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The focus of this research is on hypotheses testing involving inequality

constraints.

In the first chapter of this dissertation, we propose Kolmogorov-Smirnov

type tests for stochastic dominance relations between the potential outcomes

of a binary treatment under the unconfoundedness assumption. Our stochastic

dominance tests compare every point of the cumulative distribution functions

(CDF), so they can fully utilize all information in the distributions. For first

order stochastic dominance, the test statistic is defined as the supremum of

the difference of two inverse-probability-weighting estimators for the CDFs

of the potential outcomes. The critical values are approximated based on a

simulation method. We show that our test has good size properties and is

consistent in the sense that it can detect any violation of the null hypothesis

asymptotically. First order stochastic dominance tests in the treated subpop-

ulation, and higher order stochastic dominance tests in the whole population
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and among the treated are shown to share the same properties. The tests are

applied to evaluate the effect of a job training program on incomes, and we

find that job training has a positive effect on real earnings. Finally, we extend

our tests to cases in which the unconfoundedness assumption does not hold.

On the other hand, there has been a considerable amount of atten-

tion paid to testing inequality restrictions using Wald type tests. As noted

by Wolak (1991), there are certain situations where it is difficult to obtain

tests with correct size even asymptotically. These situations occur when the

variance-covariance matrix of the functions in the constraints depends on the

unknown parameters as would be the case in nonlinear models. This depen-

dence on the unknown parameters makes it computationally difficult to find

the least favorable configuration (LFC) which can be used to bound the size

of the test. In the second chapter of this dissertation, we extend Hansen’s

(2005) superior predictive ability (SPA) test to testing hypotheses involving

general inequality constraints in which the variance-covariance matrix can be

dependent on the unknown parameters. For our test we are able to obtain

correct size asymptotically plus test consistency without requiring knowledge

of the LFC. Also the test can be applied to a wider class of problems than

considered in Wolak (1991).

In the last chapter, we construct new Kolmogorov-Smirnov tests for

stochastic dominance of any pre-specified order without resorting to the LFC

to improve the power of Barrett and Donald’s (2003) tests. To do this, we

first show that under the null hypothesis if the objects being compared at a
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given income level are not equal, then the objects at this given income level

will have no effect on the null distribution. Second, we extend Hansen’s (2005)

recentering method to a continuum of inequality constraints and construct a

recentering function that will converge to the underlying parameter function

uniformly asymptotically under the null hypothesis. We treat the recentering

function as a true underlying parameter function and add it to the simulated

Brownian bridge processes to simulate the critical values. We show that our

tests can control the size asymptotically and are consistent. We also show that

by avoiding the LFC, our tests are less conservative and more powerful than

Barrett and Donald’s (2003). Monte Carlo simulations support our results.

We also examine the performances of our tests in an empirical example.
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Chapter 1

Testing for Stochastic Dominance in

Treatment Effects

1.1 Introduction

Economists are often interested in the effect of a binary treatment or

policy on some outcome variable. Many studies focus on estimating the average

treatment effect (ATE) and average treatment effect on the treated (ATT)

when the treatment assignment is unconfounded (e.g., Rosenbaum and Rubin

(1983, 1985), Heckman, Ichimura, and Todd (1997, 1998), Heckman, Ichimura,

Smith and Todd (1998), Hahn (1998), Rosenbaum (1987), Rubin, and Thomas

(1996), Hirano, Imbens, and Ridder (2003, HIR)).

While ATE and ATT describe the mean effect of a treatment, they do

not fully characterize its distributional impact. Nevertheless, it is often im-

portant to obtain this information. For example, one might be interested in

the effects of a job training program on the lower or upper tails of the distri-

butions of the potential outcomes. Therefore, the overall quantile treatment

effects (QTE) and quantile treatment effects on the treated (QTT) have been

proposed to evaluate heterogeneous impacts on different points of the potential

outcome distributions (e.g., Firpo (2007a, 2007b)). The distributional impact

1



of a treatment can also be captured by taking the difference of inequality mea-

sures of the distributions such as coefficient of variation, interquartile range,

Theil index and Gini coefficient. Firpo (2008) defines these distribution im-

pacts as the inequality treatment effects (ITE) and the inequality treatment

effects on the treated (ITT).

QTE, QTT, ITE and ITT do not fully utilize the information in the

distributions, since the comparison is made based on a certain aspect of the

distributions. As a result, examining the stochastic dominance relations be-

tween the potential outcomes is a more desirable approach, since it compares

every point of the cumulative distribution functions (CDF). The importance

of analyzing various forms of stochastic relations between income distributions

has been emphasized in many inequality and poverty studies (e.g., McFadden

(1989), Anderson (1996), Davidson and Duclos (2000), and Barrett and Don-

ald (2003, BD)). The stochastic dominance relations and the social welfare

orderings are closely related. For example, if CDF H1 first order stochastic

dominates CDF H2, then for any social welfare function based on a mono-

tonically increasing utility function, the social welfare of H1 is greater than or

equal to that of H2. Also, if H1 second order stochastic dominates H2, then for

any social welfare function based on a monotonically increasing and concave

utilitarian function, the social welfare of H1 is greater than or equal to that of

H2.

The aim of this paper is to propose Kolmogorov-Smirnov tests for the

stochastic dominance relations between the potential outcome distributions.
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Under an unconfoundedness assumption, we propose inverse propensity score

weighting (IPW) estimators for the CDFs of the potential outcomes based on

identification results similar to those in HIR. A test statistic for first order

stochastic dominance is defined as the supremum of the difference of two esti-

mated CDFs with proper scaling. The critical value (p-value) is approximated

by a Monte-Carlo based method that takes into account the estimation effect

of the propensity score. We prove that our test can control the size under the

desired level asymptotically and is consistent. Tests for first order stochastic

dominance on the treated, and tests for higher order stochastic dominance on

the whole group and on the treated are also discussed and are shown to share

the same properties.

Part of our contribution is to extend BD’s tests to allow for covari-

ates in the model. For BD’s tests to work, it is required that the treatment

is completely random. Random assignment implies the unconfoundedness as-

sumption for any given set of covariates, so our tests are also valid if treatment

is randomly assigned but covariates are still used. On the other hand, if the

random assignment assumption is violated, then their tests may give wrong

conclusions, but our tests will still be valid given that the unconfoundedness

assumption holds for a given set of covariates. In this sense, our test is more

robust than theirs.

We examine the finite-sample properties of our tests by conducting

small-scale simulations, and the results confirm our theoretical findings. We

apply our tests to the data from National Supported Work Demonstration
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job training program. We evaluate the effect of the job training program on

real earnings. We find that real earnings under job training stochastically

dominates real earnings without job training and we find evidence against the

reverse relations. We conclude that there is a positive effect of job training on

earnings and moreover that using any social welfare function and not just the

mean would lead to this conclusion.

Without the unconfoundedness assumption, treatment assignment is

correlated with the potential outcomes even conditional on the covariates. As

a result, the difference between the CDFs of the potential outcomes is not

identified. However, if a valid binary instrument is available, the difference

between the CDFs can be identified in the subpopulation of compliers. Hence,

we extend our tests to test the stochastic dominance relations among compliers.

These are referred as the local stochastic dominance relations.

The remainder of this chapter is organized as follows. In Section 1.2,

we formulate the hypothesis for the first order stochastic dominance relation

between the potential outcomes. We discuss the identification and estimation

of the CDFs of the the potential outcomes and present our test statistic and

decision rule for testing first order stochastic dominance. Section 1.3 presents

the asymptotic results for the estimators of the CDFs and the test statistic. In

Section 1.4, we introduce simulation methods for the critical value (p-value) of

the test and prove the size and power properties of our test. Section 1.5 extends

the results to first order stochastic dominance tests among the treated. Section

1.6 extends the first order stochastic dominance tests to higher order stochastic

4



dominance tests. Monte-Carlo simulation results are summarized in Section

1.7, and the empirical application is presented in Section 1.8. In Section 1.9,

we extend our results to cases in which the unconfoundedness assumption does

not hold. Section 1.10 concludes, and all mathematical proofs are deferred to

Appendix A.

1.2 Hypothesis and Test Statistic for First Order Stochas-

tic Dominance

Determining stochastic dominance relations is important in social wel-

fare comparisons. Let WU (H) denote a social welfare function of the form

WU(H) =
∫
U(z)dH(z) where H is the distribution of income and U is any

utility function. Let H1 and H2 be two CDFs. It is known that H1 first order

stochastically dominates (SD1) H2 if and only if (iff) the welfare of H1 will

be greater than or equal to that of H2 for any welfare function based on a

monotonically increasing utility function, i.e., WU(H1) ≥WU(H2) for all U(z)

such that U ′(z) ≥ 0. For example, U(z) = z is monotonically increasing and

the social welfare function with U(z) = z gives the means of the distributions.

Consequently, if H1 SD1 H2, we have
∫
zdH1(z) ≥

∫
zdH2(z) . This implies

that if the potential outcome under the treatment SD1 that without treat-

ment, then the ATE is non-negative. First order stochastic dominance can

also be defined in terms of the underlying distributions. That is, H1 SD1 H2

iff H1(z) ≤ H2(z) for all z ∈ R.

First order stochastic dominance requires that the welfare function gives

5



the same ordering over the class of monotonically increasing functions. This re-

quirement may be too strong, so it is of interest to consider the weaker notion of

higher order stochastic dominance. The importance of higher order stochastic

dominance is discussed by McFadden (1989), Anderson (1996), Davidson and

Duclos (2000), and BD. Second order stochastic dominance (SD2) of H1 over

H2 requires that the welfare function gives the same ordering for any mono-

tonically increasing and concave function U , i.e., U ′(z) ≥ 0 and U ′′(z) ≤ 0.

Similarly, H1 SD2 H2 iff
∫ z

0
H1(t)dt ≤

∫ z

0
H2(t)dt for all z. Furthermore, it

is true that first order stochastic dominance implies second order stochastic

dominance, but not vice versa.1 In this section, we focus on test for first order

stochastic dominance and we will discuss higher order stochastic dominance

later.

1.2.1 Hypothesis Formulation

Let T be a dummy variable such that T = 1 if the individual receives

treatment; otherwise, T = 0. Define Y (1) as the potential outcome for the

individual under treatment and Y (0) as that without treatment. Let F0(·)

and F1(·) denote the unconditional CDFs of Y (0) and Y (1) respectively. We

observe T , Y = T · Y (1) + (1 − T ) · Y (0), and X, a vector of covariates. We

have a random sample of size N .

1The stochastic dominance relation can be extended to any order. For example, j-th
order stochastic dominance (SDj) of F1 over F0 requires that the welfare function gives the
same ordering for any U such that (−1)kU (k)(z) ≤ 0 for k = 1,..., j. It is also true that SDj

implies SD(j + 1), but not vice versa.
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We want to know if Y (1) SD1 Y (0), i.e. F1(z) ≤ F0(z) for all z ∈ Z,

where Z is the common support of Y (0) and Y (1). Hence, we formulate our

hypotheses as follows:

H0 : F1(z) ≤ F0(z) for all z ∈ Z;

H1 : F1(z) > F0(z) for some z ∈ Z. (1.1)

1.2.2 Identification and Estimation of F1(z) and F0(z)

The main issue in the treatment effects literature is that we never ob-

serve both Y (0) and Y (1), so there is an identification problem. This problem

can be avoided by imposing the unconfoundedness assumption (Rubin (1978),

Rosenbaum and Rubin (1983), HIR, Firpo (2007a)) which is equivalent to the

selection-on-observables assumption (Barnow, Cain and Goldberger (1980)).

The unconfoundedness assumption requires that conditional on the observed

individual characteristics, the treatment assignment is independent of the po-

tential outcomes.

Assumption 1.2.1. (Unconfoundedness Assumption): (Y (0), Y (1)) ⊥

T
∣∣X.

Let p(x) = P (T = 1|X = x) denote the propensity score (Rosenbaum

and Rubin (1983, 1985)), the probability of getting treatment for an individual
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with covariate x. Under Assumption 1.2.1, F1(z) is identified by

E

[
T · 1(Y ≤ z)

p(X)

]

=E

[
E

[
T · 1(Y ≤ z)

p(X)

∣∣∣X
]]

=E

[
1

p(X)
E
[
E
[
T · 1(Y ≤ z)

∣∣∣T = 1, X
]]

· P
(
T = 1|X

)]

=E
[
E
[
1(Y (1) ≤ z)

∣∣T = 1, X
]]

=E
[
E[1(Y (1) ≤ z)

∣∣X]
]

=F1(z). (1.2)

The first equality follows from the law of iterated expectations (LIE). By

expanding the conditional expectation, we get the second equality. The third

one holds since P
(
T = 1|X

)
= p(X) and Y = Y (1) conditional on T = 1.

The fourth one follows from the unconfoundedness assumption. We get the

last equality by applying LIE again. Similarly, F0(z) is identified by

F0(z) = E

[
(1 − T ) · 1(Y ≤ z)

1 − p(X)

]
. (1.3)

Based on (1.2) and (1.3), the IPW estimators for F0(z) and F1(z) are as follows:

F̂0(z) =
1

N

N∑

i=1

(1 − Ti) · 1(Yi ≤ z)

1 − p̂(Xi)
, F̂1(z) =

1

N

N∑

i=1

Ti · 1(Yi ≤ z)

p̂(Xi)
, (1.4)

where p̂(Xi) is a nonparametric estimator for p(x). As in HIR, we use the

Series Logit Estimator (SLE) to estimate p(x) based on power series. Let

λ = (λ1, ..., λr)
′ ∈ Z

r
+ be a r-dimensional vector of non-negative integers where

Z+ denotes the set of non-negative integers, and define the norm for λ as

8



|λ| =
∑r

j=1 λj. Let {λ(k)}∞k=1 be a sequence including all distinct λ ∈ Z
r
+ such

that |λ(k)| is non-decreasing in k and let xλ =
∏r

j=1 x
λj

j . For any integer K,

define RK(x) = (xλ(1), ..., xλ(K))′ as a vector of power functions. Let L(a) =

exp(a)/(1 + exp(a)) be the logistic CDF. The SLE for p(Xi) is defined as

p̂(x) = L
(
RK(x)′π̂K

)
where

π̂K = arg max
πk

1

N

N∑

i=1

(
Ti ·lnL

(
RK(Xi)

′πK

)
+(1−Ti)·ln

(
1−L

(
RK(Xi)

′πK

)))
.

The asymptotic properties of p̂(x) are discussed in Appendix A of HIR.

1.2.3 Test Statistic and Decision Rule

Given F̂0(z) and F̂1(z), we define the statistic as

ŜN =
√
N sup

z∈Z

(
F̂1(z) − F̂0(z)

)
. (1.5)

Given a critical value c which will be defined later, the decision rule of the test

is:

Reject H0 if ŜN > c.

Note that the calculation of ŜN involves taking the supremum over a

compact set that might be difficult in practice. However, given F̂0(z) and

F̂1(z) are both step functions, we have F̂1(z) − F̂0(z) is a step function in z

with jumps at Yi for all i = 1, . . . , N . As a result, we can exactly calculate ŜN ,

since ŜN =
√
N max{F̂1(z) − F̂0(z)|z = 0, z̄, Y1, ..., YN}, which only involves

taking maximum over a finite number of values.
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1.3 Asymptotic Properties

1.3.1 Assumptions

In addition to the unconfoundedness assumption, we make the following

assumptions which are similar to those in HIR. The first assumption summa-

rizes the properties of the CDFs of Y (0) and Y (1).

Assumption 1.3.1. (Distributions of Y (0) and Y (1)):

1. Y (0) and Y (1) have a common compact support Z = [0, z̄] with z̄ <∞.

2. F0 and F1 are continuous functions on Z with F0(0) = F1(0) = 0.

We impose conditions on the distribution of X and the conditional

CDFs of Y (0) and Y (1).

Assumption 1.3.2. (Distribution of X):

1. The support of the r-dimensional covariate X is a Cartesian product of

compact intervals, X =
∏r

j=1[xℓj, xuj ].

2. The density of X is bounded and bounded away from 0, on X.

Let F0(z|x) and F1(z|x) be the conditional CDFs for Y (0) and Y (1)

respectively.

Assumption 1.3.3. (Conditional Distributions of Y (0) and Y (1)):

1. For any given x ∈ X, F0(z|x) and F1(z|x) are continuous in z ∈ Z.

10



2. For any given z ∈ Z, F0(z|x) and F1(z|x) are continuously differentiable

in x ∈ X.

The following assumption requires the smoothness of the propensity

score function.

Assumption 1.3.4. (Propensity Score): For all x ∈ X, the propensity

score p(x) satisfies the following conditions:

1. p(x) is continuously differentiable of order s ≥ 7r, where r is the dimen-

sion of X.

2. p(x) is bounded away from zero and one: 0 < p ≤ p(x) ≤ p < 1.

The last assumption restricts the growth rate of the number of approx-

imating functions to be included in the series approximation to the propensity

score function.

Assumption 1.3.5. (Series Estimator): The SLE of p(x) uses a power

series with K = Nν for some r
4(s−r)

< ν < 1
9
.

Remarks on the Assumptions:

1. Assumption 1.3.1 requires that Y (0) and Y (1) to be continuous random

variables on Z. However, our theoretical results presented later are still

valid when the probabilities of Y (0) and Y (1) at 0 are strictly positive.
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That is, we can modify our proofs to allow for the cases where F0(0) > 0

or F1(0) > 0 or both. As in our empirical examples, we have F0(0) > 0

and F1(0) > 0.

2. Assumption 1.3.2 requires that all of the covariates are continuous. How-

ever, at the expense of additional notation, we can deal with the case

where X has both continuous and discrete components.

3. As in HIR, Assumption 1.3.4 ensures the existence of a ν satisfying the

conditions in Assumption 1.3.5.

1.3.2 Asymptotic Properties of F̂0(z) and F̂1(z)

Lemma 1.3.6. Suppose Assumption 1.2.1 and 1.3.1-1.3.5 hold. Then

√
N(F̂0(z) − F0(z)) ⇒ Ψ0(z),

√
N(F̂1(z) − F1(z)) ⇒ Ψ1(z),

where ⇒ denotes weak convergence, and Ψ0(z) and Ψ1(z) are zero-mean Gaus-

sian processes with covariance functions Ω0(z1, z2) = E[Ψ0(z1)Ψ0(z2)] and

Ω1(z1, z2) = E[Ψ1(z1)Ψ1(z2)] such that for z1 ≤ z2

Ω0(z1, z2) = E

[
F0(z1|Xi)

1 − p(Xi)

]
− F0(z1)F0(z2) −E

[
p(Xi)F0(z1|Xi)F0(z2|Xi)

1 − p(Xi)

]
,

Ω1(z1, z2) = E

[
F1(z1|Xi)

p(Xi)

]
− F1(z1)F1(z2) − E

[
(1 − p(Xi))F1(z1|Xi)F1(z2|Xi)

p(Xi)

]
.

To show Lemma 1.3.6, we first show that
√
N(F̂0(z) − F0(z)) and

√
N(F̂1(z) − F1(z)) are asymptotically equivalent to the following linear ex-

12



pressions respectively:

sup
z∈Z

∣∣∣
√
N(F̂0(z) − F0(z)) −

1√
N

N∑

i=1

(
ψ0(Wi, z) − F0(z)

)∣∣∣ = op(1),

sup
z∈Z

∣∣∣
√
N(F̂1(z) − F1(z)) −

1√
N

N∑

i=1

(
ψ1(Wi, z) − F1(z)

)∣∣∣ = op(1)

where W ≡ {Y, T,X},

ψ0(W, z) =
(1 − T ) · 1(Y ≤ z)

1 − p(X)
+

F0(z|X)

1 − p(X)

(
T − p(X)

)
,

ψ1(W, z) =
T · 1(Y ≤ z)

p(X)
− F1(z|X)

p(X)

(
T − p(X)

)
.

Second, we show that K0 = {ψ0(W, z)| z ∈ Z} and K1 = {ψ1(W, z)| z ∈ Z}

are both Donsker classes.2 Then by Donsker’s Theorem or functional central

limit theorem, we have

1√
N

N∑

i=1

(
ψ0(Wi, z) − F0(z)

)
⇒ Ψ0(z),

1√
N

N∑

i=1

(
ψ1(Wi, z) − F1(z)

)
⇒ Ψ1(z),

and Lemma 1.3.6 follows.

2Let P denote a probability measure. A class F of measure functions f : X → R is
said to be a P -Donsker set if the general empirical processes converge weakly to a mean
zero Gaussian processes indexed by F with covariance E[f(X)g(X)]−E[f(X)]E[g(X)]. For
example, let Xi’s be i.i.d. random variables with CDF F (t) and F = {1(x ≤ t)|t ∈ R}. It is
known that F = {1(x ≤ t)|t ∈ R} is Donsker for any probability measure. It implies that
the empirical distribution function FN (t)

√
N(FN (t) − F (t)) =

1√
N

N∑

i=1

(
1(Xi ≤ t) − F (t)

)
⇒ F(t),

where F(t) is a mean zero Gaussian processes with Cov(F(t), F(s)) = F (min{s, t}) −
F (s)F (t). For more details, please refer to Kosorok (2008), and van der Vaart and Wellner
(1996).
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1.3.3 Asymptotic Properties of the Test Statistic

We define S = supz∈Z Ψ(z), where Ψ(z) = Ψ1(z) − Ψ0(z). Following

from Lemma 1.3.6, Ψ(z) is asymptotically equivalent to the limit of
√
N
(
(F̂1(z)−

F̂0(z)) − (F1(z) − F0(z))
)

and by the continuous mapping theorem (CMT),

supz∈Z

√
N
(
(F̂1(z) − F̂0(z)) − (F1(z) − F0(z))

) D→ S. Thus, we have the fol-

lowing result concerning the asymptotic properties of the test statistic ŜN .

Proposition 1.3.7. Suppose that Assumption 1.2.1 and 1.3.1-1.3.5 hold and

c is a positive finite number, then:

1. if H0 is true, lim supP (reject H0) = lim supP (ŜN > c) ≤ P (S > c) ≡

ᾱ(c).

2. if H0 is false, limN→∞ P (reject H0) = 1.

When the null hypothesis involves an inequality, the set of points sat-

isfying the null hypothesis is usually not a singleton. For example, if we fix

F1(z), there will be infinitely many F0(z) satisfying F1(z) ≤ F0(z) for all z ∈ Z.

Hence, the null distribution depends both on the F0(z) and F1(z). The typical

way to resolve this is to apply the least favorable configuration (LFC) to find

a point in the null hypothesis least favorable to the alternative hypothesis.

To obtain the LFC for our test, note that for any z

F̂1(z) − F̂0(z) = (F̂1(z) − F̂0(z)) − (F1(z) − F0(z)) + (F1(z) − F0(z))

≤ (F̂1(z) − F̂0(z)) − (F1(z) − F0(z)).
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The second inequality holds since under the null hypothesis F1(z)−F0(z) ≤ 0

for all z. It follows that

ŜN =
√
N sup

z∈Z

(F̂1(z) − F̂0(z)) ≤
√
N sup

z∈Z

(
(F̂1(z) − F̂0(z)) − (F1(z) − F0(z))

)
.

The statistic is never greater than
√
N
(
(F̂1(z) − F̂0(z)) − (F1(z) − F0(z))

)
no

matter what F1 and F0 are, and the equality holds if and only if F1(z)−F0(z) =

0 for all z. This suggests that the LFC is the point where F1(z) = F0(z) for all

z ∈ Z and S is the limiting null distribution under the LFC. If a null hypothesis

is rejected under the LFC, then it will be rejected regardless of which point

we use in the null hypothesis to construct the null distribution. Hence, a test

based on the LFC is usually conservative in the sense that the type I error

of the test can be strictly smaller than the pre-determined level, and the first

part of Proposition 1.3.7 confirms this. The most important implication of

this result is that if we can find a c such that ᾱ(c) is equal to some desired

significance level (e.g. 0.01 or 0.05), then we can control the size of our test to

be no greater than ᾱ(c) asymptotically.

On the other hand, if the alternative hypothesis is true, then there

exists z∗ such that F1(z
∗) − F0(z

∗) > 0. In this case, F̂1(z
∗) − F̂0(z

∗) will

converge to infinity. Given the fact that ŜN ≥ F̂1(z
∗) − F̂0(z

∗), ŜN converges

to infinity, i.e., limN→∞ P (ŜN > c) = 1 for any c > 0. Therefore, the second

result follows and it implies that our test is consistent in the sense that it can

detect any violation of the null hypothesis in the limit.
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1.4 Simulated Critical Value, and Size and Power Prop-
erties

As noted by McFadden (1989) and BD, the main difficulty with Kolmogorov-

Smirnov tests for stochastic dominance is in constructing an appropriate crit-

ical value (p-value) for conducting the tests since the limiting distribution of

the test statistics under the LFC depends on the underlying distributions,

F0(z) and F1(z). Our case is more complicated, since the limiting distribution

of the test statistic depends not only on F0(z) and F1(z), but also on p(x),

F0(z|x) and F1(z|x). As in McFadden (1989) and BD, we propose and justify

a Monte-Carlo method to estimate the critical value.

Before introducing the Monte-Carlo method to conduct the test, we

construct estimators for F0(z|x) and F1(z|x) which are bounded between 0 and

1, monotonically increasing in z for any given x, and converge in probability

to F0(z|x) and F1(z|x) uniformly in both arguments z and x.

Let F̃0(z|x) and F̃1(z|x) be the series estimators for F0(z|x) and F1(z|x):

F̃0(z|x) =

(
N∑

i=1

1(Yi ≤ z)(1 − Ti)

1 − p̂(Xi)
RK(Xi)

)′( N∑

i=1

RK(Xi)R
K(Xi)

′

)−1

RK(x),

F̃1(z|x) =

(
N∑

i=1

1(Yi ≤ z)Ti

p̂(Xi)
RK(Xi)

)′( N∑

i=1

RK(Xi)R
K(Xi)

′

)−1

RK(x).

(1.6)

For any given x, F̃0(z|x) and F̃1(z|x) are step functions in z with jumps at

Yi’s. It is true that F̃0(z|x) and F̃1(z|x) converge in probability to F0(z|x) and

F1(z|x) uniformly in both arguments z and x, but they are not necessarily
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bounded between 0 and 1 and monotonically increasing in z for any given x.

However, we can construct estimators for F0(z|x) and F1(z|x) satisfying all

requirements based on F̃0(z|x) and F̃1(z|x).3

Without loss of generality (WLOG), we assume there are no ties be-

tween Yi’s and we add Y(0) = 0 and Y(N+1) = z̄. Let Y(i) denote the i-th small-

est element among the Yi’s so that we have 0 = Y(0) < Y(1) < · · · < Y(N) <

Y(N+1) = z̄. We define F̂0(z|x) by induction. Define F̂0(z|x) = F̃0(z|x) = 0

for Y(0) ≤ z < Y(1) and F̂0(Y(N+1)|x) = 1. Suppose F̂0(z|x) = 0 is defined for

Y(0) ≤ z < Y(i), then we define for Y(i) ≤ z < Y(i+1)

F̂0(z|x) =F̂0(Y(i−1)|x) · 1
(
0 ≤ F̃0(Y(i)|x) ≤ F̂0(Y(i−1)|x)

)

+ F̃0(Y(i)|x) · 1
(
F̂0(Y(i−1)|x) < F̃0(Y(i)|x) ≤ 1

)
+ 1
(
F̃0(Y(i)|x) > 1

)
.

The idea is that if F̃0(z|x) jumps down at Y(i), then we set F̂0(z|x) = F̂0(Y(i−1)|x)

for Y(i) ≤ z < Y(i+1). At the same time, we trim F̃0(z|x) between 0 and 1

by defining F̂0(z|x) = 0 when F̃0(z|x) < 0 and defining F̂0(z|x) = 1 when

F̃0(z|x) > 1. And F̂1(z|x) = 0 is defined in the same way. The properties of

F̂0(z|x) and F̂1(z|x) are summarized in the following lemma.

Lemma 1.4.1. Suppose Assumption 1.2.1 and 1.3.1-1.3.5 hold. Then for any

given x, F̂0(z|x) and F̂1(z|x) are bounded between 0 and 1 and monotonically

3Instead of the series estimators, one can also use kernel estimators to estimate F0(z|x)
and F1(z|x) so that the monotonicity and boundedness between 0 and 1 hold directly. Our
main results still hold if the kernel estimators have the properties in Lemma 1.4.1.
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increasing in z, and

sup
z∈Z,x∈X

|F̂0(z|x) − F0(z|x)| = op(1), sup
z∈Z,x∈X

|F̂1(z|x) − F1(z|x)| = op(1).

It is easy to check that F̂0(z|x) and F̂1(z|x) are bounded between 0 and

1, and monotonically increasing in z. The last part of Lemma 1.4.1 follows

from the facts that supz∈Z,x∈X |F̃0(z|x)−F0(z|x)| = op(1) and supz∈Z |F̂0(z|x)−

F0(z|x)| ≤ supz∈Z |F̃0(z|x) − F0(z|x)| for all x ∈ X. Similar arguments apply

to F̂1(z|x).

Let U1, U2,... be independent standard normals on a probability space

(Ωu,Fu, Pu) independent of the sequence W = {W1,W2, ...} which is on (Ωw,Fw, Pw).

For all z ∈ Z define the simulated stochastic process as

Ψu(z) =
1√
N

N∑

i=1

Ui

{Ti · 1(Yi ≤ z)

p̂(Xi)
− (1 − Ti) · 1(Yi ≤ z)

1 − p̂(Xi)
− (F̂1(z) − F̂0(z))

− (T − p̂(Xi))
( F̂1(z|Xi)

p̂(Xi)
+

F̂0(z|Xi)

1 − p̂(Xi)

)}
. (1.7)

Lemma 1.4.2. Suppose Assumption 1.2.1 and 1.3.1-1.3.5 hold. Then Ψu(z) ⇒

Ψ(z) given W in probability which is denoted by Ψu(z)
Pw⇒ Ψ(z).

Lemma 1.4.2 indicates that we can approximate Ψ(z) by the simulated

stochastic process Ψu(z), since Ψu(z) weakly converges to Ψ(z) given W in
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probability. To show this, we first show that

1√
N

N∑

i=1

Ui

{Ti · 1(Yi ≤ z)

p(Xi)
− (1 − Ti) · 1(Yi ≤ z)

1 − p(Xi)
− (F1(z) − F0(z))

− (T − p(Xi))
(F1(z|Xi)

p(Xi)
+

F0(z|Xi)

1 − p(Xi)

)}
Pw⇒ Ψ(z),

by the conditional multiplier central limit theorem (Theorem 2.9.6 of van der

Vaart and Wellner (1996)). Second, we show that the effect of estimation errors

of F̂0(z), F̂1(z), p̂(Xi), F̂0(z|Xi) and F̂1(z|Xi) will disappear in the limit.

Given Ψu(z), we can approximate the null distribution under LFC S

by Su = supz Ψu(z). Since the supremum operation is a continuous function,

then by CMT we can show that Su converges in distribution to S given W in

probability. As a result, given the significance level α0, the simulated critical

value ĉ is defined as the (1 − α0)-th quantile of Su such that

ĉ = sup{q|Pu(Su ≤ q) ≤ 1 − α0}. (1.8)

Let c0 = sup{q|P (S ≤ q) ≤ 1 − α0}, the (1 − α0)-th quantile of S, which

satisfies ᾱ(c0) = α0. We have that if α0 < 1/2, then ĉ converges in probability

to c0. The following lemma summarizes these results.

Lemma 1.4.3. Suppose Assumption 1.2.1 and 1.3.1-1.3.5 hold, and α0 < 1/2,

then:

1. Su
D→ S given W in probability.

2. ĉ
p→ c0.
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The size and power properties of our test 1.4.3 are summarized in the

following theorem which follows from Lemma 1.4.3.

Theorem 1.4.4. Suppose Assumption 1.2.1 and 1.3.1-1.3.5 hold and α0 <

1/2. If we reject the H0 when ŜN > ĉ, then:

1. if H0 is true, lim supP (reject H0) = lim supP (ŜN > ĉ) ≤ α0.

2. if H0 is false, limN→∞ P (reject H0) = 1.

Theorem 1.4.4 shows that the size of our test will never be greater

than the pre-specified significance level asymptotically and that our test is

consistent in the sense that it will reject the null hypothesis with probability

approaching 1 when the null hypothesis is false.

Remarks:

1. So far, we construct our test based on the critical value method; however,

one can also implement our test based on the p-value method. Define

the p-value of our test as p̂(ŜN ) = P (Su > ŜN). For α0 < 1/2, we

reject H0 when p̂(ŜN) < α0. It is true that for a given α0, ŜN > ĉ

iff p̂(ŜN) < α0. Therefore, the critical value method and the p-value

method are equivalent.4

4It is easier to show the properties of our test based on the critical value method. How-
ever, in practice, it is easier to make inference based on the p-value method especially when
we pick several different significance levels. Note that the p-value remains the same for any
given significance level α0, but the critical values for different significance levels varies. Con-
sequently, the p-value method requires less computation and our simulations and empirical
studies are implemented based on the p-value method.
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2. To calculate ĉ practically, we need to approximate the distribution of Su.

To be more specific, let {U r
i }N

i=1 be the r-th sample of Ui for r = 1, ..., R,

where R is the number of repetitions in the Monte-Carlo simulation. The

rth realization of the statistic is

S
r

u = sup
z∈Z

1√
N

N∑

i=1

U r
i

{Ti · 1(Yi ≤ z)

p̂(Xi)
− (1 − Ti) · 1(Yi ≤ z)

1 − p̂(Xi)

−(F̂1(z) − F̂0(z)) − (T − p(Xi))
( F̂1(z|Xi)

p(Xi)
+

F̂0(z|Xi)

1 − p(Xi)

)}
.

Then the critical value ĉ can be approximated by the (1−α0)-th quantile

of the empirical distribution of {Sr

u}R
r=1. Additionally, the p̂(ŜN) can be

approximated by
∑R

r=1 1(S
r

u > ŜN)/R.

Similar to ŜN , the calculation of S
r

u involves taking the supremum over

a compact set. However, Ψu(z) is a step function, so we can can exactly

calculate the value of Su by taking maximum over a finite number of

values. Given the computation time is proportional to NR, so when N

and R are too large, it can be very time consuming to do it. Hence,

as in BD, one can also use a grid to approximate the supremum. By

increasing the number of values of a grid, the approximation can be made

as accurate as one wants. For example, let 0 = z0 < z1 · · · < zK = z̄ be

a grid of values on [0, z̄] which can be a subset of Yi’s, where K is the

number of subintervals. That is, the r-th realization of the statistic can
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be approximated by

S
r

u = max
k=0,...,K

1√
N

N∑

i=1

U r
i

{Ti · 1(Yi ≤ zk)

p̂(Xi)
− (1 − Ti) · 1(Yi ≤ zk)

1 − p̂(Xi)

−(F̂1(zk) − F̂0(zk)) − (T − p(Xi))
( F̂1(zk|Xi)

p(Xi)
+
F̂0(zk|Xi)

1 − p(Xi)

)}
.

3. Note that our test without any covariate is equivalent to BD’s test with

the p-values generated by Equation (6) which is labeled as KS2 method

in their simulations. To see this, define N1 =
∑

i Ti and N0 =
∑

i(1−Ti)

which are the numbers of the treated individuals and the untreated ones

respectively. When there is no covariate in our test, the only regressor

in the SLE is the constant term and we have p̂ = N1/N , the proportion

of the treated individuals. Therefore,

F̂1(z) =
1

N

N∑

i=1

Ti · 1(Yi ≤ z)

p̂
=

1

N

N∑

i=1

Ti · 1(Yi ≤ z)
N1

N

=
1

N1

∑

{i:Ti=1}
1(Yi ≤ z),

which is the empirical CDF based on the treated individuals. Similarly,

F̂0(z) is the empirical CDF based on the untreated individuals. As a

result,

ŜN =
√
N sup

z∈Z

(F̂1(z) − F̂0(z)) =

√
N2

N1N0

(√
N1N0

N
sup
z∈Z

(F̂1(z) − F̂0(z))

)
,

where the term in the biggest parentheses is the test statistic of BD’s
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test. Similarly, we can rewrite Ψu(z) as

Ψu(z) =
1√
N

N∑

i=1

Ui

{Ti · (1(Yi ≤ z) − F̂1(z))

p̂(Xi)
− (1 − Ti) · 1(Yi ≤ z) − F̂0(z)

1 − p̂(Xi)

}

=

√
N2

N1N0



√
N1N0

N

( 1

N1

∑

{i:Ti=1}
Ui{1(Yi ≤ z) − F̂1(z)}

− 1

N0

∑

{i:Ti=0}
Ui{1(Yi ≤ z) − F̂0(z)}

)

 ,

where the term in the biggest parentheses is the simulated process of

BD’s test. These imply that the simulated null distribution and the

critical value of our test are those of BD’s with a rescale factor
√

N2

N1N0
.

The test statistic and critical value are all rescaled by the same positive

number
√

N2

N1N0
, so the conclusion of both tests will be the same too.

As a result, our test without any covariate is equivalent to BD’s with

p-values generated by Equation (6).

For BD’s test to work, it is required that the treatment is randomly

assigned, i.e. (Y (0), Y (1), X) ⊥ T . In this case, F0(z) = E[1(Y ≤

z)|D = 0] and F1(z) = E[1(Y ≤ z)|D = 1], so their test based on

the treated sample and the untreated people works. Furthermore, the

random assignment assumption also implies that that (Y (0), Y (1)) ⊥

T |X1 for any X1 ⊆ X, so we can implement our tests based on any

subset of X. However, if the treatment assignment is not random, but

only unconfounded conditional on some covariates, then F (z|T = 0) =

E[1(Y ≤ z)|T = 0] and F (z|T = 1) = E[1(Y ≤ z)|T = 1] are not equal
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to F0(z) and F1(z) in general. Consequently, their test may give wrong

conclusions, but our test is still valid. In this sense, our test is more

robust than theirs.

1.5 Tests for First Order Stochastic Dominance among

the Treated

In general, researchers are interested not only in a relation between the

potential outcomes across the whole population, but also between the potential

outcomes in certain sub-population such as the treated. This section discusses

first order stochastic dominance test among the treated.

Let F0(z| T = 1) = E[1(Y (0) ≤ z)| T = 1] and F1(z| T = 1) =

E[1(Y (1) ≤ z)| T = 1] denote the conditional CDFs of the potential outcomes

of the treated. As in (1.1), we formulate the related hypothesis as follows:

H0,treated : F1(z| T = 1) ≤ F0(z| T = 1) for all z ∈ Z;

H1,treated : F1(z| T = 1) > F0(z| T = 1) for some z ∈ Z. (1.9)

Define G0(x) and G1(x) as

G0(x) = E

[
p(X)(1 − T ) · 1(Y ≤ z)

1 − p(X)

]
, G1(x) = E [T · 1(Y ≤ z)] . (1.10)
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Note that

G1(x) = E [T · 1(Y ≤ z)]

= E
[
p(X)E[1(Y (1) ≤ z)|X]

]

= E
[
E[T |X]E[1(Y (1) ≤ z)|X]

]

= E
[
E[T · 1(Y (1) ≤ z)|X]

]

= E[T · 1(Y (1) ≤ z)]

= E[1(Y (1) ≤ z)|T = 1]P (T = 1)

= F1(z|T = 1)E[p(X)].

The first equality follows from the same argument as (1.2) without p(X) and

since p(X) = E[T |X], the second equality follows. Because of the uncon-

foundedness assumption and LIE, we have the third and fourth equalities. By

expanding the expectation, we have the fifth equality. The last equality holds,

since P (T = 1) = E[E[T |X]] = E[p(X)]. Similarly,

G0(z) = F0(z|T = 1)E[p(X)]. (1.11)

Since E[p(X)] > 0, then F1(z|T = 1) ≤ F0(z|T = 1) if and only if G1(z) ≤

G0(z) for all z ∈ Z. As a result, the hypotheses in (1.9) are equivalent to

H0,G : G1(z) ≤ G0(z) for all z ∈ Z;

H1,G : G1(z) > G0(z) for some z ∈ Z. (1.12)

As a result, we can make the inference on the treated by comparing G0(z) and
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G1(z). By the definition of G0(z) and G1(z), we estimate them by

Ĝ0(z) =
1

N

N∑

i=1

p̂(Xi)(1 − Ti) · 1(Yi ≤ z)

1 − p̂(Xi)
, Ĝ1(z) =

1

N

N∑

i=1

Ti · 1(Yi ≤ z).

(1.13)

The statistic is defined as

ŜN,G =
√
N sup

z∈Z

(
Ĝ1(z) − Ĝ0(z)

)
. (1.14)

Define the simulated stochastic process as

Ψu,G(z) =
1√
N

N∑

i=1

Ui

{
Ti

(
1(Yi ≤ z) − F̂1(z|Xi)

)

− p̂(Xi)

1 − p̂(Xi)
(1 − Ti)

(
1(Yi ≤ z) − F̂0(z|Xi)

)

+ Ti

(
F̂1(z|Xi) − F̂0(z|Xi)

)
−
(
Ĝ1(z) − Ĝ0(z)

)}
,

(1.15)

where Ui are i.i.d. standard normals. Define the simulated null process Su,G =

supz∈Z Ψu,G(z). Given the significance level α0, the simulated critical value,

ĉG, is defined as the (1 − α0)-th quantile of Su,G.

We first modify Assumption 1.3.1 for the treated case.

Assumption 1.5.1. (Conditional Distributions of Y (0) and Y (1) on

the Treated):

1. Conditional on the treated, Y (0) and Y (1) have a common compact sup-

port Z = [0, z̄] where z̄ <∞.

2. F1(z|T = 1) and F0(z|T = 1) are continuous functions on Z with

F1(0|T = 1) = F0(0|T = 1) = 0.
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The second part of Assumption 1.5.1 implies that G1(z) and G0(z)

are continuous functions with G1(z) = G0(z) = 0.5 The following theorem

analogous to Theorem 1.4.4 summarizes the size and power properties of the

test on the treated.

Theorem 1.5.2. Suppose Assumption 1.2.1, 1.3.2-1.3.5 and 1.5.1 hold, and

α0 < 1/2. If we reject the H0,treated (or H0,G) when ŜN,G > ĉG, then:

1. if H0,treated is true, lim supP (reject H0,treated) ≤ α0.

2. if H0,treated is false, limN→∞ P (reject H0,treated) = 1.

1.6 Tests for Higher Order Stochastic Dominance

Let Ij(.;G) be the function that integrates the function G to order j−1

so that

I1(z;G) =G(z),

I2(z;G) =

∫ z

0

G(t)dt =

∫ z

0

I1(t;G)dt,

...

Ij(z;G) =

∫ z

0

Ij−1(t;G)dt.

5As in Assumption 1.3.1, we can allow for the cases where F1(0|T = 1) > 0 or F0(0|T =
1) > 0 or both.
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Accordingly, F1 SDj F0 corresponds to Ij(z;F1) ≤ Ij(z;F0) for all z. Hence,

the hypothesis for F1 SDj F0 is the following:

Hj
0 : Ij(z;F1) ≤ Ij(z;F0) for all z ∈ Z;

Hj
1 : Ij(z;F1) > Ij(z;F0) for some z ∈ Z.

Define the statistic as

Ŝj
N =

√
N sup

z∈Z

Ij(z; F̂1 − F̂0).

As in Davidson and Duclos (2000), and BD, we can show that

Ij(z; F̂1) =
1

N

N∑

i=1

1

(j − 1)!

Ti

p̂(Xi)
1(Yi ≤ z)(z −Xi)

j−1,

which is a piecewise polynomial and so is Ij(z; F̂0). As a result, Ij(z; F̂1−F̂0) =

Ij(z; F̂1)− Ij(z; F̂0) is also a piecewise polynomial and the supremum of it can

be compute simply.6

Following the same argument in Section 1.3.3, the LFC in this case is

the point where Ij(z;F1) = Ij(z;F0) for all z. Note that Ij(z;F1) = Ij(z;F0)

for all z if and only if F1(z) = F0(z) for all Z. Hence, the limiting null

distribution under the LFC is S
j
= supz∈Z Ij(z; Ψ). As a result, the simulated

6In the simulations and the empirical studies, we use the left Reimann sum to approxi-
mate the I2(z; F̂1 − F̂0) and Ŝ2

N for a given set of gridpoints. Let 0 = z0 < z1 < ... < zk = z̄

and we approximate I2(zj; F̂1 − F̂0) and Ŝ2
N respectively by

I2(zj ; F̂1 − F̂0) =

j−1∑

ℓ=0

(
F̂1(zℓ) − F̂0(zℓ)

)
(zℓ+1 − zℓ), Ŝ2

N = max
j=1,...,k

I2(zj ; F̂1 − F̂0).

28



critical value ĉj with significance level α0 is defined as the (1−α0)-th quantile

of S
j

u = supz∈Z Ij(z; Ψu).

The following theorem summarizes the size and power properties of the

test of higher order stochastic dominance.

Theorem 1.6.1. Suppose Assumption 1.2.1 and 1.3.1-1.3.5 hold, and α0 <

1/2. If we reject the Hj
0 when Ŝj

N > ĉj, then

1. if Hj
0 is true, lim supP (reject Hj

0) ≤ α0.

2. if Hj
0 is false, limN→∞ P (reject Hj

0) = 1.

Similarly, we can test the higher order stochastic dominance relations

among the treated. As in Section 1.5, we formulate the hypotheses as follows:

Hj
0,treated : Ij(z;F1(·| T = 1)) ≤ Ij(z;F0(·| T = 1)) for all z ∈ Z;

Hj
1,treated : Ij(z;F1(·| T = 1)) > Ij(z;F0(·| T = 1)) for some z ∈ Z,

which are equivalent to the following:

Hj
0,G : Ij(z;G1(·)) ≤ Ij(z;G0(·)) for all z ∈ Z;

Hj
1,G : Ij(z;G1(·)) > Ij(z;G0(·)) for some z ∈ Z.

Define the statistic as

Ŝj
N,G =

√
N sup

z∈Z

Ij(z; Ĝ1(·) − Ĝ0(·)), (1.16)
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and S
j

u,G = supz∈Z Ij(z; Ψu,G). Given the significance level α0, define the

simulated critical value, ĉjG, as the (1 − α0)-th quantile of S
j

u,G. We have the

following theorem.

Theorem 1.6.2. Suppose Assumption 1.2.1, 1.3.2-1.3.5 and 1.5.1 hold, and

α0 ≤ 1/2. If we reject the Hj
0,treated (or Hj

0,G) when Ŝj
N,G > ĉjG, then:

1. if Hj
0,treated is true, lim supP (reject Hj

0,treated) ≤ α0.

2. if Hj
0,treated is false, limN→∞ P (reject Hj

0,treated) = 1.

1.7 Monte-Carlo Studies

In this section we conduct small-scale Monte Carlo studies to illustrate

the power and size properties of our tests.

Example 1.7.1. Let the data generating process (DGP) be:

X = 0.3 + 0.4Ux, T = 1(Ut < X),

Y (0) = 1(Uy0
≤ X)

U2
y0

X
+ 1(Uy0

> X)Uy0
,

Y (1) = 1(Uy1
≤ 1 −X)

U2
y1

1 −X
+ 1(Uy1

> 1 −X)Uy1
,

Y = TY (1) + (1 − T )Y (0),

where Ux, Ut, Uy0
and Uy1

are independent uniform distributions over [0, 1].

In Example 1.7.1, T is independent of (Y (0), Y (1)) conditional on X,

i.e. T is unconfounded. The unconditional CDFs of Y (0) and Y (1) are identi-

cal, so Y (1) SD1 and SD2 Y (0). We can show that F1(z|T = 1) ≤ F0(z|T = 1)
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for all z, which implies that Y (1) conditional on the treated SD1 and SD2 Y (0)

conditional on the treated. We plot the corresponding CDFs and integrated

CDFs in Figure E.1.

Example 1.7.2. Let the DGP be:

X = Ux, X0 = 0.5 + 0.3X, T = 1(Ut < X0),

Y (0) = 1(Uy0
≤ X0)

U2
y0

X0

+ 1(Uy0
> 1 −X0)

(
1 − (1 − Uy0

)2

1 −X0

)
,

Y (1) = Uy1
,

Y = TY (1) + (1 − T )Y (0),

where Ux, Ut, Uy0
and Uy1

are independent uniform distributions over [0, 1].

In Example 1.7.2, we have F1(z|X) > F0(z|X) for all z > X0 which

implies that Y (1) SD1 Y (0) neither unconditionally nor conditional on the

treated. However, we have
∫ z

0
F1(t|X)dt <

∫ z

0
F0(t|X)dt for all z > 0 and it

follows that Y (1) SD2 Y (0) unconditionally and conditional on the treated.

Figure E.2 presents the corresponding CDFs and integrated CDFs.

Example 1.7.3. Let the DGP be:

X = 0.3 + 0.4Ux, T = 1(Ut < X),

Y (0) = Uy0
,

Y (1) = 1(Uy1
≤ X)

U2
y1

X
+ 1(Uy1

> X)Uy1
,

Y = TY (1) + (1 − T )Y (0),

where Ux, Ut, Uy0
and Uy1

are independent uniform distributions over [0, 1].
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In Example 1.7.3, Y (1) neither SD1 nor SD2 Y (0) conditional on X,

since F1(z|X) > F0(z|X) for all z ≤ X and F1(z|X) = F0(z|X) for all z > X.

It follows that Y (1) neither SD1 nor SD2 Y (0) unconditionally and conditional

on the treated group. The plots for the corresponding CDFs and integrated

CDFs can be found in Figure E.3.

In all examples, we set the sample sizes N = 200. The rejection rate

is calculated based on 1,000 simulations, and for each simulation the p-value

is approximated by 1,000 repetitions. We use all of the different values of Yi

as the gridpoints. The propensity score function is estimated by SLE with

the power series: 1, X and X2. The significance level is 5%. Let Fj denote

the CDF of potential outcome Y (j) and F t
j the conditional CDF of potential

outcome Y (j) of the treated for j = 0 and 1. Table D.1 summarizes the

rejection rates for different cases.

All the rejection rates corresponding to Example 1.7.1 are around the

5% level. The rejection rates in Example 1.7.2 are much smaller than 5%

for both second order stochastic dominance tests. These support the size

properties of our tests. In Example 1.7.2, the null hypotheses are wrong for

the SD1 cases and the rejection rates are greater than 5% (14% and 12%

respectively). All the null hypotheses are violated in Example 1.7.3 and we

find that the rejection rates are between 26% and 45%. The rejections rates of

Example 1.7.3 are much higher than Example 1.7.2 due to the larger difference

between the two CDFs in Example 1.7.3.

We redo the simulations with a larger sample size, N = 400. The
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propensity score function is estimated by SLE with the power series: 1, X,

X2 and X3. The rejection rates corresponding to correct null hypotheses are

still around or less than 5% level. When the null hypotheses are wrong, the

corresponding rejection rates are higher as the sample size increases. These

results again support the size and power properties of our methods and also

illustrate the consistency of our tests.

Furthermore, the nominal sizes for the treated cases in Example 1.7.1

and the SD2 cases in Example 1.7.2 are strictly smaller than 5% due to the

LFC of our tests. On the other hand, he nominal sizes for the unconditional

cases in Example 1.7.1 are close to 5%, since we have F1(z) = F0(z) for all z

which is the LFC of our tests.

We compare the performances between our tests and BD’s KS2 method,

which is equivalent to our test without any covariate. When there is no co-

variate in our model, then the only regressor in SLE is the constant term. Let

the DGPs be the same as previous examples except that T is generated by

T = 1(Ut < 0.5). That is, T is randomly assigned. When there is no co-

variate, the constant term is the only regressor when we implement the SLE.

The other set we consider contains X and we use the power series of X up to

order two as the regressors in the SLE estimation. The simulation results are

summarized in Table D.2. We find that for all cases, the rejection rates under

two different specifications are not significantly different. We conclude that,

at least in this case, it is not harmful to include some covariates in the tests

when T is randomly assigned.
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We use the following examples to demonstrate that BD’s tests may lead

to wrong conclusion when the random assignment assumption is violated.

Example 1.7.4. Let the DGP be:

X = 0.2 + 0.6Ux, T = 1(Ut < 1 −X),

Y (0) = Uy0
,

Y (1) =





√
XUy1

, if X ≥ 0.5 and Uy1
≤ X,

(1 − x) −
√

(1 − x)2 − (1 − x)Uy1
, if X < 0.5 and Uy1

≤ 1 −X,
Uy1

, othetwise,

Y = TY (1) + (1 − T )Y (0),

where Ux, Ut, Uy0
and Uy1

are independent uniform distributions over [0, 1].

The CDFs are presented in Figure E.4. In this example, F1(z) = F0(z)

for all z ∈ Z that implies F1 first order and second order stochastically dom-

inates F0. However, F (z|T = 1) > F (z|T = 0) for z ∈ (0, 0.8) that implies

that F (z|T = 1) neither first order nor second order stochastically dominates

F (z|T = 0).

Example 1.7.5. Let GDP be the same as that in Example 1.7.4 except that

X = 0.25 + 0.4Ux and T = 1(Ut < 0.1 + 0.8U2
x).

The CDFs are presented in Figure E.5. In this example, F1(z) > F0(z)

for all z ∈ (0, 0.65), then F1 neither order and second order stochastically

dominates F0. However, F (z|T = 1) ≤ F (z|T = 0) for z ∈ Z and F (z|T = 1)

both first order and second order stochastically dominates F (z|T = 0).
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Table D.3 summarizes the simulation results of Example 1.7.4 and 1.7.5.

Regarding Example 1.7.4, the null hypotheses are correct. The rejection rates

of our tests which use the covariate X to estimate the propensity score are

around 5%, However, those of BD’s which assume the treatment is completely

random and do not include any covariate are around 15% and they are much

higher than the significance level 5%. On the other hand, concerning Example

1.7.5 where the null hypotheses are not true, the rejections of our tests are

around 17%, but those of BD’s are lower than 5%. We redo the simulations

with sample size N = 400. Regarding Example 1.7.4, our tests still control

the size well (5.7% and 4.6% respectively) and the rejection rates of BD’s

increase by 2-3% . With respect to Example 1.7.5, the rejection rates of our

tests increase by 5-6% and those of BD’s are still lower than 5%. Hence, if the

treatment is unconfounded conditional on the covariates, then BD’s tests may

give wrong conclusions and our tests are more robust than theirs.

1.8 Empirical Illustration

We apply our tests to the data from National Supported Work Demon-

stration (NSW) job training program. These data sets are first analyzed by

LaLonde (1986) and subsequently by Heckman and Hotz (1989), Dehejia and

Wahba (1999), Smith and Todd (2001), Firpo (2007b) and Abadie and Imbens

(2007). The NSW data is well described in LaLonde (1986).

The data sets we use correspond to the sub-samples termed “RE74

subset” and “PSID-1” in Dehejia and Wahba (1999). The treatment vari-

35



able T is equal to 1 if the individual participates in the job training. RE74

subset contains an experimental sample from a randomized evaluation of the

NSW program in which 185 individuals receive the treatment and 260 do

not. PSID-1 contains the experimental participants in the RE74 subset and

a nonexperimental comparison group with 2490 individuals from the PSID.

Summary statistics for the two data sets are given in Table D.4. We plot the

empirical CDFs for the treated and untreated groups for both data sets in

Figure E.6.

We are interested in the distributional effect of the job training program

on earnings in 1978. We only apply the tests for the whole group to RE74

subset, since the treatment is randomly assigned in this subset. Our tests are

implemented under three different estimations of the propensity score. In the

first one, we do not include any covariates. In the second one, we use age as

the only covariate in the conditioning set, and a constant, age and the squared

age are the regressors in the SLE. In the last one, we use the specification

in Example 18.2 of Wooldridge (2002), which includes a constant, age, the

squared age, real earnings in 1974 and 1975, a binary high school degree indi-

cator, marital status, and dummy variables for black and Hispanic in the SLE.

Since affine transformations preserve the stochastic dominance relations, we

apply an affine transformation on the outcome variables so that the minimum

is 0 and maximum is 1. We use all different values of transformed outcome

variables as the gridpoints. The p-values for various tests are approximated

by 10,000 repetitions. Test statistics and p-values regarding various tests are
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summarized in Table D.5. The estimated CDFs and integrated CDFs under

different specifications are summarized in Figure E.7.

We find that the testing results are robust to the estimations of the

propensity score. We accept that the 1978 real earnings under job training

first-order and second-order stochastically dominates that without job training

since all of the p-values are equal to 1. Regarding stochastic dominance of the

outcome without job training against that under job training, we reject first-

order stochastic dominance at the 5% significance level and reject second-order

stochastic dominance at the 1% significance level.

We apply the tests on the treated to PSID-1 as Firpo (2007b) suggests,

since the non-experimental comparison group is essentially different from the

treated group. We conduct our tests according to two different estimations of

the propensity score. One is proposed by Dehejia and Wahba (1999) in which

in addition to those regressors in Wooldridge’s (2002) specification, it contains

education, squared education, squared real earnings in 1974 and 1975, and the

interaction term between the dummy for black and the dummy for unemployed

in 1974. The other one is proposed by Firpo (2007b) which is different from

Dehejia and Wahba’s (1999) in the interaction terms. The interaction terms

Firpo (2007b) uses are marital status with real earnings in 1974 and marital

status with the dummy for unemployed in 1974. We present the test results

in Table D.6. We plot the estimated Gi’s and integrated Gi’s under different

specifications in Figure E.8.

The testing results are robust to how the propensity score is estimated
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except for one case. In both specifications, we accept that conditional on the

treated, the outcome under job training first-order and second-order stochas-

tically dominates that without job training. For the first order stochastic

dominance of the outcome without job training against that under job train-

ing, we reject the null hypothesis at the 1% significance level under Dehejia

and Wahba’s (1999) specification, but only at the 10% significance level under

Firpo’s (2007b). On the other hand, we have stronger evidence against second

order stochastic dominance, since the p-values are both equal to 0. Hence, we

reject second order stochastic dominance at the 1% significance level under

both specifications.

To sum up, the empirical results suggest that the real earning under

job training SD1 that without job training which implies the SD2 relations.

Equivalently, the social welfare in F1 (F t
1) is at least as large as that in F0

(F t
0) for any non-decreasing function U . On the other hand, we have strong

evidence against that F0 (F t
0) SD2 F1 (F t

1), but weaker evidence against F0

(F t
0) SD1 F1 (F t

1).

1.9 Tests for Stochastic Dominance without Unconfound-
edness

In previous sections, the stochastic dominance tests are constructed

under the unconfoundedness assumption. In this section, we extend our re-

sults to cases in which the treatment is not unconfounded. Suppose a binary

instrument V is available that takes values on {0, 1}. Let the dummy variable

38



T (v) denote the potential treatment status given V = v, but we only observe

the treatment status indicator T = V T (1) + (1 − V )T (0). Let Y (v, t) denote

the potential outcome of the individual that we would observe if V = v and

T = t. The following assumption is the same as the Assumption 2.1 of Abadie

(2003).

Assumption 1.9.1.

1. Independence of the instrument: Conditional on X, V is independent of

Y (0, 0), Y (0, 1), Y (1, 0), Y (1, 1), T (1) and T (0).

2. Exclusion of the instrument: P (Y (1, v) = Y (0, v)|X) = 1 for v ∈ {0, 1}.

3. First stage: 0 < P (V = 1|X) < 1 and P (T (1) = 1|X) > P (T (0) = 1|X).

4. Monotonicity: P (T (1) ≥ T (0)|X) = 1.

The exclusion of the instrument assumption indicates that the switch

the of instrument does not change the potential outcomes other than through

T and this allows us to define Y (0) = Y (0, 0) = Y (1, 0) and Y (1) = Y (0, 1) =

Y (1, 1). We observe Y = TY (1) + (1 − T )Y (0). The first stage assumption

implies that V and T are correlated conditional on X. These two assumptions

guarantee that V is a valid instrument for T . Under Assumption 1.9.1, we can

identify the average treatment response for the subpopulation called compil-

ers,7 e.g. Abadie (2002, 2003), Abadie, Angrist and Imbens (2002), Angrist,

7Those individuals with D(1) > D(0), or equivalently T (1) = 1 and T (0) = 0, are
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Imbens and Rubin (1996), Frölich (2007), Frölich and Melly (2008), and Hong

and Nekipelov (2008). Let C denote the group of compilers, and F0(z|C) and

F1(z|C) the CDFs of Y (0) and Y (1) conditional on compilers respectively. We

are interested in if F1(z|C) first order stochastically dominates F0(z|C) and re-

fer this relation as the local first order stochastic dominance of Y (1) to Y (0).

Hence, the hypotheses are defined as follows:

Hc
0 : F1(z|C) − F0(z|C) ≤ 0 for all z ∈ Z;

Hc
1 : F1(z|C) − F0(z|C) > 0 for some z ∈ Z. (1.17)

Note that

T = V T (1) + (1 − V )T (0),

1 − T = V (1 − T (1)) + (1 − V )(1 − T (0)),

Y = TY (1) + (1 − T )Y (0).

These indicate that

Y = TY (1) + (1 − T )Y (0)

= (V T (1) + (1 − V )T (0))Y (1) + (V (1 − T (1)) + (1 − V )(1 − T (0)))Y (0)

= V (T (1)Y (1) + (1 − T (1))Y (0)) + (1 − V )(T (0)Y (1) + (1 − T (0))Y (0))

= VM(1) + (1 − V )M(0) = M(V ) = M,

compilers. Always-takers are defined by T (0) = T (1) = 1 and never-takers by T (0) = T (1) =
0. Finally, the defiers are those with T (1) < T (0). Under the monotonicity assumption,
there will be no defiers in our model.
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where we define M(v) = T (v)Y (1) + (1 − T (v))Y (0) for v = 0 and 1. Define

Fm
0 (z) = E[1(M(0) ≤ z)] and Fm

1 (y) = E[1(M(1) ≤ z)] which are the CDFs

of M(0) and M(1). Therefore,

Fm
1 (z) − Fm

0 (z) = E[1(M(1) ≤ z) − 1(M(0) ≤ z)]

= E[(T (1) − T (0))(1(Y (1) ≤ z)) − 1(Y (0) ≤ z))]

= E[1(Y (1) ≤ z) − 1(Y (0) ≤ z))|T (1) − T (0) = 1]P [T (1) − T (0) = 1]

=
(
F1(z|C) − F0(z|C)

)
P [T (1) − T (0) = 1]. (1.18)

The second equality follows from that for v = 0 or 1,

1(M(v) ≤ z) = 1
(
[T (v)Y (1) + (1 − T (v))Y (0)] ≤ z

)

= T (v) · 1(Y (1) ≤ z) + (1 − T (v)) · 1(Y (0) ≤ z).

The third equality holds because T (1) − T (0) takes values on 0 and 1, and

T (1) > T (0) iff T (1) − T (0) = 1. Hence, given P [T (1) − T (0) = 1] > 0 and

according to (1.18), we have F1(z|C) − F0(z|C) ≤ 0 iff M1(z) −M0(z) ≤ 0.

Therefore, the hypotheses in (1.17) are equivalent to:

Hm
0 : Fm

1 (z) − Fm
0 (z) ≤ 0 for all z ∈ Z;

Hm
1 : Fm

1 (z) − Fm
0 (z) > 0 for some z ∈ Z. (1.19)

As in Abadie (2002), determining the local first-order stochastic domi-

nance relation between F0(y|C) and F1(y|C) is equivalent to determining that

between Fw
0 (y) and Fw

0 (y). Note that the independence of the instrument as-

sumption implies that (M(0),M(1)) ⊥ V |X. Therefore, if we treat V as the
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primary treatment and M(0) and M(1) as the potential outcomes, then the

primary treatment is unconfounded. Hence, we can use the same technique

developed in Section 1.3 and 1.4 to test (1.17) by testing (1.19). Consequently,

we also extend Abadie’s (2002) test to allows for the presence of covariates.

Recent studies also focus on the treatment effect conditional on the

treated compliers, e.g. Hong and Nekipelov (2008) and Donald, Hsu and Lieli

(2009). As a result, it is interesting to determine the local first order stochastic

dominance between the potential outcomes among the treated. We also discuss

how to use extend previous technique to this case.

Let F0(z|C, T = 1) and F1(z|C, T = 1) denote the conditional CDFs

of the potential outcomes of the treated compliers. The hypotheses of our

interest are

Hc
0,treated : F1(z|C, T = 1) − F0(z|C, T = 1) ≤ 0 for all z ∈ Z;

Hc
1,treated : F1(z|C, T = 1) − F0(z|C, T = 1) > 0 for some z ∈ Z. (1.20)

Note that conditional on the compliers, we have V = T and it follows

that F0(z|C, T = 1) = F0(z|C, V = 1) and F1(z|C, T = 1) = F1(z|C, V = 1).

Let Fm
0 (z|V = 1) = E[1(M(0) ≤ z)|V = 1] and Fm

1 (z|V = 1) = E[1(M(1) ≤
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z)|V = 1]. Therefore,

Fm
1 (z|V = 1) − Fm

0 (z|V = 1)

=E[1(M(1) ≤ z) − 1(M(0) ≤ z)|V = 1]

=E[(T (1) − T (0))(1(Y (1) ≤ z)) − 1(Y (0) ≤ z))|V = 1]

=E[1(Y (1) ≤ z) − 1(Y (0) ≤ z))|T (1) − T (0) = 1, V = 1]P [T (1) − T (0) = 1|V = 1]

=
(
F1(z|C, V = 1) − F0(z|C, V = 1)

)
P [T (1) − T (0) = 1|V = 1].

=
(
F1(z|C, T = 1) − F0(z|C, T = 1)

)
P [T (1) − T (0) = 1|V = 1].

Since P [T (1) − T (0) = 1|V = 1] is strictly positive, the hypotheses in

(1.20) are equivalent to:

Hm
0,treated : Fm

1 (z|V = 1) − Fm
0 (z|V = 1) ≤ 0 for all z ∈ Z;

Hm
0,treated : Fm

1 (z|V = 1) − Fm
0 (z|V = 1) > 0 for some z ∈ Z. (1.21)

As a result, we can use the same technique developed in Section 1.5

to test (1.20) by testing (1.21). Similarly, we can use the same technique in

Section 1.6 to test the local higher order stochastic dominance between the

potential outcomes in the whole population and among the treated.

1.10 Conclusion

In this paper, we propose Kolmogorov-Smirnov-type tests for stochas-

tic dominance relations between the potential outcomes of a binary treatment

under the unconfoundedness assumption to evaluate its distributional impacts.
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Although measures such as QTE, QTT, ITE and ITT are capable of evalu-

ating the distributional impacts of a treatment, they do not fully utilize all

information in the distributions. Our stochastic dominance tests compare ev-

ery point of the CDFs, so they do not have this drawback. For first order

stochastic dominance, the test statistic is defined as the supremum of the dif-

ference of two inverse probability weighting estimators for the CDFs of the

potential outcomes. The critical values (p-values) are approximated based on

a simulation method. We show that our test has good size properties and is

consistent in the sense that it can detect any violation of the null hypotheses

asymptotically. First order stochastic dominance tests in the treated subpop-

ulation, and higher order stochastic dominance tests in the whole population

and among the treated are shown to share the same properties. Simulation

results support our theoretical findings.

We apply our tests to the National Supported Work Demonstration

data and find that job training has a positive effect on real earnings. That is,

real earnings under job training stochastically dominates real earnings without

job training, and we also find evidence against the reverse relations. Moreover,

using any social welfare function and not just the mean would lead to this

conclusion.

Finally, we discuss how to apply the technique we have developed to

cases in which the unconfoundedness assumption does not hold. Furthermore,

one may extend our results to cases in which the comparison is made for any

compact subinterval common to both supports. This is useful for poverty com-
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parisons in which one focuses on the welfare for the poor (e.g., Davidson and

Duclos (2000)). In addition, one can extend our tests to other situations where

one is interested in comparing curves and testing for dominance relations. For

example, testing for Lorenz dominance relations is another possible direction.
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Chapter 2

A New Test for Linear Inequality Constraints

When the Variance Covariance Matrix

Depends on the Unknown Parameters

2.1 Introduction

Hypothesis testing involving inequality constraints in nonlinear models

has attracted many econometricians’ attention, e.g. Gourieroux, Holly, and

Monfort (1980), Kodde and Palm (1986) and Wolak (1989, 1991). This lit-

erature has focused on Wald type tests that involve the minimization of a

quadratic form, involving the variance covariance matrix of the constraint

functions, subject to the inequality constraints. As noted by Wolak (1989,

1991) functional dependence of the asymptotic covariance matrix of the in-

equality constraints on the parameters can make it very difficult in practice

to find the LFC which is typically used to control the size of the test. In sit-

uations where the parameters of interest are from nonlinear models it is often

the case that the variance covariance matrix of the parameters, and hence the

variance covariance matrix of the constraint functions, will depend on the un-

known parameters making Wald type tests of inequality constraints difficult to

implement in practice. A further limitation of such tests is that they generally

require that the variance covariance matrix be nonsingular which can also rule

46



out tests of two sided inequality constraints as well as situations where there

are more constraints than unknown parameters.

In this paper we extend Hansen’s (2005) superior predictive ability

(SPA) test to general linear inequality constraints cases when the asymptotic

covariance matrix of the estimators for the parameters depends on the pa-

rameters. Also our test allows for the possibility that the variance covariance

matrix is singular so that it is more widely applicable than the Wald type test.

As in Hansen (2005) our test is based on minimizing the vector of recentered

estimates of the functions of the estimated parameters that are non-negative

under the null hypothesis. The recentering asymptotically eliminates those

constraints that hold with strict inequality from consideration in obtaining

appropriate critical values. This procedure allows us to obtain tests with

asymptotically correct size as well as more power without knowledge of the

LFC. The test is also shown to be consistent against fixed alternative hypothe-

ses. The recentering is similar to that in Hansen (2005), though we can show

that more general recentering functions can result in a test with good size and

power properties.

Our work is related to some recent work by Bennett (2009) and An-

drews and Soares (2009). Bennett (2009) considers the same problem as ours

and he proposes the MinP test and the test statistic is the the minimum of the

p-values of all inequality constraints. Similar to our method, he also uses the

recentering method to avoid knowledge of the LFC when approximating the

null distribution. Another recent related paper is Andews and Soares (2009)
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who consider tests of whether a moment inequality is satisfied at a candidate

value of a parameter which is useful in conducting inference in moment in-

equality models. Though they use similar recentering methods, their focus is

different from ours in that we are interested in whether a set of consistently

estimable parameters satisfy some linear inequality constraints in situations

where the variance-covariance matrix of the estimated parameters is function-

ally dependent on the unknown parameters.

The remainder of this paper proceeds as follows. In Section 2.2, we sum-

marize the Wolak test for hypotheses involving linear inequality constraints.

In Section 2.3, we present our test procedure and derive the asymptotic dis-

tribution of our test statistic. We introduce the recentering function and the

asymptotically exact size critical value for our test. We show the size and

power properties of our test and compare our test with the SPA test. Section

2.4 provides a procedure to implement our test. In Section 2.5, we conduct

small-scale Monte Carlo simulations to illustrate our tests and compare our

tests with the Wolak test. In Section 2.6, we summarize the comparisons be-

tween our test and the Wolak test. We discuss how to extend our tests to

general nonlinear inequality constraints and present the standardized version

of our test. Section 2.7 concludes, and all of the proofs are left in Appendix

B.

48



2.2 Review of the Wolak test

The null hypothesis of interest is

H0 : Rθ0 ≥ r, (2.1)

where θ is a k-dimensional vector of parameters, r is a p × 1 vector, and

R = (R1, ..., Rp)
′ is a p× k matrix where Ri’s are k × 1 vectors.

Let θ̂ be the unconstrained estimator for θ0 and impose the following

high level assumption on θ̂.

Assumption 2.2.1. Let θ̂ be an unconstrained estimator for θ0 satisfying

√
n(θ̂ − θ0)

D→ N(0, V (θ0)), (2.2)

and there exists a consistent estimator, V̂ (θ̂), for V (θ0).

Note is the dependence of the asymptotic covariance of θ̂ on θ0. Most

nonlinear least square estimators, maximum likelihood estimators and gener-

alized method of moment estimators (GMM) are typical examples satisfying

Assumption 2.2.1. Under Assumption 2.2.1, we have

√
n(Rθ̂ − Rθ0)

D→ N(0, RV (θ0)R
′)

and J(θ̂) = RV̂ (θ̂)R′ is a consistent estimator for J(θ0) = RV (θ0)R
′.

One of the three equivalent statistics of the Wolak test is

Wn = min
{θ|Rθ≥r}

n(Rθ̂ − Rθ)′J(θ̂)−1(Rθ̂ −Rθ).
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Let Pθ denote the probability measure under θ. For a positive c, the LFC for

the Wolak test denoted by θ∗(c) satisfies that

lim
n→∞

Pθ∗(c)(Wn ≥ c) = sup
{θ|Rθ≥r}

lim
n→∞

Pθ(Wn ≥ c).

Let B denotes the set of θ’s satisfying the null hypothesis such that there are

at least two constraints holding with equality. For each θ ∈ B, suppose there

are m equality constraints such that Rmθ = rm where Rm is the submatrix of

R and rm is the corresponding subvector of r. For any positive critical value

c, we have

lim
n→∞

Pθ(Wn ≥ c) =

m∑

j=0

P (χ2
j ≥ c)w(m,m− j, RmV (θ)R′

m), (2.3)

where χ2
j denotes the chi-square distribution with degrees of freedom j. Let y

be a m-dimensional normally distributed vector with mean 0 and covariance

Σ and ỹ be the solution to

ỹ ≡ arg min
η≥0

(y − η)′Σ−1(y − η).

The weight function w(m,m− j,Σ) denotes the probability that ỹ has exactly

m− j positive elements. Wolak (1991) shows that the LFC belongs to B. As

a result, to find the critical value with asymptotically exact size α, we need

to calculate the probability in (2.3) for each θ ∈ B and for each c > 0. Let

P (c) denote the maximal probability over all θ ∈ B for a given c. The critical

value c(α) with asymptotically exact size α would solve P (c(α)) = α. Or

equivalently, for a given α and for each θ ∈ B, we find c(θ, α) that solves
m∑

j=0

P (χ2
j ≥ c(θ, α))w(m,m− j, RmV (θ)R′

m) = α,
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and the critical value with asymptotically exact size α is

c(α) = max
θ∈B

c(θ, α).

However because of the computational complexity, it can be too time-consuming

to find c(α) in some cases. This limits the value of the Wolak test.

For example, let (X1i, X2i, X3i, X4i)
′ be i.i.d. multivariate normal dis-

tributions such that



X1i

X2i

X3i

X4i


 ∼ N







µ1

µ2

µ3

µ4


 ,




1 0 0 0
0 1 ρ ρ
0 ρ 1 ρ
0 ρ ρ 1







with ρ(µ2, µ3, µ4) = (µ2 + µ3 + µ4)/3 and 0 ≤ µ1, µ2, µ3, µ4 ≤ 0.9. The null

hypothesis of interest is

H0 : µ1 − µj ≥ 0, for j = 2, 3 and 4.

Let Xj be the sample average for each j. Hence

√
n




X1 −X2

X1 −X3

X1 −X4



 ∼ N








µ1 − µ2

µ1 − µ3

µ1 − µ4



 ,




2 1 + ρ 1 + ρ

1 + ρ 2 1 + ρ
1 + ρ 1 + ρ 2







 .

Let Bm denote the subset of parameters under the null hypothesis such that

there are m constraints holding with equalities. Hence, B = B2 ∪ B3. For

ℓ = 2 and 3, define cℓ(ρ, α) as the solutions to

ℓ∑

j=0

P (χj
2 ≥ c(ρ, α))w(ℓ, ℓ− j,Σℓ(ρ)) = α
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where

Σ2(ρ) =

(
2 1 + ρ

1 + ρ 2

)
, Σ3(ρ) =




2 1 + ρ 1 + ρ
1 + ρ 2 1 + ρ
1 + ρ 1 + ρ 2


 .

One can show that the c with asymptotically exact size α satisfies that

c(α) = max{cj(ρ, α)|ρ ∈ [0, 0.9], j = 2 and 3}

and c(α) can be approximated by taking the maximum over a finite number

of gridpoints. Note that the covariance matrix of the estimated constraints

depends only on one parameter ρ = (µ2 + µ3 + µ4)/3. Also, there are various

ways to get the weight function analytically or numerically when m ≤ 10 (see

Section 4 of Wolak (1987)). As a result, in this case, the approximation is

feasible. However, the computational complexity increases dramatically when

the covariance matrix depends on more parameters because of the curse of

dimensionality. On the other hand, when m > 10, the only way to obtain

the weight function is by simulation and we need to redo the simulation if the

covariance matrix varies. Consequently, if we extend this example to allow for

more constraints, say 20, then it could be very time-consuming to approximate

the weight function with a large number of gridpoints. Given these facts, it

could be difficult to obtain c(α) for the Wolak test.

On the other hand, to obtain the critical value with asymptotically

exact size, we require the knowledge of the functional form of the variance-

covariance matrix of the estimator. However, in most cases, we do not impose

enough conditions so that the functional form is known. For example, let θ0
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satisfies the moment conditions

Eθ0
[m(X, θ)] = 0

where m(X, θ) is ℓ-dimensional and θ is k-dimensional with ℓ ≥ k and Eθ0

denotes the expectation operation under parameter θ0. With the optimal

weighting matrix, it is known that

√
n(θ̂ − θ0)

D→ N(0,M(θ0)Ω(θ0)
−1M(θ0)),

where M(θ0) = Eθ0
[∇θm(X, θ0)] and Ω(θ0) = Eθ0

[m(X, θ0)
2]. In general, the

functional forms of M(θ) and Ω(θ) are unknown, so variance-covariance struc-

ture of the estimator for all possible θ0 under the null hypothesis is unknown.

In this case, we are not able to compute the LFC. This also limits the value

of the Wolak test.

Finally, the Wolak test to work, J(θ̂) is required to be invertible. This

implies that the row vectors of R have to be linearly independent and this

excludes many interesting hypotheses. For example, this rules out two-sided

inequality constraints. Suppose one is estimating the the production function

F (K,L) = AKαLβ where A is a constant, K is capital, L is the labor input

and θ0 = (α0, β0)
′ is the vector of parameters of interest. One might want to

know if the labor share lies in a specific interval such as 0.4 ≤ α0 ≤ 0.6. One

would have R1 = (1, 0)′, R2 = (−1, 0)′ and r = (0.4,−0.6) where R1 and R2

are linearly dependent. The requirement also excludes the cases where p > k.

When p > k, the rank of R must be smaller than p. For example, one might
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want to know whether α0 + β0 ≥ 1 that implies that the production function

is not decreasing returns to scale, and at the same time, might want to know

whether α0 ≥ 0.4 and β0 ≥ 0.4 so that the labor and capital shares are no

less than 0.4. Therefore, the Wolak test cannot be applied to these interesting

hypotheses.

2.3 Testing Strategy and Asymptotic Properties

2.3.1 Test Statistic and Decision Rule

Our test statistic is defined as

Ŝ =
√
nmin{R′

1θ̂ − r1, ..., R
′
pθ̂ − rp}.

Given a critical value c < 0 which will be defined later, the decision

rule is the following:

“ Reject H0 if Ŝ < c.”

The following lemma summarizes the asymptotic properties of Ŝ.

Lemma 2.3.1. Suppose Assumption 2.2.1 holds, then the following statements

are true:

(i) Under the null hypothesis, if R′
iθ0 − ri > 0 for all i = 1, ..., p, Ŝ

p→ ∞.

(ii) Under the null hypothesis, if R′
iθ0−ri = 0 for i = 1, ..., m0 and R′

iθ0−ri >

0 for i = m0+1, ..., p without loss of generality, then Ŝ
D→ min{N(0,Ω0)}

where Ω0 is the upper-right (m0 ×m0) sub-matrix of J(θ0).
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(iii) Under the alternative hypothesis, i.e. R′
iθ0−ri < 0 for some i, Ŝ

p→ −∞.

Note that if R′
iθ0 − ri > (<) 0, then

√
n(Riθ̂− ri) converges to infinity

(negative infinity). Hence, the first part and the third part follow. IfR′
iθ0−ri =

0, then
√
n(Riθ̂ − ri) is asymptotically normally distributed and therefore

bounded in probability. Note that we can, without loss of generality, assume

that the constraints are ordered in such a way that the first m0 hold with

equality. Then
√
n(Riθ̂ − ri) converge to infinity for i = m0 + 1, ..., p and

√
n(Rj θ̂ − rj) are bounded in probability for j = 1, ..., m0 then after we take

the minimum,
√
n(Riθ̂− ri) for i = m0 +1, ..., p will have no effect on the null

distribution of Ŝ asymptotically. Thus the statistic will behave like,

√
nmin{R′

1θ̂ − r1, ..., R
′
m0
θ̂ − r0}

which has limit distribution given by the distribution of the minimum over a

multivariate normal vector with variance-covariance given by Ω0 which is the

variance-covariance matrix of the vector {R′
1θ̂ − r1, ..., R

′
m0
θ̂ − r0}. Thus (ii)

follows by the continuous mapping theorem.

2.3.2 Recentering Vector

Given a positive number an, define the recentering vector as ĥ =

(ĥ1, ..., ĥp) where ĥi = (R′
iθ̂ − ri)1(

√
n(R′

iθ̂ − ri) > an) for i = 1, ..., p and

1(·) is the indicator function.1 The recentering vector ĥ is first introduced by

1More generally, the positive number can be chosen differently for each linearly constraint,
e.g. an,p. The results remain if an,p satisfies Assumption 2.3.2 for each p.
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Hansen (2005) to avoid the LFC used by the Reality Check (RC) of White

(2000) so as to improve the power of the RC test.

Assumption 2.3.2. Let {an} be a sequence of positive numbers such that

limn→∞ an = ∞ and limn→∞ n−1/2an = 0.

Lemma 2.3.3. Suppose Assumption 2.2.1 and 2.3.2 hold, then the following

statements regarding ĥi are true:

(i) If R′
iθ0 − ri > 0, then ĥi

p→ R′
iθ0 − ri and

√
nĥi

p→ ∞.

(ii) If R′
iθ0 − ri ≤ 0, ĥi

p→ 0 and
√
nĥi

p→ 0.

2.3.3 Critical Value

Given a significance level α < 1/2, the critical value q̂∗α is defined as

q̂∗α = min{q̂α, 0},

where q̂α = sup{q|P
(
min{N(

√
nĥ, J(θ̂))} ≤ q

)
≤ α}, which is the α-th quan-

tile of min{N(
√
nĥ, J(θ̂))}.

Lemma 2.3.4. Suppose Assumption 2.2.1 and 2.3.2 hold, and α < 1/2, the

following statements regarding q̂∗α are true:

(i) Under the null hypothesis, if R′
iθ0 − ri > 0 for all i, q̂∗α

p→ 0.

(ii) Under the null hypothesis, if R′
iθ0−ri = 0 for i = 1, ..., m0 and R′

iθ0−ri >

0 for i = m0 + 1, ..., p, then q̂∗α
p→ q0

α, where q0
α is the α-th quantile of

min{N(0,Ω0)} and Ω0 is the upper-left (m0 ×m0) sub-matrix of J(θ0).
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(iii) Under the alternative hypothesis, if R′
iθ0−ri < 0 for i = 1, ..., m1, R

′
iθ0−

ri = 0 for i = m1+1, ..., m0 and R′
iθ0−ri > 0 for i = m0+1, ..., p, q̂∗α

p→ q0
α

where q0
α is the α-th quantile of min{N(0,Ω0)} and Ω0 is the upper-left

(m0 ×m0) sub-matrix of J(θ0).

Lemma 2.3.4 summarizes the limit properties of the critical value. If all

the constraints hold with strict inequalities under the null hypothesis, the we

recenter N(0, J(θ̂)) at
√
nĥ that diverges to infinity for every element. Hence,

the α-th quantile of min{N(
√
nĥ, J(θ̂))} is strictly positive with probability

approaching 1. This implies the first part that q̂∗α converges in probability to

0.

To show the last two parts, note that the last p − m0 elements of

N(0, J(θ̂)) that are recentered at infinity in the limit will not be the min-

imum. As a result, the last p − m0 elements of N(0, J(θ̂)) have no effect

on min{N(
√
nĥ, J(θ̂))} so min{N(

√
nĥ, J(θ̂))} converges in distribution to

min{N(0,Ω0)}. The last two parts follow.

2.3.4 Size and Power Properties

Let q̂∗α is the critical value and reject H0 if Ŝ < q̂∗α.

Theorem 2.3.5. Suppose Assumption 2.2.1 and 2.3.2 hold, and α < 1/2,

then the following statements are true:

(i) If R′
iθ0 − ri > 0 for all i, limn→∞ P (reject H0) = limn→∞ P (Ŝ < q̂∗α) = 0.
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(ii) If R′
iθ0 − ri ≥ 0 for all i and at least one inequality constraint holds with

equality, limn→∞ P (reject H0) = α.

(iii) If R′
iθ0 − ri < 0 for some i, limn→∞ P (reject H0) = 1.

Theorem 2.3.5 shows the size and power properties of our test. The

first part shows that if all of the constraints hold with strict inequalities under

the null hypothesis, the probability of rejecting the null hypothesis converges

to 1 in the limit. This follows from the fact that the test statistic diverges

to infinity and the critical value converges in probability to 0. The second

part indicates that if there is at least one constraint holds with equality under

the null hypothesis, then our test have exact size asymptotically since the

critical value converges in probability to the α-th quantile of the limiting null

distribution of the statistic. As a result, we obtain an asymptotically exact

size test without resorting to the LFC. In the last part, our test is shown to be

consistent in the sense that we will reject the null hypothesis with probability

approaching 1 when the null hypothesis is false. This result follows from the

fact that the test statistic diverges to negative infinity, but the critical value

converges in probability to a negative number.

2.3.5 Our Test vs. SPA Test

1. The null hypothesis of interest in Hansen (2005) is H0 : µ0 ≥ 0, where

µ0 is the vector of means of a set of random variables.2 As a result, our

2Testing H0 : E[Xi] = µ0 ≥ 0 is equivalent to testing H0 : E[−Xi] = −µ0 ≤ 0. Hence,
in Hansen (2005), the hypothesis of interest is H0 : E[−Xi] = −µ ≤ 0, but we can transform
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test considers more general hypotheses than the SPA test.

2. Hansen (2005) defines the recentering mean as µ̂c
i = µ̂i1(

√
nµ̂i > σ̂i

√
2 log logn)

where µ̂i is the sample average of the model i and σ̂i is a consistent es-

timator for the asymptotic standard deviation of
√
n(µ̂i − µi). Hansen

(2005) sets an = σ̂i

√
2 log log n based on the law of iterated logarithm

and one can show that the strong convergence version of Lemma 2.3.3

holds for µ̂c
i . That is, Lemma 2.3.3 will hold with

a.s.→ when we set

an = σ̂i

√
2 log log n. Hansen (2005) argues that it is the optimal choice

for the recentering vector in the sense that the test has the best power

and can control the size properly asymptotically. However, we show that

the weak convergence version of Lemma 2.3.3 is enough for the size and

power properties of our test, so we can pick an converging to 0 faster

than σ̂i

√
2 log log n. Consequently, our test can potentially have better

power properties than the approach directly based on Hansen (2005).

Remarks:

1. Bennett (2009) considers the same problem as ours and proposes the

MinP test. The test statistic of the MinP test is the minimum of the

p-values of the inequality constraints. Bennett also uses a recentering

method to improve the power of the test and control the size. The

recentering vector in the MinP test is (an + R′
iθ̂ − ri)1(

√
n(R′

iθ̂ − ri) >

it to H0 : E[Xi] = µ ≥ 0 so that it is conformable to our framework.
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an) which is different from ours.3 On the other hand, the p-value of a

inequality constraint is invariant to a positive rescaling of the constraint.

That is, the p-value for R′
iθ0 ≤ ri and δR′

iθ0 ≤ δri are identical for all

positive δ. Hence, the MinP test implicitly considers a test based on

standardized statistics. A version of our test based on standardization

will be discussed in Section 6.

2. Inference in models where parameters are defined by moment inequality

is also related to our problem, e.g. Andrews and Soares (2009) among

others. The problem of Andrews and Soares (2009) is to determine if a

specific θ0 satisfies a set of moment inequalities. That is, for a given finite

set of real-valued moment functions, {mj(Xi, θ) : j = 1, ..., k}, they are

interested in if E[mj(Xi, θ0)] ≥ 0 for all j for a given θ0. Equivalently,

they want to determine if the unconditional means of a set of moment

conditions are all greater than or equal to 0. In this sense, their problem

is similar to Hansen’s (2005). However, this is different from our problem

since we test if a set of consistently estimable parameters satisfy some

linear inequality constraints.

2.4 Implementing The Procedure

We provide a procedure for implementing our test in practice.

Algorithm 2.4.1. Given the choices of α < 1/2 and an > 0, our test can be

3The recentering vector of MinP is obtained by rewriting (10) of Bennett (2009).
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implemented as follows:

1. Calculate θ̂, the unconstrained estimator.

2. Calculate R′
iθ̂ − ri and Ŝ. If Ŝ ≥ 0, accept the null hypothesis and stop;

otherwise, go to the next step.

3. Calculate V̂ (θ̂) and ĥ.

4. For b = 1, ..., B, generate Zb which is k-dimensional vector of standard

normal pseudo-random numbers.

5. For b = 1, ..., B, calculate Tb = min{RV̂ 1/2Zb +
√
nĥ}, where V̂ 1/2 is the

Cholesky decomposition of V̂ (θ̂).

6. Calculate q̂m
α , the αth-quantile of the simulated empirical distribution of

Tb.

7. Define the simulated critical value as min{q̂m
α , 0}.

8. Reject the null hypothesis if Ŝ < min{q̂m
α , 0}.

Remarks on the Algorithm:

1. Theoretically, an has to be a sequence of positive numbers satisfying

limn→∞ an = ∞ and limn→∞ n−1/2an = 0, but there is no optimal choice

of an. Practically, the larger the an we choose, the smaller the power is

and the smaller size is. Hence the choice of an is the trade-off between
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power and size. One possible choice is an =
√

2 log log n that is similar

to the choice of Hansen (2005).

2. In Step 4 and 5, we need to choose B. We know that q̂m
α

p→ q̂α when

B tends to infinity. Hence, the larger the B is, the better min{q̂m
α , 0}

approximates q̂∗α, but more time-consuming the procedure is. Therefore,

the choice of B is a trade-off between accuracy of the test and the compu-

tational intensity. In practice choosing B ≥ 1, 000, for instance, should

allow a reasonable approximation of q̂∗α and would not be terribly time

consuming.

3. The key part of the procedure is to approximate the distribution of
√
n(θ̂ − θ0). In our procedure, we use an asymptotic method to ap-

proximate
√
n(θ̂ − θ0) by N(0, V̂ ). However, one can also approximate

√
n(θ̂ − θ0) by bootstrap methods given the validity of the bootstrap

methods, e.g. Bennett (2009) and Bugni (2009a, 2009b).

2.5 Monte Carlo Simulations

In this section, we conduct small-scale Monte Carlo simulations to il-

lustrate our test and compare our test with the Wolak test.

Example 2.5.1. Let µ1 and µ2 denote the means for Y1 and Y2. (Y1, Y2)
′

is a bivariate normal distribution with variances of Y1 and Y2 equal to 1. For

0.5 ≥ µ1, µ2 ≥ −0.5, the covariance of Y1 and Y2 is (ρ+µ1−µ2)/(1+|µ1|+|µ2|),
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where ρ = 0.5. The and the null hypothesis of our interest is: µ1 ≥ 0 and

µ2 ≥ 0.

In Example 2.5.1, the LFC for the Wolak test is µ1 = µ2 = 0 according

to Wolak (1991). If the significance level is 5%, the critical value for Wolak-test

c satisfies that

arccos(0.5)

2π
P (χ2

2 ≥ c) +
1

2
P (χ2

1 ≥ c) = 0.05.

We use this example to compare our test with the Wolak test.

Example 2.5.2. Let the data generating process be the same as in Example

2.5.1, but the null hypothesis is the following: 0.3 ≥ µ1 ≥ 0 and µ2 ≥ 0.

In Example 2.5.2, the number of constraints is strictly greater than that

of the parameters, so the Wolak test can not be used.

Throughout the simulations, we consider the sample sizes equal to 200,

400, and 1000. The number of replications for each simulation is 50000. Given

the sample size n, we implement our test with three different recentering pa-

rameters an: 2
√

2 log logn,
√

2 log logn and 0.5
√

2 log logn. Given the vari-

ance is equal to 1 in the simulations, the choice of
√

2 log logn is identical

to that for the SPA test. We pick a larger an, 2
√

2 log logn, and a smaller

an, 0.5
√

2 log log n, to illustrate how the choice of an would affect the perfor-

mances of our tests. We implement the RC test, which is equivalent to our test

with an equal to infinity. The critical values for our tests are approximated

using 500 draws, i.e. in steps 4 and 5 of the algorithm, B is set at 500. To
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demonstrate the size properties, we consider (µ1, µ2) = (0, 0), (0.15, 0), (0.3,

0), (0.15, 0.15) for both examples. To illustrate the power properties, we con-

sider (µ1, µ2) = (−0.1, 0), (-0.2, 0), (-0.1, -0.1), (-0.1, 0.1), (-0.1, 0.2) for both

examples and we also consider (0.4, 0) for Example 2.5.2. Simulation results

are summarized in Table D.7-D.10.

Table D.7 summarizes the simulated sizes for different tests of Example

2.5.1. When (µ1, µ2) = (0, 0), the LFC for both the Wolak test and the RC

test, the sizes for all tests are close to 5%. When (µ1, µ2) = (0.15, 0), both

the Wolak test and the RC test are conservative in the sense that the sizes

are strictly less than 5%. In this case, our tests are more likely to avoid the

LFC when n is larger, since
√
nµ̂i is more likely to pass the an’s with larger

n. As a result, even if the sizes of our tests with different an’s are less than

5%, the sizes of our tests increases and are closer to 5% when the sample

size gets larger. When (µ1, µ2) = (0.3, 0), again both the Wolak test and the

RC test are conservative. When µ1 = 0.3,
√
nµ̂i is more likely to pass the

an’s than µ1 = 0.15. Hence, the sizes of our tests converge to 5% faster under

(µ1, µ2) = (0.3, 0) than (µ1, µ2) = (0.15, 0). When (µ1, µ2) = (0.15, 0.15) where

both constraints hold with strict inequalities, the sizes for all tests are around

0% as expected based on our theoretical results.4

The simulated powers for different tests of Example 2.5.1 are summa-

4In this case, the test statistic for the Wolak test will converge to 0 in probability and
the critical value will converge to some positive number. This implies that the size of the
Wolak test converge to 0%. As in the first part of Theorem 2.3.5, one can show that similar
result holds for the RC test.
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rized in Table D.8. It shows that all of the tests are consistent since all of

the rejection rates increase and converge to 1 when the sample size increases.

When (µ1, µ2) = (−0.1, 0), (-0.2, 0) and (-0.1, -0.1), none of the constraints is

strictly positive, so there is no advantage of our tests over the RC test. This

reflects in the simulations where the powers for our tests and the RC test are

very similar. Also, the performances of the the Wolak test are not significantly

different from those of our tests. When (µ1, µ2) = (−0.1, 0.1) and (-0.1, 0.2),

the powers of our test are significantly higher than the Wolak test and the RC

test. For example, when n = 400 and an =
√

2 log log n, the power of our test

is 5% higher than the Wolak test and the RC test when (µ1, µ2) = (−0.1, 0.1)

and 11% higher when (µ1, µ2) = (−0.1, 0.2). These results illustrate the power

gains from the recentering in our tests.

Table D.9 presents the simulated sizes for the RC test and our tests

of Example 2.5.2. If the null hypothesis contains a two-sided constraint, it is

impossible that three constraints hold with equalities simultaneously. Hence,

the RC test is conservative due to the LFC when (µ1, µ2) = (0, 0), (0.15, 0),

and (0.3, 0). Regarding our tests, the sizes of our test show the same pattern as

in Example 2.5.1 when (µ1, µ2) = (0, 0) and (0.15, 0). When (µ1, µ2) = (0.3, 0),

if the an = 2
√

2 log log n, the sizes are around 5%, but if an =
√

2 log log n or

0.5
√

2 log logn, the sizes are larger than 5%. However, the larger the sample

size is, the less severe the size distortion is. When (µ1, µ2) = (0.15, 0.15) where

all constraints hold with strict inequalities, the sizes for all tests are around

0%.
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The simulated powers for Example 2.5.2 are summarized in Table D.10.

When the hypothesis includes a two-sided constraint, then at least one of the

constraints will be strictly positive. As in Table D.10, our tests are more

powerful than the RC test due to the recentering method. For example, the

power gain can be as high as 18% when (µ1, µ2) = (−0.1, 0.2), n = 400 and

an =
√

2 log log n.

In the theory, if the choice of an satisfies Assumption 3.3.2, then the

asymptotic size of our test is equal to the pre-specified significance level (or

equal to 0) under the null hypothesis. However, the simulations show that the

finite-sample size does depend on the choice of an and the variance-covariance

structure of the estimated constraints. As a result, methods for picking an in

finite samples remains an interesting open question that is beyond the scope

of this paper.

2.6 Extensions

2.6.1 Non-linear Inequality Constraints

Let φ(θ) = (φ1(θ), ..., φp(θ)) where for all i = 1, ...p, φi(θ) is a C1

function and ∇θφi(θ0) is not a zero vector. The null hypothesis of interest is

defined as

H0 : φ(θ0) ≥ 0. (2.4)

Let Φ(θ) be the gradient of φ(θ) and J(θ) = Φ(θ)V (θ)Φ(θ)′. By delta method,
√
n(φ(θ̂) − φ(θ0))

D→ N(0, J(θ0)). When φi(θ) are not all linear functions,

Φ(θ) would be a function of θ in general. Consequently, by delta method
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J(θ) = Φ(θ)V (θ)Φ(θ) would depend on θ through Φ(θ) even if V (θ) is a

constant function. As in Section 2, the dependence of J(θ) on θ makes it hard

to find the LFC to implement the Wolak test.

Our test can be modified to allow for general non-linear inequality

constraints. The test statistic is defined as

Ŝσ =
√
nmin{φ1(θ̂), ..., φp(θ̂)}.

Define the recentering vector as ĥ = (ĥ1, ..., ĥp) where ĥi = φi(θ̂)1(
√
nφi(θ̂) >

an). The simulated critical value is defined as

q̂∗α = min{q̂α, 0},

where q̂α is the α-th quantile of min{N(
√
nĥ, J(θ̂))}, where J(θ̂) is a consistent

estimator for J(θ0). We reject H0 if Ŝ < q̂∗α. The size and power properties

are similar to Theorem 2.3.5.

2.6.2 Standardized Test

As noted by Hansen (2005) and Romano and Wolf (2005), there are

several advantages of the standardized test over the non-standardized test (see

Section 2.2 of Hansen (2005) and Section 4.2 of Romano and Wolf (2005)). As

a result, it would be very useful to introduce the standardized test.

Let σ̂i be a consistent estimator for the asymptotic standard deviation

of
√
n(φi(θ̂) − φi(θ0)). The standardized test statistic is defined as

Ŝσ =
√
nmin

{
φ1(θ̂)

σ̂1

, ...,
φp(θ̂)

σ̂p

}
.
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Define the standardized recentering vector as ĥσ = (ĥσ,1, ..., ĥσ,p) and for i =

1, ..., p,

ĥσ,i =
(R′

iθ̂ − ri

σ̂i

)
1

(
√
n
(R′

iθ̂ − ri

σ̂i

)
> an

)
.

Define Jσ(θ̂) as the standardized variance-covariance matrix estimator so that

the ij-th element of Jσ(θ̂) is the ij-th element of J(θ̂) divided by σ̂iσ̂j . The

simulated critical value is defined as

q̂∗α,σ = min{q̂α,σ, 0},

where q̂α,σ is the α-th quantile of min{N(
√
nĥσ, Jσ(θ̂))}. Similarly, we reject

H0 if Ŝσ < q̂∗α,σ. The size and power properties of the standardized test are

similar to those of the non-standardized test.

2.7 Conclusion

Hypothesis testing involving inequality constraints in nonlinear models

has attracted much interest. In this paper we consider inequality tests similar

to those in the SPA context. These tests have some advantages over those

developed in Wolak (1989, 1991). First, our test is shown to have asymptoti-

cally exact size, a property that is difficult to show in many interesting cases

for the Wolak tests. Second, our test can be applied to more situations than

the Wolak test, such the case of two sided inequalities or where there are more

inequalities than parameters in which case the variance-covariance matrix can

be singular.
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Our test is simple to implement in practice and is shown to have good

size and power properties both theoretically and in the context of simulations.

Though simulation is required to obtain critical values the computations are

quite straightforward to implement in an accurate fashion. We also show

how our method can be extended to nonlinear constraints as well as to situa-

tions where one standardizes the quantities to have marginal standard normal

asymptotic distributions.
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Chapter 3

Improving the Power of Tests of Stochastic

Dominance

Improving the Power of Tests of Stochas-
tic Dominance

3.1 Introduction

Making inference regarding various forms of stochastic dominance or-

dering plays an important role in inequality and poverty analysis. The impor-

tance of the concepts of first, second, and third order stochastic dominance

(SD1, SD2, and SD3 respectively) are discussed by McFadden (1989), Ander-

son (1996), Davidson and Duclos (2000), and BD. These papers propose tests

for various forms of stochastic dominance of a pre-specified order. Anderson

(1996) constructs tests based on Wald statistics calculated from two indepen-

dent samples and Davidson and Duclos (2000) propose tests based on Wolak’s

(1989) test for inequality constraints. However, their tests may not be con-

sistent since they are based on a finite number of comparisons. On the other

hand, McFadden (1989) and BD consider Kolmogorov-Smirnov type tests that

compare the objects at all points and show their tests are consistent. However,
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they use the LFC to construct their tests, so their tests are conservative in

the sense that the size of their tests can be strictly less than the pre-specified

significance level.

We propose new Kolmogorov-Smirnov type tests without using the LFC

to improve the power of BD’s. To do this, we first show that under the

null hypothesis if the objects being compared at a given income level are

not equal, then the objects at this given income level will have no effect on

the null distribution. Second, we construct a recentering function that will

converge to the underlying parameters uniformly asymptotically under the

null hypothesis. By treating the recentering function as a true underlying

parameters and adding it to the simulated Brownian bridge processes, we can

avoid the LFC and approximate the null distribution better than BD. It is

shown that our tests are less conservative and more powerful than BD’s.

The recentering method is first introduced by Hansen (2005). To con-

struct the SPA test, Hansen (2005) adds the recentering function to the ap-

proximated null distribution of the RC of White (2000). By doing this, he can

avoid the LFC used by RC and improve the power of RC. Our contribution

is to extend Hansen’s (2005) recentering method regarding a finite number of

inequality constraints to a continuum of inequality constraints.

The remainder of the paper is organized as follows. Section 3.2 states

the testing problem and derives the asymptotic properties of the statistics

under the null hypothesis and the alternative hypothesis respectively. Sections

3.3 introduces three ways to simulate the Brownian bridge process, the re-
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centering function and three methods to derive the critical values. In Sections

3.4, we show the size and power properties of our tests. When we compare

our tests with BD’s, it is shown that our tests are more powerful than theirs.

Monte-Carlo experiments are in Section 3.5. In Section 3.6, we illustrate our

methods and BD’s by testing the stochastic dominance relationship between

the Canadian income distributions for 1978 and 1986. Section 3.7 concludes

this paper. Appendix C contains all the proofs.

3.2 Hypothesis, Test Statistics and Limiting Distribu-

tion

3.2.1 Hypothesis Formulation

Let G and F be two CDFs. We consider two independent random

samples drawn from G and F with possibly different sample sizes. As in

Chapter 1, G SDj F corresponds to Ij(z;G) ≤ Ij(z;F ) for all z.

Assumption 3.2.1. Assume that:

1. G and F have common support Z = [0, z̄] where z̄ <∞.

2. G and F are continuous functions on Z and G(0) = F (0) = 0.

To test the jth order stochastic dominance of G over F , we formulate

our hypotheses as follows:

Hj
0 : Ij(z;G) ≤ Ij(z;F ) for all z ∈ Z;

Hj
1 : Ij(z;G) > Ij(z;F ) for some z ∈ Z.
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3.2.2 Test Statistic, Decision Rule and Limiting Distribution

The empirical distributions are defined as

F̂N(z) =
1

N

N∑

i=1

1(Xi ≤ z), ĜM(z) =
1

M

M∑

i=1

1(Yi ≤ z),

where 1(·) denotes the indicator function. Davidson and Duclos (2000) show

that Ij(z; F̂N ) can be calculated as

Ij(z; F̂N ) =
1

N

N∑

i=1

Ij(z; 1(Xi ≤ z)) =
1

N

N∑

i=1

1

(j − 1)!
1(Xi ≤ z)(z −Xi)

j−1.

(3.1)

The test statistic is

Ŝj =

√
NM

N +M
sup
z∈Z

(
Ij(z; ĜM ) − Ij(z; F̂N )

)
.

Given a critical value c which will be defined later, the decision rule is

“ Reject Hj
0 if Ŝj > c.”

Before deriving the asymptotic distribution of the statistics, we make

assumption on how the sample sizes grow, since different sample sizes are

allowed in this paper.

Assumption 3.2.2. Assume that:

1. {Xi}N
i=1 and {Yi}M

i=1 are independent random samples from distributions

with CDF ’s F and G respectively.

2. M is a function of N satisfying that M(N) → ∞ and N/(N+M(N)) →

λ ∈ (0, 1) when N → ∞.
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Assumption 3.2.2 requires that N and M are growing at the same rate.

Throughout the paper, when taking a limit, we assume M(N) grows in the

way that Assumption 3.2.2 holds.

Lemma 3.2.3. Suppose Assumption 3.2.1 and 3.2.2 hold, then we have

1. Under the null hypothesis,

Ŝj
D→ sup

z∈Z∗

j

(
√
λIj(z; BG ◦G) −

√
1 − λIj(z; BF ◦ F )) (3.2)

where Z∗
j ≡ {z|Ij(z;G) − Ij(z;F ) = 0}, and BG ◦ G and BF ◦ F are

independent Brownian bridge processes.

2. Under the alternative hypothesis, Ŝj
p→ ∞.

First, the Z∗
j is always non-empty, since by assumption, Ij(0;G) −

Ij(0;F ) = 0 for all j and for allG and F .1 Lemma 3.2.3 shows the null distribu-

tion of the statistics and suggests that for those z such that Ij(z;G)−Ij(z;F ) <

0,
√

NM
N+M

(
Ij(z; Ĝ) − Ij(z; F̂ )

)
will have no effect on the null distribution

asymptotically. Note that

√
NM

N +M
(Ij(z; Ĝ) − Ij(z; F̂ ))

=

√
NM

N +M

((
Ij(z; Ĝ) − Ij(z;G)

)
−
(
Ij(z; F̂ ) − Ij(z;F )

))

+

√
NM

N +M

(
Ij(z;G) − Ij(z;F )

)
. (3.3)

1In the first order stochastic dominance case, I1(z̄; G) − I1(z̄; F ) = 0 by assumption.
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The term in the second line of (3.3) is bounded in probability for all z ∈ Z

and for those z such that Ij(z;G) − Ij(z;F ) < 0, the last term will diverge

to negative infinity. Hence,
√

NM
N+M

(
Ij(z; Ĝ) − Ij(z; F̂ )

) p→ −∞ which will

be dominated by
√

NM
N+M

(
Ij(0; Ĝ) − Ij(0; F̂ )

)
= 0. Therefore, for those z

such that Ij(z;G) − Ij(z;F ) < 0,
√

NM
N+M

(
Ij(z; Ĝ) − Ij(z; F̂ )

)
will have no

effect on the null distribution asymptotically. Also, in the cases where Z∗
1 =

{0, z̄} or Z∗
j = {0} when j ≥ 2, we have Ŝj

p→ 0, which is a degenerate

distribution at 0. On the other hand, if for some z∗ such that Ij(z
∗;G) −

Ij(z
∗;F ) > 0, then

√
NM

N+M

(
Ij(z

∗; Ĝ) − Ij(z
∗; F̂ )

) p→ ∞. Hence, given that

Ŝj ≥
√

NM
N+M

(
Ij(z

∗; Ĝ) − Ij(z
∗; F̂ )

)
, we have Ŝj

p→ ∞.

3.3 Simulated Brownian Bridge Processes, Recentering
Function and Critical Values

In this section, we introduce three ways to simulate the weighted Brow-

nian bridge processes in Lemma 3.2.3 and a recentering function. Finally, we

calculate the critical values based on the approximated Brownian bridge pro-

cesses and the recentering function.

3.3.1 Simulated Brownian Bridge Processes

1. Multiplier Methods: The first way to approximate the Brownian

bridge process is the multiplier method which is similar to that in the

Section 3.1 of BD. Let {UF
i }N

i=1 denote a sequence of i.i.d. N(0, 1) ran-

dom variables that are independent of the samples. For z ∈ Z, define
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B∗
F (z; F̂N )

B
∗
F (z; F̂N ) =

1

N

N∑

i=1

(
1(Xi ≤ z) − F̂N (z)

)
UF

i , (3.4)

and define B∗
G(z; ĜM ) similarly. Define

Dmp
j (z) = Ij(z; B

∗
G) − Ij(z; B

∗
F ),

and the superscript mp stands for the multiplier method.

2. Bootstrap with Combined Sample: The second method is to resam-

ple from the combined samples which is defined as L = {X1, ..., XN , Y1, ..., YM}.

Let F̂ ∗
N be the empirical CDF of a random sample of size N from L and

Ĝ∗
M the empirical CDF of a random sample of size M from L. Define

Dbc
j (z) = Ij(z; Ĝ

∗
M) − Ij(z; F̂

∗
N ),

and the superscript bc stands for the bootstrap method from combined

samples.

3. Bootstrap with Separate samples: The last method is to draw ran-

dom sample of size N from {X1, ..., XN} to form F̃ ∗
N and to draw random

sample of size M from {Y1, ..., YM} to form G̃∗
M . Define

Dbs
j (z) =

(
Ij(z; G̃

∗
M ) − Ij(z; ĜM)

)
−
(
Ij(z; F̃

∗
N) − Ij(z; F̂N)

)
,

and the the superscript bs stands for bootstrap method with separate

samples.
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Lemma 3.3.1 summarizes the asymptotic properties of the simulated

Brownian bridge processes. Its proof can be found in the proofs of Proposition

2 and 3 in BD.

Lemma 3.3.1. For k = mp, bc and bs,
√

NM

N +M
Dk

j (z)
a.s.⇒

√
λIj(z; BG ◦G) −

√
1 − λIj(z; BF ◦ F ).

3.3.2 Recentering Function

Define Âj(z) = Ij(z; Ĝ) − Ij(z; F̂ ) and Aj(z) = Ij(z;G) − Ij(z;F ).

Given a negative number aN , the recentering function µ̂j(z) is defined as

µ̂j(z) = Âj(z)1
(√

NÂj(z) < aN

)
, (3.5)

where 1(·) is the indicator function.

Assumption 3.3.2. Let aN be a sequence of negative numbers such that

limN→∞ aN = −∞ and limN→∞N−1/2aN = 0.

For each z ∈ Z, let µj(z) = min{Aj(z), 0} that is the minimum of true

parameter and 0. The following lemma shows the property of µ̂j(z).

Lemma 3.3.3. Suppose Assumption 3.2.1, 3.2.2 and 3.3.2 hold, then supz |µ̂j(z)−

µ(z)| p→ 0.

Lemma 3.3.3 shows that µ̂j(z) will converge to µj(z) uniformly in prob-

ability. Especially, under the null hypothesis it is true that µj(z) = Aj(z),
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so µ̂j(z) will converge to the true parameter function Aj(z) uniformly in

probability. Note that if Aj(z) = 0, then
√
NÂj(z) is bounded in proba-

bility. It implies that
√
NÂj(z) > aN with probability approaching 1, so

1(
√
NÂj(z) < aN )

p→ 0. Hence, µ̂j(z)
p→ 0. Similarly, when Aj(z) > 0,

√
NÂj(z)

a.s.→ ∞, so 1(
√
NÂj(z) < aN)

p→ 0 and µ̂j(z)
p→ 0. Finally, when

Aj(z) < 0,
√
NÂj(z)

a.s.→ −∞ that is smaller than aN with probability ap-

proaching 1. It follows that 1(
√
NÂj(z) < aN )

p→ 1. Also, Âj(z)
p→ Aj(z). By

Slutsky’s theorem, µ̂j(z)
p→ µj(z). Hence, to separate those z with µj(z) ≥ 0

and those with µj(z) < 0 asymptotically, we require aN to satisfy Assumption

3.3.2.

3.3.3 Critical Values

Let α be the significance level and for k = mp, bc and bs, define

c̃kj = sup

{
q
∣∣∣P
[√ NM

N +M
sup

z
(Dk

j (z) + µ̂j(z)) ≤ q
]
≤ 1 − α

}
,

which is the (1−α)-th quantile of the simulated null distribution
√

NM
N+M

supz(D
k
j (z)+

µ̂j(z)). Given c̃kj and a positive number bN , define the critical values for our

tests as

ĉkj = max{c̃kj , bN}. (3.6)

Assumption 3.3.4. Let bN = bN−l0 for some b > 0 and l0 ∈ (0, 1
4
).

Define cj as the (1 − α)-th quantile of

sup
z∈Z+

j

(
√
λIj(z; BG ◦G) −

√
1 − λIj(z; BF ◦ F )) (3.7)
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where Z+
j ≡ {z|Aj(z) ≥ 0}.2

Lemma 3.3.5. Suppose Assumption 3.2.1, 3.2.2, 3.3.2 and 3.3.4 hold, then

for k = mp, bc and bs, we have ĉkj
p→ cj .

Lemma 3.3.5 shows that our critical values will converge the (1 − α)-

th quantile of the distribution in (3.7). Under the null hypothesis Z+
j = Z∗

j ,

so our critical values will converge to the (1 − α)-th quantile of the limiting

null distribution when the null hypothesis is true. Also, when the alternative

hypothesis is true, our critical values will be bounded in probability since they

converge to a positive number.

3.4 Size and Power Properties

This section presents the size and power properties and compares our

tests with BD’s.

Theorem 3.4.1. Suppose Assumption 3.2.1, 3.2.2, 3.3.2 and 3.3.4 hold and

α < 1/2. We reject Hj
0 when Ŝj > ĉkj , where k = mp, bc or bs. The following

statements are true:

1. limN→∞ P (reject H0
j ) = limN→∞ P (Ŝj > ĉkj ) = α under the null hypoth-

esis, either if I1(z;G) = I1(z;F ) for some z ∈ (0, z̄) or if Ij(z;G) =

Ij(z;F ) for some z ∈ (0, z̄] for j ≥ 2.

2If the limiting distribution is degenerate at 0, let cj = 0.
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2. limN→∞ P (reject H0
j ) = 0 under the null hypothesis either if I1(z;G) <

I1(z;F ) for all z ∈ (0, z̄) or if Ij(z;G) < Ij(z;F ) for all z ∈ (0, z̄] for

j ≥ 2.

3. limN→∞ P (reject H0
j ) = 1 under the alternative hypothesis.

Theorem 3.4.1 shows that our tests can control the size at the pre-

specified level asymptotically when the null hypothesis is true. Also, it shows

that our tests are consistent against the alternative hypothesis in the sense

that it will detect any violation of the null hypothesis asymptotically.

The first part follows from the fact that the critical values converge to

the (1 − α)-th quantile of the limiting null distribution. The last part follows

from the fact that under the alternative hypothesis, the test statistic diverges

to infinity and the critical values are bounded in probability. Note that the

first part and last part of Theorem 3.4.1 still hold when we replace ĉkj with

c̃kj , since in these cases c̃kj > bN eventually almost surely. The inclusion of bN

sequence is only relevant in the second part of Theorem 3.4.1. In that case,

both Ŝj and c̃kj converge to 0 which leaves the value of P (reject H0
j ) unclear

if we use c̃kj as the critical value. However, we can show that Ŝj < bN in

probability under these assumptions and this would imply the second part.3

To compare our tests with BD’s, first their critical values are defined

3Additional assumptions on G(z) and F(z) around z = 0 and z = z̄ are needed for this
result and we leave them in the Appendix.
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as respectively

q̂mp
j = sup

{
q
∣∣∣P
(√ NM

N +M
sup

z
Dmp

j (z) ≤ q
)
≤ 1 − α

}
(3.8)

q̂bc
j = sup

{
q
∣∣∣P
(√ NM

N +M
sup

z
Dbc

j (z) ≤ q
)
≤ 1 − α

}
(3.9)

q̂bs
j = sup

{
q
∣∣∣P
(√ NM

N +M
sup

z
Dbs

j (z) ≤ q
)
≤ 1 − α

}
. (3.10)

First note that the main difference between the definitions of c̃kj and q̂k
j is

the inclusion of µ̂(z) function for k = mp, bc and bs. Since µ̂(z) ≤ 0 for all

z ∈ [0, z̄], then for k = mp, bc and bs it implies that Dk
j (z) ≥ Dk

j (z) + µ̂j(z)

for all z and supz D
k
j (z) ≥ supz

(
Dk

j (z)+ µ̂j(z)
)
. As a result, we can show that

c̃kj ≤ q̂k
j for k = mp, bc and bs. On the other hand, let qj be the (1 − α)-th

quantile of supz∈Z(
√
λIj(z; BG ◦G) −

√
1 − λIj(z; BF ◦ F )). It is true that qj

is strictly positive and q̂k
j

a.s.→ qj . It follows that q̂k
j > bN almost surely when N

is sufficiently large. As a result, redefining bN = min{bN−l0 , q̂k
j } for all N will

not change the results of Theorem 3.4.1. Hence, we have the following lemma

regarding our critical values and BD’s.

Lemma 3.4.2. Suppose Assumption 3.2.1, 3.2.2, 3.3.2 and 3.3.4 hold and

α < 1/2. Then ĉkj ≤ q̂k
j for k = mp, bc and bs.

Theorem 3.4.3. Suppose Assumption 3.2.1, 3.2.2, 3.3.2 and 3.3.4 hold and

α < 1/2. Then P (Ŝj > q̂k
j ) ≤ P (Ŝj > ĉkj ).

Theorem 3.4.3 summarizes the comparisons between our tests and BD’s.

Theorem 3.4.3 shows that the rejection rates of our tests are always higher than
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those of BD’s. Given the test statistic and the decision rule are the same for

our tests and BD’s, Theorem 3.4.3 follows since our tests using smaller critical

values will have higher rejection rates than theirs. This implies that when the

alternative hypothesis is true, our tests are always more powerful than theirs.

It is often easy to construct a test more powerful than another by decreasing

the critical value, if one does not need to control the size. However, we have

shown that our tests can control the sizes well asymptotically. Hence, the

value of our new tests is that it can not only improve the power of BD’s tests,

but also control the size at the prespecified level asymptotically.

Alternatively, note that under the null hypothesis, there are infinitely

many F (z) satisfying Ij(z;F ) ≤ Ij(z;G) for all z ∈ Z. As a result, the

limiting null distribution depending on both F (z) and G(z) is not uniquely

defined. The typical way to resolve this is to find LFC, the point in the null

hypothesis least favorable to the alternative hypothesis. If a null hypothesis is

rejected under the LFC, then it will be rejected regardless of which point we

use in the null hypothesis to construct the null distribution. As a result, by

construction, the tests using LFC are conservative in the sense that the size

of the tests can be strictly less than the significance level. BD construct the

null distribution under the LFC which is Ij(z;G) − Ij(z;F ) = 0 for all z. In

other words, BD ignore the effect of
√

NM
N+M

(
Ij(z;G) − Ij(z;F )

)
on the null

distribution. On the other hand, we approximate the null distribution of Ŝj

by
√

NM
N+M

supz

(
Dk

j (z) + µ̂j(z)
)

which successfully incorporates the effect of
√

NM
N+M

(
Ij(z;G)−Ij(z;F )

)
by treating µ̂j(z) as underlying parameter function.
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Intuitively, our tests that do not use the LFC are more powerful and less

conservative than BD’s.

3.5 Monte Carlo Studies

In this section, we examine the size and power properties of our first

order stochastic dominance tests and compare our tests with BD’s by con-

ducting small scale Monte Carlo studies. We expect that our tests are less

conservative and more powerful than theirs.

Example 3.5.1. For a given ℓ ∈ (0, 1] the two samples are generated as

follows:

Xi = 1(U1i ≤ ℓ)
U2

1i

ℓ
+ 1(U1i > ℓ)U1i,

Yi = U2i,

where Uji are independent uniform distributions over [0, 1].

Let F denote the CDF of Xi and G the CDF of Yi. For a given ℓ

F (z) =

{ √
zℓ, if z ∈ [0, ℓ],

z, if z ∈ (ℓ, 1],

G(z) = z, for z ∈ [0, 1].

As a result, G(z) ≤ F (z) for all z and G(z) < F (z) for z ∈ (0, ℓ). This implies

that Yi SD1 Xi and we use this example to illustrate the size properties of our

tests. We choose ℓ = 0.1, 0.2, ..., 1 and set N = M = 200. We pick aN = 0.1

which is approximately 0.1
√

log log(N +M). Note that the choice of bN is
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revelent only when ℓ = 1 since in this case G(z) < F (z) for z ∈ (0, 1). We pick

bN = 0 in the simulations which may not satisfy Assumption 3.3.4, but the

rejection rate with bN = 0 can serve as the upper bound since the rejection

rate is non-increasing in bN . If this is under the significance level, then it

implies that our tests with other bN ’s can still control the size well in this case.

The number of Monte-Carlo simulations is 500 and for each simulation the

p-values are approximated based on 1000 replications. The significant level

is 5%. The set of the gridpoints contains all of the different values of Xi’s

and Yi’s. The tests based on ĉmp
j , ĉbcj and ĉbsj are referred to MP, BC, and BS

respectively. Also, the tests using the critical values (3.8), (3.9), and (3.10)

are referred to KS2, KSB2, and KSB3 which are defined in BD. The rejection

rates are reported in Table D.11. The differences of the rejection rates between

our tests and theirs are small when ℓ ≤ 0.4. However, the differences of the

sizes between our tests and theirs could be as high as 3% in other cases. When

0.5 ≤ ℓ < 1 and in these cases theirs tests are much more conservative than

ours. This simulation study suggests that the larger the region of z such that

F (z) > G(z) is, the more conservative BD’s tests are. In the last column, we

see the sizes are all equal to 0 even if we set bN = 0. This suggests that for

other choices of bN , the sizes of our tests are still 0 in this case.

Example 3.5.2. For a given ℓ ∈ (0, 1) the two samples are generated by

Xi = 1(U1i ≤ ℓ)
U2

1i

ℓ
+ 1(U1i > ℓ)U1i,

Yi = 1(U2i ≤ ℓ)U2i + 1(U2i > ℓ)
(
ℓ+

(U2i − ℓ)2

1 − ℓ

)
,
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where Uji are independent uniform distributions over [0, 1].

The CDFs of Xi and Yi are

F (z) =

{ √
zℓ, if z ∈ [0, ℓ],

z, if z ∈ (ℓ, 1],

G(z) =

{
z, if z ∈ [0, ℓ],

ℓ+
√

(z − ℓ)(1 − ℓ), if z ∈ (ℓ, 1].

We have G(z) > F (z) for z ∈ (ℓ, 1) and G(z) < F (z) for z ∈ (0, ℓ). Therefore,

the null hypothesis is wrong. We use this example to illustrate the power

properties of our tests. The parameters are the same as those in Example

3.5.1 except that ℓ = 0.1, 0.2, ..., 0.9.4 Table D.12 shows that the power of our

tests are higher than BD’s. Similar to Example 3.5.1, the differences between

our tests and theirs are not significant when ℓ ≤ 0.4; however, ours tests can

improve the power (rejection rate) by 20% when ℓ ≥ 0.7. This simulation

study suggests that the larger the region of z such that F (z) > G(z) under

the alternative hypotheses, the larger the power gain by using our method.

For example, when ℓ = 0.8, the power of our tests are almost five times as

large as that of BD’s. Also, when ℓ = 0.9, the tests of BD almost have no

power, but the power of our tests are between 5-7%.

3.6 Empirical Studies

This section presents the empirical studies. The data sets we use are

from the Canadian Family Expenditure Survey for the years 1978 and 1986

4If ℓ = 1, the null hypothesis holds, since G(z) ≤ F (z) for all z.
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as in BD. The sample size in 1978 is 8526 and that in 1986 is 9470 with total

17996 observations. The summary statistics of the data can be found in BD.

We compare our tests with BD’s. In the empirical studies, we set aN = −0.15

which is approximately 0.1
√

log log(17996) as in the simulations. We set the

bN at 0 and approximate the p-value by 10000 replications. The number of

the gridpoints are fixed at 2000 which are evenly spaced in the samples, since

it is too time consuming to calculate the p-value based on the 17996 different

income levels. Table D.13 summarizes the p-values of all tests before tax

income and Table D.14 summarizes those after tax income. The panel labeled

as “1986 vs 1978” presents the p-values for testing whether the 1978 income

distribution is stochastically dominated by the 1986 income distribution to the

specific order and the other panel presents the results for opposite hypotheses.

In Table D.13, we find that all the p-values of our tests are smaller

than corresponding tests of BD. When testing whether the 1986 before tax

income distribution first order stochastically dominates the 1978 before tax

income distribution, we find the MP method and BC method will reject the

null hypothesis, but the KS2 method and KSB2 method will accept the null

when the significant level is set at 1%. Otherwise, even if the p-values are quite

different, but the conclusions of different tests are the same at conventional

significant levels: 1%, 5% and 10%.

In Table D.14, we also find that all the p-values of our tests are smaller

than corresponding tests of BD. When testing whether the 1986 after tax

income distribution second order stochastically dominates the 1978 after tax

86



income distribution, we find the BS method will reject the null hypothesis, but

the KSB3 method will accept the null when the significant level is set at 5%.

We do find some cases that our tests will give different conclusions from BD.

3.7 Conclusion

Making inference regarding various forms of stochastic dominance or-

dering plays an important role in inequality and poverty analysis. Anderson

(1996) and Davidson and Duclos (2000) propose tests based on a finite num-

ber of comparisons which result in the inconsistency of their tests. McFadden

(1989) and BD consider consistent Kolmogorov-Smirnov type tests; however,

their tests are conservative because they use the LFC to obtain critical values.

In this paper, we propose a new Kolmogorov-Smirnov type test without

using the LFC. First, under the null hypothesis, if the objects being compared

at a given income level are not equal, then the objects at this given income

level have no effect on the null distribution. Second, we construct a recenter-

ing function which under the null will converge to the underlying parameters

asymptotically under the null hypotheses. By treating the re-centering func-

tion as the true underlying parameters, we can avoid the LFC. It is shown

that our tests are less conservative and more powerful than BD’s. Simulation

results also support our theory. In the empirical studies, we test the stochas-

tic dominance relationship between the Canadian income distributions in 1978

and 1986. Our new tests do reject some hypotheses that BD’s fail to.
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Appendix A

Appendix for Chapter 1

Appendix A contains all the proofs for Chapter 1. We show several

useful lemmas before we proceed. Let ∆ be a generic constant which varies in

different cases. All limits are taken as N → ∞.

Lemma A1: Suppose Assumption 1.2.1-1.3.5 hold. Then

sup
z∈Z

∣∣∣
√
N(F̂0(z) − F0(z)) −

1√
N

N∑

i=1

(
ψ0(Wi, z) − F0(z)

)∣∣∣ = op(1),

sup
z∈Z

∣∣∣
√
N(F̂1(z) − F1(z)) −

1√
N

N∑

i=1

(
ψ1(Wi, z) − F0(z)

)∣∣∣ = op(1).

Proof of Lemma A1: The proof is similar to that in the Addendum Proof

of HIR. By replacing the Yi with 1(Yi ≤ z) in the addendum proof in HIR,

we can find a uniform bound for the difference between
√
N(F̂0(z) − F0(z))

and
∑N

i=1

(
ψ0(Wi, z)−F0(z)

)
/
√
N over z ∈ Z. The argument for

√
N(F̂1(z)−

F1(z)) is the same. These complete the proof of Lemma A1. 2

Let P be the common distribution of theWi. Recall that K0 = {ψ0(W, z)| z ∈

Z} K1 = {ψ1(W, z)| z ∈ Z} are collections of measurable functions from W to

R. indexed by z. The follow lemma shows that K0 and K1 are both P-Donsker.
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Lemma A2: K0 and K1 are P-Donsker.

Proof of Lemma A2: Let Q1 = {1(Y ≤ z)] | z ∈ Z} and it is well-known

that Q1 is a P-Donsker.

Let Q2 = {F0(z|X) | z ∈ Z} and we claim that Q2 is P-Donsker by

Theorem 2.3 of Kosorok (2008). Given that F0(z) is continuous on a compact

set Z with F0(0) = 0, then for any ǫ > 0, we can find a finite collection of

0 = z0 < z1 < · · · < zk = z̄ so that F0(zj) − F0(zj−1) ≤ ǫ2 for all 1 ≤ j ≤ k

and this can be done in such a way that k ≤ 1 + ǫ−2. Consider the brackets

{(ℓj, uj), 1 ≤ j ≤ k} with ℓj = F0(zj−1|X) and uj = F0(zj |X) and we find that

each F0(z|X) is in at least one of these brackets. Also, we have ‖uj − ℓj‖P,2 ≤

[‖uj−ℓj‖P,1]
1/2 = [F0(zj)−F0(zj−1)]

1/2 ≤ ǫ, where ‖g‖P,r = [
∫
|g(w)|rdP (w)]1/r

for 1 ≤ r < ∞. Hence, the minimum number of L2 ǫ-brackets to cover Q2 is

bounded by 1 + ǫ−2. As a result, the bracketing integral, J[](∞,Q2, L2(P)), is

bounbed1 which implies that Q2 is P-Donsker.

Define g1(W ) = (1−T )/(1− p(X)) and g1(W ) is a uniformly bounded

and measurable function. By (v) of Corollary 9.32 of Kosorok (2008), g1 · Q1

is P-Donsker. Similarly, g2 · Q2 is P-Donsker where g2(W ) = (T − p(X))/(1−

p(X)). Hence, K0 = {g1 · 1(Y ≤ z) + g2 · F0(z|X)] | z ∈ Z} is P-Donsker

follows from (i) of Corollary 9.32, (i) of Theorem 9.30 and the fact that K0 is

a subset of g1 · Q1 + g2 · Q2. Similarly, K1 is also P-Donsker. 2

Proof of Lemma 1.3.6: Let PN denote the empirical measure of a sample

1The definition of J[](∞, Q2, L2(P)) can be found in Page 17 of Kosorok (2008).
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of Wi and P be the common distribution of the Wi. Note that Pψ0(W, z) =

E[ψ0(W, z)] = F0(z) for all z ∈ Z. Lemma A2 and the Donsker’s Theo-

rem impliy that Ψ0(z), the limit of 1√
N

∑N
i=1

(
ψ0(Wi, z) − F0(z)

)
, is a zero-

mean Gaussian process with covariance function Ω0(z1, z2) = E[(ψ0(Wi, z1) −

F0(z1))(ψ0(Wi, z2) − F0(z2))]. Hence,
√
N(F̂0(z) − F0(z)) ⇒ Ψ0(z). Similarly,

√
N(F̂1(z) − F1(z)) ⇒ Ψ1(z). 2

Proof of Proposition 1.3.7: Define SN ≡
√
N supz∈Z

(
F̂1(z) − F̂0(z) −

(F1(z) − F0(z))
)
. By the Proposition 1.3.6, we have

√
N
(
F̂1(z) − F̂0(z) −

(F1(z) − F0(z))
)
⇒ Ψ1(z) − Ψ0(0) and by CMT, SN

D→ S.

Under the null hypothesis, F1(z) ≤ F0(z) for all z ∈ Z and ŜN =
√
N supz∈Z

(
F̂1(z)− F̂0(z)

)
≤ SN . Hence, P (ŜN ≤ c) ≥ P (SN ≥ c). By taking

lim inf on both sides, we have

lim inf P (ŜN ≤ c) ≥ lim inf P (SN ≥ c) = P (S ≤ c),

and the last equality follows from the fact that SN
D→ S. Finally,

lim supP (ŜN > c) = lim sup 1 − P (SN ≤ c) = 1 − lim inf P (SN ≤ c)

≤ 1 − P (S ≤ c) = P (S > c)

which shows the first part.

Suppose F1(z
∗) > F0(z

∗) for some z∗ ∈ Z. Then

ŜN =
√
N sup

z∈Z

(
F̂1(z) − F̂0(z)

)
≥

√
N
(
F̂1(z

∗) − F̂0(z
∗)
)

=
√
N
(
F̂1(z

∗) − F̂0(z
∗) − (F1(z

∗) − F0(z
∗))
)

+
√
N
(
F1(z

∗) − F0(z
∗)
) p→ ∞.
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The last line holds since the first term in the third line is asymptotically normal

which is bounded in probability and the second term diverges to infinity. This

shows the second part. 2

Proof of Lemma 1.4.1: By definition of F̂1(z|x), it not hard to show that it

is monotonically increasing. Then we claim supz∈Z,x∈X |F̃1(z|x) − F1(z|x)| =

op(1). For a matrix A, let ‖A‖ denote the matrix norm of A such that ‖A‖ =
√
tr(A′A). Define

ΦK(z) =
1

N

N∑

i=1

1(Yi ≤ z)Ti

p(Xi)
RK(Xi), Φ̂K(z) =

1

N

N∑

i=1

1(Yi ≤ z)Ti

p̂(Xi)
RK(Xi),

ξK =
1

N

N∑

i=1

RK(Xi)R
K(Xi)

′.

The usual bound for series estimators applies:

sup
z∈Z,x∈X

∣∣ΦK(z)′ξ−1
K RK(Xi) − F1(z|x)

∣∣ ≤ ∆1ζ(K)Op(

√
ζ(K)

N
) + ∆2K

−s′

r

where s′ is the number of continuous derivatives of F1(z|x) and ζ(K) =

supx∈X‖RK(x)‖. Under the assumptions, we have supz∈Z,x∈X

∣∣ΦK(z)′ξ−1
K RK(Xi)−

F1(z|x)
∣∣ = op(1). Also,

sup
z∈Z

‖Φ̂K(z) − ΦK(z)‖ = sup
z∈Z

∥∥∥
1

N

N∑

i=1

p̂(Xi) − p(Xi)

p(Xi)p̂(Xi)
1(Yi ≤ z)TiR

K(Xi)
∥∥∥

≤ sup
z∈Z

1

N

N∑

i=1

∣∣∣
1

p(Xi)p̂(Xi)

∣∣∣ · |p̂(Xi) − p(Xi)| · |1(Yi ≤ z)Ti| · ‖RK(Xi)‖

≤ ∆ sup
x∈X

|p̂(x) − p(x)| sup
x∈X

‖RK(x)‖ = ∆1ζ
2(K)Op

(√ζ(K)

N

)
+ ∆2ζ(K)K

−s
r .
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Hence, under the assumptions,

sup
z∈Z,x∈X

|Φ̂K(z)′ξ−1
K RK(Xi) − ΦK(z)′ξ−1

K RK(Xi)|

≤ ∆1ζ
3(K)Op

(√ζ(K)

N

)
+ ∆2ζ

2(K)K
−s
r = op(1).

Therefore,

sup
z∈Z,x∈X

|F̃1(z|x) − F1(z|x)| ≤ sup
z∈Z,x∈X

|Φ̂K(z)′ξ−1
K RK(Xi) − ΦK(z)′ξ−1

K RK(Xi)|

+ sup
z∈Z,x∈X

∣∣ΦK(z)′ξ−1
K RK(Xi) − F1(z|x)

∣∣ = op(1)

WLOG we assume that F̃1(z|x) is bounded between 0 and 1.2 For a

given x, Suppose Yh is the first point at which F̃1(z|x) jumps down. Then for

yh ≤ z < yh+1, F̂1(z|x) = F̃1(yh−1|x) > F̃1(yh|x) = F̃1(z|x) and for yh−1 ≤ z <

yh, F̂1(z|x) = F̃1(yh−1|x). For yh ≤ z < yh+1, if F̂1(z|x) ≤ F1(z|x), then we

have F1(z|x)− F̃1(z|x) > F1(z|x)− F̂1(z|x) > 0. If F̂1(z|x) ≤ F1(z|x), then we

have F̃1(yh−1|x) − F1(yh−1|x) − F̂1(z|x) − F1(z|x) > 0. These imply that

|F̂1(z|x) − F1(z|x)| ≤ max{|F̃1(yh−1|x) − F1(yh−1|x)|, |F̃1(z|x) − F1(z|x)|}.

As a result,

sup
0≤z<yh+1

|F̂1(z|x) − F1(z|x)| ≤ sup
0≤z<yh+1

|F̃1(z|x) − F1(z|x)|.

2If F̃1(z|x) < 0, then 0 > 0 − F1(z|x) > F̃1(z|x) − F1(z|x) or |0 − F1(z|x)| < |F̃1(z|x) −
F1(z|x)|. If we trim F̃1(z|x) at 0, then the deviation from F1(z|x) is smaller. Similar

argument applies when F̃1(z|x) > 1.
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Then by induction, we can show that

sup
z∈Z

|F̂1(z|x) − F1(z|x)| ≤ sup
z∈Z

|F̃1(z|x) − F1(z|x)|

It follows that

sup
z∈Z,x∈X

|F̂1(z|x) − F1(z|x)| ≤ sup
z∈Z,x∈X

|F̃1(z|x) − F1(z|x)| = op(1).

Also, supz∈Z,x∈X |F̂0(z|x) − F0(z|x)| = op(1). 2

Proof of Lemma 1.4.2:

We rewrite Ψu(z) as

Ψu(z) =
1√
N

N∑

i=1

Ui

{Ti · 1(Yi ≤ z)

p(Xi)
− (1 − Ti) · 1(Yi ≤ z)

1 − p(Xi)
− (F1(z) − F0(z))

− (T − p(Xi))
(F1(z|Xi)

p(Xi)
+

F0(z|Xi)

1 − p(Xi)

)}

+
1√
N

N∑

i=1

Ui

{Ti · 1(Yi ≤ z)

p̂(Xi)
− Ti · 1(Yi ≤ z)

p(Xi)

}

− 1√
N

N∑

i=1

Ui

{(1 − Ti) · 1(Yi ≤ z)

1 − p̂(Xi)
− (1 − Ti) · 1(Yi ≤ z)

1 − p(Xi)

}

− 1√
N

N∑

i=1

Ui

{(
p(Xi) − p̂(Xi)

)( F̂1(z|Xi)

p̂(Xi)
+

F̂0(z|Xi)

1 − p̂(Xi)

)}

− 1√
N

N∑

i=1

Ui

{(
Ti − p(Xi)

)[( F̂1(z|Xi)

p̂(Xi)
+

F̂0(z|Xi)

1 − p̂(Xi)

)

−
(F1(z|Xi)

p(Xi)
+

F0(z|Xi)

1 − p(Xi)

)]}

− 1√
N

N∑

i=1

Ui

{
(F̂1(z) − F̂0(z)) − (F1(z) − F0(z))

}
(A.1)
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We first claim that

1√
N

N∑

i=1

Ui

{
Ti · 1(Yi ≤ z)

p̂(Xi)
− Ti · 1(Yi ≤ z)

p(Xi)

}
Pw⇒ 0.

For any sequence W, define that

fNi(Ui, z|W) =
Ui√
N

{
Ti · 1(Yi ≤ z)

p̂(Xi)
− Ti · 1(Yi ≤ z)

p(Xi)

}
,

χN(z|W) =

N∑

i=1

{
fNi(Ui, z|W)

}

There exists M > 0 such that FN,i = M√
N
|Ui| is the envelope of fNi(Ui, z|W)

since Ti, 1(Yi ≤ z), p̂(Xi) and p(Xi) are all bounded. First, we show (i)-

(v) of Theorem 10.6 (functional central limit theorem) of Pollard (1990) with

probability 1. By the definition of FN,i, it is true that (iii) and (iv) hold in

probability. For z1 ≤ z2,

Eu[χN (z1|W)χN(z2|W)] =
1

N

N∑

i=1

Eu

[
U2

i Ti · 1(Yi ≤ z1)

{
1

p̂(Xi)
− 1

p(Xi)

}2
]

=
1

N

N∑

i=1

Ti · 1(Yi ≤ z1)

{
1

p̂(Xi)
− 1

p(Xi)

}2

=
1

N

N∑

i=1

Ti · 1(Yi ≤ z1)

p̂2(Xi)p2(Xi)
{p(Xi) − p̂(Xi)}2

≤ ∆ sup
x

|p̂(x) − p(x)|2→0, given W in probability.

The first equality follows from the fact that Ui’s are mutually independent

with mean 0, T 2
i = Ti and 1(Yi ≤ z1)1(Yi ≤ z2) = 1(Yi ≤ z1). The second one

follows from that E[U2
i ] = 1 and the last inequality holds since p̂(X) and p(x)

are both bounded away from 0 and supx |p̂(x) − p(x)|2 p→ 0. As a result, (ii)
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holds. Define

ρN(z1, z2) =

(
N∑

i=1

Eu

[
fNi(Ui, z1|W) − fNi(Ui, z2|W)

]
) 1

2

.

Note that for any z1 < z2,

ρN(z1, z2)
2 =

N∑

i=1

Eu

[
fNi(Ui, z1|W) − fNi(Ui, z2|W)

]2

=
1

N

N∑

i=1

Eu

[
U2

i · Ti · 1(z1 < Yi ≤ z2)

{
1

p̂(Xi)
− 1

p(Xi)

}2
]

≤ ∆ sup
x

|p̂(x) − p(x)|2→0, given W in probability.

Since, ρN (z1, z2) converges uniformly to 0 over z1 and z2 given W in probability,

it implies that (v) holds given W in probability

Given W and ωu ∈ Ωu, let

FNi(ωu) =
M√
N
|Ui(ωu)|,

−→
FN(ωu) =

(
FN1(ωu), ..., FNN(ωu)

)
,

fNi(Ui(ωu), z|W) =

[
Ui(ωu)Ti√

n

(
1

p̂(Xi)
− 1

p(Xi)

)]
1(Yi ≤ z),

−→
fN(z, ωu|W) =

(
fN1(U1(ωu), z|W), ..., fNN(UN(ωu), z|W)

)
,

FNωu
= {−→fN(z, ωu|W) : z ∈ [0, z̄]}

For any two vectors a = (a1, ..., aN) and b = (b1, ..., bN) in R
N , define the the

pointwise product ⊙ as a ⊙ b = (a1b1, ..., aNbN ). Define ΘN = (θ1, ..., θN ) be

a vector of non-negative weights and ΘN ⊙ FNωu
= {ΘN ⊙−→

fN (z, ωu|W) : z ∈

[0, z̄]}. The packing number D(ǫ, T0) for a subset of T0 of a metric space with

metric d is defined as the largest m for which there exist points t1, ..., tm in

T0 with d(ti, tj) > ǫ for i 6= j. We use the ℓ1 norm on R
N which is defined
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as |(v1, ..., vN)|1 =
∑N

i=1 |vi|. Since D(ǫ|ΘN ⊙−→
FN |1,ΘN ⊙FNωu

) = D(ǫ|hΘN ⊙
−→
FN |1, hΘN ⊙ FNωu

) for all h > 0, WLOG we can rescale ΘN such that |ΘN ⊙
−→
FN |1 = 1. Define

d(z1, z2) =
∣∣−→fN(z1, ωu|W) −−→

fN (z2, ωu|W)
∣∣
1

=

N∑

i=1

∣∣fNi(Ui(ωu), z1|W) − fNi(Ui(ωu), z2|W)
∣∣.

Since fNi(Ui(ωu), z|W) is monotonic in z for each i, then it follows that for

any z1 ≤ z2 ≤ z3,

d(z3, z1) =

N∑

i=1

∣∣fNi(Ui(ωu), z3|W) − fNi(Ui(ωu), z1|W)
∣∣

=
N∑

i=1

∣∣fNi(Ui(ωu), z3|W) − fNi(Ui(ωu), z2|W)

+ fNi(Ui(ωu), z2|W) − fNi(Ui(ωu), z1|W)
∣∣

=

N∑

i=1

∣∣fNi(Ui(ωu), z3|W) − fNi(Ui(ωu), z2|W)
∣∣

+
∣∣fNi(Ui(ωu), z2|W) − fNi(Ui(ωu), z1|W)

∣∣

= d(z3, z2) + d(z2, z1).

We claim that D(ǫ,ΘN ⊙ FNωu
) ≤ 1

ǫ
+ 1. Suppose not, then there exists

0 ≤ z1 < z2 < ... < zk ≤ z̄ with k ≥ 1
ǫ

+ 1 and d(zi, zj) > ǫ for all i 6= j which

implies that

d(0, z̄) =d(0, z1) + d(z1, z2) + · · ·+ d(zk, z̄)

≥ d(z1, z2) + · · · + d(zk−1, zk) ≥ kǫ > (k − 1)ǫ ≥ 1

ǫ
ǫ = 1.
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But this contradicts to the fact that d(0, z̄) ≤ |ΘN ⊙−→
FN |1 = 1. Hence, for all

sequences W1, W2, ..., we have D(ǫ,ΘN ⊙FN,ωu
) ≤ 1

ǫ
+1 ≡ β(ǫ) for all ωu ∈ Ωu

for any ΘN and
∫ 1

0

√
β(ǫ)dǫ <∞. That is, (i) holds for all W .

Since (i)-(v) hold given W in probability, then χN (z|W) weakly con-

verges to a tight Gaussian process given W in probability with a covariance

function equal to the limit of Eu[χN(z1)χN(z2)] which is equal to 0 for all

z1 ≤ z2. These imply that

1√
N

N∑

i=1

Ui

{Ti · 1(Yi ≤ z)

p̂(Xi)
− Ti · 1(Yi ≤ z)

p(Xi)

}
Pw⇒ 0.

Similarly,

1√
N

N∑

i=1

Ui

{(1 − Ti) · 1(Yi ≤ z)

1 − p̂(Xi)
− (1 − Ti) · 1(Yi ≤ z)

1 − p(Xi)

}
Pw⇒ 0,

1√
N

N∑

i=1

Ui

{(
p(Xi) − p̂(Xi)

)( F̂1(z|Xi)

p̂(Xi)
+

F̂0(z|Xi)

1 − p̂(Xi)

)}
Pw⇒ 0.

Define

gNi(Ui, z|W) =
Ui√
N

{(
Ti − p(Xi)

)( F̂1(z|Xi)

p̂(Xi)
+

F̂0(z|Xi)

1 − p̂(Xi)

)}
,

ϕN(z|W) =

N∑

i=1

gNi(Ui, z|W),

and pick M large enough so that FNi
= M√

N
|Ui| is the envelope of gNi(Ui, z|W).

It follows that (iii) and (iv) hold in probability. Since gNi(Ui, z|W) is mono-

tonic in z for each i, we can show that (i) holds by the previous arguments.
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For any z1 ∈ Z,

Eu[ϕ
2
N(z1|W)] =

1

N

N∑

i=1

Eu

[
U2

i

{(
Ti − p(Xi)

)( F̂1(z1|Xi)

p̂(Xi)
+
F̂0(z1|Xi)

1 − p̂(Xi)

)2]

=
1

N

N∑

i=1

(
Ti − p(Xi)

)2(F1(z1|Xi)

p(Xi)
+
F0(z1|Xi)

1 − p(Xi)

)2

+
1

N

N∑

i=1

(
Ti − p(Xi)

)2{( F̂1(z1|Xi)

p̂(Xi)
+
F̂0(z1|Xi)

1 − p̂(Xi)

)2

−
(F1(z1|Xi)

p(Xi)
+
F0(z1|Xi)

1 − p(Xi)

)2}
.

Since (Ti − p(Xi)
)2(

(F1(z1|Xi)/p(Xi)) + (F0(z1|Xi)/1 − p(Xi))
)2

is bounded,

then by LLN’s, the first term after the second equality converges in probability

to the unconditional mean E[(Ti−p(Xi)
)2(

(F1(z1|Xi)/p(Xi))+(F0(z1|Xi))/1−

p(Xi))
)2

]. The second term converges to 0 in probability, since

∣∣∣
1

N

N∑

i=1

(
Ti − p(Xi)

)2{( F̂1(z1|Xi)

p̂(Xi)
+
F̂0(z1|Xi)

1 − p̂(Xi)

)2

−
(F1(z1|Xi)

p(Xi)
+
F0(z1|Xi)

1 − p(Xi)

)2}∣∣∣

≤∆ sup
z,x

∣∣∣
( F̂1(z|x)

p̂(x)
− F̂0(z|x)

1 − p̂(x)

)2

−
(F1(z|Xi)

p(x)
+

F0(z|x)
1 − p(x)

)∣∣∣ p→ 0.

The last line follow from the fact that F̂0(z|x), F̂1(z|x) and p̂(x) converge

uniformly to F0(z|x), F1(z|x) and p(x) respectively. It implies that given W

in probability,

Eu[ϕ
2
N(z1|W)] → E

[(
Ti − p(Xi)

)2(F1(z1|Xi)

p(Xi)
+
F0(z1|Xi)

1 − p(Xi)

)2]
.

Following the same argument, we have for any z1 ≤ z2 and given W in proba-
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bility,

Eu[ϕN(z1|W)ϕN(z2|W)]

→E
[(
Ti − p(Xi)

)2(F1(z1|Xi)

p(Xi)
+
F0(z1|Xi)

1 − p(Xi)

)(F1(z2|Xi)

p(Xi)
+
F0(z2|Xi)

1 − p(Xi)

)]
≡ Ωϕ(z1, z2).

Hence, (ii) holds. For any z1 and z2 define

̺N (z1, z2) =

(
N∑

i=1

Eu

[
gNi(Ui, z1|W) − gNi(Ui, z2|W)

]2
)1

2

,

̺(z1, z2) =

(
E
[(
Ti − p(Xi)

)2(F1(z2|Xi) − F1(z1|Xi)

p(Xi)
+
F0(z2|Xi) − F0(z1|Xi)

1 − p(Xi)

)]) 1

2

.

Applying the same argument for (ii) and by uniform law of large number

(Lemma 2.4 of Newey and McFadden (1994)), we show that given W in prob-

ability

sup
z1,z2

|̺2
N(z1, z2) − ̺2(z1, z2)| → 0.

As a result, this is sufficient to show (v) holds. It follows that ϕN (z|W) weakly

converges to a tight Gaussian process given W in probability with covariance

function Ωϕ(z1, z2). Also, define

qNi(Ui, z|W) =
Ui√
N

{(
Ti − p(Xi)

)(F1(z|Xi)

p(Xi)
+

F0(z|Xi)

1 − p(Xi)

)}
,

ηN(z|W) =

N∑

i=1

qNi(Ui, z|W).

Similarly, it is true that given W in probability ηN(z|W) weakly converges to

a tight Gaussian process with the same covariance function as ϕN(z|W). Note

that the fifth term in (A.1) is equal to ϕN(z|W) − ηN (z|W) and the limit of
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it is also a tight Gaussian process given W in probability. It is easy to show

that limit of the covariance function, E[
(
ϕN(z1|W)− ηN(z2|W)

)(
ϕN (z2|W) −

ηN(z2|W)
)
], is equal to 0 for all z1 and z2. Therefore, the fifth term in (A.1)

weakly converges to 0 given W in probability.

For the last term in (A.1),

P

(
sup
z∈Z

∣∣∣∣∣
(
F̂1(z) − F̂0(z)) − (F1(z) − F0(z)

) 1√
N

N∑

i=1

Ui

∣∣∣∣∣ > ǫ

)

≤
E
(
supz∈Z

∣∣∣(F̂1(z) − F̂0(z)) − (F1(z) − F0(z))
∣∣∣
)2

ǫ2
→ 0.

The first inequality follows from the Chebyshev’s inequality and E( 1√
N

∑N
i=1Ui)

2 =

1. The last line holds because

E

(
sup
z∈Z

∣∣∣(F̂1(z) − F̂0(z)) − (F1(z) − F0(z))
∣∣∣
)2

→ 0

by dominated convergence theorem.

Accordingly,

Ψu(z)−
1√
N

N∑

i=1

Ui

{
Ti · 1(Yi ≤ z)

p(Xi)
− (1 − Ti) · 1(Yi ≤ z)

1 − p(Xi)
− (F1(z) − F0(z))

}
Pw⇒ 0.

Finally, the Corollary 2.9.3 of Van der Vaart and Wellner (1996) implies that

1√
N

N∑

i=1

Ui

{
Ti · 1(Yi ≤ z)

p(Xi)
− (1 − Ti) · 1(Yi ≤ z)

1 − p(Xi)
− (F1(z) − F0(z))

}
Pw⇒ Ψ(z),

and Lemma 1.4.2 follows. 2

Proof of Lemma 1.4.3: By CMT, we have Su
D→ S given W in probability.

Note that P (S ≤ 0) ≤ 1/2 and the distribution function of S is continuous by
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Tsirel’son (1975). It follows that if α0 < 1/2, then c0 > 0. Therefore, ĉ the

(1 − α0)th quantile of Su, converges in probability to c0 > 0, the (1 − α0)th

quantile of S. 2

Proof of Theorem 1.4.4: Under the null,

lim supP (ŜN > ĉ) ≤ lim supP (SN > ĉ) = P (S > c0) = α0.

The first equality follows from the fact that SN
D→ S, ĉ

p→ c0 and the CDF of

S is continuous at c0. The second equality follows from Proposition 1.3.7 and

the definition of c0. This shows the first part of Theorem 1.4.4.

The second part follows from the fact that ŜN
p→ ∞ when the null

hypothesis is wrong, but ĉ
p→ c0 <∞. 2

Proof of Theorem 1.5.2: It is not hard to show the following:

sup
z∈Z

∣∣∣
√
N
(
Ĝ1(z) − Ĝ0(z) − (G1(z) −G0(z))

)
− 1√

N

N∑

i=1

ψt(Wi, z)
∣∣∣ = op(1),

where

ψt(W, z) =T (1(Y ≤ z) − F1(z|X)) − p(X)

1 − p(X)
(1 − T )(1(Y ≤ z) − F0(z|X))

+ T
(
F1(z|X) − F0(z|X)

)
− (G1(z) −G0(z)).

Given this result, the rest of the proof is similar to that of the unconditional

case and we omit it. 2

Proof of Theorem 1.6.1: Theorem 1.4.4 shows the case for j = 1. We show

the case for j = 2 and the proof for general cases is similar.
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The integral operator I2 is a continuous function from ℓ∞(Z) to ℓ∞(Z),

the set of all uniformly bounded real functions on Z. By CMT, we have

I2(z; F̂1 − F̂0 − F1 + F0) ⇒ I2(z; Ψ),

I2(z; Ψu) ⇒ I2(z; Ψ) given W in probability.

Define S
j

= supz∈Z I2(z; Ψ). By the same proof of Theorem 1.4.4, we can show

that when Hj
0 is true, lim supP (reject Hj

0) = lim supP (Ŝj
N > ĉj) ≤ P (S

j
>

cj0) = α0. This shows the first part.

When the null hypothesis is wrong, the second part follows from the

fact that Ŝj
N

p→ ∞ and ĉj is bounded in probability. 2

Proof of Theorem 1.6.2: The proof is similar to that of Theorem 1.6.1 and

we omit it. 2
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Appendix B

Appendix for Chapter 2

Appendix B contains all the proofs for Chapter 2.

Proof of Lemma 2.3.1: We re-write
√
n(Riθ̂ − ri) =

√
n(R′

iθ̂ − R′
iθ0) +

√
n(R′

iθ0 − ri). Note that
√
n(R′

iθ̂ − R′
iθ0) is asymptotically normally dis-

tributed, so it is bounded in probability. As a result, if R′
iθ0 − ri = 0,

√
n(R′

iθ̂ − R′
iθ0) is asymptotically normally distributed. If R′

iθ0 − ri > 0,
√
n(R′

iθ̂ − ri)
p→ ∞, since limn→∞

√
n(R′

iθ0 − ri) = ∞. If R′
iθ0 − ri < 0,

√
n(R′

iθ̂−ri)
p→ −∞, since limn→∞

√
n(R′

iθ0−ri) = −∞. Hence, if R′
iθ0−ri >

0 for all i = 1, ..., p, Ŝ diverges to infinity in probability. Suppose at least one

constraint holds with equality, say R′
1θ0 − r1 = 0, then for those i such that

R′
iθ0 − ri > 0,

√
n(R′

iθ̂ − ri) will have no effect on the null distribution of Ŝ

asymptotically, since
√
n(R′

iθ̂−ri) >
√
n(R′

1θ̂−r1) with probability approach-

ing 1. Hence, Ŝ
D→ min{N(0,Ω0)}. Finally, when the null hypothesis is false,

the statistic diverges to negative infinity in probability. 2

Proof of Lemma 2.3.3: If R′
iθ0−ri > 0, then we have R′

iθ̂−ri
p→ R′

iθ0−ri >

0 = limn→∞ an. This implies that 1(R′
iθ̂ − ri > an) = 1 with probability

approaching 1 and 1(R′
iθ̂ − ri > an)

p→ 1. Hence, ĥi = (R′
iθ̂ − ri)1(R′

iθ̂ − ri >

an)
p→ R′

iθ0 − ri > 0 and
√
nĥi

p→ ∞.

104



On the other hand, if R′
iθ0 − ri < 0, we have R′

iθ0 − ri < an with

probability approaching 1. If R′
iθ0 − ri = 0, then

√
n(R′

iθ0 − ri) is bounded

in probability that implies that
√
n(R′

iθ0 − ri) <
√
nan with probability ap-

proaching 1, since limn→∞
√
nan = ∞. Together, if R′

iθ0 − ri ≤ 0, we have

1(R′
iθ̂ − ri > an) = 0 with probability approaching 1. It follows that ĥi

p→ 0

and
√
nĥi

p→ 0. 2

Proof of Theorem 2.3.4: For the first part, since R′
iθ0 − ri > 0 for all i, we

have
√
nĥi

p→ ∞ and min{N(
√
nĥ, J(θ̂))}→∞. It follows that q̂α > 0 with

probability approaching 1 and q̂∗α = min{q̂α, 0}
p→ 0.

For the second part, we have
√
nĥi

p→ 0 for i = 1, ..., m0 and
√
nĥi

p→ ∞

for i = m0 + 1, ..., p from Lemma 2.3.3. Hence, the first m0 elements of

N(
√
nĥ, Ĵ(θ̂)) are bounded in probability and the others diverge to infinity.

Therefore, the last p−m0 elements will not be the minimum among all elements

and it follows that min{N(
√
nĥ, Ĵ(θ̂))} D→ min{N(0,Ω0)}. By continuous

mapping theorem and given α < 1/2, we have q̂α
p→ q0

α < 0. Accordingly,

q̂∗α
p→ q0

α. Similarly, we can show the last part of Lemma 2.3.4. 2

Proof of Theorem 2.3.5: For the first part, we have that Ŝ converges to

infinity and q̂∗α to 0 from Lemma 2.3.1 and 2.3.4. These imply that probability

of rejecting the null tends to 0 in the limit.

Second, if under the null there is at least one i such that R′
iθ0 − ri = 0,

we have that Ŝ
D→ min{N(0,Ω0)} and q̂∗α converges to the α-th quantile of the

null distribution. The second part follows.
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For the last part, under the alternative hypothesis, Ŝ diverges to neg-

ative infinity and q̂∗α to a fixed number. It follows that limn→∞ P (Ŝ < q̂∗α) =

1. 2
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Appendix C

Appendix for Chapter 3

Appendix C contains all the proofs for Chapter 3. Let ∆ be a generic

constant which varies in different cases. We assume that Assumption 3.2.1

and Assumption 3.2.2 hold, and α < 1/2 throughout Appendix C.

Proof of Lemma 3.2.3: Define T j(z) =
√
λIj(z; BG ◦G)−

√
1 − λIj(z; BF ◦

F ). Following the proof of Proposition 1 of BD, we have

lim
N→∞

P (Ŝj ≤ c) = P ( sup
z∈Z∗

j

T j(z) ≤ c) for all c > 0. (C.1)

If the CDF of supz∈Z∗

j
T j(z) is discontinuous at 0, then Equation (C.1) implies

that Ŝj
D→ supz∈Z∗

j
T j(z). If the CDF of supz∈Z∗ T j(z) is continuous at 0, then

P (supz∈Z∗

j
T j(z) ≤ 0) = 0, since P (supz∈Z∗

j
T j(z) ≤ c) = 0 for any c < 0.

Hence

0 ≤ lim
N→∞

P (Ŝj ≤ 0) ≤ P ( sup
z∈Z∗

j

T j(z) ≤ ǫ) for all ǫ > 0.

Since ǫ is arbitrary, we have limN→∞ P (Ŝj ≤ 0) = P (supz∈Z∗

j
T j(z) ≤ 0) = 0,

when ǫ tends to 0. This also implies that Ŝj
D→ supz∈Z∗

j
T j(z).

To show the second part, suppose Hj
1 is true, then there is some z∗ that

Ij(z
∗;G) − Ij(z

∗;F ) = ρ > 0 for some ρ. Note that Ij(z
∗; Ĝ) − Ij(z

∗; F̂ )
a.s.→ ρ
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and this implies that

Ŝj ≥
√

NM

N +M

(
Ij(z

∗; Ĝ) − Ij(z
∗; F̂ )

)
a.s.→ ∞ (C.2)

Proof of Lemma 3.3.3: We need to show that for any ǫ > 0,

lim
N→∞

P (sup
z∈Z

|µ̂j(z) − µj(z)| ≤ 5ǫ) = 1.

Define

Z+
j (ǫ) ≡

{
z
∣∣Aj(z) ≥ 2ǫ

}
,

Z0
j (ǫ) ≡

{
z
∣∣ |Aj(z)| ≤ 2ǫ

}
,

Z−
j (ǫ) ≡

{
z
∣∣Aj(z) ≤ −2ǫ

}
.

It is known that supz∈Z |Âj(z)−Aj(z)}| a.s.→ 0, so supz∈Z+

j (ǫ) |Âj(z)−Aj(z)}| a.s.→

0 and this implies almost surely supz∈Z+

j (ǫ) |Âj(z) − Aj(z)}| < ǫ eventually.

Given this fact and the fact that Aj(z) ≥ 2ǫ for all z in Z+
j (ǫ), we have almost

surely eventually

Âj(z) =
[
Âj(z) −Aj(z)

]
+ Aj(z) > −ǫ+ 2ǫ = ǫ.

As a result, almost surely infz∈Z+

j (ǫ) Âj(z) > ǫ eventually. It implies that almost

surely supz∈Z+

j (ǫ) 1(
√
NÂj(z) < aN) = 0 eventually, since limN→∞ aN/

√
N =

0 < ǫ. Given µ̂j(z) = Âj(z)1(
√
NÂj(z) < aN ), we have supz∈Z+

j (ǫ) µ̂j(z) =

0 eventually almost surely. For z ∈ Z+
j (ǫ), µj(z) = 0. As a result, we

have supz∈Z+

j (ǫ) |µ̂j(z) − µj(z)| = 0 eventually almost surely which implies

limN→∞ P (supz∈Z+

j (ǫ) |µ̂j(z) − µj(z)| ≤ 5ǫ) = 1.
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Similarly, we have supz∈Z−

j (ǫ) Âj(z) ≤ −ǫ eventually almost surely and

this implies that infz∈Z−

j (ǫ) 1(
√
NÂj(z) < aN) = 1 eventually almost surely.

As a result, supz∈Z−

j (ǫ) |µ̂(z) − Âj(z)| = 0 eventually almost surely. Given

that µj(z) = Aj(z) for z ∈ Z−
j (ǫ), then we have supz∈Z−

j (ǫ) |µ̂(z) − µj(z))| =

supz∈Z−

j (ǫ) |Âj(z)−Aj(z))| eventually almost surely. Given that supz∈Z−

j (ǫ) |Âj(z)−

Aj(z)}| a.s.→ 0, we have supz∈Z−

j
(ǫ) |µ̂j(z) − µj(z)| a.s.→ 0 which implies

limN→∞ P (supz∈Z−

j (ǫ) |µ̂j(z) − µj(z)| ≤ 5ǫ) = 1.

Finally, supz∈Z0
j (ǫ) |Âj(z) −Aj(z)| a.s.→ 0 implies that almost surely

supz∈Z0
j
(ǫ) |Âj(z)| ≤ 3ǫ eventually. It follows that almost surely

supz∈Z0
j (ǫ) |µ̂j(z)}| ≤ 3ǫ eventually, since |µ̂j(z)| ≤ |Âj(z)| for all z. Also

|Aj(z)| ≤ 2ǫ for all z in Z0
j (ǫ) and this implies that |µj(z)| ≤ 2ǫ for all z ∈

Z0
j (ǫ). As a result, we have P (limN→∞ supz∈Z0

j (ǫ) |µ̂j(z)−µj(z)| ≤ 5ǫ) = 1 and

it follows that limN→∞ P (supz∈Z0
j (ǫ) |µ̂j(z) − µj(z)| ≤ 5ǫ) = 1.

As a result, these results imply that P (supz∈Z |µ̂j(z)−µj(z)| ≤ 5ǫ) = 1

which shows Lemma 3.3.3. 2

Here, we provide several useful lemmas before we proceed.

Lemma C1: There is some small η > 0 such that 0 < G′(z), F ′(z) < L1 <∞

for all z ∈ (0, η] and ηL1 <
1
2
. Then for all z̃ ∈ (0, η],

P
(
ω
∣∣∃N1, ∀ N > N1, ∀z̃ ∈ (0, η],

√
NM

N +M
sup

z∈[0,z̃]

|Â1(z) − A1(z)| < ∆z̃ξ
√

log logN
)

= 1,

for any ξ ∈ (0, 1
2
).

109



Proof of Lemma C1: Let w(t) = (t(1 − t))−ξ where ξ ∈ (0, 1/2). Since

∫ 1

0

w2(t)

log log 1
t(1−t)

dt <∞,

by Corollary 2 in James (1975), we have

P

(
ω
∣∣ lim sup

n→∞
sup

z

∣∣∣∣∣

√
N(Ĝ(z) −G(z))w(G(z))√

log logN

∣∣∣∣∣ < ∆

)
= 1, (C.3)

Then almost surely, for all z ∈ (0, η)

√
N |Ĝ(z) −G(z)| < ∆(G(z)(1 −G(z))ξ

√
log logN (C.4)

< ∆(L1z(1 − L1z))
ξ
√

log logN

< ∆zξ
√

log logN,

when N is large enough. The first inequality follows from (C.3). The second

one follows from that (t(1−t)) is increasing over t ∈ [0, 1/2] and G(z) < L1z <

1/2. The last inequality follows from that (1 −G(z))ξ < 1. Similarly, alomst

surely,

√
M |F̂ (z) − F (z)| < ∆zξ

√
log logM. (C.5)

when M is large enough. Given N and M are growing at the same rate, (C.5)

still holds when we replace M with N . Hence, (C.4) and (C.5) imply that

almost surely, when N large enough

√
NM

N +M
|Â1(z) −A1(z)| < ∆zξ

√
log logN. (C.6)
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It follows that almost surely

sup
z∈[0,z̃]

√
NM

N +M
|Â1(z) −A1(z)| < sup

z∈[0,z̃]

∆zξ
√

log logN

= ∆
√

log logN sup
z∈[0,z̃]

zξ

= ∆z̃ξ
√

log logN (C.7)

when N is large enough. The last line holds, since zξ is increasing over [0, η].

(C.11) shows Lemma C2. 2

Lemma C2: There is some η > 0 such that 0 < −G′(z),−F ′(z) < L1 < ∞

for all z ∈ [z̄ − η, z̄) and ηL1 <
1
2
. Then for all z̃ ∈ [z̄ − η, z̄),

P
(
ω
∣∣∃N1, ∀ N > N1, ∀z̃ ∈ [z̄ − η, z̄),

√
NM

N +M
sup

z∈[z̃,z̄]

|Â1(z) −A1(z)| < ∆(z̄ − z̃)ξ
√

log logN
)

= 1,

for any ξ ∈ (0, 1
2
).

Proof of Lemma C2: The proof is similar to that of Lemma C1. 2

Lemma C3: For all z ∈ Z,

P

(
w
∣∣∣ lim sup

√
NM

N +M
sup

z∈[0,z̃]

|Âj(z) − Aj(z)| < ∆z̃j−1
√

log logN

)
= 1.

(C.8)

Proof of Lemma C3: By Corollary 2 in James (1975), we have

P

(
w
∣∣∣ lim sup sup

z∈Z

∣∣∣∣∣

√
N(Ĝ(z) −G(z))√

log logN

∣∣∣∣∣ < ∆

)
= 1. (C.9)

It implies that almost surely for all z ∈ Z,

√
N |Ĝ(z) −G(z)| < ∆

√
log logN (C.10)
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when N is large enough. Hence, almost surely

√
N |Â2(z) −A2(z)| =

∣∣∣∣
√
N

∫ z

0

Â1(t) −A1(t)dt

∣∣∣∣

≤
√
N

∫ z

0

|Â1(t) −A1(t)|dt

< ∆z
√

log logN,

and similarly,

√
N |Âj(z) − Aj(z)| < ∆zj−1

√
log logN,

for all z ∈ Z, when N is large enough. It implies that almost surely

sup
z∈[0,z̃]

√
NM

N +M
|(Âj(z) −Aj(z))| < sup

z∈[0,z̃]

∆zj−1
√

log logN (C.11)

= ∆
√

log logN sup
z∈[0,z̃]

zj−1

= ∆z̃j−1
√

log logN

when N is large enough. The last line holds since zj−1 is increasing over Z.

(C.11) shows Lemma C3. 2

Lemma C4: Suppose that A1(z) < 0 for all z ∈ (0, z̄). Assume that there is

η > 0 such that 0 < L2 < −A′(z) <∞ for z ∈ (0, η] and 0 < L2 < A′
1(z) <∞

for z ∈ [z̄ − η, z̄). Let δN > 0 be a sequence such that limN→∞ δN = 0 and

limN→∞
√

NδN√
log log N

= ∞, then

√
NM

N +M
sup

z∈[δN ,z̄−δN ]

Â1(z)
as→ −∞.

Proof of Lemma C4: SinceA1(z) < 0 for all z ∈ [η, z̄−η], then supz∈[η,z̄−η]A1(z) ≤

0. If supz∈[η,z̄−η]A1(z) = 0, then by the continuity of A1(z), compactness of
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[η, z̄ − η] and the property of supremum, there exists z0 ∈ [η, z̄ − η] such that

A1(z0) = 0 which violates the assumption that A1(z) < 0 for all z ∈ [η, z̄− η].

Hence, it is true that supz∈[η,z̄−η]G(z) − F (z) = −a for some a > 0.

Given that A′
1(z) < −L2 when z ∈ [0, η] and A1(0) = 0, then for

z ∈ [0, η] A1(z) is strictly decreasing with A1(z) < −L2z. Similarly, for

z ∈ [z̄ − η, z̄], A1(z) is strictly increasing with A1(z) < −L2(z̄ − z). Since

limN→∞ δN = 0, we have δN < η and L2δN < a when N is large. Hence, when

N is large,

sup
z∈[δN ,z̄−δN ]

A1(z) = max{ sup
z∈[δN ,η]

A1(z), sup
z∈[η,z̄−η]

A1(z), sup
z∈[z̄−η,z̄−δN ]

A1(z)}

≤ max{−L2δN ,−a,−L2δN}

≤ −L2δN .

Note that
√

NM

N +M
sup

z∈[δN ,z̄−δN ]

Â1(z)

=

√
NM

N +M
sup

z∈[δN ,z̄−δN ]

(
(Â1(z) −A1(z)) + A1(z))

)

≤
√

NM

N +M

(
sup

z∈[δN ,z̄−δN ]

(Â1(z) −A1(z)) + sup
z∈[δN ,z̄−δN ]

A1(z)
)

≤ sup
z∈[0,z̄]

√
NM

N +M
(Â1(z) −A1(z)) −

√
NM

N +M
L2δN

a.s.→ −∞.

The last line follows from that supz∈[δN ,z̄−δN ](Â1(z)−A1(z)) is bounded almost

surely and
√

NM
N+M

L2δN → ∞. 2

Lemma C5: Suppose that Ij(z;G) < Ij(z;F ) for all z ∈ (0, z̄] where j ≥ 2.

Assume that there is η > 0 such that 0 < L2 < F ′(z)−G′(z) <∞ for z ∈ (0, η].
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Let δN > 0 be a sequence such that limN→∞ δN = 0 and limN→∞

√
Nδj

N√
log log N

= ∞,

then √
NM

N +M
sup

z∈[δN ,z̄]

Âj(z)
as→ −∞.

Proof of Lemma C5: The proof is similar to that of Lemma C4. First, we

show that when N is large enough

sup
z∈[δN ,z̄]

Aj(z) ≤
−L2δ

j
N

j!
,

Then it is true that

√
NM

N +M
sup

z∈[δN ,z̄]

Âj(z)

≤
√

NM

N +M
sup

z∈[0,z̄]

(Âj(z) − Aj(z)) −
√

NM

N +M

L2δ
j
N

j!

a.s.→ −∞.

Lemma C6: If the conditions in Lemma C1, C2 and C4 hold, then Ŝ1 =

oa.s.(N
−l0) with l0 ∈ (0, 1

4
).

Proof of Lemma C6: Lemma C1, C2 and C4 together imply that

Ŝ1 =

√
NM

N +M
max{ sup

z∈[0,δN ]

Â1(z), sup
z∈[δN ,z̄−δN ]

Â1(z), sup
z∈[z̄−δ,z̄]

Â1(z)}

< ∆(δN)ξ
√

log logN.

If δN = δN−l1 with δ > 0 and 0 < l1 < 1/2, then δN satisfies that limN→∞ δN =

0 and limN→∞
√

NδN√
log log N

= ∞. It follows that Ŝ1 = Oa.s(N
−l1ξ
√

log logN).

Hence Ŝ1 = oa.s(N
−l1ξ). Given that both l1 and ξ can be any values in (0, 1/2),

we have Ŝ1 = oa.s(N
−l0) with l0 ∈ (0, 1

4
). 2
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Lemma C7: If the assumptions in Lemma C3 and C5 hold, then for j ≥ 2

Ŝj = oa.s.(N
−l0) with and l0 ∈ (0, 1

4
).

Proof of Lemma C7: Lemma C3 and C5 together imply that

Ŝj =

√
NM

N +M
max{ sup

z∈[0,δN ]

Âj(z), sup
z∈[δN ,z̄]

Âj(z)}

< ∆δj−1
N

√
log logN.

If δN = δN−l2 with δ0 and 0 < l2 <
1
2j

, then δN satisfies that limN→∞ δN = 0

and limN→∞

√
Nδj

N√
log log N

= ∞. It follows that Ŝj = oa.s(N
−l2(j−1)) and given that

0 < l2 <
1
2j

, we have Ŝ1 = oa.s(N
−l0) with l0 ∈ (0, 1

4
). 2

Lemma C8: Suppose Assumption 3.2.1 and 3.2.2 hold and aN satisfies As-

sumption 3.3.2, then supz∈Z+ 1(
√
NÂj(z) < aN )

p→ 0.

Proof of Lemma C8: Note that
√
N supz |Âj(z) − Aj(z)| is bounded in

probability and it implies that
√
N infz∈Z+ Âj(z)−Aj(z) is bounded from below

with probability 1. Also, Aj(z) ≥ 0 for z ∈ Z+, we have
√
N infz∈Z+ Âj(z) is

bounded from below with probability 1. Hence,
√
N infz∈Z+

√
NÂj(z) > aN

with probability 1 and it follows that 1(
√
NÂj(z) > aN ) = 0 for all z ∈ Z+

with probability. As a result, supz∈Z+ 1(Âj(z) < aN ) = 0 with probability 1

and Lemma C8 follows. 2

Define T j(z) =
√
λIj(z; BG ◦G(z)) −

√
1 − λIj(z; BF ◦ F (z)).

Lemma C9: For k = mp, bc and bs, if

1.
√

NM
N+M

Dk
j

a.s.⇒ T j .
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2. supz∈Z |µ̂j(z) − µj(z)| a.s.→ 0.

3. P
(
ω
∣∣ supz∈Z+ |µj(z)| = 0 eventually

)
= 1.

Then

P

(
ω
∣∣ sup

z

√
NM

N +M
(Dk

j (z) + µ̂j(z))
D→ sup

z∈Z+

j

T j(z)

)
= 1.

and c̃kj
a.s.→ cj where cj is the (1 − α)th quantile of supz∈Z+

j
T j(z).

Proof of Lemma C9: We prove the SD1 case of multiplier method and the

arguments for other cases of other methods are similar. Define

Ω3 =
{
ω
∣∣
√

NM

N +M
Dmp

1 ⇒T 1, sup
z

|µ̂1(z) − µ1(z)|→0, and

sup
z∈Z∗

1

|µ1(z)| = 0 eventually.
}

Ω4 =
{
ω
∣∣ sup

z

√
NM

N +M
(Dmp

j (z) + µ̂j(z))
D→ sup

z∈Z+

j

T j(z)
}
.

It is obvious that P (Ω3) = 1. Hence, it is sufficient to show that Ω3 ⊆ Ω4.

Our proof is similar to that of Proposition 1 of BD except that our argument

is conditional on a given ω. Define Ŝmp
1 = supz∈Z

√
NM

N+M
(Dmp

1 (z) + µ̂1(z)).

Note that

Ŝmp
1 ≥ sup

z∈Z+

1

√
NM

N +M
(Dmp

1 (z) + µ̂1(z))

d∼ sup
z∈Z+

1

√
NM

N +M
Dmp

1 (z)

D→ sup
z∈Z+

1

T 1(z).
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The first inequality follows from that Z+
1 ⊆ Z, the second line follows that

supz∈Z+

1
|µ̂1(z)| = 0 eventually. Given that

√
NM

N+M
Dk

1⇒T 1 and supz∈Z+

1
is a

continuous functional, then by the Continuous Mapping Theorem (CMT), the

last line follows. Then for all h > 0, we have

lim supP
(
Ŝmp

1 ≤ h
)
≤ P

(
sup
z∈Z+

1

T 1(z) ≤ h
)
. (C.12)

Let T̂1(z) =
√

NM
N+M

Dmp
1 (z) and ẑ be any value of z such that

Dmp
1 (ẑ) + µ̂1(ẑ) = sup

z∈Z
(Dmp

1 (z) + µ̂1(z)).

Then for any nonempty Z̃ ⊆ Z+
1 ,

Ŝmp
1 = T̂1(ẑ) +

√
NM

N +M
µ̂1(ẑ) (C.13)

≤ sup
z∈Z+

1

T̂1(z) +

√
NM

N +M
µ̂1(ẑ) + T̂1(ẑ) − inf

z∈ eZ
T̂1(ẑ)

≤ sup
z∈Z+

1

T̂1(z) + sup
z∈ eZ

(T̂1(ẑ) − T̂1(z))

≤ sup
z∈Z+

1

T̂1(z) + sup
z∈ eZ

|T̂1(ẑ) − T̂1(z)|,

The second line follows from that

sup
z∈Z+

1

T̂1(z) ≥ inf
z∈ eZ

T̂1(ẑ)

and the third line follows from that µ1(ẑ) ≤ 0. Pick any ǫ∗ > 0 and let h′ < h

satisfy

P ( sup
z∈Z+

1

T 1(z) ≤ h) − P ( sup
z∈Z+

1

T 1(z) ≤ h′) < ǫ∗.
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An implication of T̂1 ⇒ T 1 is that for any γ, ǫ > 0 there exists a δ > 0 such

that

lim supP

(
sup

|z1−z2|<δ

|T̂1(z1) − T̂1(z2)| > ǫ

)
< γ. (C.14)

Let ǫ1 be a positive number such that 0 < ǫ1 < h− h′ and then pick a δ > 0

such that (C.14) holds with ǫ = ǫ1 and γ = ǫ∗. Let Z̃ = Z+
1 ∩ Bδ(ẑ) where

Bδ(ẑ) denotes the open ball of radius δ around ẑ. Let WN be the event that Z̃

is not empty. We first show that P (WN) → 1. Let Z
+

δ = {z ∈ Z| d(z, Z+
1 ) ≥ δ}

where d(z, Z+
1 ) = infz′∈Z+

1
|z − z′|. It is only necessary to consider the case

that Z
+

δ is nonempty because otherwise P (WN) = 1 for all N . Z
+

δ is compact

since Z is assumed to be compact. It follows that for some η > 0

sup
z∈Z

+

δ

µ1(z) = −2η < 0. (C.15)

Also,

P (WN) ≥ P
(

sup
z∈Z

+

δ

(Dmp
1 (z) + µ̂1(z)) < 0

)

≥ P
({

sup
z∈Z

+

δ

(Dmp
1 (z) + µ̂1(z)) < −η

})
.

The first inequality follows from that the event that

sup
z∈Z

∗

δ

Dmp
1 (z) + µ̂1(z) < Dmp

1 (0) + µ̂1(0) = 0, (C.16)

is a subset of WN . To see this, note that event (C.16) implies that ẑ 6∈ Z
+

δ

which further implies that d(ẑ, Z+
1 ) < δ and Z̃ is not empty. The second line

holds since the event that

sup
z∈Z

+

δ

(Dmp
1 (z) + µ̂1(z)) < −η. (C.17)
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is a subset of event (C.16). Note that
√

NM
N+M

Dmp
1 ⇒T 1 implies that

supz∈Z |Dmp
1 (z)| p→ 0. Combining the fact that supz∈Z |µ̂1(z) − µ1(z)|→0, we

have supz |Dmp
1 (z) + µ̂1(z) − µ(z)| p→ 0 and this implies that

sup
z∈Z

+

δ

(Dmp
1 (z) + µ̂1(z))

p→ sup
z∈Z

∗

δ

µ1(z) = −2η. (C.18)

(C.18) implies that P
({

supz∈Z
∗

δ
(Dmp

1 (z) + µ̂1(z)) < −η
})

→ 1, so we have

P (WN) → 1. Let Ac denote the complement of an event A. Then

P (Ŝmp
1 ≤ h) = P ({Ŝmp

1 ≤ h} ∩WN ) + P ({Ŝmp
1 ≤ h} ∩W c

N ) (C.19)

≥ P
({

sup
z∈Z+

1

T̂1(z) + sup
z∈ eZ

|T̂1(ẑ) − T̂1(z)| ≤ h
}
∩WN

)

+ P ({Ŝmp
1 ≤ h} ∩W c

N)

≥ P
({

sup
z∈Z+

1

T̂1(z) + sup
|z1−z2|<δ

|T̂1(z1) − T̂1(z2)| ≤ h
}
∩WN

)

+ P ({Ŝmp
1 ≤ h} ∩W c

N)

≥ P
(

sup
z∈Z+

1

T̂1(z) + sup
|z1−z2|<δ

|T̂1(z1) − T̂1(z2)| ≤ h
)
− P (W c

N)

+ P ({Ŝmp
1 ≤ h} ∩W c

N).

The second inequality follows from (C.13) and the third inequality follows from

that

sup
z∈ eZ

|T̂1(ẑ) − T̂1(z)| ≤ sup
|z1−z2|<δ

|T̂1(z1) − T̂1(z2)|.

The last inequality holds, since P (A ∩ B) ≥ P (A) − P (Bc). Given that

h′ + ǫ1 ≤ h, the event

{
sup
z∈Z+

1

T̂1(z) ≤ h′
}
∩
{

sup
|z1−z2|<δ

|T̂1(z1) − T̂1(z2)| ≤ ǫ1

}
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is a subset of the event

{
sup
z∈Z+

1

T̂1(z) + sup
|z1−z2|<δ

|T̂1(z1) − T̂1(z2)| ≤ h
}
.

Hence,

P
(

sup
z∈Z∗

1

T̂1(z) + sup
|z1−z2|<δ

|T̂1(z1) − T̂1(z2)| ≤ h
)

≥P
({

sup
z∈Z∗

1

T̂1(z) ≤ h′
}
∩
{

sup
|z1−z2|<δ

|T̂1(z1) − T̂1(z2)| ≤ ǫ1
})

≥P
(

sup
z∈Z∗

1

T̂1(z) ≤ h′
)
− P

(
sup

|z1−z2|<δ

|T̂1(z1) − T̂1(z2)| ≤ ǫ1

)
.

Therefore, by (C), (C.14) and the fact that supz∈Z∗

1
T̂1(z)

D→ supz∈Z∗

1
T 1(z)

lim inf

(
P
(

sup
z∈Z∗

1

T̂1(z) ≤ h′
)
− P

(
sup

|z1−z2|<δ

|T̂1(z1) − T̂1(z2)| ≤ ǫ1
)
)

> P
(

sup
z∈Z∗

1

T 1(z) ≤ h
)
− 2ǫ∗.

As a result, given that P (W c
N) → 0 and P ({Smp

j ≤ h}W c
N) → 0

lim inf P (Smp
j ≤ h) ≥ P

(
sup
z∈Z∗

1

T 1(z) ≤ h
)
− 2ǫ∗.

Since ǫ∗ is arbitrary, we have

lim inf P (Smp
j ≤ h) ≥ P

(
sup
z∈Z∗

1

T 1(z) ≤ h
)
. (C.20)

Consequently, (C.12) and (C.20) imply

limP (Smp
j ≤ h) = P

(
sup
z∈Z∗

1

T 1(z) ≤ h
)
.

Hence, for any ω ∈ Ω3, S
mp
1

D→ supz∈Z∗

1
T 1(z). That is, Ω3 ⊆ Ω4 and it

shows the first part of Lemma C9. We have the (1 − α)-th quantile of Smp
1
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will converge to that of supz∈Z∗

1
T 1(z) almost surely. That is, the second part

holds. 2

Proof of Lemma 3.3.5: First, we show that c̃mp
1

p→ c1 which is equivalent to

show that for any subsequence of c̃mp
1 denoted by c̃mp

1 (Nk) there is a further sub-

sequence c̃mp
1 (Nkh

) such that c̃mp
1 (Nkh

)
a.s.→ c1. By Lemma 3.3.1,

√
NM

N+M
Dmp

1
a.s.⇒

T 1, so any subsequence of Dmp
1 (Nk) we have

√
NkMk

Nk+Mk
Dmp

1 (Nk)
a.s.⇒ T 1. Given

supz∈Z |µ̂1(z)− µ1(z)|
p→ 0, the for any subsequence Nk, we can find a further

subsequence Nk1
ofNk such that supz∈Z |µ̂1(z)−µ1(z)| a.s→ 0. Finally, in Lemma

C8, we show that supz∈Z+ 1(
√
NÂ1(z) < aN )

p→ 0. As a result, we can find a

further subsequence Nkh
of Nk1

such that supz∈Z+ 1(
√
Nkh

Â1(z) < aNkh
)

a.s→ 0.

The indicator function only takes value on 0 and 1 only, so it follows that

P
(
ω
∣∣ sup

z∈Z+

|µ̂1(z)(Nkh
)| = 0 eventually

)
= 1.

Then for any subsequence Nk, we can find a further subsequence Nkh
such

that
√

Nkh
Mkh

Nkh
+Mkh

Dmp
1 (Nkh

)
a.s.⇒ T 1,

sup
z∈Z

|µ̂1(z)(Nkh
) − µ1(z)| a.s→ 0,

P
(
ω
∣∣ sup

z∈Z+

|µ̂j(z)(Nkh
)| = 0 eventually

)
= 1

By Lemma C9, c̃mp
1 (Nkh

)
a.s.→ c1 and it follows that c̃mp

1

p→ c,1.

If A1(z)) ≥ 0 for some z ∈ (0, z̄), then supz∈Z+

1
T 1(z) is not degenerate

with P (supz∈Z+

1
T 1(z) ≤ 0) < 1/2. Hence, when α < 1/2, we have c1 > 0.
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Given bN = bN−l0 , then bN < c̃mp
1 with probability 1 and it follows that

ĉmp
1 = max{c̃mp

1 , bN} = c̃mp
1 with probability 1. Hence, ĉmp

1

p→ c1.

If A1(z)) < 0 for all z ∈ (0, z̄), then supz∈Z+

1
T 1(z) is degenerate at 0,

so c̃mp
1

p→ c1 = 0. Since bN → 0, it follows that ĉmp
1 = max{c̃mp

1 , bN} p→ c1 = 0.

Proof for other cases are similar and we omit it. 2

Proof of Theorem 3.4.1: We prove the SD1 case of multiplier method and

the arguments for other cases of other methods are similar.

For the first part, by Lemma 3.3.5 we have ĉmp
1

p→ c1 > 0 which is the

(1−α)-th quantile of the limiting null distribution supz∈Z∗

1
T 1(z). As a result,

limN→∞ P (reject H0
1 ) = limN→∞ P (Ŝ1 > ĉmp

1 ) = α.

For the second part, suppose the assumptions in Lemma C6 hold. Then

P (Ŝ1 > ĉmp
1 ) = P (Ŝ1 > max{c̃mp

1 , bN}) ≤ P (Ŝ1 > bN ) = 0.

The last inequality holds since Ŝ1 < bN with probability 1 from Lemma C6.

For the last part, under the alternative hypothesis, we have Ŝ1
a.s.→ ∞.

On the other hand, we have ĉmp
1

p→ c1 > 0 which is bounded in probability.

As a result, limN→∞ P (reject H0
1 ) = limN→∞ P (Ŝ1 > ĉmp

1 ) = 1. 2

Proof of Lemma 3.4.2: We prove c̃mp
1 ≤ q̃mp

1 and the arguments for other

cases are similar. Given that µ̂1(z) ≤ 0, then Dmp
1 (z) ≥ Dmp

1 (z)+ µ̂(z). Hence,

{
q
∣∣P
(√ NM

N +M
sup
z∈Z

(Dmp
1 (z) + µ̂1(z)) ≤ q

)
≤ 1 − α

}

⊆
{
q
∣∣P
(√ NM

N +M
sup
z∈Z

Dmp
1 (z) ≤ q

)
≤ 1 − α

}
.
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It follows that c̃mp
1 ≤ q̂mp

1 . Also, it is assumed that bN ≤ q̂mp
1 , so it follows that

ĉmp
1 = max{c̃mp

1 , bN} ≤ q̂mp
1 . 2

Proof of Theorem 3.4.3: From Lemma 3.4.2, we have ĉmp
j ≤ q̂mp

j , so it

follows that P (Ŝj > q̂mp
j ) ≤ P (Ŝj > ĉmp

j ). 2
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Appendix D

Tables

Table D.1: Rejection rates

N = 200

F1 SD1 F0 F1 SD2 F0 F t
1 SD1 F t

0 F t
1 SD2 F t

0

Ex. 1.7.1 0.058 0.053 0.041 0.038
Ex. 1.7.2 0.141 0.002 0.117 0.004
Ex. 1.7.3 0.437 0.266 0.451 0.289

N = 400

Ex. 1.7.1 0.055 0.057 0.039 0.042
Ex. 1.7.2 0.321 0.002 0.273 0.001
Ex. 1.7.3 0.781 0.466 0.816 0.490

Table D.2: T is Randomly Assigned

No covariate

F1 SD1 F0 F1 SD2 F0

Ex. 1.7.1 0.043 0.049
Ex. 1.7.2 0.146 0.004
Ex. 1.7.3 0.452 0.274

X

F1 SD1 F0 F1 SD2 F0

Ex. 1.7.1 0.048 0.051
Ex. 1.7.2 0.146 0.005
Ex. 1.7.3 0.471 0.279
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Table D.3: T is not Randomly Assigned

No Covariate, N = 200

F1 SD1 F0 F1 SD2 F0

Ex. 1.7.4 0.162 0.154
Ex. 1.7.5 0.043 0.033

X, N = 200

F1 SD1 F0 F1 SD2 F0

Ex. 1.7.4 0.047 0.047
Ex. 1.7.5 0.168 0.165

No Covariate, N = 400

F1 SD1 F0 F1 SD2 F0

Ex. 1.7.4 0.188 0.188
Ex. 1.7.5 0.037 0.011

X, N = 400

F1 SD1 F0 F1 SD2 F0

Ex. 1.7.4 0.057 0.046
Ex. 1.7.5 0.232 0.212
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Table D.4: Summary Statistics

RE74 Treated RE74 Control PSID-1 Control

Sample size 185 260 2490
Earnings in 1978 6.349 4.555 21.554
Earnings in 1974 2.057 2.107 19.429
Earnings in 1975 1.532 1.267 19.063
Age 25.81 25.05 34.85
Education 10.35 10.09 12.11
Black 0.84 0.83 0.25
Hispanic 0.059 0.1 0.032
No degree 0.71 0.83 0.31
Married 0.19 015 0.87
Unemployed in 1974 0.708 0.75 0
Unemployed in 1975 0.6 0.685 0
Maximum earning in 1978 60.3 39.7 121.2

Note: Earnings in calender year = real earnings in calendar year
in thousand dollars; Age = age in years; Education = number of
years of schooling; Black = 1 if black, 0 otherwise; Hispanic = 1 if
hispanic, 0 otherwise; No degree = 1 if Education < 12, 0 otherwise;
Married = 1 if married, 0 otherwise; Unemployed in calendar year
=1 if unemployed for all calendar year.
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Table D.5: Stochastic Dominance in RE74 Data Set

No covariate

F1 SD1 F0 F1 SD2 F0 F0 SD1 F1 F0 SD2 F1

statistic -0.002 0 2.788 0.627
p-value 1.000 1.000 0.018 0.003

Age

F1 SD1 F0 F1 SD2 F0 F0 SD1 F1 F0 SD2 F1

statistic -0.004 0 2.825 0.600
p-value 1.000 1.000 0.018 0.004

Wooldridge’s specification

F1 SD1 F0 F1 SD2 F0 F0 SD1 F1 F0 SD2 F1

statistic 0.096 0 2.790 0.638
p-value 1.000 1.000 0.017 0.002

Table D.6: Stochastic Dominance in PSID-1 Data Set

Dehejia and Wahba’s specification

F t
1 SD1 F t

0 F t
1 SD2 F t

0 F t
0 SD1 F t

1 F t
0 SD2 F t

1

statistic -1.047 0.000 2.430 1.710
p-value 1.000 1.000 0.004 0.000

Firpo’s specification

F t
1 SD1 F t

0 F t
1 SD2 F t

0 F t
0 SD1 F t

1 F t
0 SD2 F t

1

statistic -0.083 0.000 0.714 0.273
p-value 1.000 1.000 0.066 0.000
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Table D.7: Size Properties of Example 2.5.1

(µ1, µ2) n Wolak RC 2
√

2 log log n
√

2 log log n 0.5
√

2 log log n

(0, 0) 200 0.05272 0.05202 0.05202 0.05206 0.05280
400 0.05026 0.04972 0.04972 0.04974 0.05062
1000 0.04944 0.04914 0.04914 0.04918 0.04982

(0.15, 0) 200 0.02484 0.02758 0.02762 0.03226 0.04038
400 0.02528 0.02828 0.02860 0.03978 0.04754
1000 0.02464 0.02754 0.03648 0.04860 0.04894

(0.3, 0) 200 0.02678 0.02944 0.03546 0.05002 0.05082
400 0.02560 0.02900 0.04988 0.05174 0.05174
1000 0.02594 0.02936 0.04916 0.04916 0.04916

(0.15, 0.15) 200 0.00004 0.00004 0.00004 0.00006 0.00006
400 0 0 0 0 0
1000 0 0 0 0 0

Table D.8: Power Properties of Example 2.5.1

(µ1, µ2) n Wolak RC 2
√

2 log log n
√

2 log log n 0.5
√

2 log log n

(-0.1, 0) 200 0.32034 0.31374 0.31374 0.31560 0.32646
400 0.53188 0.52826 0.52826 0.53128 0.54686
1000 0.88858 0.88840 0.88840 0.89086 0.90230

(-0.2, 0) 200 0.81608 0.81016 0.81016 0.81364 0.82622
400 0.97994 0.97942 0.97942 0.98036 0.98338
1000 1 1 1 1 1

(-0.1, -0.1) 200 0.48900 0.45852 0.45852 0.45852 0.45908
400 0.74022 0.70808 0.70808 0.70808 0.70814
1000 0.97576 0.96712 0.96712 0.96712 0.96712

(-0.1, 0.1) 200 0.30204 0.30200 0.30290 0.33380 0.37096
400 0.52030 0.52300 0.52742 0.58688 0.62136
1000 0.88428 0.88464 0.90010 0.93074 0.93332

(-0.1, 0.2) 200 0.30048 0.29914 0.32016 0.39068 0.40508
400 0.52140 0.52000 0.59108 0.63678 0.63830
1000 0.88810 0.88668 0.93394 0.93418 0.93418
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Table D.9: Size Properties of Example 2.5.2

(µ1, µ2) n RC 2
√

2 log log n
√

2 log log n 0.5
√

2 log log n

(0 0) 200 0.03350 0.05014 0.05048 0.05112
400 0.03196 0.04884 0.04888 0.04954
1000 0.03276 0.04980 0.04982 0.05058

(0.15, 0) 200 0.01778 0.02108 0.03034 0.04118
400 0.01888 0.02628 0.04132 0.04830
1000 0.01768 0.03652 0.04954 0.04986

(0.3, 0) 200 0.03858 0.04614 0.06052 0.08174
400 0.03618 0.04958 0.05796 0.07838
1000 0.03590 0.04956 0.05568 0.07572

(0.15, 0.15) 200 0 0.00012 0.00014 0.00020
400 0 0 0 0
1000 0 0 0 0
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Table D.10: Power Properties of Example 2.5.2

(µ1, µ2) n RC 2
√

2 log log n
√

2 log log n 0.5
√

2 log log n

(-0.1, 0) 200 0.24812 0.31062 0.31256 0.32422
400 0.45792 0.53038 0.53282 0.54780
1000 0.84650 0.88648 0.88888 0.90016

(-0.2, 0) 200 0.75494 0.80706 0.81084 0.82378
400 0.96954 0.97982 0.98080 0.98360
1000 1 1 1 1

(-0.1, -0.1) 200 0.38062 0.45968 0.46012 0.46076
400 0.63568 0.70890 0.70890 0.70904
1000 0.95038 0.96854 0.96854 0.96854

(-0.1, 0.1) 200 0.24038 0.29938 0.33256 0.37050
400 0.44908 0.52148 0.58060 0.61524
1000 0.84822 0.90066 0.92956 0.93214

(-0.1, 0.2) 200 0.23898 0.31492 0.38736 0.40234
400 0.45226 0.58964 0.63602 0.63736
1000 0.84834 0.93316 0.93336 0.93336

(0.4, 0) 200 0.26500 0.31374 0.31764 0.33814
400 0.47936 0.53880 0.53936 0.54838
1000 0.86726 0.89776 0.89776 0.89814

Table D.11: Rejection rates of Example 3.5.1

ℓ = 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

MP 0.064 0.038 0.062 0.050 0.038 0.044 0.026 0.024 0.010 0.000
BC 0.054 0.062 0.062 0.060 0.040 0.024 0.044 0.020 0.004 0.000
BS 0.064 0.058 0.046 0.058 0.062 0.026 0.044 0.022 0.010 0.000
KS2 0.062 0.038 0.062 0.042 0.030 0.030 0.012 0.002 0.000 0.000

KSB2 0.052 0.060 0.062 0.052 0.034 0.010 0.014 0.008 0.000 0.000
KSB3 0.064 0.058 0.044 0.054 0.054 0.008 0.020 0.006 0.000 0.000
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Table D.12: Rejection rates of Example 3.5.2

ℓ = 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

MP 1.000 0.990 0.970 0.932 0.824 0.680 0.488 0.260 0.066
BC 1.000 0.990 0.962 0.930 0.838 0.682 0.512 0.260 0.050
BS 0.998 0.994 0.976 0.932 0.834 0.730 0.522 0.294 0.068
KS2 1.000 0.990 0.968 0.902 0.764 0.540 0.254 0.050 0.000

KSB2 1.000 0.990 0.962 0.892 0.788 0.538 0.264 0.048 0.002
KSB3 0.998 0.994 0.972 0.916 0.764 0.586 0.308 0.068 0.000

Table D.13: Stochastic Dominance in Canadian Before Tax Family Income

1986 vs 1978 1978 vs 1986

SD1 SD2 SD1 SD2

MP 0.0076 0.1860 0.0000 0.0000
BC 0.0075 0.1888 0.0000 0.0000
BS 0.0053 0.1021 0.0000 0.0000
KS2 0.0132 0.3561 0.0000 0.0000

KSB2 0.0120 0.3546 0.0000 0.0000
KSB3 0.0060 0.1230 0.0000 0.0000

Table D.14: Stochastic Dominance in Canadian After Tax Family Income

1986 vs 1978 1978 vs 1986

SD1 SD2 SD1 SD2

MP 0.0033 0.1089 0.0001 0.0224
BC 0.0041 0.1089 0.0002 0.0217
BS 0.0036 0.0408 0.0004 0.0275
KS2 0.0036 0.1997 0.0004 0.0224

KSB2 0.0046 0.1995 0.0008 0.0217
KSB3 0.0036 0.0538 0.0011 0.0275
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Appendix E

Figures
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Figure E.1: The CDFs and the integrated CDFs of Example 1.7.1
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Figure E.2: The CDFs and the integrated CDFs of Example 1.7.2
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Figure E.3: The CDFs and the integrated CDFs of Example 1.7.3
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Figure E.4: The CDFs and the integrated CDFs of Example 1.7.4
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Figure E.5: The CDFs and the integrated CDFs of Example 1.7.5
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Figure E.6: Empirical CDFs of RE74 and PSID-1 data sets
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Figure E.7: Estimated CDFs and Integrated CDFs for RE74 under Different
Specifications
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Specifications
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