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In this dissertation we will study a wide range of phenomena from

atomic, molecular, and optical to solid-state physics. We will find a common

theme in problems from these different branches of physics in that they can

all be modeled by some variation of a simple bi-linear Hamiltonian. Each of

these models will also share a key feature in that they all contain one or more

singularities (called a Van Hove singularity in the context of solid-state) in the

density of allowed states associated with a branch point that results near the

edge of a continuous energy spectrum. In addition, the fact that each of these

models is one-dimensional will maximize the effect of the singularity on the

system. We will show that when a discrete state is coupled with the continuum

that in the vicinity of the singularity Fermi’s golden rule breaks down; the

x



golden rule normally predicts that the de-excitation rate of the discrete state

should be proportional to g2 where g is the dimensionless coupling constant

between the discrete state and the continuum. Relying on a non-perturbative

approach, we will show that the de-excitation rate is actually proportional to

g4/3 in the vicinity of the singularity. This results in a dramatic amplification

of the decay rate.

In the main topic of the dissertation, we will consider a nano-scale

semiconductor superlattice with either a single impurity site or multiple im-

purities (which behave as electron donors or acceptors) in which there are two

Van Hove singularities in the density of electron states which occur at the two

edges of the conduction band. These singularities result in the non-analytic

g4/3 amplification of the charge transfer rate from the discrete impurity site

into the electronic conduction band where g is the coupling constant between

the impurity state and the conduction band.

We will demonstrate other results including an asymmetry in the optical

absorption profile for monochromatic light incident on a core electron state

in the single impurity system and bound states in continuum (BIC) for the

superlattice system with two impurities.
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Chapter 1

Introduction

Nature uses only the longest threads to weave her patterns, so

each small piece of her fabric reveals the organization of the entire

tapestry. Richard P. Feynman

In the above quote, Professor Feynman [1] expresses the realization

that oftentimes a vast array of seemingly disparate physical phenomena can be

explained by relying on a single unifying concept. The harmonic oscillator, for

instance, is so ubiquitous in nature that we rarely think twice before applying

it to predict both the behavior of currents through an electrical circuit and

the oscillation of a skyscraper in the wind, even though these phenomena

would otherwise seem to have little in common. In this dissertation we will

encounter another such unifying concept: the singularity in the density of

states (commonly referred to as a ‘Van Hove singularity’ in the context of

solid state physics). We will find that the presence of such a singularity will

have similar effects on a system which originates from the realm of atomic,

molecular and optical physics as it does on a system which originates in solid

state.

In this work we will study a wide range of phenomena, including the
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radiative process for an excited dipole molecule traveling in an electromag-

netic waveguide, the charge transfer process for a doped impurity inside of

a nanoscale semiconductor device as well as the relaxation time for a proton

traveling in a Tokamak reactor. We will find that there is a common thread in

our description of each in that they can all be realistically modeled by some

variation of the same well-known Hamiltonian, the variation of which in each

case contains one or more singularities in the density of states. This model is

referred to as the Friedrichs-Fano model in the context of atomic physics, and

the Newns-Anderson model in the context of solid state physics. As we dig

into the details for each system we will find that the common starting point

leads to a host of recurring concepts and phenomena.

We begin in Chapter 2 by studying the behavior of an excited dipole os-

cillator traveling in a rectangular electromagnetic waveguide. It is well known

that the electromagnetic field inside the waveguide organizes itself into a series

of ‘transverse electric’ and ‘transverse magnetic’ modes each of which has its

own cutoff frequency such that only radiation above that cutoff frequency can

excite that particular mode. In this work we will focus our attention on the

lowest mode (which happens to be one of the transverse electric modes).

As mentioned above, the cutoff frequency has the important effect that

it results in a divergent singularity in the density of allowed photon states

inside the waveguide. We will find that in the case of the waveguide problem,

the singularity causes Fermi’s “golden rule” to break down, which results in a

massive amplification of the de-excitation rate for the dipole traveling in the
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waveguide. In particular, we will find in Section 2.2.1 that the decay rate is

proportional to g4/3, where g is the dimensionless coupling constant between

the dipole and the electromagnetic field. This is opposed to the region away

from the singularity where Fermi’s golden rule holds; here the decay rate is

proportional to g2. Hence, for a typical dipole molecule (such as HCl) the

amplification factor g−2/3 is as large as 104. This amplification mechanism

was proposed previously by Purcell [6] and Kleppner [7]. However, Kleppner’s

method, which relies on Fermi’s golden rule, breaks down in the vicinity of the

singularity and therefore cannot predict the g4/3 rule.

Another important result of the singularity in the density of states is

that it is possible for there to be a large deviation in the frequency shift of

the oscillator due to the interaction with the field inside the waveguide. As a

result, we will find that even in the case where the frequency of the oscillator

is embedded deeply within the continuous frequency spectrum such that the

system becomes unstable, there will in fact still be a second, stable solution to

the system which lies just below the lower edge of the continuous spectrum.

This is a significant departure from the ordinary Friedrich’s model in free

space. We will find that this stable state which co-exists with the decaying

solution also occurs continuously throughout this work, hence we will refer to

these as ‘superstable states.’

In Section 2.2.4 we will investigate the velocity of the radiation emitted

as the dipole de-excites. We will find that the group velocity (which is inversely

proportional to the density of photon states) breaks down in the vicinity of
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the singularity and hence we must define a new velocity which more accurately

describes the propagation of radiation.

The work that is presented in Chapter 2 on the waveguide-dipole system

has its origin in the doctoral studies conducted by Chu-Ong Ting which have

already been presented in his dissertation [2]. There are many interesting

results presented in that work which are not repeated here, including a detailed

description of the time evolution of the dipole and field modes for the system as

well as a waveguide containing two dipoles. For a more complete understanding

of the waveguide problem, the reader should also carefully study the work

presented in Dr. Ting’s dissertation. It should also be noted that many of the

interesting results presented here (primarily those concerning the amplification

of the decay rate in the vicinity of the cutoff frequency in Section 2.2.1) have

been published in [3].

In Chapter 3 we will turn to studies in solid state physics as we inves-

tigate a nano-scale semiconductor superlattice system embedded with a single

discrete electron donor impurity state. We will find that as we transition from

the site representation to the wave number representation that the resulting

dispersion relation for electrons within the conduction band (referred to as

a mini-band due to its small width) gives two Van Hove singularities in the

density of allowed electron states at either edge of the energy mini-band. In

Section 3.1 we will find that these singularities again result in a g4/3 amplifica-

tion of the charge transfer rate from the electron donor state to the conduction

band of the superlattice.
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We will then study the optical absorption spectrum for the superlattice-

impurity system in Section 3.2. Here we consider the excitation of a core level

electron in the doped layer of the semiconductor by monochromatic light into

the conduction band. Similar to Fano’s celebrated result for the ionization

process in He [4], we will find an asymmetric form for the absorption spec-

trum due to quantum interference between the direct excitation channel and

the excitation channel through the (unoccupied) donor site. Additionally, we

will be able to explicitly separate the absorption spectrum into a contribu-

tion from the Markovian exponential decay process and a contribution due to

the Non-Markovian power-law decay. These result from the pole and branch

point contributions to the integration of the spectrum, respectively. We will

see that the g4/3 amplification of the decay rate can be observed in the ab-

sorption profile when the donor state impurity energy lies within the vicinity

of the singularities. In addition, we will find that the branch point effect is

also significantly enhanced due to the singularity. Note that the majority of

Chapter 3 has been published in [5].

In Chapter 4 we add a second (unoccupied) impurity site to the super-

lattice which behaves as an electron acceptor. The addition of the acceptor

impurity state adds a layer of complexity to the problem in which the presence

of the Van Hove singularities affect the system in a new manner. However,

the first physical phenomena we will consider that results from the addition

of the acceptor site is unrelated to the presence of the Van Hove singularities.

In Section 4.2 we will show that there exist bound states in continuum
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(BIC) [52] for this system, in which the electron becomes trapped between

the donor and the acceptor impurity sites for certain values of the impurity

energy. The existence of BIC were first proposed by von Neumann and Wigner

[52] for certain forms of oscillating potentials. Since then, a number of the-

oretical studies of BIC have been reported [54]-[60]. Experimental evidence

of BIC has also been reported in positive energy bound states in superlattice

structures of quantum wells with a single impurity site [61], or in a single

defect stub [62]. Also, in a recent article the presence of BIC has been the-

oretically demonstrated in a double-cavity (or double-dot), two-dimensional

electron waveguide [63]. In the superlattice system with two impurities of

Chapter 4, the BIC are the physical result of the symmetry of the model and

the 1-dimensional nature of the waveguide, which are exhibited through the

form of the interaction potential between the impurity sites and the conduction

band.

We consider in section 4.3 examples of the system for a specific number

of sites separating the donor and impurity sites. We present the energy spec-

trum resulting from the solutions to the dispersion equation for these cases

in detail and we also analyze the trajectory of these solutions in the complex

plane. The details of these energy spectra are influenced by both the form

of the interaction potential and the Van Hove singularity in the density of

electron states. In particular, in this section we will show that for a certain

choice of the separation distance between the impurities and for a range of

values of the coupling constant g, the Markovian exponential decay rate for
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the system vanishes, such that the background integral (branch-point effect)

solely determines the time evolution of the system.

In section 4.4 we consider this special case in greater detail and present

the calculation of the power law decay which results from the background

integral. We will find that the precise form of the power law is sensitive to

the choice of the impurity energy E0 of the donor and acceptor sites. In

particular, after an initial transition region we will find that up to a certain

time scale the power law is dominated by a t1/2 term while after this time-

scale it is dominated by a t3/2 term (here t denotes time). This time scale

is dependent on the values of E0 and g. This situation is reminiscent of the

radial dependence of the photon dressing of a two-level atom in which the

dependence can be separated into the Van der Waals (or near) zone and the

Casimir-Polder (or far) zone, as we will discuss in detail in the text. Hence,

for the power law decay in our superlattice we refer to the time scale on which

the t1/2 term dominates as the ’long time near zone’ and the time scale on

which the t3/2 term dominates as the ’long time far zone.’

In Chapter 5 we investigate a system composed of two superlattices

which are coupled to each other site by site and also with a single electron donor

impurity. We refer to this construction as the superlattice ladder model. This

model is in part motivated by studies of the material Sr0.4Ca13.6Cu24O41.84,

which was found to be a superconducting material in 1996 by M. Uehara et al.

[70]. This material is distinguished from most high Tc superconductors in that

instead of containing a layer composed of a CuO2 plane, it instead contains a
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layer of quasi-one dimensional Cu2O3 ladders. This material was discovered

in 1988 [71, 72] and has been studied extensively since [73–83].

For our ladder model with a singly impurity, each superlattice has its

own conduction band and by varying the coupling strength between the su-

perlattices we can choose whether these bands overlap or not. In Section 5.2

we consider the situation in which the two conduction bands overlap. In this

case, one of the Van Hove singularities at the edge of both conduction bands

is embedded within the continuous energy spectrum of the other band. We

have mentioned previously that the singularity in the density of states results

in a superstable state that coexists with the decay solutions that we expect

to form well inside of the continuous energy spectrum. However, in this case

the band edge (and hence the perturbed energy of the superstable state itself)

lies within the continuous spectrum, which as we just noted usually leads to

unstable behavior. We will find in Section 5.2.2 that these two competing

trends result in the formation of a metastable decay state in the superlattice

with decay rate proportional to g6.

In Section 5.3 we show that when the coupling between the two su-

perlattices is taken to be zero that we recover the results from the original

superlattice coupled to a single impurity from Chapter 3. Then in Section

5.4 we show that when the coupling between the superlattices is equal to that

between the sites within each superlattice, we obtain a simplified version of

the ladder model in which the metastable state is modified such that the de-

cay rate is proportional to g4, as opposed to g6 in the general case mentioned
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above.

Finally in Chapter 6, we calculate the radiation damping for a charged

particle traveling through a Tokamak reactor. We find that by tuning the

cyclotron frequency of the particle to that of the natural cutoff frequency of

the waveguide, the radiation reaction is amplified by the familiar g4/3 factor.

For instance, the free space relaxation time for a proton under cyclotron motion

of about 104 years is reduced in the Tokamak to as little as 5 hours.
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Chapter 2

Dipole Traveling in an Electromagnetic

Waveguide

We begin our studies in the realm of atomic physics. In this chapter, the

system we will consider is composed of an excited dipole oscillator traveling

in an electromagnetic waveguide. The electromagnetic field in a waveguide

organizes itself in a series of ‘Transverse Electric’ and ‘Transverse Magnetic’

modes, each with its own cutoff frequency (lower bound). For each mode, this

lower bound on the continuous energy spectrum results in a singularity in the

density of states. In the present case, we will focus on the lowest mode. Even

with this restriction, what we learn will give us an accurate idea of what will

happen with the higher order modes, as well as give us a reference point for the

more complicated systems considered in the later chapters of this dissertation.

It has been widely known for many years that enhanced and inhibited

spontaneous emission can be observed for an atom in a resonator. Purcell first

presented a phenomenological explanation of the enhancement that relies on

the Q factor [6]. For a particular case of this phenomenon, Kleppner later

proposed the frequency cutoff mechanism, by combining the Fermi golden rule

for the transition rate and the density of photon states in the resonator [7].
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In Kleppner’s calculation, the singularity in the density of states at the cutoff

frequency ωc leads to a vast increase in the decay rate γ of an excited atom or

molecule compared to the free-space value. This prediction has been verified

by several experiments [8]-[12]. However, Kleppner’s approach, while going in

the right direction, is inconsistent. This is apparent because the Fermi golden

rule is not applicable in the domain of a vast increase in the decay rate, as this

rule is only valid for a weakly coupled matter-field system where perturbation

analysis may be applied. Due to this inconsistency, γ diverges in Kleppner’s

theory for the case in which the resonator is made of a perfectly conducting

material and the characteristic frequency ω1 = 2πf1 of the atom approaches

ωc = 2πfc. The decay rate γ then vanishes for ω1 < ωc.

In this chapter we will re-evaluate γ for the strongly coupled case

around ωc without using perturbation analysis. For the most simple configu-

ration of the system (transverse oscillation coupled to the lowest field mode)

we will find that the maximum value of γ depends non-analytically on a di-

mensionless coupling constant g as g4/3 (instead of g2 which is assumed in

Fermi’s golden rule). For small g � 1, γ is enhanced by a factor of g−2/3

over the free-space value of γ. This effect is a direct result of the presence

of a divergent singularity in the density of photon states at the characteristic

frequency ωc. Moreover, the frequency value at which the unstable solution

disappears is found not at ω1 = ωc, but at ω1 = ω′c, which lies slightly below

ωc with ωc − ω′c ∼ g4/3ωc.

As another deviation from Fermi’s golden rule, we will find that the
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stable state of the system does not vanish from the diagonalized Hamiltonian,

even in the case where the oscillator frequency is embedded deeply within the

continuous spectrum of the electromagnetic field inside the waveguide. This is

again a direct result of the singularity in the density of photon states, which

allows for a large deviation in the frequency shift of the stable state such that

the perturbed frequency may lie just outside of the lower bound of the energy

spectrum no matter how large the oscillator frequency may be.

Our approach in solving this problem is to borrow from the well-

established formalism in quantum mechanics for describing the spontaneous

emission of an excited atom. We will demonstrate that the Hamiltonian for

the dipole coupled to the waveguide can be re-written in the form of the Fano-

Friedrich’s model after making a few simple approximations. Typically, this

model is used to describe the interaction between an atom with a single (dis-

crete) atomic state and a continuous radiation spectrum. Since the coupling in

the Fano-Friedrich’s model is bilinear, the Hamiltonian can be explicitly diag-

onalized through the Bogoliubov transformation. In our analysis, the excited

dipole will be bilinearly coupled with the field modes inside the waveguide.

2.1 General Hamiltonian for Waveguide-Dipole System

Let us consider a dipole molecule, such as HCl or KBr, which has a

charge of +Ze on one end and charge −Ze on the other end. This charge

couples the dipole to the electromagnetic field in the rectangular waveguide.

The waveguide runs parallel to the z-axis and we assume that the length is
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Table 2.1: Natural frequency f1 and dimensionless coupling constant g values
for typical dipole molecules.

f1 (Hz) g g4/3 g−2/3

HCl 1.38× 1013 1.17× 10−6 1.23× 10−8 0.9× 104

KBr 0.14× 1013 0.07× 10−6 0.03× 10−8 5.8× 104

much greater than the width or the height such that we can ignore “fringing”

effects inside the waveguide. We refer to the width of the waveguide in the

x-direction as a and to the height of the waveguide in the y-direction as b.

Without loss of generality we assume that b ≥ a. We choose the origin for

x and y at a corner of the rectangular cross-section of the waveguide. The

origin of z is chosen at an arbitrary point along the infinite waveguide, and

we use a right-handed coordinate system. The dipole molecule is composed

of two charged atoms at position ra (with charge −Ze) and rb (+Ze). We

assume that the center of mass of the dipole is initially located near the center

of the waveguide at coordinates (a/2, b/2, 0). The characteristic frequency of

vibration f1 for a typical dipole is on the order of 1013 to 1012 Hz (see Table

2.1) , corresponding to a wavelength of 10 to 100µm, which is in the infrared

range.

Under these conditions, one may write the Hamiltonian of the system
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with the reduced mass mµ ≡ mamb/(ma +mb) for the dipole as

H =
∑
i=a,b

1

2mi

(
pi + Zie

A(ri)

c

)2

+
1

2
mµω

2
1|rb − ra|2

+
1

8π

∫
d3r

(
1

c2

∣∣∣∣∂A(r)

∂t

∣∣∣∣2 + |~5×A(r)|2
)
, (2.1)

where r = (x, y, z) and the boldface A(r) denotes the vector potential inside

the waveguide. Expanding the first term in (2.1) gives the kinetic energy term

for the dipole, the coupling term for the dipole and the field, and another

term which describes direct field-field interaction (we will neglect this last term

below). By introducing a new set of coordinates for the dipole and employing

a few approximations we will be able to simplify the Hamiltonian above to

the Friedrichs-Fano model. First we introduce the center-of-mass coordinates

with its conjugate momentum

R1 =
mara +mbrb

ma +mb

(2.2)

P1 = pa + pb (2.3)

and the relative coordinates with its conjugate momentum

r1 = rb − ra (2.4)

p1 = µ(
pb

mb

− pa

ma

). (2.5)

Next we employ the so-called “dipole approximation,” in which we approxi-

mate the point of interaction between the field and the dipole as the center-
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of-mass of the dipole R, in order to re-write the Hamiltonian in the form

H =
P2

1

2M
+

p2
1

2µ1

+
1

2
ω2

1r
2
1 +

1

8π

∫
d3r

(
1

c2

∣∣∣∣∂A(r)

∂t

∣∣∣∣2 + |~5×A(r)|2
)

− Ze

µ1c
p1 ·A(R) +

Z2e2

2µ1c2
A2(R) (2.6)

where we have defined the total mass of the dipole by M ≡ ma +mb.

We will assume that the width of the waveguide is much larger than

the size of the dipole (∼ 1nm), so that we can neglect the forces acting on the

dipole from the walls of the waveguide by dropping the first term in (2.6). This

approximation is explicitly justified in [2]. We also drop the field-field interac-

tion (final term in (2.6)) as it is higher order than the dipole-field interaction

term.

Even with these approximations, our Hamiltonian (2.6) is still, in gen-

eral, non-linear. However, if we restrict our attention to initial conditions in

which the dipole oscillations are parallel to the walls of the waveguide (such

that there is no rotational motion) our Hamiltonian reduces to a bi-linear

form which can be explicitly diagonalized. Even within our restricted realm

of interest we will find many non-trivial results.

It is well known that the vector potential for the electromagnetic field

inside the waveguide consists of the TE modes (Transverse Electric field modes)

and TM modes (Transverse Magnetic field modes), A = ATE + ATM [13]. If

the waveguide is a perfectly conducting material, the vector potential is writ-

ten by the normal coordinates qσk (with σ = E or M and k = (m,n, k) with
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m, n integers and the continuous variable k) as [2]

ATE(r) =

∫
Σ

dk

√
2ImnCmn

cωk

[−nπ
b
W1,kêx +

mπ

a
W2,kêy]qEk + h.c., (2.7)

ATM(r) =

∫
Σ

dk

√
2cCmn

ω3
k

[i
kmπ

a
W1,kêx

+i
knπ

b
W2,kêy + α2

mnW3,kêz]qMk + h.c., (2.8)

where W1,k(r) ≡ cos(mπx/a) sin(nπy/b) exp[ikz], W2,k(r) ≡ sin(mπx/a)

cos(nπy/b) exp[ikz], W3,k(r) ≡ sin(mπx/a) sin(nπy/b) exp[ikz], and êi are

unit vectors. We put

Cmn ≡ 2c3/(abα2
mn) (2.9)

with

αmn ≡
√

(mπ/a)2 + (nπ/b)2. (2.10)

We also define the notation∫
Σ

dk ≡
∞∑

m,n≥0

∫ ∞

−∞
dk, (2.11)

and Imn ≡ 1 for m and n 6= 0, Imn ≡ 1/2 for m or n = 0. The dispersion

relation for radiation in the waveguide is given by

ωk ≡ c
√
k2 + α2

mn. (2.12)

2.2 Transverse Dipole Motion Coupled to TE01 Mode

We first consider the case in which the dipole oscillates in the x direction

(thus r1 = x1êx and p1 = p1êx). The extension to arbitrary direction will
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be discussed later. We then introduce the unperturbed normal coordinate

q1 ≡
√
mµω1/2[x1 + i(p1/mµω1)] of the dipole. With these assumptions, the

Hamiltonian (2.1) may be approximated by a bilinear form with respect to the

annihilation and creation operators (which are related to the normal coordinate

through qα ≡
√

~aα) as

H = ~ω1a
+
1 a1 +

E,M∑
σ

∫
Σ

dk~ωka
+
σkaσk

+g

E,M∑
σ

∫
Σ

dk(Vσ,kaσk − V ∗σ,ka
+
σk)(a1 − a+

1 ), (2.13)

with the dimensionless coupling constant g ≡
√

(Ze)2ω1/(mµc3). The values of

g for the typical dipole molecules are presented in Table 2.1. The interactions

are given by VE,k ≡ −i(n/b)
√
ImnF1,k(R), and VM,k ≡ −(mck/aωk)F1,k(R),

with F1,k(R) ≡ ~π
√
Cmn W1,k(R)/

√
ωk. The operators aα satisfy the usual

commutation relations. For each (m,n) mode, the continuous spectrum ωk is

bounded from below at cαmn. These lower bounds form a set of cutoff fre-

quencies. Among these branches of the continuum, the TE mode with m = 0

and n = 1 has the smallest value for its cutoff frequency ωc ≡ cα01 = πc/b

for b ≥ a. For transverse motion, this is also the lowest value for the cutoff

frequency which will affect the dipole. If we focus on this lowest mode, then

the density of photonic states inside the waveguide follows from the electro-

magnetic dispersion relation (2.12) as

N(ωk) ∝
dk

dωk

=
ωk

c
√
ω2

k − c2α2
01

=
ωk

c
√
ω2

k − ω2
c

(2.14)
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If we were to focus on longitudinal motion instead, we can see from Eq.

2.7 that there is no êz term for the TE modes and hence these modes do not

couple to the oscillator. Therefore the lowest TM mode (TM11) would be the

lowest effective cutoff mode for this situation. However, we will not dwell on

the longitudinal case in this dissertation.

The Hamiltonian (2.13) describes a system that consists of harmonic

oscillators coupled to each other through a bilinear interaction. This bilinear

Hamiltonian has been extensively investigated for the free space system with-

out boundary both in the classical and the quantum cases for zero temperature

[14]–[18] and for a finite temperature [19]–[26]. The theoretical advantage of

the bilinear Hamitonian is that one can find its exact diagonal form with new

renormalized normal modes through the Bogoliubov transformation. However,

as noticed by Friedrichs [14, 15], this diagonalization is not trivial, and care

must be taken when the discrete spectrum of the particle (or the harmonic

oscillator) is imbedded inside the continuous spectrum of the field. Indeed, for

the free space system, the normal mode associated with the discrete spectrum

imbedded in the continuum disappears due to the resonance singularity, and

only the renormalized continuous field modes appear in the diagonal form of

the Hamiltonian. The disappearance of the discrete spectum might be con-

sidered as a reasonable mathematical manifestation of the intrinsic nature of

spontaneous decay of excited states through the resonance interaction [14, 15].

Therefore, it came as a surprise for us to discover that in the case of an

excited unstable molecule inside the waveguide one must keep the renormal-
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ized discrete mode in order to diagonalize the Hamiltonian as H = ~ωs
1b

+
1 b1 +∑

σ

∫
Σ
dk ~ωkb

+
σkbσk, where ωs

1 is the shifted real frequency for the stable

dressed harmonic oscillator, and the new dressed annihilation operators bα

satisfy the usual commutation relations. This is a result of the singular-

ity in the density of states at the cutoff frequency, which appears as cdk =

ωkdωk/(ω
2
k−ω2

c )
1/2 in the dispersion equation (2.15) given below. We will give

the explicit form of the Bogoliubov transformation later in this section.

2.2.1 Shifted Frequency and Decay Rate for Dipole Oscillator

We turn our studies to the shifted frequency and the decay rate of the

harmonic oscillator for the case of transverse motion. These are found by

solving the dispersion equation ξ(z) = 0 for the dressed harmonic oscillator,

where

ξ(z) ≡ z2 − ω2
1 − g2

∑
σ

∫
Σ

dk
4ω1ωk|Vσ,k|2

z2 − ω2
k

. (2.15)

The form of the dispersion equation is similar to the well-known expression

obtained for open systems without boundary [17, 23], except for the appearance

of the singularity in the density of states at the cutoff frequency. For all

frequencies, the solution of ξ(z) = 0 gives a real solution z = z0 ≡ ωs
1 for

the stable mode of the harmonic oscillator and above the renormalized cutoff

frequency ω′c there is a complex solution z = z1 ≡ ωu
1−iγ with shifted frequency

ωu
1 and decay rate γ for the unstable mode.

To find the explicit form of these solutions, let us consider the case in

which ω1 is located below the next smallest cutoff frequency ωc2. The geometry
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of the waveguide can be chosen in such a way that the cutoff frequency ωc is

well separated from ωc2, and as such, we may have ω1 ≤ ωc, or ωc < ω1 < ωc2

where ω1 is much closer to ωc than ωc2. For this situation the predominant

contribution to the integration in Eq. (2.15) comes from the component with

σ = E, m = 0 and n = 1 (i.e., the TE01 mode). Approximating the integration

by leaving out all other components and explicitly performing the integration

for the dispersion equation ξ(z) = 0, we obtain

ζ − w2
1 =

g2G2w1√
1− ζ

, (2.16)

where we have introduced the dimensionless variables, w1 ≡ ω1/ωc, ζ ≡

(z/ωc)
2, and a dimensionless constant G2 ≡ (4c/aωc) sin2(πRy/b). We will

find that for this configuration of the system (transverse motion considering

only the TE01 mode) that taking the minus branch for the root in Eq. (2.16)

gives the real solution z = z0 for the stable mode, while the plus branch gives

the complex solution z = z1 with Im z1 < 0 for the unstable mode.1

In the following discussion we shall consider the case where the dipole

remains near the center of the waveguide, without loss of generality, and put

G0 ≡ G|Ry=b/2. Squaring Eq. (2.16), we obtain the cubic polynomial equation

fTE01(ζ) ≡ ζ3 − (2w2
1 + 1)ζ2 + (2w2

1 + w4
1)ζ − w4

1 + w2
1G

4
0g

4 (2.17)

1We note that for more complicated systems (which we will encounter in later chapters),
one may not necessarily be able to attribute the different branches of the equation to the
stable and unstable solutions in such a simple manner. In fact, to determine which branch
of the dispersion equation a particular solution follows we will have to carefully consider
the trajectory of the solutions in the complex plane, which will have two or more Riemann
sheets.
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in ζ. As we explore various 1-dimensional models with bi-linear coupling in

this dissertation, we will find that each gives such a dispersion equation which

can be written in the form of a polynomial of some order. Hence we will refer

to these equations as the dispersion polynomial for a particular model. For

instance, in the semiconductor superlattice coupled to a single impurity of

Chapter 3 we will obtain a quartic dispersion polynomial.

Using the standard method to solve the cubic equation, one can ex-

plicitly find the shifted frequency and the decay rate from fTE01(ζ) = 0. We

emphasize that in general one must carefully consider the trajectory of each

solution in the complex plane in order to properly interpret them. However,

in the present case the most intuitive interpretation is in fact the correct one.

The discriminant of the cubic equation is given by D(w1) = 4p3
w1

+ q2
w1

where

pw ≡ −
1

32
(w2 − 1)2, qw ≡

2

33
(w2 − 1)3 + g4G4

0w
2. (2.18)

The explicit expression for the discriminant is then

D(w1) =
4

27
w2

1(w
2
1 − 1)3g4 + w4

1g
8. (2.19)

The stability of the dipole is determined by the critical frequency at w1 = w′c,

which is given by D(w′c) = 0. This gives a cubic equation for w′2c with solution

w′2c = 1− 3g8/3G
8/3
0

2(
√

1 + g4G4
0 − 1)1/3

+
3

2
g4/3G

4/3
0 (
√

1 + g4G4
0 − 1)1/3. (2.20)

For g � 1 we have ω′c ≈ ωc[1 − 21/3(3/4)(gG0)
4/3] where ω′c ≡ w′cωc is the

renormalized cutoff frequency. As mentioned previously, for a given value of
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ωc only the stable mode exists with real z = z0 for ω1 < ω′c, while both the

stable mode and the unstable mode with a complex z = z1 exist for ω1 > ω′c.

Then, we define αw± ≡ (−qw ±
√
q2
w + 4p3

w)/2 in order to write the

solutions of Eq.(2.16) as

zn = ωc

√
e2niπ/3α

1/3
w1+ + e−2niπ/3α

1/3
w1− +

1

3
(2w2

1 + 1), (2.21)

where n = 0 gives the stable solution and n = 1 gives the unstable solution

when ω1 > ω′c (also, n = 2 leads to an unphysical “growth” solution with Im

z2 > 0).
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Figure 2.1: ws
1 ≡ ωs

1/ωc and wu
1 ≡ ωu

1/ωc vs. w1 − 1. We indicate the location
of the critical value w′c− 1. The thin line is y = w1− 1. The thick curve below
the thin line is ws

1. The thick curve above the thin line is wu
1 . The two dashed

curves are real solutions in the second Riemann sheet for n = 1 and n = 2 in
Eq. (2.21) which have only a secondary effect on the system.

In Fig. 2.1 we plot ws
1 = ωs

1/ωc and wu
1 = ωu

1/ωc = Re(z1/ωc) as

functions of w1 − 1 = ω1/ωc − 1 with a fixed value of ωc. In this and the

22



next figures we set G0 = 2 and use g = 1.17× 10−6 for an HCl molecule. We

indicate the location of the critical value w′c − 1. The thin line is y = w1 − 1.

The thick curve below the thin line is ws
1 for the stable mode (which lies in

the first Riemann sheet). The thick curve above the thin line is wu
1 for the

unstable mode (second Riemann sheet). The two dashed curves in the domain

w1 < w′c are real solutions in the second Riemann sheet obtained from zn

by putting n = 1 and 2 in Eq. (2.21). These solutions can only affect the

system indirectly through the branch point effect, which is a small effect for

the present system (in Chaper 4 we will consider a system where the branch

point effect dominates).

We note that the stable solution ws
1 exists for all values of w1 inside

the waveguide. This is the result of the singularity in the density of states at

the cutoff frequency ωk = ωc, as mentioned before. Because of this singularity,

there may be a large deviation in the value of ws
1 from w1 for w1 � 1 no matter

how small the coupling constant g might be. This is a striking difference

from the ordinary Friedrichs model for the unstable particle located in free-

space [27]. We will encounter this co-existing stable state repeatedly in later

chapters, hence we term such solutions superstable solutions.

In Fig. 2.2 we plot the decay rate γ/ωc = Im (z1/ωc) of the unstable

mode for a fixed value of ωc as a function of w1 − 1. The maximum value of

γ lies very near w1 = 1 (i.e., ω1 = ωc). At this point we have pw1 = αw1+ = 0,

qw1 = αw1− = (gG0)
4, and we obtain for g � 1,

γmax =

√
3

4
g4/3

( 4b

πa

)2/3

ωc +O(g8/3). (2.22)
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Figure 2.2: γ/ωc vs. w1 − 1. At w1 = 1, i.e., ω1 = ωc, we have the maximum
value of γmax presented at Eq. (3.12).

The maximum value is a nonanalytic function of g at g = 0, and hence one

cannot obtain this result from perturbation analysis. For g � 1 this is much

larger than the first-order decay rate γ2 ≡ 2g2(c/a)(ωc/ω1) which is found in

the perturbation region where |w1−1|/|w′c−1| � 1. Indeed, the enhancement

factor for the decay rate γmax/γ2 ∝ g−2/3 is extremely large for the case w1 > 1

with w1 ∼ 1 and g � 1 (see Table 2.1).

Notice that the critical value w′c of the unstable mode is located below

the cutoff frequency, i.e., w′c < 1. This is another striking difference from

the ordinary Friedrichs model, in which the critical value is located inside the

continuous spectrum of the field [27].

Note that γ does not depend on the size of the molecule in the dipole

approximation. One can show that the vibrating motion of the dipole is stable

when it oscillates in the y direction, or in the z direction for our illustrated case
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with ω1 < ωc2. This is because the lowest mode which couples with oscillation

in the y direction is the TE10 mode with cutoff ωc2 and the lowest mode that

couples to oscillation in the z direction is the TM11 mode, with an even higher

cutoff. Hence, under the dipole approximation, we have the same value of γ

for molecules oriented in any direction of space.

We also note that the breakdown of Fermi’s golden rule that occurs

in our system is rather universal around the cutoff frequency, as it can be

shown to be independent of the particular model we choose. Instead, it can

be shown to be a result of the form of the density of states Eq. (2.14). Indeed,

one can find that the golden rule breaks down in the g4/3 region around ωc

(|ω1 − ωc| <̃ g4/3) for any model by estimating its applicability in the vicinity

of the singularity in the density of states at ωc.

In this theoretical work we have assumed the waveguide walls to be

perfectly conducting. To observe the non-analytic dependence of the decay

rate on the coupling constant in an actual experiment we will need a high-Q

waveguide with Q > ω1/γ ∼ g−4/3. It can be seen in Table 2.1 that this implies

Q > 108 for the HCl molecule. Recent developments in microdevice technology

have already achieved such high Q-values for toroidal micoresonators (Q ≈

1.25× 108) [28] and for microspheres (Q ≈ 8× 109) [29] in the near infrared.

Since the measurement of the non-analytic decay rate requires such ultra high

Q-values, the experimental verification of the non-analytic dependence offers

a challenging opportunity to modern technology.
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2.2.2 Analytic Expansions for Stable and Unstable Solutions

In this section we will derive simple analytic approximations for the

solutions to the dispersion equation for the dipole (2.16) which we gave in the

previous section. While the solutions from the previous section are given in

exact, closed form they are cumbersome and opaque. The analytic approxi-

mations we derive below will give us a more transparent view of the behavior

of these solutions in their respective domain of applicability. In addition, we

will derive a general analytic expansion for the decay rate which describes the

transition from the region where the g4/3 rule holds to the region where the

Fermi golden rule is valid.

First, we will consider the stable state solution well below the g4/3

region (w1 � w′c). It is apparent from Fig. 2.1 that the stable solution in this

region is shifted downwards slightly from w1 in the first Riemann sheet. Hence,

we will guess a first-order solution of the form ξ = (ws
1)

2 ≈ w2
1 − χα(G0g)

α

(with χα ≈ 1). Bearing in mind that we must use the negative branch of the

root in the dispersion equation (2.16) for the stable solution, plugging in our

approximate solution gives

−χα(G0g)
α ≈ − 1√

1− w2
1

w1(G0g)
2√

1 + χα

1−w2
1
(G0g)α

(2.23)

≈ −w1(G0g)
2√

1− w2
1

+O(g2+α). (2.24)

We must match the first-order term on the LHS (order gα) with that on the

RHS (the first term; order g2), which gives the condition α = 2. The condition
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χα = w1/
√

1− w2
1 immediately follows. This yields

ws
1 = w1 −

G2
0

2
√

1− w2
1

g2 +O(g4) (2.25)

for the stable state well below the renormalized cutoff frequency.

Now we will obtain a similar approximation for the stable state well

above the g4/3 region (w1 � 1). We see from Fig. 2.1 that the stable solution

in this region lies far below the line y = w1. In fact, in this region the stable

solution is shifted downwards from y = 1. In other words, perturbation theory

still holds in this case, however ωs
1 is shifted perturbatively off of the cutoff

frequency ωc, not ω1 as we might have expected. Hence we use the first-order

approximation ξ ≈ 1 − χα(G0g)
α. Plugging this into the negative branch of

2.16 gives

1− w2
1 − χα(G0g)

α ≈ − −g2w1√
χα(G0g)α

= − w1√
χα

g2−α/2. (2.26)

From this we obtain the conditions α = 4 (from 2 − α/2 = 0) and χα =

w2
1/(1− w2

1)
2. Then we have for our first-order approximation

ws
1 = 1− w2

1G
4
0

2(1− w2
1)

2
g4 +O(g8). (2.27)

for the stable state well above the cutoff frequency (which co-exists with the

unstable state that is predicted by Fermi’s golden rule in the same region).

Note that the first order term is proportional to g4, not g2 as was the case

below the renormalized cutoff frequency in Eq. (2.25). Indeed, we can predict

this effect by close inspection of Fig. 2.1, in which we notice that the thick
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line which represents the stable state lies much farther from the line y = w1 in

the region (w1 � w′c) than it does from the line y = 1 in the region (w1 � 1).

Next we consider the unstable state in the region away from the sin-

gularity where the Fermi golden rule is valid (w1 � 1). From Fig. 2.1 we see

that the real part of this solution lies near the line y = w1. Hence, we will

guess a solution of the form ξ = (wu
1 − iγ)2 ≈ w2

1 + χα(G0g)
α + χβ(G0g)

β (we

will find that it is necessary to include the second order term to determine a

correction for the frequency shift). Plugging this into Eq. (2.16) (being careful

to follow the positive branch) and expanding yields

χα(G0g)
α + χβ(G0g)

β =
w1(G0g)

2√
1− w2

1

+
w1χα(G0g)

2+α

2(1− w2
1)

3/2
+O(g2+β, g2+2α) (2.28)

from which we obtain the conditions α = 2, χα = w1/
√

1− w2
1 = −iw1/

√
w2

1 − 1

(note that w1 > 1 for the region of interest), β = 2 + α = 4, and χβ =

w2
1/2(1− w2

1)
2. Expanding the square root of ξ then gives

wu
1 − iγ ≈ w1 − i

G2
0

2
√
w2

1 − 1
g2 +

(3w2
1 − 1)G4

0

8w1(w2
1 − 1)2

g4 +O(g6). (2.29)

We see that in the case of the unstable solution, the decay rate (second term

in (2.29)) is proportional to the square of the coupling constant, consistent

with the Fermi golden rule, while the frequency shift is again proportional to

the fourth power of the coupling constant, as was the case for the stable state

Eq. (2.27) in the same region of the frequency spectrum (w1 � 1).

We now have a good idea of the behavior of the decay rate γ in two

important regions of the frequency spectrum. We know that for values of ω1
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which lie near the cutoff frequency ωc, the decay rate follows the “four-thirds

rule” such that γ ∼ g4/3, and that the decay rate achieves its maximum very

near ω1 = ωc with a value given by Eq. (2.22). By inspection, we find that the

decay rate follows this behavior for values of w1 in the range |w1 − 1| <̃ g4/3.

Hence, we call this portion of the frequency spectrum the g4/3 amplification

region (or just the amplification region).

Then for frequency values which are far above the amplification region

(such that w1 − 1 � g4/3) we know that the decay rate follows the standard

perturbation theory such that the first order correction can be obtained from

Fermi’s golden rule. In particular, in this region we have γ ∼ g2 and to first

order the decay rate is given by our approximation (2.29) given above. For this

reason, we will term this portion of the frequency spectrum (w1 − 1 � g4/3)

the Fermi golden rule region (or just the Fermi region).

Hence, we understand the behavior of γ in the amplification region and

the Fermi region quite well, but we still know little about the behavior of the

decay rate in the portion of the frequency spectrum which lies between these

two. Below we will fill this gap in our knowledge by expanding the exact

solution for the decay rate given in Eq. (2.21). To do this, we re-parameterize

the dipole frequency by

w1 = 1 +Wgβ, (2.30)

where W ∼ 1. Note that for β = 0 we are well within the Fermi region while

for β ≥ 4/3 we are within the g4/3 amplification region. So then in the present
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setting our primary interest will be the values 0 < β < 4/3 or the portion of

the frequency spectrum given by g4/3 < w1− 1 < g0. Since this portion of the

spectrum bridges the two regions that we are already familiar with, we will

call this the transition region.

For our calulation of the decay rate in the transition region, we first

note that

w2
1 = 1 + 2Wgβ +O(g2β) (2.31)

(keep in mind that we are interested in values of β such that β > 0, hence the

order 2β term is a correction term). Now we calculate the quantities which we

will need to put together in order to write our approximate solution. Plugging

(2.31) into the discriminant for the cubic given in Eq. (2.19) we obtain

D(w1(W )) =
25

33
W 3g4+3β +O(g4+4β). (2.32)

Next we calculate the appropriate approximation for qw1 from Eq. (2.18) to

obtain

qw1(W ) =
24

33
W 3g3β +O(g4) (2.33)

From Eq. (2.21) we must also calculate

α
1/3
w1(W )± = −2

3
Wgβ +O(g4−2β) (2.34)

and

1

3
(2w2

1 + 1) = 1 +
22

3
Wgβ +O(g2β). (2.35)
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Finally, we put Eqs. (2.32-2.35) into Eq. (2.21) to obtain

z2
n

ω2
c

= [(e
2iπ
3 + e

−2iπ
3 )(−2

3
Wgβ +O(g4−2β)

+(e
2iπ
3 − e

−2iπ
3 )(

1

3

√
3

2W
g2−β/2 +O(g2β+2) + 1 +

22

3
Wgβ +O(g2β)]

= [(1 + 2Wgβ +O(g2β))︸ ︷︷ ︸
= w2

1

+O(g4−2β) + (i
1√
2W

g2−β/2 +O(g2β+2)︸ ︷︷ ︸
= γ

).(2.36)

We see from this expression that the frequency shift in the transition region

is order g4−2β while the decay rate is given to first order by

γ(W ) =
1√
2W

g2−β/2 +O(g2β+2, g2+β/2). (2.37)

Indeed, from Eq.(2.37) we see that when β = 4/3 we recover the γ ∼ g4/3

behavior that holds in the amplification region, meanwhile when we set β = 0

we recover γ ∼ g2 for the Fermi golden rule region.

2.2.3 Diagonalization of the Hamiltonian

In this section we will explicitly perform the diagonalization of the

Hamiltonian (2.13) for the dipole coupled to the TE01 mode. We will then

use our expressions for the diagonalized field modes to calculate the velocity

of emitted radiation from the de-exciting dipole in the next section.

Since our Hamiltonian is bi-linear in form, we can diagonalize it through

a linear transformation of the normal modes q1, qE,k, which corresponds to

the Bogoliubov transformation. However, we must keep in mind that the

stable state exists for all values of the dipole frequency ω1 as a result of the

31



singularity in the density of photon states near the cutoff frequency inside the

waveguide. Hence, even though our primary interest is the transformed field

mode, we must choose the form of the transformation such that the stable

dipole oscillation mode is preserved.

In terms of the normal modes Q1 and QE,k (keep in mind that we are

considering only the TE01 mode), the diagonalized Hamiltonian takes the form

H = ωs
1Q

+
1 Q1 +

∫
dk ωkQ

+
E,kQE,k. (2.38)

where the transformed dipole and field modes are given by

Q1 = N1

[
ω1 + ωs

1

2ω1

q1 +
ω1 − ωs

1

2ω1

q+
1 + g

∫
dk

(
VE,k(R)

ωk − ωs
1

qE,k

+
V ∗E,k(R)

ωk + ωs
1

q+
E,k

)]
(2.39-a)

QE,k = qE,k −
2λω1V

∗
E,k(R)

ξ+(ωk)

[
ωk + ω1

2ω1

q1 −
ωk − ω1

2ω1

q+
1

+g

∫
dl

(
VE,l(R)

ωl − ωk − iε
qE,k +

V ∗E,l(R)

ωl + ωk

q+
E,l

)]
. (2.39-b)

The inverse transformations are then given by

q1 = N1

[
ωs

1 + ω1

2ω1

Q1 +
ωs

1 − ω1

2ω1

Q+
1

]
−g
∫
dl

[
(ωl + ω1)VE,l(R)

ξ−(ωl)
QE,l +

(ωl − ω1)V
∗
E,l(R)

ξ+(ωl)
Q+

E,l

]
(2.40-a)

qE,k = QE,k − gN1V
∗
E,k(R)

[
Q1

ωs
1 − ωk

+
Q+

1

ωs
1 + ωk

]
+ 2g2ω1V

∗
E,k(R)

×
∫
dl

[
VE,l(R)QE,l

ξ−(ωl)(ωl − ωk − iε)
+

V ∗E,l(R)Q+
E,l

ξ+(ωl)(ωl + ωk)

]
(2.40-b)
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where ε is a positive infinitesimal number (shorthand for ε→ 0+). The function

ξ was defined previously in Eq. (2.15) while we have introduced the new

notation

ξ±(ωk) ≡ ξ(ωk ± iε). (2.41)

The normalization factor N1 used above is given by

N1 ≡

[
ωs

1

ω1

dξ(z)

d(z2)

∣∣∣∣
z=ω̃1

]− 1
2

. (2.42)

The new normal modes form a canonical pair, satisfying the usual commuta-

tion relations

[Qα, Q
+
β ] = −iδαβ (2.43)

[Qα, Qβ] = 0 (2.44)

The annihilation and creation operators are then given by Aα = Qα/
√

~ and

A+
α = Q+

α/
√

~, as usual.

The transformed particle mode Q1 given in Eq. (2.39-a) is composed

of the bare particle mode q1 “dressed” by the field modes. As has been shown

elsewhere [2], the dressing of the particle mode for this system has two unique

features. The first of these is that the dressing decays exponentially in the

longitudinal direction along the length of the waveguide, as opposed to the

power law decay that occurs in free space [69]. This difference is due to

the dispersion relation which gives the photons traveling in the waveguide

an effective mass as a result of the cutoff frequency (which we know is also
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the origin of the singularity in the density of states). The second feature is

that the physical size of the particle mode dressing is on the same scale as the

waveguide itself, meaning that it is macroscopic. Hence it may be possible to

detect the dressing experimentally.

However, in the present setting our immediate focus is the time evolu-

tion of the field for the unstable case. Since we have diagonalized our Hamil-

tonian in Eq. (2.38), the time evolution of Q1(t), and QE,k(t) are given by

Q1(t) = Q1(0)e−iωs
1t , QE,k(t) = QE,k(0)e

−iωkt. (2.45)

2.2.4 Velocity of Emitted Photons from Dipole De-excitation

In this section we will determine the velocity (as a function of ω1) of the

radiation emitted from the unstable dipole as it de-excites. It is well known

that the velocity of light inside the waveguide (without the presence of a dipole

oscillator) is given by the group velocity [13], defined through the dispersion

relation in the waveguide as vg = dω/dk. For our present discussion in which

we are only considering the TE01 mode this gives

vg = c

√
1− ω2

c

ω2
1

. (2.46)

If we now return to the problem involving the dipole oscillator, we

notice that the group velocity vanishes at the cutoff frequency ωc, which is

approximately where the decay rate reaches its peak value. Hence we arrive at

the strange conclusion that when a photon is most likely to be emitted by the

oscillator that photon will have zero velocity. In fact, notice that the group
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velocity is inversely proportional to the density of states 2.14. Hence, for any

similar 1-dimensional system in which there is a divergent singularity in the

density of states we should expect this problem to arise. This is an indication

that we must devise a new defination for photon velocity inside the waveguide,

which is the primary purpose of this section. We will find that the new velocity

we obtain below will agree to zero-order with the group velocity given in Eq.

(2.46) in the perturbative limit where the Fermi golden rule holds.

In order to devise an appropriate definition for radiation velocity, we

must first study the time evolution of the original field mode qE,k. We will

then use our result to calculate the vector potential ATE01 of the radiated field.

Let us consider the initial conditions for the system given by

qE,k(0) = 0 , p1(0) = 0. (2.47)

Substituting these initial conditions into Eq. (2.39-a) and Eq. (2.39-b) we

obtain

Q1(t) = N1q1(0)e
−iωs

1t (2.48)

QE,k(t) = −2gω1q1(0)
V ∗E,k(R)

ξ+(ωk)
e−iωkt (2.49)

where we have used Eq. (2.45). Now, substituting QE,k(t) in Eq. (2.49) into

Eq. (2.40-b), we have

qE,k(t) = −2gω1q1(0)
V ∗E,k(R)

ξ+(ωk)
e−iωkt (2.50)

+gN2
1V

∗
E,k(R)

[
q1(0)V

∗
E,k(R)

(ωs
1 − ωk)ξ+(ωk)

e−iωkt +
q∗1(0)VE,k(R)

(ωs
1 + ωk)ξ+(ωk)

eiωkt

]
−4g3ω2

1V
∗
E,k(R)

∫
dl

|VE,l|2

|ξ+(ωl)|2

[
e−iωlt

(ωl − ωk − iε)
+

eiωlt

(ωl + ωk)

]
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where we have used the pole approximation ξ+(ωk) given by

ξ+(z) ≈ (z − z1)(z + z∗1) (2.51)

which holds up to O(g2).

From Eq. (2.7) we can write the emitted field for the TE01 mode as

A+
TE01

= −ωc

4π
G0êy

∫
dk

1
√
ωk

q+
E,ke

ikz +H.c. (2.52)

Plugging Eq. (2.50) for qE,k(t) into (2.52) and keeping only the first term2 we

obtain the approximation

A+
TE01

≈ 2gω1ω
2
cG

2
0√

c
q1(0)êy

∫
dk

1

ωkξ+(ωk)
ei(kz−ωkt). (2.53)

Making a simple change of variables using the dispersion relation in the waveg-

uide we can re-write this as

A+
TE01

≈ 2gω1ω
2
cG

2
0√

c
q1(0)êy

∫
dωk

1√
ω2

k − ω2
cξ

+(ωk)
ei(kz−ωkt). (2.54)

Applying the pole approximation Eq. (2.51) we easily evaluate the integral as

A+
TE01

≈ gω1ω
2
cG

2
0√

cωu
1k1

q1(0)e
i(k1z−z1t)êy (2.55)

in which we have defined

k1 ≡
1

c

√
z2
1 − ω2

c . (2.56)

2The contribution to A+
TE01

from the second term in Eq. (2.50) is also first-order in the
coupling constant, however it results in a purely real contribution to Eq. (2.55); hence, as
discussed in the text, this term has no effect on the velocity of emitted radiation and we
will ignore it here.
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Since the unstable solution z1 is equivalent to z1 = ωu
1 − iγ we have that A+

TE01

is proportional to the exponential profile

A+
TE01

∼ ei(
√

(ωu
1 )2−γ2−ω2

c−2iωu
1 γ−ωu

1 t−iγt). (2.57)

It has been shown by elsewhere [2] that the background integral contri-

bution to the field associated with the branch point in the frequency spectrum

at ω1 = ωc will begin to cancel the resonance contribution exactly at the point

where the expression above becomes purely real (that is to say, where the

imaginary coefficient of the z term cancels the imaginary coefficient of the t

term in Eq. (2.57)). Hence we can now define our new velocity (which follows

the front of the wavepacket) as

vf ≡ c
γ

Im[
√

(ωu
1 )2 − γ2 − ω2

c − 2iωu
1γ]

. (2.58)

We can determine the imaginary number explicitly to obtain

vf = c
γ√

−1
2
((ωu

1 )2 − γ2 − ω2
c ) +

√
1
4
((ωu

1 )2 − γ2 − ω2
c )

2 + (ωu
1 )2γ2

. (2.59)

In Fig. 2.3, we plot vf (and the group velocity vg from Eq. (2.46) as

a function of ω1. Here we use the (unphysical) large value for the coupling

constant g = .01 for clarity and we choose the units c = 1. The dark solid

line is vf and the dashed line is vg (distinguishable from vf only in the inset

for values of ω1 that lie near the cutoff frequency ωc). In the inset we can see

that vf remains non-zero at ω1 = ωc and only vanishes at ω1 = ω′c < ωc. As

the value of ω1 increases we see that vf asymptotically approaches the vacuum

37



Figure 2.3: vf (solid line) and vg (dashed line) as a function of ω1 with c = 1
and g = 0.01.

speed c = 1; as shown below, vf agrees with the group velocity vg for large

values of ω1.

In the vicinity of the cutoff frequency (the amplification region men-

tioned in Sec. 2.2.2), the shifted frequency of the unstable state lies near to

the value of the cutoff frequency, such that (ωu
1 )2 − ω2

c ∼ g4/3. Hence, in this

region of the frequency spectrum both terms under the embedded root in Eq.

(2.59) have the same order of magnitude ((ωu
1 )2− γ2− ω2

c )
2 ∼ (ωu

1 )2γ2 ∼ g8/3.

Therefore we must retain the full expression in the amplification region to

maintain accuracy in our calculation of the velocity.

However, as we increase the frequency into the perturbative limit where

the Fermi golden rule is valid, then the shifted frequency of the unstable state

lies near to ω1, such that (ωu
1 )2 − ω2

c ∼ ω2
1 − ω2

c . Hence the first term in

the embedded root ((ωu
1 )2 − γ2 − ω2

c )
2 ∼ ω2

1 − ω2
c will dominate the second

(ωu
1 )2γ2 ∼ g4. Therefore, we may expand the embedded root to obtain the
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approximate expression for the radiation velocity in the Fermi region as

vf ≈ c

√
1− ω2

c + γ2

(ωu
1 )2

. (2.60)

If we now take the zero-order approximation in which γ ∼ 0 and ωu
1 ∼ ω1, we

regain the group velocity expression given in Eq. (2.46). Hence we make the

interesting observation that the group velocity is a useful approximation for

radiation velocity under the same conditions that the Fermi golden rule is a

valid approximation for the dipole decay rate inside the waveguide.
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Chapter 3

Semiconductor Superlattice with Single

Impurity

We now focus our attention on a problem in solid state physics, in which

we will again see the influence of a singularity in the density of states (referred

to as a Van Hove singularity for an electronic system in the context of solid

state). Thanks to recent advances in nanotechnology, various types of artifi-

cial low-dimensional semiconductor structures have now been fabricated [30].

The quantum confinement of the electron in these structures greatly modifies

the density of states of carriers resulting in completely different electronic and

optical properties from the bulk system [31, 32]. Recently, one-dimensional

quantum wires and quantum-dot arrays have been manufactured in various

ways [30, 33], and the formation of a one dimensional miniband has been the-

oretically and experimentally investigated [34–36]. It has been found that

the Van Hove singularity in the density of electron states inherent with the

one-dimensionality of the system results in a characteristic electronic trans-

port [37, 38].

In this chapter, we will consider the charge transfer between an adatom

localized state and a one dimensional miniband associated with a quantum wire
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or quantum-dot array. The charge transfer between an adatom and a substrate

semiconductor has been extensively studied [39]. We will show that, just as

in the waveguide system from the previous chapter, the low dimensionality

greatly enhances the charge transfer process from the adatom to the semicon-

ductor quantum dot array due to the singularity in the density of states. The

physical situation we consider in this paper is shown in Fig. 3.1(a) where an

adatom is attached to a semiconductor quantum-dot array surface (hereafter

we simply call it a superlattice).

The charge transfer of an electron from the adatom to the miniband of

the superlattice is caused by the hybridization of the adatom wave function

with the miniband which can be described by the bilinear coupling between

the adatom localized state and the bound state of a single quantum dot in

which the adatom is situated. The situation may be described by the one-

dimensional version of the Newns-Anderson model which has been extensively

used to investigate the charge transfer process between the adatom and the

semiconductor substrate [39, 40]. As we shall see, this one-dimensional Newns-

Anderson model we consider here is equivalent to the Friedrichs Hamiltonian

which we investigated in the previous chapter.

In the case of the superlattice model, we will find in section 3.1 that

the tunneling effect for electrons traveling through the superlattice results in

an energy-momentum dispersion relation that is formally quite different from

that for the waveguide system, but is bounded both from below and above.

This energy band is quite small (on the order of 10 meV) , hence this structure
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is referred to in the literature as an energy mini-band. The upper and lower

bounds on the dispersion relation result in a function for the density of electron

states inside the superlattice which contains two singularities, one at either of

these edges. This situation is entirely parallel to that of the 1-dimensional

waveguide-dipole system of Chapter 2, in which a lower bound on the field

modes in the waveguide resulted in a singularity in the density of photon

states. In the superlattice model, we will again find that the singularities in

the density of electron states results in a breakdown of Fermi’s golden rule and

an enhancement of the charge transfer rate from the discrete adatom impurity

to the continuous energy band. In the vicinity of either band edge, the charge

transfer rate will follow the g4/3 rule, where g is the dimensionless coupling

constant between the adatom and the continuum, just as we observed for the

dipole de-excitation rate in the vicinity of the field cutoff frequency in the

previous chapter.

In section 3.2, we will also consider the role of the singularity in a

deeper question about the time evolution of the system. Although the ex-

ponential decay law for the unstable state has been observed ubiquitously in

nature, quantum mechanics predicts that there should be a deviation from

the exponential decay law for the unstable state [41]. It has been shown that,

irrespective of any specific form for the interaction, the time evolution of the

surviving amplitude of an unstable state deviates from the exponential law

on short and long time scales due to the existence of the lower bound on the
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energy1, i.e., the branch point effect. Wilkinson et al. has recently succeeded

in measuring the branch point effect in super-cooled sodium atoms [42], even

though the timescale in which the deviation from the exponential decay law

appears is very short. Thus separation of the pole and branch point effects

in the time evolution of the unstable state is essential to our understanding

of the decay process, as has been done for a system composed of an excited

atom coupled to a radiation field [43, 44]. The separation of the two effects

is also useful because the reversible non-Markovian process in the decay pro-

cess (due to the branch point effect) is directly related to the quantum Zeno

effect [45–48].

Our goal is to present an actual experimental method that enables us

to separately evaluate the pole and branch point effects for the decay process

of the unstable state in this system. In Section 3.2, we consider the optical

absorption process in which a core electron of the adatom with discrete energy

is transferred to the continuous conduction band. It will be shown here that

the spectral shape is influenced by the Markovian process due to the pole effect

and also by the non-Markovian process due to the branch point effect.

The Friedrichs model presented here is equivalent to that known as the

Fano model which was originally developed to explain the absorption spectrum

for the autoionization process in the He atom [4]. It is well known that this

absorption spectrum has an asymmetric spectral profile due to quantum inter-

1Note that in the present case of the superlattice system, we will find that there is also
an upper bound on the energy spectrum which will contribute to this effect as well
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ference between different optical transition paths. The appearance of quantum

interference indicates that quantum coherence, which is a source of the mem-

ory effect, plays a key role in the decay process of the excited state. As will

be shown in Section 3.2.2, since the branch point effect which accounts for

the non-Markovian decay process (with memory effect) is intensified by the

singularity in the density of states, the absorption spectral profile provides us

with information on the extent of the persistence of the quantum coherence in

the decay process.

In Section 3.1 we will present the model and demonstrate the nonana-

lytic enhancement of the decay rate for the unstable state. We then decompose

the absorption spectrum into contributions from the pole and branch point ef-

fects in Section 3.2.

3.1 Model and Nonanalytic Enhancement of Charge Trans-
fer Rate

Here we will consider a 1D semiconductor superlattice with an adatom

on the surface, as shown in Fig.3.1(a). The width of each potential well is a few

nm to 100 nm. One can make this device, for example, with GaAs/GaAlAs

heterostructures [30, 34]. The superlattice consists of N + 1 � 1 identical

quantum wells (with N an even number, without loss of generality), and each

well is assumed to have a single bound state |ñ〉 (ñ = −N/2 to N/2) of equal

energy, where the tilde is used to distinguish the site representation from the

wavenumber representation below. A miniband is formed in the superlat-
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tice due to the electron tunneling through the potential barrier [31, 35, 36, 50].

We assume only nearest neighbor tunneling occurs with a transition prob-

ability of −B/2. Generalization to transitions beyond the nearest-neighbor

sites is straight-forward. The 1D superlattice is then represented by the one-

dimensional tight binding model, and we have a continuous miniband of width

2B in the limit of N →∞. In addition to the miniband we consider an adatom

localized state |d〉 with energy E0; also we consider an inner core level |c〉 with

energy Ec. Both of these states are associated with the adatom impurity lo-

cated at the ñ = 0̃ site. The adatom localized state |d〉 is hybridized with the

|0̃〉 state with coupling strength gB.

Taking ~ = 1 hereafter, the electronic Hamiltonian HE is then written

as

HE = Ec|c〉〈c|+ E0|d〉〈d| −
B

2

∑
<m,n>

|m̃〉〈ñ|

+gB
(
|d〉〈0̃|+ |0̃〉〈d|

)
, (3.1)

where < · · · > represents the sum over nearest neighbor sites in Eq.(3.1). The

coupling constant g is a small quantity, but not too small in order for the

impurity site to be an efficient electron donor for the superlattice (g ∼ 10−1 -

10−2). By introducing the wave number representation

|k〉 ≡ 1√
N

N∑
n=1

exp[ikn]|ñ〉 , (3.2)
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Figure 3.1: (a) An adatom attached to a 1D quantum-dot array, and (b) level
structures of the adatom localized state and the bound state in each quantum
well. The width of each well is a few nm to 100 nm. The adatom is located
at the ñ = 0̃ well. The two optical absorption transitions from the core level
|c〉 with Tdc and T0c are also shown by the arrows.
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we can rewrite HE in the form of the Friedrichs model

HE = Ec|c〉〈c|+ Ed|d〉〈d|+
∑

k

Ek|k〉〈k|

+
1√
N

∑
k

gB(|d〉〈k|+ |k〉〈d|), (3.3)

where Ek = −B cos k. Note that our Hamiltonian does not involve the so-

called counter-rotating term as in the case of matter-field interaction systems,

such as the waveguide problem in Eq. 2.13 of the previous chapter. Neverthe-

less this form is exact, since the number of electrons must not change through

the interaction in the system. We impose periodic boundary conditions, lead-

ing to k = 2πj/N , where j is an integer running from −N/2 to N/2. The

energy dispersion relation gives a divergence in the density of states at either

band edge,

ρ(Ek) =
1

π
√
B2 − E2

k

. (3.4)

For the 1D Friedrichs model, the electronic Hamiltonian HE is diago-

nalized in terms of the so-called Friedrichs solution which results in the spectral

representation [49]

HE = Ec|c〉〈c|+
2∑

i=1

Ei|φi〉〈φi|+
∑

k

Ek|φF
k 〉〈φF

k | , (3.5)

where |φi〉 (i = 1, 2) are two stable eigenstates with energies Ei, and |φF
k 〉 with

energy Ek (where |Ek| < B) is given by

|φF
k 〉 = |k〉+

1√
N

gB

η+(Ek)

×

|d〉+
1√
N

∑
k′( 6=k)

gB

Ek − Ek′ + iε
|k′〉

 , (3.6)

47



with

1

η+(z)
= G+

dd(z) ≡ 〈d|
1

(z −HE)+
|d〉

=
1[

z − E0 − 1
N

∑
k

g2B2

z−Ek

]+ , (3.7)

where ε again represents a positive infinitesimal. The Green function G+
dd(z) is

analytically continued from the upper half complex Ek plane to the lower half

plane when we consider the limit N → ∞ of the continuous spectrum. The

completeness relation in terms of the eigenstates of the diagonalized Hamilto-

nian (3.5) is given by

1 = |c〉〈c|+
2∑

i=1

|φi〉〈φi|+
∑

k

|φF
k 〉〈φF

k |. (3.8)

We will present the explicit form of |φi〉 in the appendix [49]. As we take the

limit N → ∞, the summation over the wave number becomes a continuous

integration, and then the self-energy term in Eq.(3.7) reads

Ξ(z) ≡ 1

N

∑
k

g2B2

z − Ek

→ 1

2π

∫ π

−π

dk
g2B2

z − Ek

=

∫ B

−B

dEkρ(Ek)
g2B2

z − Ek

=
g2B2

√
z2 −B2

. (3.9)

By substituting the right-hand side of Eq.(3.9) into η+(z) and taking

the square of the dispersion relation η+(z) = 0 we obtain the quartic equation

f(ζ) = 0 in ζ ≡ z/B, where

f(ζ) ≡ ζ4 − 2Ē0ζ
3 + (Ē2

0 − 1)ζ2 + 2Ē0ζ − Ē2
0 − g4 (3.10)
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in which Ē0 ≡ E0/B. This dispersion polynomial for the superlattice system is

the equivalent of (2.17) for the wavguide-dipole system of the previous chapter.

From the form of the quartic equation, it is readily seen that the solutions are

symmetric about the origin E0 = 0. By applying the standard method for

solving a quartic equation, one can find the explicit solutions of the dispersion

equation η+(z) = 0. The solutions consist of the pole zd ≡ Ẽ0 − iγ of G+
dd(z)

in the lower half complex plane in the second Riemann sheet corresponding to

the unstable decaying state, and the poles on the real axis in the first sheet

corresponding to the stable states, Ei(i = 1, 2). For illustration, we plot in

Fig.3.2(a) Ẽ0 and Ei for g = 0.5 as a function of E0/B with thick dashed

and solid lines, respectively. For arbitrary E0, there always exist two stable

solutions outside the electronic miniband. Note that there is a critical value Eγ

at which the unstable state with imaginary part γ 6= 0 appears. The unstable

state exists for all |E0| < Eγ, as indicated by the arrows in Fig.3.2(a). In

Fig. 3.2(b) we plot the decay rate γ/B of the unstable solution for g = 0.1

as a function of E0/B. The maximum value of γ = γmax occurs very near

E0 = ±B. We present explicit form of the exact solutions of the quartic

dispersion polynomial in the appendix.

Since the explicit form of the full solution is complicated, we present an

approximate calculation of the maximum value γmax of γ at E0/B = ±1 and

the critical value Eγ of E0 where the unstable solution appears. To estimate

γmax we put E0 = B in the dispersion equation. After a simple manipulation
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Figure 3.2: (a) Ei/B and Ẽ0/B vs. E0/B for g = 0.5, which are shown
by the thick solid and dashed lines, respectively. The location of the critical
values ±Eγ/B are indicated by the arrows. The thin line is y = E0/B. (b)
γ/B vs. E0/B for g = 0.1. The maximum value of γmax/B occurs very near
E0/B = ±1.
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we obtain

ζ = 1 + (−1)2/3 g4/3

(ζ + 1)1/3
. (3.11)

The zeroth order solution (for g = 0) is ζ = 1. We use this as our starting

point and solve iteratively to find

γmax

B
=

√
3g4/3

24/3
+

g8/3

28/3
√

3
+O(g16/3), (3.12)

where the third order contribution (g4j/3 with j = 3) vanishes.

To estimate Eγ near E0 = B we put z = E0 + gαz1 where α > 0 and z1

are unknown variables that are independent of g. Then, by keeping only the

predominant contribution to the dispersion equation, we obtain

ζ − Ē0 ≈
g2√

E0+gαz1

B
+ 1

√
ζ − 1

≈ g2√
Ē0 + 1

√
ζ − 1

, (3.13)

where Ē0 ≡ E0/B. Squaring this equation yields

f3(ζ) = (ζ − Ē0)
2(ζ − 1)− g4

Ē0 + 1
≈ 0. (3.14)

The function f3(ζ) represents a cubic curve. By taking the derivative of f3(ζ)

and setting f ′3(ζ) = 0, we find the threshold value of Ē0 = Eγ/B > 1 at which

the complex solutions of f(ζ) = 0 appear. This leads to the first two terms in

the following expression for Eγ:

Eγ

B
= 1 +

3g4/3

2
− g8/3

8
+O(g12/3). (3.15)

For precision, we have presented the second order correction that is obtained

from the exact solution of the dispersion polynomial (3.10) (from setting
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f(ζ) = f ′(ζ) = 0). The values of γ and Eγ are non-analytic in g for g = 0,

and hence one cannot obtain these results from a series expansion in g using

ordinary perturbation analysis.

We have now seen the g4/3 behavior in two very distinct cases, one an

example from atomic physics (the waveguide-dipole system from the previous

chapter) and now an example from solid-state physics. We note then that

the g4/3 law for the decay rate is rather universal around the edge of the

continuous spectrum. Indeed, if the integration over the wave number in the

self-energy is a Cauchy integral that is a double-valued function of z, as is

the case in Eq.(3.7), then the edge of the miniband will give a square root

type of singularity in the self-energy. In addition, if this singularity leads to a

divergence at the edge, one can show that the g4/3 effect appears in the vicinity

of the singularity.

Finally, we make a comment on the number of solutions of the disper-

sion equation (that is to say, the order of the quartic dispersion polynomial

given in Eq. (3.10) ) which occur for this system as well as the cubic case of Eq.

(2.17) for the waveguide-dipole system. Notice that in the waveguide system

(see Fig. 2.1), regardless of the value of ω1 there were always two solutions

which lie near to the value ω1 and another solution which lies slightly below

the cutoff value ωc. For instance, in the range of values w1 − 1 � g4/3, there

occurred two complex solutions (one the physical decay solution and the other

an unphysical growth solution) near ω1 along with a real superstable solution

below the cutoff.
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In the present case of the superlattice system with a single donor im-

purity, we observe in Fig. 3.2(a) a similar situation, only in the quartic case

there are two solutions which are each associated with one of the edges of the

energy mini-band. Hence, it is now clear the origin of the quartic behavior for

the superlattice is simply the addition of one state related to the upper edge

of the energy mini-band. We can generalize this result by writing

2E0 +NBE = Nsols (3.16)

in which the number of band edges NBE is one in the case of the waveguide and

two in the case of the superlattice considered in this chapter, hence the number

of solutions Nsols is three for the waveguide and four for the superlattice.

We will find in the next chapter that when we add a second impurity

site to the system that things become much more complex and that these

considerations on the number of solutions are no longer useful. However, when

we consider the superlattice ladder model coupled with a single impurity in

Chapter 5, we will find in Section 5.2.4 that we can make a generalization of

the above equation to gain insight into the order of the dispersion polynomial

in that case.

3.2 Absorption Spectrum

In terms of the solutions of the dispersion equation obtained here, we

may evaluate the time evolution of the surviving amplitude of the adatom

localized state defined by P (t) ≡ |〈d| exp[−iHEt]|d〉|2. Indeed, aside from

53



the persistent oscillation attributed to the two stable states, there are two

contributions to the time evolution of the surviving amplitude; one comes

from the pole contribution over the wave number integral, where the location

of the pole is given by the solution of the dispersion relation η+(Ek) = 0 in the

complex Ek plane discussed above, and the other comes from the two branch

point contributions that are located at the edges of the miniband at ±B.

As usual, the pole contribution leads to an exponential decay exp[−i(Ẽ0 −

iγ)t], while the branch point leads to a power law decay. If the condition

1 − |E0|/B � g is satisfied, we have a well separated time scale between

the exponential and power law decay in the decay process of the localized

state. The exponential law for the decay process is thus a good approximation

for a time scale on the order of t ∼ 1/γ. However, once this condition is

no longer fulfilled, the time separation becomes obscure and we must take

into account the branch point effects in the time evolution. It is, however, a

cumbersome task to evaluate the integral associated with the branch point in

the time evolution. In the next section, we will evaluate the optical absorption

spectrum instead, to separate the contribution of the Markovian effect from the

non-Markovian effect. It should be generally easier in experiment to observe

the absorption spectrum than the time evolution of the state |d >.

3.2.1 Spectral Representation and the Separation of the Pole and
Branch Point Contributions

Here we consider the optical absorption by a transition from an inner

core level of the adatom to the conduction electronic states of the 1D semicon-
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ductor superlattice, as shown in Fig.3.1(b). There are two optical transition

paths from the core level |c〉 with large transition amplitudes: One is that

from the core level |c〉 to the localized state |d〉 and the other is from the core

level |c〉 to the ñ = 0 site |0̃〉. The transition probabilities are denoted by Tdc

and T0c, respectively. The contributions of the transitions to the other bound

states |ñ〉 are small, so we neglect them here, although it is not difficult to

include those effects.

We consider here a single mode of the optical light field with frequency

Ω. The total Hamiltonian is then written as

Htotal = HR +HE +HRE , (3.17)

where the electronic Hamiltonian HE is given in Eq.(3.3) and

HR = Ωa†a , (3.18a)

HRE =
(
Tdc|d〉〈c|+ T0c|0̃〉〈c|

)
a+ H.c. (3.18b)

≡ T̂ a+ a†T̂ † . (3.18c)

The Hamiltonian HR represents a monochromatic light field where a(a†) is the

annihilation (creation) operator of the field, and HRE describes the interaction

between the light field and the electronic system under the rotating wave

approximation.

In the initial state of the absorption process, we have a core electron in

the |c〉 state and a single photon with energy Ω; we write this initial state as

|c; 1Ω〉 ≡ |c〉 ⊗ |1Ω〉 with energy Ec + Ω, where 1 denotes the photon number
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for the mode Ω (that is to say, |1Ω〉 = a†|0〉 is the state of a single photon with

energy Ω). After the absorption process the energy of the photon is transferred

to the electronic system. The final states then take the form |φi; 0〉 (i = 1, 2)

or |φF
k ; 0〉, with the energies Ei or Ek respectively (see Eq. (3.6) and the text

immediately following it).

When the value of Ec+Ω falls in between −B and B, the state |c; 1Ω〉 is

resonant with the electronic continuum |φF
k 〉. As a result, the energy transfer

from the light field to the electronic system occurs. Hereafter we take −Ec as

the origin of the light energy: Ω + Ec → Ω.

The decay rate of |c; 1〉 is then determined by the pole location of the

Green’s function for |c; 1〉 as

G+
cc(z) ≡ 〈c; 1Ω|

1

[z −Htotal]+
|c; 1Ω〉 . (3.19)

We define the decay rate γabs(Ω) as the imaginary part of the pole of the

Green’s function G+
cc(z). Noting that γabs(Ω) is a function of Ω, we identify

the absorption spectrum as F (Ω) ≡ γabs(Ω). In the weak coupling limit of Tdc

and T0c, the absorption spectrum F (Ω) reduces to

F (Ω) = − lim
ε→0+

Im
∑

k

∣∣∣〈φF
k |T̂ |c〉

∣∣∣2
Ω− Ek + iε

(3.20a)

= − lim
ε→0+

Im
∑

k

∣∣〈φF
k |
(
Tdc|d〉+ T0c|0̃〉

)∣∣2
Ω− Ek + iε

. (3.20b)
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The matrix element in Eqs.(3.20) may be obtained by using Eq.(3.6):

〈d|φF
k 〉 =

gB√
N

1

η+(Ek)
(3.21a)

〈0̃|φF
k 〉 =

1√
N

[
1 +

Ξ+(Ek)

η+(Ek)

]
,

=
1√
N

(Ek − E0)

η+(Ek)
, (3.21b)

where the self-energy Ξ+(z) is given in Eq.(3.9).

Substituting Eqs.(3.21) into Eq.(3.20b), we then have

F (Ω) = −Im
1

N

∑
k

1

Ω− Ek + iε

1

η+(Ek)η−(Ek)

×
[
T 2

dc + T 2
0c

(Ek − E0)
2

g2B2
+ 2TdcT0c

(Ek − E0)

gB

]
, (3.22)

where η−(z) is analytically continued from the lower half plane. As done in

Eq.(3.9), we transform the summation over the wave number into an integral

in the limit of N →∞ in order to obtain the explicit form of F (Ω) as

F (Ω) =
g2B2

√
B2 − Ω2

(B2 − Ω2)(Ω− E0)2 + g4B4

×
[
T 2

dc + T 2
0c

(Ω− E0)
2

g2B2
+ 2TdcT0c

(Ω− E0)

gB

]
. (3.23)

Now we shall decompose the absorption spectrum F (Ω) into the pole

and the branch point contributions. For this purpose, we first rewrite F (Ω) in

terms of a contour integral by using the relation

1

2π

∫ π

−π

dk · · · =
∫ B

−B

dEkρ(Ek) · · ·

=
1

2πi

∫ B

−B

dEk
1

g2B2
[η+(Ek)− η−(Ek)] · · · , (3.24)
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where · · · represents a function of k. We take the limit N →∞ and apply the

above relations to Eq.(3.22), to cast F (Ω) into the form of a contour integral:

F (Ω) = Im
1

2πi

∫
Γ

dEk
1

Ω− Ek + iε

1

η(Ek)

×
[
T 2

dc + T 2
0c

(Ek − E0)
2

g2B2
+ 2TdcT0c

(Ek − E0)

gB

]
, (3.25)

where the contour Γ is shown in Fig.3.3(a). As shown in Fig.3.3, the contour

Γ can be deformed to that shown in Fig.3.3(b), where the cross denotes the

pole location at Ek = zd = Ẽ0 − iγ. Along Γ, the solid and dashed lines are

in the first and second Riemann sheets, respectively, so that η(Ek) takes the

corresponding value of η+(Ek) and η−(Ek) in Eq.(3.25), respectively.

In order to extract the pole contribution from Eq.(3.25), we evaluate

the residue around the pole, and obtain

F0(Ω) = Im
1

2πi

∫
pole

dEk
1

Ω− Ek + iε

g2B2

η+(Ek)

×
[
T 2

dc + T 2
0c

(Ω− E0)
2

g2B2
+ 2TdcT0c

(Ω− E0)

gB

]
(3.26a)

= −Im
Nd

Ω− zd

[
T 2

dc + T 2
0c

(zd − E0)
2

g2B2
+ 2TdcT0c

(zd − E0)

gB

]
, (3.26b)

where Nd is given by

N−1
d =

d

dz

[
z − E0 −

g2B2

N

∑
k

1

(z − Ek)+

]
z=zd

(3.27a)

= 1 +
zd(zd − E0)

z2
d −B2

. (3.27b)

Subtracting the pole contribution from Eq.(3.25), we can write the branch
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Figure 3.3: The contours of the integral for F (Ω) Eq.(3.25) (a) and its defor-
mation (b), and the integral for F0(Ω) Eq.(3.26a) (c).
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point contribution as

F1(Ω) = Im
1

2πi

∫
Γ′
dEk

1

Ω− Ek + iε

1

η(Ek)

×
[
T 2

dc + T 2
0c

(Ek − E0)
2

g2B2
+ 2TdcT0c

(Ek − E0)

gB

]
, (3.28)

where the contour Γ′ is depicted in Fig.3.3(c). The total absorption spectrum

is then decomposed to F (Ω) = F0(Ω) + F1(Ω). Using Eqs. (3.23) and (3.26),

we can now explicitly write the branch point contribution as

F1(Ω) = F (Ω)− F0(Ω)

=
g2B2

√
B2 − Ω2

(B2 − Ω2)(Ω− E0)2 + g4B4

×
[
T 2

dc + T 2
0c

(Ω− E0)
2

g2B2
+ 2TdcT0c

(Ω− E0)

gB

]
+Im

Nd

Ω− zd

[
T 2

dc + T 2
0c

(zd − E0)
2

g2B2
+ 2TdcT0c

(zd − E0)

gB

]
. (3.29)

3.2.2 Fano Profile

In order to clarify the enhancement of the branch point effect due to

the singularity of the density of states in the absorption spectrum, we first

show in Fig. 3.4 the calculated results for an artificial situation with T0c = 0.

We take B = 1.0 and Tdc = 1.0 in all calculations in the present work. In Fig.

3.4, the results for g = 0.2 are shown for (a) E0 = −0.1 and (b) E0 = −0.98.

Solid lines are the total absorption F (Ω) calculated by Eq.(3.23), while the

dashed and the chain lines are the pole contribution F0(Ω) in Eq.(3.26b) and

the branch point contribution F1(Ω) in Eq.(3.28), respectively. In Fig. 3.4(b)
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Figure 3.4: The calculated F (Ω) (solid line), F0(Ω) (dashed line), and F1(Ω)
(chain line) for g = 0.2, and Tdc = 1.0 and T0c = 0: (a) E0 = −0.1B and
(b) E0 = −0.98B. The thin vertical lines indicate the position of E0. In (b),
the horizontal axis is expanded around Ω ' −B, while the overall spectrum
is shown in the inset.

we show the spectra in the region of Ω ' −B, while the overall spectrum is

shown in the inset.

When 1 − |E0|/B � g (Fig.3.4(a)), the pole contribution F0(Ω) is

dominant in F (Ω); the F1(Ω) contribution is very small except for the tiny

increase around the band edges. In this case, Nd ' 1 and |Ẽ0 − E0| � gB

in Eq.(3.26b), resulting in a sharp Lorentzian spectrum of F0(Ω) as shown in
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Fig.3.4(a). The fact that F0(Ω) is dominant in the entire energy region of

−B ≤ Ω ≤ B, suggests that the time evolution of the adatom localized state

almost completely obeys the exponential decay law, i.e. the Markovian process

is predominant, as mentioned in the end of the previous section.

As E0 enters the amplification region close to the band edge (Fig.3.4(b)),

the decay rate of the unstable state is nonanalytically enhanced (as discussed

in Sec. 2.2.1 and 3.1) and the energy shift of |Ẽ0−E0| becomes large due to the

singularity in the density of states of the miniband at the band edges, as shown

in Fig. 3.2. Therefore the spectral width of F0(Ω) gets wider and the shift of

the peak position from E0 becomes visible as shown in Fig. 3.4(b). Further-

more, it is found from Eq. (3.27b) that the divergence in the density of states

enhances the second term in Eq. (3.27b), and thus Nd is largely reduced from

1 while Im[Nd] remains negligibly small. Consequently, the relative ratio of

the branch point contribution of F1(Ω) to the pole contribution F0(Ω) becomes

larger than in Fig. 3.4(a). As discussed at the end of the previous section, the

relative increase of the branch point contribution indicates that the time sepa-

ration between the exponential and the power law decays becomes obscure in

the time evolution of the surviving amplitude. Therefore, the non-Markovian

process (with the memory effect) becomes significant, which maintains the

quantum coherence in the decaying process. As shown below, the persistence

of quantum coherence in the decay process, or the large dressing effect, man-

ifests the quantum interference between the different optical transition paths

once the second absorption transition T0c is introduced below.
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Now we consider the actual case in which both optical transition paths

are allowed: T0c 6= 0 and Tdc 6= 0. We show in Fig. 3.5(a) the calculated results

of F (Ω) for the same parameters as in Fig. 3.4(a) except that T0c = 1.0 here.

The pole contribution F0(Ω) and the branch point contribution F1(Ω) are

shown separately in Fig. 3.5(b) and (c), respectively. All these spectra are

depicted by the solid lines. In each panel, the spectra are further decomposed

into the spectral components due to the first, second, and the third terms

in [· · · ] of Eq. (3.23) or Eq. (3.26b). These terms are attributed to the

d-d diagonal component, 0̃-0̃ diagonal component, and the interference term

between these two in Eq. (3.20b). These are shown by the broken, dotted,

and chain lines, respectively.

Introduction of T0c changes the symmetric Lorentzian spectral shape of

F (Ω) shown in Fig. 3.4(a), and yields an asymmetric spectral shape around

Ω ' E0 shown by the solid line in Fig. 3.5(a). As seen from Fig.3.5(a), this

is caused by the interference term of Eq.(3.23) shown by the chain line in the

figure. Around Ω ' ±B, F (Ω) shows a sharp rise which reflects the divergence

in the density of states, though note that F (Ω) remains finite in this region

and F (±B) = 0. It can be seen in Fig.3.5(b) that F0(Ω) is the dominant

contribution to F (Ω) for Ω ' E0 and we see that the antisymmetric spectral

shape of the interference component of F0(Ω) (chain line) is the origin of the

asymmetry in F (Ω). In fact, neglecting Im[Nd] in Eqs.(3.26), which is appro-

priate except for |E0| > B, the interference term in F0(Ω) is approximately
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Figure 3.5: The calculated F (Ω) (a), F0(Ω) (b), and F1(c) for the same pa-
rameters for Fig.3.5(a) except T0c = 1.0: The spectra are decomposed into
the d-d diagonal (dashed line), 0̃-0̃ diagonal (dotted line), and the interference
terms (chain line).
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given by

F inter
0 (Ω) =

2TdcT0c

gB
Re[Nd]γ

×

{
Ω− Ẽ0

(Ω− Ẽ0)2 + γ2
+

Ẽ0 − E0

(Ω− Ẽ0)2 + γ2

}
. (3.30)

When the condition 1 − |E0|/B � g is satisfied, it holds that Re[Nd] ' 1

and Ẽ0 − E0 � 1. As a result, only the first term of Eq. (3.30) contributes

significantly to F inter
0 (Fig.3.5(b), chain line), leading to the antisymmetric

spectral shape of the interference component of F0(Ω). The asymmetric spec-

tral shape obtained when the branch point effect is neglected is represented

by the well-known Beutler-Fano profile [4].

However when E0 lies close to the band edges, |Ẽ0−E0| becomes large,

the second term of Eq. (3.30b) can no longer be neglected, which increases

the interference component of F0(Ω) compared to the d-d diagonal component.

We show in Fig. 3.6 the calculated results for the same parameters as in Fig.

3.4(b) where E0 = −0.98B, except that we take Tdc = 1.0. As seen in Fig.

3.6(b) the interference component of F0(Ω) (chain line) is enhanced compared

with that in Fig. 3.5(b). As mentioned above, in this case quantum coherence

plays a key role in the decay process, which is clearly reflected through the

enhancement of the interference effect in the absorption spectrum.
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Figure 3.6: The parameters here are the same as in Fig. 3.5(b) except that
T0c = 1.0.
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Chapter 4

Semiconductor Superlattice with Multiple

Impurities

In the previous chapter we have presented the energy shift, decay rate

and optical absorption spectrum for a single electron donor state in a one-

dimensional superlattice composed of periodic stacks of quantum wells which

acts as a semiconductor. In this chapter we will find that when we add an

acceptor site to the superlattice-donor system there appear a wide array of

new interesting phenomena, as well as many of the familiar results which we

have already studied.

The first of these phenomena that we will consider are bound states

inside the electron energy band, in which an electron is trapped between the

donor and the acceptor. These steady states are an example of “bound states

in continuum” (BIC) that were first proposed by von Neumann and Wigner

[52] for certain types of oscillating attractive potentials. Note that this par-

ticular phenomena is purely a result of the form of the interaction between

the donor and acceptor sites and the superlattice; in fact, the BIC are entirely

independent of the singularities in the density of states which has been our

primary focus thus far in this work.
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We will then study in detail the energy spectrum and the trajectory of

the solutions of the dispersion equation for several particular choices for the

distance between the donor and acceptor sites. We will find that for certain

special values of the coupling constant g describing the hybridization between

the impurity sites and the discrete well sites that the energy spectrum of the

solutions to the dispersion equation qualitatively changes. In particular, we

will show that for a particular configuration of the donor-acceptor system, the

parameters of the system (including the coupling constant g and the donor-

acceptor impurity energy E0) can be chosen so that there is no pole contribu-

tion to the surviving probability for the electron impurity state, hence there is

neither a stable nor an unstable state. In this case, the time evolution of the

electronic impurity state is determined solely by the background integral (i.e.

the branch point effect).

In the final section, we will study the time evolution of the special case

mentioned above in detail by calculating the power-law decay which results

from the branch point effect. We will find that the precise behavior of the

power-law decay is sensitive to the fine-tuning of the value of the impurity

energy E0 in the vicinity of the edges of the mini-band.

4.1 Hamiltonian and Dispersion Relation

Our superlattice is composed of a series of 1D quantum wells with a

donor and an acceptor as shown in Fig. 4.1. As before, we assume that there

are N + 1 wells with N � 1 being an even number. We assume that there
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Figure 4.1: 1D quantum wells made on the interface of AlInAs and GaInAs:
The size of each well is a few nm. The electron donors are embedded at the
wells labeled −n and n.

is a single state in each well, all with the same energy. We label each well

with an integer that runs from −N/2 to N/2. We further assume that there

is a donor and an acceptor state, both made from the same adatom impurity

molecule as mentioned in the previous chapter. The donor and the acceptor

both have the same energy level E0 and are located at site −n and n as shown

in Fig. 4.1. We again consider only nearest neighbor transfer, and assume that

the hybridization interaction between the donor and acceptor states and the

bound states in the wells occurs only at the n and −n sites. Generalizations

to non-neighbor transitions and coupling with other wells are straightforward.

In order to describe the dynamics of the system, we use the tight binding

Hamiltonian with the transfer integral −B/2 including two impurity states

hybridized with the quantum well states, given by

H = E0(d
+
−nd−n + d+

n dn)− B

2

∑
<β,γ>

ã+
β ãγ + gB

∑
α=−n,n

(d+
α ãα + ã+

αdα) (4.1)

where d−n and dn are the fermionic annihilation operators for the electron

in the donor and the acceptor, respectively, and ãl is the fermionic operator
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representing the discrete state in the lth well. The symbol <β, γ> represents

the sum over nearest neighbors, where the sum runs from −N to N . We can

diagonalize the second term of the Hamiltonian as before by introducing the

wave number representation

ak ≡
1√
N

N/2∑
β=−N/2

ãβe
ikβ, (4.2)

which satisfies the usual anti-commutation relations for a fermionic operator

with the Kronekker delta normalization. The Hamiltonian is now written as

H = E0(d
+
−nd−n + d+

n dn) +

N/2∑
j=−N/2

Ekj
a+

kj
akj

(4.3)

+
gB√
N

∑
α=−n,n

N/2∑
j=−N/2

(d+
αakj

eikjα + a+
kj
dαe

−ikjα),

with periodic boundary conditions the wave number is given by kj = 2πj/N

and j is an integer that runs from −N/2 to +N/2. The dispersion relation for

the electron in the band is again given by Ek = −B cos k, which leads to the

familiar density of states function

ρ(Ek) =
1

π
√
B2 − E2

k

(4.4)

which has singularities at both edges of the energy band Ek = ±B. We remind

the reader that the coupling constant g is typically on the order of 10−1 to

10−2 in order to be an efficient donor or acceptor for the quantum wells.

The Hamiltonian (4.3) may be decoupled by introducing symmetric

and anti-symmetric states both for the donor and acceptor operators and the
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continuous band operators (with mode k) through s ≡ (dn + d−n)/
√

2, p ≡

(dn − d−n)/
√

2, Sk ≡ (ak + a−k)/
√

2, and Pk ≡ (ak − a−k)/
√

2 that all satisfy

anti-commutation relations. Then we obtain a new Hamiltonian that is written

H = Hs +Hp, where

Hs = E0s
+s+

N/2∑
j=0

Ekj
S+

kj
Skj

+
2gB√
N

N/2∑
j=0

(s+Skj
cos(kjn) + H.c.), (4.5)

Hp = E0p
+p+

N/2∑
j=0

Ekj
P+

kj
Pkj

+
2igB√
N

N/2∑
j=0

(p+Pkj
sin(kjn)− H.c.). (4.6)

The decoupled Hamiltonians Hs and Hp are examples of the Friedrichs-Fano

(Newns-Anderson) model [64]-[65], as we encountered in the previous chapter

for the superlattice with a single impurity.

Since these Hamiltonians are bilinear, one can diagonalize them through

linear transformations of the creation and annihilation operators. Since the

explicit form of the linear transformations are not used in the following dis-

cussion we do not present them here, but instead focus our attention on the

dispersion relations ηs,p(z) ≡ z − E0 − Ξs,p(z) = 0 for the renormalized donor

states, where Ξs,p(z) are the self-energy functions for both the s case and the

p case, respectively. Using the standard argument based on the resolvent op-

erator for the Hamiltonian, the self-energy functions are given in the limit
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N →∞ by

Ξs,p(z) =
2g2B2

N

N/2∑
j=0

1± cos(2kjn)

z − Ekj

→ g2B2

2π

∫ +π

−π

dk
1± cos(2kn)

z +B cos k

=
g2B√
ξ2 − 1

[
1± (−ξ +

√
ξ2 − 1 )2n

]
=

g2B

i sin θ
(1± ei2nθ), (4.7)

where we have put ξ ≡ z/B = − cos θ and we note that the + is for the s case

while the − gives the p case. As always, care must be taken when choosing

the appropriate branch for the analytic continuations of
√
ξ2 − 1.

We note that ξ = ±1 are singular points in the self energy for both the s

and p case. Also, note that the singular term in the s case is divergent at both

of these points while the singular term in the p vanishes at both points. As a

result, the familiar non-analytic g4/3 law in the decay rate of the renormalized

donor state from the previous chapters appears when E0 ≈ ±B only for the s

case [3, 5]. This difference between the two cases is a result of the difference

in the form of the coupling terms in (4.5) and (4.6) which essentially “washes

out” the divergence in the p case. However, this effect allows for interesting

new phenomena in that the stable solutions in the p symmetry case will be

able to cross from one Riemann sheet into another. As explained below, this

will allow for there to be portions of the energy spectrum in which neither a

stable nor an unstable state (due to a pole in the surviving amplitude) exist,
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and the time evolution of the electron inside the donor is determined purely

by the background integral.

It is easy to explicitly demonstrate the presence of the g4/3 amplification

of the decay rate for the s symmetry case. While the domain of E0 values

which give the g4/3 amplification of the decay rate varies with n and g, the

value E0 = B itself should always give a solution in this domain. If we choose

E0 = B in the dispersion equation and expand the solution ξ ' 1+Xgα (with

X ≈ 1 and g small), we obtain for arbitrary n

√
2X3gα/2 ' g2(1 + (−1 +

√
2Xgα −Xg)2n). (4.8)

Throwing out the higher order terms in g on the RHS gives the conditions

α = 4/3 and X3 = 2 (where we must remember to take each of the three

complex roots to this equation in order to find each of the solutions). For

the decay solution, this gives γ/B ' (
√

3/22/3)g4/3, from which we see that

the point E0 = B lies within the g4/3 amplification region in the s case for

arbitrary n.

4.2 Bound States in Continuum

We will now demonstrate the existence of bound states in continuum

for our superlattice system with multiple impurities. As mentioned previously,

the existence of these steady states were first proposed by von Neumann and

Wigner [52]. Since then, a number of theoretical studies of BIC have been

reported [54]-[60]. Experimental evidence of BIC has also been reported in
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positive energy bound states in superlattice structures of quantum wells with

a single impurity site [61], or in a single defect stub [62]. Also, in a recent article

the presence of BIC has been theoretically demonstrated in a double-cavity

(or double-dot), two-dimensional electron waveguide [63]. In the waveguide

problem, the presence of BIC was shown by numerically computing an energy

eigenstate for the lowest propagating mode as a function of energy and the

distance between the two dots using the boundary integral method.

In this section, we will first study the BIC for our one-dimensional

superlattice (with donor and acceptor impurities) under the wave number rep-

resentation relying on the dispersion equation with the self energy term given

in Eq. (4.7). Later, we will use our knowledge of the BIC obtained through the

wave number representation to demonstrate the presence of the bound states

using a straight-forward calculation under the site representation.

4.2.1 Dispersion Relation Under the Wave Number Representation

Examining the form of the self energy in Eq. (4.7), it may be apparent

that there are special values of E0 at which the self energy will vanish in both

the s case and the p case. At these values, the energy shift for one of the

solutions to the dispersion relations will be zero (the energy of the electron

remains E0, unaltered by the interaction) while the decay rate must also van-

ish. We will find that these points are part of the spectrum associated with

the decay solution and hence that they represent discrete points within the

unstable spectrum at which the electron will not be able to transfer into the
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Figure 4.2: The real part of the self-energy ReΞp(E) and its imaginary part
ImΞp(E) for the p case with n = 4 as a function of real E, where we have
normalized the energy with B = 1. There are three steady points inside
the energy band. In the figure we indicate the corresponding value of θ for
each steady point on the intersecting lines on the E axis. Both ReΞp(E) and
ImΞp(E) are finite in all value of E.

conduction band. This means that the electron will become trapped between

the donor and acceptor impurity sites. For these values of E0 either the un-

perturbed state s+|0〉 or the unperturbed state p+|0〉 becomes a steady state

of the full Hamiltonian.

One can calculate the value E0 for these special points from the explicit

form of the self-energy Eq. (4.7). Equating the self-energy to zero as Ξs,p(E) =

0 for real E, we have the solution of the dispersion equation ηs,p(E) = 0 as

E = E0. For these points, we have exp[2inθ] = ∓1, with −1 for the s case,

and +1 for the p case. For n > 0, we should have 0 ≤ θ ≤ π. Hence, we

obtain the condition θ = arccos(−E/B) = (2m + 1)π/2n with any integer m

satisfying 0 ≤ m ≤ n − 1 for the s case, while θ = arccos(−E/B) = 2mπ/2n
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for the p case with 1 ≤ m ≤ n− 1. Hence, there are n stable points for the s

case, and n− 1 stable points for the p case for any given value of n.

To demonstrate this effect in a case where there are multiple examples

of bound states, we will consider the n = 4 case in greater detail. In Fig.

4.2 we plot the real part and the imaginary part of the self-energy Eq. (4.7)

as a function of E0 for the p case with n = 4, where we have normalized

the energy using units B = 1 (i.e., the electron energy band is located in

−1 ≤ E ≤ +1 in the figure). Notice that there are three points where the real

part and the imaginary part intersect on the E0 axis, which are the realizations

of the discrete bound states discussed above. The figure is consistent with our

expectation that there should be n−1 = 3 discrete stable points for the p case

when n = 4. Notice that we have labeled the values of θ for each steady point

in the figure, as determined above.

In Fig. 4.3 we again plot the real part of the self-energy ReΞs(E) and

its imaginary part ImΞs(E) for the s case with n = 4 as a function of real

E. As predicted, there are four steady points in this case for the s symmetry

state. In the figure we again indicate the corresponding value of θ for each

steady point.

Note that as the separation 2n between the donor states increases and

the number of discrete stable states embedded within the continuum increases,

the discrete states lie closer to the edge of the energy band. In fact, from the

condition exp[2inθ] = ∓1 we can see that as we increase the value of n, the

value of θ must decrease towards zero such that we can bring the discrete state
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Figure 4.3: The real part of the self-energy ReΞs(E) and its imaginary part
ImΞs(E) for the s case with n = 4 as a function of real E, where we have
normalized the energy with B = 1. The electron energy band is located in
−1 ≤ E ≤ +1. There are four steady points inside the energy band. In the
figure we indicate the corresponding value of θ for each steady point on the
intersecting lines on the E axis. ImΞs(E) diverges at E = ±1, while ReΞs(E)
does not.
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arbitrarily close to the edge of the energy band. This means that for the s

case we can bring the discrete state very near (or even within) the g4/3 region.

Hence, we have a discrete stable bound state within close proximity of a region

where the electron in the donor state is highly unstable. Indeed, in Fig. 4.3

we note that the outermost discrete stable points lie within close proximity of

the band edge. In other words, the charge transfer rate is highly sensitive to

the precise ‘tuning’ of the impurity energy E0.

4.2.2 Site Representation

Having determined the existence of BIC using the dispersion equation

above, we will now demonstrate their presence relying on a simple calculation

in the site representation. We will approach this calculation by assuming that

the eigenstate for the bound state solutions will only contain contributions

from the sites |ãβ〉 = ã+
β |0〉 in the superlattice with site number β such that

|β| < n. (Here |0〉 represents the vacuum state). Hence we may write a

simplified Hamiltonian matrix ignoring all sites with |β| > n. We will find

that there are certain solutions in which there is no contribution from the |ãn〉

state; this validates our assumption. These solutions are decoupled from the

sites with |β| > n and represent the BIC obtained under the wave number

representation above.

We will demonstrate this method for obtaining the BIC using the n = 2

case as an example. We will begin with the p symmetry case. From the

conditions we determined above, we know that in this case there must be a
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single bound state at E0 = 0.

The matrix elements in the site representation are given by

〈ãβ|H|ãβ±1〉 = −B
2
, (4.9a)

〈d±2|H|ã±2〉 = gB, (4.9b)

〈ã±2|H|d±2〉 = −gB, (4.9c)

〈d±2|H|d±2〉 = E0 (4.9d)

with all other elements zero in accordance with the original Hamiltonian (4.1).

Now we introduce the anti-symmetric p states in the site representation

|p0〉 = |ã0〉, (4.10a)

|pβ〉 =
1√
2
(|ãβ〉 − |ã−β〉), (4.10b)

|dp〉 =
1√
2
(|d2〉 − |d−2〉). (4.10c)

Using Eqs. (4.9) we can easily obtain the matrix representing the

Hamiltonian in the (|p0〉, |p1〉, |p2〉, |dp〉) anti-symmetric site basis as

H̄p
2 =


0 0 0 0
0 0 −B

2
0

0 −B
2

0 −gB
0 0 gB E0

 . (4.11)

Noting that H̄p
2 is only rank 3, we can disregard a trivial z = 0 solution to

write the characteristic polynomial as

µp
1(z) ≡ z3 − E0z

2 + (g2 − 1

4
)B2z +

1

4
B2E0. (4.12)
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We can now search for a bound state solution zBS of µp
1(zBS) = 0 by noting

that it must satisfy zBS = E0. By inspection it is clear that this will occur at

E0 = 0, in agreement with our expectations mentioned above. Hence we find

the eigenvalue zBS = 0 with corresponding eigenstate

|ψ2,p
0 〉 = |dp〉 − 2g|p1〉. (4.13)

As expected there is no contribution to |ψ2,p
0 〉 from |p2〉, hence this solution is

decoupled from from the sites with |β| ≥ 2 and is trapped in the ‘inner’ wells

with |β| < 2. In fact, due to the anti-symmetric nature of the solution, we

see that there is no contribution from the |p0〉 state either, hence the electron

is confined to the β = ±1 wells. It is now clear why there is no bound state

solution in the n = 1, p case as the electron would be confined to the β = 0

well, which it cannot occupy due to anti-symmetry.

We note that the explicit form of the above bound state solution is

given in the site representation by

|ψ2,p
0 〉 =

1√
2
(|d2〉 − |d−2〉)−

√
2g(|ã1〉 − |ã−1〉). (4.14)

That this is indeed an eigenstate can easily be verified by the reader by cal-

culating H|ψ2,p
0 〉 = E0|ψ2,p

0 〉 = 0 with H given in the site representation in

(4.1).

The other two eigenvalues z2,3 determined from µp
1(z2,3) = 0 for E0 = 0

are given by z2,3 = ±B
2

with eigenstates

|z2,3〉 = |dp〉 −
1

2g
|p1〉 ±

√
1− 4g2

2g
|p2〉. (4.15)
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We see that these solutions contain contributions from the |p2〉 state, hence

by the matrix element given in (4.9a) they will be coupled to the β = 3 well,

and so forth, so that we cannot obtain their form by this method.

We now turn to the n = 2, s symmetry case, for which we expect from

our analysis under the wave number representation to find that there are two

bound states at E0 = ± 1√
2
B. The symmetric states in the site representation

are given by

|s0〉 = |ã0〉, (4.16a)

|sβ〉 =
1√
2
(|ãβ〉+ |ã−β〉), (4.16b)

|ds〉 =
1√
2
(|d2〉+ |d−2〉). (4.16c)

Using again the original matrix elements given in Eqs. (4.9) we can obtain

the matrix representing the Hamiltonian in the (|s0〉, |s1〉, |s2〉, |ds〉) symmetric

site basis as

H̄s
2 =


0 − B√

2
0 0

− B√
2

0 −B
2

0

0 −B
2

0 −gB
0 0 gB E0

 . (4.17)

The characteristic polynomial for this matrix is given by

µs
2(z) ≡ z4 − E0z

3 + (g2 − 3

4
)B2z2 +

3

4
E0B

2z − 1

2
g2B4 (4.18)

If we let zBS = E0 in µs
2(zBS) = 0 we obtain E0 = ± 1√

2
B as predicted above.

Then the eigenstates for the two bound states z±BS = ± 1√
2
B are given by

|ψ2,s
± 〉 = |ds〉 ± 2g|s0〉 − 2g|s1〉. (4.19)
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Again we find that the |s2〉 state does not occur in this solution, hence these

represent bound states which are decoupled from the outer wells with |β| > 2.

The explicit form of the BIC eigenstates in the n = 2, s case above is given in

the site representation by

|ψ2,s
± 〉 =

1√
2
(|d2〉+ |d−2〉)−

√
2g(|ã1〉 ∓

√
2|ã0〉+ |ã−1〉). (4.20)

The general method for obtaining the bound states from the site representation

is now clear.

Finally we present (without explicit derivation) the eigenstate for the

θ = π
8

(E0 = 1
2

√
2 +

√
2B) bound state solution for the n = 4, s case which

we previously illustrated in Fig. 3. The eigenstate is given by the localized

state

|ψ4,s
π/8〉 =

1√
2
(|d4〉+ |d−4〉) +

√
2g[−(|ã3〉+ |ã−3〉)

+

√
2 +

√
2(|ã2〉+ |ã−2〉)

−
√

3 + 2
√

2(|ã1〉+ |ã−1〉

+(

√
10 + 7

√
2−

√
2 +

√
2)|ã0〉] (4.21)

with only sites |β| < 4. Again, that these are in fact eigenstates of (4.1) can

easily be verified by the reader.
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4.3 Examples of Energy Spectrum Analysis from Dis-
persion Equation

One of the interesting features of our superlattice system is that, us-

ing the dispersion equation ηs,p(z) = 0, we can easily obtain the dispersion

polynomials which for arbitrary n determine the physically allowable states

for the evolution of the donor site electron. As we shall see, as n increases the

degree of the polynomial increases. Hence, the number of states (both real

and complex, depending on the value of g) increases with increasing n, as does

the complexity of the inter-relations between the different solutions.

For arbitrary values of n, we may re-arrange the dispersion relation in

order to isolate the square root term on one side of the equation. Squaring

this equation then effectively erases the distinction between solutions that will

appear in the two different Riemann sheets and yields the familiar polynomial

equation that determines the physically allowable states of the system. For

instance, in the n = 1 case for p symmetry, the dispersion polynomial is a

simple quadratic equation, while for the s symmetry case we obtain a quartic.

We will discuss the quadratic n = 1, p symmetry case in detail below, followed

by the quartic n = 1, s case, the quartic n = 2, p case, and the sextic n = 2,

s case.

4.3.1 The n = 1, p Case

Here we will study the n = 1, p symmetry case, in which we can

expand the self-energy term from (4.7) in order to write the dispersion equation
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ηp(ξ) = 0 with

ηp(ξ) = ξ − E0 − 2g2(ξ −
√
ξ2 − 1) (4.22)

in which the singularities are contained in the fourth term on the right-hand

side. After isolating the root and squaring, we can re-write the dispersion

equation as the solution to the quadratic polynomial

f1p(ξ) ≡ (1− 4g2)ξ2 + 2E0(−1 + 2g2)ξ + E2
0 + 4g4. (4.23)

Hence the energy shift and the decay rate for the electron in the donor are

determined by f1p(ξ) = 0. The exact solutions are then given by

ξ(E0) =
Esw

(E1p
γ )2

E0 ±
2g2

(E1p
γ )2

√
E2

0 − (E1p
γ )2. (4.24)

Here E0 = ±Esw with Esw = 1 − 2g2 are the energy values at which one

of the solutions will cross from one Riemann sheet into the other (note that

ξ(±Esw) = 1) and E0 = ±E1p
γ with

E1p
γ =

√
1− 4g2 (4.25)

represents the energy value at which the unstable decay solution (dis)appears,

as we shall see below. We notice immediately from the form of Eqs. (4.24)

and (4.25) that there is a critical value g1p
cr = 1

2
of the coupling constant g at

which the solutions must change in some qualitative way. We will see below

that for values g ≥ g1p
cr the complex decay solution disappears entirely from

the donor state energy spectrum.
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Figure 4.4: Reξ as a function of E0/B for the n = 1, p case, with (a) g = 0.2,
(b) g = 0.45 and (c) g = 0.49.
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Let us first consider the case g < g1p
cr . In Fig. 4.4(a) and Fig. 4.5(a)

we plot the real part and the imaginary part (respectively) of the solutions of

the dispersion equation as a function of E0/B for g = 0.2. In these diagrams

thick lines represent solutions which lie in the first Riemann sheet (which

must be purely real) while dashed lines represent solutions that lie in the

second Riemann sheet (which may be real or complex). Taking into account

the symmetry of the system about E0 = 0, we see that the energy spectrum

for the system can be divided into three regions. The first region is |E0| > Esw

in which there is a stable solution that lies in the first Riemann sheet and

another real solution which lies in the second Riemann sheet. The second

region is Esw > |E0| > E1p
γ in which there are two real solutions that both

lie in the second Riemann sheet and therefore no stable or unstable state.

The third region is given by |E0| < E1p
γ in which there is a physical unstable

solution and an unphysical decay solution both of which lie in the second

Riemann sheet. The values of E1p
γ and Esw which delineate the three regions

are marked in the figures.

We can easily obtain the value of Esw (given above) where the solutions

of the dispersion equation cross from one sheet into the other. Since the

solutions must pass continuously through the branch cut between sheets, we

must have the root
√
ξ2 − 1 = 0 in the dispersion equation ηp(ξ) = 0 (see Eq.

(4.22) for E0 = Esw. Hence, we find that ξ = ±1 at these points and we also

obtain the value Esw = 1 − 2g2 given above. This means that the solutions

may only pass from one sheet into the other when they touch the edges of
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Figure 4.5: Imξ as a function of E0/B for the n = 1, p case, with (a) g = 0.2,
(b) g = 0.45 and (c) g = 0.49.
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the branch cut at Reξ = ±1, as can be seen in Fig. 4.4. The value for E1p
γ

reported in Eq. (4.25) is easily found by setting the quadratic discriminant of

Eq. (4.23) equal to zero.

Note that in the second region Esw > |E0| > E1p
γ , since there is no

stable or unstable state, the branch point effect (background integral) will

dominate the time evolution of the system. However, this region comprises

a relatively small portion of the energy spectrum in Fig. 4.4(a). Also notice

that the stable solution in the first region and the real part of the unstable

solution in the third region always lie near the line y = E0. In Fig. 4.5(a)

we visually ascertain that the renormalized conduction band (the portion of

the energy spectrum |E0| < E1p
γ where the decay solution dominates the time

evolution of the system) is more narrow than the unperturbed conduction band

|E0/B| < 1 for the n = 1, p system. This is a general property of the n = 1,

p configuration which holds for all physical values of g, which is opposite to

the effect observed in the single impurity and s cases, in which the singularity

in the density of states pushes the edges of the renormalized conduction band

outside of the original unperturbed conduction band.

It is also apparent from Fig. 4.5(a) that the (exact) maximum value of

the decay rate occurs at E0 = 0. Plugging this value into (4.24) and noting

that the imaginary part of the solution is obtained solely from the second term,

we can easily find the maximum decay rate for the n = 1, p case

γmax =
2g2√

1− 4g2
. (4.26)
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Figure 4.6: Trajectories in the complex plane (Imξ vs. Reξ) with (a) Riemann
Sheet I, and (b) Riemann Sheet II, for the solutions to the dispersion equation
with g = 0.45 for the n = 1, p symmetry case.
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In Fig. 4.6, we show the trajectories of the two solutions in the complex

plane (first and second Riemann sheets). Note that while we have chosen

the value g = 0.45 in this diagram for convenience, it is qualitatively the

same as the g = 0.2 case as discussed below. The arrows in these diagrams

show the evolution of the solutions as the value of E0 increases, with solid

arrows representing solutions in the first sheet and dashed arrows representing

solutions in the second sheet. We see that for E0 < −Esw there is one real

solution traveling rightward along the real axis in the first sheet (left side of

Fig. 4.6(a)) and one real solution traveling rightward along the real axis in

the second sheet (left side of Fig 4.6(b)). At the value E0 = −Esw, the real

solution in the first sheet travels through the branch cut at Reξ = −1 and

begins traveling leftward (with Reξ < −1) in the second sheet as labeled in Fig.

4.6(a,b). The real solution which is already in the second sheet continues to

travel rightward, until the two solutions meet on the real axis when E0 = −E1p
γ

in Fig. 4.6(b). Here the two solutions become complex (one positive and one

negative as discussed above) and continue traveling rightward in Fig. 4.6(b)

until they rejoin on the real axis when E0 = E1p
γ . The two solutions then split

again on the real axis in the second sheet, with one traveling leftward and

one traveling rightward. At the value E0 = Esw, the leftward moving solution

crosses back into the first Riemann sheet through the edge of the branch cut

at Reξ = 1 where it then travels rightward towards positive infinity along the

real axis, while the other solution continues to travel rightward in the second

sheet also to positive infinity.
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Looking at Figs. 4.4(b,c) (which give the real part of the solutions as a

function of E0) in which we have increased the value of g from 0.2 to 0.45 and

0.49, respectively, we see that the second region Esw > |E0| > E1p
γ in which

neither a stable nor an unstable state exists occupies a larger portion of the

spectrum as we increase the value of g. Hence, it becomes more reasonable to

expect that this interesting configuration could be investigated experimentally.

Considering Figs. 4.5(b,c) we also observe that as we increase the

value of g that simultaneously the width of the renormalized conduction band

|E0| < E1p
γ shrinks (that is to say that E1p

γ → 0). In fact, it is apparent from

Eq. (4.25) that at the critical value g = g1p
cr ≡ 1/2 mentioned above that

E1p
γ = 0 and the renormalized conduction band disappears completely (hence

there is no longer an unstable state in the energy spectrum). Returning to the

original polynomial (4.23) we see that at this special value of g the quadratic

simplifies to a linear equation, the solution of which is trivially given by

ξ(E0) = E0 +
1

4E0

. (4.27)

In Fig. 4.7 we graph this (purely real) solution. We see that there are now

only two regions in the graph, the first being |E0| > Esw in which there is one

stable solution in the first Riemann sheet which lies near y ≈ E0. The second

region is then |E0| < Esw in which there is one real solution in the second

Riemann sheet. Again we see that in this latter domain there is neither a

stable or an unstable state, and the branch point effect alone determines the

time evolution of the system.
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Figure 4.7: Reξ as a function of E0/B for the n = 1, p case, with g = g1p
cr ≡ 1/2.

In Fig. 4.8 we show the evolution of the solutions in the complex plane

for this critical (linear) case. In Fig. 4.8(a), for values of E0/B << −1 there is

a single real solution which travels rightward along the negative real axis in the

first Riemann sheet. At the value E0 = −Esw, this solution crosses through

the edge of the branch cut at Reξ = −1 and continues to travel leftward in the

second sheet (Fig. 4.8(b)). This solution travels leftward along the negative

end of the real axis in the second Riemann sheet towards negative infinity as

E0 approaches 0 from below. As E0 becomes positive, the solution then travels

rightward from infinity along the positive end of the real axis in the second

Riemann sheet. At the value E0 = Esw, the solution then crosses back into

the first Riemann sheet and then travels rightward along the positive real axis

in Fig. 4.8(a).

As we increase g above the critical value g > g1p
cr = 1/2, the quadratic

form of (4.23) is restored, although the configuration of the solutions is different

than for g < g1p
cr . We plot the solutions of the quadratic for g = .6. In Fig.
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Figure 4.8: Trajectories in the complex plane (Imξ vs. Reξ) with (a) Riemann
Sheet I, and (b) Riemann Sheet II, for the solutions to the dispersion equation
with g = g1p

cr ≡ 1/2 for the n = 1, p symmetry case.
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Figure 4.9: Reξ as a function of E0/B for the n = 1, p case, with g = 0.6.

4.9 we again see that there are only two regions in the energy spectrum. For

|E0| > Esw there is a real stable solution in the first Riemann sheet which

coexists with a real solution in the second Riemann sheet. For |E0| < Esw

there are two real solutions which both lie in the second Riemann sheet. Again,

in this region there is no stable or unstable solution. Notice in Fig. 4.9 that

this second region is more narrow compared to that in Fig. 4.7 (at the critical

value g = 1/2). Hence we see that by choosing the value of g to be as close

as possible to 0.5 an experimentalist can maximize the region in which the

branch point effect dominates the system.

In Section 4.4 we will look at the n = 1, p case more closely, including

a detailed presentation of the power law decay due to the branch-point effect.

The focus of our study will be the vicinity of the g = g1p
cr case in which the

branch-point effect dominates the time evolution of the system.
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4.3.2 The n = 1, s Case

Now we will investigate in detail the n = 1, s symmetry case, which

despite being governed by a quartic equation is perhaps more straight-forward

than the quadratic case discussed above. The n = 1, s case is also the most

similar to the single impurity model presented in Chapter 3, the only quali-

tative difference being the existence of a single bound state in continuum, as

discussed in Section 4.2 above.

As the expression is cumbersome we do not present the explicit form

of the quartic dispersion equation f1s(ξ) here, but instead refer the reader to

Eq. (A.8) of Appendix A; however we note that f1s(±1) = −4g4, which tells

us that for non-zero values of the coupling constant, the solutions cannot cross

from one Riemann sheet into another (because they can only do so at the

singular points ±1, which are not roots of f1s for any value of E0) as they did

in the n = 1, p case. This is consistent with our expectations since, for the s

symmetry case, the singularity occurs in the denominator of (4.7), and hence

the self-energy is divergent at ±1.

Also, we point out that in this case there is no special value of the

coupling constant g at which the configuration of the solutions changes, as

there was in the n = 1, p case for g = g1p
cr . Hence in order to illustrate the

general properties of the system, we need only choose one value of g in each

of the Figs. 4.10, 4.11. In Fig. 4.10 we graph the real part (with g = 0.25)

and in Fig. 4.11 the imaginary part (with g = 0.1) of the solutions to the

dispersion equation f1s(ξ) = 0 as a function of the impurity energy E0/B. In
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Figure 4.10: Reξ as a function of E0/B with g = 0.25 for the n = 1, s case.

Figure 4.11: Imξ as a function of E0/B with g = 0.25 for the n = 1, s case.

Fig. 4.12 we plot the trajectory of the solutions in the complex ξ-plane. As

before thick lines represent solutions which lie in the first Riemann sheet while

dashed lines represent solutions which lie in the second Riemann sheet.

Notice first of all that the energy shift (real part of the solution of the

dispersion equation in Fig. 4.10) passes through the origin while the decay

rate falls to zero at E0/B = 0 in Fig. 4.11, which is the realization of the
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single bound state in continuum which was predicted for the n = 1, s case in

Section 4.2. Next we note that, considering the symmetry of the system about

E0/B = 0, we can divide the energy spectrum for this case into two sections,

similar to our approach in describing the energy spectrum for the n = 1, p

section above. The first section is given by |E0| > E1s
γ , in which, if we focus our

attention on the negative portion of the spectrum (E0 < −E1s
γ ), there is a real

stable solution in the first Riemann sheet which lies just below the impurity

energy E0/B. This solution is accompanied by a second stable solution that

lies just above the upper edge of the energy mini-band, and also by two real

solutions which lie in the second Riemann sheet (with 1 < |Re(ξ)| < E0). Then

at the value |E0| = E1s
γ , the two solutions in the second Riemann sheet meet

on the real axis before becoming complex solutions. Hence, for |E0| < E1s
γ ,

there exists a complex decay solution with decay rate given in Fig. 4.11 (with

g = 0.1) which co-exists with an unphysical growth solution and two real

stable solutions that lie in the first Riemann sheet just outside of either edge

of the energy mini-band (|Re(ξ)|>̃1) .

In Fig. 4.12, we see that for the E0 < −E1s
γ portion of the spectrum,

there are two real solutions in the first Riemann sheet (Fig. 4.12(a)), one

which travels rightward along the negative real axis and the other which travels

rightward along the positive real axis. We remind the reader that, unlike the

n = 1, p case above, these solutions never cross into the second Riemann sheet

for any values of E0 in the s symmetry case due to the fact that the singularity

lies in the denominator of the dispersion relation for this symmetry. In the
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Figure 4.12: Trajectories in the complex plane (Imξ vs. Reξ) with (a) Rie-
mann Sheet I, and (b) Riemann Sheet II, for the solutions to the dispersion
equation with g = 0.25 for the n = 1, s symmetry case.
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E0 < −E1s
γ region these real (stable) solutions in the first Riemann sheet are

accompanied by two real solutions in the second Riemann sheet, one of which

travels rightwards on the negative real axis in Fig. 4.12(b) and one which

travels leftwards. At the value E0 = −E1s
γ these solutions meet and then

become complex solutions in the second sheet. These solutions continue to

travel rightwards in the second sheet as we increase the value of E0 until they

rejoin again on the real axis at E0 = E1s
γ , one then traveling leftwards and

the second traveling rightwards along the positive real axis both in the second

sheet.

We can explicitly determine the critical values ±E1s
γ of E0 where the

decay solutions (dis)appear by considering the discriminant of the quartic

polynomial [66]. As the detailed expressions are long and tedious, we will

only roughly outline the approximation method here, leaving the full details

to Appendix A. The discriminant can be written

D1s(E0) = −64g4E4
0(1 + 4g2)d̃1s(E0) (4.28)

in which d̃1s(E0) is a long expression that is cubic in E2
0 . We can determine

the critical values by setting D1s(E
1s
γ ) = 0, however, we can ignore the factor

−64g4(1 + 4g2)E4
0 in (4.28) as it gives no condition on the energy (the factor

E4
0 = 0 signifies the single bound state in continuum which occurs at E0 = 0)

and simply consider d̃1s(E
1s
γ ) = 0. While the full solution to this equation

can be obtained, it is complicated and therefore we will be content to find

a first-order approximation. We can do this by setting E1s
γ ≈ 1 − Xgα and
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throwing away higher-order terms in order to find

E1s
γ ≈ 1 +

3g4/3

21/3
, (4.29)

hence we find that the critical energy lies within the g4/3 amplification region

due to the singularity in the density of electron states, as we expect from

comparison with the single impurity model.

4.3.3 The n = 2, p Case

In this section we will consider the n = 2, p symmetry case, in which

the dispersion equation yields a quartic equation f2p(ξ) (but different from

that obtained for the n = 1, s symmetry case) where the solutions are then

given by the roots of the equation f2p(ξ) = 0. We will see that there is a

critical value g2p
cr = 1 −

√
3/2 ≈ .134 of the coupling constant g at which the

configuration of the solutions changes similar to that which we found in the

n = 1, p case discussed above.

In Fig. 4.13 we plot the real part of the numerical solutions of the

dispersion equation as a function of E0/B for g = 0.1 (which lies below the

critical value g2p
cr ). As before thick lines represent solutions which lie in the first

Riemann sheet while dashed lines represent solutions which lie in the second

Riemann sheet. Notice that the unstable solution passes exactly through the

origin, which means that the energy shift vanishes at E0 = 0, due to the

single bound state in continuum for the n = 2, p case as discussed in Section

4.2. Similar to our analysis of the n = 1, p case in the previous section,
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Figure 4.13: Reξ as a function of E0/B with g = 0.1 for the n = 2, p case.

we can divide the E0/B < 0 portion of the spectrum into four regions, and

again the spectrum is then symmetric about E0 = 0. In the first region

|E0| > E2p
cr we see in Fig. 4.13 that there is a stable solution in the first

Riemann sheet that lies close to the line y = E0/B, which coexists with a

decay solution in the second Riemann sheet, the real part of which also lies

near the line y = E0/B (although it crosses this line and moves further away

for |E0/B| >> E2p
cr /B). The accompanying decay rate for this solution can

be seen in Fig.4.14(b), which grows quickly towards infinity as |E0| >> E2p
cr .

Returning to Fig. 4.13, there is also a real solution in the second Riemann

sheet which lies on the opposite side of the line y = 0 from the stable solution

in the first Riemann sheet. This solution grows slowly towards infinity as

|E0| >> E2p
cr . As E0 reaches ±E2p

cr , we see in Fig. 4.14(b) that the complex

solution disappears at this value (the decay rate becomes zero), while in Fig.

4.13 we see that the complex solution splits into two real solutions (both
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Figure 4.14: Imξ as a function of E0/B for the n = 2, p case with (a) g = 0.085,
(b) g = 0.1, and (c) g = g2p

cr .
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lying in the second Riemann sheet) at this point. In the second region of

the spectrum E2p
cr > |E0| > Esw then there is one stable solution in the first

Riemann sheet which coexists with three real solutions that lie in the second

Riemann sheet. Similar to the n = 1, p case, when the value of the energy shift

for the stable solution reaches the value of ±1, then the stable solution crosses

into the second Riemann sheet (see inset in Fig. 4.13). By setting ξ = ±1 in

f2p(ξ) = 0, we easily obtain the value Esw = 1 − 4g2. As before, the stable

solution is destroyed when it crosses into the second Riemann sheet, meanwhile

there is no complex decay state. Hence in the third region Esw > |E0| > E1p
cr

(see inset in Fig. 4.13) the time evolution of the electron in the donor state is

again determined completely by the power law contribution to the decay rate

given by the background integral. In this case there are four real solutions in

the second Riemann sheet, and hence four contributions to the background

integral. However, the value of Esw is very close (the same up to first order)

to the value of E1p
cr for g < g2p

cr , hence this region is only a small portion of the

total spectrum in the n = 2, p case. As we will see below, this region in which

the power law decay dominates the system no longer occurs for g > g2p
cr . At

the point E0 = ±E1p
cr the two real solutions near the line y = E0/B meet and

form a new complex unstable state in the second Riemann sheet. The decay

rate for this solution can again be seen in Fig. 4.14(b). Notice that at E0 = 0

the decay rate in this region vanishes, which of course is the single bound state

in continuum mentioned above. Hence, for the fourth region |E0| < E1p
cr , there

is a physical complex decay solution with its conjugate (unphysical) growth
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Figure 4.15: Trajectories in the complex plane (Imξ vs. Reξ) with (a) Rie-
mann Sheet I, and (b) Riemann Sheet II, for the solutions to the dispersion
equation with g = 0.1 for the n = 2, p symmetry case.

solution (the real parts of which lie near the line y = E0/B in Fig. 4.13).

These complex solutions are then accompanied by two real solutions in the

second Riemann sheet, both of which lie in the region |y| > 1.

In Fig. 4.15(a,b) we show the trajectories of the solutions to the dis-

persion equation in the complex plane. Following our analysis above, let us

consider the evolution of the trajectories in the negative half of the first re-

gion, such that E0 < −E2p
cr . In this region, there is one real solution which
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travels rightward along the negative real axis in the first Riemann sheet (Fig.

4.15(b)), as well as two complex solutions which travel inwards from complex

infinity in the second Riemann sheet to meet on the real axis at E0 = −E2p
cr

(Fig. 4.15(b)). There is also a fourth real solution which travels leftward along

the real axis in the second Riemann sheet (far right side of Fig. 4.15(b)). At

E0 = −E2p
cr the two complex solutions meet on the real axis and then separate

into two real solutions in the second Riemann sheet, one which travels right-

wards on the negative side of the real axis, and one which travels leftwards out

to negative infinity on the real axis. Meanwhile, as we continue to increase the

value of E0, the real (stable) solution in the first sheet crosses into the second

sheet at the lower edge of the branch cut Reξ = −1 as we reach E0 = −Esw

as labeled in Figs. 4.15(a,b). This solution travels leftward along the negative

real axis in the second sheet until it meets the rightward moving solution on

the negative real axis when E0 = −E1p
cr . These solutions then become complex

for |E0| < E1p
cr (except for the bound state in contimuum at E0 = 0) and travel

rightwards in the second sheet. Symmetry then dictates the behavior of the

solutions for E0 > E1p
cr .

We can explicitly determine the critical values of E0 = E2p
γ1,2

where

the decay solutions (dis)appear by considering the quartic discriminant of the

polynomial [66]

D2p(E0) = 218g8E4
0((1 + 4g2)4 + 108g2E4

0

−(1− 4g2)(1 + 136g2 + 16g4)E2
0) (4.30)
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Setting the discriminant equal to zero D2p(E0) = 0, we can determine both

critical values of E0 as

E2p
γ1,2

= (
11

18
+

1

216g2
− 22

9
g2 − 8

27
g4

±(1− 56g2 + 16g4)3/2

216g2
)1/2. (4.31)

To first order we have E2p
γ1

= 1− 4g2 −O(g4)<̃Esw.

As we allow the value of the coupling constant g to increase (see Figs.

4.14(a-c)), we will immediately notice that the value of E2p
γ2

decreases towards

E2p
γ1

. As can be seen from comparing Fig. 4.14(a) (g = 0.085) and Fig. 4.14(b)

(g = 0.1) the gap between the two decay regions decreases as we increase the

value of g. If we continue to increase the value of g, we see in Fig.4.14(c) that

there is a certain value at which the separate decay solutions merge into one

solution, such that a continuous decay state exists for all donor state energies

E0. We can easily find the value of g where this occurs by noticing that when

the (1−56g2+16g4) factor in the fifth term of (4.31) becomes negative, then the

two critical energies E2p
γ1,2

both become complex, and hence there is no longer

a critical energy for physical (real positive) values of the coupling constant.

Setting this term equal to zero then yields the value for g2p
cr = 1 −

√
3/2 as

given above.

In Fig. 4.16 we plot the real part of the numerical solutions of the

dispersion equation as a function of E0/B for g = .3 which lies well above

the critical value g2p
cr ≈ .134. In this graph, we can divide the behavior of

the spectrum into just two regions. In the first region |E0| > Esw there exists
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Figure 4.16: Reξ as a function of E0/B with g = 0.3 for the n = 2, p case.

a stable solution in the first Riemann sheet which lies close to y = E0/B.

This stable solution coexists with a decay solution with real part that is also

negative. The decay rate that accompanies this solution is shown in Fig. 4.17],

however, we have used the value g = .15 > g2p
cr for this plot as it is easier to

see that the two previous decay regions (Figs. 4.14(a-c)) have merged to form

this decay rate spectrum. Returning to Fig. 4.16, in this first region there is

also a positive real solution which lies in the second Riemann sheet, as was

also the case for g < g2p
cr . We see from Fig. 4.16 that the stable solution still

crosses into the second Riemann sheet at E0 = Esw and then gradually obtains

a larger value as E0/B increases. The decay solution is not affected by this

transition and coexists with this real solution in the second sheet. Note that

the single discrete steady state still occurs at E0 = 0.

The trajectories of the solutions to the dispersion equation for the g =

0.3 case shown in Fig. 4.18 are then a straight-forward extension of the above

discussion for Fig. 4.16 and Fig. 4.17. For E0 < −Esw there is one stable
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Figure 4.17: Imξ as a function of E0/B for the n = 2, p case with g = 0.15 >
g2p

cr .

solution in the first Riemann sheet (left side of Fig. 4.18(a)) which travels

rightwards along the negative real axis as the value of E0 increases. This is

accompanied by another real solution in the second sheet (right side of Fig.

4.14(b)) which travels leftwards along the positive real axis as E0 increases.

These two real solutions also coexist with two complex solutions in the second

sheet, which travel in from (complex) infinity as E0 increases. The stable

solution in the first Riemann sheet crosses into the second sheet as E0 reaches

the value −Esw, then travels leftwards out to negative infinity along the real

axis. The two complex solutions reach the origin at E0 = 0 and then travel

back out to complex infinity. Then at the value E0 = Esw, the real solution

traveling leftwards along the positive axis in the second sheet crosses into

the first sheet to become a stable solution. This stable solution then travels

rightwards out to infinity along the positive real axis in the first sheet.
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Figure 4.18: Trajectories in the complex plane (Imξ vs. Reξ) with (a) Rie-
mann Sheet I, and (b) Riemann Sheet II, for the solutions to the dispersion
equation with g = 0.3 for the n = 2, p symmetry case.
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Figure 4.19: Reξ as a function of E0/B with g = 0.26 < g2s
cr for the n = 2, s

case.

4.3.4 The n = 2, s Case

We will now investigate the energy spectrum for the n = 2, s case, which

we will find to be much more rich than the s symmetry for n = 1. In this

model, we will find that there are two unstable decay states which coexist for a

large portion of the energy spectrum (including the entirety of the unperturbed

energy mini-band). In this case, the dispersion equation for the s symmetry

yeilds a sextic dispersion equation f2s(ξ) which we do not explicitly present

here. As we will discuss in more detail below, for values of the impurity energy

within the energy mini-band, the six solutions to this sextic will give two real

solutions (stable states that lie on the upper and lower band edges) along with

two pairs of complex conjugate solutions that will both provide one unstable

state. We will show below that this model also has a critical value for the

coupling constant g2s
cr = (5

√
5−11
32

)1/4 ≈ 0.27399, similar to the n = 1, p and

n = 2, p cases.
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In Fig. 4.19, we plot the real part of the solutions to the dispersion

equation with g = 0.26 (below the critical value mentioned above) as a function

of the impurity energy E0/B, and in Fig. 4.20 we plot the imaginary part of the

solutions for the same value of the coupling constant. We see from these two

diagrams that, taking into account the symmetry about E0 = 0, we can divide

the energy spectrum into two regions. The first region is given by |E0| > E2s
γ .

If we focus our attention on the E0 < −E2s
γ portion of the spectrum, then

we see that there are two stable solutions in the first Riemann sheet, one

which lies slightly below the impurity energy E0/B and one which lies slightly

above the upper band edge (thick black lines in Fig. 4.19). These stable state

solutions are accompanied by two real solutions in the second Riemann sheet

(blue lines with short dashes), which is similar to the situation for the n = 1, s

case. However, unlike the n = 1, s case, there is another complex conjugate

pair of solutions, one of which is an unstable decay state that exists for all

values of E0, no matter how far outside the band spectrum (red line with long

dashes). Looking at Fig. 4.19, we see that the decay rate for this solution

is quite large in comparison to the coupling constant g, and is in fact much

larger than either of the scales g2 or g4/3 which we might have expected.

The second region of the energy spectrum is given by |E0| < E2s
γ . We

see that at the energy value E0 = −E2s
γ , a second unstable state appears (blue

line with short dashes), which is more consistent with intuition. In Fig. 4.19,

we see that for E0 near −E2s
γ , the real part of this solution lies near the lower

band edge, and as E0 increases, it lies more near to y = E0. In Fig. 4.20,
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Figure 4.20: Imξ as a function of E0/B with g = 0.26 < g2s
cr for the n = 2, s

case.

we see that the decay rate for this solution has a g4/3 amplification region

which lies mostly below the lower band edge and above the upper band edge.

There is also a local maximum in the decay rate which occurs at E0 = 0,

which becomes more pronounced as the value of g increases (in the case of

g = 0.26, even exceeding the value of the decay rate in the g4/3 regions). Also

note the presence of the two bound states in continuum in this solution which

are found at E0/B = ± 1√
2
. This unstable state is accompanied by two stable

states (thick black lines) which lie just above and below the upper and lower

band-edges, respectively, as well as the previously mentioned unstable state

(red line with long dashes) which extends through the entirety of the energy

spectrum. Notice that this decay solution has a minimum at E0 = 0.

By inspection, we can determine that the decay rate for the decay solu-

tion which extends throughout the continuum is, to lowest order, proportional

to the inverse of the coupling constant g. Thus this solution appears to be
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more pronounced for small values of the coupling constant. However, a deeper

understanding of this “second” decay solution requires a full analysis of the

system using Gamow vectors, which will be the subject of a future publication.

However, we can easily determine an analytic expansion for this solution in

the form ξr ∼ ∆1
1
g

+ ∆2 + ∆3g. Plugging this into f1s(ξ) and equating equal

order terms gives (for the decay solution)

ξr = −i 1

4g
− E0

2
+ i(1− 3

2
E2

0)g +O(g2). (4.32)

In Fig.4.21 we plot the trajectories of the solutions to the dispersion

equation in the complex plane. As in the n = 1, s case there are two sta-

ble solutions in the first Riemann sheet which exist for all values of E0 (Fig.

4.21(a)). The red solutions (longer dashes) are the complex conjugate solu-

tions in the second sheet (Fig. 4.21(b)) which also exist for all values of E0.

Meanwhile, for E0 < −E2s
γ there are two real solutions (blue lines with short

dashes) which lie on the negative real axis in the second sheet, one traveling

rightwards and one traveling leftwards. When E0 = E2s
γ , these solutions meet

on the real axis and then become complex as the value of E0 is increased. The

two complex solutions then travel rightwards in the second sheet until they

meet again on the positive real axis at E0 = E2s
γ . The solutions then become

real with one traveling leftwards and one traveling rightwards on the positive

real axis.

As we increase the value of g towards the critical value g2s
cr mentioned

above, we notice that the local maximum at E0 = 0 in the blue unstable
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Figure 4.21: Trajectories in the complex plane (Imξ vs. Reξ) with (a) Rie-
mann Sheet I, and (b) Riemann Sheet II, for the solutions to the dispersion
equation with g = 0.26 < g2s

cr for the n = 2, s case.

solution increases, while the minimum in the red unstable solution at the

same point decreases, until the two points touch at g = g2s
cr exactly (Fig. 4.22

and Fig. 4.23 through Fig. 4.24). The configuration of the two solutions then

changes for g > g2s
cr , as shown in Fig. 4.25 and Fig. 4.26 (for the particular

value g = 0.3). Note that the behavior of the two stable states does not change

in any qualitative manner, hence we will not explicitly refer to them during

the following discussion. Consider first the region E0 < −E2s
γ . Here there are
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Figure 4.22: Reξ as a function of E0/B with g = g2s
cr for the n = 2, s case.

Figure 4.23: Imξ as a function of E0/B with g = g2s
cr for the n = 2, s case.

two real solutions in the second Riemann sheet (blue lines with short dashes)

accompanied by a decay solution (red line with long dashes) which has a large

value for the decay rate (see Fig. 4.26). Then for −E2s
γ < E0 < 0, we see

that the two blue line solutions merge and that a second decay solution is

formed, as in the previous case. Notice that this new solution contains one

of the two bound states in continuum. However, for 0 < E0, we see that the
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Figure 4.24: Trajectories in the complex plane (Imξ vs. Reξ) with (a) Rie-
mann Sheet I, and (b) Riemann Sheet II, for the solutions to the dispersion
equation with g = g2s

cr for the n = 2, s case.
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Figure 4.25: Reξ as a function of E0/B with g = 0.3 > g2s
cr for the n = 2, s

case.

symmetry for this situation is more complex, as the blue solution in this region

behaves like the red solution for E0 < 0 as the real part of the blue solution

changes directions and moves off to negative infinity, while the decay rate goes

off to positive infinity. The red solution, like-wise, behaves similar to the blue

solution for E0 < 0 in that it contains the other bound state in continuum and

it becomes a purely real solution at E0 = E2s
γ .

In Fig. 4.27 then we plot the trajectories of the solutions in the com-

plex plane for this case (g = 0.3). Initially (for E0 < −E2s
γ ) there are two real

solutions in the second Riemann sheet (blue lines with short dashes) accom-

panied by two complex solutions (red lines with long dashes) which may take

arbitrarily large values for the decay rate (Fig. 4.27(b)). As the value of E0

increases, the red solutions move inwards from infinity while the blue solutions

meet on the negative real axis at E0 = −E2s
γ and also become complex. As the

value of E0 continues to increase, the two complex blue solutions eventually
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Figure 4.26: Imξ as a function of E0/B with g = 0.3 > g2s
cr for the n = 2, s

case.

move towards infinity while the red solutions meet on the positive real axis

when E0 = E2s
γ . These solutions then become real with one traveling left-

wards (asymptotically approaching Re(ξ) = 1) and one traveling rightwards

(towards positive infinity).

We can calculate the value g2s
cr at which the configuration of the system

changes in a straight-forward way if we carefully consider the behavior of the

solutions at E0 = 0. First, we write down the form of the dispersion equation

at this point

f2s(ξ) = 16g2ξ6 + (1− 24g2 − 16g4)ξ4

+(−1 + 8g2 + 16g4)ξ2 − 4g4, (4.33)

and note that the original sextic polynomial in ξ has reduced to a cubic in ξ2.

Notice in Fig. 4.19 that for g < g2s
cr the real parts of all four of the complex

solutions pass through the origin at E0 = 0, while the decay rates in Fig. 4.20
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Figure 4.27: Trajectories in the complex plane (Imξ vs. Reξ) with (a) Rie-
mann Sheet I, and (b) Riemann Sheet II, for the solutions to the dispersion
equation with g = 0.3 > g2s

cr for the n = 2, s case.
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are all non-zero. This means that these solutions ξ are all purely imaginary

at this point, which considering the form of (4.33) is only possible if two of

the solutions ξ2 of the cubic are purely real and negative. Then, for g < g2s
cr

we see in Figs. 4.25 and 4.25 that all four of these complex solutions have

both a non-zero real part and imaginary part, which is only possible if the two

solutions ξ2 of the cubic have themselves becomes complex. Hence, there must

be a critical point in the discriminant for the cubic equation above at which

the solutions ξ2 transition from being real to complex. It is straight-forward

to calculate the discriminant of (4.33), and it can easily be shown that the

discriminant contains the factor (−g4 + 176g8 + 256g12). Setting this factor

equal to zero gives us the value

g2s
cr =

(
5
√

5− 11

32

)1/4

(4.34)

as reported above.

We can also calculate to first-order the value of E2s
γ where the unstable

solutions appear by using the discriminant of the full sextic equation in a

manner similar to that shown in the n = 1, s case. However, the full expression

for the discriminant is quite cumbersome so we will simply report the result

here

E2s
γ = 1 +

791/3

22/3
g4/3 +O(g8/3). (4.35)
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4.4 Branch Point Effect Analysis for the n = 1, p Case

In this section we will analyze the branch point effect for the n = 1, p

symmetry case. First we will examine in closer detail the trajectory of the so-

lutions in the complex plane for this case, as well as the contour of integration

for the surviving probability. Then we will carefully define the background

integral and calculate its value. We will first perform the calculation for the

special case g = 1/2 mentioned above, where the portion of the energy spec-

trum in which there is no stable or unstable state is maximized. We will focus

our attention on the vicinity of the value E0 = −Esw at which the stable so-

lution passes through the branch cut and into the second Riemann sheet. We

will find that the transition of the solution from one sheet to the other has a

direct effect on the power-law decay resulting from the branch point effect. We

will then generalize our results to study the branch point effect in the vicinity

of the special case g = 1/2.

4.4.1 Trajectory of Solutions in the Complex Plane

Let us again consider the trajectory of the solutions for the n = 1, p

case as they travel in the complex plane (which has two Riemann sheets due

to the singularities in (4.22)) as a function of the real parameter E0. In Fig.

4.28 we show the complex plane for ξ = z/B in which the branch cut due to

the two essential singularities lies on the real axis between the two singular

points ξ = ±1. Due to the singularities, there are two Riemann sheets which

are connected on the real-axis along the branch cut. We have also drawn the
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Figure 4.28: Original contour of integration for the surviving probability in
the first Riemann sheet (surrounds the real axis including the branch cut from
−1 to 1 and extends to infinity on either side).

path of the contour which we must integrate along to calculate the surviving

amplitude for the electron in the donor site. This contour expands to infinity

on either side in order to enclose the entire real axis in a clockwise manner.

Note that the contour also encloses the branch cut which extends from −1 to

1 along the real axis.

Now we will consider the case in which E0/B << −1. As we discussed

in section 4.3.1, for this situation we find that there are two real solutions, one

which lies along the negative real axis in the first Riemann sheet (with value

ξ ≈ E0) and one which lies further down the negative real axis in the second

Riemann sheet. We denote the real solution in the first Riemann sheet with

an unbroken x, and that in the second Riemann sheet with a dashed x (see

Fig. 5a).

In order to calculate the surviving amplitude, we must deform the con-
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tour in a way that is more amenable to the calculation. In Figs 4.29(a-c) we

show the deformation process which leads to the simplest choice for the con-

tour. First, as we move from Fig. 4.29(a) to Fig. 4.29(b), we bring the contour

inwards from infinity along the real axis as far as we can (infinitesimally close

to the singular branch points at ξ = ±1), and simultaneously pull the lower

portion of the contour out to infinity in the direction of the negative imaginary

axis. The contribution to the integral due to the contour that lies at negative

infinity vanishes and hence we can ignore it (see Fig. 4.29(c)). However, as

we bring the contour inwards from infinity along the real axis, we pass the

real solution that lies in the first Riemann sheet, and hence we pick up a pole

due to this solution. This pole then represents a stable state solution of the

Hamiltonian (4.6). Also notice that this leaves two contributions which lie

along the lines Re(z/B) = ±1. As we move from Fig. 4.29(b) to Fig. 4.29(c),

we again wish to simplify the integration as much as possible by dragging the

portion of the contour which lies above the branch cut out to negative infin-

ity in the direction of the imaginary axis. However, in order to do so in this

case we must pull the contour through the branch cut and into the second

Riemann sheet. Doing so leaves two parts of the contour which lie along the

lines Re(z/B) = ±1 in the second Riemann sheet and a portion which lies at

infinity. This latter portion again vanishes in order to give us the final contour

(shown in Fig. 6a).

Note that in most ordinary circumstances, the pole contribution (whether

real or complex) will dominate the time evolution of the system. In this case,
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Figure 4.29: Deformation of contour for the surviving probability with one
real solution in Sheet I and a second real solution in Sheet II. Solid lines lie
in Sheet I while dashed lines lie in Sheet II. (a) Original contour, (b) contour
after bringing the edges in from infinity along the real axis and sending the
lower edge out to (complex) infinity, and (c) final contour after bringing upper
edge through the branch cut and out to infinity in the second sheet.
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Figure 4.30: Deformed contour for the surviving probability for various values
of E0. Solid lines lie in Sheet I while dashed lines lie in Sheet II. (a) E0 �
−Esw: one real solution in Sheet I and one real solution in Sheet II, (b) as the
value of E0 increases, the solutions move rightward along the real axis, and (c)
−Esw < E0 < −E1p

γ : the real solution in Sheet I crosses through the branch
cut into Sheet II and begins to move leftward on the real axis.
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since we have a real pole in the first Riemann sheet, we can say that the elec-

tron will remain stable in the donor site for ordinary time scales which are

usually investigated in experiment. However, the (four) contributions due to

the parts of the contour which lie along Re(z/B) = ±1 in both the first and

second Riemann sheets is small but not zero. It is these contributions that

will give the system a power-law decay which is strongly dependent on the

initial conditions of the system. These contributions comprise what is referred

to in the literature as the background integral or the branch point effect. As

we saw in Section 4.3.1, for g < g1p
cr = 1/2 the pole contribution vanished

for Esw < |E0| < E1p
γ and also vanished in the g ≥ g1p

cr case for |E0| > Esw.

In these cases, the time evolution of the system is determined solely by the

background integral.

In Figs. 4.30(a-c), we show the integration contour for various values of

E0 (assuming here that g < g1p
cr ). In Fig. 4.30(a) we show the contour assuming

that E0 � −Esw. Here there is one real solution in the first Riemann sheet

which gives a stable pole of the Hamiltonian as well as one real solution in

the second sheet which only contributes to the background integral. In Fig.

4.30(b) we increase the value of E0 such that both solutions move rightwards

on the real axis in their respective sheets. Then in Fig. 4.30 we show the

contour assuming that −Esw < E0 < −E1p
γ , in which there are now two real

solutions in the second sheet. in this case, there is neither a stable solution

nor an unstable solution and hence the background integral alone determines

the time evolution of the system.
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Finally, in Fig. 4.31 we show the contour for the surviving probability

assuming that |E0| < E1p
γ . In this case, there is now an unstable pole with

negative imaginary part in the second sheet. The complex conjugate of this

solution with positive imaginary part does not give a pole in the contour and

again can only affect the time evolution through the background integral.

Figure 4.31: Example of the deformed contour for the surviving probability
for |E0| < E1p

γ . Solid lines lie in Sheet I while dashed lines lie in Sheet II.
The solution with negative real part gives a pole and represents an unstable
decay solution while its conjugate with positive imaginary part represents an
unphysical growth solution.

4.4.2 Power Law Decay from Branch Point Effect for g = 1/2 Case

We will now explicitly calculate the time evolution for the n = 1, p

case, focusing our attention on the background integral. The time evolution
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is determined by the surviving probability, given by

〈p|e−iHt|p〉 = 〈p| 1

2πi

∫
C

dze−izt 1

η−(z)
|p〉

= Jpole +
4∑

i=1

Ji (4.36)

in which the contour C in the first line of (4.36) is similar to those shown in

Figs. 4.30(a-c) or Fig. 4.31, the precise contour depending on the value of the

energy E0 of the impurities. In the second line of (4.36) we have broken the

integration into a portion Jpole due to the pole (assuming one is present in the

integration, which, as discussed above, may not be the case) and a portion∑4
i=1 Ji due to the four background integral contributions, as discussed in the

previous section. The calculation of the exponential decay due to the residue

given by the pole contribution is trivial, hence we will focus on our primary

interest, which is the calculation of the background integral contributions Ji

to (4.36).

We will find that it is most natural to break the background integral

calculation into two portions, one portion (J1+J2) due to the contours that lie

along ξ = −1 and another due to the contours (J3 + J4) that lie along ξ = 1.

Here, we will concentrate on the former contribution (J1 + J2), from which

it is straight-forward to infer the behavior of the latter contribution. This is

written from (4.36) as

J1 + J2 =
1

2πi

∫
C1

dze−izt 1

ηp
I (z)

+
1

2πi

∫
C2

dze−izt 1

ηp
II(z)

(4.37)

in which the contour C1 runs from −∞ to 0 along the line Re(ξ) = −1 in

the first Riemann sheet while the contour C2 runs from 0 to −∞ along the
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same line in the second Riemann sheet, and the notation ηp
I,II denotes which

Riemann sheet the dispersion relation must be calculated in. Note that care

must be taken when choosing which branch of the dispersion relation in (4.22)

to follow (in particular, note that we cannot simply assign the positive sign

of the square root term to one sheet and the minus sign to the other, as the

sign actually changes within a single Riemann sheet). Along the contours

mentioned above (with Re(ξ) < 0), it can be shown that the correct forms of

the dispersion relation are

ηp
I (ξ) = ξ − E0 − 2g2(ξ +

√
ξ2 − 1), (4.38)

ηp
II(ξ) = ξ − E0 − 2g2(ξ −

√
ξ2 − 1) (4.39)

Since the contour C1 is just the opposite of C2, we can rewrite (4.37) as

J1 + J2 =
1

2πi

∫
C1

dze−izt[
1

ηp
I (z)

− 1

ηp
II(z)

] (4.40)

= − 1

2πi

∫
C1

dze−izt 4g2
√
z2 − 1

(Eswz − E0)2 − 4g4(z2 − 1)
,

in which we recall that from the discussion above that Esw = 1 − 2g2 is the

value of the impurity energy E0 at which one solution may cross from the

first Riemann sheet into the second. After collecting like terms in z in the

denominator of (4.41) we may substitute z = −1− iy in which y runs from 0

to ∞ to obtain (after a good deal of algebra)

J1 + J2 =
2ig2eit

π

∫ ∞

0

dy e−yt

√
y2 − 2iy

(Esw + E0)2 + 2iEϕy − (E1p
γ )2y2

, (4.41)

in which Eϕ ≡ (1+E0)Esw−2g2 and we recall that E1p
γ is defined in (4.25). The

integral we have obtained above is now in the form of a LaPlace transform, and
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while we cannot, in general, obtain an exact expression from it, we can obtain

an approximation scheme which is valid on time scales of physical interest.

Recall from our discussion in the last section that at the critical value

g = g1p
cr = 1/2, the dispersion relation in (4.23) simplifies from a quadratic

to a linear form, while simultaneously the value of E1p
γ becomes zero as the

renormalized conduction band vanishes. Notice also that the form of the back-

ground integral given in (4.41) similarly simplifies at this special value of the

coupling constant, as the third term in the denominator is proportional to

the square of E1p
γ . Remember that at this special value the portion of the

energy spectrum in which there is no pole contribution (real or complex) to

the surviving probability is maximized. Hence, not only is this case simplified;

it is also the most physically interesting. In the following discussion, we will

evaluate J1 + J2 for this special case, and afterwards we will generalize our

results to the case in which g 6= g1p
cr .

In addition to the choice g = g1p
cr , we also wish to focus our attention

on the band region in which neither a stable nor an unstable pole occurs.

Since we are studying J1 + J2 which lie along Re(ξ) = −1, we will want to

investigate the system for impurity energies which lie near −Esw, where one

of the solutions will lie very near to the branch point (which will amplify the

effect of the background integral). Hence, we will choose to reparamaterize

the energy according to

E0 = −Esw + δ, (4.42)
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where in most cases we will assume that δ is a small quantity δ<̃g = 1/2,

although much of our analysis will hold even when this condition is not sat-

isfied. Applying this reparaterization and noting that Esw = 1 − 2g2 = 1/2

when g = 1/2, we can write Eq. (4.41) as

J1 + J2 =
ieit

2π

∫ ∞

0

dye−yt

√
y2 − 2iy

δ2 − if(δ)y
, (4.43)

in which we have defined f(δ) ≡ 1/2 − δ = −E0. Now we will re-write the

integral (4.43) by introducing the change of integration variable s ≡ yt to

obtain

J1 + J2 =
ieit

2πt2

∫ ∞

0

ds e−s

√
s2 − 2its

δ2 − if(δ) s
t

. (4.44)

In this form it is apparent that, for values of t that are small the second

term in the denominator of (4.44) will dominate the first term. We will show

below that the time-scale up to which it is accurate to neglect the first term

in comparison to the second is given by

t� |f(δ)

δ2
| ≡ tcrδ . (4.45)

Note that for small δ � g = 1/2 (E0 very near to Esw) we have tcrδ ∼ 1
2δ2 ,

which may be quite large. Assuming that (4.45) is satisfied, then neglecting

the first term in the denominator gives us

J1 + J2 = − eit

2πf(δ)t

∫ ∞

0

ds e−s

√
s2 − 2its

s
. (4.46)

We can evaluate this integral using the properties of the LaPlace transform

combined with the known integral [67]∫ ∞

0

ds e−s
√
s2 − 2its = −ite−itK1(−it) (4.47)
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in which K1(z) is a Modified Bessel Function. This integral (and close varia-

tions) will appear repeatedly throughout our analysis of the background inte-

gral for the n = 1, p system. Combining this with the well known property of

the LaPlace transform∫ ∞

0

ds e−sτ f(s)

s
=

∫ ∞

τ

f̄(τ ′)dτ ′ (4.48)

in which f̄(τ) represents the known LaPlace transform

f̄(τ) =

∫ ∞

0

ds e−sτf(s), (4.49)

we can re-write the integral in (4.46) as

J1 + J2 =
ieit

2πf(δ)

∫ ∞

τ=1

dτ ′e−itτ ′K1(−itτ ′)
τ ′

(4.50)

=
eit

2
√

Πf(δ)t
[
Ψ(−1/2, 0;−2itτ ′)

τ ′
]τ
′=∞

τ ′=τ=1, (4.51)

in which Ψ(a, c; z) is a confluent hypergeometric function. We may apply the

asymptotic expansion [68] for the confluent hypergeometric function (Ψ(a, c; z) →

z−a for z → ∞) to show that the upper limit in (4.51) vanishes. Hence we

obtain

J1 + J2 = − eit

2
√
πf(δ)t

Ψ(−1/2, 0;−2it). (4.52)

Let us assume that the time scale tcrδ on which the approximation we made in

going from (4.44) to (4.46) is fairly large (which is the case for δ small). Then

for 0 � t� tcrδ we may expand (4.52) to obtain

J1 + J2 = e
3πi
4

eit

2
√
πf(δ)t1/2

, (4.53)
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and thus we see that below the timescale mentioned above, the system will

decay with a power law proportional to t−1/2.

It is worth noting that at δ = 0 (E0 = −Esw), the step in proceeding

to (4.46) from the expression (4.44) is no longer an approximation. Hence, the

final result (4.52) is an exact expression at this value, in which f(δ = 0) = 1/2

gives

J1 + J2 = − eit

√
πt

Ψ(−1/2, 0;−2it), (4.54)

which in this case holds for all t.

We will now investigate the system for times larger than the timescale

mentioned above. The first step in our analysis will be to re-write (4.44) as

J1 + J2 =
ieit

2δ2πt2

∫ ∞

0

ds e−s

√
s2 − 2its

1− if(δ)
δ2

s
t

. (4.55)

Notice that, due to the exponential factor, the integrand in (4.55) rapidly

approaches zero for s > 1. Thus, in order to estimate the contribution of

the second term in the denominator, we can assume that s in this term has

order unity. Then for values of t which satisfy t � tcrδ we can expand the

denominator in a binomial expansion, which is how we determine the time-

scale tcrδ . Applying the binomial expansion to the denominator in (4.55) we

obtain

J1 + J2 ≈ ieit

2πδ2t2

∫ ∞

0

dse−s
√
s2 − 2its

− f(δ)eit

2πδ4t3

∫ ∞

0

dse−ss
√
s2 − 2its (4.56)
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We can evaluate the first term on the RHS using the integral (4.47) and the

second term by again using this integral combined with the property∫ ∞

0

ds e−sτsf(s) =
f̄(τ)

dτ
(4.57)

of the LaPlace transform in which f̄(τ) is a known transform as given in (4.49).

Applying this analysis (and using the recursion properties of the modified

Bessel function), we find

J1 + J2 ≈ K1(−it)
2πδ2t

− if(δ)

2πδ4t2
[it(K0(−it)−K1(−it))− 2K1(−it)].(4.58)

Since we are primarily interested in the case in which E0 lies near to

−Esw, we can assume that δ is a small number, such that tcrδ � 0, then an

asymptotic expansion of the modified Bessel function will give an accurate

estimation of the value of (4.58). This expansion [68] gives

J1 + J2 = e
πi
4

eit

2
√

2πδ2t3/2
, (4.59)

to first order, and thus above the timescale tcrδ we observe that the power law

decay is proportional to t−3/2.

Again we note that our result (4.58) becomes an exact expression at

the value δ = 1/2 (or E0 = 0), as setting f(δ = 1/2) = 0 in (4.55) gives a

simplified expression which can be evaluated to obtain

J1 + J2 =
2K1(−it)

πt
(4.60)

which can also be obtained from the first-order term of (4.58) above.
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The situation described above in which the long time behavior of the

power law decay is separated into two distinct timescales is reminescient of

the spatial dependence in the description of the photon dressing of a two-

level atom, as discussed in [69]. In that system, the spatial dependence of

the photon dressing (i.e. the density of the virtual photon cloud) is separated

into two distinct zones by the characteristic length x0 = c
ω0

, in which the

frequency ω0 is given in terms of the energy between the two atomic states

by E0 = −~ω0

2
. The characteristic length denotes the largest distance (from

the atom) that most virtual quanta can attain. For values of x which satisfy

x � x0, the photon cloud falls off as 1
x6 . This is called the near zone, or

Van der Waals zone. For values of x on the order of the characteristic length

x ∼ x0 the spatial dependence of the photon cloud is more difficult to evaluate

analytically. However, for values of x � x0, the photon cloud falls off as 1
x7 ,

more rapidly than in the near zone. This region is then called the far zone, or

the Casimir-Polder zone.

Similarly, we can divide the long time behavior (t>̃1) of the background

integral in our system into two regions, separated by the characteristic time

scale tcrδ . For values of t which satisfy t� tcrδ , the background integral falls off

as 1
t1/2 . In analogy with the photon dressing in the system above, we call this

the long time near zone. For values of t which satisfy t� tcrδ , the background

integral falls off as 1
t3/2 . Again in analogy with the above, we call this the long

time far zone. However, in the present case our time scale tcrδ varies with the

value of δ. Recall that for small δ, then tcrδ ∼ 1
2δ2 , and thus we see that as
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δ becomes smaller, the 1
t1/2 dependence of the long time near zone becomes

more pronounced. At the value δ = 0, at which the characteristic time scale

tcrδ →∞, then we obtain the exact result (4.54), and hence the 1
t1/2 dependence

becomes the full long time effect. On the other hand, as δ → 1/2, then tcrδ → 0

and the region in which the 1
t1/2 dependence occurs is decreased, until at δ = 0

we obtain the exact result given in (4.60).

In Fig. 4.32 we show a numerical plot of the norm of the J1 + J2

contribution to the background integral (the surviving probability in this case,

since there is no pole contribution and the J3 +J4 contribution is negligible at

all but the shortest time scales) vs. time, for the g = g1p
cr = 1/2 case described

above with δ = .05 (which gives tcrδ = 180). We compare this result with the

approximations given above, with the dashed (red) line representing the 1
t1/2

dependent long time near zone approximation given in (4.53), and the chained

(green) line representing the 1
t3/2 dependent long time far zone approximation

given in (4.59).

4.4.3 Power Law Decay from the Branch Point Effect in the Vicin-
ity of g = 1/2

We now generalize the above analysis to the case in which g 6= g1p
cr .

Here, we will re-parameterize g in terms of ∆ as we did above for E0 in 4.42

and determine the conditions on E0, g (in terms of a condition on ∆, δ)

such that we may observe the transition from the 1
t1/2 behavior to the 1

t3/2

behavior as before. From our previous analysis, we should expect that the
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Figure 4.32: J1 +J2 contribution to the surviving probability (solid black line)
as a function of time for δ = 0.05 (tcrδ = 180). The red dashed line gives the
t−1/2 dependent approximation valid for t � tcrδ while the green chained line
gives the t−3/2 dependent approximation valid for t� tcrδ .

closer the impurity energy lies to Esw (the smaller the value of δ) and the

closer that the coupling constant g lies to 1/2 (the smaller the value of ∆, see

Eq. (4.61)below), then the more pronounced the 1
t1/2 behavior will become.

First, we reparamaterize the square of the coupling constant according

to

g2 ≡ 1

4
+ ∆ = (g1p

cr )2 + ∆. (4.61)

This parameterization gives us (E1p
γ )2 = 1 − 4g2 = −∆, and it can also be

shown that

(1 + E0)Esw − 2g2 = −1

2
f(δ)− 2∆(1 + δ)− 4∆2

≡ −1

2
f(δ)− 1

2
K(δ,∆). (4.62)
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Note that K(δ,∆) → 0 as ∆ → 0. Thus we can now write (4.41) as1

J1 + J2 =
2ig2eit

πt2

∫ ∞

0

ds e−s

√
s2 − 2its

δ2︸︷︷︸
I

− i[f(δ +K(δ,∆)]
s

t︸ ︷︷ ︸
II

+ ∆2 s
2

t2︸ ︷︷ ︸
III

, (4.63)

where we have again made the change of integration variable s ≡ yt, as above.

It is apparent that as t → 0, then the third term in the denominator

of (4.63) will give the dominant contribution to the integration. However,

if we neglect the first and second terms in comparison to the third one, the

integral that we obtain is divergent. Considering that this time scale is then

both experimentally and theoretically the most difficult to analyze, we will not

consider it in detail further here. Now, in order to be able to observe the 1
t1/2

dependent behavior, after this first time scale, the system must transition to a

time scale in which the second term in the denominator of (4.63) will provide

the dominant contribution to the integration. This means that the timescale

at which the second term dominates the third one provides a lower bound

on the long time near zone (notice that the first term must be negligible in

comparison to the second one as well). Finally, the 1
t1/2 dependence will break

down when the first term comes to dominate over the second term. Hence this

provides the upper bound for the time scale of the long time near zone, and

the lower bound for the 1
t3/2 dependent long time far zone.

Also, note that as the system moves through the long time near zone

1The labels I, II, and III used in Eq. (4.63) are intended for reference with regards to
Table 4.1.
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(second term is dominant), there must be some time-scale at which the third

term becomes dominated by the first term. We will determine this time-scale

and show that below it we will be able to obtain a second-order approximation

for the background integral, but that above it only the first order approxima-

tion is valid.

We will find that it is most straight-forward to determine the outermost

time scales and then work our way inwards. First we will find the outermost

time-scale that delineates the transition from the near zone to the far zone.

We re-write (4.63) as

J1 + J2 =
2ig2eit

πδ2t2

∫ ∞

0

ds e−s

√
s2 − 2its

1− i[f(δ+K(δ,∆)]
δ2

s
t
+ ∆2

δ2
s2

t2

. (4.64)

Following an argument similar to that given above, we see that the time-scale

on which the first term in the denominator above comes to dominate the second

is given by

t� |f(δ) +K(δ,∆)

δ2
| ≡ tδ (4.65)

which clearly in the limit ∆ → 0 reduces to the special case g = 1/2 given

above as tδ → tcrδ . In addition, we can also determine the time-scale on which

the first term comes to dominate the third one. At first glance, this may seem

irrelevant, since the second term itself should have already come to dominate

the third term well before this point. However, it will be useful below in our

analysis of the behavior of the long time near zone, as it will provide a time-

scale on which we can obtain a second-order correction to the background
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integral there. This time scale is given by the same arguments above as

t� |
√

∆

δ
| ≡ t∆2 . (4.66)

Note that for the values we are interested in (δ,∆ small), t∆2 < tδ. Applying

an expansion similar to that which led to (4.58), we can obtain the following

result for the long time far zone in the general case

J1 + J2 ≈ 2g2K1(−it)
πδ2t

− 2ig2

πδ4t2
[f(δ) +K(δ,∆)] (4.67)

× [it(K0(−it)−K1(−it))− 2K1(−it)],

which is valid on the time-scale t� tδ, and reduces to (4.58) for g = g1p
cr = 1/2.

It is clear now that the upper bound for the long time near zone in the

general case is given by tδ. Now we will determine the lower bound by assum-

ing that the first term in the denominator in (4.63) is negligible in comparison

to both the second and the third terms, which must be true as the system

transitions from the initial region (in which the third term in the denomina-

tor is dominant) into the long time near zone (in which the second term is

dominant). Then we can approximate the integration as

J1 + J2 ≈ −2g2eit

πt

1

[f(δ) +K(δ,∆)]

∫ ∞

0

ds e−s

√
s2 − 2its

s(1− ∆
[f(δ)+K(δ,∆)]

s
t
)

(4.68)

Once again we can apply a binomial expansion on the denominator as the

system transitions into the long time near zone assuming that t satisfies

t� | ∆

f(δ) +K(δ,∆)
| ≡ t∆, (4.69)
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in which t∆ ∼ |2∆|, for small values of δ,∆. Notice that as ∆ → 0, then

t∆ → 0 which agrees with the critical case g = g1p
cr in which the expression

(4.52) is valid for all t� tcrδ .

In addition, we can obtain a second-order term in our expansion of

(4.68) assuming that the third term in the denominator of (4.63) still provides

a more dominant contribution to the integration than the first term. This is

true provided the condition t << t∆2 holds, with t∆2 given in the expression

(4.66) above.

Applying the binomial expansion we then obtain the following expres-

sion for the background integral in the long time near zone

J1 + J2 = − 2g2eit

√
πt

Ψ(−1/2, 0;−2it)

(f(δ) +K(δ,∆))︸ ︷︷ ︸
t∆�t�tδ

+
2g2∆

πt

K1(−it)
(f(δ) +K(δ,∆))︸ ︷︷ ︸

t∆�t�t∆2

, (4.70)

in which the first term (which gives the 1
t1/2 dependence which is our main

interest) is valid assuming that t∆ � t � tδ while the second term is valid

only under the more restrictive condition t∆ � t� t∆2 .

Now in order for the condition t∆ � t� tδ to be satisfied on any time

scale, clearly it must be true that t∆ � tδ, which is the equivalent to the

condition that there must exist a time-scale on which the second term in the

denominator of (4.63) dominates both the other terms. This condition implies

|∆| � 1

4δ2
, (4.71)

which agrees with our expectation that the smaller the value of both δ and ∆,

the more prominent the long term near zone will be. In Table 4.4.3 we present
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Table 4.1: Approximations for the background integral J1 +J2 for the n = 1, p
case in the vicinity of g = 1/2 with appropriate valid time scales. (∗) denotes
long time near zone t∆ � t� tδ, while (∗∗) denotes long time far zone t� tδ.

Time Scale Dominant Term from Eq. 4.63 Approximation
I II III

t� t∆ 3rd 2nd dominant obscure
t∆ � t� t∆2 3rd dominant 2nd Eq. 4.70∗

t∆2 � t� tδ 2nd dominant 3rd Eq. 4.70∗

t� tδ dominant 2nd 3rd Eq. 4.68∗∗

a summary of our results for the background integral in the n = 1, p case in

the vicinity of g = 1/2.
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Chapter 5

Superlattice Ladder Model with Single

Impurity

Until the mid 1990’s, all experimentally discovered high Tc supercon-

ductors were of molecules which contained a 2-dimensional Cu02 plane, be-

lieved to be the source of superconducting behavior. In 1996, superconductiv-

ity was discovered in the material Sr0.4Ca13.6Cu24O41.84 [70], which instead of

a Cu02 layer contains Cu2O3 quasi-1-dimensional “ladders.”1 This discovery

is in part the impetus for the superlattice ladder model that we will study in

this chapter. This model consists of two 1-dimensional superlattices (which

we studied in Chapter 3) coupled together site-by-site (see Fig. 5.1). As an-

other motivation for this model, we will also be able to study the effect that

the Van Hove singularity will have on a system when in it is itself embedded

in a continuous energy spectrum as a result of the coupling between the two

superlattices.

Each superlattice in this model has its own electronic mini-band as

we have investigated extensively in Chapter 3. The relative position of these

two bands in the energy spectrum of the structure depends on the strength

1The material Sr0.4Ca13.6Cu24O41.84 was introduced in 1988 by McCarron et al. [71] and
Siegrist et al. [72] and has been studied extensively since then [73–83].
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of the site-by-site coupling of the two superlattices. We will find when we

add a single discrete impurity state to the model that the singularities in the

density of states which lie at the edges of both branches of the double mini-

band structure result in much of the familiar phenomena. This includes the

g4/3 amplification in the decay rate for the occupied impurity state as well

as the persistent stable states (superstable states) that lie at the band edges

and co-exist with the decay states. However, we will also find a host of new

phenomena in this significantly more complex problem. This includes a new

metastable state that occurs when the two mini-bands are overlapping. In this

case, one edge of the mini-band is embedded in the continuous spectrum of the

other. Hence, the persistent stable state mentioned above that is associated

with the edge of one energy band is affected by the destabilizing effect of the

other band, which results in the formation of new metastable state. The decay

rate of this new state is proportional to g6 in the most general case, where g

is proportional to the coupling between the impurity state and both chains of

the superlattice. This metastable state is a direct result of the singularity in

the density of states of one branch of the dispersion relation being embedded

in the continuum of the other branch.

5.1 Hamiltonian for the Superlattice Ladder Model

In this section we present the Hamiltonian for the ladder model. As

mentioned above, this model consists of two one-dimensional superlattices,

both with internal hopping parameter t, and separately equivalent to the su-
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perlattice presented in Section 3.1. In Fig. 5.1 we present a diagrammatic

representation of our system. We label the two chains as the σ = + and the

σ = − chain, and the hopping parameter t is represented by a single line con-

necting each of the sites in the two superlattices. The total number of sites

per chain is given by N . We then assume that the two chains are coupled to

one another, site-by-site, through the new hopping parameter t̄′, represented

by the double lines in Fig. 5.1. Finally we assume that the ñ = 0̃ sites of both

chains share a single impurity d, with coupling strength for each chain given

by gtIσ. Here g is the dimensionless coupling constant while I+,I− determine

the relative coupling strength of the two chains. This coupling is represented

diagrammatically by the wavy line in Fig. 5.1. The unperturbed energy of the

impurity state is given by Ē0.

Figure 5.1: Diagramatic representation of the superlattice ladder system with
a single impurity. t is the coupling between each site within the superlattices
while t̄′ gives the site-by-site coupling of one superlattice to the other. E0 is
the energy of the donor impurity and gtI± is the coupling strength between
the donor and the n = 0 site of each respective chain.

The Hamiltonian for our superlattice ladder is given by the double
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tight-binding model in the usual way

H = Ē0|d〉〈d| −
t

2

∑
σ=+,−

∑
<m̃,ñ>

|m̃, σ〉〈ñ, σ|

− t̄′
∑

ñ

(|ñ,+〉〈ñ,−|+ |ñ,−〉〈ñ,+|)

+ gt
∑

σ=+,−

Iσ
(
|d〉〈0̃, σ|+ |0̃, σ〉〈d|

)
(5.1)

in which the state |m̃, σ〉 represents the m̃th site of the σ-chain and the state |d〉

represents the donor impurity. In this expression the second term represents

the internal coupling of the separate chains with hopping parameter t, the

third term represents the site-by-site coupling between the two chains with

hopping parameter t̄′ and the final term represents the coupling of the 0̃ site

of both chains to the impurity state.

We can diagonalize the second term of Eq. (5.1) by introducing the

wave vector representation in the usual way

|k, σ〉 =
1√
N

∑
ñ

eikñ|ñ, σ〉. (5.2)

This gives for the new form of our Hamiltonian

H = Ē0|d〉〈d|+
∑
σ,k

ε̄k,σ|k, σ〉〈k, σ| − t̄′
∑

k

(|k,+〉〈k,−|+ |k,−〉〈k,+|)

+
gt√
N

∑
σ

Iσ (|d〉〈k, σ|+ |k, σ〉〈d|) (5.3)

in which ε̄k,σ = −t cos k is the familiar dispersion relation in each chain.

We can now diagonalize the third term in Eq. (5.3) through the trans-

formation (
|k,+〉〉
|k,−〉〉

)
=

1√
2

(
1 −1
1 1

)(
|k,+〉
|k,−〉

)
. (5.4)
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Simultaneously we introduce the notation

J+ =
1√
2
(I+ − I−)

J− =
1√
2
(I+ + I−) (5.5)

in order to re-write the Hamiltonian (5.3) as

H = Ē0|d〉〈d|+
∑

λ=+,−

∑
k

Ēk,λ|k, λ〉〉〈〈k, λ|

+
gt√
N

∑
λ=+,−

∑
k

Jλ (|d〉〈〈k, λ|+ |k, λ〉〉〈d|) , (5.6)

with the new dispersion relations for the two bands given by

Ēk,± = −t cos k ± t̄′. (5.7)

Our Hamiltonian (5.6) is now in the bi-linear form of the Friedrichs-Fano

model, of which we are now quite familiar. The mini-band dispersion rela-

tions (5.7) show us that there are two mini-bands, shifted from each by the

parameter t̄′.

If we make the simplest choice for the relative coupling strength of the

two superlatices (J± = 1 with I+ =
√

2 and I− = 0), then we can immediately

write the equation η(z̄) ≡ z̄ − Ē0 − Ξ(z̄) from which we obtain the dispersion

relation for the diagonalized state given by η(z̄) = 0. The self-energy in this
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expression is given by

Ξ(z̄) ≡ g2t2

N

∑
k,λ

1

z̄ − Ēk,λ

=
g2t2

N

∑
k

[
1

z̄ + t̄′ − t cos k
+

1

z̄ − t̄′ − t cos k

]
→ g2t2

N

∫ π

−π

dk

[
1

z̄ + t̄′ − t cos k
+

1

z̄ − t̄′ − t cos k

]
= g2t2

[
1√

(z̄ + t̄′)2 − t2
+

1√
(z̄ − t̄′)2 − t2

]
. (5.8)

We now normalize the energy of the system in units of the parameter t to

obtain the general dispersion relation for the stable and unstable states inside

the superlattice ladder system

z − E0 = g2

[
1√

(z + t′)2 − 1
+

1√
(z − t′)2 − 1

]
(5.9)

in which z ≡ z̄
t
, E0 ≡ Ē0

t
, and t′ ≡ t̄′

t
. Squaring (5.9) twice and re-arranging

yields a 12th order polynomial, hence we see that there is an order of mag-

nitude increase in the complexity of the system compared to the single one-

dimensional superlattice system of Section 3.1. We will gain insight in the

next section into the question of why the number 12 appears here as the order

of the dispersion polynomial.

We note that in Eq. (5.9), there now appear two roots, each containing

two singularities. For each root, there are two branches we can follow as we

vary z under analytic continuation. Hence for both roots we can follow a +

branch or a − branch. Since we may follow either sign for one branch while

holding the other constant (or vice versa), there are a total of four possible

combinations we must consider. This implies that the complex plane in which
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the above equation “lives” is four-sheeted, as opposed to being simply two-

sheeted as was the case for each of the previous examples. In the present case,

we will find that in order to understand the full meaning of the solutions to the

dispersion equation for the ladder system, we will have to carefully consider

the trajectory of the solution in the complex plane and understand the natural

contour of evaluation for the surviving amplitude in order to determine the

actual physical significance of each solution.

In this chapter we will carefully evaluate the solutions to the dispersion

Eq. (5.9) considering three primary cases. First we will consider the 0 < t′ < t

case. In this case, one band edge for each of the mini-bands is embedded

within the continuum of the other band. This results in the metastable state

mentioned previously. Then we consider the t′ = 0 case, in which the two

chains become decoupled. In this situation, the two mini-bands for the system

overlap precisely, and we show that the earlier single superlattice system of

Chapter 3 is recovered. Then we consider the t′ = 1 case, in which the upper

edge of one band precisely meets the lower edge of the other. This results in

an interesting simplification of the system in which the 12th order dispersion

polynomial reduces to a 10th order polynomial, which implies that two of the

solutions vanish in this case.

5.2 Ladder System for 0 < t′ < t Case

In this section we consider the case 0 < t′ < t in which the two energy

mini-bands overlap such that the edge of one mini-band is embedded in the
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continuum of the other and vice-versa. In both the waveguide-dipole problem

and the single superlattice problem that we have studied in earlier chapters,

we encountered real “superstable” states which coexist with the complex de-

cay solutions deep inside of the continuous frequency or energy band for both

respective problems. These solutions had a real part which lay shifted slightly

from the edge of the continuous spectrum (the location of the Van Hove sin-

gularity) in both cases.

Figure 5.2: Band structure for the 0 < t′ < t = 1 case.

We will find that in the present case of the superlattice ladder system,

for the “outer” edges of the two mini-bands (see Fig. 5.2) we will again find the

familiar stable states which co-exist with multiple decay solutions. However,

for the “inner” band edges, there are now two competing phenomena. There

are still solutions which lie very near to these inner band edges, however, the

value of the energy for these solutions lies within the continuous spectrum of

the other energy mini-band, which typically2 results in an unstable decay state.

2Typically it is true that the solution inside of the continuous spectrum results in an
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We will find that these two tendencies within the system result in a new type

of solution for our ladder model as mentioned above. This new state will be

metastable with a real energy shift proportional to the g4 power of the coupling

constant, while the decay rate is proportional to g6. By careful analysis of the

Riemann structure for the system, we will show that these meta-stable states

lie within the contour integration of the surviving amplitude and hence should

be detectable by experiment as physical solutions to the superlattice ladder

Hamiltonian (5.6).

5.2.1 Energy Spectrum from 12th Order Dispersion Polynomial

We now analyze the energy spectrum for our ladder model in the 0 <

t′ < t case. In Fig. 5.3 we present the real part of the (twelve) solutions of the

dispersion equation (5.9) as a function of the impurity energy E0. First we

notice that the two purely real solutions z1 and z2 (bottom of the figure) behave

in a way that is familiar from our studies in each of the previous chapters. For

values of E0 � −t′ − 1 these two solutions are shifted downwards slightly

from the line y = E0, with z1 always being the solution with a larger shift.

For values E0 � −t′ − 1, we see that these solutions are shifted downwards

slightly from the lowermost band edge, consistent with our previous experience

for the superstable state. However, we will find that the solution z1 lies in the

first Riemann sheet while z2 lies in the second sheet (hence we draw z1 with a

unstable decay state, however, there are exceptions as we saw for the BIC as well as in the p
symmetry case for the single superlattice system with two impurities in Chapter 4, although
this was only in the vicinity of the inner edges of the continuous energy spectrum.
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Figure 5.3: Rez as a function of E0 (including energy shifts for stable and decay
solutions) for solutions 1−12 of the dispersion equation for the t′ = 0.345 and
g = 0.2 case. In the insets, solid lines represent solutions which lie in the
first sheet, while long dashes denote the second, short dashes the third, and
chained lines the fourth sheet.

solid line and z2 with a long-dashed line in Fig. 5.3, as we will do for all other

solutions in the first and second sheets, respectively). As a result of the contour

of integration for the surviving amplitude, we will find that only z1 gives an

actual stable state solution to the Hamiltonian, while z2 does not give a stable

pole and can only affect the system indirectly through the branch-point effect,

as we learned in Section 4.4.

For values E0 � −t′ − 1 we find that the solutions z3, z4, z5 and

z6 (lower left hand corner of Fig. 5.3) are also purely real. Looking at the

lower right hand inset in the figure we see that solutions z3 and z4 lie in the

fourth Riemann sheet (denoted with a chained line) while z5 and z6 lie in the
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Figure 5.4: Imz (including decay rates) as a function of E0 for solutions 1−12
of the dispersion equation for the t′ = 0.345 and g = 0.2 case.

third sheet (denoted with a short-dashed line). As we increase the value of

E0 such that E0<̃ − t′ − 1 we find that the solutions z3 and z4 merge before

forming complex solutions while z5 and z6 also merge before becoming complex.

This is again consistent with our experience with earlier systems, notably the

superlattice with a single impurity presented in Section 3.1. The imaginary

part of these solutions can be seen in Fig. 5.4 (graphed with all the complex

solutions), while the imaginary parts of z4, z6 and z12 can be seen separately

in more detail in Figs. 5.5, 5.6 and 5.7 respectively.

5.2.2 Metastable States

Looking at Fig. 5.7, we see that for values E0 which are larger than

the lower inner band edge E0 � −t′ + 1 then the real part of the solutions

z5 and z6 are shifted downwards from the band edge. This is again similar
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Figure 5.5: Imaginary part of solution z4 of the dispersion equation for the
t′ = 0.345 and g = 0.2 case.

to our previous experience with “superstable” solutions, however there is a

crucial difference. As noted above, in this case the lower inner band edge is

actually embedded in the continuum of the other mini-band, which as we have

previously learned tends to result in an unstable decay state. These competing

trends then actually result in a metastable state, which we will study in greater

detail below.

Looking on the left hand side of Fig. 5.3, we see that for values E0 �

−t′ + 1, the real part of the solutions z11 and z12 also lie shifted downwards

from the lower inner band edge and in fact they also form meta-stable solutions

for these values. Looking at the imaginary portion of these solutions in Figs.

5.4 and 5.7, we see that for values |E0| < t′ − 1, these two solutions lie near

the line y = E0. At the value E0 = 0, these solutions become purely real

and cross from the second Riemann sheet into the third at Rez = 0. Then for
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Figure 5.6: Imaginary part of solution z6 of the dispersion equation for the
t′ = 0.345 and g = 0.2 case, including the metastable state for values E0 >>
−1 + t′.

values E0 � t′−1 we see in Fig. 5.3 that, in keeping with the symmetry of the

problem about E0 = 0, the real part of these solutions becomes shifted slightly

upwards from the upper inner band edge and we again have a metastable

solution (which coexists with the z5,6 metastable solutions).

Noticing that for values of the impurity energy E0 � t′−1 the solutions

z7 and z8 also form metastables shifted upwards from the upper inner band

edge, it is apparent that for most portions of the energy spectrum there are a

total of four metastable solutions. For E0 � −t′ + 1 the metastable pairs are

z7,8 and z11,12. For |E0| � t′−1 the pairs z5,6 and z7,8 are metastable. Finally,

for E0 � t′− 1, the metastable pairs are z5,6 and z11,12. Only in the inner g4/3

amplification regions |E0| ∼ t′ − 1 does one of the metastable pairs cease to

exist (becoming an amplified decay solution instead) while the other remains.
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Figure 5.7: Imaginary part of solution z12 of the dispersion equation for the
t′ = 0.345 and g = 0.2 case, including the metastable state for values |E0| >>
1− t′.

We will now obtain a second-order analytic approximation for these

solutions which will give us deeper insight into the metastable states. We

choose to focus our attention on the metastable solutions which lay near the

upper inner band edge 1− t′ (z7,8 and z11,12 in their respective portions of the

energy spectrum). We will assume a solution of the form z ≈ (1− t′)+Γαg
α +

Γβg
β with β > α to the dispersion equation (5.9). We can expand the first

term on the RHS of (5.9) in powers of g to find

1√
(z + t′)2 − 1

≈ 1

((1 + Γαgα + Γβgβ)2 − 1)1/2

≈ 1
√

2Γαgα/2(1 +
Γβ

Γα
gβ−α + Γα

2
gα)1/2

. (5.10)

Similarly, we can obtain for the second term on the RHS of (5.9)

1√
(z − t′)2 − 1

≈ 1√
(1− 2t′)2 − 1

1

(1 + 2(1−2t′)√
(1−2t′)2−1

Γαgα)1/2
. (5.11)
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Plugging these into (5.9) and expanding the remaining radicals in powers of g

yields

1− t′ − E0 + Γαg
α + Γβg

β ≈ g2−α/2

√
2Γα

(1 +
Γβ

2Γα

gβ−α +O(gα, g2(β−α)))

+
g2√

(1− 2t′)2 − 1
(1 +O(gα))

=
g2−α/2

√
2Γα

+
Γβ

2
√

2Γ
3/2
α

g2−3α/2+β

+
g2√

(1− 2t′)2 − 1
+ . . . . (5.12)

We can now equate the lowest order terms on the LHS and RHS of Eq. (5.12)

to obtain

1− t′ − E0 =
g2−α/2

√
2Γα

. (5.13)

This gives the condition 2−α/2 = 0 or α = 4. We also obtain Γα = 1
2(1−t′−E0)2

.

Then equating the next two lowest order terms (both on the RHS of (5.12))

gives 2−3α/2+β = 2 or β = 6 as well as Γβ = ± i

2(1−t′−E0)3
√

t′(1−t′)
. Therefore

the form of our solution is

z = 1− t′ +
g4

2(1− t′ − E0)2
± ig6

2(1− t′ − E0)3
√
t′(1− t′)

+ 0(g8). (5.14)

We see that the decay rate for the meta-stable solution is proportional to g6

as mentioned above. Meanwhile the energy shift is proportional to g4, which

is not unexpected if we compare to the similar calculation for the ordinary

superstable state in the waveguide case in Eq. (2.27).

Notice that in Eq. (5.14) the g6 decay term diverges at t′ = 1. In fact,

it can easily be shown that for values 1 − t′<̃g4 the above expansion for the
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metastable state breaks down. We will find below that in the t′ = 1 case the

metastable state still exists but that we must obtain a new expansion for the

solution. We will find from this expansion that in the t′ = 1 case the decay

rate is proportional to g4 and hence, while still metastable, it decays more

quickly than in the general case. We will also find that in the t′ = 1 case it

is straight-forward to demonstrate that the metastable state extends beyond

the conduction band to infinity, and hence exists for all values of E0. In the

present case we content ourselves to observe this fact by inspection.

5.2.3 Trajectories of Solutions in the Complex Plane

We now turn to a deeper look at the more subtle issue of the Riemann

structure of the system. First, let us briefly return to Fig. 5.3 and make note

of the fact that at all values of E0 there are always four solutions that lie near

the line y = E0, two of which are always shifted slightly upwards, two of which

are shifted downwards. For instance, in the region E0 � −t′ − 1 these four

solutions are those labeled 1, 2, 3 and 5, while in the region −t′ − 1 � E0 �

t′ − 1 they are 3, 4, 5 and 6. We can trivially obtain the first-order expansion

for these solutions

z ≈ E0 + g2

[
± 1√

(E0 + t′)2 − 1
± 1√

(E0 − t′)2 − 1

]
(5.15)

by plugging z ≈ E0 into the RHS of Eq. (5.9). Note that this approximation

breaks down in the vicinity of any of the four singularities.

Consider the E0 � −t′ − 1 case (lower left-hand corner of Fig. 5.3).

Here, z1 is the solution that is shifted downwards most strongly from y = E0.
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Hence, clearly z1 must be given by the (−,−) choice in (5.15). Since we have

assumed E0 � −t′ − 1, the first term on the RHS of (5.15) is larger than

the second term. Hence, the (−,+) solution gives z2 which is also shifted

downwards but lies closer to the line y = E0 than z1. Similarly, the (+,−)

solution gives z5 while (+,+) gives z3 with the latter being shifted upwards

most strongly from y = E0.

Figure 5.8: Trajectory of solutions (parameterized in terms of E0) to the
dispersion equation in the first sheet of the complex plane for t′ = 0.345 and
g = 0.2 case.

Because the solutions z1,2,3,5 are each real in this region of the energy

spectrum, we can translate the positive and negative signs in this expansion

directly into those that must be used in Eq. (5.9). Hence, each of these four

solutions must lay in a different Riemann sheet. This provides us with the first

step in constructing Figs. 5.8 - 5.11 in which we explicitly show the trajectory

of each solution in its respective Riemann sheet. Note that on the left hand
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side of each of these graphs we have placed one of the real solutions 1, 2, 3 or

5.

Figure 5.9: Trajectory of solutions (parameterized in terms of E0) to the
dispersion equation in the second sheet of the complex plane for t′ = 0.345
and g = 0.2 case.

As we increase the value of E0 to the vicinity of the band edge −t′− 1,

the approximation (5.15) breaks down due to the singularity in the first term

in the brackets as mentioned above. However, as we continue to increase E0

into the region −t′−1 � E0 � t′−1, the approximation again becomes valid,

only for a different set of solutions (in this case for 3, 4, 5 and 6). Notice that

for −t′−1 < E0 < −t′+1, the first term in the brackets of Eq. (5.15) becomes

imaginary, hence this approximation must now represent complex solutions.

Indeed, the solutions with the positive sign in front of the second term in the

brackets of (5.15) represent the two solutions which are shifted slightly upwards

from the line y = E0. Hence the (+,+) solution gives z4 with a positive

imaginary part while the (−,+) gives z3 with negative imaginary component.
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Similarly, the (−,+) represents z5 (negative imaginary component) and the

(−,−) gives z6 (positive imaginary component) both with real part shifted

downwards from the line y = E0 (see inset of Fig. 5.3).

Figure 5.10: Trajectory of solutions (parameterized in terms of E0) to the
dispersion equation in the third sheet of the complex plane for t′ = 0.345 and
g = 0.2 case.

Since these solutions are now complex, we must be a little careful in

translating the signs in the approximation given in Eq. (5.15) into determining

which branches of the radicals we should take in Eq. (5.9). We know from

complex analysis that any pair of complex conjugate roots to a polynomial

with real coefficients must lay in the same Riemann sheet. Hence, the sign

in front of the second term in the brackets in Eq. (5.15) (which give the real

parts of the solutions) determine which sheet each pair of solutions lays in,

while the sign in front of the first term merely determines which solution has

positive imaginary part and which has negative imaginary part. However, by

simply matching solutions with what we have previously determined about the
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real solutions 1, 2, 3 and 5 above, we find that the pair z3,4 (with signs (±,+)

in (5.15) above) must lay in sheet IV as shown in Fig. 5.11. These solutions

both actually follow the (+,+) branch in Eq. (5.9) as shown in the figure.

Similarly we find the pair z5,6 (with (±,−)) lays in Sheet III as shown in Fig.

5.10.

Figure 5.11: Trajectory of solutions (parameterized in terms of E0) to the
dispersion equation in the fourth sheet of the complex plane for t′ = 0.345 and
g = 0.2 case.

If we continue to follow the trajectory of the solutions z3,4 as the value

of E0 increases, we determine from inspection that at the value E0 = −t′ these

solutions begin to follow the (−,+) branch in Eq. (5.9). It is clear that at

this value, solutions 3 and 4 do not make contact with either of the branch

cuts along the real axis, hence they must remain in the same sheet. We make

a similar observation at the value E0 = t′. In this way, we determine that

Sheet IV must be divided into three pieces. In the first piece, any solution

with Rez < −t′ must reside in Sheet IV if it follows the (+,+) branch of (5.9).
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In the second piece, any solution with |Rez| < t′ lays in Sheet IV if it follows

the (−,+) branch while any solution with Rez > t′ in Sheet IV follows (−,−).

By carefully analyzing each solution in the manner described above,

we gradually piece together the Riemann structure for the superlattice ladder

system. Finally, since our Hamiltonian is Hermitian, we know that the sheet

which contains the original contour for the surviving amplitude must have only

real solutions. This is how we are able to make the correct choice for labeling

‘Sheet I.’ We then label the rest of the sheets in analogy with the original

superlattice model from Chapter 3 as we will demonstrate for the t′ = 0 case

in Section 5.3 below.

Having constructed the Riemann structure of the solutions in the com-

plex plane, we are now in a position to obtain a deeper understanding of the

physical meaning of each of the solutions. We can do so by considering the

contour of integration for the surviving amplitude for the ladder model. The

original contour (shown in Fig. 5.12(a), but ignoring the details of the solu-

tions for the moment) encircles the real axis (out to infinity) in the first sheet.

The contour deformation is analogous to that we have done in Chapters 3 and

4 for the original superlattice model with one or two impurities, respectively.

We bring the contour inwards from infinity along the real axis (picking up any

real ‘stable’ poles in the first sheet along the way) while pushing the contour

out to negative infinity along the imaginary axis. The lower portion of the

contour goes to infinity in the first sheet, while the upper portion is broken

into three pieces which each pass to infinity (possibly picking up complex ‘de-
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cay’ poles with negative imaginary part along the way) in the second, third or

fourth sheets, depending on how many branch cuts it must cross in order to

reach negative infinity. The contributions of the pieces at infinity then vanish,

while the contours which run from the branch cuts out to infinity in each of

the sheets then remain. We see the resulting deformed contour in Fig. 5.12(b).

In Fig. 5.13 we show the resulting contour along with poles from so-

lutions to the dispersion equation (5.9) for the case t′ = 0.345, g = .0.2 and

E0 = 0 (note that the distance of the some of the solutions from the branch

cuts and the real axis have been exaggerated for clarity). In this case, we

pick up two stable poles (z1 and z9 both in the first Riemann sheet) along

with two metastable poles (z7 in the second sheet and z5 in the third sheet)

along with an ordinary decay solution (z3 in the fourth sheet) with decay rate

proportional to the coupling constant squared (consistent with Fermi’s golden

rule).

Using the E0 = 0 case as an illustrative example, it is a straight-

forward excercise to determine the configuration of the poles in the integration

for other values of E0. Note that we have labeled the solutions in such a

way that only the odd-numbered solutions are candidates for physical poles

in the contour. The even-numbered solutions are either unphysical growth

solutions (with positive imaginary parts) or else real solutions which do not

lay in the first sheet. In the case of Fig. 5.13 with E0 = 0, there is one

odd-numbered solution (z11) which does not contribute a decay pole in the

surviving probability. That this solution does not give a pole is actually a
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Figure 5.12: (a) Initial contour of integration for the surviving probabilty in
Sheet I, (b) Deformed contour of integration with eight background integral
contributions present
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general feature of the 0 < t′ < t case which holds for all values of E0.

Figure 5.13: Deformed contour of integration with pole and background in-
tegral contributions for t′ = 0.345 and E0 = 0 (we have also used g = 0.2,
however the distances of the poles from the branch cuts and the real axis have
been exaggerated for clarity

5.2.4 Note on the Order of the Dispersion Polynomial

We make one final point in this section about the number of solutions

that occur for the superlattice ladder as compared to the original single super-

lattice system of Chapter 3. Recall that in the end of Section 3, we commented

that the fourth order dispersion polynomial in that case resulted from one so-

lution associated with each band edge and two solutions which lie near the

value y = E0 (see Eq. (3.16)).

In the present case of the superlattice ladder model, Eq. (5.15) makes

it clear that for all values of E0 there are always four solutions which lay near

the line y = E0. Meanwhile, from Fig. 5.3 we notice that there are always
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two solutions which lay near each of the band edges. We can generalize this

to write the total number of solutions as

2× 2E0 + 2×NBE = 12 (5.16)

in which the number NBE of band edges is four. Hence we see that the eight

additional solutions which occur in the ladder system are due on the one hand

to the addition of two band edges and on the other to the doubling of the

number of solutions associated both with E0 and with the total number of

band edges.

5.3 Ladder System for t′ = 0 Case

In this section we will consider the t′ = 0 case in which the two super-

lattices are decoupled from one another and the two mini-bands completely

overlap, effectively leaving us with a single mini-band with edges at ±t = ±1,

as shown in Fig. 5.14. As a result of the choice for the relative coupling

strength J± made in Sec. 5.1 in which only one superlattice is directly coupled

to the impurity (I+ =
√

2, I− = 0), we will see that the t′ = 0 case reduces to

the original superlattice model presented in Chapter 3.

As an illustration of the transition from the 0 < t′ < t case to the

t′ = 0 case, in Figs. 5.15, 5.16 we graph the real parts and the imaginary parts

(respectively) of the solutions to the dispersion equation (5.9) as a function of

E0 for t′ = 0.1. We see in Fig. 5.16 that as the t′ approaches zero and the

band edges move closer together, the two amplification regions in the imaginary
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Figure 5.14: Band structure for the ladder model in the t′ = 0 case, which
effectively reduces to the original superlattice model of Chapter 3

parts of solutions 3 and 4 move closer together, forming a single amplification

region similar to that which occurs in the single superlattice case. Meanwhile

the decay rates for the meta-stable solutions 5, 6, 7, 8, 11 and 12 approach zero.

Also, consider the Riemann sheets for the t′ = 0.345 case given in Figs. 5.8

- 5.11. Note that as t′ approaches zero, the middle section (which gives the

(+,−) branch in Fig. 5.8) given by |t′| < 1 will vanish. This is reminiscient

of the original superlattice model in which the two Riemann sheets were each

divided into only two pieces.

Consider the form of the dispersion equation (5.9) in the t′ = 0 case.

Here the two terms on the RHS will either exactly agree or cancel depending

on which branches we follow for the square roots. For the (+,−) and (−,+)

cases the two terms cancel exactly. Hence we see in Fig. 5.9 and Fig. 5.10

that in the remaining pieces of the Sheets II and III, the dispersion relation

is effectively non-existent and these two sheets are no longer needed in the

analysis of the trajectory of the solutions. Sheet I (consisting of the (−,−)

branch for E0 < 0 and the (+,+) branch for E0 > 0) and Sheet IV (with the

opposite configuration) are all that remains. For either of the choices (±,±) we
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Figure 5.15: Rez as a function of E0 (including energy shifts for stable and
decay solutions) for solutions 1− 12 of the dispersion equation for the t′ = 0.1
and g = 0.2 case.

see that the dispersion equation (5.9) for the ladder model reduces to that for

the original superlattice model (3.9) with the renormalized coupling constant

g′ = I+g =
√

2g. Hence Sheets I and IV in the ladder model effectively

re-create Sheets I and II for the original superlattice model, respectively, for

t′ = 0.

5.4 Ladder System for t′ = t Case

Now we will consider the t′ = t = 1 case in which the upper edge of

the lower mini-band lines up with the lower edge of the upper mini-band as

shown in Fig. 5.17. In this situation we will find that the system simplifies

somewhat and that we can more easily obtain a few extra details about the

system than in the general case. In this case, the dispersion equation (5.9) can
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Figure 5.16: Imz (including decay rates) as a function of E0 for solutions
1− 12 of the dispersion equation for the t′ = 0.1 and g = 0.2 case.

be re-written as

z − E0 =
g2

√
z

[
1√
z + 2

+
1√
z − 2

]
. (5.17)

We can square this equation twice and re-arrange in order to obtain a tenth

order dispersion polynomial which is a simplification of the twelfth order poly-

nomial obtained in the general t′ 6= t case (essentially, two solutions have

vanished in the present case).

Figure 5.17: Band structure for the ladder model in the t′ = t = 1 case.
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Figure 5.18: Rez as a function of E0 (including energy shifts for stable and
decay solutions) for solutions 1−10 of the dispersion equation for the t′ = t = 1
and g = 0.2 case.

In Fig. 5.18 we plot the real part of the solutions to the dispersion

equation (5.17) given above, and in Fig. 5.19 we plot the imaginary part.

Notice it is the metastable solutions that we labeled 11 and 12 in the general

case that have vanished in the simplified case (these are the solutions graphed

in Fig. 5.7 and which also appear in Figs. 5.9 and 5.10). In the general case,

these solutions crossed from the second sheet into the third sheet through the

branch cut at the point z = 0 (when E0 = 0), such that in the t′ = t case

these solutions have been essentially ‘squeezed out’ by the congruence of the

two band edges at E0 = 0.

5.4.1 Modified Behavior of Metastable States

Notice that the remaining metastable solutions lay either above (7 and

8) or below (5 and 6) the line y = 0 in Fig. 5.18. We can obtain a straight-
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Figure 5.19: Imz (including decay rates) as a function of E0 for solutions
1− 10 of the dispersion equation for the t′ = t = 1 and g = 0.2 case.

forward analytic approximation for these solutions by following an argument

parallel to that presented for the original superlattice model in Section 3.1 (in

particular, see Eq. (3.13) in that section). Let us assume that |E0| � 0 such

that z ≈ 0 to zero order for the metastable states. We can substitute this

approximation into both terms in the brackets in Eq. (5.17) and re-arrange to

obtain the approximation

z3/2 − E0z
1/2 ≈ g2 1− i√

2
. (5.18)

Since z ≈ 0 we can throw out the first term on the LHS and then solve to find

z = ±i g
4

E2
0

+O(g8), (5.19)

hence we see that in the t′ = t case the decay rate for the metastable state

is proportional to g4, as opposed to the 0 < t′ < t case in which it was

proportional to g6.
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We can also use Eq. (5.18) to demonstrate that the metastable state

extends far outside the outer band edges at E0 = ±2. Another way of looking

at this is to say that there is no “EM
γ ” at which the complex metastable

solution becomes real. We will demonstrate this by attempting to find such

a quantity (this is again parallel to the calculation in which we obtained Eq.

(3.15) in Section 3.1). Squaring Eq. (5.18) twice and re-arranging gives

z4 − 2E0z
3 + E0z

2 + g4 = 0. (5.20)

The discriminant for this quartic is then

D(E0) = g4(256g8 + 16g4E4
0). (5.21)

Setting D(EM
γ ) = 0 then yields “EM

γ ” = 2i1/2g which is complex, hence the

metastable solution does not disappear for any physical value of the impurity

energy E0.

5.4.2 Analytic Approximations for γmax and Eγ

In Fig. 5.19 we have also labeled the values γa
max where solutions z3,4

have local maximum values for the decay rate and γb
max where solutions z5,6,7,8

have their local maxima (both in the g4/3 amplification region). Notice that

(due to symmetry) these maxima are exact. We have also labeled γc
max which

lies slightly away from the point where solutions z3,4,5,6 have local maxima at

E0 = −2 and where z3,4,7,8 have local maxima at E0 = 2.

We can obtain analytic approximations for these values from the tenth

order polynomial mentioned previously. As an example, plugging E0 = 0 into
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the tenth order polynomial yields the further simplified equation

f0(z) ≡ z6(z2 − 4)2 + 4g4z4(4− z2) + 16g8, (5.22)

which we can use to obtain approximations for γa
max and γb

max. Since each of

the solutions 3, 4, 5, 6, 7 and 8 lies near z ≈ 0 we can use an approximation of

the form z ∼ Γαg
α in the above equation to obtain the condition

Γ6
αg

6α + Γ4
αg

4+4α + g8 = 0. (5.23)

For consistency, two of these terms must be first-order. The choice 4+4α = 8

yields α = 1 which is obviously inconsistent while the choice 6α = 4 + 4α is

also inconsistent. The remaining choice is 6α = 8, which yields the familiar

result α = 4/3 for the amplification region. This results in Γ6
α = −1 with the

six different roots giving the six different solutions. For instance, the choice

Γα = eiπ/6 yields z6 ≈
√

3
2
g4/3 + i1

2
g4/3 with γb

max ≈ 1
2
g4/3. Carrying this

analysis out for higher-order terms yields

γb
max =

1

2
g4/3 +

1

12
g8/3 +O(g12/3). (5.24)

Similarly, we can obtain z3,4 = ±iγa
max with

γa
max ≈ g4/3 +

1

6
g8/3 − 1

24
g12/3 +O(g16/3). (5.25)

A similar calculation in the vicinity of E0 = ±2 yields the approximation

γc
max =

√
3

24/3
g4/3 +

5
√

3

3224
g8/3 +O(g12/3). (5.26)

We can also obtain a first-order approximation for −Eγ where the com-

plex solutions z3,4,5,6 become real on the right side of Fig. 5.19 and Eγ where
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the solutions z3,4,7,8 become real on the left side. We can do this by imple-

menting the same method that we used for different cases in the superlattice

model with two impurities in Section 4.3 as explained in Appendix A. In this

method, we use the standard method [66] to obtain a discriminant DL(E0) for

the tenth order polynomial dispersion equation. We then throw out all but

the lowest order terms and set DL(Eγ) = 0 to obtain an approximate value

for Eγ. Doing so yields

Eγ = 2 +

(
27

4

)1/3

g4/3 +O(g8/3). (5.27)

5.4.3 Trajectories of Solutions in the Complex Plane

Finally, in Figs. 5.20 - 5.23 we show the trajectory of the solutions

through each Riemann sheet of the complex plane for the t′ = t = 1 case.

Since the two branch cuts no longer overlap in this case, this makes sheet IV

inaccessible to the contour deformation so that this sheet is now physically

inaccessible. Hence, sheets II and III (containing the metastable states) now

determine the decay characteristics of the system. This is a general feature of

the t′ ≥ t case.
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Figure 5.20: Trajectory of solutions (parameterized in terms of E0) to the
dispersion equation in the first sheet of the complex plane for t′ = t = 1 and
g = 0.2 case.

Figure 5.21: Trajectory of solutions (parameterized in terms of E0) to the
dispersion equation in the second sheet of the complex plane for t′ = t = 1
and g = 0.2 case.
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Figure 5.22: Trajectory of solutions (parameterized in terms of E0) to the
dispersion equation in the third sheet of the complex plane for t′ = t = 1 and
g = 0.2 case.

Figure 5.23: Trajectory of solutions (parameterized in terms of E0) to the
dispersion equation in the fourth sheet of the complex plane for t′ = t = 1 and
g = 0.2 case.
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Chapter 6

Classical Radiation Damping in Cyclotron

Motion

In this chapter, we will consider the classical radiation damping of a

charged particle traveling in a constant magnetic field imposed on a system

bounded in all but one dimension, such as a Tokomak reactor. It is well-known

that a charged particle undergoing cyclotron motion will gradually lose energy

through emission of electromagnetic radiation [13]. We will find that in the

Tokomak, the magnetic field can be tuned to the energy of the singularity

in the density of photon states in order to amplify the radiation of rate for

the particle according to the g4/3 rule. As an example, we will find that the

relaxation time of the proton is decreased by a factor as great as 107 so that

the ordinary relaxation time of 104 years may be reduced to 5 hours.

We will model this system with the rectangular electromagnetic waveg-

uide that we used in Chapter 2 for the waveguide-dipole problem. We will

show that the Hamiltonian for the charged particle traveling in the waveguide

with a constant magnetic field can be written in a similar fashion (but not the

same) to that presented in Eq. (2.1). Then by introducing the familiar ap-

proximation scheme used in the waveguide-dipole problem, we will show that
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our Hamiltonian for the cyclotron problem can also be written in the form of

the Fano-Friedrichs model in terms of classical normal modes. We will show

that when the cyclotron frequency lies near the waveguide cutoff frequency the

damping of the particle is amplified according to the g4/3 law, owing as usual

to the singularity in the density of photon states in the waveguide at the cutoff

frequency. We will see that for the lowest order field mode (the TE01 mode)

the dispersion relation for the charged particle is in fact the same as that given

for the dipole traveling in the waveguide in Sec. 2.2.1 when considering only

the lowest order mode. When considering higher modes, the two systems will

behave differently.

6.1 Charged Particle in a Constant Magnetic Field

The Lorentz force law for a particle traveling in an electromagnetic field

is given by

F = q(E + v ×B). (6.1)

with v the particle velocity and E and B the electric and magnetic fields,

respectively. If we assume there is no electric field and a constant magnetic

field B in the z direction, then the Lorentz force law gives us

F = qvyBêx − qvxêy, (6.2)

with êx and êy representing unit vectors in the x and y directions, respectively.

Since Eq. (6.2) gives us Fz = 0, we trivially have that the velocity in the z-

direction is constant vz = vz
0.

179



For the motion in the x and y directions, Eq. (6.2) also gives us mdvx

dt
=

qBvy and mdvy

dt
= qBvx. Taking the derivative of each and combining allows

us to separate the two equations to obtain

v̈y = −ω2
0vy, (6.3)

v̈x = −ω2
0vx (6.4)

where ω2
0 ≡

q2B2

m2 defines the cyclotron frequency. This trivially then gives us

the solutions for the particle trajectory

vy = −vtr
0 cosω0t, (6.5)

vx = −vtr
0 sinω0t, (6.6)

vz = vz
0. (6.7)

Thus we see that the particle travels in a spiral along the magnetic field axis

with radius vx−y
0 .

In the remainder of this chapter, we will choose the magnetic field

potential

Aex = −Byêx, (6.8)

which will give the field configuration discussed here. We choose the notation

Aex for the external field potential that results in the constant magnetic field

to distinguish from Ain which will describe the field modes emitted from the

charged particle.
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6.2 General Hamiltonian for Radiation Damping under
Cyclotron Motion

In this chapter, we will choose the same dimensions for our rectangular

waveguide as we used in Section 2.1, that is, our waveguide will be open in

the longitudinal direction z (the same direction as the uniform magnetic field

from the previous section) with the width a in the x-direction and the height

b in the y-direction such that b ≥ a. The general Hamiltonian for a charged

particle traveling in the waveguide under the additional influence of a constant

magnetic field is given by

H =
1

2m

(
p +

q

c
A(rq)

)2

+
1

8π

∫
d3r

(
1

c2

∣∣∣∣∂Ain(r)

∂t

∣∣∣∣2 + |~5×Ain(r)|2
)

(6.9)

where A(r) is the total vector potential

A(r) = Aex(r) + Ain(r) (6.10)

in which Aex is the vector potential defined in Eq. (6.8) that gives a longitu-

dinal magnetic field and Ain = ATE + ATM represents the field modes inside

the waveguide according to Eq. (2.7).

Let us divide the Hamiltonian (6.9) term-by-term into the separate

“charge” and “field” contributions according to

H = Hq +HF . (6.11)

As we have previously shown in Eq. (2.13), we may write the field portion of

the Hamiltonian according to

HF =

E,M∑
σ

∫
Σ

dkωkq
∗
σkqσk (6.12)
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in which the normal coordinates qσk of the classical field are defined in Sec.

2.2. Since this system is classical, the normal coordinates satisfy the Poisson

bracket relation

{qα, q∗β} = −iδαβ. (6.13)

Writing the explicit full charge Hamiltonian

Hq =
1

2m

(
p± q

c
Aex ±

q

c
Ain

)2

. (6.14)

we can then neglect the field-field interacting term proportional to Aex ·Ain

in order to further divide the charge portion of the Hamiltonian according to

Hq = H0
q +H in

q (6.15)

in which H0
q represents only the interaction of the particle with the constant

magnetic field through Aex, such that

H0
q =

1

2m

(
p± q

c
Aex

)2

(6.16)

while H in
q represents the self-interaction between the charge and its own field

inside the waveguide

H in
q =

1

2m

(
p± q

c
Ain

)2

(6.17)

with + for positive charge, − for negative charge. Plugging in the explicit

form of Aex from Eq. (6.8) we then obtain

H0
q =

1

2m
(p2

y + p2
z) +

1

2m
(px ∓mω0y)

2 (6.18)
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in which we have defined the cyclotron frequency as

ω0 ≡
qB

mc
. (6.19)

Note that the Hamiltonian (6.18) can easily be shown to give the equations of

motion for the cyclotron presented in Eqs. (6.3).

We can diagonalize the new form for the unperturbed Hamiltonian H0
c

by introducing the canonical transformation

Q1 =
√
mω0y ∓

px√
mω0

, (6.20)

P1 =
py√
mω0

. (6.21)

Here the − is for a positively charged particle, while the + is for negative

charge. Thus we can write the Hamiltonian (6.18) in diagonal form as

H0
q =

1

2
ω0(P

2
1 +Q2

1) +
1

2m
p2

z. (6.22)

Finally, by another straight-forward application of our transformation (6.20)

we write the full “charge” portion of the Hamiltonian as

Hq =
1

2
ω0(P

2
1 +Q2

1) +
1

2m
p2

z ±
q

mc
pzA

in
z (r) +

q2

2mc2
(Ain(r))2

+
q

m

√
ω0

m
(∓Q1A

in
x (r) + P1A

in
y (r)) (6.23)

in which the upper signs are for a positively charged particle and the lower

signs are for negative charge.
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6.3 Radiation Damping for Cyclotron Motion under Cou-
pling to TE01 Mode

In this section we will focus on the situation in which the cyclotron

frequency ω0 lies near the cutoff frequency ωc of the lowest order mode (the

TE01 mode, as was our focus in Section 2.2 for the waveguide-dipole system).

For the TE modes we have that Ain
z = 0, while for the lowest order mode

Ain
y ∼ W1,mn(r) = sinmπrx/a cosnπry/b = 0 for the case m = 0, n = 1. If

we also assume that the particle is slow moving so that we can neglect the

kinetic energy term in (6.23) and neglect the remaining field-field interaction

term then we can write the charge Hamiltonian as

Hq =
1

2
ω0(P

2
1 +Q2

1)∓ g
√
cQ1A

in
x (R), (6.24)

in which we have introduced the dipole approximation by assuming that the

field interacts with the particle along the straight line R = (a/2, b/2, Rz) that

lies on its z-axis trajectory (the “average” particle coordinates). The order of

the coupling constant g above is determined by g2 ∼ 2e2ω0/3mc
3 (compare

with the expression given for the waveguide immediately following Eq. (2.13)).

We introduce the canonical transformation given by

a1 =
1√
2
(Q1 + iP1), a∗1 =

1√
2
(Q1 − iP1) (6.25)

which satisfy the Possion bracket relations

{a∗1, a1} = 1. (6.26)
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Under this transformation, we may write the full Hamiltonian (6.11) as

H = ω0a
∗
1a1 +

∫
dk~ωka

∗
EkaEk ∓ g

∫
dk(VE,kaEk + V ∗E,ka

∗
Ek)(a1 + a∗1) (6.27)

in which we have explicitly substituted for Ain
x in order to obtain the potential

VE,k = ±C0,1W1,01

2b
√
ωk

eikRz . (6.28)

We can now obtain a form for our Hamiltonian which is bi-linear of the

same form as that given in Eq. (2.13) in Section 2.2 for the dipole traveling

in the waveguide through a simple canonical transformation by shifting the

operator a1 by a phase constant

a1 = ib1, a∗1 = −ib∗1 (6.29)

and the field modes through

ak = −ibk, a∗k = ib∗k. (6.30)

Hence we obtain the familiar form for the Hamiltonian

H = ω0b
+
1 b1 +

∫
dk~ωkb

∗
EkbEk ∓ g

∫
dk(VE,kbEk − V ∗E,kb

∗
Ek)(b1 − b∗1) (6.31)

from which we can immediately write the dispersion equation for the radiation

reaction of the charged particle in the waveguide

ζ − w2
0 =

g2G2w0√
1− ζ

(6.32)

in which we have introduced dimensionless variables w0 ≡ ω0/ωc and ζ ≡

(z/ωc)
2. Here, the solutions z of the dispersion relation give the shifted fre-

quencies and decay rates for all stable or unstable solutions. Of course, the
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Table 6.1: Free space relaxation time τ , characteristic size of waveguide b,
reduced relaxation time tωc and value of dimensionless coupling constant g for
charged particles undergoing cyclotron motion in a waveguide.

b τ g g4/3 g−2/3 tωc

Proton (5T) 5 m 104 yrs 0.6× 10−9 ∼ 10−14 ∼ 107 5 hrs
Electron (1T) 2 cm 100 s 0.6× 10−6 ∼ 10−8 ∼ 104 10−2 s

the form of our dispersion equation here is identical to that given for the

waveguide-dipole system in Eq. (2.16) from Section 2.2, apart from the pre-

cise values of the dimensionless constants.

This means that the dispersion relation (6.32) above will yield the same

cubic dispersion polynomial given in Eq. (2.17) of Sec. 2.2, the solutions to

which we have constructed in Eqs. (2.18) through (2.21) of that section. We

have also graphed these solutions previously in Figs. 2.1 and 2.2. We also

explicitly show the g4/3 amplification effect on the decay rate in Eq. 2.22,

which in this case describes the amplification of the radiation damping rate of

the charged particle.

It is well known [13] that the relaxation rate for the charged particle

undergoing cyclotron motion in free space is given by γfs ∼ 1/τ in which

the characteristic time scale for radiation damping in free space is given by

τ = 2e2/3mc2. We also know that the relaxation rate γF for the particle

inside the waveguide must approach the free space value when the cyclotron

frequency ω0 lies deeply within the continuous spectrum of the field (far above

the critical frequency ωc) where the Fermi golden rule is valid γF ∼ γfs, in
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which case we also know that γF ∼ g2. Hence the amplification factor of the

relaxation rate γωc ∼ g4/3 in the vicinity of the cutoff frequency is given by

γωc/γfs ∼ γωc/γF ∼ g4/3/g2 = g−2/3. Hence we can easily calculate that the

free space value of the relaxation time tfs ∼ 104years is reduced to about 5

hours in the waveguide, assuming a 5 T magnetic field. In Table 6.1 we present

the values for both the proton (5 T field) and an electron (1 T field).
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Appendix A

Discriminant of an Arbitrary Polynomial

In this appendix we will give the method of determination for the dis-

criminant of a polynomial of arbitrary order, along with a couple of examples

from Section 4.3 where we have relied on this method quite heavily. The

method of calculation presented here follows Fuchs and Levin [66].

Let us consider the problem of finding the simultaneous roots of two

polynomials f(x), g(x) with variable coefficients (the discriminant is then found

by the special case when the second polynomial g(x) is the derivative of the

first g(x) = f ′(x)) given by

f(x) = fn(E)xn + fn−1(E)xn−1 + · · ·+ f0(E) (A.1)

g(x) = gm(E)xm + gm−1(E)xm−1 + · · ·+ g0(E). (A.2)

We can find values E such that a simultaneous root z for both polynomials exist

by solving a certain set of simultaneous equations. This set of simultaneous

equations is equivalent to solving the resultant R(f, g) of the two polynomials,
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which is given by the determinant

Rf,g(E) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

fn(E) fn−1(E) · · · f0(E) 0 · · · 0
0 fn(E) · · · f1(E) f0(E) · · · 0
...

. . .
...

0 0 · · · fn(E) · · · · · · f0(E)
gn(E) gn−1(E) · · · g0(E) 0 · · · 0

0 gn(E) · · · g1(E) g0(E) · · · 0
...

. . . 0
0 0 · · · gn(E) · · · · · · g0(E)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
. (A.3)

Note that there are m occurrences of rows in terms of the fi(E) and n oc-

currences of rows in terms of the gi(E). We then define the discriminant of

the polynomial f(x) as Df (E) ≡ Rf,f ′(E), the resultant of f(x) with its first

derivative f ′(x). The discriminant is then useful in determining the critical

values of the polynomial, which is helpful, for instance, in the determination of

the values E0 = Eγ where an unstable solution of the Hamiltonian (dis)appears

or critical values g = gcr where the configuration of the solutions changes as

we observed in the superlattice model with multiple impurities of Chapter 4.

As a simple example, consider the n = 1, p case of Section 4.3.1. In

this case, the dispersion polynomial was given in Eq. 4.23 as

f1p(ξ) ≡ (1− 4g2)ξ2 + 2E0(−1 + 2g2)ξ + E2
0 + 4g4 (A.4)

with derivative

f ′1p(ξ) = 2(1− 4g2)ξ + 2E0(−1 + 2g2). (A.5)

Following the prescription given in Eq. A.3 we can write the discriminant for
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the n = 1, p polynomial as

D1p(E0) =

∣∣∣∣∣∣
(1− 4g2) −2E0(1− 2g2) E2

0 + 4g4

2(1− 4g2) −2E0(1− 2g2) 0
0 2(1− 4g2) −2E0(1− 2g2)

∣∣∣∣∣∣ (A.6)

which gives

D1p(E0) = 16g4(1− 4g2)(1− E2
0 − 4g2). (A.7)

We can now easily obtain the value E0 = E1p
γ where the unstable solution

(dis)appears from D1p(E
1p
γ ) = 0 by setting the third factor in Eq. (A.7) equal

to zero. This gives E1p
γ = 1 − 4g2 as reported in Eq. (4.25). We can also

determine the critical value of the coupling constant g = g1p
cr = 1/2 at which

the unstable solution vanishes entirely from the energy spectrum from either

the second or third factor in Eq. (A.7).

As a more complicated example, consider the n = 1, s symmetry case.

In this case, squaring the dispersion equation obtained from Eq. (4.7) and

re-arranging gives the quartic dispersion polynomial

f1s(x) ≡ (1 + 4g2)x4 − 2E0(1 + 2g2)x3 − (1 + 4g2 + 4g4 − E2
0)x

2

+2E0(1 + 2g2)x− E2
0 . (A.8)

After significant work, we obtain the discriminant

D1s(E0) = −64g4(1 + 4g2)E4
0 [1 + 12g2 + 56g4 + 128g6 + 144g8 + 64g10

−3E2
0 − 24E2

0g
2 + 8E2

0g
4 + 224E0g

6 + 16E2
0g

8 + 3E4
0 + 12E4

0g
2

+44E0g
4 − E6

0 ]. (A.9)

≡ −64g4(1 + 4g2)E4
0 d̃1s(E0) (A.10)
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Notice that setting the factor E4
0 = 0 gives the single bound state in continuum

at E0 = 0 that we expect for the n = 1, s case as discussed in Section 4.2. We

also see that the factor 1 + 4g2 does not yield any “gcr” value for this system

for physical (i.e. non-imaginary) values of the coupling constant.

Now we will explicitly determine a first-order approximation for the

value of E0 = E1s
γ where the unstable state vanishes from the energy spectrum

as mentioned in Section 4.3.2. We do this by setting the factor d̃1s(E0) implic-

itly defined in Eq. (A.10) equal to zero and throwing out terms higher than

the fourth power in the coupling constant1 to obtain

d̃1s(E
1s
γ ) ≈ 1− 3E2

0 + 3E4
0 − E4

0 + (12− 24E2
0 + 12E4

0)g
2

+(56 + 8E2
0 + 44E4

0)g
4 = 0. (A.11)

Now let us look for an approximate solution for E1s
γ in the vicinity of the band-

edge as E1s
γ ≈ 1−Xgα (we are effectively setting E0 ≈ 0) in all higher-order

terms of Eq. (A.11)). Doing so gives

(1− (E1s
γ )2)3 + (12− 24 + 12)︸ ︷︷ ︸

=0

g2 + (56 + 8 + 44)︸ ︷︷ ︸
=108

g4 ≈ 0 (A.12)

from which we obtain

E1s
γ ≈ 1 +

3g4/3

21/3
(A.13)

as reported in Eq. (4.29).

1Keeping terms proportional to g2 yields only a zero-order result, as can be seen from
Eq. (A.12).
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