantra “Once we know the stability manifold, we know everything

about T ”, once we know an autoequivalence is compatible, we know everything

about its action on T . With the definition in hand, we end the chapter by

developing the criterion and showing that it is sufficient. We develop a criterion

for determining if a stability condition and autoequivalence are compatible.

Chapter 4. Setup and results on Db(En). In order to apply the results

of §3, we need to describe the geometry of n-gons, along with the objects of

Db(En), and our main stability condition σn. In the process, we will be setting

notation that will be used through the rest of the thesis. Most of this chapter

consists of outside results.

Chapter 5. Compatible autoequivalences on Db(En). With notation

set, we demonstrate how the criterion of §3 reduce natural conditions when

used in more geometric settings. Once these reductions are carried out, we

find a large subgroup Autcl(n) ⊂ Aut(Db(En)) consisting of autoequivalences

compatible with σn. These autoequivalences are constructed by lifting integral

kernels from the case n = 1. As mentioned above, Autcl(n) is an extension of

Γ0(n), the modular subgroup of SL(2,Z). In the case of elliptic curves, this

extension has important consequences for mirror symmetry. There should be

similar consequences for the case of En. However, the meaning of the extension

is completely unknown.

Chapter 6. The group Autsph(n) In the previous chapters we concentrated

8



on autoequivalences that were compatible with σn. Depending on how one looks

at things, the presence of spherical twists that are not compatible with σn for

n > 1 is the suspected source of complexity in Db(En). Although the study of

the entire group Aut Db(En) is still out of reach, one can hope that it is generated

by spherical twists. By looking at the simple example of Tk(p) := ⊗O(p) for

any smooth point p ∈ En (which is a spherical tranformation), it is clear that

Autsph(n) 6⊂ Autcl(n). This chapter shows that for n = 2 (and conjectures for

all n) if we extend Autcl(n) by adding Tk(p) for all smooth p ∈ En, which we

denote by Autd(n), then Autsph(n) ⊂ Autd(n). Once this is known, we can

describe any spherical twist in terms of well understood transformations. As

mentioned above, this is far from straightforward. The twisting by a generic

spherical object is incomprehensible without such a description.

To show Autsph(n) ⊂ Autd(n), we give a transitive action of Autd(n)

on the set of spherical objects in Db(En). Currently this is a theorem for n = 2

and a conjecture for all higher n. Once the transitive action is shown, we

discuss aspects preventing the full conjecture from being a theorem.

Chapter 7. Applications to the structure of Db(En) and σn

Now that we have extensively studied Aut(Db(En)), we turn our at-

tention to how Autcl(n) and Autd(n) can reveal geometry in Db(En). In this

direction, we give a classification of the moduli of stable objects for any phase

in σn. This is the correct extension of Atiyah’s classification to the n-gons. A

future project will attempt to put this material in families.
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Chapter 2

Background

This chapter is by no means complete or meant to replace the original

treatment of the reviewed material. It is supplied solely as a convenience to

the reader, and as a way of setting notation that will appear throughout this

thesis.

2.1 A brief note on notation

Throughout this paper T will be a triangulated category. By Aut(T )

we mean the group of exact autoequivalences of T , i.e., autoequivalences that

preserve the triangulated structure.

We let H denote {z ∈ C| Im z > 0} (the standard upper half plane) and

H′ := H ∪ R<0.

2.2 Stability conditions

Stability conditions on triangulated categories were first defined and

studied by Bridgeland in [4], [5]. Although stability conditions are the culmi-

nation of a long standing attempt to extend geometric invariant theory (GIT)

to the setting of triangulated categories, the original motivation for Bridgeland

was to provide a mathematical basis for Douglas’s Π-stability [9, 10].

10



2.2.1 Definition

Given a triangulated category T , we define the K-group K(T ) as the

abelian group freely generated on Iso(T ) (isomorphism classes of objects of T )

subject to the relations [B] = [A] + [C] if there exists a triangle A → B →

C → A[1]→ . . ..

Definition 2.2.1. [4] A stability condition (Z,P) on a triangulated category

T consists of a group homomorphism Z : K(T )→ C called the central charge,

and full additive subcategories P(φ) ⊂ T for each φ ∈ R, satisfying the

following axioms:

(a) if E ∈ P(φ) then Z(E) = m(E) exp(iπφ) for some m(E) ∈ R>0,

(b) for all φ ∈ R, P(φ+ 1) = P(φ)[1],

(c) if φ1 > φ2 and Aj ∈ P(φj) then HomT (A1, A2) = 0,

(d) for each nonzero object E ∈ T there is a finite sequence of real numbers

φ1 > φ2 > · · · > φn

and a collection of triangles

0 E0
// E1

//

���������
E2

//

���������
. . . // En−1

// En

���������
E

A1

^^=
=

=
=

A2

^^=
=

=
=

An

``A
A

A
A

with Aj ∈ P(φj) for all j.

Given a stability condition on T , to designate the semistable objects in

the Harder-Narasimhan filtration on an object F we write Aj(F ), or Aj when
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no confusion can arise, and if the number of semistable factors is irrelevant we

denote the lowest phase as φ− and the accompanying semistable factor as A−.

The triangles in Definition 2.2.1(d) are called the Harder-Narasimhan

filtration of the object E. In the case that our triangulated category is a

derived category, and our object a sheaf (or module), then the classical notion

coincides with this one.

We denote by P[a, b) the full extension-closed subcategory of T gen-

erated by P(c) ⊂ T , c ∈ [a, b). It is clear from Definition 2.2.1(b), that all

semistable objects, up to shift, are determined by any interval of length 1. In

fact, the subcategory P(a, a+ 1] is the heart of the bounded t-structure given

by the subcategory P(a,∞) (and therefore abelian). The subcategory P(0, 1]

will play a special role. Our charge, Z, has the property that Z([A]) ∈ H′ for

A ∈ P(0, 1]. Since H′ is contained in a proper open domain of C∗, we can

assume the existence of a log branch on H′ such that 1
π
Im log agrees with the

phases in (0, 1]. We can use this log branch to assign phases to all objects in

P(0, 1], including those that are unstable. This fact will be used extensively in

our proof of Theorem 3.3.7.

An important feature of a stability condition is that we can recover

our semistable objects given the abelian category P(0, 1] and the charge Z :

K(A) ∼= K(T ) → H′. This viewpoint motivates the equivalent definition

of a stability condition: the heart of a bounded t-structure A ⊂ T , and a

homomorphism (called a stability function) Z : K(A)→ H′ which satisfies a

certain finiteness condition similar to Definition 2.2.1(d), oddly enough, called

the Harder-Narasimhan property. All the stability functions/charges in this

thesis will have this property.

12



Example 2.2.1. Let X be an smooth algebraic curve. Define

Z(F) = −deg(F) + i rank(F).

Then Coh(X) and Z define a stability condition on Db(X). The semistable

objects are the same as those calculated by slope.

2.2.2 Group actions on the moduli of stability conditions

Let Φ ∈ Aut(T ). The relations onK(T ) depend only on the triangulated

structure of T . Thus, it is clear that Φ descends to an automorphism [Φ] of

K(T ). When no confusion can arise, we will leave the brackets off and not

distinguish between the autoequivalence of the triangulated category and the

associated automorphism of the K-group. The following lemma, and its proof,

explicitly detail a commuting left/right group action on the moduli of stability

conditions. We include the proof for convenience.

Lemma 2.2.2 ( [4] Lemma 8.2). The moduli space of (locally finite) stability

conditions Stab(T ) carries a right action of the group G̃L
+

(2,R), the universal

covering space of GL(2,R), and a left action by the group Aut(T ) of exact

autoequivalences of T . These two actions commute.

Proof. First note that the group G̃L
+

(2,R) can be thought of as the set of

pairs (T, f) where f : R→ R is an increasing map with f(φ+ 1) = f(φ) + 1,

and T : R2 → R2 is an orientation-preserving linear isomorphism, such that

the induced maps on S1 = R/2Z = R2/R>0 are the same.

Given a stability condition σ = (Z,P) ∈ Stab(T ), and a pair (T, f) ∈

G̃L
+

(2,R), define a new stability condition σ′ = (Z ′,P ′) by setting Z ′ =
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T−1 ◦Z and P ′(φ) = P(f(φ)). Note that the semistable objects of the stability

conditions σ and σ′ are the same, but the phases have been relabeled.

For the second action, we know that an element Φ ∈ Aut(T ) induces an

automorphism [Φ] of K(T ). If σ = (Z,P) is a stability condition on T define

Φ(σ) to be the stability condition (Z ◦ [Φ]−1,P ′), where P ′(t)=Φ(P(t)). The

reader can easily check that this action is by isometries and commutes with

the first.

We can think of the action of G̃L
+

(2,R) as a “change of coordinates”:

it is a change of basis on the range of our charge Z, followed by an appropriate

reassigning of the phases so that Definition 2.2.1 is satisfied. An alternative

way to understand the left group action is via the abelian subcategory/stability

function viewpoint. In particular, our autoequivalence Φ ∈ Aut(T ) takes A to

another abelian category, Φ(A). One then obtains a stability function on Φ(A)

by pullback, Φ · Z = Z([Φ−1](•)), thus giving us a new stability condition.

2.3 Autoequivalences

2.3.1 Integral transforms

Let X be a locally noetherian scheme. For any object K ∈ Db(X ×X),

using the natural projections

X ×Xρ1

xxrrrr ρ2

&&MMMM

X X

one can define an exact functor ΦK ∈ End(D−(X)) called an integral transform

with kernel K. Explicitly,

ΦK(F ) = ρ2∗(ρ
∗
1(F )⊗L K).
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In the case that K is either perfect or flat over X (under the map ρ1), we

can restrict this to an endomorphism of Db(X), see [12] or [8]. Given two

integral transforms, we have the composition formula ΦK ◦ ΦK′ ∼= ΦK′∗K where

K′∗K := ρ13∗(ρ
∗
12(K′)⊗Lρ∗23(K)), with ρij the obvious projections of X×X×X

[14].

The next proposition gives commutation relations between integral

transforms and automorphisms of X. This result is well known.

Proposition 2.3.1. Let ΦK denote the endomorphism of Db(X) with kernel

K ∈ Db(X ×X). If α is an automorphism of X, then

1. α∗ ◦ ΦK ∼= Φ(id×α)∗K

2. ΦK ◦ α∗ ∼= Φ(α×id)∗K

3. ΦK ◦ α∗ ∼= Φ(α×id)∗K

4. α∗ ◦ ΦK ∼= Φ(id×α)∗K

Proof. Since the automorphism α∗ can be written as an integral transform

with kernel OΓ(α), the structure sheaf of the graph Γ(α) ⊂ X ×X associated

to the morphism α, both are easy consequences of the composition formula.

We will prove the first two. The last two are similar.

(1) ΦK ◦ ΦΓ(α)
∼= ΦQ where Q = ρ13∗(ρ

∗
12(K) ⊗ ρ∗23(OΓα)). Since

ρ∗23(OΓα) ∼= ιG∗(OX×X) with G : X ×X → X ×X ×X given by G(x1, x2) =

(x1, x2, α(x2)), we can apply flat base change followed by the projection formula

to write Q ∼= ρ13∗ιG∗(ι
∗
Gρ
∗
12K). However, ρ12 ◦ ιG = id and ρ13 ◦ ιG = id × α,

thus Q ∼= (id× α)∗K.
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(2) This calculation is similar. The main differences are G(x1, x2) =

(x1, α(x1), x2), Q ∼= ρ13∗ιG∗(ι
∗
Gρ
∗
23P) , ρ23 ◦ ιG = α × id, and ρ13 ◦ ιG = id.

Taking these compositions into account, we have Q ∼= (α× id)∗K. (3) and (4)

This follows from α∗ ∼= α−1∗.

2.3.2 Spherical transformations

For brevity we will not give the full definition of a spherical object,

but instead the definition when restricted to Gorenstein curves of genus 1.

Consult [17] for the complete definition and discussion.

Definition 2.3.1. An object S• ∈ Db(En) is spherical if it is a bounded

complex of vector bundles satisfying

Endi(S•,S•) =

{
0 i 6= 0, 1
C i = 0, 1

.

Given a spherical object, we can define a natural autoequivalence of our

derived category.

Definition 2.3.2. Given a spherical object S• ∈ Db(X), we define the spherical

twist, TS• ∈ End(Db(X)), as the integral transform given by kernel

{S•∨ � S• ev→ O∆} ∈ Db(X ×X), (2.1)

i.e. the cone of ev, the natural evaluation morphism (or trace). This is defined

up to non-canonical isomorphism.

Remark 2.3.1. Up to non-canonical isomorphism we can alternatively describe

the effect of this automorphism as

TS•(X •) ∼= {RHom(S•,X •)⊗ S• ev−−−→ X •},S• ∈ Db(X). (2.2)

16



Example 2.3.2. Given a smooth point p on a curve X, we denote the

skyscraper sheaf at that point by k(p). It is a standard calculation using Koszul

complexes that k(p) satisfies the conditions of Definition 2.3.1. From [17],

Tk(p)(F) ∼= F ⊗O(p), where O(p) is the line bundle given by divisor p.

Example 2.3.3. Grothendieck duality implies that if X is a genus 1 curve,

than any L ∈ Pic(X) is spherical.

From these two examples, one deduces that on a genus 1 curve, there

are an enormous amount of spherical objects. As will be shown later, much of

the complexity of Db(En) for higher n can be attributed to the abundance of

spherical objects in these cases.
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Chapter 3

Compatible Autoequivalences

Throughout this section we let Φ be an exact autoequivalence of a

triangulated category T . Given a stability condition, we denote the heart

of the t-structure D≤0 = P(0,∞) by A = P(0, 1]. We begin by defining

compatibility and discussing its consequences. With the definition in place, we

derive our criterion and prove its sufficiency.

3.1 Discussion on compatibility

We begin with a basic definition of a “nice” interaction between an

autoequivalence and a stability condition:

Definition 3.1.1. Let Φ ∈ Aut(T ) and (Z,P) ∈ Stab(T ). Φ is semistable

preserving with regard to (Z,P) if for every semistable object F , Φ(F ) is

semistable.

This definition has many drawbacks. First, the definition does not

allow us to easily describe the action of Φ on T . Knowledge that Φ preserves

semistable objects is not enough to specify (or formulate) coherence data

between Φ(A) and any bounded t-structure originating from (Z,P). Without

this data, our ability to describe Φ is severely limited. For instance, it is

reasonable for an unstable object to be mapped to a stable object, showing

that Φ−1 is not semistable preserving. Second, without specific information
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about Φ, (Z,P), and T , finding an easily verifiable criterion that tests if Φ is

semistable preserving is nearly impossible.

The problem with our definition is its insensitivity towards additional

structure supplied by a stability condition. Stability conditions dictate more

than the class of semistable objects: semistable objects are grouped together

into ordered slices. Additionally, these slices are adapted to a function on

the K-group. To improve our definition, our compatibility will respect this

additional structure. It will become clear in the next sections why this allows

us to find a criterion.

Definition 3.1.2. A semistable preserving autoequivalence Φ is compatible

with (Z,P) if for every pair of semistable objects F and G,

1. φ(F ) < φ(G) implies φ(Φ(F )) < φ(Φ(G)),

2. φ(F ) = φ(G) implies φ(Φ(F )) = φ(Φ(G)).

We abbreviate these two conditions: φ(F ) <
(=) φ(G) implies φ(Φ(F )) <

(=)

φ(Φ(G)). The ordering of slices imparts a binary relation on semistable objects.

By abuse of terminology, we will refer to this binary relation as an ordering.

We can rephrase our definition of a compatible autoequivalence as a semistable

preserving autoequivalence that strictly preserves the ordering. The following

proposition helps convey why we chose “compatible” to describe this type of

autoequivalence.

Proposition 3.1.1. Let Φ and (Z,P) be compatible. For all nontrivial slices

P(a), Φ induces an equivalence Φ : P(a)
∼=−→ P(b) for some b ∈ R.
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Proof. The conditions for compatibility ensure that Φ preserves our semistable

objects, and strictly preserves the binary relation. We can recover the semistable

objects of a particular slice via this relation (short of the zero object). Since

slices are full subcategories, the result follows due to the fact that Φ is an

equivalence.

The preceding proposition shows that the global behavior of a compatible

autoequivalence can be explicitly described as an ordered phase rearrangement,

enabling one to roughly describe its action in very simple terms. This allows

us to understand relationships between different phases, helping to understand

important symmetries in T and (Z,P). Many times this phase rearrangement

can be extended to an element in Diff+(R). An important example of this

is when the element of Diff+(R) is in fact obtained by a linear change of

coordinates on C. More precisely, we would like to know if there exists an

element g ∈ G̃L
+

(2,R) such that Φ · (Z,P) = (Z,P) · g. This will be our

strongest form of compatibility.

Definition 3.1.3. Φ is strongly compatible if Φ · (Z,P) = (Z,P) · g for some

g ∈ G̃L
+

(2,R).

We list several properties of compatible autoequivalences that will be

used in latter sections.

Proposition 3.1.2. The composition of compatible autoequivalences are com-

patible. Further, if Φ is compatible with (Z,P), then

1. Φ(F ) is semistable if and only if F is.

2. Φ(F ) is stable if and only if F is.
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3. Φ is compatible if and only if Φ−1 is compatible.

Proof. The first statement is obvious from the discussion above. For the second,

stable objects of phase α are the simple objects in the abelian category P(α).

By definition, Φ induces an equivalence of categories between the various

slices in P. Since simple objects are categorically defined, the equivalence

must preserve them. The last statement is clear if one views a compatible

autoequivalence as a rearrangement of P .

3.2 A criterion for compatibility

Now that we have made precise the definition of compatibility between

autoequivalences and stability conditions, we want to derive some easily testable

conditions, that when satisfied give an affirmative answer for compatibility.

To reiterate our setup, Φ will be a compatible autoequivalence and (Z,P) ∈

Stab(T ). The criterion should be verifiable on the level of a t-structure obtained

from (Z,P), and K-group.

Proposition 3.1.2 implies the existence of b ∈ R such that Φ(P(0)) ⊂

P(b). Chasing through definitions reveals Φ(P(1)) ⊂ P(b + 1). The order

preserving manner in which Φ acts implies Φ restricts to a fully faithful map of

subcategories: Φ(P(0, 1])) ⊂ P(b, b+ 1], and that this is an equivalence. Thus,

a compatible equivalence applied to A can be concentrated in a maximum of 2

consecutive cohomological degrees. By definition, this necessary condition is

something that can be calculated on the level of the t-structure, and will be

our starting point.

Condition 1. Hi(Φ(A)) = 0 if i 6= {M,M − 1} where M ∈ Z.
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With Condition 1 in place, (Z,P) allows the choice of a log branch

on C∗ with the property that the phases assigned by this branch agree with

those in P(−M,−M + 2]. This branch can be chosen so it is discontinuous at

the positive real axis if M is even, or the negative real axis if M is odd. Our

goal is to assign a phase φf(Φ(F )) for all F ∈ A (we use the subscript f to

emphasize that Φ(F ) may or may not be semistable, thus it is a “fake” phase).

Condition 1 alone does not enable this: it is possible that Z(Φ(F )) = 0, F ∈ T

with F 6= 0. However, if we assume [Φ] descends to an automorphism [[Φ]] of

coim(Z), this concern is alleviated.

Notation. Given [F ] ∈ K(T ), let [[F ]] denote it its image in coim(Z). Likewise,

if A ∈ End(K(T )), let [[A]] denote the resulting endomorphism on coim(Z), if

well defined.

This motivates our second condition:

Condition 2. [Φ] descends to an automorphism [[Φ]] of coim(Z).

Remark 3.2.1. It seems plausible that this condition may be stricter than

needed to prove compatibility. However, with a less stringent Condition (2) it

is not likely that Condition (3) can be phrased in terms of K-group calculations.

We can now assign our “fake” phases:

Notation. Assume a choice of log branch on C. Given a nonzero v ∈ coim(Z),

φf (v) := 1
π
Im log(Z(v)). If [[F ]] = v for F ∈ T , we define φf (F) to be φf (v).

To formulate our last condition, we must fix our log branch. To do

this we will assume that M is even. In the case that M is odd, compose with

the shift [1]. Our log branch will be the one compatible with the phases in A

and discontinuous at the postive real axis. With this choice, our log branch
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gives two orderings on the semistable objects of A: prior and subsequent to

the application of Φ. If Φ is compatible, these will be identical. Since these

orderings solely rely on coim(Z) := K(T )/ ker(Z) and the log branch, we will

rephrase this in terms of a subset of coim(Z). First, in order to limit these

calculations, we restrict to the “effective” subset:

coim(Z)eff = {±v ∈ coim(Z) | ∃ s.s. G ∈ A with [[G]] = v}.

The discontinuity of our log branch has the unfortunate consequence of disal-

lowing meaningfully comparison of the before and after orderings between all

elements of coim(Z)eff . We want to restrict to the largest subset of coim(Z)eff

for which this comparison is valid. To do so, we need to ensure that [[Φ]]

doesn’t move our objects past the discontinuity. Define

coim(Z)comp = {v| Z(v) ∈ H′} ∪ {±v| Z(v) ∈ H′ and Z([[Φ]]v) ∈ H′}

Example 3.2.1. Suppose that [[Φ]] is the restriction of an element Υ ∈

GL+(2,R) (via Z). Let G = H′ ∩ Υ−1(H′). Then coim(Z)comp is the sub-

set of coim(Z) contained in H′ ∪ −G.

Figure 3.1: H′ and Υ−1(H′)
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Figure 3.2: H′ ∪ −G

On coim(Z)comp we can meaningfully compare the two aforementioned

orderings. Our final condition is that these orderings are the same (i.e. the

binary relation is strictly preserved under [[Φ]]).

Condition 3. Given v, w ∈ coim(Z)eff∩comp := coim(Z)eff ∩ coim(Z)comp if

φf (v) <
(=) φf (w) then φf ([[Φ]](v)) <

(=) φf ([[Φ]](w)) (i.e. strict preservation).

The advantage of working with coim(Z) is that we can ignore T and our

stability condition. This is purely linear algebra. If coim(Z) is finite rank, then

this a straightforward condition to verify. Although there is no explicit mention

of the log branch in Condition 3, our subset coim(Z)comp is only meaningful

for comparison when the log branch is at the positive real axis.

Condition 1 may seem redundant after Condition 3 and the discussion

in §3.1, however, we needed the former to reliably define the latter.

3.3 Proof that the criterion implies compatibility

We will now assume that Φ ∈ Aut(T ) satisfies
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C1 Hi(Φ(A)) = 0 if i 6= {M,M − 1} where M ∈ Z.

C2 [Φ] descends to an automorphism [[Φ]] of coim(Z).

C3 Given v, w ∈ coim(Z)eff∩comp if φf(v) <
(=) φf(w) then φf([[Φ]](v)) <

(=)

φf ([[Φ]](w)) (i.e. strict preservation).

From the definition of a stability condition, it is clear that the shift

functor is a strongly compatible autoequivalence. This, combined with Propo-

sition 3.1.2, shows we can assume M = 0 (in C1). Like above, our log branch

will be discontinuous on R>0 and φf (A) ∈ (0, 1] for A ∈ A.

We begin by understanding the information contained in C3. We first

lift the order preserving requirement to the level of semistable objects.

Lemma 3.3.1. Let F,G ∈ Obj(A ∪A[1]) be semistable with H−2(Φ(G)) = 0.

Then φ(F ) <
(=) φ(G) implies φf (Φ(F )) <

(=) φf (Φ(G)).

Proof. By definition, [[F ]], [[G]] ∈ coim(Z)eff . The choice of log branch ensures

the fake and real phases of F and G are equal. Assume that F,G ∈ A. Then

[[F ]], [[G]] ∈ coim(Z)comp and applying C3 gives the result.

In the case that F ∈ A and G ∈ A[1], we first note that C1 and the

assumption H−2(Φ(G)) = 0 imply that Z([G[−1]]) ∈ H′ and Z([Φ]([G[−1]])) ∈

H′. This shows that [[G]] ∈ coim(Z)comp. Applying C3 gives the result.

Lastly, let F,G ∈ A[1]. We must show that φ(F ) ≤ φ(G) ensures

[[F ]] ∈ coim(Z)comp. The case above applies to F [−1] and G[−1], showing

φf (Φ(F [−1])) ≤ φf (Φ(G[−1]). Since [[G]] ∈ coim(Z)comp, φf (Φ(G)) ≤ 1. This

is enough to show that Z([F [−1]]) ∈ H′ and Z([Φ]([F [−1]])) ∈ H′. Therefore,

[[F ]] ∈ coim(Z)comp and applying C3 gives the result.
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We would like to understand when Φ preserves cohomological purity

(i.e. conditions on an object F ∈ A that guarantee Hi(Φ(F )) = 0 for all but

one i ∈ Z). We claim that the necessary condition is membership in one of two

full subcategories that split A.

Notation. Denote by mA ∈ R minimal number having the property if v ∈

coim(Z)eff∩comp then φf (v) ≤ mA+ 1. When the heart A is clear, we will drop

the subscript.

Clearly mA depends on both Φ and A. C3 ensures that mA has the following

important property:

Lemma 3.3.2. If F ∈ A is semistable and φ(F ) ≤ mA, then Z([Φ(F )]) ∈ H′.

Further, mA is maximal with respect to this property.

Proof. This is a consequence of the definitions and Lemma 3.3.1: by definition

there exists a semistable G with [[G]] ∈ coim(A)eff∩comp, φ(F ) ≤ φ(G) ≤ mA,

and Z([Φ(G)]) ∈ H′. Lemma 3.3.1 then gives the lemma.

Our choice of M guarantees that m > 0. It would be convenient to

attempt to use C3 to show that if φf (G) < m then Φ(G) ∈ A. This in general

will be a false statement. Instead we split our abelian category A into two pieces

A0 = P(0,m] and A1 = P(m, 1]. Clearly Ai generate A through extensions.

Our goal is to show that

Proposition 3.3.3.

(i) Φ(A0) ⊂ A

(ii) Φ(A1) ⊂ A[1]
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We first prove several key lemmas. The proposition is then an easy

consequence of these lemmas. The first is adapted from [16].

Lemma 3.3.4. Let F ∈ A,

1. if Hi(Φ(F )) = 0 for i 6= −1 then m < φf (F ) ≤ 1.

2. if Hi(Φ(F )) = 0 for i 6= 0 then 0 < φf (F ) ≤ m.

Proof. We will prove the first statement; the second is shown by similar methods.

Suppose the contrary: Hi(Φ(F )) = 0 for i 6= −1 yet 0 < φf(F ) ≤ m. The

Harder-Narasimhan filtration of F gives a short exact sequence

0→ F− → F → A−(F )→ 0

where 0 < φ(A−(F )) ≤ m. The first inequality follows from the fact that

F ∈ A. Applying Φ gives a long exact sequence

. . . //H−1(Φ(F )) //H−1(Φ(A−(F ))) //H0(Φ(F−)) //

H0(Φ(F )) //H0(Φ(A−(F ))) // 0

where the last 0 is due to C1.

By Lemma 3.3.2, we have Z([A−(F )]) ∈ H′. Further, have a semistable

factor A′ = A−(Φ(A−(F ))) with φ(A′) ≤ 1 guaranteeing that H0(Φ(A−(F ))) 6=
0. The exactness of the above sequence then shows H0(Φ(F )) 6= 0, giving us

our desired contradiction.

For an object F ∈ A, the condition 0 < φf(F ) ≤ m is not the same

as F ∈ P(0,m]. Therefore, the requirements of this lemma are very coarse,

allowing us to work with objects without assuming membership a particular

slice Ai.
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Lemma 3.3.5. [16] Let F ∈ A. Then there exists a short exact sequence

0→ Φ−1(H−1(Φ(F ))[1])→ F → Φ−1(H0(Φ(F )))→ 0

of objects in A.

Proof. We will include our own proof. Let G := Φ(F ). We have the triangle

H−1(G)[1] // G

{{wwwww

H0(G)

ggO O O

coming from the t-structure. Applying Φ−1 results in the long exact sequence:

. . . //H−1(Φ−1(H0(G))) //H0(Φ−1(H−1(G)[1])) // F //

H0(Φ−1(H0(G))) //H1(Φ−1(H−1(G)[1])) // . . .

The assumptions on Φ imply that Hk(Φ−1(H−1(G)[1])) = 0 for k 6= 0,−1 and

Hk(Φ−1(H0(G))) = 0 for k 6= 0, 1. Thus the two end groups in this sequence

vanish.

We are reduced to showing that H0(Φ−1(H−1(G)[1])) ∼= Φ−1(H−1(G)[1])

and H0(Φ−1(H0(G))) ∼= Φ−1(H0(Φ(F ))). The first isomorphism is a conse-

quence of H−1(Φ−1(H−1(G)[1])) = 0, which can be seen from further up on the

same sequence:

H−2(Φ−1(H0(G)) //H−1(Φ−1(H−1(G)[1])) //H−1(F )

Clearly the left and right groups are zero, thus giving the result. A similar

argument holds for the case of H0(Φ−1(H0(G))) ∼= Φ−1(H0(Φ(F ))), concluding

the proof.

We will now analyze how Φ acts on semistable objects of A.
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Lemma 3.3.6. Let F ∈ A be semistable. Then, Φ(F ) is cohomologically pure,

i.e., Hi(Φ(F )) = 0 for all but one integer.

Proof. We separate the proof into two cases.

0 < φ(F ) ≤ m: Suppose that both H0(Φ(F )) 6= 0 and H−1(Φ(F )) 6= 0.

The exact sequence in Lemma 3.3.5 shows that Φ−1(H−1(Φ(F ))[1]) is a subsheaf

of F (and non-zero by assumption). F being semistable, combined with its

assumed phase ensures

φf (Φ
−1(H−1(Φ(F ))[1])) ≤ m.

On the other hand, Φ−1(H−1(Φ(F ))[1]) satisfies Lemma 3.3.4(1), ensuring

φf (Φ
−1(H−1(Φ(F ))[1])) > m,

a contradiction.

m < φ(A) ≤ 1: Again, suppose the contrary. Then Φ−1(H0(Φ(F )))

is a quotient sheaf of F , ensuring that φf(Φ
−1(H0(Φ(F )))) > m. However,

Φ−1(H0(Φ(F ))) satisfies Lemma 3.3.4(2), giving φf(Φ
−1(H0(Φ(F )))) ≤ m,

again, a contradiction.

Proposition 3.3.3 is an easy consequence of Lemma 3.3.6 since it is

generated from semistable elements through extension.

Proof of Proposition 3.3.3. Assume F ∈ Ai, i ∈ {0, 1} and Aj(F ) are the

semistable objects in the Harder-Narasimhan filtration of F . By definition

of Ai, Aj(F ) ∈ Ai. Lemma 3.3.6 and Lemma 3.3.4 imply that Φ(Aj(F )) is

cohomologically pure and are concentrated in degree −i for all j (since −0 is

0). Since A and A[−1] are extension closed, we have that Φ(F ) is concentrated

in degree −i, completing the proof.
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From Lemma 3.3.6, we know that Φ(F ) is cohomologically pure. How-

ever, this t-structure was arbitrary. Since semistable objects are the objects

that are cohomologically pure in every t-structure generated from (Z,P), one

can show that Φ(F ) is semistable if Φ satisfies our conditions for all t-structures

obtained from (Z,P). This motivates the proof of our main theorem. Before

stating the next theorem, we recall the definition of two key subsets of coim(Z):

coim(Z)eff = {±v | ∃ s.s. G ∈ A with Z([G]) = v}.

coim(Z)comp = {v| Z(v) ∈ H′} ∪ {±v| Z(v) ∈ H′ and Z([[Φ]]v) ∈ H′}

Theorem 3.3.7. Let Φ ∈ Aut(T ). Given (Z,P) ∈ Stab(T ), a locally finite

stability condition, one has the t-structure D≤0 = P(0,∞), with heart A. If Φ

satisfies

(i) Φ(A) ⊂ D≤M ∩ D≥M−1, M ∈ Z.

(ii) Φ descends to an automorphism [[Φ]] of coim(Z) = K(T )/ ker(Z).

(iii) let v, w ∈ coim(Z)eff∩comp,

φf (v) <
(=)φf (w) =⇒ φf ([[Φ]](v)) <

(=)φf ([[Φ(G)]](w)),

where φf is the “implied phase” obtained from a log branch.

then Φ is compatible with (Z,P).

Proof. Let (Zθ,Pθ) be the stability condition (Z,P) · eiπθ, with heart Aθ ∼=
P(θ, θ+1] = Pθ(0, 1]. We use the notation Mθ, mθ, φ

θ
f , and coim(Z)θcomp for the

obvious objects associated to (Zθ,Pθ). Note that generally, coim(Z)θcomp will

not be equal to coim(Z)0
comp: the log branch will change, thus changing which
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elements of coim(Z) are “comparable”. We claim if Φ satisfies (i), (ii), and (iii)

above for (Z,P), then it will also satisfy them for (Zθ,Pθ), θ ∈ R. Only (i)

and (iii) are unclear. Once this is shown, it is easy to see that Φ is semistable

preserving: if not, we can choose θ to ensure Φ(F ) is not cohomologically pure

(in the t-structure with heart Aθ). The full compatibility easily follows.

To show that Φ satisfies (i), (ii), and (iii) with regard to (Zθ,Pθ) it is

enough to assume that θ ∈ (0, 1], for the shift [1] is strongly compatible. We

split the argument into the cases θ < m0 and θ > m0. The main difficulty with

the latter is showing (i) is satisfied: one encounters problems understanding

Φ(P(m0, θ][1]). We first handle θ ≤ m0.

By definition, Aθ is the extension-closed full subcategory generated by

P(θ,m0], P(m0, 1], and P(0, θ)[1]. Let m′θ ∈ R be the maximal number such

that for semistable F ∈ P(θ, 1], φf (Φ(F )) > m′θ (it exists for the same reason

mθ exists). Our choice of θ and M0 ensures 0 < m′θ ≤ 1. If m′θ ≥ θ, then by

Proposition 3.3.3, and condition (iii)

Φ(P(θ,m0]) ⊂ P(θ, 1] ⊂ Aθ,

Φ(P(0, θ)[1]) ⊂ P(1, 2] ⊂ D≤0
θ ∩ D

≥−1
θ ,

Φ(P(m0, 1]) ⊂ P(1, 2] ⊂ D≤0
θ ∩ D

≥−1
θ .

Thus showing that Φ satisfies (i) in (Zθ,Pθ) with Mθ = 0. On the other hand,

if m′θ < θ, then

Φ(P(θ, ψ]) ⊂ P(θ − 1, 1] ⊂ D≤1
θ ∩ D

≥0
θ ,

Φ(P(0, θ)[1]) ⊂ P(1,mtheta
′] ⊂ D≤1

θ ∩ D
≥0
θ ,

Φ(P(m0, 1]) ⊂ P(1,m′θ + 1] ⊂ D≤1
θ ∩ D

≥0
θ .

Again showing that Φ satisfies (i) (Mθ = 1) with respect to (Zθ,Pθ).
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To show (iii) is satisfied; we only need to check the case of strict

inequality since equality is clearly satisfied. Any choice of log branch splits

C∗ into two symmetric pieces. H′ is adapted to the branch with discontinuity

at the positive real axis. By definition, coim(Z)θcomp is defined using H′ · eiπθ

and a log branch with discontinuity at the ray of angle πθ (relative to the

positive real axis). We can assume that on the positive real axis, the phases

of the two branches agree. With this description, we can rephrase (iii) for

coim(Z)eff ∩ coim(Z)θcomp in terms of coim(Z)eff ∩ coim(Z)0
comp.

Let m′θ ≥ θ. For v, w ∈ coim(Z)eff ∩ coim(Z)θcomp ∩ coim(Z)0
comp (iii)

is clear: v, w, [[Φ]]v, and [[Φ]]w will have the same phase assignment in both

branches. In the case w /∈ coim(Z)0
comp, Z([[Φ]]w) ∈ H′. Our choice of log

branch for φθf ensures φθf([[Φ]]w) > 2. Since v ∈ coim(Z)0
comp, φ

θ
f([[Φ]]v) ≤ 2,

thus handling this case. To handle v, w /∈ coim(Z)0
comp, first note Lemma 3.3.1

implies m0 + 1 < φf (v). Therefore, −v,−w ∈ coim(Z)0
comp ∩ coim(Z)θcomp. The

linearity of [[Φ]], and the above case then gives the result. To handle m′θ < θ it

suffices to prove (iii) for [1] ◦ Φ. For this autoequivalence, identical arguments

as above can be used.

We have now shown Φ satisfies (i), (ii), and (iii) with regard to (Zθ,Pθ)

for θ ≤ m0. Consider the sequence ω1 = m0, ω2 = mω1 , etc. The sequence has

the property that Φ satisfies the conditions stated above for each (Zωi ,Pωi).

Note if the conditions are met for (Zω,Pω) with θ − ω ≤ mω, then the above

arguments ensure that it is true for θ. This implies if limi→∞ ωi =∞, then we

are done. Thus to finish our claim that Φ satisfies (i), (ii), (iii) for all (Zθ,Pθ)

it suffices to show if limi→∞ ωi = κ < ∞ then Φ satisfies the condition for

(Zκ+ρ,Pκ+ρ) for ρ ∈ [0, 1).

We first show show that Φ(P[κ, κ + 1)) ⊂ P[κ + 1, κ + 2). Let F ∈
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P [κ, κ+ 1) be a semistable object. Then for some j with ψj small (or possibly

zero), F ∈ Aωj and φ(F ) > mωj . By Proposition 3.3.3, Φ(F ) ∈ Aωj [1]. If

Φ(F ) /∈ P [κ, κ+ 1)[1], then there exists at least one semistable factor of Φ(F )

not contained Bκ[1]. The definition of κ implies that we must have a k > j

such that F ∈ Aωk , yet Φ(F ) /∈ Aωk [1]. Using Lemma 3.3.6 again, Φ(F ) ∈ Aωk
resulting in φ(F ) < mωk , a contradiction.

The autoequivalence [−1]◦Φ restricts to an element in Aut(P [κ, κ+ 1)).

Clearly this is enough to show [−1] ◦ Φ satisfies (i) with respect to (Zκ,Pκ).
For (iii), note that given v, w ∈ coim(Z)κcomp, there exists ωl such that v, w ∈
coim(Z)ωlcomp. The condition is assumed true for v, w ∈ coim(Z)ωlcomp. We can

choose our log branches for ωl and κ in a compatible manner such that φωlf and

φκf agree on v, w, [[Φ]]v and [[Φ]]w, thus showing that (iii) is satisfied.

We can therefore apply the above machinery to ρ ≤ mκ (with respect

to [−1] ◦Φ). However, since [−1] ◦Φ(P [κ, κ+ 1)) ⊂ P [κ, κ+ 1), it is clear that

if mωk 6= 1 and ρ > mκ then (Zκ+ρ,Pκ+ρ) and (Zκ+mκ ,Pκ+mκ) differ only by a

shift of “fake” phases. This proves our claim.

We will now show that Φ is compatible with (Z,P). Given F semistable

in (Z,P) with φ(F ) = η, suppose that Φ(F ) is not semistable. The Harder-

Narasimhan filtration of Φ(F ) gives φ−(Φ(A)) < φf(Φ(F ) < φ0(Φ(A)). If

we set θ = φf(Φ(F ), in the stability condition (Zθ,Pθ), H0(Φ(F )) 6= 0 and

H1(Φ(F )) 6= 0. From above, we know that Φ satisfies conditions (i), (ii), and

(iii) for (Zθ,Pθ), allowing us to apply Lemma 3.3.6, and get a contradiction.

Therefore Φ(F ) is semistable in (Z,P), with phase θ. We can therefore remove

the “f” from φf . Condition (iii) is then the condition for compatibility.

Corollary 3.3.8. If Φ is compatible with (Z,P) then it is compatible with

(Z,P) · g for g ∈ G̃L+(2,R).
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Corollary 3.3.9. Let Φ satisfy all conditions of Theorem 3.3.7. Then Φ is

strongly compatible if and only if the induced automorphism on im(Z) extends

to an orientation preserving R-linear automorphism of C.

In the case that K(T ) is finite rank, Theorem 3.3.7(ii) can be rephrased.

Proposition 3.3.10. If kerZ is finite dimensional, then Φ descends to an

automorphism of coim(Z) if and only if Φ(kerZ) ⊆ kerZ.

Proof. One direction is obvious; if Φ(kerZ) * kerZ, then Φ doesn’t descend

to a an endomorphism of the quotient.

Suppose Φ(kerZ) ⊆ kerZ. Then we have the following commutative

diagram:

kerZ
� � //

Φ

��

K(T )

Φ
��

kerZ
� � // K(T )

Since these are free Z modules and the quotient is isomorphic to the cone, Φ

descending to an automorphism of the quotient will follow from the triangle

axioms in D(Z−mod) if we show that Φ restricted to ker(Z) is an automorphism.

The map is injective, so we just need to show surjectivity to get the

desired automorphism (since they are all finite rank). If not surjective, there

exists an element a ∈ ker(Z) /∈ Φ(kerZ), thus Φ−1(kerZ) * kerZ. Our

assumption can be rephrased as kerZ ⊂ Φ−1(kerZ). The equivalence of rank

(since both finite are rank) implies that Φ−1(kerZ)/ kerZ is a torsion group.

However, Φ−1(kerZ)/ kerZ ⊂ coimZ ∼= imZ ⊂ C which has no torsion points,

a contradiction. Thus Φ is an automorphism when restricted to ker(Z).
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Chapter 4

n-gons

This chapter is a collection of facts and definitions about n-gons and

their derived categories. We define the “classical” stability condition, which

will be used throughout the rest of this thesis.

4.1 The geometry of n-gons.

Let En, n ∈ N, denote the n-gon: projective singular reducible curves

consisting of a cycle of n components, all isomorphic to P1, with nodal singulari-

ties (i.e. transverse intersections). Em is a Galois cover of En if and only if n|m.

In particular, n-gons are Galois covers of the Weierstrass nodal cubic. We fix a

consistent choice of covering maps {πm,n}Z×Z (πm,n ∈ Hom(Em,En)) and deck

transformations {ιm,n}Z×Z (ιm,n ∈ Gal(Em,En)) satisfying πm,n ◦ πl,m = πl,n

and πm,nιm,l = ιn,l for l|n|m. Denote by ιm,n a consistent choice of generator

for the Gal(Em,En) ∼= (m)/(n) ∼= Zl (where n = lm), We often times omit

the second number when it is 1 e.g. πm for πm,1. It is implicit in the above

definitions that π1(En) ∼= Z.

The normalization of En is qnP1. Obviously the normalization map

η : qnP1 → En is an isomorphism away from the singular locus. It will become

important to refer to individual components. To do so, we index the components

with Z/nZ by arbitrarily choosing the “first” component and continuing in a
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clockwise or clockwise manner, depending on our choice of ιm,n.

We will also need the projective genus 0 singular curves Im. These

curves are a chain of m reducible components, all isomorphic to P1. They can

be obtained as partial normalizations of the m-gon at any one of its singular

points.

Figure 4.1: E6 and I4

4.2 K(Db(En)) and σcl(n)

To define our stability conditions, we need to calculate K(Db(En)). This

is a well known calculation: K(Db(En)) ∼= Zn+1. To see this, one just needs to

analyze short exact sequences supplied by the adjunction map id→ η∗η
∗, see [16,

Proposition 2.3]. Our preferred basis for K(Db(En)) consists of e0 = [k(p)] for

a smooth point p ∈ En, and ei = [η∗(OP1
i
(−1))], 0 < i ≤ n. Define ranki(F)

as the dimension of the vector space obtained by restricting F to the generic

point of the ith component. Clearly [F ] = χ(F)e0 + Σnranki(F)ei.

Let σcl(n) = (Zcl,Pcl) denote the stability condition with Zcl(F ) =

−χ(F ) + i rktot(F ), with heart Coh(En). Here rktot designates the function∑
0<i≤n ranki. It is clear that ker(Zcl) is finite rank and coim(Zcl) is rank 2.

This stability condition is an extension of classical slope to the case of

n-gons. Given a torsion free F ∈ Coh(En), one can define its slope ψ(F) :=
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χ(F)
rktot(F)

. In the case that F is semistable (in σcl(n)), the conversion between

ψ(F), its slope, and φ(F), its phase, is given by

ψ(F) = − cot(πφ(F)).

4.3 Classification of torsion free sheaves.

Theorem 4.3.1 ( [3] Theorem 1.3). With En and Ik as above, let E be an

indecomposable torsion free sheaf on En.

1. If E is locally free, then there is an étale covering πnr,n : Enr → En, a

line bundle L ∈ Pic(Enr), and a natural number m ∈ N such that

E ∼= πnr,r∗(L ⊗ Fm),

where Fm is an indecomposable vector bundle on Enr, recursively defined

by the sequences

0 −−−→ Fm−1 −−−→ Fm −−−→ OEnr −−−→ 0, m ≥ 2, F1 = OEnr .

2. If E is not locally free then there exists a finite map pk : Ik → En and a

line bundle L ∈ Pic(Ik) (where k, pk and L are determined by E) such

that E ∼= pk∗(L).

With this theorem, all we need to complete the classification for locally

free bundles is to calculate Pic(En) and Pic(Ik).

Proposition 4.3.2 ( [3]).

1. Pic(En) ∼= Zn × C∗
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2. Pic(Ik) ∼= Zk

One can informally explain the above proposition as follows. Given

L ∈ Pic(En), η∗(L)/(torsion) is a line bundle on qnP1, from which L is obtained

by gluing vector spaces over the preimage of the singular points. One can

correct all but one non-identity gluing maps, reducing the gluing contributions

to C∗.

Fixing the isomorphism in Proposition 4.3.2, we will denote a line bundle

described by the data (l, λ) by L(l, λ). The isomorphism and description assume

an index of the components of En. Given a vector bundle on En, if m = 1, then

V ∼= πrn,n∗L(l;λ). We will drop the pushforward notation when no confusion

arises.

Theorem 4.3.1 and Proposition 4.3.2 imply that if F is torsion free, but

not locally free, then it is fully determined by a multidegree f and the first

component in the map pk above. To make the notation more symmetrical, and

convenient, we will sometimes include the last component of the map as well:

F ∼= S(f ; a, b) or S(f ; a) (b can be determined from length f). If a script letter

is used to refer to these sheaves, then the lower case underlined version of the

letter will designate its multidegree.

Example 4.3.3. Given a vector bundle V, if m > 1 (in the description above),

then dim End(V) > 1.

Lastly, I will sometimes refer to torsion free, but not locally free, sheaves

as “imperfect” sheaves.
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4.4 RHom(−,OEn
) is semistable preserving

Since En is Gorenstein, by definition, one has a well defined con-

travariant functor RHom(−,OEn) : Db(En) → Db(En). We denote F∨ :=

RHom(F ,OEn). One has F∨∨ ∼= F ..

The following proposition will simplify arguments made in §6.

Proposition 4.4.1. Let F be a semistable object, then F∨ := RHom(F ,OEq)
is semistable.

Remark 4.4.1. One could make an easy extension of Theorem 3.3.7 to show

that RHom(−,OEn) has strong compatibility with σcl. If the need arises, we

will do this in future work.

Proof. By using the shift functor we can assume that F ∈ Coh(En). The

semistability implies that F is either torsion, or torsion free.

We will first analyze the case of torsion sheaves. By direct computation

we can see that if F ∼= k(p), a skyscraper for p ∈ En (may be singular), then

F∨ ∼= k(p)[1]. Since these are the simple objects in the abelian category P (1)

(a slice), the fact that all torsion sheaves are semistable implies the result.

We need to understand at how RHom(−,OEn) acts on χ and rktot.

We have RΓ(F∨) ∼= RΓ ◦ RHom(F ,OEn) ∼= RHom(F ,OEn) by composi-

tion of derived functors. Grothendieck duality implies RHomi(F ,OEn)) ∼=
RHom1−i(OEn),F)∗ ∼= RHom−i(OEn),F [1])∗. This is enough to show χ(F∨) =

−χ(F).

For rktot, we need to describe Oi(k)∨, k ∈ Z. From [6, Lemma 3.2],

Oi(k)∨ ∼= Oi(−k − 2). Thus, [Oi(−1)∨] = [Oi(−1)]. Therefore, rktot(F∨) ∼=
rktot(F).
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We now handle torsion free sheaves. This is a a simple trick using

the isomorphism F∨∨ ∼= F . Torsion free sheaves on En are maximum Cohen-

Macaulay modules, and as such RHomi(F ,OEq)) = 0 for all i > 0. Thus if

F is a torsion free sheaf then F∨ is again a sheaf. F∨ is torsion free as well:

torsion sheaves are shifted under RHom(−,OEn), torsion free sheaves are not.

Suppose F∨ is not semistable. By definition there exists a torsion free

G ⊂ F∨ with χ(G)/rktot(G) > χ(F∨)/rktot(F∨). Since everything is torsion

free, we obtain a quotient F ∼= F∨∨ � Ǧ. From above, χ(G∨)/rktot(G∨) =

−χ(G)/rktot(G) and χ(F)/rktot(F) = −χ(F∨)/rktot(F∨). Thus

χ(G∨)/rktot(G∨) < χ(F)/rktot(F),

contradicting the semistability of F .
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Chapter 5

Compatible autoequivalences of Db(En)

In this section we will apply Theorem 3.3.7 to the example of n-gons.

This serves the purpose of showing how the conditions of Theorem 3.3.7 many

times reduce to easily applicable and natural conditions.

5.1 Reduction of conditions in Theorem 3.3.7 for σcl(n)

Lemma 5.1.1. Given Φ ∈ Aut(Db(En)), let Φ◦ι∗n ∼= ιq∗n ◦Φ for some 0 < q ≤ n,

then Φ preserves the kernel of Zcl.

Proof. By definition, an element t ∈ K(Db(En)) is in the kernel of Zcl if and

only t = a1e1 + . . . anen with Σai = 0. We have [ι∗n]ei = [ι∗n][η∗OP1
i
(−1)] =

[η∗OP1
i+1

(−1)] = ei+1 (if i = n then i+ 1 = 1). Thus [ι∗n] acts as the identity on

e0, and cyclically permutes {ei}Z/nZ. Since rktot = Σ0<i≤ne
∨
i and χ = e∨0 it is

clear that [ι∗n] · rktot = rktot and [ι∗n] · χ = χ. Clearly the same holds for powers

of ι∗n.

Using the commuting relation of Φ and ι∗n, we can write

[Φ]t = Σ0<i≤nai[ι
q(i−1)∗
n ]([Φ]e1).
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Applying rktot to the left and right yields

rktot([Φ](t)) = rktot(Σ0<i≤nai[ι
q(i−1)∗
n ][Φ]e1)

= Σ0<i≤n rktot(ai[ι
q(i−1)∗
n ][Φ]e1)

= Σ0<i≤n(ai rktot([ι
q(i−1)∗
n ][Φ]e1))

= Σ0<i≤n(ai rktot([Φ]e1))

= (Σ0<i≤nai) ∗ rktot([Φ]e1)

= 0 ∗ rktot([Φ]e1)

= 0.

These equations only used the additive property and invariance of rktot under

ι∗n. Thus the same will be true for χ and [Φ]t is in the kernel of Zcl.

Lemma 5.1.2. Assume rank(coim(Z)) = 2 and im(Z) ⊗ R = C. Then Φ

satisfies Theorem 3.3.7(iii) if and only if [[Φ]] ∈ SL(2,Z).

Proof. Since coim(Z) is rank 2, any automorphism that descends to the image

will naturally be an element of GL(2,Z). Thus [[Φ]] extends to a R-linear

automorphism of C. Clearly, Theorem 3.3.7(iii) is true if and only if the

extension of [[Φ]] is orientation preserving, and as such [[Φ]] ∈ SL(2,Z).

5.2 The autoequivalence group Autcl(n)

Using these reductions we will now produce the maximal subgroup

Autcl(n) ⊂ Aut(Db(En)) of autoequivalences strongly compatible with (Zcl,Pcl).

We obtain this subgroup by explicitly constructing autoequivalences of Db(En).

This group will be an extension of Γ0(n) ⊂ SL(2,Z), the congruence subgroup

consisting of elements that are upper triangular under reduction of coefficients
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SL(2,Z) → SL(2,Z/nZ). We begin by lifting autoequivalences of Db(E1)

to endomorphisms of Db(En). Once this shown, we ascertain that these

endomorphisms are strongly compatible autoequivalences.

Proposition 5.2.1. Given K ∈ Db(E1×E1) such that ΦK ∈ Aut(Db(E1)) and

[ΦK] ∈ Γ0(n) ⊂ SL(2,Z), there exists Kn ∈ Db(En × En) with (πn × id)∗Kn ∼=
(id×πn)∗K. This sheaf is unique up to the action of the covering transformations

of (πn × id).

Proof. First, we need to understand how ΦK acts on Db(E1). As shown

in [6], Stab(E1) ∼= G̃L
+

(2,R), the isomorphism is provided by σcl(1) and the

natural right action on the stability manifold. The left action by Aut(Db(E1))

implies all autoequivalences are strongly compatible with all stability conditions.

Since k(p), p ∈ E1, are stable in all stability conditions, this shows that

Vp[M ] := ΦK(k(p)) is a shifted stable indecomposable vector bundle (torsion

free sheaf) for p smooth (singular), with M , rank(Vp) = n and χ(Vp) = d

uniform for all p. The assumption [ΦK] ∈ Γ0(n) ensures d 6= 0. Without loss of

generality, we can assume that M = 0 and by [13, Lemma 3.31] that K is a

sheaf. With these assumptions, it is clear that K|p×E1 = Vp. For clarity, we will

first handle the case that rank(Vp) = n. Once this is shown, we will comment

on how the general case proceeds.

By Proposition 4.3.1, Vp ∼= πn∗Lp for some torsion free rank 1 bundle

on En. Base change and the Cartesian diagram (since En is a Galois cover)

Zn × En

��

// En

��

En // E1
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give π∗nπn∗Lp ∼= ⊕0≤k<nι
k∗
n Lp. Thus, ((id×πn)∗K)|p×En ∼= ⊕0≤k<nι

k∗
n Lp. Clearly,

this isomorphism is trivially affected by the choice of Lp: the choice was

ambiguous up to the action of ι∗n.

From this description, the stability properties of Vp gives

RΓi((id× πn)∗K|p×En) =

{
0 for i 6= 0 if d > 0

0 for i 6= 1 if d < 0
.

Temporarily, we assume d > 0 and surjectivity of the natural map Γ(Vp) ⊗
OE1 → Vp for all p; this will be justified at the end of the proof. Letting ρ1

designate the projection E1×En → E1, [15, Corollary 2] implies F := ρ1∗((id×
π∗n)(K)) is a rank d vector bundle on E1, with fiber Fp ∼= ⊕0≤j<nΓ(ιk∗n Lp). Our

choice of d now implies that the natural adjunction map ρ∗F → (id× πn)∗K)

is a surjection.

We want to find a sheaf, Fn on En such πn∗(Fn) ∼= F . We will show

that F is a natural πn(OEn) module. The finite nature of πn then ensures the

existence of Fn. One has the natural splitting πn∗(OEn) ∼= ⊕µnO(ξi) where

µn are the nth roots of unity. Likewise, the Z/nZ action on F induces a

decomposition by eigenbundles: F ∼= ⊕µnF(ξi). The natural module action is

then described summand wise as the natural maps O(ξi)⊗F(ξj)→ F(ξi+j).

Clearly this makes F a module over OEn .

The cartesian diagram

En × En //

ρn

��

E1 × En
ρ1

��

En
πn // E1

gives a canonical surjective morphism τ : (πn × id)∗ ◦ ρ∗n(Fn)→ (id× πn)∗(K)

(using flat base change and adjunction). Adjunction again gives υ : (πn ×
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id)∗ ker(τ)→ ρ∗n(Fn). Define Kn := coker(υ). The flatness of πn × id gives an

exact sequence

(π×id)∗◦(πn×id)∗(ker(τ))
(πn×id)∗(υ)−−−−−−−→ (πn×id)∗(ρ

∗
n(Fn))→ (πn×id)∗Kn → 0.

By adjunction we have a factorization ker(τ) → (π × id)∗ ◦ (πn × id)∗(ker τ)

of ker(τ) ↪→ (πn × id)∗ρ
∗
nFn, giving a surjective morphism (id × πn)∗K �

(πn× id)∗Kn. By comparing dimensions of fibers, this is an isomorphism. Thus

(πn × id)∗(Kn) ∼= (id× πn)∗(K).

We now justify our assumption on d. Letting ρi2 designate the projection

of E1 × Ei onto the second factor, the ample nature of L(1;ω) implies the

construction works for K′ := K ⊗ ρ1∗
2 (L(m;ω)) for m << d. Thus we have an

isomorphism (πn × id)∗K′n ∼= (id× πn)∗(K)⊗ (ρn2 ◦ πn)∗L(m;ω). From this, it

is clear how to find Kn, thus justifying our assumption. We are done for the

case that rank(K) = n.

Finally, the case that n < rank(Vp) = m. The adjustments are more of

a technical inconvenience: we have Vp ∼= πm∗Lp ∼= πm,n∗ ◦ πm∗(Lp). Therefore,

rather then having a fiberwise decomposition of (id×πn)∗Vp into rank 1 sheaves,

we decompose into n rank m
n

vector bundles (torsion free sheaves). Once this

change is made, the construction proceeds in a straightforward manner.

Remark 5.2.1. The more natural way of viewing this construction (and the

original motivation) is that (id×πn)∗K has the natural splitting fiberwise given

above. This gives an explicit description for the monodromy associated to the

generator of π1(E1). This monodromy has order n and makes the choice of a

summand in the fiberwise splitting a “cyclic vector”. This implies that there is

a natural lift on En × En that pushes forward to (id× πn)∗K. The argument

given in the above proof has the benefit of not losing any data contained in K.
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Now that Kn ∈ Db(En × En) is constructed, we aim to understand ΦKn .

With this in mind, we prove some basic properties of Kn.

Lemma 5.2.2. Let K be as in Proposition 5.2.1. Then Kn has the following

properties:

1. πn∗(Kn|p×En) ∼= K|p×E1, and therefore is a torsion free sheaf.

2. for any two distinct p1, p2, RHomi(Kn|p1×En ,Kn|p2×En) = 0 for all i ∈ Z.

Proof. The first property is clear from the construction. The second follows

from the inclusion

RHomj(Kn|p1×En ,Kn|p2×En) ↪→ RHomj(Kn|p1×En ,⊕0≤l<nι
l∗
nKn|p2×En)

∼= RHomj(πn∗Kn|p1×En , πn∗L|p2×En).

We have two cases: p2 6= ιknp1 and p2 = ιknp1 for some k. For the former, it

follows from the original family K; for the latter, it follows from the stability

properties of the fibers of K

Lemma 5.2.3. Kn is a sheaf and flat over En with regards to projection onto

the first factor.

Proof. From Lemma 5.2.2, ΦKn(k(p)) is a torsion free sheaf for all p ∈ En.

However, letting ρi denote the projections of En × En, we have

ΦKn(k(p)) = Rρ2∗(ρ
∗
1k(p)⊗L Kn)

∼= Rρ2∗(i∗Op×En ⊗L Kn)

∼= Rρ2∗i∗(Ri
∗Kn)
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But, i ◦ η2 = id. Thus ΦKn(k(p)) ∼= Ri∗Kn. Since the left side is a torsion free

sheaf uniformly concentrated in a single cohomological degree for all p, the

result follows from [13, Lemma 3.31].

It is now clear that Kn inherits many nice properties from K. It is not

surprising then that there is a nice relationship between ΦK and ΦKn .

Lemma 5.2.4. ΦKn ◦ π∗n ∼= π∗n ◦ ΦK

Proof. We have the following diagram

En × En

φ1xxqqqqqqqqqq
φ2

&&MMMMMMMMMM

En × E1

γ2

&&MMMMMMMMMM

γ1
zzuuuuuuuuu

E1 × En

σ1
xxqqqqqqqqqq

σ2

$$IIIIIIIII

En
πn

��

E1 × E1

η1

ttiiiiiiiiiiiiiiiiiiiii
η2

**UUUUUUUUUUUUUUUUUUUUU En
pin

��

E1 E1

where every square is Cartesian. The result is a calculation using the above

diagram, base change, and the projection formula.

π∗n ◦ ΦK(F ) = π∗nη2∗(η
∗
1F ⊗K)

∼= σ2∗σ
∗
1(η∗1F ⊗K)

∼= σ2∗(σ
∗
1η
∗
1F ⊗ σ∗1K)

∼= σ2∗(σ
∗
1η
∗
1F ⊗ φ2∗Kn)

∼= σ2∗φ2∗(φ
∗
2σ
∗
1η
∗
1F ⊗Kn)

∼= σ2∗φ2∗(φ
∗
1γ
∗
2η
∗
1F ⊗Kn)

∼= σ2∗φ2∗(φ
∗
1γ
∗
1π
∗
nF ⊗Kn)

∼= ΦKn(π∗nF ).
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With this initial analysis done, we now show ΦKn is strongly compatible

with σcl(n). In order to apply Theorem 3.3.7, we must first know ΦKn is an

equivalence. Once this is shown, it is simply a matter of verifying the reduced

conditions derived in the previous section.

Proposition 5.2.5. ΦKn is an equivalence.

Proof. Let K ∈ Db(E1 × E1) satisfy Proposition 5.2.1. Recall that ΦK is an

autoequivalence if and only if the sheaf K∨[1] satisfies K∗K∨[1] ∼= O∆. Setting

K′ = K∨[1]. Proposition 5.2.1 constructs two (shifted) sheaves Kn and K′n
corresponding to these two kernels. As noted above, there is some ambiguity in

the definition of Kn: there are in fact n choices that will satisfy the properties

listed in Proposition 5.2.1. We will correct for this momentarily.

Lemma 5.2.4 gives isomorphisms of functors:

π∗n ◦ ΦK′ ◦ ΦK ∼= ΦK′n ◦ π
∗
n ◦ ΦK ∼= ΦK′n ◦ ΦKn ◦ π∗n.

Applying these isomorphisms to ⊕0≤k<nk(ιn(p)), p ∈ En, yields

ΦK′n ◦ ΦKn(⊕0≤k<nk(ιnp)) ∼= ⊕0≤k<nk(ιnp).

Correcting by some power of ιn we can ensure that ιj∗n ◦ΦK′n ◦ΦKn(k(p)) = k(p).

The geometric origin of our autoequivalence, the connectedness of En, and the

fact that {ιkn(p)} is a discrete subscheme combine to imply this identity holds

for all p (here we are using the continuity properties that our kernel affords).

Thus we know ιj∗n ◦ΦK′n ◦ΦKn acts as the identity on k(p) for all p ∈ En.

By [8, Lemma 2.11] we know ιj∗n ◦ΦK′n ◦ΦKn is isomorphic to an autoequivalence

obtained by tensoring by a line bundle, thus the result.
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Proposition 5.2.6. ΦKn is strongly compatible with σcl(n) on En.

Proof. According to Theorem 3.3.7 and the reductions carried out in §5.1, we

need to verify that

1. Hi(ΦKn(F )) = 0 for i 6= M,M + 1, M ∈ Z and F ∈ Coh(En)

2. ΦKn ◦ ι∗n ∼= ιq∗n ◦ ΦKn , for some 0 ≤ q < n.

3. [ΦKn ] descends to an element in SL(2,Z).

(1) Without loss of generality, we can assume that M = 0. Let ρi

designate the ith projection En×En
ρi−→ En. By Lemma 5.2.3, Kn is flat over ρ1,

and therefore ρ∗1F ⊗L Kn ∼= ρ∗1F ⊗Kn. Thus, the assertion reduces to showing

Rρj2∗(G) = 0 for G ∈ Coh(En × En), j > 1. This is true since ρ2 is a fibration

with fiber dimension 1.

(2) Proposition 2.3.1 shows the left side is isomorphic to Φ(ιn×id)∗Kn

and the right is isomorphic to Φ(id×ιqn)∗Kn
∼= Φ(id×ιn)q∗Kn . By construction

(ιn× id)∗Kn ∼= (id× ιqan )∗K, where q is coprime to n and a = rktot(Φ(k(p))
n

. Using

(ιn × id)∗ ∼= (ιn × id)n−1∗ then gives the result.

(3) From (2) we know that [ΦKn ] descends to an automorphism [[ΦKn ]]

of the coimage; we just need to calculate the matrix. The matrix defining [ΦK]

(here [[ΦK]] and [ΦK] coincide since there is no kernel) is of the form (in the

basis e0 = [k(p)] and e1 = [OE1(−1)]),[
d = χ(K|p× E1) a
r = rktot(K|p×E1) b

]
where db− ra = 1. In order to calculate [[ΦKn ]], we choose a basis of coim(Z)

compatible with e0 and e1: e
′
0 = [[k(p)]] for p such that πn∗(k(p)) = e0 and
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e′1 = [[OP1
i
(−1))]] for any i (since under Zcl, the image is the same for all i). We

need to calculate rktot([ΦKn ] · [k(p)], rktot([ΦKn ] · [OP1
i
(−1)], χ([ΦKn ] · [OP1

i
(−1)]),

and χ([ΦKn ] · [k(p)]). For [k(p)] this is easy: ΦKn(k(p)) is a torsion free sheaf

with rank(ΦKn(k(p))) = r
n
, implying that rktot(ΦKn(k(p)) = r

n
∗ n = r, while

χ(ΦKn(k(p)) = d by Lemma 5.2.2.

We can replace [OP1
i
(−1)] by [OEn ]/n since [OEn ] = Σ1≤i<n[OP1

i
(−1))].

Since OEn is the pullback of OE1 , Lemma 5.2.4 shows that ΦKn(OEn) ∼= π∗n ◦
ΦK(OE1). This reduces our calculation understanding how π∗n affects rktot

and χ. Clearly the rank (restricted to each component) doesn’t change, so

rktot(π
∗
nF ) = n rktot(F ). Further, by pulling back to the normalization, we see

that χ(π∗n(F )) = nχ(F ).

Thus,

[[ΦKn ]] =

[
d a
r b

]
So [[ΦK]] = [[ΦKn ]], showing that [ΦKn ] descends to an orientation preserving

automorphism.

We now have a large class of strongly compatible autoequivalences. We

to find subgroup of Aut(Db(En)) containing all strongly compatible (with σcl(n))

autoequivalences. To do so, we need to enlarge the class of autoequivalences to

include things that cannot necessarily be seen in K(Db(En)), namely things

that act trivially on K(En).

Definition 5.2.1. Let Auttriv(n) be the subgroup of Aut(Db(En)) generated

by

1. ⊗π∗nL,L ∈ Pic0(E1),

2. [2] := [1] ◦ [1], where [1] is the shift functor,
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3. Aut(En)

Recall for a smooth projective variety X any autoequivalence Φ can be

represented by ΦK for some object K ∈ Db(X×X). In the case of E1, although

not smooth, the statement remains true [6]. Thus, by Proposition 5.2.1 and

Proposition 5.2.6, if Φ ∈ Aut(Db(E1)) and [Φ] ∈ Γ0(n), then there exists an

autoequivalence Φn strongly compatible with σcl(n).

Definition 5.2.2. Let Autcl(n) be the subgroup of Aut(Db(En)) generated by

{Kn|K ∈ Aut(Db(E1)), [ΦK] ∈ Γ0(n)}

and Auttriv(n).

Theorem 5.2.7. All autoequivalences of Autcl(n) are strongly compatible with

(Zcl,Pcl). Further, Autcl(n) is an extension

1 // Auttriv(En) // Autcl(n) // Γ0(n) // 1

Under the action of Autcl(n), there are Σd|n,d>0φ((d, n/d)) equivalence classes

of phases, where φ is Euler’s function.

Proof. For the first statement, it suffices to show that the generators are

strongly compatible. From Definition 5.2.2 and Proposition 5.2.6, we are left to

show this for elements in Auttriv(En). However, this is an easy application of

Theorem 3.3.7: any autoequivalence acting trivially on K(Db(En)) will clearly

satisfy conditions (ii) and (iii). Our specific choice of autoequivalences shows

they satisfy condition (i).

From this, it is clear that Autcl(n) acts on Z2. Let H be the kernel

of this action. To obtain the exact sequence above, one just needs to show
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Auttriv(En) ∼= H. One direction is clear. To show the other direction we will

write any autoequivalence Φ ∈ H as a composition of generators of Auttriv(En).

First, if a := φ(Φ(k(p)), then a is an odd integer. For if a was even, Φ would

result in a nontrivial action on Z2. Let Ψ0 := [−a+ 1] ◦Φ. As noted in Section

3.1, we have Ψ0(Coh(En)) ∼= Coh(En) as subcategories of Db(En). Gabriel’s

theorem [11] guarantees that Ψ0 is generated by automorphisms of X and

tensoring Coh(En) by line bundles. Since the later elements are a normal

subgroup of Aut(Coh(En)), we can write this as a composition (⊗L) ◦ α∗. It

is clear from this description that if L /∈ Auttrivcl (En), then it will not preserve

the kernel of Zcl. Thus, we have our description of Φ as the composition of

elements in Auttriv(En).

The last statement follows from the well known computations for the

number of cusps under the action of Γ0(n) on the upper half plane [18]. More

precisely, we use the shift [2] to reduce the computation to that of equivalence

classes of slopes under the action of Γ0(n). In fact, a more precise statement

can be made: as (redundant) representatives for the equivalence classes of

phases under the action of Γ0(n), we can choose phases ψ c
d

such that e
iπψ c

d is of

the form − c
d

where d|n, c < n
d
, c, d ∈ Z, and c coprime to d. Further, the action

of Γ0(n) on this set doesn’t change the denominator of the representative.

Remark 5.2.2. The case of n = 1 is well known [7].
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Chapter 6

The group Autsph(n)

The impetus for this research project was the observation that for n ≥ 2,

being spherical does not imply being stable (in all stability conditions). Simple

examples of this are the line bundles L := L(j, k;λ) on E2, where j − k > 2.

Since the property of being spherical is preserved under autoequivalences,

we can generate more complicated examples.

Example 6.0.8. The line bundle L(2,−1;λ) ∈ Coh(E2) has the following

Harder-Narasimhan filtration

0→ O1 → L(2,−1;λ)→ O2(−1)→ 0.

Applying T 2
OEn

, one computes

T 2
OEn

(O1) ∼= S(−1, 0,−1; 2)[1]

TOEn
(O2(−1)) ∼= O2(−1).

Thus T 2
OEn

(L(2,−1;λ)) is a spherical object with

Hi(TOE2
(L(2,−1;λ))) ∼=


O2(−1) i = 0
S(−1, 0,−1; 2) i = −1
0 otherwise

For a more complicated example

Hi(TOE2
(L(1, 0; 1)⊗ T 2

OE2
(L(2,−1;λ)))) ∼=


O2(−1) i = 0
O2(−1)⊕O2(−1) i = −1
O2(−2) i = −2
0 otherwise
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In Db(E1), there is a transitive action of Aut(Db(E1)) on Sph(E1), the

set of isomorphism classes of spherical objects. In particular, if S• is a spherical

object, then there exists an autoequivalence Φ such that Φ(S•) ∼= OE1 . For n >

1, examples similar to above can be iterated, giving spherical objects for which

the difference between the topmost and bottommost non-zero cohomological

degrees is any positive integer. One can ask if all spherical objects are obtained

through such methods. By closely analyzing the example above, one can hope

that the group extension of Autcl(n) obtained by adding Tk(p), for smooth

p ∈ En, would supply enough autoequivalences to give a transitive action on

the spherical objects. We answer this positively for n = 2.

The importance of this transitive action can be seen as follows. If we let

S• denote TOEn
(L(1, 0; 1)⊗T 2

OEn
(L(2,−1;λ)), a priori, TS• is incomprehensible.

Setting F := TOE2
◦ Tk(p1) ◦ TOE2

◦ Tk(p1) ◦ T 2
k(p2), one has TS• ∼= F−1 ◦ TOE2

◦ F .

This gives a complete description of TS• in terms of simple well understood

autoequivalences.

6.1 Notation

When we want to emphasis that an object of Db(En) is not a sheaf, or

use specific elements in the complex, we will use F•. To simplify the proofs,

we use both ψ (slope) and φ (phase). From §4, we can translate between them

when 0 < φ < 1. The order relation is reversed when translating between slope

and phase.

From §2, given F• ∈ Db(En), Ai(F•) denotes the semistable factors

in the HN filtration of F•, with A−(F•) being the lowest. We then set

φi := φ(Ai(F•)). By abuse of notation we let ψi denote the slope of Ai,
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assuming that the necessary shifts have been made to ensure the slope is well

defined.

For every η ∈ R, one obtains a t-structure Pcl(η,∞), thus given η1, η2 ∈
R with η1 < η2, one has projections τη1,η2(F•) ∈ Pη1,η2 . We denote the image

by F•(η1,η2). One can also have intervals [η1, η2), (η1, η2].

Lastly, we define mb to be such that Hmb(F•) 6= 0 but Hj(F•) = 0 for

j < mb. Similarly, mt will denote the topmost non-zero cohomological degree

of F•.

6.2 The group Autd(n)

From Example 2.3.2, any smooth point defines a spherical twist. We

assume the choice of n smooth points, pi, with pi on the ith component. We

write Ti for Tk(pi) and T̂i for T−1
k(pi)

. The choice of these smooth points will be

irrelevant.

Definition 6.2.1. Let Autd(n) ⊂ Aut(Db(En)) be the group generated by

Tk(p), for smooth p ∈ En and Autcl(n).

Remark 6.2.1. This group contains all obvious attempts to generalize the

Fourier-Mukai transform to the n-gon.

Lemma 6.2.1. Autd(n) sits in the exact sequence

1→ Autcl(n)→ Autd(n)→ Zn−1 → 1

Proof. If H is the subgroup generated by Ti, then H ∼= Zn. One has T1 ◦ T2 ◦
. . . ◦Tn ∈ Autcl(n). It is an easy calculation that T ki does not preserve ker(Zcl),

and as such, T ki /∈ Autcl(n). To finish, note that given two smooth points

a, b ∈ P1
i , that Tk(a) ◦ T̂k(b) ∈ Autcl(n).
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Description of Ti

The action of Ti has a very simple description when restricted to bundles

with m = 0 (in the classification Proposition 4.3.1). Given such a bundle

F ∈ Coh(En), with multidegree f and starting component a (a = 0 for locally

free objects), Example 2.3.2 shows Ti(F) ∼= F ⊗O(pi). Thus, if F ′ := Ti(F),

then

f ′
j

=

{
f
j

j + a 6= i mod n

f
j

+ 1 j + a = i mod n

We have the following useful lemma:

Lemma 6.2.2. Let F ∈ Coh(En) be semistable with ψ(F) > 1/n. Then

ψ(T̂i(F)) ≥ 0

Proof. Writing rktot(F) = rn+ s we can rephrase our assumption as χ(F) >

r + s/n. From above χ(T̂i(F) = χ(F)− t with t = r or t = r + 1. Ti doesn’t

affect rank, so we only need to calculate conditions for χ(Ti(F)) ≥ 0. If s = 0,

then t = r and the above inequality becomes χ(Ti(F)) > r − r = 0. On the

other hand, if s > 0, then we have χ(Ti(F)) > r + s/n − t > s/n − 1 > −1.

Since χ is an integer valued function, we have the result.

Description of TOEn

From the description of spherical transformations given in §2, one sees

for semistable F ∈ Coh(En) rktot(TOEn
(F)) = rktot(F) − nχ(F). Here, a

negative rank indicates a shifted sheaf. If χ(F) = 1 and rktot(F) > n, the net

effect of TOEn
is the removal of n zeros from its multidegree.
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6.3 The subcategory Pcl(
1
2)

The subcategory Pcl(1
2
) will play an elevated role in this chapter. To

see why, note that if n is prime, Theorem 5.2.7 shows there are two equivalence

classes of phases: those like Pcl(1
2
) and those like Pcl(1). In Proposition 7.1.1,

it is shown that the the moduli of semistable objects, up to S-equivalence,

is Sym(E1) and Sym(En), respectively. This disparity arises in Aut(Db(En))

through the presence of spherical twists not contained in Autcl(n). Informally,

there are “destablizing” autoequivalences for the phase Pcl(1
2
) and none for

Pcl(1) (e.g. points cannot be separated into different phases). For n not prime,

the phases equivalent to Pcl(1
2
) have the most “destablizing” autoequivalences.

Using the slope-phase conversion in §4, if F ∈ Pcl(1
2
), then ψ(F) = 0.

This implies χ(F) = 0.

Proposition 6.3.1 ( [6]). Let F be semistable and torsion free.

1. If F ∼= πrn,n∗(L) with L a line bundle on Ern,n, then χ(F) = 0 if and

only if f alternates between {−1, 1} in its non-zero values.

2. If F is not locally free, then χ(F) = 0 if and only if f alternates between

{−1, 1} in its non-zero values, beginning and ending with −1.

6.4 Transitive action of Autd(n) on Sph(En)

Conjecture 6.4.1. Let S• be a spherical object. Then there exists an Φ ∈
Autd(n) such that Φ(S•) ∼= OEn.

Theorem 6.4.2. Conjecture 6.4.1 holds for E2.

Prior to proving this theorem, we need numerous support lemmas and

propositions.
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6.4.1 Preliminary facts about morphisms in Db(En)

We first need to give some consequences of simple endomorphism rings

associated with spherical objects. In particular, we need to understand some

conditions that allow non-invertible endomorphisms to arise. Throughout this

section let S• ∈ Db(En).

Lemma 6.4.3. 1. If a ∈ Hom(Hmt(S•),Hmb(S•)), then there exists ã ∈
REndmb−mt(S•) lifting a.

2. If a ∈ Hom(A−, A0), then there exists ã ∈ REndmb−mt(S•) lifting a.

Proof. Without loss of generality, we can assume that mt = 0. We will analyze

the spectral sequence Epq
2
∼= Hom(S•,Hq(S•)[p]). First, the t-structure implies

that E−1q
2 = 0, while E

p(mb−j)
2 = 0 for j > 0. Therefore, if Hom(S•,Hmb(S•))

is nonzero, then Endmb(S•), is nonzero.

Using the triangle

τ<0S• −−−→ S• −−−→ H0(S•) δ−−−→ τ<0S•[1]

and applying RHom( ,Hmb(S•)) we get an exact sequence:

Hom(τ<0S•[1],Hmb(S•))→ Hom(H0(S•),Hmb(S•))→ Hom(S•,Hmb(S•))

However, Hom(τ<0S•[1],Hmb(S•)) ∼= 0. Thus if Hom(H0S•,Hmb(S•)) 6= 0,

then Hom(S•,Hmb(S•)) 6= 0. This proves the first part.

To prove the second part, notice that from the filtration (and since

our stability conditions are coming from our t-structure) there exists a sur-

jection γ− : H0(S•) � A− and an injection γ0 ↪→ Hmb(S•)[m]. The com-

position γ− ◦ α ◦ γ0[m] : H0(S•) → Hmb(S•) is then a nontrivial element in

Hom(H0(S•),Hmb(S•)).
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Lemma 6.4.4. If S• is indecomposable, Hmt(S•) and Hmb(S•) cannot contain

locally free summands.

Proof. We will prove this for H0(S•). The shift and dualizing functor will

provide the other case.

Suppose H0(S•) ∼= P ⊕ F , where P is a vector bundle. From the

t-structure we have the triangle:

τ<0S• −−−→ T • −−−→ P
δP−−−→ τ<0S•[1]y y y y

τ<0S• −−−→ S• −−−→ P ⊕ F δ−−−→ τ<0S•[1]

where δP ∈ Hom(P, τ<0S•[1]). By Grothendieck duality Hom(P, τ<0S•[1]) ∼=
Hom(τ<0S•, P )∗ = 0 by definition of t-structures. Thus T • ∼= P ⊕ τ<0S•. The

above diagram implies then that S• ∼= P ⊕ F•, a contradiction to S• being

indecomposable.

6.4.1.1 Lifting endomorphisms

The next proposition is the most important statement of this chapter.

It is the most subtle of all the statements and the main reason one has any

hope of showing a transitive action. Before stating the proposition, we need a

definition.

Given two indecomposable torsion free sheaves F := S(f, f ′, f ′′),G ∼=
S(g, g′, g′′) ∈ Coh(En), if f ′ = g′ then there exists indecomposable A :=

S(f ; a′, a′′),B := S(g; b′, b′′) with rki(A) ≤ 1, rki(B) ≤ 1, a′ = b′ and πp,n∗A ∼=
F , πp,n∗B = G. The finite and flat nature of πp,n implies that Hom(A,B) ⊂
Hom(F ,G). Denote s1 as the left bounding singular point of supp(A) and s2

as the right bounding (recall we are working clockwise).
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Definition 6.4.1. A morphism α ∈ Hom(A,B) ⊂ Hom(F ,G) is (−−) if

α|s1 6= 0. Similarly, α is (++) if it restricts to a non-zero morphism of s2.

The next two lemmas will only be used in the next proposition.

Lemma 6.4.5. Let H ⊂ Hom(F ,G) denote the subspace consisting of mor-

phisms neither (++) or (−−). Then codim(H) ≤ 2.

Proof. This is an easy consequence of End(k(p)) = C for any p ∈ En.

Lemma 6.4.6. Let F and G be as above. If f ′ = g′, then either Hom(F ,G)

or Hom(G,F) has a (++) morphism, but not both.

Proof. Let A and B be as above. The lemma follows from the observation that

if a1 < b1, then there will exist a (++) morphism.

Proposition 6.4.7. Let S• be indecomposable. If α ∈ End(Hmb(S•)) is not

(++) or (−−), then there exists an α̃ ∈ End(S•) lifting α.

Proof. Let H ⊂ End(H0(S•)) be the subspace consisting of elements satisfying

the conditions of the proposition. We will show for α ∈ H there exists an

extension β ∈ Hom(S•,H0(S•)). The lift α̃ will then be the composition of β

with the standard map H0(S•)→ S•.

By applying TOEn
, one can assume that the top and bottom cohomologies

are torsion free. Without loss of generality, we can set mb = 0. Let p be

such that there exists a torsion free F ∈ Coh(Ep) with rankj(F) ≤ 1, and

πp,n∗F ∼= H0(S•). By Lemma 6.4.4, such a p always exists. Let N be the

number of summands in F . We write F ∼= ⊕0<j≤NFj.
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Set Q• := π∗p,nS•. The triangle axioms ensure the exact sequence

Hom(Q•,F)→ Hom(H0(Q•),F)
t→ Hom((τ>0Q•)[−1],F).

Adjunction gives Hom(H0(Q•),F) ∼= Hom(π∗p,nH0(S•),F) ∼= End(H0(S•)) and

Hom(Q•,F) ∼= Hom(π∗p,nS•,F) ∼= Hom(S•,H0(S•)). Thus, our extension of α

will exist if t(α) = 0 (we are inherently using the adjunction isomorphisms). To

calculate when t(α) = 0, we calculate dim Hom((τ>0Q•)[−1],F) and compare

it to dim Hom(H0(Q•),F)− dimH.

By definition, F ∼= i∗F̃ where i : I ↪→ Ep and I := q0<i≤NIrktot(Fi).

Adjunction, again, gives

Hom((τ>0Q•)[−1],F) ∼= Hom(Li∗((τ>0Q•)[−1]), F̃).

Note the derived functor. To calculate Li∗((τ>0Q•)[−1]), we will use a specific

locally free resolution. First, we find a locally free resolution of F . The rank

assumption on F implies that we can find a “standard” resolution R• with

Rl = 0 for l > 0 and Rl ∈ Pic(En) for l ≤ 0:

R1 ∼= 0x
R0 ∼= L(. . . , 0, f i, 0, . . . , 0, f i+1, 0, . . . ;λ0)x
R−1 ∼=L(. . . ,−1,

li︷ ︸︸ ︷
0, . . . , 0,−1, 0, . . . , 0,−1,

li+1︷ ︸︸ ︷
0, . . . , 0,−1, 0, . . . ;λ−1)

...

Since H0(Q•) ∼= ⊕ιkp,n∗(F), we automatically obtain a locally free resolution of

H0(Q•): T • = ⊕ p
n
ιkp,n∗R•.
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Next take any locally free resolution of Q•. τ>0Q• is then isomorphic

to the complex

. . .→ 0→ H0(Q•)→ Q0 → Q1 → Q2 → . . . (6.1)

where the superscript indicates the degree, andH0(Q•) is in degree −1. The res-

olution we seek is obtained by replacing H0(Q•) by T •. Our desired resolution

of (τ>0Q•)[1] is

τ>0Q•[−1] ∼= . . .→ T −1 → T 0 → Q0 → Q1 → Q2 → . . . . (6.2)

where the superscripts of the T i match the degree, and those of the Qi are off

by 1.

Calculating Hi(Li∗((τ>0Q•)[−1])) for i ≤ 0 is straightforward due to

the “standard” resolution in these degrees. In particular,

dim(supp(H0(Li∗((τ>0Q•)[−1])) = 0.

Since F̃ is a line bundle on I, Hom(H0(Li∗((τ>0Q•)[−1]), F̃) = 0. This

is enough to show Hom(τ≤0(Li
∗((τ>0Q•)[−1])), F̃) = 0. The triangulated

structure then implies

Hom(Li∗((τ>0Q•)[−1]), F̃) ∼= Hom(τ>0(Li∗((τ>0Q•)[−1])), F̃).

Again, using our resolution, one can directly calculate τ>0(Li∗((τ>0Q•)[−1])) ∼=
i∗((τ>0Q•)[−1]).

The Gorenstein condition on I implies (again using that F̃ is a line

bundle) that Hom(Hq(i∗((τ>0Q)[−1]))[−q], F̃) = 0 for q ≥ 2. The spec-

tral sequence Epq
2 = Hom(Hq(i∗((τ<0Q•)[−1], F̃ [p]) then gives the bound

dim(Hom(Ri∗((τ>0Q•)[−1], F̃)) < dim(Hom(H1(i∗((τ>0Q•)[−1])), F̃ [1])).
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We need to understand Hom(H1(i∗((τ>0Q•)[−1])), F̃ [1]). Our descrip-

tion of τ>0Q• above shows that 0 ∼= H1((τ>0Q•)[−1]) ∼= {H0(Q•) d0∼=id→
ker(d0

Q•)}. Denote s1j (s2j) as the left bounding (right bounding) singular

point of i|Irktot Fj . Away from skj, the local nature of sheaf maps shows i∗(d0)

continues to be an isomorphism. Thus supp(H1(i∗((τ>0Q•)[−1]))) ⊂ qskj.
Grothendieck duality shows

dim(Hom(H1(i∗((τ>0Q•)[−1])), F̃ [1])) ∼=

dim(Hom(F̃ ⊗ ωI ,H1(i∗((τ>0Q•)[−1])))∗).

This is clearly bounded by Σskj dim(H1(i∗((τ>0Q•)[−1])|skj).

We claim dim(H1(i∗((τ>0Q•)[−1])|si1) is bounded by the number of sum-

mands in H0(Q•) that “begin” at s1j . Likewise, dim(H1(i∗((τ>0Q•)[−1])|s2j ) is

bounded by the number “ending”. Formally, a summand G ⊂ H0(Q•) “begins”

at s1j if G ∼= S(g; g′, g′′) and Fj ∼= S(f j; f ′j, f
′′
j ), then f ′j = g′. It ends at s2j if

f ′′ = g′′.

By definition (and using our specialized resolution above),

H1(i∗((τ>0Q•)[−1])) ∼= ker(i∗d0[−1])/i∗H0(Q•), where i∗d0[−1] : Q0 → Q1.

Let G denote a summand of H0(Q•). We will show that ker(i∗d0[−1])/i∗G is

torsion free. ker(i∗d0) is torsion free since it is a subsheaf of a vector bun-

dle. Thus, we can assume that i∗(G) is torsion free (torsion sheaves will arise

by restricting summands that start where F ends) and G d′0

↪→ ker(i∗d0[−1]).

ker(i∗d0[−1])/i∗G will have torsion if and only if the sequence

0→ G d′0

↪→ ker(i∗d0[−1])→ H1(Li∗(τ>0Q•)[−1])→ 0

restricted to skj is no longer exact. However, the resulting restricted sequence

is the same as restricting on Ep. On Ep, the restricted sequence is not exact
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if and only if G is not locally free at skj. Since G ∼= ιkp,n∗(Fj), it is locally free

everywhere but its ends. This proves our claim, and gives us the desired bound.

To finish, let Fi and G be as above. Lemma 6.4.6 shows if f ′k = g′k then

there there exists a corresponding (−−) morphism in Hom(H0(Q•), F). A

similar statement can be made for (++) morphisms. The only instance where

the (−−) morphism is not a scalar factor of the choice of (++) is when Fk ∼=
G. Thus, dim(Hom(H0(Q•),F))− dim(H) = dim(Hom((τ>0Q•)[−1],F)−N .

Either by noting the independence of these calculations on dim(H) or by

explicitly writing down N extensions of Q• by F (easy), one then sees that

t(H) = 0, thus proving our proposition.

Corollary 6.4.8. Let F be a summand of Hmb(S•). Then all non-identity

endomorphisms of F lift to endomorphisms of S•.

Proposition 6.4.9. Let S• ∈ Db(En) be a perfect object. If S• is spherical

then A0(S•) and A−(S•) are not isomorphic to torsion sheaves under Autcl(n).

Proof. We will show this for A0. The conditions allows us to assume that

φ0 = 1. From Lemma 6.4.4 we can assume that supp(A0) is the singular locus

and that k(s) ↪→ A0 for some singular point s ∈ En. We will show the existence

of a morphism b ∈ Hom(Hm(S•), k(s)) for some m ∈ Z. Once this is done, we

will extend b to a non-zero non-invertible b̃ ∈ REndm(S•). In the case that

m > 1, this will contradict the assumption that S• is spherical. For m = 1, it

is clear this morphism does not coincide with the natural extension implied by

Grothendieck duality.

From [13, Lemma 3.9] (although we are not in the smooth case, we are

dealing with perfect objects so the lemma can be applied nonetheless) we know
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that there exists at least one m such that Hm(S•) is supported on s. Let m be

the largest satisfying this condition.

From the t-structure, we get a long exact sequence

Hom(S•[m], k(s))→ Hom(S•[m](0,∞), k(s))→ Hom(S•[m](−∞,0][1], k(s))

By definition of m, Hom(S•[m](−∞,0][1], k(s)) = 0. Thus, Hom(S•[m], k(s)) 6= 0.

Since A0 → H0(S•) → S•, it is clear we can extend this to a morphism in

Hom(S•[m],S•) ∼= RHom−m(S•,S•). To prove that it is non-trivial, one just

needs to observe that by definition, it is non-trivial on the level of cohomology

groups. Since m ≥ 0, this contradicts the fact that S• is spherical.

Corollary 6.4.10. Let S• ∈ Db(En) be a perfect object. If S• is spherical then

Hmb(S•) and Hmt(S•) are torsion free.

Proof. A0 ⊂ Hmb(S•). The associated HN filtration of Hmb(S•) shows all

torsion is concentrated in A0.

6.4.1.2 Nonzero morphisms between semistable sheaves

Lemma 6.4.11. Given semistable objects F ,G ∈ Coh(En), if φ(F) < φ(G)

then Hom(F , ιkn∗G) 6= 0 for some 0 ≤ k < n.

Proof. From [6], Hom(πn∗F , πn∗F) 6= 0. The result follows from the decompo-

sition π∗nπn∗G ∼= ⊕ιknG.

Lemma 6.4.12. Given semistable objects A,B ∈ Coh(En) with slope(A) < 0

and slope(B) > 0, if supp(A) ∩ supp(B) 6= ∅ then Hom(A,B) 6= 0.
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Proof. Let i be the index of a shared component. The phase of B, and the

semistablity of OEn suggest

RΓ1(B) ∼= RHom1(OEn ,B) ∼= RHom0(B,OEn)∗ = 0.

Since TOEn
is strongly compatible with σcl(n), TOEn

(B) is a sheaf up to shift.

Equation 2.2 from §2 then shows

RΓ0(B)⊗OEn
b−−−→ B

is injective or surjective. As such, the morphism is nonzero restricted to each

component. Pick b′ : OEn → B, a summand of b, such that the restriction of b′

to the ith component is nonzero.

Dualizing all of these statement, one can find a′, a summand of

A a−−−→ RΓ1(A)⊗OEn

that restricted to the ith component is non-trivial. The composition, b′ ◦ a′ ∈
Hom(A,B) is non-zero since OEn is rank 1 on each component.

Corollary 6.4.13. Not all morphisms obtained in Proposition 6.4.12 are

(++)/(−−).

Proof. All semistable sheaves with slope less than zero begin and end with

negative values in their multidegree. Dually, all semistable sheaves with positive

slope have nonnegative values in their multidegree. This is enough to show the

corollary.

Proposition 6.4.14. Let A,B be two indecomposable imperfect semistable

sheaves with ψ(A) = 0 and ψ(B) > 0. If there exists a P1
k such that i∗k(B) has

a positive degree summand then either Hom(A,B) 6= 0 or P1
k * suppA.
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Proof. Let p be such that there exists sheaves F ,G ∈ Coh(Ep) with rkj(F) ≤ 1,

rkj(G) ≤ 1, πp,n∗F = A, πp,n∗G = B, and suppG ∩ suppF = ∅. We choose

p >> 0 such that p is odd. We will change the indexing set from 0 < k ≤ p to

−(p − 1)/2 ≤ k ≤ (p − 1)/2. By shifting the indexing of Ep if necessary, we

assume that k = 0.

Suppose P1
k ∈ supp(A). Hom(A,B) = 0 if and only if Hom(F , ιlp,nG) = 0

for all l. By [16], F ,G are semistable with identical slope as A,B (respectively).

By replacing F with ιlp,nF , I can assume that the if F ∼= S(f ; a, b) then

0 ≤ b < n. This gives us the following diagram:

. . . •f−1 •f0 •f1 . . . •fb

. . . •g0 •g1
. . . •gb . . . •gq . . .

We have changed the multidegree indexing to have an absolute index.

Denote iu, id the components of Ep with f
iu
, f

id
6= 0 with id ≤ 0, iu > 0

and |iu|, |id| minimized. The assumptions ensure that at least one of these

exists. Since slope(G) > 0, every element of its multidegree is non-negative.

The form of F allows for the following scenarios:

1. id exists and fid = −1: there exists a subsheaf of G of the form

S(0, . . . , 0; j, 0) where j = id if G is supported at id. If G is not sup-

ported on id, then j is the index of the first component of its support.

There exists a surjection F � S(−1, 0, . . . , 0; id; 0). Composition will

give a nonzero morphism.

2. iu exists and iu = −1 and id < 0 or doesn’t exist: there exists a subsheaf

of G of the form S(0, . . . , 0; 0, j) where j = iu or the last component of
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the support of G. The non-trivial morphisms is obtained by taking the

quotient of F , S(0, . . . ,−1; 0, iu), and composing with the inclusion to

the sheaf S(0, . . . , 0; 0, j).

3. iu exists with iu = −1 and id = 0: Let k be such that fk = −1, k < 0

and |k| is minimized. This exists since F is semistable with slope(F) = 0.

There exists a quotient of F of the form S(−1, 0, . . . , 1, 0, . . . ,−1; k, iu).

There exists a subsheaf of G of the form S(0, . . . , 0, 1, 0, . . . , 0; j, j′) with j

and j′ defined similar to above (with j = k and j′ = iu) and the non-zero

degree on the 0th component. The non-zero morphism between these

latter two sheaves clearly extends to a nonzero morphism between F and

G.

Note: If iu doesn’t exist, then we must be in the first case. If id doesn’t exist,

then we must be in the second case.

6.4.2 Proof of Theorem 6.4.2

6.4.2.1 Structure specific to Db(E2)

Lemma 6.4.15. Given semistable F ,G ∈ Coh(E2) with χ(F) = χ(G) = 1, if

rktot(F) > rktot(G) then Hom(F ,G) 6= 0.

Proof. Since semistable objects are extensions of stable objects, and χ is

additive over extensions, F and G are stable. From Theorem 7.1.1, the stable

imperfect objects with ψ = 1 are O1 and O2. Using TOE2
∈ Autcl(2), one

can directly calculate that F ∼= S(

l︷ ︸︸ ︷
0, . . . , 0; a) and G ∼= S(

k︷ ︸︸ ︷
0, . . . , 0; b) with

l = rktot(F), k = rktot(G). This description explicitly shows a non-zero

morphism.
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6.4.2.2 Bringing the slopes together

Proposition 6.4.16. There exists Φ ∈ Autd(2) such that m := φ0(Φ(S•))−

φ∞(Φ(S•)) ∈ N and m ≤ mt −mb.

Proof. To accomplish the stated goal, we apply our destabilizing autoequiva-

lences Ti and T̂i to bring the two phases closer (recall T̂i = T−1
i ). We need to

describe a series of 6 conditions that dictate which autoequivalences are applied.

We will describe half of them; the other half are automatically described by

dualizing (with RHom(−,OE2)).

1. 0 < ψ0 < 1/2, ψ− = 0:

• Autoequivalences used: T kOE2
, k ∈ N.

• Description: From §6.2, there exists a k ∈ N such that 1/2 ≤

ψ0(T kOE2
(S•)) <∞.

2. −1/2 < ψ− < 0, ψ0 = 0:

• Autoequivalences used: T−kOE2
, k ∈ N.

• Description: This is the dual to the case directly above.

3. 1/2 ≤ ψ0 <∞, ψ− = 0 and supp(S•(1/2+m,∞)) * supp(A−):

• Autoequivalences used: T̂i, i ∈ Z/2Z.

• Description: Choose i such that P1
i ⊂ supp((S•(1/2+m,∞)) but P1

i *

supp(A∞). We then apply T̂i.

4. −∞ < ψ− ≤ −1/2, ψ0 = 0 and supp(S•(−∞,1/2)) * supp(A0):

• Autoequivalences used: Ti, i ∈ Z/2Z.
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• Description: This is the dual of the case directly above.

5. 1/2 ≤ ψ0 <∞, ψ− = 0 and supp(S•(1/2+m,∞)) ⊂ supp(A−):

• Autoequivalences used: T̂1 ◦ T̂2 ∈ Autcl(2).

• Description: Proposition 6.4.14 and Proposition 6.4.9 show that

ψ0 = 1 and A0 is supported on one component, while supp(A−) = E2.

Lemma 6.4.11 shows that A− is not a direct sum of two simple

objects. Applying T̂1 ◦ T̂2 puts us in case (4).

6. −∞ < ψ− < −1/2, ψ0 = 0 and supp(S•(−∞,1/2)) ⊂ supp(A0):

• Autoequivalences used: T1 ◦ T2 ∈ Autcl(2).

• Description: This is the dual of the case directly above.

7. ψ0 = ψ−

The process and its termination.

Using Autcl(2) and Proposition 6.4.9 we can assume that ψ− = 1/2.

The above cases supply a complete breakdown of which autoequivalence to

apply in all situations. Given a possible sequence of cases, {ak}k∈N, we will

prove that for a finite K, aK = 7. To do this, we show that every finite number

of steps, the rank of a certain subsheaf of Hmb(S•) is reduced.

Let b = min{φ0 − 1/4, φ− + (mt − mb)}. The subsheaf of interest is

D := S•[b,∞). This subsheaf can be thought of as the subsheaf of Hmb(S•) with

slope greater than ψ0; for technical reasons, we must sometimes include a bit

more. Given an autoequivalence Ψ ∈ Autd(n), we denote by D′ ⊂ Ψ(S•) the

sheaf defined above. We now show that rktot(D) ≥ rktot(D′).
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(1) Entering this case, ψ0 < 1/2 forces b > 1/4. If supp(TOE2
(S•(1/2,∞)))

∼= E2,

Lemma 6.4.12 and Proposition 6.4.7 show Hmb(S•) ∼= S•[1/2+(mt−mb),∞).

From this it is clear that rktot(D) < rktot(D′).

If supp(TOE2
(S•(1/2,∞)))

∼= P1
i , Lemma 6.4.12 and Proposition 6.4.7 show

that S•(mb,mb+1/2)
∼= S•(mb,mb+1/4], again showing rktot(D) < rktot(D′).

(2) In this case b = 1/4. From this it is clear that rktot(D) < rktot(D′).

(5) In this case, φ0 = mb + 3/4 and φ− = mt + 1/2. Therefore, φ0 −

1/4 = φ− + (mt −mb). The strong compatibility of T̂1 ◦ T̂2 shows that

rktot(D) = rktot(D′) is preserved.

(6) rktotD = rktot(D′) for the same reasons as (5).

It is not true that if a1 = (4) that rktot(D) ≥ rktot(D′). Nonetheless,

when it is encountered in our sequences, which all have a1 ∈ {1, 3}, rktot(D) ≥

rktot(D′). The following lemma shows if ak = 3, then ak+1 ∈ {1, 2, 3, 7}. By

duality, if ak = 4, then ak+1 ∈ {1, 2, 4, 7}. This lemma is applicable to all En.

Lemma 6.4.17. Assume P1
i * suppA−. Either

1. ψ0(T̂i(S•)) > 0 and ψ−(T̂i(S•)) = 0

2. ψ0(T̂i(S•)) = 0 and 0 ≤ ψ−(T̂i(S•)) ≤ −1/n.

Proof. We first show 0 ≥ ψ−(T̂i(S•)) ≥ −1/n. Suppose that ψ−(T̂i(S•)) <

−1/n. Lemma 6.2.2 shows ψ(Ti(A−(T̂i(S•)))) ≤ 0. However, Ti(A−(T̂i(S•)))

is a quotient of Hmt(S•), and as such, it must be a quotient of A−. Our

assumption P1
i * suppA− implies that A− is fixed by T̂i, which contradicts this

previous statement. The rest of the lemma follows from Lemma 6.4.12.
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We will need the following fact: if ak = 3 and 1/2 ≤ ψ0 < 1, then

ak+1 ∈ {1, 2, 7}. Again, by duality if ak = 4 and −1 < ψ− < −1/2, then

ak+1 ∈ {1, 2}. To show this we can assume that Ai is indecomposable. Let

Ai ∼= S(ai; a′). We can further assume that a′ = 1 and suppA− = P1
2. With

these conventions, 2χ(Ai) > rktot(Ai) shows

aj =

{
0 j even
1 or 2 j odd

With the 2 present if and only if ψi = 1. One then observes that any subsheaf

F ⊂ T̂1(Ai) will satisfy χ(F) ≤ 2 rktot(F).

We now show that (4) does not increase D. By assumption, supp(A0) �

E2. Proposition 6.4.7 and Lemma 6.4.12 imply that suppS•(mb,mb+1/4) 6= E2,

and is supported on the opposite component as A0. From above, we have

the sequence ak = 4 and ak+1 ∈ {1, 2, 7}. Therefore, any contributions of

S•(mb,mb+1/4) to D made by ak would be removed by the change in b if ak+1 = 1,

removed by T−1
OE2

if ak+1 = 2, and obviously this is not a worry if ak+1 = 7.

We are left showing (3) does not increase D. The only aspect for which

this can happen is when b changes from 1/2 +mb to 1/4 +mb. Lemma 6.4.17

ensures any possible addition is removed by T−1
OE2

.

Lastly, the above arguments show that every finite number of iterations,

we encounter either (1) or (2). These cases strictly reduce rktotD. Thus, every

finite number of steps, rktot(D) is decreased.

6.4.2.3 Moving the phases apart.

Proposition 6.4.18. Let S• ∈ Db(E2) with φ0 − φ− ∈ N>0. Then there exists

an element Φ ∈ Autd(2) such that φ0(Φ(S•))− φ−(Φ(S•)) < φ0 − φ−.
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Proof. From Proposition 6.4.16, we can assume that ψ0 = ψ− = 0.

Let A0
∼= ⊕A0,i. Corollary 6.4.8 shows End(A0,i) ∼= C. Similarly,

End(A−,j) = C. If necessary, we re-index our components and reordering the

summands to ensure rktot(A0,0) ≥ rktot(A0,i) and A0,0
∼= S(a, 1).

If rktot(A0,0) > 1, the requirement End(A0,0) = C ensures a1 + a2 ∈

{0,−1}. Let

L :=

{
L(−a1,−a2;λ) a1 + a2 = 0

L(−(a1 + 1),−a2;λ) a1 + a2 = −1

It is clear that χ(L) = 0.

Lemma 6.4.19. Let F ∈ Pcl(1
2
) be indecomposable with End(F) = C. Then

F ⊗ L is either

1. stable with χ(F ⊗ L) = 1

2. stable with χ(F ⊗ L) = −1

3. semistable with χ(F ⊗ L) = 0 and rktot(F) = 2.

4. unstable with ψ0(F ⊗ L) = 1 and ψ−(F ⊗ L) = −1.

Proof. §6.2 shows χ(F ⊗ L) ∈ {−1, 0, 1}. We first show that if F ⊗ L is

semistable, χ(F ⊗L) 6= 0. Again by §6.2, rktot(F) must be even. End(F) = C

forces

1. The first and last non-zero values in b are negative.

2. There is at least one positive element in b if rktot(B) > 2.

3. There are no 2 consecutive 0’s.
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4. If bj = 1 with j even, then if bk = −1, k is odd and vice versa.

The requirements are strict enough to show rktot(F) = 2: B starts and ends

on different components; (3) forces the first values in its multidegree to be

0,−1 and the last values to be 1,−1 (or reversed). This is enough to supply a

nontrivial morphism.

Let F ⊗ L be unstable with χ(F ⊗ L) = −1. We claim that ψ0 > 0. If

ψ0 = 0, then χ(A0(F ⊗ L) ⊗ L−1) = 0. Thus, A0(F ⊗ L) falls in the above

case and rktot(A0(F ⊗ L)) = 2. Thus, TOEn
◦ Ti(F ⊗ L) (where i depends on

A0(F ⊗ L)) has a torsion subsheaf. It is an easy, but tedious, calculation to

show that the resulting object is a sheaf. This is enough to give a non-trivial

morphism.

By direct calculation, if ψi 6= 0 then χ(Ai(F ⊗ L)) ∈ {−1, 1}. By

Lemma 6.4.15, they are stable. Lemma 6.4.12 and Proposition 6.4.7 show that

either F ⊗ L is stable, or ψ0 = 1 and ψ− = −1

If χ(F ⊗ L) = 1, (F ⊗ L)∨ falls in the above case, thus proving the

result.

Assume that rktot(A0,0) > 1. We first show that rktot(A0,0) 6= 2. To use

Proposition 6.4.9, we must ensure rktot(A0,i) > 1 for all i. If rktot(A0,1) = 1 for

some i, the Proposition 6.4.7 implies the −1 in the multidegree of A0,0 is on the

same component as A0,i. However, one then has a subsheaf O1(−1)⊕O2(−1)

of A0, and Lemma 6.4.11 gives a nontrivial morphism, a contradiction.

We now know rktot(A0,0) > 2. First, assume that a1 + a2 = −1. Using

TOE2
one can ensure Hmb(S•) ∼= A0. Applying L, the multidegree of A0,0 ⊗ L

begins with (−1, 0, . . .) guaranteeing that χ(A0,0⊗L) is stable with χ(A0,0⊗L) =
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−1. Proposition 6.4.7 implies ψ0(S• ⊗L) ≤ 0. If the inequality were not strict,

then by Lemma 6.4.19, all summands of A0(S•⊗L) are total rank 2. Proposition

6.4.9 shows this is impossible. Thus Hmb(S• ⊗ L) is a direct sum of stable

objects all with Euler characteristic −1. The dual of Proposition 6.4.15, and

Lemma 6.4.3 show ψ0(S• ⊗ L) < ψ−(S• ⊗ L), and we are done.

If a1 + a2 = 0, use TOE2
to ensure Hmt(S•) ∼= A−. One then applies

identical reasoning as above to show ψ0(S• ⊗ L) < ψ−(S• ⊗ L.

We are left with supp(A0) 6= E2. Suppose A0
∼= ⊕MO1(−1). To prevent

a non-trivial morphism, A− cannot quotient onto O1(−1). It is then clear that

ψ0(T̂i(S•)) < ψ−(T̂i(S•).

6.4.2.4 Putting it all together

Given S• ∈ Sph(E2) with φ0 − φ∞ ≥ 1, Proposition 6.4.16 and Proposi-

tion 6.4.18 give the existence of Φ ∈ Autd(2) such that φ0(Φ(S•))−φ−(Φ(S•) ≤

φ0 − φ∞ − 1. Induction and a final application of Proposition 6.4.16 shows the

existence of Ψ ∈ Autd(2) such that Ψ(S•) ∼= V , where V is a semistable vector

bundle and ψ(V) = 0.

To complete Theorem 6.4.2, we need to show that V is a line bundle.

Lemma 6.4.20. Let V ∈ Pcl(1
2
) be semistable and spherical. Then V is a line

bundle.

Proof. Let v be the multidegree of V, and assume rktot(V) > n. Suppose

Σ0≤i<nvq+i = 0 for some q. Setting L := L(−vq, . . . ,−vq+n;λ), χ(V ⊗ L) = 0.

If V ⊗L were semistable, the sequence of n zeros in its multidegree would lead

to a non-invertible endomorphism, contradicting the fact that V is spherical.
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However, if it was unstable then ψ0(V ⊗ L) > 0 and ψ−(V ⊗ L) < 0. The

sequence of n zeros again would lead to a non-invertible morphism.

We are left showing Σ0≤i<nvq+i = 0 for some q. First, Σ0≤i≤rktot(V)vk = 0.

To show the result, we just need to show if Σ0≤i<nvq+i > 0, then Σ0≤i<nvq+1+i ≥
0. This is an easy consequence of the fact that if vk = 1, then vk+n ≥ 0. Clearly

similar statements can be made if the inequalities are reversed, thus proving

the lemma.

6.5 Structure of Autsph(n).

Assuming Conjecture 6.4.1 to be true, we finish this chapter by proving

AutSph(n) ⊂ Autd(n).

Proposition 6.5.1. Let S• be a spherical object and Φ ∈ Autd(n) satisfy

Φ(S•) ∼= OEn. Then TS• ∼= Φ ◦ TOEn
◦ Φ−1.

Proof. All autoequivalences in Autd(n) are given by integral transforms. Thus,

we can write Φ ∼= ΦK for some K ∈ Db(En × En). From [14], Φ−1
K
∼= Φ ←

K∨[1]
,

where the arrow implies that the transform is reversed.

From §2, the functor TS• is given by the kernel

S ′ := {π∗1(S∨)⊗ π∗2(S)
ev→ O∆}.

Since everything is given by integral transform, to show an isomorphism of

functors we will show an isomorphism of kernels.

The triangulated structure on Db(En×En) and the convolution formula

of composition show that we just need to give isomorphisms:

ΦK ◦ ΦS�S∨ ◦ Φ ←
K∨[1]

∼= ΦTOEn
�T∨OEn

ΦK ◦ ΦO∆
◦ Φ ←

K∨[1]

∼= ΦO∆
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The second isomorphism is by definition. By [13, Exercise 5.13(i)

and (ii)], to prove the first equation it is enough to show ΦK(OEn) ∼= S

and Φ ←
K∨[1]

(O∨En) ∼= S. The first isomorphism is our assumption. For the

second, note O∨En ∼= OEn . Let ρi denote the ith projection. We need to show

ρ1∗(ρ
∗
2(OEn)⊗K∨[1]) ∼= S∨. This is almost by definition:

ρ1∗(ρ
∗
2(OEn)⊗K∨[1]) ∼= ρ1∗K∨[1]

∼= ρ1∗(K∨ ⊗ ρ∗1OEn)

∼= ρ1∗(K ⊗ ρ!
1OEn [1])

∼= ρ1∗RHom(K, ρ!
1OEn)

∼= ρ1∗RHom(K, ρ!
1OEn)

∼= RHom(S•,OEn)

∼= S•∨.

77



Chapter 7

Applications to the structure of Db(En) and

σcl(n)

7.1 The moduli of stable bundles on En

A sheaf F is semistable (stable) in σcl(n) if and only if F is Simpson

semistable (stable) with polarization L(1, . . . , 1; 1). Applying the results of [19],

there exists a coarse moduli space Mcl(n, a) of Obj(Pcl(a)). The closed points

correspond to equivalence classes of objects with the equivalent Jordan factors

(S-equivalence). This moduli is a projective scheme over C. As noted in the

introduction, we restrict to the case of n > 1.

Theorem 7.1.1. Given a nontrivial slice P(a) of (Zcl,Pcl) on En with n > 1,

let Mst
cl(n, a) ⊂Mcl(n, a) denote the subscheme whose closed points correspond

to stable objects and Mst
cl(a) it closure. Then Mst

cl(a) ∼= Es
∐
Z/nZ where s|n

and each component of Mst
cl(a) is a component of Mcl(n, a).

Proof. Through the action of Autcl(n), we can assume that a is one of the

specific (redundant) representatives given in the proof of Theorem 5.2.7: a = φ r
s

where s|n, r < n
s

and r, s are coprime. All other representatives of this form

have the same denominator in the index. Since we are primarily concerned

with the denominator, we will choose a representative and proceed with the

assumption that this representative is unique. The coprimality of r, s ensures
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the existence of A ∈ SL(2,Z) such that in our preferred basis

A =

[
r ∗
s ∗

]
.

Clearly A ∈ Γ0(s).

Proposition 5.2.1 and Proposition 5.2.6 construct ΦKs ∈ Aut(Db(Es))

such that for smooth p, ΦKs(k(p)) ∈ Pic(Es). We are interested in the functor

πn,s ◦ ΦKs : Db(Es) → Db(En). By a calculation similar to Proposition 2.3.1,

this is equivalent to ΦU where U = (id × πn,s)∗Ks ∈ Db(Es × En). It is clear

that for smooth p ∈ Es, ΦU(k(p)) ∈ Pic(En). We claim that ΦU(k(p)) is stable

with φ(ΦU(k(p))) = a. For if it was not stable, the rank of our bundle implies

the existence of a torsion free indecomposable subbundle supported on a strict

subscheme of En with higher phase. This gives the existence of a torsion free,

but not locally free, sheaf in the Jordan decomposition of πn,s∗ ◦ΦU(k(p)). This

is not possible since πn,s∗ ◦ ΦU(k(p)) is a direct sum of stable line bundles on

Es. A calculation similar to the one done in Proposition 5.2.6 shows for all

p ∈ Es, φf (ΦU(k(p))) = a. Thus giving our claim.

The result of this is an inclusion Es,smooth
ΦU→ Mst

cl(n, a). We want to

show that its image is the locus of all stable vector bundles. We denote this

latter space as Mst,vb
cl (n, a). We do this by showing that if V is a stable vector

bundle on En with φ(V) = a then ι∗n,s(V) ∼= V (clearly ΦU(k(p)) satisfies this).

Assume this to be true. One calculates directly that φ(πn,s∗(V)) = a (in σcl(s))

and that πn,s∗(V) carries a fiberwise action of Z/n
d
Z. Further, the action gives

a splitting by eigenbundles: πn,s∗(V) ∼= ⊕Wλi , where λi are the nth roots of

unity and φ(Wλi) = a. One recovers V by pulling back W1.

To summarize, if ι∗n,s(V) ∼= V then there exists a vector bundle V ′

on Es such that V ∼= π∗n,sV ′. The stability of V shows End(V) ∼= C. Since
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HomEs(V ′,V ′) ⊂ Hom(V ,V), End(V ′) = C as well. The isomorphism P(φa) ∼=
P(1) (on Es) shows V ′ is a stable line bundle. Thus, Mst,vb

cl (n, a) ∼= Es,smooth.

We now show that if V is a stable vector bundle on En with φ(V) = a

then ι∗n,s(V) ∼= V . Assume ιk∗n,sV � V for all 0 < k < n
s
. Since V is assumed to

be stable, Hom(ιk∗n,sV ,V) = 0. Therefore,

Hom(πn,s∗V , πn,s∗V) ∼= Hom(π∗n,s ◦ πn,s∗V ,V) ∼= Hom(⊕0≤k≤n
s
ι∗
n
s
kV ,V) ∼= C

From above, this shows π∗n,sV is stable on Es, with phase a. As such, it must

be a line bundle. This clearly cannot happen, showing ιkn,sV ∼= V for some k.

Similar arguments as above show that V ∼= π∗n,tV ′ where t depends on k. Again,

End(V ′) = C and we are in our starting situation. Iterating our argument

proves our claim.

The scheme Mst
cl(n, a)\Mst,vb

cl (n, a), by definition, consists of stable

torsion free, but not locally free sheaves. Let F be such an object and suppose

that G := πn,s∗F is not stable (it is automatically semistable). In the Jordan

decomposition G has a stable subbundle G ′. If G ′ is not a vector bundle, there

exists a F ′ on En with φ(F ′) = a, πn,s∗F ′ ∼= G ′, and F ′ ⊂ F . This contradicts

that F is stable. Alternatively, if G′ is a vector bundle, as noted above, it

must be a line bundle. Thus F ′ := π∗n,sG
′ is a stable line bundle on En. By

adjunction, there exists a non-trivial F ′ → F between stable objects which is

not an isomorphism, contradicting the stability of F and F ′.

The result of this is that if F is stable and not locally free, then πn,s∗F is

stable. On Es there are exactly s of these objects (corresponding to the image of

singular skyscrapers under ΦKs). This yields s∗ n
s

stable non-locally free bundles

in P(a) on En. The continuous map Mcl(n, a)
πn,s∗−−−→ Mcl(s, a) ∼= Mcl(s, 1)
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shows that each stable non-locally free object corresponds to an open and

closed point in Mst
cl(n, a). Thus Mst

cl(n, a) ∼=Mst,vb
cl

∐
Z/nZ.

Although we have only discussed ΦU on smooth skyscrapers, it is defined

on all of Mcl(s, 1), giving a map
∐

SymEn → Mcl(n, a). Since Mcl(n, a) is

a separated scheme Mvb
cl (a) ∼= Es. These moduli spaces are originating from

a GIT quotients. Since stability is an open condition, one obtains that the

components of Mst
cl(n, a) are components of Mcl(n, a).

Corollary 7.1.2. The group Autcl(n) is maximal with respect to being strongly

compatible with (Zcl,Pcl).

Proof. The goal will be to show that if Φ is an autoequivalence strongly

compatible with (Zcl,Pcl), then we can write Φ as the composition of elements

contained with Autcl(n).

In order to carry out such a task, we must understand which phases can

be the image of Ψ(P(1)). The proof Theorem 5.2.7 gives a set of (redundant)

explicit representatives for the equivalence classes of phases under the action of

Autcl(n) on phase space. For convenience we will speak of these representatives

through their negative slope, not their phase (e.g. ψ c
d

= c
d
).

By Theorem 7.1.1, the scheme Mvb
cl (n, a) ∼= Ed where a representative

for a in the above set is φ c
d
. If Φ(P(1)) ⊂ P(a), the representative for the

equivalence class a must be of the form c
n

with c coprime to n. It is not difficult

to see that Γ0(n) act transitively on the set of elements of this form. Thus, we

can choose the representative to be 1
n
, and their exists an element Ψ0 ∈ Autcl(n)

such that Ψ0 ◦ Φ(P(1)) ∼= P(1). The strong compatibility of this morphism

implies that Ψ0 ◦ Φ(Coh(En)) ∼= Coh(En) as subcategories of Db(En). Thus,

Ψ0 ◦Φ is an autoequivalence of Coh(En) that is extended to Db(En). From here,
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we use similar methods as in the proof of Theorem 5.2.7 to give the desired

result.

We conclude this section by noting that much of the above analysis

can be carried out in any Simpson stability condition on En. With the above

methods it is possible to classify not only the stable objects, but also the full

structure of the coarse moduli space Mcl(n, a). This analysis will be done in

future publications.
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