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Subfilter scalar variance is a key quantity for scalar mixing at the small

scales of a turbulent flow and thus plays a crucial role in large eddy simulation

(LES) of combustion. While prior studies have mainly focused on the physical as-

pects of modeling subfilter variance, the current work discusses variance models in

conjunction with numerical errors due to their implementation using finite differ-

ence methods. Because of the prevalence of grid-based filtering in practical LES,

the smallest filtered scales are generally under-resolved. These scales, however,

are often important in determining the values of subfilter models. A priori tests on

data from direct numerical simulation (DNS) of homogenous isotropic turbulence

are performed to evaluate the numerical implications of specific model forms in the

context of practical LES evaluated with finite differences. As with other subfilter

quantities, such as kinetic energy, subfilter variance can be modeled according to

one of two general methodologies. In the first of these, an algebraic equation relat-

ing the variance to gradients of the filtered scalar field is coupled with a dynamic
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procedure for coefficient estimation. Although finite difference methods substan-

tially underpredict the gradient of the filtered scalar field, the dynamic method is

shown to mitigate this error through overestimation of the model coefficient. The

second group of models utilizes a transport equation for the subfilter variance itself

or for the second moment of the scalar. Here, it is shown that the model formulation

based on the variance transport equation is consistently biased toward underpredic-

tion of the subfilter variance. The numerical issues stem from making discrete

approximations to the chain rule manipulations used to derive convective and dif-

fusive terms in the variance transport equation associated with the square of the

filtered scalar. This set of approximations can be avoided by solving the equation

for the second moment of the scalar, suggesting that model’s numerical superiority.
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Chapter 1

Introduction

The combustion of hydrocarbon fuels is an essential technology for trans-

portation and industrial processes. For reasons of safety, fuel and oxidizer are fre-

quently stored separately and only allowed to mix after entering the combustion

device. This mode of combustion is known as non-premixed combustion. Fuel and

oxidizer must mix at the molecular level before chemical reactions can proceed.

Turbulent flow enhances mixing, promoting more efficient use of fuel and smaller

combustion devices.

Turbulent flows are characterized by eddies of widely varying sizes. Direct

numerical simulation (DNS) of such flows requires the resolution of the smallest

spatial and temporal scales of the turbulent motions, mandating the use of very fine

computational meshes and small time steps. The cost of direct numerical simulation

scales as the cube of the Reynolds number. Therefore, DNS is infeasible for high

Reynolds number flows of practical interest.

Two major methods have been developed to simulate high Reynolds number

flows within the constraints of current computational resources. These approaches

are known as Reynolds-averaged Navier-Stokes (RANS) simulation and large eddy

simulation (LES). In RANS, transport equations are solved for mean values of the
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turbulent fields, defined in terms of ensemble averages. Large eddy simulation,

as its name suggests, solves for spatially filtered variables that represent the large

scale motions of the flow. Subfilter models attempt to account for the effects of the

unresolved small scales.

Both RANS and LES have been coupled with combustion models to sim-

ulate turbulent flows undergoing combustion. In general, combustion models are

highly nonlinear and therefore, can be quite sensitive to small variations in param-

eter values, including variations due to numerical errors. As widely practiced, LES

yields solutions which are inherently grid-dependent, so some standard methods of

error analysis are not readily applicable to LES. This thesis considers the effects

of finite difference errors in modeling the subfilter scalar variance, an important

quantity in LES of turbulent combustion, using a priori analysis methods.

Below, we provide more detailed background on conserved scalar combus-

tion models for LES, emphasizing the role of the subfilter scalar variance within

this modeling framework.

1.1 Conserved scalar models for non-premixed combustion

The definition of combustion as the reaction of a hydrocarbon fuel with oxy-

gen to produce water, carbon dioxide, and heat is correct, but incomplete. Such a

description of combustion is the abridged version of a far more complex process

composed of many intermediate reactions involving additional species, including

pollutants. For instance, an elementary reaction mechanism for methane may in-

volve 49 species and 271 reactions [21]. Reduced mechanisms have been formu-
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lated, which decrease the computational cost of a simulation. However, reduced

mechanisms do not eliminate the major modeling issue for large eddy simulation.

LES evolves filtered species equations, and a filtered chemical source term must be

closed for each species.

In many applications, the combustion time scale is short compared to the

turbulence time scale and the rate of reaction is controlled by the rate of molecular

mixing of the reactants. In this case, a conserved scalar can be used to describe

the temperature and chemical composition of the flow. The transport equation of

the scalar has no source term, making it more tractable in the LES framework. The

usual choice for this scalar is the mixture fraction, Z.

1.1.1 Mixture fraction preliminaries

One definition of mixture fraction for a two-feed system is [3]

Z =
νYF − YO2 + YO2,2

νYF,1 + YO2,2

. (1.1)

The symbol ν represents the stoichiometric mass ratio of oxygen to fuel, where the

term “stoichiometric” refers to a reactive system in which all reactants are com-

pletely consumed. YF,1 is the mass fraction of fuel in the fuel stream, while YO2,2 is

the mass fraction of oxygen in the oxidizer stream, e.g. 0.232 for air.

If binary diffusion fluxes with equal diffusivities for all species are assumed,

a transport equation for the mixture fraction in an incompressible flow can be writ-
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ten as [21]
∂Z

∂t
+
∂uiZ

∂xi
=

∂

∂xi

[
D
∂Z

∂xi

]
. (1.2)

An incompressible formulation is valid in cases with low heat release, such as oc-

curs for dilute mixtures [4].

Eq. 1.2 may be notionally filtered by convolution with a filter kernel, in a

procedure similar to that used to obtain the filtered Navier-Stokes equations. After

introducing an eddy diffusivity model for the subfilter scalar flux, we arrive at a

transport equation for Z that can be solved in a large eddy simulation. This proce-

dure yields

∂Z

∂t
+
∂uiZ

∂xi
=

∂

∂xi

[
D +Dt

∂Z

∂xi

]
. (1.3)

1.1.2 Mixture fraction based combustion models

Essentially, mixture fraction based combustion models map the mixture

fraction field to concentration and temperature fields of a flow. Different model-

ing assumptions lead to different model forms. By assuming infinitely fast reac-

tions, the thermochemical state of the flow is determined pointwise by the value

of Z. This implies an infinitesimally thin flame surface which is co-located with

the stoichiometric mixture fraction surface. The Burke-Schumann model assumes

infinitely fast, irreversible one step chemistry [5]. In equilibrium chemistry models,

infinitely fast but reversible reactions are assumed [21].

The next level of approximation treats the reactions as finite-rate, allowing
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for non-equilibrium effects. However, the chemical time scale remains short rel-

ative to the turbulence time scale. Because of the rapidity of reaction and high

levels of heat release, the reaction zone is thin and can be treated as lying within a

Kolmogorov-scale eddy. Thus the flow immediately surrounding the flame surface

is laminar. This representation of turbulent combustion is known as the laminar

flamelet model [19, 20]

Equations for the flamelet can be written by assuming all gradients of ther-

mochemical variables are normal to the flame surface. Since the flame surface is a

mixture fraction isosurface, the independent spatial coordinate can be replaced by

the mixture fraction [21]. The flamelet equation for each species mass fraction Yi

is then

∂Yi
∂t
− ρχ

2

∂2Yi
∂Z2

− ṁi = 0, (1.4)

where ṁi is the production rate of species i and χ is the instantaneous scalar dissi-

pation rate, χ = 2D|∇Z|2. The steady-state form of the equations are adequate in

some stituations, but the unsteady form must be solved to account for the production

of pollutants and radiative heat transfer effects [24].

1.1.3 Presumed PDF models for large eddy simulation

Note that the preceding combustion models are posed in terms of Z, but

in a large eddy simulation, only the filtered mixture fraction Z is available. The

beta distribution is frequently used to approximate the one-time probability density

function (PDF) of the mixture fraction within a filter volume. The domain of the
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beta distribution spans zero to one, coinciding will all possible values of the mixture

fraction. It can assume a variety of shapes, from strongly bimodal to uniform to

bell-shaped. Thus, it can mimic the stages of binary mixing. Despite the variability

of its form, it is completely specified by only two parameters. These parameters

are determined by the first two moments of the distribution, yielding a one-point,

one-time PDF of Z [28].

The filtered mixture fraction Z corresponds to the mean value of Z for the

subfilter beta PDF. The subfilter variance of Z is denoted Z ′2 and is given by

Z ′2 = Z2 − Z2
. (1.5)

The beta PDF so defined has been found to be an effective model. Tests of

its performance in predicting the filtered values of various test functions (i.e. f(Z))

using DNS data of a reacting round jet with heat release indicate that it provides a

substantial improvement over the no-model case, where it is assumed f(Z) ≈ f(Z)

[28]. The error induced by the beta PDF model compares favorably to the minimum

possible error of any subfilter model based on only the first two moments of the

PDF, as defined by the optimal estimator concept [18]. Nevertheless, the subfilter

variance must itself be modeled. In fact, the error caused by replacing the exact

variance with a modeled variance represents a substantial component of error in the

overall beta PDF model [28, 18].

Before outlining the options for modeling the subfilter variance, we illus-

trate the role of the variance in a Burke-Schumann chemistry model for a one-step
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reaction.

1.1.3.1 Burke-Schumann chemistry model

We consider a chemistry model formulated for the one-step irreversible re-

action [9]

YF + rYO2 → (r + 1)YP . (1.6)

The beta distribution is most conveniently expressed in terms of the param-

eters a and b which can be calculated from Z and Z ′2 using the formulas

a = Z

[
Z(1− Z)

Z ′2
− 1

]
(1.7)

and

b =
a

Z
− a. (1.8)

The filtered fuel mass fraction is given by

YF = YF,1

[
aI1−Zst(b, a+ 1)

(a+ b)(1− Zst)
− ZstI1−Zst(b, a)

1− Zst

]
(1.9)

where I indicates the incomplete beta function. The remaining mass fractions can

be determined once YF is known using the definition of the mixture fraction and

conservation of mass, yielding

YO2 = YO2,2

(
1− Z)+ r

(
YF − ZYF,1

)
(1.10)

and

YP = (r + 1)
(
ZYF,1 − YF

)
. (1.11)
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1.2 Models for subfilter mixture fraction variance

We now return to the problem of modeling the subfilter mixture fraction

variance. Insight into this quantity can be gained by considering its transport equa-

tion, derived by manipulating the transport equations for Z and Z, Eqs. 1.2 and

1.3, respectively. This equation can be formulated to serve as a model for the vari-

ance. Alternately, an assumption of local equilibrium reduces the variance transport

equation to an algebraic model.

1.2.1 Transport equation variance models

The LES variance transport equation (VTE) can be written as [15]

∂Z ′2

∂t
+
∂uiZ ′2

∂xi
=

∂

∂xi

[
(D +Dt)

∂Z ′2

∂xi

]
+ 2Dt

∂Z

∂xi

∂Z

∂xi
−
[
χ− 2D

∂Z

∂xi

∂Z

∂xi

]
,

(1.12)

where eddy diffusivity models have been introduced for the scalar flux terms. In

Eq. 1.12, ui is the filtered velocity field and the molecular and turbulent diffusivities

are denoted by D and Dt, respectively.

The final bracketed term in Eq. 1.12 is the filtered scalar dissipation rate,

where the quantity

χ = 2D
∂Z

∂xi

∂Z

∂xi
(1.13)

makes the dissipation rate an unclosed term. The methodology used in its modeling

is largely informed by the approach taken in RANS. However, it must be empha-

sized that in RANS the mean scalar dissipation rate is a well-defined quantity that
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can be directly modeled, while in LES the filtered scalar dissipation rate remains a

random variable and any model can only try to predict some mean value. A com-

mon closure for the filtered scalar dissipation rate is

χ− 2D
∂Z

∂xi

∂Z

∂xi
=

1

τ
Z ′2. (1.14)

Here, τ is the scalar mixing time scale. Again, several expressions for

this time scale are available. One model, based on the turbulent diffusivity and

commonly used in the context of the LES/filtered-density function (FDF) approach

[7, 14, 26], gives

τ = Cτ
∆2

D +Dt

, (1.15)

where ∆ is the filter width and Cτ is a model coefficient. The model coefficient

does not have a universal value and depends on many parameters, including the

distribution of the resolved length scales and the location of the filter cut-off in the

scalar energy spectrum. The sensitivity of the coefficient to so many factors and the

importance of the coefficient in determining the dissipation rate is one of the more

obvious weaknesses of the VTE in terms of physical modeling [15]. In addition,

the evaluation of the production term,

P = 2Dt
∂Z

∂xi

∂Z

∂xi
, (1.16)

which appears on the right-hand side of the VTE model, is problematic from a

numerical perspective because of its gradient-squared dependency.
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An alternative formulation is based on the transport equation for the second

moment of the mixture fraction, which will be referred to as the STE model. The

Z2 equation can be written as

∂Z2

∂t
+
∂uiZ2

∂xi
=

∂

∂xi

[
(D +Dt)

∂Z2

∂xi

]
− χ (1.17)

and the subfilter variance can then be calculated using Eq. 1.5. Note that the mod-

eling of χ is a key bottleneck in using either the STE or VTE model.

1.2.2 Dynamic variance models

The second class of models considered here, which are algebraic in form, do

not account for the spatial transport of scalar variance by the large scales of the flow.

This approximation is usually referred to as the local equilibrium approximation

[11]. Essentially, the production and dissipation of scalar energy are assumed to

be locally balanced. Since production and dissipation are both random fields, their

instantaneous values are, in general, not equal. Rather, the equilibrium is implied

to hold for their mean values.

The local equilibrium assumption, combined with an eddy diffusivity model

for the subfilter flux, allows the filtered scalar dissipation rate to be modeled as [13]

χ− 2D
∂Z

∂xi

∂Z

∂xi
= 2Dt

∂Z

∂xi

∂Z

∂xi
. (1.18)

If the filtered scalar dissipation rate is then modeled using Eq. 1.14, the algebraic

relation

Z ′2 = C∆2 ∂Z

∂xi

∂Z

∂xi
, (1.19)
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where C = 2/Cτ , results. The constant C still needs to be determined, and is

commonly obtained through a dynamic modeling procedure. Using two presum-

ably equal expressions for the scalar energy between the LES filter scale and some

larger test filter scale, an algebraic closure for the model constant can be found[22].

Letting (̂·) denote a test filtered quantity, with ∆̂ the test filter width, the dynamic

model can be written as

Ẑ
2 − Ẑ

2

= C1∆2

(∆̂

∆

)2

∇Ẑ · ∇Ẑ − ̂∇Z · ∇Z
 . (1.20)

This classic dynamic model, hereafter referred to as CDM, has been widely used

in combustion LES. Recently, Balarac et al. [2] showed that the CDM formulation

ignores certain leading order terms in the Taylor series expansion of the left-hand

side of the dynamic closure, often called the Leonard term L. They proposed an

alternative model (henceforth, BPR) for which the dynamic closure is written as

Ẑ
2 − Ẑ

2

= C2∆̂2∇Ẑ · ∇Ẑ. (1.21)

While other algebraic variance models are available, such as the scale sim-

ilarity model [8], the dynamic procedure obviates the need to specify the model

coefficient a priori and is therefore the top choice for combustion modeling in this

category [28, 22]. If transport or accumulation of variance cannot be neglected,

then either the VTE model (Eq. 1.12) or the STE model (Eq. 1.17) must be used,

with the caveat that χ has to be modeled.

It is important to note that the subfilter scalar variance has most of its energy

content in the largest subfilter scales, and is therefore in the algebraic models esti-

mated from the smallest filtered scales, which are identified using the test filtering
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operation. Similarly, the production term appearing in the scalar variance equation

actually describes an energy cascade process, in which energy is transfered from

the smallest filtered scales to the largest subfilter scales. In both cases, the small-

est filtered scales are of significance. Because the filter width and grid spacing are

equal in implicit LES, these scales are not resolved properly. It can be expected

that numerical errors in terms involving the smallest filtered scales are of leading

order. Therefore, the models cannot be considered apart from these errors. With

this context in mind, we examine the errors produced by finite difference schemes.

1.3 Discretization errors in large eddy simulation

In large eddy simulation, the separation of scales into “filtered” and “subfil-

ter” components is accomplished by applying a filtering operation to the turbulent

field. Practically speaking, however, this is only a conceptual step. Filtering is

almost invariably performed implicitly by using a computational grid that is too

coarse to resolve the small scales. In the subsequent discussion, the term “LES”

refers to LES with grid based filtering. The LES solution is therefore inherently de-

pendent on the computational grid, and error analysis is a more complex task. It is

widely acknowledged that LES results depend not only on the grid, but also on the

numerical methods, including the order of finite difference scheme, used to evolve

the solution on that grid. Analytically equivalent expressions, for example those for

the convective terms in the incompressible momentum equations, have been found

to perform significantly differently when evaluated by finite differences [12, 16, 6].

Below, it is shown that order of accuracy assessments of finite difference schemes
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based on the truncation of Taylor series are inadequate for LES, while a more ap-

propriate indicator of error is provided by the scheme’s modified wavenumber.

1.3.1 Taylor series assessments of finite difference schemes

Finite difference schemes are derived by manipulating Taylor series expan-

sions of a function f at adjacent grid points. For example, a formula for approxi-

mating a first derivative is

df(xi)

dx
≈ f(xi+1)− f(xi−1)

2h
+O(h2f

′′′
) (1.22)

where h is the spacing of grid points, which, for simplicity, we take to be uniform.

The expression is only an approximation because higher-order terms of the expan-

sion have been dropped. The first omitted term is O(h2f
′′′

), where ′ denotes an

analytical differentiation with respect to x. Usually, the exact value of the function

f is independent of the choice of h. This allows the scheme’s accuracy to be char-

acterized as second order in h. That is, the leading order error term scales as h2

while f ′′′ remains constant. Thus, decreasing the grid spacing reduces the error of

the discrete representation of the derivative [17].

When we perform LES through grid based filtering, altering the grid spacing

alters the desired solution. In grid based filtering, the filter width ∆ that character-

izes the solution is equal to h, the grid spacing on which that solution is evolved.

For illustration, consider applying Eq. 1.22 to approximate the first derivative of a

variable filtered at two different widths ∆1 = h and ∆2 = 2h with exact solutions

f∆1 and f∆2 , respectively. Then we have
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df∆1(xi)

dx
≈ f∆1(xi+1)− f∆1(xi−1)

2h
+O(h2f

′′′

∆1
) (1.23)

df∆2(xi)

dx
≈ f∆2(xi+1)− f∆2(xi−1)

2(2h)
+O((2h)2f

′′′

∆2
) (1.24)

The change in error between these two expressions is not obvious because

it also depends on the relative magnitude of f ′′′
∆1

to f ′′′
∆2

. Refining the grid spacing

does not guarantee a more accurate solution in the case of grid based filtering.

Analogous considerations apply for higher order finite difference schemes.

1.3.2 Modified wavenumber assessments of finite difference schemes

Since grid refinement does not yield the desired results, a remaining op-

tion is to increase the order of the finite difference scheme to fourth, sixth, or yet

higher orders. However, it must be recalled that the range of length scales in a tur-

bulent flow corresponds in the spectral domain to modes of varying wavenumber.

The LES solution resolves a significant portion of these spatial scales and hence

is multimodal. Note that the highest wavenumber modes of the LES solution are

important in determining modeled subfilter variance values.

The ability of a finite difference scheme for the first derivative to approx-

imate the exact first derivative of a mode φ with wavenumber k, φ = eikx is ex-

pressed by the scheme’s modified wavenumber g(k). While the exact value of the

first derivative of φ is given by dφ/dx = ikeikx, a finite difference scheme gives the

value
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dφ

dx

fd

= ig(k)eikx. (1.25)

Clearly, the approximation becomes more accurate as the value of g(k) approaches

that of k.

Fig. 1.1 shows the modified wavenumbers of second and fourth order central

schemes and a sixth order Padé scheme. An ideal scheme would fall along the

diagonal. Increasing the order of scheme improves the estimation of the derivative

over the intermediate wavenumbers, but all the schemes considered here are unable

to approximate the derivative of high wavenumber modes with good accuracy.

0 0.5 1 1.5 2 2.5 3
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1

1.5
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k∆x

g
(k

)∆
x

Figure 1.1: Modified wavenumbers of ( ) second and ( ) fourth order
central schemes and a sixth order Padé ( ) scheme.

For future reference, the modified wavenumbers plotted in Fig. 1.1 have the

functional forms [16]
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g2nd(k) =
sin(kh)

h
, (1.26)

g4th(k) =
sin(kh) (4− cos(kh))

3h
, (1.27)

and

g6th(k) =
14/9 sin(kh) + 1/8 sin(2kh)

h [1 + 2/3 cos(kh)]
. (1.28)

1.4 Gradient values

For notational convenience, we define the operation G on a field H as

G(H) ≡ |∇H|2. (1.29)

The quantity G (Z) = |∇Z|2 appears in both the VTE and dynamic variance mod-

els. Here, we study the ability of finite differences to approximate G. The three

numerical schemes introduced in Sec. 1.3.2 are emulated using the corresponding

modified wavenumber [17, 16]. To begin to understand the impact of discretization,

the scalar gradient-squared fields computed using finite difference approximations,

Gfd
(
Z
)
, are compared to the term computed using a spectral method, G (Z).
Fig. 1.2 shows the conditional average of each of the finite difference ap-

proximations conditioned on the spectrally computed gradient-squared term plot-

ted for different filter sizes. The mesh size is taken to be equal to the filter width.

Clearly, the finite difference methods underpredict the gradient-squared term. As

the order of the scheme is increased, the error decreases but remains substantial even

for the sixth order scheme. This result is consistent with the modified wavenum-

ber characterization of the finite difference schemes shown in Fig. 1.1. It can also
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Figure 1.2: Conditional average of the gradient-squared term, Gfd
(
Z
)
, conditioned

on spectrally computed G (Z) for filter sizes of (a) 16η, (b) 32η, and (c) 64η. The
schemes shown are ( ) second and ( ) fourth order central schemes and a
sixth order Padé ( ) scheme.
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be seen that the magnitudes of the DNS-based gradients decrease with increasing

filter width and, while the absolute magnitudes of the finite difference errors also

decrease, the relative errors become greater. It is important to note that as the fil-

ter width increases, the true subfilter variance will also increase, reflecting larger

amounts of unresolved scalar energy. If the scalar gradient is underpredicted, the

model coefficient should correspondingly increase in order to predict the variance

correctly.

1.5 Modified wavenumber analysis of the dynamic closure

The concept of modified wavenumbers, introduced in Sec. 1.3.2, can also

be used analytically to illustrate the effect of numerical errors on model prediction.

Consider a filtered scalar field represented by a single wavemode

Z(x) = eikx, (1.30)

where k is some specific wavenumber and x is the physical coordinate. To compute

the model coefficient in the dynamic model, a test filtering operation is necessary.

For explicitness, the filtering kernel is assumed to be a top-hat function with step

size of ∆̂, which also refers to the test filter width. Then

Ẑ =
1

∆̂

∫ x+ b∆/2
x−b∆/2 Z(x′)dx′ =

2

∆̂k
sin
(
k∆̂/2

)
eikx = f (k) eikx. (1.31)

The test filtering operation can be represented as multiplication by a function of

the wavenumber, which modulates the amplitude of a mode but does not affect the

wavenumber associated with it.
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The dynamic model for the coefficient C1 can be written

L = C1M (1.32)

where the model terms, specialized to our example function, are the Leonard term

L = Ẑ
2 − Ẑ

2

= ei2kx
(
f(2k)− f 2(k)

)
(1.33)

and

M = ∆2
(
p2G

(
Ẑ
)
− Ĝ (Z)) = −k2∆2ei2kx

(
p2f 2(k)− f(2k)

)
. (1.34)

Here, ∆ is the width of the LES filter used to obtainZ and p = ∆̂/∆ denotes

the ratio of the test filter width to the LES filter width. To enhance the stability of

the simulation, C1 is typically calculated by averaging over homogeneous directions

[22], that is

C1 =
〈LM〉
〈M2〉 . (1.35)

For this special case, the direct division L/M and the averaging procedure

expressed by Eq. 1.35 produce identical results:

C1 =
f(2k)− f 2(k)

−∆2k2 (p2f 2(k)− f(2k))
. (1.36)

The subfilter variance for this scalar field is evaluated as

Z ′2
ideal

= C1∆2G (Z) =
f(2k)− f 2(k)

p2f 2(k)− f(2k)
ei2kx. (1.37)
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It should be noted that for the chosen test field, the variance depends on the type

of filter used (which determines the form of f ) and the test filter width used (which

determines p).

For the central schemes that will be considered here, the modified wavenum-

ber g(k) assumes only real values so that the error is manifested solely in the am-

plitude of the derivative. The finite difference operator for G is denoted by Gfd, e.g.

Gfd
(
Z
)

= −g2(k)ei2kx. Using finite difference operators does not affect the values

of L, butM is replaced by

Mfd = ∆2
(
p2Gfd

(
Ẑ
)
− Ĝfd

(
Z
))

= −g2(k)∆2ei2kx
(
p2f 2(k)− f(2k)

)
(1.38)

where Cfd
1 is the new model coefficient for this case. Using the test filtering opera-

tion defined in Eq. 1.30, and averaging as in Eq. 1.35, the dynamic model coefficient

evaluates as

Cfd
1 =

f(2k)− f 2(k)

−∆2g2(k) (p2f 2(k)− f(2k))
. (1.39)

Comparing this result with Eq. 1.36 shows that the ratio of the exact model

coefficient to the finite difference value is (k/g(k))2. As discussed earlier, the

smallest resolved scales in LES will dominate the model evaluation. The func-

tion g(k) is always less than k for non-zero grid spacing, implying that there is an

inherent overprediction of the model coefficient due to the use of a finite difference

scheme. However, the variance evaluated with the coefficient from Eq. 1.39 is

Z ′2
fd
CDM = Cfd

1 ∆2Gfd (Z) =
f(2k)− f 2(k)

p2f 2(k)− f(2k)
ei2kx = Z ′2

ideal
CDM. (1.40)

Although the coefficient is overpredicted, the finite difference approxima-

tion does not affect the predicted variance. This result is explained by noting that

20



the filtering and finite differencing operations do not modify the wavenumber asso-

ciated with the field, but rather act only to damp the amplitude of the mode. The

final step in computing the variance (Eq. 1.40) cancels the damping error, thereby

eliminating the effect of the finite difference operator. This result, for the case of a

scalar field containing a single wavemode, is independent of the finite difference ap-

proximation used and is valid for any filter kernel that does not generate additional

modes.

Proceeding along similar lines, it can be shown that the BPR dynamic proce-

dure, when applied to a unimodal scalar field, is also insensitive to finite difference

error. As in the finite difference CDM model, overprediction of the model coeffi-

cient is exactly compensated by underprediction of Gfd, so that

Z ′2
fd
BPR =

f(2k)− f 2(k)

p2f 2(k)
ei2kx = Z ′2

ideal
BPR. (1.41)

In realistic turbulent flows, many different wavemodes exist. Consequently,

a simple analysis like the one carried out above is not possible. Even if only two

wavemodes are present, the numerical error associated with the dynamic procedure

plays a non-trivial role. The results of the simplified case are, however, quite sug-

gestive. While Gfd is inevitably underpredicted when high wavenumber modes (i.e.,

scales just greater than the filter width) are present, overprediction of the model co-

efficient due to the dynamic procedure would ostensibly reduce the total error in the

variance calculation.
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Chapter 2

Results

After explaining our basic methodology, we discuss the results of a priori

analysis of the subfilter variance models presented in Sec. 1.2. Some aspects of

error propagation are also addressed. These include the effects of errors in the

scalar field on modeled variance values as well as the impacts of variance errors on

predictions of combustion products.

2.1 Computational details

The direct numerical simulation data sets used for the a priori analyses de-

scribed below were generated using a Fourier pseudospectral method with paral-

lelized discrete Fourier transforms. Time advancement was performed using a sec-

ond order Runge-Kutta scheme, employing an integrating factor for the viscous

terms. Nonlinear terms were dealiased using the usual two-thirds rule [27]. To

maintain statistical stationarity, the large scales of the velocity field were forced us-

ing the method of Alvelius [1]. The scalar field was initialized using the procedure

outlined in Eswaran and Pope [10]. Solution of the scalar transport equation was

commenced only after the velocity field had reached a fully developed state.

Two different simulations were performed. In the first, a 5123 mesh allowed
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resolution of Reλ ≈ 135 turbulence. Up to 128 processors were used. In the second,

Reλ ≈ 51 turbulence was simulated on a 1283 grid. For both cases, a Schmidt

number and ks/ko ratio (as defined in [10]) of unity was used. The parameter kmaxη

was set to 2.09 for both simulations.

It was also necessary to numerically implement several postprocessing op-

erations. All differentiation was performed in the spectral domain, allowing the ef-

fects of finite difference schemes to be incorporated through their modified wavenum-

ber representation. Filtering was also performed spectrally using the corresponding

filter transfer function. Because we are interested in effects associated with real-

istic LES implementations, the box filter was primarily used in this analysis. A

one-dimensional filter was applied in each spectral dimension to result in a three-

dimensional filter. The box filtering operation is given by

f̂(k, t) =
3∏
i=1

2

∆
sin

(
ki∆

2

)
f̂(k, t). (2.1)

While the box filter is a natural and convenient choice for the filter kernel

in a finite difference simulation, a Gaussian filter could be applied. In the Fourier

domain, the Gaussian filter takes the form

f̂(k, t) = exp

(
−|k|

2∆2

24

)
f̂(k, t). (2.2)

The differences between the box and Gaussian filters were found to be neg-

ligible in tests performed for the current analysis, as well as in similar work done

by Balarac et al.[2].
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Finally, it was necessary to develop a methodology to calculate sample con-

ditional means, as already shown in Section 1.4. The conditional averages must

be calculated using discrete bins. The number of bins must be large enough to

resolve variations in the data without being overly noisy. To determine the appro-

priate number of bins, a sample-splitting procedure was used[18]. The data set

under consideration was arbitrarily divided into two subsamples. The conditional

mean of some quantity was calculated using one sub-sample and a varying num-

ber of bins. The mean-square difference between the conditional mean and the

data values in the other subsample are then calculated. The number of bins which

minimizes this error is selected. In the current case, the test was performed using

the conditional mean of CDM variance models, conditioned on the true variance.

Two hundred bins, spanning the minimum and maximum values of the conditioning

variable, were found to be sufficient. For consistency, all conditional averages were

calculated based on this number of bins.

2.2 Dynamic models

Some facets of error analysis for the CDM and BPR dynamic algebraic mod-

els have already been considered. Section 1.4 showed that the |∇Z|2 term in these

models is grossly underpredicted by finite difference schemes in a realistic turbu-

lent field. However, the analysis of a unimodal scalar field in Sec. 1.5 indicated that

this error is completely cancelled by errors in the dynamically calculated model co-

efficient for both the CDM and BPR formulations. Here, we extend the analysis to

a realistic turbulent field using a computational approach.
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Recall that the computed scalar field becomes more mixed as the simulation

progresses. The range of scalar gradient values narrows as the scalar field evolves.

An indication of the variability of the scalar field is given by the global variance

〈Z ′2〉 = 〈Z2〉 − 〈Z〉2 , where 〈·〉 denotes an average taken over the entire volume.

It is thus not surprising that the results of the dynamic model change as the scalar

becomes more mixed, which is represented by a decrease in the value of 〈Z ′2〉.

Fig. 2.1 and Fig. 2.2 show the model coefficients computed using the orig-

inal (CDM) and more recent (BPR) models at two different times. Several key

points have to be noted. First, the choice of numerical method clearly impacts the

computed coefficient values. As the order of the scheme is increased, the coefficient

value at any filter size decreases. This in itself indicates that the dynamic procedure

will mitigate some of the gradient underprediction discussed above. Second, the

Padé scheme performs very similarly to the spectral scheme in calculating the BPR

model coefficient for both scalar fields. Third, the CDM coefficient has very pecu-

liar behavior. The spectrally computed CDM coefficient first increases then begins

to drop with increasing filter-width. The fall-off of the spectral coefficient value

steepens as 〈Z ′2〉 decreases and the peak value occurs at a smaller filter-width. As

pointed out by Balarac et al. [2], the declining value is due to the large negative

correlation between the L andM terms in the model evaluation. None of the finite

difference approximations appear to capture this correlation well, thereby leading

to a marked difference in the trends. Instead, the finite difference CDM coefficients

seem to follow a trend similar to the BPR model coefficient. As the global variance

decreases, the magnitude of the BPR coefficient increases for all schemes, but the
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Figure 2.1: Dynamic model coefficients for (a) CDM and (b) BPR formulations,
calculated using ( ) spectral, ( ) second order central, ( ) fourth order
central, and ( ) sixth order Padé schemes. 〈Z ′2〉 = 0.1802.
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Figure 2.2: Dynamic model coefficients for (a) CDM and (b) BPR formulations,
calculated using ( ) spectral, ( ) second order central, ( ) fourth order
central, and ( ) sixth order Padé schemes.〈Z ′2〉 = 0.1015.
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variations between the schemes remain quite similar.

Fig. 2.3 and Fig. 2.6 show the quadratic error between the modeled variance

and the DNS subfilter variance for a range of filter widths. This error is defined as

error =

〈(
Z ′2

model − Z ′2DNS
)2
〉

〈
Z ′2

DNS
〉2 . (2.3)

Interestingly, the discretization order has a limited impact on the variance

prediction. Regardless of the model used, the errors associated with the evalua-

tion of the gradients are compensated by the errors in the dynamically calculated

model coefficient, which is consistent with the results of the modified wavenumber

analysis presented in the previous section. While the higher-order schemes show

marginal improvement, the second-order scheme is surprisingly accurate in pre-

dicting the variance. It can also be observed that, despite the BPR model’s lower

modeling error (evidenced by the lower error of its spectral form), finite difference

approximations of the BPR model do not necessarily perform better than the corre-

sponding CDM implementations. However, the BPR model exhibits well-defined

behavior in terms of reduced error for higher-order numerics over the whole range

of filter widths. For both scalar fields, the finite-difference CDM formulations per-

form worst at smaller filter widths but monotonically improve in accuracy as the

filter width increases. However, the trend in the error for the spectrally computed

CDM variance changes with 〈Z ′2〉. The error shows a steady decrease with increas-

ing filter width at the higher global variance. At the lower value of global variance,

the error shows a distinct minimum at about ∆ = 20η and then increases with filter
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Figure 2.3: Quadratic error of dynamic models for (a) CDM and (b) BPR formula-
tions, calculated using ( ) spectral, ( ) second order central, ( ) fourth
order central, and ( ) sixth order Padé schemes. 〈Z ′2〉 = 0.1802.
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Figure 2.4: Quadratic error of dynamic models for (a) CDM and (b) BPR formula-
tions, calculated using ( ) spectral, ( ) second order central, ( ) fourth
order central, and ( ) sixth order Padé schemes. 〈Z ′2〉 = 0.1015
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width. A similar phenomenon occurs for the spectrally computed BPR model.

These analyses demonstrate that variance modeling using a gradient-based

scaling law is subject to significant finite differencing errors. The presence of a

range of wavenumbers in a turbulent flow leads to complex, nonlinear interactions

within dynamic gradient-based models, producing results that fail to follow conven-

tional error convergence estimates. In particular, there is no guarantee that higher-

order schemes will incur less error, at least in the case of the original dynamic

procedure.

2.3 Error propagation in the Burke-Schumann chemistry model

Computed values of the filtered thermochemical variables have a highly

nonlinear dependence on the modeled mixture fraction variance value. Conse-

quently, the effect of numerical errors in variance values on the predicted filtered

concentrations and temperature is far from obvious. The propagation of error from

a variance model will, of course, depend on the combustion model being used as

well as errors in the other parameters of the model. For example, flamelet models

require a subfilter description of the mixture fraction dissipation rate in addition to

the subfilter description of the mixture fraction itself [9]. Alternatively, the Burke-

Schumann chemistry model for LES, introduced in Sec. 1.1.3.1, depends solely

on the subfilter distribution of Z. In the context of a presumed beta PDF model,

predicted thermochemical values are determined by Z and Z ′2.

For the purposes of illustration, we look at a simple one-step chemistry

YF + rYO2 → (r + 1)YP , taking r = 2. The value of YP
DNS

is calculated using
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Eq. 1.9 and Eq. 1.11 with Z and Z ′2
DNS

. It does not result from actually solving

a transport equation for YP . The calculation is repeated using modeled variance

values and the error in the resulting value is calculated according to

error =

〈(
YP

model − YPDNS
)2
〉

〈
YP

DNS
〉2 . (2.4)

Note that the beta distribution parameters must be positive numbers for the

value of the incomplete beta function to be defined. This requirement can be vio-

lated when a modeled variance is used because the modeled variance can exceed

the true maximum variance Z(1− Z). In these instances, which were rare relative

to the total number of data points, b was set to a very small positive value.

It is notable that for all three scalar fields, the errors generated by the CDM

and BPR models are quite similar. Also, the level of error decreases as the scalar

field decays across all filter widths. At high filter widths, we found that the error in

the variance itself increases as the scalar field decays. Fig. 2.7 reflects the growing

error of the spectrally computed modeled variance values as 〈Z ′2〉 decreases. This

upswing in error is particularly acute for the CDM model, and this is manifested in

the error in the product mass fraction.

An extremely interesting feature can also be noted over the lower filter

widths (approximately 12η to 40η). Here, the greatest error is found in YP cal-

culated using the sixth order Padé scheme, while the least error occurs for YP deter-

mined with the spectrally computed variance. However, of all the finite difference
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Figure 2.5: Quadratic error due to dynamic models in YP for (a) CDM and (b)
BPR formulations, calculated using ( ) spectral, ( ) second order central,
( ) fourth order central, and ( ) sixth order Padé schemes. 〈Z ′2〉 = 0.1584
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schemes, the error in the sixth order variance most closely tracks the spectral error.

In fact, for the CDM model, the error in the spectrally computed variance is actually

larger than the variance computed using the sixth order scheme over about the same

range of filter widths.

These results indicate that the magnitude of error in the subfilter variance

model does not directly translate to the magnitude error in product mass fractions

calculated using that variance value in a chemistry model.

2.4 Transport equation models

An alternate approach for modeling variance is based on solving a transport

equation. This transport equation could evolve either the scalar variance (VTE

model, Eq. 1.12) or the second-moment of the scalar (STE model, Eq. 1.17). In

this section, we demonstrate that the VTE model has significant numerical errors

in convection, diffusion, and production terms associated with Z
2
, which do not

appear in the STE model. The STE formulation is therefore superior to the VTE

model.

A key advantage of the STE formulation is its ability to recover the ana-

lytical solution for variance in the absence of scalar dissipation. For the sake of

this discussion, we set the term χ in Eq. 1.17 to zero. Then, the mixture fraction

transport equation, Eq. 1.3 and the STE are identical in form. In all practical com-

putations, the variance of mixture fraction at the inflow boundaries and walls is set

to zero. In this case, the mixture fraction equation and the STE will evolve identi-

cally. In other words, Z2 = Z at all spatial locations and for all times. This also
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Figure 2.6: Quadratic error due to dynamic models in YP for (a) CDM and (b)
BPR formulations, calculated using ( ) spectral, ( ) second order central,
( ) fourth order central, and ( ) sixth order Padé schemes. 〈Z ′2〉 = 0.1192
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Figure 2.7: Quadratic error due to dynamic models in YP for (a) CDM and (b)
BPR formulations, calculated using ( ) spectral, ( ) second order central,
( ) fourth order central, and ( ) sixth order Padé schemes. 〈Z ′2〉 = 0.0982
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Figure 2.8: Conditional mean 〈P2|P1〉 for filter widths of (a) 8η, (b) 32η, and (c)
128η calculated using ( ) spectral, ( ) second order central, ( ) fourth
order central, and ( ) sixth order Padé schemes.
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Figure 2.9: Conditional mean 〈Q2|Q1〉 for filter widths of (a) 8η, (b) 32η, and (c)
128η calculated using ( ) spectral, ( ) second order central, ( ) fourth
order central, and ( ) sixth order Padé schemes.
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implies that the variance is a function only of the filtered mixture fraction, every-

where assuming its local maximum value since

Z ′2 = Z2 − Z2
= Z − Z2

= Z
(
1− Z) . (2.5)

The STE model then reproduces the correct variance trivially by virtue of the for-

mulation.

The VTE approach, on the other hand, does not possess this feature. Starting

from the definition of subfilter variance (Eq. 1.5), the temporal evolution of variance

can be written as
dZ ′2

dt
=
dZ2

dt
− dZ

2

dt
. (2.6)

The first term on the right hand side is the second moment transport equation or the

STE model (Eq. 1.17). The second term evolves Z
2
, which is redundant because

the equation for Z is already being solved. The second term has to be expressed in

terms of the filtered mixture fraction transport equation by application of the chain

rule. However, forms which are equivalent for continuous variables are not equal in

the discrete case, i.e.
δZ

2

δt
6= 2Z

δZ

δt
, (2.7)

where the operator δ refers to the finite difference approximation of the transport

equation. To further understand the numerical errors, the individual transport terms

of the Z
2

equation need to be studied and compared to the terms of the 2ZδZ/δt

equation. We define the following quantities for this purpose:

P1 = 2Z
δujZ

δxj
, P2 =

δujZ
2

δxj
, (2.8)
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and

Q1 = 2Z
δ

δxj

[
(D +Dt)

δZ

δxj

]
, Q2 =

δ

δxj

[
(D +Dt)

δZ
2

δxj

]
−2 (D +Dt)

δZ

δxj

δZ

δxj
.

(2.9)

P1 and Q1 are the discrete versions of the convection and diffusion terms, respec-

tively, in the 2ZδZ/δt equation, while P2 and Q2 are the corresponding terms of

the discrete Z
2

equation. Note that the second term in Q2 includes the production

term in the scalar variance equation.

Using these definitions, the transport equations for 2ZδZ/δt and δZ
2
/δt

can be written in semi-discretized form as

2Z
δZ

δt
= −P1 +Q1 (2.10)

and
δZ

2

δt
= −P2 +Q2 (2.11)

It should be recalled that to obtain an equation for the variance, Eq. 2.11 must be

subtracted from the transport equation for Z2, but only Eq. 2.10 is known in the

context of the model. The error is hence expressed in the differences between P1,

P2 and Q1, Q2.

For the purpose of comparison, consider the conditional mean quantities,

〈P2|P1〉 and 〈Q2|Q1〉. The departures of these quantities from P1 and Q1, respec-

tively, provide an estimate of the errors induced by the chain rule approximation

encapsulated in Eq. 2.7. Fig. 2.8 and Fig. 2.9 show the conditional mean values

evaluated for a range of filter sizes. The turbulent diffusivity was obtained using
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a dynamic procedure [23]. The plots reveal some interesting trends. The 〈P2|P1〉
term is overpredicted when the P1 term is negative and underpredicted when P1 is

positive, so that the magnitude of P1 is always underpredicted. The P terms are

flux terms so errors in their values affect the redistribution of variance.

The term 〈Q2|Q1〉 behaves differently from the convection term. The chain-

rule approximation seems to affect the negative terms more than the positive terms.

For all filter widths, the conditional mean lies above the diagonal, indicating that the

Q2 term is generally overpredicted. However, the error is more pronounced when

Q1 is negative, indicating large variance production. The variance production term

is dominated by the smallest resolved scales, so even high-order finite difference

schemes are subject to large errors. For positive values of Q1, the overprediction

actually decreases with increasing filter width. An overprediction of the Q term

will increase Z
2

and reduce the subfilter variance. Further, these errors are evalu-

ated for a single time-step. In practical inhomogeneous calculations, the variance

equations evolve spatially and temporally, accumulating errors during the course

of the computation. Consequently, the subfilter variance estimated using the vari-

ance transport equation will be considerably lower than that found using the STE

approach.

It is also worth noting that the choice of numerical method does not signif-

icantly alter the qualitative or quantitative nature of the chain rule errors. For all

schemes considered here, the behavior is very similar and the errors are of the same

order of magnitude. This result is very similar to the errors observed in the dy-

namic model formulation discussed earlier. It was also verified that when a spectral
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method is used for evaluating all derivatives, both forms produce nearly identical P

and Q terms, implying that truncation error in the finite difference schemes plays

a crucial role in amplifying errors. Further, to assess the impact of the diffusivity

model on the estimation ofQ, a constant diffusivity calculation was performed with

the total diffusivity set to a constant value of unity throughout the domain. Fig. 2.10

shows representative plots for two different filter-widths. It is readily seen that the

trends are very similar to the dynamic eddy diffusivity calculation. These con-

ditional means plotted at different times, with different values of 〈Z ′2〉, exhibited

identical trends, implying that the results are valid at all times.

In some applications, the non-conservation form of the convective term is

preferred. The effects of chain rule errors on this form were also tested. Results

similar to those discussed above were found. Again, only minor differences were

observed among the three finite difference schemes.

2.5 Equilibrium model for filtered scalar dissipation rate

In addition to the subfilter scalar variance, a number of combustion models

(such as flamelet models) require knowledge of the filtered scalar dissipation rate.

To specify the filtered scalar dissipation rate, a model for χ, defined in Eq. 1.13,

is needed. Making an assumption of local equilibrium leads to the model χ =

2 (D +Dt)∇Z · ∇Z. In the following discussion, the notation χ will signify the

modeled quantity. It should be noted that this model follows from setting the pro-

duction term in the variance transport equation equal to the dissipation rate. The

numerical errors in this model stem from the dynamic evaluation of the turbulent
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Figure 2.10: Conditional mean 〈Q2|Q1〉with constantDt for filter widths of (a) 16η
and (b) 64η for calculations using ( ) spectral, ( ) second order central,
( ) fourth order central, and ( ) sixth order Padé schemes.

43



diffusivity as well as the calculation of gradients using finite difference methods.

As discussed above, the dynamic procedure partly balances numerical errors in the

the classic dynamic model for the variance, but use of a dynamically calculated tur-

bulent diffusivity has limited effect on the chain rule errors found in the convective

and diffusive terms of the variance transport equation. It would, therefore, be useful

to understand the effects of numerical errors on the model for χ.

Fig. 2.11 shows the mean value of χ computed using finite difference ap-

proximations, conditioned on χ calculated using spectral methods. The plots clearly

indicate that errors in the quantity are substantial over the entire range of true χ val-

ues and grow at a faster than linear rate. The underprediction in the gradient term

has already been discussed in Sec. 1.4. Fig. 2.12 shows the average of the eddy dif-

fusivity calculated using finite differences conditioned on the spectrally-computed

eddy diffusivity. Finite difference methods underestimate the eddy diffusivity at all

but its lowest values, where it is overpredicted. However, evaluation of
〈
Dt|G

(
Z
)〉

,

shown in Fig. 2.13, indicates that high values of Dt correspond to high values of

G(Z), where finite difference errors are greatest. It is remarkable that in the calcu-

lation of the eddy diffusivity there is little difference among the schemes, indicating

that there is cancellation of errors within the dynamic procedure (Fig. 2.12). How-

ever, for none of the numerical schemes is the error cancellation sufficient to com-

pensate for the underprediction of the strain-rate tensor that appears as part of the

model. Consequently, the turbulent diffusivity is mostly underpredicted. The gross

underprediction of the χ model is a compounded result, involving the underpredic-

tion of mixture fraction gradients as well as the eddy diffusivity. The modeled form
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Figure 2.11: Conditional mean 〈χfd|χ〉. The schemes shown are ( ) spectral,
( ) second order central, ( ) fourth order central, and ( ) sixth order
Padé schemes.
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of χ is similar to the production term in the VTE formulation, Eq. 1.16. The results

for G(Z) andDt suggest that the production term will be underestimated when finite

difference methods are used. It can therefore be concluded, reaffirming the findings

of the previous section, that the variance predicted by the finite-difference VTE will

always have a lower value than the variance predicted by the spectrally-computed

VTE.

2.6 DNS with finite difference schemes

An important aspect of the foregoing analyses is that they are performed

using a highly accurate scalar field evolved through spectral methods. However, an

actual simulation that uses finite difference methods for subfilter modeling would
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sixth order Padé schemes. ∆ = 32η

likely also use finite differences to solve the filtered momentum and scalar transport

equations. Finite difference errors in eddy viscosity and eddy diffusivity closures

as well as errors in the calculation of gradients of the filtered fields can be expected

at each time step and would presumably accumulate as the simulation progresses.

These errors will then interact with errors in the calculation of subfilter models at

the next time step. If the modeled subfilter variance is used in a combustion model,

inaccurate prediction of heat release and resulting density change will feed back to

the filtered velocity and scalar fields.

As a first step in evaluating the effects of error in the filtered scalar field,

a 1283-point simulation of homogeneous, isotropic turbulence was carried out as

described in Sec. 2.1. Four identical scalar fields were initialized. One scalar field
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(Z) was evolved using the true wavenumber and dealiasing. The remaining scalars

(Z2,Z4, Z6) were evolved using second, fourth, and sixth order modified wavenum-

bers, with no dealiasing of the nonlinear terms. DNS-level grid resolution was

maintained for these scalars also. Model coefficients and modeled variance val-

ues were calculated using spectral and finite difference methods for each of the

scalar fields at several points in the simulation. Two representative sets of results

are shown below. Because each scalar field constitutes a separate realization, point-

wise comparisons between the scalars are not meaningful. Therefore the error due

to using a finite difference scheme for, say, Z2 is given by

error =

〈(
Z

′2
2

model − Z ′2
2

DNS
)2
〉

〈
Z

′2
2

DNS
〉2 . (2.12)

Under this definition, the error indicates the additional error incurred in the

variance estimation and does not directly account for the error of the underlying

scalar field. Nonetheless, the error of the scalar field could be a factor. Section 2.2

showed that the errors of the dynamic models vary in time as the scalar gradients

decay. The state of the scalar field was tracked using the global variance 〈Z ′2〉. For

each data set examined it was found that the global variance varied little among the

four scalars. Given the high grid resolution and the use of the exact velocity field to

evolve all scalars, this outcome is not surprising.

Fig. 2.14 and Fig. 2.15 show model coefficients, calculated at two different

points in the simulation. The corresponding model errors are shown in Fig 2.16

and Fig. 2.17. Coefficient values seem to depend much more on the scheme used to
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calculate the coefficient than the scheme used to evolve the scalar field; the results

are so similar that they cannot be distinguished in the plots except at the lowest

filter widths. More variation between the exact and finite difference scalar results

can be seen in the plots of model error. Again, the greatest differences occur at the

smallest filter widths, where there is little separation between the grid spacing on

which the scalar equations were solved and the grid spacing at which the model

was evaluated. This is reasonable because the high wavenumber components of the

scalar solutions are most affected by finite differences, and more of these modes

remain at smaller filter widths. It also suggests that in the case of LES, for which

these two grid spacings are identical, the combined error could be significant, apart

from additional errors due to dynamic eddy viscosity and eddy diffusivity closures.

Another point worth remark is that the trends shown in these plots, based on

a Reλ ≈ 51 simulation, are in line with the results for Reλ ≈ 135 turbulence, argu-

ing for the generality of our findings, at least in the case of homogeneous isotropic

turbulence.
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Figure 2.14: Coefficients determined by the (a) CDM and (b) BPR dynamic models
for scalar fields evolved using finite differences. The schemes shown are ( )
spectral, ( ) second order central, ( ) fourth order central, and ( ) sixth
order Padé schemes. 〈Z ′2〉 = 0.171
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Figure 2.15: Coefficients determined by the (a) CDM and (b) BPR dynamic models
for scalar fields evolved using finite differences. The schemes shown are ( )
spectral, ( ) second order central, ( ) fourth order central, and ( ) sixth
order Padé schemes. 〈Z ′2〉 = 0.012
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Figure 2.16: Quadratic error of the (a) CDM and (b) BPR dynamic models applied
to scalar fields evolved using various methods: ( ) spectral, ( ) second
order central, ( ) fourth order central, and ( ) sixth order Padé schemes.
〈Z ′2〉 = 0.171
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Figure 2.17: Quadratic error of the (a) CDM and (b) BPR dynamic models applied
to scalar fields evolved using various methods: ( ) spectral, ( ) second
order central, ( ) fourth order central, and ( ) sixth order Padé schemes.
〈Z ′2〉 = 0.012
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Chapter 3

Conclusions

Large eddy simulation has shown great potential as a method for simulating

turbulent combustion [25], but its sources of error must be better understood before

it can be treated as a reliable predictive tool. In the non-premixed mode of com-

bustion, small scale mixing of fuel and oxidizer is necessary for reactions to occur.

Thus, subfilter models which characterize scalar mixing have a critical role in this

application. In combustion modeling approaches based on a presumed beta subfil-

ter PDF for the mixture fraction, a modeled subfilter variance is needed to complete

the parameterization of the PDF. Numerical issues in modeling the subfilter scalar

variance have formed the focus of this thesis.

Past studies of subfilter variance models have mainly examined the ability of

models to represent the physics of subfilter scale mixing. Although the importance

of numerical errors in LES is well established [12, 16, 6], subfilter variance models

have not previously been evaluated with explicit consideration of finite difference

effects. In this work, modified wavenumbers enabled us to emulate finite difference

implementations of subfilter scalar variance models while making a priori model

comparisons.

The results are both predictable and surprising. The squared magnitude of
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the filtered scalar gradient, |∇Z|2, appears in both the dynamic models and the VTE

model. Not surprisingly, this term is underestimated by all the finite difference

schemes considered, with the most accurate results occurring for the sixth order

Padè scheme and the worst performance given by the second order scheme.

However, the evaluation of the BPR and CDM dynamic models in Sec. 2.2

indicates that realizing the predictive value of a model does not necessarily mandate

the use of higher-order numerics. When model accuracy alone is considered, the

BPR dynamic method is superior to the CDM method. Introducing finite difference

effects complicates the picture, particularly at small filter widths where the errors of

both models undergo rapid variation. The BPR model shows an advantage in that

using higher order schemes reduces the error at all filter widths. For either model,

there is little difference between the finite difference methods in the mean-square

error of the modeled subfilter variance field. Since the relative magnitudes of errors

vary as the scalar field decays, the more well-defined behavior of the BPR model

is its most attractive feature. Additionally, modeled and exact variance values were

used to evaluate a Burke-Schumann chemistry model, with results given in Sec. 2.3.

Comparison of the errors in the filtered product mass fraction with the correspond-

ing errors in the variance showed no obvious relationship. This finding suggests

that the interaction of errors in the modeled variance with the combustion model is

rendered complex by the highly nonlinear dependence of the beta distribution on

both Z and Z2.

Sec. 2.4 discussed the VTE and STE models, which can be categorized as

transport equation based sub-filter variance models. In the limiting case of zero
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scalar dissipation, the STE model can be shown to reproduce the analytical vari-

ance even when solved using finite difference methods. The VTE lacks this prop-

erty. Furthermore, errors induced by discrete approximations to chain rule manipu-

lations used in deriving the VTE model lead to an underestimation of the variance

compared to the value which would result from the STE model.

The local equilibrium model for scalar dissipation rate based on the eddy

diffusivity and the mixture fraction gradient was considered in Sec. 2.5. Despite the

error cancellation effect of the dynamic procedure, the eddy diffusivity computed

using any of the finite difference schemes is lower in value than that found using

spectral methods. Since the mixture fraction gradients are also underpredicted by

finite differences, the filtered scalar dissipation rate is subject to large numerical

errors. Lower dissipation rates push flames closer to equilibrium and understate the

effect of flame strain on the combustion process.

Finally, in Sec. 2.6, DNS-resolution scalar fields were evolved using spec-

tral, second, fourth, and sixth order numerics, and analysis of the dynamic models

was repeated for these data. At large filter widths, the inexactness of the scalar

field had little influence on the predicted variance values. However, the deviations

increased slightly at the smallest filter widths, which were only a few times larger

than the DNS grid spacing. If this trend extrapolates to the case of ∆ = ∆x, as

in LES with grid based filtering, the discrepancy could be important. Accumulated

numerical errors in the large scale evolution of the filtered fields, which would also

involve numerical errors in modeling subfilter fluxes, could have significant effects

on the magnitude of the scalar and velocity gradients. This source of error needs to
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be considered in order to more completely characterize the effects of finite differ-

ence errors on the modeling of subfilter scalar variance.
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