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In recent years, the rapid development of Internet has significantly changed

people’s life style and the way business is conducted, even though accompanied by

fear and sceptism. Research on developing new business models regarding to innov-

ative use of the Internet has become very important to justify the value of Internet.

In addition, designing new pricing mechanisms tailored for the new Internet access

infrastructures also has great values in supporting and expanding the Internet usage.

This dissertation contains three essays exploring those issues. In the first

essay, an emerging Internet Business the “Prediction Market” is described and

examined. The market is specifically designed for collecting dispersed information

from a wide variety of agents. In order to achieve efficient information elicitation

and aggregation, the agents are characterized according to their information pre-

cision and the cost to induce their information. The optimal selection rules are

characterized and a betting mechanism which can implement this selection rule is

proposed and analyzed.
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The second essay proposes a new pricing mechanism for price discrimination

under demand uncertainty, which can be applied to allocating Internet access. An

option framework is used so that users with higher valuation for Internet usage can

purchase options beforehand, which gives them the right to exercise the option and

get guaranteed demand execution. Such an option framework has three advantages

compared with previous congestion pricing mechanism. First, it helps reveal the

customers valuation information ex ante and hence allows the service provider to

conduct price discrimination. Second, it improves allocation efficiency when capacity

is tight. Lastly, it provides customers’ demand information ex ante to facilitate the

service provider’s capacity investment decision.

The third essay examines the pricing issue for an emerging network infrastruc-

ture – the Wireless Mesh Network. In such a network, every user can become a

router themselves and hence they have the right to decide whether and how much

traffic they pass to their neighbors. The overall network quality is highly sensitive

to where the users are located and whether they have incentive to share their device

capacity with their neighbors. The profitability of a decentralized linear pricing

scheme is analyzed under such a network infrastructure. The efficiency loss due to

the individual users’ pricing power is estimated and comparison is conducted with

traditional Wi-Max infrastructure.
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Chapter 1

Introduction

The rapid development of Internet technologies brought people brand new

styles of living and conducting business. New prediction markets is one of the

distinguished examples of Internet Economy. Generally, predictions can be made by

collecting and aggregating dispersed information from information sources, such as

experts. The Internet significantly extends the reach of expertise and can greatly

improves the chance of producing good quality forecasts.

However, as information needs to be aggregated in a decentralized fashion,

incentive issues arise including the incentive to process and collect the right informa-

tion by dispersed agents and their incentive to report truthfully their information.

A properly designed information elicitation mechanism is the key to guarantee the

efficiency of a prediction market. Moreover, as have been pointed out in [1], the

whole Internet Economy operates in a decentralized fashion and calls for the design

of incentive alignment mechanisms.

In addition to the proper design of incentive alignment mechanisms, the

popularization of the prediction markets also depends on the ubiquitous availability

of the Internet access. With the maturity of the technologies ready for providing

Internet access services, the proper pricing issues handling effectively the congestion

problem under different technologies is very critical. We explore two pricing issues

here. First, I explores the possibility for the ISP to conduct price discrimination
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and handles network congestion. In addition, the capacity investment issue for the

network is also discussed. Next, I looked at a leading-edge wireless infrastructure,

the wireless mesh network. Regardless of the fast development of this technology,

the pricing issue is still not resolved. The difficulty in such a framework is that

every user in the network can become a router. It is generally impossible to verify

the traffic volume from each single node. A decentralized linear pricing scheme is

proposed and the performance under this pricing scheme is evaluated.

The dissertation proceeds with three more chapters. Chapter 2 discusses in

detail the incentive alignment mechanism for a prediction market to collect and ag-

gregate dispersed information. In Chapter 3, an option framework is proposed to

conduct price discrimination. The implementation in the network traffic manage-

ment area is also investigated. Chapter 4 introduces the new Wireless Mesh Net-

work technology and evaluates the performance under a decentralized linear pricing

scheme.
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Chapter 2

“Putting Your Money Where Your Mouth Is”

— Acquiring and Aggregating Costly Information
From Sources of Differing Quality

2.1 Introduction

Aggregating dispersed information can produce accurate predictions, and

these can be extremely useful for decision making. When organizations become

decentralized or the information is otherwise highly dispersed, the crucial task of

information elicitation and aggregation may become more difficult. Modern infor-

mation technologies opens the possibility of designing more efficient information

elicitation and aggregation mechanisms, both for information dispersed within an

organization, and for information dispersed outside the boundaries of an organiza-

tion.

People differ in the quality of their information. These differences arise from

different experiences, different backgrounds, and other sources of differential access

to, and competence with information sources. Further, these differences are them-

selves variable across time and topics, meaning that who is better informed varies.

People who know they have more accurate information are generally willing

to bet more on it, they are willing to put their money where their mouth is. We

exploit this regularity to infer the precision of peoples’ information. We then design
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a mechanism that generates reliable predictions by efficiently accuracy-weighting

each person’s information.

There is commercially useful information that is free. We study information

that people need to spend resources, money, time, to acquire and assimilate. People

will only spend the resources if they believe it to be worthwhile. Costs and reliability

of information are both variable and unobservable. For this reason, our mechanism

is designed so that it only motivates those agents with low cost access to more useful

information to spend these resources acquiring and assimilating the information.

The early research on information elicitation mechanism design only focuses

on eliciting a single agent’s forecasts of a future event (see [6] and the references

cited there). More recent work on eliciting the forecasts from several agents has

assumed that the qualities of forecasts are equal and there is not cost of information

acquisition (e.g.[2], [3]). Weighting observations from different sources according to

their reliability has a long history in statistics, viz. the heteroscedasticity corrections

in any good regression textbook.

In the foundational work on information elicitation, [6] mentions the problem

of eliciting and combining several agents’ information. He suggests assigning weight

to each agent’s opinion according to their past experience or, in some other fashion,

to “give each the weight you think appropriate.” In this research, we systematically

weight the opinions as a function of the amount of money the agents are willing to

put on what they say.

Market mechanisms also provide a method of “putting your money where

your mouth is.” Electronic future markets for predicting events have recently pro-
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liferated and have generated a great deal of public interest.1 There is a body of

research emphasizing the prediction abilities of futures markets (see [7] for a re-

view). However, it is not fully understood how reliable such markets are, nor what

determines their reliability.2 This uncertainty about the underlying structure limits

the use of such market prediction outcomes to support business decision process.

There are two, related theoretical doubts about the reliability of prediction

markets. The first is a conceptual problem pointed out in [4]. If the market price in

a prediction is a good indicator of the future event, as it would be if it aggregated

all available information, then no rational person would have an incentive to take

part in the market since their private information is almost certainly less accurate

than the aggregated information of everyone else.

More generally, [5] points out that the information that someone else is will-

ing to make a bet against you reveals information making you less willing to bet

against them. Your initial best estimate of the odds is based on your private infor-

mation. Knowing that someone else, on the basis of their own private information,

is willing to bet against you means that you know that their private information

contradicts yours. This should decrease your willingness to bet. To resolve these

conceptual problems, outside subsidies must be provided to guarantee the agents

correct incentives to trade, especially when people incur cost of acquiring informa-

tion.

1Examples of active trading markets are Iowa Electronic Markets
(http://www.biz.uiowa.edu/iem), Hollywood Stock Exchange (http://www.hsx.com), Trade-
sports (http:// www.tradesports.com), and Intrade (http://www.intrade.com).

2Recent “failures” in the Iowa Electronic Markets were its prediction that John Kerry’s chance
of winning the 2004 Democratic Caucuses was less than 35%, and its short-lasting prediction,
apparently reacting to some small number of polls, that John Kerry’s chance of winning the
election was well over 60%.
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There is a third theoretical doubt, a type of “Lucas critique.” If a prediction

market becomes reliable, and this reliability changes policy or politics, this may

create strategic incentives to manipulate the market. If the strategic incentives are

strong enough, they could offset any monetary losses incurred by the manipulators.

We propose a novel betting mechanism in which the principal who needs the

forecast will subsidize the bettors. In our mechanism, the prediction is reliable in

the sense the principal can estimate the accuracy of the prediction from the bets

made in the market. We conduct our analysis within a single-principal-multi-agent

framework to resolve the following questions.

1. How do we give agents incentives to truthfully reveal both their private infor-

mation and the quality of their information?

2. What do these incentives cost?

3. How do we trade off the incentive costs and the benefits of the information we

gather?

In our proposed betting mechanism, the principal asks agents to report their

forecasts and place money, as a bet, on their reports. After the uncertainty is

realized, the agents can get rewards according to how close their reports are to the

actual realization of the event and how much money they bet on the reports. With

such a mechanism, the agents cannot simply say that they are “experts,” they can

only demonstrate their “expertise” by putting their money where their mouth is.

We present a family of reward functions with two crucial properties. First,

conditional on deciding to incur the cost to gather information, each agent’s domi-
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nant strategy is to report their true forecast. Second, agents bet an amount that is

monotonically increasing in the precision of their information.

We discuss the choice of the optimal reward function in two different market

setups: (1) a simultaneous betting market where the principal commits to the reward

function during the whole period of market’s operation; (2) a sequential betting

market where the principal dynamically adjusts the reward function according to

the information already incorporated in the market.

In both markets, the agents will incur the costs of information acquisition

and bet only when their expected gain covers the cost. Therefore, the principal’s

choice of the reward function is essentially a choice of her willingness to pay for each

piece of information. If the willingness to pay is high, then there could be more

agents participating in the market, which will generate more reliable prediction.

The tradeoff is higher payments by the principal.

The rest of the paper is organized as follows. In section 2.2, we introduce

the model setup and examine optimality issues in some generality. The following

section analyzes the optimality properties of a parametrized class of approximate

solutions in the three different scenarios: when time presses, the mechanism is run

with all agents simultaneously; when there is ample time, the mechanism can be run

with the agents one at a time, and we analyze both the large and small populations

versions of this problem. We conclude in section 2.6 with discussion of the direction

of some future extensions and related points.
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2.2 Model and Analysis

For decision purposes, a firm needs a forecast of a random variable to be

realized in the future, say next quarter’s sales. More accurate forecasts are better.

Access to information useful for making the forecast is dispersed among many peo-

ple, perhaps employees of the firm, perhaps outsiders, and we treat the two cases

separately.

At a cost, the people can acquire and process the information. Both the likely

quality of the information and the cost of acquiring it vary amongst the people

involved. Our mechanism allows people to make a prediction and to choose how

large a bet to back it with.

People’s rewards depend positively on the closeness of their prediction to the

eventual realization, and they are rewarded more if they bet more. As a result,

those who know that their information is likely to be more precise are willing to

incur higher costs to obtain it. Since they will only incur the costs if their expected

rewards outweigh them, the design problem is to balance the costs against the added

precision of more participation in the mechanism.

Throughout our modeling of the future random variable and the dispersed

information about it, we use normal distributions. We combine the normal random

variables with quadratic utility functions. By contrast, we use general distributions

for the costs and precision of the information.

We could replace the normal-quadratic formulation with more general distri-

butions and utility functions, e.g. replacing “lower variance” with “Blackwell infor-

mation improvements.” However, we strongly suspect that the cost of this generality

would outweigh any gains. For example, we would be obliged to establish the exis-

8



tence of and basic theoretical properties of an optimal weighting scheme for forecasts,

instead of using the explicit weighting scheme that arises in the normal-quadratic

case. This scheme has the same basic properties that would arise in a more general

setting.

2.2.1 The Model

A risk neutral principal (a firm) wants to forecast a future outcome, repre-

sentable by a random variable X ∼ N(s0, τ
−1
0 ). The firm’s payoff from generating a

forecast X̂ is g(X̂, x) = v−p(X̂−x)2, where x is the realization of X, v is the value

to the firm when the forecast is extremely precise, and p(X̂ − x)2 is a quadratic

penalty term for mistakes in the forecast.

To obtain a good prediction, the firm resorts to N risk-neutral agents. Each

agent i ∈ I , {1, 2, · · · , N} can access an independent information source of preci-

sion at a cost, ci > 0. If agent i decides not to acquire the information, she has the

same belief of the random state, X ∼ N(0, τ−1
0 ), as the firm. If she does acquire

information from her private source, she observes a private signal si = x + εi. Here

εi ∼ N(0, τ−1
i ), is the random error in her information, and τi > 0 is its precision.

The agents know their cost and precision, (ci, τi), before they decide whether to

acquire the information signal si.
3

We assume that {X, ε1, . . . , εN , (c1, τ1), . . . , (cN , τN)} is an independent col-

3In this paper, we use simple form of signal si = x + εi. However, in real world, the signal
the agents observe may be of more complicated forms. For example, si = ax + c + εi, where
the coefficient a represents the relevance of the signal and c represents a constant shift (or bias).
However, we can transform the signal si to s′i = x + ε′i. The cost term ci is an aggregate concept
represents how much the firm should pay to induce the agents to acquire information, including
both the agents actual cost to acquire and process the signal and their opportunity cost.
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lection of random variables/vectors. Further, each (ci, τi) is, by assumption, private

information available only to i. Explicitly, this means that the (ci, τi) are not ob-

servable, either by the firm or by the other agents, j 6= i.

The (ci, τi)s are drawn from a commonly known distribution, Q, with F (τ)

being the cdf of the marginal distribution of the τi and H(c) being the cdf of the

marginal distribution of the ci. We assume throughout that both distributions have

finite expectations.

2.2.2 The Mechanism Design Problem

If agents i ∈ S ⊆ I acquire their private signals and report both si and τi

truthfully to the firm, the best possible prediction is given by Lemma 2.2.1.

Lemma 2.2.1. When agents i ∈ S truthfully report si and τi to the firm, the

optimal predictor that maximizes the firm’s expected payoff is X̂∗(S) =
τ0s0+

P
i∈S τisi

τ0+
P

i∈S τi
.

τ ∗(S) = τ0 +
∑

i∈S τi is the prediction precision, and v − p
τ∗(S)

is the firm’s expected

payoff of prediction.

Proof. The Normal Learning Theorem (DeGroot, 1970) yields

X
∣∣∣
(
(si, τi)i∈S

)
∼ N

(
τ0s0+

P
i∈S τisi

τ0+
P

i∈S τi
, 1

τ0+
P

i∈S τi

)
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To maximize the expected value of the prediction, the risk-neutral firm solves

max
bX

E
[
g

(
X̂,X

) ∣∣∣
(
(si, τi)i∈S

)]

= max
bX

(
v − p

{
X̂2 − 2X̂E

[
X

∣∣∣
(
(si, τi)i∈S

)]
+ E

[
X2

∣∣∣
(
(si, τi)i∈S

)]})

= max
bX

(
v − p

{
X̂ − E

[
X

∣∣∣
(
(si, τi)i∈S

)]}2

− p var
[
X

∣∣∣
(
(si, τi)i∈S

)])

= max
bX

(
v − p

[
X̂ − τ0s0 +

∑
i∈S τisi

τ0 +
∑

i∈S τi

]2

− p

τ0 +
∑

i∈S τi

)

≤
(

v − p

τ0 +
∑

i∈S τi

)
,

and the equality holds only when X̂∗ =
τ0s0+

P
i∈S τisi

τ0+
P

i∈S τi
. Thus, given set S ⊆ I,

the firm’s optimal predictor X̂∗ (S) equals
τ0s0+

P
i∈S τisi

τ0+
P

i∈S τi
and expected gain is v −

p
τ0+

P
i∈S τi

.

Lemma 2.2.1 shows that the basic elements of the agents’ information the

firm needs to elicit and aggregate is the pair (si, τi). Given (si, τi)s are shared

truthfully, the firm’s expected payoff is contingent only on the aggregate τis but not

the actual sis. So what the firm cares about is only how many agents are willing to

share their information and how precise their information is. The observation of the

actual signals will only affect the predictor the firm chooses, but not its estimated

payoff.

Intuitively, we can also interpret τis as the quality of the agents’ information

or the ability the agents have to improve the firm’s forecast. Even though the

firm is interested in getting the best prediction by improving the set S, it is not
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generally desirable to have S = I. The firm will not generally have the incentive to

compensate all the agents — those with large costs and small precision yield very

modest improvements in the overall precision at too high a cost. A major task for

the firm is to figure out, from an efficiency point of view, which people should be

tapped for information and which should not.

Another aspect of the firm’s problem comes from the agents’ lack of incentive

to report the signals and the precision truthfully. The reasons could be various. For

example, a sales person may want to send a report lower than her estimate because

she knows this forecast will be used to generate her sales quota. Sometimes, experts

may have an incentive to exaggerate the precision of their information because of the

other payoffs associated with being regarded as an authority. Incentive alignment

is needed for accurate information sharing and aggregation.

We summarize the tasks of our mechanism design problem:

1. Each agent will have the right incentive to report both si and τi truthfully;

2. The agent who doesn’t pay the cost to collect the information will not have

incentive to claim that they did.

3. The mechanism efficiently selects those with relatively low cost and relatively

high precision.

To disentangle the tasks, we conduct our analysis in the following steps:

First, we assume that τi is observable by the firm, that there is a function c(·),
and that only agents with costs ci ≤ c(τi) will acquire information. Our mechanism

will, for each τi, have a maximal cost that the agents are willing to incur. This

12



chooses the random set of agents who will gather information. We show that there

is an optimal function c∗(·), and examine its basic properties. Especially, we give

out conditions of obtaining a non-decreasing c∗ function which has to potential to

be implemented in a betting mechanism.

Second, we design a betting mechanism with a parameterized reward function

which induces the agents with sufficiently low costs relative to their precision to

acquire information, and to give both their true prediction and the precision. The

mechanism is inspired by the folk wisdom about “putting your money where your

mouth is.” The more confident about her knowledge someone is, the more they are

willing to bet on it. We give the conditions when the optimal function c∗ can be

implemented so that the agents with costs lower than c∗(τi) will put a positive bet in

the market. We provide a direct revelation mechanism where the size of the agents’

bets equal the precision of their information.

Third, we show how the firm can properly weight the agents’ information,

and apply the betting mechanism into two different settings. In the first setting,

timeliness is important, the structure of rewards is announced, all those who choose

to access their information do so and submit their bets and forecasts. In the second

setting, some delay is acceptable, and the agents are chosen, one at a time, and

asked if they are willing to incur their informational costs and make a forecast and

a bet. Since the reward structure can be adjusted for later agents, this can lead to

a savings for the firm.
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2.3 Finding the Optimal Set of Agents When Signals and
Precision are Verifiable.

Assuming that the firm can verify whether agents have reported truthfully

(si, τi)s ex post, the issue left to be determined is which agents should go to collect

the information. The general idea is to find out the agents ex ante with sufficiently

low cost relative to their precision. In this section of analysis, we focus on three

different cases.

In the first case, the agents’ costs are ex post auditable. The firm can thus

reimburse an agent’s cost if it is not too high. That is, the firm announces an

upper bound of reimbursement c∗(τ) for each precision level τ > 0. Each agent

with precision τi and cost ci will get reimbursement min (ci, c
∗(τi)) if she decides to

acquire information. A rational agent will then acquire the information only when

the reimbursement covers her cost and the set of agents who will collect information

S = {i : 0 ≤ ci ≤ c∗(τi)}. In the following analysis, we use superscript “au” to

represent the auditable case.

In the second case, we assume that the cost is not auditable. In addition,

the agents are from outside of the firm. Hence, they can exaggerate their costs as

long as the firm is still willing to pay for the information. In this case, the principal

announces a certain compensation c∗(τ) for each precision τ > 0. An agent with

precision τi will get paid c∗(τi) if she acquires the information. It can be shown that

the set of agents who will collect information is the same as the first case if the c∗

function is the same. That is, S = {i : 0 ≤ ci ≤ c∗(τi)}. We use superscript “out”

to represent the outsider case.

The third case is a bit complicated. Here the agents may be employees of
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firm. The difference between an employee and an outsider is that an employee may

consume the resource in the firm to acquire the information. Such costs may include

the long distance phone bills, network traffic increments, and the opportunity costs

that the agents are less efficient in working on some other projects. Those costs

are directly imposed to the firm if the employee decides to acquire information.

Meanwhile, an employee may also incur some private cost, such as the time and

energy spend to conduct analysis after work, buying extra materials, etc. We use

subscript “emp” when analyzing this case.

In the employee case, we need to introduce new variables for the two types of

costs. We still use ci to represent the employee i’s private cost and we use cin
i for the

cost incurred by the firm if the employee decide to acquire information. Generally,

cin
i is positively correlated as ci, meaning the more costs the employee needs to pay

on her own to acquire the information, the more she consumes the firm’s resources.

For simplicity of analysis, we assume that cin
i = gin(ci)+ξi, where gin(·) is a common

nondecreasing function. ξis are i.i.d. random variables with expected value ξ̄, which

are also independent with cis.

Let ~c = (ci)
N
i=1, ~τ = (τi)

N
i=1, ωi = (ci, τi), and ~ω = (ωi)

N
i=1. Q denotes the

joint distribution of ~ω ∈ (R2
+)N . We use dQ(ωi) to indicate integration with respect

to the marginal of Q on the i’th component of (R2
+)N , dQ(~c) to indicate integration

with respect to the marginal of Q on the N components of (R2
+)N corresponding to

the ci, and so forth.

Let Ψ be the firm’s overall payoff, which is affected by the actual group of

agents the firm faces, (~c, ~τ), and the set of agents being selected by the firm, S. This

payoff is composed of two parts, the expected payoff from the prediction Ψ1 and the
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cost to generate the prediction Ψ2. In the auditable case,

Ψau(S, (~c, ~τ)) =
(
v − p

τ0+
P

i∈S τi

)
−∑

i∈S ci = Ψ1(S, (~c, ~τ)) + Ψau
2 (S, (~c, ~τ)). (2.1)

If a person outside the firm with precision τi will earn, in expectation, c∗(τi) from

the firm for their report, the firm’s expected payoff is

Ψout(S, (~c, ~τ)) =
(
v − p

τ0+
P

i∈S τi

)
−∑

i∈S c∗(τi) = Ψ1(S, (~c, ~τ)) + Ψout
2 (S, (~c, ~τ)).

(2.2)

Finally, if it is an employee of precision τi who earns c∗(τi) for their report, the firm

expects to pay them not only the c∗(τi), but also to lose the resources inside the

firm they spend, cin
i . The firm’s expected payoff is

Ψemp(S, (~c, ~τ)) =
(
v − p

τ0+
P

i∈S τi

)
−∑

i∈S[cin
i + c∗(τi)] = Ψ1(S, (~c, ~τ)) + Ψemp

2 (S, (~c, ~τ)).

(2.3)

In the above three equations, we found a common term Ψ1, which is the

firm’s expected gain from the prediction. If we let τS = τ0 +
∑

i∈S τi, the Ψ1 term

in (2.1)-(2.3) becomes (v− p
τS ). This is increasing, concave, and takes values in the

interval [v − p, v). Being increasing means that receiving reports from more people

increases precision. The concavity means that, on average, the return to receiving

reports from more people is decreasing. We now derive some of the implications of

the range of Ψ1 being an interval of length p.

In all three cases, the set S is uniquely determined given the cutoff c∗(τ).

The problem is to choose c∗ so as to optimize the expected rewards, Ψau(c∗) :=

E Ψau(S(c∗), ·), Ψout(c∗) := E Ψout(S(c∗), ·), and Ψemp(c∗) := E Ψemp(S(c∗), ·).

Lemma 2.3.1. If c∗ is optimal for Ψau, Ψout, or Ψemp, then Q{τ : c∗(τ) ≤ p} = 1.
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Proof. The value of any gain in precision is bounded above by p. Hence, lowering

c∗(·) below p on any set of τ having positive probability increases expected profits.

The next result shows that the optimal c∗ shrinks as N grows, that is, the

larger the pool of information sources, the less needs to be paid to any single one.

As we will see below, there is a stronger result — the expected profits increase in

the size of the pool. It is useful to explicitly write out the expectations defining

Ψau(c∗), Ψout(c∗), and Ψemp(c∗).

Ψau(c∗) = v −
∫

(R2
+)N

[
p

τ0+
P

i∈S(c∗) τi

]
dQ(~c, ~τ)−

∫

(R2
+)N

[∑
i∈S(c∗) ci

]
dQ(~c, ~τ)(2.4)

= v −
∫

(R2
+)N

[
p

τ0+
P

i τi1[0,c∗(τi)]
(ci)

]
dQ(~c, ~τ)

︸ ︷︷ ︸
Ψ1(c∗):=E Ψ1(S(c∗),·))

−
∫

(R2
+)N

[∑
i ci1[0,c∗(τi)](ci)

]
dQ(~c, ~τ)

︸ ︷︷ ︸
Ψau

2 (c∗):=E Ψau
2 (S(c∗),·))

.

In a similar fashion,

Ψout(c∗) = Ψ1(c
∗)−Ψout

2 (c∗) = Ψ1(c
∗)−

∫

(R2
+)N

[∑
i c
∗(τi)1[0,c∗(τi)](ci)

]
dQ(~c, ~τ), and

(2.5)

Ψemp(c∗) = Ψ1(c
∗)−Ψout

2 (c∗)

= Ψ1(c
∗)−

∫

(R2
+)N

[∑
i(g(ci) + c∗(τi) + ξ̄)1[0,c∗(τi)](ci)

]
dQ(~c, ~τ)(2.6)

Since the (ci, τi) are i.i.d., Ψau
2 , Ψout

2 , and Ψemp
2 can be simplified to

Ψau
2 (c∗) = N ·

∫

R2
+

ci1[0,c∗(τi)](ci) dQ(ci, τi) =

∫

R+

∫ c∗(τi)

0

ci dQ(ci, τi), (2.7)

Ψout
2 (c∗) = N ·

∫

R2
+

c∗(τi)1[0,c∗(τi)](ci) dQ(ci, τi), and (2.8)

Ψemp
2 (c∗) = N ·

∫

R2
+

(g(ci) + c∗(τi) + ξ̄)1[0,c∗(τi)](ci) dQ(ci, τi). (2.9)
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We know that the range of Ψ1 is an interval of length p. This means that,

at a c∗ which is optimal Ψau, Ψau
2 (c∗) ≤ p, with parallel statements for Ψout

2 , and

Ψemp
2 . Hence, the integrals or the right-hand side of (2.7), (2.8), and (2.9) are less

than or equal to p/N . Let c∗N be the optimum as a function of N . For any N , c∗N is

bounded above by p (by Lemma 2.3.1). Loosely, these last two observations imply

that as N grows, c∗N → 0.

Lemma 2.3.2 (Auditable costs). If c∗N is optimal for Ψau and N → ∞, then for

all ε > 0, Q({(ci, τi) : c∗N(τi) ≥ ci > ε}) → 0.

Proof. For given c∗N , define fN(ci, τi) := ci1[0,c∗N (τi)](ci). As
∫
R2

+
fN(ωi) dQ(ωi) → 0

and fN ≥ 0, fN converges in L1 norm to 0, hence (by Chebyshev’s inequality) it

converges to 0 in probability, that is, for arbitrary ε > 0, Q({ωi : fN(ωi) > ε}) → 0.

Now, fN(ci, τi) = ci1[0,c∗N (τi)](ci) > ε requires both ci > ε and c∗N(τi) ≥ ci.

The integral in the expression for Ψout
2 in (2.8) can be usefully reformulated.

Let H(c|τi) = Q([0, c]|τi) be the cumulative distribution function of ci given τi. We

have

Ψout
2 (c∗) = N ·

∫

R2
+

c∗(τi)1[0,c∗(τi)](ci) dQ(ci, τi) =

∫

R+

c∗(τi)H(c∗(τi)|τi) dQ(τi),

(2.10)

and we know that if c∗ is optimal, then
∫
R+

c∗(τi)H(c∗(τi)|τi) dQ(τi) ≤ p/N . This

directly implies

Lemma 2.3.3 (Outside). If c∗N is optimal for Ψout and N →∞, then for all ε > 0,

Q({τi : c∗N(τi)H(c∗N(τi)|τi) > ε}) → 0.
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The contrast with Lemma 2.3.2 can be expressed using H(·|τi). Here c∗N(τi)

can only be large if H(c∗N(τi)|τi) is small, that is, only if it is unlikely that there is

anyone with costs in the interval [0, c∗N(τi)]. For auditable costs, the implication is

that c∗N(τi) can only be large if H(c∗N(τi)|τi) −H(ε|τi) is small, that is, only if it is

unlikely that there is anyone with costs between ε and c∗N(τi).

When the N people contributing reports are employees, the costs are a com-

bination of the auditable and the outside costs. Hence,

Lemma 2.3.4 (Employees). If c∗N is optimal for Ψout and N → ∞, then for all

ε > 0, Q({(ci, τi) : c∗N(τi) ≥ ci > ε}) → 0 and Q({τi : c∗N(τi)H(c∗N(τi)|τi) > ε}) → 0.

In the above lemmas, the firm selects only those agents will almost zero

costs if there are a large group of potential agents. This property has significant

implications on re-structuring of the organizational form. If the firm restricts the

participation to only employees in the company, the number of agents is not likely

to be large. One simple way to extend the set of S is to utilize the outsiders to

collect information. The similar idea reflects the philosophy of outsourcing, open

source software production and openly traded prediction markets.

2.3.1 Existence of Solutions

It is intuitive that the optimal functions c∗ should be monotonic — suppose

that c∗ was not monotonic, c∗(τ) > c∗(τ ′), τ < τ ′. Switching the values of c∗ at

these two points increases the benefit in the Ψ1 term while leaving the Ψ2 term

unchanged. The formal argument reveals that this argument is not quite complete,

and a more restricted condition is needed.
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Assumption 2.3.1. Q(ω) has a density, q, which is greater than 0 on a set of the

form S = {(c, τ) ∈ R1
+ × [a, T ), 0 ≤ c ≤ f(τ)} for some non-decreasing function

f : R+ → [0,∞] and some 0 ≤ a < T ≤ ∞. In addition, for any two precisions

a ≤ τ1 < τ2 ≤ T , H(c|τ1) ≥ H(c|τ2) for any c ∈ [0, p].

The assumption that Q has a density (with respect to Lebesgue measure)

simplifies several arguments, but is not crucial to the conclusions.

Let M(p) denote the set of measurable functions m : [a, T ] → [0, p] such that

m(τ) ≤ f(τ), and C(p) ⊂ M(p) the set of non-decreasing functions c : [a, T ] → [0, p].

Theorem 2.3.5 (Existence). The problems maxm∈M(p) Ψau(m), maxm∈M(p) Ψout(m),

and

maxm∈M(p) Ψemp(m), all have solutions, and the solutions belong to C(p).

Proof. There are three steps.

1. If there is a solution, it belongs to C(p),

2. C(p) is compact in the L1 metric, and

3. the objective functions Ψau(·), Ψout(·), and Ψemp(·) are continuous in the L1

metric.

Continuous functions on compact sets achieve their maxima, so these com-

plete the proof.

Recall that S(m) := {(c, τ) : 0 ≤ c ≤ m(τ)}.
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1. Pick an arbitrary m ∈ M(p) which fails to be non-decreasing. There exists

an A,B ⊂ [a, T ) and an r > 0 such that A ¿ B (that is, ∀a ∈ A, ∀b ∈
B, a < b), Q([0, r] × A) > 0, Q([0, r] × B) > 0, ([0, r] × A) ⊂ S(m), but

Q(S(m) \ ([0, r]× A)) > 0.

Let B′ = B∩m−1([0, r)) be the subset of B on which m dips below r. Consider

the function mε,δ defined by

mε,δ(τ) =





εm(τ) + (1− ε)r if τ ∈ B′

δm(τ) if τ ∈ A
m(τ) otherwise.

For ε, δ ∈ (0, 1), mε,δ increases the function m on B′ and decreases it on A.

By the non-decreasing part of Assumption 2.3.1 and the definition of M(p),

each mε,δ ∈ M(p). Since the Q has a density, the functions Ψau
2 , Ψout

2 , and Ψemp
2

are continuous in ε and δ. As ε increases from 0, Ψau
2 , Ψout

2 , and Ψemp
2 increase,

as δ decreases from 1, Ψau
2 , Ψout

2 , and Ψemp
2 decrease. By continuity, we can, in

each case, find ε, δ ∈ (0, 1) leaving these Ψ2 terms unchanged. Because A ¿ B

and H(c|τ1) ≥ H(c|τ2) for ∀τ1 ∈ A, τ2 ∈ B, and ∀c ≥ 0, this increases Ψ1,

implying that m was not optimal.

2. Metrize M(p) with d(c, c′) = Q(S(c)∆S(c′)) where E∆F = (E \ F ) ∪ (F \E)

is the symmetric difference of sets. This is an L1 metric because Q(E∆F ) =

‖1E − 1F‖1 =
∫
R2

+
|1E(c, τ)− 1F (c, τ)| dQ(c, τ). L1 is a complete metric space,

and the the set of indicators is a closed, hence complete, subset. It is therefore

sufficient to show that C(p) is closed, and has, for every ε > 0, a finite ε-net.

To show that C(p) is closed, let cn be a sequence in C(p) and suppose that

d(cn, c) → 0. If c is not non-decreasing, then there exists an A,B ⊂ [a, T )
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and an r > 0 such that A ¿ B, Q([0, r] × A) > 0, Q([0, r] × B) > 0,

([0, r] × A) ⊂ S(c), but Q(S(c) \ ([0, r] × B)) > 0. Let Cn = S(cn) and

C = S(c). Since Q(Cn∆C) → 0, Q((Cn∩ ([0, r]×A))∆(C ∩ ([0, r]×A))) → 0.

Since each cn is non-decreasing and A ¿ B, Q(Cn∩([0, r]×B)) → Q([0, r]×B).

Hence Q(C ∩ ([0, r]×B)) = Q([0, r]×B), a contradiction that completes the

proof of closedness.

The idea for constructing the finite ε-net is to look at finite sets of non-

decreasing step functions with fine enough steps that they come ε-close to

any point in C(p). The details of choosing the step sizes are a slightly messy.

Pick ε > 0. Because (R+ × [τ,∞)) ↓ ∅ as τ ↑ ∞, we can pick τ such that

Q(R+ × [τ ,∞)) < ε/3. Because {(c, τ) : q(c, τ) ≥ B} ↓ ∅ as B ↑ ∞, we can

pick B such that Q({(c, τ) : q(c, τ) ≥ B}) < ε/3. Pick M large enough that

2Bpτ
M

< ε/3 (the reason for this peculiar choice will appear below). Partition

[0, p)×[a, τ) into the M2 rectangles [am−1, am)×[bn−1, bn) where each am = mp
M

,

m = 1, . . . ,M and each bn = nτ
M

, n = 1, . . . , M . The Euclidean area of each

rectangle is pτ
M2 . Ignoring the contribution from the set {(c, τ) : q(c, τ) ≥ B},

each rectangle has probability less than or equal to Bpτ
M2 .

Pick arbitrary c ∈ C(p). For each interval [bn−1, bn) ⊂ [a, τ), let am(n) be

the maximal am such that [0, am) × [bn−1, bn) is Q-a.e. a subset of S(c). Let

c′ =
∑

n am(n)1[bn−1,bn)(τ) + p1[τ ,∞)(τ). The symmetric difference S(c)∆S(c′)

has three components:

(a) a subset of R+ × [τ ,∞) which contributes at most ε/3 to its mass;

(b) a subset of {(c, τ) : q(c, τ) > B}, which contributes at most ε/3 to its

mass; and
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(c) at most 2M rectangles up and to the left of the graph of c′, which con-

tribute at most 2M · Bpτ
M2 = 2Bpτ

M
< ε/3 to its mass.

3. Suppose that Q(S(cn)∆S(c)) → 0. Since cn and c belong to C(p), we know

that 0 ≤ cn(τ), c(τ) ≤ f(τ). By the support part of Assumption 2.3.1, this

means that cn converges to c in probability. This means that the integrands

in Ψau, Ψout, and Ψemp converge in probability. In each case, the integrands

are non-negative and bounded above by an integrable function. Therefore the

integrals converge.

Comments: The density part of Assumption 2.3.1 could be weakened to non-

atomicity without changing any of the proof in the first two steps, provided the

support, S, stays the same. If atoms were present, the continuity of the Ψ2 would

not hold and the first part of the proof would need a messy modification. In the

second part of the proof, the presence of atoms would mean that, instead of a simple

partition of [0, p)× [a, T ) into rectangles, we would need to change to an ε/4 proof

and add atoms, {(c, τ)}, to the partition until the mass of the remaining atomss is

less than ε/4.

2.3.2 Necessary Conditions

For ∆c, ∆τ 6= 0 and τ ◦ ∈ R+, define

h∆c,∆τ (τi) = ∆c1[τ◦,τ◦+∆τ )(τi).

If τ 7→ c∗(τ) is a solution to maxc∈C(p) Ψ(c), then

lim∆c,∆τ→0
Ψ(c∗+h∆c,∆τ )−Ψ(c∗)

∆c∆τ
= 0. (2.11)
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We first evaluate this derivative, then draw implications from it.

2.3.2.1 Evaluating the Derivative

To evaluate this derivative, we use the density q(ci, τi), and the marginal den-

sity f(τi) =
∫∞
0

q(xi, τi) dxi. If ci and τi are independent, then q(ci, τi) = h(ci)f(τi),

and S = [0, P ) × [a, T ], where a , sup{τ : F (τ) = 0} and T , inf{τ : F (τ) =

1}(P = ∞ and/or T = ∞ allowed).

Lemma 2.3.6. If q is jointly continuous at (c◦, τ ◦) where c◦ := c∗(τ ◦), and

m((cj)j 6=i, (τj)j 6=i|τ ′) :=
1

1 +
∑

j 6=i τj1[0,c∗(τj)](cj)
− 1

1 + τ ′ +
∑

j 6=i τj1[0,c∗(τj)](cj)
,

then

lim
∆c,∆τ→0

Ψ1(c
∗ + h∆c,∆τ )−Ψ1(c

∗)
∆c∆τ

= (2.12)

Np

[∫

(R2
+)N−1

(m((cj)j 6=i, (τj)j 6=i|τ ◦))
∏

j 6=i

q(cj, τj)dcjdτj

]
q(c◦, τ ◦),

lim∆c,∆τ→0
Ψau

2 (c∗+h∆c,∆τ )−Ψau
2 (c∗)

∆c∆τ
= Nc◦q(c◦, τ ◦), (2.13)

lim∆c,∆τ→0
Ψout

2 (c∗+h∆c,∆τ )−Ψout
2 (c∗)

∆c∆τ
= N [H(c◦|τ ◦)f(τ ◦) + c◦] q(c◦, τ ◦), (2.14)

and

lim∆c,∆τ→0
Ψemp

2 (c∗+h∆c,∆τ )−Ψemp
2 (c∗)

∆c∆τ
= N

[
H(c◦|τ ◦)f(τ ◦) + c◦ + g(c◦) + ξ̄

]
q(c◦, τ ◦),

(2.15)

Proof. For the derivative of Ψ1, note that [Ψ1(c
∗ + h∆c,∆τ )−Ψ1(c

∗)] is equal to

p

[∫

(R2
+)N

(
1

1 +
∑

jτj1[0,c∗(τj)(cj)]
− 1

1 +
∑

jτj1[0,(c∗+h∆c,∆τ )](τj)](cj)

)
dQ(~c, ~τ)

]
.

(2.16)
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To evaluate lim∆c,∆τ→0
1

∆c∆τ
[Ψ1(c

∗+h∆c,∆τ )−Ψ1(c
∗)], three observations are

useful.

1. The probability that (ci, τi) and (cj, τj), i 6= j, both fall into the interval

[c◦, c◦ + ∆c) × [τ ◦, τ ◦ + ∆τ ) are of the order q(c◦τ ◦)2∆c
2∆τ

2, so disappear in

the limit since we are dividing by ∆c∆τ .

2. The previous implies that there are N terms to consider, one for each i, and

each involves an integral over the j 6= i axes, that is, an integral over (R2
+)N−1.

Since the (ci, τi) vectors are iid, we need only evaluate one of these integrals.

3. The probability that (ci, τi) ∈ [c◦, c◦ + ∆c) × [τ ◦, τ ◦ + ∆τ ) is, up to an infini-

tesimal, q(c◦, τ ◦)∆c∆τ .

We now evaluate the two terms on the inside of the integral in (2.16). From

observations (a) and (b), we can restrict attention to N times the result when

(ci, τi) ∈ [c◦, c◦+∆c)×[τ ◦, τ ◦+∆τ ) and (cj, τj) 6∈ [c◦, c◦+∆c)×[τ ◦, τ ◦+∆τ ) for j 6= i.

At such points, the continuity of c∗(·) at τ ◦ implies that the difference converges to

m((cj)j 6=i, (τj)j 6=i|τ ◦). Combining this with observation (c), (2.12) follows.

Omitting the factor of N in (2.7) the calculation for Ψau
2 begins with

[Ψau
2 (c + h∆c,∆τ )−Ψau

2 (c)] = (2.17)[∫ ∞

0

∫ (c∗+h∆c,∆τ )(τi)

0

ci dQ(ci, τi)

]
−

[∫ ∞

0

∫ c∗(τi)

0

ci dQ(ci, τi)

]
=

[∫ τ◦+∆τ

τ◦

∫ c∗(τi)+∆c

c∗(τi)

ci dQ(ci, τi)

]
=

[∫ τ◦+∆τ

τ◦

∫ c∗(τi)+∆c

c∗(τi)

ciq(ci, τi)dcidτi

]
.

By continuity, lim∆c,∆τ→0
[Ψau

2 (c+h∆c,∆τ )−Ψau
2 (c)]

∆c∆τ
= c◦q(c◦, τ ◦), which yields (2.13).
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Again omitting the factor of N , this time in (2.8), the calculations for Ψout
2

are

[Ψout
2 (c + h∆c,∆τ )−Ψout

2 (c)] = (2.18)∫

R+

∫

R+

(
(c∗ + h∆c,∆τ )(τi)1[0,(c∗+h∆c,∆τ )(τi)](ci)− c∗(τi)1[0,c∗(τi)](ci)

)
q(ci, τi)dcidτi =

∫ τ◦+∆τ

τ◦

∫ ∞

0

(
∆c1[0,c∗(τi)](ci) + (c∗(τi) + ∆c)1(c∗(τi),c∗(τi)+∆c](ci)

)
q(ci, τi)dcidτi. (2.19)

Recall that f(τi) =
∫∞
0

q(xi, τi) dxi is density of τi. The first term in (2.19)

is

T1(∆c, ∆τ ) = ∆c

∫ τ◦+∆τ

τ◦

(∫ ∞

0

1[0,c∗(τi)](ci)
q(ci, τi)

f(τi)
dci

)
f(τi)dτi. (2.20)

The inner term in the integral is H(c∗(τi)|τi), so that

T1(∆c, ∆τ ) = ∆c

∫ τ◦+∆τ

τ◦
H(c∗(τi)|τi)f(τi)dτi. (2.21)

By continuity, lim∆c,∆τ→0
T1(∆c,∆τ )

∆c∆τ
= H(c◦|τ ◦)f(τ ◦).

Dropping the ∆c term that will disappear in the limit, the second term in

(2.19) can be re-written as

T2(∆c, ∆τ ) =

∫ τ◦+∆τ

τ◦
c∗(τi)

(∫ ∞

0

1(c∗(τi),c∗(τi)+∆c](ci)q(ci, τi)dci

)
dτi. (2.22)

By continuity, lim∆c,∆τ→0
T2(∆c,∆τ )

∆c∆τ
= c◦q(c◦, τ ◦). Combining yields (2.14).

Finally, since the costs of employee case is an aggregate of the individual ci

and c∗, we can follow the same calculation to derive (2.15).

2.3.2.2 Drawing Implications from the Derivative

Let M be the integrated difference,

M(τ ◦) = p

[∫

SN−1

(m((cj)j 6=i, (τj)j 6=i|τ ◦))
∏

j 6=i

q(cj, τj)dcjdτj

]
.
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Notice that M takes values in an interval (0,M) for some finite M , that M(τ ◦) > 0,

∂M(τ ◦)/∂τ > 0, and that ∂2M(τ ◦)/∂τ 2 < 0.

Theorem 2.3.7. If c∗ is a solution to maxc∈C(p) Ψau(c) that is continuously differ-

entiable at τ ◦ then M(τ ◦) = c◦ where c◦ = c∗(τ ◦). For the problem maxc∈C(p) Ψout(c),

the corresponding expression is M(τ ◦) = [H(c◦|τ ◦)f(τ ◦) + c◦]. For maxc∈C(p) Ψemp(c),

the corresponding expression is M(τ ◦) =
[
H(c◦|τ ◦)f(τ ◦) + c◦ + g(c◦) + ξ̄

]
.

Proof. Use Lemma 2.3.6 and rearrange.

We collect some other observations that flow from Theorem 2.3.7.

1. In general, the optimal c∗ depends on subtle aspects of the distribution Q, and

a closed form solution is not likely to exist.

2. In the case of auditable costs, the optimal c∗ is given by c∗(τ) = M(τ). (Un-

fortunately, since c∗ appears on both sides of the equality, this is not a closed

form solution.) This means that c∗ is a concave, increasing function with the

upper bound strictly below p given by

M(∞) = p

[∫

(R2
+)N−1

(1 +
∑

j 6=i

τj1[0,c∗(τj)](cj))
−1

∏

j 6=i

q(cj, τj)dcjdτj

]
.

3. In all cases, the upper bound for what the firm is willing to pay, limτ→∞ c∗(τ), is

less than M(∞). We have just seen this for the auditable cost case, the outside

case has c∗(τ) = M(τ)−X(τ) for a non-negative X(τ), and the employee case

has c∗(τ) = M(τ)−X ′(τ) for another non-negative X ′(τ).

4. If the ci and τi are independent, and both are uniformly distributed, then in

both the case of outside experts and employees, the solution will by of the
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form c∗(τ) = kM(τ) for a constant k < 1. This means that the optimal c∗ is

again concave.

The constant is smaller for the employee case than for the outside case. Since

lowering the c function in the definition of M lowers M, this means that the

optimal c∗ is lower in the employee than in the outside case.

Intuitively, costless auditing is the best system. If that is not achievable, then

the firm finds it less valuable to hire outside people of the same precision

because they must be paid more than their actual costs. Finally, since the

firm loses the employees’ opportunity costs of time and must pay them c∗(τi),

the firm is the least willing to pay an employee of precision τi.

5. If c∗ is increasing, then first order stochastically dominating shifts in the τj

decrease M(τ) — the firm needs to pay less for information of any given quality.

Intuitively, the N agents compete against each other and drive each other’s

marginal product downwards.

2.4 Betting Mechanism Design

In Section 2.3, we provide conditions where an optimal c∗ function exists and

is non-decreasing. When Q is uniformly distributed, we also obtain concavity of

c∗ for the outsider case. In this section, we discuss when can we implement the c∗

function in a betting mechanism, where we also elicit agents’ observed signal and

precision, (si, τi). In the discussion of this section, we will focus on the outside case

since it is where the mechanism is the most valuable. In addition, as we have argued,

the firm should pay more attention to eliciting information from outsiders since that

can help attract far more agents than the other cases.
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In this section, we assume that the firm can neither observe nor ex post

verify the agents’ signal, precision, and costs. It cannot force an agent to collect the

information if the agent does not want to. Hence a proper elicitation mechanism

needs to be designed to elicit those information from agents. To achieve reliable

forecast, the truthful elicitation of (si, τi) has to be guaranteed. Meanwhile, the

compensation should be made to those agents with sufficiently low costs relative to

their precision to motivate them to acquire information.

Inspired by the folk saying “Putting Your Money where Your Mouth Is”,

we design a betting mechanism, which asks agents to report their information and

to determine an amount of money as a bet. The agents are rewarded after the

uncertainty is realized based on how much they bet and how close their report is

to the realization of the future state. The reward is designed so that an agent with

higher τi will find it optimal to put more bet while telling their true forecasts. This

way, the agents’ precision is revealed and the weight on the agents’ information can

then be determined.

In the following part of this section, we first show a direct revelation betting

mechanism design which can induce the optimal c∗(τ) when c∗ is strictly increasing,

differentiable and not too concave. That is, the agents with precision τi can expect

to earn c∗(τi). The firm can achieve the same expected payoff if they can verify each

agent’s precision ex post. We then discuss some issues when the betting mechanism

is implemented in a simultaneous betting fashion. Next, we show that if the firm

does not need the forecast urgently, it can extend the betting into a dynamic setting,

where only one agent is allowed to bet at a time. We show that the firm can expect

to benefit from dynamic betting. The tradeoff is the delay of producing the forecast.
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2.4.1 The Basic Mechanism

To elicit (si, ri), we ask each agent to send a report ri as their private forecast

and place an amount of money Bi as a bet to signal their confidence on the report.

The agents payoffs are realized after the future state x is realized. To provide the

agents correct and quantifiable incentives, the payoff they receive will depend on how

close their reports are to the true realization of x and how much they bet. Formally,

the reward is a function f(Bi, ri, x). Given a reward structure f = f(Bi, ri, x), agent

i who has already acquire the signal solves

max
ri,Bi

E[πi|si, τi] = E[f(Bi, ri, x)−Bi|si, τi]

for their optimal betting strategy (B∗
i (si, τi), r

∗
i (si, τi)).

Definition 2.4.1. We say that a betting strategy (Bi(si, τi), ri(si, τi)) is fully re-

vealing if it is invertible for ∀i ∈ Ω = {1, 2, · · · , N}. If, in addition, the strategy

satisfies that Bi(si, τi) = τi and ri(si, τi) = E [x|si, τi], we say that the strategy is di-

rectly revealing. A betting mechanism which can implement the directly revealing

strategy is called a direct revelation betting mechanism

2.4.2 Implementing c∗

Given the betting mechanism, it occurs that an agent’s expected reward is

sensitive to the form of reward function. The firm’s expected payoff by implement-

ing the betting mechanism is optimized when each agent with precision τi will be

rewarded c∗(τi) if they bet.

Definition 2.4.2. We say that a reward function f implements c∗ if an agent

with precision τi’s optimal expected payoff E [πi (B
∗
i (si, τi) , r∗i (si, τi))] = c∗(τi).
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The set of reward function implements c∗ may not be unique. In this paper,

we examine the class of reward functions with the following form:

f(ri, Bi, x) = g1(Bi)− g2(Bi)(ri − x)2,

where g1(Bi) and g2(Bi) are strictly positive functions with continuous first order

derivatives.

Proposition 2.4.1. When (1) c∗(·) is continuous with second order derivative, and

(2)(x + 1)2c′(x) strictly increases on R+, a reward function f uniquely exists within

the above class of functions, which

• implements c∗;

• the agents’ optimal betting strategy (B∗
i , ri∗) is directly revealing.

Moreover, in such a betting mechanism,

1. g1(Bi) = c∗(Bi) + (Bi + 1)c∗′(Bi) + Bi, and

2. g2(Bi) = (Bi + 1)2c∗′(Bi).

Proof. Given a reward function f(ri, Bi, x) = g1(Bi) − g2(Bi)(ri − x)2, an agent

maximizes his/her utility by choosing the report and bet (r∗i , B
∗
i ). That is,

Eπ(r∗i , B
∗
i ) = max

ri,Bi

g1(Bi)− g2(Bi)E
[
(ri − x)2 |F ]−Bi (2.23)

= max
ri,Bi

g1(Bi)− g2(Bi) (ri − E (x |F ))2 − g2(Bi)

1 + τi

−Bi (2.24)

Since g2(Bi) > 0, r∗i = E (X |F ).
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To choose optimal B∗
i , we take the first order condition while imposing

(ri − E (x |F ))2 = 0, which yields

g′1(B
∗
i )−

g′2(B
∗
i )

1 + τi

− 1 = 0 (2.25)

and assume the second order condition g′′1(Bi)− g′′2 (B∗i )

1+τi
< 0 holds first (We will check

back later).

From the equation (2.25), the relationship of τi and Bi is established by

1 + τi =
g′2(B∗i )

g′1(B∗i )−1
. To implement a direct revelation mechanism, we can restrict our

search in the set of {g1(·), g2(·) :
g′2(Bi)

g′1(Bi)−1
= Bi + 1 and g′1(Bi) > 1}.

The condition
g′2(Bi)

g′1(Bi)−1
= Bi + 1 can be rewritten as:

g′2(Bi) = (Bi + 1) (g′1(Bi)− 1)

= Big
′
1(Bi) + g′1(Bi)−Bi − 1

= (Big1(Bi))
′ − g1(Bi) + g′1(Bi)−Bi − 1

Integrate both sides, we have

g2(Bi) = Big1(Bi)−
∫ Bi

0

g1(s)ds + g1(Bi)− 1

2
B2

i −Bi + const1 (2.26)

where const1 is a constant term from integration. Plug it back in the agent’s ex-
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pected payoff function, we have:

Eπi(r
∗
i , B

∗
i ) = g1(B

∗
i )− g2(B

∗
i )

1

B∗
i + 1

−B∗
i

= g1(B
∗
i )−B∗

i

−
[
B∗

i g1(B
∗
i )−

∫ B∗i

0

g1(s)ds + g1(B
∗
i )−

1

2
(B∗

i )
2 −B∗

i + const1

]
1

B∗
i + 1

= g1(B
∗
i )−B∗

i

−
[
(B∗

i + 1)g1(B
∗
i )−

∫ B∗i

0

g1(s)ds− 1

2
(B∗

i + 1)2 + const1 +
1

2

]
1

B∗
i + 1

= −1

2
B∗

i +
1

2
+

[∫ B∗i

0

g1(s)ds−
(

const1 +
1

2

)]
1

B∗
i + 1

(2.27)

To implement c∗, we should find such a g1(·) which makes Eπ(r∗i (si, τi), B
∗
i (si, τi))

= c∗(τi). Moreover, due to the direct revelation strategy B∗
i = τi, we have:

c∗(B∗
i ) = −1

2
B∗

i +
1

2
+

[∫ B∗i

0

g1(s)ds−
(

const1 +
1

2

)]
1

B∗
i + 1

⇔
∫ Bi

0

g1(s)ds = (Bi + 1)c∗(Bi) +
1

2
B2

i + const1

⇔ g1(Bi) = c∗(Bi) + (Bi + 1)c∗′(Bi) + Bi (2.28)

Plug back (2.28) into (2.26):

g2(Bi) = (Bi + 1)
(
c∗(Bi) + (Bi + 1)c∗′(Bi) + Bi

)− 1

2
B2

i −Bi + const1

−
[
(Bi + 1)c∗(Bi) +

1

2
B2

i + const1

]

= (Bi + 1)2c∗′(Bi) (2.29)

Check the Concavity Condition: It can be checked that our requirement of

g′1(Bi) > 1 can only be satisfied when 2c∗′(Bi) + (Bi + 1)c∗′′(Bi) > 0, which re-

quires g2(Bi) = (Bi + 1)2c∗′(Bi) as an increasing function as well. Hence, when

c∗ has second order derivative and 2c∗′(Bi) + (Bi + 1)c∗′′(Bi) > 0 (or equivalently,
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(Bi+1)2c′(Bi) strictly increases), a unique direct revelation mechanism can be found

within this specific class of functions, which can implement c∗.

Example 2.4.1. If c∗(τ) = (τ + 1)
1
2 − 1,4, we can implement it by setting

1. g1(Bi) = 3
2
(Bi + 1)

1
2 + Bi − 1; and

2. g2(Bi) = 1
2
(Bi + 1)

3
2 .

Check:

τi =
g′2

g′1 − 1
=

3
4
(Bi + 1)

1
2

3
4
(Bi + 1)−

1
2

− 1 = Bi

and the expected payoff:

Eπ = g1(τi)− 1

1 + τi

g2(τi)− τi = (τi + 1)
1
2 − 1 = c∗(τi)

Example 2.4.2. If c(τ) = log(τ + 1) for τ ≥ 0, we have

g1(Bi) = log(Bi + 1) + (Bi + 1)
1

Bi + 1
+ Bi = log(Bi + 1) + (Bi + 1)

and

g2(Bi) = (Bi + 1)

Hence,

Eπ = log(τi + 1) + (τi + 1)− 1− τi = log(τi + 1)

Example 2.4.3. When c∗ = α x2

(x+1)2
for any α > 0, we can also compute that

g2(Bi) = 2α
Bi

Bi + 1

and

g1(Bi) = α
Bi (B

2
i + 3Bi + 3)

(1 + Bi)
2

4The constant term keeps c∗(0) = 0
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Example 2.4.4. For function c∗ = α x
x+1

, the concavity condition is violated because

we can get g(B2) = 1. Hence, τi does not affect the FOC, which makes B∗
i unchanged

as τi changes. Even though, we can still introduce a arbitrarily close less concave

function ĉ(τ) = c∗(τ) + εf(τ), where f(τ) is any less concave function of τ and ε is

an arbitrary small positive number.

2.4.3 A Simultaneous Betting Market

A simultaneous market can be applied when the firm wants to collect all

the agents’ information as quickly as possible. In such a market, a principal will

announce a task of prediction and a reward function first. It also specifies how long

the market will last.

we want people to participate in betting simply because they want to make

money from their private knowledge. In this case, an anonymous environment is

desirable since we want to eliminate the agents’ incentives of manipulating the bets

and reports due to some private concerns. For example, if the agent is concerned

about being recognized to provide the information not accurate enough, she may be

hesitated to participate in the market. Or if some agents are eager to be identified

as an expert even though she is not, she may put a higher bet which will create pre-

diction bias. However, anonymity may also create opportunities for some potential

strategic behaviors, as shown in the following.

2.4.3.1 Acquiring Multiple Identities

In this paper, we assume that people’s information is obtained from inde-

pendent information sources. This assumption can generally be established if we

can control one person only acquires a single identity. However, it is very difficult
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to control that in an anonymous environment, such as an online prediction market.

Even though carefully designed verification process can restrict the chances, the

mission of totally eliminating the possibility is impossible.

Lemma 2.4.1. If a person can manage to acquire two identities in the betting

market, her optimal strategy is to bet the same amount B∗
i = τi twice.

Proof. The proof is straightforward by the independence of the two bets from the

agent’s point of view.

Following Lemma 2.4.1, the agent can expect to double the payoffs she gets

if she bet twice. Such a strategic behavior has three negative impacts on the firm’s

payoff. First, the firm pays extra money for a totally useless information. Second,

this redundant piece of information makes the firm put higher weight on the agent’s

information than the efficient one. Lastly, the firm will be over-confident about the

aggregate prediction, which may cause potential decision problems.

Denote τa as the precision of the agent who has two identities and τ−a =

τ 0 +
∑

j 6=a τj as the aggregate precision when the agent is absent. We obtain the

following Theorem 2.4.2 about the efficiency of the aggregate prediction.

Proposition 2.4.2. With the existence of repeated betting, the negative effect on

the prediction efficiency is the lowest when τa =
√

5−1
4

τ−a.

Proof. If the agent with precision τa submit bet twice, the aggregate prediction will

be ∑
j 6=a τjsj + 2 ∗ τasa

τ−a + 2 ∗ τa
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which has a variance
P

j 6=a τj+4∗τa

(τ−a+2∗τa)2
. Comparing with the efficient prediction precision

level 1
τ−a+τa

, the increase of variance is

4 ∗ τaτ−a

(τ−a + 2 ∗ τa)
2 (τ−a + τa)

which reaches the maximum when τa =
√

5−1
4

τ−a.

However, it is possible to discover potential repeated betting by detecting

similar behaviors in the market. This leads to a whole new area of statistics which

is beyond the discussion of this paper.

2.4.3.2 Analysis of Ex-post Inefficiency

In such a market, the principal has to pick a pair of optimal parameters to

run the market based on her knowledge of the agent’s distribution. In this sense,

ex-ante efficiency achieves. However, ex post inefficiency may arise due to different

possible samples of agents the principal may face.

In some cases, the principal may end up with paying too much compensation

to induce the information, as shown in the following example 2.4.5.

Example 2.4.5. (Information Redundancy) Assume that there are two people with

the same precise information, i.e. τ1 = τ2 → ∞, then their bets will be the same,

i.e. B1 = B2 = a2. Thus, the firm pays each of them the same amount of a2 in

expectation. However, the marginal benefit of learning from the second person is

almost 0 because the information from the first person is accurate enough.

In our specific content of information aggregation, the principal’s incentive

of paying for new piece of information decreases as the current precision increases.
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Thus, at some point, the principal may want stop learning if she sees the precision

is accurate enough. However, this is not allowed in a simultaneous market. The

good news to the principal is that her expected compensation cost is bounded from

above, which is Na2. This happens in the worst case that all the agents have the

perfect information. Thus, if the principal sets a <
√

p/N , the principal can still

benefit from the prediction market.

In the next section, we discuss betting mechanism in the sequential betting

market and compare the potential issues we have discussed in this section.

2.4.4 Extension 1: Sequential Betting Market with Limited Sampling
Size

In the sequential betting market, the agents are arranged in a queue randomly

waiting to bet. The market allows only one agent to bet at each time. Assuming

that at time t the reward function is ft(Bt, rt, x) = 2B
1
2
t [at− bt(rt−x)2] and agent t

enters the market, sending a report rt and a bet bt. After the agent exists the market,

the firm will adjust the reward function in the next round, i.e. ft+1(Bt+1, rt+1, x)

with parameter at+1 and bt+1. Then agent t + 1 is allowed to bet.

In such a market, the firm can adjust the payoff structure according to the

current status of learning. The firm can also decide to stop learning if he feels there

is no need to continue. Thus, if we denote V t(τ t−1) as the firm’s value function at

time t when the current prediction precision is τ t−1, then we can describe the firm’s

decision problem as the following dynamic programming problem.
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V t(τ t−1)

= max

{
v − p

τ t−1
, max
(at,bt)

E

[
δV t+1(τ t = τ t−1 + τt)− (at − bt

1 + τt

)2

]}

where δ is the discount factor and

V N+1(τN) = v − p
1

τN

since the firm has to stop after N rounds anyway. The firm’s expected gain of

running such a sequential betting market is

EΠ∗
seq = V 1(τ 0 = 1)

In such a market, the firm has to induce the information one by one, which

consume more time than the simultaneous betting market. If δ < 1, the firm

will always prefer a result earlier than later. Then the firm is trading off between

timeliness and precision of the aggregate prediction. Define T̄ = min{t : V t(τ t−1) =

v − p
τ t−1} the optimal stopping time for the firm. We can derive the following

results.

Proposition 2.4.3. When N > 1 and δ = 1, T̄ = N .

Proof. Assume that T̄ < N , we have that

V T̄ (τ T̄−1) = v − p

1 + τ T̄−1
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≥ max
(aT̄ ,bT̄ )

E

[
V T̄+1 − (aT̄ − bT̄

1 + τT̄

)2

]

≥ max
(aT̄ ,bT̄ )

E

[
v − p

τ T̄−1 + τT̄

− (aT̄ − bT̄

1 + τT̄

)2

]

That is, if it is optimal for the firm to stop before collecting all the N agents

information, then it must be true that the firm feels it is not worth to continue for

one more period. When δ = 1, we have that

V T̄ (τ T̄−1) = E

[
v − p

τ T̄−1 + τT̄

− (aT̄ − bT̄

1 + τT̄

)2

∣∣∣∣∣ aT̄ = 0

]

That is, if there is no time discount for the firm to aggregate the prediction,

then it is equivalent for the firm to close the market today and to continue open-

ing the market but not select anyone into the market. (e.g. idling) According to

Proposition ??, aT̄ = 0 cannot be optimal. That is,

V T̄ (τ T̄−1) < max
(aT̄ ,bT̄ )

E

[
v − p

τ T̄−1 + τT̄

− (aT̄ − bT̄

1 + τT̄

)2

]
≤ V T̄ (τ T̄−1),

a contradiction. Thus, we conclude that T̄ < N cannot be optimal.

Result of Proposition 2.5.1 indicates that if the firm does not worry about

generating the prediction early, then it is also better off for the firm to take time

and explore all the agent’s information.

Proposition 2.4.4. When N > 1, T̄ and EΠ∗
seq(δ) both increase as δ increases and

EΠ∗
seq(δ = 1) ≥ EΠ∗

simult always hold.
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Proof. When δ = 1, we have T̄ = N as shown in Proposition 2.5.1. Denote a∗ as

the optimal solution of maxa EΠsimul. Then in sequential betting market, if the

principal commits to the reward function ft(a
∗) in all N rounds of betting, then

the payoff will be the same as the simultaneous one because all the agents who will

collect the information in the simultaneous market will acquire their information

and make the same bets and reports as in a simultaneous betting market. Thus, we

have EΠ∗
seq ≥ E[Πseq|a1 = a2 = · · · = aN = a∗] = EΠsimul Besides, we can show

that when N > 1, equality cannot hold since

V N(τN−1) = max
aN

EaN

(
v − p

1

τN−1 + τN
− a2

N

τ 2
N

(1 + τN)2

)

It is obvious that a∗N change as τN−1 changes. That is, a1 = · · · = aN =

a∗ cannot be optimal solution to the above problem. Thus, we have: EΠ∗
seq ≥

E[Πseq|a1 = · · · = aN−1 = a∗, aN = a∗N(τN−1)] > EΠsimul.

2.4.5 Extension 2: Sequential Betting Market with Very Large Sampling
Size

When the sample size is very large, (i.e. N → ∞), we can provide a static

solution to the dynamic programming problem in the sequential betting market. In

this situation, the firm’s intertemporal decision becomes a tradeoff that whether the

learning should stop in the current period or run for one more period.

At the beginning of time t, if the firm’s decision is to stop, then the firm gets

Vstop = v − p

τ t−1

and if the firm decides to have another try, then the firm expects to get

Vcontinue = max
(at,bt)

E

[
δ

(
v − p

τ t−1 + τt

)
−

(
at − bt

1 + τt

)2
]
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So the firm will stop if and only if Vstop > Vcontinue

Proposition 2.4.5. There exists a τ̄(v, p, δ) so that T̄ = min{t : τ t−1 > τ̄}.

Proof. We need to show that the firm’s stopping decision is only based on the current

learning precision but not the actual period the firm has already spent in learning

and how the information has been incorporated in (e.g. τ1, τ2, · · · , τt−1. This is

straightforward from the tradeoff described above.

Besides, since we can show that

dVstop

dτ t−1
>

dVcontinue

dτ t−1
,

we obtain the existence of τ̄ .

2.5 Conclusions and Extensions

We have described a betting mechanism that simultaneously elicits agents’

private information and its quality. The implied statistical efficiency gain yields

more reliable forecasts. The crucial tradeoff is between the agents’ costs of, and

their quality of information. The mechanism provides a self-selection mechanism

that recognizes this tradeoff.

In such a betting mechanism, the firm pays each agent for contributing to the

output. Each agent’s expected gain is decided based on their own performance (e.g.

the actual distance between ri and x) and their potential to improve the quality

(e.g. the precision τi). Agents are self-selected to make contributions, and those

who don’t have enough potential will be discouraged from participating.

In our setup, if the agents are risk averse, they will bet less, and/or bet

only when their precision is higher. If the agents risk-aversion can be learned or
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estimated, the same general principle, invertibility, can be applied. However, if

the agents’ risk-aversion is also private information, more complicated mechanisms

need to be designed. In [3], a two-round market mechanism is introduced with

the first round specifically designed to estimate the agent’s risk-aversion. However,

such a mechanism is only applicable in a small group forecast. When the number

of potential agents is large, more complicated mechanism needs to be designed to

simultaneously elicit from the agents all of the relevant information.

We have assumed that the firm’s loss from a prediction error is symmetric

and quadratic. In certain applications, the loss could be asymmetric. For example,

the firm’s loss from having a more conservative prediction of the expected sale of a

new prototype may be much more less than an optimistic one. Then the task is to

design a mechanism which can discourage e.g. agents’ unrealistically high forecasts.

Making the shape of the betting function match the shape of the loss function of

the firm is the obvious solution. Though we have not explicitly carried out this

extension, we believe that it should work as well as the present mechanism.

We wish to emphasize that our prediction mechanism will not work if the

incentives of the people involved are changed. While this is an obvious point theoret-

ically, the ways in which incentives are changed can be subtle. For example, simply

posting the winnings of the agents may turn our mechanism into a contest for the

highest payoffs. Instead of paying attention to their own individual winnings, the

people involved may start to care more about the order statistics, and invertibility

of the precision part of the signal is voided.
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2.5.1 Extension 1: Sequential Betting Market with Limited Sampling
Size

In the sequential betting market, the agents are arranged in a queue randomly

waiting to bet. The market allows only one agent to bet at each time. Assuming

that at time t the reward function is ft(Bt, rt, x) = 2B
1
2
t [at− bt(rt−x)2] and agent t

enters the market, sending a report rt and a bet bt. After the agent exists the market,

the firm will adjust the reward function in the next round, i.e. ft+1(Bt+1, rt+1, x)

with parameter at+1 and bt+1. Then agent t + 1 is allowed to bet.

In such a market, the firm can adjust the payoff structure according to the

current status of learning. The firm can also decide to stop learning if he feels there

is no need to continue learning. Thus, if we denote V t(τ t−1) as the firm’s value of

running such a prediction market at time t when the current prediction precision

is τ t−1, then we can describe the firm’s decision problem as the following dynamic

programming problem.

V t(τ t−1)

= max

{
v − p

τ t−1
, max
(at,bt)

E

[
δV t+1 − (at − bt

1 + τt

)2

]}

where δ is the discount factor and

EΠ∗
seq = V 1(τ 0 = 1)

Besides, after the last round N , the firm has to close the market and produce

an aggregate forcast. Thus, we have

V N+1(τN) = v − p
1

τN
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Define T̄ = min{t : V t(τ t−1) = v − p
τ t−1} the optimal stopping time for the

firm. We can derive the following results.

Proposition 2.5.1. When N > 1 and δ = 1, T̄ = N .

Proof. Assume that T̄ < N , we have that

V T̄ (τ T̄−1) = v − p

1 + τ T̄−1

≥ max
(aT̄ ,bT̄ )

E

[
V T̄+1 − (aT̄ − bT̄

1 + τT̄

)2

]

≥ max
(aT̄ ,bT̄ )

E

[
v − p

τ T̄−1 + τT̄

− (aT̄ − bT̄

1 + τT̄

)2

]

That is, if it is optimal for the firm to stop before collecting all the N agents

information, then it must be true that the firm feels it is not worth to continue for

one more period. When δ = 1, we have that

V T̄ (τ T̄−1) = E

[
v − p

τ T̄−1 + τT̄

− (aT̄ − bT̄

1 + τT̄

)2

∣∣∣∣∣ aT̄ = 0

]

That is, if there is no time discount for the firm to aggregate the prediction,

then it is equivalent for the firm to close the market today and to continue open-

ing the market but not select anyone into the market. (e.g. idling) According to

Proposition ??, aT̄ = 0 cannot be optimal. That is,

V T̄ (τ T̄−1) < max
(aT̄ ,bT̄ )

E

[
v − p

τ T̄−1 + τT̄

− (aT̄ − bT̄

1 + τT̄

)2

]
≤ V T̄ (τ T̄−1),

a contradiction. Thus, we conclude that T̄ < N cannot be optimal.

Proposition 2.5.2. When N > 1, T̄ and EΠ∗
seq(δ) both increase as δ increases and

EΠ∗
seq(δ = 1) ≥ EΠ∗

simult always hold.
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Proof. When δ = 1, we have T̄ = N as shown in Proposition 2.5.1. Denote a∗ as

the optimal solution of maxa EΠsimul. Then in sequential betting market, if the

principal commits to the reward function ft(a
∗) in all N rounds of betting, then

the payoff will be the same as the simultaneous one because all the agents who will

collect the information in the simultaneous market will acquire their information

and make the same bets and reports as in a simultaneous betting market. Thus, we

have EΠ∗
seq ≥ E[Πseq|a1 = a2 = · · · = aN = a∗] = EΠsimul Besides, we can show

that when N > 1, equality cannot hold since

V N(τN−1) = max
aN

EaN

(
v − p

1

τN−1 + τN
− a2

N

τ 2
N

(1 + τN)2

)

It is obvious that a∗N change as τN−1 changes. That is, a1 = · · · = aN =

a∗ cannot be optimal solution to the above problem. Thus, we have: EΠ∗
seq ≥

E[Πseq|a1 = · · · = aN−1 = a∗, aN = a∗N(τN−1)] > EΠsimul.

2.5.2 Extension 2: Sequential Betting Market with Very Large Sampling
Size

When the sample size is very large, (i.e. N → ∞), we can provide a static

solution to the dynamic programming problem in the sequential betting market. In

this situation, the firm’s intertemporal decision becomes a tradeoff that whether the

learning should stop in the current period or run for one more period.

At the beginning of time t, if the firm’s decision is to stop, then the firm gets

Vstop = v − p

τ t−1

and if the firm decides to have another try, then the firm expects to get

Vcontinue = max
(at,bt)

E

[
δ

(
v − p

τ t−1 + τt

)
−

(
at − bt

1 + τt

)2
]
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So the firm will stop iff Vstop > Vcontinue

Proposition 2.5.3. There exists a τ̄(v, p, δ) so that T̄ = min{t : τ t−1 > τ̄}.

Proof. We need to show that the firm’s stopping decision is only based on the current

learning precision but not the actual period the firm has already spent in learning

and how the information has been incorporated in (e.g. τ1, τ2, · · · , τt−1. This is

straightforward from the tradeoff described above.

Besides, since we can show that

dVstop

dτ t−1
>

dVcontinue

dτ t−1
,

we obtain the existence of τ̄ .

2.6 Conclusions and Extensions

We have described a betting mechanism that simultaneously elicits agents’

private information and its quality. The implied statistical efficiency gain yields

more reliable forecasts. The crucial tradeoff is between the agents’ costs of, and

their quality of information. The mechanism provides a self-selection mechanism

that recognizes this tradeoff.

In such a betting mechanism, the firm pays each agent for contributing to the

output. Each agent’s expected gain is decided based on their own performance (e.g.

the actual distance between ri and x) and their potential to improve the quality

(e.g. the precision τi). Agents are self-selected to make contributions, and those

who don’t have enough potential will be discouraged from participating.

In our setup, if the agents are risk averse, they will bet less, and/or bet

only when their precision is higher. If the agents risk-aversion can be learned or

47



estimated, the same general principle, invertibility, can be applied. However, if

the agents’ risk-aversion is also private information, more complicated mechanisms

need to be designed. In [3], a two-round market mechanism is introduced with

the first round specifically designed to estimate the agent’s risk-aversion. However,

such a mechanism is only applicable in a small group forecast. When the number

of potential agents is large, more complicated mechanism needs to be designed to

simultaneously elicit from the agents all of the relevant information.

We have assumed that the firm’s loss from a prediction error is symmetric

and quadratic. In certain applications, the loss could be asymmetric. For example,

the firm’s loss from having a more conservative prediction of the expected sale of a

new prototype may be much more less than an optimistic one. Then the task is to

design a mechanism which can discourage e.g. agents’ unrealistically high forecasts.

Making the shape of the betting function match the shape of the loss function of

the firm is the obvious solution. Though we have not explicitly carried out this

extension, we believe that it should work as well as the present mechanism.

We wish to emphasize that our prediction mechanism will not work if the

incentives of the people involved are changed. While this is an obvious point theoret-

ically, the ways in which incentives are changed can be subtle. For example, simply

posting the winnings of the agents may turn our mechanism into a contest for the

highest payoffs. Instead of paying attention to their own individual winnings, the

people involved may start to care more about the order statistics, and invertibility

of the precision part of the signal is voided.
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Chapter 3

Option Contracts and Capacity Management

– Enabling Price Discrimination Under Demand Uncertainty

3.1 Introduction

Real options contracts are used in supply chain management to protect risk-averse

partners from potential uncertainties, such as demand and material cost changes (see

e.g. [15]). In an incomplete contract setup, options can also improve contracting

efficiency by solving the hold-up problem (see e.g. [18]). In this paper, we explore

using options as a price discrimination tool. In the classic economics literature,

price discrimination relies on the supplier’s ability to determine customers’ different

levels of willingness to pay and to charge different prices. When customer types are

not observable, the supplier can offer a menu of bundles for the customers to choose

from. This practice is known as second degree price discrimination. (see e.g. [19])

When customer demand is stochastic, bundling is an inefficient discrimina-

tion tool. This is because the customers’ desired quantities vary according to their

realized demand. In addition, when the capacity must be determined before the de-

mand is fully revealed, the supplier’s optimal capacity decision is critical to revenue

management. Moreover, supplier always seeks ways to better utilize tight capacity.

In this paper, we propose using a new form of option contract to improve

the supplier’s revenue. In situations when capacity may be tight, customers have
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an incentive to hedge the risk of demand loss. The incentive is higher for those with

higher willingness to pay. To meet customers’ hedging demands, the supplier could

provide option contracts which customers have the right but not the obligation to

exercise. Exercising an option guarantees the availability of one unit of demand. If

the option is priced so that only customers with higher willingness to pay will buy

it, then those customers will self-select to pay more than their counterparts and so

ensure execution of their demand.

To demonstrate the effectiveness of option contracts, we present a game the-

oretic model where one monopolistic supplier or service provider (he) faces two

customers each with uncertain future demand. Each customer (she) has private

information about their willingness to pay for one unit of demand. The supplier has

to build capacity before the customers’ demand is realized. Since capacity may be

insufficient for the highest level of demand realization, customers suffer from poten-

tial demand losses. When demand exceeds capacity, the supplier can only serve the

demand randomly.

Option contracts can be adopted in the following manner. The supplier opens

the option market to the customers before the capacity investment and uncertain

demand realization. At that time, customers can purchase options with unit price

po. After observing customers’ option purchase decisions, the supplier invests in

capacity. The customers then find out their actual demand, observe the supplier’s

capacity and decide whether to exercise their options. Each customer pays a strike

price, pe, for each unit option exercised. The amount of demand protected by the

options (referred to as the “option demand” in the context) will be satisfied as the

first priority. The remaining demand will be satisfied at a unit price p if there is
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leftover capacity.

Our proposed framework improves the supplier’s revenue in three ways. First,

customers with a higher willingness to pay will pay a higher unit price when demand

is tight, increasing the supplier’s overall revenue. Second, the customers’ option

demands are executed as a first priority. The remaining demand will be executed

only when there is extra capacity. Third, customers’ options purchases reveal their

types. This knowledge allows the supplier to more efficiently adjust capacity levels,

better accommodating the potential demand. The last two effects also improve the

supplier’s decision efficiency, leading to an enhanced overall social welfare.

In order to successfully induce high type customers into purchasing options,

the supplier needs to convince the customers that capacity could be insufficient. If

a supplier is able to change capacity after the options are purchased, however, it

may undermine the customers’ initial incentives to purchase them. This is because

customers know the supplier will want to guarantee enough capacity to meet the

demand, so as to maximize the revenue by serving as much customer demand as

possible. Based on knowing their own types and the supplier’s capacity cost, a ratio-

nal customer can always conjecture the capacity level that the supplier will invest in

contingent on their counterparts’ type. They can therefore calculate the overall ben-

efit of purchasing the options based on these “rationally expected” capacity levels.

The supplier cannot mislead the customers. However, the capacity investment levels

could be different if the supplier adopts different option contracts (e.g. different po

and pe ). Hence, the option contract design is critical in our framework.

The supplier can decide not to build sufficient capacity to guarantee the

execution of the entire option demand. The decision depends on what commitment
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the supplier makes in the option contracts when he fails to meet the option demand.

If the supplier does not compensate unsatisfied customers, the customers will have

less incentive to purchase the options. This disappoints the high type customers

and reduces their valuation of the options. If the supplier promises too high a

compensation, he has to always ensure to overinvest in capacity. This may be

inefficient especially when the capacity cost is high. In this paper, we suggest the

supplier offer an option buy-back price as a compensation mechanism which leaves

the high type customers indifferent about exercising their options or selling them

back to the supplier. We will show that this buy-back price scheme reduces the

high type customers’ strategic decision of exercising the options and induces the

supplier’s efficient capacity investment which maximizes ex ante social welfare.

Our option framework can improve revenue management in many industries

wherever demand uncertainty and information asymmetry exist. One potential ap-

plication is in network traffic management. Since business communication relies

heavily upon emails and video conferences, network congestion can cause severe

economic losses. Companies are willing to pay a premium more than what the

regular users pay to ensure important business emails being delivered promptly.

Another potential application of the option framework is in the ticket sale

business. Many people want to go to a concert or a game but face the risk of not

being able to attend ex post. They do not want to pay the full price for the tickets

in advance because they do not want to waste money if they are unable to attend.

However, if they wait too long, the tickets could be sold out. The option contract

is a good solution for these people. Similar applications can be implemented in

airline ticket management, hospital facility management and the hotel reservations
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business.

In the option framework, the supplier employs price discrimination by ex-

tending the customers’ decision problem into an intertemporal one. That is, the

customers have to decide whether and how many options they should purchase

to hedge the future risk of demand loss before their demand realization and the

supplier’s capacity investment. To make the decision, they have to figure out the

capacity level the supplier may invest in and the possibility they will use the op-

tions. When they evaluate the options, rational customers also take into account

the fact that their option purchase reveals their types to the supplier and affects the

capacity level.

A comparing pricing scheme is the spot pricing scheme, which suggests that

the price should be dynamically adjusted according to congestion levels. [13] and

[14] suggests using priority classes with different spot prices to efficiently allocate

network resource. The idea is that the customers with higher delay costs can choose

to send their demand to the network with lower expected delay time. [8] suggests to

add strategic delay in the queue to further discrimination customers and maximize

the revenue of the supplier. However, under the spot pricing mechanism, customers

decide whether to execute the demand when observing the spot price. The supplier

cannot discover the customers’ type distribution beforehand to adjust the capacity.

[17] have proposed a mechanism for price discrimination without demand

uncertainty. In their mechanism, the monopolist decides the allocation rules and

pricing mechanism according to each customer’s reported willingness to pay. The

customers then decide what to report. In a truth-telling mechanism, every customer

finds it optimal to report their true private information. [11] extend the mechanism

53



into a constrained capacity setup. In this mechanism, non-linear pricing rules are

adopted to guarantee incentive compatibility. The fact that demand is uncertain

in our setup changes the favorite allocations for the two types of customers. In

this sense, the mechanism proposed in [17] cannot be directly applied to solve our

problem.

Our option contracts can resolve the demand fluctuation problem by giving

customers the flexibility to change their desired quantities. With options purchased

beforehand, customers can decide the number of options to exercise. In addition,

the options framework is also implementable in an environment where a non-linear

price schedule cannot be adopted. There are various reasons why the non-linear

pricing system cannot be adopted. For example, customers can collude to submit

demand together when a concave price function is used. In some industries, it is

simply convenient to use a single unit pricing rule.

The literature on demand uncertainty and constrained capacity is prodigious.

[9] used option pricing theory to quantify the risks associated with capacity planning

under uncertainty. [16] proposed a demand postponement model to handle demand

surges. They justified the value of demand postponement, in which the supplier can

choose to satisfy only a fraction of the aggregate demand when new information is

incorporated. However, they only examined demand surge on an aggregate level. In

addition, demand will be postponed randomly under demand surge. If the customers

have different postponement preferences, there is potential for designing a revelation

mechanism to find customers with lower delay costs. This would save the fees paid

by suppliers to compensate for the postponed demand. Our framework complements

the postponement mechanism by differentiating among customers’ delay costs.
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Figure 3.1: The Time Line of the Base Model

To illustrate the implementation of option contracts, we present a two-period

game-theoretic model. The model has one monopolistic supplier and two potential

customers with private valuation of the service. Figure 3.1 shows the time line of

events.

In the first period – the contracting period – the monopolistic supplier an-

nounces the option price, po, and the strike price, pe, to maximize his expected

overall profit. Then each customer decides the number of options to purchase, Oi,

according to their types.

Before the beginning of the second period – consumption period – the supplier

observes the customers’ options purchases and decides on an optimal capacity in-

vestment, K. Afterwards, the customers demands, Di, are realized. Each customer

decides how many options they are going to exercise (Do
i ) based on the observation
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of the aggregate demand and the capacity level. The supplier satisfies the option

demand as a first priority. If Do > K, some of the options cannot be executed and

the supplier will compensate the customers. If Do < K, the extra capacity will be

used to satisfy the remaining demand.

The rest of the paper is organized as follows. Section 3.2 presents the model

and analyzes the equilibrium strategies of the supplier and two customers. We com-

pare the model outcome to two benchmark cases. In one of the benchmarks, the

supplier cannot distinguish the customer types at all. In the other, the supplier can

determine each customer’s type and can charge different prices to each of them. In

Section 3.3, we discuss the implications and extensions of our model. Section 3.4

concludes the paper.

3.2 The Model

A monopolistic supplier sells to two risk neutral customers (i = 1, 2). Each customer

can be one of two unknown types. A “high” type customer enjoys higher marginal

utility from the good than a “low” type customer. Specifically, customer i receives

total utility ui = vtiDe
i − mi if she is of type ti ∈ {l, h}. vh > vl represents the

marginal value for each type, De
i is customer i’s demand being satisfied by the

supplier, and mi is the total monetary transfer customer i pays to the supplier.

Each customer knows her own type ti but does not know for certain the

other’s type. The supplier cannot observe the customers’ types either. The common

belief is that ti = h with probability λ ∈ (0, 1) and ti = l with probability 1 − λ.

The realizations of t1 and t2 are independent.
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Each customer demand, Di, is uncertain and could be either DH(with proba-

bility α) or DL. The realization of Di is independent of customers’ type realization,

ti. We denote D = (D1, D2) as the demand vector and D = D1 + D2 as the aggre-

gate demand. In addition, we assume that DH < 2DL. After Di is realized, each

customer decides how much of the demand should be submitted to the supplier,

which we denote as Ds
i . In this model, we restrict Ds

i ≤ Di, implying that the cus-

tomer cannot submit a demand higher than the realization of their actual demand.

This restriction makes sense when the demand can be verified ex post. Taking the

example of network traffic management, customer sends out files of certain sizes.

A customer can increase the demand by extending the size of the file. However,

she cannot benefit from doing so. Failure to impose this restriction introduces cus-

tomers’ strategic behavior when submitting their demand. [10] analyzed this kind

of strategic behavior under different allocation rules. They show that customers’

order inflation could be an equilibrium strategy and the supplier is worse-off due to

the concern of such strategic behavior. However, this is not the focus of our paper.

To serve the customer demand, the supplier has to invest a certain level

of capacity K before the demand, D is realized. The marginal cost of capacity

investment is c0. Observing the customers’ submitted demand Ds , (Ds
1, D

s
2), the

supplier decides how much demand to execute for each customer, De , (De
1, D

e
2),

to maximize his expected revenue. The total amount of executed demand, De ,

De
1+De

2 is constrained by the supplier’s capacity K. In addition, we assume that c0 >

min{(2α−α2)vl, α2vh} so that the capacity cost is high enough that the supplier will

never choose to simply invest in full capacity. We also assume that c0 < (2α−α2)vh.

This condition guarantees that the high type customers’ willingness to pay is high

enough so that the efficient capacity level is higher if both customers are high type
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than that if at least one customer is low type. c0 > (2λ − λ2)vh is imposed to

guarantee that the chance that a customer is of high type is not big enough for

the supplier to only serve the high type customers. Assuming the supplier is risk

neutral and there is no cost for executing the customers’ demand, the potential

supplier profit Π is calculated as

Π = m1 + m2 − c0K.

We propose that the supplier can use option contracts to manage congestion

(i.e. in the event that D > K). When capacity is insufficient to meet the aggregate

demand, customers can choose to exercise their options, guaranteeing that their

demand be executed. One unit of the option contract guarantees the customer one

unit of satisfied demand regardless of congestion. To implement price discrimination,

the options are priced such that only high type customers will buy the options

because they suffer more from demand loss than low types. By using the options,

high type customers can avoid demand loss but may pay a higher price. In addition,

low type customers’ demand will be executed at a lower priority, increasing their

potential demand loss. The supplier benefits from using the option contracts since

he can, in effect, charge the high types a higher fee and is able to adjust capacity

after observing customers’ actual types. From a social optimal perspective, the

allocation efficiency is always guaranteed since those demands with higher marginal

value always receive first priority execution.

We use two benchmark models for comparison with the options framework.

In the first benchmark model, the supplier does not have the ability to distinguish

customers’ types. He invests in capacity before the demand uncertainty is resolved

and can only charge a linear price, p, for each unit of executed demand. The second
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benchmark model is a full information case, in which the supplier can observe the

customers’ types before the capacity investment. The supplier charges different

prices ph and pl to the high types and low types, respectively. In this case, allocation

efficiency is once guaranteed since the supplier always satisfies demand from high

type customers first and uses the remaining capacity (if there is any) to serve the

low type customers. In addition, the supplier can set the prices that leave no surplus

to both types of customers and the capacity investment will be efficient. We will

examine both the supplier’s expected profit EΠ and the efficiency W – defined as the

sum of the supplier’s expected profit and the expected utilities of both customers –

in these two benchmark models. We then compare them to our options framework.

3.2.1 Benchmark I – No Discrimination Case

In this section, we examine the case where the supplier can only charge a

single linear price p to the customers regardless of their types. From the definition

of De, we have that De = min{K,Ds}. Each customer is charged mi = pDe
i and

the supplier’s profit is Π(p,K) = pDe − c0K. In this case, we have

Ds
i (p) =

{
Di if p ≤ vti

0 otherwise.

By charging a price higher than vl, the supplier only serves the high type

customers. The supplier can enjoy a higher marginal profit from each unit of de-

mand, but the supplier loses business once the customer is of low type. Proposition

3.2.1 states that the supplier should serve both types of customers by charging a

price p = vl when c0 > (2λ − λ2)vh. It also determines the the optimal capac-

ity decision KND, the supplier’s expected profit EΠND, and the overall efficiency
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WND , E
(
ΠND + uND

1 + uND
2

)
. The superscript ND represents the no discrimi-

nation case.

Proposition 3.2.1. Assume the supplier can only charge a unit price, p. The

optimal price pND = vl and the capacity KND = 2DL. Both types of customers will

submit their demand and the supplier’s profit is

EΠND = (vl − c0)2D
L.

The overall efficiency is

WND =
(
λvh + (1− λ)vl − c0

)
2DL.

Proof. If p ≤ vl, both customers submit all their demand to the supplier,

Ds
i = Di =

{
DH with pr = α
DL with pr = 1− α.

The supplier’s expected profit

EΠ = p
[
α2 min{K, 2DH}+ 2α(1− α) min{K, DH + DL) + (1− α)2 min{K, 2DL}]

−c0K.

Maximizing the profit under the condition p ≤ vl, we have p∗ = vl and K∗ = 2DL.

The supplier’s expected profit is EΠ(p = vl) = (vl− c0)2D
L. Customer i’s expected

utility is ui = (vi − vl)DL.

If p ∈ (vl, vh], only high type customers will submit the demand. Ds
i = Di

when ti = h and Ds
i = 0 for ti = l.

When vl < p ≤ vh, the supplier’s expected profit

EΠ (p) = λ2p
[
α2 min{K, 2DH}+ 2α(1− α}min{K,DH + DL}+ (1− α)2 min{K, 2DL}]

+2λ(1− λ)p
[
α min{K,DH}+ (1− α) min{K,DL}]− c0K
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Maximizing the expected profit and applying the assumption (2λ− λ2)vh <

c0, we have p∗ = vh and K∗ = 0. Thereby, EΠ∗(p = vh) = 0 and it is never

profitable to serve high type customers only.

In summary, we conclude that the supplier’s best strategy is always to set

pND = vl to serve both types of customers. The optimal capacity will be KND =

2DL. The expected profit EΠND = (vl − c0)2D
L and the overall efficiency:

WND = EΠND+λEuND
i (ti = h)+(1−λ)EuND

i (ti = l) =
[
λvh + (1− λ)vl − c0

]
2DL.

Proposition 3.2.1 provides a benchmark outcome where the supplier must

charge all customers a single unit price after the capacity is invested. In this case,

the capacity level is barely enough for the minimal level of aggregate demand, that

is, K∗ = 2DL = inf{D}. The low type customers are left no surplus and the

high type customers can make strictly positive surplus which is proportional to the

difference in the marginal utility of these two types, that is vh − vl.

3.2.2 Benchmark II – Full Information Case

We use superscript FI to indicate the “full information” case. If the supplier

can distinguish the types of the customers before the capacity is invested and charge

different prices according to types, the optimal prices will be pFI(t = h) = vh and

pFI(t = l) = vl. The supplier hence leaves no surplus to both types of customers.

When D > K, the supplier will satisfy the high type customers’ demand first since

he can get a higher margin.

The supplier’s optimal capacity decision KFI is determined based on the
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customers’ types (t1, t2). Due to symmetry, KFI(h, l) = KFI(l, h). Lemma 3.2.2

specifies this optimal capacity level.

Lemma 3.2.2. In the full information benchmark case, the capacity investment

decision is made contingent on the actual types of the two customers.

KFI(t1, t2) =

{
DH + DL if t1 = t2 = h

2DL otherwise.

Proof. The optimal capacity KFI is made contingent on the customer types T =

(t1, t2). When T = (h, h), the supplier’s expected profit

EΠFI(K,T) = vhα2 min{K, 2DH}+ vh2α(1− α) min{K,DH + DL}

+vh(1− α)2 min{K, 2DL} − c0K

which is maximized when K(h, h) = DH + DL from the assumption αvh < c0 <

(2α− α2)vh.

When T = (l, l), similarly, we can have KFI(l, l) = 2DL, since (2α−α2)vl <

c0 < vl.

When T = (h, l) or (l, h) and K > DH , the supplier’s expected profit

EΠFI(K, (h, l)) = α2
(
vhDH + vl min{K −DH , DH})

+α(1− α)
(
vhDH + vl min{K −DH , DL})

+α(1− α)
(
vhDL + vl min{K −DL, DH})

+(1− α)2
(
vhDL + vl min{K −DL, DL})− c0K

which is maximized when K∗ = 2DL. It can also be shown that K ≤ DH cannot

be optimal. Therefore, KFI(h, l) = KFI(l, h) = 2DL.
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Since the supplier charges prices which leave both types of customers zero

surplus, the optimal capacity level maximizes both the supplier’s expected profit

EΠFI and the overall efficiency W FI . Hence, KFI represents the efficient capacity

level.

Proposition 3.2.3. When the supplier can observe customer types before making

a capacity investment and charges different prices accordingly, the expected supplier

profit equals the overall efficiency. That is, EΠFI = W FI . Comparing with EΠND

and WND yields {
EΠFI = EΠND + ∆1 + ∆2 + ∆3

W FI = WND + ∆1 + ∆3

where:

1. ∆1 = 2λ(1− λ)α
(
DH −DL

) (
vh − vl

)
,

2. ∆2 =
(
vh − vl

)
λ2DL and

3. ∆3 = λ2
(
(2α− α2)vh − c0

) (
DH −DL

)
.

Proof. For the supplier, the probability that both customers are high types is λ2.

The expected profit

EΠ(h, h) =
(
vl − c0

)
2DL +

(
vh − vl

)
2DL +

(
(2α− α2)vh − c0

) (
DH −DL

)
.

With probability 2λ(1−λ), one customer is of high type and the other is of low

type. The expected profit EΠ(h, l) =
(
vl − c0

)
2DL+

(
vh − vl

) (
αDH + (1− α)DL

)
.

With probability (1 − λ)2, both customers are of low type. The expected profit

EΠ(l, l) =
(
vl − c0

)
2DL. Since ui(t = h) = ui(t = l) = 0,
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W FI = EΠFI

= λ2EΠ(h, h) + 2λ(1− λ)EΠ(h, l) + (1− λ)2EΠ(l, l)

= (vl − c0)2D
L +

(
vh − vl

)
2αλ(1− λ)

(
DH −DL

)
+

(
vh − vl

)
λ2DL

+λ2
(
(2α− α2)vh − c0

) (
DH −DL

)

compared to EΠND = (vl − c0)2D
L and WND = (λvh + (1− λ)vl − c0)2D

L, we can

easily conclude that

{
EΠFI = EΠND + ∆1 + ∆2 + ∆3

W FI = WND + ∆1 + ∆3

It can be shown that ∆1, ∆2, and ∆3 are all strictly positive. The results that

EΠFI > EΠND and W FI > WND always hold. The supplier’s profit gain comes in

three parts. ∆1 represents the profit gain by prioritizing the customers’ demand.

∆2 represents the profit gain from charging different prices according to types. ∆3,

which is proportional to
(
DH −DL

)
= KFI(h, h)−KND, represents the profit gain

from the ability to change capacity after actual realization of the customer types.

The efficiency gain comes in two parts because the supplier’s ability to charge the

high type customers a higher price only affects the monetary transfer among parties;

it does not change overall efficiency.

3.2.3 Option-Capacity Game

In this section, we discuss the framework in which the supplier offers buyers

an option contract to hedge their risk of demand loss. The customers choose the
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number of options to buy before the capacity is built. The supplier will then observe

the number of options purchased by each customer and decide how much capacity

he should build to meet the demand. After the capacity is built and the demand is

realized, customers observe the supplier’s capacity and the aggregate demand and

decide how many options to exercise, if they have any. The number of options a

customer chooses to exercise is called the option demand and is denoted as Do
i . We

assume that the customer cannot exercise more options than the actual demand,

that is Do
i ≤ Di.

To successfully discriminate the customers, the supplier must set the option

contract parameters (po, pe) in such a way that only high type customers will buy

them. The supplier also sets a unit price p = vl for regular demand. If the aggregate

option demand, Do , Do
1 + Do

2, exceeds the capacity K, the supplier needs to buy

back some of the options. The option buy back price has to be high enough so that

the high type customers are willing to sell it back. Meanwhile, it can not be too

high to make the customers want to sell all the options back instead of executing

them. Thus, the buy-back price, pb, should equal vh − pe, the marginal benefit the

high type customers get from the demand being executed.

According to the time line in Figure 3.1, the strategic interactions among

the supplier and the two customers can be described in a three-stage game. In

the first stage, the supplier announces the option contract parameters, po and pe.

The customers simultaneously decide the number of options, Oi, to buy based on

their own types. We are interested in the equilibrium cases where O∗
i (t = l) = 0

and O∗
i (t = h) > 0. With our assumption of the customer demand, the high type

customers have actually two choices: whether to buy Oi = DL for a minimal hedge
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or to buy Oi = DH for a maximal hedge.

The supplier observes (t1, t2) through the sale of the options and decides the

capacity, K(t1, t2), to maximize his expected payoff in the following period, Eπ(K).

After the demand is realized, the customers simultaneously decide how much

demand to submit to the supplier, denoted as Ds
i , and how much of Ds

i is submitted

as option demand, Do
i . When the regular price p = vl, Ds

i = Di hold for both types

of customers. The supplier gathers the total demand (Do, Ds) and decides how to

allocate the constrained capacity with the priority of the option demand. The total

charge to a customer will be

mi = poOi + peD
o
i + vl(De

i −Do
i )

+ − vh(Do
i −De

i )
+,

where the last term is the customer’s expected compensation if the option demand

is not executed. For the low type customers, since they won’t buy any option in our

equilibrium, we can simplify the total charge as mi(t = l) = vlDe
i . The customer’s

overall utility:

ui =

{
(vh − pe)D

o
i + (vh − vl)(De

i −Do
i )

+ − poOi if t = h
0 if t = l

.

In the following subsections, we use backward induction to resolve the three-

stage game.

3.2.3.1 The Consumption Period.

In this period, each customer observes their demand, which could be either

DH or DL. After observing the aggregate demand, D, and the capacity, K , the

two customers simultaneously decide how many options to exercise.
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Denote O , (O1, O2). There are six configurations that need to be discussed:

O = (DH , DH), (DH , 0), (DL, 0), (DL, DL), (0, 0) and (DH , DL). Due to symmetry,

we do not need to analyze the cases of (DL, DH), (0, DH) and (0, DL). On the

equilibrium path, only the high type customers will buy options. Therefore, supplier

will infer that both customers are of high type when O equals (DH , DH), (DL, DL),

or (DH , DL). Configurations (DH , 0) and (DL, 0) indicate that only one customer

is high type, and configuration (0, 0) indicates both customers are of low type.

For the low type customers, it is straightforward that Do
i = 0 since they

don’t have any options. For the high types, Do
i is decided based on the following

maximization problem:

max
Do

i≤min{Oi,Di}
(vh − pe)D

o
i + (vh − vl)(Di −Do

i )φ

s.t. φ = min

{
1,

(K −Do
−i −Do

i )
+

D −Do
−i −Do

i

}

where Do
−i is the option demand submitted by the other customer. Do

−i = 0 if that

other customer is of low type. φ indicates the probability that regular demand is

satisfied. φ = 1 when D < K and φ = 0 when Do > K.

Lemma 3.2.4. Denoting Do as the solution set of the above maximization problem,

we have Do ⊆ {
0, min {Di, Oi}

}
.

Proof. The proof is straightfoward since we can show that the second order condition

of the above ojective function is non-negative.

Lemma 3.2.4 states that a high type customer will either exercise all the

available options to execute the demand or not exercise the options at all. When pe
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increases, the customer pays more to exercise the options and hence is increasingly

reluctant to use them.

Tables 3.1 through 3.6 show the solutions of Do
i as functions of different

realizations of O, D, pe and K.

O = (DH , DH) D = (DH , DH) (DH , DL) (DL, DH) (DL, DL)

vh − (vh − vl) min{ K

2DH , 1}
< pe ≤ vl

Do

1 = 0
Do

2 = 0
Do

1 = 0
Do

2 = 0
Do

1 = 0
Do

2 = 0
Do

1 = 0
Do

2 = 0
vh − (vh − vl) min{ K

DH+DL , 1} <

pe ≤ vh − (vh − vl) min{ K

2DH , 1}
Do

1 = DH

Do

2 = DH

Do

1 = 0
Do

2 = 0
Do

1 = 0
Do

2 = 0
Do

1 = 0
Do

2 = 0

vh − (vh − vl) min{ K

2DL , 1} < pe

≤ vh − (vh − vl) min{ K

DH+DL , 1}
Do

1 = DH

Do

2 = DH

Do

1 = DH

Do

2 = DL

Do

1 = DL

Do

2 = DH

Do

1 = 0
Do

2 = 0

pe ≤ vh − (vh − vl) min{ K

2DL , 1}
Do

1 = DH

Do

2 = DH

Do

1 = DH

Do

2 = DL

Do

1 = DL

Do

2 = DH

Do

1 = DL

Do

2 = DL

Table 3.1: Option Demand When O = (DH , DH)

O = (DH , DL) D = (DH , DH) (DH , DL) (DL, DH) (DL, DL)

vh − (vh − vl) min{ K

2DH , 1}
< pe ≤ vh

Do

1 = 0
Do

2 = 0
Do

1 = 0
Do

2 = 0
Do

1 = 0
Do

2 = 0
Do

1 = 0
Do

2 = 0
vh − (vh − vl) min{ K

DH+DL , 1} <

pe ≤ vh − (vh − vl) min{ K

2DH , 1}
Do

1 = DH

Do

2 = 0
Do

1 = 0
Do

2 = 0
Do

1 = 0
Do

2 = 0
Do

1 = 0
Do

2 = 0

vh − (vh − vl) min{ K

2DL , 1} < pe

≤ vh − (vh − vl) min{ K

DH+DL , 1}
Do

1 = DH

Do

2 = 0
Do

1 = DH

Do

2 = DL

Do

1 = DL

Do

2 = 0
Do

1 = 0
Do

2 = 0

vl < pe ≤
vh − (vh − vl) min{ K

2DL , 1}
Do

1 = DH

Do

2 = 0
Do

1 = DH

Do

2 = DL

Do

1 = DL

Do

2 = 0
Do

1 = DL

Do

2 = 0

pe ≤ vl
Do

1 = DH

Do

2 = DL

Do

1 = DH

Do

2 = DL

Do

1 = DL

Do

2 = DL

Do

1 = DL

Do

2 = DL

Table 3.2: Option Demand When O = (DH , DL)

The results in Tables 3.1 through 3.6 show that the amount of options a

high type customer will exercise decreases as the option strike price pe increases.

Moreover, we can see that when pe ≥ vh− (vh− vl) K
2DH , no option will be exercised

in any configuration of O and demand realization D. This is because that the options

68



O = (DH , 0) D = (DH , DH) (DH , DL) (DL, DH) (DL, DL)

vh − (vh − vl) min{ K

2DH , 1}
< pe ≤ vh

Do

1 = 0
Do

2 = 0
Do

1 = 0
Do

2 = 0
Do

1 = 0
Do

2 = 0
Do

1 = 0
Do

2 = 0
vh − (vh − vl) min{ K

DH+DL , 1} <

pe ≤ vh − (vh − vl) min{ K

2DH , 1}
Do

1 = DH

Do

2 = 0
Do

1 = 0
Do

2 = 0
Do

1 = 0
Do

2 = 0
Do

1 = 0
Do

2 = 0

vl < pe ≤
vh − (vh − vl) min{ K

DH+DL , 1}
Do

1 = DH

Do

2 = 0
Do

1 = DH

Do

2 = 0
Do

1 = DL

Do

2 = 0
Do

1 = 0
Do

2 = 0

pe ≤ vl
Do

1 = DH

Do

2 = 0
Do

1 = DH

Do

2 = 0
Do

1 = DL

Do

2 = 0
Do

1 = DL

Do

2 = 0

Table 3.3: Option Demand When O = (DH , 0)

O = (DL, DL)
D =

(DH , DH)
(DH , DL) (DL, DH) (DL, DL)

vh −
(vh−vl)[min{K,DH}+2(DH−DL)]

DH+2(DH−DL)

< pe ≤ vh

Do
1 = 0

Do
2 = 0

Do
1 = 0

Do
2 = 0

Do
1 = 0

Do
2 = 0

Do
1 = 0

Do
2 = 0

vh −
(vh−vl)min{K,DH+DL}

DH+DL < pe

≤ vh −
(vh−vl)[min{K,DH}+2(DH−DL)]

DH+2(DH−DL)

Do
1 = DL

Do
2 = DL

Do
1 = 0

Do
2 = 0

Do
1 = 0

Do
2 = 0

Do
1 = 0

Do
2 = 0

vl < pe ≤

vh −
(vh−vl)min{K,DH+DL}

DH+DL

Do
1 = DL

Do
2 = DL

Do
1 = DL

Do
2 = DL

Do
1 = DL

Do
2 = DL

Do
1 = 0

Do
2 = 0

pe ≤ vl Do
1 = DL

Do
2 = DL

Do
1 = DL

Do
2 = DL

Do
1 = DL

Do
2 = DL

Do
1 = DL

Do
2 = DL

Table 3.4: Option Demand When O = (DL, DL)

are too expensive to exercise. Therefore, the options have no value. In the following

discussion, we focus on the cases where the strike price pe < vh − (vh − vl) K
DH .

3.2.3.2 Capacity Investment Game

In the above section, we analyze both customers’ equilibrium decisions on

Do
i . This decision is contingent on the number of options both customers have

purchased O, the realized demand D, the option strike price pe, and the capacity

K. In this section, we analyze the supplier’s optimal capacity decision K∗, which

is made before the actual demand is realized. The optimal capacity decision K∗ is
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O = (DL, 0)
D =

(DH , DH)
(DH , DL) (DL, DH) (DL, DL)

vh −
(vh−vl)[min{ 1

2
K,DH}−DL+DH ]

2DH−DL

< pe ≤ vh

Do
1 = 0

Do
2 = 0

Do
1 = 0

Do
2 = 0

Do
1 = 0

Do
2 = 0

Do
1 = 0

Do
2 = 0

vh −
(vh−vl)min{K,DH+DL}

DH+DL < pe ≤

vh −
(vh−vl)[min{ 1

2
K,DH}−DL+DH ]

2DH−DL

Do
1 = DL

Do
2 = 0

Do
1 = 0

Do
2 = 0

Do
1 = 0

Do
2 = 0

Do
1 = 0

Do
2 = 0

vh −
(vh−vl)[min{K−DL,DH}DL+DHDH ]

(DH+DL)DH

< pe ≤ vh −
(vh−vl)min{K,DH+DL}

DH+DL

Do
1 = DL

Do
2 = 0

Do
1 = 0

Do
2 = 0

Do
1 = DL

Do
2 = 0

Do
1 = 0

Do
2 = 0

vl < pe ≤

vh −
(vh−vl)[min{K−DL,DH}DL+DHDH ]

(DH+DL)DH

Do
1 = DL

Do
2 = 0

Do
1 = DL

Do
2 = 0

Do
1 = DL

Do
2 = 0

Do
1 = DL

Do
2 = 0

pe ≤ vl Do
1 = DL

Do
2 = 0

Do
1 = DL

Do
2 = 0

Do
1 = DL

Do
2 = 0

Do
1 = DL

Do
2 = 0

Table 3.5: Option Demand When O = (DL, 0)

O = (0, 0) D = (DH , DH) (DH , DL) (DL, DH) (DL, DL)

for all pe ≤ vl Do
1 = 0

Do
2 = 0

Do
1 = 0

Do
2 = 0

Do
1 = 0

Do
2 = 0

Do
1 = 0

Do
2 = 0

Table 3.6: Optimal Demand When O = (0, 0)

hence based on the supplier’s observation of option purchase by the customers O

and the strike price pe, while expecting the possible future demand realization D

and the customers’ reaction of Do
i , i = 1, 2.

Once the customers purchase the options, the supplier will only look at the

future revenue excluding the revenue from option purchase, po(O1 + O2), to decide

the optimal capacity. When K∗ increases, the chance of congestion decreases. The

supplier’s revenue comes more from serving the regular demand. When pe < vl, it

is more profitable for the supplier to increase the capacity. However, if pe > vl, the

supplier tends to induce the customers into exercising their options by restricting

the capacity K. This may create problems when K < Do because the supplier fails

to execute the option demand as they promised in the option contract. He must
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compensate customers whose option demands cannot be executed.

Customers are more willing to exercise their options as pe decreases. Fore-

seeing this, the supplier tends to increase the capacity level to guarantee all the

exercised options can be satisfied. This will minimize the expected compensation.

Hence, we predict capacity K∗ decreases as pe increases.

Proposition 3.2.5. In a subgame perfect equilibrium, the supplier’s optimal capac-

ity decision is as follows:

1. When O = (DH , DH), the optimal capacity

K∗ =





DH + DL if vh − (vh − vl) DL

DH < pe ≤ vh

vh−pe

vh−vl · 2DH if vh − (vh − vl)DH+DL

2DH < pe ≤ vh − (vh − vl) DL

DH

2DL if pe ≤ vh − (vh − vl)DH+DL

2DH

2. When O = (DH , DL), the optimal capacity

K∗ =





DH + DL if vh − (vh − vl) 2DL

DH+DL < pe ≤ vh

vh−pe

vh−vl · (DH + DL) if vl < pe ≤ vh − (vh − vl) 2DL

DH+DL

2DL if pe ≤ vl

.

3. When O ∈ {(DL, DL), (DH , 0), (DL, 0), (0, 0)}, the optimal capacity K∗ = 2DL

for all pe < vh.

Proof. Applying the outcomes from Table 3.1-3.6, we can derive the optimal capacity

directly

Figure 3.2 summarizes the optimal capacity level K∗ as a function of pe in all

six configurations of O. The capacity is at least the minimal level of the aggregate

demand 2DL. It is greater than 2DL only when both customers have purchased the

options and at least one of them bought DH options. In other cases, we all have
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O1 + O2 < 2DL and hence the total number of options demanded, which is smaller

than the total number of options purchased, must be smaller than 2DL. As a result,

the supplier will remain unconcerned about the compensation even when he sets the

capacity K = 2DL.

However, when both have purchased options and at least one bought DH ,

the supplier has to worry about the situation that both customers exercise all their

options and the capacity may be insufficient for the option demand. If he stays

with the capacity level K = 2DL, the probability of providing compensation will

be as high as 2α − α2 when pe is low enough. So our assumption that (2α −
α2)vh > c0 suggests that the supplier should increase the capacity from 2DL to

avoid the situation. The assumption that α2vh < c0 suggests that the supplier

cannot be better off by increasing the capacity from DH + DL to avoid the possible

compensation when D = (DH , DH). The optimal capacity is between 2DL and

DH + DL.

3.2.3.3 Optimal Option Prices

Given the optimal decisions of K∗ and (Do
1, D

o
2), we can now analyze the

first stage of the option-capacity game to derive the optimal option contract (po, pe)

and the supplier’s expected profit by using the option contracts. All the decisions

analyzed in Sections 3.2.3.1 and 3.2.3.2 are contingent on both the option strike

price pe and the customer’s option purchase O. In addition, the customers decide

O based on their own types (t1, t2) and how the supplier prices the options. The

fundamental question to be resolved is: what is the optimal po and pe that induces

the customer to purchase the right number of options and maximizes supplier profit?
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p
e

K*

K*(DH,DH) 

K*(DH,DL) 

K*(DL,DL),K*(DH,0),K*(DL,0), and K*(0,0)   

DH+DL 

2DL 

vl

vh−(vh−vl)(DH+DL)/2DH 

vh−(vh−vl)2DL/(DH+DL) 

vh−(vh−vl)DL/DH 

Figure 3.2: Optimal Capacity Levels
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In this period, the supplier announces the option prices (po, pe). Then the

customers, who do not know each other’s type, simultaneously submit their option

purchase demand Oi to the supplier. The option is priced such that the low type

customers will not feel profitable purchasing the options but the high type customers

will.

The customer’s incentive of buying options is different when the other cus-

tomer’s option purchase decision, O−i, varies. If we denote the expected value of an

option as fo(Oi, O−i), fo can be calculated as follows:

fo(Oi, O−i) =
1

Oi

{
Euh

i (Oi, O−i)− Euh
i (0, O−i)

}

where Euh
i (Oi, O−i) represents the expected utility a high type agent gets after

purchasing Oi units of options while the other customer has purchased O−i units of

options.

Lemma 3.2.6. f(Oi, D
H) ≥ f(Oi, D

L) ≥ f(Oi, 0).

Proof. From the result of

1. When pe ≥ V I − (V I − V II) DL

DH : K∗ = 2DL for all configurations of O. No

options will be exercised for realized D. Hence, the option has no value, it is

straightforward to conclude that p∗o = 0;

2. When V I − (V I − V II) DH

2DH−DL ≤ pe < V I − (V I − V II) DL

DH : if the agent has

bought Oi = DL, she will never exercise the options no matter what the other

type of customer is. Hence, she would not pay for any positive po to purchase

the option;
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3. When V I−(V I−V II) 2DL

DH+DL ≤ pe < V I−(V I−V II) DH

2DH−DL : if the agent has

bought Oi = DL, she will only exercise it when D = (DH , DH) and Do
−i 6= DH .

Hence if the other agent is of type I, she is always better off by purchasing

O−i = DH than O−i = DL. However, given O−i = DH , agent i will never

exercise her options and the value of the options is 0. If the other agent is of

type II, the agent’s expected utility from the options are

(a) Oi = DH : ui(D
H) = α2(V I − pe)D

H + (1− α2)DL − poD
H ;

(b) Oi = DL: ui(D
L) = α2

(
(V I − pe)D

L + (V I − V II) DLDH

2DH−DL

)
+ (1 −

α2)DL − poD
L; and

(c) Oi = 0: ui(0) = (V I − V II)DL

We can show that ui(D
H)−ui(0)+poDH

ui(DH)−ui(0)+poDL > DH

DL , meaning that the agent is better off by

purchasing Oi = DH .

Following the same way, we can show that DL is not the optimal choice when

pe > V II .

Lemma 3.2.6 states the fact that the option is more valuable to a high type

customer if the other customer buys more options. This is so because the two

customers will compete for the limited capacity resource in the consumption period.

Buying more options protects them in the competition. Consequently, if the supplier

can induce one customer to buy DH units of options, the other customer would want

to pay more for the options if she is a high type. This implies that the supplier

prefers the equilibrium where the high type customers choose the maximal hedging

strategy, as shown in Proposition 3.2.7.
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Proposition 3.2.7. The supplier maximizes his expected profit when p∗e = vh −
(vh− vl)DH+DL

2DH and p∗o = λfo(D
H , DH) + (1− λ)fo(D

H , 0). In such an equilibrium,

a high type customer will choose a maximal hedging strategy Oi = DH . The expected

supplier profit

EΠ∗ = (vl − c0)2D
L + 2αλ(vh − vl)(DH −DL) + λ2

(
(2α− α2)vh − c0

)
(DH −DL)

and the equilibrium capacity investment

K∗ =

{
DH + DL if O1 = O2 = DH

2DL otherwise.

Proof. We need to discuss the profit according to the different pe segments:

1. pe ≥ V I − (V I − V II) DL

DH : no option is exercised, po = 0 and EΠ = (V II −
c0)2D

L;

2. V I−(V I−V II)DH+DL

2DH ≤ pe < V I−(V I−V II) DL

DH . K∗(DH , DH) = V I−pe

V I−V II 2DH .

EΠ = Eπ + 2λpoD
H

= λ2

[(
(2α− α2)V II − c0

) V I − pe

V I − V II
2DH + (1− α2)V II2DL

]

+ 2λ(1− λ)
[
α2(pe − V II)DH + (V II − c0)2D

L
]
+ (1− λ)2(V II − c0)2D

L

+ 2λ
[
EuI

i (D
H)− EuI

i (0)
]

which we can obtain dEΠ
dpe

< 0.

3. V II ≤ pe < V I − (V I − V II)DH+DL

2DH :K∗(DH , DH) = DH + DL, K∗(DH , 0) =

K∗(0, 0) = 2DL. One can get

EΠ = (V II−c0)2D
L+2αλ(V I−V II)(DH−DL)+λ2

(
(2α− α2)V I − c0

)
(DH−DL).

Here, dEΠ
dpe

= 0.
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The supplier’s capacity investment K∗ is the same as the one in the full infor-

mation benchmark case (see Section 3.2.2) given the belief that O∗
i (t = h) = DH and

O∗
i (t = l) = 0. By using option contracts, the supplier can make a contingent capac-

ity investment based on the customer’s option purchase decision O, which reveals

the customer types (t1, t2) in equilibrium. This flexibility improves the capacity in-

vestment decision. The option compensation pb = vh − pe is important in achieving

the efficient capacity level K∗ = KFI . Under the options framework, the supplier’s

incentive to increase the capacity when both customers are of high type is to satisfy

as many options as possible while reducing the compensation. That is, the marginal

benefit the supplier gets is pe +pb = vh when K < Do. This incentive is well-aligned

with the full information benchmark case where the incentive of increasing capacity

is to increase the ability of serving high type demand, which yields a marginal profit

pFI(t = h) = vh.

We can rewrite the supplier’s expected profit as:

EΠ∗ = EΠND + ∆1 + ∆3 + ∆4

where ∆1 and ∆3 are defined in Proposition 3.2.3. ∆1 represents the gain from

prioritizing the high type customer’s demand over the low type one’s. ∆3 refers

to the gain achieved when the supplier increases capacity after observing two high

type customers. ∆4 , 2αλ2(vh − vl)(DH − DL) > 0. α(vh − vl)(DH − DL) is the

expected loss a high type customer suffers if she doesn’t buy options but competing

for capacity with another high type customer who has options. ∆4 is 2λ2 times

this expected loss representing the supplier’s expected gain from the competition

between two high type customers.
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Comparing EΠ∗ to EΠFI , we can characterize supplier’s profit loss when he

cannot distinguish the high type customer and extract full surplus from them as

follows:

EΠFI − EΠ∗ = ∆2 −∆4 = 2λ
{
λEuh

i (0, D
H) + (1− λ)Euh

i (0, 0)
}

{
λEuh

i (0, D
H) + (1− λ)Euh

i (0, 0)
}

is the reserve utility a high type customer has

when she do not buy options. This reserve utility is also known as the “Information

Rent” in the price discrimination literature, representing the cost the supplier pays

to induce a high type customer to reveal her type. The expected information rent

the supplier pays is exactly ∆2 −∆4, which increases as probability λ increases.

Proposition 3.2.8. W ∗ = W FI .

Proof. The proof is straightforward from the proof of Proposition 3.2.7.

The capacity investment is efficient in equilibrium and high type customers

will always be served as the first priority. Hence, it is not surprising that the option

contracts can achieve the same efficiency level as the full information benchmark

case. Proposition 3.2.8 justifies the optimality of our proposed option framework.

3.3 Discussion and Extensions

3.3.1 Using Options for Price Discrimination

In the literature of price discrimination under unobservable types, the sup-

plier’s ability to employ a non-linear pricing scheme (e.g. quantity discount and

bundling) is critical to his profit. In this paper, we show that with properly priced

options, the supplier can achieve the same profit level even when the non-linear
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pricing scheme is not applicable. Our framework also works when the customer’s

demand is uncertain.

In our framework, a customer faces two purchase decisions. She chooses the

number of options to purchase before the demand realization and the amount of

demand (including the numbers of regular demand and option demand) to request

afterwards. In both decisions, she has full flexibility to choose the quantities. A

linear pricing scheme is applied in all the purchases. The customers prefer such

flexibility when they suffer from demand uncertainty.

To discriminate the customers, we focus our attention on the case where only

high type customers will buy the options. A high type customer’s total charge in

equilibrium can be divided into two parts. A fixed payment poD
H is charged ex

ante regardless of her actual demand realization D to guarantee the priority of their

demand execution. In addition, she pays a contingent payment based on her actual

demand realization. Adjusting the option price po and pe, the supplier essentially

changes the ratio between the ex ante and ex post payments to affect the high type

customers hedging incentive and exploit their willingness to pay for the demand.

The option framework helps the supplier to conduct price discrimination

when the customer’s demand is uncertain. When there is no demand uncertainty

(i.e., DH = DL), the capacity will always be enough for the aggregate demand

under our assumption. Hence, the option has no value and the supplier can not

discriminate among the customers.

In addition, our assumption of the supplier’s marginal capacity cost is critical

to derive the result. Our discrimination framework is built based on the high type

customer’s concern of potential demand loss. If the capacity cost is too small, the
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customers can infer that the supplier will always build enough capacity for the

demand and won’t pay money ex ante to hedge the potential demand loss. The

discrimination is not implementable in this case. If the capacity is too large, the

supplier will find it profitable to charge a high regular price (e.g. vh) to exploit the

high type customers’ surplus only.

3.3.2 Multiple Agents and Multiple Types

In this paper, we use a parsimonious model with one supplier and two cus-

tomers to illustrate price discrimination. The model can be extended to a case

where multiple customers with two possible types. In such a model, we could still

design the option contracts so that only those high type customers will buy them.

The major difference would be a more complicated aggregate demand pattern. In a

symmetric equilibrium where all high type customers adopt the same strategy, the

supplier can separate the customers into two groups and treat them as two repre-

sentative agents. The same analysis can then be applied to figure out the optimal

option contract. The efficiency level of the second degree price discrimination can

still be achieved.

The model gets further complicated with multiple type customers. The sup-

plier could design multiple option contracts with different combinations of strike

prices pe and compensation pb for each type. The customers could then self-select

the options and decide when to exercise them. The demand should then be priori-

tized according to the supplier’s marginal punishment of not fulfilling the demand

(i.e. pb−pe). As a result, different demand associated with different option contracts

are categorized into different priority levels. Allocation efficiency can be achieved

if the the customers with higher willingness to pay will always buy the option con-

80



tracts with higher priority (characterized by pb − pe). The challenge is how to price

the options to induce the customers to purchase the right options to reveal their

types.

3.3.3 Spot Exchange Options Market

In our setup, customers purchase options to hedge their demand risk. After

their demand is realized, they can decide how many of their options to exercise. In

this setup, a customer cannot buy additional options from other customer ex post.

This raises a question: what if they can exchange their options after observing their

demand?

On the one hand, an option exchange leads to more efficient option utiliza-

tion. If a customer is able to sell her extra options after the demand is realized,

she is more willing to buy options ex ante. Thus, the ex post exchange encourages

the option purchase ex ante. On the other hand, the customers’ incentive for a

maximal hedge decreases with the possibility of option exchange. This is because

she may find someone who will sell options to her if her demand is high. Between

this conflicting incentives, it is not clear which incentive is stronger in general.

However, if we assume that customer types may change ex post, then the

existence of an option exchange market helps in some cases. A detailed analysis of

when a spot exchange market helps increase a monopolist’s profit can be found in

[12]. Moreover, ex post exchange reduces the customer’s ex post risk of purchasing

options. Hence, the existence of an ex post exchange market always improves the

option purchase incentive if the customers are risk-averse.
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3.4 Conclusion

In this paper, we propose an option framework that allows a monopolistic

supplier to conduct price discrimination among customers, thereby maximizing his

expected revenue under demand uncertainty and a capacity constraint. Our analysis

shows that option contracts can benefit the supplier because the high type customers

will pay more for hedging potential demand loss. The supplier gains the additional

benefit of being able to adjust capacity according to his observation of customer

types.

We also analyze the strategic interactions among the supplier and customers.

We show that, in equilibrium, the efficient capacity level can be induced by setting a

compensation price which leaves the high type customers indifferent about whether

to exercise their options or to ask for compensation. Overall efficiency is guaranteed

and the supplier and the high type customers share the efficiency gain from the

efficient capacity investment.

Our proposed structure replicates the classical price discrimination outcome

where the low type customers do not gain surplus and the high type customers enjoy

an information rent. Our proposed structure can easily be adopted in situations

where the supplier is not allowed to sell a bundled product with fixed quantity and

situations where the actual demand and capacity is not contractible. Our framework

has significant revenue management implications for various industrial applications

such as network capacity management, airline ticket reservation, and telephone and

electricity providers.
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Chapter 4

Profitability and Efficiency of

Wireless Mesh Networks

4.1 Introduction

The convenience of wireless networking and lightweight handheld devices

has led to a large-scale adoption of wireless technologies. Corporations, universities,

hospitals, homes, etc. are deploying these networks at a remarkable rate. Even

many cities, such as Buffalo (MN), Ripon (CA), Philadelphia (PA), and Portland

(OR), have deployed or are planning to deploy city-wide wireless networks. The

current hotspots have limited wireless coverage. To address the issue, wireless mesh

networks (WMN, e.g., [20, 29, 34]) arise as a promising cost-effective solution that

provides high network coverage and low infrastructure cost. In a WMN, a few

Internet transmit access points (ITAPs), serving as gateways to the Internet are

used across the neighborhood. Wireless nodes (e.g., houses) are equipped with low-

cost antennas, and serve as routers. The nodes together form a multi-hop wireless

network among themselves to cooperatively route traffic to the Internet through the

ITAPs. Such a multi-hop structure dramatically reduces the number of ITAPs, and

leads to significant cost reduction.

The promise of WMNs has attracted lots of research work in the area, ranging

from designing MAC protocols (e.g., [28, 35]) to developing routing protocols and

routing metrics (e.g., [22, 23, 26, 31]) to studying interactions with TCP (e.g., [24,
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25]), to controlling topology via power control (e.g., [30, 36]), channel assignment

(e.g., [32, 33]), and directional antennas (e.g., [21, 27]).

In addition to network technologies, another major factor that determines

the success of wireless mesh networking is whether viable business models exist.

There is limited research on this problem. In WMNs, wireless nodes are required

to forward traffic for both itself and its neighbors. If the nodes are controlled by

self-interested users, they may not cooperate to efficiently share their capacity to

route traffic for other nodes if not properly compensated. Such possibility under-

mines the performance and feasibility of wireless mesh networking. Effective pricing

mechanisms need to be developed before we commercialize the technologies.

Motivated by the observations, in this paper we develop two pricing mech-

anisms for non-cooperative WMNs, a centralized one and a decentralized one. In

the centralized pricing mechanism, the service provider needs to verify the traffic

origination from each single node, while the decentralized scheme leaves the traffic

monitoring and pricing to each router. We evaluate the profitability and overall effi-

ciency of the WMN under the centralized pricing mechanism and the decentralized

pricing mechanism. We give the algorithm for one (monopoly) service provider to

efficiently place the access points and decide the prices. We then evaluate both the

profitability and efficiency based on these two pricing schemes. As a comparison,

we also analyze an alternative structure based on a single-hop wireless network.

In such a network, each user can directly communicate with an ITAP, and does

not rely on other users for its communication. On the other hand, the single-hop

wireless network requires more Internet access points to be deployed, and increases

infrastructure cost. We compare the two alternative structures, and derive the
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condition(s) under which WMN is more desirable to the service provider, and the

condition(s) under which it achieves better social efficiency. Our analysis has im-

portant practical implications to wireless service providers and for the success of

wireless mesh technologies.

The rest of the paper is organized as follow. In Section 4.2, we present our

models, and develop pricing mechanisms for WMNs. In Section 4.3, we describe

our evaluation methodology and results for realistic WMNs. Finally we conclude in

Section 4.4.

4.2 Demand Model and Pricing Mechanisms

There is a collection of geographically distributed houses (indexed as i =

1, 2, · · · , N) with potential traffic demands for Internet access. Let αit denote the

amount of Internet traffic each house i intends to generate (also called intended

demands), and Dit be network bandwidth house i obtains (also called the actual

demand). Note that Dit ≤ αit. Let Vit(·) and Pit(·) be non-decreasing functions

that represent house i’s value for the bandwidth and the price it is charged at time

t, respectively. We assume that the utility of a house i of getting Dit bandwidth

follows uit(Dit, Pit) = Vit(Dit, αit) − Pit(Dit). We further assume that the value

function Vit is increasing and concave of Dit. Without loss of generality, we assume

that ∂2Vit

∂Dit∂αit
> 0, indicating that house i values the actual demand increment more

when the intended demand αit is higher.

Research shows that customers generally prefer simpler schemes so that it

is easier for them to predict the cost. In our analysis, we focus on linear pricing

schemes (i.e. Pit(Dit) = pitDit) for the following reasons.

85



1. It is one of the usage-based pricing schemes. The customer pays more if she

obtains larger bandwidth, which encourages her to save the capacity and share

it for routing others traffic.

2. It is the simplest form among all the usage-based pricing schemes. Users can

easily predict the overall bill they pay for the bandwidth.

3. The pricing scheme satisfies fairness requirement if the price is set by the

ITAPs or each individual node. It guarantees that the charge for routing the

same amount of traffic along the same path should be the same to all the

connected nodes, given the same network congestion level.

Below we introduce both the centralized and decentralized pricing mecha-

nisms, and illustrate the pricing strategy using a simple chain topology with only

two houses (see figure 4.1). House 1 directly connects to ITAP 0, but house 2

can only connect to house 1 and use house 1 as a relay for Internet access. ITAP

0 is placed by a profit maximizing service provider. For ease of demonstration,

we use the valuation function Vit = αitDit − 1
2
D2

it, where i ∈ {1, 2}. We assume

that αit’s are independently drawn from a distribution function F (α) in the range

of [a, b], where a > 1
2
b. To evaluate different pricing schemes, we calculate and

compare the expected profit (EΠ), and the overall value of the Internet service

EV , E(V1) + E(V2).

Lemma 4.2.1. Given unit price pit and valuation function Vit = αitDit − 1
2
D2

it,

house i’s demand Dit = αit − pit if αit ≥ pit, and 0 otherwise.

Proof. For each utility-maximizing agent, the demand is decided by the following
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House2 ITAP 0 House 1 

comm range

Figure 4.1: Linear Topology with Two Houses

optimization problem.

max
Dit

Vit (Dit, αit)− PitDit = αitDit − 1

2
D2

it

Taking first order condition with respect to Dit, we have αit −Dit − pit = 0.

Re-organize it, we obtain the result in 4.2.1

Lemma 4.2.1 shows that the total amount of traffic demand a customer in-

tends to send is αit, the actual demand falls as the price pit increases.

4.2.1 Centralized Pricing Mechanism

Dynamically changing price: Using a centralized dynamic pricing scheme, both

houses subscribe to the service provider, and house 1 agrees to route traffic for house

2. The profit-maximizing service provider adjusts the unit price pt for both houses

according to the realization of α1t and α2t to maximize its expected profit Πt at time

t. That is,

pcen
t = argmaxpt

Πt = argmaxpt
{pt [D∗

1t(pt) + D∗
2t(pt)]} . (4.1)
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Proposition 4.2.2. If we use Eα and var(α) to denote the mean and variance of

αits, then the optimal price pcen
t = α1t+α2t

4
, the expected profit EΠcen = (Eα)2

2
+ var(α)

4

and the expected overall value EV cen = 3(Eα)2

4
+ 7var(α)

8
.

Proof. The price pcen
t can be derived directly by solving the equation 4.1. Then,

we can derive that the demand from both houses D1t = 3
4
α1t − 1

4
α2t and D2t =

3
4
α2t − 1

4
α1t. Then the expected profit is calculated as

EΠ = E

[
1

4
(α1t + α2t)

1

2
(α1t + α2t)

]

=
1

8
E (α1t + α2t)

2

=
1

2
(Eα)2 +

1

4
var(α)

The implementation of a centralized pricing mechanism requires that each

ITAP constantly observe the dynamically changing potential demand and monitor

the actual traffic of all the houses, which is very hard to implement. First of all,

even though the service provider may have an estimation about the customers’

potential demand distribution after serving the area for a certain period of time, it is

generally impossible to obtain the detailed real time demand information. Secondly,

if the service provider dynamically adjusts the price, it is hard for the customers to

estimate the aggregate payment, which frustrates them to use the wireless service.

In addition, constantly monitoring the network traffic from all the houses could be

technically challenging and costly.

One fixed price: If the ISP cannot obtain the information about the real time de-

mand characters αits or(and) has to agree upon a fixed unit price when the customers
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subscribe, it would choose the one which maximizes its expected profit EΠfix. That

is, pfix = argmaxpEΠ = argmaxpp {E [D∗
1t(p)] + E [D∗

2t(p)]}.

Proposition 4.2.3. The optimal fixed price pfix = 1
2
Eα, the ISP’s expected profit

EΠfix = 1
2
(Eα)2, and the expected overall value of the service EV fix = 3(Eα)2

4
+

var(α).

Proof. The proof is the same as the one of Proposition 4.2.2.

To implement a fixed centralized price, the service provider does not need to

know the dynamically changing αit. The distribution of αits is enough. In addition,

customers prefer fixed price over unpredictable prices. The profit is going to be

lower than using the dynamic changing prices for the same demand level αit due to

the service provider’s lack of ability to adjust the price based on the realization of

uncertain demand. However, the overall value is generally higher when using a fixed

price scheme. This indicates that the service provider’s pricing power may hurt the

overall benefit a WMN generates. From a regulator point of view, it is not beneficial

to grant the service provider the power to dynamically adjust its price.

4.2.2 Decentralized Pricing mechanism

In such a pricing mechanism, we allow each relay node to charge its own

price for routing traffic. Observing the demand characteristic α2t for house 2, house

1 then has an opportunity to boost the price for routing house 2’s traffic, taking

away some potential profit from the service provider.

To decide the optimal price for ITAP0, p0t, the service provider needs to first

figure out the pricing strategy house 1 uses to make profit from house 2. Given
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the price p0t and house 2’s demand function (α2t − p2t)
+, house 1’s pricing strategy

p∗1t(p0t) = argmaxp1t
(p1t − p0t) (α2t − p2t)

+.

Lemma 4.2.4. House 1’s optimal pricing strategy p∗1t = α2t+p0t

2
if α2t ≥ p0t and

p∗1t > α2t otherwise.

Proof. To make non-negative profit, house 1’s pricing strategy will always satisfy

p1t ≥ p0t. When α2t ≥ p0t, the optimization problem becomes:

max
p1t≥p0t

(p1t − p0t) (α2t − p1t)

Taking FOC of it yields the result in 4.2.1.

Hence, the profit maximizing problem for ITAP0 is:

pdec
0t = argmaxp0t

Πdec
t = argmaxp0t

p0t

{
(α1t − p0t)

+ + (α2t − p∗1t)
+}

Proposition 4.2.5. The ISP’s optimal price pdec
0t = 1

3
α1t + 1

6
α2t, the expected profit

EΠ = 3
8
(Eα)2 + 5

24
var(α) and the expected overall value EV = 19

32
(Eα)2 + 215

288
var(α).

Meanwhile, the house 1 expects to collect Eπ1 = 9
16

(Eα)2+ 61
144

var(α) profit by serving

as a router.

Proof. The proof is the same as the one of Proposition 4.2.2.

To implement such a decentralized pricing scheme, it requires all nodes in

the network (including both the ITAPs and the houses) to be able to constantly

observe the dynamically changing demand of their neighbors. For the ITAP, it only

needs to monitor the aggregate traffic a node sends directly to it without verifying

whether the traffic originates from this node or routed by this node for other nodes.
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Hence, such a pricing scheme reduces the workload of ITAP. As a tradeoff, part of

the profit will be taken away by the routers.

Comparison of Propositions 4.2.2 - 4.2.5 shows that the decentralized pricing

scheme yields the least valuation because both ITAP 0 and house 1 can exert pricing

power to control the overall network traffic. However, the decentralized pricing

scheme has the potential to yield higher profit than the fixed price scheme if the

variance is large enough.

4.2.3 Placement of ITAPs.

If ITAP 0 can be moved from the current location to a place in between the

two houses, then both houses can directly communicate with it. It’s the classical

single-hop network. From the profit maximization problem of the service provider

under the three pricing schemes, we can conclude that the profit won’t change if the

first two pricing schemes are adopted. However, both the profit and the valuation

increase under the decentralized pricing scheme. This is because the placement of

ITAP0 changes the routing structure of the network and thus changes the routers

pricing power. Hence, the placement of ITAPs is also very important to successfully

implement a WMN.

4.3 Evaluation Methodology and Results

4.3.1 Evaluation Methodology

We evaluate the efficiency and profitability of different pricing mechanisms as

follow. We randomly place houses in a region of size R×R. A wireless link between

two houses is built if their distance is within the wireless communication range. In
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our evaluation, we vary the communication range to examine its impact. Based on

a given neighborhood layout, we determine the location of ITAPs as follows. In the

first iteration, we compute how many houses can be served if we place an ITAP

at each of these locations, and select the one that results in the largest number of

served houses. Then in the next iteration, we pick the one that in conjunction with

the already chosen ITAP results in the largest number of served house. We iterate

until all the houses are served. We consider a house is served by an ITAP if it is

within K hops away from the ITAP, where K is an input parameter. After placing

the ITAPs, we find for each node the shortest path to access an ITAP. A routing

structure is thus formed in this region. The motivation to limit the number of hop

counts between houses and ITAPs and use the shortest path for each house is that

wireless network throughput tends to reduce fast with an increasing number of hops.

We index the ITAPs as k. We study varying network configuration by changing the

following parameters:

• N : the number of houses

• CR: communication radiums

• K: the maximum number of hops

• R ∗R: the size of neighborhood

Based on the path, we then decide the real time price pit each router i uses if

the traffic is sent through it. The price is decided to maximize its aggregate profit
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of routing the traffic for all its children1. That is,

p∗it = argmaxpit
(pit − pparent)

∑

j∈{children of i}
Djt(pit).

For each ITAP, the decision of the price is the same except that the price pparent = 0.

4.3.2 Evaluation Results

The overall profit of a service provider includes the expected revenue it col-

lects from the whole region less the cost of implementing the ITAPs, and the overall

efficiency of the WMN is generally the sum of the aggregate value of the network

less the cost of implementing the ITAPs. That is,

EProfit = EΠk − c · {Expected No. of ITAPs} (4.2)

EWelfare =
∑

i

EVi − c · {Expected No. of ITAPs} (4.3)

where c is the unit cost of implementing and maintaining an ITAP.

In our evaluation, if we set K = 1, then every node directly connects the

ITAP(s) and no router is needed. In such a case, we obtain a single-hop structure,

which can minimize the routers’ pricing power and achieve the revenue at the level a

centralized pricing scheme can achieve. However, the cost of implementing a single-

hop network is higher because it generally needs more ITAPs. The following figure

4.2 shows the expected overall profit as c and K change.

As the number of houses increases in the region, the service provider can

always expect higher profit since the market size increases (see e.g. figure4.3).

1A node j is called the child of house i if house i is in the path of node j includes house i as
the router
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Figure 4.2: Expected Profit as the Unit Cost of ITAPs and Number of Hops Change
(R = 70, N = 20, CR = 15 and α ∼ U [3, 4])
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Figure 4.3: Expected Profit as the Number of Hops and the Number of Houses
Change (CR = 15 R = 70, c = 6, α ∼ U [3, 4])

However, it may not be true that the service provider’s ability to squeeze the market

increases. To measure this ability, we evaluate the expected profit per house. The

result is shown in figure 4.4.

From figure 4.4, we can make the following two conclusions: 1) the expected

profit per house decreases when the allowed maximum number of hops K increases.

2) it is not clear how the expected profit per house changes when the number

of houses increases. Result 1 is not surprising at all since as the number of hops

increases, the chance for the routers to charge a higher profit increases, which reduces

the service providers expected profitability. For result 2, the effect is complicated as

the number of houses increases while maintaining the size of the region. On the one

hand, it increases the density of the community so that each house can more easily
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Figure 4.4: Expected Profit per House as the Number of Hops and the Number of
Houses Change (CR = 15, R = 70, c = 6, and α ∼ U [3, 4].
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Figure 4.5: The Expected Welfare per House as K and N change (CR = 15, R = 70,
c = 6, and α ∼ U [3, 4]

find a path to the ITAP, which reduces the number of ITAPs needed when K is

large. On the other hand, there are more houses which serve as routers and obtain

pricing power to control other nodes’ traffic. Their exertion of pricing power will

reduce the service providers’ profitability. The interaction of these two effects make

the overall effect indecisive. The following figure 4.5 shows the expected welfare per

house as the number of houses changes.

If we control the density of the houses (defined as N/R2) to be the same

and increase the number of houses, we obtain the extendibility of the WMN. We

can conclude that when the size increases, the expected profit per house generally

is more sensitive to the increment of the hop count allowance K.
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Figure 4.6: The Expected Welfare per House as K and N/R2 Change (CR = 15,
c = 6, and α ∼ U [3, 4]
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4.4 Conclusion

In this paper, we analyzed the potential pricing schemes for implementing

emerging Wireless Mesh Networking in a non-cooperative setting. We discussed

several pricing schemes and their feasibility. Specifically, we evaluated a dynamic

decentralized pricing scheme where each node could decide the price to route the

traffic for its neighbors. The profitability and the social welfare of using such a

multi-hop routing structure was estimated. This paper justifies that such a emerging

technology can be well-adopted as a cost-effective solution for the wireless Internet

access.
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