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Repeat track analysis is one tool that can be used to derive parameters describing 

elevation changes from elevation data collected from a satellite with a near-repeat 

groundtrack. While initially developed to study ocean topography, it was then applied to 

ice sheet data. This study expands upon that previous research by testing the method‟s 

ability to estimate parameters using different amounts of data, different grid sizes and 

types, and different elevation models containing different parameters to be estimated. In 

all cases, ICESat-derived elevations were used as input data, as ICESat has a near-repeat 

groundtrack with extensive coverage of the Greenland and Antarctica ice sheets. Results 

were compared using the differences between modeled and ICESat-derived elevations, 

correlation of estimated parameters to known physical features, and differences between 

known and estimated parameter values for simulated elevation data. It was found that 

there should be data from at least as many distinct time periods (or, in the case of ICESat, 

laser campaigns) as parameters being estimated, grids centered on and aligned with the 

reference groundtrack should be used, and that elevation models containing a constant 
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elevation change rate, slopes, an initial elevation at the grid center, and annual terms 

should be used. Crossover analysis is a different method to determine elevation change 

rate with elevation data and serves as an independent verification of the repeat track 

analysis method. It was found that the h  values determined from crossover and repeat 

track analyses agreed to within 5 cm/yr in most areas of the ice sheets, with differences 

greater than 40 cm/yr along the coasts. While repeat track analysis provides greater 

coverage than crossover analysis, it is uncertain which method provides the most accurate 

results. 
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Chapter 1: Introduction 

1.1 MOTIVATION 

Elevation change using satellite altimeter data is typically studied with either 

crossover or repeat track analysis, two methods of organizing the available data. Repeat 

track analysis has been described and used in previous publications, but there has been no 

extensive analysis of the method itself; therefore, this study examines the repeat track 

analysis method by comparing its results to crossover analysis results and by examining 

the use of different temporal distributions of data, different grid sizes and types, and 

different elevation models. ICESat elevation data were used as inputs to study the 

method. Through the use of repeat track analysis, potential sea level changes due to 

melting of the ice sheets can be studied. 

 

Sea level change is caused by steric effects, which include thermal expansion or 

contraction due to temperature changes and density changes due to increases or decreases 

in salinity, and eustatic effects, which include mass added to the oceans, such as from 

glaciers or ice sheets [Cazenave and Nerem, 2004]. A rise in sea level could have severe 

effects on coastal populations and infrastructure and steric effects could potentially cause 

changes in ocean currents due to decreases in local mean salinities and temperatures, 

which would significantly affect the climate [Bradley, 1999]. Since studying eustatic 

effects will include determination of the mass balance of the ice sheets, and since mass 

changes of the ice sheets will often be accompanied by increases or decreases in the 

surface elevations, elevation change detection for the ice sheets is one tool that can be 

used to study sea level change. 
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Elevation change can be studied with the use of altimeter data, which are range 

measurements converted to elevations; this concept is discussed in Section 1.3. Elevation 

change rate is determined from altimeter measurements using crossover or repeat track 

analysis. A crossover is the elevation difference at the intersection of two groundtracks; a 

groundtrack is the projection of the satellite‟s position vectors with respect to the center 

of the Earth. The elevation difference is assumed to be an actual surface elevation change 

at the crossover location, since it occurs at the same location but different times. In repeat 

track analysis, elevation measurements from an altimetry satellite with near-repeat 

groundtracks are used to estimate surface characteristics, such as elevation change rate, 

with a least squares approach. As the groundtracks will not repeat exactly, the cross-track 

offsets should be accounted for in repeat track analysis so that the groundtracks are more 

directly comparable. Both methods for detecting elevation change rate are discussed in 

more detail in Chapter 2. 

 

In this chapter, background information on several topics will be presented: repeat 

orbit characteristics, a description of altimetry, previous altimetry missions, ICESat orbit 

characteristics, ICESat data used in this study, and ice sheets and physical processes and 

formations within them. In addition, the goal of this study will be discussed and 

described. 

 

1.2 REPEAT ORBIT CHARACTERISTICS 

Some satellite missions employ the concept of a repeat orbit, an orbit in which a 

satellite‟s groundtrack exactly matches one of its previous groundtracks. Exact repeat 

orbits cannot be achieved due to perturbations to the satellite‟s orbit, but near-repeat 
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orbits can be maintained with orbital maneuvers [Synnes, 1993]. The conditions for and 

practical considerations of near-repeat orbits are discussed in this section. 

 

1.2.1 Necessary Conditions for a Repeat Orbit 

A satellite in a two-body orbit about a spherical homogeneous non-rotating body 

with no non-conservative forces applied will have a groundtrack that exactly repeats after 

every orbit, and a satellite in a two-body orbit about a spherical rotating body will have a 

groundtrack that exactly repeats after a finite number of orbits. These situations do not 

occur in reality because of orbital perturbation due to the non-sphericity of planetary 

bodies, the gravitational effects of other bodies, and non-conservative forces, such as 

drag. In theory, some of the perturbations can be compensated for to generate 

groundtracks that will repeat after a finite number of orbits. 

 

Given a satellite in an orbit about a spherical homogeneous rotating body with no 

perturbations due to other bodies or forces, the change in the right ascension of the 

ascending node, Ω, which is the location where the satellite crosses the line of nodes in 

the direction of increasing latitude in an inertial reference frame, and Δ, the longitude 

offset between successive groundtracks at the equator, are due solely to the rotation of the 

body. This can be expressed by the following equation: 

 
 

Te            (1.1) 

 

where ωe is the angular rotation rate of the spherical body and T is the period of the 

satellite‟s orbit. If ωe is expressed in radians, the spatial distance between successive 

groundtracks at the equator, d, is described by a similar equation: 
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TRd ee           (1.2) 

 

where Re is the equatorial radius of the body being orbited. 

 

Non-spherical bodies will produce a torque on a satellite‟s orbit, which is a 

perturbation to the ideal two-body orbit that will affect the offset between groundtracks. 

The effect of this torque on Ω is dominated, in the case of Earth, by the oblateness, and is 

approximated by the following equation [Chobotov, 1996]:  
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        (1.3) 

 

where   is the time rate of change of the right ascension of the ascending node, J2 is 

related to the body‟s oblateness, re is the equatorial radius of the body, a is the semimajor 

axis of the satellite‟s orbit, e is the eccentricity of the satellite‟s orbit, μ is the 

gravitational parameter of the body, and i is the inclination of the satellite‟s orbit. By 

recognizing that  
e  is the rotation rate of the planet with respect to the node [Lim, 

1995], the equatorial groundtrack offset equation can be modified: 

 

Te )(           (1.4) 

 

In order for a satellite to be in a repeat orbit, the groundtrack must repeat after an 

integer number of orbital revolutions. As a consequence, the angular spacing in radians at 

the equator multiplied by the integer number of orbits must be a multiple of 2π [Lim, 

1995]: 
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DN 2          (1.5) 

 

where N is an integer number of orbits and D is the number of times the body has rotated 

with respect to the orbit node. If N and D are integers that solve Equation 1.5, the satellite 

will be in an exact repeat orbit. 

 

1.2.2 Practical Considerations for Repeat Orbits 

 

In reality, various forces, such as drag, will prevent groundtracks from repeating 

exactly, as these perturbations cause changes in the satellite‟s other orbital elements. 

Drag, for instance, opposes the satellite‟s velocity vector and decreases the energy of the 

orbit, which will then reduce the semimajor axis [Wertz and Larson, 1999]. Reductions in 

the semimajor axis will have a direct effect on the satellite‟s orbital period, T: 

 




3

2
a

T           (1.6) 

 

Maintenance maneuvers can be performed periodically to return the spacecraft to a near-

repeat orbit by adjusting the semimajor axis [Wertz and Larson, 1999]. 

 

1.3 ALTIMETRY DESCRIPTION 

Altimetry is the derivation of elevation from distance measurements using 

electromagnetic radiation, most commonly radio waves (RAdio Detection And Ranging, 

or RADAR) or laser ( Light Detection And Ranging, or LiDAR). The distance between 
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an object and a measuring device is determined by measuring the elapsed time between 

the transmission and return of a signal that is reflected off the object [Brenner et al., 

2003]:    

 

2

)( TR ttc
d


          (1.7) 

 

where d is the distance between the transmitter and the target, c is the speed of light and 

the speed of the signal, tT is the transmit time, and tR is the time the signal is received at 

the source. Both tT and tR are assumed to be measured by the same clock and, during the 

interval (tR - tT), the clock drift is assumed to be small [Schutz, 2002]. The round-trip 

distance is divided by two to determine the one-way distance between the transmitter and 

the point being measured. This concept is illustrated in Figure 1.1, using a satellite 

altimeter as an example. 

 

The vector difference between the location of the radar or laser spot on the surface 

(the footprint) and the altimeter‟s transmitter at tB (the time the altimeter signal intersects 

the surface) [Brenner et al., 2003], is the range vector, 


, and can be computed with the 

pointing knowledge of the transmitter, written as the unit vector û , and the measured 

distance, ρ, where the relationship between 


, û , and ρ is given by Equation 1.8: 

 

û 


         (1.8) 
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Figure 1.1. Altimetry illustration. A satellite transmits a signal at time tT which is 
reflected by an object (such as the Earth‟s surface) at the bounce time, tB, 
and returns to the satellite at time tR. 

 




 can then be subtracted from satr


, the vector of the satellite‟s position in the inertial 

reference frame with its origin at the center of the rotating body, to determine the 

elevation, h, of the footprint [Schutz et al., 2005]: 

 




 satrh          (1.9) 

 

where all vectors are in the inertial reference frame fixed to the rotating body. The 

vectors, shown in Figure 1.2, can then be converted to the rotating reference frame 

[Schutz, 2002]. Errors can cause incorrect geolocations, which are locations of the laser 

spots on the Earth, and incorrect elevation values. 
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Figure 1.2. Vectors in the satellite altimetry problem. satr


 is the vector from the center of 

mass of the rotating body to the center of mass of the altimeter‟s transmitter, 




 is the vector from the center of mass of the altimeter‟s transmitter to the 

surface of the rotating body, and h is the height of the surface at the 
footprint with respect to the center of mass of the rotating body. 

1.4 PREVIOUS ALTIMETER MISSIONS 

Satellite altimetry began over thirty years ago when a radar altimeter was used 

aboard Skylab in 1974. Though it only had an instrument precision of 1 m [Fu and 

Cazenave, 2001] with geolocation error of 50-80 m [Vonbun, et al., 1976], it proved the 

feasibility of satellite altimeters. More satellite altimeters followed, beginning with 

GEOS-3 a year later, which used a radar altimeter to measure ocean elevations. The 

precision of this altimeter, 25 cm, was a significant improvement over Skylab‟s, and it 

operated from 1975-1978 while making measurements at a rate of 10 Hz [Catalán M. and 

Catalán Pérez-Urquiola, 1999], with coverage between ±70° latitude [Marsh et al., 1992]. 
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Another radar altimeter mission, SEASAT, was launched in 1978 and provided data at 10 

Hz with 662 m along-track spacing and 10 cm precision [Douglas and Cheney., 1981]. 

Though it was intended for use over the ocean areas, it provided some coverage of the ice 

sheets as it had a maximum latitude of ± 72° [Zwally and Bindschadler, 1983]. Geosat 

entered orbit several years later with a mission profile similar to that of SEASAT‟s 

[Jacobs et al., 1992]. ERS-1 followed in 1991, joined in 1995 by ERS-2, both of which 

had a maximum latitude of ±81.5° [Padman and Fricker, 2005]. ERS-1 and ERS-2 had 

330 m along-track spacing [Brenner et al., 2007] and 2 cm precision [Zandbergen et al., 

1997]. In 1992, TOPEX/Poseidon was launched [Shapiro et al., 1994] with a radar 

altimeter that achieved a precision of better than 3 cm [Ponte et al., 2000] to study ocean 

topography and was succeeded by Jason-1 and Jason-2, all of which had coverage 

between latitudes of ± 66.04°. 

 

The first satellite laser altimeter, Shuttle Laser Altimeter, was flown aboard STS-

72 in 1996 to test techniques for remote sensing of the Earth with laser altimeters, making 

three million measurements while in orbit [Harding et al., 1999]. Its along-track spacing 

was 740 m and its vertical resolution was 0.75 m [Behn and Zuber, 2000]. It was 

followed by the Mars Orbiter Laser Altimeter aboard Mars Global Surveyor, which 

began taking measurements of Mars in 1997 and provided elevations with range 

precisions of 1-10 m [Aharonson et al., 2001]. Its altimeter had a Q-switched Nd:YAG 

laser operated at 10 Hz [Zuber at al., 1992], similar to the one used aboard ICESat, with 

300-400 m along-track spacing [Aharonson et al., 2001]. 

 



 10 

1.5 ICESAT ORBIT CHARACTERISTICS 

ICESat (Ice, Cloud, and land Elevation Satellite) is an altimetry satellite with the 

primary goal of determining the elevation change rate of the polar ice sheets with an 

accuracy of 2 cm/yr over a 100 km
2
 area. The satellite has secondary goals of 

determining cloud structure and measuring land and ocean topography. To facilitate these 

goals, the orbit was designed to generate a high density of crossovers in the polar regions 

and to provide coverage of the polar ice sheets [Schutz et al., 2005]. 

 

To achieve maximum coverage of the polar ice sheets, particularly Antarctica, a 

polar orbit, which has an inclination of 90° and would provide groundtrack coverage at 

all latitudes, is required. A polar orbit will not generate crossovers, however, so ICESat‟s 

orbit was chosen to have an inclination of 94° to balance the needs of coverage at high 

latitudes and a high density of crossovers [Schutz, et al., 2005]. This inclination results in 

no coverage within a circular area of radius 4° latitude at each pole. 

 

ICESat was placed in a near-frozen orbit to minimize altitude variations. In a 

frozen orbit, several of the mean orbital elements do not change: semimajor axis, 

eccentricity, argument of perigee, and inclination [Lim, 1995]. Perturbations to the orbit, 

such as drag, prevent the attainment of an actual frozen orbit, but a near-frozen orbit can 

be achieved with maintenance maneuvers.  

 

ICESat initially used an 8-day near-repeat calibration orbit, but this was later 

altered to a 91-day, 1354-track near-repeat-track operational orbit with a 33-day near-

repeat subcycle to provide greater groundtrack coverage. The mean orbital elements for 

the ideal frozen 91-day repeat orbit are given below [Harpold, 2005]: 
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semimajor axis, a = 6971.24 km 

inclination, i = 94° 

argument of perigee, ω= 90° 

eccentricity, e = 0.0013 
 

1.6 ICESAT DATA USED IN THIS STUDY 

Data from an altimetry satellite in a near-repeat orbit are necessary to study the 

repeat track method. ICESat data are used in this study, so the relevant aspects of that 

data are discussed in this section: characteristics of the measurement instrument, a 

description of the ICESat laser campaigns, how data collected during special spacecraft 

maneuvers are treated, the corrections applied to the data, and organization of the 

graphical results. 

 

1.6.1 Instrument Characteristics 

GLAS (Geoscience Laser Altimeter System), the laser altimeter onboard ICESat, 

contains three diode-pumped Q-switched Nd:YAG lasers which operate at 40 Hz [Schutz, 

2002], generates laser footprints with spacings of ~172 m between successive centers and 

diameters of ~65 m. The spacecraft is capable of pointing up to 5° off-nadir, which 

allows the targeting of locations up to 50 km from the groundtrack [Schutz et al., 2005]. 

A laser pulse with wavelength of 1064 nm is produced, while a frequency-doubler 

produces a pulse with a wavelength of 532 nm for studying clouds and aerosols 

[Spinhirne et al. 2005]. Each laser was intended to operate continuously during the 

planned five-year mission. 
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1.6.2 ICESat Laser Campaigns 

The first laser was activated on February 20, 2003 and became inoperative after 

little more than a month of operation, which altered the mission plans and the operation 

of the remaining two lasers [Schutz, 2005]. To prevent or postpone the same failure in the 

other lasers, each laser is only operated continuously for ~33 day periods, each of which 

is referred to as a „campaign‟. From October 2003 – June 2006, a laser was in operation 

for three campaigns during each year: February - March, May - June, and October – 

November.  After June 2006, two laser campaigns were conducted each year: February – 

March and October – November [Urban et al., 2008]. The laser campaigns are referred to 

by the laser number (e.g., „L2‟ for Laser 2) and a letter to differentiate between the 

separate operations periods (i.e., „a‟ would indicate the first campaign the laser was used, 

„b‟ the second, etc.) [Schutz et al., 2005]. 

 

In addition to altering the operation of the lasers, ICESat‟s planned operational 

orbit was changed. Though an eight-day repeat orbit was used for calibration, ICESat was 

planned to enter a 183-day near-repeat orbit after completing the calibration phase of the 

mission, but this was changed to a 91-day near-repeat orbit following the failure of Laser 

1 [Urban et al., 2008]. 

 

The groundtrack resulting from the designed exact repeat orbit is referred to as the 

reference groundtrack [Schutz et al., 2005], with each portion of the groundtrack obtained 

during separate orbital revolutions referred to by „track numbers‟. The track numbers 

range from 1 to 1354, though not all portions of the reference groundtrack were covered 

during GLAS‟ operational periods. Table 1.1 below shows the campaigns used in this 
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study with their times of operation and the reference track numbers covered during that 

period.  
 

Table 1.1 Laser Campaigns Used in Study 

Campaign Start Date End Date Reference Tracks 

L2a 2003-9-25 2003-11-19 91-day: 1098-1354, 
1-421 

L2b 2004-2-17 2004-3-31 1284-1354,1-421 

L3a 2004-10-3 2004-11-8 1273-1354,1-452 

L3b 2005-2-17 2005-3-24 1258-1354,1-426 

L3c 2005-5-20 2005-6-23 1275-1354,1-421 

L3d 2005-10-21 2005-11-24 1282-1354,1-421 

L3e 2006-2-22 2006-3-28 1283-1354,1-424 

L3f 2006-5-24 2006-6-26 1283-1354,1-421 

L3g 2006-10-25 2006-11-27 1283-1354,1-423 

L3h 2007-3-12 2007-4-14 1279-1354,1-426 

L3i 2007-10-2 2007-11-5 1280-1354,1-421 

 

Figures 1.4 and 1.5 show the reference groundtracks most commonly present 

within the campaigns, tracks 1282-1354 and 1-421, for Antarctica and Greenland, 

respectively. In the Antarctica plot, the 4° hole at the pole due to ICESat‟s inclination can 

be seen. 

 

Due to ICESat‟s off-nadir pointing capability, a distinction is made between 

groundtracks and spot tracks. The groundtrack is the projection of the satellite‟s position 

vector with the Earth‟s surface, but the spot track is the set of illuminated spots (or laser 

footprints) from the altimeter on the Earth‟s surface. Differences between the spot track 

and the groundtrack are caused by the altimeter pointing at an off-nadir angle. 
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Figure 1.4. Antarctica reference groundtracks. 

 

 

Figure 1.5. Greenland reference groundtracks. 
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1.6.3 Special ICESat Maneuvers 

Round-the-World scans (RTWs), ocean scans, and Targets Of Opportunity 

(TOOs) are special maneuvers performed by ICESat which result in pointing the laser in 

off-nadir directions. Since potential elevation error has a direct relationship with off-nadir 

pointing [Urban et al., 2008], data collected during some special maneuvers is removed 

from the data set used in this study. 

 

RTWs and ocean scans are used to calibrate the laser pointing and thus involve 

large off-nadir angles, up to 5°, for the laser [Luthcke, 2005]. As the potential elevation 

measurement error is directly related to the laser incident angle [Urban et al., 2008], large 

off-nadir angles can make the accuracy of the distance measurement worse. During the 

scans, the spacecraft is rolled and pitched from its nominal pointing. Ocean scans are 

performed twice a day during laser operations periods, while RTWs are performed every 

eight days and are the equivalent of ocean scans performed over an entire orbit [Luthcke 

et al., 2005]. While ocean scans do not affect the measurements over the polar ice sheets, 

tracks with RTWs are removed from the data set to eliminate the measurements with the 

lowest precision. TOOs are requests to point the laser at specific locations, each of which 

will have a different off-nadir angle [Schutz, et al., 2005], and are not removed from the 

data set because, although some TOOs will have high off-nadir angles, not all of them 

will, and the capability of determining the laser pointing angle for each elevation 

measurement had not yet been added to the software used for this study. 
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1.6.4 Data Corrections and Editing 

Ice sheet elevation data from the National Snow and Ice Data Center (NSIDC) 

GLA12 ice sheet elevation data product were used in this study. Corrections for the 

troposphere range delay of the laser, which is affected by the pressure at the laser spot 

location and the temperature and water vapor partial pressure along the laser path, and for 

the ocean and load tides [Schutz, 2002] were applied to the elevations reported on the 

data product. In addition, a saturation correction value for each elevation value is given in 

the GLA12 product; it is applied to the elevation value for the data points where a valid 

saturation correction exists. The necessity for a saturation correction can be determined 

from the use of the automatic gain control aboard ICESat, which adjusts the detector gain 

in response to the energy values of received waveforms [Harding and Carabajal, 2005]. If 

a high-energy waveform is detected when the gain is high, the detected waveform will be 

saturated: it will be artificially wide and the actual peak will be clipped, with the result 

that it is interpreted as a longer range than the actual range, which means that the 

measured elevations will be lower than the actual elevations [Fricker et al., 2005].  A 

saturation correction can be applied to the data to account for this effect. In addition, data 

points are edited for high gains (gain > 50, as reported on the GLA12 data product). 

 

1.6.5. Organization of Graphical Results 

Results are mapped for Greenland and Antarctica using Generic Mapping Tools 

[Wessel and Smith, 1991], a script-based program that allows the user to choose mapping 

projections, grid sizes, and other characteristics for plotting. Data are averaged within 

each grid with no interpolation between grids. In this study, grid sizes of 0.15° latitude 

and 1° longitude were used for Antarctica and 0.5° latitude and 0.5° longitude were used 

for Greenland. The orthographic azimuthal projection was used, with (-90°, 0°) as the 
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center for Antarctica and (90°, 315°) as the center for Greenland. An example script used 

in this study is shown in Appendix E. 

 

1.7 ICE SHEETS 

When studying elevation changes, it is helpful to know the topography and 

physical processes of the survey target. Correlating the physical features with the 

elevation change rates will serve as a way to check the validity of the results, while 

knowledge of the dynamics can aid in interpreting the results. In this section, the 

formations and physical processes of ice sheets and the geography of Antarctica and 

Greenland are discussed. 

 

1.7.1 Physical Processes 

Several processes affect the detection of mass change through measuring 

elevation change. In this section, snowfall, melting, compaction, post-glacial rebound 

(PGR), and wind transportation are discussed in terms of their potential effects on 

altimetry and detection of mass change. 

 

1.7.1.1 Snowfall, Melting, and Compaction 

Snowfall causes an immediate increase in elevation where it occurs, while melting 

snow or ice causes a decrease. In some areas, changes in mass due to snowfall and 

melting balance over the course of a year, but in others, the temperatures will be too low 

for the snow to melt [Slaymaker and Kelly, 2007]; snow that is at least one year old is 

called firn [Oerlemans, 2001]. When the snow doesn‟t melt, the crystal structures of the 

snow will begin to bond and form large grains. Eventually, the weight of the snow 
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pressing down on the underlying snow layers will compress the lower snow until the 

lower layers become ice [Petrenko and Whitworth, 1999]. The compaction of snow to ice 

implies that there is not a direct correlation between elevation change and mass change of 

snow. The densities of the snow, ρ, must be determined to accurately relate the two. 

Snow densities have a large range of values: 300 – 917 kg/m
3
 [Gunter et al., 2009]. ρ for 

firn is 500 kg/m
3
 [Oerlemans, 2001] and the density used for century-scale studies is 917 

kg/m
3
 [Velicogna and Wahr, 2002], which corresponds to ice . 

 

1.7.1.2 Post-Glacial Rebound 

Post-Glacial Rebound (PGR), also referred to as Glacial Isostatic Adjustment 

(GIA), is the reaction of the Earth‟s crust and mantle to the removal of glaciers. This 

reaction could come in the form of either uplift or subsidence, depending on the previous 

loading history, crustal structure, and mantle viscosity [Wahr, et al., 2000]. Therefore, 

accumulation and ablation trends cannot be determined simply by elevation change, as 

some of this elevation change does not correspond to increases or decreases in ice mass, 

but to the response of Earth‟s crust and mantle to its loading history. 

 

1.7.1.3 Wind Transportation 

Fallen snow can also be carried to different locations by the wind. Elevation 

changes due to wind transportation are small compared to those from glaciers and ice 

shelves, however, so they may cause large local topographic changes but are unlikely to 

be significant when considering the total mass balance of an ice sheet [van der Veen and 

Oerlemans, 1987].  
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1.7.2 Formations 

Ice sheets contain several types of features whose vertical movements can be 

detected by altimetry: ice streams, glaciers, and ice shelves. These features will be 

discussed individually. 

 

1.7.2.1 Ice Streams 

Ice streams are areas of fast-moving ice, the fastest of which has been observed to 

travel at 100 m/yr, and are the main method by which ice travels from the interior of the 

West Antarctic Ice Sheet to the ocean [Raymond et al., 2001]. Ice streams are located in 

areas with low surface slopes. Motion is due to lubrication from basal melting due to 

pressure from the ice mass above and low basal resistance [Oerlemanns and van der 

Veen, 1984]. The basal melting creates a layer of water underneath the ice, which 

lubricates the flow of the stream. Velocities can vary across the ice stream, from rapid 

motion within the center of the stream to the slower ice on the edges of the stream. The 

slower ice can cause fracturing along the edges of ice streams. When an ice stream is 

dammed up, a dome is formed as the result of the accumulation of ice [Oerlemanns and 

van der Veen, 1984]. 

 

1.7.2.2 Glaciers 

A glacier is a large mass of ice that can move under its own weight. They begin to 

form when snow does not fully melt during the summer, and gain mass from accumulated 

snowfall. Glaciers lose mass through melting or, if the glacier flows into a large body of 

water, through calving. The snowfall undergoes the same compaction process described 

in Section 1.7.1.1 [Rees, 2006]. Movement of glaciers occurs due to internal deformation 
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and basal sliding. Sliding can be caused by lubrication at the base or a downward gravity 

gradient due to the basal topography. Friction at the base and along the sides will slow 

the glacier [Oerlemans, 2001]. 

 

The area within a glacier can be separated into three zones: the dry snow zone, the 

percolation zone, and the ablation zone. Melting does not occur above the dry snow line, 

so the accumulated snow in that area will become firn and eventually ice. In the 

percolation zone, melt occurs but meltwater remains in the glacier. Melt will occur in the 

ablation zone, causing a loss of mass from the glacier [Oerlemans, 2001]. 

 

1.7.2.3 Ice Shelves 

Ice flowing over the sea as part of a glacier or an ice sheet is referred to as an ice 

shelf. Most current ice shelves are in Antarctica; 50% of Antarctica‟s coast is in contact 

with an ice shelf. Ocean tides cause flexure within the ice shelves, eventually breaking 

off the outer parts into tabular ice bergs, which separate from the larger mass and melt 

[Rees, 2006]. 

 

1.7.3 Ice Sheets 

There are currently two ice sheets in existence: Greenland and Antarctica. The 

two ice sheets are discussed in this section, with emphasis on geologically interesting 

areas. 
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1.7.3.1 Antarctica 

Antarctica is a predominantly ice-covered continent with a surface area of over 14 

million km
2
, which contains ~90% of the total area of the Earth‟s ice sheets split into two 

ice sheets: West Antarctica and East Antarctica. The temperatures over large portions of 

this continent remain below freezing year-round, meaning that there is no substantial 

mass loss due to surface melting [Slaymaker and Kelly, 2007]. 

 

Climatic conditions are not constant across the continent. Average temperatures 

range from -60ºC in the interior to -15ºC at the coast. Snowfall, which is low across the 

entire continent, ranges from only a few centimeters per year in the interior areas to only 

tens of centimeters per year at the coast [Rémy et al., 2001]. 

 

Prominent geographic features, particularly glaciers, are typically found in the 

coastal areas, though there are some interior sites of interest, such as the ice streams in 

West Antarctica. Figure 1.6 indicates the locations of several of the features, including 

the West Antarctica Ice Sheet (WAIS) and East Antarctic Ice Sheet (EAIS). 

 

It can be seen that Western Antarctica has significantly less area than Eastern 

Antarctica. The bedrock of this ice sheet is below sea level, which means that if the ice 

were removed, this part of Antarctica would be underwater. Two of the prominent ice 

shelves, Ronne Ice Shelf and Ross Ice Shelf, are located just off the Western Antarctica 

ice sheet. Several ice streams are located in Western Antarctica and flow into the Ross 

Ice Shelf (Figure 1.7), the most prominent of which are the Kamb Ice Stream, which is 

currently blocked and accumulating ice [Horgan and Anandakrishnan, 2006], and the 

Whillans Ice Stream. Thwaites Glacier, which flows into the Amundsen Sea Embayment, 
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is one of the fastest discharging glaciers in West Antarctica, though persistently cloudy 

weather makes it difficult to study with satellite laser altimetry [Diehl, et al., 2008]. 

 

 

Figure 1.6. Antarctica and prominent features. [Bamber, 2007. Feature annotations by 
author.] 

 

The Transantarctic Mountain Range separates the East and West Antarctica ice 

sheets. East Antarctica has a higher elevation and less topographic variability than its 

western counterpart. Several glaciers flow from the East Antarctica Ice Sheet. Two of the 
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largest are Lambert Glacier, which flows into the Amery Ice Shelf, and Byrd Glacier, 

which flows into the Ross Ice Shelf. From Figure 1.6, it can be seen that there is a 

downward slope from the center of East Antarctica to the coasts. 

 

 

Figure 1.7. Ice Streams Flowing into the Ross Ice Shelf [Horgan and Anandakrishnan, 
2006]. 

 

1.7.3.2 Greenland 

Greenland is an island with a surface area of 1.7x10
6
 km

2
 [Slaymaker and Kelly, 

2007]. The ice has an average thickness of 1600m, although northern and southern domes 

with thicknesses of 3200m and 2850m, respectively [Rémy, et. al., 2001], can be seen in 

Figure 1.8. Summer melting occurs over half of Greenland; this and runoff into the sea 

accounts for half of Greenland‟s mass loss. Basal melting from outlet glaciers accounts 

for most of the rest [Bamber and Payne, 2004]. 
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Glaciers along Greenland‟s coasts are active areas for elevation change. Several 

of these are labeled in Figure 1.8. Helheim, one of the fastest-moving glaciers, flows at 8 

km/yr [Bamber and Payne, 2004]. 

 

 

Figure 1.8. Greenland topography and prominent features [Bamber et al., 2007. 
Annotations by author]. 
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1.8 DISSERTATION GOAL 

Until recently, crossover analysis has been the dominant method used to study 

elevation change [Davis et al., 1998; Peacock and Laxon, 2004; Gaspar et al., 1994], but 

repeat track analysis is beginning to be used with ICESat data. It is the goal of this study 

to determine how best to formulate repeat track estimation techniques using ICESat data 

to study elevation changes in the Antarctica and Greenland ice sheets, which will involve 

analyzing such factors as grid size, amount of data necessary for a solution, and the 

choice of model for use in the estimation process. 

Chapter 2 will discuss the crossover and repeat track analysis methods in detail. 

Chapter 3 will discuss the use of simulated data in validating the software and repeat 

track analysis method. Chapter 4 will discuss the repeat track analysis nominal solution, 

while different data organization parameters will be discussed in the three subsequent 

chapters: Chapter 5 will discuss the effect of varying amounts of data or data distribution, 

Chapter 6 will discuss the use of different grid sizes and types, and Chapter 7 will discuss 

the inclusion of additional parameters in the elevation model. Crossover results are 

compared to the repeat track analysis results in Chapter 8, and the results of combining 

crossovers and repeat track analysis are shown. Conclusions are given in Chapter 9. 
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Chapter 2: Methods of Elevation Change Detection 

2.1 CROSSOVER AND REPEAT TRACK ANALYSES 

Two common methods used to analyze altimetry data for the detection of 

elevation change are based on crossover and repeat track analyses. Both methods use 

different techniques to remove error terms present within the derived elevations. 

Crossovers, discussed in Section 1.3, are the difference between the derived elevations at 

the intersection of two altimeter spot tracks, which means that some of the spatial errors 

can be eliminated. Repeat track analysis uses derived elevations from near repeats of the 

same reference groundtracks to estimate several parameters, which means that some of 

the spatial errors can be reduced by estimating the appropriate parameters. Crossovers 

and repeat track analysis are described in more detail in Sections 2.2 and 2.3, 

respectively. 

 

Crossover and repeat track analyses are primarily used for the discussion of 

elevation change or elevation change rates. However, in addition to information on 

elevation change, an elevation derived from a laser altimeter contains effects from 

physical processes and measurement errors. Assuming an elevation, h0, at a specified 

time, t0, and location, (x0, y0), an elevation at an arbitrary location other than (x0, y0) and 

time other than t0 can differ from h0 due to slopes, an elevation change rate, seasonal 

changes, and topographic variability, such as mountains or valleys. In addition, there are 

errors in the determination of the geolocation of the laser spot and errors in the 

determination of the range between the altimeter and the laser spot that contribute to an 

elevation error. In this study, εX represents the errors in determination of location and εh 

represents the errors in determination of elevation; the causes of these errors will be 
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discussed in Section 2.2.2. Location error can occur in two horizontal dimensions, which 

is represented in this study by using an angle, ψ, to divide εX into x- and y-components, 

where the x- and y-directions will be defined differently depending on the grid type. Grid 

types will be discussed in Section 4.4. εX is multiplied by cosψ to represent location 

determination error in the x-direction and by sinψ to represent location determination 

error in the y-direction.  

 

An altimeter-derived elevation, h, can be represented by a summation that 

represents the physical processes and measurement errors: 
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  (2.1) 

 

where mX and mY are the surface slopes in the x- and y-directions, Δx and Δy are the 

differences between the location of the elevation and the grid center, (x0, y0), Δt is the 

difference between the time of the elevation and the initial time, t0, the sinusoidal terms 

represent the annual changes, and hother is separated into spatial and temporal effects. The 

spatial effects include the topographic variability and the temporal effects include 

periodic or stochastic terms, Post-Glacial Rebound (as described in Section 1.7), and, for 

the ice sheets, the elevation changes due to ice compaction.  
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2.2 CROSSOVERS 

Crossovers are used to determine elevation change at the intersection of two 

altimeter spot tracks. In this section, a detailed description of crossover theory will be 

given, as well as a method for computing crossover locations, and potential error sources 

will be described. 

 

2.2.1 Crossover Definition 

In this discussion, a crossover is defined as the elevation difference at the 

intersection of two spot tracks [Schutz et al., 1982]. Crossover locations are found by 

determining the points where two spot track or groundtrack segments intersect. 

Intersections between spot track or groundtrack segments are possible because, as 

described in Section 1.2, a satellite orbiting a rotating body will have a different 

groundtrack segment for each orbital revolution, except for special cases, such as 

geostationary orbits. An example of an ideal ICESat groundtrack with a near-polar orbit 

is shown in Figure 2.1. Many intersections between ascending and descending tracks can 

be seen, with a large concentration in the polar areas; each of these intersections is a 

crossover location in the case where the spot track is equivalent to the ideal groundtrack. 

There are very few intersections in the non-polar regions for the groundtrack in Figure 

2.1, illustrating that the area covered by crossover points is much smaller than the area 

covered by the entire groundtrack. 
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Figure 2.1. Ideal ICESat groundtrack example for one day [Lim, 1995]. The circle near 
Hawaii on the western edge of the figure indicates a crossover location. 

 

In addition to the same-satellite crossovers mentioned above, crossovers can be 

found for two different satellite altimeters using the same methods: these are referred to 

as „inter-satellite crossovers‟. Inter-satellite crossovers are conceptually similar to same-

satellite crossovers in that they are elevation differences at the intersections of spot tracks 

or groundtracks, but their respective tracks belong to different satellites. The crossover 

locations are found by computing the intersection of two spot tracks with spherical 

trigonometry. As satellite altimeters make discrete, non-continuous measurements, it will 

be rare to have measurements exactly at the crossover location, which means that 

interpolation is required. The process for computing the crossover location and the 

associated elevations is discussed in more detail in Appendix A. 
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As elevations can be represented by Equation 2.1, the difference in elevations at 

the crossover location can be given by Equation 2.2: 
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Given x1 = x2 and y1 = y2 at the crossover location, it can be seen that the slope terms and 

 yxhother  ,  cancel. The terms related to measurement error can be combined into 

meash : 
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Equation 2.2 can then be rewritten: 
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From Equation 2.4, it can be seen that, by differencing the elevations, the only terms 

related to physical processes that remain are the constant elevation change rate terms, the 

annual terms, and the unmodeled temporal effects. Crossovers will not include the effects 

of spatially varying terms, but temporally varying terms are still included. The closer the 

time difference,  12 tt  , is to an integer number of years, the lower the annual effects 

will be. 

 

2.2.2 Potential Errors for Crossovers 

In addition to the unmodeled physical processes, elevation- and location-

determination errors will reduce the accuracy of the crossover method. Location 

determination error, referred to as εX in this study, can be caused by uncertainties in the 

altimeter position and pointing angle [Urban et al., 2008], as well as uncertainty in return 

waveform interpretation [Brenner et al., 2003]. The error in elevation determination, εh, 

can be caused by unmodeled or incorrectly modeled atmospheric errors, such as pulse 

broadening [Brenner et al., 2003]. Orbit error, or uncertainty in the altimeter position, 

caused by drag, inaccuracies in the model of Earth‟s gravity field, and satellite forces 

such as solar radiation pressure, also introduces errors into the derived elevations [Jolly 

and Moore, 1994]. For ICESat, the required orbit accuracy is 5 cm in the radial direction 

[Rim and Schutz, 2002] and the achieved orbit determination precision is 2 cm [Urban et 

al., 2008], so this is not a large contributor to crossover error for ICESat data.  

 

Since elevation data are discrete and not continuous, there will rarely be two 

elevation measurements at the crossover location, which means that interpolation is 

required to determine elevation values at the crossover location. Cubic spline 

interpolations are used to determine latitudes, times, and elevations at the crossover 
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location; longitude is used as the independent variable for the interpolations. Interpolation 

error can contribute to εh, as the interpolation process may produce elevations 

inconsistent with the actual topography; this error will be higher in areas with higher 

topographic variability. Appendix A discusses the interpolation and the computation of 

the interpolation error. Figures 2.2-2.4 show the errors in elevation, latitude, and time due 

to interpolation error. 

 

 

Figure 2.2. Elevation interpolation error. a) Elevation interpolation error in Greenland. b) 
Elevation interpolation error in Antarctica. 
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Figure 2.3. Latitude interpolation error. a) Latitude interpolation error in Greenland.       
b) Latitude interpolation error in Antarctica. 

 

 

Figure 2.4. Time interpolation error. a) Time interpolation error in Greenland. b) Time 
interpolation error in Antarctica. 
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Longitude interpolation error is not included, as longitude is used as the 

independent variable when interpolating. Elevation interpolation error can be as high as 

10 mm in areas with high topographic variability, such as the coast of Greenland and the 

Transantarctic Mountains in Antarctica, as seen in Figure 2.2. Central Greenland has 

several areas with higher than normal interpolation error; the higher interpolation error is 

most likely caused by the paucity of data in those areas. In Figure 2.3, it can be seen that 

the latitude interpolation error is very small for both ice sheets. Time interpolation error, 

shown in Figure 2.4, is larger in some areas in Greenland than others, but it is still much 

less than one second. The time interpolation error across Antarctica is less than 2e-5 

seconds. The elevation interpolation error can therefore be a factor in crossover accuracy, 

but it is significantly lower than other error sources. From Figure 2.4, it can be seen that 

the time interpolation errors are negligible. 

 

 

2.3 REPEAT TRACK ANALYSIS 

Repeat track analysis, sometimes referred to as collinear analysis, is a technique 

used to detect elevation change rate by comparing elevations from different times along 

the same repeat track segment [Zlotnicki et al., 1989]. In this study, a track segment will 

refer to the portion of a groundtrack or spot track corresponding to one orbital revolution 

of the altimeter. The track segments will not repeat exactly, so repeat track analysis is an 

attempt to reduce the associated errors by estimating parameters that influence the 

elevation. The motivation for the method used in this study will be discussed in Section 

2.3.1. Parameters used for sorting the elevation data into different grids and the elevation 

models containing the parameters to be estimated will be discussed in Section 2.3.2. 
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2.3.1 Repeat Track Analysis Motivation 

Repeat track analysis, a method for using elevations derived from altimeter data 

to detect elevation change rate, was initially used for the determination of sea surface 

height [Cheney, 1983; van Gysen et al., 1992; Quartly, 1995], but it has recently been 

used to detect elevation change rates for the polar ice sheets [Smith, 2009] and in mid-

latitude glaciers [Webb et al., 2007 and 2008]. This study will focus on detecting 

elevation change rates for the polar ice sheets using ICESat data. 

 

In an ideal case, groundtracks or spot tracks for altimeter satellites in repeat track 

orbits would repeat exactly so that elevations along the track at one time could be directly 

compared to elevations along the same track obtained at a different time. Figure 2.2 

shows an example spot track segment where every repeated track segment has 

measurements in the exact same locations. Altimeters are not controlled to produce 

exactly repeating spots, however, so there will be differences in the along-track direction 

due to laser timing, as shown in Figure 2.3. Differences in the altimeter pointing angle 

and orbital perturbations, such as orbital decay [Schutz, 2005], will cause cross-track 

differences, as shown in Figure 2.4. The along-track and cross-track offsets should 

therefore be compensated for with repeat track analysis. 
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Figure 2.2. Ideal spot track segment example. Altimeter measurements are always made 
at the exact same locations. 

 

Figure 2.3. Example of spot track segments with along-track offsets. Altimeter 
measurements are made along the same track but have offsets in the along-
track direction. Different colors are used for different tracks.  
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Figure 2.4. Example of spot track segments with along- and cross-track offsets. Altimeter 
measurements are not made in the same locations. Different colors are used 
for different tracks. 

 

Earlier studies with radar altimetry did not directly model the effect of cross-track 

offsets [LeSchack and Sailor, 1988] because radar footprints, such as those for 

TOPEX/Poseidon, are several kilometers in diameter, whereas those for ICESat are 

~65m; however, different methods were applied to remove the effects of the along-track 

offsets. Cheney [1983] and Quartly [1995] interpolated elevation data to evenly spaced 

points along a track and compared collocated points to each other, though this sometimes 

caused large elevation differences from one point to the next in the mean height profile 

due to data gaps. Another method interpolated elevation data to evenly spaced latitudes 

[Zlotnicki, 1989; Fricker and Padman, 2006]. This study will apply the method described 

in [Smith, 2009] in which the effects of the along-track and cross-track offsets are 

removed by estimating slopes along previously defined orthogonal grid axes. 
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2.3.2 Preliminary Parameters Necessary for Repeat Track Analysis 

In repeat track analysis, parameters, such as elevation change rate, are estimated 

from elevation data along the same track segments at different times. As the portions of 

track segments traversing ice sheets can be thousands of kilometers long, resolution will 

be poor if only one elevation change rate is estimated along an entire track segment. 

Resolution can be increased by dividing the area covered by the track segments into grids 

and estimating separate parameters for each grid. Spot track segments within the grids 

will not generally overlap, so along-track and cross-track offsets must be compensated 

for in repeat track analysis. This is done by choosing an elevation model and estimating 

the corresponding parameters. Grid sizes and types are discussed in Section 2.3.2.1 and 

elevation models are discussed in Section 2.3.2.2. Variations on these standards are 

discussed in Section 2.3.2.3. 

 

2.3.2.1 Grid Size and Type 

Rather than estimating one set of parameters for each spot track segment and thus 

having poor resolution, elevation data are subdivided into grids and grid-specific 

parameters are estimated. Therefore, the method for choosing grid boundaries and the 

grid size must be chosen. Two options were examined in this study: dividing the study 

areas into evenly spaced geographic grids or having the grids centered on the reference 

groundtracks. 

 

Evenly spaced grids have an advantage over reference-groundtrack-based grids in 

that their construction is simple: the desired resolution is used for both the grid size and 

the distance between grid centers. The center of gridij can be determined from: 
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sizec gixx )1(0         (2.4) 

sizec gjyy )1(0   

 

where (xc, yc) are the two-dimensional location coordinates of the center of gridij, (x0, y0) 

are the two-dimensional location coordinates of the reference position for the study area, 

and gsize is the selected grid size, with units of degrees or meters, depending on the grid 

type. Elevation data can be sorted into the correct grids by determining if the data fall 

within a specified distance from the grid centers. With sufficiently small grids, however, 

spot tracks from each repeat will not always be present within the same grid created by 

this method, as demonstrated in Figure 2.5. It can be seen that, though all four spot track 

segments have the same reference groundtrack segment, their cross-track offsets cause 

them to be displaced from each other to the point that some spot track segments are in 

different grids, as demonstrated by the absence of the dashed line from the upper left 

grid. In addition, the solid line is only in the lower portion of the upper right grid, 

meaning that there will be few data points available from this repeat within the grid. Not 

only does this result in fewer available data points when computing grid-specific 

parameters, it means that, in some cases, there will be insufficient data for the estimation 

process. 
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Figure 2.5. Example groundtracks passing through evenly spaced geographic grids. 

 

To prevent this problem, grids should either be much larger or they can be 

centered on and aligned with the reference groundtracks, as shown in Figure 2.6. Cross-

track differences can still cause the groundtracks to fall outside of the grid that the 

majority of the repeats fall within, but this will be less likely than for the evenly spaced 

grids. 
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Figure 2.6. Example groundtracks passing through grid centered on and aligned with the 
reference groundtrack. 

Cross-track and along-track offsets will also influence the necessary size of the 

grids. In the case of ICESat, the potential cross-track offsets can be larger than the along-

track offsets, which are caused by the laser timing. The along-track distance between 

ICESat laser spots is ~ 170 m [Schutz, 2005] and the average cross-track offset is ~ 70 m 

with respect to the reference groundtrack in the polar regions for the data used in this 

study, though there are larger offsets for Targets Of Opportunity. Larger grid sizes will 

include more of the track segments that have large cross-track offsets. 
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Two types of evenly spaced grids will be used: grids spaced by equal increments 

of latitudes and longitudes and grids spaced by equal increments of distances in polar 

stereographic coordinates. For the latitude/longitude grids, Antarctica and Greenland 

were divided into evenly spaced 0.01° latitude x 0.1° longitude grids. This gives a 1.1 km 

resolution in the latitude direction and resolutions ranging from 0.97 km to 5.9 km in the 

longitude direction. The grids for Antarctica were defined within -59° to -86° latitude, 0° 

to 360° longitude, and those for Greenland were defined within 58° to 85° latitude, 285° 

to 351° longitude. 

 

Polar stereographic grids were created by dividing Greenland and Antarctica into 

1 km
2
 sections based on polar stereographic coordinates. While the spherical projection is 

both azimuthal (preserves direction) and conformal (preserves angles), the ellipsoidal 

projection used in this study is only conformal [Snyder, 1987]. Polar stereographic 

coordinates are obtained by projecting geographic data onto a flat plane described by the 

parameters shown in Table 2.1. The scale factor determines the distance scale at the 

latitude of true scale: for example, k = 1 at a latitude of 70° means that distances will be 

correct at latitudes of 70°. With the given latitudes of true scale, distances will vary from 

their true values by less than 4% for the ice sheets in this study [Snyder, 1987]. The 

TOPEX/Poseidon reference ellipsoid, which has a semi-major axis of 6378136.3 m and 

an inverse flattening of 298.257 [Tapley, et al., 1994], was used in the conversion to and 

from polar stereographic coordinates. Antarctica was divided into grids with an upper left 

corner at (-57.34°, 309.28°) and lower left corner of (-56.55°, 129.78°). Greenland was 

divided into grids with an upper left corner at (79.96°, 260.21°) and lower right corner at 

(55.75°, 341.77°). The equations necessary to convert latitude and longitude into polar 

stereographic coordinates and vice versa are given in Appendix B. 
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Table 2.1. Polar Stereographic Coordinate Parameters 

Parameter Greenland Antarctica 

Center (Latitude, 
Longitude) 

(90°, 315°) (-90°, 0°) 

Latitude of True Scale 70° -70° 

Scale Factor 1.0 1.0 

 

Another type of grid used in this study was the reference-groundtrack-based grid: 

the grids are centered along and aligned with the ICESat reference groundtrack. 

Locations and distances for the reference-groundtrack-based grids were determined with 

polar stereographic coordinates. ICESat reference groundtracks were generated from a 

reference orbit containing effects from a 70 x 70 geopotential field, luni-solar 

perturbations, and solar radiation pressure [Lim, 1995] and projecting the positions onto 

the Earth‟s surface at 1 Hz intervals. The resulting 1 Hz latitudes and longitudes were 

interpolated to 40 Hz, after which the latitudes and longitudes were converted to polar 

stereographic coordinates using the method described in Appendix B. 

 

Grid centers were chosen to be the 40 Hz point along the reference groundtrack 

closest to a specified distance, d, from the previous grid center: d = 0.7 km for the (0.7 

km)
2
 grids, d = 1 km for the (1 km)

2
 grids, and d = 2 km for the (2 km)

2
 grids. Orthogonal 

axes were defined to be in the along-track and cross-track directions for each individual 

grid in this study, though this is not necessary. An illustration of the reference-

groundtrack-centered grids is shown in Figure 2.7. The axes were generated from two 

locations along the reference groundtrack, (x1, y1) at a distance 
2

d
 before the grid center 

location and (x2, y2) at a distance 
2

d
 after the grid center, where before and after refer to 
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the direction of travel of the spacecraft. The unit vector for the along-track axis, i ˆ , and 

the unit vector for the cross-track axis, jˆ , are defined in terms of components in the x- 

and y-directions in polar stereographic coordinates: 
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Figure 2.7. Reference-groundtrack-based grid setup. The grid centers are a distance d 
apart in the along-track direction. The x-axis is defined to be in the along-
track direction and the y-axis is defined to be in the cross-track direction. 

 

Table 2.2 shows the number of grids for each grid size and type. Dividing the 

continents into evenly spaced latitude/longitude grids results in almost 2 million grids in 

Greenland and almost 10 million grids in Antarctica, while there are over 7 million polar 



 45 

stereographic grids in Greenland and over 26 million in Antarctica. The numbers of grids 

for the different reference-groundtrack-based grids are inversely related to the size of the 

grid. The reference-groundtrack-based grids are defined with polar stereographic 

coordinates, but there are far fewer grids for those grids than for the evenly spaced polar 

stereographic grids because there are large areas on both ice sheets not covered by the 

reference groundtracks. 

 

Table 2.2. Number of Grids within Ice Sheets for Grid Types and Sizes 

Grid Type Greenland Antarctica 

Available Used Available Used 

Latitude/Longitude (0.01°x0.1°) 1,782,000 203,212 9,720,000     2,057,476 

Polar Stereographic (1 km)
2
 7,263,802 242,539 26,586,384 2,236,629 

(0.7 km)
2
 reference-groundtrack-

based 

935,479 235,675 4,333,368      2,151,106 

(1 km)
2
 reference-groundtrack-based 714,381 195,595 3,392,298 1,787,578 

(2 km)
2
 reference-groundtrack-based 360,434 101,387 1,696,396 909,210 

 

2.3.2.2 Elevation Model Selection 

If the repeat track analysis method were only used to estimate elevation change 

rate, or h , then errors, such as those due to along- and cross-track offsets, would be 

included in the estimated parameter. Not including parameters representing actual 

physical processes will also introduce errors into the estimated parameters. Therefore, an 

elevation model should be chosen that accurately reflects the measurements and physical 

processes affecting the elevation data. For instance, measurements from earlier altimeter 
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satellites, such as SEASAT and Geosat, were affected by large orbit errors, so model 

parameters were estimated to remove these effects [van Gysen et al., 1992]. ICESat orbit 

determination accuracy is better than 2 cm [Webb et al., 2005], so orbit errors do not 

need to be estimated, but the differences in elevation due to along- and cross-track offsets 

from the reference location within a grid should be estimated [Smith, 2009]. Physical 

processes, such as the elevation change rate or annual effects, can also be estimated. 

 

A least squares technique is used to minimize the difference between the observed 

and computed elevations. For a problem with m estimated parameters and n observations, 

the m x 1 matrix of model parameters, x̂ , can be found from Equation 2.5 using notation 

from [Tapley et al., 2004]: 

 

  WyHWHHx
TT 1

ˆ


       (2.5) 

 

where y is the n x 1 observation matrix containing the elevation data, H is the m x m 

information matrix, and W is the n x n diagonal matrix containing weights for the 

observations. An example elevation model, described by Smith [2009], is shown in 

Equation 2.6: 

 

0hthymxmh yx         (2.6) 

 

where mx and my are the slopes in the orthogonal and arbitrarily defined x- and y-

directions, respectively, h  is the elevation change rate, and ∆x, ∆y, and ∆t are the offsets 

along the x-axis, y-axis, and the time offset from a given reference point and time. In this 

example, the h0 term is used to represent the elevation at the grid center at the reference 
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time, the xmx  and ymY  terms are used to represent the contributions to the elevation 

measurements of the slopes within the grid, and the th  term is used to represent the 

time-dependent elevation change from the elevation at the reference time. As the 

contributions due to the spatial offset from the reference location are removed by the 

slope terms, the estimated h  can be considered the elevation change rate at the reference 

location. For the example model in Equation 2.6, the matrices used in the least squares 

estimation are: 
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Therefore, in this example, elevation data and the corresponding positions and 

times are used to estimate the along- and cross-track slopes, the elevation change rate, 

and the elevation at the grid center at the reference time. Other models can be chosen and 

will be examined in Chapter 4. By using this particular model, some of the terms from 

Equation 2.1 can be eliminated: the slope effects, the initial elevation at the grid center, 

and the elevation change due to a constant elevation change rate. The remaining terms are 

defined as herr, shown in Equation 2.8: 
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This implies that, if the elevations computed from the parameters estimated from 

the model in Equation 2.6 are compared to the elevation data used for the estimation 

process, the differences will be due to the terms in Equation 2.8. If more terms are 

estimated, such as an annual signal, it is possible to reduce the differences, though the 

errors in location and elevation determination of the elevation data will still remain. 

 

A major consideration when determining the model parameters is that, to obtain a 

solution, there must be at least as many observations as parameters being estimated, 

though this does not guarantee a solution, as  WHH
T  must be a full-rank matrix 

[Tapley et al., 2004]. If it is not a full-rank matrix, the system is said to be unobservable, 

which means that the observations are not sufficient to estimate the chosen parameters. 

Cases with non-full-rank matrices are discussed further in Chapter 4. 

 

2.3.2.3 Variations on the Standard Repeat Track Analysis Method 

In the previously described formulation of the repeat track method, the data from 

within a grid are used to estimate elevation and surface parameters for that grid. 

Variations of this method are possible, however, and while they are not the focus of this 

study, some preliminary analysis is shown in Appendix F. A constraint that requires the 

modeled elevation of a point at the end of one grid to match the modeled elevation of a 

point at the beginning of the next grid is examined in Appendix F.1. Grids with small 

distances in the along-track direction are used so that the along-track slope does not need 
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to be estimated; these grids are examined in Section F.2. Temporally sliding grids are 

examined in Section F.3: instead of using all of the available data to estimate parameters, 

partial data sets are used to estimate parameters for different periods of time, allowing for 

the determination of the change in h  and other parameters. 

 

2.4 ADVANTAGES AND DISADVANTAGES OF CROSSOVERS AND REPEAT TRACK 

ANALYSIS 

The critical question about these two methods is: which one is better for detecting 

elevation change? It will be seen that the answer depends on the needs of the study. 

Crossovers contain no effects due to along-track or cross-track offsets, as they are 

elevation differences from two different times interpolated to a single location. Other 

than location and elevation determination errors, the only factors present within the 

crossover values are the constant elevation change rate, seasonal effects, and other 

temporal effects, as shown in Equation 2.3. However, as crossovers are determined only 

at the intersections of spot tracks, the number of crossover locations will be significantly 

less than the number of elevation data points for a sufficiently high along-track spot 

density. For example, in Figure 2.1, it can be seen that there are few groundtrack 

intersections compared to the length of the entire groundtrack. In addition, there are very 

few intersections in the non-polar regions with this orbit, which means that the area 

covered by crossover points will be much less than that covered by the entire 

groundtrack. 

 

Repeat track analysis provides more spatial coverage, but the results are limited 

by the grid size resolution and contain the effects of the error terms within the crossovers 

as well as the effects of the spatial offsets between the data points.  
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This study will attempt to find the grid size and type and the elevation model that 

produce the most accurate results with repeat track analysis. The accuracy will be 

analyzed by studying differences between the estimated parameters and the elevation 

data, the correlation between the estimated parameters and physical features, and by 

comparing the parameters estimated from repeat track analysis to crossovers. 
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Chapter 3: Use of Simulated Data and Test of Repeat Track Analysis 
Method’s Sensitivity to Inputs 

3.1 USING SIMULATED DATA TO TEST AND COMPARE THE ACCURACY AND 

PRECISION OF REPEAT TRACK ANALYSIS 

Before using the repeat track analysis method with actual elevation data, the 

accuracy of the elevation change detection method and the software should be verified. In 

repeat track analysis, parameters are estimated from elevation data, so one way to test the 

accuracy of the method and software is to have a priori knowledge of the elevation data. 

Whereas actual ICESat elevation data is computed from a combination of range 

measurements, waveform characteristics, and other measurements, simulated elevation 

data can be generated using known input parameters, after which repeat track analysis 

can be used to estimate the values of these parameters. The estimated values can be 

compared to the actual values to evaluate the accuracy with which the method recovers 

the parameter values. Section 3.2 describes how the simulated elevation data were 

generated. 

 

In Section 3.3, four parameters were used to generate simulated elevation data: 

along- and cross-track slopes, elevation change rate, and the elevation at the grid center at 

the reference time. The four parameters were given specified values. To validate the 

software and method, the same four parameters were estimated with repeat track analysis 

and the estimated parameter values were compared to the known parameter values to 

determine the accuracy with which repeat track analysis will recover the parameters when 

no unmodeled terms or errors were present in the data. Annual effects and random 

Gaussian noise were then added to the simulated data to test the repeat track analysis 
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method‟s ability to recover parameters when the elevation data contain unmodeled 

physical processes or measurement errors. In Section 3.4, the values of the parameters 

used to generate the simulated elevation data were varied to determine the repeat track 

analysis method‟s sensitivity to input parameter size. The results were discussed in 

Section 3.5. 

 

3.2 METHOD FOR GENERATING SIMULATED ELEVATION DATA 

The required input for the repeat track analysis formulation used in this study is 

an elevation with a corresponding time tag and location in a two-dimensional coordinate 

system; the required input is the same for simulated data and for actual ICESat data. Time 

tags and locations for generating the simulated data were obtained from the National 

Snow and Ice Data Center (NSIDC) GLA12 ice sheet altimetry data products for eleven 

ICESat laser campaigns: L2a, L2b, and L3a-L3i; the ICESat campaigns were discussed in 

Section 1.6.2. The input data were sorted into grids based on their locations. Although 1 

km
2
 reference-groundtrack-based grids, as described in Section 2.3.2.1, were used in this 

chapter, different grid sizes and types were used in Chapter 4. Dividing the reference 

groundtrack segments into 1 km
2
 grids produces ~1.8 million grids in Antarctica and 

~200,000 grids in Greenland. 

 

As the grids are centered on and aligned with the reference groundtrack, the x- 

and y-coordinate axes were defined to be in the along-track and cross-track directions, 

respectively. The latitude and longitude pairs describing the ICESat laser spot locations, 

which were obtained from the GLA12 data product, were converted to polar 

stereographic coordinates with the process described in Appendix B. If the location in 

polar stereographic coordinates is described as (x, y) and the grid center location in polar 



 53 

stereographic coordinates is described as (x0, y0), then the polar stereographic distances 

can be determined from Equations 3.1: 

 

 0xxx          (3.1) 

 0yyy   

 

The polar stereographic distances were converted to distances in the along- and 

cross-track directions by projecting them onto the pre-defined grid axes. The creation of 

the pre-defined grid axes is described in Section 2.3.2.1. The unit vectors along the pre-

defined grid axes, i ˆ  in the along-track direction and jˆ  in the cross-track direction, are 

described with components in the directions of the polar stereographic axes: 

 

jii ˆsinˆcosˆ          (3.2) 

jij ˆcosˆsinˆ    

 

where θ is the angle expressing the orientation between the polar stereographic 

coordinate axes and the grid axes, and î and ĵ  are the unit vectors in the polar 

stereographic x- and y-directions, respectively. The distances in the along- and cross-

track directions, x  and y , were described by taking the dot product of the ICESat laser 

spot‟s distance vector with each of the coordinate axes: 

 

  ijyixx  ˆˆˆ         (3.3) 

  jjyixy  ˆˆˆ  
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Combining Equations 3.2 and 3.3, the expressions for the distances in the along- and 

cross-track directions can be rewritten: 

 

 sincos yxx         (3.4) 

 cossin yxy   

 

Time tags are given as differences from a reference time: 

 

0ttt           (3.5) 

 

where t is the time from the GLA12 data product, t0 is the reference time of January 1, 

2003, and t  is the time tag used in the repeat track analysis estimation. 

 

Simulated elevations corresponding to the actual locations and time tags were 

generated using models with predetermined input parameters, such as slopes and 

elevation change rate. By using the actual locations, the data loss due to clouds is taken 

into account. The same model input parameters were used for every grid, which means 

that the simulated data have the same slopes, elevation change rates, and values for other 

model parameters regardless of where they are geographically located; the values used 

for the input parameters are given in the appropriate sections. Since the same model input 

parameters were used for every grid, the estimated parameter values from each grid can 

be directly compared to each other. Variations in the results between grids were due to 

the amount of available data, the number of ICESat laser campaigns, and differences in 

spatial offsets between the spot track segments and reference groundtrack within the 

grids. Since one value for each estimated parameter was recovered for each grid with the 
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repeat track analysis estimation, the mean estimated value for a given parameter, say  , 

where  can be the along-track slope, cross-track slope, elevation change rate, etc., is 

determined by summing the estimated values for all grids and dividing by the number of 

grids: 
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          (3.6) 

 

where n is the number of grids, i  is the estimated value of the parameter for grid i, and 

  is the average value of the estimated parameter. The standard deviation of the 

parameter,  , can be determined from Equation 3.7: 
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The simulated elevation data were stored in files before use with the repeat track 

analysis software. A separate file is used for each reference groundtrack segment, from 

ICESat tracks 1282-1354 and tracks 1-421; the reference groundtrack segments are 

discussed in Section 1.6.2. Data were organized according to grids: data from every 

ICESat spot track segment within a specified grid were written to the file before data 

from the next grid were written. Each line within the file contains the grid center location 

in polar stereographic coordinates, the location of the ICESat laser spot in polar 

stereographic coordinates, and the corresponding time tag, elevation, and gain value. 

Locations, time tags, and gain values within the data files remain the same for both actual 

and simulated ICESat data, but the simulated elevations are generated from the locations 
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and time tags according to models. A separate model was used to compute simulated 

elevation data for each separate case presented in this study; the models are described in 

the appropriate sections. 

 

3.3 REPEAT TRACK ANALYSIS RESULTS FOR SIMULATED DATA WITH FOUR-
PARAMETER MODEL 

The accuracy and precision of the repeat track analysis method, as well as the 

testing of the software, is described in this section. Simulated elevation data were 

generated from known input parameters and were then used as input for the repeat track 

analysis estimation, where parameters were estimated for one grid at a time. The 

estimated parameter values were compared to the known input parameter values to 

determine the accuracy of the parameters recovered by repeat track analysis. 

 

In the first case, presented in Section 3.3.1, the parameters estimated by repeat 

track analysis were the same as the nominal values used to generate the simulated 

elevation data. The estimated parameter values can be compared to the nominal 

parameter values to determine the estimation error when no errors were intentionally 

introduced. The estimation error was used to evaluate the accuracy of the repeat track 

analysis method and the software. In Section 3.3.2, Gaussian noise was added to the 

simulated elevation data to evaluate the model‟s ability to estimate parameters when 

errors were present in the elevation data. In Section 3.3.3, an annual term with a period of 

365.25 days was added to the parameters from Section 3.3.1 to generate new simulated 

elevation data. An annual term was not estimated, which means that the annual term will 

introduce errors in the estimation of the other parameters. The errors demonstrate the 

effects of unmodeled parameters on the repeat track analysis solution. In Section 3.3.4, 
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simulated elevation data were generated with the parameters from Section 3.3.1 as well 

as Gaussian noise and an annual term, which demonstrate the combined effects of 

random error and unmodeled terms on the repeat track analysis solution. 

 

3.3.1. Validation of Repeat Track Analysis Method and Software 

Before the repeat track method and software were used with real ICESat data, 

they were tested with simulated elevation data in which the parameters used to generate 

the data were known. The distances, x  and y , of the data point from the grid center 

and the time relative to the reference time, t , were determined from the GLA12 data 

product as described in Section 3.2. A model containing along-track slope, cross-track 

slope, elevation change rate, and the elevation at the grid center at the reference time, 

described by Smith [2009], was used to generate the simulated elevation data, h: 

 

0hthymxmh yx         (3.8) 

 

where mX and mY are the along- and cross-track slopes, respectively, h  was the elevation 

change rate, and h0 was the elevation at the grid center at the reference time. 

 

The four parameters were given constant values to generate the simulated 

elevation data. The chosen values are representative of those for ICESat data in areas 

with low topographic variability and are shown in Table 3.1 in the Nominal Values 

column. 
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Error statistics for the results were expressed as mean errors and standard 

deviations. Errors,  , were defined as the difference between the known and estimated 

values of the parameter: 

 

knownestimated           (3.9) 

 

A mean error for the ice sheet,  , was found by summing the error from each grid, i , 

and dividing by the total number of grids, n: 
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          (3.10) 

 

For Greenland, n ~ 200,000 and for Antarctica, n ~ 1.8 million. The standard deviations 

of the mean offsets, which show the consistency of the repeat track analysis solutions, 

were found with Equation 3.11: 
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         (3.11) 

 

The results for the first case using simulated elevations in Antarctica and Greenland are 

shown in Table 3.2. The mean errors in Table 3.2 are low compared to the values used to 

generate the simulated elevation data. There is some variation in the orders of magnitude 

for the mean errors, but the mean errors as a percentage of the parameter values in Table 

3.1 are the same order of magnitude. The same holds true for the standard deviations. 

Since the estimation model matches the model used to generate the simulated elevation 
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data, the mean errors and standard deviation are caused by numerical errors associated 

with the computation. The results in Table 3.2 imply that, if all physical processes 

affecting the elevation values are perfectly represented in the estimation model, repeat 

track analysis is capable of recovering them with high accuracy and precision. In 

addition, it demonstrates that the software used in this study is working correctly. 

 

Table 3.1. Test Simulation Results – Four simulated parameters, four estimated 
parameters. 

  
Antarctica Greenland 

Parameter Nominal 
Values 

  
    

  

mx (mm/m) -1.1 -1.6e-9 4.4e-6 -1.3e-8 3.0e-6 

my (mm/m) 2.3 3.2e-9 1.1e-5 1.1e-9 1.4e-5 

h  (mm/yr) 50 4.8e-7 7.3e-4 1.1e-6 7.7e-4 

h0 (mm) 1000 8.9e-7 2.0e-3 -1.3e-6 2.4e-3 

 

3.3.2 The Use of Simulated Elevation Data to Determine the Effects of Gaussian 
Random Noise on the Repeat Track Analysis Solution 

To determine the effects of random noise, which could be caused by non-

systematic errors in the elevation data or pseudo-random physical processes, a Gaussian 

random noise, hrand, was added to the simulated elevation data. Simulated elevations were 

generated with Equation 3.12: 

 

randyx hhthymxmh  0
       (3.12) 
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where hrand = 0 ± 25 mm, which is the potential elevation error for ICESat data when the 

laser pointing angle is 0.3°, based on a 1-σ pointing precision of 1.5” [Urban et al., 2008]. 

Results are shown in Table 3.2. 

 

Table 3.2. Test Simulation Results – Four simulated parameters, four estimated 
parameters, Random Gaussian Noise Included. 

  
Antarctica Greenland 

Parameter Nominal 
Values 

  
    

  

mx (mm/m) -1.1 -3.5e-5 2.9e-2 1.4e-4 8.3e-2 

my (mm/m) 2.3 -7.3e-5 9.4e-2 2.7e-4 0.1 

h  (mm/yr) 50 1.3e-3 5.4 -7.5e-3 8.0 

h0 (mm) 1000 -1.6e-3 16.8 -9.3e-2 57.5 

hrand (mm) 0 ± 25 Not estimated 

 

When the Gaussian random term was included, the resulting estimated parameters 

had higher mean errors and standard deviations than for the case with no error, which was 

expected. The mean errors were low compared to the actual parameter values, as were the 

standard deviations. The estimated values of h  had standard deviations below 1 cm/yr, 

while the along-track slope had standard deviations two orders of magnitude below the 

actual parameter value and the mean error was four orders of magnitude below the actual 

parameter value.  

 

It can be seen that the mean errors and the standard deviations for the cross-track 

slopes are higher than those for the along-track slopes, which is due to the fact that the 

data density was higher in the along-track direction than in the cross-track direction. 

Every data point was in the along-track direction, while the spot tracks from each ICESat 

laser campaign had a cross-track offset that does not vary much with respect to the size of 
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the grid. As a consequence, there was the equivalent of one cross-track measurement for 

each ICESat laser campaign, which results in large mean errors and standard deviations 

of the estimated cross-track slope from the actual cross-track slope. 

 

The Greenland mean errors and standard deviations are higher than those for 

Antarctica, which is due to the difference in the number of observations for each ice 

sheet. The mean errors and standard deviations would be expected to be lower for more 

data, as the Gaussian errors would be expected to cancel with an infinite data set.  

 

The presence of distributed random Gaussian noise in the simulated elevation data 

increases the mean errors and standard deviations by increasing the variability of the data, 

though both the mean errors and standard deviations remain lower than the actual 

parameter values for the level of noise used to generate the elevation data used in this 

case. The cross-track slope standard deviations were only an order of magnitude lower 

than the actual parameter value, which implies that it cannot be recovered as accurately 

as the other parameters. 

 

3.3.3 The Use of Simulated Elevation Data to Determine the Effects of Unmodeled 
Parameters on the Repeat Track Analysis Solution 

In the third case, the same four parameters were estimated as in Section 3.3.2, but 

an additional term was added to the simulated elevation data to simulate unestimated 

annual effects. An annual term was applied to the elevation data in the following form: 

 

))(
2

cos( 00 tt
T

Chthymxmh yx 
     (3.13) 
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where the period, T, and the time, t, are given in days, with T = 365.25 days, and the 

coefficient of the annual term, C, was chosen to be -140 mm to match the annual 

amplitude in Greenland as determined from SEASAT and Geosat data [Davis et al., 

1998]. The other parameters are the same as in Table 3.1. Only four parameters were 

estimated: mx, my, h , and h0, which means that the annual term will contribute to errors 

in the estimated parameters. The results are shown in Table 3.3. 

 

Table 3.3. Test Simulation Results – Five simulated parameters, four estimated 
parameters. 

  
Antarctica Greenland 

Parameter Nominal 
Values 

  
    

  

mx (mm/m) -1.1 -3.6e-4 0.1 -4.6e-4 9.0e-2 

my (mm/m) 2.3 -2.4e-2 0.7 -0.3 1.0 

h  (mm/yr) 50 6.4 35.0 1.8 47.3 

h0 (mm) 1000 -35.7 103.9 -33.1 147.7 

C (mm) -140 Not estimated 

 

As expected, in all cases, the mean errors and standard deviations from the known 

values were higher than in the case with no annual term since the effects of the 

unmodeled annual term have been absorbed by the estimated parameters. It is also 

expected that higher values of the unmodeled parameters will cause the estimated 

parameters to have higher standard deviations, which is tested in Section 3.4. The 

estimated slope and h0 values have standard deviations only an order of magnitude lower 

than the actual slope values. The estimated values of h  have standard deviations that 

were the same order of magnitude as the actual value. The results from Table 3.3 show 

that   is higher when unmodeled terms are present, which means that unmodeled terms 
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will decrease the precision with which repeat track analysis can recover the parameters 

influencing elevation change. 

 

3.3.4. The Use of Simulated Elevation Data to Determine the Effects of Unmodeled 
Parameters and Gaussian Random Noise on the Repeat Track Analysis Solution 

In Sections 3.3.2 and 3.3.3, the effects of random Gaussian noise and unmodeled 

parameters on the repeat track analysis solution were tested separately; they were 

combined in this section. Simulated elevation data were generated with the model shown 

in Equation 3.14: 

 

randyx htt
T
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2

cos( 00

    (3.14) 

 

The simulated elevation generated from Equation 3.14 will be the same as those 

generated from Equation 3.13 with the addition of Gaussian noise. Table 3.4 shows the 

values for the parameters used in Equation 3.14, along with the repeat track analysis 

results. 

 

A comparison of Tables 3.3 and 3.4 shows that the mean errors and standard 

deviations have comparatively small changes for the magnitude of random noise added to 

the simulated data in this case; it is expected that larger magnitudes of hrand would 

increase the standard deviations. In this case, adding the random noise to the elevation 

data increased the h  standard deviations by 1.0 mm/yr in Greenland and 0.5 mm/yr in 

Antarctica for the parameter values used to generate the elevation data. Therefore, the 

addition of the random Gaussian noise term increases the variability in the data since the 

elevation values have randomly varying components added. 
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Table 3.4. Test Simulation Results – Five simulated parameters, four estimated 
parameters, Random Gaussian Noise Included. 

  
Antarctica Greenland 

Parameter Nominal 
Values 

  
    

  

mx (mm/m) -1.1 -3.4e-4 0.1 -5.2e-4 0.1 

my (mm/m) 2.3 -2.3e-2 0.7 -0.3 1.0 

h  (mm/yr) 50 6.4 35.5 1.8 48.3 

h0 (mm) 1000 -35.9 104.2 -33.0 167.7 

C (mm) -140 Not estimated 

hrand (mm) 0 ± 25 Not estimated 

 

3.4 SENSITIVITY OF REPEAT TRACK ANALYSIS TO MODEL PARAMETERS AND 

MAGNITUDES OF PARAMETERS 

It was thought that the magnitude of a parameter or the variability of the 

parameter could affect its recovery and the recovery of other parameters in the repeat 

track analysis process. To determine the effect of the magnitude of parameter size on the 

repeat track analysis solutions, simulated data were generated using input parameters 

with different values than those given in Table 3.6. From the previous section, it can be 

seen that the trends in the ability of the repeat track analysis method to recover the known 

parameter values are the same for data from both ice sheets; therefore, it is redundant to 

use Antarctica data, and only Greenland data were used for this section. In addition, 

generating the simulated elevation data and estimating parameters with repeat track 

analysis requires less computation time and less computer storage space for Greenland 

than for Antarctica, as there are more ICESat elevation data in Antarctica than Greenland. 
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The elevation change rate was varied first. Simulated data for Greenland were 

generated using the same parameter values as in the previous section for the slopes and 

h0, but an h  of 5 mm/yr was used in one case and an h  of 500 mm/yr was used in the 

next. Table 3.5 shows the model input parameter values and the results for the h -

variation cases. 

 

Table 3.5. h  Size Simulation Results - Greenland 

  
h = 5 mm/yr h = 500 mm/yr 

Parameter Nominal 
Values 

  
    

  

mx (mm/m) -1.1 -5.3e-4 0.1 -3.0e-4 8.9e-2 

my (mm/m) 2.3 -0.3 1.0 -0.3 1.0 

h  (mm/yr) 5 or 500 2.0 47.3 1.8 48.0 

h0 (mm) 1000 -33.6 152.9 -33.1 146.8 

C (mm) -140 Not estimated 

hrand (mm) 0 ± 25 Not estimated 

 

The mean errors and standard deviations for the estimated parameters were 

similar for both cases presented in Table 3.5, as were the mean errors and standard 

deviations in Table 3.4. A difference of three orders of magnitude in the value of h  has 

little effect on the ability of the repeat track analysis method to recover the actual 

parameter values, which implies that the repeat track analysis method is not sensitive to 

the h  magnitude. 

 

In the next case, along- and cross-track slopes were varied to determine the effects 

of different slope magnitudes on the estimated parameters. Along-track slopes, mX, of 

0.55 and 3.3 mm/m and cross-track slopes, mY, of 1.15 and 6.9 mm/m were used. Values 
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for the other parameters used to generate simulated data for the cases with different slope 

sizes and the repeat track analysis results are shown in Table 3.6. 

 

Table 3.6. mX and mY Size Simulation Results - Greenland 

  
mx = 0.55 mm/m, my = 

1.15 mm/m 
mx = 3.3 mm/m, my = 6.9 

mm/m 

Parameter Nominal 
Values 

  
    

  

mx (mm/m) 0.55 or 1.15 -6.6e-4 0.1 -2.6e-4 8.6e-2 

my (mm/m) 3.3 or 6.9 -0.3 1.0 -0.3 1.0 

h  (mm/yr) 50 1.8 48.6 1.8 48.0 

h0 (mm) 1000 -33.0 167.2 -32.9 147.1 

C (mm) -140 Not estimated 

hrand (mm) 0 ± 25 Not estimated 

 

From Table 3.6, it can be seen that the mean errors and standard deviations of the 

estimated parameters do not change significantly with slope size. As the different h  sizes 

also had little effect on the standard deviations of the estimated parameters, it can be seen 

that, if the parameter is estimated with repeat track analysis, the parameter size will not 

affect the accuracy or precision with which it can be estimated. 

 

Two different values for the annual term were used next, 5 mm and 50 mm. The 

values of the other parameters used for these cases and the results are shown in Table 3.7. 

Lowering the value of the annual amplitude significantly decreases the standard 

deviations of the estimated parameters. When the amplitude is 50 mm, which was the 

annual amplitude for East Antarctica as determined from SEASAT and Geosat data 

[Davis and Feng, 1999], the h  standard deviation was just over 2 cm/yr, and was below 1 

cm/yr when the annual amplitude was 5 mm. An order of magnitude difference in the 
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annual coefficient doubles the h  standard deviation, which implies that the magnitudes 

of the unmodeled parameters have a significant effect on the accuracy and precision of 

the repeat track analysis method. 

 

Table 3.7. Annual Coefficient Size Simulation Results - Greenland 

  
C = 5 mm C = 50 mm 

Parameter Nominal 
Values 

  
    

  

mx (mm/m) -1.1 -9.1e-5 2.9e-2 1.9e-4 0.1 

my (mm/m) 2.3 9.1e-3 0.1 9.3e-2 0.4 

h  (mm/yr) 50 -8.7e-2 6.7 -0.7 20.6 

h0 (mm) 1000 1.2 22.6 11.7 83.0 

C (mm) 5 or 50 Not estimated 

hrand (mm) 0 ± 25 Not estimated 

 

The size of the Gaussian noise was then changed to determine the effect of higher 

noise levels on the recovery of parameters. Values with different orders of magnitude 

were used. The parameter values used to generate the simulated elevation data and the 

mean offsets and standard deviations of the parameters estimated with repeat track 

analysis are shown in Table 3.8. 

 

The h  standard deviation for the case where hrand = 0 ± 2.5 mm, as seen in Table 

3.8, and the case where hrand = 0 ± 25 mm, as seen in Table 3.4, were similar, though the 

random Gaussian noise differs by an order of magnitude. However, the h  standard 

deviation was nearly double the value for the other cases when hrand = 0 ± 250 mm. In 

addition, in Table 3.2, it can be seen that the random Gaussian noise does increase the 

standard deviations of the estimated parameters when there are no unmodeled effects in 
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the elevation data. Therefore, while sufficiently small values of Gaussian noise are not 

expected to affect the ability of the repeat track analysis method to recover parameter 

values when unmodeled effects are present in the data, larger values for the Gaussian 

noise will have an effect on the solution. 

 

Table 3.8. Gaussian Noise Size Simulation Results - Greenland 

  
hrand = 0 ± 2.5 mm hrand = 0 ± 250 mm 

Parameter Nominal 
Values 

  
    

  

mx (mm/m) -1.1 -5.2e-4 9.4e-2 5.5e-4 0.5 

my (mm/m) 2.3 -0.3 1.0 -0.3 1.6 

h  (mm/yr) 50 1.7 47.1 1.7 85.8 

h0 (mm) 1000 -32.7 148.5 -33.2 374.3 

C (mm) -140 Not estimated 

hrand (mm) 0 ± 2.5 or 0 
± 250 

Not estimated 

 

It can also be seen that, though the standard deviations were affected by the 

change in magnitude of the random Gaussian noise, the mean errors do not change 

significantly with increasing noise. The lack of variability in the mean errors was 

expected because the random Gaussian noise used in this section has no bias.  

 

3.5 DISCUSSION OF SIMULATION RESULTS 

When all factors contributing to elevations are modeled, the repeat track analysis 

method recovers the input parameters with high precision. Unmodeled factors will 

increase the standard deviations of the estimated parameter values from the actual 

parameter values proportionately to the magnitude of the unmodeled factors. Therefore, it 

is important to model as many of the factors contributing to elevations as possible. An 
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annual amplitude equivalent to that of Greenland will cause a standard deviation of 

nearly 5 cm/yr and is therefore the highest level of precision that can be obtained with 

that annual amplitude. Increasing the random Gaussian noise increases the standard 

deviations of the estimated parameters, though this effect is negligible compared to the 

effect of unmodeled parameters if the Gaussian noise is sufficiently small. From the 

results presented in this chapter, it can be seen that repeat track analysis will obtain 

values for parameters influencing elevation similar to the actual parameter values, though 

unmodeled parameters will decrease the precision with which the parameters can be 

estimated. 
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Chapter 4: Repeat Track Analysis Nominal Solution 

A nominal repeat track analysis solution is presented in this chapter as a basis of 

comparison for the cases presented in Chapters 5 - 7. In Section 4.1, the ability of repeat 

track analysis to accurately estimate parameters relating to the physical processes 

affecting elevation change will be discussed, as will the correlation of the estimated 

parameters with topographic features in the ice sheets. In Section 4.2, the crossing grid 

method will be used to further validate the repeat track analysis method. 

 

4.1 NOMINAL SOLUTION 

A nominal case was established to test the repeat track analysis method‟s ability 

to accurately estimate parameters as well as to be a basis of comparison for the cases 

presented in Chapter 5. Elevation measurements from eleven ICESat laser campaigns, 

which were described in Section 1.6, were divided into 1 km
2
 grids centered on and 

aligned with the reference groundtracks, as described in Section 2.3.2.1; justifications for 

the grid sizes and types are given in Section 5.2. Four parameters were estimated for each 

grid: along-track slope (mX), cross-track slope (mY), elevation change rate ( h ), and the 

elevation at the grid center at the reference time, (h0). Equation 4.1 describes the nominal 

elevation model used [Smith, 2009]: 

 

0hthymxmh yx          (4.1) 

 

The elevation model presented in Equation 4.1 uses the available spatial and temporal 

information for each data point: the along-track slope corresponds to the distance of the 

data point‟s location in the along-track direction, the cross-track slope corresponds to the 
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distance in the cross-track direction, and the elevation change rate corresponds to the time 

of the measurement. 

 

4.1.1. Solutions for Nominal Model 

Repeat track analysis results were computed for all grids within Greenland and 

Antarctica which passed the editing criterion that there were data from at least as many 

laser campaigns within the grid as parameters being estimated; for the nominal model, 

this means that data from at least four laser campaigns were required to be within each 

grid in order for a solution to be generated. The justification for this criterion is given in 

Section 5.1. Though the results were generated for each 1 km
2
 grid, for plotting purposes, 

the results for Greenland were averaged into 0.5° latitude x 0.5° longitude grids and those 

for Antarctica were averaged into 0.15° latitude x 1° longitude grids; they are shown in 

Figures 4.1 and 4.2.  

 

In Greenland, the along-track slopes seen in Figure 4.1a are predominantly below 

1 mm/m in the interior, though there are some tracks of higher slopes in northeast 

Greenland due to Targets Of Opportunity (TOOs), as described in Section 1.6.3. Slopes 

with magnitudes greater than 5 mm/m are present along most of the coast, which 

corresponds to the high topographic variability of the Greenland coast. In the center of 

Greenland, slopes go from positive to negative in an area corresponding to the ridge in 

central Greenland, which can be seen in the Greenland DEM in Figure 1.8. 
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Figure 4.1. Greenland repeat track analysis results for nominal model. a) mX  b) mY  c) h   
d) number of ICESat laser campaigns per grid. 

 

The cross-track slopes, seen in Figure 4.1b, are more variable than the along-track 

slopes. Particularly along the coast and in southern Greenland, the slope magnitudes are 

greater than 5 mm/m. Slope magnitudes are generally below 1 mm/m in the interior. The 

cross-track slopes are likely more variable than the along-track slopes because cross-track 

slopes are sensitive to the number of laser campaigns present within a grid. Distances in 

the along-track direction are sampled by every ICESat data point, but there is little cross-
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track variation within a 1 km segment of an ICESat groundtrack. Therefore, distances in 

the cross-track direction are observed with different laser campaigns. From Figure 4.1d, it 

can be seen that there are fewer laser campaigns present in southern Greenland and along 

the coast than in the northern central area, which corresponds to the areas with highly 

variable cross-track slopes. Orbit geometry causes the lower coverage in the southern 

areas, as seen in Figure 1.5, while the editing performed with the GLA12 product‟s cloud 

flag lowers the amount of elevation data for the coast.  

 

The estimated h  values, seen in Figure 4.1c, have values near 0 cm/yr in the 

interior with some positive values near 10 cm/yr that follow the ridge in central 

Greenland. Estimated h  values are below -40 cm/yr along the coast, which are expected 

due to glacier flow and melting. An area with h  values above 25 cm/yr can be seen near 

65° latitude and 310° longitude, which is near the Jakobshavn Isbrae glacier. Other 

glaciers along the coast, such as Helheim on the southeastern coast, likely contribute to 

the negative h  values in those areas. 

 

Figures 4.2a-d show the repeat track analysis results for Antarctica. In all of the 

figures, the ~4° latitude data gap at the pole can be seen; the data gap is due to ICESat‟s 

94° inclination. 

 

The along-track slopes, seen in Figure 4.2a, typically have magnitudes lower than 

1 mm/m through most of the ice sheet, particularly in East Antarctica. A line of highly 

variable slopes leading from the central area to near 180° longitude indicates the 

Transantarctic Mountains. Most of the coastal areas have highly variable along-track 

slopes as well, which is expected due to the high topographic variability of the Antarctica 
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coast. Near 70° longitude, high slopes can be seen corresponding to the area near the 

Amery Ice Shelf and Lambert Glacier, which can be seen in the Antarctica DEM in 

Figure 1.6. Slopes with values near -5 mm/m can be seen in the area near the Kamb and 

Whillans Ice Streams. Areas with highly variable along-track slopes mark the boundaries 

of the Ronne and Ross Ice Shelves. 

 

 

Figure 4.2. Antarctica repeat track analysis results for nominal model. a) mX  b) mY  c) h   
d) number of ICESat laser campaigns per grid. 
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As in Greenland, the cross-track slopes for Antarctica, seen in Figure 4.2b, are 

highly variable in most areas. Slopes have magnitudes lower than 1 mm/m in large areas 

in East Antarctica, but the magnitudes are greater than 5 mm/m in the coastal areas. 

There are high slopes in West Antarctica, as well, and the area near the Amery Ice Shelf 

and Lambert Glacier can be seen clearly with the estimated cross-track slopes. 

 

The h  values for Antarctica are shown in Figure 4.2c. Large negative values 

mark the area near the Amery Ice Shelf and Lambert Glacier, as well as many locations 

along the coast. Negative values near 0° longitude indicate the Fimbul Ice Shelf area, and 

negative h  values can be seen in the Amundsen Sea Embayment area near 240° 

longitude. The Totten Glacier area near 120° longitude has negative h  values, as do the 

nearby Scott/Denman Glacier areas. The Antarctic Peninsula has highly variable h  

values. Near the Ross Ice Shelf, the Whillans and Kamb ice streams can be clearly seen: 

Whillans has h  values below -40 cm/yr and Kamb has h  values above 40 cm/yr, as its 

motion has slowed [Catania, 2006] and is currently accumulating mass. 

 

Figure 4.2d shows the number of ICESat laser campaigns present within the grids. 

While East Antarctica has between nine and ten campaigns within each grid for most 

areas, East Antarctica and the coast have fewer than six campaigns within each grid. The 

differences are caused by a combination of clouds and orbit geometry. The ICESat 

groundtrack density decreases with increasing distance from the poles and there are often 

clouds in Antarctica that prevent ground returns from the ICESat laser. 

 

Elevation change rates for Antarctica as determined by GRACE [Gunter et al., 

2009] are shown in Figure 4.3 as a comparison, though the GRACE results do not have 



 76 

the same resolution as the ICESat results. The same patterns are evident from the 

GRACE results as from the ICESat results: the h  values are between -5 and 5 cm/yr 

throughout most of the Eastern Antarctica Ice Sheet and the magnitudes are higher in 

Western Antarctica. In particular, the effects of the Kamb Ice Stream and the Amundsen 

Sea Embayment can be seen. 

 

Figure 4.3. GRACE elevation change rates for Antarctica [Gunter et al., 2009]. 
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The estimated h0 values are shown in Figures 4.4 (Greenland) and 4.5 

(Antarctica). They can be compared with the Greenland and Antarctica topographic maps 

from Chapter 1 (Figures 1.8 and 1.6, respectively). It can be seen that the estimated h0 

values agree with the topography shown in Figures 1.6 and 1.8. 

 

 

Figure 4.4. Estimated h0 for Greenland. 
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Figure 4.5. Estimated h0 for Antarctica. 
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4.1.2. Errors for Nominal Solution 

To determine the accuracy of the estimated model parameters, ICESat-derived 

elevations were compared to elevations computed from Equation 4.1 using the estimated 

mX, mY, h , and h0. In this study, the elevations derived from the ICESat altimeter data are 

referred to as observed elevations, though the elevations are not observed directly, but are 

derived from range observations and laser pointing angle [Schutz et al., 2005]. For each 

data point from the actual data, an elevation was computed using the estimated model 

parameters along with the time tag and location of the data point. The computed elevation 

at that point was subtracted from the observed elevation. As described by Equation 4.2, 

the absolute values of the differences were averaged to compute the average difference 

between the observed and computed elevations, r, for each grid: 

 

n

hh
r

n

i oici 


 1        (4.2) 

 

where n is the number of points in the grid, hc is the elevation computed from the model, 

and ho is the observed elevation from ICESat data. If an elevation were computed from 

the estimated parameters for a location within the grid, it would be expected to have an 

error of r. 

 

The differences between the model elevations and the actual elevations for 

Greenland and Antarctica are shown in Figures 4.6 and 4.7. For Greenland, differences 

are higher than 300 mm along the coast, but approach 0 mm in the interior, particularly in 

areas near the central ridge. Differences in Antarctica are higher along the coast, with 

values higher than 300 mm in some areas, and decreases below 20 mm in the interior of 
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the East Antarctica ice sheet. The grids containing the Transantarctic Mountains and the 

Antarctic Peninsula have high values of r, implying that it is difficult to estimate accurate 

parameters for areas with high topographic variability. High values of r also indicate the 

Amery and Fimbul Ice Shelf regions. 

 

 

Figure 4.6. Greenland r for nominal model. a) Scale with maximum r of 300 cm.  b) 
Scale with maximum r of 50 cm. 

 

The high values of r in Figures 4.6 and 4.7 give some motivation for testing 

different elevation models, as the model used for the nominal case may not accurately 

reflect the processes affecting elevations in the ice sheets. Different parameters may be 

required, or the parameters may not be constant, as is assumed in the model given by 

Equation 4.1. 
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The correlation coefficients for the nominal solution are discussed in Appendix H. 

Correlations near -1 were found for the estimated h and h0 values; these high correlation 

values were determined to be a result of the choice of t0. However, it was determined that 

the nominal solution was still appropriate for examining elevation change behavior for 

the ice sheets. 

 

 

Figure 4.7. Antarctica r for nominal model. a) Scale with maximum r of 300 cm.  b) 
Scale with maximum r of 50 cm. 

 

4.2. ANALYSIS OF CROSSING GRIDS 

Crossing grids are the repeat track analysis equivalent of crossovers in that they 

are the grids at the intersection of two reference groundtrack segments, as seen in Figure 

4.8, and can be used as a way to verify the consistency of the repeat track analysis 

method. Since the grids intersect, they correspond to the same area of the ice sheet. 
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Therefore, the estimated parameters should be the same even though different data sets 

are used for the estimation process. 

 

It can be seen from Figure 4.8 that at an intersection, there are multiple grids with 

intersecting areas; the fact that there are multiple grids with intersecting areas will be 

discussed in Section 4.2.1, along with the creation of the grids. Section 4.2.2 will show 

the results from the crossing grid method. 

 

 

Figure 4.8. Crossing grid example. The grids associated with the black reference 
groundtrack intersect the grids associated with the red reference 
groundtrack. 
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4.2.1. Creation of New Grids for Crossing Grids Method 

In Chapter 3 and Section 4.1, each reference grid center was spaced by 1 km in 

the along-track direction from the previous grid center, with the initial grid center located 

at the equator crossing. However, as demonstrated in Figure 4.9, choosing the equator 

crossing as the initial grid center is not appropriate for the crossing grid method, as the 

intersecting grids will not always have a large area in common. The blue area in Figure 

4.9 marks the common area for the grid on Track A and the grid on Track B. The blue 

area is less than half of the area of the reference grid from Track A, however, and less 

than half the area of the reference grid from Track B, which means that some of the data 

used to generate the repeat track analysis solutions for each grid comes from outside the 

common area. 

 

 

Figure 4.9. Crossing grid coverage. 
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In addition, parameters are estimated with respect to the grid centers. Since the 

grid centers for the intersecting grids are not coincident, if the original grids are used for 

the crossing grid analysis, estimated parameters at one location will be directly compared 

to estimated parameters at a different location. For crossovers, this would be the 

equivalent of differencing the elevations corresponding to the data points nearest each 

other instead of interpolating to the actual intersection. 

 

To avoid intersecting grids with little common area and without coincident grid 

centers, new grids are created centered on the intersections of two tracks, not based on 

distance along the reference track; an example is shown in Figure 4.10. As the track 

intersections are already known from the locations of crossovers, the 1 km
2
 test grids 

were centered on crossovers, meaning that all points within 500 m of the crossover 

location in the along-track direction were used to estimate parameters. The results of the 

solution for both grids at the intersection were compared, with the differences between 

the estimated elevation change rates indicating the degree of precision of the method. The 

results are shown in Section 4.2.2. 
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Figure 4.10. Crossing grid coverage when grids are centered at crossover locations. 

4.2.2. Results for Crossing Grids 

Crossing grid solutions were generated for Greenland. The two h  solutions at 

each intersection are subtracted to produce a h  and the results are shown in Figure 4.11. 

There are, in general, low h  differences between the intersecting grids, typically less than 

1 cm/yr, which means that the repeat track analysis method has a high degree of precision 

for most areas. Some larger differences can be seen along the coast; these can be 

attributed to the large variations in terrain in those areas. A smaller grid size would be 

more appropriate for the level of topographic variability in the coastal areas, but the 

smaller grid size might not encompass enough data to generate a solution. 
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Figure 4.11. Greenland h  for crossing grids. 

4.4. CONCLUSIONS FOR NOMINAL SOLUTION 

The nominal repeat track analysis solution for the Greenland and Antarctica ice 

sheets shows estimated parameters that correspond to physical features on both ice 

sheets. In particular, ice shelves and ice streams can be seen from the estimated elevation 

change rates in Antarctica from Figure 4.2c and the ridge traversing the central area of 

Greenland can be seen from the estimated along- and cross-track slopes in Figures 4.1a 

and 4.1b. These correlations give credence to the repeat track analysis solution‟s 

accuracy. 
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The precision of the method is tested with the crossing grid method. By 

differencing the estimated parameters at the intersections of reference groundtracks, the 

consistency of the repeat track analysis method can be tested. It was found that 

differences were typically less than 1 mm/yr except in some coastal areas. 

 

Estimated parameters for Greenland provide some motivation for computing 

separate statistics for two separate groups of areas: those with elevations above and 

below 2000 m, as in Luthcke [2006]. Statistics are computed in the same manner for 

Antarctica. The statistics are shown in Tables 4.1 and 4.2; n refers to the number of grids 

within the region, p  is the average value of the estimated parameter within the region, 

and P  is the standard deviation of the estimated parameter value within the region. 

 

As expected, the standard deviations of the estimated parameters in areas with 

elevations below 2000 m are higher than those for higher-elevation areas in Greenland. 

The r values for lower-elevation areas are substantially higher than those for their higher-

elevation-area counterparts, and the average h  value is ~ -10 cm/yr for the lower-

elevation areas and is ~ 3 cm/yr for the higher-elevation areas. 

 

As was the case for Greenland, Antarctica has higher standard deviations for 

estimated parameters in the lower-elevation regions than for the higher-elevation regions. 

Slopes are below 2 mm/m for both regions, and the h  values are below 4 cm/yr for both 

regions. The r values are 706.3 mm in the lower-elevation regions compared to 205.5 mm 

in the higher-elevation regions; from the results in Figure 4.2, the difference between the 

r values was expected. The standard deviations for the lower-elevation regions are at least 

twice as high for Greenland as Antarctica, while those for the higher-elevation regions 
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are lower for Antarctica. The difference in results is most likely related to the difference 

in terrain of the two ice sheets. 

 

Table 4.1. Greenland statistics for estimated parameters. 

 Below 2000 m Above 2000 m 

Parameter n p  P  n p  P  

mX (mm/m) 112163 2.5 57.4 83422 0.2 14.3 

mY (mm/m) 112163 1.0 70.6 83422 -0.2 19.4 

h  (mm/yr) 112163 -104.1 4416.1 83422 29.8 1444.4 

r (mm) 112163 2376.2 4960.0 83422 246.2 1284.1 

 

Table 4.2. Antarctica statistics for estimated parameters. 

 Below 2000m Above 2000m 

Parameter n p  P  n p  P  

mX (mm/m) 799599 0.5 21.9 1051867 -0.0 18.1 

mY (mm/m) 799599 1.1 28.3 1051867 0.3 18.2 

h  (mm/yr) 799599 21.5 1455.5 1051867 33.9 633.4 

r (mm) 799599 706.3 2003.6 1051867 205.5 944.9 

 

 

The residuals, computed from Equation 4.2 and shown in Figures 4.6 and 4.7, 

show that the elevation computed from the estimated parameters do not exactly match the 

ICESat-derived elevations. Different grid sizes will change the amount of available data 
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within each grid and will change the potential topographic variability within the grids: 

larger grids will contain areas that have potentially higher topographic variability. Grid 

sizes and types are discussed in Chapter 6. The choice of elevation model will also affect 

the repeat track analysis solution, as parameters can be chosen that more accurately 

reflect the physical processes taking place in the ice sheets; different elevation models are 

discussed in Chapter 7. The amount of available data within each grid will also affect the 

repeat track analysis solution; this topic is discussed in Chapter 5. 



 90 

Chapter 5: Repeat Track Analysis Test Results for Dependence on the 
Temporal Distribution of Available Data 

To use repeat track analysis effectively, its limitations must be known. Therefore, 

three aspects of the repeat track analysis method are tested in this and the next two 

chapters: the dependence on the temporal distribution of available data, the grid size and 

type, and the choice of elevation model. This chapter focuses on the repeat track analysis 

solution‟s dependence on the temporal distribution of available data. The repeat track 

analysis solutions are evaluated based on their agreement with the nominal solution 

presented in Section 4.1, their correlation to known physical features on the ice sheets, 

the differences between observed and computed elevations, and statistics from simulated 

data. Though Chapter 3 focused on simulated data to validate the software and repeat 

track analysis method, this chapter focuses on ICESat-derived elevations and only uses 

simulated data as an additional method of evaluating the repeat track analysis solutions. 

The repeat track analysis results with simulated data show a „best-case scenario‟: the 

results will be more accurate than results with ICESat-derived data, as there are few 

unmodeled terms present in the simulated data. In addition, the results from simulated 

data can show trends in the ability of the repeat track analysis method to recover 

parameters. 

 

When finding a solution with least squares, there should be at least as many 

observations as parameters being estimated due to the algebraic constraint that there 

should be at least as many equations as variables [Tapley, et al., 2004], though a solution 

can still not be obtained if there is insufficient sampling of the parameters being 

estimated. For an along-track spacing of 170 m within a 1 km
2
 grid, it is possible to have 
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5-6 observations per repeated track, which means that a solution for the nominal model 

discussed in Section 4.1 can be obtained from one track. This fact is misleading, 

however, as the observations occur within a short time span (for ICESat, less than a 

second) and nonlinear changes in topography in the along-track direction can be 

interpreted as temporal changes in elevation, which will affect the estimated h . In 

addition, there will not be much sampling in the cross-track direction during one track. 

Having data from multiple campaigns within a grid will provide more observations in the 

cross-track direction and more observations of the time, which suggests that the number 

of campaigns present within a grid will have a large effect on the solution. 

 

For ICESat, the number of repeated track segments within a grid is synonymous 

with the number of laser campaigns present. From Section 1.6.2, it can be seen that three 

different seasons are represented by the laser campaigns. In addition to determining the 

effects of the different total numbers of campaigns on the solution, the effects of using 

data from different seasons will be analyzed. 

 

In this section, only Greenland data are used. The same trends can be determined 

from the Greenland data as from the Antarctica data, as seen in Chapter 3 and Section 

4.1, so it is unnecessary to show both. Additionally, computation time and computer 

storage space are significantly reduced if only Greenland data are used, as there are 

substantially more Antarctica data points than Greenland data points. 

 

The minimum required number of ICESat campaigns is discussed in Section 5.1 

and the effects of using data from different seasons are discussed in Section 5.2. 

Although grid-specific parameters are estimated for a grid size of (1 km)
2
, the results 
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shown in all figures have been averaged into 0.15° latitude x 1° longitude grids for 

Antarctica and 0.5° latitude x 0.5° longitude grids for Greenland. By comparing the 

results from the cases with different temporal sampling, the appropriate level of temporal 

sampling for the repeat track analysis method can be discussed. 

 

5.1. MINIMUM NUMBER OF CAMPAIGNS NECESSARY FOR A REPEAT TRACK 

ANALYSIS SOLUTION 

To investigate whether a requirement should exist that a minimum number of 

campaigns be used to obtain a repeat track analysis solution, test cases with two and three 

campaigns within a grid are shown. The grids are (1 km)
2
 and are centered on and aligned 

with the reference groundtracks. The X-axis is defined as the along-track direction and 

the Y-axis is defined as the cross-track direction. For these cases, it is expected that the 

estimated parameters will generate large differences, r, between the observed and 

computed elevations, as computed from Equation 4.2, and will have large variations 

between grids, as there are insufficient observations to accurately estimate all of the 

parameters. As the actual spot tracks are nearly parallel to the reference groundtracks, 

this yields the equivalent of one observation in the cross-track direction for each laser 

campaign, while every observation is spaced ~170m in the along-track direction. 

Therefore, it is expected that mY will require data from more ICESat laser campaigns for 

an accurate determination than mX, as will h  as discussed previously. 

 

5.1.1. Two-Campaign Case 

In the first case, the results for grids with two laser campaigns are evaluated. 

However, it was found that having only two available laser campaigns provided 

insufficient coverage of the ice sheet, so data from four laser campaigns were used, but 
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solutions were only generated when only two laser campaigns were present within a grid; 

the specific campaigns present vary. Grids with one, three, or four laser campaigns 

present were not used. The laser campaigns used for this evaluation were: L2a (October–

November 2003), L2b (February-March 2004), L3h (February-March 2007), and L3i 

(October-November 2007). The results for simulated elevation data are shown in Table 

5.1. 

 

It can be seen that the standard deviations are much higher than the parameter 

values when only two laser campaigns are used to estimate four parameters. The mean 

errors are also at least an order of magnitude higher than for the nominal case presented 

in Table 3.7. Figure 5.1 shows the results for estimating four parameters with two laser 

campaigns with actual ICESat elevation data. 

 

Table 5.1. Greenland Results for Estimating Four Parameters with Simulated Elevation 
Data from Two ICESat Laser Campaigns. 

Parameter Nominal Values   
  

mx (mm/m) -1.1 7.5e-2 16.5 

my (mm/m) 2.3 2.8 2732.9 

h  (mm/yr) 50 96.3 29120.8 

h0 (mm) 1000 390.4 310577.2 

C (mm) -140 Not estimated. 

hrand (mm) 0 ± 25 Not estimated. 

 

From Figure 5.1c, it can be seen that the h  results are highly variable and 

unrealistic, with large positive and large negative values, which does not match the 

nominal results in Figure 4.1. Large negative values are expected along the coast, but the 

large positive and negative values are not expected in the central area. While the mX 
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results for the interior areas are similar to the nominal results, the coastal areas have large 

positive and negative values. The estimated cross-track slope is highly variable and bears 

little resemblance to the nominal results. 

 

 

Figure 5.1. Greenland repeat track analysis results for nominal model with two laser 

campaigns. a) mX  b) mY  c) h   d) average r within grid. 

 



 95 

r, computed from Equation 4.2 and shown in Figure 5.1d, is lower for most areas 

than it is in the nominal case due to the fewer campaigns present in this case. If the 

minimum required observations are used in the estimation process, the value of r will be 

zero, as there will only be one possible solution for that system of equations. As more 

observations are used, the value of r will become higher, unless the parameters being 

estimated do not vary much. While a low r value for cases with large amounts of data 

means that the parameters do not vary much in those areas and that the estimated 

parameters are therefore consistent with the physical processes occurring in those areas, 

for this case it only means that there are few observations. The fact that the h  values are 

large and do not correspond to the physical features or processes in those areas implies 

that the estimated parameters are not accurate. 

 

5.1.2. Three-Campaign Cases 

Three campaigns were used to generate solutions for the next case. Similar to the 

previous case, four laser campaigns were available, but solutions were only generated for 

grids with only three campaigns were present. The available campaigns were: L2a 

(October-November 2003), L2b (February-March 2004), L3a (October-November 2004), 

and L3b (February-March 2005), which means that a time span of only 1.5 years is 

available. Table 5.2 shows the results from simulated elevation data. 

 

Though the standard deviations for the estimated parameters in Table 5.2 are not 

as high as those in Table 5.1, they are still significantly higher than those for the nominal 

case in Table 3.7. The h  standard deviation is over 100 cm/yr, which is higher than the 

signal in most areas, though the mean error and standard deviation for mX are similar to 
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those for the nominal case; as mentioned previously, for every ICESat laser campaign, 

there will be multiple observations in the along-track direction. 

 

Table 5.2. Greenland Results for Estimating Four Parameters with Simulated Elevation 
Data from Three ICESat Laser Campaigns with Short Time Span. 

Parameter Nominal Values   
  

mx (mm/m) -1.1 3.8e-4 0.2 

my (mm/m) 2.3 -1.3e-2 12.0 

h  (mm/yr) 50 -33.2 1096.9 

h0 (mm) 1000 40.3 1702.1 

C (mm) -140 Not estimated. 

hrand (mm) 0 ± 25 Not estimated. 

 

Figure 5.2 shows the results from actual ICESat data. In Figure 5.2c, it can be 

seen that the h  results do not match those for the nominal case, though some of the 

values in Greenland‟s interior are lower than the 2-campaign case. The mX results show 

similar interior values to those of the nominal case, but the mY results are still highly 

variable. Again, r values were low due to the low number of campaigns. 

 

In the next case, laser campaigns with a greater time span were used: L2a, L2b, 

L3h, and L3i. It was thought that using a greater time span would allow the estimation of 

an h  that agreed more with the nominal case, since the same time span is covered. 

Results for simulated elevation data are shown in Table 5.3. Standard deviations for the 

estimated parameters are almost an order of magnitude lower when a larger temporal 

range is used, though they are still larger than those for the nominal case. 
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Figure 5.2. Greenland repeat track analysis results for nominal model three laser 

campaigns temporally close. a) mX  b) mY  c) h   d) average r within grid. 

 

Figure 5.3 shows the results for estimating four parameters with ICESat-derived 

elevation data from three laser campaigns. The h  results are similar to those for the 

nominal case, with low values in the interior and negative values along the coast. The mX 
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and mY results change little from the case with temporally closer laser campaigns, which 

is expected, as the main difference between the two cases is the time span, which only 

affects the estimation of h . 

 

Table 5.3. Greenland Results for Estimating Four Parameters with Simulated Elevation 
Data from Three ICESat Laser Campaigns with Large Time Span. 

Parameter Nominal Values   
  

mx (mm/m) -1.1 -1.1e-3 0.2 

my (mm/m) 2.3 -1.4 9.3 

h  (mm/yr) 50 5.3 199.7 

h0 (mm) 1000 -69.4 648.0 

C (mm) -140 Not estimated. 

hrand (mm) 0 ± 25 Not estimated. 
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Figure 5.3. Greenland repeat track analysis results for nominal model with 1 km
2
 grids 

and 3 laser campaigns with large time span. a) mX  b) mY  c) h   d) average r 
within grid. 
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5.1.3. Four-Campaign Cases 

Four temporally close ICESat laser campaigns were used to estimate four 

parameters: L2a, L2b, L3a, and L3b. Table 5.4 shows the results for simulated ICESat 

elevation data. 

 

From Table 5.4, it can be seen that the standard deviations are lower than the case 

with three laser campaigns with a short time span, shown in Table 5.2. The standard 

deviation for h , however, is significantly higher than that for the case with three laser 

campaigns with a large time span, while the standard deviation for mY is lower than that 

for the case with three laser campaigns with a large time span. The estimation of both the 

h  and mY parameters is directly dependent on the number of laser campaigns used, but 

the estimation of h  is also dependent on the time span of the data set. 

 

Table 5.4. Greenland Results for Estimating Four Parameters with Simulated Elevation 
Data from Four ICESat Laser Campaigns with Short Time Span. 

Parameter Nominal Values   
  

mx (mm/m) -1.1 -2.2e-3 6.6e-2 

my (mm/m) 2.3 -0.3 3.0 

h  (mm/yr) 50 -26.7 262.8 

h0 (mm) 1000 4.6 387.7 

C (mm) -140 Not estimated. 

hrand (mm) 0 ± 25 Not estimated. 

 

Figure 5.4 shows the results for estimating four parameters with actual data from 

four laser campaigns with a short time span. The coverage was low because only data 

from four laser campaigns are available and each grid must have all four campaigns 

present before a solution was found. While the along- and cross-track slopes, shown in 
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Figure 5.4a and 5.4b, had some resemblance to the nominal results, in that higher slopes 

were present on the coast and lower in the interior, the values had high variability within 

short spatial distances. The same can be said for the estimation of h . Differences 

between the observed elevations and the elevations determined from the estimated 

parameters were low in the interior and high on the coast. 

 

 

Figure 5.4. Greenland repeat track analysis results for nominal model with 1 km
2
 grids 

and four laser campaigns with short time span. a) mX  b) mY  c) h   d) 
average r within grid. 
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Table 5.5 shows the results when simulated ICESat elevation data from four 

campaigns with a large time span were used to estimate four parameters. The campaigns 

were L2a, L2b, L3h, and L3i. The h  standard deviations were significantly lower than 

for the case with a short time span, though the standard deviations for the other 

parameters are nearly the same, which implies that h  can be estimated more accurately 

when there is a larger time span, even if the amount of data remains the same. 

 

Table 5.5. Greenland Results for Estimating Four Parameters with Simulated Elevation 
Data from Four ICESat Laser Campaigns with Large Time Span. 

Parameter Nominal Values   
  

mx (mm/m) -1.1 -1.0e-3 3.3e-2 

my (mm/m) 2.3 -0.3 3.0 

h  (mm/yr) 50 4.7 71.5 

h0 (mm) 1000 -61.0 194.5 

C (mm) -140 Not estimated. 

hrand (mm) 0 ± 25 Not estimated. 

 

Results for estimating four parameters with actual elevation data from four laser 

campaigns are shown in Figure 5.5. The along- and cross-track slopes were similar to 

those for the nominal case, as were the estimated h  values. It can be seen that, to obtain a 

solution similar to that of the nominal case, there need to be at least as many laser 

campaigns within a grid as parameters being estimated. Cross-track slope values similar 

to those for the nominal case were obtained only when at least four laser campaigns were 

present, while h  values similar to those for the nominal case were estimated when there 

were data with a large time span. 
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Figure 5.5. Greenland repeat track analysis results for nominal model with 1 km
2
 grids 

and four laser campaigns with a large time span. a) mX  b) mY  c) h   d) 
average r within grid. 
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5.2. EFFECT OF DIFFERENT SEASONS AND NUMBER OF CAMPAIGNS ON REPEAT 

TRACK ANALYSIS SOLUTION 

Different combinations of ICESat laser campaigns were tested to determine the 

effect of the number of campaigns and the different available seasons on the estimation of 

model parameters. Table 5.6 shows the ICESat laser campaigns used for each case. The 

acronym MO means that only February/March and October/November campaigns were 

used, and the acronym MJO means that February/March, May/June, and 

October/November campaigns were used. Time periods for the laser campaigns are given 

in Section 1.6.2. 

 

Table 5.6. ICESat laser campaigns used for cases with different sets of campaigns. 

Case Campaigns Used 

8 campaigns MO L2a, L2b, L3a, L3b, L3d, L3e, L3g, L3h 

8 campaigns MJO L2a, L2b, L3c, L3d, L3e, L3f, L3g, L3h 

6 campaigns MO L2a, L2b, L3d, L3e, L3g, L3h 

6 campaigns MJO L2a, L2b, L3c, L3f, L3g, L3h 

 

Each case was tested both with simulated data and with real ICESat data. The 

simulated data were generated as described in Section 3.3 and the parameter values are 

given in Table 3.3. The nominal four-parameter model described in Section 4.1 was used. 

Whereas in the previous section, solutions were determined when only the specified 

number of campaigns was present within a grid, in this section, the specified number of 

campaigns is used only as an upper bound. For example, the 8-campaign MO case will 

have data from up to eight laser campaigns within each grid where a solution is 

generated. Results from simulated data were presented as mean errors and standard 

deviations from the nominal value, as described in Section 3.3.1. 
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5.2.1. Results for Different Seasons and Numbers of Campaigns with Simulated 
Data. 

An annual term was used to generate simulated data, which means that the annual 

term will have different values for different seasons. The use of data from different 

seasons is therefore expected to have an effect on the repeat track estimation. Results for 

the elevation change rate estimated from simulated data are presented in Table 5.7. There 

does not appear to be any pattern for the recovery of h . Including the summer campaigns 

increased the standard deviation for the 8-campaign case, but decreased the standard 

deviation for the 6-campaign case. The 6-campaign March/June/October case had a lower 

standard deviation than the 8-campaign March/June/October case, but the 6-campaign 

March/October case had a standard deviation more than twice as high as the standard 

deviation for the 8-campaign March/October case. The fact that there was no pattern for 

the repeat track analysis method‟s ability to recover h  when there were more campaigns 

than parameters estimated implies that, once there are more than the minimum number of 

campaigns present within a grid, the amount of available data has little effect on the 

quality of the solution as far as h  is concerned. 

 

Table 5.7. Greenland h  results for different sets of ICESat laser campaigns with 
simulated data. 

Campaigns   (mm/yr) 
  (mm/yr) 

8 campaigns MO -16.3 59.7 

8 campaigns MJO -12.4 87.2 

6 campaigns MO -12.0 150.5 

6 campaigns MJO 0.9 77.7 

 
 

Table 5.8 shows the results for the recovery of mX. Both MJO cases had higher 

standard deviations than their MO counterparts. Elevations from the same seasons are 
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likely to be more similar to each other than elevations from different seasons. For 

instance, in summer months, there is likely to be more melting due to the higher 

temperatures, which will result in lower elevations than in winter months when 

accumulation is higher due to snowfall. Therefore, using elevations from three different 

seasons is likely to result in higher variability between estimated parameters than would 

result from using elevations from two different seasons. As the h  results did not show 

this pattern, the result implies that the error caused by not estimating the seasonal 

difference was absorbed by other parameters, such as the slope terms. In addition, the 

standard deviations are lower for the 8-campaign case than for the 6-campaign case. 

 

Table 5.8. Greenland mX results for different sets of ICESat laser campaigns with 
simulated data. 

Campaigns   (mm/m) 
  (mm/m) 

8 campaigns MO -3.9e-4 6.5e-2 

8 campaigns MJO -3.3e-4 0.2 

6 campaigns MO 5.2e-4 0.6 

6 campaigns MJO -2.8e-3 0.7 

 

The standard deviations for the cross-track slope, shown in Table 5.9, seem to 

follow a logical pattern, in that the cases with more campaigns had lower standard 

deviations. Standard deviations, therefore, should decrease with an increasing number of 

laser campaigns. In both the 8-campaign and 6-campaign cases, the inclusion of the 

summer campaigns slightly reduced the standard deviation. The standard deviations were 

also significant percentages of the cross-track slope value of 2.3 mm/m used to generate 

the simulated elevation data, which implies that the estimated cross-track slope can differ 

substantially from the actual cross-track slope when there are large unmodeled effects 

present within the elevation data. 



 107 

Table 5.9. Greenland mY results for different sets of ICESat laser campaigns with 
simulated data. 

Campaigns   (mm/m) 
  (mm/m) 

8 campaigns MO -0.2 1.4 

8 campaigns MJO -0.1 1.3 

6 campaigns MO -0.2 2.3 

6 campaigns MJO -9.0e-2 1.7 

 
 

5.2.2. Results for Different Seasons and Numbers of Campaigns with ICESat-
derived Data. 

Real ICESat data were used for the estimation of parameters with different 

seasons and numbers of campaigns. The 6-campaign March/October case, whose results 

for Greenland are presented in Figure 5.6, had coverage nearly identical to that of the 

nominal case, which included all eleven campaigns. The h  results were similar to those 

for the nominal case, as were the slope results, though the slope results had more 

variability along the coast. As seen in Figure 5.5, if the time span is the same as that for 

the nominal case, the repeat track analysis results will be similar to those for the nominal 

case, even if data from fewer laser campaigns are used. In Figure 5.6, the differences 

between the observed and computed elevations were smaller in the Greenland interior 

than along the coast. 
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Figure 5.6. Greenland repeat track analysis results for nominal model for the 6 campaigns 

MO case. a) mX  b) mY  c) h  d) average r within grid 

 

The results for the 6-campaign March/June/October case, shown in Figure 5.7, 

were not substantially different from the March/October case. Both cases show the same 

elevation change rate trends and slopes and the values of r were similar. 
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Figure 5.7. Greenland repeat track analysis results for nominal model for the 6 campaigns 

MJO case. a) mX  b) mY  c) h  d) average r within grid 

The 8-campaign March/October results, shown in Figure 5.8, were also not 

substantially different from the nominal case. There were fewer high- and low-slope 

values near the coast than in the 6-campaign cases, which was the largest difference 

between the cases. 
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Figure 5.8. Greenland repeat track analysis results for nominal model for the 8 campaigns 

MO case. a) mX  b) mY  c) h  d) average r within grid 

The inclusion of May/June campaigns instead of additional February/March and 

October/November campaigns has little effect on the 8-campaign case. The results, 

shown in Figure 5.9, were similar to those for the nominal case and were not substantially 

different from the 8-campaign March/October case. 
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Figure 5.9. Greenland repeat track analysis results for nominal model for the 8 campaigns 

MJO case. a) mX  b) mY  c) h  d) average r within grid 

In the four cases shown in this section, the results are similar to the nominal case. 

The along- and cross-track slopes for the 8-campaign cases have lower values than those 

for the 6-campaign cases. When data from similar time spans are available, however, the 

results are similar, even with fewer laser campaigns available. 
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5.3. CONCLUSIONS ON DEPENDENCE ON TEMPORAL DISTRIBUTION OF AVAILABLE 

DATA 

The amount of available data has a large impact on the repeat track analysis 

solution. When simulated data were used, the estimated parameters (mX, mY, h , and h0) 

had lower offsets and standard deviations when data from more ICESat laser campaigns 

were available. Table 5.10 shows the statistics for the recovery of mX, or along-track 

slope, for the cases with two laser campaigns with a long time span, three campaigns with 

short and long time spans, and four campaigns with short and long time spans. When two 

campaigns are used, the standard deviation is 16.5 mm/m, but it drops to 0.2 mm/m when 

three campaigns are used.  

 

Table 5.10. Data Amount Simulation Result Comparisons for mX. 

Case     

Two Campaigns with Large Time Span 7.5e-2 16.5 

Three Campaigns with Short Time Span 3.8e-4 0.2 

Three Campaigns with Large Time Span -1.1e-3 0.2 

Four Campaigns with Short Time Span -2.2e-3 6.6e-2 

Four Campaigns with Large Time Span -1.0e-3 3.3e-2 

Nominal Case -5.2e-4 0.1 

 

The standard deviations for four laser campaigns are lower than those for the 

nominal case, where eleven campaigns are used. This is related to situations where n 

equations are used to compute the values of n variables. When n equations are used to 

compute n variables with a least squares approach, the solution will have zero error 

because there is only one possible solution. If n+1 equations are used to compute n 

variables, differences between the variables and the model used by the equations will 

result in a least squares solution with a non-zero error. The equivalent is happening with 
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the four-campaign and nominal cases in this study: the mean offsets and standard 

deviations for the four-campaign cases are non-zero because there are multiple 

observations within each grid for each laser campaign. 

 

Within each campaign in a grid, the cross-track offset is small compared to the 

grid size. Therefore, there is the equivalent of one observation of the cross-track offset for 

each laser campaign. Table 5.11 shows the statistics for the cross-track slope, mY, for 

different numbers of available laser campaigns. The standard deviation decreases with 

increasing numbers of available laser campaigns. The h  results, shown in Table 5.12, 

show the same pattern. 

 

Table 5.11. Data Amount Simulation Result Comparisons for mY. 

Case     

Two Campaigns with Large Time Span 2.8 2732.9 

Three Campaigns with Short Time Span -1.3e-2 12.0 

Three Campaigns with Large Time Span -1.4 9.3 

Four Campaigns with Short Time Span -0.3 3.0 

Four Campaigns with Large Time Span -0.3 3.0 

Nominal Case -0.3 1.0 

 

Table 5.12. Data Amount Simulation Result Comparisons for h . 

Case     

Two Campaigns with Large Time Span 96.3 29120.8 

Three Campaigns with Short Time Span -33.2 1096.9 

Three Campaigns with Large Time Span 5.3 199.7 

Four Campaigns with Short Time Span -26.7 262.8 

Four Campaigns with Large Time Span 4.7 71.5 

Nominal Case 1.8 48.3 
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In Figures 5.10 – 5.13, the differences between estimated parameters from the 

cases presented in this section and the nominal case are shown. Figure 5.10 shows ΔmX: 

 

alXnoXiX mmm min        (5.1) 

where i is an index referring to the cases presented in Section 5.1. Differences from the 

nominal are computed similarly for the other parameters. The differences between the 

estimated along-track slopes are near zero for all cases.  

 

Cross-track differences, shown in Figure 5.11, are higher than those for the along-

track results. There are differences throughout the ice sheet, sometimes greater in 

magnitude than 5 mm/m. The two-campaign case has the cross-track slopes with the 

highest variabilities; the cross-track variability decreases with increasing numbers of 

campaigns. 

 

The differences between h  for the nominal case and the cases presented in 

Section 5.1 are shown in Figure 5.12. It can be seen that the differences can be greater in 

magnitude than 40 cm/yr for the cases with shorter time spans, whereas they are near-

zero for most of the interior for the cases with longer time spans. The two-campaign case 

in Figure 5.12a also has high Δ h  variability. 
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Figure 5.10. Greenland ΔmX for different numbers of available laser campaigns. a) Two 
laser campaigns with long time span. b) Three laser campaigns with short 
time span. c) Three laser campaigns with long time span. d) Four laser 
campaigns with short time span. e) Four laser campaigns with long time 
span. 
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Figure 5.11. Greenland ΔmY for different numbers of available laser campaigns. a) Two 
laser campaigns with long time span. b) Three laser campaigns with short 
time span. c) Three laser campaigns with long time span. d) Four laser 
campaigns with short time span. e) Four laser campaigns with long time 
span. 
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Figure 5.12. Greenland Δ h  for different numbers of available laser campaigns. a) Two 
laser campaigns with long time span. b) Three laser campaigns with short 
time span. c) Three laser campaigns with long time span. d) Four laser 
campaigns with short time span. e) Four laser campaigns with long time 
span. 

 

The difference in the residuals is shown in Figure 5.13. The cases with fewer 

available campaigns have greater differences from the nominal than the cases with more 

available campaigns. In all cases, the differences are greater along the coast than in the 

interior of Greenland. 
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Figure 5.13. Greenland Δr for different numbers of available laser campaigns. a) Two 
laser campaigns with long time span. b) Three laser campaigns with short 
time span. c) Three laser campaigns with long time span. d) Four laser 
campaigns with short time span. e) Four laser campaigns with long time 
span. 

 

The effects of different available seasons are discussed in Section 5.1.2. The 

simulated results are compared in Tables 5.7 – 5.9. As far as the inclusion of different 

seasons, there appeared to be no pattern: sometimes the standard deviation for the 

parameter would increase when data from three seasons were used instead of data from 

two seasons, and other times it would decrease. The eight-campaign cases had lower 

standard deviations for h  and mY, which is due to the fact that each parameter has the 

equivalent of one observation for each laser campaign. 
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Figure 5.14. Greenland ΔmX for different numbers of available laser campaigns and 
seasons. a) 6-campaign MO. b) 6-campaign MJO. c) 8-campaign MO. d) 8-
campaign MJO. 

 

Figure 5.14 shows the differences in along-track slope from the nominal solution 

for the cases presented in Section 5.1.2. The differences are near zero for most areas, with 
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some higher distances along the coast. Differences are higher for the cross-track slopes, 

as shown in Figure 5.15. The differences decrease for the eight-campaign cases, but there 

are still scattered areas throughout the interior with differences higher than 2 mm/m. The 

coastal areas can have differences greater than 5 mm/m. The h  differences, shown in 

Figure 5.16, are greater than 40 cm/yr along the coast for all cases, though the large 

differences cover a larger area in the six-campaign cases than in the eight-campaign 

cases. The same pattern can be seen for the residuals in Figure 5.17: near-zero differences 

in the Greenland interior and higher differences along the coast. 

 

From the results in Section 5.1, it can be seen that, while the number of available 

seasons has little effect on the solution, the number of available laser campaigns has a 

large effect on the ability of repeat track analysis to estimate the cross-track slope and the 

elevation change rate. To obtain a solution similar to the nominal solution for all 

parameters, it is necessary to use at least as many repeats of a track segment (or laser 

campaigns, in the case of ICESat data) as parameters being estimated. In addition, if the 

time span used is the same as that for the nominal solution, the solution will be more 

similar to the nominal solution than if a different time span were used. 
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Figure 5.15. Greenland ΔmY for different numbers of available laser campaigns and 
seasons. a) 6-campaign MO. b) 6-campaign MJO. c) 8-campaign MO. d) 8-
campaign MJO. 
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Figure 5.16. Greenland Δ h  for different numbers of available laser campaigns and 
seasons. a) 6-campaign MO. b) 6-campaign MJO. c) 8-campaign MO. d) 8-
campaign MJO. 
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Figure 5.17. Greenland Δr for different numbers of available laser campaigns and 
seasons. a) 6-campaign MO. b) 6-campaign MJO. c) 8-campaign MO. d) 8-
campaign MJO. 
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Chapter 6: Repeat Track Analysis Test Results for Grid Sizes and 
Types 

The choice of grid size will affect the solution‟s resolution (its ability to show 

smaller-scale features) and the amount of data available to generate a solution. If the grid 

size is too large, the resolution will be coarse and some smaller-scale features will not be 

seen, though there will be more data within the grid with which to generate a solution. If 

the grid size is too small, there will be solution gaps since fewer grids will contain 

enough data to generate solutions, as there must be at least as many laser campaigns as 

estimated parameters; this constraint was discussed in Section 5.1. Additionally, errors in 

the data will have a greater effect on the fidelity of the solution when there are fewer data 

points, so even though greater resolution can be achieved with smaller grid sizes, the 

coverage and quality of the solution will most likely be reduced. Selecting an optimal 

grid size requires balancing the considerations of having enough data for a solution and 

having small enough grids for the desired resolution. 

  

Comparisons between grid sizes and types were based on the accuracy and 

precision with which certain parameters describing ice sheet behavior could be recovered. 

Several grid sizes and types were tested: 0.01° latitude x 0.1° longitude grids, 1 km
2
 

evenly spaced polar stereographic grids, and (1 km)
2
, (2 km)

2
, and (0.7 km)

2
 grids 

centered on and aligned with the reference groundtracks. These grid types were described 

in Section 2.3.2.1. For each grid size and type, ICESat elevation data were sorted into 

grids with the methods described in Section 2.3.2.1. 
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Slopes in the X- and Y-directions are estimated for the five grid sizes and types, 

but the directions are defined differently for each grid type. For the reference-

groundtrack-based grids, the X-axis is defined to be in the along-track direction and the 

Y-axis is in the cross-track direction. For the latitude/longitude and polar stereographic 

grids, the X- and Y-axes are in the polar stereographic X- and Y-directions. 

 

Although grid-specific parameters are estimated for grid sizes of 0.7, 1, and 2 

km
2
, the results shown in all figures have been averaged into 0.15° latitude x 1° longitude 

grids for Antarctica and 0.5° latitude x 0.5° longitude grids. By comparing the results 

from the cases with different temporal sampling, different grid sizes and types, and 

different elevation models, the limitations and optimal use of the repeat track analysis 

method can be discussed. 

 

Section 6.1 will discuss the motivation for the choices of grid sizes and types. 

Section 6.2 will show the repeat track analysis results for simulated elevation data for the 

different grid sizes and types and Section 6.3 will show the results for ICESat-derived 

elevations. 

 

6.1. MOTIVATION FOR GRID SIZES AND TYPES 

Not all of the grid sizes used in this study are intuitively obvious, so justification 

for their use is given in this section. As the locations of the data points are given in 

latitude/longitude coordinates, evenly spaced latitude/longitude grids are a natural choice. 

However, the grid sizes will change with the latitude coordinate. The distance in the 

latitude direction, x , is given by Equation 6.1: 
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180

pr
x





         (6.1) 

 

where Δφ is the distance in latitude with units of degrees and rp is the polar radius of the 

Earth. x  ~ 111 km/degree latitude. The distance in the longitude direction, x , is 

given by Equation 6.2: 

 

360

cos2 


erx


         (6.2) 

 

where Δλ is the distance in longitude with units of degrees and re is the equatorial radius 

of the Earth. x  varies depending on the latitude. 

 

A constant grid size is desired so that each grid will have the same amount of data 

available, so evenly spaced polar stereographic grids were used; these grids are described 

in Section 2.3.2.1. As discussed in that section, cross-track offsets of the spot tracks from 

each laser campaign suggest that the grids should be centered on the reference 

groundtrack. The choice of grid size is not immediately obvious, however. 

 

To determine an appropriate grid size, the repeat track analysis method was used 

with simulated and ICESat-derived data using only a specified number of data points 

from each laser campaign: 1, 2, 3, 4, 5, 6, 8, 10, or 12 points. The cases with simulated 

data use the parameter values given in Table 3.2. The statistics from the repeat track 

analysis solutions with simulated data are shown in Tables 6.1 - 6.4. 
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Table 6.1 shows the statistics for the estimated along-track slopes. The most 

significant improvement in the standard deviation comes from the use of two data points 

per campaign instead of one data point. In general, the trend is for the standard deviation 

for the along-track slope to decrease with an increasing number of available data points, 

though the results improve more slowly after five data points per laser campaign are 

available.  

 

Table 6.1. Simulated mX results for different amounts of available data points. 

Case     

1 point -0.7 169.0 

2 points 9.2e-3 0.3 

3 points 3.0e-3 0.5 

4 points 2.3e-3 0.2 

5 points 7.0e-4 0.1 

6 points 3.7e-4 2.9e-2 

8 points 3.8e-4 9.5e-2 

10 points 8.0e-5 7.4e-2 

12 points 2.6e-4 6.7e-2 

  

Table 6.2 shows the statistics for the cross-track slope. The pattern is similar to 

that for the along-track slope in that there is a significant improvement of the 2-point case 

over the 1-point case and there is not much improvement when more than five data points 

per campaign are available. The h  and h0 standard deviations, shown in Tables 6.3 and 

6.4, show the same trends. 
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Table 6.2. Simulated mY results for different amounts of available data points. 

Case     

1 point 0.7 55.9 

2 points 0.3 1.2 

3 points 0.3 1.2 

4 points 0.3 1.0 

5 points 0.3 0.9 

6 points 0.3 0.9 

8 points 0.3 0.9 

10 points 0.3 0.9 

12 points 0.3 0.9 

  

Table 6.3. Simulated h  results for different amounts of available data points. 

Case     

1 point -3.2 2611.7 

2 points 3.1 56.1 

3 points 2.7 53.6 

4 points 2.5 50.9 

5 points 2.3 50.0 

6 points 2.5 45.6 

8 points 2.0 49.4 

10 points 1.9 49.3 

12 points 1.9 47.5 



 129 

Table 6.4. Simulated h0 results for different amounts of available data points. 

Case     

1 point 485.8 136047.1 

2 points -32.4 265.4 

3 points -33.7 271.7 

4 points -33.2 209.5 

5 points -33.6 170.4 

6 points -33.5 178.2 

8 points -33.3 172.6 

10 points -33.3 161.3 

12 points -33.1 154.6 

 

When fewer data points are available, errors in the data will have a larger effect 

on the estimation process, which explains the large improvement between the 1-point and 

2-point cases. The improvement becomes less significant for the cases with greater than 

six data points, which means that grids that contain at least five data points per campaign 

are ideal. Therefore, (1 km)
2
 grids are an appropriate choice for the nominal grids, as they 

will contain 5-6 data points per campaign. The other grid sizes, (0.7 km)
2
 grids 

containing ~4 data points per campaign and (2 km)
2
 grids containing 11-12 data points 

per campaign, were used for comparison, as the (0.7 km)
2
 grids provide greater resolution 

but have nearly the same level of accuracy as the (1 km)
2
 grids and the (2 km)

2
 grids have 

greater accuracy at the expense of resolution. 
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6.2. GRID SIZE RESULTS FROM SIMULATED DATA 

Simulated data were generated for several combinations of grid size and type: 

latitude/longitude grids, polar stereographic grids, and 0.7, 1, and 2 km
2 

reference-

groundtrack-based grids. A sinusoidal annual term and a Gaussian noise term were 

included when generating the elevation data, as discussed in Section 3.3, with the 

parameter values used to generate the data given in Table 3.6. Four parameters were 

estimated: mX, mY, h , and h0, with a constraint that there must be data from at least as 

many laser campaigns as parameters estimated within each grid. 

 

Results for the Greenland simulations are shown in Table 6.5, presented as mean 

errors and standard deviations from the nominal parameter values. The polar 

stereographic grids have the highest standard deviations for all of the parameters for both 

ice sheets, which is most likely due to the sampling problem illustrated in Figure 2.5 in 

which not all of the laser spots for multiple campaigns on a specific track will lie within 

the same grid. The latitude/longitude grids have higher standard deviations than those for 

the reference-ground-track-based grids, though the results for the polar stereographic 

grids have the highest standard deviations out of all three grid types. The 

latitude/longitude grid standard deviations are probably lower than those for the polar 

stereographic grids because the size of the latitude/longitude grids increases with 

increasing distance from the poles, which coincides with the fact that the ICESat data has 

lower density with increased distance from the poles. The (1 km)
2
 and (2 km)

2
 reference-

groundtrack-based grids have similar standard deviations for the estimated parameters 

and perform better than the (0.7 km)
2
 grids. The reference-groundtrack-based grids 

perform better than the other grids. The (1 km)
2
 grids have one of the lowest standard 

deviations and have better resolution than the (2 km)
2
 grids. For the simulated cases, the 
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(2 km)
2
 grids perform better than the other reference-groundtrack-based grids because 

more data is available. For actual data, however, topographic variability within the (2 

km)
2
 grids will potentially be higher than that for (1 km)

2
 grids in the same area. In 

addition, the standard deviation for h  for the (1 km)
2
 grids is comparable to that for the 

(2 km)
2
 grids and the (1 km)

2
 grids have a resolution four times greater than that for the 

(2 km)
2
 grids. 

 

Table 6.5. Greenland grid size results with simulated data. 

Grid Size/Type mx (mm/m) my (mm/m) h (mm/yr) 

   
    

    
  

(0.7 km)
2
 -2.0e-3 1.2 0.3 1.1 1.5 72.5 

(1 km)
2
 -5.2e-4 0.1 -0.3 1.0 1.8 48.3 

(2 km)
2
 2.1e-4 5.7e-2 0.3 0.9 1.5 46.6 

Polar Stereographic 3.8e-2 15.0 0.1 8.9 3.1 179.3 

Latitude/Longitude 4.3e-2 3.2 9.7e-2 1.3 2.9 80.4 

 
 

6.3. GRID SIZE RESULTS FROM ICESAT-DERIVED DATA 

Data from the eleven ICESat laser campaigns given in Table 1.1 were sorted into 

grids with the methods described in Section 2.3.2.1. Repeat track analysis estimation was 

done separately for each grid size and type. Within each grid, four parameters were 

estimated: mX, mY, h , and h0. 

 

Figure 6.1 shows the estimated x- and y-slopes for Greenland. Both slopes show a 

ridge from north to the south in central Greenland: the x-slope has high positive values in 

the west, decreases in the center, and then has high negative values in the east, while the 

y-slope has the same pattern in the north-south direction, with lower slope magnitudes in 

the center of the ridge. The changes in slopes correspond to the ridge in central 
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Greenland, which can be seen in the Greenland DEM in Figure 1.8. In addition, the cross-

track slopes are greater than 2 mm/m in areas corresponding to Helheim Glacier, 

Kangerdlugssup, Kangerlussuaq, and Sermilik Isbrae. 

 

 

Figure 6.1. Greenland repeat track analysis results for nominal model with 
latitude/longitude grids. a) mX  b) mY  

 

Since the h  and r results for the latitude/longitude grids are similar to those for 

the nominal grid, they are shown as differences from those for the nominal case. 

Differences are computed according to Equation 6.3: 

 

alnoii ppp min          (6.3) 

 

where p refers to the parameter (mX, etc.) and i refers to the parameter (mX, etc.). The 

grid centers will not be identical for the nominal case and the cases with different grid 
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sizes, so the average parameter values within the 0.5° latitude x 0.5° longitude grids used 

for plotting are compared to each other.  The differences between the estimated slopes are 

not compared as the x- and y-slopes correspond to latitude and longitude directions for 

the latitude/longitude grids and to the along- and cross-track slopes for the nominal case. 

The differences are shown in Figure 6.2. 

 

 

Figure 6.2. Differences between estimated parameter values for latitude/longitude grids 

and (1 km)
2
 grids. a) h  differences  b) r differences 

 

From Figure 6.2a, it can be seen that the differences in the elevation change rate 

have magnitudes under 5 cm/yr throughout most of the ice sheet, with differences greater 

than 40 cm/yr in magnitude along the coast. Differences are greater than 5 cm/yr in areas 

corresponding to Jakobshavn Isbrae, Kangerdlugssup, and Helheim Glacier, though those 

could be track-related artifacts. The r values are shown in Figure 6.2b and show the same 

trend: low differences in the interior with large differences along the coast. 
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The estimated slopes for the polar stereographic grids case are shown in Figure 

6.3. The x- and y-slopes show the same patterns as the slopes in the longitude and latitude 

directions for the latitude/longitude grids case in Figure 6.1, which is expected due to the 

fact that both sets of directions are similar.  

 

 

Figure 6.3. Greenland repeat track analysis results for nominal model with polar 

stereographic grids. a) mX  b) mY  c) h  d) average r within grid 

The differences between estimated parameters for the polar stereographic grid 

case and the nominal case, as computed from Equation 6.3, are shown in Figure 6.4. The 

h  differences in Figure 6.4a are below 5 cm/yr in the interior and are greater than 40 

cm/yr along the coast. The same trend can be seen for the r values in Figure 6.4b. The r 

differences from the nominal along the coast are greater for the polar stereographic grids 

than for the latitude/longitude grids: the r differences for the polar stereographic grids are 

consistently below -50 cm, whereas they are near -40 cm for the latitude/longitude grids. 
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Figure 6.4. Differences between estimated parameter values for polar stereographic grids 

and (1 km)
2
 grids. a) h  differences  b) r differences 

 

The estimated parameters for the (0.7 km)
2
 reference-groundtrack-based grids will 

correspond directly to those for the nominal case, except that the grid centers will not be 

identical. Therefore, the values for each 0.5° latitude x 0.5° longitude grid are compared 

to each other, as was done for the latitude/longitude and polar stereographic grid cases. 

Since the slopes are defined with respect to each ICESat reference groundtrack segment, 

they will correspond to different geographical directions for each grid and the estimated 

slopes will reflect elevation variability within the grid, but will not be correlated with 

physical features. 

 

Differences between the estimated parameters for the (0.7 km)
2
 grids, as 

computed from Equation 6.3, are shown in Figure 6.5. The mX differences in Figure 6.5a 

are below 1 mm/m in the interior, but are significantly higher along the coast, while the 
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mY differences in Figure 6.5b have high magnitudes throughout the ice sheet. The h  

differences are below 5 cm/yr in the interior, with higher values along the coast. The r 

differences are also low in the interior but have magnitudes greater than 50 cm along the 

coast. 

 

 

Figure 6.5. Differences between estimated parameter values for (0.7 km)
2
 grids and (1 

km)
2
 grids. a) mX differences  b) mY differences  c) h  differences  d) r 

differences 

 



 137 

The differences in the estimated parameters between the (2 km)
2
 grids case and 

the nominal case are shown in Figure 6.6. The differences follow the trends as those from 

other grid sizes and types: the differences in the along-track slopes and h  values are low 

in the interior with higher values along the coast, while the cross-track slope differences 

are high throughout the ice sheet. The r differences are greater than 50 cm everywhere 

except the central areas of Greenland. Assuming equal data density, the (2 km)
2
 grids will 

contain at least twice as much data as the (1 km)
2
 case, as the along-track distance for 

each grid is doubled; doubling the cross-track distance makes little difference, as the 

average cross-track offset from the reference groundtrack was ~70 m, while the grid 

extends to 500 m from the reference groundtrack in both directions. The topography 

within the (2 km)
2
 grids has the potential to vary more than the topography within the (1 

km)
2
 grids since the larger grid size contains a larger area. Therefore, the estimated 

parameters are not expected to correspond to the data points as well as they would for the 

(1 km)
2
 grids, which accounts for the higher r values. 

 

The data points per grid for Greenland are shown in Figure 6.7. Most of the grid 

sizes and types contain between 0 and 60 data points within each grid, but the (2 km)
2
 

reference-groundtrack-based grid cases contain over 70 points per grid for most grids. It 

is expected that the (2 km)
2
 grids would have more points per grid, as the (2 km)

2
 grids 

are larger than the other grids. Greenland has the densest data coverage in the 

northeastern and north central area, while there are fewer than 15 points per grid along 

the coasts, which is due mostly to groundtrack coverage, as shown in Figure 1.4: the 

coverage becomes increasingly sparser away from the pole. 
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Figure 6.6. Differences between estimated parameter values for (2 km)
2
 grids and (1 km)

2
 

grids. a) mX differences  b) mY differences  c) h  differences  d) r differences 
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Figure 6.7. Greenland points-per-grid. a) 0.7 km
2
 reference-groundtrack-based grids  b) 1 

km
2
 reference-groundtrack-based grids  c) 2 km

2
 reference-groundtrack-

based grids  d) Polar stereographic grids  e) Latitude/longitude grids 

 

 

6.4. CONCLUSIONS FOR GRID SIZE AND TYPE 

The results are similar for all grid sizes and types. The along- and cross-track 

slopes computed for the Greenland reference-groundtrack-based grids are similar to each 

other, with increasing slopes nearer the coasts, though the magnitudes of the cross-track 

slopes are higher. Individual tracks stand out in the mX plots for north central Greenland 

in the reference-groundtrack-based grids due to the presence of TOOs, as described in 

Section 1.6.3. Slopes for the latitude/longitude and polar stereographic grids are similar 
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to each other but substantially different from the reference-groundtrack-based grids due 

to their definitions. While the elevation change rates are low for the central areas of 

Greenland, there are large negative values on the coast and a large positive value in a 

small area in the southwestern part of the ice sheet. 

 

 

Figure 6.8. Differences between estimated mX values for cases with grid sizes and the 
nominal case. a) (2 km)

2
 grids  b) (0.7 km)

2
 grids 

 

Figure 6.8 shows the estimated mX values for the cases with different reference-

groundtrack-based grid sizes with respect to the values for the nominal case, as computed 

from Equation 6.3. The differences between the nominal and the latitude/longitude or 

polar stereographic cases are not shown for mX and mY because the slope definitions are 

different for each grid type. The differences between the estimated mX values are nearly 

identical for each grid size, with differences below 1 mm/m in magnitude for the interior 

and greater than 5 mm/m along the coast. Differences greater than 1 mm/m can be seen in 
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Southwestern Greenland for both grid sizes. For the estimation of the along-track slope, 

the choice of grid size makes little difference in the interior areas but has a significant 

effect on the coast. 

 

 

Figure 6.9. Differences between estimated mY values for cases with grid sizes and the 
nominal case. a) (2 km)

2
 grids  b) (0.7 km)

2
 grids 

 

Figure 6.9 shows the differences for the estimated cross-track slopes. In contrast 

to the differences for the estimated along-track slopes, the differences for the cross-track 

slopes are very high, typically more than 1 mm/m in the interior of Greenland and more 

than 5 mm/m in large areas near the coast and in southern Greenland. The choice of grid 

size therefore has a significant effect on the estimation of the cross-track slope. 

 

Figure 6.10 shows the differences for the estimated elevation change rates for the 

grid sizes and types. The differences between the values for the nominal case and those 
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for the different grid sizes and types are below 5 cm/yr throughout most of the interior of 

Greenland, with magnitudes greater than 40 cm/yr on the coast. The choice of grid size 

and type has little effect on the estimated h  values except in areas near the coast. 

 

 

Figure 6.10. Differences between estimated h  values for cases with grid sizes and the 
nominal case. a) latitude/longitude grids b) polar stereographic grids c) (2 
km)

2
 grids  d) (0.7 km)

2
 grids 
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Figure 6.11. Differences between estimated r values for cases with grid sizes and the 
nominal case. a) latitude/longitude grids b) polar stereographic grids c) (2 
km)

2
 grids  d) (0.7 km)

2
 grids 

 

Figure 6.11 shows the r values relative to those for the nominal case for the grid 

sizes and types. The differences are greatest for the (2 km)
2
 grids and least for the 

latitude/longitude grids. The latitude/longitude grids have larger grid sizes at greater 

distances from the poles, a trend which coincides with the decrease in data density in 
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those areas, which accounts for the relatively close agreement with the nominal case. 

Since the (2 km)
2
 grids cover four times the area that the (1 km)

2
 grids for the nominal 

case cover, the topography within the grids have potentially greater variation than for the 

nominal case. The choice of grid size and type therefore has a significant effect on the 

ability of the repeat track analysis solution to match the data points.  

 

Table 6.6. Statistics for estimated mX for different grid sizes and types. 

 Below 2000 m Above 2000 m 

Grid Size/Type n p (mm/m) P (mm/m) n p (mm/m) P (mm/m) 

Latitude/longitude 117698 -0.3 71.4 85462 0.2 16.2 

Polar 

Stereographic 

132824 0.5 274.1 104765 0.2 13.1 

(0.7 km)
2
 132714 2.2 90.4 102954 0.2 13.6 

(1 km)
2
 112163 2.5 57.4 83422 0.2 14.3 

(2 km)
2
 59909 2.4 53.7 41466 0.2 13.0 

 

Tables 6.6 – 6.9 show the statistics for the estimated parameters for Greenland, 

divided into regions with elevations above and below 2000 m. The higher-elevation areas 

will typically be in the interior of Greenland and have lower elevation changes than the 

coastal areas, which are included in the lower-elevation areas. For the lower-elevation 

areas, the mX values typically have standard deviations below 91 mm/m, though that for 

the polar stereographic grids is three times as high. As discussed previously, this result is 

most likely due to the polar stereographic grids not always containing all of the available 

tracks within a grid, which means that there is likely less data within each polar 
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stereographic grid. For the areas with elevations above 2000 m, the standard deviations 

are similar to each other, all with values between 13 and 17 mm/m. 

 

The standard deviations for the mY values in the lower-elevation regions show 

more variability than those for the mX values, ranging from 60 mm/m for the 

latitude/longitude grids to 175.9 mm/m for the (0.7 km)
2
 grids. In the higher-elevation 

regions, the standard deviations are lower, ranging from 12.3 mm/m to 25.1 mm/m. 

 

Table 6.7. Statistics for estimated mY for different grid sizes and types. 

 Below 2000 m Above 2000 m 

Grid Size/Type n p (mm/m) P (mm/m) n p (mm/m) P (mm/m) 

Latitude/longitude 117698 -2.4 60.0 85462 -0.5 13.9 

Polar 

Stereographic 

132824 -1.8 94.1 104765 0.2 13.1 

(0.7 km)
2
 132714 -1.4 175.9 102954 0.2 12.3 

(1 km)
2
 112163 1.0 70.6 83422 -0.2 19.4 

(2 km)
2
 59909 -0.9 117.3 41466 0.4 25.1 

 

The mean h values are consistent between grid types, ranging from -104.1 to -120 

mm/yr for the lower-elevation regions and 25.7 to 33.4 mm/yr for the higher-elevation 

regions. These results make sense, as the coastal areas had negative h values, while the 

interior had low positive values. The standard deviations show more variability, with the 

highest values coming from the (2 km)
2
 grids case.  
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Table 6.8. Statistics for estimated h  for different grid sizes and types. 

 Below 2000 m Above 2000 m 

Grid Size/Type n p (mm/yr) P (mm/yr) n p (mm/yr) P (mm/yr) 

Latitude/longitude 117698 -106.1 5256.2 85462 33.4 1200.6 

Polar 

Stereographic 

132824 -113.9 5534.8 104765 32.3 597.4 

(0.7 km)
2
 132714 -120.0 4945.6 102954 25.7 508.5 

(1 km)
2
 112163 -104.1 4416.1 83422 29.8 1444.4 

(2 km)
2
 59909 -118.2 7356.4 41466 26.3 1515.1 

 

Table 6.9. Statistics for r values  for different grid sizes and types. 

 Below 2000 m Above 2000 m 

Grid Size/Type n p (mm) P (mm) n p (mm) P (mm) 

Latitude/longitude 117698 2185.7 4831.6 85462 245.6 1164.5 

Polar 

Stereographic 

132824 1781.6 4053.1 104765 195.0 984.7 

(0.7 km)
2
 132714 1685.8 3652.8 102954 175.9 868.2 

(1 km)
2
 112163 2376.2 4960.0 83422 246.2 1284.1 

(2 km)
2
 59909 4914.9 9454.7 41466 558.7 2419.3 

 

The highest standard deviations for the r values, as shown in Table 6.9, are for the 

(2 km)
2
 grids case. In both regions, the lowest standard deviations for the r values come 
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from the (0.7 km)
2
 grids case. The r values are several times lower for the higher-

elevation areas than for the lower-elevation areas. 

 

It was expected that the standard deviations for the estimated parameters for the 

higher-elevation areas would be similar for all grid sizes and types, since the estimated 

parameters show the same trends. For the slopes, this is the case, though there is more 

variability in the h  and r standard deviations. The lowest standard deviations for the r 

values come from the polar stereographic and (0.7 km)
2
 grids, which are the grids that 

contain the least data and which are therefore expected to obtain lower residuals from the 

observed data. 

 

As expected, the standard deviations for the lower-elevation areas are 

significantly higher than their lower-elevation-area counterparts. The lowest standard 

deviations for the mX values come from the (2 km)
2
 grids, which makes sense since there 

are more data points in the along-track direction for those grids than for the other grids. 

They have the highest r values, however, due to the fact that they are using more data to 

estimate a set of parameters than the other grids do; therefore, the estimated parameters 

will not match the observed data as well as the other grids. Generally, the statistics for the 

estimated parameters show the expected trends, implying that the test results are accurate. 

 

From the figures in Section 6.3, it can be seen that the (2 km)
2
 reference-

groundtrack-based grids have the largest differences between observed and computed 

elevations, which is due to the fact that the grids are larger and so contain more data and 

will exhibit potentially greater topographic variability. The polar stereographic grids have 

larger r values than the other cases, which is due to the fact that they are not centered on 
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the reference groundtracks and will not always contain information from all of the 

available ICESat laser campaigns, as discussed previously. 

 

As the reference-groundtrack-based grids are more likely to contain data from all 

of the available ICESat laser campaigns, the use of these grids is recommended. Grid size 

should be based on the density of the available data. While larger grids provide lower 

resolution and have higher r values than smaller grids, they will be useful if not much 

elevation data are available for the estimation process. Grid sizes of either (0.7 km)
2
 or (1 

km)
2
 are recommended for ICESat data, as they provide similar results and have lower r 

values than the other cases. There is a lower limit to the grid size for ICESat data, as the 

along-track spacing is ~170 m. Therefore, a grid size of (0.7 km)
2
 will contain ~4 data 

points for each laser campaign, whereas a grid size of (0.5 km)
2
 will only contain two or 

three data points for each laser campaign. 
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Chapter 7: Repeat Track Analysis Test Results for Different Elevation 
Models 

Previous repeat track analysis cases used the elevation model given in Equation 

4.1, which contained along- and cross-track slopes, elevation change rate, and an initial 

elevation at the grid center. This model does not take into account all of the processes 

causing elevation change, as it assumes linear slopes and a constant rate of change, so 

alternative models with additional parameters will be explored in this section. Annual 

terms will be added in Section 7.1, time-varying slopes in Section 7.2, second-order 

slopes in Section 7.3, sinusoidal slope terms in Section 7.4, track-length sinusoidal 

elevation terms in Section 7.5, and a simple model with only h  and h0 will be used in 

Section 7.6. Data from eleven ICESat laser campaigns are organized into (1 km)
2
 

reference-groundtrack-based grids for each model. Although grid-specific parameters are 

estimated for each grid, the results shown in all figures have been averaged into 0.15° 

latitude x 1° longitude grids for Antarctica and 0.5° latitude x 0.5° longitude grids for 

Greenland. Antarctica results are shown only for the annual term model because, while 

the Greenland results sufficiently demonstrate the ability of repeat track analysis to 

estimate the parameters for each model, the annual results for Antarctica are of interest. 

In all cases, one elevation model is used to estimate parameters for every grid within the 

ice sheet or ice sheets, even though some models may work better in some areas than in 

others. In general, the correlation coefficients for the parameters estimated from the 

different models are below the rejection criterion given in Smith [2006], with the 

exception of the correlations between h  and h0, which were discussed in Section 4.3. 

When the correlation coefficients were higher than the rejection criterion, they were 

noted. 
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7.1. ELEVATION MODELS WITH ANNUAL TERMS 

Snowfall and melting are two factors affecting elevation change on an annual 

scale. Snowfall implies increased accumulation and is expected during the Fall – Winter 

months, or September – February in the Northern Hemisphere and March – August in the 

Southern Hemisphere. Melting implies elevation loss for ice sheets and occurs during the 

Spring - Summer months. 

 

In Figure 7.1, the ICESat laser campaigns are compared to the Northern and 

Southern Hemisphere seasons. The time periods during which ICESat laser campaigns 

occur have ~1 month each of Winter, Spring, and Fall for the Northern Hemisphere and 

~1 month each of Summer, Fall, and Spring for the Southern Hemisphere. However, only 

three laser campaigns occurred during the May-June period, and only two of those are 

used in this study, compared to five October-November campaigns and four February-

March campaigns. The May-June campaigns were discontinued after 2006 to lengthen 

the lifetime of the remaining lasers [Farrell et al., 2009], which means that there will be a 

bias toward the colder months in the Northern Hemisphere and toward the warmer 

months in the Southern Hemisphere. Therefore, it is theorized that the recovered h  

values will be slightly more positive than the true values in the Northern Hemisphere and 

slightly more negative in the Southern Hemisphere. 

 

Modeling annual terms may help in reducing the bias due to unequal sampling of 

the seasons. The data were sampled three times a year between 2004 and 2006 and twice 

per year in 2007 and 2008, which means that the periods corresponding to the Nyquist 
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frequencies are 1.5 years for 2004-2006 and 1 year for 2007-2008. Therefore, an annual 

signal should be detectable from the available data. 

 

 

 

Figure 7.1. ICESat laser campaign time periods vs. Northern and Southern Hemisphere 
Seasons. 

 

Two different models will be tested: one with only one annual term and the other 

with two annual terms. The one-annual-term model is shown in Equation 7.1: 
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      (7.1) 

 

where t0 is defined as January 1. The phase angle is fixed at 0° in this case, which means 

that if c1 is positive, the greatest modeled accumulation will occur on January 1, which 

corresponds to the maximum accumulation for Greenland [Davis et al., 1998]. If c1 is 

negative, the highest modeled accumulation will occur on July 1. 
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For the two-annual-term case, the phase angle is not assumed and therefore 

requires no prior knowledge of the behavior of the ice sheet. Estimating two annual terms 

does raise the minimum-campaign requirement, presented in Chapter 5, to six, whereas 

estimating one annual term only raises the requirement to five campaigns. The model 

used for the two-annual-term case is shown in Equation 7.2: 
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   (7.2) 

 

where tyear is the length of a year in days. Both sine and cosine terms are estimated so that 

they can be combined to compute the amplitude, A, and phase, θ, as in the following 

equations: 
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and t0 is defined as January 1, 2003. 

 

The expected annual terms vary for each ice sheet. The amplitude of the East 

Antarctica annual signal as measured by SEASAT and Geosat is ±5 cm [Davis and Feng, 

1999] with the minimum occurring around May and the maximum occurring in 
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November [Llubes and Lemoine, 2007.] From ERS-1 altimetry, Greenland was found to 

have an average annual amplitude of ~40 cm: 10-20 cm in the higher-elevation areas and 

50-80 cm in the lower-elevation areas [Andersen, 1994]. 

 

7.1.1. Results for Model with Annual Terms with Simulated Data 

Simulated elevations were generated with either one annual term or two annual 

terms. For the one-annual-term case, Equation 3.14 was used to generate the simulated 

ICESat elevation data using the nominal parameter values shown in Table 7.1; Equation 

7.1 is equivalent to Equation 3.14 except that Equation 3.14 also includes a Gaussian 

error term.  

 

Estimating along-track slope, cross-track slope, elevation change rate, the initial 

elevation at the grid center, and an annual term requires at least five laser campaigns to 

be present within each grid, as discussed in Section 5.3. The mean errors and standard 

deviations of the estimated parameters for Greenland and Antarctica are shown in Table 

7.1. 

 

Table 7.1. Antarctica and Greenland one-annual-term model results with simulated data. 

  
Antarctica Greenland 

Parameter Nominal 
Values 

  
    

  

mx (mm/m) -1.1 2.4e-9 5.2e-6 1.2e-8 2.2e-6 

my (mm/m) 2.3 1.1e-8 1.5e-5 -1.5e-8 1.6e-5 

h  (mm/yr) 50 -7.5e-7 6.1e-4 -2.1e-6 7.7e-4 

h0 (mm) 1000 -4.9e-9 3.7e-3 3.6e-6 2.6e-3 

Cannual 
(mm) 

-140 4.5e-6 2.3e-3 4.0e-6 2.7e-3 

hrand (mm) 0 ± 25 Not estimated 
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Since all parameters except the Gaussian error term are estimated, the standard 

deviations for the estimated parameters are fractions of their nominal values. The 

statistics for the nominal solution are shown in Table 7.2 for comparison. The nominal 

solution does not estimate the annual term, which explains the significantly higher 

standard deviations for that case. Therefore, if only random error terms are present in the 

data and the annual phase is fixed, the one-annual-parameter model will estimate the 

parameters precisely. 

 

Table 7.2. Test simulation results – nominal case. 

  
Antarctica Greenland 

Parameter Nominal 
Values 

  
    

  

mx (mm/m) -1.1 -3.4e-4 0.1 -5.2e-4 0.1 

my (mm/m) 2.3 -2.3e-2 0.7 -0.3 1.0 

h  (mm/yr) 50 6.4 35.5 1.8 48.3 

h0 (mm) 1000 -35.9 104.2 -33.0 167.7 

C (mm) -140 Not estimated 

hrand (mm) 0 ± 25 Not estimated 

 

Simulated elevations were generated with two annual terms using the parameter 

values shown in Table 7.3. The values for the annual terms were chosen so that the 

amplitude, as determined from Equation 7.4, would be 140 mm, which is the magnitude 

for the one-annual-term case. To ensure that the software is working properly, since a 

new elevation model is used for this case, simulated data were generated with no error 

term and all parameters were estimated. Table 7.3 shows the results for the software 

validation. The standard deviations for the estimated parameters are comparable to those 
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for the previous software validation cases. These results imply that, if all physical 

processes are modeled correctly, the annual terms can be recovered with repeat track 

analysis. 

 

Simulated elevation data were then generated with a Gaussian error term 

included. Repeat track analysis was used with this set of data; the results are shown in 

Table 7.4. 

 

Table 7.3. Antarctica and Greenland two-annual-term software validation with simulated 
data. 

  
Antarctica Greenland 

Parameter Nominal 
Values 

  
    

  

mx (mm/m) -1.1 7.7e-9 1.9e-6 1.4e-9 6.3e-7 

my (mm/m) 2.3 1.1e-7 2.9e-6 2.2e-7 3.6e-5 

h  (mm/yr) 50 1.3e-5 1.3e-3 -5.2e-5 1.5e-3 

h0 (mm) 1000 -6.8e-5 4.7e-3 1.9e-4 5.7e-3 

C1 (mm) 126.4 -2.2e-5 5.1e-3 4.0e-5 7.0e-3 

C2 (mm) 60.2 -3.0e-5 2.1e-3 1.4e-4 2.8e-3 

 

Table 7.4. Antarctica and Greenland two-annual-term model results with simulated data. 

  
Antarctica Greenland 

Parameter Nominal 
Values 

  
    

  

mx (mm/m) -1.1 1.8e-10 2.4e-6 -5.3e-9 1.7e-6 

my (mm/m) 2.3 -2.2e-8 1.3e-5 -2.5e-8 1.7e-5 

h  (mm/yr) 50 9.0e-8 5.7e-4 -1.5e-6 7.1e-4 

h0 (mm) 1000 -2.8e-6 2.4e-3 9.2e-6 2.7e-3 

C1 (mm) 126.4 2.8e-6 2.3e-3 -2.0e-5 3.5e-3 

C2 (mm) 60.2 6.9e-7 9.4e-4 -3.5e-6 1.3e-3 

hrand (mm) 0 ± 25 Not estimated 
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When two annual terms are estimated, the standard deviations are very low. Since 

the estimated parameters are the same as the parameters used to generate the simulated 

elevation data, the only unmodeled term is the Gaussian error. This implies that, with an 

error comparable to the value used for hrand, if all factors influencing elevation and 

elevation change are estimated, the parameters will be estimated precisely. 

 

7.1.2. Results for Model with Annual Terms with ICESat-derived Data 

ICESat-derived elevation data from eleven campaigns were used to estimate the 

model parameters shown in Equation 7.1 for the one-annual-term case or Equation 7.2 for 

the two-annual-term case. The results for Greenland are shown in Figures 7.2 and 7.3 and 

the results for Antarctica are shown in Figures 7.4 and 7.5. 

 

Results for the estimated parameters are shown as differences from the parameters 

estimated for the nominal case, as described by Equation 6.3. In Chapter 6, the 

differences were computed using the 0.5° latitude x 0.5° longitude grids since they were 

comparisons between different grid sizes, but in the cases presented in this chapter, only 

the (1 km)
2
 grids are used, to the results can be compared directly grid-by-grid. 

 

The differences in the estimated slopes are below 1 mm/m throughout most of the 

ice sheet, though the differences are higher along the coast. The cross-track slope 

differences (Figure 7.4b) in the area near Jakobshavn have magnitudes higher than 1 

mm/m. The same trends can be seen in the differences for h  (Figure 7.4c) and r (Figure 

7.4d). In general, there is little difference between the estimated parameters for the two 
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solutions, which implies that the estimation of the additional terms has little effect on the 

results.  

 

 

Figure 7.2. Greenland differences between nominal and one-annual-term cases.  a) mX 

differences  b) mY differences  c) h  differences  d) r differences 
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Along the coast, the annual amplitude in Figure 7.3 is usually positive with a 

magnitude over 100 cm. In the interior, the value varies from -50 to 50 cm, though the 

area near Jakobshavn has an annual coefficient lower than -50 cm; the negative amplitude 

implies that this area has its peak accumulation in July and that it has large annual 

variations. The areas near Helheim Glacier and Kangerlussuaq are also prominent, with 

amplitudes higher than 150 cm. 

 

 

 

Figure 7.3. Greenland annual amplitude when one annual term is estimated. 

 

The differences between the nominal solution and the one-annual-term solution 

are shown in Figure 7.4. The along-track differences in Figure 7.4a have magnitudes 

below 1 mm/m over most of the ice sheet, with higher magnitudes on the peninsula and 
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near the Amundsen Sea Embayment. Differences are higher for the cross-track slope, 

with many areas along the coast having magnitudes greater than 1 mm/m. The h  

differences have magnitudes below 5 cm/yr throughout the ice sheet, with exceptions in 

the Transantarctic Mountains and along the coast, particularly in the Amundsen Sea 

Embayment and Antarctic Peninsula areas; the r differences show a similar pattern. 

 

 

Figure 7.4. Differences between nominal and one-annual-term cases.  a) mX differences  

b) mY differences  c) h  differences  d) r differences 
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The annual amplitude, shown in Figure 7.5, is near 0 cm in most areas, though 

there are areas with amplitudes higher than 50 cm along the coast. Antarctica‟s annual 

amplitudes are significantly lower than those for Greenland, implying that the snowfall 

and melting are balanced throughout most of the ice sheet. 

 

 

 

Figure 7.5. Antarctica annual amplitude when one annual term is estimated. 
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Figure 7.6. Differences between nominal and two-seasonal-term cases.  a) mX differences  

b) mY differences  c) h  differences  d) r differences 

 

The differences between the nominal and two-annual-term solutions are shown in 

Figure 7.6. As seen in Figures 7.6a, c, and d, the differences are low throughout most of 

the ice sheet for the mX, h , and r values, with higher differences along the coast. 

Differences between the estimated cross-track slopes in Figure 7.6b are higher, 
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particularly in southern Greenland, which is most likely due to the comparatively sparse 

coverage in that area and the resulting difficulty in estimating the cross-track slope with 

data from few available ICESat campaigns. Since the r value differences are mostly 

negative, the residuals are typically lower for the two-annual-term model than for the 

nominal model. 

 

 

 

Figure 7.7. Greenland two-annual-term amplitude. 
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Figure 7.8. Greenland two-annual-term phase. 

 

For the two-annual-term cases, annual amplitude and phase were computed from 

Equations 7.4 and 7.5, respectively, and are shown in Figures 7.7 and 7.8 for Greenland. 

Greenland‟s estimated annual amplitude was low over most of the ice sheet but high on 

the coast. Interior amplitudes are usually below 20 mm, while coastal amplitudes are over 

300 mm, which is comparable to the expected value obtained from ERS-1 [Andersen, 

1994]. In addition, an area with an amplitude of ~100 mm can be seen near Jakobshavn; a 

higher annual amplitude was seen in this area for the one-annual-parameter model, as 

well. 
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The phase, shown in Figure 7.8, appears to have opposite trends in different areas: 

it is near 0º along the coast and near 180º in the interior, which means that the highest 

accumulation for the coasts will be in the winter months and the highest accumulation for 

the interior will be in the summer months. The interior accumulation will be low, 

however, due to the lower amplitudes. A phase of ~60 º can be seen in southeastern 

Greenland, which corresponds to the area near the Helheim Glacier. Additionally, an area 

with a phase near 0º can be seen near the Kangerlussuaq Glacier. These results imply that 

the glaciers experience annual variations with distinctive phases. 

 

The differences between the nominal and two-annual-term cases are shown in 

Figure 7.9. The along-track slope differences in Figure 7.9a have magnitudes lower than 

1 mm/m throughout the ice sheet except on the peninsula and near the Amundsen Sea 

Embayment, while the cross-track slopes in Figure 7.9b have higher values along the 

coast, as well. The differences between the h  values are typically below 5 cm/yr in 

magnitude, while those for the r values are near zero for most non-coastal areas. 

 

Annual amplitude and phase for Antarctica are shown in Figures 7.10 and 7.11, 

respectively. Amplitudes are low in the interior of the eastern ice sheet and are higher 

along the coasts and the western ice sheet, as well as highly variable. Phases are usually 

~180°, which means that the highest accumulation will be in July, which is the winter for 

Antarctica. There is an exception near the Amundsen Sea Embayment, where the phase is 

~60°; this different phase could be due to an actual phase difference or due simply to the 

large elevation changes taking place in that region. 

 



 165 

 

Figure 7.9. Differences between nominal and two-seasonal-term cases.  a) mX differences  

b) mY differences  c) h  differences  d) r differences 
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Figure 7.10. Antarctica two-annual-term amplitude. 

 

Figure 7.11. Antarctica two-annual-term phase. 
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Estimating one annual term for each grid for Greenland and Antarctica produces 

annual terms with low amplitudes in the interiors of the ice sheets and higher amplitudes 

on the coasts. Greenland has annual effects with higher amplitudes than Antarctica, 

though its amplitudes do not correspond to the expected -140 mm amplitude. From the 

simulated results, it was not expected that the annual term would be estimated with high 

accuracy. 

 

When two annual terms are estimated, the estimated phases match the expected 

results: Antarctica‟s highest accumulation according to the estimated phase will occur 

during its winter months, as will Greenland‟s highest accumulation along its coast. The 

Greenland interior is not expected to experience significant melting [Wang et al., 2007]. 

 

The amplitudes for Antarctica are below 50 mm in the interior of the East 

Antarctica Ice Sheet, but are higher in other areas. Most of the areas with high estimated 

annual amplitudes have high topographic variability, indicating that the estimated annual 

terms are absorbing error from the estimation process. 

 

While the phases match the expected results, the amplitudes do not. Both 

estimated terms indicate features known to have high topographic variability, such as the 

coastal regions and areas near glaciers. However, even if the estimated annual amplitudes 

do not match the expected results, they do absorb error from the estimation process and 

lower the residuals, thus allowing a more accurate estimation of h  . Therefore, these 

terms should be retained in the elevation model. 
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7.2. ELEVATION MODEL WITH TIME-DEPENDENT SLOPES 

The surface of the ice sheets is not constant, so the effects of using non-constant 

slope terms in the elevation model were studied to determine their influence on the 

estimation results. Linearly time-dependent slopes were added to the nominal equation, 

as shown in Equation 7.6:  

 

tymtxmhthymxmh ytxtyx  0
     (7.6) 

 

where mxt and myt are the time-dependent along- and cross-track slopes. The slopes, 

elevation change rate, and initial elevation at the grid center were estimated. Results for 

simulated data are shown in Section 7.2.1 and for real ICESat data in Section 7.2.2. 

 

7.2.1. Results for Time-Dependent Slopes Model with Simulated Data 

To validate the software used to estimate the parameters in Equation 7.6, 

simulated elevation data were generated with Equation 7.6. The parameter values are 

given in Table 7.5, as are the statistics for the results. The standard deviations for all 

estimated parameters are fractions of the nominal values, so the parameters are recovered 

with a high degree of precision if there are no errors or unmodeled terms present in the 

data. The estimated time-dependent cross-track slope does have a high   compared to its 

nominal value, which is related to the fact that there is only one observation in the cross-

track and temporal directions for each ICESat laser campaign. 
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Table 7.5. Greenland Time-Dependent-Slope Model Results for Software Validation. 

Parameter Nominal Value     

mX (mm/m) -1.1 7.5e-9 5.7e-6 

mXt (mm/m/year) 0.12 -2.6e-9 2.0e-6 

mY (mm/m) 2.3 4.0e-9 5.7e-6 

mYt (mm/m/year) 0.7 -0.1 1.4e-5 

h  (mm/yr) 50 -1.6e-6 9.0e-4 

h0 (mm) 1000 3.4e-6 2.7e-3 

 

A Gaussian error term and an unmodeled annual term were then added to the 

simulated elevations according to Equation 7.7: 

 

rand

year
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t
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 2cos0

   (7.7) 

 

The mean errors and standard deviations for the estimated parameters are shown in Table 

7.6. 

 

The standard deviations and biases of the estimated along-track and cross-track 

slopes are the same order of magnitude as the value of the parameter. Though the 

estimated time-dependent slope in the along-track direction has a standard deviation that 

is an order of magnitude lower than the actual value of mXt, the estimated time-dependent 

slope in the cross-track direction has a standard deviation with a higher order of 

magnitude than the actual value of mYt. Estimating the cross-track time-dependent slope 

is expected to be more difficult than estimating the other parameters as the cross-track 
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and temporal directions are both directly dependent on the number of campaigns present 

within the grid; this dependency explains the higher standard deviations for the time-

dependent cross-track slope. The standard deviation of h is higher for the time-

dependent slope case than for the nominal case, as is that for h0, implying that time-

dependent slopes add errors into the other estimated parameters, even if the time-

dependent slopes are estimated. Therefore, time-dependent slopes should not be included 

in the elevation model for repeat track analysis. 

 

 

Table 7.6. Greenland Time-Dependent-Slope Model Results with Simulated Data. 

Parameter Nominal Value     

mX (mm/m) -1.1 1.2 2.2 

mXt (mm/m/year) 0.12 1.4e-4 7.6e-2 

mY (mm/m) 2.3 -3.8 3.1 

mYt (mm/m/year) 0.7 0.1 1.0 

h  (mm/yr) 50 2.1 51.6 

h0 (mm) 1000 -36.1 145.7 

C (mm) -140 Not estimated. 

hrand (mm) 0 ± 25 Not estimated. 

 

 

7.2.2. Results for Time-Dependent Slopes Model with ICESat-derived Data 

Figure 7.12 shows the differences between the nominal and time-dependent-slope 

cases. The along-track slopes in Figure 7.12a agree to within 1 mm/m throughout most of 
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the ice sheet, with larger differences along the coast. The cross-track slopes in Figure 

7.12b differ by more than 1 mm/m over the ice sheet. The h  differences are low in the 

interior of Greenland and high along the coast, while the r differences are high over the 

entire ice sheet, reaching values greater than 100 m along the coast. Using six parameters 

can result in lower r values than those for the nominal case, as evidenced by the results 

for the model with annual terms in the previous section, but estimating more parameters 

does not always give lower r values. Therefore, as the differences between the two 

models are substantial and the average r values are several meters for each grid, the time-

dependent slope model is not recommended. 
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Figure 7.12. Differences between the nominal model and the model with time-dependent 

slopes.  a) mX differences b) mY  differences c) h  differences d) r 
differences 

 

Estimated time-dependent slopes are low in both the along- and cross-track 

directions, as seen in Figure 7.13, though the estimated time-dependent cross-track slope 
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has high values along the coast. Areas near Jakobshavn and Helheim have slopes with 

high magnitudes. 

 

 

Figure 7.13. Greenland repeat track analysis results for time-dependent slopes. a) Time-
dependent along-track term  b) Time-dependent cross-track term 

 

7.3. ELEVATION MODEL WITH SECOND-ORDER SLOPES 

Since a model with improved ability to reflect the topography within grids was 

desired, and since the time-dependent-slope model did not do so, an elevation model 

incorporating second-order slopes was used. The model is shown in Equation 7.8: 

 

2

2

2

20 ymxmhthymxmh YXyx       (7.8) 
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where mx2 and my2 are the second-order slopes in the along- and cross-track directions. 

The results using simulated elevation data are shown in Section 7.3.1 and those using 

ICESat-derived elevation data are shown in Section 7.3.2.  

 

7.3.1. Results for Second-Order Slopes Model with Simulated Data 

Simulated elevation data are used to validate the software and to test the repeat 

track analysis method‟s ability to recover the known parameter values. Simulated 

elevation data were generated with Equation 7.8. The statistics for the results of the 

repeat track analysis method with this data are shown in Table 7.7. 

 

From Table 7.7, it can be seen that all of the estimated parameters have standard 

deviations that are fractions of their nominal values. This demonstrates that, if all the 

factors influencing elevation are included in the elevation model, the parameters can be 

estimated precisely. 

 

Table 7.7. Greenland Second-Order-Slope Model Results for Software Validation. 

Parameter Nominal Value     

mX (mm/m) -1.1 -4.7e-8 1.5e-5 

mX2 (mm/m/year) 0.12 4.8e-11 1.9e-8 

mY (mm/m) 2.3 -5.1e-8 1.8e-5 

mY2 (mm/m/year) 0.7 -1.1e-9 2.5e-7 

h  (mm/yr) 50 -6.1e-7 5.8e-4 

h0 (mm) 1000 7.9e-6 4.2e-3 
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Simulated elevation data were then generated with a Gaussian error term and an 

unmodeled annual term, shown in Equation 7.9: 
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  (7.9) 

The statistics for the results are given in Table 7.8. 

 

Table 7.8. Greenland Second-Order-Slope Model Results with Simulated Data. 

Parameter Nominal Value     

mX (mm/m) -1.1 1.4e-3 0.4 

mX2 (mm/m/year) 0.12 -1.3e-6 4.2e-4 

mY (mm/m) 2.3 -1.5e-2 1.1 

mY2 (mm/m/year) 0.7 1.9e-3 1.6e-2 

h  (mm/yr) 50 10.0 30.2 

h0 (mm) 1000 -61.5 140.0 

C (mm) -140 Not estimated. 

hrand (mm) 0 ± 25 Not estimated. 

 

Including the second-order slope term has mixed results on the repeat track 

analysis method‟s ability to recover the nominal parameter values. While the estimated h  

and h0 values have lower standard deviations than those for the nominal solution in Table 

7.2, the slopes have higher standard deviations. Therefore, estimating second-order slopes 

means that the linear slopes cannot be measured as precisely as with the nominal 

solution, but the h  and h0 terms can be measured more precisely. Since the parameter of 
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interest is the elevation change rate, including second-order slopes in the elevation model 

will improve the estimation results. 

 

 

7.3.2. Results for Second-Order Slopes Model with ICESat-derived Data 

ICESat-derived elevation data are used to estimate the parameters in Equation 7.8 

with repeat track analysis. The differences between the second-order and nominal cases 

are shown in Figure 7.14. The along-track differences are on the order of 1 mm/m, while 

the cross-track differences have higher values along the coast and in the area near 

Jakobshavn, with scattered grids with higher cross-track slopes in the interior. The h  

differences are typically between -5 and 5 cm/yr, with higher values along the coast and 

in southwestern Greenland. Some areas in the interior have cross-track slopes or 

elevation change rate differences higher than the near-zero values that dominate the 

interior, implying that the second-order-slope model is more appropriate in some areas 

than others. The r values for the second-order-slope model are lower than those for the 

nominal model over most of the ice sheet, which is most likely due to the fact that six 

parameters are being estimated instead of four. Estimating more parameters means that 

the other parameters can potentially absorb errors from the estimation process. In the 

previous case with time-dependent slopes, the r values were greater than 300 cm, 

however, so estimating more parameters does not always result in a solution with lower 

errors. This result implies that the second-order-slope model approximates the Greenland 

topography better than the time-dependent-slope model. 
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Figure 7.14. Differences between the nominal model and second-order slope model.  a) 

mX  differences b) mY  differences c) h  differences d) r differences 

 

The estimated second-order along- and cross-track slopes are shown in Figure 

7.15. The values are near zero for both parameters, implying that the curvature within 

each grid is low.  
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Figure 7.15. Greenland estimated second-order slopes.  a) mX2  b) mY2 

As the model with second-order slopes has lower r values than the nominal model 

and the estimated h  values correspond to expected results, this model is considered to be 

more accurate than the nominal model. However, it requires data from at least six ICESat 

campaigns within a grid to obtain a solution for that grid, whereas the nominal solution 

only requires data from four campaigns. 

 

7.4. ELEVATION MODEL WITH SINUSOIDAL SLOPES 

Linear slopes are not an accurate description of the elevations for all areas in the 

ice sheets, so a different elevation model was used in which the linear slopes are replaced 

with two sinusoidal slope terms in each horizontal direction. Since two slope terms were 

estimated, which were formerly estimated with only one term each, the sinusoidal slope 

elevation model was expected to describe the ice sheet elevations more accurately than 

the nominal model. The corresponding elevation model is given in Equation 7.10: 
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   (7.10) 

 

where mxc, mxs, myc, and mys are the cosine and sine term coefficients for the along- and 

cross-track sinusoidal slope terms. The amplitude of the sinusoids in the along-track 

direction is found by computing the square root of the sums of the squares of mXc and 

mXs. The amplitude of the sinusoids in the cross-track direction is found similarly for the 

mY terms. 

 

7.4.1. Results for Sinusoidal Slopes Model with Simulated Data 

To validate the software, simulated elevations were generated with Equation 7.10. 

The results from the repeat track estimation are shown in Table 7.9. Neither the along- or 

cross-track sinusoidal slopes are estimated with low standard deviations compared to the 

nominal values. The estimated h  and h0 terms also have higher standard deviations than 

the nominal case in Table 3.1 where no error terms are present in the simulated data. 

Therefore, sinusoidal slopes cannot be estimated accurately with the available data. 
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Table 7.9. Sinusoidal slope software validation. 

Parameter Nominal Values 
  

  

mXC (mm/m) 0.993 -0.9 2.3 

mXS (mm/m) -0.473 0.5 2.5 

mX amplitude (mm/m) 1.1 1.0 3.4 

mYC (mm/m) 2.195 -134.9 36.7 

mYS (mm/m) 0.686 5.5 35.5 

mY amplitude (mm/m) 2.3 135.0 51.1 

h  (mm/yr) 50 -5.5 10.5 

h0 (mm) 1000 141.8 15.0 

 

An annual term and a Gaussian error were added to the simulated data to 

introduce the effects of error and unmodeled terms on the repeat track analysis solution: 
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   (7.11) 

 

The results are shown in Table 7.10. The standard deviations are, as expected, higher than 

those for the case with no error terms or unmodeled terms. However, the standard 

deviations for the estimated h  and h0 terms are lower than those for the nominal case, 

which is most likely due to the fact that more parameters are being estimated in the case 

with sinusoidal slopes. The effects of the error term and unmodeled annual term are being 

absorbed by the sinusoidal slope parameters. 
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Table 7.10. Greenland sinusoidal slope model results with simulated data 

Parameter Nominal Value     

mXc (mm/m) 0.993 -0.1 11.2 

mXs (mm/m) -0.473 0.5 8.2 

mX amplitude (mm/m) 1.1 0.5 13.9 

mYc (mm/m) 2.195 -173.4 76.9 

mYs (mm/m) 0.686 6.2 86.6 

mY amplitude (mm/m) 2.3 173.5 115.8 

h  (mm/yr) 50 6.8 23.3 

h0 (mm) 1000 116.4 24.7 

C (mm) -140 Not estimated. 

hrand (mm) 0 ± 25 Not estimated. 

 

7.4.2. Results for Sinusoidal Slopes Model with ICESat-derived Data 

Parameters from Equation 7.6 were estimated using real ICESat elevation data 

from Greenland as observations. Along-track slopes were determined from Equation 

7.12: 

 

22

XsXcX mmm          (7.12) 

 

Cross-track slopes were determined in a similar manner. 
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Figure 7.16 shows the estimated slopes for the sinusoidal slope case. The 

estimated slope values are substantially different from those in the nominal case: they are 

higher along the coast and decrease with increasing distance from the coast, a pattern 

which is seen in the nominal case in Figure 4.1, but they have significantly greater 

magnitudes than those for the nominal case, higher than 2000 mm/m compared to 5 

mm/m for the nominal case. 

 

 

Figure. 7.16. Greenland repeat track analysis results for sinusoidal slope model. a) mX  b) 
mY 
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Figure 7.17. Differences from nominal case from sinusoidal slope model.  a) Differences 

in h   b) Differences in r 

 

Differences between the sinusoidal slope model and the nominal solution are 

shown in Figure 7.17. The h  differences are below 5 cm/yr throughout most of the ice 

sheet, and the r values are typically within 70 cm of those for the nominal case. The r 

values for the sinusoidal slope case are lower than those for the nominal case, which 

implies that the sinusoidal slope model describes the elevation changes in Greenland 

better than the nominal model. 

 

 

7.5. ELEVATION MODEL WITH TRACK-LENGTH PARAMETERS 

Including parameters that affect the entire track, instead of only one grid, is 

potentially helpful in removing topographic effects. Therefore, coefficients for track-
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length cosine and sine terms were estimated along with the four parameters from the 

nominal model, as shown in Equation 7.13: 
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   (7.13) 

 

where c1 and c2 are the track-length parameter coefficients, tmid is the time the satellite 

crosses the midpoint of the track and tmax  is the time to traverse the portion of the track 

over the ice sheet, either Greenland or Antarctica. The sinusoid coefficients are computed 

with input from every grid, which means the computation must solve for every grid 

simultaneously, as the sinusoid coefficients will affect every grid. Therefore, the H, x̂ , 

and y matrices are set up as described in Equations 7.14, where ∆xi,j is the difference 

between the laser spot x-coordinate and the grid center for the jth point in the ith grid, mxi 

is the x-slope for grid i, , and yi,j is the elevation for the jth point in the ith grid. These 

matrices are typically too large for most computers to manipulate, so a Cholesky-Blas 

routine is used with pre-multiplied H
T
H and H

T
y matrices as described in Appendices C 

and D. The results with simulated elevation data are presented in Section 7.5.1 and the 

results with actual ICESat elevation data are presented in Section 7.5.2. 
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7.5.1. Results for Track-Length Parameters Model with Simulated Data 

To validate the software used to estimate the parameters for the track-length 

model, simulated elevation data were generated with Equation 7.13; no error terms or 

unmodeled terms were present. The statistics for the repeat track analysis solution with 

this data set are presented in Table 7.10, along with the nominal parameter values used to 

generate the data. 

 

The standard deviations for the estimated parameters are comparable to those for 

the nominal model results in Table 3.1 with no error terms or unmodeled terms. The 

standard deviations for the track-length terms are ~10% of the nominal values, however, 

so the track-length parameter cannot be estimated precisely. 

 

 

Table 7.10. Greenland Track-length Parameter Model Results for Software Validation. 

Parameter Nominal Value     

mX (mm/m) -1.1 -1.8e-8 8.4e-6 

mY (mm/m) 2.3 -2.0e-8 1.4e-5 

h  (mm/yr) 50 -1.5e-6 8.5e-4 

h0 (mm) 1000 -1.2e-3 6.1e-2 

c1 (mm) 0.12 1.0e-3 5.8e-2 

c2 (mm) 0.21 2.9e-4 2.0e-2 

 

A Gaussian error term and an unmodeled annual term were added to Equation 

7.14 to generate simulated data with unmodeled terms and random errors: 
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The results are shown in Table 7.11. 

 

Table 7.11. Greenland Track-Length-Term Model Results with Simulated Data. 

Parameter Nominal Value     

mX (mm/m) -1.1 1.4e-3 0.4 

mY (mm/m) 2.3 -1.5e-2 1.1 

h  (mm/yr) 50 10.0 30.2 

h0 (mm) 1000 -61.4 140.1 

c1 (mm) 0.12 -0.12 4.2e-4 

c2 (mm) 0.21 -0.21 1.60e-2 

C (mm) -140 Not estimated. 

hrand (mm) 0 ± 25 Not estimated. 

 

Though the estimated h has a similar standard deviation to that from the nominal 

case, most of the other estimated parameters have significantly higher standard deviations 

than for the nominal case. While the track-length coefficients are known to be present 

within the simulated data, the estimated track-length coefficients have large mean errors 

and standard deviations. Since there is no improvement in the estimation of h and the 
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other parameters are not estimated accurately, track-length parameters should not be 

included in repeat track analysis.  

 

 

7.5.2. Results for Model with Track-length Parameters with ICESat-derived Data 

Real ICESat elevation data were used to estimate the parameters in Equation 7.13; 

the differences from the nominal case are shown in Figure 7.18. The along-track slope 

differences in Figure 7.18a are low-magnitude and positive in the western central area of 

the ice sheet and low-magnitude and negative in the eastern central area of the ice sheet, 

with higher magnitudes near the coast. Track artifacts due to TOOs can be seen in the 

northeastern area of the interior. The cross-track differences in Figure 7.18b typically 

have magnitudes greater than 1 mm/m over the entire ice sheet, with magnitudes greater 

than 5 mm/m along the coast and in southern Greenland. Figure 7.18c shows the h  

differences, which have magnitudes below 5 cm/yr in the central regions and magnitudes 

greater than 40 cm/yr on the coast. Differences higher than 5 cm/yr can also be seen in 

scattered locations through the central part of the ice sheet. The r differences in Figure 

7.18d are near zero over most of the ice sheet, with higher values in the northern region. 
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Figure 7.18. Differences between the nominal model and the model with track-length 

parameters.  a) mX differences b) mY differences c) h  differences d) r 
differences 
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Figure 7.19. Greenland topography from the estimated track-length parameter. 

 

The estimated track-length coefficients were used to compute the corresponding 

elevations according to Equation 7.16: 
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Within each grid, one time tag from each campaign was used as t for Equation 7.16, 

which means that there were at most eleven values of htrack for each grid. The results, 

which show the elevation due to the track-length parameters, are shown in Figure 7.19. 

While the values of htrack do have the same trend as the actual topography of Greenland, 

in that there are lower values in the interior and higher values near the coast, they do not 
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correspond in any other way to Greenland‟s topography, shown in Figure 1.8.  This result 

is expected since the track-length parameters were not estimated precisely with the 

simulated data. 

 

 

7.6. ELEVATION MODEL WITHOUT SLOPES 

In Chapter 5, it was determined that there should be a requirement that there be 

data within a grid from at least as many laser campaigns as parameters being estimated.  

Since ICESat has operated for over five years, most grids in the ice sheets meet this 

requirement, but there are areas where the coverage is sparser than others due to orbit 

geometry or clouds preventing laser ground returns. A model with only two parameters 

would allow more grids to meet the minimum-campaign requirement, though it is 

expected that the differences between the ICESat-derived elevations and the elevations 

determined from the estimated parameters will be large, since cross-track and along-track 

effects will not be accounted for. The coverage should be greater, though, as the grids 

with only two ICESat laser campaigns present will be included, whereas they would not 

be for models with more parameters. Equation 7.17 shows a two-parameter elevation 

model that includes only an elevation change rate and an initial elevation at the grid 

center: 

 

0hthh            (7.17) 

 

Results from simulated elevation data are presented in Section 7.6.1 and results from real 

ICESat elevation data are presented in Section 7.6.2. 
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7.6.1. Results for No-Slope Model with Simulated Data 

To validate the software, simulated elevation data were generated with Equation 

7.17 with the parameter values given in Table 7.12. The statistics for the repeat track 

analysis results are also given in Table 7.12. The standard deviations for both estimated 

parameters are fractions of the nominal values, which means that the parameters can be 

estimated precisely when no error terms or unmodeled terms are present in the data. 

 

Table 7.12. Greenland Results for No-Slope Model for software validation. 

Parameter Nominal Value     

h  (mm/yr) 50 6.2e-5 2.3e-3 

h0 (mm) 1000 -1.2e-4 6.1e-3 

 

Error terms and an unmodeled annual term were then added to the data, as shown 

in Equation 7.18: 
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The parameter values are shown in Table 7.13, as are the results for estimating h  and h0. 

The standard deviation for h  is significantly larger than that for the nominal case, almost 

10 cm/yr. Therefore, it is possible to estimate only two parameters, but the results will be 

less accurate than for the nominal case. 
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Table 7.13. Greenland Results for No-Slope Model with Simulated Data. 

Parameter Nominal Value     

h  (mm/yr) 50 -0.1 75.4 

h0 (mm) 1000 -25.5 198.1 

C (mm) -140 Not estimated. 

hrand (mm) 0 ± 25 Not estimated. 

 

7.6.2. Results for No-Slope Model with ICESat-derived Data 

ICESat elevation data from eleven laser campaigns were used to estimate the 

parameters for the model in Equation 7.17. Differences between the estimated h  values 

and the r values are shown in Figure 7.20. Though the h  differences are less than 5 cm/yr 

in magnitude over most of the ice sheet, the magnitudes are higher near the coast and in 

many grids in the interior. The r differences are also significantly higher than those for 

the nominal case, many of them exceeding 10,000 cm. 
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Figure 7.20. Differences between the nominal model and the no-slopes model.  a) h  
differences b) r differences 

 

7.7. CONCLUSIONS FOR ELEVATION MODELS 

Though the nominal elevation model, presented in Chapter 4, is able to estimate 

parameters such as h , it contains only a simple topographic model with linear slopes and 

does not take annual signals into account. Elevation models containing different types of 

slopes or annual terms were tested based on their ability to recover known parameter 

values from simulated elevation data and by comparison to the results from the nominal 

model. 

 

Table 7.14 shows the statistics for the estimated mX values for all cases where 

they are applicable; the sinusoidal-slope and no-slope models are not included, as the 

sinusoidal slopes are not directly comparable to the linear slopes and the no-slope model 

does not include slopes. It can be seen that the annual-term models recover the along-
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track slope with the best precision, which is due to the fact that all factors in the 

simulated elevation data were estimated. The nominal model performs better than the 

non-annual-term models. 

 

Table 7.14. Comparisons of estimated mX values from elevation models using simulated 
data. 

Elevation Model Nominal Value     

Nominal model -1.1 mm/m -5.2e-4 0.1 

One Annual Term -1.1 mm/m 1.2e-8 2.2e-6 

Two Annual Terms -1.1 mm/m -5.3e-9 1.7e-6 

Time-dependent slope -1.1 mm/m 1.2 2.2 

Second-order slope -1.1 mm/m 1.4e-3 0.4 

Track-length parameters -1.1 mm/m -1.5e-2 1.1 

 

Table 7.15 shows the comparisons between the estimated mY values for each 

model, with the exceptions of the sinusoidal-slope and no-slope models. Again, the 

annual-term models have the lowest standard deviations, while the track-length-

parameters model performs better than the others. 

 

The statistics for the estimated h  values are shown in Table 7.16. Again, the 

annual-term cases have the lowest standard deviations, while the second-order-slope, 

sinusoidal-slope, and track-length-parameters models all have lower standard deviations 

than the nominal case, as each of those cases estimates more than four parameters. The 
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no-slope case, which only estimates two parameters, has a standard deviation that is 

significantly higher than that for the nominal case. 

 

Table 7.15. Comparisons of estimated mY values from elevation models using simulated 
data. 

Elevation Model Nominal Value     

Nominal model 2.3 mm/m -0.3 1.0 

One Annual Term 2.3 mm/m -1.5e-8 1.6e-5 

Two Annual Terms 2.3 mm/m -2.5e-8 1.7e-5 

Time-dependent slope 2.3 mm/m -3.8 3.1 

Second-order slope 2.3 mm/m -1.5e-2 1.1 

Track-length parameters 2.3 mm/m 1.4e-3 0.4 

 

Table 7.16. Comparisons of estimated h  values from elevation models using simulated 
data. 

Elevation Model Nominal Value     

Nominal model 50 mm/yr 1.8 48.3 

One Annual Term 50 mm/yr -2.1e-6 7.7e-4 

Two Annual Terms 50 mm/yr -1.5e-6 7.1e-4 

Time-dependent slope 50 mm/yr 2.1 51.6 

Second-order slope 50 mm/yr 10.0 30.2 

Sinusoidal slope 50 mm/yr 6.8 23.3 

Track-length parameters 50 mm/yr 10.0 30.2 

No slope 50 mm/yr -0.1 75.4 
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Table 7.17 shows the statistics for the estimated h0 values. The annual-term cases 

have the lowest standard deviations, followed by the sinusoidal-slope case. The nominal 

and no-slope cases have the highest standard deviations. 

 

Based on the results from Tables 7.14 - 7.17, one of the annual-term models 

should be used in repeat track analysis. If those are not used, one of the models with more 

than four parameters should be used, as the other parameters can absorb some of the 

estimation error. However, the results with ICESat-derived elevations do not completely 

support this conclusion. 

 

Table 7.17. Comparisons of estimated h0 values from elevation models using simulated 
data. 

Elevation Model Nominal Value     

Nominal model 1000 mm -33.0 167.7 

One Annual Term 1000 mm 3.6e-6 2.6e-3 

Two Annual Terms 1000 mm 9.2e-6 2.7e-3 

Time-dependent slope 1000 mm -36.1 145.7 

Second-order slope 1000 mm -61.5 140.0 

Sinusoidal slope 1000 mm 116.4 24.7 

Track-length parameters 1000 mm -61.4 140.1 

No slope 1000 mm -25.5 198.1 

 

The estimated parameters from the solutions for each type of model were directly 

compared to the estimated parameters from the nominal solution by subtracting the 
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values from the nominal solution from the values from the solution with the different 

model, as shown in Equation 6.3. This comparison was done for the along- and cross-

track slopes, the elevation change rate, the initial elevation at the grid center, and the 

differences between the ICESat-derived elevations and the elevations determined from 

the estimated parameters. 

 

Figure 7.21 shows the differences between the along-track slopes for each model; 

the sinusoidal slopes are not directly compared to the nominal slopes because they are 

formulated differently. The differences are less than 1 mm/m for most of the models, with 

the exception of the track-length-parameters model, as shown in Figure 7.21e. The track-

length term absorbs some of the along-track signal, which accounts for the difference. 

 

The cross-track slope differences, shown in Figure 7.22, are also typically below 

1 mm/m for the annual-term cases and the second-order-slope model case, but they have 

differences larger than 5 mm/m along the coast and greater than 2 mm/m in the 

southwestern portion of Greenland, some of which corresponds to the Jakobshavn 

glacier. The time-dependent-slope model and the track-length-parameter model show 

higher differences over most of the ice sheet, implying that the linear-slope signal is 

absorbed by other parameters in those models. 
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Figure 7.21. mX differences between nominal model and alternate elevation models.  a) 
One-seasonal-term model  b) Two-seasonal-terms model  c) Time-
dependent slope model  d) Second-order slope model  e) Track-length 
parameter model 
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Figure 7.22. mY differences between nominal model and alternate elevation models.  a) 
One-seasonal-term model  b) Two-seasonal-terms model  c) Time-
dependent slope model  d) Second-order slope model  e) Track-length-
parameter model 

 

Figure 7.23 shows the h  differences between each solution and the nominal 

solution. While the differences typically have magnitudes less than 5 cm/yr in the 

interior, they are higher along the coast and in southwestern Greenland. There are also 

areas near 70° latitude near the western coast with differences higher than 5 cm/yr. The 

track-length-parameters and no-slope models both have higher h  differences than the 

other elevation models. This is expected, as the track-length parameters absorb some of 

the signal during the estimation process and in the no-slope model, the along- and cross-

track differences are not accounted for. 
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Figure 7.23. h  differences between nominal model and alternate elevation models.  a) 
One-seasonal-term model  b) Two-seasonal-terms model  c) Time-
dependent slope model  d) Second-order slope model  e) Sinusoidal slope 
model f) Track-length parameter model  g) No-slope model 

 

The h0 differences, shown in Figure 7.24, are below 5 cm for large areas in the 

interior of Greenland, but the interior also has scattered small areas with higher 
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differences. In particular, the track-length-parameters model has track-related large 

differences in several areas; in those areas, the elevation attributed to the h0 term in the 

nominal model is accounted for in the track-length terms in the track-length-parameters 

model. Differences for the sinusoidal-slope model are above 40 cm over most of the ice 

sheet, with positive differences in the interior and negative differences on the coast. 

Differences for the no-slope case are also generally above 40 cm over the ice sheet, 

though they are less consistent than those for the sinusoidal-slope model. The h0 

parameter is therefore most affected by the sinusoidal-slope model and the no-slope 

model: the sinusoidal-slope model was chosen to remove some of the topography from 

the signal, so it is expected that this would have a significant effect on the estimated h0. 

The no-slope model does not take along- and cross-track effects into account, so it is 

expected that the estimated h  and h0 terms will absorb some of the effects. 

 

The differences between the r values for the nominal case and the cases with 

different elevation models are dissimilar, as can be seen in Figure 7.25; note the different 

scales for each case. The r differences for the one-seasonal-parameter case are mostly 

positive, while they are mostly negative for the two-seasonal-parameter case. 
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Figure 7.24. h0 differences between nominal model and alternate elevation models.  a) 
One-seasonal-term model  b) Two-seasonal-terms model  c) Time-
dependent slope model  d) Second-order slope model  e) Sinusoidal slope 
model f) Track-length parameter model  g) No-slope model 
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Figure 7.25. r differences between nominal model and alternate elevation models.  a) 
One-annual-term model  b) Two-seasonal-terms model  c) Time-dependent 
slope model  d) Second-order-slope model  e) Sinusoidal slope model f) 
Track-length parameters model  g) No-slope model 

 

In general, the more parameters estimated, the lower the residuals, or r values, 

between the ICESat-derived elevations and the elevations determined from the estimated 



 205 

parameters. However, the choice of parameters can results in higher residuals, so the 

model must be chosen carefully. In particular, the time-dependent-slope model has high 

values of r, which means that is not an accurate model of the elevations and elevation 

changes in the ice sheet. The no-slope model also has high values of r, though this is 

expected, since it only contains two parameters. The sinusoidal-slope model also has 

higher r values than some of the other models and the estimated track-length parameters 

from the track-length-parameters model do not correspond to the Greenland topography. 

The second-order-slope model has low r values over most of the ice sheet, though the 

second-order terms have low values, implying low curvature within the grids. The one-

annual-term model assumes a fixed phase, which is not necessarily constant over the 

entire ice sheet. With the two-annual-term model, an amplitude and a phase can be 

estimated.  

 

Tables 7.18 – 7.21 show the statistics for the estimated parameters from each 

elevation model divided into low- and high-elevation areas, as done in Luthcke [2006]. 

From Table 7.18, it can be seen that the sinusoidal slope case has higher mean values and 

standard deviations than those for the other models, which is due to the different 

definition of slope used for that elevation model. In the other cases, the mean values and 

standard deviations are lower than those for the nominal model. This implies that when 

more than four parameters are estimated, some of the signal is absorbed from the slope 

terms. The standard deviations and mean values for the slopes are near-zero for the track-

length-terms case, since the estimated track-length terms absorb the signal from the 

slopes. The statistics for mY in Table 7.19 show the same trends, though the standard 

deviations are higher for the mY values. 
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Table 7.18. Statistics for estimated mX for different elevation models. 

 Below 2000 m Above 2000 m 

Elevation Model n p (mm) P (mm) n p (mm) P (mm) 

Nominal 112163 2.5 57.4 83422 0.2 14.3 

One Annual Term 94848 -0.0 7.7 77553 -0.0 0.4 

Two Annual Terms 74169 0.0 3.0 69320 0.0 0.4 

Time-Varying Slope 76906 2.1 49.7 71233 0.1 11.3 

Second-Order Slope 76906 0.1 21.0 71210 0.0 3.5 

Sinusoidal Slope 76906 194.4 7522.1 71210 -80.8 1571.3 

Track-length Terms 108339 -0.0 0.7 81723 -0.0 0.0 

 

Table 7.19. Statistics for estimated mY for different elevation models. 

 Below 2000 m Above 2000 m 

Elevation Model n p (mm) P (mm) n p (mm) P (mm) 

Nominal 112163 1.0 70.6 83422 -0.2 19.4 

One Annual Term 94848 -0.0 49.2 77553 -0.1 7.4 

Two Annual Terms 74169 -0.2 42.6 69320 -0.1 14.9 

Time-Varying Slope 76906 -0.6 100.4 71233 -0.6 24.2 

Second-Order Slope 76906 0.1 29.5 71210 -0.1 5.9 

Sinusoidal Slope 76906 -101.0 10003.7 71210 -6.1 2572.9 

Track-length Term 108339 -0.1 9.6 81723 -0.0 0.3 
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The nominal solution has the highest standard deviations for the estimated h  

values out of the elevation model cases shown in Table 7.20, with the lowest standard 

deviations coming from the two-parameter case. The result is unexpected, since the two-

parameter case has fewer parameters with which to absorb estimation error. However, the 

residuals are significantly higher for the two-parameter case. 

 

The r values for the different elevation models, shown in Table 7.21, have varied 

mean values and standard deviations. In particular, the mean values and standard 

deviations for the time-varying slope and two-parameter cases are several times larger 

than those for the other cases. The lowest values come from the track-length-term and 

two-annual-term models. 

Table 7.20. Statistics for estimated h  for different elevation models. 

 Below 2000 m Above 2000 m 

Elevation Model n p (mm) P (mm) n p (mm) P (mm) 

Nominal 112163 -104.1 4416.1 83422 29.8 1444.4 

One Annual Term 94848 -9.2 2536.9 77553 -4.4 435.6 

Two Annual Terms 74169 -10.0 1859.5 69320 -4.8 408.2 

Time-Varying Slope 76906 -112.0 3478.8 71233 33.0 780.9 

Second-Order Slope 76906 2.6 1081.6 71210 0.5 217.6 

Sinusoidal Slope 76906 63.0 2226.1 71210 -12.9 412.4 

Track-length Term 108339 4.4 653.6 81723 0.1 32.4 

Two Parameters 111059 -2.5 57.4 82402 -0.2 14.4 
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Table 7.21. Statistics for estimated r for different elevation models. 

 Below 2000 m Above 2000 m 

Elevation Model n p (mm) P (mm) n p (mm) P (mm) 

Nominal 112163 2376.2 4960.0 83422 246.2 1284.1 

One Annual Term 94848 729.7 9340.1 77553 43.3 837.0 

Two Annual Terms 74169 -103.2 459.4 69320 -14.2 92.0 

Time-Varying Slope 76906 112252.3 492814.6 71233 16416.9 112276.2 

Second-Order Slope 76906 -693.2 2224.0 71210 -82.7 516.2 

Sinusoidal Slope 76906 651.0 2693.6 71210 294.5 751.6 

Track-length Term 108339 5.2 484.6 81723 -0.2 11.8 

Two Parameters 111059 228010.8 799188.2 82402 28911.0 185797.7 

 

The track-length-term model typically has the lowest standard deviations for the 

estimated parameters, indicating that it is the more consistent over the ice sheet than the 

other models. This make sense, as it has terms that apply to all of the grids along a track, 

rather than only having terms that apply to only one grid. 

 

Since the two-annual-term model estimates signals that are known to exist in the 

elevation data, it is recommended that this model be used where enough data are 

available, if only one model is to be used for the entire ice sheet. It requires data from a 

minimum of six campaigns within each grid since six parameters are estimated; with 

eleven ICESat laser campaigns, this requirement can be met over most of the Greenland 

and Antarctica ice sheets. If possible, multiple models should be used, with the choice of 

model depending on how appropriate it is for each particular area. 
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Chapter 8: Comparison between Repeat Track Analysis and Crossovers 

Elevation change rates can be obtained from both repeat track analysis and 

crossovers. Since both methods are used to compute the same phenomenon, the elevation 

change rate, it is reasonable to expect any differences in the results to be due to 

differences in the solution formulation: the crossover method uses direct elevation 

differences while repeat track analysis uses estimation to determine h . Section 8.1 will 

discuss the differences between the two methods. Comparisons between the results from 

both methods will be shown in Section 8.2 and crossovers will be added to the repeat 

track analysis estimation as additional observations in Section 8.3.  

 

8.1 DIFFERENCES BETWEEN REPEAT TRACK ANALYSIS AND CROSSOVER METHODS 

As discussed in Chapter 2, an elevation derived from a laser altimeter contains 

effects from several factors, both from physical processes and measurement errors. A 

derived elevation can be expressed by Equation 8.1: 
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where h0 is an elevation at a specified location, (x0, y0), and time, t0, mX and mY are the 

slopes in the x- and y-directions, Δx, Δy, and Δt are differences between the location and 

time of the elevation from the specified location and time, εX represents the errors in 

determination of location and εh represents the errors in determination of elevation, the 
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angle φ allows the location determination error to be divided into directional components, 

h  is a constant elevation change rate, the sinusoidal terms represent the annual effects, 

and hother is split between the unmodeled spatial effects and the unmodeled temporal 

effects. The horizontal geolocation errors are included in the εX term and the orbit errors 

are included in both the εX and εh terms. 

 

At a crossover location, the interpolated elevations can be differenced directly and 

some terms cancel: 
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 (8.2) 

 

Some error terms, which can be grouped as meash , are still present, most of them due to 

geolocation errors:  
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Equation 8.3 allows Equation 8.2 to be rewritten to show that the non-error terms that 

remain are purely time-variable terms:  
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Repeat track analysis does not directly difference elevations and instead relies on 

the estimation of parameters. Unmodeled parameters, location determination errors, and 

elevation determination errors will cause errors in the estimated parameters, however. 

Equation 8.5 shows the remaining errors, herr, in each derived elevation if the slopes, h , 

and h0 are estimated: 

 

  hXXotherother

yearyear

XYXXerr

yxhth

t

t
c

t

t
cmmh




















 














 


sin,cos)(

2sin2cossincos 21
 (8.5) 

 

While the non-measurement-error terms for crossovers are limited to time-

dependent terms, the non-measurement-error terms for repeat track analysis contain time-

dependent and location-dependent terms. Estimating more parameters can reduce the 

number of residual terms, but doing so increases the minimum amount of data required. 

 

In the next section, crossover results and repeat track analysis results are 

compared directly to each other. The comparison will show the effect the spatially 

varying terms have on the repeat track analysis solution, as the spatially varying terms are 

the largest difference between the crossover and repeat track analysis results. 
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8.2 COMPARISON OF REPEAT TRACK ANALYSIS AND CROSSOVERS 

Crossovers and repeat track analysis are different methods for measuring the same 

phenomenon: elevation change rate. It is expected, therefore, that the results will be 

similar for both methods. They are compared to each other directly in Section 8.2.1 and 

the data distribution for each method is compared in Section 8.2.2. In Section 8.2.3, 

crossover data are used to estimate h  and other parameters. Conclusions are presented in 

Section 8.2.4. 

 

8.2.1. Direct Comparison of Repeat Track Analysis and Crossovers 

In this section, crossover and repeat track analysis results are directly compared to 

each other. The crossovers are averaged within 0.5° latitude x 0.5° longitude grids for 

Greenland and 0.15° latitude x 1° longitude grids for Antarctica. Elevation change rates 

are estimated for each 1 km
2
 grid with repeat track analysis; the estimated parameters for 

each grid are then averaged within 0.5° latitude x 0.5° longitude grids for Greenland and 

0.15° latitude x 1° longitude grids for Antarctica. The elevation change rates determined 

from both methods are shown in Figures 8.1 and 8.2, respectively. 
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Figure 8.1. Greenland crossover vs. repeat track analysis results.  a) Crossover results  b) 
Repeat track analysis results 

 

 

Figure 8.2. Antarctica crossover vs. repeat track analysis results.  a) Crossover results  b) 
Repeat track analysis results 
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The crossover-derived h  values have higher variabilities than the h  values 

obtained from repeat track analysis, though part of the perceived variability from the 

figures is due to gaps in crossover data which are represented by gray grids, particularly 

in the areas of the ice sheet farthest from the poles. However, there is more variability 

due to the amount of data available to each method and to the way in which the data is 

used by each method. 

 

Errors in the geolocation and derived elevation are handled differently by each 

method. Any error contained within the elevation data is included in the crossover h  

value computed from that data, whereas data errors can be absorbed by other parameters 

in the repeat track estimation process. It is also possible that some of the h  signal is 

absorbed by other parameters during the repeat track estimation. 

 

The crossover h  results were differenced from the repeat track analysis results 

according to Equation 8.6: 

 

cxrta hhh            (8.6) 

 

The crossovers were organized into the (1 km)
2
 reference-groundtrack-based grids used 

for repeat track analysis and the crossover-derived h  values were averaged within those 

grids so that they could be directly compared to the repeat-track-analysis-derived h  

values. The differences computed from Equation 8.6 are shown in Figures 8.3 and 8.4. 

 

From Figure 8.3, it can be seen that most of the h  values are near below 5 cm/yr 

in magnitude. Of the remainder, most are negative, which implies that the crossovers 
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generally have higher h  values than the repeat track results in Greenland, with lower 

differences in the interior of the ice sheet than the edges. The same is true for Antarctica, 

as seen in figure 8.4, though the differences are much higher in West Antarctica than East 

Antarctica. 

 

 

Figure 8.3. Greenland h  between repeat track analysis and crossovers 
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Figure 8.4. Antarctica h  between repeat track analysis and crossovers 

 

From the preceding figures, it can be seen that, though crossover and repeat track 

analysis show the same qualitative results, they do not always have the same quantitative 

results. In Greenland, most differences are lower than 5 cm/yr in magnitude, and most of 

the higher differences are negative, meaning that using crossovers will result in higher h  

values than repeat track analysis. Most of the differences are below 5 cm/yr in magnitude 
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in Eastern Antarctica, but there are substantially more negative differences in Western 

Antarctica. Areas near glaciers and ice shelves also have high-magnitude differences due 

to the uneven and more highly time-variable terrain in those areas. Differences between 

the data distributions for each method are shown in the next section in order to explain 

some of the differences. 

 

8.2.2. Data Distribution Comparison Between Repeat Track Analysis and 
Crossovers 

Since crossover analysis relies on the intersections of spot tracks and repeat track 

analysis uses all available data points from the spot tracks, the data distribution differs for 

each solution method. The number of data points for each method are compared in 

Figures 8.5 and 8.6. For repeat track analysis, the average number of points per (1 km)
2
 

grid is given, as that is the number of points used to generate one solution. For 

crossovers, the number of points within each grid is given: 0.5° latitude x 0.5° longitude 

grids are used for Greenland and 0.1° latitude x 0.15° longitude grids are used for 

Antarctica. 
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Figure 8.5. Greenland points per grid for crossovers and repeat track analysis. a) 
Crossover analysis  b) Repeat track analysis 

 

 

Figure 8.6. Antarctica points per grid for crossovers and repeat track analysis. a) 
Crossover analysis  b) Repeat track analysis 



 219 

It can be seen from Figures 8.5 and 8.6 that not only are there fewer grids with 

crossovers than with repeat track analysis solutions, as evidenced by the gray holes in the 

data in Figures 8.5a and 8.6a, there are also fewer crossovers within each grid than repeat 

track analysis points. Though there are more crossover points than repeat track points 

near the poles due to the groundtrack spacing, the data become sparser with increasing 

distance from the poles. The repeat track data in West Antarctica is also sparser than that 

for East Antarctica. 

 

In both figures, track-like areas can be seen with fewer points per grid than 

neighboring areas. These areas correspond to areas traversed by TOOs or RTWs, as 

described in Section 1.6.3. ICESat can have large off-nadir pointing angles during TOOs, 

which means not all data points for those tracks will be included within the reference 

grids and those which are may have range measurements with higher errors since εh is 

directly related to the incident error and the pointing knowledge error and εx is directly 

related to the pointing knowledge error [Urban et al., 2008]. Data during RTWs were 

removed from this analysis, which accounts for the lower amounts of points per grid in 

areas with RTWs. 

 

The points per grid for the repeat track analysis data show some track 

dependencies. This phenomenon is partially due to the absence of data from TOOs within 

the grids and partially due to higher gain values for some tracks, which are related to the 

presence of clouds. As stated in Section 1.6.4, data with high gain values are edited from 

the data set. 
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Data from different numbers of ICESat laser campaigns are included within each 

grid containing crossover data, as seen in Figure 8.7. There are data from eight 

campaigns or more within each grid for large portions of the interior of Greenland, 

though many areas have data from only five campaigns or four campaigns along the 

coast, due to thick clouds in those areas. This difference accounts for some of the 

variability in the h  values for the crossover analysis. As a comparison, the number of 

campaigns within each grid for repeat track analysis is shown in Figure 4.1d; the amounts 

are less variable than those for the crossovers. 

 

 

Figure 8.7. Greenland number of campaigns per grid for crossovers. 
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Figure 8.8 shows the average number of points for each campaign within the grids 

for the crossover analysis. Each crossover is the intersection of spot tracks from two 

different campaigns, which means that if there are n points per laser campaign within a 

grid, a spot track from the same campaign is crossed with spot tracks from n other laser 

campaigns. It can be seen that there are large areas with five or six points per campaign in 

the northern central area. The number of areas with four or fewer points per campaign 

increases with increasing distance from the pole. An area with few points per campaign 

can be seen traversing the center of Greenland; this area is due to RTWs during those 

tracks. It can be seen that neighboring grids can have slightly different numbers of points 

within each campaign. 
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Figure 8.8. Greenland mean data points per campaign within each grid for crossovers. 

 

Standard deviations of the data points per campaign were computed by 

considering only the campaigns for which data were available; the results are shown in 

Figure 8.9. The standard deviation of data points per campaign shows little scatter about 

the mean for the grids: the standard deviation is typically on the order of 2-3 points per 

campaign within the northern central area and between 1-2 points per campaign in the 

other areas. Crossover-derived h  values are expected to be more variable in areas with 

higher standard deviations of points per campaign. 
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Figure 8.9. Greenland standard deviation of crossover data points per campaign within 
each grid. 

 

From Figures 8.7 – 8.9, it can be seen that, though the standard deviations of data 

points per campaign are typically within 1 data point for neighboring grids, the number of 

campaigns and mean number of points per campaign are not always consistent with those 

for neighboring grids. The variable data distribution therefore contributes to the 

variability in the crossover results. The largest factor in the variability, however, is most 

likely the way the error is handled by each method, as discussed previously. 
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The distribution of points within grids is also expected to differ for both methods. 

Crossovers were organized into the same grids that were used for repeat track analysis so 

that the point distributions could be compared directly. The average cross-track distance 

from the grid center was determined for both crossover locations and the repeat track 

analysis points and the standard deviations for the distributions were determined. 

 

Figures 8.10 – 8.13 show the average cross-track difference of the data points 

within each grid for both methods and both ice sheets. As expected, the repeat track 

points have average distances from the grid center that are below 50 m; since the grids 

are based on the reference groundtrack locations, the spot track locations within each grid 

are expected to be near the grid along-track axis. The crossover locations are typically 

more than 200 m from the grid centers. Since crossovers are at the intersection of two 

different spot tracks and the grids were not created based on crossover data, it is not 

expected that their locations will be near the grid centers. 
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Figure 8.10. Greenland mean cross-track distance of crossover location from grid center. 

 

 

 



 226 

 

Figure 8.11. Antarctica mean cross-track distance of crossover location from grid center. 
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Figure 8.12. Greenland repeat track point cross-track distance from grid center. 
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Figure 8.13. Antarctica repeat track point cross-track distance from grid center. 

 

The standard deviations for the cross-track distances for the data used for each 

method and for each ice sheet are shown in Figures 8.14 – 8.17. The values are below 

150 m for all grids and below 100 m for most grids. Therefore, most tracks used for 
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repeat track analysis fall within 200 m of each other and most crossover points are within 

200 m of each other. The distribution of data points is therefore not likely to be the cause 

of differences between the two methods. 

 

 

 

Figure 8.14. Greenland cross-track distance standard deviation of crossover locations 
within grid. 
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Figure 8.15. Antarctica cross-track distance standard deviation of crossover locations 
within grid. 
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Figure 8.16. Greenland standard deviation of cross-track distances within grid for repeat 
track points. 
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Figure 8.17. Antarctica standard deviation of cross-track distances within grid for repeat 
track points. 

 

8.2.3. Using Crossover Data to Estimate Parameters 

To determine the effect that estimating multiple parameters has on the h  signal, 

crossover data were used to estimate h  and other parameters. It was thought that by 
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estimating other parameters, the measurement errors would be absorbed by the other 

parameters and not included in the h  value determined from crossover data. 

 

For the first case, only one additional parameter was estimated, according to the 

elevation change model in Equation 8.7: 

 

 thh           (8.7) 

 

The ε term is not expected to have any physical meaning and is only a constant error 

term. 

 

Crossover data are organized into the 1 km
2
 grids used for repeat track analysis, 

as in the previous sections in this chapter. The estimated h  values for Greenland are 

shown in Figure 8.18. The results are similar to those for repeat track analysis, as seen in 

Chapter 4. Since the results are similar, the implication is that estimating multiple 

parameters absorbs measurement errors and possibly some of the signal. 
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Figure 8.18. h  values estimated from 2-parameter elevation change model with crossover 
data. 

 

An elevation change model incorporating annual terms was used, since it is 

known that annual effects will be present in the data: 
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where c1 and c2 are the coefficients of the annual terms and can be used to determine 

phase and amplitude as in Equations 7.4 and 7.5. Relying on the annual parameters 

estimated from ICESat crossover data in most areas is not recommended, however, as 

there are few crossover data points in most grids (Figures 8.5 and 8.6). The estimated h  

values are shown in Figure 8.19. 

 

The variability is lower with the three-parameter elevation change model than 

with the two-parameter model, though both have similar results and both are 

quantitatively similar to the repeat track analysis results. Therefore, estimating multiple 

parameters with crossover data will cause the estimated h  values to have better 

agreement with those estimated from repeat track analysis than those determined from 

averaging the h  values determined from crossover data. 

 

In Figures 8.20 and 8.21, the estimated amplitudes and phases from crossover 

data are compared to those estimated with repeat track analysis. It can be seen that they 

are dissimilar in most areas, most likely due to the fact that very few data points are 

available with the crossover method. While both have amplitudes greater than 300 mm 

along the coast, repeat track analysis obtains amplitudes lower than 50 mm in most of the 

interior, whereas crossover analysis obtains amplitudes typically over 100 mm in the 

interior. Crossover analysis also has more variable amplitudes over the ice sheet. 
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Figure 8.19. h  values estimated from 3-parameter elevation change model with crossover 
data. 
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Figure 8.20. Estimated annual amplitudes.  a) Repeat track analysis  b) Crossover 
analysis 

 

 

Figure 8.21. Estimated annual phases.  a) Repeat track analysis  b) Crossover analysis 

Repeat track analysis obtains several areas with consistent annual phases, as seen 

in Figure 8.21a: near 180° in the interior, near 360° along the western coast, and an area 
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with a phase near 0° near Helheim Glacier. The results for crossover analysis are more 

variable and often conflict with those for repeat track analysis: large areas with phases 

near 90° in the south and along the western coast and areas with phases near 210° in the 

interior. These results imply that the annual terms for crossover analysis are absorbing 

estimation error, not showing an actual annual signal. 

 

 

8.2.4. Conclusions for Repeat Track Analysis and Crossovers Comparisons 

Both the crossover and repeat track analysis methods show the same qualitative 

results for the h  values, though the exact values are not identical, as demonstrated by 

Figures 8.3 and 8.4. The distribution of data points within the grid is similar for both 

methods and is thus unlikely to be the source of the differences in the results, though the 

number of points within each grid is different for each method. The number of crossover 

points within the grids increases nonlinearly with decreasing distance to the poles: 

whereas there are fewer than ten points per grid in the areas of the ice sheets farthest from 

the poles, the areas nearest the poles have more than one hundred points in each grid. 

 

In most areas, there are fewer than ten crossover points within each grid. When 

there are few data points, errors in the measurements have a larger effect. If the error is 

random and not systematic, it would be reduced if averaged with a large number of data 

points. Crossovers are therefore more susceptible to measurement errors than repeat track 

analysis. This was demonstrated in Section 8.2.3 by using crossover data to estimate 

multiple parameters; the resulting h  values were similar to those determined from repeat 

track analysis. 
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Repeat track analysis uses data to estimate parameters describing the observed 

elevations. The elevation model used may not accurately describe the physical processes 

and the topography within the grid, which means that there will be errors in the estimated 

parameters. The difference in the types of errors to which each method is susceptible is 

the probable cause for the differences between the results of the two methods. 

 

8.3. INCLUDING CROSSOVERS AS ADDITIONAL OBSERVATIONS TO THE REPEAT 

TRACK ANALYSIS METHOD 

Though repeat track analysis and crossovers results have similar patterns, as seen 

in Figures 8.1 and 8.2, crossovers have fewer error terms, as seen with a comparison 

between Equations 8.3 and 8.5. Crossovers were added as additional observations to 

repeat track analysis in order to combine the data. Since the data used to generate the 

crossovers was already used for repeat track analysis, adding crossovers to the repeat 

track analysis data has the effect of using some observations more than once, which 

means that some data points are correlated with others. However, as repeat track analysis 

is performed separately on each track and each crossover requires data from two tracks, 

extra tracks are included in repeat track analysis due to the inclusion of crossovers. The 

effect of using observations more than once is assumed to be small, though this is a better 

assumption for some areas than others. 

 

From Figures 8.5 and 8.6, it can be seen that the crossover frequency decreases 

with increasing distance from the poles. Near the poles, there are many more crossovers 

than points used in repeat track analysis within each grid, which means that crossovers 

will dominate the solution in those areas. Away from the poles, where the spot track 
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density is lower, the crossovers will have a negligible effect as there may be, for example, 

one crossover point and twenty repeat track points within each grid. 

 

Slope information for crossovers, which can be determined during the crossover 

computation process, can also be used as an additional observation for repeat track 

analysis. The methods for including crossovers and slope information in the observation 

and information matrices will be discussed in Section 8.3.1. 

 

8.3.1. Additions to Observation and Information Matrices when Including 
Crossovers in Repeat Track Analysis 

When adding elevation data to the information matrix, H, spatial offsets from the 

grid center and a temporal offset from the reference time are added, as well as a term 

corresponding to the elevation at the grid center at the reference time, h0. Spatial offsets 

and the h0 term should not be included when adding crossovers, however, as these effects 

are canceled when the elevations at the crossover location are differenced, as seen from 

Equation 8.2. Therefore, only the temporal offset should be added to H: 

 

 000 ii tH          (8.9) 

  

Slopes at the crossover location can be determined from the elevation data points on 

either side of the crossover location. Figure 8.22 shows two intersecting tracks with 

labeled data points. 
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Figure 8.22. Example of intersecting tracks with labeled data points. 

Along-track slopes for both tracks can be computed from Equation 8.10: 

 

BC

BC

xx

hh
m




1          (8.10) 

BC

BC

yy

hh
m




2  

 

where hi is the elevation derived from altimeter data for point i; slopes for Track EFGH 

can be computed similarly. Components of m1 and m2 can be used to determine slopes in 

the grid‟s x- and y-directions. The spatial offsets can then be added to the information 

matrix as observations in addition to the repeat track data for the estimation of the slopes: 
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 00  cxcxcxcxi yyxxH       (8.11) 

 

The x- and y-coordinates in Equation 8.11 are assumed to be referenced to the grid 

coordinate system. xcx+ and ycx+ refer to the x- and y-coordinates after the crossover 

location, while xcx- and ycx- refer to the x- and y-coordinates before the crossover 

location. Results for including crossover information are shown in Section 8.3.2. 

 

8.3.2. Results for Including Crossovers as Additional Observations in Repeat Track 
Analysis 

Initially, crossovers are added to the input data as described in Section 8.3.1. 

These results are shown in Figure 8.23. There are few differences between this case and 

the nominal case (Figures 4.1 and 4.2) because the crossover coverage is sparse in most 

areas and, in areas with higher crossover coverage, the crossover results are similar to the 

repeat track analysis results. 

 

When slope information is added to the observations for repeat track analysis as 

discussed in Section 8.3.1, the mX and h results are similar to the standard repeat track 

analysis case, though the mY and r show some differences, as seen in Figure 8.24. The 

cross-track slope varies from that of the nominal case by more than 5 mm/m in areas near 

the coast when the slope information is added, which implies that the crossover-derived 

and repeat-track-analysis-derived slopes are dissimilar. The r value differences along 

some portions of the Greenland coast are below -35 cm. This result is not surprising, as 

the results in the coastal areas typically have high variability due to the uneven 

topography and lower amount of data in those areas. Though the r and mY values for this 

case show some substantial differences from the nominal values, the h  results are 
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typically within 5 cm/yr of the nominal results, and it is the h  values that determine the 

mass balance. 

 

Adding crossovers to the solution appears to have a negligible effect. For the 

northern areas, the lack of difference is most likely due to the fact that the crossover and 

repeat track analysis results are similar to each other separately, so using crossovers as 

additional observations does not significantly change the solution. For other areas, it is 

most likely a combination of the similar solutions and the fact that there are very few 

crossovers within the grids. 
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Figure 8.23. Greenland repeat track analysis results with crossovers as additional 

observations.  a) mX  b) mY  c) h  d) r 
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Figure 8.24. Greenland repeat track analysis results with crossovers and slope 

information as additional observations.  a) mX  b) mY  c) h  d) r 
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8.4. CONCLUSIONS FOR COMPARISONS BETWEEN REPEAT TRACK ANALYSIS AND 

CROSSOVERS 

From Figures 8.1 and 8.2, it can be seen that the trends in the values of h  are the 

same for both methods, though the actual values are different. The crossover-derived 

values of h  are typically higher than those determined from repeat track analysis, which 

may be due to some of the h  signal being absorbed by other parameters during the repeat 

track analysis estimation process. 

 

Different errors are associated with each method: crossovers are more prone to 

measurement error and repeat track analysis is prone to estimation error due to incorrect 

elevation models. Since the accuracy of repeat track analysis relies on the accuracy of the 

elevation model used, the method will be subject to errors caused by mismodeled spatial 

effects, such as the assumption of linear slopes within grids, and mismodeled temporal 

effects, such as the assumption of a constant linear time-varying trend. While crossovers 

lack non-measurement spatial errors, they are subject to errors due to annual or other 

non-linear time-varying signals. Therefore, if the measurement errors in the elevation 

data are sufficiently small, the crossover method is the most accurate, as the dominant 

errors will be due to not taking into account the non-linear time-varying signals. If the 

measurement errors are significant, however, they will be directly translated into 

elevation change rate by the crossover method. When measurement errors in the 

elevation data are negligible, repeat track analysis still has the problem of using incorrect 

elevation models, which will reduce the accuracy of the estimated parameters. While the 

estimation process will result in measurement errors being absorbed by the estimated 

parameters, some of the actual signal can potentially be absorbed by the estimated 
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parameters, as well. In the presence of measurement errors, therefore, it is unclear which 

method has the greatest accuracy. 

 

Repeat track analysis, however, has better spatial coverage than the crossover 

analysis method, both in a global sense and within each grid. It can be seen from Figures 

8.1 and 8.2 that there are substantial gaps in the areas with crossover data in Greenland 

and Antarctica, particularly in areas farther than 20° latitude from the poles. Within the 

grids, it can be seen from Figures 8.14 and 8.15 that the crossovers are typically clustered 

within 100 m of each other, whereas the repeat track data will span the entire grid in the 

along-track direction. Therefore, in terms of coverage, the repeat track analysis method 

performs better than the crossover method. 

 

Crossovers and slope information can be added as additional observations for 

repeat track analysis estimation. Adding crossovers to the observations has the effect of 

using some data multiple times. In this study, doing so was assumed to have a negligible 

effect, but future studies should account for the fact that some data are used multiple 

times. 

 

It was found that the results from the combination method had few differences 

from the standard repeat track analysis solution. There are few crossovers in most areas, 

which means they will be far outnumbered by elevation observations and will thus have a 

negligible effect on the results. Crossovers will only have a large effect near the poles, 

where they will dominate the estimation process. In the northern part of Greenland, 

however, the solution with crossover information included is similar to the solution when 

crossover information is not included. As there are disparities in the amount of available 
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crossover data compared to repeat track data throughout the ice sheets and as the 

crossover and repeat track analysis solutions are already similar, using crossovers as 

additional information for the repeat track analysis method is not recommended. 

 

In this study, differences in h  were used to compare the crossover and repeat 

track analysis methods. In the future, it might be informative to convert the h  differences 

to mass differences by choosing appropriate ice or snow density values and PGR models, 

as done in Gunter et al. [2009]. 
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Chapter 9: Conclusions and Future Work 

 

The ability of repeat track analysis to estimate parameters pertaining to the 

physical processes taking place on the ice sheets was tested. A standard elevation model, 

grid size, and grid type were chosen as a basis of comparison for test cases; the results 

from the comparison case were evaluated based on results from simulated elevation data 

and by comparing results from actual data to known physical features on the ice sheets. 

 

Different aspects of repeat track analysis were tested in Chapters 5 - 7: the amount 

of data necessary for a solution, the effect of grid sizes and types on the estimated 

parameters, and the choice of elevation model. In Chapter 8, the repeat track analysis 

results were compared with the crossover results. Section 9.1 will discuss the results from 

the previous chapters and Section 9.2 will discuss future work for repeat track analysis. 

 

9.1. CONCLUSIONS 

Chapter 4 presented the nominal solution, which sorted the elevation data into (1 

km)
2
 grids centered on and aligned with the reference groundtracks and an elevation 

model with four parameters: along-track slope, cross-track slope, elevation change rate, 

and an initial elevation at the grid center. The nominal solution was tested with simulated 

elevation data and by comparing the solution using real data to physical features on the 

ice sheets.  

 

From the results using simulated data, it was found that, with no errors and no 

unmodeled terms, the parameters used to generate the simulated data could be recovered 
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accurately. With random Gaussian error and an unmodeled annual term, the elevation 

change rate could be recovered with a standard deviation below 5 cm/yr. With ICESat-

derived elevations, the estimated h  values were correlated with some physical features 

on the ice sheets, such as the Kamb and Whillans Ice Streams in Antarctica and the 

Jakobshavn glacier in Greenland. 

 

In Chapter 5, the repeat track analysis method was used with data sets with data 

from different numbers of campaigns, using both simulated elevation data and ICESat-

derived elevation data. It was found that there should be elevation data from at least as 

many laser campaigns as parameters being estimated. While a solution can be obtained if 

there are at least as many observations as parameters being estimated, observability 

problems can occur if the observations have time or spatial coordinates that are not 

separated sufficiently. For ICESat, observations within a (1 km)
2
 grid within one laser 

campaign have times that only differ by fractions of a second and distances in the cross-

track direction that differ by only a few meters. Therefore, the repeat track analysis 

solution requires observations from at least as many laser campaigns as parameters being 

estimated. 

 

In Chapter 6, different grid types and sizes were tested: evenly spaced 

latitude/longitude grids, evenly spaced polar stereographic grids, and grids centered on 

and aligned with the ICESat reference groundtracks with sizes of (0.7 km)
2
, (1 km)

2
, and 

(2 km)
2
. The evenly spaced polar stereographic grids were found to have larger 

differences between the observed and computed elevations than the other grid types due 

to the fact that the ICESat spot tracks will not always lie near the center of the grid. If the 

reference groundtrack is near the edge of a grid, not all of the spot tracks from the laser 
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campaigns will lie within the grid; this problem is discussed in more detail in Chapter 2. 

Evenly spaced latitude/longitude grids have the same problem, but the grid sizes will 

change with changing latitude: the grid size becomes smaller near the poles where more 

ICESat data is available and larger with increasing distance from the poles where ICESat 

data becomes sparser. Therefore, the latitude/longitude grids have smaller residuals than 

the polar stereographic grids. The reference-groundtrack-based grids are preferred, 

however, as all of the ICESat spot tracks are more likely to lie within these grids than 

within evenly spaced grids, due to the problem discussed previously in this paragraph. 

Out of the three grid sizes for the reference-groundtrack-based grids, the (2 km)
2
 grids 

had the highest differences between the observed and computed elevations. The (0.7 km)
2
 

and (1 km)
2
 grids allow for better resolution than the (2 km)

2
 case, but will contain less 

data. Therefore, reference-groundtrack-based grids are recommended and the optimal 

grid size will depend on the amount of elevation data available. 

 

In Chapter 7, several elevation models were tested: the nominal four-parameter 

model including along- and cross-track slopes, elevation change rate, and an initial 

elevation at the grid center; a five-parameter model including the four parameters from 

the nominal model and an annual term; a six-parameter model including the four 

parameters from the nominal model and two annual terms; a six-parameter model 

including the four parameters from the nominal model and time-dependent along- and 

cross-track slopes; a six-parameter model including a second-order along-track and 

second-order cross-track slope; a six-parameter model including two sinusoidal along-

track elevation terms, two sinusoidal cross-track elevation terms, elevation change rate, 

and the initial elevation at the grid center; a six-parameter model including the four 

parameters from the nominal model and two track-length terms, and a two-parameter 



 252 

model including the elevation change rate and the initial elevation at the grid center. 

Differences between the observed and modeled elevations were much larger for the 

sinusoidal-elevation and time-dependent-slope cases than for the other cases. The six-

parameter model with annual terms had lower differences between the observed and 

modeled elevations than the other cases, but, while the estimated annual terms showed 

some of the expected trends, the magnitudes were not similar to the expected values in all 

of the areas. Therefore, while the estimated annual parameters will absorb error from the 

estimation process and can show trends in annual elevation changes, the estimated 

parameters are not sufficiently accurate to base conclusions about annual effects on the 

values. The estimated parameters from the two-parameter model show the same general 

pattern in elevation change rate as the other models, but the associated differences 

between observed and computed elevations are much higher than for other models. 

Therefore, the choice of model should depend on the amount of available data: the two-

parameter model can be used where there are few laser campaigns available and the six-

parameter model with annual terms can be used where there are more than six ICESat 

laser campaigns, with the nominal four-parameter model being used for areas with 

elevation data from between four and six laser campaigns. 

 

In Chapter 8, the elevation change rates determined from crossovers were 

compared to those determined from the nominal repeat track analysis estimation. The 

results for both the Greenland and Antarctica ice sheets show similar trends: differences 

between the crossover and repeat track analysis solutions are typically under 5 cm/yr, 

though they can be higher than 40 cm/yr along the coasts. Adding crossovers as 

additional observations for repeat track analysis estimation was found to have negligible 

effects in most areas, as there are fewer crossovers than ICESat elevation observations in 
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most areas of the ice sheets, with the exception of areas ~5° from either pole. In addition, 

as the elevation observations used in repeat track analysis were also used to compute the 

crossovers, adding crossovers to the elevation observations has the effect of weighting 

some observations higher than others. Therefore, the addition of crossovers to the 

elevation observations for repeat track analysis is unnecessary. 

 

From the above results, it is concluded that at least as many ICESat laser 

campaigns are required as parameters being estimated, reference-groundtrack-based grids 

should be used, and the choice of model will depend on the data density. If sufficient data 

are available, the six-parameter elevation model containing along- and cross-track slopes, 

elevation change rate, initial elevation at the grid center, and two annual terms should be 

used. 

 

9.2. FUTURE WORK 

The limitations of repeat track analysis can be explored more thoroughly with the 

use of more simulations, while different models and different data processing techniques 

can be applied to improve the accuracy of the repeat track analysis method. Since one set 

of parameter sizes was used to generate simulated data for most of the cases in this study, 

it would be of benefit to vary the parameter sizes to determine the effect on the recovery 

of the parameters with repeat track analysis. For example, when using the nominal four-

parameter model for estimating parameters, the magnitude of the annual term used in the 

generation of simulated data could be varied to determine the effects on the estimated 

parameters of not estimating annual terms. Slopes, elevation change rates, random 

Gaussian errors, and other unmodeled terms could be varied to determine the effects of 

their magnitudes on the repeat track analysis solution. 



 254 

 

Different elevation models can also be tested. The elevation models used in this 

study are sufficient for the interiors of the ice sheets, as the topography there is less 

variable than along the Greenland and Antarctica coasts. It would be desirable, however, 

to develop elevation models that better match the physical processes and topography 

along the coasts. In addition, the use of different elevation models for different areas can 

be studied, as the physical processes in some areas are known better than those occurring 

in other areas. As determined in Section 4.3, the h0 parameter does not need to be 

estimated, provided that t0 is chosen to be the average t value within the grid. Therefore, 

it is recommended that in the future, h0 should not be estimated and t0 should be the 

average t value within the grid for any elevation model chosen. 

 

Different data processing techniques can also be tested. Weights can be applied to 

the different elevation observations based on the characteristics of those observations, 

such as the gain or statistical properties of the laser waveform. Data can also be edited to 

remove outliers. 



 255 

Appendix A: Determination of Crossover Location, Elevations, and 
Times 

A crossover location is determined by locating the point of intersection between 

two altimeter spot track segments, one ascending and one descending. Ascending 

segments are the portions of the spot tracks where the altimeter is traveling in the 

direction of increasing latitude; the altimeter travels in the direction of decreasing latitude 

for descending segments. As shown in Figure A.1, the spot tracks are a series of discrete 

points, which means that there will not be a spot for every location along the track. 

Interpolation will be required to determine the elevations and times at the crossover 

location. 

 

 

Figure A.1. Spot tracks used for the determination of a crossover. 
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In this study, the method described by Kruizinga [1997] is used to determine 

crossover locations, elevations, and times. First, the spot tracks are divided into ascending 

and descending segments. Then, equator-crossing longitudes are found for each segment. 

An initial estimate of the crossover location is then found with respect to the equator-

crossing longitudes. The initial estimate is refined by linear interpolation and is then 

further refined with cubic spline interpolation. Sections A.1-A.5 will describe the process 

in more detail. 

 

A.1. STEP 1: DIVIDE SPOT TRACKS INTO ASCENDING AND DESCENDING SEGMENTS 

In this study, ICESat ice sheet elevation data from the GLA12 product provided 

by the National Snow and Ice Data Center (NSIDC) are used. The GLA12 product 

contains the latitudes, longitudes, elevations, and times of the ICESat laser spots over the 

Greenland and Antarctica ice sheets. The spot tracks are divided into ascending and 

descending segments: ascending segments are defined to start at the southernmost point 

and continue to the northernmost point, while descending segments are defined to start at 

the northernmost consecutive point and continue to the southernmost consecutive point. 

 

The ascending and descending segments defined in this study are not related to 

the ICESat reference groundtracks. Whereas the ascending and descending segments are 

defined to start at the southernmost point and end at the northernmost point or vice versa, 

respectively, the ICESat reference groundtracks are defined to start at the equator 

crossing in the ascending direction and end at the next equator crossing in the ascending 

direction. 
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A.2. STEP 2: COMPUTE EQUATOR CROSSINGS FOR ASCENDING AND DESCENDING 

SEGMENTS 

Once the spot tracks have been divided into ascending and descending segments, 

the longitude and time of the equator crossing of each segment are determined. This is a 

non-trivial task, as the spot track data in this study are not continuous: only ice sheet data 

are used, which means there are no available data points near the equator. 

 

The angular rate at which the spots are created in the latitude direction is 

combined with the angular distance, u, between a point on the track, (φ, λ), and the 

equator crossing, (0, λeq), to determine the position and time of the equator crossing. 

Figure A.2 demonstrates the terms used to determine the position and time of the equator 

crossing. Since the spot track is projected onto the Earth‟s surface, Euclidean geometry 

cannot be used to accurately determine the equator crossing location. Instead, the Earth is 

assumed to be a sphere and the right spherical triangle created by the equator crossing the 

point (φ, λ), and the point (0, λ) is used to determine u. Figure A.3 shows the spherical 

triangle with additional notations: Δλ is the longitude difference between the equator 

crossing and (φ, λ) and C is an unknown angle between the spot track and the meridian 

passing through the point (φ, λ). 
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Figure A.2. Equator crossing of spot track relative to a point along the spot track. u is the 
angular distance between the equator crossing (0, λeq) and a point along the 
spot track (φ, λ) and i is the inclination of the spot track with respect to the 
equator. 

 

Figure A.3. Spherical triangle for determining location of equator crossing. C is an 
unknown angle and Δλ is the longitude difference between the equator 
crossing and (φ, λ). 
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Two points on the spot track will determine the plane of the spot track, so the 

vector normal to the spot track can be determined from the cross-product of two points on 

the spot track: 

 

21 rrh


          (A.1) 

 

In this study, the first and last points on the spot track segment are chosen to be 1r


 and 

2r


, respectively. The inclination, i, of the spot track with respect to the equator can then 

be determined from Equation A.2: 
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The law of sines for spherical trigonometry states [Kells et al., 1943]: 
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where A, B, and C are the angles in a spherical triangle and a, b, c are the corresponding 

angular distances of the sides of the triangle opposite the angles. Equation A.3 can be 

used to determine u: 
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u can then be determined for two points along the spot track. The difference between the 

u values and the times of both points along the spot track can be used to determine the 

rate at which the spots are created: 
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The angle C from Figure A.3 is unknown, but it can be solved for with the law of 

sines for spherical trigonometry: 
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The law of cosines for spherical trigonometry states [Kells et al., 1943]: 
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By substituting the angles from Figure A.3, the following expression can be obtained: 

 




cossin
2

sincos
2

coscos CCi       (A.8) 

 

By substituting A.6 into A.8 and solving for sin(Δλ), Equation A.9 is obtained: 
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From the Δλ, u, and u  determined previously, the equator-crossing longitude and 

time, respectively, can be determined from Equations A.10 and A.11: 
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        (A.11) 

 

teq is the time at which the spot track crosses the equator and the value of iasc is dependent 

on whether the track is ascending or descending: if the track is ascending, iasc = 1; if the 

track is descending, iasc = -1. Once the equator-crossing longitudes and times are 

determined for all ascending and descending segments, the initial estimates of crossover 

locations can be found with respect to the equator crossings, as discussed in the next 

section. 

 

A.3. STEP 3: COMPUTE INITIAL CROSSOVER LOCATION ESTIMATE 

An initial crossover location can be found with respect to the equator crossings of 

the two intersecting spot tracks. Figure A.4 shows the intersecting tracks with notations 

of parameters that will be used to compute the intersection location. As the spot tracks are 

projected onto the Earth‟s surface, the area bounded by the two spot tracks and the 

equator can be approximated as a spherical triangle. The crossover location is indicated 

by the coordinates  cxcx  ,  and the other two vertices of the spherical triangle are 

indicated by  11,  and  22 , . As both vertices are along the equator, 021  . 

The angular distance between 1  and 2  is given by Δλ, and u1 and u2 represent the 

angular distances between the equator crossings of the spot tracks and the crossover 

location. 
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Figure A.4. Intersecting spot tracks and the angles and angular distances of the associated 
spherical triangle. 

Δλ can be found from Equation A.12: 

 

  212112 sinsincoscoscoscos       (A.12) 

 

The inclinations, i1 and i2, are known from Equation A.2 in the previous section. Napier‟s 

analogies for spherical trigonometry are given by Equations A.13 and A.14 [Kells et al., 

1943]: 
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From Equations A.15 and A.16, the quantities (u1+u2) and (u1-u2) can be 

determined: 
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u1 and u2 can then be determined from Equations A.17 and A.18: 
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Equations A.17 and A.18 give the angular distances to the initial estimate of the 

crossover location with respect to the equator crossings of the spot tracks. Since only data 

points near the poles are used and since the Earth‟s surface was approximated as a sphere, 
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the accuracy of the crossover location needs to be improved; this is done in the next 

section.  

 

A.4. STEP 4: IMPROVE CROSSOVER LOCATION ESTIMATE WITH LINEAR 

INTERPOLATION 

The time a spot track reaches the crossover location can be determined from the 

angular distance between the crossover location and the equator crossing and u : 
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Latitudes and longitudes of the two spots along the track nearest the initial estimate of the 

crossover location are used to linearly interpolate a new estimate of the crossover 

location. As only ice sheet data is used in this study, there will not always be any 

available data near the predicted crossover location, as the predicted crossover location 

could occur over the ocean or land. If this is the case, the predicted crossover location is 

not used any further. 

 

A linear equation for the latitude of the crossover location is developed with 

longitude as the independent variable: 
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where ),( 11   and ),( 22   are the two data points along a spot track nearest to the initial 

estimate of the crossover location. Equation A.20 can be used for both intersecting spot 
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tracks. Since the two tracks will have the same latitude and longitude at the crossover 

location, there will be two equations and two unknowns (φcx and λcx) and the crossover 

location can be solved for. 

 

A.5. STEP 5: REFINING CROSSOVER LOCATION AND INTERPOLATING TO OBTAIN 

ELEVATIONS AT CROSSOVER LOCATION 

The crossover location determined in Section A.4 was a linear interpolation, so 

only two points were used. In Step 5, data within 0.5 seconds before and after the 

predicted crossover location are used to determine a cubic spline interpolation of the 

positions, times, and elevations between the data points on the spot track. 

 

In a cubic spline, cubic functions are generated between each data point [Shikin 

and Plis, 1995]. Therefore, if n data points are available, n-1 cubic functions will be 

generated. The cubic functions are designed to be continuous across the data points and 

to have continuous first and second derivatives. Figure A.4 shows an example with four 

data points, marked by the circles. It can be seen that there are three intervals, each of 

which will have a corresponding cubic function in the cubic spline interpolation. 

 

 

Figure A.4. Data points and intervals for cubic spline computation. 

The cubic functions are given in Equation A.21: 
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Each cubic function contains four coefficients, which means that 4(n-1) coefficients will 

be required for a cubic spline. The description of cubic splines is given with the notation 

from [Shikin and Plis, 1995]. The functions are required to match the values at the data 

points: 
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The functions are required to be continuous (Equation A.23), have continuous first 

derivatives (Equation A.24), and have continuous second derivatives (A.25). 
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Equation A.22 will provide n conditions and A.23-A.25 will provide 3(n-2) 

conditions, which means that two more conditions are required to solve the system of 

equations. The natural cubic spline is created with the assumption that the second 

derivatives at the end points are 0 [Shikin and Plis, 1995]: 
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There are now 4(n-1) unknowns and 4(n-1) equations, so the system can be 

solved. To simplify the equations, the abscissas are normalized between each pair of data 

points. For instance, on the interval between (xi, yi) and (xi+1, yi+1), the normalized x-

coordinates are defined as [Shikin and Plis, 1995]: 
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By normalizing the abscissas, the x-coordinates will range from 0 to 1. Coefficients can 

be found from the method described in [Bartels et al., 1998] and presented here. When 

this is done, the condition given in Equation A.22 can be used at x= 0 to obtain the 

coefficient ci4: 
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If Di is defined as the first derivative at xi, then x= 0 at xi for iS  , which yields ci3: 
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Conditions A.23 and A.24 can be combined to determine expressions for ci1 and ci2: 
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As the coefficients are written as functions of the known values at the data points, yi, and 

the first derivatives at the data points, Di, Equations A.28-A.31 can be combined into 
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matrices to solve for the first derivatives simultaneously, as described in [Bartels et al., 

1998]: 
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The first derivatives can be solved for with Equation A.32 and can then be used to 

determine the coefficients for each cubic function. Locations between the data points can 

then be determined from the resulting cubic spline. 

 

Since the cubic spline is controlled to pass through every data point, the errors 

from the cubic spline cannot be determined easily. Penotti [1997] suggests removing one 

data point at a time, say (xi, yi), generating a cubic spline from the remaining data points, 

and then comparing the value of the cubic spline at xi with the value of the actual data 

point, yi. This is done for every point used to generate the cubic spline and the average 

difference between Si(xi) and yi is used as the value for the interpolation error. 

Interpolation errors for Greenland and Antarctica are given in Section 2.2.2. 
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Appendix B: Polar Stereographic Coordinates Computation 

For the repeat track analysis computations, coordinates were defined in the 

ellipsoidal polar stereographic system. Ellipsoidal polar stereographic coordinates are 

conformal, which means that angles are preserved, but they do not preserve direction or 

distances. They are obtained by projecting geographic data onto a flat plane [Snyder, 

1987]. The parameters used in this study are given in Table 2.1. In this section, the 

computations necessary to convert latitude and longitude coordinates to polar 

stereographic coordinates are given in Section B.1; the computations necessary to convert 

polar stereographic coordinates to latitude and longitude coordinates are given in Section 

B.2. 

 

B.1. CONVERSION OF LATITUDE/LONGITUDE COORDINATES TO POLAR 

STEREOGRAPHIC COORDINATES 

Elevation data from the GLA12 data product correspond to position data given in 

latitude/longitude coordinates. Since computations for repeat track analysis in this study 

use polar stereographic coordinates, the latitude/longitude coordinates, φ and λ, 

respectively, are converted to polar stereographic coordinates. For the computations in 

this section, all angles are expressed in radians. An ellipsoid with radius ae = 6378137 m 

and eccentricity e = 0.081819190843 is used. 

 

The ellipsoid radius is scaled by the scale factor, k0: 

 

0k

a
a e

e            (B.1) 

A parameter, λ1, is defined in Equation B.2: 
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01             (B.2) 

 

where λ0 is the longitude of the center of the projection given in Table 2.1. If 
2

0


  , 

then the angles used in the computations are multiplied by -1: 

 

   

11             (B.3) 
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where 1  is the latitude of true scale given in Table 2.1. 

 

 Parameters m1, β, t1, and t can then be computed from Equations B.4: 
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If 
2


   and 

2


  , then A is determined from Equation B.5: 
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Otherwise, A is determined from Equation B.6: 
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The x and y ellipsoidal polar stereographic coordinates can then be computed 

from Equations B.7: 
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If 
2

0


  , then: 
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B.2. CONVERSION OF POLAR STEREOGRAPHIC COORDINATES TO 

LATITUDE/LONGITUDE COORDINATES 

Once the repeat track analysis computations were completed, the polar 

stereographic coordinates were converted to latitude/longitude coordinates so that the 

results could be plotted in Generic Mapping Tools. The computations necessary for the 

conversion are shown in this section. For the computations in this section, all angles are 
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expressed in radians. An ellipsoid with radius ae = 6378137 m and eccentricity e = 

0.081819190843 is used. 

 

The magnitude of the position vector is computed from the polar stereographic 

coordinates, x and y: 

 

22 yx           (B.9) 

 

The ellipsoid radius, ae, is scaled by the scale factor, k0: 
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If 
2

0


  , then the latitude of true scale, φ1 is multiplied by -1: 

 

11             (B.11) 

 

The parameters m1, β, t1 are computed from Equations B.12: 
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The parameter t is computed differently depending on the value of φ1. If 
2

1


   or 

2
1


  , then t is determined from Equation B.13: 
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Otherwise, t is determined from Equation B.14: 

 

eam

t
t

1

1
           (B.14) 

 

 χ is defined from Equation B.15: 
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φ is then determined from Equation B.16: 
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 The latitude/longitude coordinates are computed differently depending on the 

value of φ0. If 
2

0


  , then the latitude is φ from Equation B.16 and the longitude is 

computed from Equation B.17: 
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If 
2

0


  , then the latitude and longitude are determined from Equations B.18: 
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Appendix C: Cholesky-Blas Algorithm 

Cholesky decomposition is a method to factor a positive definite symmetric 

matrix into a lower triangular matrix, as described by [Lawson, 1979]: 

 

A=LL
T
         (C.1) 

 

where A is an n x n matrix given by Equation C.2: 
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and L is an n x n matrix given by Equation C.3: 
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where α11 and l11 are scalars, a12=a21 and L21 are (n-1) column vectors, and A22 and L22 

are (n-1) x (n-1) matrices. 

 

Since A=LL
T
, the components of L can be determined from Equations C.4: 
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which, with substitutions, lead to the final equations used to complete the solution: 
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The process is repeated with A now equal to TLL 2222 . The decomposition is complete 

when A is a scalar. 

 

A variation on this method is the Cholesky Blas 3 algorithm, which partitions the 

A matrix into four submatrices; instead of α11 being a scalar, it is an nblock x nblock 

matrix. The above Cholesky decomposition method is used to decompose the α11 matrix. 

 

The Cholesky-Blas algorithm can be used to solve the normal equations: 

 

WyHWHxH
TT          (C.6) 

 

by setting WHHA
T and WyH

Tb , which leads to Equation C.7: 

 

bxLLT           (C.7) 

 

If c is defined as xLc T , then bLc   can be used to solve for c. Then x can be solved 

for with the definition for c: 

 

xLc T           (C.8) 
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Appendix D: Modified Multiplication for Least Squares 

The elevation model with track-length parameters, discussed in Section 7.5, 

required the simultaneous estimation of parameters for every grid within a particular 

reference track. For some computers, the required sizes of the matrices are too large and 

the matrix operations are time-consuming. Therefore, some of the matrices were created 

according to patterns instead of using matrix multiplication and transposition subroutines. 

The modified y and H matrices are shown to demonstrate the problem set-up. 

 

The H matrix for the entire reference track was created differently than the H 

matrix for each individual grid. If there were n grids within the reference groundtrack and 

m total observations, then H was a 4n x m matrix. X-coordinates in the grid coordinate 

system were in the first n columns, with each column corresponding to a different grid, 

Y-coordinates were in the next n columns, time coordinates were in the third set of n 

columns, and the final set of n columns was filled with 1s. p is defined as the number of 

observations in the first grid, q is the number of observations in the second grid, and r is 

the number of observations in the nth grid. ∆xij is the jth x-coordinate location in the ith 

grid, etc, with ∆yij and ∆tij defined similarly. The H and y matrices are given in Equation 

D.1: 
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With the H and y matrices given in Equation D.1, H
T
H and H

T
y can be computed 

as a series of summations. Due to the large size of the H
T
H matrix compared to the size 

of the paper margins, only one line at a time can be displayed, instead of showing the full 

matrix: 
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The first n rows of H
T
H, demonstrated in Equation D.2 by the lines H

T
H1, H

T
H2, 

and H
T
Hn, correspond to the X-coordinates, which are multiplied by the other 

components in the H matrix: Δy, Δt, and 1. The second n rows of H
T
H, demonstrated in 

Equation D.2 by the lines H
T
Hn+1 and H

T
H2n, correspond to the Y-coordinates. The third 

set of n rows of H
T
H, demonstrated in Equation D.2 by the lines H

T
H2n+1 and H

T
H3n, 

correspond to the t-coordinates. The fourth set of n rows of H
T
H, demonstrated in 

Equation D.2 by the lines H
T
H3n+1 and H

T
H4n, correspond to the 1s in the H matrix. 

 

Additional parameters can be included in the H
T
H and H

T
y matrices by 

multiplying the corresponding entries in the H matrix by the other entries in the H matrix, 

following the patterns established in Equation D.2. Weights can be included by 

multiplying each data point in the summation by the weight. For instance, H
T
WH1,1 can 

be computed from Equation D.3: 
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The other entries in H
T
WH and H

T
y can be computed similarly. 
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Appendix E: Constrained Estimation 

Constrained estimation is a variation on the formulation of repeat track estimation 

used previously in this study. A constraint is added to the performance index to lower the 

differences between the elevations computed from the estimated grid-specific parameters 

for one grid and the elevations computed from the estimated grid-specific parameters 

from the next grid in an attempt to make the modeled elevations consistent between grids. 

Section E.1 discusses the formulation of constrained estimation, Section E.2 discusses the 

results with simulated data, Section E.3 discusses the results with ICESat-derived data, 

and Section E.4 gives the conclusions for the method. 

 

E.1. CONSTRAINED ESTIMATION FORMULATION 

In repeat track analysis, grid-specific parameters are estimated from the data 

available within the grid. The estimated parameters can be used to generate modeled 

elevations within the grid. hi(xj) can be defined as the elevation determined from the 

estimated parameters from grid i at the location in the along-track direction xj. If xj is the 

last point within grid i in the along-track direction, it can be stated that )()( 1 jiji xhxh  . 

In other words, the elevation at the end of one grid computed from the estimated 

parameters from the grid will not match the elevation at the beginning of the next 

consecutive grid computed from the estimated parameters from the next consecutive grid: 

the modeled elevations will not be continuous. Therefore, optimization techniques were 

applied to compute parameters using the differences in modeled elevations at the grid 

boundaries as constraints to the repeat track analysis performance index. 
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The original performance index is the square of the difference between the 

modeled elevations and the observed elevations: 

 

)()( HxyHxy  TJ       (E.1) 

 

where y is an nx1 vector, x is an mx1 vector, and H is an nxm matrix. A px1 vector, ψ, 

containing the differences between modeled elevations from successive grids for each 

laser campaign, was used to constrain the solution: 
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hi,j_initial is the modeled elevation of the point at the very beginning of the ith grid for the 

jth laser campaign, computed with the model parameters for grid i. hi-1,j_final is the 

elevation of the point 
2

d
 meters from the grid center in the along-track direction, where d 

is the length of the grid, using the estimated model parameters from grid i-1. hi-1,j_final  has 

the same location as hi-1,j_final  and is found with the model parameters estimated from the 

elevation data within grid i. Therefore, two evaluations of the elevation at a single 

location are compared to determine how consistent the estimated grid parameters are. As 

there will not be an ICESat elevation at the desired location, linear interpolation, using 

the locations of the last point within grid i-1 and the first point within grid i, is used to 

determine the location of the point at the boundary between both grids. 
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In Figure E.1, the interpolated point would be located directly between the two 

points on the line separating the two grids, marked by the red dot. One modeled elevation 

value would be generated from the estimated parameters from Grid B, while another 

would be generated from the parameters from Grid A. The difference of the two values 

will be entered into the constraint vector. 

  

 

Figure E.1. Repeat Track Analysis Grid Example. The ICESat spot track passes through 
two grids in this example. The point at the edge marked by the dot was used 
as the common point between the two grids. 

The constraint vector can be joined to the performance index to create an 

augmented performance index, J‟, given by Equation E.3: 

 

TTJ  )()(' HxyHxy       (E.3) 
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where υ is a px1 lagrange multiplier for the constraint vector. Since Equation 4.1 is used 

as the elevation model, ψ can be rewritten as: 
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where mxi+t refers to the x-slope of grid i+1, etc., and dxi refers to the point on the 

boundary between grids i and i+1 for one laser campaign. ψ is a direct function of x and 

can be written as in Equation E.5: 

 

Qx         (E.5) 

 

Q is described by Equation E.6: 
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and the rewritten augmented performance index is given by Equation E.7: 

 

QxHxyHxy
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To find the extrema, the derivative of J‟ with respect to x is taken and set to 0, which 

gives the relation: 
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which can be rearranged to give: 
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2

1
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To minimize the error, Equation E.9 must be satisfied. However, υ is unknown, 

which means that optimization techniques must be used to determine a υ which will give 

an x̂ to minimize the error. The steps for computing the minimum-error x̂  are described 

in Section E.1.1. 

 

E.1.1. Steps for Computing x̂  with Constraint 

A one-dimensional search algorithm was used to determine x̂  using a constraint, 

which requires updating x̂  iteratively. The steps used in this study are listed below. 

 

E.1.1.1. Step 1: Determine Initial Guess for x̂  

The original normal equation was used to compute the initial guess for x̂ : 

 

yHHHx
TT 1)(ˆ         (E.10) 

x̂  was updated in subsequent steps. 

 

E.1.1.2. Step 2: Compute Q 

Q was computed from Equation E.6. Note that Q only needs to be computed 

once, as it remains constant in the iterations. 
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E.1.1.3. Step 3: Compute Initial Error 

The error for the constrained solution was found by combining two different types 

of errors. The first type, r, was described by Equation 4.2. The second, ψ, was described 

by Equation E.2. The combined error serves as a way to compare the different x̂  

solutions: 

 

 TT

c         (E.11) 

 

E.1.1.4. Step 4: Compute υ 

Values for the uth component of the υ vector determined from the ψ values from 

the vth iteration were determined from Equation E.12: 
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  var       (E.12) 

where afixed  is a constant multiplication factor and avariable is a multiplication factor that is 

varied between ±4, ±3, ±2, ±1.5, ±1, ±0.5, and 0. The uth component is a combination of 

the grid number, i, and the campaign number within the grid, w: 

 

  wniu camp  1        (E.13) 

where ncamp is the total number of laser campaigns in the study. In this case, ncamp = 11. 

afixed = -1000 was chosen, as this was found to cause a high rate of convergence. Equation 

E.12 will cause the largest updates to be in the directions of the largest ψ values.  

 

E.1.1.5. Step 5: Update x̂  

x̂  was updated with υ: 



 288 

 

  TT
QHH

2

1
ˆˆ

1
 prevk xx       (E.14) 

Equation E.14 is a rearrangement of Equation E.9, where x̂ k is the x̂  corresponding to 

the specific value of avariable. Every value of avariable listed in Section E.1.1.4 was used 

during each iteration, so there will be thirteen values of x̂ k for each iteration. 

 

E.1.1.6. Step 6: Compute Error 

Equation E.11 is used to compute the error for each x̂ k. The errors were 

compared and the new x̂  was computed with the value of avariable corresponding to the 

minimum error. If avariablewas 0, the step-size was reduced by half. 

 

Steps 4, 5, and 6 were repeated until the step-size was reduced twenty times, at 

which point the minimum-error solution with the constraint was assumed to have been 

found. φ will not be 0, as all the elevation values within the grid are used to estimate the 

model parameters, not just the elevation values at the grid edges. 

 

Note that it is not helpful to fit parameters solely to the constraint, i.e., to set 
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Not only would this ignore the actual elevation measurements, it would result in the 

trivial answer of x̂ =0. 
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In addition, the estimation process for the constraint case cannot be done grid-by-

grid: at least two grids are needed for each set of constraint equations, and the results for 

each grid will be affected by the grids before and after them. Therefore, the parameters 

for the entire set of grids must be estimated simultaneously. 

 

E. 2. RESULTS FOR ESTIMATION WITH CONSTRAINT WITH SIMULATED DATA 

Simulated ICESat elevation data were generated with Equation 3.14, using the 

parameter values given in Table 3.4. Mean errors and standard deviations were computed 

for the estimated parameters as discussed in Chapter 3, but the differences in the 

constraint values were also used to evaluate the method. The sum of the differences 

between the modeled elevations at the grid edges for each laser campaign, εφ, is given by 

Equation E.13: 
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where n is the number of grids, p is the number of ICESat laser campaigns in common 

between grids i and i+1, and (xg,yg) is the position at the grid‟s edge at which the 

elevations are evaluated. 

 

Several iterations were involved in computing the results, which means that more 

computation time is required than for the cases without constraints. Therefore, a small 

test area was desired, as it would have taken several days to perform the estimation for 

the entire Greenland ice sheet. ICESat elevation data from the Siple Coast area were used 

to evaluate the model with the constraint as the topography in the Siple Coast varies more 
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than in other areas and is distinctive, due to the ice streams. The latitude bounds were      

-85° < φ < -80°, and the longitude bounds were 210° < λ < 250°. 

 

The mean errors and standard deviations from the simulated elevation data are 

shown in Table E.1. As a comparison, parameters were estimated from the elevation data 

from the same area without using a constraint; the results are shown in Table E.2.  

 

Table E.1. Siple Coast results for model with constraint with simulated elevation data. 

Parameter   
  

mx (mm/m) 3.2e-3 4.3e-2 

my (mm/m) -6.8e-2 0.9 

h  (mm/yr) 1.2 36.7 

h0 (mm) -2.2 112.1 

 

Table E.2. Siple Coast results for nominal model with simulated elevation data. 

Parameter   
  

mx (mm/m) 7.4e-4 2.4e-2 

my (mm/m) -7.2e-2 0.8 

h  (mm/yr) 0.2 34.1 

h0 (mm) -9.2 106.1 

 

The results are similar for both cases, implying that adding the constraint has little 

effect on the estimation process. When using the constraint, the standard deviations of the 

estimated parameters are slightly higher than those for the case without the constraint, 

which is expected: when a constraint is not used, the estimation process minimizes the 

differences between the observed and computed elevations, but the constraint case has an 
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additional criterion, which will increase the differences between the observed and 

computed elevations. 

 

The original and final values for εφ were compared to determine the improvement. 

For the Siple Coast, the average improvement was only 1.4 mm, with a standard 

deviation of 2.9 mm. Therefore, using a constraint has little effect on the estimation 

process, but takes significantly more computation time. 

 

E. 3. RESULTS FOR ESTIMATION WITH CONSTRAINT WITH ICESAT-DERIVED DATA 

ICESat elevation data from the Siple Coast area were used to estimate parameters 

using a constraint, as described previously. The results are shown in Figures E.2 and E.3. 

The estimated mX, mY, and h  are similar to those for the nominal case. The Kamb and 

Whillans ice streams can be clearly seen in Figure E.2c. The average r within the grid is 

significantly higher for the case with the constraint than for the nominal case, implying 

that the addition of the constraint causes the estimated parameters to not reflect the actual 

physical processes taking place on the ice sheet as well as they would without the 

constraint. Figure E.3 shows the εφ. Differences are less than 1 mm for most cases, 

meaning that the constraint does not significantly increase the repeat track analysis 

method‟s ability to generate models with matching boundary conditions. 
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Figure E.2. Siple Coast repeat track analysis results for nominal model with constraint.   

a) mX  b) mY  c) h  d) average r within grid 

 

 

Figure E.3. εφ for Siple Coast. 
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E. 4. CONCLUSIONS FOR ESTIMATION WITH CONSTRAINT 

Adding a constraint to the repeat track analysis estimation does not have the 

intended effect of making the elevations between consecutive grids significantly more 

consistent. Instead, the differences between the observed and computed elevations are 

higher, while the difference between the original and final εφs are only improved on the 

order of 1 mm. Therefore, the constraint is not a useful addition to the repeat track 

analysis estimation.  
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Appendix F: Temporal Sliding 

One of the disadvantages of repeat track analysis is that it only provides one 

elevation change rate for each grid, whereas there is one elevation change rate for each 

crossover. Therefore, the change in rates can be seen from studying crossovers from 

different pairs of laser campaigns, but not for the typical set-up of repeat track analysis. 

However, if there are more laser campaigns available than parameters being estimated, 

the estimation process can be performed with a sequence of different subsets of the 

available laser campaigns. 

 

In the standard set-up, as described in Chapter 3.1, only four laser campaigns are 

required. Therefore, subsets of four laser campaigns were formed, starting with the 

October 2003 campaign (L2a) and ending with the October 2007 campaign (L3i). The 

May/June campaigns were not used because only two May/June campaigns were 

available in this study. Sets of five campaigns were also used, again excluding the 

May/June campaigns. 

 

F.1. RESULTS FOR TEMPORAL SLIDING WITH SIMULATED DATA 

The mean errors and standard deviations of the parameters estimated from 

simulated ICESat elevation data using four-campaign subsets are presented in Table F.1; 

those estimated with five-campaign subsets are presented in Table G.2. Results are given 

as  ±  . 
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Table F.1. Greenland repeat track analysis results for temporal sliding with four-
campaign subsets with simulated elevation data. 

 mx (mm/m) 
my (mm/m) h  (mm/yr) 

h0 (mm) 
Subset 1:  
L2a-L3b  
(October 2003- 
March 2005) 

-2.2e-3 ± 6.6e-2 -0.3 ± 3.0 -26.7 ± 262.8 4.6 ± 387.7 

Subset 2:  
L2b-L3d  
(March 2004–
October 2005) 

-2.3e-4 ± 4.0e-2 -0.2 ± 2.7 45.8 ± 149.2 -137.0 ± 336.6 

Subset 3:  
L3a – L3e  
(October 2004-
March 2006) 

1.8e-4 ± 3.7e-2 -1.0 ± 2.9 -126.3 ± 201.9 273.5 ± 520.0 

Subset 4:  
L3b-L3g  
(March 2005-
October 2006) 

3.8e-4 ± 3.2e-2 -0.3 ± 1.3 64.8 ± 77.9 242.1 ± 241.7 

Subset 5:  
L3d-L3h  
(October 2005-
March 2007) 

1.8e-3 ± 0.3 0.4 ± 3.0 -69.5 ± 235.4 199.7 ± 865.1 

Subset 6:  
L3e-L3i  
(March 2006-
October 2007) 

-1.7e-5 ± 4.0e-2 1.7e-2 ± 1.8 99.2 ± 134.5 -435.9 ± 544.3 

 

The standard deviations of the estimated parameters in Table F.1 are significantly 

higher than those for the nominal case, which is expected: elevation data from only four 

campaigns were used, instead of the full set of data from eleven campaigns. The 

estimated h  values also have mean errors approaching 10 cm/yr in some cases. 
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Table F.2. Greenland repeat track analysis results for temporal sliding with five-
campaign subsets with simulated elevation data. 

 mx (mm/m) 
my (mm/m) h  (mm/yr) 

h0 (mm) 
Subset 1:  
L2a-L3d  
(October 2003- 
October 2005) 

-1.1e-3 ± 6.0e-2 -0.5 ± 2.1 8.2 ± 123.9 -37.6 ± 236.2 

Subset 2:  
L2b-L3e  
(March 2004–
March 2006) 

-1.1e-4 ± 6.7e-2 -0.3 ± 2.4 -20.1 ± 149.7 -10.2 ± 364.4 

Subset 3:  
L3a – L3g  
(October 2004-
October 2006) 

6.3e-4 ± 0.2 -0.2 ± 2.3 -20.4 ± 128.9 13.7 ± 343.4 

Subset 4:  
L3b-L3h  
(March 2005-
March 2007) 

8.8e-4 ± 0.2 -0.2 ± 2.1 8.7 ± 129.4 -87.5 ± 453.3 

Subset 5:  
L3d-L3i  
(October 2005-
October 2007) 

8.0e-4 ± 0.2 -0.4 ± 2.2 21.8 ± 127.1 -118.8 ± 498.2 

 

It was thought that using data from five campaigns would result in lower standard 

deviations while still providing temporal resolution of the parameters. As seen in Table 

F.2, the mean errors and standard deviations for h  are lower than in Table F.1, though 

the standard deviations are still on the order of 10 cm/yr. 

 

F.2. RESULTS FOR TEMPORAL SLIDING WITH ICESAT-DERIVED DATA 

Four- and five-campaign subsets of real ICESat elevation data was used to 

estimate parameters to determine the changes in h  as a function of time. The estimated 
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h s for the four-campaign subsets are shown in Figure F.1 and the estimated h  values for 

the five-campaign subsets are shown in Figure F.2. 

 

 

Figure F.1. Greenland estimated h s for four-campaign subsets. a) October 2003-March 
2005. b) March 2004 – October 2005. c) October 2004-March 2006. d) 
March 2005-October 2006. e) October 2005-March 2007. f) March 2006-
October 2007. 

 

The estimated h s in Figure F.1 are negative in the interior and have some positive 

values on the coast for the October 2003-March 2005 time period, before becoming 

positive in the interior and negative along the coast a year later. In Figure F.1b and F.1f, 

the interior has h s near zero and the coast has negative values, though there are also 

positive coastal values in Figure F.1b. From the previous section, errors in the estimated 

h  values can be expected to be on the order of 10-20 cm/yr. 
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Figure F.2. Greenland estimated h s for five-campaign subsets. a) October 2003 – 
October 2005.  b) March 2004 – March 2006.  c) October 2004 – October 
2006.  d) March 2005 – March 2007  e) October 2005 – October 2007 

The h s estimated from five-campaign subsets in Figure F.2 show a similar 

pattern to the four-campaign cases, though they do not show the negative interior values 

from Figure F.1a. Interior values do become positive in Figure F.2b-d before decreasing 

to near 0 cm/yr in Figure F.2e, which is similar to the pattern seen in Figure F.1. 

 

The h  values determined from crossovers with one-year differences are shown in 

Figure F.3 as a comparison to the repeat track analysis results. In the earliest campaigns, 

the h  values in the Greenland interior are negative, which matches the estimated h  

values in Figure F.1a. The interior values become more positive and then approach 0 

cm/yr, while the coastal values are mostly negative, which is similar to the pattern from 

the repeat track analysis results in Figures F.1 and F.2. Therefore, the same h  trends can 
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be detected from repeat track analysis and crossovers. While elevation data from only 

two campaigns are required for crossovers, the repeat track analysis results have better 

coverage. 

 

 

Figure F.3. Crossovers with one-year differences. a) October 2004-October 2003. b) 
March 2005-March 2004. c) October 2005-October 2004. d) March 2006-
March 2005. e) October 2006-October 2005. f) March 2007-March 2006. g) 
October 2007-October 2006. 
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F.3. CONCLUSIONS FOR TEMPORAL SLIDING 

Temporal sliding was used to determine the accuracy with which temporal trends 

in h  could be detected. A comparison of Figures F.1 and F.2 with Figure F.3 shows that 

similar trends in h  can be seen from both the crossover and repeat track analysis results, 

though the results from Section F.1 show that there can be errors on the order of 10 cm/yr 

in the h s estimated with elevation data from only four or five laser campaigns. 
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Appendix G: Grids with Small Along-Track Differences 

ICESat elevation data has low coverage in some areas, particularly areas far from 

the poles or in areas where clouds prevent the laser from reaching the ground. Repeat 

track analysis requires that there be elevation data from at least as many laser campaigns 

as parameters being estimated, which means that there are some areas without the 

necessary amount of data to estimate parameters for the nominal model. 

 

It was thought that, by using rectangular grids with small lengths in the along-

track direction, it would be unnecessary to estimate the along-track slope, as it could be 

assumed to change only minimally within the small distance. ICESat‟s lasers have ~170 

m along-track spacing, so grid sizes of 200 m along-track X 1 km cross-track distance 

were used. The grids still require large cross-track differences because there can be large 

cross-track differences from the reference groundtrack, as discussed in Section 2.3.2.1. 

 

Since only three parameters are estimated for the small-along-track-distance grids, 

data from fewer ICESat laser campaigns are required, which should increase the coverage 

of the repeat track analysis method. Results from simulated elevation data are shown in 

Section G.1 and from real elevation data in Section G.2. 

 

G.1. RESULTS FOR SMALL ALONG-TRACK GRIDS WITH SIMULATED DATA 

Simulated ICESat elevation data were generated with Equation G.1: 

 

rand

year

Y h
t

tt
Cthymhh 













 
 0

0 2cos      (G.1) 
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The parameter values are given in Table G.1: 

 

Table G.1. Model Input Parameter Values for Small Along-Track Grid Simulation 

Parameter Value 

mY 2.3 mm/m 

h0 1000 mm 

h  50 mm/yr 

C -140 mm 

hrand 0 ± 25 mm 

 

Reference groundtracks were created in the manner described in Section 2.3.2.1, with d = 

200 m in the along-track direction and d = 1 km in the cross-track direction. The mean 

errors and standard deviations of the estimated parameters are shown in Table G.2: 

 

Table G.2. Greenland results for small along-track grids with simulated data 

Parameter 
  

  

my  (mm/m) -0.3 104.6 

h  (mm/yr) 1.2 2373.1 

h0 (mm) -35.3 7702.0 

 

It can be seen that the standard deviations for the estimated parameters are 

significantly higher than those for the nominal case. In general, only one data point per 

laser campaign will be included within each grid, meaning that errors from hrand will have 

a greater effect on the solution. Therefore, while this method requires fewer data points, 
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the associated errors will be significantly higher than for cases that include more 

elevation data within each grid. 

 

G.2. RESULTS FOR SMALL-ALONG-TRACK GRIDS WITH ICESAT-DERIVED DATA 

Real ICESat elevation data was used to estimate the cross-track slope, elevation 

change rate, and initial elevation at the grid center for the small-along-track grids. The 

results are shown in Figure G.1. 

 

The estimated along-track slope, shown in Figure G.1a, has a similar pattern to 

that for the nominal case in the Greenland interior, but the coast has slopes with higher 

magnitudes. The estimated elevation change rate also has a similar pattern, with h  values 

near 0 cm/yr in the interior and below -40 cm/yr near the coast. Small areas with negative 

h  values can be seen in the interior, which are most likely due to insufficient elevation 

data within the grid, as discussed in Section G.1. Therefore, while large-scale trends can 

be seen with the small-along-track grids, the method does not have sufficient accuracy for 

small areas. 
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Figure G.1. Greenland repeat track analysis results for small-along-track grids. a) mY   b) 

h  

 

G.3. CONCLUSIONS FOR SMALL-ALONG-TRACK GRIDS 

Using small-along-track grids means that one fewer parameter needs to be 

estimated, which means that fewer data points are required in each grid. Since fewer data 

points are required, more grids will contain a sufficient amount of data for the estimation 

process, particularly in the areas farther from the poles and along the coast of Greenland. 

However, due to the small grid size in the along-track direction, each grid will in general 

contain only one data point per ICESat laser campaign, which means that errors in the 

data will have a larger impact on the estimated parameters. While large-scale trends can 

be seen in Greenland that are similar to those for the nominal case, the estimated 

parameters are not expected to be accurate enough for studies of small areas. 
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Appendix H: Correlation Coefficients for Nominal Solution 

To further analyze the validity of the nominal solution, the correlation 

coefficients, ρij, for the estimated parameters were computed. The results are shown and 

discussed in Section H.1. In Section H.2, the dependence of 
0hh

  on t0 is discussed. The 

conclusions for the correlation coefficients are given in Section H.3. 

 

H.1. NOMINAL SOLUTION CORRELATION COEFFICIENTS 

 

The correlation coefficients, ρij, and standard deviations, σi, for the nominal model 

output parameters were determined from the covariance matrix, P [Tapley et al., 2004]: 

 

  1
 WHHP

T         (H.1) 

 

In Smith [2006], the results were rejected if the square of the correlation coefficient for 

two estimated parameters was above 0.5 (i.e., if the correlation coefficient had a 

magnitude below ~0.707), so this criterion is used as a basis for evaluation of the 

correlation coefficients. Figure H.1 shows that the correlation coefficients of the along-

track slope with the other parameters are below 0.2 in magnitude, which is below the 

rejection criterion of 0.707.  
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Figure H.1. Correlation coefficients for estimated mX. a) 
Xm   b) 

YX mm /  c) 
hmX
/

  d) 

0/ hmX
  

 

  Figure H.2. Correlation coefficients for estimated mY. a) 
XY mm /   b) 

Ym c) 
hmY
/

  d) 

0/ hmY
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The cross-track slope has correlation coefficients with h  and h0 that have 

magnitudes up to 0.4, as seen in Figure H.2. The correlation coefficients for the cross-

track slope and elevation change rate are likely higher than those for the along-track slope 

and elevation change rate because there is the equivalent of one observation of each 

parameter per campaign, so both of them have a dependence on the number of 

campaigns. The relation between along-track slope and h0 can be explained from the 

results shown in Figure H.3d and Figure H.4c, which shows that the correlation 

coefficients for h  and h0 are ~-1 over most of Greenland, which implies that those two 

parameters are strongly anti-correlated. It was found that the high anti-correlation was 

due to the dependence of h0 on the choice of t0; this dependence is discussed in Section 

H.2. 

 

 

Figure H.3. Correlation coefficients for estimated h . a) 
hmX
/

   b) 
hmY
/

  c)
h

  d) 
0/ hh
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Figure H.4. Correlation coefficients for estimated h0. a) 
0/ hmX

   b) 
0/ hmY

  c)
0/ hh

 d) 
0h  

 

H.2. DEPENDENCE OF 
0hh

 ON 0t  

As seen in Figures H.3d and H.4c, the correlation coefficients between h  and h0 

generally have magnitudes on the order of 0.9. An analysis of the cause is necessary to 

determine what effect this high correlation has on the nominal model. 

 

A simplified case of the nominal model is studied as a way to gain a more 

intuitive understanding of the problem. A two-parameter model is used: 

 

00 )( htthh           (H.2) 

 

Equation H.2 describes the elevations as a line that varies linearly in time. The 

information matrix, H, is therefore: 
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H         (H.3) 

 

Several example values of t were chosen, along with set values of h  and h0, to 

generate data points. The correlation coefficient, ρ, was then computed. Several test cases 

were used, some with different t values and some with different h  and/or h0 values. In all 

cases, ρ was ~0.87, implying that the correlation coefficient for the variables in a line will 

be ~0.87, which is near the correlation value obtained for the nominal model with 

t0=52639 (Modified Julian Date, which corresponds to 2003 January 1). 

 

The correlation coefficient for the two-parameter model was computed using the 

covariance matrix from Equation H.1. P was found by using the standard formula for the 

inverse of a 2x2 matrix. The correlation coefficient was found from Equation H.4: 

 

2,21,1

2,1

2,1
PP

P
         (H.4) 

 

Equation H.4 yielded the correlation coefficient in terms of t, t0, and the number 

of observations, n: 
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Equation H.5 shows that ρ is dependent on the value of t0, which implies that t0 could be 

chosen for a given dataset to give a minimum value of ρ, though the optimum value is not 

investigated for this study. Though Equation H.5 was determined for the two-parameter 

model, the correlation coefficient is still expected to be dependent on t0 for the nominal 

model. Therefore, the value of t0 was varied for the nominal model and the correlation 

coefficients were computed for each case. Table H.1 shows the average correlation 

coefficient for Greenland with different values of t0. It should be noted that, to the eighth 

decimal place and possibly more, changing the value of t0 had no effect on the estimated 

values of mX, mY, or h , which means that the estimated slopes were not changed by more 

than 1x10
-8

 mm/m and the estimated elevation change rate was not changed by more than 

1x10
-8

 mm/yr. The estimated value of h0, however, was affected. 
 

Table H.1. Correlation coefficients for given values of t0. 

t0 (MJD) ρ 

0                (1858-11-17) -0.99996 

52639        (2003-01-01) -0.91352 

53004        (2004-01-01) -0.82000 

53370        (2005-01-01) -0.52238 

53735        (2006-01-01) 0.15760 

54100        (2007-01-01) 0.69540 

105278      (2151-02-12) 0.99996 

tavg         (varies with grid) -0.02204 

 

From Table H.1, it can be seen that there is significant variability of the 

correlation coefficient with t0. The value of the correlation coefficient is higher with 

increasing temporal distance from the midpoint of the data set, with the magnitude being 

almost 1 with t0 values of 0 or 105278 (which is as far from t0 = 52639 as t0 = 0, but in the 

opposite direction). When the average time tag value within the grid is used as t0, the 

correlation coefficient is near zero. The results for t0 = 0 and t0 = 105278 correspond to 
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the results predicted from Equation H.5 if t0 = 0 and t0 >> t, respectively, even though 

Equation H.5 corresponds to the two-parameter model and the results in Table H.1 are 

from the nominal model.  

 

The trend in Table H.1 can be explained by its effects on the columns of H. The 

last column of H will consist of ones corresponding to the h0 term. The column 

corresponding to the h  term will consist of (t-t0). When the difference of the t values 

within the data set is small compared to the values of t, the (t-t0) column will become 

similar to a constant, which will then result in a strong correlation with the h0 column. 

This phenomenon is shown in the first two columns of Table H.2, where t0 = 0 and the (t-

t0) values in years are scaled by the maximum value in the data set, 148.3228 years. It can 

be seen that the differences between the times in the data set are small compared to the 

times themselves.  

 

In the next two columns of Table H.2, t0 is chosen to be tavg, or the average of the 

time within the grid. As the midpoint of the time tags was 0, the (t-t0) column was scaled 

instead by the maximum value, 1.74367 years. It can be seen that the variation shown 

when t0 = tavg is greater than that when t0 = 0. Therefore, t0 should be chosen carefully to 

avoid a high correlation between the estimated h  and h0 values. 
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Table H.2. Unique t-t0 values for one grid with t0 = 0 and t0 = tavg, with values scaled by 
tmax. 

t0 = 0 t0 = tavg 

t-t0 (t-t0)/tmid t-t0 (t-t0)/tmax 

144.9215 0.977068 -1.65768 -0.95068 

145.2605 0.979354 -1.31864 -0.75624 

146.2667 0.986137 -0.31245 -0.17919 

146.9366 0.990654 0.357437 0.204989 

147.9455 0.997456 1.366365 0.783607 

148.3228 1 1.743687 1 

 

As a further demonstration of the repeat track analysis solution‟s dependence on 

t0, a three-parameter model without the h0 term is examined: 

 

)( 0tthymxmhh YXmean         (H.6) 

where hmean is the average elevation within the given grid. The h  results from several 

cases with the three-parameter model presented in Equation H.6 are shown in Figure H.5, 

each corresponding to a different value of t0. Though the resulting h  values for the coast 

are of magnitude 40 cm/yr for each case, the h  values for the interior change more 

dramatically. When t0 corresponds to 2003 or 2004, the h  values have magnitudes below 

5 cm/yr. However, for other choices of t0, the elevation change rates in some areas of the 

interior are above 10 cm/yr. The estimated values correspond most closely with the 

nominal solution results when t0 is near the middle of the dataset, which would 

correspond to hmean. 

 

To further demonstrate the point, the results using t0 = tavg are shown in Figure 

H.6. It can be seen that the results in Figure H.6 agree closely with those from the 
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nominal case. This implies that the high anti-correlation between the estimated h  and h0 

values is due to the dependence of the estimated value of h0 on the value of t0.  

 

 

Figure H.5. Estimated h  values for three-parameter model. a) t0= 2003 January 1  b) t0= 
2004 January 1 c) t0= 2005 January 1 d) t0= 2006 January 1 e) t0= 2007 
January 1 
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Figure H.6. Estimated h  values for three-parameter model with t0=tavg. 

 

The choice of t0 should therefore correspond to the choice of h0 for the three-

parameter model. In general, the use of hmean and tavg will be most appropriate, as this 

choice does not require a priori information. 
 

H.3. CONCLUSIONS FOR NOMINAL SOLUTION CORRELATION COEFFICIENTS 

 

Most of the correlation coefficient values for the nominal solution were below the 

rejection criterion given in Smith [2006], but the correlation coefficient values between 

the estimated h  and h0 values is near -1. These high values were determined to be the 

result of the dependence of the estimated value of h0 on the given value of t0. If the value 

of t0 is sufficiently different from the values of t, the (t-t0) column of the H matrix can 

become similar to a constant. 
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For the nominal model presented in the dissertation, t0 was chosen to be 52639, 

which results in ρ = -0.9135, a value similar to the ρ for a straight line. While the 

correlation coefficient is high, the h  values correspond to the physical features in 

Greenland and agree well with the crossover results, as seen in Chapter 8. In addition, the 

choice of t0 has little or no effect on the estimated values of mX, mY, or h . Therefore, the 

nominal model used in this dissertation is judged to be suitable for comparison to other 

cases, though a three-parameter model with an appropriate choice of t0 and h0 is 

recommended for future work. 
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