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This thesis explores the geometry at infinity for certain hermitian lo-

cally symmetric spaces. Let Γ < SU(r+ 1, r) be a maximal nonuniform arith-

metic lattice determined by automorphisms of a hermitian form on k2r+1,

where k is an imaginary quadratic field. We give a formula for the number of

cusps of X/Γ, where X is the hermitian symmetric space on which SU(r+1, r)

acts. If r > 1 and 2r + 1 is prime, this completely determines the number of

cusps for minimal finite volume orbifolds with X-geometry, and there are only

finitely many commensurability classes of noncompact finite volume quotients

of X containing a one-cusped orbifold. In the case r = 1, which corresponds

to the complex hyperbolic plane, we show that this holds for any N : there are

only finitely many commensurability classes of arithmetic lattices in SU(2, 1)

which contain an N -cusped orbifold.
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Chapter 1

Introduction

The modular surface H2/ SL2(Z) has finite hyperbolic volume, but has

one cusp, that is, one topological end. Its end is homeomorphic to S1×R, and

it corresponds to the unique conjugacy class of parabolic elements of SL2(Z).

3

2

Figure 1.1: The modular surface H2/ SL2(Z).

In studying the number of cusps of locally symmetric spaces, it is most

natural to consider the minimal elements of a given commensurability class.

Recall that two spaces are commensurable if they share a common finite-

sheeted covering. One can then, ostensibly, work backwards using the com-

binatorics of coverings, to study the cusps of any other space. Equivalently,

one wants to consider the maximal lattices a given semisimple Lie group. The

modular group is a maximal lattice in SL2(R), however, there are infinitely

many isomorphism classes of maximal lattices in SL2(R) which are commen-
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surable with it. In fact, it follows from work of Margulis [14] that a lattice Γ

in a semisimple Lie group is arithmetic if and only if there are infinitely many

isomorphism classes of maximal lattices in its commensurability class.

For arithmetic quotients of H2, Helling [12] showed that H2/Γ has one

cusp for any maximal lattice Γ < SL2(R) commensurable with SL2(Z). All

arithmetic lattices in SL2(R) which produce noncompact quotients of H2 are

commensurable with the modular group, so this completely determines the

number of cusps of minimal noncompact arithmetic hyperbolic 2-orbifolds.

The leitmotif of this thesis is that Helling’s result has an algebraic interpreta-

tion, namely, that the field Q has class number one.

More recently, Chinburg–Long–Reid [6] considered the analogous ques-

tion for arithmetic subgroups of SL2(C), where the corresponding locally sym-

metric spaces are hyperbolic 3-orbifolds. Here, any arithmetic lattice which

produces a noncompact quotient is commensurable with one of the Bianchi

groups SL2(Ok), where Ok is the ring of integers in the imaginary quadratic

number field k = Q(
√
−d). They proved that for each maximal Γ, commensu-

rable with the Bianchi group over the imaginary quadratic field k, there exists

a nonnegative integer m, depending explicitly on Γ, so that H3/Γ has

2m
hk
hk,2

cusps, where hk is the class number of k and hk,2 is the order of the 2-primary

component of the class group. Consequently, using the structure of the class

group, they proved that for every N there are only finitely many commensu-
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rability classes of noncompact arithmetic hyperbolic 3-orbifolds containing an

N -cusped element.

Here, we extend these ideas to certain hermitian symmetric spaces.

First, we consider arithmetic subgroups of SU(2, 1), for which the associated

global symmetric space is the complex hyperbolic plane H2
C. The nonuniform

arithmetic lattices in this setting are commensurable with the so-called Pi-

card modular groups. These commensurability classes are again in one-to-one

correspondence with imaginary quadratic fields. We prove the following.

Theorem 1.0.1. Let Γ < SU(2, 1) be a maximal nonuniform arithmetic lat-

tice commensurable with the automorphism group of a hermitian lattice over

the imaginary quadratic field k. Then there exists a nonnegative integer m,

depending explicitly on Γ, so that H2
C/Γ has

3m
hk
hk,3

cusps, where hk is the class number of k and hk,3 is the order of the 3-primary

component of the class group.

The proof is a generalization of [6] and work of Zink [30], who found the

number of cusps for the standard Picard modular groups. Also, generalizing

the analogous result in [6], we prove the following consequence. Rather than

using genus theory, as in [6], we use recent work of Ellenberg–Venkatesh [9] on

the structure of torsion in ideal class groups.
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Theorem 1.0.2. For any N , there are only finitely many commensurability

classes of arithmetic complex hyperbolic 2-orbifolds containing an element with

N cusps.

The groups SU(2, 1), SL2(C), and SL2(R) all have real rank one. Equiv-

alently, the ‘cusps’ of X/Γ correspond to its topological ends. When the

semisimple group G has higher real rank, the definition of a cusp is more

complicated. We also generalize Theorem 1.0.1 to the higher rank groups

SU(r + 1, r) for r > 1, which were also considered by Zink [30]. The hermi-

tian symmetric space X on which this group acts is a higher rank bounded

symmetric domain. Here, a cusp corresponds to a certain stratification of the

ideal boundary of X/Γ, which for us corresponds to maximal isotropic flags

for the hermitian form used to define the arithmetic group.

For r > 1, all lattices in SU(r + 1, r) are arithmetic [14], so a full

classification of the cusps of minimal orbifolds is much more tractable. The

methods here are restricted to those lattices which are defined via hermitian

forms on k2r+1. If 2r+ 1 is prime, this accounts for all nonuniform arithmetic

lattices, but when it is composite, there are other constructions coming from

hermitian forms on division algebras. The main theorem is the following.

Theorem 1.0.3. Let X be the hermitian symmetric space associated with the

group SU(r + 1, r) and Γ < SU(r + 1, r) be a maximal nonuniform arithmetic

lattice. Suppose that Γ is commensurable with a lattice defined via a hermitian

form over the imaginary quadratic field k. Then there exists a nonnegative
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integer m, depending explicitly on Γ, so that X/Γ has

nm
hrk
hk,n

cusps, where n = 2r + 1 and hk,n is the order of the n-primary component of

the ideal class group.

If n is prime and r > 1, this completely determines the number of cusps

for minimal finite volume noncompact orbifolds with X-geometry. To prove

a full analogue of Theorem 1.0.2 for r > 1 requires either a generalization of

[9] to arbitrary torsion; their results for higher torsion require the Generalized

Riemann Hypothesis. However, the following is evident from the factor of hrk

in Theorem 1.0.3.

Corollary 1.0.4. If n = 2r + 1 is prime and r > 1, there are precisely

nine commensurability classes of nonuniform lattices in SU(r + 1, r) which

contain a one-cusped orbifold. These commensurability classes are in one-to-

one correspondence with the imaginary quadratic fields of class number one.

The general philosophy of [12], [6], and this thesis indicate that these

methods should generalize, with some care, to give formulas for the number

of cusps for any lattice determined by a Q-form of SLn. In fact, properly

interpreted, this should work for any arithmetic lattice in a classical group.

This fits with known results for Hilbert modular groups, for which cusps are

also related to ideal classes [28]. It is worthy of note that it is not known

whether or not there are infinitely many real quadratic fields with class number
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one, which would lead to infinitely many commensurability classes of one-

cusped Hilbert modular surfaces. We close with the following further step

toward this generalization.

Theorem 1.0.5. Let k be a finite extension of Q with ring of integers Ok

and X be the symmetric space on which SLn(Ok) acts as a lattice. Then

X/ SLn(Ok) has hn−1
k cusps.

The method for counting the cusps of maximal lattices in these com-

mensurability classes is the same as for Theorems 1.0.1 and 1.0.3. We do not

carry out the computation of maximal lattices here. There are other arith-

metic constructions which produce noncompact quotients for these symmetric

spaces, so it would take further work to prove finiteness results for the number

of commensurability classes with N cusps in the imaginary quadratic setting.

The significant step is to generalize the methods of this thesis to hermitian

forms on division algebras. The author hopes to complete this in later work.
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Chapter 2

Algebraic background

2.1 Number fields

Let K be a number field , that is, a finite extension of Q, and let OK be

its ring of integers. Then OK is a Dedekind domain [24, Theorem 1.8]. Denote

by cl(K) the ideal class group of nonzero fractional ideals modulo principal

ideals. The ideal class measures how close OK is to being a principal ideal

domain. It is well-known that cl(K) is a finite group [24, Theorem 1.9], and

its order hk is called the class number .

Let L/K be a quadratic extension with Galois involution x 7→ x, and

choose a prime ideal p ⊂ OK . Consider the decomposition of the ideal P of

OL generated by p. There are three cases.

1. If P is a prime ideal of OL, p is said to be inert .

2. If P = q2 is the square of a prime ideal of OL, p is said to ramify .

3. If P = qq is the product of two distinct Galois-conjugate primes of OL,

p is said to split .

A prime is ramified if and only if it divides the discriminant of L/K [24,

Theorem 1.21], so only finitely many primes of OK ramify in L. The sets of
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inert and split primes are both infinite by the Čebotarev Density Theorem [24,

Theorem 4.31].

Now, let K be a number field, OK its ring of integers, and V an n-

dimensional vector space over K. An OK-lattice is a free OK-module L ⊂ V

of rank n. Since OK is a Dedekind domain, L is isomorphic as an OK-module

to a direct sum of n nonzero fractional ideals of K,

L ∼=OK
I1 ⊕ · · · ⊕ In.

We then define an ideal class cl(L) of L as cl(I1 · · · In) ∈ cl(K). It follows

from the theory of modules over a Dedekind domain that L1
∼=OK

L2 if and

only if they have the same dimension and cl(L1) = cl(L2). See Proposition 21

in §16.3 of [7] for details.

2.2 Local fields

Let k be a local field of characteristic zero. Then k is either R, C, or

a finite extension of the p-adic numbers Qp [23, §II.5]. When k is R or C, we

say that K is archimedean; otherwise, it is called nonarchimedean.

We can realize any local field k of characteristic zero as the metric

completion of a number field K with respect to some absolute value. Call two

absolute values | |1 and | |2 equivalent if there is a constant c so | |1 = | |c2.

All absolute values on a number field K are determined up to equivalence as

follows [24, Lemmas 16 and 17].
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1. Let τ be an embedding of K into either R or C, and let | |τ be the

restriction of the usual absolute value on R or |z|τ = zz on C. (Note in

the case where τ(k) is not real, this is the square of the usual absolute

value.) Then, the topology on R or C induced by the absolute value is

the usual topology, and τ(K) is dense. Therefore, the completion Kτ of

K is R or C.

2. Let OK be the ring of integers of K and p ⊂ OK a prime ideal. We first

define the p-adic absolute value on OK by

|x|p = NormK/Q(p)−n

where n is the largest integer such that pn divides the principal ideal (x).

(Recall that NormK/Q(I) = |OK/I| for any ideal I of Ok, and the norm

of an element of Ok is the norm of the principal ideal it generates.) We

then extend this to K by ∣∣∣∣xy
∣∣∣∣
p

=
|x|p
|y|p

.

This determines a topology on K, and its completion Kp with respect to

this topology is a finite extension of Qp, where p sits above the rational

prime p. That is, p divides the principal ideal (p) ⊂ OK .

Now, let k be a nonarchimedean local field with ring of integers Ok.

This is the ring of elements with absolute value at most one, and its units

are precisely those elements with absolute value equal to one. It is a maximal

compact open subgroup. Then, Ok is a local ring [23, §1.2], so it has a unique
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maximal ideal m, and Ok/m is a finite field Fk, called the residue field . A

generator for m as a principal ideal is called a uniformizer for Ok.

The characteristic of the residue field Fk is p, where k is the p-adic

completion of the number field K and p sits over p. (The choice of K is far

from unique.) Furthermore, k is a finite extension of Qp and Fk ∼= OK/p. See

Chapter II of [23].

We now return to the situation where L/K is a quadratic extension of

number fields. We also want to consider the completion of L with respect to

a prime p of OK , where we consider L as an algebra over K. Again, let P be

the ideal of OL generated by p. We define this completion by

Lp = Kp ⊗K L.

We use p instead of P in this notation, but this coincides with the P-adic

completion LP when p is inert in OL. The Galois involution of L/K extends

to an involution of the algebra Lp which fixes Kp.

Since P might not be prime in OL, the quotient OL/P might not be a

field. This has the following consequences for the completion [24, §2.7].

1. If p is inert in OL, then Lp
∼= LP is a local field and Lp/Kp is a quadratic

extension. Then FLp is a quadratic extension of FKp . The Galois invo-

lution of L/K extends to the Galois involution of Lp/Kp.

2. If p ramifies, so P = q2, then Lp
∼= Lq is a quadratic extension of Kp, but

FLq
∼= FKp . The Galois involution of L/K again extends to the Galois

involution of Lp/Kp.

10



3. If P = qq splits, then Lq and Lq are isomorphic to Kp, so they have the

same residue field, and Lp is isomorphic to Lq×Lq, where Kp is embedded

as the diagonal subfield. The Galois involution of L/K extends to the

involution which exchanges the two factors.

2.3 Adeles

Since it is the only case used in this thesis, we focus on the case where

K = Q. The adeles of Q are the ring{
(a∞, a2, . . . , ap, . . . ) ∈ R×

∏
p prime

Qp : ap ∈ Zp for almost every p

}
,

which we denote by A. ‘Almost every’ will always mean ‘for all but finitely

many’ and we use the abbreviation ‘a.e.’ when convenient. We also consider

the finite adeles Af , which have the same definition as A, except without the

archimedean factor R, so A = R× Af .

Since there is an embedding of Q into R and each Qp, there is a diag-

onal embedding of Q into A given by sending r/s ∈ Q to the constant adele

(r/s, r/s, . . . , r/s, . . . ). Because s is only divisible by finitely many primes,

r/s is a p-adic integer for almost every prime p. That is,

|r/s|p =
|r|p
|s|p
≤ 1

for all p not dividing s, so r/s ∈ Zp for almost every p. This implies that the

constant adele is indeed an adele, so the diagonal embedding is well-defined.
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2.4 Hermitian forms I: C/R

Let V be an n-dimensional vector space over C and h : V × V → C a

nondegenerate hermitian form. That is, h is a map V × V → C so that:

1. For all v1, v2, w1, w2 ∈ V ,

h(v1 + v2, w1) = h(v1, w1) + h(v2, w1)

h(v1, w1 + w2) = h(v1, w1) + h(v1, w2).

2. For all α, β ∈ C and v, w ∈ V ,

h(αv, βw) = αβh(v, w).

3. For all v, w ∈ V ,

h(v, w) = h(w, v).

4. For all nonzero v ∈ V , there exists v′ ∈ V so that h(v, v′) 6= 0.

Condition (3) implies that h(v, v) ∈ R for all v ∈ V . We call the pair (V, h)

a hermitian vector space. It is considered implicit from here forward that all

hermitian forms are nondegenerate, i.e. satisfy (4).

Remark 2.4.1. Complex conjugation is not a C-linear operation. It will be

helpful later to think of C as a two-dimensional algebra over R, equipped with

an involution z 7→ z with fixed field R. From this perspective, a hermitian

vector space is an inherently real object.
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Since v 7→ h(v, v) is a norm on V , we can find an orthonormal C-

basis by Gram–Schmidt. It follows that h has a representative in GL(V ), also

denoted by h, such that th = h. Consequentially, h has real eigenvalues and

we can write the hermitian pairing as

h(v, w) = twhv.

In particular, we can define the signature of h to be the quantity

σ(h) = |r − s|,

where r and s are the number of positive and negative eigenvalues of h, respec-

tively. Conversely, every element h ∈ GLn(C) such that th = h determines a

hermitian vector space (Cn, h).

Call two hermitian vector spaces (V1, h1) and (V2, h2) isomorphic if

there is a C-linear isomorphism L : V1 → V2 such that

h2(L(v), L(w)) = h1(v, w)

for all v, w ∈ V1. Realizing h1, h2, and L as matrices in GLn(C), it follows

that h2 = tLh1L. This implies that σ(h1) = σ(h2). The converse is also true.

Theorem 2.4.1 ([22] Example 10.1.6(iii)). Isomorphism classes, in the above

sense, of hermitian vectors spaces are completely determined by the dimen-

sion and signature. That is, (V1, h1) is isomorphic to (V2, h2) if and only if

dim(V1) = dim(V2) and σ(h1) = σ(h2).
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2.5 Hermitian forms II: nonarchimedean local fields

Let L/K be a quadratic extension of nonarchimedean local fields of

characteristic zero. Then L/K is Galois, and we denote the nontrivial Galois

involution of L by x 7→ x, in analogy with the case C/R. If V is a vector space

of dimension n over L, a (nondegenerate) hermitian form on V is a bilinear

map h : V × V → L which satisfies (1)-(4) from §2.4. The definition of an

isomorphism of hermitian vector spaces is identical, where the isomorphism is

now required to be L-linear.

We again think of a hermitian vector space as an inherently K-defined

object. We say that (V, h) is a hermitian vector space with respect to the

extension L/K. This is to accentuate the fact that, while V is a K-defined, it

still depends on the choice of quadratic extension L.

The eigenvalues of h are now only guaranteed to lie in K. In particu-

lar, the notion of a signature does not make sense. Instead, we consider the

determinant of h. Note that if M ∈ GL(V ), then tMhM determines another

hermitian vector space isomorphic to (V, h). Then

det(tMhM) = NormL/K(det(M)) det(h).

In particular, the determinant of h may change as an element of K, but it can

only change by an element of K which is a norm from L. By definition, the

determinant of a hermitian form h is

det
L/K

(h) = det(h) NormL/K(L×) ∈ L×/NormL/K(L×).

14



This notation is nonstandard, but will be useful shorthand in differentiating

between this determinant and the usual one. By class field theory [24, Chapter

5],

L×/NormL/K(L×) ∼= Gal(L/K) ∼= Z/2Z,

so there two possible determinants. The converse again holds.

Theorem 2.5.1 ([22] Example 10.1.6(ii)). Isomorphism classes of hermitian

vector spaces with respect to L/K are completely classified by dimension and

determinant.

2.6 Hermitian forms III: number fields

Let K be a totally real number field and L/K a totally imaginary

quadratic extension. The important case in this thesis is where K = Q and L

is the imaginary quadratic field Q(
√
−d). We continue to denote the Galois

involution of L/K by x 7→ x. The definition of a hermitian vector space (V, h)

with respect to L/K follows the same general pattern of §§2.4-2.5. Isomor-

phisms of hermitian vector spaces with respect to L/K are L-linear maps.

The signature is not well-defined, but for any complex conjugate pair

of embeddings τ, τ : L → C, there is a signature στ (h). Since τ and τ are in

one-to-one correspondence with embeddings of K into R, which we continue

to denote by τ , there is a well-defined signature for each place of K. That

signatures are associated to places of K is natural, since (V, h) should again

be considered as K-defined. Unlike quadratic forms, where the classification

15



depends on all local places, the classification of hermitian forms only requires

the archimedean places.

Theorem 2.6.1 ([22] Example 10.1.6(iv)). Isomorphism classes of hermitian

vector spaces with respect to L/K are classified by dimension, determinant,

and the signature at each place of K.

We will also need the notion of a hermitian lattice. Let OL be the

ring of integers of L and consider a lattice L ⊂ V , where V is a vector space

over L. For a hermitian form h on V , the pair (L, h) is a hermitian lattice.

An isomorphism between hermitian lattices is an isomorphism of OL-modules

which respects the hermitian forms. The following is immediate from Theorem

2.6.1 and the classification of lattices in V (see §2.1).

Corollary 2.6.2. Hermitian lattices (L, h) are classified up to isomorphism

by cl(L) and the isomorphism class of the hermitian vector space (L⊗OL
L, h).

Finally, we need the notion of a unimodular hermitian lattice. Let

(L, h) be a hermitian lattice, V = L⊗OL
L, and let

L# = {v ∈ V : h(v,L) ⊂ OL}

be the dual lattice to L. Then (L, h) is unimodular if L = L#. More generally,

if I is a fractional ideal of L, then (L, h) is I-modular if

L = {v ∈ V : h(v,L) ⊂ I}.

16



Example 2.6.1. Let K = Q, L = Q(
√
−d), V = L3, and let L be the

standard OL-lattice with respect to some basis. If

h =

0 0 1
0 −1 0
1 0 0


for this basis, then (L, h) is a unimodular hermitian lattice.

2.7 Hermitian forms IV: division algebras

Let K be a field and D a central simple division algebra over K with

degree d. That is, D is a simple division algebra with center K and dimension

d2 as a vector space over K. Let τ : D → D be an involution. The restriction

of τ to K is either the identity or a nontrivial involution. If it is nontrivial, it

has a fixed field Kτ , which is a degree two subfield of K. The involution is said

to be of the first or second kind if its restriction to K is trivial or nontrivial,

respectively.

Example 2.7.1. Let K/K0 be a quadratic extension of fields. Then D = K is

a central simple division algebra over K with degree one. The trivial involution

of K is an involution of the first kind. The Galois involution of K/K0 is an

involution of the second kind.

Let K be a field and D a central simple division algebra over K. Sup-

pose that τ is an involution of second kind. A nondegenerate τ -hermitian form

of dimension r on D is a map h : D×D → D which follows (1)-(4) of §2.4 with

17



x 7→ x replaced by x 7→ τ(x). Note that this definition generalizes §§2.4-2.6

via Example 2.7.1.

Suppose K is a number field and D a degree d central simple division

algebra over K. (Similar results hold for other fields, but this is the case of

interest here.) Then, for any x ∈ D× not in K, K(x) is commutative, so it is

a field. Any subfield of D which contains K is of this form. If [K(x) : K] = d,

then D ⊗K K(x) ∼= Md(K). We call any such subfield L ⊂ D a splitting field

for D.

Let D be as in the previous paragraph and h a hermitian form of

dimension r on D. Then, we can realize h as an element of GLr(D) such that

tτ(h) = h. If L ⊂ D is a splitting field for D, then

GLr(D)⊗K L ∼= GLr(D ⊗K L) ∼= GLr(Md(L)) ∼= GLrd(L).

In particular, one can apply the theory of hermitian forms over number fields

to h, realized as a matrix in GLrd(L). See Chapter 8 and §10.2 in [22] for

more on the theory of central simple algebras and hermitian forms on division

algebras.
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Chapter 3

Lattices in unitary groups

3.1 Lie groups and symmetric spaces

The basic references for this section are [11] and [8]. Let G be a real

semisimple Lie group with finite center and K ⊂ G a maximal compact sub-

group. All such K are conjugate. Then the space X = K\G of maximal

compact subgroups in G is a globally symmetric space of noncompact type.

The isometry group of X is the adjoint form G of G, that is, the automorphism

group of G.

Recall that G has a unique, up to scalar multiplication, translation-

invariant metric called the Haar measure. Since K is a closed subgroup of

G, this metric descends to K\G, and this is precisely the globally symmetric

Riemannian metric on X. When this determines a hermitian structure on the

tangent space to X, we call X a hermitian symmetric space.

A discrete subgroup Γ < G is called a lattice if G/Γ has finite measure.

This makes sense, since discrete subgroups of G are closed. This action de-

scends to X, and G/Γ has finite measure if and only if X/Γ does, since G/Γ

is a K-bundle over X/Γ and K is compact. Since Γ is discrete in G, X/Γ is a

locally symmetric space with universal cover X.
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The space X/Γ is a manifold if and only if the image of Γ in G is

torsion free. Otherwise, it is an orbifold, and Γ contains a subgroup of finite

index which is torsion free. That is, X/Γ always has a finite-sheeted manifold

covering. We say that Γ is uniform if X/Γ, or, equivalently, G/Γ is compact.

It is nonuniform otherwise.

The real rank of G is the maximal dimension of a diagonalizable sub-

group. It is, equivalently, the maximum dimension of an isometric embedding

of Rn into X. Real rank zero implies that there is no isometric embedding of

R, so X, and thus G, is compact. Then G = K, so X is a single point. Having

real rank one means that X has bi-infinite geodesics, but no isometric embed-

ding of R2, and X has negative sectional curvature. In fact, X has negative

curvature if and only if G is real rank one. If G has real rank at least two, we

say that G and X have higher rank .

If G has real rank one and Γ < G is nonuniform, then X/Γ has a finite

number of topological ends. Furthermore, if Γ is torsion free, then each end is

homeomorphic to N×R, where N is some compact manifold. Each topological

end of X/Γ is called a cusp. Cusps are in one-to-one correspondence with

conjugacy classes of infinite maximal solvable subgroups of Γ. In higher rank,

cusps correspond to conjugacy classes of chains of parabolic subgroups of Γ,

and determine a certain stratification of the end of X/Γ. The geometry at

infinity in higher rank is much more complicated than in rank one, and we

refer to [8] for details.

Finally, by Mostow–Prasad rigidity [16] [19], if G is not locally isomor-
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phic to SL2(R), then X/Γ is uniquely determined up to homeomorphism by Γ.

Therefore, there is no ambiguity in saying ‘the cusps of Γ’ in reference to the

cusps of X/Γ. For H2, the symmetric space for SL2(R), there are examples of

abstractly isomorphic lattices for which the quotients are not homeomorphic

and have a different number of ends, for instance a thrice-punctured sphere

and once-punctured torus, which both have fundamental group the free group

on two generators. Now we proceed to make the above more precise when G

is a unitary group.

3.2 Lattices in unitary groups

Let SU(r, s) be the isometry group of a signature |r−s| hermitian form

on Cn, n = r+ s. Since SU(r, s) ∼= SU(s, r), we may assume that r > s. Then

SU(r, s) has real rank one if and only if (r, s) is (n− 1, 1) (or (1, n− 1)), and

we assume that SU(r, s) is noncompact, which holds if and only if r, s ≥ 1.

The maximal compact subgroup of SU(r, s) is isomorphic to S(U(r) × U(s)).

To avoid some pathologies, we ignore the case (r, s) = (1, 1).

Though SU(r, s) is a real Lie group, the metric on X is hermitian,

which implies that X/Γ has a complex structure for any lattice Γ < SU(r, s)

[11, Chapter VIII]. We now discuss the arithmetic construction of lattices in

SU(r, s). Instead of giving the most general construction, which is not neces-

sary for this thesis, we give the construction which gives all nonuniform arith-

metic lattices in SU(r, s). There are other ways to build uniform arithmetic

lattices, but all constructions are similar to the one given below.
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Let k be an imaginary quadratic field with ring of integers Ok and h

a hermitian form on kn of signature |r − s|. (The signature of h only makes

sense because the totally real subfield Q of k has only one real embedding.)

This determines a Q-algebraic group G so that

G(Q) =
{
M ∈ SLn(k) : tMhM = h

}
,

and G(R) ∼= SU(r, s). See [3] for the basic facts about linear algebraic groups.

The subgroup

G(Z) =
{
M ∈ SLn(Ok) : tMhM = h

}
embeds as a discrete subgroup of SU(r, s). The isomorphism class of G(Z)

depends on the choice of integral basis for On
k as a lattice in kn, but G(Q) is

uniquely determined by h. In fact, when n is odd we can say more.

Lemma 3.2.1. Suppose n is odd and that G is the Q-algebraic group defined

by the hermitian form h on kn, where k is some imaginary quadratic field.

Then G(Q) depends only on the signature of h.

Proof. First, the algebraic group is certainly an invariant of the isomorphism

class of the hermitian form. However, scaling h by some rational number also

does not change the isomorphism class of G(Q). Let G1 be the Q-algebraic

group determined by any hermitian form h1 whose determinant is not a norm

from k×. By Theorem 2.6.1, it suffices to show that G1 is Q-isomorphic to the

group G2 defined by any hermitian form for which the determinant is a norm

from k×.
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Let G2 be the group defined by the form det(h)h. This is Q-isomorphic

to G1, and det(h)h has determinant det(h)n+1. Since (Q×)2 ⊂ Normk/Q(k×)

and n + 1 is even, it follows that det(h)h represents the isomorphism class of

hermitian forms for which the determinant is a norm from k×. This proves

the lemma.

For completeness, we give the more general construction of algebraic

groups leading to nonuniform lattices in SU(r, s). Suppose that d is a divisor

of n, and let D be a central simple algebra over k with degree d and involution

τ of the second kind (so the fixed field of τ is Q). If h is a hermitian form on

Dn/d, then h has a well-defined signature via its realization in GLn(`), where

` ⊂ D is a splitting field for D. This signature is independent of `.

This determines an algebraic group with

G(Q) =
{
M ∈ SLn/d(D) : tτ(M)hM = h

}
,

and G(R) ∼= SU(r, s), where (r, s) is given by the embedding of h in GLn(`).

If O ⊂ D is a maximal order, then

G(Z) =
{
M ∈ SLn/d(O) : tτ(M)hM = h

}
embeds as a discrete subgroup of SU(r, s). Note that the setting of hermitian

forms over imaginary quadratic fields is the case where d = 1, i.e. D = k. Any

such G is called a Q-form of SU(r, s).
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The above construction enumerates all Q-forms of SU(r, s). That is,

each G as above is a Q-algebraic group for which G(R) ∼= SU(r, s), and each

algebraic group with this property is amongst those built as above. See [3,

Chapter V] for the requisite definitions from the theory of algebraic groups and

[26, Table II, case 2A
(d)
n,r] for the explicit classification of the algebraic groups.

The following is the restriction to our setting of the foundational paper

of Borel–Harish-Chandra [4].

Theorem 3.2.2. Suppose k is an imaginary quadratic field, D a k-central,

simple division algebra of degree d with involution τ of the second kind, and

h a nondegenerate τ -hermitian form on Dr. If G is the associated Q-form of

SU(r, s), where r+s = rd, then G(Z) is a lattice in SU(r, s). It is nonuniform

if and only if h represents zero nontrivially in Dr.

When h represents zero nontrivially, it is called isotropic. Otherwise, it

is called anisotropic. Therefore, any isotropic τ -hermitian form determines a

nonuniform arithmetic lattice in some SU(r, s). We also briefly note that one

must exclude the group SU(1, 1), where there is only one commensurability

class of nonuniform arithmetic lattices, which arise from the image of SL2(Z)

in SU(1, 1) from the isomorphism PSL2(R) ∼= PU(1, 1).

3.3 Commensurability classes of arithmetic lattices

Two subgroups Γ1,Γ2 of a group G are called commensurable if Γ1∩Γ2

has finite index in each. We say that Γ1 and Γ2 are commensurable in the
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wide sense if there exists g ∈ G so that Γ1 and gΓ2g
−1 are commensurable. A

lattice Γ < SU(r, s) is called arithmetic if there is a Q-algebraic group G so

that Γ is widely commensurable with G(Z).

Remark 3.3.1. Nota bene that this definition does not assume that G(R) is

isomorphic to SU(r, s). We avoid these technicalities, which do not arise for

nonuniform arithmetic lattices. In short, one must also consider Q-forms of

the groups SU(r, s) × SU(r + s)m, which are the restriction of scalars of the

algebraic groups determined by extending this construction to an arbitrary

totally imaginary quadratic extension of a totally real number field.

When n = r + s is prime, and one is only concerned with nonuniform

lattices, as we are here, things are much simpler than the general case. One

does not need to consider higher-degree division algebras. That is, hermitian

forms on kn suffice to describe all the commensurability classes of nonuniform

lattices.

Lemma 3.3.1. Suppose that n = r + s is an odd prime. Then, commensura-

bility classes (in the wide sense) of nonuniform arithmetic lattices in SU(r, s)

are in one-to-one correspondence with imaginary quadratic fields.

Proof. If n is prime, then D in Theorem 3.2.2 is of degree 1 or n. The degree

one case is where D = k, and h is isotropic if it has dimension at least three

and does not have signature n [22, Example 10.1.6], that is, does not determine

the compact group SU(n). It follows that G(Z) is a nonuniform lattice.
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By Lemma 3.2.1, if G and G′ are two such groups, the image of G(Z) in

G′(Q) is commensurable with G′(Z), though the two need not be isomorphic.

To see this, notice that G(Z) (considered as a subgroup of G′(Q)) and G′(Z)

are the special automorphism groups of hermitian lattices L and L′ in the

associated k-vector space V . These lattices are commensurable, so G(Z) ∩

G′(Z) has finite index in the special automorphism group of the hermitian

lattice L∩L′. It follows that G(Z) and G′(Z) are commensurable. See Lemma

4.1 and Proposition 4.2 in [18].

Now, suppose that D has degree n. Then h is given by an element

x ∈ D× such that τ(x) = x, and h(v, w) = τ(w)xv for any v, w ∈ D. If

v ∈ D× is an isotropic vector, then τ(v)xv = 0, which implies that v is a

zero divisor. This is impossible, since D is a division algebra. Therefore, h is

anisotropic, so the associated arithmetic lattice G(Z) is uniform.

More specifically, Lemma 3.3.1 states that hermitian forms on kr+s are

the only construction that produces nonuniform arithmetic lattices in SU(r, s)

when r + s is an odd prime. When r + s is composite, one can also construct

lattices via isotropic hermitian forms on Dr, where D is a central simple di-

vision algebra with involution of the second kind and degree d > 1, where

n = dr.

Example 3.3.1. For any imaginary quadratic field k and n = r + s, r > s,
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the hermitian form

hr,s =



0 0 0 0 0 0 1

0 0 0 0 0 . .
.

0
0 0 0 0 1 0 0
0 0 0 Idr−s 0 0 0
0 0 1 0 0 0 0

0 . .
.

0 0 0 0 0
1 0 0 0 0 0 0


has signature |r− s|, where Idr−s is the (r− s)× (r− s) identity matrix. This

defines a commensurability class of nonuniform lattices in SU(r, s), and the

group associated to any other hermitian form on kn with the same signature

defines the same commensurability class. In particular, we can use the same

h for all k.

Example 3.3.2. Let k = Q(
√
−7), and set α = λ/λ, where

λ =
−1 +

√
−7

2
.

If ` = Q(ζ7), where ζ7 is a primitive 7th root of unity, note that [` : k] = 3 and

the Galois group of this extension is generated by σ : ζ7 7→ ζ2
7 . This determines

a degree three central simple division algebra over k by

D =

{
2∑
j=0

yjX
j : Xy = σ(y)X, X3 = α, y, yj ∈ `

}
.

The linear extension to D of the involution defined by τ(X) = αX2 and the

Galois involution of k/Q is of second kind, since |α|2 = 1. Then ` is a splitting

field for D, and the τ -hermitian form

h =

0 0 1
0 1 0
1 0 0

 ∈ GL3(D)
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becomes 

0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0


∈ GL9(`),

which has signature |6 − 3| = 3. If G the associated Q-algebraic group, then

G(Z), defined via some maximal order of D, is a nonuniform arithmetic lattice

in SU(6, 3).

Remark 3.3.2. There are nonuniform lattices in SU(n, 1) for n = 1, 2, 3 which

do not arise from this construction. That is, nonarithmetic lattices exist in

these groups. It is possible that there are nonarithmetic lattices in SU(n, 1)

for n ≥ 4, but none are known. Furthermore, only finitely many such lattices

are known to exist for n = 2, 3. See [17]. Notice that the groups SU(n, 1) are

precisely those unitary groups with real rank one. In higher rank, Margulis

proved in the 1970s that all lattices are arithmetic [14]. In particular, the above

construction exhausts all commensurability classes of nonuniform lattices in

SU(r, s) when it has higher rank, and thus classifies all noncompact finite

volume quotients of the globally symmetric space Xr,s.

3.4 Completions of certain Q-algebraic unitary groups

In §3.2, we showed that when n is odd, the lattices in SU(r, s) deter-

mined by hermitian forms on kn are all commensurable. This allows us to fix
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an h, which gives a well-defined notion of G(Z), which is a nonuniform lattice

in SU(r, s). However, in order to consider the entire commensurability class

of G(Z), we will need to discuss p-adic completions of these unitary groups.

Let G be the Q-form of SU(r, s) defined via the fixed hermitian form h

over the imaginary quadratic field k. If p is a rational prime, the group G(Qp)

of Qp-points of G is determined by extending h to a form on the Qp-algebra kp.

If kp is a field, that is, if p is inert or ramified in Ok, then the Galois involution

of k/Q extends to the Galois involution of this extension. Thus G(Qp) is the

unitary group of h for this extension of nonarchimedean local fields.

Lemma 3.4.1. Let K/Qp be a quadratic extension of local fields. If n is

odd, then there is, up to Qp-isomorphism, a unique special unitary group in n

variables with respect to the extension K/Qp.

Proof. By Theorem 2.5.1, the proof is identical to the proof of Lemma 3.2.1.

Therefore, if n is odd, there is no ambiguity in saying ‘the’ unitary

group in n variables with respect to a particular extension of nonarchimedean

local fields. We will do this from now on. When n is even, there are two

isomorphism classes, one for each isomorphism class of hermitian forms with

respect to the extension, but we will not need that fact.

Now, suppose that p splits on Ok, so kp is isomorphic to Qp ×Qp. The

embedding of k into this algebra is x 7→ (x, x), and Q embeds as the fixed
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subfield of k for the involution

(a, b) 7→ (b, a).

We similarly embed SLn(k) into SLn(Qp) × SLn(Qp), where the involution

extending conjugate transposition is

(M,N) 7→ (tN, tM).

Then, the unitary group of h over Qp is

{
(A,B) ∈ SLn(Qp)× SLn(Qp) : (tB, tA)(h, h)(A,B) = (h, h)

}
.

These two conditions rearrange as

A = h−1tB−1h,

A = t(htB−1h
−1

) = th
−1tB−1th.

Since th = h, both conditions are equivalent, so

G(Qp) ∼=
{

(A,B) ∈ SLn(Qp)× SLn(Qp) : A = h−1tB−1h
}
.

This is isomorphic to SLn(Qp). This proves the following proposition.

Proposition 3.4.2. Let G be the Q-algebraic group defined by a hermitian

form on kn for some imaginary quadratic field k. Then for any rational prime

p, G(Qp) is Qp-isomorphic to

1. SLn(Qp) if p splits in Ok,
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2. the unitary group SU(h, kp/Qp) if p is inert or ramified in Ok.

If n is odd, then SU(h, kp/Qp) does not depend on h.

Assume n is odd, so we do not need to distinguish between unitary

groups, and let G be the Q-algebraic unitary group defined with respect to

the imaginary quadratic field k. Then, we can define the adelic points of G,

denoted by G(A), by{
(g∞, g2, . . . ) ∈ G(R)×

∏
p prime

G(Qp) : gp ∈ G(Zp) for a.e. p

}
.

The group G(Af ) is defined similarly, and G(A) = G(R)×G(Af ). Note that

we have fixed a hermitian form h and a basis for kn, so G(Z) makes sense.

This leads to a coherent definition of G(Zp) for every p.

Again, we have a diagonal embedding of G(Q) into G(A). Indeed, any

element of G(Q) has finitely many matrix entries, and each fails to be Zp-

integral for only finitely many p. Therefore, the constant adele (g, g, . . . ) is in

G(A). Similarly, there is a diagonal embedding of G(Q) into G(Af ). We will

use the same terminology for each, but it should be clear from context which

embedding we mean at any particular moment.

3.5 Compact open subgroups of p-adic groups and lat-
tices in unitary groups

Just as Zp is a compact open subring of Qp, the group G(Zp) is compact

and open in the Qp-algebraic group G(Qp). Rather than instigate a lengthy
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discussion of the Bruhat–Tits theory necessary for the classification of the

compact open subgroups of G(Qp), we state the necessary results and refer to

[27] for the details, where the cases of interest to us are worked out in detail.

Suppose that G is a Q-form of SU(r + 1, r), r ≥ 1, and consider the

p-adic group G(Qp). The group G(Z) is defined as the stabilizer of a hermitian

lattice, and the same quality defines the subgroups of interest here. If G(Qp)

is SLn(Qp), consider the Zp-lattices L0 = Zn
p and

Lj = spanZp

(
1

p
e1, . . . ,

1

p
ej, ej+1, . . . , en

)
, 1 ≤ j ≤ n− 1,

and set Pjp = stabSLn(Qp)(Lj). These groups cannot be conjugate in SLn(Qp),

since the lattices they stabilize are not SLn(Qp)-equivalent. Since Lj is open

and compact in Qn
p , it follows that each Pjp is an open compact subgroup of

SLn(Qp).

This depends on a choice of basis for Qn
p , but the conjugacy classes of

these groups resolve the ambiguity inherent in this choice. Up to the action

of SLn(Qp) and scalar multiples, they determine all the possible integral bases

for Qn
p . That is, the groups Pjp, 0 ≤ j ≤ n− 1, determine all the possible ways

to define ‘G(Zp)’, up to conjugacy.

Since these lattices are all GLn(Qp)-equivalent, the groups Pjp are all

conjugate there. This implies that the groups Pjp, while not SLn(Qp)-conjugate,

are all isomorphic as abstract groups. Furthermore, there is an element c ∈

GLn(Qp) which permutes these groups. Explicitly, c is the element which

sends ej to ej+1 for 1 ≤ j ≤ n − 1 and sends en to (1/p)e1. This sends the
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Zp-lattice corresponding to Pjp to the one corresponding to Pj+1
p , except in the

case j = n − 1, where Pj−1
p is conjugated to the group stabilizing (1/p)(Zn

p ),

which is SLn(Zp). The image of c in PGLn(Qp) has order n.

Lemma 3.5.1. Suppose that g ∈ GLn(Qp) conjugates Pj1p to Pj2p . Then g is

projectively equivalent to cj2−j1.

Proof. Consider the lattices Lj stabilized by Pjp. We have a chain of inclusions

L0 ⊂ L1 ⊂ · · · ⊂ Ln−1 ⊂
1

p
L0,

where each lattice has index p in the succeeding one. Up to scalar multipli-

cation, g takes Lj1 to Lj2 . Since g also preserves the index of one lattice in

another, the image of the entire chain of lattices in determined, and therefore

g is a scalar multiple of cj2−j1 .

When G(Qp) is a unitary group, i.e. when p is inert or ramified, the

situation is similar. Let kp/Qp be the associated extension of p-adic fields, and

let O = Okp be the ring of integers in kp with uniformizer π. Since G(Qp) acts

on knp , we consider the lattices L0 = On ⊂ knp and

Lj = spanO

(
1

π
e1, . . . ,

1

π
ej, ej+1, . . . , en

)
, 1 ≤ j ≤ r.

That 0 ≤ j ≤ r, rather than n− 1, is because G has Qp-rank r, not n− 1 like

SLn. Let Pjp be the stabilizer in G(Qp) of Lj. These represent all the conjugacy

classes of maximal compact open subgroups of G(Qp). In contrast to the case
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of SLn, the Pj are not conjugate in a larger group, even GLn(kp), and are all

nonisomorphic. One can, for instance, prove this using the analogue of Lemma

3.5.1 for SLn(kp), where an element conjugating the various O-lattices for the

unitary group would determine an element of GLn(kp) that cannot exist.

Now, let J ⊂ {0, . . . ,m} be a multi-index, where m = n− 1 if p splits

or r otherwise. Then, define

PJp =
⋂
j∈J

Pjp.

It is the subgroup of G(Qp) which simultaneously stabilizes the lattices Lj for

j ∈ J . In the special case where J = {0, . . . ,m}, we denote by PJp by Ip.

When p splits, Ip is normalized by the element c of Lemma 3.5.1. Therefore,

the group generated by c and the projectivization of Ip is an open compact

subgroup of PGLn(Qp).

Now, consider the subgroup

P =
∏

p prime

Pp < G(Af ),

where each Pp < G(Qp) is an open compact subgroup equal toG(Zp) for almost

every p. Such a P is called a coherent collection of compact open subgroups

of G(Af ). All maximal compact open subgroups of G(Af ) are of this form.

For any coherent collection P, consider the group ΓP = G(Q) ∩ P,

where G(Q) is diagonally embedded in G(Af ). Then ΓP is a lattice in G(R)

commensurable with G(Z), since it is the automorphism group of some finite

collection of Ok-lattices in kn. The groups ΓP are called the principal arithmetic
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lattices in G(Q). Note that G(Z) is the special case where Pp is G(Zp) for all

p. This definition of a lattice in G(Q) resolves the choice of integral basis used

to define G(Z) in the following sense.

Theorem 3.5.2. Let G be the Q-form of SU(r + 1, r) defined by a hermitian

form on k2r+1 and suppose Γ < G(Q) is a lattice. Then there exists a coherent

collection of open compact subgroups P < G(Af ) so that Γ < ΓP. Up to

conjugation in G(Q), we may assume that each factor Pp is one of the groups

PJp defined above.

Sketch of proof. By [18, Proposition 4.2], Γ stabilizes some lattice L ⊂ kn.

Taking p-adic completions proves that Γ is a subgroup of some ΓP. That we

may find an element of G(Q) which conjugates P such that all its factors are

of the form Pjp follow from two facts.

The first fact is that the special unitary group and special linear groups

are simply connected as algebraic groups. This implies that the action of

G(Qp) on the Bruhat–Tits building is special, which means that the stabilizers

of single lattices (i.e. vertices of the building) are all the maximal compact

open subgroups of G(Qp). This is not true, for instance, for the projective

linear group, where the projectivization of Ip and the element c from Lemma

3.5.1 generate a maximal compact open subgroup which stabilizes none of the

lattices Lj.

The second fact is that special unitary and special linear groups sat-

isfy strong approximation. See [18, Theorem 7.12] [13]. One interpretation
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of strong approximation is precisely that there exists g ∈ G(Q) which conju-

gates a given P to have the desired form. This interpretation is, for instance,

used in Borel’s paper [2], from which much of the notation in [6] is derived.

Borel’s proof that our statement is equivalent to Kneser’s definition carries

over without alteration. See §4.2 and Proposition 4.4 of [2].

Corollary 3.5.3. Let G be as in Theorem 3.5.2. The maximal lattices in

G(Q) are conjugate to ΓP, where P is of the form
∏

Pjp and the Pjp are as

above.

Proof. This follows from Theorem 3.5.2 and the fact that the Pjp determine all

the conjugacy classes of maximal compact open subgroups of G(Qp).

3.6 Maximal lattices in unitary groups

In §3.5, we determined all the maximal lattices in G(Q), where G is

a unitary group defined via a nondegenerate hermitian form on kn for some

imaginary quadratic field. However, a maximal lattice in G(Q) need not be,

and often is not, maximal in the full unitary group G(R). We will see that

this, in part, depends on the structure of the class group of k.

Lemma 3.6.1. If n = r + s is odd, PGU(r, s) ∼= PU(r, s) ∼= PSU(r, s).
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Proof. Recall that the general unitary group of a hermitian form h of dimen-

sion n is the set of M ∈ GLn(C) such that tMhM = αh for some α ∈ R×, that

is, the group of linear maps which preserve h up to a scalar factor. Suppose

that n is odd. Then,

det(tMhM) = | det(M)|2 det(h) = det(αh) = αn det(h),

so αn = | det(M)|2 > 0. Since n is odd, this implies that α is positive.

Then, given an element g0 of PGU(h), consider any lift g of g0 to

GLn(C), where g scales h by the positive real constant α. Then
√
α−1g also

sits above g0, and is still an element of the general unitary group. Then,

h(
√
α−1gv1,

√
α−1gv2) =

1

α
h(gv1, gv2) = h(v1, v2),

so
√
αg ∈ U(h). This proves that PGU(h) ∼= PU(h).

Any element of the unitary group has determinant a root of unity, since

the above determinant condition from preserving h becomes | det(M)|2 = 1.

Now suppose that g0 is an element of PU(h), and that g is a lift to U(h) with

determinant µ. Then µ = 1/µ, and n
√
µ−1h has determinant one and still

preserves h. Therefore, g0 has a representative with determinant one, which

proves the lemma.

Lemma 3.6.2. Let G be a Q-form of SU(r, s), G the corresponding Q-form

of the projective unitary group PU(r, s), and π : SU(r, s) → PU(r, s) the pro-

jection. If Γ < G(R) is a maximal lattice, then π(Γ) < G(Q).
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Proof. By Proposition 4.2 in [18], if Γ < G(R) is any lattice, then there exists a

Q-form G′ of G(R) and a Q-isomorphism φ : G→ G′ such that φ(Γ) < G′(Z).

This means that Γ might not be integral with respect to our chosen Q-form

of G(R), but we can find another Q-form for which it is integral. Therefore,

up to scalar multiplication and choice of basis, we can make sure that Γ does

have coefficients in Q. That is, the image of Γ in G(R) lies in G(Q).

Now, consider the image of G(Q) in G(Q) under the projection

π : SU(r, s)→ PU(r, s),

which is onto by Lemma 3.6.1. The image of G(Q) in PU(r, s) need not,

however, equal G(Q).

Example 3.6.1. Consider the form

h =

0 0 1
0 −1 0
1 0 0


and the field k = Q(

√
−d). Then, the element

M =

1 0 0
0 ζ3 0
0 0 1


preserves h, where ζ3 ∈ Q(

√
−3) is a primitive third root of unity. However,

det(M) = ζ3 is not a cube in Q(
√
−3), so it does not have a special uni-

tary representative with coefficients in Q(
√
−3). Indeed, the representative in
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SU(2, 1) for M is 3
√
ζ2

3M , which has coefficients in Q( 3
√
ζ3). Therefore, if G is

the associated Q-form of SU(2, 1), this element projects to G(Q), but is not

contained in the image of G(Q) in G(Q) under projection.

Lemma 3.6.3. Let G be a Q-form of SU(r, s) with n = r + s odd, and let G

be the corresponding Q-form of PU(r, s). Then, there is an exact sequence

1→ Z(Q)→ G(Q)→ G(Q)→ H → 1,

where Z(Q) is the center of G(Q) and

H ∼= ker
(
Normk/Q : k×/(k×)n → Q×/(Q×)n

)
.

The map to H is determined by g 7→ det(g)/k×, where g is a lift of g0 ∈ G(Q)

to the general unitary group.

Proof. That Z(Q) is the kernel of the projection of G(Q) into G(Q) follows

from the fact that PU(r, s) is SU(r, s) modulo its center. Now, suppose that

g0 is an element of G(Q) that is not in G(Q). If g is any lift to GU(r, s),

then x = det(g) ∈ k× is not an nth power in k×, else g0 would have a special

unitary representative, as in Lemma 3.6.1. The determinant of this lift is

uniquely determined by g0, up to an element of (k×)n.

From the proof of Lemma 3.6.1, we see that

Normk/Q(det(g)) = | det(g)|2 = αn,

where α ∈ Q× is the constant by which g scales the hermitian form h. This

proves that G(Q)/G(Q) maps into H.
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To show that G(Q) maps onto H, consider a representative y ∈ k× for

any element of k×/(k×)n for which Normk/Q(y) = βn ∈ (Q×)n. For simplicity,

since this is the case of interest in this thesis, consider the case where G is

defined via the hermitian form  1

. .
.

1

 .

Then, the diagonal matrix with entries (βn, . . . , βn, y, 1, . . . , 1), with r copies

of βn and r ones, where n = 2r + 1, scales h by βn. Its determinant is βrny,

which is equivalent to y as an element of k×/(k×)n. This proves that G(Q)

maps onto H, which proves the lemma.

Theorem 3.6.4. Let G be as in Lemma 3.6.3 and suppose that Γ < G(R) is a

maximal lattice. Then, Γ is the normalizer in G(Q) of a principal arithmetic

lattice ΓP < G(Q), and there is an exact sequence

1→ Z(R)→ Γ→ Γ/ΓP → H.

Furthermore, we may assume that for all rational primes p, the p-component

of the coherent collection P of compact open subgroups is one of the Pjp or, if

p splits in Ok, is Ip.

Sketch of proof. As the proof requires many technical details from Bruhat–Tits

theory, we refer to [15] and [5], and give a sketch. The image of Γ in G(Q)

under the projection is determined by a coherent collection of compact open
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subgroups of G(Qp). If p does not split, then the projective lattice stabilizers

Pjp are the only maximal compact open subgroups. When p splits, one must

also consider the group generated by the projections of Ip and c from Lemma

3.5.1. This determines the group ΓP < G(Q). That Γ normalizes ΓP and the

existence of the exact sequence follows from Lemma 3.6.3.

Remark 3.6.1. Choose a non-unit element x representing a nontrivial class in

k×/(k×)n for which Normk/Q(x) = yn ∈ Q×. Then, the principal ideal (x)

decomposes as a product of prime ideals Pα1
1 · · ·Pαr

r . Then,

r∏
j=1

P
αj

j P
αj

j = (x)(x) = (y)n = (p1)nβ1 · · · (pr)nβr ,

where y = pβ1

1 · · · pβr
r as a product of rational primes.

Since pj = Normk/Q(Pj) for pj split or ramified, αj = nβj for those j.

If pj is inert, then (pj) = Pj, so 2αj = nβj. Since n is odd, when pj is inert,

αj is still divisible by n. This implies that (x) is a product of nth powers of

ideals,

(x) = In1 · · · Inr = (I1 · · · Ir)n.

Since x is not an nth power, I = I1 · · · Ir is not a principal ideal. Therefore

I represents an element of cl(k) with order dividing n. That is, the class of I

lies in the n-primary component of the ideal class group.

41



3.7 Picard modular surfaces

We now focus on the group SU(2, 1), where the symmetric space is the

complex hyperbolic plane H2
C. More specifically, the aim of this section is to

describe the nonuniform arithmetic lattices in SU(2, 1) and the corresponding

quotients of H2
C. Let h = h2,1 be as in Example 3.3.1. Then, every nonuniform

arithmetic lattice Γ < SU(2, 1) is commensurable with

Gk(Z) =
{
M ∈ SL3(Ok) : tMhM = h

}
,

where k is any imaginary quadratic field, and Gk is the Q-form of SU(2, 1)

determined by h and k. The group Gk(Z) is called a Picard modular group,

and the corresponding locally symmetric space H2
C/Gk(Z) a Picard modular

surface.

To determine the number of topological ends of H2
C/Γ, where Γ is com-

mensurable with the Picard modular group Gk(Z), we must study the conju-

gacy classes of maximal unipotent subgroups of Γ. First, we identify the max-

imal unipotent subgroups of SU(2, 1), which correspond to h-isotropic lines in

C3.

Lemma 3.7.1. Maximal unipotent subgroups of SU(2, 1) are stabilizers of h-

isotropic lines in C3.

Proof. Let v be a nonzero h-isotropic vector. Since h is nondegenerate, there

exists a vector w ∈ C3 so that h(v, w) = 1 and, possibly after replacing w with
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w − h(w,w)v, that h(w,w) = 0. Then, one can find a vector w′ not in the

plane spanned by v and w so that

h(v, w′) = h(w,w′) = 0,

e.g. by choosing an arbitrary vector, then subtracting appropriate multiples of

v and w.

The basis {v, w′, w} of C3 realizes h as0 0 1
0 1 0
1 0 0

 ,

and a direct computation shows that the stabilizer of v becomes the subgroup

of upper-triangular matrices in SL3(C) which preserve h. Conversely, any

upper-triangular matrix which preserves h must fix v. Since all unipotent sub-

groups of SL3(C) are conjugate to the upper-triangular matrices, this proves

the lemma.

Corollary 3.7.2. Unipotent subgroups of Gk(Q) are stabilizers of isotropic

lines in k3.

Therefore, to count the number of topological ends of H2
C/Γ, where Γ

is commensurable with the Picard modular group Gk(Z), it suffices to count

the Γ-orbits of isotropic lines in k3. In other words, this reduces the geometric

problem of counting the ends of these locally symmetric spaces to a purely
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algebraic problem. The goal of the next chapter is to carry out this computa-

tion for all maximal lattices in SU(2, 1) commensurable with a Picard modular

group.

3.8 Noncompact quotients of Xr+1,r

We now consider nonuniform lattices in SU(r+1, r) for r > 1. By Mar-

gulis [14], all such lattices are arithmetic, so each noncompact, finite volume

quotient of Xr+1,r has fundamental group commensurable with G(Z), where

G is an isotropic Q-form of SU(r+ 1, r). We now briefly describe the possible

nonuniform commensurability classes, and describe how one determines the

cusps in the case considered in this thesis.

If n = 2r+ 1 is prime, we saw in Corollary 3.3.1 that there is a unique

commensurability class of nonuniform lattices in SU(r + 1, r) for every imagi-

nary quadratic field, and that these are all the nonuniform commensurability

classes. That is, there is a unique commensurability class defined by a (thus

any) signature 1 = |r + 1 − r| hermitian form on kn. When n = 2r + 1 is

composite, other lattices are possible.

Example 3.8.1. Consider D from Example 3.3.2, and set

x = λX2 − λX + (λ− λ) ∈ D×.

Then τ(x) = x, and x becomes a hermitian form of signature (2, 1) when

44



embedded in GL3(Q(ζ7)). Therefore,

h =

x 0 0
0 0 x
0 x 0

 ∈ GL3(D)

is a τ -hermitian form on D3. Note that (0,
√
−7, 1) ∈ D3 is an isotropic

vector for this form, so this defines a nonuniform lattice. Its embedding into

GL9(Q(ζ7)) has signature (5, 4), so, given a maximal order of D, one obtains

a nonuniform arithmetic lattice in SU(5, 4).

Now, we briefly discuss how one connects the geometry at infinity for

noncompact quotients with the arithmetic of the hermitian form used to define

its fundamental group. In this setting, a cusp of Xr+1,r/Γ corresponds to a

stratification of the space at infinity, and this stratification corresponds to

conjugacy classes of chains of parabolic subgroups in Γ. See [8].

Recall that an isotropic flag for the hermitian form h is a strictly as-

cending chain of h-isotropic subspaces

{0} = F0 ⊂ F1 ⊂ F2 ⊂ · · · ⊂ Fn ⊆ Cn.

If h is a hermitian form of signature one on kn, n = 2r + 1, then the proof of

Lemma 3.7.1 shows that a maximal isotropic flag in kn is of the form {Fj},

where Fj has dimension j, and 0 ≤ j ≤ r. That is, the maximal isotropic

subspace of kn has dimension r. In particular, the form hr+1,r is explicitly

given as the direct sum of r hyperbolic planes and an anisotropic form (given

by Id1, the 1 × 1 identity matrix). For our purposes, it suffices to record the

following straightforward generalization of Corollary 3.7.2.

45



Proposition 3.8.1. Suppose Γ is commensurable with Gk(Z), where G is the

Q-form of SU(r + 1, r) defined by the hermitian form on signature one on

kn, where k is any imaginary quadratic field. Then cusps of Xr+1,r/Γ are in

one-to-one correspondence of Γ-orbits of maximal h-isotropic flags

F = {Fj}rj=0 ⊂ kn.
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Chapter 4

Cusps of Picard modular surfaces

4.1 Zink’s Theorem for Picard modular groups

We begin with the count of cusps of Picard modular surfaces due first

to Feustel (unpublished) in the case where k has class number one, then in

general by Zink [30] and, independently, Zeltinger [29]. For completeness, we

give Zink’s entire proof. The ideas used in the proof will be used throughout

the remainder of this chapter.

Fix h as the hermitian form0 0 1
0 −1 0
1 0 0

 ,

and let G = Gk be the Q-form of SU(2, 1) determined by considering h as a

hermitian form on k3, where k = Q(
√
−d) is any imaginary quadratic field.

Recall that h is unimodular with respect to the lattice L0 = O3
k ⊂ k3. Finally,

let Γ be the Picard modular group G(Z).

Theorem 4.1.1 ([30] [29]). The space H2
C/Γ has hk cusps.

Proof. To prove the theorem, we must count Γ-equivalence classes of isotropic

lines in k3. In particular, we must show:
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1. Each isotropic line ` ⊂ k3 has an associated ideal class c = cl(`) ∈ cl(k).

2. If ` and `′ are isotropic lines, then `′ = γ(`) for some γ ∈ Γ if and only

if cl(`) = cl(`′).

3. Each ideal class c ∈ cl(k) is cl(`) for some isotropic line ` ⊂ k3.

Let ` ⊂ k3 be an isotropic line, and consider the rank one Ok-module

I` = ` ∩ L0, where L0 is the standard lattice O3
k ⊂ k3. Recall that rank

one Ok-modules are fractional ideals of k, and two fractional ideals determine

isomorphic Ok-modules if and only if they have the same ideal class. We define

cl(`) as the ideal class of I` in cl(k). Equivalently, choose any x ∈ `, and let

Ix be the ideal

{α ∈ k : αx ∈ L0}.

The map α 7→ αx implies that cl(`) = cl(Ix).

Let x0 be an Ok-module generator for I` ⊂ L0. Since (L0, h) is a

unimodular hermitian lattice, we can choose x0 such that there exists y0 ∈ L0

with h(x0, y0) = 1. Subtracting a sufficient multiple of x0 from y0, as in

Lemma 3.7.1, we may assume that y0 is also an isotropic vector. Let Iy0 be

the Ok-submodule of L0 generated by y0. Then h determines an isomorphism

of Ok-modules

Iy0
∼= HomOk

(I`,Ok),

where I` is I` with the opposite Ok-module structure, α · x = αx, x ∈ I`,
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α ∈ Ok. This isomorphism is explicitly determined by

y(x) = h(y, x),

for y ∈ Iy0 and x ∈ I`.

Again, as in Lemma 3.7.1, one can find z0 ∈ L0 so that

h(x0, z0) = h(y0, z0) = 0,

h(z0, z0) 6= 0.

If Iz0 is the Ok-submodule of L0 generated by z0, we have a decomposition

L0
∼=Ok

I`x0 ⊕ Iy0y0 ⊕ Iz0z0.

In particular, cl(L0) = cl(I`Iy0Iz0) ∈ cl(k). Since cl(Iy0) is explicitly deter-

mined by cl(I`), it follows that cl(Iz0) is also uniquely determined by cl(I`)

and cl(L0).

Now, suppose that `′ ⊂ k3 is another isotropic line with cl(`) = cl(`′).

Then, we have a decomposition

L0
∼=Ok

I`′x
′
0 ⊕ Iy′

0
y′0 ⊕ Iz′

0
z′0

analogous to the one built from `. Then cl(I`′) = cl(I`), from which it follows

that cl(Iy′
0
) = cl(Iy0), since

HomOk
(I`,Ok) ∼= HomOk

(I`′ ,Ok)

via multiplication by α ∈ Ok, where I` = (α)I`′ . Then

cl(Iz′
0
) = cl(L0)/ cl(I`′Iy′

0
) = cl(L0)/ cl(I`Iy0) = cl(Iz0).
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It follows that the map γ : L0 → L0 defined by sending x0 to x′0, y0 to y′0, and

z0 to z′0 is an automorphism of the hermitian lattice (L0, h).

The determinant of γ is a unit of Ok, so up to a change of Ok-module

generators for our decomposition, we may assume that γ has determinant one.

The linear extension of γ to k3 defines an element of G(Q) which preserves L0,

which means precisely that γ ∈ Γ. This proves that for every pair of isotropic

lines `, `′ ⊂ k3 with cl(`) = cl(`′), there exists γ ∈ Γ such that γ(`) = `′.

Now suppose that `, `′ ⊂ k3 are isotropic lines, and that `′ = γ(`) for

some γ ∈ Γ. Since any γ ∈ Γ is a linear map that preserves L0, cl(Iγ(x)) =

cl(Ix) for all nonzero x ∈ ` and γ ∈ Γk. Therefore cl(`) = cl(γ(`)) for all

isotropic lines ` ⊂ k3 and γ ∈ Γ. This proves that two isotropic lines in k3

have the same ideal class if and only if they are Γ-equivalent.

Finally, let c ∈ hk be an ideal class, and choose a representative frac-

tional ideal I1 for c. Then, set I2 = HomOk
(I1,Ok), and define a hermitian

form H on the rank two Ok-module I0 = I1 ⊕ I2 by

H(I1, I1) = H(I2, I2) = 0

H(y, x) = y(x), x ∈ I1, y ∈ I2.

Let I3 be a representative fractional ideal for cl(L0)/ cl(I1I2), and extend H

to the Ok-module I = I0 ⊕ I3 by

H(I0, I3) = 0
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and H(z, z) = β, where z is an Ok-module generator for I3 and β 6= 0 is chosen

so that (I, H) is isomorphic to (L0, h) as hermitian lattices. If φ : I→ L is such

an isomorphism, then `c = kφ(I1) ⊂ k3 is an h-isotropic line with cl(`) = c.

This proves that every element of hk appears as the ideal class of an h-isotropic

line in k3. This completes the proof of the theorem.

Remark 4.1.1. Zink proved a stronger statement, which follows mutatis mu-

tandis from the above proof. Let Γ < SU(2, 1) be the automorphism group of

the unimodular hermitian lattice (L, h) in k3. Then H2
C/Γ has hk cusps.

Example 4.1.1. Let h be as above and consider k = Q(
√
−23), then k has

class number three, with ideal class group generated by

J+ =

(
2,

1 +
√
−23

2

)
, J− =

(
2,

1−
√
−23

2

)
,

where J+J− = (2), so they represent the two nontrivial elements of the class

group. Then,

x0 =


3−
√
−23

2

1−
√
−23

2

2

 ∈ L0

is an h-isotropic vector, and Ix0 = (1
2
)J+. If

y0 =


13+
√
−23

2

7

2 +
√
−23

 ,
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z0 =


19+
√
−23

2

19+
√
−23

2

1+
√
−23

2

 ,

then y0 is isotropic with h(x0, y0) = 1 and h(z0, z0) 6= 0 with h(x0, z0) =

h(y0, z0) = 0. One can explicitly compute that Iy0 = J− and Iz0 = Ok.

4.2 Cusps of congruence subgroups of Picard modular
groups

Fix G and Γ = Γk as in §4.1. The purpose of this section is to consider

the cusps of certain congruence subgroups of the Picard modular group Γ. Let

I be a square-free ideal of Ok. Then, we have a reduction

rI : L0 = O3
k → (Ok/I)3.

By the Chinese Remainder Theorem, if I = p1 · · · pm is its decomposition into

prime ideals, then

(Ok/I)3 ∼=
m∏
j=1

F3
pj
,

where Fpj
= Ok/pj.

Since h is Ok-integral on L0, it descends to a form on L0/I. However,

note that the involution of k/Q may disappear in the reduction. Indeed, if sits

above a split or ramified rational prime, then Fp
∼= Fp. If p sits above an inert

rational prime, then Fp is the quadratic extension Fp2 of Fp, and the Galois

involution of this extension is the reduction modulo p of the Galois involution

of k/Q.
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Since Gk is a Q-algebraic group, one should really consider reductions

modulo rational primes. If N is a square-free natural number and N is the

principal ideal of Ok it generates, then Γ acts on L0/N, giving a homomorphism

rN : Γ→
∏
p|N

( ∏
p split

SL3(Fp)×
∏
p inert

SU(3,F2
p)×

∏
p ramified

SO(3,Fp)

)
.

That the reduction modulo p is an orthogonal group for p ramified is because,

though the p-adic group is unitary, this involution disappears when we pass

to the residue field, so the hermitian form becomes orthogonal.

The unitary and orthogonal groups in 3 variables are unique up to iso-

morphism, so our notation is not ambiguous. See Theorem 2.3.8 and Example

10.1.6(i) in [22]. For our choice of L0 and h, the reduction homomorphism is

surjective for every N . The kernel ΓN of rN is the level N congruence subgroup

of Γ.

Proposition 4.2.1 (see [29]). Let IN be the number of h-isotropic lines in L0

modulo N. Then H2
C/ΓN has INhk cusps.

Proof. We must show that for each isotropic line ` in L0 (mod N) and each

c ∈ cl(k), there exists an isotropic line ` ⊂ k3 with cl(`) = c and ` ∩ L0

(mod N) = `. From this it follows that two isotropic lines in k3 are ΓN-

equivalent if and only if they have the same ideal class and are congruent

modulo N. This will prove the proposition.

By the Chinese Remainder Theorem, it suffices to consider the case

where N = pOk for some rational prime p. Each algebraic group G(Fp) over Fp,
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SL3(Fp), SU(3,F2
p), or SO(3,Fp) acts transitively on the isotropic lines modulo

N, which is evident in the linear case, and follows from a similar argument

to Theorem 4.1 by the uniqueness of hermitian and orthogonal forms in three

variables up to Fp-isomorphism. Let `′ be any isotropic line with cl(`′) = c

and let `
′

be the reduction of ` ∩ L0 modulo N. Then there exists γ ∈ G(Fp)

so that γ(`
′
) = `. Since rN is surjective, there exists γ ∈ Γ so that rN(γ) = γ.

Then ` = γ(`′) has reduction modulo N equal to `. This completes the proof.

Of greater importance in what follows are the groups Γ(P1,P2,B),

which generalize Hecke’s subgroups Γ0(N) in the modular group. Let P1 and

P2 be disjoint finite sets of rational primes which split in Ok, and B a third

disjoint finite set of primes. Then Γ(P1,P2,B) is the subgroup of those γ ∈ Γ

for which the reduction of γ modulo p has the form∗ ∗ ∗∗ ∗ ∗
0 0 ∗

 p ∈ P1

∗ ∗ ∗0 ∗ ∗
0 ∗ ∗

 p ∈ P2

and is upper triangular modulo p for all p ∈ B.

Note that P1 and P2 determine the two parabolic subgroups of SL3(Fp)

containing the Borel subgroup of upper triangular matrices. The groups

SU(3,F2
p) and SO(3,Fp) have no proper parabolic subgroups which properly

contain a Borel subgroup, which is why all the primes in P1 and P2 are split.
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Write B = Bs ∪ Bi ∪ Br as a disjoint union of its split, inert, and ramified

primes, respectively.

Proposition 4.2.2. The space H2
C/Γ(P1,P2,B) has

2|P1|+|P2|+|Bi|+|Br|3|B
s|hk

cusps.

Proof. This is a direct generalization of the proof of Proposition 4.2.1. For the

primes in P1, P2, or a nonsplit prime of B, there are two orbits of isotropic

lines modulo p under the corresponding reduction modulo p. In each case, the

two orbits are represented by (1, 0, 0) and (0, 0, 1). For the split primes in B,

there are three. For each orbit of isotropic lines modulo p, we know from the

proof of Proposition 4.2.1 that there is an isotropic line in k3 representing each

element of hk whose reduction modulo p lands in each orbit. This proves the

proposition.

4.3 Cusps of maximal nonuniform arithmetic lattices in
SU(2, 1)

Let Λ < SU(2, 1) be a maximal arithmetic lattice, k be the number

field from which it is defined, and ΓP < G(Q) the principal arithmetic lattice

that it normalizes, where G is Q-form of SU(2, 1) determined by k and the
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hermitian form

h =

0 0 1
0 −1 0
1 0 0

 .

Then Λ normalizes the principal arithmetic lattice ΓP, where P < G(Af ) is a

compact open subgroup. Conjugate so that the p-component of P equals Pjp

or Ip for every p, and is only equal to Ip for some finite set of rational primes

which split in Ok. Let I be the set of primes for which the p-component of P is

Ip. Finally, let Γ be the standard Picard modular group and Γ its normalizer

in G(Q). Now, we prove some auxiliary results necessary for the proof of the

main theorem of this chapter, which is Theorem 1.0.1 from the Introduction.

Proposition 4.3.1. If Γ is the standard Picard modular group for h as above,

then [Γ : Γ] = 3hk,3.

Proof. One can prove this directly via Galois cohomology and strong approxi-

mation, as in [15] or [5], but we give a more elementary argument. First, note

that the center of SU(2, 1), thus of Γ is cyclic of order 3, generated by the scalar

matrix with entries ζ3, a primitive third root of unity. When k 6= Q(
√
−3),

this subgroup is not in Γ, so it generates a three-fold extension.

If g is an element of the unitary group of h with entries in Ok, where k

is any imaginary quadratic field, then g has determinant a unit u of Ok. This

has a special unitary representative with entries in Ok if and only if u is a cube

in k. By Dirichlet’s unit theorem [24, Theorem 11], the units of Ok are ±1

except for Q(i), which has unit group {±1,±i}, and Q(
√
−3), which has units

{±1,±ζ3,±ζ2
3}. These are all cubes in k except for ±ζ3 and ±ζ2

3 . Example
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3.6.1 determines an element of Γ which generates an order three extension for

Q(
√
−3). In all other cases, every element of the unitary group has a special

unitary representative with entries in k.

By Theorem 3.6.4 and Remark 3.6.1, [Γ : Γ] ≤ 3hk,3. This upper

bound is also used in [20]. When k 6= Q(
√
−3), the center is of order three,

and all units are cubes in k, so the elements in the group H of Theorem 3.6.4

correspond precisely, via Remark 3.6.1, to elements of the class group with

order three. In the case k = Q(
√
−3), the center is contained in Γ, but the

group H is generated by ζ3, which corresponds to the element of Example

3.6.1, which proves the Proposition when k = Q(
√
−3).

Therefore, it suffices to show that [Γ : Γ] ≥ 3hk,3 when k 6= Q(
√
−3).

The factor of three comes from the center, so we need to exhibit an element

g ∈ G(Q) that normalizes Γ for each order three element of cl(k). The proof

is already complete when hk = 1, so suppose k has nontrivial class group.

Let J ⊂ Ok be a non-principal ideal such that J3 is principal. If

e1, . . . , e3 are the standard basis vectors for k3, then

L0 = O3
k = Oke1 ⊕ Oke2 ⊕ Oke3.

Set

L1 = Je1 ⊕ Je2 ⊕ Je3 ⊂ L0.

Then L1 is (n)-modular for h, where (n) = JJ . To check this, it suffices

to look at J-multiples of the standard basis elements. Since J3 is principal,

57



cl(L1) = cl(L0), so we can find a decomposition of L1, akin to that of Theorem

4.1, as

Oke
′
1 ⊕ Oke

′
2 ⊕ Oke

′
3,

where h(e′j1 , e
′
j2

) = 0 or ±n. This means that there is an isomorphism g from

L0 to L1, sending ej to e′j. The linear extension of g to k3 then, by definition,

lies in the general unitary group of h.

We claim that g normalizes Γ. Indeed, since J is an ideal of Ok, it

follows that any γ ∈ Γ fixes L1, so g−1γg is an automorphism of L0 of de-

terminant one. Since g is in the general unitary group, g−1γg is still in the

special unitary group. In particular, g−1γg ∈ Γ.

Finally, let gI and gJ be two elements as above, constructed with respect

to the ideals I and J , where each represents three-torsion in the class group.

Then the cosets gIΓ, gJΓ ⊂ Γ are distinct if and only if I and J do not differ

by a principal ideal. Indeed, gI and gJ will scale h by different factors, even up

to multiplication by scalar matrices (which multiply determinants by a cube

of k), so their cosets must be different. This proves that [Γ : Γ] ≥ 3hk,3 and

completes the proof of the proposition.

Corollary 4.3.2. Let Γ be the standard Picard modular group for h as above,

Γ its normalizer, and g ∈ Γ one of the elements constructed in Proposition

4.3.1, built with respect to the ideal J of Ok. Then g acts on the cusps of Γ by

cl(`)
g7→ cl(J)−1 cl(`).
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Therefore, cl(g(`)) 6= cl(`) for any isotropic line ` ⊂ k3.

Proof. Recall the notation from the proof of Proposition 4.3.1, and keep in

mind that cl(`) is always to be computed with respect to L0, not L1 = g(L0).

Let ` be an isotropic line, x ∈ `, and Ix the fractional ideal of k associated to

`, so cl(`) = cl(Ix).

Consider the ideal Ig(x), the set of λ ∈ k for which λg(x) ∈ L0. If

λg(x) ∈ L0, then jλg(x) ∈ L1 for all j ∈ J , so

jλx ∈ g−1(L1) = L0.

That is, jλ ∈ Ix for all j ∈ J , so JIg(x) ⊆ Ix. Now, consider J−1Ix. Since

J−1 = HomOk
(J,Ok),

if j−1µ ∈ J−1Ix,

j−1µg(x) = j−1g(µx),

and µx ∈ L0 by definition, so g(µx) ∈ L1. Write

g(µx) = j1e1 + j2e2 + j3e3,

with jα ∈ J , α = 1, 2, 3. Then j−1(jα) ∈ Ok for all α = 1, 2, 3, so j−1µ ∈ Ig(x).

Thus, J−1Ix ⊆ Ig(x), i.e. Ix ⊆ JIg(x), so we get

JIg(x) ⊆ Ix ⊂ JIg(x),

so the two ideals are equal. This implies that cl(g(`)) = cl(J)−1 cl(`), as

desired.
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Lemma 4.3.3. Let Λ < G(R) be a maximal lattice commensurable with the

standard Picard modular group Γ. Then, we can conjugate Λ so that Λ ∩ Γ is

of the form Γ(P1,P2,B).

Proof. If we describe Λ ∩ G(Q) as above, the intersection is the stabilizer of

some finite collection of lattices in k3 determined explicitly by the group ΓP <

G(Q) normalized by Λ. After conjugating Λ, we can assume that these lattices

are amongst the Lj from §3.5. To stabilize the standard lattice, i.e. have entries

in Ok for our chosen basis, and stabilize the other lattices determined by the

various PJp that define ΓP precisely means that Λ ∩ Γ is parabolic or upper-

triangular modulo p.

Now, we are prepared to prove the main theorem of this chapter. This

is an explicit version of Theorem 1.0.1, in which we give the precise formulation

of the number of cusps, given the principal arithmetic lattice ΓP normalized

by the maximal lattice Λ.

Theorem 4.3.4. Let Λ < SU(2, 1) be a maximal arithmetic lattice, and ΓP

the principal arithmetic lattice that it normalizes, conjugated to have the form

described above. Let I be the set of (necessarily split) rational primes for which

the p-component of P equals Ip, and let mΛ be the number rational primes p ∈ I

for which Λ does not contain the element cp of §3.5. Then H2
C/Λ has

3mΛ
hk
hk,3
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cusps.

Proof. Let Γ be the standard Picard modular group and Γ its normalizer.

Consider the following diagram of subgroups, from which we will prove the

theorem two stages.

Λ

LLLLLLLLLLL Γ

sssssssssss

ΓP

KKKKKKKKKKK Λ ∩ Γ Γ

ttttttttttt

Γ(P1,P2,B)

Figure 4.1: The intersection of Λ and Γ.

First, assume k 6= Q(
√
−3). We will deal with Q(

√
−3) at the end of the

proof. Then Γ∩Λ = Γ(P1,P2,B) has 2m13m2hk cusps by Lemma 4.2.2, where

m1 and m2 are explicitly determined by P. We claim that if ` is an isotropic

line and g ∈ Λ∩Γ is such that cl(`) = cl(g(`)), then either g ∈ Γ(P1,P2,B) or

g is in the center of SU(2, 1), which is cyclic of order three and acts trivially

on all cusps. Equivalently, Λ ∩ Γ has

2m13m2hk
1
3
[Λ ∩ Γ : Γ(P1,P2,B)]

cusps.

If g is in the center, ζ3 /∈ Q(
√
−d) since d 6= 3, so g /∈ Γ. That the

center acts trivially on isotropic lines is evident. Now, suppose g is not central
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and that cl(`) = cl(g(`)) for g ∈ Λ ∩ Γ. We must show that g ∈ Γ. This is

precisely the content of Corollary 4.3.2.

Now, consider the extension Λ ∩ Γ < Λ. This contains elements cp =

c from §3.5 for p ∈ I, where I is the set of (split) primes for which the

p-component of P is Ip. These elements generate the extension Λ/ΓP, and

Λ/ΓP is an elementary abelian 3-group. Every such element identifies the

three equivalence classes of cusps corresponding to the fact that the reduction

modulo p of ΓP ∩ Γ is the Borel subgroup of SL3(Fp).

Also, for each p /∈ I such that Pp is not G(Zp), ΓP contains an element

which identifies the two classes of isotropic lines modulo p which are not iden-

tified by Λ∩ Γ. One can see this explicitly via Strong Approximation and the

reduction modulo p of ΓP as described explicitly in §3.11 in [27]. This shows

that Λ has

3|I|−m3hk
1
3
[Λ ∩ Γ : Γ(P1,P2,B)]

cusps, where m3 is the number of primes in I for which cp ∈ Λ. It remains to

show that this equals the expression in the statement of the theorem.

To show that [Λ ∩ Γ : Γ(P1,P2,B)] = 3hk,3, it suffices by Proposition

4.3.1 to show that

[Γ : Λ ∩ Γ] = [Γ : Γ(P1,P2,B)].

These intersections are exactly determined by reductions modulo p, where

the reduction of Γ modulo p is a subgroup of the general linear, unitary, or

orthogonal group modulo p, depending on the decomposition of p in Ok. This
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is well-defined, by Proposition 4.3.1, from the realization of each element of Γ

as an element of the general unitary group of h with entries in Ok.

Then, the reduction of Λ ∩ Γ modulo p is the appropriate parabolic

or Borel subgroup of the general linear, unitary, or orthogonal group. In

each case, the Borel subgroup, and thus each parabolic subgroup, contains the

center. This implies that the index of the parabolic subgroup in the full Fp

group is equal to the corresponding index for the reduction modulo p of Γ.

This means precisely that [Γ : Λ ∩ Γ] equals [Γ : Γ(P1,P2,B)], as required.

This proves the theorem for d 6= 3.

Now, consider the case k = Q(
√
−3). The group Λ ∩ Γ is generated

over Γ(P1,P2,B) by the element from Example 3.6.1, which acts trivially on

cusps. This proves that Λ ∩ Γ has

2m13m2hk
1
3
[Λ ∩ Γ : Γ(P1,P2,B)]

cusps, as in the other cases. The proof for the extension Λ/Λ ∩ Γ is exactly

the same as above. This finishes the proof.

4.4 Commensurability classes containing N-cusped sur-
faces

Theorem 4.4.1. For any N , there are only finitely many commensurability

classes of arithmetic quotients of H2
C which contain an N-cusped surface.

63



Proof. Let k = Q(
√
−d), where d is square-free. It suffices to prove that for

all N > 0, there exists a dN > 0 so that

hk
hk,3

> N

for all d > dN . It is a classical theorem of Siegel that for all ε > 0 there exists

a constant c(ε) so that

hk ≥ c(ε)|dk|
1
2
−ε.

See [10]. More recently, Ellenberg–Venkatesh [9] showed that there exists

another constant c′(ε) > 0 so that

c′(ε)|dk|
1
3

+ε ≥ hk,3.

Since dk is d if d ≡ 1 (mod 4) and 4d otherwise, it follows that hk/hk,3 → ∞

as d→∞. This proves the theorem.

We close this chapter with a table of the known imaginary quadratic

fields for which the ideal class group is 3-torsion. See [1] for the list of funda-

mental discriminants with class number 3r, r ≤ 3. In the case hk = 9, one can

use PARI/GP [25] to determine which fields have class group (Z/3Z)2. These

determine twenty-six commensurability classes of arithmetic quotients of H2
C

containing a one-cusped orbifold. This may or may not be a complete list.
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hk d

3, 4, 7
1 8, 11, 19

43, 67, 163
23, 31, 59, 83, 107, 139

3 211, 283, 307, 331, 379
499, 547, 643, 883, 907

9 4027
27 ∅

Table 4.1: Some Q(
√
−d) that give 1-cusped spaces.
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Chapter 5

Higher rank results

5.1 Zink’s Theorem in higher rank

We now describe Zink’s Theorem for SU(r + 1, r), which is the first

step to generalizing Theorem 1.0.1 to Theorem 1.0.3. Choose h to be the

unimodular (for the standard Ok-lattice L0) hermitian form

1

. .
.

1
±1

1

. .
.

1


,

where ±1 is chosen such that det(h) = 1. Let G be the associated Q-algebraic

group and Γ = G(Z) be the special automorphism group of the hermitian

lattice (L0, h). Finally, let X be the hermitian symmetric space for SU(r+1, r).

For the remainder of this chapter, n = 2r + 1.

Theorem 5.1.1 ([30]). Let Γ be as above. Then the space X/Γ has hrk cusps.

Proof. The proof is a direct generalization of the methods employed in the

proof of Theorem 4.1. The goal is to count Γ-orbits of maximal isotropic flags
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F in kn. The maximal isotropic flags have dimension r, so a flag is a chain of

subspaces

F0 = {0} ⊂ F1 ⊂ · · · ⊂ Fr,

where Fj has dimension j over k. Therefore, Fr ∩L0 is an Ok-module of rank

r. Therefore, Fj+1/Fj has rank one, and we can associate to Fj+1 the ideal

class of

(Fj+1 ∩ L0)/(Fj ∩ L0).

This associates to each flag an element of hrk.

Since n is odd and h is unimodular, we can find h-isotropic vectors

x1, . . . xr and y1, . . . , yr so that

L0 = I1x1 ⊕ · · · ⊕ Irxr ⊕ I ′1y1 ⊕ · · · ⊕ I ′ryr ⊕ I0z0,

where Ij = Fj ∩ L0, and the I ′j correspond to another isotropic flag F′ which

determines the Ok-homomorphisms of F to Ok. The vector z0 is h-independent

from F and F′ and non-isotropic. Note that this decomposition is analogous

to the one used in Theorem 4.1, with ‘isotropic line’ replaced with ‘isotropic

flag’.

The same exact methods as in the proof of Theorem 4.1 show that two

isotropic flags are Γ-equivalent if and only if they represent the same element

of hrk, and that for each r-tuple in hrk there exists a maximal isotropic flag

representing that element. This proves the theorem.
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5.2 Cusps of maximal lattices in SU(r + 1, r)

We now describe how the results of Chapter 4 immediately generalize

to give Theorem 1.0.3. Since the notions of congruence subgroups and the

‘Hecke congruence subgroups’ Γ0(N) become extremely complicated, given

that the number of choices of proper parabolic subgroups grows with r, it is

more natural to go straight to the main result. Recall the notation of §5.1,

and we assume r > 1, so arithmeticity is automatic.

Theorem 5.2.1. Let Λ < SU(r + 1, r) be a maximal lattice commensurable

with the automorphisms of a hermitian form on kn. Conjugate Λ so that it

normalizes the principal arithmetic lattice ΓP, with P as in Corollary 3.5.3.

Let I be the number of (split) primes for which the p-component of P is Ip

and mΛ be the number of rational primes p for which Λ does not contain the

element cp from §3.5. Then X/Γ has

nmΛ
hrk
hk,n

cusps.

Proof. Consider Figure 4.1, where the bottom group is now best called just

Λ ∩ Γ. Since the p-component of P is either Ip or one of the groups Pjp, each

reduction modulo p of Λ ∩ Γ is a parabolic subgroup of the corresponding

Fp-group that contains the Borel subgroup of upper triangular matrices. Each

parabolic subgroup has mp orbits of maximal isotropic flags modulo p, where
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mp = 1 for almost every p. Therefore, Λ ∩ Γ has

hrk
∏
p

mp

cusps. Indeed, the number of orbits of lines modulo p is explicitly determined

by the type of the corresponding parabolic subgroup.

Since n is odd, every unit of Ok is an nth power, unless n ≡ 3 (mod 4)

and k = Q(
√
−3). We assume for now that every unit is indeed an nth power

in k; the necessary adjustments for d = 3 and n ≡ 3 (mod 4) are exactly

the same as the case n = 3. Let Γ be the normalizer of Γ in SU(r + 1, r).

The center of SU(r + 1, r) is cyclic of order n, and k contains no nth roots of

unity for r > 1. The argument in Proposition 4.3.1 carries over unaltered to

n-dimensions to show that

[Γ : Γ] = nhk,n.

See also [21].

Furthermore, a direct generalization of Corollary 4.3.2 shows that Λ∩Γ

has

hrk
hk,n

∏
p

mp

cusps. Indeed,

[Λ ∩ Γ : Λ ∩ Γ] = [Γ : Γ],

again from considering reductions modulo p, and each element of Γ not in

Γ acts on hrk by multiplication by cl(J), where J is some fractional ideal for

which Jn is principal.
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However, for each p where the p-component is of the form Pjp, i.e. is

not Ip, there exists an element of ΓP < Λ for which the reduction modulo p

identifies the mp isotropic subspaces left inequivalent by the reduction of Λ∩Γ

modulo p. Since the case where mp = n corresponds precisely to when the

reduction modulo p of Λ ∩ Γ is upper triangular, we have that Λ has

nmΛ
hrk
hk,n

cusps. This proves the theorem.

Suppose that n is prime. Then every nonuniform arithmetic lattice in

SU(r + 1, r) for r > 1 is of the form considered in Theorem 5.2.1. Assuming

the Generalized Riemann Hypothesis, Ellenberg–Venkatesh [9] prove that hk,n

grows like |d| 12− 1
2n

+ε. Since every lattice in SU(r+ 1, r) is arithmetic for r > 1,

we have the following corollary.

Corollary 5.2.2. Suppose n = 2r + 1 > 3 is prime. If the Generalized

Riemann Hypothesis is true, then for every N there are only finitely many

commensurability classes of lattices in SU(r + 1, r) that contain an N-cusped

element.

5.3 The proof of Theorem 1.0.5

Proof of Theorem 1.0.5. The proof of Theorem 1.0.5 is, in fact, an easier ver-

sion of Zink’s Theorem. Here, cusps of SLn(Ok) correspond to maximal flags
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in kn. Given a flag F determined by

{0} = F0 ⊂ · · · ⊂ Fn = kn,

we get an n-tuple of ideal classes by intersecting with the standard Ok-lattice

On
k . However, the nth ideal class is always the trivial class, since Fn∩On

k = On
k .

Therefore, F determines an element of hn−1
k .

Any two such flags, by the classification of modules over a Dedekind

domain, equivalent under SLn(Ok) if and only if they determine the same

element of hn−1
k . (This case is simpler than the unitary case, since there is

no longer a hermitian form that our automorphism must preserve.) It is also

evident that there is an isotropic flag for each element of hn−1
k , which proves

the theorem.
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Prime

Above a rational prime, 9

Inert, 7

Ramified, 7

Split, 7

Principal arithmetic lattice, 35

Real rank, 20

Higher rank, 20

Unitary group

Q-form, 23

Qp-points, 29

Adelic points, 31

Diagonal embedding into, 31

77



Vita

Matthew Thomas Stover was born to Jean Stover and Thomas Arthur

Galvin on November 28, 1980 in Exeter, New Hampshire. He graduated from

the Maine School of Science and Mathematics in 1999, then received a B.A. in

mathematics from the University of Chicago in 2003. Immediately thereafter,

he entered the graduate program in mathematics at the University of Texas at

Austin. He married Karen April Thompson on May 30, 2009, and they now

reside in Philadelphia, Pennsylvania.

Permanent address: 4521 Chester Ave. #2
Philadelphia, Pennsylvania 19143

This dissertation was typeset with LATEX† by the author.

†LATEX is a document preparation system developed by Leslie Lamport as a special
version of Donald Knuth’s TEX Program.

78


