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Lateral diffusion in the plasma membrane shows a variety of non-

Brownian behaviors, such as anomalous diffusion and diffusion constants that 

vary by two orders of magnitude.  The complexity of the membrane - spatial 

structures from 1 nm to 10 µm, hundreds of membrane components - means the 

reasons for these behaviors remain unclear.   

We have developed a new technique to investigate the fundamental 

physical causes of complex diffusive behavior in the cell membrane.  

Homogeneous and inhomogeneous phospholipid monolayers are used as model 

membranes whose complexity is controllable and well-defined.  The novel 

addition of single particle tracking (SPT) probes the diffusive behavior of 

individual lipids and model proteins, with a 200 nm spatial resolution on time 

scales from 10-2 to 103 seconds.  This length of experiment is necessary to study 

diffusion in the long-time limit.  We use simulations of diffusion with monolayer 

interactions to extend the experimental results to millisecond and nanometer 

scales similar to the plasma membrane. 
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With SPT on homogeneous membranes, we show that the diffusion 

coefficient of single lipids in DMPC (dimyristoyl phosphatidylcholine) 

monolayers is consistent with literature values.  We also find apparent 

subdiffusion in these homogeneous DMPC monolayers, which should only permit 

normal diffusion.  The apparent subdiffusion arises from slight errors in finding 

the actual particle position due to noise, a new result.  Applying this result to 

previous reports of anomalous diffusion on cells shows many prior results are 

simply normal, noisy diffusion.   

We use DMPE (dimyristoyl phosphatidylethanolamine) monolayers in the 

fluid-solid coexistence phase as models of the plasma membrane, with the 

advantage of visible heterogeneity (as opposed to the invisible structures in the 

cell membrane).  We find that polystyrene model proteins and solid-phase 

monolayer domains interact via dipole-dipole potentials.  Simulations and 

experiments show these attractive interactions reduce the diffusion coefficients of 

the particles by a factor of two at short times when compared to freely diffusing 

particles, transitioning to a factor of ten or more at long times.  Obstruction by 

obstacles at these concentrations should reduce diffusive speeds by only 10%.  In 

addition, simulations show a sharp transition from fast to slow long-time diffusive 

behavior as the dipole-dipole potential deepens below 5 kBT.  This sensitive 

mechanism can exactly explain the factor of 10-100 slower diffusion in cells 

versus artificial, homogenous membranes.  And the combination of fast local and 

slow global diffusion provides a new mechanism of clustering and signal 

enhancement, relevant to cell membranes near lipid rafts. 
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Chapter 1 Introduction 

Cells form the basic building blocks of life, and communication into, out 

of, and within a cell is essential for many functions.  Signals into the cell may tell 

it to eat, when and where to move, even to die; signals out of the cell allow it to 

communicate and cooperate with others nearby [1].  A very simple model of a cell 

is a balloon of material, its contents separated from the environment by a 

membrane.  Any signal to or from a cell, therefore, must pass through this 

virtually impermeable barrier.   

Accordingly, transport across the membrane is essential for many cell 

functions, including signaling and metabolism.  However, transport laterally 

within the cell membrane also forms a crucial part many biological processes, 

such as intercellular signaling, intracellular signaling, and membrane formation 

[2].  For example, in exterior to interior signaling processes, a primary receptor in 

the membrane, such as an acetylcholine receptor, may activate a number of 

secondary messengers, such as G-proteins, which then diffuse laterally to 

continue transporting the signal.  Reactions which rely on diffusion proceed much 

faster in two dimensions (along the cell membrane) than in three dimensions (in 

the cell interior), and so lateral diffusion can play a role in interior to interior 

signaling [3].  In addition to transporting signals, the cell must continually 

replenish the membrane, as it removes degraded components.  New material 

added in one location must then laterally spread throughout the membrane. 
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The heterogeneous nature of the cell membrane makes lateral diffusion an 

unsolved problem.  The membrane is primarily made up of lipids, in which 

proteins are embedded.  Although this would seem to lead to a homogeneous 

system, where diffusion and transport are easily described, the cell membrane is 

in fact inhomogeneous over many length scales [4].  The smallest scale 

inhomogeneities are proteins themselves, several nanometers in diameter.  

Clusters of proteins are the next scale, and beyond that, regions of different lipid 

content, or “lipid rafts”, are thought to exist on scales from 10-300 nm [5].  The 

existence of such obstacles is often inferred indirectly, as the size scales are too 

small for observation via optical microscopy, which has a resolution on the order 

of 250 nm. 

Early studies of membrane fluidity did not account for this complexity, 

and gave divergent results.  These studies relied on ensemble techniques, and 

made the explicit assumption that membrane components undergo Brownian 

motion [6].  However, this assumption was unable to describe the motion of 

membrane proteins, and other assumptions (such as an immobile fraction of 

otherwise identical proteins) were made [7].  In addition, diffusion coefficients of 

proteins embedded in the membrane were found to be more than an order of 

magnitude slower than predicted for a simple, two dimensional fluid [1].   

Single molecule studies of proteins and lipids in cell membranes likewise 

demonstrated complex diffusive behavior.  Besides normal diffusion, equivalent 

to Brownian motion where the area the particle covers grows linearly with time, 

single particle tracking (SPT) experiments showed subdiffusion and confined 
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diffusion [4].  In subdiffusion, the area a particle covers grows slower than 

linearly with time, meaning particles remain far more localized than during 

normal diffusion.  In confined diffusion, particles undergo normal diffusion on 

short length scales, but are confined to a specific region.  SPT experiments have 

shown confinement on several length and time scales (100 nm - 10 µm, seconds 

to minutes) [8]. 

The underlying mechanisms for these observations, however, remain 

unclear.  Simulations of lateral diffusion show that obstacles in the membrane 

must approach percolation threshold concentrations (obstacle area fractions higher 

than 50%) to significantly reduce the diffusion coefficient, lead to subdiffusion, or 

to confined diffusion [9].  Work with model membranes tends to either depend on 

ensembles of molecules, which obscure the underlying mechanisms, or operate on 

systems that are not easily generalizable.  In addition, uncovering scaling 

behavior in lateral diffusion (such as subdiffusion) requires long time 

experiments, which have been complicated by cells' limited size [10]. 

The significance of lateral diffusion in complex two dimensional fluids 

reaches beyond its biological implications.  The observation of anomalous 

diffusion implies a breakdown of the central limit theorem, a relatively rare event 

in nature.  Additional well defined experiments examining diffusion in disordered 

media, an active area of research [11], increase the understanding of 

heterogeneity's impact.  Diffusion in complex geometries with interactions 

between particle and obstacle beyond simple hard-core repulsion, for example, 



 4

can lead to transient anomalous diffusion [12].  While interactions have been 

theoretically well treated, simple experimental systems are less common. 

In summary, the lateral diffusion of the components of cell membranes is 

not well understood in the presence of inhomogeneities that exist on a range of 

spatial and time scales.  The mechanisms that lead to the drastically reduced 

diffusion coefficients of membrane proteins have not been convincingly explained 

by hindering.  The observations of subdiffusion and confined diffusion are not 

quantitatively understood. 

This research aims to understand the basics of diffusion in these spatially 

inhomogeneous membranes, and how various modes of motion can be described.  

The simplest system that still retains enough complexity to model the cell 

membrane is used: a monolayer of lipids on a water surface (1/2 of a membrane).  

While not particularly representative for transverse motion, a monolayer is a good 

model for lateral motion in the cell membrane [13].  In addition, the phase state of 

the monolayer can be changed, and so observable inhomogeneities can be 

introduced over a range of length scales.  

Therefore, a custom Langmuir trough was designed to hold the monolayer.  

One of the main advantages of the system introduced is that the area of 

observation is 100 times larger than that of a cell.  It was used for the first 

observations of the diffusion of single lipids over more than four decades in time.   

This extended scaling behavior is used to study how subdiffusion can arise 

in membranes where only normal diffusion is expected.  Unexpectedly, the simple 

artifact of camera noise can lead to apparent subdiffusion in any type of 
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membrane (and has been mistakenly observed as such [14]).  We have confirmed 

this result both analytically and using simulations of Brownian motion in a noisy 

system. 

Finally, this research aims to examine the impact of inhomogeneities on 

two dimensional diffusion in the cell membrane, including interactions beyond 

pure obstruction.  The Langmuir trough is used to create monolayers in a liquid-

solid coexistence region.  The solid domains are model obstacles which are 

observable, as opposed to obstacles in cell membranes, which are not.  Proteins 

are modeled with small polystyrene beads, whose diffusion and interactions with 

domains are observed.  Simulations and experiments show these interactions can 

be dominated by dipole-dipole potentials, which have a similar energy scale to 

dipole interactions between proteins and lipid rafts in a cell.  The simulations of 

diffusion are used to extend the monolayer results to size and time scales 

experimentally unreachable, but biologically relevant.  These extended 

simulations show transitions between fast and slow diffusive speeds with very 

small changes in potential depth.  This provides a sensitive mechanism for the cell 

to control signaling in the presence of obstacles.   

In the next section, a review of relevant literature provides the background 

and motivation for this research.  The methods used to conduct the experiments 

and simulations are then described in detail.  The results are split into three 

chapters, following the structure used above: diffusion of single lipids in 

homogeneous systems over extended times; a simple, universal, artifact that leads 

to apparent anomalous diffusion, independent of the system used; and simulations 
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and experiments that show how obstacles interacting with membrane components 

can significantly affect diffusion.  Finally, the conclusions of this research, and 

outlook for future work, are presented. 
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Chapter 2 Background 

This chapter begins with a brief overview of the background to this 

research, followed by a more detailed explanation.  The discovery that the cell 

membrane is a two dimensional fluid is relatively recent, and this fluidity's 

implications for physiological function are numerous.  The mathematics to 

understand diffusion in two dimensions have been taken from fluid mechanics, 

and extended to a planar membrane in a three dimensional bulk fluid.  Due to the 

importance of membrane diffusion, methods to study it experimentally have been 

created.  Early ensemble methods were replaced by single molecule techniques, 

which in turn showed that the membrane is not a simple fluid, but a very 

heterogeneous one.  This inhomogeneity changes the diffusive behavior of 

membrane constituents, and simulations of heterogeneous membranes were 

developed to help interpret the experimental results.  Model membranes were also 

used to aid in understanding experiments on cells, since the model membranes 

have a controllable, well-defined complexity.  One of the most important model 

membranes is a monolayer of phospholipids spread on the air-water interface.  

The monolayer system itself has physical and electrostatic qualities that impact 

diffusion, and can provide additional insight into the cell membrane. 

2.1 HISTORICAL BACKGROUND 

The idea that the outer membrane of cells (the plasma membrane) is a 

two-dimensional fluid made up of lipids and proteins is only three decades old, 

but the foundations of this idea stretch back over a century.  A membrane to 
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separate the interior of a cell from the exterior was first proposed in 1773 [15].  

The postulate that the membrane is composed of lipids was made by Overton in 

1895, based on his finding that substances that dissolve in lipids enter cells more 

easily than those that do not [16].  The discovery of the structure of the 

membrane, however, relied on the monolayer technique that is still used to model 

cell membranes. 

Lipids form a very thin layer when spread on a water surface.  Benjamin 

Franklin first quantitatively described this in 1774, noting that one teaspoon (5 

ml) of oil spread over half an acre (2000 m2) [17].  This is a film thickness of 2.5 

nm – a truly monomolecular layer.  It was not until 1899, however, that Lord 

Rayleigh postulated that a lipid layer on a water surface is in fact one molecule 

thick, based on experiments with polar oils on water surfaces [18].  Irving 

Langmuir showed this to be the case in 1917: the polar, hydrophilic head groups 

of the lipids are in the water; the non-polar, hydrophobic tail groups are in the air 

[19] (Figure 2.1a).  Langmuir pointed out that monolayer formation is due only to 

the amphiphilic (hydrophobic and hydrophilic regions in the same molecule) 

nature of the lipids.  A simple free energy calculation shows why: a lipid at the 

air-water interface lowers the surface energy by about 4 kBT, but moving the lipid 

fully into the water requires about 1000 kBT. 

This idea has implications for the form of lipid structures in aqueous 

solution.  In particular, lipids should self-assemble into bilayers made up of two 

monolayers to shield the non-polar portions of the lipids from the surrounding 

water (Figure 2.1b).  Overton's discovery that the plasma membrane is composed 
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of lipids lead Gorter and Grendal to suggest that the membrane is, in fact, a lipid 

bilayer based on this self-assembly argument.  In 1925, they created a monolayer 

from a red blood cell membrane.  They found that this monolayer occupied 

exactly twice the surface area of the red blood cell, proving the lipid bilayer 

model of the cell.  Although they erred in measuring both the monolayer area and 

cell surface area, the errors cancelled to give the correct answer [20]. 

It was known, however, that cell membranes contain proteins as well as 

lipids, and so the question of the protein location arose.  In 1935, Danielli and 

Davson proposed the sandwich model of the cell membrane - a lipid bilayer 

sandwiched between two layers of protein [21].  This model persisted until freeze-

fracture techniques, whereby the plasma membrane is frozen, and the two 

monolayers composing the bilayer are split, showed that the proteins are actually 

embedded within the bilayer [22].  A mosaic model was then proposed by Singer 

in 1971, where the proteins are embedded in a lipid bilayer mosaic [23]. 

 

Figure 2.1.  (a) Cartoon lipid monolayer self-assembled at the air-water interface.  
Head groups are in the aqueous phase, tails are in the air.  (b) Bilayer of two 
opposing monolayers.  Head groups, ~ 1 nm diameter, are in contact with water, 
tails, ~ 3 nm long, are protected from water. 
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About the same time, an experiment by Frye and Edidin provided 

convincing evidence that the cell membrane exists in a fluid state.  They fused a 

human and a mouse cell together, in which the membrane embedded proteins 

were tagged according to the cell of origin.  Over a period of minutes, the proteins 

became intermixed across the fused cells [24].  As a result, Singer and Nicolson 

updated the mosaic model of the cell membrane to a fluid mosaic model [25].  In 

the fluid mosaic, which forms the basis of the modern model of the cell 

membrane, the membrane is composed of a bilayer of lipids with proteins 

embedded or attached peripherally (Figure 2.2), and is about 25-75% proteins by 

weight.  There are hundreds of lipid species in the cell membrane, differing both 

in head group and tail composition.  Both lipid species and protein species are 

mobile, able to diffuse laterally within the cell membrane.   

 

Figure 2.2.  The Fluid Mosaic model.  The plasma membrane is a lipid bilayer, 
with hydrophilic head groups in contact with water on either side (outside and 
inside of cell).  Hydrophobic tails are on the interior, protected from water.  
Membrane proteins are embedded in this bilayer, and can span the entire bilayer, 
or only one leaflet. 
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2.2 IMPORTANCE OF LATERAL DIFFUSION 

Lateral diffusion in the plasma membrane is important in a variety of 

biological functions, such as signaling via proteins and via lipids, membrane 

formation, cell-cell adhesion, and is used as a probe of membrane structure 

[2],[26].  

One of the earliest focuses of lateral diffusion was as a test of the fluidity 

of the membrane, following the fluid mosaic model [27].  Since lipids provide the 

structure of the membrane, lipid diffusion has been studied extensively [28],[29].  

This fluidity is important for the insertion and distribution of membrane 

constituents: components are inserted locally, and then spread through the 

membrane. 

Diffusing molecules can act as amplifiers in signal transduction.  A well 

studied example of protein diffusion in signal transduction comes from the 

transduction of light via rhodopsin [30].  The rhodopsin protein is mobile in the 

plane of the membrane.  After activation by a photon, the rhodopsin diffuses until 

it comes into contact with a second type of protein (a G-protein), activating it.  

Rhodopsin continues diffusing, activating numerous G-proteins in an 

amplification step in the light transduction pathway [31].  Diffusing lipids, in 

particular phosphoinositides (PIs), also participate in signal transduction.  An 

example is the point generation of PIs in the membrane by an external chemical 

signal.  The speed at which the PIs diffuse away (0.5 µm2/s) dictates the ability of 

the cell to localize the signal.  Thus, diffusion sets the spatial resolution for signal 

sensing in fibroblasts (~10 µm for the PIs' 40 s lifetime [32]). 
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Lateral diffusion of proteins also impacts cell adhesion.  On initial contact 

between a membrane and substrate, the adhesion region contains a finite number 

of receptors, which then bind to the substrate and stop moving.  As more 

membrane receptors diffuse into the contact region, they bind, increasing adhesive 

strength [33]. 

One result of the large amount of work done on lateral diffusion of 

membrane components is the recognition that this diffusion can probe the 

physical structure of the membrane.  Simple diffusion has been found, as 

predicted by a fluid mosaic model where proteins are free to move throughout the 

membrane [34],[35].  However, a number of experiments have found more 

complex types of membrane protein motion [36],[37], which indicates that the 

membrane has a heterogeneous structure.  A brief description of two dimensional 

diffusion follows, to indicate the types of motion expected.   

2.3 TWO DIMENSIONAL DIFFUSION 

In a homogeneous, continuous medium, diffusion of a solute can be 

described by, 

 2n D n
t

∂ = ∇
∂

 2.1 

where n(r,t) is the concentration of the solute at position r and time t, and D is the 

diffusion coefficient.  The diffusion of a particle (such as a membrane constituent) 

can be described by the probability P(r,t) of finding the particle at position r after 

a time t, given that it started at the origin at time t=0.  This step size distribution is 

a solution to Equation 2.1 with the initial condition ( ,0) ( )n δ=r r .  In two 

dimensions it is [38],  
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One convenient mechanism for characterizing diffusion is the mean square 

displacement (MSD),  
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The MSD is convenient because it is easy to calculate from a trajectory of a 

diffusing particle r(t), and because it provides a simple method of finding the 

diffusion coefficient.   

 Diffusive behavior that follows Equation 2.3 is referred to as normal 

diffusion since it arises from Brownian motion.  Brownian motion is the result of 

a particle in a fluid subject to the thermal fluctuations of the fluid, and leads to a 

diffusion coefficient given by [39], 

 Bk TD
ξ

=  2.4 

where kBT is the temperature, and ξ is the friction coefficient of the particle.  This 

is the basis of most diffusive transport. 

 Normal diffusion is particularly common because the underlying step size 

distribution (Equation 2.2) is Gaussian.  The central limit theorem (CLT) shows 

that most distributions (such as the binomial) will become Gaussian over time.  

The scope of the CLT is essentially any distribution with a finite second moment 

(the MSD) [40].   
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 However, other types of motion can be characterized using the MSD.  Of 

particular importance to membrane motion are anomalous diffusion and confined 

diffusion [8].  In anomalous diffusion the MSD grows as a power law with time.  

Membrane literature uses anomalous diffusion synonymously with subdiffusion 

(anomalous diffusion with an exponent smaller than 1), 

 MSD( ) 4 ,    <1t Dtα α=  2.5 

where α is the scaling exponent.  One method of reaching subdiffusion is by 

having the particle wait between steps, with a waiting time distribution whose 

second moment diverges [41].  Since anomalous diffusion is defined by a power 

law in the long time limit, reliable scaling determination requires long data sets.   

 In confined diffusion, the MSD is given by, 

 2
2

4MSD( ) 1 expc
c

Dt At r
r

  − ⋅
  = −

    

 2.6 

where rc is the size of the confinement regions, and A is a geometric factor [8]. 

 The speed of diffusion is given by Equation 2.4, and in particular depends 

on the friction coefficient ξ.  In three dimensions, the friction coefficient of a 

sphere of radius a is 6 aξ πη= , where η is the viscosity of the medium [39].  

Unfortunately, ξ is not well defined in a truly two dimensional system, since the 

governing fluid dynamics equations have no solution.  For a discussion of ways 

around this, see [42].  One particular method is to consider a three dimensional 

fluid surrounding the two dimensional membrane.  For a cylindrical protein of 

radius a and in a membrane of height h, the diffusion coefficient is given by the 

Saffman-Delbrück model [43], 
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η
πη η

 ≈  
 

 2.7 

where η is the viscosity of the membrane, which at about 1 poise is 100 times η', 

the viscosity of the subphase [42], making the model assumption that 'η η�  a 

reasonable one.  One main difference from three dimensional diffusion is that D is 

much less sensitive to the particle size a: logarithmic instead of linear.  Diffusion 

in a homogeneous system, therefore, depends only on viscosity, membrane 

thickness h, and temperature: parameters that are all biologically fixed.  Control 

of diffusion in the cell must depend on other mechanisms. 

 Finally, lipid diffusion is even more complex.  Individual lipids are the 

same size as the molecules of the fluid in which they move, so a continuum 

approach is unwarranted.  The free volume model has been used to describe 

diffusion under these circumstances [44].  In this model, a lipid moves by hopping 

into adjacent areas large enough to accommodate it [28].  The diffusion 

coefficient, therefore, strongly depends on the packing density ρ of the lipids and 

the size of an individual lipid [45], 

 0

0

exp aD C
a a
γ −=  − 

 2.8 

where a is the average area per lipid ( 1a ρ= ), a0 is the size of the individual 

lipid, γ is a fitting parameter for the adjacent area a lipid needs to hop, and C is a 

fit parameter that depends on the activation energy needed to create an area γa0.  

The free volume model works for molecules up to about twice the size of a lipid 

(a0 up to 1 nm2), above which the Saffman-Delbrück model is more appropriate 

[46]. 
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2.4 METHODS TO STUDY LATERAL DIFFUSION 

Diverse methods to study diffusion of membrane components were 

developed as a result of the fluid mosaic model.  For example, the first diffusion 

measurements were made using the cell fusion technique described above [24], 

which used the mixing time (the time until the constituents are completely mixed) 

to estimate a diffusion coefficient.  One commonality among early methods was 

the reliance on measurements of ensembles of molecules.  This, in turn, required 

underlying models of diffusion to describe the results, generally based on the 

assumption of homogeneous, Brownian motion. 

Typical lipid diffusion constants are around 1 µm2/s (10-12 m2/s), protein 

diffusion constants range between 10-4 and 1 µm2/s.  Thus, to probe diffusion on 

length scales between atoms and cells (angstroms to many microns), methods 

operating on time scales of picoseconds to hours have been developed.  Neutron 

scattering follows the motion of the atoms in a molecule, and can be related to 

molecular dynamics simulations of membranes [47].  Electron spin resonance 

averages molecular motion on scales of a few nanometers and nanoseconds, while 

nuclear magnetic resonance probes motion on the scale of 10-100 of nm, and 

microsecond times [48].  Methods on the longer time scales relevant to biological 

processes require the addition of a probe, and are described below.  It is worth 

noting, however, that the values of D measured at the shortest time scales are up 

to 100 times faster than those at longer times.  This is most likely due to the 

hopping motion described by the free volume model, since the time scale of 

moving into adjacent free area is faster than the generation of new free area [49]. 
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Particular types of protein or lipid are distinguished from the hundreds of 

other membrane constituents by the addition of a specific marker [50].  In 

fluorescence microscopy, a fluorescent dye is added to the constituent of interest, 

and the diffusion of the dye is studied as a surrogate.  By far the most widely used 

method to study lateral diffusion relies on a fluorescent probe: fluorescence 

recovery after photobleaching (FRAP) [2],[29],[51],[52].  In this method, a small 

fraction of the molecules of interest (either lipids or proteins) are tagged with a 

dye.  Within a circular spot on the membrane (typically about 1 µm across), the 

dye molecules are irreversibly bleached with an intense light source.  As 

molecules tagged with unbleached dye diffuse into this spot, the fluorescence of 

the spot recovers.  This single recovery curve characterizes the diffusive motion 

of the particles [53],[54]. 

The advantages of FRAP are its ease of use with a light microscope and its 

ability to probe diffusion over time scales of milliseconds to hours.  The 

disadvantage is that it requires explicit assumptions about the diffusive behavior.  

Since multiple parameters are required to fit the recovery curve, a single FRAP 

curve can be equally well fit with multiple fractions with different diffusion 

coefficients (most commonly free and fixed), anomalous diffusion, and fractions 

confined to limited regions [7],[55]. 

2.5 SINGLE PARTICLE TRACKING 

To circumvent this strong disadvantage, a technique to follow the 

trajectories of single molecules was developed: single particle tracking (SPT) [8].  

Molecules such as lipids and proteins are generally too small to observe directly 
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through a light microscope, so they are labeled with a particle that is visible, 

either via fluorescence or scattering [56],[57].  The motion of this tag is assumed 

to be representative of the motion of the molecule itself.  Given the relative size of 

most tags (30 nm and larger) and molecules (< 1 nm for lipids, 5 nm for proteins) 

this assumption may seem relatively strong.  The range of applicability of SPT is 

not completely known [58], but SPT often gives comparable results to ensemble 

methods using much smaller tags [8].  The typical tags that are used are 30 - 40 

nm gold colloids, which scatter light very effectively, and can be observed via 

bright-field, darkfield or DIC microscopy [59], 30 - 100 nm fluorescently labeled 

plastic beads [60], and single fluorophores [61].  Single fluorophores are much 

closer to protein sizes, but require laser illumination, and bleach after about 20 

steps. 

The primary advantage of SPT over FRAP is its ability to probe the 

motion of individual molecules at a much higher spatial resolution (nanometers 

versus micrometers).  As such, fewer assumptions about the type of particle 

motion need to be made.  In order to determine the diffusive behavior of 

trajectories, the MSD is calculated [62],  

 ( ) ( ) ( )
2

2

1

1MSD
N n

j
t j t n t j t

N
δ δ δ

−

=

 ∆ = = + − ∑r r r  2.9 

where r(t) is the position of the particle at time t, N is the total number of steps in 

the track, δt is the interval between steps in the trajectory, and n t tδ = ∆ .  That is, 

the MSD is the average over all positions in a trajectory separated by a specific 

amount of time.  The MSD can then be tested, for example, for normal or 

anomalous diffusion (Equations 2.3, 2.5, and 2.6). 
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One of the weaknesses of previous implementations of SPT was the 

limited length of tracks collected.  Most experiments only collect a few hundred 

data points (and some many fewer).  These limited statistics make it quite difficult 

to determine scaling behavior accurately (as in subdiffusion) [9].  The limited 

track length was due to several factors, including the limited size of the samples 

[62], the lifetime of the fluorophore [61] and the limitations of earlier hardware 

[59]. 

2.6 THE INHOMOGENEOUS PLASMA MEMBRANE 

Relatively soon after the fluid mosaic model was introduced, indications 

of a more complicated membrane structure began to appear.  The main question 

that arose is why proteins diffuse a factor of 10 - 100 slower in the cell membrane 

than in synthetic lipid membranes [63], particularly given the constraints of the 

Saffman-Delbrück model (Equation 2.7).  In addition, 25-75% of proteins appear 

to not only slow down, but remain immobile in the plasma membrane [12]. 

Interactions between membrane proteins and structures (such as the 

cytoskeleton) inside the cell reduce the diffusion coefficient by an order of 

magnitude in some cells [64], but not in others [65], and there is little consensus 

on this discrepancy.  These interactions may provide one level of structure to the 

membrane, since they act as long range barriers to protein movement.  Using 

optical tweezers to drag proteins through the membrane, barrier-free paths of 1-10 

µm have been found [66].  On the other hand, observations of the diffusive 

motions of proteins show confinement on the scale of 100 nm - 1 µm [37],[67].   
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Inhomogeneities also exist within the membrane itself.  The protein 

content of the plasma membrane is 25-75% by weight [68], and so proteins 

themselves form the first scale of obstacles, on the order of a few nm.  The next 

level of obstruction may be proteins enlarged by lipid shells condensed around 

them, about 10 nm in diameter [69], although these are only proposed.  The idea 

of lipid rafts, larger condensed lipid domains, has become popular recently.  

These domains, thought to exist on size scales of 25 - 300 nm, consist of mobile 

lipids of a composition distinct from the surrounding membrane [5],[70],[71].  

However, these rafts have not been visualized directly, only inferred from protein 

clustering experiments, and thus are somewhat contentious [69].  These 

observations have led to the current picture of the cell membrane as a highly 

inhomogeneous fluid, with structure on scales from 1 nm to 10 µm. 

2.7 NON-BROWNIAN DIFFUSION IN THE PLASMA MEMBRANE 

This heterogeneous membrane structure indeed impacts diffusion, as non-

Brownian motion of membrane constituents has been observed.  The single 

particle tracking technique was the first tool used to observe this type of motion, 

but the assumptions underlying FRAP were also modified to accommodate more 

complex motions [7].   

Single lipid and protein confinement has been observed in many 

experiments, and was one of the primary drivers of the complex view of the 

plasma membrane described above [4].  Proteins can be confined in regions of 

100 nm - 1 µm, for 3-35 s, depending on the cell type [14],[36],[37],[62].  Lipids 

can also be confined to regions in the cell membrane, 250 - 750 nm wide, for less 
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than a second [72],[73] (although in [72], the "confinement" is observed in tracks 

that are 14 steps long, making interpretation problematic [74]).  As above, this 

confinement is attributed to either lipid rafts [70], or the cytoskeleton under the 

cell membrane [75].  Naturally, the membrane is also complicated enough to 

show unconfined diffusion of proteins [35], leading to the question of what the 

important influences on diffusion are. 

Anomalous subdiffusion has also been reported for various membrane 

constituents.  Proteins in the plasma membrane have scaling exponents (Equation 

2.5) that range between 0.1 and 0.9 [7],[10],[14],[72].  These claims of 

subdiffusion are generally based on short trajectories (< 2 decades in time, the last 

reference uses only 10 points), making scaling arguments weak.   

2.8 SIMULATIONS OF LATERAL DIFFUSION 

One attempt to understand diverse results of diffusion experiments and 

plasma membrane complexity uses simulations and analytical models of 

heterogeneous media.  Analytical models, for example, include the effects of 

protein concentration and short range hydrodynamic interactions [76],[77].  These 

models show that interactions between proteins reduce the diffusion coefficient by 

a factor of 10 (10-1 µm2/s to 10-2 µm2/s) at high concentrations (50% area 

fractions), but that diffusion remains normal.   

Simulations have also focused on diffusion in heterogeneous systems.  

Molecular dynamics simulations model the full interactions of lipid, protein, and 

water molecules at atomic detail.  These simulations are computationally 

intensive, and generally shorter than 100 ns, limiting diffusion measurements to 
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very short distances (~ 1 nm) [78].  The diffusion coefficients (~ 1 - 10 µm2/s) 

compare well with spectroscopic techniques on the same time scales.  Monte 

Carlo (MC) techniques are much faster computationally, and can be done over 

length scales comparable to FRAP and SPT data (nanometers to many 

micrometers) [79].  Fixed step size MC simulations work with particles diffusing 

on a lattice; continuous MC simulations use a probability distribution of step sizes 

(such as Equation 2.2).   

In a typical heterogeneous MC simulation, a particle diffuses on a 

triangular lattice, with specific lattice sites occupied by obstacles [80].  The scale 

is arbitrary; if obstacles correspond to fixed proteins, step sizes are 0.5 nm (a lipid 

diameter) and corresponding step times are about 100 ns (input diffusion 

coefficient D0 = 1 µm2/s).  As the obstacle concentration increases, the diffusion 

coefficient decreases approximately linearly from D/D0 = 1 to D/D0 = 0 at the 

percolation threshold (~ 50% obstacles) [79].  This result implies that the 10 to 

100 fold decreases in diffusion coefficient of proteins in natural versus model 

membranes results from obstacle concentrations very near the percolation 

threshold.  Above the percolation threshold, the particles undergo only confined 

diffusion.  In general, diffusion in these simulations is normal at long times, 

although at short times it can appear anomalous [9].  This means that there is a 

time tCR below which the MSD scales as ∆tα, but above tCR, the MSD scales as ∆t.  

Simulations with obstacles that are permeable disks show similar results, except 

the reduction in diffusive speed is even weaker: the minimum D/D0 is the 

permeability of the disk [81]. 
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Achieving anomalous diffusion in these simulations is difficult.  Diffusion 

with obstacle concentrations near the percolation threshold can lead to transient 

anomalous diffusion [9].  The crossover time between anomalous and normal 

diffusion tCR increases near the percolation threshold as 3.8~CR Pt C C −− , with CP 

the percolation concentration.  These times are on the order of milliseconds until 

very near the percolation threshold.  At exactly the percolation threshold, 

diffusion is anomalous at all time scales (that is, truly anomalous). 

As described in the Chapter 2.3, another method to reach anomalous 

diffusion is via particle traps with depths that have a singular distribution [82].  In 

this scenario, membrane constituents become immobilized by a trap.  The sticking 

time increases with increasing trap depth, and so if trap depths diverge, sticking 

times diverge, leading to anomalous diffusion.  Biologically, the distribution of 

trap depths must be truncated, but even with traps with a finite hierarchy of depths 

anomalous diffusion can be generated in simulations [83].  If the diffusing 

particles start with random initial placements in these simulations, diffusion is 

anomalous for some time, before returning to normal diffusion.  If the particles 

start in thermal equilibrium, on the other hand, diffusion is normal on all times.  

Anomalous diffusion over all times requires constant input of energy to re-

randomize the particles, so that the initially anomalous diffusion never returns to 

normal [84]. 

2.9 MODEL SYSTEMS 

The complexity of the membrane and desire to understand the basics of 

lipid and protein diffusion have led to the use of a number of experimental models 
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of the cell membrane.  Since lipids self-assemble into spherical bilayers (vesicles) 

when placed in water, vesicle systems have been widely used to probe lipid 

diffusion [85].  Vesicles can also incorporate proteins to probe protein diffusion in 

simple lipid systems [86].  However, it is often more convenient to use planar 

bilayers, as more of the membrane remains in the focus of a microscope observing 

the system.  The most common form of planar bilayer is the supported bilayer, 

where a bilayer of lipids is placed on top of a solid substrate [87].  Supported 

bilayers have been used for measurements of lipid and protein diffusion [59],[60].  

Early experiments on model systems tend to be focused on one component 

homogeneous systems [88].  It is within these one component systems that 

proteins and lipids diffuse 10-100 times faster than in the plasma membrane.  

Later experiments include full membrane extracts [89] or multi-component 

systems in which phase separated lipids form obstacles to diffusion [90].  In 

particular, lipid raft mixtures have begun to be used in model membranes [91].  

However, SPT has not been performed in membranes (model or cell) where 

obstacles are simultaneously observed. 

While the bilayer may be the most exact model of the plasma membrane, a 

lipid monolayer provides distinct advantages.  The packing density of lipids is not 

controllable in vesicles.  Supported bilayers can be created with a variety of 

packing density, but the packing density cannot later be changed.  A monolayer, 

however, can have essentially any packing density between a free surface and the 

close-packed density of lipids (~ 2 phospholipids/nm2 [92]), and the density can 

be continually changed during an experiment.  This is particularly useful because 
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packing density can be used to create inhomogeneous structures at a variety of 

different length scales: models for obstacles in the membrane.  Monolayers have 

been used as models of lipid diffusion, but never with single particle techniques 

[93].   

2.10 LANGMUIR MONOLAYERS 

As described in the Chapter 2.1, monolayers of lipids at the air-water 

interface (Langmuir monolayers) were used for the first proof of the bilayer 

structure of the membrane.  Since characteristics of these monolayers make them 

appealing tools to study lipid transport, a short overview of monolayers follows.   

Water molecules at the air-water interface have a higher energy than water 

molecules in the bulk, due to dangling hydrogen bonds.  The surface energy per 

unit area, also called the surface tension γ, has a value of 73 mN/m for the air-

water interface at 20 °C [94].  Amphiphilic molecules on the surface (surfactants) 

reduce the free energy - polar regions add hydrogen bonds to the water molecules, 

non-polar regions remain in the air.  The surface pressure Π = γ - γ0 is the 

difference between the actual surface tension and the surface tension of a 

surfactant free interface.  Π is a surrogate for monolayer packing density, and 

increases with increasing density.   
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Changing the molecular packing density causes a monolayer to go through 

phases analogous to those of bulk matter (Figure 2.3): a gas-like phase, where the 

molecules of the monolayer are weakly interacting, characterized by Π = 0 with a 

large compressibility; a liquid-like phase (also known as the liquid expanded, LE, 

phase) where the molecules interact, Π > 0 and a lower compressibility; a 

coexistence phase, where the monolayer phase separates into liquid-like and 

 

Figure 2.3.  Schematic isotherm of a Langmuir monolayer.  Top: a monolayer on 
a water subphase, being compressed with a barrier (the manner in which the 
isotherm is created).  Main: fluid to solid transition and coexistence region.  In the 
liquid expanded phase, molecules interact, but there is no long range order.  In the 
liquid condensed (solid) phase, molecules interact and there is long range order.  
Inset: gas phase (weak molecule interaction) to LE transition, with cartoon of 
surface molecules.  Figure from [95].
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solid-like regions; and one or more solid-like phases (called the liquid condensed, 

LC, phase, although it is not actually liquid-like) where the molecules are in close 

contact, are almost uncompressible, and Π > 0, [95].  Different solid phases are 

characterized by different tail orientations.  If the monolayer is compressed 

beyond a minimum packing density (maximum pressure), it collapses into a 

multilayer [96].  

The lipids used in this research are phospholipids (meaning they have a 

phosphate group in the head region; the terms phospholipid and lipid are used 

interchangeably hereafter).  Some phospholipids form a monolayer which remains 

in the gas or fluid phase over the entire range of packing densities [97].  These are 

 

Figure 2.4.  Pressure-area isotherms of Langmuir monolayers.  (a) DMPC 
isotherm, which remains in the fluid phase until the monolayer collapses at 
around 40 mN/m.  (b) DMPE isotherm.  The flat region following the kink at 0.65 
nm2/lipid is the fluid-solid coexistence region.  Inset: fluorescence image of the 
coexistence region.  Dark circles are solid domains, light region is fluid. 
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particularly useful for homogeneous diffusion studies.  DMPC (dimyristoyl 

phosphatidylcholine) is an example of this type of phospholipid (Figure 2.4a).  

The polar head group is zwitterionic (has a positively charged N(CH3)3
+ choline 

group and a negatively charged PO4
- phosphate group, when in solution), while 

the non-polar region is made up of two 14 carbon saturated chains (C14H23) [92]. 

A typical example of a phospholipid whose monolayer goes through all 

three phases is DMPE (dimyristoyl phosphatidylethanolamine).  The polar head 

group is zwitterionic, but smaller than DMPC's: DMPE's positively charged 

amine NH3
+ group is smaller than the N(CH3)3

+ choline group of DMPC; the 

negatively charged phosphate PO4
- group is the same size.  DMPE's  non-polar 

region is made up of the same two 14 carbon saturated chains (C14H23) [92].  The 

advantage of DMPE is that it has a fluid/solid coexistence region, in which the 

monolayer becomes inhomogeneous, with solid domain sizes that increase as the 

packing density increases [98] (Figure 2.4b).  The fluid/solid phase transition is a 

first order transition, although the coexistence phase isotherm is not completely 

flat [99].  The domain shapes are dendritic when first formed, but relax to circles 

over time.  The end shape is given by a competition between the dipole-dipole 

repulsion of the individual lipids (maximizes area) and the line tension between 

the liquid and solid phases (minimizes circumference) [100].   

2.11 DIPOLE MOMENTS 

The dipole moment of the phospholipids plays a role in domain formation, 

and the dipole moments of the domains may play a role in diffusion.  Therefore, a 

brief overview of monolayer dipoles follows. 
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The dipole moment of a phospholipid in a monolayer is oriented 

perpendicularly to the surface, due to the separation of the charged head group 

and uncharged tails.  For most phospholipids, the value is about 0.5 D/lipid (1 

Debye is 3.335×10-30 C⋅m); for DMPC and DMPE, it is about 0.47 D/lipid [101].  

The solid domains have a higher dipole moment density than the fluid region due 

to the higher packing density (although the dipole per lipid goes down).  The 

difference in dipole moment density is about 0.27 D/nm2 between the fluid and 

solid phases of DMPE [102].  The dipole moment of the solid domains is the 

source of an electric field, which is given by [103], 
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where E(r) is the electric field at a point r in the monolayer, and is oriented 

perpendicularly to the monolayer, p is the excess dipole density of the solid 

domain, r0 is the solid domain itself, and ε is the dielectric constant of the 

monolayer. 

 Particles embedded in the monolayer (or proteins in a cell membrane) can 

also have an intrinsic or induced dipole moment.  A polystyrene bead at the air-

water interface is about 35% submerged, and has negative charges on the surface 

of the bead in the aqueous solution [104].  These negative charges induce positive 

ions in the subphase to cluster near the surface, setting up a charge separation, and 

thus a dipole oriented into the solution, µB.  The energy U between the electric 

field and a dipole is given by ( ) ( ) BU = ⋅r E r µ .  This dipole-dipole interaction has 

been used to map out the electric field due to solid domains in fatty-acid 

monolayers [105].  Although proteins and lipid rafts also have dipole moments, 
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the interactions between proteins and domains have not been modeled in 

membrane systems. 

2.12 SUMMARY 

Diffusion in the inhomogeneous plasma membrane is significantly 

different from diffusion in homogeneous models, most likely due to spatial 

structure in the membrane.  However, there are no experimental systems that 

probe this via the most direct method: simultaneous visualization of obstacles and 

their impact on the motion of single particles.  On a related note, anomalous 

diffusion seen in membranes has interesting (or suspicious) characteristics - such 

as the wide variation of exponents and short scaling measurements.  An 

experimental system with wide dynamic range is necessary to distinguish 

transient behaviors, and the difference between models of non-Brownian 

diffusion.
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Chapter 3 Methods and Materials 

The experimental setup used is designed to provide flexibility in terms of 

the length of diffusive motion followed and the phase and composition of the 

monolayer used.  In particular, the setup includes two main types of monolayers: 

one homogeneous in the fluid phase throughout a range of lipid packing densities, 

to test the single particle tracking method; the other exhibiting a coexistence 

region with fluid and crystalline domains, to model the inhomogeneous cell 

membrane.  The experimental system is only described briefly here; more detail is 

provided in the Ph.D. thesis of Martin Forstner (University of Texas, 2003) and 

our earlier papers [106], [107].   

The methods of data acquisition and analysis are described in detail here.  

The data acquisition system is designed for very long track lengths and large 

image arrays.  The analysis of the images is optimized for tracking multiple 

particles in a single experiment, with sub-pixel accuracy.  Simulations of diffusive 

motion, with and without obstacles, are used to test the analysis routines, and 

extend the results beyond experimentally accessible regions.  

3.1 EXPERIMENTAL APPARATUS AND MONOLAYER   

Homogeneous monolayers are made of DMPC (dimyristoyl 

phosphatidylcholine), which remains in a fluid-like phase throughout the entire 

range of surface pressures available (0 - 40 mN/m, the upper limit is set by 

monolayer collapse into multilayers) (see Figure 2.4a).  Inhomogeneous 

monolayers are made of DMPE (dimyristoyl phosphatidylethanolamine).   
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DMPE goes through a transition from a fluid-like phase to a crystalline-

like phase at 10 mN/m, over a packing density of about 0.65 - 0.45 nm2/lipid.  The 

phase state of the monolayer is visualized by adding 0.5 mol % of a fluorescently 

labeled lipid (Texas-Red DPPE, dipalmitoyl phosphatidylethanolamine).  This 

 

Figure 3.1.  (a) Schematic of a lipid monolayer.  The larger head-group lipids are 
the fluorescently dyed lipids.  (b) Top-down view of DMPE monolayer in fluid-
solid coexistence region.  Dark regions are solid domains that exclude the 
fluorescent lipids, due to the size difference.  Bright region is in the fluid phase.  
The surface pressure is about 11 mN/m. 
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probe partitions into the fluid phase, since the dye-enlarged head group is 

excluded from the crystalline phase (Figure 3.1b). 

As a Langmuir monolayer is essentially a two-dimensional fluid on top of 

a three-dimensional fluid, it is very sensitive to external disturbances such as 

vibration and air flow.  The experimental setup is governed, therefore, by the need 

to minimize such disturbances in order to take long trajectories of particles in the 

monolayer.  The entire system is built on a floating vibration isolation table.  

Control of the experiment is done remotely by computer, so that human bumps 

can be avoided.  The monolayer is covered to reduce airflow as much as possible, 

and the subphase layer (water beneath the monolayer) is kept as thin as possible 

(0.4 cm) to reduce convection.  

The monolayer trough is designed for a wide range of surface pressures, 

and is shown in Figure 3.2.  It was designed and built specifically for this 

experiment.  The monolayer is spread from vesicles injected into the subphase in 

a spreading compartment, separated to reduce vesicles in the observation area.  

The monolayer is compressed with the barrier to change the packing density, and 

hence the phase state of the lipids.  The surface pressure is measured using a 

Wilhelmy sensor (for a description, see [108]) in a small compartment to reduce 

the surface area needed for the measurement.  The monolayer is observed from 

above via a microscope in the observation area, which is sectioned off to reduce 

the influence of the Wilhelmy sensor.  A close fitting lid is lowered over the entire 

trough, with small holes for the Wilhelmy sensor and the microscope objective.  

The monolayer is kept at ambient room temperature. 
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Figure 3.2.  Schematic of Langmuir trough.  (a) Top down view of trough, overall 
dimensions 21.0 × 10.2 × 1.9 cm.  The monolayer is formed from vesicles 
injected in the right-most portion of the trough.  A barrier compresses the 
monolayer for variable packing densities of the lipids.  The monolayer is observed 
in a partially isolated region on the left, to reduce flow.  The surface tension (a 
proxy for packing density) is measured in a connected region of the monolayer.  
(b)  Side view of trough.  Barrier rides along rails to compress monolayer only, 
without compressing subphase.  (c) Assembled trough.  A close fitting lid is 
placed over the trough to reduce airflow.  The monolayer is observed via a 
microscope objective from above.  The Wilhelmy sensor measures the surface 
tension of the monolayer. 
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Two methods are used to observe diffusion within the monolayer system: 

a small gold colloid (30 or 100 nm, Goldmark Biologicals) attached to a lipid (see 

Chapter Chapter 4); and a fluorescent polystyrene bead (100 or 200 nm, yellow-

green fluorescent FluoSpheres, Molecular Probes) embedded in the monolayer 

(see Chapter Chapter 6).  The gold particle is visible via darkfield microscopy, 

which is sensitive to light scattered off the gold particle (see Figure 3.4a, for 

example).  However, since the phase state of the lipids is observed via 

 

Figure 3.3.  Example of dual fluorescent labeling.  Dark regions are the solid 
phase monolayer, with no fluorescently labeled lipids.  Light regions are the fluid 
phase monolayer, including Texas-Red labeled lipids.  The bright points are 
yellow-green fluorescent polystyrene beads.  The larger bright points are clumps 
of beads.  The surface pressure is 23 mN/m, toward the solid phase.  
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fluorescence microscopy, simultaneous lipid tracking and domain observation are 

not possible.  The fluorescent polystyrene beads were used to probe diffusion and 

observe the monolayer phase simultaneously (Figure 3.3). 

3.2 DATA ACQUISITION 

The first step in creating trajectories of particles in our SPT experiments is 

digitizing images off the microscope.  An intensified SIT camera (VE-1000 SIT, 

Dage-MTI) is attached to the microscope via a C-mount lens.  Images are output 

in analog video format from the camera, and simultaneously recorded on a VCR 

and digitized on a computer.  The video tape serves as a backup, while the 

digitization preserves the full resolution of the camera (the camera resolution is 

about 512 x 485 pixels, digitized at 640 x 480; tape resolution is approximately 

350 x 240 pixels).  The images are digitized in 8-bit monochrome to decrease the 

file size of the stored images, via a frame grabber (PCI 1407, National 

Instruments).  However, at video rate (30 frames per second, fps), this data stream 

is still 9 MB/s.  In early experiments, we did not have access to a computer that 

could stream 9 MB/s to hard disk, and thus had to stream movies into RAM, and 

record them to disk slower than real time.  This limited the movie length in the 

gold experiments to about 4000 frames, although trajectories from shorter movies 

were tied together into longer tracks.  The current digitizing system uses direct to 

disk streaming software (VisionStream, Alliance Vision) to record movies of 

arbitrary length in real time.  An IDE-RAID card (FastTrack 66, Promise 

Technology) splits the data from the frame grabber between two hard drives, 

enabling sustained transfers up to 30 MB/s.   
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3.3 TRAJECTORY RECONSTRUCTION 

Once the movies are on the hard drive, trajectories of the individual 

particles are calculated following Crocker and Grier [109], using IDL routines 

based on those given to us by John Crocker and Eric Weeks.  The movies are 

loaded frame by frame into IDL (RSI) (Figure 3.4a).  In each frame, the noise is 

first reduced by a convolution filter, and candidate particles are found, based on 

local intensity maxima (Figure 3.4b).  The center of a candidate particle is found 

by averaging the pixel intensity over a circle around the particle, typically 26 

pixels wide (Figure 3.4b, inset).  This center location is as accurate as a Gaussian 

fit to the intensity profile using IDL.  The main source of error in particle location 

is image noise.  Typical signal:noise ratios are about 5:1.  The accuracy of the 

center location is between 0.1 and 0.5 pixels (1 pixel is about 0.5 µm, see below), 

 

Figure 3.4.  (a) Darkfield image of 30 nm gold bead attached to a lipid in a DMPC 
monolayer.  This is about 1/20th of the entire field of view.  (b) Image filtered to 
reduce pixel noise.  Note the increase in signal:noise.  Inset: Mask used to find the 
center of the particle.  The white region is centered on the intensity maxima, and 
then the actual particle location is found by averaging over all pixels within this 
13 pixel diameter mask.  (c) Circle centered on found particle location.  The error 
in position is manifest as a slight offset in the circle. 
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depending on the noise level (Figure 3.4c).  Particle locations are only recorded if 

they are above a minimum total intensity in order to reduce spurious signals.   

Once every candidate particle (bright spot) is located in every frame of a 

digitized movie, particle locations are linked into trajectories.  For each particle 

position in frame i, the closest particle is found in frame i+1.  If the i+1 location is 

within a specified distance (typically 5 pixels, which is 10 step lengths 4D tδ ) 

of the i location, the locations are linked.  This continues for each frame.  The 

linking can tie locations together even if a particle is not found for several frames.  

Particles can be missed if microscope illumination fluctuations cause the particle 

intensity to fall below a minimum level.  Only trajectories that are longer than a 

given length (typically 5000 steps) are kept. 

The next step is converting the trajectories from pixels to microns.  The 

image from the SIT camera is geometrically distorted: pixels near the edge of the 

frame are stretched radially outward from their initial position (Figure 3.5a).  The 

 

Figure 3.5.  Removing distortion induced by the SIT camera.  (a) Image of square 
grid using a SIT camera.  Note the increasing distortion towards edges of image.  
(b) Corrected image, mapping distorted pixels back to correct position.  Lines are 
spaced by 10 µm. 
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camera is calibrated using a lined cover slide (10 µm lines).  A map of the camera 

distortion is created by comparing the image from the camera (Figure 3.5a) to the 

underlying, square image.  The distorted pixels are then mapped back to the 

correct positions (Figure 3.5b).  In addition, the pixel to micron conversion is 

found (0.533 microns/pixel in x-direction, 0.556 microns/pixel in y-direction).  

Therefore, the trajectories of particles are corrected at this stage for distortion in 

the SIT camera by translating each location by the calculated distortion factor.  

The trajectories are then converted from pixels to microns (see Figure 3.6 for 

example trajectories).  

Despite the measures taken to reduce drift experimentally described 

above, the monolayer still exhibits motion as a whole, with drift speeds ranging 

from 3 - 60 µm/min, depending on the monolayer phase state (Figure 3.6a).  In 

 

Figure 3.6.  (a) Darkfield image of gold particles in DMPC monolayer.  
Superimposed are the next 1500 steps (50 s) of the trajectories reconstructed as 
described in the text.  Note the overall drift of about 1 µm/s, from left to right.  (b) 
Relative motion of the particles (one trajectory subtracted from the other), with no 
drift.  Large dots (●) are the start and end point of the walk. 
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the case of homogeneous monolayers, this motion can be compensated for by 

comparing the motion of two particles.  The trajectories of two particles, r1(t) and 

r2(t), are subtracted point by point,  
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The resulting relative random walk rrel(t) has a MSD (mean square displacement) 

that is exactly the sum of the MSDs of the individual particles (see Equation 3.8).  

After this correction, there is essentially no residual drift.  The average net 

displacement per step, ii
∆∑ r , is about 30 nm due to drift before the correction.  

After the correction, the average net displacement is 0.3 nm (over a sample of 10 

particles), and decreases as more trajectories are averaged in, showing that 

remaining drift is essentially zero. 

In the inhomogeneous monolayers described in Chapter Chapter 6, a 

particle that is fixed in the liquid condensed phase is used as a reference point.  

These particles do not move relative to the monolayer, within the limits of our 

detection.  The advantage of a fixed particle is that motion relative to the fixed 

particle is exactly motion relative to monolayer structure.  Thus, particle motion 

can be correlated with monolayer structure.  For every particle, the trajectory of 

the reference particle rref(t) is subtracted frame by frame from the trajectory of the 

particle, r(t).  To start the resulting trajectory, r'(t), at the same location as r(t), the 

initial location r(t0) is added back on, 
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3.4 MEAN SQUARE DISPLACEMENT 

The MSD is a quantity used to describe the diffusive motion of a particle, 

and test for deviations from Brownian motion.  The MSD is the average of the 

square of the distance between all particle locations separated by a fixed time, in 

one trajectory.  The formula we use to calculate the MSD is, 

 ( ) ( ) ( )
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where r(t) is the position of the particle at time t, δt is the time between frames 

(successive images), ∆t is the time lag separating the locations such that n t tδ = ∆ , 

with n the number of frames separating the locations, and N is the total number of 

steps in the trajectory.  The time lag ∆t is used instead of the time t to include all 

available data.  That is, one natural way of calculating the MSD(t) 

is [ ]2MSD( ) ( ) (0)t t= −r r .  However, this only considers one pair of positions in 

the trajectory separated by a time t t∆ = .  In order to include the full amount of 

data available in a trajectory, all positions separated by ∆t are averaged together. 

The standard error of the mean σMSD for each point in the MSD is also 

calculated as, 

 MSD
t

IN
σσ ∆=  3.4 
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where σ∆t is the standard deviation of the average in Equation 3.3 and NI is the 

number of independent measurements ( /IN N n= ). 

The MSD is then used to calculate the diffusion coefficient D and the 

scaling exponent α.  The diffusion coefficient is calculated from a linear fit to 

Equation 2.3, 

 MSD( ) 4t D t∆ = ∆  3.5 

This fit is done to the first 100 points of the MSD, unless confinement causes the 

MSD to deviate significantly from a linear relation in this range (see Equation 2.6 

or Figure 6.4).  Also, if 100 points represent less than 10% of the trajectory, a 

shorter fit (to 10%) is used in order to include only statistically stronger points.  

This fit is weighted by σMSD, the error in the MSD at each time position.   

To test for anomalous diffusion, the MSD is also fit to Equation 2.5,  

 MSD( ) 4t D tα∆ = ∆  3.6 

However, because our fitting software (LabVIEW, IDL or Igor Pro) does not 

converge well using an exponent as a variable, the actual fit is a linear fit to, 

 ( )( ) ( ) ( )log MSD log 4 logt D tα∆ = + ∆  3.7 

The length of this fit is typically 10% of the trajectory, to include as much scaling 

behavior as possible before limited statistics set in (see Chapter Chapter 4), 

although the starting point may be 0t∆ >  to reduce artifacts, as described in 

Chapter Chapter 5. 

If there is drift in the monolayer, two non-correlated particles are used to 

remove drift, as described above (Equation 3.1).  To describe the result on the 



 43

MSD, we decompose trajectories r1 and r2 so that r1 = r1coll + r1diff, r2 = r2coll + 

r2diff, where r1coll and r2coll are the collective motions (i.e., the drift and vibrations) 

of the monolayer as a whole, and r1diff and r2diff are the diffusive motions of r1 and 

r2, respectively.  Thus the relative MSD (MSDrel) is given by, 
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if the collective motions of the particles are homogeneous throughout the 

monolayer (top line, Equation 3.8), and if there is no correlation of the intrinsic 

motion of the particles (lower line, Equation 3.8).  If the diffusion is normal, the 

diffusion coefficient measured from MSDrel is just the sum of the diffusion 

coefficients from the two particles as in Equation 3.5.  If the diffusion is 

anomalous with the same exponent α, α will be measured correctly using 

Equations 3.6 and 3.7. 

3.5 EDGE ASSOCIATION ANALYSIS 

In Chapter Chapter 6, results of a particle and monolayer domain 

interacting via an attractive dipole-dipole interaction are described.  This is 

typically manifested by the particle becoming transiently associated with the edge 

of the domain, and diffusing along the edge.  Several methods to analyze this 

motion were attempted, as described below. 

The first is a basic, qualitative characterization of a particle trajectory.  It 

is in terms of the interaction with the interface between the liquid expanded and 
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liquid condensed phase, determined by visual inspection (Figure 3.7).  The classes 

described are:  

1. non-interacting, if the particle does not hit the interface of the LC domain 

(Figure 3.7a);  

2. bouncing if the particle does not become associated with the interface 

(Figure 3.7b);  

3. crawling and free if the particle becomes associated with the interface for 

some time (crawls on the edge, Figure 3.7c); and  

4. crawling if the particle is associated with the interface for the entire 

trajectory (Figure 3.7d).   

The advantage of this qualitative description is that it is relatively 

insensitive to drift in the monolayer - if the domain edges shift during the track, 

the edge association will still be apparent by eye (see, for example, Figure 3.7b 

for tracks apparently going into the condensed domain). 
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However, the simple trajectory characterizations have several weaknesses.  

Apart from their qualitative nature, the main weakness comes from lumping 

together trajectories with lengths that vary by an order of magnitude in time.  A 

trajectory characterized as bouncing may only have one or two apparent contacts 

 

Figure 3.7.  Typical trajectory characterizations: (a) Non-interacting particle; (b) 
bouncing particle; (c) particle that crawls and breaks free; (d) edge crawling only.  
The imperfect overlay of track and domain in (b)-(d) is due to residual drift in the 
monolayer.  This drift makes automatic comparisons between track and domain 
edge hard, which is one reason for this type of qualitative characterization 
scheme.  The scale bar is 10 µm in (a)-(c), 5 µm in (d). 
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with the interface.  More numerous contacts, for example, might show crawling 

effects.  In addition, trajectories characterized purely as crawling may be followed 

for too short a time to show release from the interface.   

One quantitative method of measuring a potential U(r) near the domain 

edge (and thus the interface association) is by calculating the density ρ(r) as a 

function of distance from the interface r.  From ρ(r), U(r) can be calculated as 

described in [110], 

 ( )( ) log ( )BU r k T r Cρ= − ⋅ +  3.9 

where C just sets the absolute (rather than relative) potential energy. 

The first step in calculating the density of positions near the interface is 

finding the edge.  Automatic edge detection is problematic at the low contrast of 

many experiments, and typically fails exactly where a particle is at the interface, 

 

Figure 3.8.  Example of domains with edges traced by hand, corresponding to 
Figure 3.7b.  The error in edge finding is typically < 0.3 µm. 
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since the particle itself overwhelms the interface contrast.  Thus, the edge is 

detected by enlarging the image, and tracing the interface by hand (Figure 3.8).  

Typical errors are on the order of ± 3 pixels, which is about 0.3 µm after the 

image has been enlarged 500%.  This error is on the order of or smaller than the 

error from camera induced noise, and is included in that error, σnoise. 

Using this edge, the distance from each point in the trajectory to the 

nearest edge r(t) is calculated.  A histogram of these data gives the number of 

points n(r) at each distance from the edge.  The density then is given by,  

 ( )( )
( )

n rr
A r

ρ =  3.10 

where A(r) is the area the trajectory covers at a distance r from the interface.  

However, the resolution of this density reconstruction is limited by the error in 

particle position.  Thus, the depth of the potential well U is probed using the 

density at the interface divided by the density far from the interface, 
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To include as much data about each trajectory as possible, a particle 

database was created.  For each particle in each experiment, over 70 parameters 

are stored, such as the qualitative description of the trajectory, the diffusion 

coefficient over several fit lengths, exponent, camera noise level, bead type, 

surface pressure, domain area fraction, length of track, and location of the 

trajectory (surrounded by condensed phase, free in fluid phase, fixed in condensed 

phase).  This database also has links to the static image of the particle in the 

monolayer, and the trajectory data.  This database is useful to look up particles 
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that display certain types of interactions.  It was also used in early tests of relevant 

parameters for edge crawling. 

3.6 SIMULATIONS AND CALCULATIONS 

In order to extend the results to size and time scales beyond the limits of 

the experimental system, simulations of random walks with and without domains 

are performed.  Simulations with domains are done with pure obstruction, and 

with a dipole-dipole potential between domains and particles. 

To model diffusion in homogeneous monolayers, random walks with fixed 

time steps are generated to represent particle trajectories.  Following the method 

described by Saxton [80], we use the following probability distribution for the 

step size r,  
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 3.12 

where δt is the time between steps.  For each time step δt, the distribution is 

inverted to calculate a step size based on a uniform random variable [0,1].  The 

direction of the step is then picked randomly from [0,2π].  This method gives a 

random walk with a diffusion coefficient D. 

To simulate diffusive motion with obstacles, a simple model for particle - 

domain edge interaction is used.  Obstacles are either derived from binary images 

of actual monolayer domains, or placed in a desired geometry.  The particles 

bounce off of a domain edge, with the angle of incidence equaling the angle of 

reflection (Figure 3.9).  The position of the particle after a step given by Equation 

3.12 is calculated.  If this step crossed the domain interface, the distance into the 
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domain is calculated from the intersection between the step and the domain, and 

the end of the step.  The particle is then reflected off the domain, and travels this 

distance back into the fluid region.   

The validity of this reflection assumption was tested by over-sampling the 

random walk.  Simulations with obstacles were performed at time steps 101-104 

times shorter than video rate.  These simulations included two types of edge 

interactions: reflection off of the edge, or stopping on the edge at the point of 

 

Figure 3.9.  Cartoon figure of particle reflecting from actual domain image.  The 
small circle represents the particle at its initial position.  The thin solid and dashed 
lines represent the random step, which ends inside a solid domain (black).  The 
edge (thick, dotted line) was calculated from a fit to the pixels of the domain edge.  
The particle is reflected from the edge, still traveling the full distance of the step. 
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intersection.  Both types of high time resolution simulations were then discretized 

at video rate.  These simulations show quantitative agreement with the lower time 

resolution simulations, in terms of density near the edge, diffusion coefficient 

near and far from the edge, and overall diffusion coefficient.  Thus, we assume 

that reflection from domain edges (even multiple reflections when domains were 

very close together) is an accurate simplification of the underlying diffusive 

motion. 

Similar simulations are done with purely circular domains.  In that case, 

however, the edge is mathematically defined instead of fit to pixels (that is, the 

edge was given by 2 2 2
e e dx y r+ = , where xe and ye are the x and y coordinates of 

the edge, and rd is the radius of the domain).  To create arbitrarily long walks with 

 

Figure 3.10.  Example of periodic array of domains used in simulation, with short 
track segment.  The dashed square is the unit tile, with periodic boundary 
conditions.  The tile width here is 10 µm, and domain diameter is 8 µm (note that 
the unit µm is arbitrary). 
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domains, a periodic tiling of domains is created.  The basic tile unit is a fluid 

square, with a solid, circular domain at the center.  The fluid square has periodic 

boundary conditions, and so this created a lattice of circular, solid domains, 

whose spacing and size can be varied (for example, see Figure 3.10).   

To include an interaction between domains and the particle in the 

simulations, we add a potential energy interaction to the simulations, as described 

in [111].  For a given potential energy profile U(r), the force on, velocity of, and 

displacement of the particle are calculated from, 
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where v is the velocity, ξ is the friction coefficient of the particle, and ∆r is the 

displacement of the particle.  In a viscously dominated system, such as the 

membrane, the velocity v is given by the middle portion of Equation 3.13.  This 

velocity, in turn, results in the displacement ∆r in Equation 3.13, under the 

assumption that v, and thus F, is a constant in time.  Ideally, integrating F along 

the actual particle path allows the calculation of ∆r.  However, the actual path is 

unknown in Brownian motion: only the start and end points are defined.  A limit 

is thus set δt: it must be short enough such that F is known along an average step.  

We use the limit that F can vary by no more than 5% from a linear relation (in a 

linear relation, the average value of F over the step can be used in Equation 3.13).  

Therefore, at each location r, a time step δt is also calculated from the force curve 

so that the next Brownian step is over a linear region in F.   
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Thus, the method used to generate simulated diffusion with a potential is 

the following (see Figure 3.11): after each time step, the next time step length is 

calculated.  A random step is then calculated, based on Equation 3.12.  An 

additional displacement is then added due to the potential (Equation 3.13).  

Domain interactions are handled, again, by reflecting off of the domain boundary.  

Finally, the random walk was re-sampled at video rate, 30 frames per second.  

Since the potential U changes rapidly near the edge of domain, typical time steps 

there are on the order of 10-6 s.  Far from the edge, δt is limited to the video rate, 

30 Hz. 
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Figure 3.11.  Flow chart describing simulations.  White steps occur for all 
simulations: pick step size from the step size distribution P(r), a random direction, 
and the step.  The new position is recorded if the total time is an integer (n) 
number of video rate frames.  Blue/dark grey steps occur in simulations with 
obstacles: bouncing off the obstacle interface.  Pink/light grey steps are done in 
simulations with a potential: calculate the displacement due to the potential, and 
calculate a time step δt over which the force on the particle is constant. 
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Chapter 4 Single Lipid Tracking in Homogeneous Monolayers 

The initial stage of this research aimed to extend the spatial and temporal 

scale accessible with single particle tracking.  In previous experiments, spatial 

scales were limited by the size of a cell, approximately 102 µm2.  For quickly 

diffusing membrane constituents such as lipids, finite size effects due to the 

limited cell surface area can artificially constrain trajectories and diffusive 

motion.  Likewise, the time scales used in previous experiments (10-1000 points) 

were short enough to make determining the scaling behavior, and thus anomalous 

diffusion, complicated. 

Instead of tracking membrane constituents in cells, we utilized a model 

membrane with an area of observation 100 times larger than that of typical cells 

(> 104 µm2 versus 102 µm2).  This larger spatial scale enables tracking over times 

an order of magnitude longer than on cells, and hence better scaling analysis (the 

longest SPT data on cells were around 103 steps [112]).  This involved developing 

a new technique of single particle tracking on Langmuir monolayers. 

4.1 EXPERIMENTAL SETUP 

The motion of single lipids in the Langmuir monolayer is observed by the 

colloidal gold method described above (Chapter 3.1).  We use immunolabeling to 

attach a gold particle specifically to a lipid, as described in the Ph.D. thesis of 

Martin Forstner (2003) and [106] (Figure 4.1).   
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A 30 nm or 100 nm gold particle is labeled with anti-Texas Red 

antibodies.  These antibodies are specific for the Texas Red dye attached to the 

head group of the fluorescent probe lipids.  When the antibody gold complex is 

mixed with a DMPC:Texas Red DPPE lipid monolayer, the antibody attaches the 

gold particle to one or more lipids in the monolayer, depending on the number of 

antibodies attached to a gold particle.  Gold particles with a single antibody 

attached were created via a competitive binding assay (see Chapter 4.5).  The end 

 

Figure 4.1.  Cartoon of antibody-gold labeling technique.  An anti-Texas Red 
antibody (~ 15 nm long) is attached to a 30 or 100 nm gold particle to create an 
antibody gold complex (AGC).  The AGC binds selectively to the Texas Red dye 
on the head group of the Texas Red DPPE lipids.  When the AGC is mixed with 
monolayers including Texas Red DPPE, individual lipids in the monolayer are 
tagged with a gold particle (not to scale).  Only about 1 in 107 Texas Red DPPE 
lipids is labeled with a gold particle. 
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result is a DMPC monolayer, with a DMPC:Texas Red DPPE lipid ratio of 200:1, 

and a gold-tagged lipid (DPPE) to non-gold-tagged lipid (DMPC or DPPE) ratio 

of 1:109-1010. 

The gold particles are tracked via darkfield microscopy.  Because these 

experiments were performed before direct to disk video streaming was available, 

movies of the diffusing gold particles were recorded on VHS video tapes.  The 

movies are then digitized, and particles tracked.  We only use trajectories that are 

at least 1500 steps long (50 s at 30 frames per second) in order to calculate the 

scaling behavior correctly (see below).  

4.2 SIMULATIONS 

We perform simulations of particles diffusing in a homogeneous medium 

as described in Chapter 3.6.  From the simulated trajectories, we calculate the 

MSD (mean square displacement), and from the MSD the scaling exponent α.  In 

 

Figure 4.2.  The importance of long trajectories: error in calculating the scaling 
exponent of a single trajectory versus trajectory length.  The error in the exponent 
decreases with increasing track length.  To find the scaling exponent α within 0.1 
(with 95% confidence), tracks of at least 1100 steps are needed.
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order to test the effect of track length on scaling, we perform simulations of 

lengths varying from 100 steps to 10,000 steps.  One hundred simulations are 

done for each track length, and the statistics of the scaling exponent compiled.  

The mean value of α is always 1.0, and by averaging all tracks of a given length, 

the error is at most 0.03.  However, the variability in α of a single particle, not an 

ensemble must be examined (otherwise, we ignore the possibility that particles 

behave differently).  Figure 4.2 shows the error in α as a function of track length, 

which demonstrates how important long tracks are.  At least 1000 points are 

needed to accurately determine the scaling exponent α, and hence to distinguish 

between normal and anomalous diffusion. 

4.3 LIPIDS TAGGED WITH 30 NM AND 100 NM GOLD 

One common question in biological imaging is how the tag impacts the 

molecule or cell being tagged.  This is particularly important in single particle 

tracking: the lipids we track are less than 1 nm across and 3 nm long, but the tags 

we use are 30 nm in diameter.  This is like attaching a child to a school bus, and 

saying the school bus follows the child!  However, the viscosity of the monolayer 

is much higher (> 100 times) than the viscosity of the subphase, so the lipid is 

pulling the gold particle through an essentially free medium.  We use two 

different gold particles sizes to test the tag impact: 30 nm and 100 nm diameter 

gold.  If the gold particle dominates, the diffusion coefficients should change by a 

factor of 3.  If the lipid dominates, the diffusion coefficients should remain the 

same (see Chapter 4.4 below).  
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Figure 4.3.  The diffusion of a lipid tagged with a 30 nm gold particle.  (a) A track 
of the relative motion of two lipids in a homogeneous DMPC monolayer.  The 
start and end points are marked by small dots; the larger circle is the size of a 
typical cell.  The benefit of the large area of the Langmuir monolayer is this track 
compared to the cell size: it enables much longer scaling data.  (b) The MSD(t) 
(solid line).  The dashed line is a fit to the first 10% of the data, which gives the 
diffusion coefficient shown.  (c) Log-log representation of the MSD.  The dashed 
line is a power law fit to the MSD(t), which clearly shows normal diffusion 
(α=1).  Fluctuations at large times are due to limited statistics.
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As described in Chapter 3.3, we use the relative motion of two lipids in a 

monolayer to remove drift of the monolayer as a whole.  A track of the relative 

motion of lipids attached to 30 nm gold particles is shown in Figure 4.3a.  This is, 

in fact, the longest SPT experiment we were able to complete with gold (12,600 

steps), and represents an experiment significantly (about 10 times) longer than 

any previous SPT experiments.  The MSD(t) is shown in Figure 4.3b and c.  The 

diffusion coefficient D is calculated from a linear fit to the MSD ( MSD 8Dt=  for 

the relative motion of two particles, Equation 3.8).  The value of D observed, 

1.45±0.2 µm2/s, lies at the edge of the range of diffusion coefficients measured in 

DMPC monolayers and bilayers by other techniques (~1-10 µm2/s) [42],[113].   

The large variations in the MSD at times larger than about 10% of the 

track (40 s, Figure 4.3b and c) are statistical variations.  For example, at a time of 

100 s (25% of the track length) only 4 independent MSD measurements exist.  A 

Gaussian distribution of steps implies fluctuations of the order of 1 IN , where 

NI is the number of independent measurements.  Thus, a MSD calculation with 4 

independent measurements shows fluctuations on the order of 50%.  On a more 

technical note, the method of calculating the MSD we use (Equation 3.3) averages 

all particle separations, not just independent separations (i.e. MSD(10δt) is over 

positions 0-10, 1-11, 2-12,... instead of 0-10, 10-20,...).  This makes the curve 

smoother, but does not impact the overall shape [114]. 

The scaling exponent α is calculated from a linear fit to log(MSD) 

( log(MSD) log(8 ) log( )D tα= + , Figure 4.3c).  The fluctuations are visible again 

at times greater than about 40 s (10%).  However, these data are clearly linear 
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over about 3 decades (α = 1.03 ± 0.05, 0.033 s to 30 s), exhibiting normal 

diffusion. 

The MSD for a typical lipid trajectory followed by 100 nm gold colloids is 

displayed in Figure 4.4.  This is a shorter experiment (130 s, 3900 steps), which 

shows the fluctuations due to limited statistics beginning earlier.  Once again, the 

diffusion coefficient of 1.8 ± 0.2 µm2/s falls within literature values, and the 

diffusion is normal (α = 1.01 ± 0.05). 

4.4 DIFFUSION COEFFICIENTS AND SCALING EXPONENTS 

In order to explore this system's range of applicability, lipid diffusion 

coefficients were measured at surface pressures between 5 and 35 mN/m in 

DMPC monolayers (Figure 4.5a).  Throughout the experiments, lipids tagged with 

100 nm gold and 30 nm gold give comparable diffusion coefficients.  The average 

 

Figure 4.4.  MSD of a lipid tagged with a 100 nm gold colloid.  (a) MSD(t) (solid) 
and fit to the first 10% (dashed).  The diffusion coefficient is the same (within the 
error) as that of a lipid tagged with a 30 nm gold colloid (Figure 4.3).  (b) 
Diffusion is normal for this pair of lipids (dashed line).  Fluctuations again appear 
when the number of independent MSD measurements drops below about 10. 
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diffusion coefficient of 30 nm gold tagged lipids was 1.1 ± 0.2 µm2/s, for 100 nm 

gold tagged lipids it was 1.4 ± 0.7 µm2/s.  DMPC monolayers remain in the fluid 

state throughout this pressure range, and thus are homogeneous.  As expected in a 

homogeneous medium, diffusion is normal independent of lipid tag, and over the 

entire range of surface pressures (α = 1.0 ± 0.1, Figure 4.5b). 

4.5 DISCUSSION 

The data on different colloid sizes show that the experiment indeed 

follows lipid diffusion as opposed to gold bead diffusion.  Combining Stokes 

friction with the Einstein relation, the diffusion coefficient of a spherical object is 

( )/ 6BD k T aπη=  (Chapter 2.3), where kBT is the temperature, η is the viscosity 

of the medium, and a is the size of the object in question.  Thus, 100 nm particles 

should diffuse a factor of 3 slower than 30 nm particles; but no difference is seen 

(1.4 µm2/s vs. 1.1 µm2/s for 100 nm and 30 nm gold tagged lipids, respectively).  

In addition, a 100 nm colloid in water should diffuse at about 5 µm2/s, a 30 nm 

colloid should diffuse about 15 µm2/s, much faster than the measured lipid 

diffusion coefficients.  Thus, it is the lipid motion that dominates the colloid 

motion. 
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Figure 4.5.  Diffusion coefficients and scaling exponents in DMPC monolayers.  
The monolayer is in a fluid state over all of these surface pressures.  (a)  30 nm 
gold tagged lipids (+) have an average diffusion coefficient of 1.1 ± 0.2 µm2/s.  
100 nm gold tagged lipids (●) have an average diffusion coefficient of 1.4 ± 0.7 
µm2/s.  The shaded region is the range of literature values for DMPC diffusion.  
(b) Diffusion is normal, independent of tag and surface pressure, with an average 
scaling exponent α of 1.0 ± 0.1.  This confirms that our SPT technique indeed 
works. 
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To determine whether the gold particles are bound to single lipids, we 

performed a competitive binding assay.  In this assay, instead of covering a gold 

particle only with antibodies to Texas Red, inert antibodies are mixed with anti-

Texas Red in a ratio of 20:1, reducing the number of possible bindings a gold 

particle could make with lipids.  This ratio of inert antibodies leads to an average 

of 1 anti-Texas Red antibody per 30 nm colloid [59].  No change appears in 

diffusive behavior between colloids labeled with anti-Texas Red only, or anti-

Texas Red + inert antibody.  Therefore each gold particle binds to one lipid. 

One concern is the applicability of the free-volume model (Equation 2.8) 

to our results.  In this model, the diffusion constant depends strongly on the free 

area per molecule, and thus on the surface pressure.  In Figure 4.5a, the diffusion 

coefficients do not vary systematically with surface pressure.  However, over the 

 

Figure 4.6.  Comparison of DMPC diffusion coefficients to free volume model.  
The diffusion coefficients are plotted against area per molecule (●).  The dotted 
lines give the upper and lower extents of the free volume model.  In general, the 
diffusion coefficients are consistent with this model of single lipid diffusion. 
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surface pressures we use, the free area per molecule does not change significantly.  

With the exception of one outlying point, the DMPC diffusion measurements we 

make are consistent with the free volume model (Figure 4.6). 

The primary purpose of this experiment has been to demonstrate the 

capabilities of single particle tracking in Langmuir monolayers.  It expands the 

spatial and temporal scales available for membrane diffusion experiments by at 

least an order of magnitude.  Thus, this SPT technique enables a truly accurate 

determination of the scaling behavior (Figure 4.5b).
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Chapter 5 Apparent Anomalous Diffusion 

We have extended the SPT (single particle tracking) technique to look at 

diffusion in the long time limit on Langmuir monolayers as described in the 

previous chapter (Chapter Chapter 4).  With these long trajectories, distinguishing 

between scaling behaviors becomes easier.  In addition to normal diffusion, we 

were surprised to find anomalous diffusion at short time scales, changing to 

normal diffusion at longer times.  This presents an apparent contradiction, since 

there is no mechanism for anomalous diffusion on homogeneous, fluid-phase 

DMPC (lipid) monolayers.  To resolve this discrepancy, we conduct simulations 

and create analytic representations of the particle motion.  These techniques lead 

to development of a model which demonstrates that the subdiffusion arises from 

the small amount of noise in imaging the particles.  Since errors in position 

detection are inevitable in any method of single particle tracking, this result 

extends to any system which uses SPT, not merely diffusion on cell surfaces.  

This chapter is based on our publication, Apparent Subdiffusion Inherent to Single 

Particle Tracking [115]. 

5.1 THEORY 

We first present an analytical method to explain how apparent 

subdiffusion occurs in noisy single particle tracking.  Camera (or other) noise 

causes error in determining the particle position.  This error changes the 

functional form of the mean square displacement, and hence any quantities which 

are derived from the MSD.   
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The basis of how camera noise causes an error σ in the particle position is 

relatively straightforward.  The first step in single particle tracking is to find the 

particle position from a microscope image.  An intensity profile of a generic 

particle is shown in Figure 5.1.  The location of the particle can be found to 1 

pixel accuracy by taking the brightest pixel as the particle location, but typical 

tracking routines can do better.  Our tracking routine finds the center of the 

particle using a weighted average of pixel intensities, taking the center of this 

average as the particle position.  Another typical method fits an Airy function 

intensity profile to the actual intensity profile of the particle, and takes the peak of 

the Airy function as the particle position.  However, if a pixel within the fitting 

routine is brighter or dimmer due to camera noise, the particle position is shifted 

 

Figure 5.1.  Schematic showing how camera noise leads to error in measuring 
particle position.  The columns indicate pixel intensity.  The shaded column 
represents a higher intensity at that pixel due to camera noise.  Gaussian fits to the 
pixel intensities are shown.  The noisy pixel skews the peak toward the right by 
0.24 pixels (arrows). 
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closer or further from that pixel respectively (Figure 5.1).  The size of this error 

depends on the specific tracking routine. 

This error in particle position then leads to an error in determining α, the 

scaling exponent.  As described in Chapter 3.4, the anomalous MSD is given by, 

 ( )MSD 4t D tα∆ = ∆  5.1 

 where D is the diffusion coefficient, ∆t is the time lag between two positions, and 

α is the actual scaling exponent (note: in this chapter, α is the underlying 

anomalous diffusion coefficient and αap is the apparent exponent found in the 

SPT experiments).  The exponent α is found through a linear fit to (Equation 3.7), 

 ( )( ) ( ) ( )log MSD log(4 ) log log 4t D t t Dα α∆ = ∆ = ∆ +  5.2 

as this fit converges more consistently than the variable power-law fit.  The slope 

of this fit is the scaling exponent α, and the offset gives the diffusion coefficient 

D.   

 In any type of SPT experiment, there will be some error in locating 

particles.  This error is generally Gaussian, characterized by mean error σ (see 

Figure 5.4a).  In the simpler case of Brownian motion (α = 1 in Equation 5.1), the 

MSD is calculated in the Appendix, and given by (Equation A.8), 

 ( ) 2MSD 4 2t D t σ∆ = ∆ +  5.3 

Thus, the error results only in an offset in the MSD.  One standard method to find 

the diffusion coefficient is to perform a linear fit to MSD(∆t): the slope is D and 

the intercept is 2σ2, although the intercept is generally discarded.   

However, with this offset (2σ2) the simple decomposition of log(MSD) 

given in Equation 5.2 does not work.  The slope of log(MSD) is no longer the 
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actual scaling exponent α as above, because finding the slope of log(4D∆t+2σ2) is 

complex.  This calculation is worked out in detail in the Appendix (Equation A.10

).  Now, this slope is the apparent scaling coefficient, αap, which is not equal to 1 

even for Brownian motion with noise,  

 2
1

21 4
ap

D t
α

σ
=

+ ∆
 5.4 

The ratio of the noise to the diffusion coefficient, 2σ2/4D, determines how 

subdiffusive the motion will appear: the larger this parameter, the more 

subdiffusive the motion.  For this reason, we use it to characterize αap(∆t).  As a 

side note, this parameter has the units of seconds.  For example, when 2σ2/4D = 

∆t, 2σ2/4D∆t = 1 and αap = 0.5.   

Comparing linear and logarithmic plots of the MSD with and without 

noise (MSDn, MSD respectively) explains this result, as shown in Figure 5.2a and 

b.  In the linear plot in Figure 5.2a, there is only a constant offset between MSD 

and MSDn, equal to 2σ2.  In the logarithmic plot (Figure 5.2b), at short values of 

∆t the difference between log(MSD) and log(MSDn) is large, whereas at long 

times the difference is small.  This means that the slope of log(MSDn), αap,  must 

start out smaller than the slope of log(MSD), α = 1.0, and then approach 1.0 for 

longer times.  The non-constant offset in the logarithmic scale is what causes 

observation of apparent subdiffusion of noisy tracks at short times.  This is 

explicitly shown in Figure 5.2c: αap as a function of time, for different values of 

2σ2/4D.  The slope change over time is due only to the logarithm in Equation 5.2, 

and hence will appear with any type of noise in SPT using this analysis. 
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Figure 5.2.  Effect of noise on the MSD.  (a) Linear plot of MSD(∆t), with various 
levels of noise.  The solid line is the MSD without noise, the dashed lines MSDn.  
The noise results only in a constant offset of the MSD.  (b) Logarithmic plot of 
MSD(∆t).  Here, the constant offset due to noise appears large at short times, 
small at long times due to the logarithmic scale.  Thus, the short time slope 
departs significantly from the noise free value leading to apparent subdiffusion.  
(c) αap(∆t), on the same time scale as (b).  Even small values of 2σ2/4D lead to 
significant reductions in the apparent scaling exponent at short times, whereas 
larger values can lead to apparent subdiffusion on the order of 10 seconds. 
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5.2 EXPERIMENTAL SETUP 

The experimental setup is the same as described in the previous chapter 

(Chapter 4).  We follow the motion of single lipids in a DMPC monolayer via 30 

nm or 100 nm gold particles attached to the lipids.  Trajectories are created from 

digitized movies of the lipid motion, at 30 frames per second.  From these 

trajectories, the MSD is calculated and then analyzed. 

As described above (Equation 5.3), we first find D and σ from a linear fit 

to the MSD.  This provides one method of determining 2σ2/4D.  To find this 

parameter in a second independent way, we determine the local slope of 

log(MSD) from ( )( ) ( )( )log MSD logd d t∆ , which is exactly the apparent 

scaling coefficient αap (as α in Equation 5.2).  Finally, we again find 2σ2/4D from 

a one-parameter fit to ( ) ( )21 1 2 4ap t D tα σ∆ = + ∆ .  It should be noted that the 

numerical derivative of log(MSD) becomes noisier at long times due to the 

compression of the logarithmic scale.  This is taken into account by weighting the 

one-parameter fit inversely proportional to the density of the data.  We compare 

the two independently found values of 2σ2/4D to test the accuracy of the model. 

5.3 SIMULATIONS 

In addition to experiments, we run two types of simulations of noisy 

diffusion to test our description of apparent anomalous diffusion.  In one, we 

create artificial noisy movies of particle motion in two dimensions.  Our SPT 

routine is run on these to find the error in particle position as a function of camera 

noise.  In the other, we generate random walks with position error built in.  We 

use these random walks to test our analytic model for apparent subdiffusion. 
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Error Calculation 

The standard procedure for estimating errors in particle position in SPT 

experiments is to attach the particle to a fixed substrate, such as a glass cover slip 

[116], and track the particle position.  Because the particle is fixed, the observed 

scatter in particle position is the estimate of the error.  However, this is an 

underestimate, due to the enhanced signal to noise ratio of a particle fixed to a 

uniform substrate.  For example, the uniform slide reduces the scattering 

background, enhancing the signal to noise ratio for DIC and darkfield microscopy 

(see Figure 5.3c).  The same holds true for fluorescence microscopy, as the slide 

has no fluorescence response.  To estimate the error in particle position under 

experiment-like conditions, we create simulated movies of a particle diffusing.  

Random walks in homogeneous media are generated as described in Chapter 3.6.  

 

Figure 5.3.  Real and simulated darkfield images.  (a) Real image of a 30 nm gold 
colloid attached to a monolayer.  The white circle is off-center due to camera 
noise.  (b) Simulated image with similar noise characteristics to (a): background 
mean intensity of 75-150; particle peak from 30-60 above the background; and 
noise standard deviation of 5-15 around the background, all in 8 bit gray scale 
intensities of 0-255.  (c) Real image of a gold colloid dried on a cover slide, the 
standard method used to estimate error in particle position.  The signal to noise 
ratio is a factor of 10 higher than for (a) and (b).  
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The specific parameters used are a diffusion coefficient D = 1.0 µm2/s and δt = 

0.033 s (similar to DMPC monolayers and video-rate microscopy respectively).   

These random walks are then used as the basis of a simulated movie.  We 

created a particle with a Gaussian profile of the same width we observe via the 

camera in the real system (approx 1.5 pixels or 700 nm full width half maximum).  

We use intensity profiles and background noise levels representative of real 

experiments (Figure 5.3).  For example, a typical simulation image is shown in 

Figure 5.3b, where the background noise has a Gaussian intensity distribution, 

with a standard deviation of about 12 and the peak height of the particle is about 

60 above the mean background on an 8-bit gray scale (these are the noise and 

signal values respectively).  The length of the movies is 100-10,000 time steps.  

To cover the area through which the particle diffuses, the movies are 120 × 120 

pixels for the shorter tracks and up to 240 × 240 pixels for longer tracks.  We 

simulate signal to noise ratios ranging from 2.5:1 (limit of the tracking routine) to 

∞ (no noise). 

We then determine the position of the particle in each frame of the 

simulated movie using our particle tracking software.  These positions are 

compared with the actual positions of the particle (from the underlying random 

walk), and the error between actual and calculated particle position is found.  

These errors follow a Gaussian probability distribution (Figure 5.4a).  A plot of 

the average error σ (the width of the Gaussian) versus camera noise is shown in 

Figure 5.4b.  Using the above tracking algorithm and particle width, we find, 

 1.22 µm /N Sσ = ×  5.5 
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where N/S is the noise to signal ratio.  However, the specific multiplier depends 

on the particle width and tracking method used.   

Test of Our Analytic Model 

Simulations are also conducted to test our model of subdiffusion.  We 

again generate random walks as described in Chapter 3.6, and then add an error to 

each point based on the Gaussian distribution (from Figure 5.4a), 

 ( )
2

2 2

'1, ' exp
2 2

P
πσ σ

 −
= − 

  

r r
r r  5.6 

where r' is the position where the particle is found and r is the original position.  

Walks of varying length (100-100,000 steps) were created, with 2σ2/4D ranging 

from 0.005 to 0.5 s.  We then calculate the MSD, and follow the technique 

 

Figure 5.4.  Error in particle position from simulated movies.  (a) Distribution of 
errors for a signal:noise ratio of 10:1 (●).  The distribution is well fit by a 
Gaussian centered at 0.0 µm, with a width of 0.16 µm (dotted line).  (b) The 
average error σ in particle position versus noise:signal ratio (●) follows a linear 
relation (solid line).  For our particular tracking routine, the relationship is σ  = 
1.22 µm × N/S.   
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described above to calculate αap(∆t) and compare this with the underlying 

parameters σ and D. 

5.4 APPARENT SUBDIFFUSION IN DMPC 

The diffusion data from DMPC presented in the section below show both 

normal and anomalous diffusion.  The noise model describes the experimental 

anomalous diffusion, and is also supported by simulation data.  We begin, 

however, with a test of Equation 5.5.  To do this, we compare the error in particle 

position predicted from the camera noise in experimental movies to that found 

from the experimental mean square displacements. 

The value of the error in particle position σ found through the linear fit to 

the MSD (Equation 5.3) accurately predicts the extent of subdiffusion both in 

experiments and simulations.  This error is denoted σfit below.  However, we have 

also presented two other methods of determining σ.  σcamera is the value 

determined from the signal to noise ratio of the actual movies of diffusing 

particles (Equation 5.5).  σsim is the input value for the simulation of noisy random 

walks (Equation 5.6).  The ratio σ2
camera/σ2

fit ranged from -1.7 to 0.84 over 11 

experiments, with σ2
fit even negative for one experiment.  If we exclude this 

experiment, however, the average ratio is 0.64 ± 0.15.  Thus, excluding the 

negative value, camera noise explains about 2/3 of the particle error.  The 

remainder could come from wider variations in image quality during one track, 

such as spatial and temporal illumination variations within one experimental 

movie.  On the other hand, in simulations with σsim given by Equation 5.6, σsim = 

σfit.  Thus, the error in particle position accurately propagates through the MSD.  
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As the value of σ2
fit is the mathematically important quantity, we use it in the 

subsequent analyses of diffusive tracks, and adopt the notation σ = σfit. 

As described in the previous chapter, diffusion in the homogeneous fluid-

phase of DMPC monolayers is normal, α = 1, and diffusion coefficients D are 

about 1 µm2/s.  A typical low camera noise plot of the MSD with time is shown in 

Figure 5.5a, where the offset due to the noise is quite small 

( s 106.14/2 22 −×=Dσ ).  Although the motion initially looks subdiffusive (αap = 

0.8, Figure 5.5b and c), it quickly becomes clear that it is normal.  The plot of 

αap(∆t) both from the logarithmic data and linear value of σ and D is given in 

Figure 5.5c.  The scaling exponents derived from both methods (the linear fit to 

the MSD, and the one parameter fit to αap(∆t)) lie within 0.08, and the difference 

in 2σ2/4D using the two methods is 6×10-3 s.  The value of αap(∆t) reaches 90% of 

α within 0.2 s using either method.  Thus, for low-noise data, normal diffusion is 

quickly, though not instantaneously, recovered. 

Figure 5.6 shows a similar plot of the MSD with time for another DMPC 

monolayer, with higher noise values.  In this case, the motion looks very 

subdiffusive, αap = 0.4 for the first decade (Figure 5.6b and c).  The experimental 

value of s 13.04/2 2 =Dσ  leads to a predicted time where αap approaches α of 

1.2 s (the actual values are 0.11 s and 1.0 s respectively, see Figure 5.6c).  Thus, 

at high noise values, the model accurately predicts both the scaling coefficient and 

the temporal extent of the apparent subdiffusion. 
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Figure 5.5.  Typical MSD and αap for a low noise experiment.  (a) Linear plot of 
MSD(∆t).  For comparison, the linear fit is shown (dotted line), and the linear fit 
with the noise term, 2σ2, subtracted out is also shown (long dashed line).  (b) 
MSD(∆t) in a logarithmic plot.  A fit out to 0.27 s gives an apparently subdiffu-
sive scaling exponent of 0.8 (dashed line).  After 1/3 second, MSD(∆t) bends up-
ward to normal diffusion.  (c) αap(∆t), on the same time scale as (b).  The long 
dashed line represents the noise-free value of a.  The dotted line is αap(∆t) based 
on the linear fit; the short dashed line is a fit to the experimental αap(∆t) (from the 
slope of log(MSD(∆t)) in Equation 5.4).  2σ2/4D = 0.016 s in this experiment. 
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Figure 5.6.  Typical MSD and αap for a high noise experiment.  (a) Linear plot of 
MSD(∆t).  The linear fit (dotted line) and linear fit without noise (long dashed 
line) are shown.  (b) MSD(∆t) on a logarithmic plot.  The offset leads to appar-
ently very subdiffusive motion.  Over the first decade, αap=0.46 ± 0.06.  At longer 
times, the MSD returns to normal diffusion, αap=0.96 ± 0.07 (upper and lower 
dashed lines, respectively).  (c) αap(∆t) on the same time scale as (b).  The dotted 
line is αap(∆t) based on the linear fit, the short dashed line is a fit to the gradient 
of log(MSD(∆t)).  Once again, αap(∆t) based on the linear fit is a good predictor 
of the apparent scaling exponent.  2σ2/4D = 0.13 s in this experiment. 
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5.5 APPARENT SUBDIFFUSION IN SIMULATIONS 

We use simulated noisy random walks to show that the analytical model 

gives the correct functional form for the scaling coefficient.  Simulations are more 

rapidly conducted than experiments, and so can fill in a much wider range of 

parameters.  To explore the effect of statistics, we calculate α for a variety of 

track lengths (100 – 100,000 steps) and noise values.  The scaling coefficients for 

typically noisy tracks are shown in Figure 5.7 for simulated tracks of 100 and 

5,000 time points, with a diffusion coefficient D of 1 µm2/s and an error in 

particle position σ of 700 nm (higher than the experimental data shown in Figure 

5.6, but with 2σ2/4D = 0.25 s).  Figure 5.7 shows the agreement between the 

analytic form of αap(∆t), and the slope of log(MSD).  In addition, the short track 

(Figure 5.7b) shows how difficult it is to determine the scaling exponent in the 

face of noise with relatively few data. 

For simulated tracks of 10,000 steps with the initial value of αap ranging 

between 0.06 and 0.87 (2σ2/4D ranging between 0.5 s and 0.005 s, respectively), 

the analytic model works very well.  The average deviation between 2σ2/4D 

found from the linear MSD and 2σ2/4D from a fit of αap(∆t) to the gradient of 

log(MSD) is only 0.0005 ± 0.007 s.  This is consistent with no difference in 

2σ2/4D between the analytic form and the actual fit.  In addition, the gradient of 

log(MSD) is within 0.1 of the analytic form of αap(∆t) out to ∆t = 10 s.  Once 

again, the benefit of long tracks, that is, long time accuracy of scaling behavior, is 

clear from a comparison of the 500 step simulation and the 10,000 step 

simulation. 
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5.6 DISCUSSION 

Throughout the experiments on DMPC (including those discussed in the 

previous chapter, Chapter 4), the initial scaling behavior ranges from highly 

subdiffusive to approximately normal.  In particular, αap ranges between 0.08 and 

1.17 and so the parameter 2σ2/4D ranges between 0.38 s and -5×10-3 s 

 

Figure 5.7.  αap(∆t) from simulated noisy random walks, showing both the 
accuracy of the analytic form and the value of long tracks.  (a) Walk of 5000 
steps, with s 25.04/2 2 =Dσ .  The analytic representation of αap(∆t) (dashed 
line) fits the noisy data (solid line) to within about 0.1 out to 5 s.  (b) Walk of 100 
steps, with s 25.04/2 2 =Dσ .  Here, there is a significant variation in αap(∆t) 
(note the change in scale).  In this case, the scaling exponent has a 0.5 variation 
about the analytic form after about 0.2 s, showing the difficulty in determining an 
accurate scaling exponent for short tracks.
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respectively.  Despite this widely varying behavior, the analytic model presented 

for αap(∆t) works for the entire experimental range of noise.  The average 

difference between 2σ2/4D from the derivative of log(MSD), and from the linear 

fit to the MSD is only 3.7×10-3 ± 11×10-3 s, consistent with no deviation.  This 

means that the offset in the MSD (2σ2) is the only cause of the apparent 

subdiffusion.  Large values of 2σ2/4D (> 0.1 s) require only a small relative 

correction (< 10%), and so this analysis is particularly appropriate for high-error 

data.  Thus, as Figure 5.5 - Figure 5.7 show, from the linear fit alone we can make 

an accurate prediction of the time after which the apparent scaling exponent (αap) 

approaches the actual scaling exponent (α), and when experimental data can be 

relied upon for the scaling exponent. 

As Figure 5.2 and the above results demonstrate, even relatively small 

amounts of noise can lead to apparently large subdiffusive effects at short times.  

Two practical methods of determining how subdiffusive a track will appear are 

shown in Figure 5.8.  The first is the value of the apparent scaling coefficient αap 

as a function of 2σ2/4D and ∆t, and is shown as a contour plot in Figure 5.8a.  The 

second is the time at which αap approaches within 90% of α.  This sets a time 

scale below which information on the scaling coefficient is inaccurate.  A contour 

plot of this time is shown in Figure 5.8b, as a function of σ and D.  Figure 5.8 

shows that even small errors such as σ = 10 nm can lead to αap < 0.9 on cells 

where diffusion coefficients of proteins are on the order of 10-3 µm2/s. 

Adding to the impact of small errors for small diffusion coefficients, the 

standard method of determining σ can be a significant underestimation.  This 
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method observes immobile particles, and calculates σ given D = 0 (MSD = 2σ2).  

If these particles are immobilized under the same conditions as the SPT 

experiments (that is, on the same membrane, with the same lighting), σ should be 

representative of the experimental error.  However, if they are immobilized on a 

solid substrate, the signal to noise ratio can increase significantly.  In our 

immobilized particle experiments, the signal to noise ratio grows to about 50:1 (a 

factor of 4 to 12 from typical noise levels, see Figure 5.3c), and so gives an error 

in particle position of σ = 25 nm.  Thus, for a diffusion coefficient of 1.0 µm2/s, 

the time at which α becomes reliable is expected to be 0.006 s (undetectable), but 

is actually 0.09-0.8 s (beyond the first decade), causing the apparent subdiffusion 

to be accepted as real.  

The method of determining the scaling coefficient described in this 

chapter assumes underlying normal diffusion.  However, even if anomalous 

diffusion occurs, the noise effect can skew the calculated αap to lower values.  An 

analytical formula for αap requires knowledge of the step size distribution, and as 

such can be quite complex or even non-existent in the anomalous diffusion case.  

In a first approximation, though, αap can be found by adding a constant noise term 

to the MSD (Equation 5.1) (approximate because this separation requires a 

Gaussian step size distribution).  Thus, 

 ( ) ( ) ( ) ( )2log MSD log 4 2
log( ) log( )ap

d d D t
d t d t

αα σ= = ∆ +
∆ ∆

 5.7 
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Using a similar method to that in the Appendix, we arrive at, 
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where α is the actual anomalous diffusion scaling exponent as above.  

Consequently, the apparent scaling exponent is reduced in manner comparable to 

that seen in normal diffusion with noise.  Finding α from Equation 5.8 is difficult 

because of its appearance in ∆tα.  Curve fitting with a variable exponent does not 

converge reliably, and is therefore subject to the same constraints that lead to the 

 

 

Figure 5.8.  Two methods for quickly determining the amount and length of 
apparent subdiffusion from SPT data.  (a) αap as a function of 2σ2/4D and ∆t.  
This graph gives the level of apparent subdiffusion for a given error (σ) – 
diffusion coefficient (D) combination and time length.  For example, 2σ2/4D = 
0.05 s corresponds to σ = 10 nm and D = 10-3 µm2/s or σ = 100 nm and D = 10-1 
µm2/s (two typical combinations).  Brownian motion appears subdiffusive out to 
0.5 s in this case.  (b) Time (∆t) at which αap reaches 0.9 as a function of error and 
diffusion coefficient.  This time can be long (~1 second) for the above values of σ 
and D, and even longer for marginally noisier data.
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use of Equation 5.2 instead of Equation 5.1.  The most that can be taken from 

Equation 5.8 is that, once again, a time scale exists below which the scaling 

coefficient is inaccurate.  

5.7 APPLICABILITY TO PREVIOUS REPORTS OF ANOMALOUS DIFFUSION 

One clue that noise may be the cause of subdiffusion is the wide variation 

in scaling exponent reported in previous experiments (0.1 to 0.9) 

[7],[10],[14],[37],[72].  The scaling exponent can change based on the underlying 

model of subdiffusion and parameters in the model (for example, obstacle fraction 

[9]).  However, all of the previous reports of anomalous diffusion in membrane 

lateral diffusion can actually be explained by noise. 

The paper by Simson et. al. [14] reports anomalous diffusion at short 

times, transitioning to normal diffusion at longer times (see Figure 5.9).  In their 

 

Figure 5.9.  Overlay of anomalous diffusion reported by Simson et. al. as Figure 
3b (black) and normal diffusion with noise (red/grey).  The diffusion coefficient 
is the reported value, 5×10-3 µm2/s.  The one fitting parameter is the error, σ.  This 
fit gives σ = 35 nm, consistent with the reported accuracy of 20-30 nm. 
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analysis method, normal diffusion shows up as a constant MSD/∆t = 4D, 

anomalous diffusion is a changing MSD/∆t = 4D∆tα-1.  The initial αap varies 

between 0.4 and 1.1 depending on the speed of protein studied, and increases with 

faster diffusion (the first indicator that noise plays a role, see Figure 5.8a).  In 

fact, using their values for the initial αap and D, each case of anomalous diffusion 

can be explained with a particle error σ of 15 nm - 35 nm.  And Simson et. al. 

estimate a positioning accuracy of 20 nm - 30 nm, exactly the same range.  Figure 

5.9 shows an overlay of data from this paper, with the initial anomalous diffusion, 

and the expected MSD, based noisy normal diffusion.  Since all the anomalous 

diffusion can be accounted for with their reported position accuracy, it is most 

likely that only normal diffusion occurs in these experiments. 

Sheets et. al. [37] use the same methods and analysis as Simson et. al.  

They note that it is only slowly diffusing proteins which show anomalous 

diffusion (and only at short times), where as fast proteins always exhibit normal 

diffusion.  In the same manner as Simson, each case of anomalous diffusion can 

be explained using errors of 15 - 40 nm, exactly their reported spatial accuracy 

(30 nm). 

Smith et. al. [10] report anomalous diffusion of proteins diffusing in the 

plasma membrane, with αap between 0.1 and 1.0.  They measure D as a function 

of time, which should scale with α in the case of anomalous diffusion 

( MSD 4 4 'Dt D tα= = , with 1'D Dtα−= ).  An overlay of their Figure 8 and 

diffusion in the case of noise is shown in Figure 5.10.   
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In this case, they report a wide range of diffusion coefficients between 

0.06×10-4 and 35.0×10-4 µm2/s.  Therefore we use two fitting parameters: D and 

σ.  The diffusion coefficient fit for normal diffusion, 2.0×10-4 µm2/s, falls within 

the reported range, but is lower than typical diffusion coefficients of these 

proteins, which are on the order of 10-2 µm2/s [58].  The error in position σ of the 

overlay is 200 nm, significantly higher than the reported value of 50 nm.  

However, the reported value relates to immobilized particles, not cells, with a 

higher signal:noise ratio, and thus, the reported value may be an underestimate of 

 

Figure 5.10.  Overlay of anomalous diffusion reported by Smith et. al. as Figure 8 
(black) and normal diffusion with noise (red/grey).  For the normal diffusion with 
noise, D is 2×10-4 µm2/s, a reasonable value, and σ is 200 nm, somewhat high.  
Because the assumed σ is so large, normal diffusion with noise may only explain 
part of the anomalous diffusion observed.
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the actual error (see Figure 5.3a and c, for example).  Since this anomalous 

diffusion is explained only by invoking a higher level of error and lower diffusion 

coefficient than reported in the experiment, it is only possible (but not certain) 

that noise explains the result. 

Feder et. al. [7] report anomalous diffusion from SPT of proteins in the 

plasma membrane with α ranging from 0.1 to 0.9.  The only data available in this 

paper are the average diffusion coefficient at 1 s, D = 0.96 ± 0.4×10-2 µm2/s, the 

range of exponents, and the average exponent, α = 0.64 ± 0.45.  Using these 

values, the anomalous diffusion can be explained with an underlying diffusion 

coefficient D = 0.6×10-2 µm2/s (the lower end of their uncertainty) and an error σ 

= 100 nm.  While this normal diffusion with noise plausibly accounts for the 

observed anomalous diffusion, the actual trajectories or MSDs are required to 

confirm this hypothesis. 

Finally, in the case of Schütz et. al. [72], the claim of anomalous diffusion 

(α = 0.87) is based on tracks ten steps long.  This is clearly within the short time 

conditions of the previous chapter (which imply a variation in α of more than 0.2 

even over averaged data), and is thus consistent with normal diffusion.  The error 

necessary to cause any discrepancy is 55 nm, again almost exactly their reported 

value (54 nm). 

5.8 SUMMARY 

The experiments we report show that subdiffusion results from errors in 

particle location in one specific case, namely that of DMPC monolayers in the 

fluid (liquid-expanded) phase.  In general, however, the result is system 
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independent: apparent subdiffusion arises solely from errors in finding particle 

position and the analysis of log(MSD) vs. log(∆t).  The underlying cause of 

apparent subdiffusion would not have been recognized without the extended 

trajectories described in the previous chapter. 

Although others have considered noise in single particle tracking 

[38],[67], noise as a cause of apparent subdiffusion was unanticipated.  Clearly, 

the previous claims of subdiffusion on the plasma membrane may need 

reevaluation considering the impact of noise.   
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Chapter 6 Impact of Inhomogeneities on Lateral Diffusion 

The plasma membrane is a heterogeneous fluid, with obstacle size scales 

ranging from a few nanometers to a micron.  Of particular interest in recent years 

are "rafts" made up of lipids and proteins, which are too small to be visualized 

directly in a microscope (10 - 300 nm diameter).  To probe the impact of raft-like 

obstacles on diffusion, we use a model system of a monolayer with lipids 

separated into two phases, fluid and solid (see Figure 3.1b).  The fluid phase 

permits diffusion, the solid phase (model rafts) obstructs motion.  One of the most 

exciting observations in the experiments is that solid domains and diffusing 

particles interact via an attractive potential, most likely dominated by dipole-

dipole interactions. 

While these experiments show this interesting diffusive behavior, they 

cannot be extended to small (lipid raft) sizes, or equivalently long times.  We 

therefore use the experiments as a basis for simulations of diffusion in 

inhomogeneous membranes.  These simulations probe the effect of varying the 

geometry and potential strengths, and act as a bridge between the monolayer and 

the plasma membrane. 

6.1 EXPERIMENTAL METHODS 

We use fluorescent polystyrene beads (100 - 200 nm diameter) embedded 

in the membrane to examine diffusion (see Figure 6.1).  The advantage of this 

method over the gold-tagged lipids is it allows simultaneous visualization of 

monolayer structure and bead motion, as described in Chapter 3.1 and [107].  The 



 89

beads are not tagged to lipids because they show non-specific binding to the 

monolayer - they simply become embedded in it. 

The bead is not a purely passive diffuser: it has a dipole moment µB.  The 

surface of the bead is coated with carboxylic acid, which attains a negative charge 

in solution.  The negatively charged bead surface induces a positive counterion 

 

Figure 6.1.  Schematic of polystyrene bead embedded in monolayer.  (a) DMPE 
monolayer in the coexistence phase, with condensed phase domains and fluid 
phase regions.  The fluorescent polystyrene bead diffuses freely in the fluid phase, 
and cannot penetrate the solid phase.  (b) Schematic of dipole-dipole interaction 
between bead and domain: the solid domains have an upward oriented dipole 
moment µD, the beads a downward moment µB.  Since oppositely oriented dipoles 
are attracted, there is an attractive force between bead and domain.
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layer in the subphase.  This charge separation gives rise to the bead dipole 

moment.  The phospholipids in the monolayer also have a dipole moment, 

oriented in the opposite direction to that of the bead (see Chapter 2.11), and thus 

the domains have a dipole moment µD (Figure 6.1b).  The oppositely oriented 

dipoles cause the beads to be attracted to the domains via electrostatic forces (see 

Chapter 2.11).  In these experiments, we record the microscope images directly to 

disk, resulting in tracks of typically 20,000 - 35,000 steps, an improvement over 

even the procedure described in Chapter Chapter 4. 

6.2 CALCULATIONS AND SIMULATIONS 

The electric field E due to a solid domain is calculated from the dipole 

density difference p between the solid phase and the surrounding fluid, following 

Equation 2.10, 

 03
0

( )
4

pE d
πε

=
−∫r r

r r
 6.1 

where E(r) is the value of the field at position r due to dipoles at positions r0.  

The dipole of the solid domain (above the background dipole of the fluid phase 

monolayer) is given by D Dp Aµ = ⋅ , where AD is the area of the domain.  

Equation 6.1 does not integrate well analytically for arbitrary domain shapes, so 

the integration is carried out numerically as a summation.  Specifically, within a 

0.5 µm radius of r, the integral in Equation 6.1 is calculated with a dr0 that is a 

square, 10-3 µm on a side.  From 0.5 - 5 µm, dr0 is a 10-2 µm square.  From 5 µm 

to a cutoff length of 50 µm, dr0 is a 0.1 µm square.  This method leads to fields 
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that are accurate to 5% beyond 10-2 µm from the edge of a domain (note that the 

unit µm is arbitrary, it could equally well be nm or mm).   

 From E(r), the potential energy U(r) is calculated using the dipole 

moment of the bead, ( ) ( ) BU E µ= ⋅r r .  The dipole moment of the bead µB is due 

to the surface charge on the bead and the counterion layer beneath the bead 

(Figure 6.1b).  It is given by 2
B Ba q dµ π≈ ⋅ where qB is the surface charge on the 

bead, a is the radius of the bead, and d is the distance from the bead surface to the 

oppositely charged layer.  This distance is approximately the Debye length, 

( )0.3 nm /D saltcλ ≈ , where csalt is the molar salt concentration [105].  For our 

solutions of 100 mM phosphate buffered saline (PBS), λD ≈ 1 nm.  The surface 

charge qB on the submerged portion of the 200 nm polystyrene beads is 1.56 

 

Figure 6.2.  Energy between polystyrene bead and solid DMPE domain.  At the 
point of closest approach (of the edge of the bead to the domain), the bead center 
is one radius from the edge of the domain.  In this case, the potential is about 5 
kBT deep, and only about 200 nm wide.  Since this is significantly deeper than the 
thermal energy available to the bead, we expect bead-domain association from 
this type of potential. 
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e/nm2, on the 100 nm polystyrene beads it is 3.38 e/nm2 (the portion of the bead in 

the air is uncharged).  These surface charges are the bead manufacturer's 

measurements (Molecular Probes).   

 The remaining question is how much of the bead is below the surface of 

the water.  A value of about 35% was calculated by Pieranski for polystyrene 

beads at a pure water surface [104].  However, the interaction between the lipid 

monolayer and bead will change this value.  Assuming 50% of the bead beneath 

the water surface, this finally leads to dipole moments of 2.2×106 D and 1.2×106 

D for the 200 nm and 100 nm beads, respectively.  A potential energy function is 

shown in Figure 6.2 for a 200 nm diameter bead near a 4 µm diameter circular 

solid domain.  The depth of the potential is about 5 kBT.  A 100 nm bead has the 

same potential depth since it has half the radius and half the dipole moment of a 

200 nm bead. 

In order to test the calculated potential, and extend experiments to longer 

time scales, simulations of particles diffusing among obstacles, interacting via 

dipole-dipole potentials, are performed as described in Chapter 3.6.  Essentially, a 

random step for the bead is calculated from a step size distribution, and the 

potential then adds an additional, directed, displacement.  These simulations were 

performed over a range of obstacle sizes and geometries. 

6.3 DIFFUSION IN INHOMOGENEOUS DMPE MONOLAYERS 

In early experiments, the dipole moment of the bead was unknown, and 

we expected domains to act only as obstacles to diffusion.  Initial experiments 

showed examples of both obstruction due to solid domains, and interactions 
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between beads and solid domains (Figure 6.3).  These early experiments show the 

value of simultaneously imaging the beads and the domains.  It is clear in Figure 

6.3a, for example, that the bead does not enter the solid domain.  Figure 6.3b, 

however, shows a striking interplay between the bead and the domain.  The bead 

becomes trapped at the interface and diffuses along the interface for a period of 

time, before breaking free into the fluid region again.  Observation of such "edge 

crawling" behavior in the same monolayer as the bouncing behavior of Figure 

6.3a lead to questions over the nature of the interaction between bead and domain.   

The change in diffusive behavior at the interface is also observed in the 

MSD and the diffusion coefficient D.  In the case of pure obstruction in Figure 

 

Figure 6.3.  Overlay of motion of a polystyrene bead and DMPE monolayer 
structure.  (a) Bead (bright spot obscured by track) in a small fluid region (light 
grey), surrounded by solid domain (dark grey).  The motion of the bead (red) 
shows no penetration of domains by the bead.  (b) A different bead in a small 
fluid region in a DMPE monolayer.  In this case, the bead becomes associated 
with the solid domains, as shown by the trajectory of the bead.  Inset: larger 
portion of the monolayer, showing more extended domain structures. 
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6.3, the diffusion constant D of the beads remains the same, but the long time 

MSD levels out as the size of the fluid regions is reached.  With interactions 

between domain and bead, however, D is reduced by about a factor of two, from 

0.75 µm2/s to 0.38 µm2/s, as shown in Figure 6.4.  Thus, the interactions between 

bead and domain have the effect of reducing the overall diffusion coefficient. 

At this point, the source of bead-domain interaction was unknown.  To 

investigate whether a dipole-dipole potential is the cause of the observed 

interaction, we perform simulations with this potential.  Particles trapped in small, 

circular fluid regions surrounded by solid domains are particularly useful for 

comparisons of simulations, since their geometry is well defined.  Therefore, we 

perform the simulations as described in Chapter 3.6, in which a particle undergoes 

a random walk, with deterministic motion due to the potential added in.  The solid 

 

Figure 6.4.  MSD of bouncing and crawling particles of Figure 6.3.  At large 
distances (~ d2, where d is the size of the fluid region, black dashed line), 
diffusion is restricted, and hence the MSD levels out.  The faster diffusion of the 
bouncing particle (Figure 6.3a) is shown in the higher offset of the MSD (blue 
dashed line) opposed to the slower crawling particle (red line, Figure 6.3b). 
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domains have the dual effect of attracting the beads while simultaneously 

confining them to the fluid phase. 

For example, Figure 6.5a shows the trajectory of a 100 nm diameter 

polystyrene bead in a circular fluid region.  The bead spends significantly more 

time at the fluid-solid interface than in the bulk.  For comparison, a simulation of 

a 100 nm bead in circular fluid region is shown in Figure 6.5b.  The potential in 

the simulation is based only on the known experimental conditions (100 mM PBS 

subphase), the literature value of the dipole density difference between solid and 

fluid phases [102], and the assumption that 50% of the bead is submerged (that is, 

no free parameters).  The simulation also has noise of the same level as the 

experiment added in.  The strong qualitative similarity between simulation and 

experiment suggests the dipole-dipole potential is a correct description of the 

interaction.  However, a quantitative comparison between simulation and 

experiment is necessary to show that the dipole-dipole interaction is the correct 

one.  

There are several quantitative methods to test the potential strength.  The 

most direct is the average time τ spent at the interface, which should scale as 

( )~ exp / BU k Tτ .  However, "at the interface" is difficult to define in the 

presence of noise on the order of σ = 0.5 µm.  The time spent within σ of the 

interface might seem a reasonable approximation of τ, but in fact includes 

particles that escape from the potential (width ~ 0.2 µm) and fall back in, without 

moving beyond σ from the edge.  In simulations, the value of τ varies drastically 

depending on the noise level σ. 
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Figure 6.5.  Experiment and simulation of bead diffusing in small, circular fluid 
region (33,000 steps each).  (a) Experimental trajectory of 100 nm bead diffusing 
in 6 µm fluid region of DMPE monolayer, surrounded by solid phase DMPE.  (b) 
Simulation of bead under experimental conditions (a potential depth of 5 kBT 
calculated by assuming bead is 50% submerged).  (c) Comparison of density of 
(a) and (b) as a function of distance from the edge of the domain.  The fall off 
over about 1 µm represents the noise.  The errors bars are an estimate due to noise 
shifting positions between bins. 



 97

An alternate method of determining the potential depth is the density of 

points near and far from the edge, as described in Chapter 3.5 (Equation 3.9), 

 ( 0)~ log
( 2 )

rU
r

ρ
ρ σ

 =∆  > 
 6.2 

The density as a function of distance from the domain edge is shown in Figure 

6.5c for the experimental and simulated motion of Figure 6.5a and b.  The 

simulation shows the same density as a function of distance as the experiment, 

using the experimental dipoles.  This is a strong indication that the "edge 

crawling" is, in fact, due to electrostatic attraction between beads and domains. 

6.4 SIMULATIONS IN INHOMOGENEOUS MONOLAYERS 

One limitation of the experiments is the drift of the monolayer as a whole.  

To correlate domain structure with the trajectories, a particle that is fixed in the 

domains is used as a reference (see Chapter 3.3).  This means that experiments 

 

Figure 6.6.  Example of a particle with drift.  This particle is in a small fluid 
region inside the solid phase, but the drift correction is not perfect.  This is one 
reason to extend the experiments with simulations: no drift. 
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give the best data in monolayers with connected solid phase regions.  In most 

experiments without connected solid phases, and even in many with connected 

domains, overall drift remains, and exact correlations between monolayer 

structure and trajectories are complicated (Figure 6.6).   

In addition, while experiments take place over a long period of time (20 

minutes = 36,000 steps), the time it takes for a diffusing particle to cover several 

domain lengths can be even longer.  A bead generally interacts with three or four 

10 µm solid domains in one experiment (1000 s at a diffusion coefficient of 1 

µm2/s).  On the cell, a protein diffuses through three or four 100 nm (lipid raft 

size) domains in only 3 s with a diffusion coefficient of 0.01 µm2/s.  Thus, the 

longest experiments we are able to perform (longer than any SPT experiments in 

the literature) correspond to only three seconds in the cell membrane.  To scale 

the experiments to smaller lengths, much longer times are necessary. 

We therefore extend the experiments via simulations in one particular 

configuration: circular solid domains within a fluid monolayer, as described in 

Chapter 3.6.  Different area fractions of domains are created by changing the 

domain size and spacing.  A typical simulation is shown in Figure 6.7, with 4 µm 

diameter solid domains separated by 10 µm on a square grid.  In this simulation 

with a potential depth of 10 kBT, the particles diffuse along the edge of the 

domains for some time before breaking off and diffusing freely again.  This is 

only a short (100,000 step) portion of a longer (3×106 step) simulation.   
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The impact of the potential on diffusion is shown in Figure 6.8.  Similar to 

the experiments, the diffusion constant D is lower with the potential than without 

it (see Figure 6.4).  Diffusion among obstacles only at this concentration, 12.5%, 

is essentially unchanged from free diffusion without obstacles.  With a potential, 

however, D is not constant over all time scales.  At short times, the diffusion 

coefficient measured is ½ the diffusion coefficient of a free particle (D = 0.5Df).  

A transition between two dimensional and one dimensional diffusion explains 

this, 

 

Figure 6.7.  Simulation of particle diffusing among solid domains.  The particle 
motion (red/grey) is influenced by a dipole-dipole attraction to the domains 
(black), with a potential depth of 10 kBT (see Figure 6.2).  This potential depth is 
in the high range of the experimentally measured potentials.  The simulation is 
90,000 steps long. 
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Since D is calculated from the MSD assuming 4D∆t, one dimensional diffusion 

appears half as fast as two dimensional diffusion.  The length of this one 

dimensional diffusion region is set by the size of one domain: once a particle has 

circumnavigated a domain, the MSD cannot grow further until the particle breaks 

off the domain.  This sets a limit on the MSD of about πr2, where r is the size of 

the domain.  In Figure 6.8a, this is at about 10 µm2, corresponding to the 4 µm 

domains. 

 Once the MSD grows to πr2, D is determined by the fraction of time the 

particle spends associated with a domain and the fraction of time it diffuses freely.  

The total diffusion constant D can be written as the average of the diffusion 

constant of a particle freely diffusing, Df and a particle stuck to a domain, Ds, 

 f f s sD n D n D= +  6.4 

where nf is the fraction of the time the particle spends freely diffusing, and ns is 

the fraction of time a particle is associated with a domain.  In the limit of very 

small domains, or of a particle remaining on a domain much longer than it takes 

to travel around it, Ds = 0.  Thus, the long-time diffusion coefficient should be set 

by D = nfDf or D/Df = nf.  In the simulation shown in Figure 6.7, the particle 

spends 4.4% of its time freely diffusing.  The other 95.6% of the time the particle 

is within 0.2 µm of a domain.  This implies D/Df = 0.044, the actual ratio is 0.053 

± 0.006 (see Figure 6.8b, very close to the predicted ratio (the higher actual value 

may stem from Ds > 0 in Equation 6.4).   
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Figure 6.8.  MSD and diffusion coefficient from a simulated particle diffusing 
among solid domains.  (a) The MSD of the particle motion among domains with 
interaction (red (lower) line) compared to motion among domains with 
obstruction only (blue (higher) line), and motion among no domains (black 
dashed line).  With the potential, diffusion is slowed as the particle diffuses 
completely around a single domain.  The size of the domain is the black dotted 
line.  (b) The diffusion coefficients corresponding to (a).  At small times, D = 0.5 
Df.  There is a crossover at the size of the domains to the long time D = 0.053 Df, 
due to sticking to the domains.  The particle diffusing among domains with no 
potential is only slightly affected, with D reduced on the order of the domain area 
fraction (12.5%). 
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6.5 DENSITY AND CRAWLING TIME SCALING IN SIMULATIONS 

The density of points as a function of distance from the edge ρ(r) and the 

average time the particle spends at the domain edge τ are readily calculated in 

simulations of diffusion.  The density is calculated directly; the crawling time is 

calculated as follows: the probability P(ts) that a particle is associated with the 

edge for a time ts drops off exponentially in the simulations, so that τ is defined, 

 1( ) exp s
s

tP t
τ τ

 = − 
 

 6.5 

Both ρ and τ should depend exponentially on the potential depth. 

The depth of the potential well U0 is defined as the potential at the bead's 

closest approach to the domain.  The scaling of ( )0 / (2 )ρ ρ σ  (Equation 6.2) and 

τ with U0 are shown in Figure 6.9.  The dashed lines represent an exponential fit,  
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where A is a fitting parameter, and is equal to 0.72 ± 0.1 and 0.71 ± 0.1 for the 

density and the crawling time, respectively, and C1 = 0.19 and C2 = 0.067 are 

general fit parameters.  A ≠ 1 is probably due to an averaging over a finite width 

in the potential U(r), and sets an effective potential depth 00.7eU U= ⋅ .  The main 

take-home message from this result, however, is that the density ratio is a 

reasonable surrogate to probe the depth of the potential a particle feels at the 

fluid-solid interface.  The experimental potential depth is calculated using 

Equation 6.6a. 
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6.6 DIFFUSION COEFFICIENT SCALING WITH POTENTIAL DEPTH 

 At short times, D in simulations depends mainly on the two dimension - 

one dimension transition.  At long times, however, D depends strongly on the 

potential depth and geometry of the obstacles.  D as a function of potential depth 

U0 for 4 µm domains separated by 10 µm, domain area fraction 12.5%, is shown 

in Figure 6.10.   

 

Figure 6.9.  The density and crawling time as a function of potential depth.  The 
ratio of density at the edge to density far from the edge (■) is well fit by a single 
exponential (dashed line).  The average time a particle spends on the edge (●) is 
also well fit by an exponential with the same scaling (dotted line).  The left and 
right axes are shifted by a factor of 2.84 reflecting the different prefactors (C1, 
C2).  The exponent is 0.7 ± 0.1 in each case. 
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These data are well fit by a sigmoidal curve, 
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where A and Uh are fitting parameters.  This curve shows a sharp transition in 

long-time D/Df from 1 to 0 around a potential depth of Uh = 6.6 ± 0.7 kBT.  This 

means that the long-time diffusion constant is very sensitive to the potential in 

which the particle diffuses.   

The sigmoidal curve of Equation 6.7 can be understood by combining 

Equation 6.4 and Equation 6.6.  The long-time diffusion coefficient is given by 

the fraction of time the particle spends freely diffusing, and can be written, 

 

Figure 6.10.  Diffusion coefficient as a function of potential depth.  D is the long-
time diffusion coefficient for the geometry of Figure 6.7 (●).  The diffusion 
coefficients are fit to a sigmoidal curve (black dashed line, Equation 6.7), 
showing a sharp transition from fast to slow diffusion around 6.6 kBT.  This arises 
from the exponential dependence of the time spent freely diffusing on the 
potential depth. 
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where τf is the average time the particle freely diffuses between crawling events 

with average time τ.  Equation 6.8 is equivalent to Equation 6.7 with 

( )( )2 expf h BC A U k Tτ = ⋅ − .  In fact, the results are very similar: the value of A 

from the sigmoidal curve is 0.79 ± 0.14 (Figure 6.10), from the exponential fit to 

τ  A is 0.71 ± 0.11.  The value of Uh from Equation 6.8 is 5.86 ± 0.06 kBT, which 

is consistent the value from Equation 6.7 (6.6 ± 0.7 kBT).  Thus, the diffusion 

coefficient can be explained by the amount of time the particle spends diffusing 

freely, and the time it spends associated with the domains. 

The above discussion is valid only for one geometry, more particularly, 

for one area fraction where the domains occupy only 12.5% of the available 

space.  As the area fraction covered by domains decreases, the assumption that Ds 

= 0 becomes exact.  In this case, the fraction of time spent freely diffusing 

(Equation 6.8) explains the entire reduction in long-time diffusion coefficient 

(Equation 6.7, see Figure 6.11).  As the area fraction covered by domains grows, 

the assumption that Ds = 0 (the diffusion coefficient of particles stuck to the 

domain in Equation 6.4) becomes less valid.  Hence, the time spent freely 

diffusing explains less and less of the final diffusion coefficient.  At large area 

fractions (above 0.5), D ≈ 0.5Df over all times, the particle spends most of its time 

associated with the fluid-solid interface, simply hopping from one domain to 
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another.  Thus, the one dimensional diffusion dominates.  In order to accurately 

predict the long-time diffusion constant, the details of Ds must be known.   

6.7 COMPARISON OF SIMULATIONS AND EXPERIMENTS 

Several questions arise in comparing the simulation data to experimental 

data.  First, is the bead-domain interaction actually a dipole-dipole potential?  The 

simulation assumes this functional form, but changes the potential depth by 

changing the domain and bead dipole moments.  Experimentally, the behavior of 

particles in the same, or similar, monolayers is not always consistent.  For 

example, Figure 6.3 shows particles in monolayers at the same surface pressure, 

but beads behaving differently at the fluid-solid interface.  The potential depth 

ranges from 0 to 10 kBT over the experiments (Figure 6.12).  A single potential 

should lead to consistent behavior. 

 

Figure 6.11.  Effect of large area fractions on diffusion.  As the domain area 
fraction increases, the time spent freely diffusing (nf) accounts for less and less of 
the diffusion coefficient (D / Df).  This is due to the breakdown of the assumption 
that Ds = 0. 
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However, the simulations show that the particle behavior is sensitive to the 

actual potential the particle is subject to: Figure 6.10 shows the diffusion 

coefficient changing sharply, and Equation 6.6 shows that the density at the edge 

scales exponentially with the potential.  Small changes in potential can be 

explained in several ways (all based on variability in the bead dipole moment).  

The depth the bead penetrates into the water subphase depends strongly on the 

interaction between the bead surface (carboxyl coated polystyrene) and the 

aqueous subphase.  It also depends on the surface tension of the monolayer, and 

the bead-lipid interaction.  The quantitative values of these interactions are not 

well characterized for our beads (simple assumptions give bead penetrations of 

35% - 50% of the bead diameter, for more details see Pieranski [104]).  The bead 

dipole moment increases with the penetration into the subphase, so the potential 

 

Figure 6.12.  Experimental potentials with 100 nm carboxyl coated beads.  The 
spread in potentials is very wide, but the average potential is 4.5 ± 1.0 kBT, almost 
exactly the 5 kBT potential that is predicted from the bead charge, lipid dipole 
moment and subphase ion concentration.
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depth changes as well.  Another source of variability in the potential comes from 

the variation in surface charges between different beads.  Any change will go 

exponentially into the observable interaction between bead and domain (Equation 

6.6). 

Only a fraction (~ 10 %) of the experiments provided quantitative edge 

crawling data, due mainly to drift problems (Figure 6.6).  Using the densities to 

calculate the potential depth (Equation 6.2), the average depth for 100 nm beads is 

4.5 ± 1.0 kBT (see Figure 6.12).  This depth is the same as the calculated potential 

depth of 5 kBT, meaning that dipole-dipole interactions explain the energy of 

attraction entirely.  One quantitative prediction of the simulations is that D at the 

interface is 0.5Df  (Figure 6.8b, for example).  In order to test this prediction in 

the experiments, we calculate the diffusion coefficient of a particle at the interface 

Di, and the diffusion coefficient of the particle far from the interface, Df.  A 

particle is considered "at" the interface if it is within a region near the domain 

edge, σ wide (see Figure 6.13 inset).  However, a particle can diffuse into this 

region and back out again without becoming trapped by the potential.  Di is 

calculated only for the portions of a trajectory that remains within σ for at least a 

time after which 95% of particles that diffuse within σ of the edge diffuse back 

outside this edge region, assuming no interaction potential.  Thus, the calculation 

of Di includes only trajectories that have an interaction with the edge.  Df is 

calculated by averaging the diffusion coefficient of the portions of trajectories that 

remain outside σ. 
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As shown in Figure 6.13, the experiments indeed have a diffusion 

coefficient at the edge that is ½ of the free diffusion coefficient.  This indicates an 

attractive potential between the beads and the domains, and that the beads freely 

diffuse along the domains in one dimension.  It does not indicate the structure of 

the potential, but the potential depth (above) correlates well with the dipole-dipole 

predictions. 

 

Figure 6.13.  Diffusion coefficient ratio from experimental data.  The ratio of 
diffusion coefficients at the domain interface to diffusion coefficients in the fluid 
phase (Di / Df, ■) has a peak at 0.5 as predicted by the simulations (the 
experimental values are from experiments with a potential depth greater than 2 
kBT).  This implies that there is some potential keeping particles confined to one 
dimensional diffusion at the interface.  Inset: schematic of where Di and Df are 
calculated.  Di is calculated within the distance σ of the edge, Df is calculated 
outside. 
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6.8 EXTENDING TO CELLULAR SCALES 

Typical size estimates for lipid raft obstructions in cells are on the range of 

tens to hundreds of nanometers, 2 orders of magnitude smaller than the simulation 

obstacles.  This means areas 104 smaller, and thus times 104 shorter at the same 

diffusion coefficient.  Typical diffusion coefficients of membrane proteins, 

however, are 10-2 µm2/s, about 2 orders of magnitude slower than the simulations.  

To go from simulations to cells, therefore, sizes and times must both be reduced 

by 102.  This means, for example, that the crossover time between short- and 

long-time diffusion will go down by a factor of 100.  This crossover time occurs 

at about 1 - 10 seconds in the simulations, depending on geometry (see Figure 

6.8b, for example), and so should occur between 0.01 and 0.1 seconds on cells.  

Thus, video rate SPT on cells would not see short-time diffusion, with D ≈ 0.5Df, 

but long-time diffusion, with D << Df, at the same energy scales.  This is one 

route to explain the greatly reduced diffusion coefficients of proteins measured in 

cell membranes versus artificial membranes [12]. 

In addition, diffusion in a potential provides a mechanism of enhancing 

reaction rates.  In one dimension, diffusion is more effective at leading to 

reactions than in two dimensions.  The average time a particle takes to find a 

target is log(1/c) faster in one dimension than two dimensions, where c is the 

density of targets.  Since target density can be on the order of 10-6, this is a 

significant enhancement of reaction rates in one dimension.  Also, because 

diffusion at long times is slow with obstacles and a potential, reactants remain 

concentrated in a region the size of the obstacles (the crossover size).  This 
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combination of fast local diffusion and slow global diffusion is exactly what is 

needed for localized reactions in the membrane. 

In order to scale the simulations and experiments to cells, the potentials 

must be the same (~ 5 - 10 kBT).  A naive calculation of the potential depth due to 

protein and lipid raft dipole moments gives a potential depth that is in the same 

range as in the experiments, but on the small end (~ 2 kBT).  The dipole-dipole 

energy increases with 1/r as the length scale r decreases.  The dipole field from a 

domain scales as 1/r3 (for an individual dipole) × r2 (the area of the domain) = 1/r 

(see Equation 6.1, for example).  The energy is just the field × the bead dipole 

moment.  A rough scaling argument from beads on monolayers to proteins on 

cells is shown in Figure 6.14.  Since the interaction is very sensitive to the 

potential depth, the depth of 2 kBT is not enough to cause the same effects as seen 

in the simulations.  However, because the simulations rely only on a localizing 

potential, the source of the potential is not important.  Any other source of 

attraction, such as hydrophobic mismatch between protein and lipids [119] or line 

System Bead / 
Protein Size 

Bead / Protein 
Dipole Moment 

Dipole Density of 
Solid Phase / 
Lipid Raft 

Potential 
Depth 

Monolayer 200 nm 2×106 D 0.27 D/nm2    5 kBT 
Cell ~ 2 nm 2700 D 0.85 D/nm2 ~ 2 kBT 

Figure 6.14.  Scaling argument from polystyrene beads in a fluid-solid DMPE 
monolayer to proteins in the cell membrane with lipid rafts.  The protein dipole 
moment is from the online Protein Dipole Server [117] and the lipid raft dipole 
density is from cholesterol:DMPC model rafts [118].  The potential depths in cells 
are of the same order of magnitude, and may easily be higher due to other short-
range interactions (non-screened charge-charge interactions, for example). 
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tension reduction between raft and non-raft phases [118], leads to similar effects 

in the cell membrane. 

6.9 SUMMARY 

Experiments in DMPE monolayers in the liquid expanded - liquid 

condensed (fluid-solid) coexistence region show that polystyrene beads interact 

with solid domains.  This interaction is attractive, and can be entirely explained 

by dipole-dipole interactions.  In the experiments, it results in beads spending 

significantly more time diffusing along the fluid-solid interface than diffusing 

freely in the fluid phase.  The potential at the interface also significantly reduces 

the long-time diffusion coefficient of the beads. 

Simulations show that the dipole-dipole potential depth predicted from the 

bead surface charge and monolayer properties, 5 kBT, gives the same results as the 

experiments, 4.3 ± 1.0 kBT.  Further simulations extend the diffusive results to 

time and spatial scales unreachable in the experiments.  In particular, the 

simulations show that at short times, the beads behave as one dimensional 

diffusers along the domain interface.  At long times, the diffusion coefficient is 

predictably reduced as the fraction of time the bead spends freely diffusing 

becomes smaller.  If proteins on cells interact with obstacles such as lipid rafts via 

similar potentials, the simulation results carry over to lateral diffusion on cell 

surfaces.  The fast short-time diffusion and slow long-time diffusion is one 

mechanism of enhancing local reaction kinetics on a time scale of milliseconds, 

given typical protein diffusion constants and lipid raft sizes.
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Chapter 7 Conclusions and Outlook 

This research examines diffusion in homogeneous and inhomogeneous 

membranes, and several mechanisms that lead to non-Brownian diffusion.  We 

have used single particle tracking to study the motion of individual probes and 

individual molecules in well defined models of the cell membrane.  Our extension 

of single particle tracking to very long times has shown how apparent anomalous 

diffusion arises in cell membranes, and how even a small number of obstacles can 

have a large impact on diffusive processes. 

7.1 OVERVIEW OF THIS RESEARCH 

The SPT (single particle tracking) technique we developed on Langmuir 

monolayers has extended the scaling range SPT covers from about two to more 

than four decades.  These long ranges provide a crucial method to distinguish 

between normal and anomalous diffusion for an individual particle [9],[38].  Our 

consistent results at long times (and inconsistent results at short times) show that 

one reason for the many "classes" of diffusing particles reported on cell 

membranes [4] may exactly be the short SPT experiments, for which statistics 

alone causes wide variations in behavior.  Following the motions of single lipids 

in DMPC monolayers, we find normal diffusion with a diffusion coefficient of 1.1 

± 0.2 µm2/s, consistent with literature values.  In fact, this experiment is a 

particularly important addition to lateral diffusion, since it shows that SPT gives 

the same diffusion results as ensemble techniques. 
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With the long tracks on homogeneous monolayers, we discovered an 

artifact that leads to apparent subdiffusion: simple camera noise.  This camera 

noise changes the form, and hence the scaling, of the mean square displacement 

(MSD).  While this may seem to be a simple case of uncovering a flaw in our 

experiment and correcting it, the errors induced by noise seem to have played a 

role in observed diffusion on cells as well.  At least three previous reports of 

anomalous diffusion can be completely accounted for by noise and normal 

diffusion, using only the data available in the reports [14],[37],[72].  Other reports 

of anomalous lateral diffusion can plausibly be explained with only normal 

diffusion and noise [7],[10].  Indeed, this artifact depends only on the logarithmic 

method of testing anomalous diffusion, not on anything intrinsic to membrane 

constituents.  Thus, this result provides a cautionary note extending beyond 

diffusion on cells. 

In inhomogeneous monolayers used to model the complex plasma 

membrane, we find that dipole-dipole interactions have a strong impact on 

diffusive behavior.  Polystyrene beads embedded in the monolayer interact with 

liquid condensed phase domains via electrostatic attractions.  Measuring the 

potential depth experimentally using diffusion near the domain edge shows a 

depth of about 5 kBT, exactly the same potential depth we predict from the dipole 

moments of the beads and the domains. 

Simulations of diffusion in inhomogeneous monolayers show strong 

localization of particles.  At short times, particles diffuse in one dimension along 

domain boundaries.  At long times, particles diffuse slowly throughout the 
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membrane.  The long time diffusion coefficient in simulations is reduced by the 

amount of time the particles spend associated with domains (a factor of 2 - 20, 

depending on potential depth).  This potential interaction provides a mechanism 

that explains the reduction in the diffusion coefficient observed in protein 

diffusion on cells versus model membranes (by a factor of 10 - 100 [12],[63]). 

The localization mechanism observed in simulations and experiments 

enhances reaction kinetics in membranes by increasing the local concentration, 

and by restricting motion to one dimension [120].  In addition, this type of 

localization technique would lead to the clustering of proteins with lipid rafts 

observed in the plasma membrane [71],[121].  This localization drastically 

enhances signaling speed: in two dimensions, particles visit every point once, on 

average, in an infinite amount of time.  In one dimension, each site is visited 

infinitely many times in infinite time [12]. 

7.2 FUTURE DIRECTIONS 

This research has developed novel techniques to probe the fundamental, 

physical, basis of membrane dynamics.  In answering questions on the origins of 

non-Brownian diffusion, new ideas have arisen on signaling processes in complex 

membranes.  There are many directions that are worthy of further pursuit, a few of 

which are laid out below.  

The very recent development of quantum dots as biological markers [122] 

means probes approaching single molecule dimensions can be used in SPT.  The 

first commercial releases of quantum dots, just this year, are about 10 nm across 

with the linking molecules already attached (Quantum Dot Co., Hayward, CA).  
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These have one significant advantage over single fluorophore molecules: they do 

not photobleach after about one second.  In homogeneous monolayers, quantum 

dots could probe the transition from the free volume model to the Saffman-

Delbrück model.  While this transition has been studied via FRAP, the detailed 

impact of the individual molecule size is not known.  In addition, changing the 

subphase viscosity would be a controlled route to study the impact of the quantum 

dot on the lipid motion as the lipid pulls the dot through a progressively thicker 

medium.  This fundamentally tests the applicability range of SPT in general. 

Higher time resolution than the 0.033 s of the current experiments will 

allow more detailed descriptions of diffusion in homogeneous and 

inhomogeneous monolayers.  One mechanism to increase the time resolution with 

low-light cameras involves using only a small portion of the CCD for each image.  

Each new image shifts the previous image on the CCD, enabling a hundred 

100×100 pixel images in each 1024×1024 pixel frame, increasing the frame rate 

from 33 ms to 330 µs.  This comes at the cost of a reduced field of view, but can 

nonetheless increase the time resolution significantly. 

Higher time resolution will not help, however, unless we can increase the 

accuracy of particle tracking.  Increasing the signal:noise of the image is one route 

to increased accuracy.  The current system displays both the fluorescent signal of 

the bead and the monolayer onto the same camera.  Splitting these images onto 

two cameras would still allow bead-domain correlation, but increase the 

signal:noise of the SPT significantly.  Both of the above techniques have been 
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described by an imaging vendor, Optical Insights (Santa Fe, NM), and would be 

possible with their image splitting devices on our microscope. 

The dipole-dipole experiments and simulations have brought up several 

questions worthy of further study.  The first regards the dipole-dipole nature of 

the bead-domain interaction.  The attraction should disappear if the bead dipole 

moment disappears, that is, if the bead becomes uncharged.  At pH 4, carboxyl 

groups begin to neutralize, and so beads should lose their dipole moments and 

hence interaction strength.  We performed experiments with an aqueous subphase 

at pH 4, but the interaction strength for 100 nm carboxyl beads is still 3.8 ± 1.1 

kBT, similar the pH 7.5 value of 4.3 kBT.  This result is complicated, however, by 

not knowing the actual charge on the beads at pH 4.  Depending on the attached 

groups, carboxylic acid becomes neutral between pH 5 and pH 1, so further 

experiments are necessary at a wider range of subphase pH to test this aspect.  In 

addition, varying the subphase ion concentration changes the Debye length, and 

hence the dipole moment of the bead.  This provides another route to test the 

dipole-dipole picture. 

Extending the inhomogeneous experiments to more biologically relevant 

membranes initiates the next key step in probing lipid raft properties.  Recently, 

lipid raft mixtures have been described, which create visible lipid rafts with sizes 

on the order of 1 - 10 µm [91].  Our preliminary experiments with monolayers of 

these rafts indicate that polystyrene beads are attracted to the raft interface.  

Although the interior of the raft is also in a fluid state (and so beads show 

diffusive motion inside as well as outside the rafts), beads do not cross this fluid-
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fluid interface (see Figure 7.1).  This raises the question of how a fluid interface 

in a monolayer 3 nm thick can stop a bead 100 - 200 nm in diameter.   

A truly biological question, however, is how raft-associated proteins 

diffuse in a lipid raft mixture.  While trans-membrane proteins cannot be used in a 

monolayer (they require a bilayer), an important class of raft proteins are 

embedded in only one leaflet: GPI-anchored proteins [5],[70].  Tagging these 

proteins with quantum dots, for example, would enable us to follow diffusion in 

the rafts, and at the raft interface.  Various mechanisms of GPI-protein - raft 

clustering have been proposed (hydrophobic mismatch [119], or lipid shells [69]), 

but the underlying cause is unclear.  Association with the raft edge would provide 

 

Figure 7.1.  Image of lipid rafts and polystyrene beads.  The cholesterol enriched 
(lipid raft) regions are dark, cholesterol depleted regions are light.  The beads are 
individual bright points.  Beads generally partition into the cholesterol depleted 
phase, but are occasionally inside the rafts, where they are mobile.  Beads are 
attracted to the raft interface, but cannot cross it.
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an important clue that the simulations and experiments we perform have direct 

biological relevance. 

Even with higher resolution optics, the smallest accuracy we can 

reasonably expect with SPT is on the order of 50 nm.  This is still broad compared 

to the dipole-dipole potential width, or fluid-solid interface.  There are other 

techniques that would enable much higher resolution.  Fluorescence resonance 

energy transfer (FRET) is a technique using two different fluorescent dyes, where 

the emission spectrum of one dye overlaps the absorption spectrum of the other.  

If the first dye is excited, it can non-radiatively transfer energy to the second dye 

if they are close enough; characteristic distances are on the order of 5 nm in FRET 

[123].  Thus, a dye that partitions into the solid or raft phase (of which there are 

several [124]), in combination with tagged molecules in the fluid phase can be 

used to probe the boundary region.  FRET only occurs within a very small 

distance of the interface, so fluctuations in an ensemble of molecules near the 

edge provide information on how long molecules remain near the interface [125].  

This can give a very local density, and hence potential shape.   

FRET, or a similar excimer technique where binding must occur for 

energy transfer, can be used to study reaction dynamics at the interface.  Since 

molecules must be very close, or bound, for FRET to work, a reactant and target 

could be tagged with FRET dyes, which will only transfer energy if the molecules 

react [126].  Measurements with this technique can be used to probe our claim 

that the two dimension to one dimension transition seen in simulations and 

experiments actually enhances reactions at the domain interface. 
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Finally, DMPE monolayers under compression grow liquid condensed 

domains as fractals [127], with a fractal dimension of about 1.5 (see Figure 7.2).  

Over time, the solid domains relax to a circular shape, with the time scale set by 

the viscosity and line tension of the domains [128].  In our DMPE monolayers, 

this time is on the order of an hour.  This fractal system allows several interesting 

projects.  The first is simply diffusion along a fractal boundary, as beads move 

along the interface.  This subject has considerable theoretical study behind it, 

providing a baseline to compare the experimental results against [11].  Likewise, 

the domain interface provides the possibility of transitions from two dimensional 

to 1.5 dimensional diffusion, and changes in reaction kinetics as the interface 

relaxes to one dimension. 

 

Figure 7.2.  Liquid condensed domains growing in dendritic structures.  As a 
DMPE monolayer is compressed, domains grow with a fractal dimension along 
the edge of about 1.5. 
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Ultimately, the experimental system we have developed is modular 

enough to study the physics behind most lateral diffusion phenomena.  Beyond 

the two dimensional work on the monolayer, the subphase can be turned into a 

model of the cell interior or exterior.  We can then begin to probe the dynamics of 

signals through multiple stages in the signal transduction cascade. 

The simulation technique we developed has provided reliable and valuable 

extensions of the monolayer technique.  As further complexity is added, the 

simulations can be quickly adapted to test the implications for the plasma 

membrane.  Indeed, these new techniques form the foundation of a wider attack 

on the heterogeneity of the cell membrane - the combination of experiments of 

increasing complexity and model simulations can create a fundamental set of 

rules and interactions to describe membrane dynamics.  
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Appendix: Mathematics 

EFFECT OF NOISE ON THE MSD 

One way of describing a two-dimensional random walk is in terms a 

probability P(r,t) of finding a particle at position r after time t (dropping the 

symbol ∆), given by (Equation 3.12), 

 ( )
21, exp

4 4
rP t

Dt Dtπ
 

= − 
 

r  A.1 

where D is the diffusion coefficient.  The camera noise can be modeled by a 

probability P(r,r') of detecting the particle at position r' given that the particle is 

actually at position r, 
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where σ is the standard deviation of the error in positioning accuracy.  We can 

then combine these probabilities into a new function P'(r',t), which gives the 

probability of finding the particle at r' at time t, given by, 
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Expanding the exponent in the lower term, we arrive at a new exponent, 

 
( )2 2 22 2

2 2 2 2

2 4' 2 'cos
4 2 2 2 4 2

Dt rr r rr
Dt Dt

σ θ
σ σ σ σ

+−
− − = − − +

r r'
 A.4 

where θ is the angle between the vectors r and r'.  The integral over θ becomes, 
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following Abramowitz and Segun Equations 9.6.3 and 9.6.16 [129], where J0 is 

the Bessel function.  The integral over r (independent of prefactors) becomes, 
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as in Abramowitz and Segun Equation 11.4.29 [129].  P'(r',t) is thus (combining 

Equations A.3, A.4 and A.6), 
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The mean squared displacement then becomes, 
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Thus, the effect of an error σ in particle location is to add a constant to the mean 

square displacement (as in Equation 5.3). 

NOISY MSD AND SCALING EXPONENT αααα 

To describe what occurs in the presence of noise, where 
2MSD( ) 4 2t Dt σ= +  (from Equation A.8), we consider the plot of 
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( ) ( )log MSD  vs. log t .  The slope of this plot is αap, from 

log(MSD) log( )ap t Cα= +  (Equation 5.2).  The slope is given by, 
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Substituting xt 10= , we arrive at, 
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as in Equation 5.4. 
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