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Large-scale processes that are modeled using differential algebraic equations 

based on mass and energy balance calculations at times require excessive computation 

time to simulate. Depending on the complexity of the model, these simulations may 

require many iterations to converge and in some cases they may not converge at all.  

Application of a storage and retrieval technique, named in situ adaptive tabulation 

or ISAT is proposed for faster convergence of process simulation models. Comparison 

with neural networks is performed, and better performance using ISAT for extrapolation 

is shown. In particular, the requirement of real-time dynamic simulation is discussed for 

operating training simulators (OTS). Integration of ISAT to a process simulator 

(CHEMCAD®) using the input-output data only is shown. A regression technique based 

on partial least squares (PLS) is suggested to approximate the sensitivity without 

accessing the first-principles model. Different record distribution strategies to build an 

ISAT database are proposed and better performance using the suggested techniques is 

shown for different case studies. A modified ISAT algorithm (mISAT) is described to 
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improve the retrieval rate, and its performance is compared with the original approach in 

a case study. 

   State estimation is a key requirement of many process control and monitoring 

strategies. Different nonlinear state estimation techniques studied in the past are 

discussed with their relative advantages/disadvantages. A robust state estimation 

technique like moving horizon estimation (MHE) has a trade-off between accuracy of 

state estimates and the computational cost. Implementation of MHE based ISAT is shown 

for faster state estimation, with an accuracy same as that of MHE.  

Flowsheet optimization aims to optimize an objective or cost function by 

changing various independent process variables, subject to design and model constraints. 

Depending on the nonlinearity of the process units, an optimization routine can make a 

number of calls for flowsheet (simulation) convergence, thereby making the computation 

time prohibitive. Storage and retrieval of the simulation trajectories can speed-up process 

optimization, which is shown using a CHEMCAD® flowsheet. Online integration of an 

ISAT database to solve the simulation problem along with an outer-loop consisting of the 

optimization routine is shown using the sequential-modular approach. 
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Chapter 1 

Introduction 

Simulation of mathematical models has been a powerful and important tool for 

studying process behavior in the chemical industry. A dynamic process can be modeled 

as a system of ordinary differential equations (ODEs), differential algebraic equations 

(DAEs) and in some cases even as partial differential equations (PDEs). A mathematical 

model emulating an actual plant is often very complex and requires running of large 

number of simulation iterations for convergence. These models are used for a broad range 

of applications which include process control, monitoring, fault detection and diagnosis, 

state and parameter estimation, prediction, optimization and so on. For large-scale 

models, the required computational resources make it infeasible to evaluate these models 

exactly at each time step, and thus researchers continually try to find ways to trade 

accuracy for reduced simulation requirements.   

 

1.1 Computation time reduction in simulation and control 

 Highly nonlinear rigorous dynamic models often require too much computation 

time to be useful practically. One approach that has been researched and applied in the 

past is the model reduction technique. Hahn and Edgar [49] have discussed the relevant 

work done in nonlinear model reduction, and suggested an optimal model reduction 

approach based on the balancing of empirical gramians, which aims at capturing the 

dominant input-output properties of the original system at the operating point. Although 

the empirical gramians are simple to compute, the reduced model retains only some of 

the nonlinear behavior of the system. On the other hand, a full nonlinear balancing for 
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some processes is very time-intensive and is therefore infeasible to carry out for an 

industrial size problem [49]. Another shortcoming of this approach and many others was 

their inability to reduce the number of algebraic equations in the DAE models [53]. 

Because more often than not, algebraic equations outnumber differential equations, 

model order reduction using these techniques is not very beneficial for computational 

time reduction. 

 Hedengren and Edgar [53] suggested an adaptive order reduction approach for 

large-scale DAEs to include reduction of algebraic equations as well. The technique is 

discussed in detail in [53, 54] and involves three separate steps: adaptive proper 

orthogonal decomposition (POD), followed by partitioning of algebraic states into 

successive implicit sets of variables and equations, and finally use of a storage and 

retrieval technique to adaptively approximate the implicit sets.  

For processes involving complex reaction sets, computation time is again an 

issue. Reaction set reduction using variable selection (VS) techniques was proposed by 

Edwards and Edgar [37]. It was shown for some cases, the VS approach can be used to 

determine a reduced reaction set to accurately predict the reaction-rate profiles by 

weighting the residuals of selected species. However, the VS method can still be 

excessively expensive for large reaction sets and the modified Leaps and Bounds method 

used puts an upper limit on the size of a full reaction set that can be simplified [37]. For 

systems with varying order of magnitude of the species, the largest fluctuating species 

requires excessive time to simulate stochastically as the exact stochastic simulation 

techniques scale with the number of reaction events [51]. Haseltine and Rawlings [51] 

employed a partitioning approach to form subsets of ‘fast’ and ‘slow’ reactions, which 

allows for bounding the computational load by approximating ‘fast’ reactions 

deterministically. 
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However, any model reduction technique essentially relies on the first-principles 

model to reduce the order, which otherwise cannot be performed in cases using input-

output data only without access to the mathematical models. The work performed here 

specifically deals with reducing the computational cost of actual industrial simulations, 

where only data can be generated by running the black-box model, without accessing the 

first-principles model. 

For applications of large-scale models to moving horizon estimation (MHE) and 

model predictive control, in which there is a trade-off involved between the size of the 

window or horizon considered and the computational time, several alternate techniques 

have been suggested. A direct multiple shooting approach has been adapted by Diehl et 

al. [35] for real-time optimization in nonlinear model predictive control (NMPC) of a 

high-purity distillation column. Feasible real-time application of NMPC was shown to 

have a prediction horizon of about 6000 seconds. Huang et al. [59] used an advanced step 

sensitivity-based NMPC strategy for an air separation unit to reduce the computational 

load. The suggested approach does not account for any uncertainties of the process model 

like an unknown disturbance entering the system. Feedback lag because of state 

estimation is not considered in the advanced-step framework and can result in further 

computational delays.  

Use of multiple processors in parallel to solve a large-scale problem for 

simulation [46] and flowsheet optimization [28] has been suggested previously. The 

architecture suggested for an approach based on functional or algorithmic decomposition 

of the model, needs to be modified and effectively adapted for every new problem 

considered. If several processors are available for computation, then using the suggested 

algorithm in Chapters 2 and 3 of this work, storage databases can be built on multiple 
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CPUs, allowing faster access to data, thereby further reducing the computation time. 

More on this will be discussed in the chapters that follow. 

 Besides using algorithms to modify or use along with rigorous first-principles 

models, data-driven models have also been implemented with an aim of reducing the 

complexity and computation of evaluating them. Even techniques like partial least 

squares (PLS) have been used for adaptive data modeling [93]. Qin [93] proposed several 

recursive partial least squares (RPLS) algorithms for online process modeling to adapt 

process changes and offline modeling to deal with a large number of data samples.  

For nonlinear systems, artificial neural networks (ANNs) have been shown to 

have better performance as compared to other empirical modeling techniques. Besides 

modeling and system identification, neural networks have been used for model predictive 

control [101, 42, 84], moving horizon estimation [38] and process optimization [82]. 

Some of the other work performed to reduce the computational effort for each of these 

applications is given in the chapters in this dissertation, along with the drawbacks and 

shortcomings of some of them. Although, neural networks provide a relatively simpler 

modeling solution to complex system of ODEs and DAEs, at times training the nets for a 

process with large number of states can be time consuming. Also, neural networks are 

known to perform satisfactorily within the training domain, and are not so robust on 

interpolation and extrapolation runs [54].  

 

1.2 In situ adaptive tabulation 

Nonlinear function approximation can fall under either of the two categories: 

global or local approximation. A global approximation technique uses a single, simplified 

model to represent the rigorous process model in its entire range of operation. On the 

other hand, a local approximation technique breaks the domain into local regions, each 
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represented by a separate model. In general, neural networks have been used as global 

approximators for different processes. In the past, it has been shown that local 

approximation techniques work better for many large-scale applications [54, 67]. 

 In situ adaptive tabulation or ISAT is a method based on storage and retrieval of 

simulation runs made using the rigorous model. A database of input-output values is 

generated offline by making simulation runs in the desired range of operating conditions, 

and an efficient (much faster) online retrieval of the stored trajectories is performed by 

locating a close record from the database. ISAT approximates the output by making use 

of multidimensional piece wise linear regions for the retrieved record along with a 

sensitivity matrix. Thus, ISAT uses a local approximation approach to estimate the output 

from the retrieved data point. In case, the retrieved record is not close enough for desired 

accuracy (determined by a user defined error of tolerance,tol∈ ), ISAT automatically 

controls the output error by performing the other two scenarios, growth or addition and 

does not compromise on the accuracy. The details of the algorithm are given in Chapter 2 

of this work. 

 ISAT has been shown to be a robust technique for computational time reduction 

of turbulent flame calculations [91, 71, 23], plasticity simulations [4], NMPC [55] and 

dynamic optimization of stochastic systems [116]. In the work performed here 

application of ISAT has been extended to large-scale dynamic simulation of an actual 

plant scenario. Various modifications to the algorithm are discussed in detail to improve 

its performance, and to adapt it to a chemical engineering problem without using the first-

principles model.  

For a nonlinear continuous process, a moving horizon approach to state estimation 

requires a longer history of measurements to make an accurate estimate of the state, 

thereby increasing the cost of computation. A storage and retrieval technique like ISAT 
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can be used to build an offline database of moving-horizon state estimates and in the 

future perform efficient retrieval of the states on demand. Many alternate techniques have 

been suggested to reduce the computation time in MHE calculations, as will be discussed 

in Chapter 4, but each has its own shortcoming. Efficient integration of ISAT is shown 

here to reduce the computational cost and maintain the robust performance desired from a 

state estimation technique like MHE. 

A flowsheet is assembled using a process simulator by connecting various 

equipments through streams. Flowsheet optimization aims at optimizing a desired cost or 

objective function value by changing a given set of decision variables, while satisfying 

the equations defining the flowsheet along with other design constraints.  The solution to 

the optimization problem can become computationally intensive depending on a number 

of factors 

1. Complexity of the units in the flowsheet to be solved (or converged) 

2. Type of optimization algorithm used 

3. Size (number of decision variables and constraints) of the optimization problem 

4. Initial guess of the decision variables, etc. 

ISAT is proposed here as a method to solve the flowsheet equations for reducing 

the time required to converge complex units, resulting in faster flowsheet optimization. 

 

1.3 Overview of this dissertation 

 Various techniques and algorithms have been developed in the past which aim at 

reducing the computational effort required to solve detailed process models consisting of 

thousands of DAEs. Most of these techniques employ an order reduction approach to 

reduce the size of the model, replacing them with a simple model with fewer 

variables/equations. Application of such algorithms to a large-scale model built using a 
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commercial process simulator is not feasible at times (because for an end-user the first-

principles model is not accessible) or it requires too much effort for implementation. 

Additional work performed in the last couple of decades, specific to the applications 

considered here (dynamic simulation, MHE and flowsheet optimization) is discussed in 

the respective chapters that follow.  

 The ISAT algorithm along with the three scenarios, retrieval, growth and 

addition, which are important features of the approach, are described in detail in Chapter 

2. A faster, improved technique of PLS regression is suggested to estimate the 

sensitivities using the input-output data. Different record distribution techniques are 

outlined based on uniform distribution and k-means clustering. An alternate data structure 

for building the database using AVL tree is suggested to reduce the search time. Finally, 

a modified version of the original ISAT algorithm (mISAT) is described to improve the 

retrieval rate and overcome the shortcomings of the previous approach. This will be 

discussed in detail in Chapter 2.  

 Chapter 3 extends the application of ISAT to dynamic process simulation. The 

need for real-time simulation of dynamic trajectories for operator training simulators 

(OTS) is discussed. ISAT is suggested as an alternate approach for faster simulation of 

large-scale dynamic processes. Modification of the algorithm to integrate it with first-

principles process model and input-output ‘black-box’ simulator model is described. 

Comparison with neural networks (both feedforward and recurrent) is made for different 

case studies, and better performance using the ISAT algorithm is shown for extrapolation 

runs. Application of the suggested modified version of ISAT (mISAT) to a distillation 

column model is shown to perform better than the original algorithm in terms of number 

of retrieval scenarios performed. Different record distribution techniques suggested in 

Chapter 2 are applied to a CHEMCAD® case study (using input-output data only), and 
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better performance using k-means clustering and AVL trees is shown. Extrapolation runs 

with a pre-built database using retrieval only scenario of ISAT are also made, and 

building individual databases for separate unit operations in the process is suggested for 

better performance. Case studies to establish the hypothesis are performed using valve 

and pump failure scenarios in the process, representing operator training scenarios. 

Speed-up using ISAT for the case studies is shown, resulting in much faster dynamic 

simulation for large-scale models. 

 Chapter 4 looks at different state estimation techniques for nonlinear processes 

and their respective advantages/disadvantages. Computational issues with a moving 

horizon state estimation technique like MHE are discussed. Implementation of storage 

and retrieval approach of ISAT for state estimates is suggested to maintain the accuracy 

and robustness of MHE, while generating the estimates at a reduced computational cost 

(340 times). Comparison with the widely used nonlinear state estimation technique of 

extended Kalman filtering (EKF) is performed which shows better performance using 

ISAT based on MHE. Case studies with nonlinear discrete-time and continuous-time 

systems are carried out using ISAT, which is then tailored for state estimation. 

 Chapter 5 presents a new approach for flowsheet optimization. Most of the 

research on optimization of process flowsheets has been done in the 1980s. The chapter 

discusses various strategies that are in use currently for optimization. The feasible-path 

approach to sequential-modular optimization requires repetitive calculation of the 

flowsheet equations. For a complex flowsheet with units which require excessive time for 

convergence, simplified model based on an ISAT database can replace the rigorous 

model in the flowsheet, thereby resulting in faster calculations. This concept is 

implemented in Chapter 5 using CHEMCAD®’s optimizer, and a better approach for 

‘two-tier’ simultaneous-modular optimization is also outlined. 
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 Chapter 6 summarizes the key contributions of the research done here.  

Recommendations for future work are given in a later section of the chapter, which looks 

at other tabulation techniques and strategies for robust implementation of computational-

reduction algorithms. 
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Chapter 2 

In Situ Adaptive Tabulation: The Algorithm 

Pope in 1997 [91] developed a storage and retrieval technique with error control 

capabilities and called it in situ adaptive tabulation (ISAT). ISAT can be used to 

approximate nonlinear functions, which are time-intensive computer simulations, 

calculations that require real-time results, or other time-intensive applications. This is 

done by shifting the computational burden off-line for efficient on-line retrieval with a 

goal to retain the dynamics of the original model. By performing a simple lookup of 

computed stored solutions for the nonlinear model, the time and computational resources 

required is reduced significantly.  

A distinguishing feature of ISAT from other storage and retrieval methods is the 

automatic error control. Storage and retrieval of dynamic trajectories can eliminate the 

on-line computational burden without redoing the usual calculations of direct integration. 

The method itself is based on the fact that the model used is deterministic, that is, it 

produces the same set of dependent variables (output) for the same set of independent 

variables (input). The algorithm essentially involves building a database of input-output 

values by making simulation runs offline, and then searching the database for a close 

record (or trajectory) for any future queries. ISAT can perform one of the three scenarios, 

namely retrieval, growth or addition, based on the closest record retrieved from the 

database.  The three scenarios are discussed in the following sections along with the 

details of the ISAT algorithm. The error of tolerance on retrieval can be set by the user 

depending on the accuracy of the trajectories desired.  
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Hedengren [54] has mentioned situations where storage and retrieval may be 

desirable 

1. Calculations of the same nature are performed repeatedly for different values 

2. The need to perform calculation in real-time makes the original calculation infeasible 

3. The integration can fail to converge during the simulation 

4. Retrieval is much faster than the original calculation 

5. CPU time to generate the database is small compared with computational advantage 

of retrievals 

6. Storage costs are small 

ISAT was originally developed for computational reduction of turbulent flame 

direct numerical simulations [91, 71]. The results obtained showed excellent control of 

the tabulation errors with respect to a specified error of tolerance, and a speed-up factor 

of 1000 was obtained as compared to direct numerical integration of the reaction 

equations. The application of the algorithm to chemical engineering problems was 

extended by Hedengren and Edgar [55] to sequential nonlinear model predictive control 

(NMPC) for real-time control of a distillation column. With ISAT, the computational 

speed was 85 times faster than the original NMPC while maintaining the accuracy of the 

nonlinear model. 

One of the limitations of ISAT, as may be expected in any storage and retrieval 

technique, is the large storage requirements. For ISAT, the storage space required is 

proportional to n2, where n is the total number of states being modeled [23, 24]. With a 

parallel increase in data, storage capacity and processor speed in modern computers, 

storage costs rarely become a factor in ISAT applications. Also, with the introduction of 

the perpendicular magnetic recording (PMR) technology, storage drives with higher 

recording capabilities per square inch of the disk are now becoming available. Today, 
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hard drives of the size of 3.5 inches have a data density of around 400 Gb/inch², which is 

expected to reach 2.4Tb/inch² by 2013 or 2014, by making use of the promising 

‘patterned media’ and ‘discrete track media’ technologies [111]. ‘Patterned media’ 

involves creating a grid of holes on the disk's surface, each holding a discrete amount of 

magnetic material storing a single bit of data. And the discrete track technique establishes 

concentric or spiral rings of recording area separated from other rings by grooves [111]. 

 

2.1 ISAT algorithm 

The basic idea of ISAT is to build an input-output database by running the 

simulations offline and using the database to perform online search of a close record 

corresponding to the current value of the input. As with any other algorithm that makes 

use of a database, there is a phase of training associated with each application. Thus, 

initially there may be some slow-down associated with building and storing the database, 

but this is acceptable given that it is done before the online simulation is run. As the 

database matures and retrievals occur, ISAT uses a multiple binary tree architecture to 

ensure faster search. Given the initial states, the final states are approximated by a linear 

extrapolation from a neighboring solution using a sensitivity matrix. ISAT attempts to 

control the approximation error by defining an ellipsoid of accuracy around the initial 

state. Figure 2.1 illustrates the functioning of an ISAT database with the ‘leaf’ of a binary 

tree storing the record information. 
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Figure 2.1: ISAT stores the initial and final states, sensitivities and ellipsoids of accuracy 
(EOAs) as individual records on multiple binary trees 
 

2.1.1 The ISAT record 

An ISAT record consists of the initial states as input, the final states as output, a 

sensitivity matrix, and an ellipsoid of accuracy (EOA) matrix. It may also include 

information on the ‘height’ of the binary tree (number of nodes), which indicates the size 

of the database. A counter to keep track of the number of times the record is accessed can 

also be included. The sensitivity matrix (A) is a measure of the amount with which the 

output (f) changes with a small perturbation in the input)(φ  
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The EOA is represented as a matrix (M ). More on estimation of the EOA is 

discussed in a later section. Table 2.1 lists the dimensions of different vectors and 

matrices in an ISAT record. 

 

Table 2.1: Components of an ISAT record with vector and matrix dimensions 

ISAT Record Element Symbol and Dimension 

Independent variables 
mℜ∈φ  

Dependent variables 
nf ℜ∈  

Sensitivity nxmℜ∈A  

Ellipsoid of accuracy mxmℜ∈M  

 

2.1.2 Binary tree structure 

Instead of performing a sequential search of the database to locate a close record, 

which would take O(N) operations for complete search (where N are the total number of 

records), records for an ISAT database are stored on a binary tree structure. A complete 

traversal of a binary tree structure takes only O(log2(N)) operations [54]. 

A record in the ISAT database is stored as a ‘leaf’ at the end of the branched 

binary tree structure. When accessing the database, the only information available is a 

query vector of initial conditions. A good retrieval results if a record close enough to the 

query vector is located, which gives a good approximation of the function output for an 

optimal error. However, the approximation error cannot be verified without performing 

the pertinent calculation, thereby negating the utility of storage and retrieval. Generally, 

closer records produce lower approximation errors, and linear approximation is locally 

quite accurate. Thus, searching the database should essentially result in retrieval of close 
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record. The measure of closeness is the difference between the query vector )( qφ and the 

stored initial vector )( 0φ . 

    || 0φφ −= qx         (2.2) 

A typical binary tree structure is shown in Figure 2.2. 

 

Figure 2.2: A binary tree structure in an ISAT database 

 

The tree consists of branches that point to leaves and the records are stored on 

these leaves. The branch is defined by a cutting plane [54] given by 

    αφν =T           (2.3) 

where vectorν and scalar α are defined as      

                   12 φφν −=        (2.4a) 








 +
=

2
12 φφ

να T       (2.4b) 

where 1φ  and 2φ  are the initial state vectors of the records being held on the leaves. 

Figure 2.3 shows both the cutting plane and the tree representation of the database. 
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Figure 2.3: The cutting plane format (left) and tree format (right) representation 

 

In general, a record in the binary tree structure stores vector ν and a scalar α, 

pointers to the next node and a pointer to the index of a leaf. The details on this are given 

in a later section on record addition. 

Previous applications of ISAT involved use of a single binary search tree to build 

the database. However, the drawback to binary tree searching is that the closest record is 

not always retrieved. To overcome this, a few search techniques involving multiple 

binary trees are suggested next to increase the probability of finding the closest record. 

 

2.1.2.1 Multiple binary search trees 

As mentioned above, the original binary tree structure proposed by Pope [91] for 

ISAT used leaves to store the records. Each node of such a binary tree can either be a leaf 

or a branch. If the node is a branch, it points to two other nodes, and if it is a leaf it stores 

a record. All branches are terminated by a leaf eventually.  

Multiple trees can be built to retrieve a set of 4m close records (where m is the 

dimension of the input vector), which are required for an accurate sensitivity estimation 

[54]. This can be achieved by distributing the records among 4m binary trees, and from 

each tree a single close record can be retrieved. Another approach would be to retrieve 
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two close records from each tree, and in that case only m binary trees need to be stored in 

memory. To retrieve two close records, a tree can be traversed on both the branches and 

from each main sub-branch one close record can be retrieved. 

If while building the database the records are allowed to be added to the binary 

trees in a way similar to that for a single binary tree, which is next to the closest record 

located among all the binary trees, it might result in trees with large variation in size in 

terms of the number of records they hold. This may in turn affect the search time for 

multiple trees. 

To avoid this, the records can be uniformly distributed among the trees, so that 

almost equal search time is required to completely search each of the trees in parallel, if 

multiple processors are available. Another way would be to use a clustering technique 

like k-means to cluster ‘similar’ data into the same number of clusters as the number of 

required binary trees. Once the data is in clusters, the dataset from each of the cluster can 

be assigned to a separate binary tree. 

Using a clustering technique would ensure that ‘similar’ data are grouped together 

and the binary tree search results in better record retrieval. Also, because the data will be 

distributed among the clusters, this improves the search time. A brief description of the k-

means clustering algorithm follows. 

 

2.1.2.2 K-Means clustering 

K-means is one of the oldest and the most widely used clustering algorithms. It 

can be applied to data points in a continuous n-dimensional space to form k (user 

specified) clusters. To start with, k initial centroids are chosen. Each data point is then 

assigned to the closest centroid and thus each collection of such points, assigned to a 

centroid, forms a cluster. The centroid of each cluster is then updated based on the 
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proximity of the centroid from the points assigned to that cluster. The iterations are 

performed until no data point changes cluster and/or the centroids remain the same. Thus, 

the problem can be viewed as the minimization of the objective function defined by the 

inter-point Euclidean distance given by Equation 2.5. 
2

1
∑ ∑
= ∈

−=Θ
k

i Sx
ij

ij

x µ         (2.5) 

where Si represents a cluster, i = 1,2,...,k and µi is the centroid of all the points 

ij Sx ∈ . 

One of the reasons why k-means clustering is preferred is because it converges 

very quickly. In practice it has been observed that the number of iterations is typically 

much less than the number of points. The quality of the final solution depends largely on 

the initial set of clusters, and is necessarily not the global optimum [109].  The cluster can 

be initialized randomly choosing the centers from the data set. Another initialization that 

can be done involves a preliminary clustering step on random 10% subsample of the 

dataset and thus choosing the centroids from this step as the initial ‘centers’ for the k-

means algorithm on the entire dataset. This preliminary phase is itself initialized using 

random initialization. 

 In typical ISAT applications that involve large datasets, the clustering algorithm 

might take too many iteration steps to converge. An alternate technique using singular 

value decomposition (SVD) of the data matrix prior to performing the actual k-means 

clustering algorithm can be employed [68]. This algorithm makes use of the properties of 

SVD and ensures faster clustering, thereby requiring only a few iterations to obtain final 

clusters. 

 Another approach to assign data points to binary trees can be termed as ‘centered 

k-means’. The points that are closest (in terms of the Euclidean distance) to the mean in a 
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particular cluster are added first to the respective trees, followed by the points that are 

next closest and so on. By doing so the spatial decomposition performed by the binary 

tree structure results in convex regions that are exclusively more representative of their 

corresponding data point [78]. 

 

2.1.2.3 AVL binary search tree 

The binary search tree structures described in the earlier sections are not 

necessarily ‘balanced’. When records are added to such a structure depending on the 

closeness of the input query vector to the stored record, as the tree grows it is not 

guaranteed that the two sub-branches at any node on the tree will have the same height. 

This in turn affects the search time, as unbalanced tree may require more time to locate 

the closest record, depending on the query vector. 

The concept of a balanced binary search tree can be used here. This type of data 

structure was first introduced by Adel’son-Vel’skii and Landis in 1962 [2]. An AVL tree 

is a binary tree in which the difference between the height of the right and left sub-trees is 

never more than one.  

When a record is added to the tree and if the ‘balance’ of the tree is disturbed, 

then a set of ‘rotation’ operations are performed to restore the balance. Depending on the 

branch that has more height there are four types of rotations that are possible. The 

following algorithm decides which rotation to perform.  
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IF the right branch has more height, 

IF right branch has a left branch that has more height, 

  Perform double left rotation 

 ELSE 

  Perform single left rotation 

 END 

ELSE IF the left branch has more height, 

IF left branch has a right branch that has more height, 

  Perform double right rotation 

 ELSE 

  Perform single right rotation 

 END 

END 

 

Unlike the binary tree originally used for ISAT, for an AVL tree, each node is a 

leaf, which stores a record and a numeric key which uniquely identifies that record. Since 

the query vector for a chemical process is an array of numeric values, finding a unique 

number to represent such a vector can be an issue. One way would be to use an 

encryption algorithm similar to the one-way hash function combining the values in the 

vector to give a unique numeric key [64].  

As the tree is built, the record with a key smaller than the key of the record 

encountered at the node forms a leaf on the left, and if it has a bigger key it goes to the 

right. The algorithm checks for the height of the subtrees after each addition and if the 

difference is more than one, it manipulates (performs rotations on) the tree to balance it 

(Figure 2.4). The number of steps required to completely traverse an AVL tree is same as 
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that of binary search tree, O(log2(N)), but since the tree being searched is balanced in 

terms of the height of left and right sub-branches, the search time is considerably reduced 

if large number of records are to be searched. 

 

 
Figure 2.4: AVL tree rotation. Note each node holds a record, and the numbers are the 
keys representing the respective records 
 

For the case studies performed in the following chapter, the data was such that the 

variables defining the query vector took values within a specified range. Therefore, even 

the SVD of the vector gives a unique value for every record which can be used as the 

key. 

Each of the suggested search techniques are used on the models discussed in the 

next chapter. An improved performance of ISAT from the use of these search algorithms 

for multiple binary tree structures was obtained. 

 

2.1.3 Sensitivity estimation 

Once a close record has been located, the value of the function is estimated by 

linear approximation using the sensitivity information (Equation 2.6). 
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)( 0 xffest A+= φ       (2.6a) 

∈+= 0ffest        (2.6b) 

As mentioned before, sensitivity matrix measures the degree to which the output 

changes, with small changes in inputs. If the first principles model is available and is 

being integrated to obtain the dynamic trajectory, an integrated sensitivity estimation can 

be performed using the ordinary differential equations (ODEs) and DAE integrators. One 

such integrator is SENS_SYS which is an extension to ODE15s solver in MATLAB, and 

permits computation of the sensitivity with respect to extra parameters simultaneously 

with the integrations.  

If for some reason the first principles model is not accessible and only the input-

output data can be generated by running the simulations, a regression technique can be 

employed to estimate the sensitivities. This can be done by sorting through a database of 

stored input-output results to select records closest to the query vector, qφ . For an input 

vector of m dimensions, at least m close records around the query vector are required to 

get a good approximation of the sensitivity [54].  To increase the probability of retrieving 

close records, a set of 4m records are retrieved using multiple binary tree searches.  The 

records that are furthest from qφ  in the 1-norm sense are removed until fewer than m 

linearly independent records remain. Once m closest records are located, a regression 

technique can be used to obtain sensitivity aboutqφ . Each of the φ  and the corresponding 

f vectors are first subtracted from qφ  and fq. 

φφφ −=∆ q        (2.7a) 

fff q −=∆        (2.7b) 

The vectors are arranged into matrices X and Y. 
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The sensitivity matrix can then be approximated using ordinary least squares (OLS) 

       1)( −= TT XXYXA         (2.9) 

OLS has a drawback when it comes to real process variables which are highly 

collinear. Collinearity may result from correlation between physical variables due to first 

principles or restricted variability due to safety or operation requirements. In that case the 

OLS solution is ill-conditioned [41].  

An alternate method would be that of partial least squares (PLS). PLS 

decomposes the X and Y matrices into bilinear terms 

EX += Ttp      (2.10a) 

FY += Tuq      (2.10b) 

The classic PLS algorithm not only tries to minimize the residual E and F, but it also 

maximizes the covariance between u and t. Dayal and MacGregor [33] showed that only 

one of either the X or the Y matrix in the PLS algorithm needs to be deflated during the 

sequential process of computing latent vectors. This also reduces the computation time as 

only one of the matrices needs to be updated after every iteration. 

 An improved PLS algorithm was suggested by Dayal and MacGregor in 1997 

[33] as a modification of the original kernel algorithm developed by Lindgren et al. [70].  

It was also shown that the modified kernel algorithm is much faster than the original 

NIPALS, as it involves deflation of the XTY matrix at the end of each iteration step only. 

      ttpq TTTT )(−= YXYX       (2.11) 
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If the sensitivity matrices still cannot be estimated accurately, one can make use 

of ‘constant approximation’ instead of linearly approximating the output. In that case the 

sensitivity matrix A = 0, and the equivalent for the ellipsoid of accuracy is a circle of 

constant radius equal to the set error of tolerance. As a matter of fact, the ellipsoids of 

accuracy become highly eccentric for a higher-dimensional space and for functions with 

high degree of nonlinearity [118]. Therefore, a better approach is to use EOAs defined by 

spherical surfaces with the radius being equal to the tolerance error. 

 

2.1.4 Ellipsoid of accuracy (EOA) 

EOA defines the region of accuracy for control of retrieval error. It is centered 

about 0φ  and consists of all qφ  for which the error,∈ |)|( xA= is less than or equal to the 

tolerance error, tol∈ . The allowed tol∈  can be set to any value, but lower values improve 

the trajectory retrieval performed by ISAT. At the boundary of EOA,  

xx TT
tol AA==∈∈ 22       (2.12) 

Therefore, this region is defined by an ellipsoid, the equation for which is given by 

    2
tol

T xx =∈M       (2.13) 

where M   is a matrix defining the EOA and is defined as AAM T=  

 

Figure 2.5: EOA describing the region of accuracy centered about 0φ  

 

tol∈<∈  

0.φ  

tol∈=∈  

tol∈>∈  
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Now, the matrix 2/ tol
T ∈AA  can be expressed as 

                                                            QQAA Λ=∈ T
tol

T 2/                                         (2.14) 

where Q  is a unitary matrix )( 1−= QQT  and Λ  is a diagonal matrix with non-negative 

diagonal elements mλλλ ,...., 21 . Equation 2.12 can be rewritten as 

                                                              xx TT QQ Λ=1                                                 (2.15) 

If the SVD of A is taken as follows 

                                                                 TVUA ∑=                                                  (2.16)    

where U and V are unitary matrices, and ∑ is the diagonal matrix of singular values, 

mσσσ ≥≥≥ Λ21 , then the left hand side of Equation 2.14 can be written as  

                                              22 // tol
TTT

tol
T ∈∑∑=∈ VUUVAA               

                                                               T

tol

VV
2










∈
∑

=                                               (2.17)     

Therefore, for this case using Equation 2.14 

                                                                
2










∈
∑

=Λ
tol

                                                  (2.18) 

The half-lengths of the principal axes of the hyper-ellipsoid are 

                                                                 itolil σ/=∈                                                   (2.19) 

Thus, an initial estimate of EOA is 

                                                         2/
~~

tol
TT ∈=Λ AAQQ                                            (2.20) 

where A
~

 is a modification of A and the SVD is given by 

                                                                 TVUA ∑=
~~

                                                 (2.21) 

and the singular values, iσ~  of the diagonal matrix, ∑
~

 are the maximum of the singular 

value of  A, iσ  and
2

2
tol∈

. This modification is done to prevent small singular values from 

generating unduly large principal axes of the ellipsoid (Equation 2.19). 
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In a nutshell, when creating a new EOA one needs to carry out SVD of the 

sensitivity matrix, A. Then, for each of the singular values of A, the maximum between 

iσ and 
2

2
tol∈

 is chosen; a modified sensitivity matrix A
~

 is created (Equation 2.19) using 

these chosen values to form the diagonal matrix ∑
~

 and by including the same unitary 

matrices U and V obtained from the SVD of original sensitivity matrix. Thus, the new 

EOA matrix M
~

 is determined as follows 

                                                               AAM
~~~ T=                                                      (2.22) 

Pope [91] also included a scaling matrix, B to determine the EOA matrix, 

allowing for an appropriate scaling of different components of the output function, which 

is more pertinent to combustion chemistry. 

 

2.2 ISAT scenarios 

As mentioned before, depending on how close a record is located from searching 

the database, based on a set error of tolerance, ISAT can perform one of the three 

scenarios: retrieval, growth or addition. 

 

2.2.1 Record retrieval 

When the located record from the database is within the initial state region of 

accuracy, then the final state is estimated from the record using only linear 

approximation. As stated before, the retrieval error is controlled using the EOA. The 

query input vector )( qφ  lies within the ellipsoid if 2
tol

T xx ≤∈M . If this is true, an 

approximation of the function output is made from the output vector of the retrieved 

record, using the sensitivity matrix (Equation 2.6).  

However, if 2
tol

T xx >∈M  then a retrieval cannot be performed, and the actual 

value of the function for the query vector is determined using direct integration or by 
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running the actual simulation. Depending on the difference between the actual value 

(factual) and that estimated by ISAT (fest) one of the other two scenarios (growth or 

addition) of ISAT is carried out. 

 

2.2.2 Record growth  

If tolestactual ff ≤∈− ||  then the EOA should be expanded to include the query 

point, qφ . This new region is a minimum volume ellipsoid that includes the new point 

qφ and the original EOA. However, if tolestactual ff >∈− || , then the EOA should not be 

expanded. Instead a new record is added to the ISAT database. This is the addition 

scenario, and is described in a later section. 

The query point qφ becomes xq after a translation of the input vector φ  to the 

closeness factor x. Equation 2.13 represents the EOA in terms of x. Figure 2.6 shows this 

EOA on the translated axes. 

 
Figure 2.6: EOA on the translated axes x, which represents the closeness of the record to 
the query vector 

  

As a first step towards EOA growth, the coordinates are transformed to map the 

EOA to a unit hypersphere. This is followed by the mapping of the growth point (query 

point) to the transformed coordinates. After that step, one of the axes is aligned in the 

(0, 0) 2
tol

T Mxx =∈  
x1 

x2 

.xq 
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direction of the growth point. The hypersphere is then grown into an ellipsoid to include 

the growth point. And finally, the expanded ellipsoid is transformed back to the original 

coordinate system. The details of these steps are explained below. 

 

2.2.2.1 Transformation of axes to map the EOA to a unit hypersphere 

Starting with the EOA shown in Figure 2.6, the original x-coordinate is mapped 

onto a new y-coordinate system that transforms the EOA into a unit hypersphere [54] 

(Figure 2.7). A unit hypersphere can be defined as a higher-dimensional generalization of 

the three-dimensional sphere with radius of one. This is done by using a matrix Tyx, 

which maps all points in x, into the y coordinates, such that y = Tyxx. Likewise, the 

inverse Txy maps y into the x coordinates with x = Tyx
-1y = Txy y. 

On performing a Schur decomposition of the EOA matrix, TQQM ∑= , the 

transformation matrix becomes 

                                                      T
tol QTyx

2/11 ∑=∈ −                                                 (2.23) 

2/1∑ is computed by taking the square root of the individual elements along the diagonal. 

Similarly, the inverse can be calculated 

                                                QTT yxxy
2/11 −− ∑=∈= tol                                              (2.24) 

Substituting x = Txy y in the EOA Equation 2.13 gives 

                                     22/12/1 )()( toltol
T

tol yy =∈∑∈∑∈ −− QMQ                                (2.25) 

Substituting TQQM ∑=  and rearranging gives 

                                   22/12/12 )()( tol
TTT

tol yy =∈∑∑∑∈ −− QQQQ                            (2.26) 

Now, QTQ = I   because Q is a unitary matrix, the above equation becomes 

                                                     12/12/1 =∑∑∑ −− yyT                                              (2.27) 
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Finally, because I=∑∑∑ −− 2/12/1 , in the transformed space the EOA becomes a 

unit hypersphere 

                                                                1=IyyT                                                       (2.28)         

 

 
Figure 2.7: EOA on the transformed y-coordinates. In the y-axes reference frame, the 
ellipse becomes a unit circle 

 

2.2.2.2 Mapping the growth point to the transformed coordinates 

The growth point in the new coordinates is determined using the same matrix Tyx  

                                                                                             qq xy yxT=                                                                                  (2.29) 

The magnitude of the vector is given by the Euclidean norm as 

                                                          
2

)( qq yymag =                                                  (2.30) 

The normalized direction of yq is found by simply dividing the vector by the magnitude 

                                                             
2q

q
n

y

y
y =                                                       (2.31)    

.xq 

y2 

x2 

x1 

y1 



 30 

   
Figure 2.8: A unit circle on y-axes with yq as the growth point in the new reference frame. 
The normalized vector yn has a unit length and points in the direction of yq 

 

2.2.2.3 Aligning one of the y-axes along the direction of the growth point    

For expansion to take place, one of the y-axes must be aligned with the direction 

of the growth point. This is done by computing the orthonormal basis to yn. When this is 

done the coordinates are defined by a new transformed z-axes.  An orthornormal basis is 

generated by first subtracting the outer product of yn from the identity matrix of 

appropriate dimension. 

                                                          T
nn yyI −=R                                                       (2.32) 

The Schur decomposition of R can be written as 

                                                        T
RRR QQR ∑=                                                      (2.33) 

where QR is a unitary matrix, different from the one obtained from the Schur 

decomposition of M . The diagonal matrix R∑  is equal to the identity matrix except that 

one of the diagonal elements is zero. This diagonal element corresponds to the axis that is 

aligned with yq in the z-coordinate system [54]. 

 

y2 

.yq 
2qy  

y1 
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The transformation matrix Tzy for y to z-axes is the transpose of the unitary matrix 

QR. 

                                                              T
RQTyz =                                                         (2.34) 

Therefore, the new coordinate system is defined by z = Tzyy. Substituting for y in 

Equation 2.28 

                                                      1)()( =zIz T
yzyz TT                                                  (2.35) 

 or,                                                     1=zzT
yz

T
yzTT                                                      (2.36) 

Because Tyz is a unitary matrix and has the property I=yz
T
yzTT , the EOA is a unit 

hypersphere in the z coordinates also. 
                                                             1=IzzT                                                            (2.37) 
 

 
Figure 2.9: The y-axis is rotated to align one of the transformed z-axes along the growth 
point 

 

2.2.2.4 Expanding the unit circle into an ellipsoid to include the growth point 

The axis to be expanded is the one that corresponds to the zero eigen value 

element for the diagonal matrixR∑ . This is the axis that is aligned with yq, and the 

expansion is carried out by modifying the appropriate element of the identity matrix. 

. yq 

y1 

y2 

z1 

z2 
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Thus, a sequential search through the diagonal elements of R∑  is performed to find an 

element equal to or very close to zero. 

Here the first diagonal element itself is shown as the appropriate selection. As the 

EOA must be grown to include the query point qqqq xyz φ≡≡≡ , in order to expand the 

hypersphere into a minimum volume ellipsoid that includes zq and the original EOA, the 

matrix element is set to 
2

2

−

qy .  

                                            





















=

−

10...0

0.....

0...10

0...0
2

2qy

zM                                                (2.38) 

And the equation of the expanded ellipsoid is given by 

                                                            1=zzT
zM                                                         (2.39) 

 
Figure 2.10: The unit hypersphere is expanded to include the query point with minimum 
area expansion into an ellipsoid 
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2.2.2.5 Transform the expanded ellipsoid back to the original coordinate system 

The last step in the expansion of the EOA for ISAT growth scenario is the 

transformation of the z-axes back to the original x-coordinate system (Figure 2.11). When 

the ellipse is transformed back to the original coordinates, xq is on the perimeter of the 

expanded ellipsoid. The coordinates z and x are related as follows 

                                                       z = Tzyy = TzyTyxx                                                 (2.40) 

Substituting z in Equation 2.39 and rearranging, the EOA equation reverts back to 

the x coordinates and recovers the original form 

                                                           2
tol

eT xx =∈M                                                     (2.41) 

which includes the expanded EOA matrix Me. On comparing the equation of EOA in the 

transformed axes (Equation 2.39) with the equation in the original coordinates, 

                                             )(2
yxzyz

T
zy

T
yx TTMTTM tol

e =∈                                          (2.42) 

The new EOA matrix Me is added as part of the old record itself in the binary tree 

structure, replacing the original matrix M .  

 
Figure 2.11: Transformation from z-axes back to the x-axes. The expansion is a 
symmetric minimum area expansion that includes the growth point and the original 
ellipse 

 

 

.xq 
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2.2.3 Record addition 

The third scenario of ISAT is addition. A new record is added to the database if 

tolestactual ff >∈− || . When the retrieval error is more than the allowed error, the actual 

value of the function f is estimated by running the simulation. In this scenario, a new leaf 

is added to the binary tree structure. This is done by first changing the closest leaf 

(record) retrieved by the binary tree search into a branch. Two leaves are included on this 

new branch. One holds the retrieved ‘old’ record itself, and the other stores the new 

record obtained by running the simulation. Thus, the binary tree increases in size, and 

also the number of branches and leaves on it increases. A new record includes the query 

vector, the corresponding function value, a new sensitivity matrix, and the EOA matrix 

for the same. 

Hence it is clear from the description of the algorithm so far that there is no 

computational advantage with the growth or addition scenarios, in which a call to the 

actual simulation engine is required. The real advantage of ISAT occurs when retrievals 

greatly outnumber growths and additions. 

 

2.2.3.1 Binary tree search and addition 

A binary tree search returns a pointer to the closest stored record in the database. 

As stated before, a branch in the binary tree is defined by a cutting plane, given by vector 

ν  and a scalarα , such that all points φ  with aT >φν  are on the right side of the cutting 

plane and all others on the left side. If the linear transformation that maps the EOA to a 

unit hypersphere is considered as described before, then the cutting plane is defined by 

the perpendicular bisector of the line between 0φ  and qφ (Figure 2.12). 
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Figure 2.12: Cutting plane αφν =T  in relation to the original state vector 0φ  and the 

query vector qφ  

 

While performing a binary tree search for the closest record to the query 

vector qφ , starting with the first record a sequential search is made. At every node 

(defined by a cutting plane), the value of q
Tφν  is determined, and if it is less than α , the 

records and nodes on the left side of the cutting plane are closer to the query vector, and 

the search is continued along that direction. This is done until the very last leaf in that 

direction is reached. For example, in Figure 2.3 and in the illustration on left side of 

Figure 2.13, if at the node, the value of q
Tφν  is less than α , then 2φ  is closer to qφ , and 

when q
Tφν  is greater than α , 1φ  is more close. 

 

ν  

0.φ  

αφν <T

 

αφν >T

 

αφν =T

 

qφ.  
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Figure 2.13: Addition of a record to the binary tree structure, αφν >q
T  

 

However, if the record retrieved is not within the specified tolerance error, then 

ISAT must perform growth or addition of the database as explained before. When 

creating a new record (addition), the binary tree structure must be grown to add a new 

leaf. Figure 2.13 illustrates binary tree addition, when qφ  is closer to 1φ , and is added as 

3φ  to the tree. 

 

2.3 Modified in situ adaptive tabulation (mISAT) 

In the original ISAT algorithm, a binary tree structure performs a spatial 

decomposition of the search space into convex regions or polytopes, and each polytope is 

associated with a single data point. With each data point there is an associated EOA, 

which defines the accuracy region around that point. When a binary tree search is 

performed, if the initial query vector lies within the EOA of a particular data point, that 

point is retrieved as the closest record. The problem with this approach is that the EOA 

belonging to a particular data point may intersect with more than one region and similarly 

the region to which this point has been assigned may contain EOAs of other data points. 

3φ  1φ  

2φ  
1φ  2φ  

Before After 
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In Figure 2.14, )( qf φ  cannot be approximated using )( 1φf , but can be 

approximated using )( 2φf . Since, qφ  and 2φ  are in different regions, searching the binary 

tree structure using the original ISAT algorithm will not result in the retrieval of the 

closest possible record.   

 

 

 
Figure 2.14: Intersection of the ellipsoid of accuracy with the convex region. The EOAs 
do not conform to the convex region 

 

Veljkovic et al. [119] have suggested a new algorithm to overcome this 

shortcoming of ISAT. The algorithm is called database on-line for efficient function 

approximation (DOLFA). 

A new approach based on DOLFA is suggested here which improves upon the 

existing ISAT algorithm. The approach of modified ISAT or mISAT attempts to solve 

this problem by considering all the points whose EOA lies partially or totally in the 

region to which the query vector belongs. This is done by associating a list of points (and 

not only a single point) to a particular region. A parameter, list_size is defined which is 

the maximum number of records that can be added to a particular ‘leaf’ on the binary tree 

or in other words the maximum number of EOAs that can be associated with a particular 

 

1.φ  2.φ  

qφ.  
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region. In case of a single binary tree, as this number approaches the total number of data 

points that are to be added, the search space reduces to a tree structure with a single leaf, 

and essentially a sequential search is performed to retrieve the closest record. This defeats 

the purpose of a binary tree structure, which aims at reducing the search time. So, the 

list_size is to be optimally chosen to have less search time without compromising on the 

retrieval rate.  

The binary tree structure is searched by traversing through the tree using the 

cutting plane defined for each branch node encountered by the input query vector. The 

new record is added to the same leaf (region) if the number of records on that leaf is less 

than the list_size. If the number of records exceeds the list-size, the region is split into 

two sub-regions. The cutting plane is defined in a similar way as in the original 

algorithm. Instead of using the input vectors for the records1φ  and 2φ , the mean of the 

previous records replaces 1φ , and the new record represents 2φ . Suppose, the situation is 

one shown in Figure 2.15. Record #16 is to be added to the tree and the closest region 

encountered while searching the structure corresponds to region #5. If the list_size is say 

4, then region #5 is changed into a branch and the cutting plane for the branch is defined 

as follows 

4

)( 15141312
1

φφφφ
φφ

+++
>==<    (2.43a) 

   162 φφ =      (2.43b) 

129 φφν −=      (2.43c) 
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=

2
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Figure 2.15: An addition scenario to a binary tree structure with mISAT. The numbers 
enclosed in a box are the leaves (regions), the numbers separated by commas represent 
the individual records 

 

Once the record is added to the new sub-region, a sequential search of all the 

leaves on the tree is performed to check whether the new record has an ellipsoid which 

might lie partially in another region. This sequential search does not take too much time 

considering that the leaves hold a ‘list’ of records, and to find intersection of the EOA 

with a region, all the records are not to be traversed and only the region (or leaf) holding 

the record(s) is to be accounted for. 

The intersection of the EOA for the new record with a region is determined using 

the cutting plane definition. When the original search space and the EOA (of a data point) 

are transformed by translation, rotation and scaling the cutting plane goes through the 

following transformations. 
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Suppose the equation of the cutting plane is given by αφν =T , 

1. For translation, the normal vector does not change, that is. νν =' , but the free 

coefficient becomes q
T

q
TT φναφφνφνα +=+== )('''' . 

2. For rotation, the normal vector is transformed by the rotation matrix Q as ''' νν Q= , 

but the free coefficient remains the same, i.e. '''''''''' )()( αφνφνφνα ==== TTT QQ . 

3. With scaling, the normal vector is transformed, ''2

1
''' νν

−
Λ=  and the free coefficient 

remains the same, ''''''''2

1
''2

1
''''''''' )()( αφνφφφνα ==ΛΛ==

−
TTT . 

The EOA in the transformed plane intersects the cutting plane (transformed) if the free 

coefficient 1≤ , that is 1≤+ q
Tφνα . 

Suppose the EOA of the new record #16 is found to be intersecting with a region 

besides region #5, and if the region has records less than the list_size, then the new record 

is simply added to its ‘list’. In the other scenario if that region already has ‘list_size’ 

number of records, then instead of dividing the region into two sub-regions, the mean of 

all the records (already present and the new one) are calculated and the record which is 

farthest from the mean in the 1-norm sense is removed from the list. Thus, including or 

eliminating the new record from that region. 

For instance, the intersection of the EOA of the new record traversing all the 

leaves comes out to be with region #2 (previously holding records 1, 2, 3, 4) as shown in 

Figure 2.16. Now the new record is added if one of the records leaves the ‘list’ based on 

its (largest) 1-norm distance from the mean of all the records under consideration here (1, 

2, 3, 4 and 16). 
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Figure 2.16: EOAs of records contending to be in a convex region 

 

Maintaining a ‘list’ of all the EOAs intersecting a convex region improves the 

possibility of retrieving a close record to the query vector. Application of mISAT is 

shown for a couple of case studies which are described in the next chapter, and the results 

show significant improvement over the performance of the original ISAT algorithm. 

 

2.4 Conclusions 

 A detailed description of the storage and retrieval technique of in situ adaptive 

tabulation or ISAT, with its mathematical formulation is shown. Various aspects of the 

algorithm including the binary tree structure for the database and the three scenarios, 

retrieval, growth and addition, are discussed in detail. Methods for estimating the 

sensitivities for the ISAT algorithm are suggested for models using input-output data 

only. Sensitivity for such models can be estimated using the faster modified kernel 

algorithm of Dayal and MacGregor [33]. Multiple binary tree structures can be used to 

distribute the records, making estimation of sensitivities more accurate. Different record 
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distribution techniques were suggested based on uniform distribution and k-means 

clustering. A pre-processing step involving singular value decomposition of the dataset 

can help in faster cluster formation. Use of ‘centered k-means’ results in better spatial 

decompositions in the binary trees and can be used when clustering is used for record 

distribution. An alternate data structure for building an ISAT database with ‘balanced’ 

sub-branches known as an AVL tree is suggested to reduce the search time. 

A modified version of the original ISAT algorithm (mISAT) is described to 

overcome the shortcomings of the previous approach. Better performance in terms of 

locating a close record in the database using the modified algorithm is shown in the 

following chapter. 
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Chapter 3 

Advanced Tabulation Techniques for Faster Dynamic Simulation 

A dynamic simulator is a useful tool for modeling complex chemical processes or 

simple unit operations using ordinary differential equations or differential algebraic 

equations (ODEs/DAEs) systems while integrating them with efficient numerical 

techniques. The differential equations stem from material and energy balances over 

different finite control volumes, while the algebraic equations usually describe the 

physical, chemical, thermodynamic and hydraulic properties of the system [54, 55]. For 

closed-loop systems with control loops, the controller configuration also needs to be 

modeled as part of the process flowsheet.  

 

3.1 Introduction 

 Most of the operations in the process industry are dynamic in nature. In the past, 

there has been a growing need for dynamic simulators to determine plant configurations 

that improves plant stability, operability and controllability, while meeting stringent 

environmental regulations and product qualities. Applications of dynamic simulation to 

the chemical process industry can be many 

1. Process optimization 

2. Operator training simulator (OTS) 

3. Process and control system design 

4. Investigation of operational issues 

5. Evaluation of safety and environmental regulations 
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 In fact, as compared to a steady-state simulation, a dynamic process simulation 

has the advantage of assessing control systems, before implementation on an actual plant, 

planning and testing of start-up and shut-down procedures, training of operators, and 

investigation of plant accidents and their prevention. Plant start-ups and shut-downs can 

also be managed through optimization using process simulators. Transients between 

different stationary operating conditions, production and quality changes, as well as the 

operations that affect both safety and economics of an industrial process can be modeled 

using these simulators [77]. 

A lot of work has been done in different areas of operation using process 

simulators and there exists several citations dealing with the details of its application. 

Real-time simulation of a vinyl chloride monomer (VCM) plant was shown using ProSim 

dynamic simulator by Lundstrom et al. [74], which integrated a distributed control system 

(DCS) with operator training. Investigation of operational issues during unsteady 

conditions in a poly-vinyl chloride (PVC) batch process was performed by Bretelle et al. 

[18] and Bretelle and Macchietto [19]. Caselles-Moncho et al. [20] used a dynamic 

simulation model of a thermoelectric coal plant to simulate the effect of market changes, 

different energy policies and environmental regulations. Brambilla and Manca [17] 

showed a theoretical coupling of an accident simulator with a dynamic process simulator 

as a crucial tool for safe plant operation.  

 As mentioned earlier, one of the major applications of dynamic simulation is for 

operator training. Depending on the degree of complexity and nonlinearity of the 

chemical process, an operator training simulator (OTS) can be a very time-intensive 

application. Next section describes this particular application of dynamic simulation and 

discusses the computational issues in its implementation. 
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3.2 Operator training simulators 

The industrial processes are becoming increasingly complex with inclusion of 

technologies like thermal integration, modern process design and advanced process 

control systems. Such highly integrated plants can only be optimally operated when well 

trained personnel with sufficient understanding of the process are available. One aspect 

of process hazards management is training. As expected, in many plants the risk of 

training a personnel in the actual operating environment involving excursions of the 

process variables is too high. Instead, the level of expertise required from operators can 

be achieved by giving them hands-on training on a simulator which can emulate an actual 

plant in real-time. As an example of the application, an OTS built by AutodynamicsTM in 

2003 [79] for the Profertil’s fertilizer plant was used to train personnel to operate in 

critical conditions of plant start-up and unscheduled shutdown, and in normal, safe 

operation of the plant. Use of such an OTS can typically prevent one unscheduled 

shutdown or plant upset each year and also, it greatly succeeds in raising the level of 

experience for the new operators [79]. 

Over the years the chemical process industry has seen growing interest in OTS. 

The reasons for this can be 

1. Desire to increase the overall productivity  

2. Need to comply with changes in safety and environmental regulations  

3. Immediate need for dealing with runaway reactions/processes leading to accidents  

4. Reduce the risk associated with human error.   

The last two decades have seen many developments in the integration of OTS 

with full-scale dynamic simulation. Stawarz and Sowerby [108] in 1995 suggested use of 

object-oriented programming for building graphical interfaces along with a PC front-end 

for a cost-effective OTS. Integration of advanced process control (directly, and through a 
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distributed control system) and a simulated plant was shown for operator training by Ye 

et al. [122]. Depending on the architecture an OTS can be single (stand-alone) computer-

based, DCS-based or network-based. Park et al. [88] outlined the structure and algorithm 

of a network-based OTS for training multiple operators at the same time.  The OTS 

developed by the authors was shown to have better handling of discrete events and 

management of process models, and the possibility of expanding module functionality. 

Nowadays, OPC (object linking and embedding (OLE) for process control) is a 

worldwide standard of application interface for automation software and enterprise 

systems in the process industry [86]. Use of the OPC standard for developing distributed 

dynamic simulations for continuous processes was shown by Santos et al. in 2005 [102].  

Since then there have been many OTS applications available as an extension of 

various dynamic process simulators or as a separate package. Examples of commercial 

codes of OTS are CC-Dynamics by Chemstations Inc., HYSYS Dynamics by Aspen 

Technology, UniSim, Shadow Plant and OTISS by Honeywell, DYNSIM by Invensys 

(SimSci-Esscor), and Simcon and INDISS by RSI Simcon. 

To be effective as an OTS, the simulator should satisfy two key requirements. 

First, it should allow the training instructor to initiate excursions unknown to the 

operator. Second, it should let the operator change process parameters in real-time to 

respond to the excursions. Besides these, an OTS can be expected to have other 

requirements like it should have a historian integrated with the simulator, which can 

collect simulation data and operator commands, allow multiple personnel to train 

simultaneously, have high-speed exchange between the simulating computer and the 

operator interface, etc. 

An important requirement of an OTS is to perform the dynamic simulation 

calculations in real time. The model size, its nonlinearity, sparsity, and other factors 
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contribute to difficulty of obtaining a numerical solution in simulation and control 

calculations. A few methods have been suggested in the past to obtain faster solution to 

the simulation problem. Habibi [46] suggested use of functional decomposition of the 

simulation cycle and assigning different sub-problems to individual processors. 

Algorithmic decomposition was also suggested in the same work to divide the simulation 

model into computational modules which could be calculated concurrently by a number 

of processors. But, this approach is very problem-specific and every simulation model 

would require a different set of instructions to carry out the decomposition. Use of 

extrapolation methods for semi-implicit integrators was shown by Tyreus [113] for 

feedback control of a humidification column. Faster integration was achieved for the 

performed case study. However, application to other ‘stiff problems’, guaranteeing real-

time integration and stability was not shown.  

 

3.3 Artificial neural networks 

Many of the abilities one possesses as a human have been learned from examples 

and personal experiences. It is natural to try to carry this ‘didactic’ principle over to a 

computer program to make it learn how to get the desired output for a given input. Thus, 

came the concept of ‘storage and retrieval’. One such technique which now for many 

decades has intrigued researchers is artificial neural networks (ANNs). ANNs can be 

viewed as nonlinear empirical models used for representing input-output data, which can 

be used for predicting future trends, classifying data and recognizing patterns. Apart from 

fitting experimental data, system identification and control they have been applied in 

such diverse fields as image processing, speech recognition, insurance, medicine and 

banking [83, 58].  
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A few of advantages of using ANN models are 

1. For many processes, calculating the output using an ANN model is much faster as 

compared to the complex nonlinear first-principles model 

2. ANNs can represent highly nonlinear processes much better than many other 

empirical models 

3. ANN models are quite robust with respect to input noise 

4. ANNs models are quite flexible 

In the chemical process industry ANNs have been used over the years to model 

both linear and nonlinear systems. The ability of multilayer feedforward neural networks 

to approximate general mappings from one finite dimensional space to another has 

previously been demonstrated [47]. Application of backpropogation neural nets for 

dynamic modeling and control of pH in a CSTR was shown by Bhat and McAvoy in 

1990 [9].  

As is known, neural networks are inspired by the biological nervous system. A 

simulated ‘neuron’ receives input signals, performs a weighted sum of these signals, 

transforms this sum using a transfer function (which is usually the sigmoidal function) 

resulting in the output. Thus, neural networks can be made to ‘learn’ by extracting pre-

existing patterns in the data sets that describe the relationship between inputs and outputs 

of a given process. Thus, as a function approximator neural networks can be represented 

as 

 ),( pxfy =          (3.1) 

where x is a set of inputs, y is a set of outputs and p is a set of adjustable parameters. The 

available data are first divided into training and test sets. Using the training set, the 

weights in the neural net are estimated, followed by their ‘fine tuning’ using the test data. 
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Neural networks can be categorized into static and dynamic networks. Static 

(feedforward) networks have no feedback elements and contain no delays, and the output 

is calculated directly from the current input through feedforward connections. On the 

other hand, in dynamic networks, the output depends not only on the current input, but 

also on the previous inputs (and outputs) of the process. 

 

3.3.1 Feedforward neural network 

The feedforward neural network belongs to the class of static neural nets. Figure 

3.1 shows a 3-layer network. The input layer takes in inputs from an outside source. The 

inputs then go to the hidden layer, which consists of nodes or hidden units placed in 

parallel. Each node performs a weighted summation of the inputs, which then goes 

through a nonlinear activation function. This is followed by an output layer, which is 

similar to the hidden layer, except that one can use a different activation function for this 

layer.  

 

 

       Figure 3.1: 3-Layer feedforward network 

 

In the training phase, the input-output (training) data set is presented to the 

network, and with each iteration the weights connecting the nodes (in different layers) are 
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updated such that the error between the predicted output value and the actual target value 

decreases in the mean square sense. Table 3.1 describes the input-output sequence for a 

feedforward neural network. The number of epochs define the number of times the 

network is trained on the training set or the number of times the weights in the network 

are updated. The number of nodes in the hidden layer (and also the number of hidden 

layers) can be varied depending on how complex a system is being modeled. Usually, one 

or two layers of hidden units suffice in modeling a given linear or nonlinear system. 

 

Table 3.1: Input-outputs for a feedforward network 

Time Step Input to Neural Network  Output 

1 )0(y  )1(ŷ  

2 )1(ŷ  )2(ŷ  

3 )2(ŷ  )3(ŷ  

: : : 

n )1(ˆ −ny  )(ˆ ny  

 

The input-output sequence for a feedforward network described above can be 

used to model a steady-state process with good accuracy. But for a dynamic process, a 

vector composed of a moving window of past input values must be considered to predict 

the output at a given time step. Thus, at time step n, the output )(ˆ ny  is given by 

      ))(ˆ)...2(ˆ),1(ˆ()(ˆ mnynynyfny −−−=        (3.2) 

where m is the window size selected long enough to capture the dynamics of the system. 

For an actual process consisting of several variables, using a feedforward neural network 

for dynamic modeling can result in large nets required to make an accurate prediction for 
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all the dynamic variables. Net size for an unsteady-state or dynamic process can be 

reduced by using recurrent ANNs. 

 

3.3.2 Recurrent artificial neural network 

 Recurrent neural networks (RNNs) have architecture similar to a feedforward net 

along with additional weighted feedback or recurrent connections which are time-

delayed. Two different variations of RNNs are commonly used. The internal recurrent 

network (IRN) is characterized by time-delayed feedback connections from the output of 

the hidden nodes back to the input of the hidden nodes. On the other hand, an external 

recurrent network (ERN) has time-delayed feedback connections from the output layer to 

the hidden layer. There can be a hybrid internal-external recurrent network (IERN), 

which has feedback connections of both types of recurrent nets. 

 In the past, RNNs have been used for various applications involving dynamic 

processes. Sastry [103] used memory neuron networks (or RNNs) for identification and 

adaptive control of nonlinear dynamic systems. A modification of RNNs using partial 

least squares (PLS) was formulated by Adebiyi and Corripio [1] and was called dynamic 

neural networks partial least squares (DNNPLS), and was used for modeling of a 

multivariable process of fluid catalytic cracking. In another study by Barton [6], RNNs 

were used to predict polymer quality in an industrial reactor. Better performance using 

IRN over a feedforward network (for steady-state model) was shown for predicting the 

product quality. 

A moving window of past inputs and outputs can also be included to form the 

nonlinear auto-regressive network with exogenous inputs (NARX). NARX is a hybrid 

recurrent dynamic net, with feedback connections enclosing several layers of the 
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network. The NARX architecture is based on the linear ARX model, which is commonly 

used in time-series modeling.  

The model predicts the next value of dependent output y(t) which is regressed on 

the previous value of output and independent (exogenous) input. Because the true output 

is available during the training of the network, a series-parallel architecture (Figure 3.2) 

can also be used. 

 

 

Figure 3.2: The series-parallel arrangement for NARX 

 

In Figure 3.2, TDL represents the tapped delay line (time-delay) which is a row-

vector of integers, the maximum value of which is the delay after which the network will 

start predicting the output for the time-series. The equation defining the series-parallel 

arrangement is 

))(),...,2(),1(),(),...,2(),1(()( uy ntututuntytytyfty −−−−−−=      (3.3) 

The series-parallel architecture is in general used only for the training phase, after 

which a rearrangement of the network into a more stringent form of NARX model, the 

‘parallel form’ is carried out. The number of inputs and outputs from previous time steps 

(nu and ny) define the ‘window’ which is used to train the network. The window size is 

decided by the history of inputs-outputs that would be required to capture the dynamics 

y(t) 

u(t) 

 
 

Feed 
Forward 
Network 

T
D
L 

T
D
L 

)(ˆ ty  



 53 

of the system. Table 3.2 shows how the input sequence to the network is presented as a 

time-series for each time step. 

 

Table 3.2: Input-outputs for parallel NARX 

Time Step Input to Neural Network Output 

1 )(),...,2(),1( ynnynyny −−−  )(ˆ ny  

2 )1(),...,3(),2( −−−− ynnynyny  )1(ˆ −ny  

3 )2(),...,4(),3( −−−− ynnynyny  )2(ˆ −ny  

: : : 

n )0(),...,2(),1( ynyny yy −−  )(ˆ yny  

 

 For training a neural network, an optimization problem needs to be solved at 

every iteration to determine the weights in the hidden and the output layers. This can be a 

drawback if multiple minima occur for the objective function used, in which case using a 

global optimization technique can be computationally expensive. Also, one major 

limitation of neural nets that remains is their inability to extrapolate outside the training 

domain [54, 58].  

Storing and retrieving solutions for a set of nonlinear algebraic equations can be 

accomplished in many ways. General criteria to benchmark storage and retrieval methods 

were given by Pope [91]. 

1. The CPU time required to create the store 

2. The memory required for the store 

3. Inaccuracies in the retrieved mapping (e.g. interpolation errors) 

4. The CPU time required to retrieve from the store 

5. The degree to which the technique is generally applicable and can be automated. 
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As discussed in the previous chapter, the storage and retrieval technique of in situ 

adaptive tabulation (ISAT) which exhibits automatic error control on output estimation 

can be used to model a nonlinear system. Since applications of dynamic simulation like 

an OTS requires repeated and frequent calculation of dynamic trajectories, an approach 

based on the storage and retrieval of input-output history can be computationally 

beneficial.  Real-time results, and in most cases much faster generation of trajectories can 

be achieved by using an ISAT database of stored solutions. With this hypothesis several 

case studies were performed, which are discussed in detail in the following sections. 

Comparison of ISAT with ANN for predicting output on extrapolation is also performed, 

and better performance using ISAT is shown. 

 

3.4 Case study: continuous-stirred tank reactor (CSTR) 

A CSTR model described in the text by Henson and Seborg [57] is used as a test 

case for application of ISAT and feedforward neural network. The states of the systems 

are concentration of A (Ca) and reactor temperature (T). The temperature of cooling 

jacket (Tc) is used as an input for control. Figure 3.3 shows the CSTR with its input and 

states. 

 

 

Figure 3.3: CSTR for reaction BA→  with various parameters 
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The model equations describing the process are as follows 
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where q is the volumetric flow rate of the feed, V is the volume of the CSTR, ρ is the 

density of the A-B mixture (assumed to be constant), Caf is the feed concentration, Tf is 

the feed temperature, H∆ is the heat of reaction and Cp is the heat capacity of A-B 

mixture. 

Since ISAT can be used as a nonlinear function approximator, the two-state 

CSTR example is used to show that. Therefore, this first case study does not demonstrate 

the actual advantage of ISAT as a storage and retrieval method, but rather illustrates its 

accuracy for function approximation. 

To start with, a vector with both the states and the control parameter is created. A 

tolerance error, tol∈ of 5x10-6 is chosen to control the retrieval error for ISAT. The runs 

are made by introducing a step change in the cooling jacket temperature, Tc. The set of 

steady-state values for concentration of A and reactor temperature along with the step 

change in cooling jacket temperature is an input for both ISAT and the differential 

equation solver (direct integration). The output of each of the two methods (ISAT and 

direct integration) is provided to the respective routines for consecutive time steps. Thus, 

for ISAT the retrieval error accumulates for successive steps. But as the results will show, 

the trajectory retrieved by ISAT is in very good agreement with the actual values. 
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3.4.1 How does the ISAT algorithm work? 

A vector of control parameter (Tu) and two states (Ca and T) is an input for ISAT. 

If no record is created so far in the ISAT database, then a function for initializing the 

database is called. An ‘initialize’ function evaluates the final states for the given input 

vector using the actual function evaluation (direct integration).  A sensitivity matrix 

corresponding to the input vector is determined using the ‘integrated sensitivity 

estimation’. Sensitivities are to be calculated with respect to each of the inputs (Tc in this 

case) and all the states (Ca and T). This can be done using the SENS_SYS integrator, 

which is an extension of the ODE15s solver in MATLAB. These sensitivities are then 

arranged in a matrix, which is returned to ISAT. Thus, sensitivity estimation gives a 

measure of how the output states (n
aC and nT ) vary with each of the inputs ( 1−n

uT , 1−n
aC and 

1−nT ). Using the integrated final state values and the sensitivity matrix, the first record in 

the database is created. A typical ISAT record structure stores information on input 

states, final states, sensitivity matrix, ellipsoid of accuracy (EOA) and optionally the 

height of the binary tree (database) and the number of times the record has been accessed. 

The EOA for a new record, as mentioned in the previous chapter, is calculated 

from the modified sensitivity matrix. The SVD of the original sensitivity matrix yields 

the diagonal matrix of singular values (iσ ). The maximum value between each of these 

iσ  and 
2

2
tol∈

 is chosen, and using these new singular values a modified sensitivity matrix 

is created.  

A binary tree ‘structure’ with information on the cutting plane defining the 

corresponding node (using a vector and a scalar) and pointers to the two branches leading 

from the node is also included. This takes care of the database initialization. However, if 

the database has already been created, then calling the ISAT function results in a binary 

tree search to locate the closest record.  A binary search is performed by starting from the 
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very first record and moving down the tree. The direction of the search along the binary 

tree structure, as explained before is decided by evaluating the value of φν T  at each 

node. 

Once a close record is located, ISAT determines the value of xxT M , where x is 

the difference between the input query vector and the initial state vector of the record 

retrieved, and M  is the EOA matrix of the record located. Depending on the value of 

xxT M , ISAT performs one of the three scenarios: retrieval, growth or addition. 

Thus, ISAT returns an output vector either obtained from linear approximation of 

the stored values (retrieval) or from direct integration of the input vector (growth or 

addition).  

 

3.4.2 Modeling using ISAT and feedforward neural network 

Input-output data were generated by integrating Equation 3.4 for different values 

of cooling jacket temperature. Runs were made for step changes in the cooling jacket 

temperature. The time step for each calculation is 0.1 minute, and the total number of 

time steps are 20, thus making the total duration of the run to be 2 minutes. 

A feedforward neural network was trained using only one state, that was the 

concentration of A. The data were auto-scaled to zero mean and unit variance. The data 

collected were divided into two sets. 80 % was used for training and the rest for 

validation or testing. The number of hidden units were varied from 1 to 10, and the 

tangent sigmoid function was used as the activation function for the hidden layer, and a 

linear function was chosen for the output layer. 

The number of epochs were 600 for this case study and the desired output was 

obtained with a set of 6 nodes in the hidden layer. Figure 3.4 shows the result for 



 58 

interpolation, that is when the test run was made on the same time interval as that for the 

training set, and compares the performance of ISAT with that of neural net. 

 

 
Figure 3.4: Comparison of dynamic response (interpolation) using ISAT, feedforward 
neural network and the actual simulation run 

 

An extrapolation test run was made outside the training domain of the neural net. 

Figure 3.5 compares the trajectories generated by ISAT and a feedforward neural net for 

such a scenario. 
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Figure 3.5: Comparison of the dynamic response (extrapolation) using ISAT, feedforward 
neural network and the actual simulation run 

 

As expected, the feedforward neural network performs satisfactorily as long as the 

test run is made on the training set itself. However, for extrapolation the dynamic 

response using neural network deviates from the actual response, whereas ISAT does not 

allow the retrieved trajectory points to exceed the set error of tolerance (5x10-6), and 

generates an accurate dynamic response. 

 

3.5 Case study: multi-loop control of a binary distillation column 

The case study is performed for a binary distillation column with 32 states and 

2x2 multi-loop control of distillate (Xd) and bottoms (Xb) compositions. Closed-loop test 

runs are made to demonstrate the accuracy of retrievals performed by ISAT, when 

compared to results by direct-integration. 
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3.5.1 Description of the model 

The process considered is a distillation column for separating a mixture of 

cyclohexane (component A) and heptane (component B). The simulated column consists 

of 30 trays, a reboiler and a condenser. The 32 states are the compositions of the liquid at 

each stage. The ODEs defining the model are given in Hahn’s work [48]. Steam flow rate 

was included in the model for a two point control of the column. The reflux ratio (RR) 

and the steam flow rate (S) are the manipulated variables for control of distillate and 

bottoms compositions respectively. 

The vapor flow rate (V) in the column is related to the rate of heat added by steam 

(Q) and the heat of vaporization of the liquid at the bottom (Hv) by the following equation 

            
VH

Q
V =                                                         (3.5) 

The heat of vaporization at the bottom is found using a simple mixing rule given by 

                   Hv = X32 HvA + (1-X32) HvB                                                         (3.6) 

where X32 is the bottoms liquid composition, and HvA and HvB are the average heat of 

vaporization of component A and B. The relative volatility and the molar overflow are 

assumed to be constant. 

Two PI controllers are used to control Xd and Xb at their steady state values. The 

controllers are tuned using the IMC controller settings [105, 121] for the process transfer 

function. Due to interaction between the two control loops, a 2x2 transfer function matrix 

(Equations 3.6 and 3.7) was fitted to a step response for tuning the controllers. 
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where Gp11 is determined by introducing a step change in the reflux ratio and fitting the 

response for distillate composition to a first order plus time delay model. Similarly, Gp22 

models the response of the bottoms composition, for a step change in steam flow rate, 

Gp12 and Gp21 are step responses with respect to Xd and Xb for step change in steam flow 

rate and reflux ratio respectively. 
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3.5.2 Modeling using neural net 

The system was modeled in MATLAB and input-output data were generated for 

different feed conditions (feed composition and flow rate), without the controllers acting. 

The data were divided into training set (80%) and test set (20%). At first a feedforward 

neural network was trained using only the distillate composition at consecutive time steps 

as input and output. A total of 10 units were used in the hidden layer and 750 epochs 

were used to train the network.  

Figure 3.6 shows the results for the test run made with a step change in the feed 

composition. Again, in this case too, neural network performs poorly on extrapolation. 

 

 
Figure 3.6: Comparison of dynamic response generated by a feedforward neural network 
and the actual simulation run for the binary distillation column model 

 

Another test run was made on the distillation model by training the feedforward 

neural network using all the 32 states. In this case, the neural nets performed poorly even 

on interpolation and the dynamics of the system could not be represented based on the 
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current value of inputs and outputs. Hence, a recurrent dynamic network (NARX) was 

used to model the dynamics of all the 32 states. The series-parallel arrangement was used 

while training, that is, both the model inputs and the outputs were included as inputs to 

the network. A set of 16 units were used in the hidden layer, and over 1000 epochs were 

run to train the network. The training required a lot of time because a set of 32 inputs-

outputs were used. 

Figure 3.7 and 3.8 shows the response from the NARX architecture and the actual 

simulation run for the binary distillation column. 

 

 
Figure 3.7: Comparison of dynamic response generated using NARX (trained for all 32 
states) and actual simulation run for distillation column  
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Figure 3.8: Comparison of dynamic response (extrapolation) generated using NARX 
(trained for all 32 states) and actual simulation run for distillation column 

 

Thus, in this case too, neural network with feedback connections performs 

satisfactorily for test run made on the training set and reproduces the dynamic trajectory 

with good accuracy. However, for extrapolation (Figure 3.8) it deviates from the actual 

response when the test run is made outside the training domain. The same case study is 

performed next, including the controller parameters as well using ISAT, and much better 

performance is shown on extrapolation.  

 

3.5.3 Modeling using ISAT 

The input to ISAT for this model consists of the manipulated variables for control 

(RR and S), disturbance variables (feed flow rate and composition) and the 32 states. The 

sensitivity of output with respect to reflux ratio, steam flow rate, feed flow rate and 

composition (RR, S, F and Xf), and each of the 32 states ),...,,( 32,2,1, AAA xxx  is determined 

for every time step in the run. A sensitivity matrix corresponding to the input vector is 
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determined using the SENS_SYS integrator of MATLAB. Thus, the sensitivity analysis 

gives a measure of how the output states ),...,,( 32,2,1,
n
A

n
A

n
A xxx  vary with each of the inputs 

),...,,,,,,( 1
32,

1
2,

1
1,

1111 −−−−−−− n
A

n
A

n
A

n
f

nnn xxxXFSRR . 

Initially, a large database was created for different operating conditions. A single 

binary tree structure is used to store the records. For database building, runs were made 

for the simulation model with range of values for feed flow rate, feed composition and 

the controller settings for the two control loops. A total of 54,000 data points were 

generated. Creating a large database increases the possibility of retrieval scenarios, which 

results in better error control and requires less computation time as compared to the other 

two scenarios (growth and addition) of ISAT. There is no computational advantage with 

growth or addition, as ISAT performs an actual simulation run for those scenarios. 

Record growths and additions are part of the database building phase. The real advantage 

of ISAT is when retrievals greatly outnumber growths and additions. 

A test run is made for a step change in the feed composition. The closed loop 

responses of the system are shown in Figure 3.9. 

ISAT with a tolerance error of 5 x 10-6 generates trajectories that are in close 

agreement with the actual direct-integration response. Figure 3.10 shows different 

scenarios for accessing the ISAT database. The test run involves retrieval and growth to 

the database. If a larger database is created covering a broader range of operating 

conditions, then accessing the database would result in retrievals only. 

A speed-up factor of 4 was observed using ISAT, based on an average of five test 

runs. This being a relatively simple model with a single process unit, shows less 

significant change in computation time. But for an actual process flowsheet, the time 

required for solving the first principles model to run the simulation is far greater than that 

required by ISAT, as will be shown in the next case study. 
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Figure 3.9a: Comparison between the actual closed loop response and that generated by 
ISAT of distillate composition for a step change in feed composition 

 

 
Figure 3.9b: Comparison between the actual closed loop response and that generated by 
ISAT of bottoms composition for a step change in feed composition 
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Figure 3.10: Scenarios for accessing ISAT database for tolerance error of 5 x 10-6 

 

A comparison study was made using mISAT and significant improvement over 

the original algorithm in terms of performance was shown. A test run is again made for a 

step change in the feed composition.  Figure 3.11 shows the closed-loop responses for 

different PI controller settings for the same feed conditions using mISAT. Note that the 

PI controllers return the compositions back to the set point, as expected. Table 3.3 lists 

the values of the controller parameters for different runs of Figure 3.11. 
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Figure 3.11: Closed loop step response of distillate composition for different PI controller 
settings (for control loops 1 and 2); a comparison between mISAT (tolerance error = 
5x10-6) and actual values is shown 
 
 
Table 3.3: Controller settings for different plots of Figure 3.11 

Plot 
PI-controller parameters 

Kc1 Kc2 Ti1 Ti2 

A 483.871 24.0 -989.304 18.5 

B 252.0161 25.0 -521.3904 19.5 

C 174.7312 26.0 -365.4189 20.5 

D 136.0887 27.0 -287.4332 21.5 
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The number of records that are added to the database is smaller as compared to 

the total number of data points available. Table 3.4 shows the performance of both the 

algorithms in terms of the total number of records added to the binary tree structure. 

 
 
Table 3.4: Number of records added to a single binary tree for the distillation column 

Record distribution technique 
Total number of records 

added* 

Original ISAT 9337 

mISAT (list_size = 4) 8642 

mISAT (list_size = 16) 6725 
* Total number of data points to be added = 54,000 

 

It can be inferred that mISAT is able to perform many more retrieval scenarios 

indicating that the retrieval rate improves by keeping track of all the data points whose 

EOAs lie partially or completely in a convex region. Also, as the parameter list_size is 

increased, the retrievals performed are more and less number of records is added to the 

database. However, as mentioned before, list_size should not be very large, which 

otherwise makes the binary tree search equivalent to a sequential search. 

 

3.6 Case study: CHEMCAD® process flowsheet 

The monoethanolamine (MEA)–carbon dioxide absorption system which comes 

as a sample model with CHEMCAD® is used for the case study here. 

Figure 3.12 shows the CHEMCAD® flowsheet for the MEA sour gas treatment 

process.  Sour gas containing approximately 0.5 mol. % of H2S and 2 mol. % of CO2 

enters the absorber unit at 950 psig and 90 °F.  Acid gases are removed in the absorber 
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column by contact with lean MEA (15 wt. % aqueous solution).  The rich MEA is then 

heated and regenerated in the stripper column.  Regenerated MEA passes through the 

heat exchanger to pre-heat the rich amine stream.  It is then mixed with make-up MEA 

and water, boosted to the absorption column pressure, cooled, and directed onto the top 

of the absorber. 

The sweet gas stream (desired output) has very little H2S and CO2, and the acid 

gas stream on the other hand is rich in these gases and has little of constituent 

hydrocarbons. 

 

 
Figure 3.12: MEA-CO2 absorption process flowsheet in CHEMCAD® with ramp blocks 

 

The nodes (represented by circles in the flowsheet) allow for hydraulic balance. 

At each simulation step, pressure and flow are balanced throughout the system [22]. The 

columns and dynamic vessels are variable-pressure. The holdup in the tanks and the 
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columns affects the calculation of pressure and flow balance (and vice versa). The 

hydraulic balance in turn affects the signal to the PID controllers, which adjust the 

position of the valves and thus the flow throw them.  

The process is modeled using first principles in CHEMCAD®, though to an end 

user the equations describing the system are not accessible. This system represents an 

actual plant scenario for which the first principles model is not available. One can only 

generate input-output data by running the simulations for different operating conditions. 

The MEA-CO2 absorption system is made available as a calculation engine for the 

operator training simulator (OTS) mode in CHEMCAD®. The issue with a highly 

nonlinear process like this is that at times the simulation might take many iteration runs 

to converge and in some cases they even fail to converge. Such simulations cannot be 

completed in real time, rendering the OTS inefficient. ISAT is suggested as an alternative 

here, storing offline computed dynamic trajectories and providing the output in lieu of the 

changes introduced by the operator.  

The first case study using the model involves a database built on different 

operating conditions based on disturbances coming in the system through the sour gas 

feed stream and the corresponding change in the output, which is the flow rate of 

different components in the acid gas and the sweet gas streams. Simulation runs for 55 

different operating conditions with a time interval of 0.2 minutes for 100 time steps each 

were made. This resulted in a total of 27555 data points, which formed a large enough 

initial database. The size of the query vector for ISAT was 45 variables (33 manipulated 

variables or parameters as inputs + 12 controlled variables as outputs). 

The simulations were run on a Pentium 4 CPU, 3.06 GHz with 512 MB RAM. 

Running each simulation in CHEMCAD® (version 5.6) for 100 time steps with 0.2 

minutes time interval on an average took 40 minutes. In total 55 such runs were made for 
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different operating conditions. After the data were compiled in Excel, a database in the 

form of binary search trees was built online using ISAT. Nodes from a computer cluster 

were used while building the database and making the test runs. Each node ran on dual 

1.8 GHz Xeon processors with 1GB RAM.   

Typically, building a database with 4n binary trees (n being the size of the input 

vector) on an average required about 12 to 13 hrs on these nodes. Some studies were 

made using n binary trees only, and those databases were typically built in 4 to 5 hrs. The 

sensitivity values for this system (for which the first principles model is not accessible) 

cannot be estimated by direct integration methods and instead a regression technique is to 

be used. Partial least squares (PLS) instead of ordinary least squares is used for 

regression to avoid issues with ill-conditioned matrices. An improved PLS algorithm 

suggested by Dayal and MacGregor [33] is used, which is faster than the original 

NIPALS. 

In all the case studies performed using different record distribution techniques, the 

accuracy of ISAT was maintained, that is, ISAT was able to regenerate the dynamic 

response in close agreement with the actual trajectory. Figure 3.13 shows one such 

response using the multiple binary tree structure built after ‘centered k-means’ clustering 

in ISAT. 
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Figure 3.13: Comparison of the actual and ISAT (tolerance error = 5x10-6) dynamic 
response for H2S flow rate in acid gas using multiple binary tree structure with ‘centered 
k-means’ clustering 

Figure 3.14 shows the distribution of records among the binary trees for different 

search techniques using an error of tolerance of 5x10-6. 
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Figure 3.14: Distribution of the records among multiple binary trees for ‘self-
assignment’, uniform distribution, k-means with random initialization and k-means with 
‘cluster’ initialization 
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3.6.1 Comparison of search time  

Table 3.5 shows the CPU times required to make a test run by searching multiple 

binary trees built using different distribution techniques. 

 
Table 3.5: Comparison of search times for different record-distribution techniques 

Record distribution 

technique 

Average CPU 

time (seconds) 

Self-assignment 168.512 

Uniform 360.388 

K-means (random) 171.046 

K-means (cluster) 154.862 

 

From the average CPU time for different distribution techniques, it can be seen 

that a uniform distribution of the records results in more search time. This is because 

when locating a close record for each of the query vectors in the test run, all trees with an 

equal number of records must be traversed completely. By contrast, in ‘self-assignment’ 

(when records are allowed to be added to the binary trees next to the closest record 

located) some trees have only one record, and depending on the query vector trees with 

large number of records on it might result in shorter search times.  

Now instead of using the regular binary tree structure with space partitions, if the 

case studies are performed using the balanced AVL tree structure, the CPU times 

obtained are listed in Table 3.6. In order to program the AVL tree, pointers were used, 

which required more computation time to access the records ‘indirectly’ through these 

pointers. For a better comparison of the search times a similar binary tree structure 

(regular and unbalanced) was programmed using pointers. These structures (AVL and 
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regular binary) made use of SVD of the initial vector of the record as a key. The keys 

obtained using the SVD were unique for each of the records. Each node on the tree(s) 

stored a record and a key representing that record. 

 
Table 3.6: Comparison of search times for different record-distribution techniques on 
binary trees programmed using ‘pointers’ 

Record distribution technique 
Average CPU time 

(seconds) 

Self-assignment (unbalanced) 2072.4 

Self-assignment AVL (balanced) 566.1680 

AVL uniform (balanced) 1107.7 

AVL k-means (cluster) (balanced) 876.1780 

 

As is evident from the search times, a balanced AVL tree structure performs 

better than an unbalanced binary tree structure with an improvement factor of about 3.66. 

The uniform distribution of records and distribution performed after k-means clustering 

results in faster search times compared to the unbalanced self-assignment technique, but 

does not improve upon the search time for ‘self-assignment’ using balanced AVL tree 

structure. As mentioned before, more time is required to traverse trees holding more 

records (uniform and k-means) as compared to trees with a fewer number of records 

(even 1 in some cases) for self-assignment. 

The total number of records for each of the distribution techniques using an error 

of tolerance of 10-6 is given in Table 3.7. 
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Table 3.7: Total number of records for different distribution techniques 

Record distribution 

technique 

Total number of 

records 

Self-assignment 27500 

Uniform 23040 

K-means (random) 27500 

K-means (cluster) 27500 

 

For ‘self-assignment’ and k-means (random and cluster initialization) the total 

number of records are equal to the total number of data points that were to be added to 

the database. However, considering that the response is smooth and data points are close 

enough for a time interval of 0.2 minutes, ISAT should have added far fewer points to the 

database. This can be attributed to the shortcoming of the original ISAT algorithm where 

each polytope is associated with only one database point. As discussed in the previous 

chapter, the mISAT algorithm was developed to overcome this drawback by maintaining 

a ‘list’ of all the data points whose EOAs lie partially or completely in a convex region. 

To apply mISAT to the MEA-CO2 absorption process, the error of tolerance while 

building the database and for the test runs was increased to 10-2. Also, constant 

approximation was used with the EOAs being circles of constant radius. Tables 3.8 and 

3.9 list the total number of records that are added to the database using different search 

techniques. 

Even though the improvement is marginal, the mISAT algorithm performs better 

than original ISAT, with more retrieval scenarios resulting in fewer records being added 

to the database. As the size of the ‘list’ is increased from 2 to 16 (Table 3.8) the retrieval 

rate improves. However, for list_size = 32 the improvement in retrieval rate is very small 
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and also the time required to sequentially search the records on a particular leaf increases. 

Therefore, a desired value of list_size can be chosen depending on the retrieval rate 

expected and how much leverage one can have on the search time. 

 
Table 3.8: Total number of records added to the database with ‘self-assignment’ 

Record distribution technique 
Total number of 

records added* 

ISAT, ‘self-assignment’, constant approx. 26370 

mISAT (list_size=2), ‘self-assignment’ constant approx. 26348 

mISAT (list_size=4), ‘self-assignment’ constant approx. 26318 

mISAT (list_size=8), ‘self-assignment’ constant approx. 26302 

mISAT (list_size=16), ‘self-assignment’ constant approx. 26274 
*Total number of data points to be added = 27500 

 
 
Table 3.9: Total number of records added to the database with k-means clustering 

Record distribution technique 
Total number of 

records added* 

ISAT, k-means (cluster), constant approx. 27395 

mISAT (list_size= 4), k-means (cluster), constant approx. 26317 

mISAT (list_size = 16), k-means (cluster), constant approx. 26275 

mISAT , k-means (cluster), ‘centered’, constant approx. 25498 
*Total number of data points to be added = 27500 

For k-means clustering with ‘cluster’ initialization, mISAT performs better than 

the original algorithm (Table 3.9). Also, if one uses k-means clustering with ‘centered’ 
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distribution, the retrieval rates are even better. Thus, the ‘centered’ distribution divides 

the search space into convex regions which result in better retrieval of close records. 

The ramp block in CHEMCAD® can be included in a flowsheet as a unit 

operation (UnitOp) to change the value of a variable in a stream or an equipment during a 

dynamic run. Some more test runs were made involving ISAT database built for different 

set point values of the PID controllers in the system. The database, although captured the 

dynamics of the system for the ‘training’ dataset, for test runs on extrapolation ISAT 

mostly performed addition scenarios. Thus, for the next case study the scope was 

narrowed down to a single variable, which was the cooling water supply to the process, 

and other techniques were studied to improve the overall performance. 

The simulations performed hereafter involve test runs in which ISAT was allowed 

to perform retrievals only (‘enforced-retrievals’), and the other two scenarios, growth and 

addition were suppressed. This was done to test ISAT’s performance on extrapolation 

runs using a pre-built database. 

A large database was built for cooling water failure and recovery at different time 

steps. The input variable was the ‘switch’ to the cooling water supply, which was a 

binary variable (0 or↑ : on, 1 or↓ : off). The output is the measured variables for all the 

PID controllers in the system. The measured variables were allowed to reach steady state, 

and the obtained values were then stored as the ‘initial’ states in CHEMCAD®. The total 

time for the simulation was 20 minutes (0.2 minutes time interval), giving a total of 100 

time steps for each run.  

The cooling water can fail once (“1-Failure”) during a dynamic run and can be 

recovered in the subsequent time steps. The different scenarios for cooling water 

failure(s) are given in Table 3.10. If only “1-Failure” from step 1 to 100 is considered, the 

total number of such scenarios comes to 4950 (=99+98+…1). Even though each 
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simulation run takes about 2 minutes to complete on a Pentium Core™2Duo with 1.86 

GHz processors, running those many scenarios would take a lot of time. 

 
Table 3.10: Scenarios for cooling water failure and recovery 

Type 
Time Step for 

Failure or 
Time Step for Recovery 

Total 

Number of 

“1-Failure” 

1↓  2↑  or 3↑  or …100↑  99 

2↓  3↑  or 4↑  or …100↑  98 

: : : 

99↓  100↑  1 

“2-Failures” 

1↓  2↑  3↓  4↑  or 5 ↑ or …100↑  97 

1 ↓ 2↑  4↓  5 ↑ or 6 ↑ or … 100↑  96 

: : : 

1↓  3↑  4↓  5↑  or 6 ↑ or …100↑  96 

1 ↓ 3↑  5 ↓  6↑  or 7↑  or … 100↑  95 

: : : 

1↓  98↑  99↓  100↑  1 

Similarly, there can be other scenarios of cooling water failure/recovery 

 

Instead, “1-Failure” (and recovery) was considered only within time step 1 to 20. 

Including cases where there was no failure and no recovery at all, the number of runs 

made were 1810. Microsoft Excel was coupled with CHEMCAD® using the DataMap 

functionality, the Excel UnitOp in CHEMCAD® and visual basic macros in Excel. A total 

of 181,000 data points were generated by making runs offline. The total number of 
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‘unique’ data points in this set was 83,162, which were added to multiple binary trees for 

a low error of tolerance (5x10-6).  

When an ‘enforced-retrievals’ test run was made on “1-Failure” of cooling water, 

ISAT generated a response shown in Figure 3.15. As expected, since the database is built 

on “1-Failure” (and recovery) scenarios from time step 1 to 20, ISAT is able to retrieve 

an exact trajectory for the run. The top pressure in the absorber rapidly increases when 

the cooling water supply fails in the system. 

 

 
Figure 3.15: Comparison of the dynamic response of top pressure in the absorber 
generated by CHEMCAD® and ISAT, when a test run is made on data in the database 
itself 

For same five test runs on CHEMCAD® and ISAT, on an average a CHEMCAD® 

run took 533.808 seconds and an ISAT run took 3.219 seconds only. Thus, a speed-up of 

165 times is obtained using ISAT for this particular case study. 
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Now, if this database is made to extrapolate to “2-Failures”, the response 

generated by ISAT with ‘enforced-retrievals’ is not able to trace the second failure as 

shown in Figure 3.16. 

 

 
Figure 3.16: Comparison of the dynamic response using CHEMCAD® and ISAT for 
‘enforced-retrievals’ for “2-Failures” of cooling water 

 

A quantitative measure of the performance can be seen with the sum of the errors 

for the test runs using ‘enforced-retrievals’ only. These runs are made for “2-Failures” 

occurring at different time intervals. Table 3.11 lists the sum of errors for these runs. 

If the system has disturbances occurring after large time intervals, such that the 

process is allowed enough time to go back to steady state, then it may be possible to track 

these disturbances using a database built on single disturbance only.   
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Table 3.11: Sum of errors on “2-Failures” with ‘enforced-retrievals’ 

Time step for failure/recovery Sum of errors (x103) 

2 ↓ 5↑  20↓  25↑  7.3233 

2↓  10↑  20↓  25↑  7.7821 

2↓  15↑  20↓  25↑  9.7641 

 

Considering that a single database built on “1-Failure” scenarios is not able to 

extrapolate to a higher number of failures, it was suggested that for every UnitOp in the 

process a separate ISAT database be built. The ISAT input-output model for each UnitOp 

can be represented as shown in Figure 3.17. 

 
Figure 3.17: ISAT database for individual UnitOps 

where, 
k
PE : equipment parameter at time k 

k
SE : equipment variables or states at time k 

k
IS : input stream variables to an equipment at time k 

k
OS : output stream variables to an equipment at time k 

The MEA-CO2 flowsheet in CHEMCAD® is solved as simultaneous-modular. 

The input-output sequence for every UnitOp in the process when interpreted for ISAT is 

not the same for all the units in the flowsheet.  Considering that the distillation columns 

in the process (absorber and stripper) are the most expensive to converge in terms of 

computation time, a case study on the absorber section of the system was made. 
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To build an ISAT database for the absorber, all the independent variables of the 

streams going in and coming out of the column were identified. The parameters and 

states for the absorber themselves were also identified, which could change during a 

dynamic run. Table 3.12 lists the variables for the streams and the absorber considered. 

The total number of inputs in an ISAT vector were 27 (= 3 streams x 9 variables) and 

outputs were 23 (= 2 streams x 9 variables + 5 equipment (absorber) variables). 

 
Table 3.12: Variables/Parameters recorded for building database for the absorber 

Equipment/Stream Variables/Parameters 

Absorber 
Column pressure drop, top pressure, calculated reflux ratio, top 

volume holdup, bottom volume holdup 

Streams 
Temperature, pressure, mole vapor fraction, component mole flow 

rates (MEA, H2S, CO2, H2O, CH4,C2H6) 

 

The input-output sequence for the absorber is shown in Figure 3.18. 
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   Figure 3.18: Input→output format in ISAT for the absorber 
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The total number of scenarios considered for cooling water “1-Failure” was 846 

(from time step 2 to 10).  The cooling water failure corresponds to a failing valve in the 

system. Another case study following this will consider pump failure scenarios in the 

system. For a low error of tolerance of 5x10-6, on quad-core 3.73 MHz Xeon processors it 

took close to 10 hours to build the tree structure. The total number of records to be added 

were 84,600 (= 846 runs x 100 time steps each). 

The unique number of records that were added to the database was 41,269. 

Similar to the previous case study for a test run made on “1-Failure”, ISAT using 

‘enforced-retrievals’ was able to generate an exact response when compared to 

CHEMCAD®. Now, for extrapolation to “2-Failures” using a database built on “1-

Failure”, ISAT for this particular case study generates a trajectory shown in Figure 3.19. 

 

 
Figure 3.19: Approximate dynamic response for a test run on “2-Failures” using 
‘enforced-retrievals’ for individual (absorber) database built for “1-Failure” 
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In this test ISAT not only extrapolates to the second peak (for the second failure) but also 

gives very good accuracy in terms of the overall dynamic response generated. 

If the extrapolation (using “enforced-retrievals”) is done for “3-Failures” and “4-

Failures” the response obtained are accurate and ‘qualitative’, and ISAT is able to track 

all the peaks corresponding to every failure. The maximum possible number of failures 

and recovery scenario from time step 1 to 10 (starting from step 2) can be 5. But making 

that test run on CHEMCAD® using Excel to run every dynamic step threw an exception 

at a number of time steps, and the data could not be generated. 

Looking at the error generated by ISAT for these test runs (Table 3.13), as 

expected the error increases as ISAT is made to extrapolate for more failures using a 

database built on “1-Failure” only, because the process is allowed less and less time to 

come back to steady state as the number of failures increase. 

 

Table 3.13: Errors for extrapolation using “1-Failure” database 

Test run 
Sum of squared error 

∑
=

−
100

1

2)(
k

ISAT
k

CHEMCAD
k yy  

Sum of absolute error 

∑
=

−
100

1k

ISAT
k

CHEMCAD
k yy  

“2-Failures” 0.3122 4.0727 

“3-Failures” 1.1312 5.6415 

“4-Failures” 6.6243 11.6157 

 

 Another test run was made for “1-Failure” by making the cooling water fail at 

time step 50. Thus, this test run also involved extrapolation for ISAT as the database was 

built for “1-Failure” scenarios from time step 2 to 10 only. For this test run also, ISAT 

reproduces the trajectory with good accuracy (Figure 3.20), considering that this 

particular failure scenario was not covered in the initial database. 
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Figure 3.20: Approximate dynamic response for an extrapolation test run on “1-Failure” 
using ‘enforced-retrievals’ for individual database built for the absorber 

 

To further test the performance of ISAT database built for individual UnitOps 

(absorber here), another case study was done for failure-recovery scenarios of a pump in 

the process. Data were generated for scenarios for “1-Failure” of pump from time step 2 

to 10. Some of the runs did not converge and were excluded while building the database. 

In total, there were 824 complete runs giving a set of 82,400 data points to be added. 

After building the ISAT database using the input-output data for the absorber in 

different pump failure scenarios, test runs were made for “1-Failure” and “2-Failures”. 

As shown in Figure 3.21, for a “1-Failure” test run of a pump, the trajectory 

generated by ISAT is in agreement with the actual CHEMCAD® response and for 

extrapolation to “2-Failures”, ISAT again is able to track the second peak with great 

accuracy.  
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Figure 3.21a: Trajectories generated by CHEMCAD® and ISAT using ‘enforced-
retrievals’ for “1-Failure” of pump 
 

 
Figure 3.21b: Trajectories generated by CHEMCAD® and ISAT using ‘enforced-
retrievals’ for “2-Failures” of pump 

 

The two (absorber) databases generated separately for valve and pump failure-

recovery scenarios were then together stored on multiple binary trees. Thereafter, test 
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runs were performed for combinations of valve and pump failures occurring in the 

system, to check ISAT’s performance on extrapolation to the two scenarios occurring 

simultaneously (when databases for the two have been built separately). 

Table 3.14 shows the total number of records added to these ISAT databases and 

the time taken to create the binary tree structures. Most of the runs involving valve and 

pump failures on CHEMCAD® took close to 2.5 minutes. 

 
Table 3.14: Total number of records and time to built absorber databases for valve and 
pump failure 

Database 

(absorber) 

Number of records 

added 

Time to build 

database 

Valve failure (Database1) 41269* ~ 9.75 hrs 

Pump failure (Database2) 39979** ~ 5.32 hrs 

Database1 + Database2 81040*** ~ 16 hrs 
*Total records to be added = 84600 
**Total records to be added = 82400  
***Total records to be added = 167000 

 

Some pump failure runs took much more time, close to 20 minutes for some runs 

(of 100 time steps). On the other hand, retrieving a trajectory of 100 time steps using 

ISAT on an average required 1.75 seconds. The convergence time for the absorber could 

not be isolated from the entire flowsheet. But a minimum speed-up of 80 times is 

observed using the ISAT database. 

Figure 3.22 and 3.23 compares the dynamic response generated by ISAT and 

CHEMCAD® for both valve and pump failure-recovery occurring simultaneously. ISAT 

uses ‘enforced-retrievals’ to extrapolate to the test run using databases built separately for 

valve and pump “1-Failure” scenarios. 
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Figure 3.22: Extrapolation to simultaneous valve and pump failure-recovery using ISAT 
(absorber) databases built separately for valve and pump “1-Failure”  
 
 

 
Figure 3.23: Extrapolation to sequential valve and pump failure-recovery using ISAT 
(absorber) databases built separately for valve and pump “1-Failure” 
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In Figure 3.22 the valve and pump fail simultaneously, operator recovers valve 

first followed by the pump. In Figure 3.23 the valve fails first and is recovered by the 

operator, followed by pump failure and its recovery. 

Another test run was made by making the “1-Failure” ISAT databases for valve 

and pump failure extrapolate to valve/pump “2-Failures”. There can be many scenarios 

for this type. Figure 3.24 shows one such test run. 

 

 
Figure 3.24: Approximate dynamic response for sequential valve and pump “2-Failures” 
using ISAT (absorber) databases built separately for valve and pump “1-Failure” 

 

In all these test runs, ISAT database built separately on valve and pump “1-

Failure” scenarios are able to extrapolate to combinations of these scenarios for “1-

Failure” and “2-Failures”. The trajectories generated have good accuracy and ISAT is 

able to track each of the peaks corresponding to every failure-recovery scenario. 
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3.7 Conclusions 

Dynamic process simulators are widely used for modeling and control of 

chemical processes. Depending on the complexity and nonlinearity of the process 

modeled, the run-time for the simulations can become prohibitive and many iteration 

steps might be required to reach to a converged solution in such cases. Operator training 

simulator is a time-intensive application of dynamic simulation, which requires efficient 

solution of the model equations in real time.  

 Instead of using the actual first-principles model, an alternative is to use simple 

empirical models like artificial neural networks (ANNs) to speed-up the calculations. 

Application of a feedforward neural network to a two-state CSTR model and a recurrent 

neural network to a 32-state distillation column model is shown. In both the cases as long 

as the test run was made within the training domain, neural networks generated 

trajectories in close agreement with the actual simulation response. However, outside the 

training domain neural networks performed poorly and the response deviated from the 

actual trajectory.  

 ISAT was suggested as an alternative technique for modeling a dynamic system. 

Better performance using ISAT, as compared to ANN is shown for the CSTR and the 

distillation column model on extrapolation. Application of the suggested modified 

version of ISAT (mISAT) to the distillation column shows improved performance over 

the original algorithm in terms of the number of retrieval scenarios performed. 

 A case study using the MEA-CO2 absorption process flowsheet in CHEMCAD® 

is performed, which can also be used in the operator training mode. Considering this as 

an example of any other process simulator, for which the first principles model is not 

accessible, implementation of the ISAT algorithm using the input-output data is 

performed. The model represents an actual industrial scenario for a highly nonlinear 
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process. Sensitivity for the input-output data in such processes can be estimated using the 

faster PLS technique described in Chapter 2. 

 Different record distribution techniques suggested in Chapter 2 were applied to 

the  CHEMCAD® case study, and better performance using k-means clustering and AVL 

trees was shown. mISAT along with k-means clustering resulted in the least number of 

records added to the database indicating a better retrieval rate. 

In all the case studies performed, ISAT generates an accurate trajectory for a low 

error of tolerance, if it is allowed to perform any of the three scenarios (retrieval, growth 

or addition). Runs using the retrieval only scenario (‘enforced-retrievals’) were made to 

test ISAT’s performance on extrapolation using a pre-built database. It was shown that a 

single ISAT database built for the entire flowsheet does not do well on extrapolation 

runs. Instead, it was suggested that individual databases be built for separate unit 

operation in the process. Case studies were performed for the absorber section using 

valve and pump failure-recovery scenarios to show improved performance of ISAT on 

‘enforced-retrievals’. In a typical operator training scenario, where a trainee is expected 

to attend to these types of excursions, ISAT databases built on individual process units 

can be implemented in models such as these, to speed-up the dynamic calculations, for 

faster and reliable converged solutions. 
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Chapter 4 

Constrained State Estimation using In Situ Adaptive Tabulation 

Estimation of model parameters and states is an integral part of several process 

modeling, monitoring and control strategies. Data from most chemical processes are 

corrupted by process and/or measurement noise. Unmeasured and unmodeled 

disturbances entering a system result in undesired process behavior and pose a limitation 

on the widely used model-based controls. Also in practice, online measurements of all the 

state variables of a process are rarely available. For these systems the state(s) cannot be 

measured explicitly. Hence, a robust state estimation technique is required that essentially 

estimates the unmeasured states from output measurements by reducing the influence of 

measurement noise.  State estimators use deterministic or stochastic, and static or 

dynamic approaches to provide reasonable estimate of state variables and must rely on 

the mathematical model of the process to function.  

For a good state estimator under nominal conditions of no model-plant mismatch 

or unmeasurable disturbances, the difference between the actual and estimated states 

asymptotically decays to zero [107]. The state estimation problem deals essentially with 

combining the knowledge of a priori model with the available measurements to estimate 

the states in real-time. In the past, different approaches for state estimation have been 

used for linear and nonlinear systems. The next section describes a few of these state 

estimation techniques that have been widely used and researched in recent times.   

 

4.1 Techniques for state estimation 

 The choice of a state estimation technique, to a large extent depends on the type 

of process under consideration (linear or nonlinear). For a linear system, if there exists 
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one optimal estimate of the state, only then the system is observable. On the other hand, 

for nonlinear systems there can be many locally optimal estimates for a state. The 

properties of observability and detectability are of great importance for state estimator 

design [107]. In theory, detectability is a necessary and sufficient condition for state 

estimation and observability of a process is a sufficient condition. 

The conditional density of the state, given the measurements, is the statistical 

distribution of interest for any estimation algorithm [98]. For linear systems with 

Gaussian noise, this conditional density is also Gaussian with mean and covariance given 

by the widely used Kalman filter (KF), which provides a recursive solution to the 

minimum-variance state estimation problem [62]. For nonlinear systems, in general the 

conditional density is not Gaussian and a different state estimation technique has to be 

employed to attempt reconstruction of the conditional density. Extension of KF to 

unconstrained nonlinear systems in the form of extended Kalman filter (EKF) has 

received considerable attention. Another modification to the KF formulation makes use 

of minimal set of sample points around the mean. This technique avoids explicit 

computation of the Jacobian and is called unscented Kalman filter (UKF), based on the 

unscented transform it uses to obtain the sample points. Another class of nonlinear filters 

which approximate the complete non-gaussian probability density of the states using the 

measurements is the particle filter (PF). A more robust (though computationally 

intensive) approach for state estimation in nonlinear models with inequality constraints 

involves solving a real-time optimization problem over a moving window of 

measurements and is known as moving horizon estimation (MHE). The next few sections 

deal with the formulations of these techniques and discuss their relative advantages and 

disadvantages. 
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4.1.1 Kalman filter 

The foundation of linear state estimation was laid by Kalman in 1960 [62]. For a 

linear system, Kalman filter can evaluate the conditional density exactly. Consider a 

discrete-time system defined by Equation 4.1,  

                                                            kkk Gwxfx +=+ )(1                                           (4.1a)  

kkk vxhy += )(       (4.1b) 

For a linear system the functions )( kxf and )( kxh are replaced by a matrix (A) and a 

vector (C) for a multi-dimensional system. Both measurement and process noise, 

}{ kw and }{ kv are assumed to be Gaussian with zero mean, and covariances given by Q 

and R respectively. The Kalman filter does recursive calculation of the mean and 

covariance of the conditional density before the measurement, given by the prediction 

step 

kk xx ˆˆ 1 A=−
+                                                         (4.2a)      

    ''
1 GGkk QAAPP +=−

+                                              (4.2b) 

00ˆ xx =−        (4.2c) 

00 QP =−        (4.2d) 

The mean and the covariance are then updated in the correction step, once the 

measurements are made available 

)ˆ(ˆˆ −− −+= kkkkk xCyLxx       (4.3a) 

1' )(' −−− += CCCL kkk PRP       (4.3b) 

    −− −= kkkk CL PPP        (4.3c) 

where kL is called the filer gain. Kalman filters are relatively easy to design and code, 

and perform best for unconstrained linear systems subject to known, normally distributed 

state and measurement noise. However, for nonlinear systems with ill-conditioned 

covariance matrices or inaccurate physical models of the process, a Kalman filter will 
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more likely fail as a state estimation technique [31]. Valluri and Soroush [115] used a 

deterministic version of Kalman filter known as the Luenberger observer to prove the 

failure of KF for a nonlinear system with multiple steady-states. It was shown that if the 

estimator is not designed for the same steady state at which the process operates finally, 

then there is a permanent mismatch between the actual and the estimated values.  

 Also, if constraints are to be included in the system from a design perspective or 

as non-negativity bounds on variables like temperature, pressure, flow rates, etc. The 

Kalman filter is incapable of doing so since the filter calculates the state estimate from its 

probability distribution and does not explicitly compute the sequence of unknown 

variables.  

 

4.1.2 Extended Kalman filter 

 The extended Kalman filter (EKF) originated as a state estimation technique for 

nonlinear systems in the 1960s. EKF linearizes the nonlinear model around the current 

mean and covariance estimates by approximating the functions )( kxf and )( kxh with first-

order Taylor series [7]. Duam has listed the different EKFs that can be designed using 

various methods such as changing the coordinate systems, factorization of covariance 

matrix, using higher order of Taylor series for approximation and tuning process noise 

[31]. 

The EKF algorithm involves the same Kalman filter prediction (Equation 4.4) and 

correction (Equation 4.5) methodology. 

)ˆ(ˆ 1 kk xfx =−
+        (4.4a)  

''
1 kkkkkk GG QAPAP +=−

+       (4.4b) 

  00ˆ xx =−        (4.4c) 

  00 QP =−        (4.4d) 
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))ˆ((ˆˆ −− −+= kkkkk xhyLxx       (4.5a) 

1'' )( −−− += kkkkkk CCRCL PP       (4.5b) 

   −− −= kkkkk CL PPP        (4.5c) 

where 
k

k
k x

xf

∂

∂
=

)(
A and 

k

k
k x

xh
C

∂

∂
=

)(
.  

 

The EKF is a popular approach for nonlinear state estimation mainly because of 

its relative simplicity as compared to other available techniques and also for its 

demonstrated effectiveness in handling some nonlinear systems. The main issue with 

EKF again is its inability to accurately include physical state constraints for the process. 

Although, a constrained-EKF formulation has been presented by Vachhani et al. [117], 

but the augmentation approach used is still considered to be a limitation for state 

estimation. Haseltine and Rawlings have shown that the EKF fails to converge when 

there are multiple states which satisfy steady-state measurement or when the estimator is 

given a poor initial guess of the states [52]. 

The general verdict on EKF is that it is difficult to implement, tune and is reliable 

only for systems that are almost linear on the time scale of the updates [61].  

 

4.1.3 Unscented Kalman filter 

 The unscented Kalman filter (UKF) was specifically developed to overcome the 

issues caused by the use of linearization in EKF. This is done by a deterministic sampling 

technique known as the unscented transform to pick a minimal set of sample points 

(called sigma points) around the mean. The location and weights of these points are 

chosen to satisfy a given starting mean and covariance [61]. These sigma points are then 

propagated through the nonlinear functions, from which the mean and covariance of the 
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estimates are recovered. The result is a filter which more accurately captures the true 

mean and covariance of the process. For a given initial, x̂and P, sample points, iχ and 

weights, iw are chosen such that 

∑=
i

iiwx χˆ        (4.6a) 

')ˆ)(ˆ( xxw i

i

ii −−= ∑ χχP       (4.6b) 

Sample points, iφ and iϕ , for a given process and measurement noise sequence are also 

chosen. The set of sigma points at the next time step are estimated using the process 

model 

     i
k

i
k

i
k Gf φχχ +=+ )(1       (4.7a) 

        iii h ϕχγ += )(        (4.7b) 

Thus, the prediction step is carried out as follows 
         ∑=−

i

iiwx χˆ        (4.8a) 

          ')ˆ)(ˆ( −−− −−= ∑ xxw i

i

ii χχP      (4.8b) 

        ∑=− iiwy γˆ        (4.8c) 

This is followed by the correction step 

      )ˆ(ˆˆ −− −+= yyLxx      (4.9a) 

1'' )())ˆ(( −−−= εεε ExxEL      (4.9b) 

 '' ))ˆ(( ε−− −−= xxLEPP      (4.9c) 

where −−≡ yy ˆε and the two expectations are given by 
'' )ˆ)(ˆ())ˆ(( −−− −−≈− ∑ yxwxxE iii γχε    (4.10a) 

    ∑ −− −−≈ ')ˆ)(ˆ()'( yywE iii γγεε     (4.10b) 

UKF assumes the conditional density of the state to be Gaussian, and this density is 

sampled at the sigma points. Crassidis and Markley [29] showed one application to 

spacecraft attitude estimation in which UKF outperformed EKF. Rawlings and Bakshi 
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[98] have listed works of authors who have used simulation examples to show modest 

improvement over EKF performance with the use of UKF. Duam [31] reviews the 

advances in the applications of EKF and UKF, and concludes that though UKF performs 

better than EKF in some cases, in others, its performance is not any better than EKF. 

 

4.1.4 Particle filter 

 A particle filter does not assume a fixed shape of the density, instead it 

approximates the densities using samples (particles) with associated weights. These 

particles and weights are updated at every time step as new measurements are made 

available. The prediction and correction of conditional density of the state are given by 

Equations 4.11 and 4.12 

kkkkkkk dxyxpxxpyxp )|()|()|( :11:11 ++ ∫=      (4.11) 

)|(

)|()|(
)|(

:11

111:1
1:11

kk

kkkk
kk yyp

xxpxyp
yxp

+

+++
++ =      (4.12) 

Particle filters approximate this conditional density using a set of particles,ikχ with 

weights, i
kw . 

∑ +++++ −≈
i

i
kk

i
kkk xwyxp )()|( 1111:11 χδ      (4.13) 

where (.)δ is an indicator function. An important issue in particle filtering is the 

calculation of weights, i
kw using an importance density, )|( :1kk yxq , from which the 

samples are drawn. Arulampalam et al. [5] gave the relation between the weights and the 

importance density (Equation 4.14) 
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k
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pyp
ww
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      (4.14) 

Gordon et al. [44] suggested a convenient choice of importance density, as the 

prior, )|( 1
i
kkxp χ+ . This type of particle filter has been called the sequential importance 

re-sampling (SIR) filter. Monte Carlo sampling can also be used to generate the samples 
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from the conditional density via sequential Monte Carlo sampling (SMC) [98]. SMC does 

not rely on restrictive assumptions about the nature of the error or density distributions 

and models, making it broadly applicable.  

One of the problems in the application of particle filters that has been discussed in 

the past relates to the phenomena of ‘degeneracy’. Degeneracy occurs when a few 

particles dominate due to their large weights and fail to capture the actual distribution, 

resulting in inaccurate state estimates. Also, a particle filter is known to be more sensitive 

to a poor initial guess of the states, and it may require many more measurements to 

recover from the effects of a poor initial guess as compared to EKF [98].  

For nonlinear systems, the conditional density is generally asymmetric and multi-

modal. The mean of the particles in the filter more often than not, is unable to capture this 

feature.  Different methods combining EKF with a particle filter has been suggested by 

de Freitas et al. [34]. However, Chen et al. [25] have shown that such an approach may 

not always perform better. Also, the nature of the density approximation as a sum of 

indicator functions makes point evaluation of the density difficult. 

The computational expense of using a Kalman filter (and therefore EKF) for state 

estimation grows as the cube of the number of dimensions, but the computational 

complexity for general nonlinear estimation grows exponentially with this number [31]. 

Particle filters are expected to overcome this ‘curse of dimensionality’ using Monte Carlo 

methods to estimate the densities, but in some applications they fail to do so [32]. 

 

4.1.5 Moving horizon estimation 

 As mentioned before, moving horizon estimation (MHE) aims to solve a 

nonlinear programming problem (NLP) based on a fixed-size window of measurements 

to obtain optimal state estimates. A simultaneous NLP solution approach was first 
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suggested by Liebman et al. [69], where the differential equations were transformed into 

algebraic equations through orthogonal collocation on finite elements. MHE, in this work 

has been referred to as nonlinear dynamic data reconciliation (NDDR). The actual 

formulation of MHE as a minimization problem of sum of squared errors was suggested 

by Muske and Rawlings in 1993 [81], Michalska and Mayne in 1995 [80], and Robertson 

et al. in 1996 [99]. 

The optimization problem solved at every time step is subject to model constraints 

as well as state constraints and bounds on variables. Thus, design constraints and physical 

bounds on the state variables can be incorporated in the MHE formulation. The use of 

constraints allows for ‘truncated’ normal variables in the model, which are advantageous 

in terms of the robustness of the estimates and modeling of random variables. It has been 

shown by Simon and Simon [106] that constrained state estimators can generate unbiased 

state estimates with smaller state error covariance.  

 Compared to a full-information estimator, in which the computational load 

grows, as more measurements are made available, the size of the MHE problem at any 

iteration is fixed by a finite horizon of previous measurements. Figure 4.1 illustrates 

estimation using MHE with a horizon size of N. 

 

 

Figure 4.1: Moving horizon estimation 

1ˆ +−Ntx  

tx̂  

Horizon size = N 

t = t – N +1 t = t  
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State information prior to the measurement sequence of the horizon, is 

represented by the arrival cost. Different approaches to estimate the arrival cost have 

been discussed in the past. The most widely used one involves an EKF update of the state 

covariance matrix at every time step. Rao et al. [96] estimated the cost for a constrained 

linear system using the corresponding arrival cost for the unconstrained system. Tenny 

and Rawlings [110] estimated the arrival cost by approximating the constrained, 

nonlinear system as an unconstrained, linear time-varying system. Haseltine and 

Rawlings [52] performed a case study to show that using an arrival cost based on the 

assumption that the process is time-varying, results in substantial biasing of the estimator. 

Also, ideally for an arrival cost approximation to work, the system should not exhibit 

multiple local optima in the probability distribution. As a computational limitation for 

finding a global optimum, only local optimization strategies which involve linear 

approximation of the arrival cost (such as EKF) is used, along with the right set of 

constraints to prevent multiple optima in MHE.  In another work by Qu and Hahn [94], 

the arrival cost was estimated using UKF instead of the EKF update. The case study 

performed showed only marginal improvement in terms of accuracy of states estimated as 

compared to the MHE-EKF approach. Also, for a large value of horizon size, the 

performance of UKF based MHE is not any different from that of EKF based MHE. The 

best choice for the arrival cost still remains an open issue in MHE research.  

Since, MHE avoids the calculation burden of a full-information estimator by 

considering only a window of data, stability questions on the performance of MHE arise. 

The stability study of MHE for constrained linear and nonlinear systems has been carried 

out in the past [80, 81, 96, 97]. Rao et al. [96] showed that if the full-information 

estimator is stable, then MHE is also stable provided no extra bias is introduced with the 

prior information. Statistical properties of constrained MHE for linear and nonlinear 
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systems have also been studied extensively by Robertson et al. [99]. Rawlings and Bakshi 

[98] have suggested integrating particle filtering with MHE to combine the advantage of 

particle filters, which represent multi-modal densities, with that of MHE to accurately 

track the location of the modes. 

 A dynamic system with process and measurement noise, kw and kv , for a discrete-

time model can be described by Equation 4.1. The state and the noise terms are assumed 

to have bounds satisfied by the following inequality constraints 

vkvwkwxkx cvcwcx ≤≤≤ CCC ,,      (4.15) 

where the matrices vwx CCC ,,  and vectors vwx cxc ,, are known.  

If the chosen horizon size is N, for time step Nt > , the states are predicted using 

MHE and for Nt ≤ , batch state estimation (BSE) is used to estimate the states [81]. BSE 

is similar to the MHE formulation, except for the assumption of constant state covariance 

matrix. The states being predicted at time t are obtained by solving the following 

optimization problem for batch state estimation 
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where P0, Q and R are the covariance matrices of the initial state estimate 0x , process 

noisew and measurement noise v . The ‘hat’ terms represent the estimated values and the 

terms with a ‘bar’ represent the mean values. The BSE optimization problem is solved at 

every time step for Nt ≤ . The output at any time step t are the optimized value of t
tkx 0| }ˆ{ ,  

1
0| }ˆ{ −t

tkw and t
tkv 0| }ˆ{ . Note that this formulation allows for non-zero mean state noise w  

and non-zero mean measurement noise v . 
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 At every time step the history of actual measurements t
ky 0}{  from the model are 

entered as constraints to the BSE problem. After obtaining a converged optimum for a 

time step t, the prediction of the next state is made using the model in Equation 4.1. 

Suppose at t = 2 the output to the optimal problem is ]ˆ,ˆ,ˆ[ 2|22|12|0 xxx , ]ˆ,ˆ[ 2|12|0 ww  and 

]ˆ,ˆ,ˆ[ 2|22|12|0 vvv . The estimate of the new state, 1|2x̂  (the estimated value at time step t=2, 

given measurements up to and including time t=2), is given by the state model equation. 

2|02|02|1 ˆ)ˆ(ˆ wxfx +=                (4.17a) 

2|12|11|2 ˆ)ˆ(ˆ wxfx +=     (4.17b) 

This series of evaluations keep on increasing as more measurements are made available 

to BSE. For the MHE formulation the state estimation is performed using the same model 

equation but the window size (number of equations evaluated) remains the same at every 

time step.  

The MHE optimization problem can be formulated for Nt >  as follows 
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Unlike BSE, the mean initial state vector NtNtx −+− |1 and the covariance matrix 1+−NtP  are 

not constant and have to be updated at every time step. NtNtx −+− |1 is propagated by using 

the model equation as an update formula. 

    wxfx NtNtNtNt += −−−+− )ˆ( ||1                             (4.19) 
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The filtering algebraic Riccati matrix 1+−NtP , for the arrival cost can be computed 

by using the EKF update as follows [81, 123] 
T

NtNtNt
T

NtNtNt
T

NtNtNtNtNt CCCCC −−−
−

−−−−−−−+− +−+= APPPPAQP ))(( 1
1         (4.20) 
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The size of the measurement vector is constant and determined by the horizon 

size N. The output at each time step t are the optimized values of t
Nttkx 1| }ˆ{ +− , 1

1| }ˆ{ −
+−

t
Nttkw and 

t
Nttkv 1| }ˆ{ +− . The estimation of state based on the optimal solution is done using the state 

model equation as shown for BSE in Equation 4.17. The arrival cost, 

)()ˆ()ˆ( 11|1|11|1|1 +−+−−+−+−+−−+−+− Ζ≡−− NtNtNtNttNtNt
T

NtNttNt xxxxx P           (4.21) 

aims at capturing the effect of the history of measurements 1
0}{ −t

ky  on the state tx̂ , that is 

not considered in the horizon at time t. 

 

4.1.5.1 Computational issues in MHE 

Application of MHE to real systems is much more difficult as it may include 

measurement delay, multiple measurements at different sample times, large-scale 

nonlinear models and constraints [56]. The main limitation of MHE in such large-scale 

applications is its requirement for online, real-time solutions of a dynamic optimization 

problem, which gives rise to larger computational times. The nonlinear programming 

algorithm used to solve the optimization problem may at times fail to converge or take 

many iterations to converge, depending on the initial estimate of the states and the noise 

sequences. 
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The computation time for the optimization problem depends on several factors 

[31]: 

1. Dimension of state vector being estimated 

2. Sparseness of covariance matrix  

3. Desired accuracy of the states 

4. Degree of nonlinearity 

5. Shape of probability distribution (unimodal or multi-modal) 

6. Data rate of measurements 

The performance of MHE in terms of the accuracy of estimated states improves 

with an increasing size of measurement horizon. But this results in more computation 

cost owing to larger number of constraints in the optimization problem to be evaluated at 

every time step. Also, the computational effort grows at least superlinearly with an 

increasing number of decision variables and therefore the numerical cost to solve the 

problem is quite large as well. Ramlal et al. [95] have mentioned ‘industrial inertia’, due 

to computation time lag as a major drawback to MHE implementation in an industrial 

scenario. 

A few attempts have been made recently to efficiently integrate online MHE with 

industrial models in real-time. Kraus et al. [65] proposed a Newton step MHE estimator 

for the Tennessee Eastman benchmark process. The algorithm was based on the multiple 

shooting method for state estimation in dynamic systems. The speed-up resulted from the 

estimator performing a single iteration using a full Newton step for every iteration of the 

MHE optimization problem. However, Newton step strategies are based on the 

assumption that optimization iterations stay close to the reference solution, guaranteeing 

local convergence. For highly nonlinear processes which are nonconvex, this may not be 
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true. Also, in the case study performed, process noise was not considered while 

formulating the MHE optimization problem.  

A fast MHE based on NLP sensitivity was proposed by Zavala et al. [124, 125]. 

The recursive strategy used solves a nominal problem in between measurements, by 

predicting future measurements and correcting them (online), using NLP sensitivity 

calculations. For the case study performed, the algorithm was shown to estimate states 

with an accuracy similar to that of original MHE. 

Another industrial application of MHE was performed for an industrial gas phase 

polymerization reactor by Ramlal et al. [95], and its performance was compared with a 

state estimation tool developed by Honeywell called implicit dynamic feedback (IDF). 

Using MHE, improved estimation of unmodeled disturbances was shown as compared to 

IDF.  

Hedengren and Edgar [56] suggested an explicit solution to the MHE 

optimization problem by introducing an iterative layer to determine an active set of 

equality constraints from the full set of inequality constraints. It was shown that the 

original MHE takes more computation time as compared to the proposed explicit MHE.  

Darby and Nikolaou [30] used a look-up table and simple function evaluation for 

real-time implementation of MHE. However, the number of polytopes generated in the 

approach tends to grow combinatorially with the number of constraints, which limits the 

size of the problem that can be handled by the proposed method. Also, the case study was 

performed using a linear model only, and incorporating a varying state covariance matrix 

for a nonlinear model is an issue still to be addressed using the suggested multi-

parametric approach.  

Alessandri et al. [3] proposed a suboptimal estimator which can carry out the 

optimization online by using the standard NLP tools and also offline by relying on 
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nonlinear function approximators (such as feedforward neural networks, radial basis 

functions, etc.). However, the case study did not discuss any computational speed-up 

using the proposed strategy. 

To address the computational issue of MHE the storage and retrieval technique of 

in situ adaptive tabulation (ISAT) is suggested here to solve the optimization problem. 

ISAT can be used to store solutions to the optimization problem at every time step by 

running MHE offline and thereafter using the ISAT stored model trajectories to retrieve 

the closest possible solutions. 

The case studies performed here involves state estimation for a nonlinear discrete-

time model and a continuous-time system using ISAT integrated MHE. Implementation 

of ISAT to the problem and its performance is shown for the actual algorithm (with 

retrieval, growth and addition scenarios) as well as for ‘enforced-retrievals’ (retrieval 

scenario only). Faster state estimation using ISAT-MHE is shown and its performance is 

compared to the widely used EKF for nonlinear filtering. 
 

 

4.2 Case Study 

 

4.2.1 ISAT-MHE for nonlinear discrete-time model 

A case study on application of ISAT to MHE was performed using a two-state 

nonlinear discrete-time model from Rao et al. [97]. 
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where kk pw = and kk qv = , }{ kp and }{ kq are sequence of independent, zero mean, 

normally distributed random variables with covariance of 0.01. Also, it is assumed that 

the initial state x0 is normally distributed with zero mean and a covariance of identity. 

The MHE problem is formulated using R = 1, Q = 1, P0 = 1 and Tx ]0,0[ˆ0 = . The 

estimation horizon for the case study is chosen to be N = 10. Both the process and 

measurement noise are nonnegative real numbers, therefore constraints with 0≥kw  and 

0≥kv were added along with the model constraints to solve the optimization problem.  

ISAT is used as an input-output model for the MHE optimization problem. At 

every time step of MHE, the variables changing are the measurements t
Ntky 1}{ +− , the 

mean of initial state vector NtNtx −+− |1 and the initial state covariance matrix 1+−NtP . 

Therefore, these are the inputs to ISAT. Because a number of runs were made using 

random noise sequences, the mean value of these noise were also included as inputs to 

ISAT. The outputs are the optimized states and the optimized process noise sequence. 

The ISAT function can be represented as given in Equation 4.23. 
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For this case study the total number of variables in an ISAT vector was 47 (18 

inputs + 29 outputs). Data were generated for 100 different random noise sequences }{ kp  

and }{ kq . Each run consisted of 100 time steps. Since the horizon size was 10, for MHE 

the number of data points generated for each run were 90. Therefore, the total number of 

records to be added to the ISAT database were 90 x 100 = 9000. 

The ISAT database is built for a low error of tolerance of 5x10-6. A multiple 

binary tree structure is used to build the database. The region of accuracy (ROA) is 

assumed to be of unit radius (‘constant approximation’), thus an estimation of the 

sensitivity matrix was not required.  
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If a test run is made on a random noise sequence and ISAT is allowed to perform 

any of the three scenarios (retrieval, growth or addition) depending on the closest record 

located, the estimated states using ISAT and MHE are in very close agreement as shown 

in Figures 4.2 and 4.3. 

 

 
Figure 4.2: Comparison of states (X1) between those generated by MHE, ISAT and the 
actual values 
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Figure 4.3: Comparison of states (X2) between those generated by MHE, ISAT and the 
actual values  

 

Another test run using a different covariance for the measurement noise 

(covariance of }{ kq  = 0.02) was made. Test data were generated for random state and 

measurement noise with the new covariance value. If the test data are run on regular 

ISAT, ISAT adds the new data points and gives an exact estimation of states as MHE. 

However, if the growth and addition scenarios in ISAT are suppressed so that it is 

allowed to perform retrievals only (‘enforced-retrieval’) then the estimated states 

obtained are shown in Figures 4.4 and 4.5. 
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Figure 4.4: Comparison of states (X1) between those generated by MHE, ISAT and the 
actual values for extrapolation using ‘enforced-retrievals’ 
 

 
Figure 4.5: Comparison of states (X2) between those generated by MHE, ISAT and the 
actual values for extrapolation using ‘enforced-retrievals’ 
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Thus, even for a test run based on a different sequence of measurement noise 

ISAT extrapolates very well for the two states and gives estimates close to MHE. The 

sum of squared errors for ISAT and MHE are listed in Table 4.1 for this test.  

 

Table 4.1: Sum of squared errors for MHE and ISAT for extrapolation 

State 
Error – MHE 

2
100

1

)ˆ(∑
=

−
k

MHE
k

Actual
k xx  

Error – ISAT 
2

100

1

)ˆ(∑
=

−
k

ISAT
k

Actual
k xx  

X1 0.4278 0.7589 

X2 0.1284 0.5130 

 

This is much better estimation given that ISAT is allowed to perform retrievals 

only and the states estimated lie close enough to the actual states. Therefore, instead of 

using computationally less intensive estimation techniques like EKF or UKF which 

compromise on performance for state estimation in nonlinear models, an ISAT database 

built on MHE data can be used which would give much better performance with lower 

computation time. 

A further case study involving a continuous nonlinear model is performed next, in 

which the MHE optimization routine takes much more computation time to converge at 

every time step.  

 

4.2.2 ISAT-MHE for a nonlinear continuous-time model 

The same continuous-time dynamic model of CSTR mentioned earlier in Chapter 

3 is used for state estimation here. The states of the systems are concentration of A (Ca) 

and reactor temperature (T). 
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The data generated are with steady state initial values without any change in the 

control variable (jacket temperature, Tc). To solve the differential equations the model is 

discretized to form a discrete-time model given by Equation 4.1. ODE15s solver in 

MATLAB is used to get the final value of the states at every time step.  

The process noise was added to both the states, that is [ ]TG 1,1= . The 

measurement/output function ]1,1[)( == Cxh k .  Both the process and measurement noise 

are sequence of independent, zero mean, normally distributed random variables with 

covariance of 0.0001. Also, it is assumed that the initial state x0 is normally distributed 

with zero mean and a covariance of identity. For systems with large number of states, an 

accurate guess for the initial state covariance matrix Po is necessary for the optimization 

routine to return a feasible solution. If there is no knowledge of the disturbances entering 

the system available, that is the covariance matrices of the noise sequence are unknown, 

then an approach suggested by Odelson et al. [85] called autocovariance least-squares 

(ALS) can be used to estimate the covariances using routine operating data. 

The MHE problem is formulated using R = 0.0001, Q = 0.0001, 







=

10

01
0P  and 

SSxx =0ˆ , where SSx  is the steady state value of concentration (of A) and temperature. 

The estimation horizon for the case study is chosen to be N = 5. Both the process and 

measurement noise are nonnegative real numbers and constraints with 0≥kw  

and 0≥kv were added along with the model constraints to the optimization problem.  

Rao et al. [97] and Rawlings and Bakshi [98] have mentioned that when adding 

constraints to the model used for state estimation, certain precautions should be 

exercised. Constraints onkw never pose any problem, but constrainingkv in some cases 

where there is a possibility of measurement outliers can be problematic. Another 

approach is to include these constraints implicitly in the performance index of the 

optimization problem. Rawlings and Bakshi [98] also state that it remains unclear 
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whether a simplified linear model with added constraints is a better choice or the actual 

nonlinear model that implicitly enforces the state constraints.  

For this case study, constraints of non-negativity are imposed on both the process 

and measurement noise, doing otherwise with only non-negative process noise resulted in 

‘warnings’ for the ODE solver in MATLAB. The use of ODE solver is made while 

evaluating the model constraints and integration with unbounded measurement noise 

sequence at times resulted in MATLAB integrator failure.  

The total number of variables in an ISAT vector was 27 (13 inputs + 14 outputs). 

Data were generated for 100 different random noise sequences }{ kw  and }{ kv . Each run 

consisted of 100 time steps. Since the horizon size was 5, for MHE the number of data 

points generated for each run were 95. Therefore, the total number of records to be added 

to the ISAT database was 95 x 100 = 9500. 

At every time step the optimization problem to be solved in MHE used the steady-

state value of the states along with the average values of the process and measurement 

noise as the initial guess. Thus, X0 the initial vector to the optimization problem in MHE 

is given by TNNN
SS vwxX }]}{,}{,}[{ 1

1
110

−= . The optimization problem is solved using the 

‘fmincon’ function in MATLAB which is a nonlinear programming solver. The tolerance 

on the performance index and constraints were lowered to 1x10-8, but even then the 

solver did not give converged solutions for most of the time steps. Instead, values very 

close (for low tolerance) to the expected solution were obtained. Trying a different solver 

or maybe changing the constraints can result in better performance, but for this case study 

the inequality model constraints and the bounds mentioned before were used along with 

the available fmincon solver in MATLAB. For the 100 runs made, there were 10 runs 

with exceptionally large sum of squared errors for estimation and hence these were 

excluded from building the ISAT database.  
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The state covariance matrix P is to be updated at every time step using the EKF 

update given by Equation 4.20. Since the system of differential equations defining the 

process are solved using a discrete-time solver in MATLAB (ODE15s), to calculate NtA −  

a sensitivity estimation function ODE15s_SENS available in MATLAB is used to find 

the change in )( kxf with small perturbation in kx at any given time. 

The same approach of integrating ISAT with MHE input-output data used in the 

previous case study for discrete-time system is employed. Since a nonlinear process 

model is used here, at every time step the optimization problem took much more time to 

get to a final feasible solution. Each run with 100 time steps took close to 30 minutes to 

complete. Generating data for 100 such runs took close to 2.5 days. 

The ISAT database is built for a low error of tolerance of 5x10-6. A multiple 

binary tree structure is used to build the database. The ellipsoid of accuracy (EOA) is 

assumed to be of unit radius (‘constant approximation’), thus an estimation of the 

sensitivity matrix in ISAT was not required. Building the multiple binary tree structure 

using the data took close to 25 minutes.  

If the computation time for making the runs using MHE and ISAT are compared 

for 5 runs, a speed-up factor of 340 times is obtained based on an average value (Figure 

4.6). 
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Figure 4.6: Comparison of the CPU time for state estimation using MHE and ISAT 

 

If a test run is made on a random noise sequence and ISAT is allowed to perform 

any of the three scenarios (retrieval, growth or addition) the estimated states using ISAT 

and MHE are in exact agreement as shown in Figures 4.7 and 4.8. The state estimates 

obtained using EKF on the same noise sequence are also shown. 
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Figure 4.7: Comparison of states (concentration of A) between those generated by MHE, 
ISAT, EKF and the actual values 

 

 
Figure 4.8: Comparison of states (temperature) between those generated by MHE, ISAT, 
EKF and the actual values 
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Thus, ISAT reproduces estimates same as MHE and therefore the states have 

better accuracy as compared to EKF. The sum of squared errors for the estimates using 

ISAT and EKF are listed in Table 4.2. 

 

Table 4.2: Sum of squared errors for ISAT and EKF for Q = 0.0001 and R = 0.0001 

State 
Error – ISAT 

2
100

1

)ˆ(∑
=

−
k

ISAT
k

Actual
k xx  x 104 

Error – EKF 
2

100

1

)ˆ(∑
=

−
k

EKF
k

Actual
k xx  x 104 

Concentration of A 21.284 47.391 

Temperature 42.239 190.693 

 

A similar database was built using a higher value of covariance (Q = 0.01 and R = 

0.01) for the noise sequence. Similar results were obtained with a higher sum of squared 

errors for both ISAT-MHE and EKF. Thus, as it has been shown in other works too [94, 

97], as the covariance of the noise entering the system increases, the accuracy and 

performance of EKF deteriorates as compared to MHE. Therefore, for a high covariance 

noise an ISAT database built on MHE would be a good alternative to get state estimates 

in real time. Also, with ISAT-MHE considering that the database is built offline, there is 

always a possibility of increasing the window size of measurements used to make the 

estimates, thereby increasing its accuracy and applicability to more complex and 

nonlinear processes.   

 

4.3 Conclusions 

In the past, MHE has been ascertained as a robust state estimation technique for 

Gaussian/non-Gaussian disturbances entering a (linear or nonlinear) system. A major 

issue in its implementation to large-scale processes has been the excessive computation 
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time associated with solving the optimization problem, which has a trade-off with its 

accuracy to estimate the states.  The storage and retrieval technique of ISAT integrated 

with MHE has been suggested here for state estimation. Implementation of ISAT for a 

discrete-time model was carried out and the same performance as that of MHE was 

obtained, because the ISAT database itself was built by running MHE (offline) for 

different random noise sequences. Through the case study of a simple two-state 

continuous process model, it was shown that using ISAT for state estimation is much 

faster as compared to running the actual MHE algorithm. As shown for the application of 

ISAT to large-scale dynamic simulation in the previous chapter, likewise ISAT can be 

used for state estimation with large number of state variables and longer horizon (for 

better accuracy).  Instead of using a computationally less intensive estimation technique 

like EKF which compromises on performance for state estimation in nonlinear models, 

an ISAT database built on MHE data can be used, which would give much better state 

estimates in real-time. An industrial application of MHE, which is much more time 

consuming, owing to the number of states to be estimated and a large set of constraints to 

be evaluated, integration of ISAT with MHE would be a better choice. 
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Chapter 5 

A Novel Modular-Based Approach for Flowsheet Optimization  

Flowsheeting for a chemical process essentially involves steady-state or dynamic 

material and energy balancing, sizing and costing calculations. A flowsheet represents a 

plant in which a series of unit operations are connected by process streams. The unit 

operations are modeled by mass and heat balances equations, phase and chemical 

equilibrium relations, kinetic rate equations and physical property correlations. These sets 

of equations in turn relate the outlet stream variables and the inlet stream variables (such 

as compositions, flow rates, temperature and pressure) for a given set of equipment 

parameters and internal variables (such as number of stages and reflux ratio for a 

distillation column). The arrangement of the units in a flowsheet is dictated by the actual 

flow of materials in a process. 

Flowsheet optimization aims at optimizing (minimizing or maximizing) a desired 

cost or objective function value by changing a given set of process (decision) variables, 

while satisfying the equations defining the flowsheet along with other design constraints.  

Depending on a number of factors like the complexity of the units in the flowsheet to be 

solved (or converged), the type of optimization algorithm used, the size of the 

optimization problem, the initial guess of the decision variables, etc., the solution to the 

optimization problem can become computationally intensive. ISAT is proposed here as a 

method to solve the flowsheet equations for reducing the time required to converge 

complex units, resulting in faster flowsheet optimization. 
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5.1 Flowsheet simulation and optimization 

A flowsheet makes use of a computer program to perform simulation or 

optimization of chemical processes. Its application to process simulation is important for 

operation of existing plants and in the design of new ones. In the past, mathematical 

optimization of processes has received increased attention, which can be attributed to the 

following reasons [36]: 

1. Designing a new plant with optimal placement of unit operations and equipment to 

meet objectives like improved heat integration or removal of unwanted byproducts 

2. Redesigning a plant with an existing flowsheet for improved profitability, reduced 

utility costs, equipment sizing, piping layout, plant safety analysis, etc. 

3. Determining the optimal operating conditions (temperatures, pressures, flow rates, 

etc.) 

The very first attempt to use optimization for a chemical process goes back to 

early 1960’s, when Griffith and Stewart [45] used linear programming for optimization of 

continuous systems. However, most of the important work in developing robust 

algorithms for flowsheet optimization dates back to the 1980’s. The simulation problem 

can be considered as a subset of the optimization problem, which, if solved separately, 

involves solution of the equations for all the units in the process, along with stream 

connectivity relations [10]. In order to be useful for process optimization, a simulation 

program needs to perform the following functions [39] 

1. The simulator must be able to measure profitability by computing variables like 

equipment size, operating costs, investments and returns 

2. The program should be capable of performing repetitive simulations as and when 

required by the optimization algorithm 
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3. To obtain a converged solution, the simulator must not use excessive computation 

time 

4. The accuracy of the simulations must be maintained to a level compatible with the 

functioning of the optimization algorithm 

The simulation problem can be defined as,  

                                                    0)( =yh          (5.1) 

where y is a vector that represents all the variables in the process. Certain design 

specifications can be included in the problem like the pressure in a distillation column or 

the composition of a product stream. The resulting problem is then defined by the 

following set of equations 

                                                              
0),(

0),(

=

=

yxc

yxh
                                                        (5.2) 

where x is a vector that represents the decision variables used to satisfy the design 

constraints 0),( =yxc . 

 On the other hand, a flowsheet optimization problem can be defined by the 

following nonlinear program 

),(min yxF                                                         (5.3) 

s.t. 
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where  

x: decision variables 

y: stream variables 

F(x,y): objective or cost function 
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h(x,y): equations for converging (simulating) the flowsheet 

c(x,y): design specifications  

g(x,y): additional inequality constraints 

xLB, xUB, yLB and yUB: lower and upper bounds on variables x and y 

 

 The optimization problem involves determination of process operating conditions 

and the design characteristics of equipment that minimize (or maximize) a desired 

objective function (such as an economic return or production efficiency) subject to design 

constraints.  The process simulation problem is solved as a part of the optimization 

routine. The equality constraints include all the mathematical relations that constitute the 

material and energy balances, the rate equations, the phase relations, controls and 

connecting stream variables. The inequality constraints include limits on temperature, 

pressure, material flow, column hold-ups, safety, heat exchanger area, environmental 

regulations and so on. 

 

5.2 Approach for solving simulation and optimization problem 

The algorithms used in process simulation (and optimization) software today can 

be broadly classified into three categories: equation-oriented, sequential-modular and 

simultaneous-modular. 

In an equation-oriented approach the equations describing the process units and 

connecting streams, and design specifications constitute a large set of nonlinear equations 

(for the simulation problem), which can solved in a sequential fashion as defined by the 

information flow in the flowsheet or can be solved simultaneously as one large system of 

equations.  
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The other two approaches make use of modules to assemble a flowsheet. A 

module can be defined as a ‘black-box’ model of an individual unit (e.g. a distillation 

column) that can be coded, analyzed, debugged and interpreted by itself. The sequential-

modular technique solves these modules in a sequential precedence order imposed by the 

flowsheet information flow, making the implementation easier and more intuitive.  

The simultaneous-modular approach aims at combining the flexibility and 

robustness of equation-oriented strategy with the ease of assembling and implementing 

the module based sequential approach. This class of simulators makes use of the actual 

‘rigorous’ modules in an outside-loop and a set of corresponding ‘simplified’ modules in 

the inside-loop to achieve solution strategies similar to the equation-oriented approach. 

Details of the technique are given in a later section. 

 

5.2.1 Solution to simulation problem 

A converged simulation problem involves iterative solution of Equation 5.2. The 

general form of the problem at each iteration (k) is given by 

),(),(

),(1

kkkkk

kkkk

yxwyyxh

yxJhyy

−=

−=+

                                            (5.4) 

where J is the Jacobian which can be determined using techniques like successive 

substitution, dominant eigenvalue method, Wegstein’s method, Broyden’s method or the 

Newton’s method [10]. For the equation-oriented approach these sets of equations along 

with the design specifications, 0),( =yxc  are solved simultaneously as one large system 

at every iteration. This approach provides the greatest computational efficiency and is the 

most flexible method still around. However, the equation-oriented approach cannot be 

generalized to different processes and have reliability issues, based on the need to use a 
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general-purpose solver, as opposed to the special-purpose methods that can be applied 

within computational modules of the available modular simulators. Also, debugging the 

system and checking for errors is much more difficult for equation-based techniques.  

 A modular-based approach is physically more intuitive and the simulation is 

relatively easy to construct, debug, analyze and interpret. For the sequential-modular 

approach a set of tear streams (on which the system is to be iterated) are chosen. The 

connection equations are solved by passing the calculated output from one unit module to 

the next one as input, in the order specified by the flowsheet topology. Different tearing 

strategies have been discussed in detail in the literature to derive efficient calculation 

sequences [75, 89, 100, 114]. One major drawback of the sequential-modular approach is 

that the inclusion of design specifications 0),( =yxc in the problem has to be dealt with 

in the form of recycle loops. Problems that involve one or more design specifications are 

generally called controlled simulation problems (CSP). Each design specification adds 

another loop that needs to be torn and converged in order to solve the problem. Presence 

of multiple nested loops for a CSP greatly affects the efficiency of sequential-modular 

simulators with more time being required for convergence at every iteration.  To avoid 

determination of tear sets, an ‘all-stream’ tear strategy was adopted by Mahalec et al. 

[76]. The strategy involves two set of equations for input-output relationships (Equation 

5.5) and the stream connections (Equation 5.6).  

ioutputiiinput SAS ,, ∆=∆                                            (5.5) 

  joutputiinput SS ,, =                                                  (5.6) 

where iinputS ,  and ioutputS ,  are the input and output streams for module i; and module j is 

immediately downstream of module i. The input-output Jacobian, Ai can be found out by 

flowsheet perturbation (full-block or diagonal-block), analytic differentiation or direct- 

difference approximation [26]. All these methods involving estimation of the Jacobian 
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can be computationally intensive to carry out depending on the nonlinearity of the 

process. Also, these calculations essentially approximate the flowsheet as a ‘linear’ 

material and energy balance problem at each iteration. In an attempt to solve a nonlinear 

mass and energy balance, approximations with quadratic and nonlinear models were 

made which are discussed by Biegler [10]. The results of these studies indicate that 

nonlinear flowsheet approximations do not have better efficiency even when they are 

constructed using higher order derivatives.  

 For these very reasons the simultaneous-modular approach to solving a simulation 

problem using ‘simplified’ or ‘reduced’ models was developed. Such an approach looks 

at flexibly solving simulation problems made up of black-box process modules. The 

approach uses an ‘inside-out’ or a ‘two-tier’ modeling strategy. The outside-loop consists 

of the rigorous block modular description of the flowsheet and the inside-loop has an 

equivalent flowsheet represented by the simple or reduced counterparts of the rigorous 

models. The reduced models are, in general, nonlinear but are simple mathematically, and 

have well-structured analytic and sparse Jacobian matrices. These models are derived 

from the rigorous models only, and are designed to approximate the actual models over a 

wide range of conditions without physical property evaluations or complex numerical 

calculations. One pass of the outside-loop for the rigorous flowsheet is evaluated to 

determine starting values of the parameters for the simplified models. The simplified (or 

reduced) models for each unit are then used to converge the flowsheet in the sequence 

defined for the original flowsheet. The result from the inside-loop is then used in the 

rigorous models to update the reduced flowsheet parameters, and the process is repeated 

until convergence is achieved. Figure 5.1 shows a schematic of the nonlinear 

simultaneous-modular simulation approach. The tear equations are solved much faster 

because of the simplified inside-loop convergence using analytic gradients. 
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Figure 5.1: Simultaneous-modular simulation algorithm using ‘inside-out’ approach 

 

The important characteristics and requirements of ‘simplified’ models can be 

summarized as follows [60, 63, 112] 

1. Reduced models are defined using much smaller set of equations as compared to the 

original rigorous models 

2. The input-output Jacobian for the reduced model can be evaluated analytically 

without requiring iterative perturbation or calculation of the flowsheet 

3. The describing empirical relations for a reduced model are representative of the type 

of unit being modeled 

4. Reduced models should be continuous and differentiable, which otherwise can lead to 

convergence failures 
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5. The number of degrees of freedom of the reduced and rigorous model should be the 

same 

6. The final converged input-output Jacobian of the reduced model must be the same as 

that of the rigorous model 

The variables included in a reduced model generally are the inlet and outlet 

stream variables (temperature, pressure, flowrates, etc.), equipment parameters (number 

of stages in a distillation column, heat duties, etc.) and other internal variables. Trevino-

Lozano et al. [112] gave an account of different reduced models that can be used for 

distillations columns, plug flow reactors, pumps, compressors, heat exchanger and 

splitters in the simultaneous-modular approach.  

 

5.2.2 Solution to optimization problem 

As mentioned before, the optimization problem (Equation 3) can be regarded as 

an extended simulation problem where optimization and recycle convergence are carried 

out simultaneously. The three approaches to simulation (equation-oriented, sequential-

modular and simultaneous-modular) can also be applied to solve the optimization 

problem.  

In the equation-oriented approach all the flowsheet describing equations, equality 

and inequality design constraints, size and cost equations, and the objective function are 

collected to form a nonlinear programming (NLP) problem, which is then solved using a 

general NLP algorithm like successive quadratic programming (SQP) [50, 92]. Berne et 

al. [8] used SQP with equation-based simulators and showed that flowsheet convergence 

and optimization can proceed simultaneously. The total number of equations and 

variables in such an approach is typically of the order of 10,000. The shear size of the 

problem using this method has been a major obstacle in the past. The equation-oriented 
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approach has the advantage of achieving global convergence at superlinear convergence 

rate and can satisfy constraints and optimality criterion simultaneously, which reduces the 

computational load.  

A sequential-modular approach, on the other hand, makes use of black-box 

representation of the optimization problem and applies an NLP algorithm to unit 

modules. The approach, though relatively easy to implement, is inflexible. The ‘inside-

out’ method for simultaneous-modular process optimization, which aims at improving on 

the drawbacks of both these approaches, will be discussed after the following section on 

classification of optimization algorithms. 

 

Classification of optimization algorithms 

There are two main classes for solving flowsheet optimization problems, 

depending on how the constraints are handled: ‘feasible-path’ method and ‘infeasible-

path’ method. In the feasible-path optimization strategy, the simulation equations are 

satisfied for every estimate of the decision variables, x. The infeasible-path class satisfies 

the simulation equations, size and cost relationships and design constraints only at the 

final optimal (converged) solution.  

 

5.2.2.1 Feasible-Path block modular method  

For an initial guess of the decision variables, x, the simulation equations along 

with the design specifications are solved. The solution is then used to evaluate the 

objective function, F(x,y), and the inequality constraints, 0),( ≤yxg . An NLP algorithm 

is then used to generate a new estimate of x, and the procedure is repeated until 

convergence occurs. In effect, the algorithm solves the following optimization problem 

 



 131 

),(min yxF                                              (5.7) 

s.t.      0),( ≤yxg  

Jirapongphan et al. [60] have outlined another feasible-path approach using information 

about the flowsheet structure to generate new estimates of the decision variables, x. After 

the simulation equations are solved for a given estimate of x, approximate expressions 

(functions of input-output variables) for the describing equations, and size and cost 

relationships for each unit are developed and used in revising x. Figure 5.2 shows the 

algorithm developed using the feasible-path strategy.  

Figure 5.2: Feasible-path modular optimization algorithm 

  

As suggested by the formulation of feasible-path strategy, repeated simulation of 

the flowsheet is required at every iteration. Also, the flowsheet variables have to remain 

‘feasible’, that is they should satisfy the simulation equations and design constraints at 

each iteration. Such an approach might be acceptable when there are only a few decision 
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variables. Most of the NLP algorithms that are used to perform the optimization require 

gradient information, which if generated by flowsheet perturbations, increases the 

computational load enormously. More on the different types of optimization algorithms 

used and gradient calculation will be discussed in a later section. 

 

5.2.2.2 Infeasible-Path block modular method  

As the name suggests, no attempt is made to satisfy the simulation equations at 

each estimate of decision variables in this method. The simulation equations (and the 

design constraints) are converged simultaneously with the optimization problem. Also, 

the computational work per iteration is not excessive because the flowsheet converges 

only at the optimum solution.  

The infeasible-path strategy can be employed in any of the general simulation and 

optimization solving approaches (equation-oriented, sequential-modular and 

simultaneous-modular). Biegler and Hughes [13] applied an infeasible-path optimization 

of sequential-modular systems with numerical perturbation (IPOSEQ) algorithm, using 

SQP to an equality-constrained simulation problem. It was shown that the infeasible-path 

algorithm was effective, robust and easy to implement to sequential-modular simulators 

in general. Another study by Biegler and Hughes [14] applied the concept of feasible 

variants with flowsheet convergence occurring in between SQP iterations. For the 

reported test problems, this strategy in general required fewer SQP iterations, reasons for 

which could be that the convergence of the flowsheet at each iteration may have helped 

in correcting problems with inaccurate gradients and inefficient line search strategy for 

the SQP algorithm [66]. Biegler [11], and Biegler and Cuthrell [12] showed that using 

analytic gradients for line search can greatly improve the performance of infeasible-path 

strategy. Kisala et al. [63] proposed a hybrid algorithm to combine advantages of both 
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feasible and infeasible path strategies. The infeasible-path hybrid (IPH) algorithm 

partially converged the flowsheet using a fixed number of Wegstein steps between SQP 

iterations. Later on, Lang and Biegler [66] suggested an embedded Broyden optimization 

(EBOPT) technique, which was shown to perform better than IPH, as the method is not 

prone to line search failures as IPH is.  

As mentioned earlier, the ‘inside-out’ or ‘two-tier’ approach to simultaneous-

modular simulation is the most robust and flexible method developed, a separate section 

dealing with the infeasible-path approach of the ‘two-tier’ architecture for optimization is 

discussed next. 

 

5.2.2.3 Simultaneous-modular ‘inside-out’ algorithm 

An ‘inside-out’ simultaneous-modular architecture is an iterative application of 

the equation-oriented approach, where a simplified flowsheet is used to solve the 

optimization problem. The algorithm uses sequential-modular simulator unit operation 

(rigorous) models to generate corresponding simplified modules. The methodology uses 

an infeasible-path strategy to adjust all the variables in the simplified flowsheet 

simultaneously in a direction that results in an optimum objective function and along with 

it solves the simulation equations and design constraints. Based on the updated values of 

the stream variables, the rigorous models are used to modify the parameters of simplified 

models. The procedure is repeated until desired convergence is achieved. Figure 5.3 

shows a schematic of the ‘inside-out’ simultaneous-modular algorithm. 
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Figure 5.3: ‘Inside-out’ simultaneous-modular optimization algorithm 

 

The time needed to converge the inside-loop optimization problem is a function of 

the simplified flowsheet, the initial guess (α ) provided to converge the reduced 

equations and the efficiency of the optimization algorithm used to solve the inner loop. In 

the past, linear ‘simplified’ models have been developed and used for simultaneous-

modular simulation by Gorczynski et al. [43]. Chen and Stadtherr [27] used linear models 

for solving a flowsheet optimization problem using computational time comparable to 

that required to solve just the simulation problem. For a linear module with inlet stream 

variables inputS  and outlet stream variablesoutputS , the general form is  

bSS inputoutput += A                                              (5.8) 
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The elements of matrix A are defined as the derivative of the outlet stream variables with 

respect to the inlet stream variables. A ‘two-tier’ approach using linear simplified models 

can be termed as ‘linear simultaneous-modular’. Nonlinear simplified models have also 

been considered to increase the range of extrapolation for the reduced models [60]. 

Values of the internal variables of the rigorous models along with the input-output stream 

variables were used to determine the parameters of the nonlinear models. One important 

feature of all the approximate nonlinear models was that, the analytic partial derivatives 

were readily available for these models, making the estimation of the Jacobian less time-

consuming. Perucci et al. [90] showed that use of nonlinear models increased the overall 

efficiency of the method, and fewer outside loop iterations were required to optimize the 

flowsheet. 

 The design constraints are solved as part of the optimization routine in the inside 

loop. A ‘two-tier’ simultaneous-modular approach has a modular step (outside-loop) and 

an equation-oriented part (inside-loop). As listed among the characteristics of the 

simplified models for the ‘two-tier’ approach, the converged optimal solution for the 

simplified and the rigorous models should be the same. An inaccurate simplified model 

can result in different derivatives across the block as compared to the rigorous model and 

can result in different Kuhn-Tucker criteria of optimality [10, 112]. Trevino-Lozano et al. 

[112] suggested an alternative method when the optimal solution for the two types of 

models differ from each other, in which a linear simultaneous-modular approach with 

gradient type models could be used for the last few outside-loop iterations. An extension 

to the simultaneous-modular optimization using the unit structure of existing Newton-

based process models was suggested by Schmid and Biegler [104]. For the case study 

performed, the modified reduced Hessian algorithm developed by the authors was shown 

to be more effective than the regular simultaneous-modular algorithm in terms of the 
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number of iterations required to converge the flowsheet. Ganesh and Biegler [40] 

developed a rigorous-simplified (R/S) algorithm, using the theoretical properties of a one-

parameter exact penalty function, which aims at converging the simplified model 

embedded optimization to the optimum of the original problem. Thus, the two main 

disadvantages of a ‘two-tier’ or ‘inside-out’ simultaneous-modular approach which are 

important to be addressed are  

1. Finding suitable simplified models for the rigorous models  

2. The Kuhn-Tucker optimality condition resulting from gradients generated by the 

simplified and the rigorous models should be the same. 

 

5.2.3 Choice of optimization algorithm 

 There are two main types of algorithms that can handle a large number of 

nonlinear equality constraints (implying few degrees of freedom for optimization) in an 

NLP: 

1. Generalized reduced gradients (GRG) 

2. Successive quadratic programming (SQP) 

A gradient-based optimization technique like GRG is not a common choice for the 

following two reasons: 

1. For GRG algorithms, derivatives have to be evaluated by perturbing the entire 

flowsheet with respect to the decision variables. Thus, repeated simulation of the 

flowsheet becomes time-consuming and requires tight convergence tolerances to 

minimize perturbation error [10]. 

2. The process modules can be discontinuous and non-differentiable at certain points, 

resulting in inaccurate gradients for GRG methods 
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On the other hand, an SQP algorithm constructs a quadratic objective function 

and linearizes the constraints. The resulting quadratic program (Equation 5.9) can be 

solved easily and requires only one function and gradient evaluation at each iteration. 

Therefore, SQP is ideally suited for infeasible-path optimization where function 

evaluation and gradient estimation are the most time-consuming steps.  
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Many researchers have proposed different line search strategies to relax the 

method to determine the stepsize. These include the ‘watchdog’ technique [21], the use of 

Han and Powell line search [50, 92], the Wilson-Han-Powell approach [60] and the use of 

augmented Lagrangian functions [12]. All these functions used with SQP were shown to 

have superior performance characteristics. For problems with large number of decision 

variables, one can take advantage of the flowsheet Jacobian matrix sparsity to reduce the 

computational load and storage requirements [60]. Trevino-Lozano et al. [112] used a 

decomposition strategy suggested as a modification to the SQP algorithm by Locke et al. 

[72], for a test problem where the number of equality constraints was almost equal to the 

number of variables in the simplified flowsheet. 
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The necessary termination criteria for the optimization problem are given by the 

first order Karush-Kuhn-Tucker (KKT) conditions (sometimes referred to as Kuhn-

Tucker conditions): 
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               (5.11)   

where u, v, w are the KKT multipliers of g(x,y), h(x,y) and c(x,y) respectively. The 

flowsheet is considered optimized when the KKT conditions are satisfied to a preset 

tolerance. 

The gradients ),(),,(),,(),,( kkTkkTkkTkkT yxgyxcyxhyxF ∇∇∇∇ are evaluated 

by perturbing the flowsheet unless analytic information is available. Biegler [10] has 

discussed two techniques depending on the structure of the simulator to estimate the 

gradients by perturbation: 

1. Direct loop perturbation – the method is easy to implement with a general modular-

based simulator, but can be inefficient for design variable perturbations 

2. Chain-ruling – the method requires fewer perturbations, but the simulator’s calculation 

control program may require extensive modifications for its implementation. 

 

5.3 In situ adaptive tabulation for flowsheet optimization 

As discussed earlier for simultaneous-modular approach with simplified models, 

convergence to the optimum of the original (rigorous) flowsheet is not guaranteed. 

Biegler et al. [15] showed that in some cases using simplified models resulted in 

convergence failures, even though the original problem had an optimum. Attempts have 

been made in the past to improve the performance of sequential-modular algorithms 



 139 

which are more robust [8, 28]. Chimowitz and Bielinis [28] used multiprocessors to 

implement modular flowsheets in parallel. A modular flowsheet is partitioned into 

subsystems which are then routed to separate processors operating in parallel. The results 

of parallel simulations are then used to converge the global flowsheet equations. A 

maximum speed-up of about 3 was shown for the case study performed. The application 

of parallelism was shown for simulation calculations only and was not extended to 

optimization. 

A novel approach to speed-up flowsheet optimization is suggested here. The 

method involves extension of the same concept implemented in Chapter 3 of this work. 

As discussed before, for a feasible-path strategy, the optimization problem requires 

convergence of the flowsheet several times before it arrives at an optimized solution for 

the decision variables.  For a process flowsheet comprising of modules which take too 

much time to converge (e.g. a distillation column), often are the major computation 

bottleneck for the optimizer. Replacing these units by an ISAT database of input-output 

values built offline can result in faster solution of the simulation problem (as shown in 

Chapter 3), thereby increasing the overall speed of flowsheet optimization. 

A case study using a relatively simple CHEMCAD® process flowsheet is 

discussed next. At the end a few more ideas on using ISAT for flowsheet optimization are 

outlined. Since, CHEMCAD® has its own optimizer, the other suggested strategies could 

not be implemented because of the restrictions posed by the calculation engine used.  
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5.3.1 Flowsheet optimization in CHEMCAD® 

There are three basic modes that can be used for process optimization in 

CHEMCAD® 

1. Sequential-modular convergence + successive quadratic programming (SQP) 

optimization: SQP forms the outer loop and it waits for the flowsheet (inner loop) to 

be converged by sequential-modular. The optimizer in this mode uses a feasible-path 

strategy to find the optimal value of the decision variables. 

2. Simultaneous-modular convergence + successive quadratic programming (SQP) 

optimization: SQP takes action after the flowsheet is converged by simultaneous-

modular. The optimizer in this mode also uses a feasible-path strategy to find the 

optimal value of the decision variables. 

3. Simultaneous-modular SQP: Flowsheet convergence takes place simultaneously with   

SQP. The recycle streams and all control variables (such as the PID settings of a 

feedback controller) are treated as independent optimization variables and no separate 

flowsheet recycle calculation is involved. SQP does not wait for flowsheet 

convergence, and recycles are treated as equality constraints.  This approach merges 

the outer and inner loops into one loop at the expense of more optimization variables.  

 

Besides these three modes, there is another mode which uses general reduced 

gradient (GRG) strategy for optimization with sequential-modular or simultaneous-

modular convergence similar to mode 1 and 2 of SQP. The last mode listed above, in 

which both convergence and optimization take place simultaneously, does not employ 

any ‘two-tier’ strategy (using simplified models) described in the previous sections. And 

since the optimizer in this mode uses an infeasible-path solution technique, the approach 

is usually faster than the other two modes. In CHEMCAD®, as mentioned before, the 
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simultaneous-modular approach is equivalent to the equation-oriented approach, as all 

the flowsheet equations are solved simultaneously by assembling them in a large sparse 

matrix. Mahalec et al. [76] suggested a similar, ‘all-stream’ tear strategy which was 

discussed before. Thus, there is no ‘inside-out’ or ‘two-tier’ approach used for solving the 

simulation (and optimization) problem. This also implies that CHEMCAD® does not use 

analytic gradients for flowsheet optimization, instead direct loop perturbation is used with 

forward or central differencing to estimate the derivatives. 

 To speed-up simulation calculations in CHEMCAD®, unit operations (UnitOps) 

that take longer time to converge can be replaced by individual ISAT databases, thereby 

reducing the computation time required for process optimization. The next section 

examines a case study performed for maximizing oil recovery, in which one of the flash 

units is replaced by an ISAT database and its online integration with CHEMCAD® is 

shown.  

 

5.3.1.1 Case study: maximum oil recovery 

 The flowsheet used is a three stage steady-state separation process using flash 

units, for maximizing oil recovery in a high pressure stream coming from the oil well. 

The objective function is defined as (maximizing) the liquid volume flowrate of stream 7 

in Figure 5.4. The decision variables considered for building the ISAT database and for 

the test run are the temperature and pressure of the first two separators. Thus, the 

optimization problem can be defined by the following set of equations 
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 ),,,(max 22117 PTPTfL ≡                  (5.12) 

s.t.  UL TTT ,11,1 ≤≤  

UL PPP ,11,1 ≤≤  

UL TTT ,22,2 ≤≤  

UL PPP ,22,2 ≤≤  

where L7 is liquid volume flowrate of stream 7; T1, T2 and P1, P2 are the temperatures and 

pressures of UnitOp#1 and UnitOp#2 respectively.  
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Figure 5.4: CHEMCAD® flowsheet for maximizing oil recovery from the drill 

 

Although the process consists of units that are relatively less complex to solve and 

the computation time reduction is not expected to be large, the case study in general 
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advances the idea of integrating ISAT with CHEMCAD® or any other process simulator 

for flowsheet optimization.  

Since, the problem has a few decision variables only, the flowsheet is solved as 

sequential-modular, and SQP is used for solving the optimization problem. The 

maximum number of iterations for SQP was set to 1000, although the optimization 

routine did not exceed this value for any of the runs performed. The convergence 

tolerance was set to 1x10-6 and ‘forward differences’ was used for estimating the 

derivatives in the problem. 

The case study was performed considering only one of the separators (UnitOp#2), 

which later on for the test run was replaced by an ISAT database. To start with, all 

independent stream variables and internal variables for UnitOp#2 were identified. Table 

5.1 lists all these variables.  

 

Table 5.1: Independent equipment and stream variables for oil recovery process 

Equipment/Stream Variables/Parameters 

UnitOp#2 Temperature, pressure 

Streams (3,4,5) 

Temperature, pressure, mole vapor fraction, component mole 

flow rates (nitrogen, carbon dioxide, methane, ethane, propane, 

i-butane, n-butane, i-pentane, n-pentane, 2-methylpentane, n-

hexane, 2-methylhexane, n-heptane, n-octane, n-nonane, n-

decane, n-pentadecane, n-heptadecane) 

 

The input-output sequence for UnitOp#2 was also identified, which is given in 

Figure 5.5. At any given time k+1, the variable value before the time step is denoted by a 
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superscript k, and after the run by a superscript k+1. For steady-state simulations, the 

input-output sequence is the value of the variable before and after the run. 

 

 
Figure 5.5: Input→output format in ISAT for UnitOp#2, where superscript k denotes the 
value of the variable at time step k, the stream variables are denoted by S, and include all 
the 21 independent stream variables listed in Table 5.1 

 

Thus, the size of the ISAT vector is 65 (= 2 equipment variables + 3 streams x 21 

stream variables). The initial ISAT database is built by performing optimization for 

different combinations of the 4 decision variables, excluding the case when all variables, 

[T1, P1, T2, P2]  can be changed to maximize the oil production, which is left for the test 

run. Thus, in total there were 14 (= 1
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the decision variables are considered to cover all possible scenarios to solve the 

optimization problem using the given set of variables. Also, a large initial database 

ensures more number of retrievals, thereby maximizing the utility of a storage and 

retrieval technique. Table 5.2 lists the details for these optimization runs. The bounds on 

the variables are as follows 

3015 1 ≤≤ T      (5.14a) 

8010 1 ≤≤ P      (5.14b) 

3015 2 ≤≤ T      (5.14c) 

202 2 ≤≤ P      (5.14d) 

While solving a particular optimization problem, say the first one listed in Table 

5.2, the only decision variable considered is T1, which implies only T1 is varied to 

maximize the objective function within the specified bounds (Equation 5.14a), and all the 

other variables (P1, T2 and P2) are unbounded and are excluded from the problem. Also, 

note that in general the value of the objective function improves (increases) as more 

decision variables are considered. 

Each of the optimization problems made a number of calls to the simulator for 

solving the flowsheet mass and energy balance equations (mentioned under number of 

function calls of Table 5.2). The input-output data from these steady-state simulation 

calculations were stored in an ISAT database. Excel UnitOp was included in the 

CHEMCAD® flowsheet along with DataMaps and VB macros to get data into Excel 

before and after a simulation run. A total of 421 input-output data points were to be 

added to the initial database (sum of the number of function calls in Table 5.2). 
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Table 5.2: Offline runs made for building database for optimum oil recovery 

Decision 

variables 

Number 

of SQP 

iterations 

Number of 

function 

calls 

Final value of variables 
Objective 

function value 

[T1] 2 5 [30] 0.237717 

[P1] 8 18 [15.041] 0.266865 

[T2] 2 5 [15] 0.306092 

[P2] 6 13 [20] 0.292611 

[T1, P1] 8 40 [17.996, 10] 0.278685 

[T1, T2] 2 8 [15, 15] 0.317193 

[T1, P2] 8 26 [26.163, 20] 0.296716 

[P1, T2] 5 17 [54.329, 15] 0.306184 

[P1, P2] 13 43 [36.642, 19.763] 0.294148 

[T2, P2] 8 41 [15, 3.472] 0.306200 

[T1, P1, T2] 7 45 [15, 29.885, 15] 0.318903 

[T1, P1, P2] 15 69 [15, 15.303, 15.384] 0.309002 

[T1, T2, P2] 8 36 [15, 15, 3.89152] 0.317193 

[P1, T2, P2] 11 55 [52.884, 15, 3.5834] 0.306255 

 

 The data are then added to a multiple binary tree structure using the ISAT 

algorithm for a low error of tolerance of 5x10-6. A total of only 312 unique records are 

added to the database, suggesting that the SQP algorithm performs some simulation runs 

which are common to the 14 cases considered. This makes an ISAT database even more 

useful in such scenarios, where instead of repeating a particular simulation, a stored 
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record with the exact input-output information on the run can be retrieved from the ISAT 

database.  

 A test run on extrapolation is made in which all the decision variables, [T1, P1, T2, 

P2] are included for maximizing the oil production. For the test run, UnitOp#2 in the 

flowsheet is replaced by the ISAT database built. Since the ISAT database for UnitOp#2 

needs to interact with the SQP optimizer online, the actual equipment in the 

CHEMCAD® flowsheet is replaced by an Excel UnitOp (Figures 5.6 and 5.7), which 

through a VB macro and DataMaps sends and receives data through ISAT in MATLAB. 

However, this interface takes more time to exchange data between CHEMCAD® and the 

ISAT database, and a better interface in practice would be a direct integration of the 

ISAT algorithm (in C++) with CHEMCAD®’s calculation program. 

 

 
Figure 5.6: Feasible-path approach to sequential-modular flowsheet optimization using 
ISAT database for UnitOp#2 
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Figure 5.6 shows the flow diagram for sequential-modular approach to 

optimization for the test run where [T1, P1, T2, P2] are the decision variables. The 

simulation problem is solved at every iteration with the ISAT database for UnitOp#2, 

using the calculation sequence of the original flowsheet. If the process had recycle 

streams, then the same tearing and precedence ordering used in the original simulation 

calculations would have applied to the simplified flowsheet with ISAT as well.  
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Figure 5.7: CHEMCAD® flowsheet for oil recovery with Excel UnitOp as an ISAT 
model 
  

  When ISAT is allowed to perform all the three scenarios (retrieval, growth 

and addition), the result for the extrapolation test run is same as that obtained using the 

actual CHEMCAD® model for UnitOp#2. In this case, the optimization converges in the 
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same number of iterations (12 SQP iterations and 83 function calls), and the final value of 

the objective function is the same (0.31992).  

ISAT with ‘enforced-retrieval’ (retrieval scenario only) was also run to see how 

well ISAT performs on extrapolation using a pre-built database. Table 5.3 compares the 

results from the regular ISAT algorithm and ISAT with ‘enforced-retrievals’.  

 

Table 5.3: Optimization using regular ISAT and ‘enforced-retrievals’ ISAT 

Test run 

Number 

of SQP 

iterations 

Number 

of 

function 

calls 

Final value of decision 

variables [T1, P1, T2, P2] 

Objective 

function 

value 

ISAT 12 83 [15, 24.53, 15, 2.696] 0.31992 

ISAT 

(retrievals 

only) 

2 14 [20.146, 50.025, 19.694, 10] 0.31546 

 

Considering that the database built has simulation results from only 14 

optimization problems, for the extrapolation run, ISAT with fewer SQP iterations (2 

versus 12) reaches an objective function value close to the actual CHEMCAD® result 

(0.31546 versus 0.31992). Also, given that the actual CHEMCAD® UnitOp is replaced 

by an ISAT database, an efficient interface between the calculation engine and ISAT can 

result in much faster simulation convergence for time-intensive equipment models like a 

multi-stage distillation column. 
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5.4 Conclusions 

 A new approach to speed-up flowsheet optimization computations is proposed 

here. The technique makes use of the storage and retrieval technique of ISAT to model 

the simulation equations, which need to be solved at every iteration of the optimization 

routine in a feasible-path strategy. Implementation of the suggested approach is shown 

for a CHEMCAD® model for maximizing oil recovery. Since a feasible-path approach 

requires repeated calculation of the simulation equations, using the method shown in the 

case study, one or all unit operations in a flowsheet can be replaced by an ISAT database. 

This reduces the time required to obtain the converged steady-state output for the units. 

The approach coupled with an efficient interface to the calculation control program can 

result in faster process optimization. 

Modeling the simulation problem using ISAT at the UnitOp level also has the 

advantage that the optimization problem can remain flexible in terms of the number of 

decision variables it can handle, the type of cost function or objective to be achieved, and 

the number of design specifications or process constraints that one can include in the 

problem.  Also, modeling the derivatives or the Hessian is not advisable for complex 

nonlinear processes, as these vary in a very broad range and need to be estimated 

accurately at every iteration, which otherwise can result in convergence failure for 

optimization. 

 A more robust technique, which could not be tested using CHEMCAD®’s 

optimizer, would be to replace the simplified or reduced models in a ‘two-tier’ 

simultaneous-modular approach with ISAT databases built using the rigorous models. As 

mentioned before, at times it is difficult to approximate the actual equipment model by an 

accurate simplified model, which in turn can result in different KKT (optimality) 

conditions. An ISAT database, built offline on input-output results from the rigorous 
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model (as shown in the case study), will not have these disadvantages and can serve the 

purpose of a simplified model, which aims at reducing the calculation time in the inner 

loop for the reduced optimization problem. Also, similar to the way in which the reduced 

model parameters are updated after every iteration using the rigorous model, an ISAT 

database will be updated with a new record added to the database online if the retrieval 

error is higher than the set error of tolerance. However, implementation of the ‘inside-

out’ approach using ISAT would require a change in the calculation executive of the 

process simulator, and the code for the infeasible-path algorithm will be need to be 

rewritten to replace simplified models with ISAT databases. 

To conclude, use of an ISAT database to model the simulation problem in a 

feasible-path approach, which forms a subset of the (sequential-modular) flowsheet 

optimization problem or using ISAT instead of the reduced model in the infeasible-path 

simultaneous-modular environment, can result in faster convergence and a robust 

performance. 
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Chapter 6 

Conclusions and Recommendations for Future Work 

 

6.1 Key contributions 

The research performed here aims at reducing the computational time required for 

running dynamic simulations, which is an important component of time-intensive 

applications like operator training simulators (OTS); state estimation and flowsheet 

optimization. The class of algorithms used is broadly based on the ‘storage and retrieval’ 

technique originally developed by Pope [91] for reducing computational load of 

combustion calculations and is called in situ adaptive tabulation or ISAT. 

 

6.1.1 Development of advanced tabulation techniques 

The original ISAT algorithm along with its mathematical formulation is described 

in detail in Chapter 2.  Method for estimating the sensitivity matrices in the algorithm is 

suggested for input-output data using faster, modified PLS regression. Different record 

distribution techniques were suggested based on uniform distribution and k-means 

clustering to build the ISAT database. The suggested strategies were further improved by 

using a pre-clustering step involving SVD of data vectors and use of ‘centered k-means’.  

An alternate ‘balanced’ data structure known as the AVL tree, which is different 

from the original ISAT binary tree, is suggested to improve the search time to locate a 

close record in the database.  A modified version of the original ISAT algorithm (mISAT) 

is suggested and discussed in detail to overcome the shortcomings of the original 

approach, which associated only a single data point with a convex region. The proposed 
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modifications aim at increasing the retrieval rate of the algorithm, thereby improving its 

performance. 

 

6.1.2 Advanced tabulation for faster dynamic simulation 

 Dynamic process models that are system of ODEs and DAEs can take excessive 

computation time to reach to a converged solution. In applications like OTS, simulation 

of the process in real time is a key requirement.  Application of ISAT for the first time is 

extended to dynamic process simulation for computational time reduction in Chapter 3. 

Comparison with artificial neural networks (ANNs), a widely used empirical modeling 

technique, is shown for a two-state CSTR model and 32-state distillation column model. 

Better performance using the automatic control feature of ISAT for extrapolation runs is 

shown on the case studies performed. Application of the suggested mISAT algorithm to 

the distillation column model shows an improved performance over original ISAT with 

better retrieval rate. 

 A case study using an actual plant model in CHEMCAD® is performed. 

Integration of the improved tabulation techniques to the model is described using only the 

input-output data generated by running the simulations. Implementation of ISAT (and 

mISAT) to a large-scale system without access to the first-principles model is carried out. 

The suggested regression technique for an accurate estimate of the sensitivities is 

integrated with the algorithm.  

 Building individual databases for time-intensive UnitOps in the process, such as a 

distillation column, is shown to have better performance instead of building a single 

database for the entire flowsheet. Speed-up of simulation calculations by using tabulated 

input-output solutions is shown. 
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6.1.3 Fast and robust constrained state estimation 

Moving horizon estimation (MHE) makes use of a window of previous 

measurements to make an accurate estimate of the current state. Implementation of a state 

estimation technique like MHE to a large-scale process can become computationally 

prohibitive. The time-intensive optimization step for such problems can be modeled using 

ISAT for faster state estimation with a performance same as that of MHE, as shown in 

Chapter 4. Case studies using a discrete-time and continuous-time model are performed. 

Comparison with EKF shows better performance for state estimation using ISAT based 

on MHE. Speed-up over the original MHE algorithm is also shown for the continuous 

model.  

 

6.1.4 Development of a new approach for flowsheet optimization 

A feasible-path strategy of flowsheet optimization solves the simulation problem 

at every iteration using a sequential-modular approach.  In Chapter 5, ISAT is proposed 

as a nonlinear function approximator at the UnitOp level to provide (repetitive) solution 

of the simulation equations. ISAT databases can replace the rigorous complex model to 

speed-up simulation convergence, thereby reducing the time for flowsheet optimization. 

Successful implementation to a CHEMCAD® model is shown by replacing one of the 

units with an ISAT database to perform process optimization.  

 

6.2 ISAT and other computation time reduction techniques 

 Various model-based and data-driven techniques have been researched and 

implemented in the past for real-time simulation and control of large-scale chemical 

processes. These techniques are discussed in Chapter 1 along with their relative 

advantages and disadvantages. Use of the suggested storage and retrieval algorithm of 
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ISAT is demonstrated to both scenarios, when the material and energy balance model is 

available and when only input-output data generated by running a ‘black-box’ simulation 

model is used to build an ISAT database. The algorithm uses a binary tree structure to 

divide the search space into multiple linear piece-wise regions while performing local, 

linear approximations to estimate the output. To deal with large-scale nonlinear problems 

like the case study of MEA-CO2 absorption in CHEMCAD®, a large database with data 

points close enough should be built, which covers possible query operating conditions, or 

makes linear approximation of the output using records in a pre-built database feasible 

with the desired accuracy. This may be achieved by decomposition of the original 

problem into low dimensional sub-problems, which for the CHEMCAD® problem was 

done using separate ISAT databases for individual unit operations in the process. A 

relatively smaller problem for the absorber section modeled with an ISAT vector size of 

50 (27 inputs + 23 outputs) was shown to work well for extrapolation using retrievals 

only for the same type of failures or excursions in the system. For large-scale systems 

Hedengren [54] suggested use of model order reduction techniques as a pre-processing 

step to reduce the size of the problem before applying ISAT.  These techniques however 

require access to first-principles model equations and cannot be applied to input-output 

data.  

 As suggested in Chapter 2, for larger problems use of ‘constant approximation’ 

with sensitivity matrix A = 0, is a better choice as the ellipsoids of accuracy become 

highly eccentric with an increase in the dimension of the problem. Applications like 

moving horizon state estimation to large systems, where more measurements can be 

included to generate accurate states, the ISAT vector grows super-linearly with window 

size that is used for solving the optimization problem. Moreover, for these processes the 

covariance matrix for the initial state vector is large in size, and estimation of more states 
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may be required, resulting in increased computation time. Therefore, ‘constant 

approximation’ should be a preferred choice for high-dimension state estimation or 

modeling using ISAT.  

 Popular data-driven modeling techniques like neural networks have been shown 

to capture the dynamics of nonlinear systems satisfactorily, but their performance 

degrades outside the training domain. On the other hand, the automatic error control 

feature of ISAT makes it more robust and does not allow the accuracy to deteriorate for 

interpolation or extrapolation. To blend the advantages of widely used empirical 

modeling techniques such as neural networks or partial least squares, and the error 

control in ISAT, instead of using linear or constant approximation for the retrieval 

scenario (in ISAT), neural networks can be trained to approximate the output for a given 

query input. A modified growth scenario, using a nonlinear empirical function 

approximator such as the neural nets (or PLS) along with the original addition scenario 

will result in a more robust performance for dynamic nonlinear process modeling using 

ISAT. 

 

6.3 Future work 

Following are a few possible extensions of the work done here. Besides these, 

another application of ISAT could be for data reconciliation, where again an optimization 

routine solves the simulation problem at a sublevel, which can be modeled using an ISAT 

database for faster calculations.  

 

6.3.1 Different algorithms for creating database 

Several modifications of the original algorithm suggested in this work along with 

the modified version, mISAT can be integrated with state estimation and flowsheet 
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optimization, as shown in the previous chapters to improve upon the performance of 

ISAT. A better version of ISAT employing new search strategies has been suggested by 

Lu and Pope in 2009 [73] and is shown to have better performance as compared to the 

original algorithm both in terms of computational cost and storage. The algorithm also 

makes use of low-dimensional affine spaces to reduce the cost of searching a record, and 

has improved error checking and correction capabilities. The improved version has been 

implemented to a 54-dimensional combustion chemistry problem, and can be tested for 

problems in chemical engineering such as the ones considered in this work. Panda et al. 

[87] have also suggested use of indexing for high-dimensional function approximation 

(HFA) and the design of efficient index structures. The binary tree structure described in 

the algorithmic framework is an adaptation of the binary search tree used along with the 

AVL tree in Chapters 2 and 3 of this work. A detailed description of the algorithm and a 

thorough evaluation of its implementation is given in [87]. The suggested algorithm can 

be used as an alternative for building a ‘storage and retrieval’ database.  

 

6.3.2 ‘Two-tier’ simultaneous-modular flowsheet optimization using ISAT 

The simplified or reduced models in a ‘two-tier’ simultaneous-modular approach 

can be replaced by ISAT databases built using the rigorous models. Since at times it is 

difficult to approximate the actual equipment model by an accurate simplified model, 

which in turn can result in different KKT (optimality) conditions, an ISAT database built 

offline on input-output results from the rigorous model will not have these disadvantages. 

An ISAT database can serve the purpose of a simplified model which aims at reducing 

the calculation time in the inner loop for the reduced optimization problem. The gradients 

for the ‘ISAT models’ can be estimated using the regression techniques suggested in 

Chapter 2 of this work. 
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6.3.3 Storage and retrieval of K-values for dynamic simulation  

 The accuracy and speed of a process simulation depends to a large extent on 

evaluation of K-values for the system.  In flash calculations, vapor-liquid equilibrium 

calculations in a multi-stage distillation column or calculations for systems where 

components undergo reactions involve heavy K-value estimations, and is the major 

bottleneck in simulation convergence. For a given process, the K-value is a function of 

the vapor and liquid compositions (y, and xi) of all the components, temperature (T) and 

pressure (P) (Equation 6.1). 

),,,( PTyxfK iiv =         (6.1) 

A generic database built only for the K-values of a particular system can be 

integrated with the calculation engine to speed-up a process simulation. This also implies 

that databases for all time-intensive UnitOps in the process will not have to be considered 

separately, instead a single database for the entire flowsheet with only a few variables 

(determined by the number of components) can be built. At any particular iteration, 

instead of calculating the K-values, an ISAT database can be used to locate a close value 

much faster, while maintaining the accuracy.  

 

6.3.4 Implementation of ISAT to a process simulator 

Most of the process simulators used in the industry today, including CHEMCAD® 

are OPC compliant. OPC is a widely accepted and used standard in process control 

employing a client-server architecture for data exchange between data sources like DCS, 

PLC, database and calculation engine, and OPC compliant applications like human-

machine interface (HMI) for visualization, spreadsheets and process historian (Figure 

6.1). 
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An ISAT database built using Excel spreadsheet can be accessed by a process 

simulator like CHEMCAD® through OPC, by embedding C++ function calls to the ISAT 

algorithm in CHEMCAD®. Similarly, implementation to operator training through DCS 

can be accomplished using the OPC standard for communication between various 

components. 

 

 
Figure 6.1: CHEMCAD®-OPC server architecture
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