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Abstract: Research indicates that mathematical fact retrieval difficulty is one of 

the main manifestations of mathematics learning disabilities. Traditionally, interventions 

for fact retrieval difficulties of students with math learning disabilities have placed focus 

on mastery of algorithms and repeated practice; however, such instructions failed to 

address these students’ underlying cognitive deficits and can be insufficient and may 

hinder students’ development of mathematical competence in the long run. Empirical 

studies in neuropsychology have provided evidence that lack of number sense can 

casually affect individual’s math performance. Recently, researchers in the field of math 

learning disabilities have also pointed out that lack of number sense may causally affect 

fact retrieval performance of students with math learning disabilities. However, to date, 

no empirical study has been conducted to examine the effectiveness of number sense 

instruction on students with math learning disabilities. Therefore, the purposes of this 

study were: (1) to investigate the effectiveness of number sense instruction on fact 
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retrieval performance of students with math learning disabilities; (2) to examine whether 

students with math learning disabilities who receive instruction in number sense can 

generalize their understanding of number and number systems to untaught math skills. 

A single subject multiple treatments (A-B-A-C and A-C-A-B) design across 

subjects was used to examine the effect of number sense instruction versus instruction 

using repeated practice on six students who showed early signs of math learning 

disabilities. Students were divided into two groups. Students in group 1 received number 

sense instruction followed by repeated practice; students in group 2 received repeated 

practice followed by number sense instruction. The results showed that students who 

received repeated practice followed by number sense instruction had better initial 

performance on fact retrieval. However, students who received number sense instruction 

followed by repeated practice had higher performance on fact retrieval toward the end 

and could generalize what they learned to more novel tasks, such as solving word 

problems.   
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CHAPTER I 

INTRODUCTION  

Although reading deficiencies are cited most often as a primary characteristic of 

students with learning disabilities, research indicates that deficits in mathematics are also 

a serious problem for many of these students (Mastropieri, Scruggs, & Shiah, 1991). It 

has been estimated that at least 6.4% of American school-age children encounter some 

type of learning problem in mathematics (Fleischner, 1995; Geary, 1993). For those who 

have been identified and receive services for students with learning disabilities, at least 

one fourth of them have been found to exhibit significant mathematics related problems 

(Brian, Bay, Lopez-Reyna, & Donahue, 1991).  

Students with mathematics learning disabilities (MLD) experience a wide range 

of problems related to learning and applying mathematics. Compared to students whose 

cognitive abilities are developing normally, children with MLD are more deficient in two 

areas of mathematical cognition: the ability to retrieve number facts from long term 

memory and the ability to solve word problems (Russell & Ginsburg, 1984). These 

difficulties in mathematics usually emerge early and may continue through adulthood. 

Although fact retrieval is considered as one of the lower order mathematical skills, it is 

the core concern of the present study for many reasons. First, higher order skills tend to 

be more affected by other academic areas. For example, work problem solving 

performance can be affected by both students’ reading abilities and math competence. 

Therefore, fact retrieval difficulties more reflect the core deficits in math competence. 

Secondly, fact retrieval is the foundation of other areas of math instruction and learning. 
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It determines important precursory knowledge for other areas of more complex math 

learning (e.g. word problem solving) where these basic operations are embedded. 

Therefore, difficulties in fact retrieval can cause a failure in future math learning. Finally, 

much has been derived from numerical thinking research in the field of neuropsychology 

that can serve as a foundation to examine the cognitive processes of fact retrieval of 

students with MLD. 

Compared with explanations of reading disabilities, theories that explain 

mathematics disabilities are relatively less well developed (Robison, Menchetti, & 

Torgesen, 2002). Although the behavioral characteristics of students with MLD have 

been identified (Bryant, Bryant, & Hammill, 2000; Bley & Thornton, 2001; Mercer, 

1997), the current explanations of cognitive processes underlying these behavioral 

characteristics remain inconclusive (Ackerman & Dykman, 1995; Geary, 1993, 1994; 

Robison, Menchetti, & Torgesen, 2002). There is, nonetheless, growing attention to 

identifying cognitive deficits that affect mathematics performance, including a lack of 

number sense (Gersten & Chard, 1999; Robison, Menchetti, & Torgesen, 2002) and 

phonological deficits (Robison, Menchetti, & Torgesen, 2002). It is suggested that 

deficits in these areas of cognitive processes may contribute to math learning difficulties, 

in particular, fact retrieval difficulty. Empirical studies in neuropsychology provide 

support for this assumption (e.g. Whalen, McCloskey, Lindemann, & Bouton, 2002). 

For example, studies have supported the relation between number sense and 

deficits in math performance (McCloskey, 1992; McCloskey, Caramazza, & Basilli, 

1985; McCloskey & Macaruso, 1995; Sokol, McCloskey, Cohen, & Aliminosa, 1991; 

Whalen, McCloskey, Lindemann, & Bouton, 2002). Other studies have linked 
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phonological processing and computation performance (Campbell & Clark, 1988; 

Campbell & Clark, 1992; Clark & Campbell, 1991; Cohen & Dehaene, 1991; Cohen & 

Dehaene, 2000; Dehaene, & Cohen, 1995; Hecht, Torgesen, Wagner, & Rashotte, 2001).  

To identify cognitive deficits underlying math learning difficulties has implications for 

more and appropriate instructional programs designed based on the weaknesses that 

students may possess.  

Although research indicated that a lack of number sense can causally affect MLD 

students’ fact retrieval performance, traditionally, basic facts interventions for students 

with MLD have emphasized mastery of algorithms and repeated practice (Gersten & 

Chard, 1999). In theories of learning and instruction, such intervention lies on one end of 

a continuum which emphasizes executing procedures to solve problems. Alternatively, 

conceptual intervention lies on the other end of a continuum which stresses understanding 

of the principles that govern a domain and/or of the interrelations between units of 

knowledge in a domain (Anderson, 1993; Bisanz & LeFevre, 1992). Current research 

findings have suggested that both types of intervention can be equally important in terms 

of promoting competence in a domain because conceptual and procedural knowledge can 

develop in a gradual, hand-over-hand process (Rittle-Johnson, Siegler, & Alibali, 2001). 

In other words, Procedural knowledge can serve as important means for improving 

conceptual knowledge while conceptual knowledge is crucial for generation of 

appropriate procedures. However, traditional interventions for students with MLD often 

focus on teaching children procedural knowledge or rote memorization but downplay the 

importance of conceptual knowledge instruction. Such interventions have been criticized 

as providing short-term effects (Howell, Sidorenko, & Jurica, 1987; Geary, 1993), with 
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small effect sizes (Lee, 2000), and may hinder students’ development of mathematical 

competence in the long run (Gersten & Chard, 1999). Researchers have asserted the 

importance of conceptual knowledge and its role on facilitating the execution of 

procedures in mathematical domains ranging from simple arithmetic to proportional 

reasoning (Byrnes, 1992; Cowan & Renton, 1996; Dixon & Moore, 1996; Hiebert & 

Wearne, 1996; Siegler & Cowley, 1994). Conceptual understanding in math teaching and 

learning could be especially important for MLD populations since it is suspected that lack 

of conceptual understanding of numbers is one of the cognitive deficits that can cause 

math learning difficulties of this population (Gersten & Chard, 1999; Robison, Menchetti, 

& Torgesen, 2002). Accordingly, meaningful understanding of the core concept of math 

operations seems to be one of the key components to improve math performance of 

students with MLD.  

The importance of conceptual understanding for students with MLD is linked to 

issues generated by the recent mathematics reform movement, as reflected in the 

instructional principles and guidelines proposed by the National Council of Teachers of 

Mathematics (NCTM, 2000). Education reforms have highlighted the importance of 

conceptual understanding of mathematics concepts, which includes the understanding of 

numbers and number system, or number sense. An argument is that a firm understanding 

of numbers and number system is central to math learning and that instruction including 

number sense activities leads to significant reductions in early mathematics failure 

(Griffin, Case, & Siegler, 1994). Although many of these topics have been discussed in 

the research literature on number sense (Case & Griffin, 1990; Griffin, Case, & Siegler, 
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1994; Kamii & Dominick, 1997; Resnick, Lesgold, & Bill, 1990), no studies, to date, 

have examined the effectiveness of number sense intervention on children with MLD.  

The Statement of Purpose and Research Questions  

Given the assertion that the lack of number sense may have a causal influence on 

MLD students’ math learning difficulties and the lack of empirical studies that examine 

the effectiveness of number sense interventions on the performance of students with 

MLD, the purposes of the present study are: (1) to investigate the effectiveness of a 

number sense intervention on fact retrieval performance of students with MLD; (2) to 

examine whether students with MLD who receive a number sense intervention can 

generalize their understanding of number and number systems to untaught math skills.  

The specific research questions addressed in this study are: (1) How do second-

grade students with MLD assigned to either a repeated practice or number sense 

intervention perform on a fact retrieval test? (2) How do second grade students with 

MLD perform in untaught number format addition and subtraction problems and word 

problems after receiving number sense intervention? 

Definition of Variables 

There were two independent variables in this study: (1) number sense instruction 

and (2) repeated practice on using constant time delay technique. There were two 

dependent variables (1) fact retrieval and (2) performance on untaught number format 

addition and subtraction problems and word problems. For the purpose of this study, each 

variable was defined as follows: 
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NUMBER SENSE INSTRUCTION  
Number sense instruction was an intervention approach that explicitly instructs 

students to make association among counting numbers, formal symbols, and quantities. 

The instructional activities were carefully sequenced by the investigator so that they were 

tied to the development sequence of children’s math competence. Four areas of 

instruction were implemented: estimation, number relations, operations, and patterns to 

ten.  

REPEATED PRACTICE  
A constant time delay technique was used in repeated practice instruction. The 

constant time delay technique was adapted from the procedure designed by Koscinski and 

Hoy (1993) to teach LD students’ multiplication facts. A similar procedure was used to 

teach students’ addition and subtraction facts 

FACT RETRIEVAL  
Addition and subtraction fact retrieval is defined as retrieve answers within 5 

seconds after presentation of single digit addition or subtraction problem without using 

fingers, fingers counting, nor verbal counting.   

UNTAUGHT PROBLEM 
The untaught problem is defined as the problem that has never been taught 

explicitly and the actual format of the problem has never been presented during 

intervention. Three types of problem will be used:  number-format addition problems 

with one of the addends missing and subtraction problem with minuend or subtrahend 

mission, four major types of word-format problems, and number-format multi-digit 

computations. 
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CHAPTER II 

REVIEW OF LITERATURE 

In this section, research literature related to characteristics of students with 

mathematics learning disabilities (MLD), number sense, and cognitive mechanisms of 

basic fact retrieval will be reviewed respectively. Based on empirical findings from the 

field of neuropsychology and the field of mathematics disabilities, links between 

cognitive deficits and fact retrieval difficulties of students with MLD will be proposed. In 

the last part of this section, intervention studies of fact retrieval for students with MLD 

will be synthesized. Strengths and limitations of these intervention techniques will be 

analyzed. 

Behavioral Characteristics of Students with MLD and Their Subtypes 

Students with MLD are traditionally defined by their failure to acquire grade 

appropriate mathematics concepts and problem-solving skills when compared to their 

potential ability (Schoenfeld, 1987). Math learning difficulties specified by federal 

regulation include mathematics calculation and mathematics reasoning (PL-105-17, 

1997). Although there are only two types of math learning difficulties specified in the 

law, researchers agree that children with MLD are quite heterogeneous in terms of the 

math difficulties they encounter (Ackeman & Dykman, 1995; Geary, Hamson & Hoard, 

2000).  

Studies to identify behavioral characteristics of students with MLD have been 

reported. Bryant and her associates (Bryant, Bryant, & Hammill, 2000), for example, 

developed a behavior rating scale for professionals to identify the math weaknesses of 
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students with MLD. As a result of their work, a total of 33 characteristics have been 

identified by experts in the field of learning disabilities and were validated by 

professionals who instruct students with learning disabilities. The validated behavioral 

characteristics of students with MLD can be categorized into various aspects of math 

learning such as math language and signs, computations, and word problem solving (See 

Appendix 1 for summary).   

As Appendix 1 illustrated, most behavioral characteristics that students with MLD 

exhibit are computation-related. Many of the identified computation difficulties reflect 

weak conceptual understanding of mathematical operations. For example, borrowing 

errors, misaligns numbers, and fail to carry are commonly occurred errors when children 

have weak understanding of multi-digit quantities, or the base-ten system (Fuson, 1992); 

Counting on fingers represents a more fundamental conceptual development delay in 

understanding number word meanings and relationships among numbers (Fuson, 1992, 

Geary, 1993). In addition to such core mathematical deficits, other areas of deficits can 

have deleterious effects on students’ math performance. Language-based deficits, for 

example can result in math learning difficulties such as making errors when reading 

Arabic numbers, failing to read the correct value of multi-digit numbers accurately. Such 

deficits can also negatively impact mathematical thinking or operations (Bley & 

Thornton, 2001). Therefore, the underlying cognitive deficits as well as the extent to 

which the math learning difficulties encountered by MLD students with or without 

language-based difficulties may be different.  

A series of neuropsychology studies conducted by Rourke and his colleague 

(Rourke & Telegdy, 1971; Rourke, Dietrich & Young, 1973; Strang & Rourke, 1983; 
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Rourke, 1988; Rourke, 1993) have demonstrated that MLD students with or without 

reading disabilities (RD) performed differently in many areas of neuropsychological 

assessments. Based on these two Groups of student’ profiles, Rouke and his colleagues 

concluded that the academic difficulties of students with co-morbid reading and math 

difficulties may result from deficiencies left-hemisphere systems while students with 

MLD without RD have relatively right-hemisphere deficiencies. The underlying deficits 

of math learning difficulties, mainly fact retrieval, of students with MLD will be 

described more in detail later in this section.  

What Number Sense Is 

The concept of number sense has existed for a long time, and different disciplines 

have different interpretations of it. In the field of neuropsychology, for example, number 

sense refers to “fundamental elementary ability or intuition about numbers” (Dehaene, 

2001, p. 16). Also assumed is that number sense is a biologically determined core system 

of knowledge that can mentally represent any digit in to its magnitudes; and that this 

representation is the foundation of human numerical competence (Dehaene, 1997; 

Gallistel & Gelman, 1992). Mental representation of numbers has been examined in both 

infants and adults for two decades.  In these studies, infants have been found to be 

sensitive to numerosities and have been found capable of discriminating the numerosity 

of a set. Namely, infants could tell the difference between sets of items that differed in 

quantity (Antell & Keating, 1983; Starkey & Cooper, 1980; Strauss & Curtis, 1981; van 

Looosbroek & Smitsman, 1990). Furthermore, neuropsychologists have suggested that 

the abstract sense of numerical magnitudes, or number sense, guides infants’ 
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discrimination of numerosity of a set (Lipton, & Spelke, 2003; Xu & Spelke, 2000). 

Adults’ quantitative representation of numerals also has been investigated using numeral 

comparison studies (Dehaene, 1990; Duncan & McFarland, 1980; Hinrichs, Yurko & Hu, 

1981; Moyer & Landauer, 1967) and parity studies (Dehaene, Bossini, & GIraux, 1991). 

The results from these studies confirm that individuals convert Arabic numerals 

automatically to internal quantity code when numerals are presented. It is because people 

possess this internal quantitative representation of numerals, that they can attribute a 

meaning to any digit (Gallistel & Gelman, 1992). Subsequently, individuals can 

manipulate digital symbols and can make sense of algorithm.  

In the field of education, “number sense” is described more in operational fashion. 

Mcintoshi, Reys, and Reys (1992) suggested that number sense refers to “a person’s 

general understanding of number and operations along with the ability and inclination to 

use this understanding in flexible ways to make mathematical judgments and to develop 

useful strategies for handling numbers and operations” (p. 3). Other researchers have 

described the manifestations of number sense: people with good number sense have 

flexible numerical computation, good numerical estimation, good quantitative judgment 

and inference, and can relate numbers, symbols, and operations (Howden, 1989; Greeno, 

1991; Sowder, 1992). All of these manifestations stem from a disposition to make sense 

of numbers and number systems.  

Number sense is widely used in current math education reform as it characterizes 

the theme of teaching and learning math in a sense-making way (NCTM, 2000). Hence, 

the desired outcome of math education is no longer mastery of algorithm only. Rather, a 

greater emphasis has been placed on conceptual understanding of the domain of numbers 
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and quantities. The assumption is that with sound developed number sense, an individual 

can use flexible ways to make mathematical judgments and to develop useful strategies 

for solving complex problems (NCTM, 2000). To achieve the goal of enhancing number 

sense, the NCTM (1991) has proposed standards for teaching mathematics and 

highlighted the importance of number sense instruction for students from Prekindergarten 

through Grade 12. The foci of intervention include instruction related to various ways of 

representing numbers, relationships among numbers, number systems, meanings of 

operations and their interrelations, computational fluency, and estimation. The principles 

and standards for math instruction have influenced state math education standards and 

curriculum frameworks, instructional materials, and teacher education (NCTM, 2000). 

The effectiveness of number sense intervention has also been investigated for 

primary-grade students on number concept, multi-digit computation, and mental 

computation (Case & Griffin, 1990; Kamii & Dominick, 1997; Resnick, Lesgold, & Bill, 

1990). Findings from those studies indicated that students who received number sense 

intervention can solve number problems in ways that make sense. Compared to their 

peers without receiving number sense intervention, they can solve far more difficult 

problems. Although students who received number sense intervention made errors, the 

incorrect answers they made were much more reasonable compared to those who had not 

been taught in ways that emphasize on conceptual understanding of math operations 

(Markovits & Sowder, 1994). Research on number sense instruction for low-income 

kindergarten children who had limited number sense has shown that children who 

received direct instruction to develop number concept outperformed their peers in the 

control Group not only on number knowledge but also on transfer tests including time-
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telling and money-handling. Moreover, in the follow-up investigation, children who 

received number sense instruction in kindergarten outperformed their peers in the control 

Group on number knowledge, oral and written addition and subtraction facts, and word 

problems at the end of grade one. Some of the students in the intervention Group could 

solve double-digit problems at the end of first grade, while none of the students in the 

control Group were able to do so (Griffin, Case, & Siegler, 1992). The results suggested 

that a stronger number sense could enable children to learn math facts more readily. 

Furthermore, a strong number sense could be the foundation to solve more complex 

problems such as multi-digit computations. These findings are consistent with the 

empirical findings that number knowledge and number relationships serve as a pivotal 

component for students to learn basic computation, multi-digit computation and place 

value concepts (Fuson, 1992; Jones, Thornton, & Putt, 1994). The findings from 

aforementioned studies are encouraging, however, to date these investigations have 

excluded examining the effectiveness of number sense intervention for students with 

MLD, although it has been suggested that students with MLD may possess weak number 

sense (Robinson, Menchetti, & Torgesen, 2002; Gesten & Chard, 1999). In the following 

section, research from the field of neuropsychology that describes possible links between 

weak number sense and MLD will be reviewed.   

Cognitive Mechanisms of Basic Fact Retrieval 

Although fact retrieval is considered a lower numerical skill, the cognitive 

operation involved in processing fact retrieval is complex. The cognitive mechanism of 

processing numbers and the procedures of organizing basic facts have been extensively 
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studied in the area of cognitive arithmetic pertaining to the field of neuropsychology 

(Ashcraft, 1992). The sound theoretical foundation and productive research of this field 

can shed light on the field of math learning disabilities.  

COGNITIVE PROCESSES OF NUMBERS   
The question of how to conceptualize the cognitive processes of numbers and the 

forms in which the arithmetic facts are stored in memory are somewhat controversial 

(Campbell, 1994). Three architectures for number processing have been proposed: 

McCloskey’s abstract-modular model, Campbell and Clark’s encoding-complex model, 

and Dehaene’s triple-code model. In each of these models, three domains of numerical 

competence have been described: transcoding/calculating, quantification, and 

approximation. 

MCCLOSKEY’S ABSTRACT-MODULAR MODEL  

According to the McCloskey’s model (McCloskey, Caramazza, & Basilli, 1985, 

Sokol, McCloskey, Cohen, & Aliminosa, 1991; McCloskey, 1992; McCloskey, 1995; 

Whalen, et. al., 2002), the basic number processing consists of three functionally distinct 

cognitive systems that communicate via a single type of abstract quantity code, or mental 

number line. As depicted in Figure 1, at the most general level a distinction is drawn 

between the numeral-processing system and the calculation system. Numeral processing 

system comprises mechanisms for comprehension and production of numerals; the 

calculation system includes a variety of calculation-specific processes such as 

comprehension of operation symbols, retrieval of basic facts, and execution of calculation 

procedures.   
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Figure 1:   McCloskey’s Abstract-modular (adapted from McCloskey, Macaruso, and 
Whetstone, 1992) 
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their performance based on the deficits occurred in this model (Dehaene, 1992). This 

model has been criticized, however, because it does not fully explain certain aspects of 

number processing such as different forms of number notation (e.g., number words or 

digits) can directly influence the process of given tasks (e.g., basic-fact retrieval) 

(Campbell, 1994). 

CAMPBELL AND CLARK’S ENCODING-COMPLEX MODEL 

The encoding-complex model proposed by Campbell and Clark (Campbell & 

Clark, 1988; Clark & Campbell, 1991; Campbell & Clark, 1992; Campbell, 1994) 

assumed that arithmetic problems (multiplication or addition) are represented by multiple 

codes: verbal or word codes, visual and written number-word codes, and magnitude 

codes. The codes connect collectively and produce a multi-component representational 

structure to mediate number comprehension, calculation and production without 

exclusively translating different forms of numbers into a uniform semantic code. The 

evidence supporting the interactive view, however, is inconclusive (Dehaene, 1992; 

McCloskey, 1992). 

Dehaene’s triple-code model  
Dehaene reconciled Campbell and Clarks’ multiple-code model and proposed a 

triple-code model (Cohen & Dehaene, 1991; Dehaene, 1992, Dehaene, & Cohen, 1995; 

Cohen & Dehaene, 2000). In this model, Dahaene hypothesized that numbers may be 

represented in three different codes: auditory-verbal code, visual-Arabic code, and 

analogue magnitude code. As depicted in Figure 2, in the auditory verbal code, numbers 

are represented and manipulated using language modules. The visual-Arabic codes are 
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assumed to mediate digital input and output and certain multi-digit operations. Auditory-

verbal codes mediate verbal input and output, counting process, and provide the medium 

of representation for memorize addition and multiplication facts. The analog-magnitude 

code provides the basis for numerical-size comprehension, estimation, and subitizing 

procedures. This model disassociated two mental calculation systems, one for exact 

symbolic processing and the other for the manipulation of approximate numerical 

magnitudes, and each process is activated by different code. This distinction disagrees 

with McCloskey’s model of a unique modal representation. Furthermore, Dehaene 

suggested that each numerical procedure is tied to a specific input and output code. For 

example, a numerical comparison task is activated by an analogue magnitude code which 

transforms from the Arabic or verbal word input; The multi-digit operations was operated 

directly by a spatial image of the operation in Arabic notation; The addition and 

multiplication tables are stored and activated only by auditory-verbal code. This model 

consistent with the finding that disorders in multiplication facts retrieval may associate 

with language-based disorders (Dehaene & Choen, 1997; Delazer & Bartha, 2001). 

However, this model can not explain some individuals who have intact calculation 

abilities despite severe aphasia or individuals with severe impairment in arithmetic fact 

retrieval despite intact linguistic abilities (Whalen, et. al. 2002). 
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Figure 2:   Dehaene’s Triple-code Model (adapted from Dehaene, 1992) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

  

COGNITIVE PROCESSES OF FACT RETRIEVAL 
Three number processing models described in the previous section generally 

explained how individuals process numbers. Researches in this field have also explored 

how individuals construct, organize, and retrieve facts in their long term memory within 

the number process procedure. The cognitive processes of fact retrieval, based on 

McCloskey’s model, occur in calculation mechanisms, while in Dehaene’s model, the 

cognitive processes of fact retrieval happen in auditory verbal code module. Two models 

that explained the organization of facts will be reviewed in this section: Ashcraft’s 

network retrieval model and Siegler’s distribution of association model. 
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Ashcraft’s network retrieval model  
Based on McCloskey and Lindemann (1992), among models of arithmetic fact 

retrieval, the most well-developed is Ashcraft’s network retrieval model. Based on 

Ashcraft’s network retrieval model, (Ashcraft, 1987; Hamann & Ashcraft, 1985), 

arithmetic facts are stored in a network-like system. The addends and operands form an 

arithmetic fact network and the network is headed by “nodes” corresponding to problem 

addends or operands (See Figure 3).  

Figure 3:  A Representative Portion of the Arithmetic Fact Network postulated by A 
Ashcraft’s (1987) network retrieval model. The nodes in the upper left of the figure 
represent the first addend in a problem, the nodes in the lower left represent the second 
operand, and the nodes on the right represent answers. 
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These operand or addend nodes are then connected to nodes representing problem 

answers. In this network, each problem-to-answer association was represented in terms of 

strength or degree of accessibility. The strength of association is the function of 

frequency of occurrence and practice. 

Siegler’s distribution of association model  
The model proposed by Siegler (Siegler, 1988a; Siegler & Shrager, 1984) is 

known as the distribution of association model. Different from Ashcraft’s network 

retrieval model, Siegler assumed that the whole problem form a “problem node” and that 

the node is associated to a correct as well as several incorrect answers (See Figure 4).  

Figure 4:  Example of Addition Fact Representations postulated by Siegler’s (1988) 
distribution of association model. The nodes in the left of the figure represent the 
problem node, the nodes on the right represent answers associated with the problem. 
Thickness of association lines indicates strength of association. 
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The associations between problems and answers are formed each time a child 

encounters an arithmetic problem regardless of the correctness or incorrectness of the 
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answer. Each association varies in strength but the association to the correct answer is 

usually much stronger than associations to incorrect answers.  

In summary, based on different numeral process models, the fact retrieval process 

can be activated by various codes or by different process levels. For example, in 

McCloskey’s abstract-modular model, in order to activate the problem “nodes”, the 

Arabic and verbal numeral comprehension mechanism needs to convert numerical inputs 

into internal quantity representations. The quantities representations then become the key 

medium to process fact retrieval. In Dehaene’s triple-code model, however, the fact 

retrieval processes are directly activated by auditory-verbal codes. Therefore, in this 

Dehaene’s model, phonological representation of numerals is a sufficient source to 

trigger fact retrieval processes. How these model can affect MLD students’ fact retrieval 

performance will be describe more in detail in following section. 

Possible Explanations for Fact Retrieval Difficulties of Students with 
MLD 

The empirical findings from the cognitive arithmetic field can shed some light on 

cognitive level of theory development in the field of MLD. In the following sections, 

some possible explanations of fact retrieval difficulties of students with MLD are 

proposed. The possible explanations are based on numeral cognitive processes models 

reviewed above and on existing studies that have investigated the cognitive processes of 

students with MLD. 
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WEAK NUMBER SENSE 
While phonological process deficit can account for fact retrieval difficulties of 

students with MLD, it can not fully explain the subtype of MLD students who have intact 

phonological process but have difficulty in fact retrieval. The difficulty that such students 

encountered can be explained using McCloskey’s abstract-modular model. In this model, 

such students’ difficulty may occur during the processes where Arabic or verbal number 

codes convert to abstract internal representation, or mental number line. Namely, when a 

problem is presented, such students may have difficulties mapping the addends or 

operands to its mental magnitude, hence, impeding further cognitive processing of fact 

retrieval.  

A growing body of research in the field of neuropsychology shows that mapping 

between numeral and the corresponding mental magnitude is part of biological 

evolutionary heritage and is the foundations of human numerical competence (Gallistel & 

Gelman, 1992; Dehaene, Dehaene-Lambertz, & Cohen, 1998). Researchers also have 

suggested that the ability to convert digits to abstract representation, or mental number 

line, is associated with knowledge of numbers and their relations, or number sense 

(Dehaene, Dehaene-Lambertz, & Cohen, 1998; Eger, Sterzer, Russ, Giraud, & 

Kleinshmidt, 2003). Being able to accurately map a digit to its mental magnitude 

indicates that an individual can correspond the symbol to its quantity. As a result, they 

can apprehend the meaning of the number. Research on brain-imaging studies provides 

further evidence on the influence of internal magnitude representation on fact retrieval 

tasks. Neurofunctioning image studies have shown that when a number is presented, the 

area associated with internal representation of number, intraparietal sulcus, will be 
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activated automatically (Eger, Sterzer, O. Russ, Giraud, & Kleinschmidt, 2003); While 

when a single digit addition problem is presented and the fact is retrieved, both left 

precentral gyrus and intraparietal sulcus will be involved, no matter the problem is 

presented in auditory form (deJong et al., 1996) or visually (Pesenti et al., 2000). The 

findings provide evidence that individuals convert numerals to international 

representation before processing fact retrieval tasks. These findings correspond to 

neuropsychological studies of human patients with brain lesions in the intraparietal area. 

Such studies showed that patients who have lesions in this area can have difficulties in 

internal representation of quantities and further affect their calculation processes 

(Dehaene, & Cohen, 1997; Rueekert, et al., 1996).  

PHONOLOGICAL PROCESSING DEFICITS 
The effects of phonological process on fact retrieval processes can be found in 

both McCloskey’s abstract-modular model and in Dehaene’s triple-code model. In 

McCloskey’s model, the phonological representation of number words is first retrieved in 

verbal numeral comprehension mechanism (see Figure 1). The mechanism then maps the 

phonological representation of number words to internal magnitudes of numbers for 

further processing. Accordingly, difficulties in phonological processes may disrupt 

numerical comprehension processes. The disruption then further affects the 

transformation from phonological codes to internal quantity codes. Hence, it negatively 

affects further numeral operation. In Dehaene’s triple-code model, however, since 

arithmetic facts are operated by auditory-verbal codes and are stored in memory 

phonologically, phonological process difficulties evidently can cause fact retrieval 
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difficulties, since both the problems and answers can be hard to be extracted from unclear 

phonological representation. 

The relationship between phonological processing and fact retrieval performance 

has been investigated. A study by Hecht and his colleague (Hecht, Torgesen, Wagner, & 

Rashotte, 2001) examined the relations between three phonological processing abilities 

(phonological memory, rate of access, and phonological awareness) and math 

computation skills. In this longitudinal study, various data, such as annual assessments of 

math computation skills, reading skills, and phonological processing abilities, had been 

collected from 201 students from children’s 2nd through 5th grades. A regression model 

was used to examine the relations between phonological processing and growth in math 

computation skills, the results showed that phonological processing ability was positively 

related to math computation skills. More specifically, all three phonological processing 

abilities was significantly associated with second to third grade growth in math 

computation skills, while phonological awareness solely emerged as a significant 

predictor of growth in math computation skills during all considered time intervals. The 

findings were consistent with previous investigation that children with reading disabilities 

often have problems in arithmetic with 56% of the students diagnosed as reading 

disabilities had low math achievement as well (Knopik, Alarcon, & DeFries, 1997). 

OTHER AREAS OF COGNITIVE DEFICITS 
Other areas of cognitive deficits can contribute to MLD students’ fact retrieval 

difficulty but they grossly affect other areas of learning and in addition to math. Such 

cognitive deficits include working memory deficits and developmental delay. 
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Working memory deficits  
Working memory is a cognitive mechanism that is thought to offload some short-

term storage functions to slave systems and at the same time to perform more complex 

information-processing tasks. It has been suggested that short-term memory can play a 

central role in the acquisition and execution of basic educational skills (Hitch & 

McAuley, 1991; Swanson, 1993). A number of studies have reported short-term memory 

deficits in children with MLD.  Some research showed that children with MLD have 

working memory deficits only in the mathematical domain (Siegel & Ryan, 1989), while 

others suggested that such children have a general deficit extending to other areas 

(Swanson, 1993). Poor working memory affects students’ fact retrieval performance in 

that memory span can affect how quickly numbers can be counted. With a slow counting 

speed, the representation for the problem is more likely to decay in working memory 

before the count is complete. Under this circumstance, a strong connection between the 

problem and the correct answer might not be developed in long-term memory. Although 

many studies have examined the effects of working memory on MLD students’ fact 

retrieval performance, Landerl, Bevan, and Butteworth (2004) argued that the results of 

such studies have confound factors (i.e., IQ) and no convincing evidence showed that the 

causal relation between poor working memory and poor fact retrieval performance of 

students with MLD were established. 

Development delay 
Studies that examined the strategies used to solve simple mathematical 

computation by students with MLD showed that those students often used immature 

strategies (Geary, Brown, & Samaranayake, 1991; Geary, Bow-Thomas, and Yao, 1992; 



 25

Geary, Hoard, & Hamson, 1999; Siegler, 1988b). A work by Geary and his colleagues 

(Geary, Bow-Thomas, & Yao, 1992) examined children’s strategies used to compute 

simple addition tasks showed that children with MLD not only less retrieve answers from 

long term memory but also tend to use less efficient counting strategies (e.g., counting- 

all or counting-on first addend)  to solve simple addition problems. Even though those 

children did retrieve, they obtained more error answers. On the contrary, children without 

disabilities were more likely to retrieve the answers from long term memory. If they did 

need to use back up strategy, those children used more mature strategies such as “min” 

strategy (count-on from larger addend) to obtain the answers. In the following study, 

Geary and his colleagues (Geary, Bow-Thomas, & Yao, 1992) investigated MLD 

student’s understanding of counting concepts and showed that MLD children had 

immature understanding of the features of counting in relation to children without 

disabilities. Accordingly, the frequency of MLD students using immature counting 

strategies was related to those children’s immature understanding of the basic concepts of 

counting.    

Using immature computation strategies suggested that the deficits of those 

children followed a development-delay model. The pattern of performance was similar to 

that of younger children without disabilities (Geary, 1993). Using immature computation 

strategies may also contribute to fact retrieval difficulties. Since the answer of a problem 

that can be retrieved from long term memory is due to strong association between 

problem and its answer, using less efficient counting strategies can be harder for children 

to build such strong association because error rate may increase when immature strategies 
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are used. Further more, even certain associations are developed, the problem are more 

likely to be associated with the wrong answers. 

Empirical findings have provided possible links between cognitive deficits and 

fact retrieval difficulties of students with MLD. Links between phonological deficits and 

fact retrieval difficulties can explain the high percentage of students with RD also have 

math learning difficulties in fact retrieval, while weak number sense can explain those 

students who have fact retrieval difficulties but not have any language-based deficits. 

Although possible links between those cognitive deficits and fact retrieval difficulties of 

students with MLD have been provided, there is no empirical study that confirms such 

links. Confirmation of such links is crucial since more appropriate interventions can be 

designed based on the different types of cognitive deficits that MLD students may have. 

Review of Intervention Studies on Fact Retrieval 

Reviewing literature, intervention studies on basic fact retrieval can be classified 

into three main categories: instructions use repeated practice, rules instruction, and 

instructions focus on conceptual understanding (see Appendix 2 for summary). Each 

technique is described more in detail in this section.  

REPEATED PRACTICE INTERVENTION 
Recitation of basic facts is a universal method to enhance students’ memorization 

of facts. By reciting repeatedly, students are expected to familiarize the association 

between problems and answers in their phonological representation, and then, memorize 

the facts. Many of intervention studies use this approach to help students with MLD to 

memorize facts by rote. Techniques adopted by those studies include Constant Time 
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Delay (Koscinski & Gast, 1993a; Koscinski & Gast, 1993b; Williams & Collins, 1994), 

Drill-And-Practice (Smith & Lovitt, 1976; Christensen & Gerber, 1990; Pavchinski, 

Evans, & Bostow, 1989; Cooke & Reichard, 1996), Color Mediation (Van Houten & 

Rolider, 1990) and Mnemonic (Greene, 1999; Wood, Frank & Wacker, 1998; Van 

Houten & Rolider, 1990). The basic format of these techniques generally follows operant 

conditioning process: when presented a problem, a student is required to say the answer. 

A positive reinforcement is given if the student gets the correct answer; otherwise, a 

corrective feedback (the answer) will be given. However, each type of technique may 

differ from others in some aspects. For example, constant time delay procedure, 

compared to drill-and-practice, allows students more response time. Moreover, student in 

constant time delay procedure is required not to respond if he or she is not positive about 

the answer. Such designs aim to prevent the false connections between problems and 

incorrect answers but to associate the problem only with correct answer. Mnemonic, a 

relatively more unique technique, utilizes verbal memory (pegwords) to facilitate 

phonological associations between problems and answers. Students then memorize 

“words” but not “facts” at the beginning of the training. Color mediation is another 

unique strategy which associates color with number (i.e. nine times nine is red eighty-

one). In this technique, color serves as one of the distinct visual attributes of a number. 

Color then becomes a visual prompt for correct answer. 

Variation also can be found within each technique. For example, among studies 

using constant time delay procedure, Koscinski research Group (1993a, 1993b) 

investigated the effectiveness of teacher- versus computer- delivered instruction; while 

Williams and Collins (1994) went beyond rote memorization and incorporated 
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manipulation of concrete/semi-concrete objects as prompts. Among studies using drill-

and-practice, Christensen and Gerber (1990) compared the effectiveness of two different 

types of drill-and-practice computer programs; while Cooke and Reichard (1996) 

investigated the effects of interspersal drill and practice ratios. Despite such variation, all 

studies concluded that repeated practice positively affect MLD students’ fact retrieval 

performance.  

Interventions using repeated practice are considered to be efficient to implement 

and can obtain positive outcomes. These instructions required less preparation time and 

can be implemented with high fidelity. However, such intervention has been criticized to 

have short-term effects (Howell, Sidorenko, & Jurica, 1987; Geary, 1993) and to neglect 

the instruction of conceptual understanding of the operations as stated by Gersten and 

Chard that “special education mathematics instruction continues to focus on computation 

rather than mathematical understanding” (Gestern & Chard, 1999, p 25). The concern and 

critique are reflected by lack of follow-up effect and generalization of such interventions: 

very few study reported long-term effect of the intervention; even fewer reported that 

students could generalize the learned strategies to other areas of math skills. As a result, 

students may learn isolated skills but not be able to generalize what they have learned to 

other areas of math concepts or problem solving. Therefore, such intervention eventually 

may be insufficient and may hinder students’ development of mathematical competence.  

RULES INSTRUCTION 
Studies that used rule instructions found in this review aimed to enhance students’ 

facts retrieval performance by teaching students to memorize strategies that can facilitate 
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the memorization of addition, subtraction, multiplication, and division fact. The strategies 

found in this review include Count-On strategy (Beirne-Smith, 1991; Wood, Frank, & 

Wacker, 1998), strategy to subtracting 7 or 9 (Van Houten, 1993), and Count-Bys 

strategy (Lloyd, Saltzman, & Kauffman, 1981). 

The count-on strategy used by Beirne-Smith (1991) aimed to facilitate students 

obtain addition fact answers by stating “each time the addend increase by one the sum 

increases by one” (p. 332). While it’s named “count-on”, the procedure did not exactly 

follow count-on from the first addend procedure, which is developmentally a strategy 

used to solve single digit addition problems before retrieve directly. The Count-by 

strategy used by Lloyd et al. utilized the counting sequences (i.e., count by 5s) to help 

students acquire basic multiplication and division skills. The strategy used by Van 

Houten (1993) was to teach students to simply add (three/one) to the number above the 

(sever/nine) when subtracting (seven/nine) from a teen number. For example, in a 

problem as  

  14 

- 7 

the answer is 4+3=7. 

These strategies implied the meaning of operation solely in abstract level. 

Students were told to follow the strategies to solve problems; however, no explanations 

were provided for students to understand why such strategies worked. Therefore, while 

students might be able to execute the procedure and answer questions correctly, they did 

not know the rationale for such strategies. It is possible that students with LD might not 
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be able to conceptually understand the meaning of operations. This concern can also be 

reflected by lack of generalization of learned skills in these studies.  

 INSTRUCTIONS FOCUSING ON CONCEPTUAL UNDERSTANDING 
Few studies have been found to strength LD students’ basic fact retrieval ability 

by enhancing their conceptual understanding of the operation of basic facts. Van Luit and 

Naglieri (1999) utilized concrete objects, such as sticks, to represent multiplication and 

division problems to help students understand the operation of basic facts and obtain 

answers. Different from only use concrete objects, Miller’s research Group (Harris, 

Miller, Mercer, 1995; Miller & Mercer, 1993; Miller, Harris, Strawser, & Jones, 1998) 

further laid one more step, semiconcrete, between concrete representation and abstract 

level. In this stage, pictorial representations were used. This extra stage aimed to build 

more solid foundation for the operation of abstract symbols.  

The use of concrete objects to represent basic facts problems served as a medium 

to promote students’ conceptual understanding of the core concept of addition, 

multiplication, or division. In this approach, students are able to progress through 

concrete object manipulation to fact memorization. Compared to other studies reviewed 

previously, the interventions described in this session can be more likely to enhance 

students’ conceptual understanding of basic facts operations. 

One general concern about these instructional strategies is that they did not 

address cognitive deficits that students with MLD might possess. As opposed to 

phonemic instruction for students with reading difficulties which address students’ 

phonological deficits, many of the instructions did not deal with students’ cognitive 
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deficits but only remedy students’ difficulties on memorization level. Although these 

strategies fully correspond to Ashcraft’s and Siegler’s fact retrieval model (described 

earlier) that facts are memorized by strengthening the links between answers and 

problems (i.e., Ashcraft, 1987; Siegler, 1988), they neglected the recent research 

evidence that one cognitive process, number sense, could be one of the requisite abilities 

to perform memorization of facts (Dehaene, 2001, Gallistel & Gelman, 1992; Griffin, 

Case, & Siegler, 1992). Researchers recently call for attention to incorporate number 

sense instruction into math intervention of students with MLD reflects the awareness of 

the importance of remedy MLD students’ fact retrieval difficulties on cognitive level.  

The other concern is that students’ generalization abilities almost are not observed 

from these intervention studies. Even generalization did occur, often times students 

generalized the learned skills to similar math skills, such as students could generalize 

from problems presented orally to paper-and-pencil format problems or students could 

generalize problems presented vertically to problems presented horizontally. This 

phenomenon reflects what NCTM have concerned that students can memorize facts or 

procedures but not sure when or how to use what they know because they do not 

understand what they have learned or memorized (NCTM, 2004). One indicator of 

quality of math intervention should be whether the intervention enables students to deal 

with novel problems and settings or whether they can solve problems that they have not 

encountered before. Current evidence from the intervention studies for students with 

MLD can not support that students with MLD were able to generalize the strategies that 

been taught to other untaught skills. 
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Summary 

Students with math learning disabilities are a heterogeneous Group. They may 

encounter various math learning difficulties and the cognitive deficits underlying such 

difficulties may be different. There has been growing attention on identifying the 

underlying cognitive deficits of students with MLD and researchers have assumed that 

lack of number sense can contribute to MLD students’ memorization of facts retrieval. 

Empirical evidence from the field of neuropsychology has pointed out the possible links 

between basic fact retrieval performance and number sense. However, there is no such 

empirical study to investigate whether number sense instruction can improve fact 

retrieval performance of students with MLD.  

Reviewing literature, intervention studies for fact retrieval difficulties of students 

with MLD often failed to remedy the cognitive deficits underlying MLD students’ fact 

retrieval difficulties. Such intervention may have short term effect in terms of 

memorization the facts, however, some of the most desirable outcomes, such as long term 

effect and generalization, can not be seen from theses studies.  

Giving the assumption that lack of number sense may have casually influence on 

MLD students’ math learning difficulties and that a lack of empirical study examining the 

effectiveness of intervention in number sense on students with MLD exists as well as 

there is a need for a more comprehensive intervention approach that can enhance 

students’ conceptual understanding of numbers, number system and operations, the 

purpose of present study are: (1) to investigate the effectiveness of number sense 

intervention on fact retrieval performance of students with MLD; (2) to examine whether 

students with MLD who receive intervention in number sense can generalize their 
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understanding of number and number systems to other areas of math skills. First, I will 

examine the effectiveness of number sense intervention versus the effectiveness of 

instruction using repeated practice on fact retrieval performance. Secondly, 

generalization will be assessed. Three types of problem will be used: (1) number-format 

single-digit addition problems with one addend missing and single-digit subtraction 

problem with minuend or subtrahend missing; (2) four major types of word-format 

problems: change, equalize, combine, and compare; (3) number-format multi-digit 

computations.  

Therefore, this study will investigate the following research questions: 

1.  How do second-grade students with MLD assigned to either a repeated 

practice or number sense intervention perform on a fact retrieval test?  

2.  How do second-grade students with MLD perform in untaught number format 

addition and subtraction problems and word problems after receiving number 

sense intervention? 
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CHAPTER III 

METHOD 

In this chapter, I describe the participants and methods that were used in this 

study. Single subject A-B-A-C and A-C-A-B across subjects designs were used to 

investigate the effects of two types of interventions: repeated practice and number sense 

instruction on fact retrieval performance of six second graders with math learning 

difficulties. Participants’ information, setting, instructional materials, measures, and 

research procedure were described as follows. 

Participants 

The study was conducted in participants’ second month of the second grade in a 

University facilitated charter school in a southwestern state. The school was in its second 

year of operation and served about 150 students from pre-kindergarten to second grade. 

The population that the school served was predominately Hispanic American (75% of 

student population). African American, European American, and Asian American 

students accounted for 22%, 2%, and 1% of the student population respectively. Seventy-

eight percent of students in the school received free and reduced lunch.  

Based on the school policies, the elementary school where this study conducted 

did not identify or label students as learning disabilities at an early age. Therefore, no 

students in second grade were identified as having specific learning disabilities. 

However, teachers of second grade students indicated that there were students who did 

have difficulties in learning mathematics. The two teachers were then asked to provide a 

list of students who have math learning difficulties and their problem areas. Since 
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students in second grade did not received formal standardized achievement tests in math, 

teachers’ judgment were based on observations, students’ work samples, and students’ 

portfolios. Thirteen students were recommended as possible candidates for participation 

in this study.  All thirteen students then received further assessment to ensure that they 

performed below grade level in math and their reading scores were at grade level. The 

following assessment tools were used in this study to identify the eligibility of 

participants:   

1. Woodcock Johnson III tests of achievement assessment (Woodcock, McGrew, 

& Mather, 2001). Woodcock Johnson III batteries are designed to provide information for 

determining patterns of strengths and weaknesses based on discrepancy norm. The 

Woodcock Johnson III test of achievement assessment can provide information especially 

on intra-achievement discrepancies. The intra-achievement discrepancies are based on 

broad curricular areas: reading, mathematics, oral language, and writing. The subtests 

used from Woodcock Johnson III tests of achievement assessment including: (1) 

Calculation: the task includes mathematical computations from simple addition facts to 

complex equations; (2) Applied Problems: the task involves analyzing and solving 

practical mathematical problems; (3) Quantitative Concepts: the task requires applying 

mathematical concepts and analyzing numerical relationships; (4) Letter-Word 

Identification: the task requires identifying and pronouncing isolated letters and words; 

(5) Reading Fluency: The task requires rapidly reading and comprehending simple 

sentences; (6) Word Attack: the task requires pronouncing non-words that conform to 

English spelling rules (Mather & Jaffe, 2002). 
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2. Screening test: A researcher developed test which consists of 126 problems: 45 

single-digit addition problems with combinations of the integers 2 to 9 (i.e., 2+3, 7+5 

…etc.), 36 non-tie single digit subtraction problems (4 – 3 is a non-tie problem, while 3-3 

is a tie problem), and 45 2-digit minus 1-digit problems (i.e., 18 – 9, 14 – 6 ….etc.). 

Screening test problems can be seen in Appendix 4. Each problem was printed 

horizontally on a 3”x 5” index card. Each student’s answers and strategies used were 

observed and recorded on a Response Observation/Record Sheet (see Appendix 5 for an 

example). 

Six participants were chosen from the 13 possible candidates after they received 

tests. The participants were selected based on the following criteria. Students who at least 

met criterion 1 and 3 were recruited in this study:  

1. Age and grade discrepancy on Calculation, Applied Problems, and 

Quantitative Concepts subtests of WJ III tests of achievement assessment.  

2. Reading scores at or above grade level on Letter-Word Identification, Word 

Attack, and Reading Fluency subtests of Woodcock-Johnson III tests of achievement 

assessment (WJ III) (Woodcock, McGrew, & Mather, 2001). 

3. On a screening test of 126 problems, student’s use of fact retrieval was less 

than 35% of the total problems. Fact retrieval was defined as retrieving a fact within 5 

seconds after presentation of single digit addition or subtraction problem without using 

fingers, fingers counting, nor verbal counting. According to Geary (1990), first and 

second graders without learning disabilities can retrieve 35% of addition problems test.   

The participants’ demographic information is summarized in Table 1. The 

information included age, gender, grade, ethnicity, scores on a  standardized reading test, 
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scores on a standardized math test, and screening test score. Participants’ information is 

described as follows: 
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Table 1:  Student Demographic Information 
     Tests 
Group Student  Age Gender Ethnicity W-J Reading Score Grade 

Equivalent 
W-J Math Score Grade 

Equivalent 
Screening Test 
(% retrieval) 

Jake 7yr 3m M Hispanic 
American 

Word ID 
Word Attack 
Passage Com 

49 
26 
23 

2.5 
4.6 
2.3 

Calculation 
Applied Problems 
Quantitative 
Concepts 

8 
23 
20 

1.9 
1.6 
1.4 

20.5 

Donna 7yr 3m F Hispanic 
American 

Word ID 
Word Attack 
Passage Com 

45 
15 
23 

2.4 
2.7 
2.3 

Calculation 
Applied Problems 
Quantitative 
Concepts 

8 
20 
19 

1.9 
1.0 
1.2 

30.6 

Group 1 
 
 
 
 

Kate 7yr 11m F Hispanic 
American 

Word ID 
Word Attack 
Passage Com 

53 
21 
25 

2.7 
3.7 
2.5 

Calculation 
Applied Problems 
Quantitative 
Concepts 

6 
23 
21 

1.4 
1.6 
1.6 

14.5 

Tracy 7yr 9m F African 
American 

Word ID 
Word Attack 
Passage Com 

44 
18 
28 

2.3 
3.2 
2.9 

Calculation 
Applied Problems 
Quantitative 
Concepts 

8 
24 
23 

1.9 
1.8 
1.9 

10.7 

Lucy 7yr 9m F Hispanic 
American 

Word ID 
Word Attack 
Passage Com 

33 
4 
14 

2.0 
1.4 
1.5 

Calculation 
Applied Problems 
Quantitative 
Concepts 

8 
15 
17 

1.8 
K.8 
1.0 

5.1 

Group 2 

Nina 7yr 11m F Hispanic 
American 

Word ID 
Word Attack 
Passage Com 

48 
21 
31 

2.5 
3.7 
3.4 

Calculation 
Applied Problems 
Quantitative 
Concepts 

8 
24 
22 

1.9 
1.8 
1.7 

30.1 
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Jake was a 7 years 3 month old Hispanic American male placed in the second 

grade whose primary language was English. His Woodcock-Johnson reading 

achievement test reading scores were slightly above grade level with grade equivalent 2.5 

grade, 4.6 grade, and 2.3 grade scores on Word Identification, Word Attack, and Passage 

Comprehension test respectively but his math ability was below grade level on 

Woodcock-Johnson math achievement test with 1.9 grade, 1.6 grade, and 1.4 grade on 

Calculation, Applied Problems, and Quantitative Concepts test respectively. His teacher 

indicated that he had difficulties in subtraction, number sense, counting by 2’s, and 

problem solving, however, he had no difficulty in money values.   

Donna was a 7 years 3 month old Hispanic American female placed in the second 

grade whose primary language was English. Her Woodcock-Johnson reading 

achievement test reading scores were slightly above grade level with grade equivalent 2.4 

grade, 2.7 grade, and 2.3 grade scores on Word Identification, Word Attack, and Passage 

Comprehension test respectively but her math ability was below grade level on 

Woodcock-Johnson math achievement test with 1.9 grade, 1.0 grade, and 1.2 grade on 

Calculation, Applied Problems, and Quantitative Concepts test respectively. According to 

her teacher, she had difficulties in addition, subtraction, number sense, time telling, and 

problem solving. Her math strength was measurement. 

Kate was a 7 years 11 month old Hispanic American female placed in the second 

grade whose primary language was English. Her Woodcock-Johnson reading 

achievement test reading scores were slightly above grade level with grade equivalent 2.7 

grade, 3.7 grade, and 2.5 grade scores on Word Identification, Word Attack, and Passage 

Comprehension test respectively but her math ability was below grade level on 
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Woodcock-Johnson math achievement test with 1.4 grade, 1.6 grade, and 1.6 grade on 

Calculation, Applied Problems, and Quantitative Concepts test respectively. According to 

her teacher, she had difficulties in addition, subtraction, number sense, measurement, and 

problem solving.   

Tracy was a 7 years 9 month old African American female placed in the second 

grade. Her Woodcock-Johnson reading achievement test reading scores were slightly 

above grade level with grade equivalent 2.3 grade, 3.2 grade, and 2.9 grade scores on 

Word Identification, Word Attack, and Passage Comprehension test respectively but her 

math ability was below grade level on Woodcock-Johnson math achievement test with 

1.9 grade, 1.8 grade, and 1.9 grade on Calculation, Applied Problems, and Quantitative 

Concepts test respectively. According to her teacher, she had difficulties in addition, 

subtraction, number sense, and problem solving. 

Lucy was a 7 years 9 month old Hispanic American female placed in the second 

grade whose primary language was English. Her Woodcock-Johnson reading 

achievement test reading scores were slightly below grade level with grade equivalent 2.0 

grade, 1.4 grade, and 1.5 grade scores on Word Identification, Word Attack, and Passage 

Comprehension test respectively and her math ability was below grade level on 

Woodcock-Johnson math achievement test with 1.8 grade, K.8 grade, and 1.0 grade on 

Calculation, Applied Problems, and Quantitative Concepts test respectively. According to 

her teacher, she had difficulties in addition, subtraction, number sense, measurement, and 

problem solving.   

Nina was a 7 years 11 month old African American female placed in the second 

whose primary language was English. Her Woodcock-Johnson reading achievement test 
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reading scores were slightly above grade level with grade equivalent 2.5 grade, 3.7 grade, 

and 3.4 grade scores on Word Identification, Word Attack, and Passage Comprehension 

test respectively but his math ability was below grade level on Woodcock-Johnson math 

achievement test with 1.9 grade, 1.8 grade, and 1.47 grade on Calculation, Applied 

Problems, and Quantitative Concepts test respectively. According to her teacher, she had 

difficulties in addition, subtraction, number sense, and problem solving.   

All participants’ first language was English and all of them were receiving 

approximately 7.5 hours of math instruction weekly in their classroom. Mathematics 

textbooks used in the school were Mathematical Thinking-Investigations in Number, 

Data, and Space (TERC, 1998) and Everyday Mathematics (University of Chicago 

School Mathematics Project, 1999). Both commercial texts were sponsored by National 

Science Foundation and both were aligned to the National Council of Teachers of 

Mathematics (NCTM) standards. The Mathematical Thinking -Investigations in Number, 

Data, and Space curriculum was the main source of the math instruction in the school and 

the Everyday Mathematics curriculum served as a supplementary material. Instruction 

content that was covered during the time when this study was conducted included 

counting from 1 to 25, recalling and applying basic addition facts, geometry (identify 

attributes of shapes, compare using attributes), measurement (length, capacity, weight, 

thermometer), constructing picture and bar graphs, time, money values, and two-digit 

number addition and subtraction. Participants did not miss their regular math classes 

during the period of time when they participated in this study. 
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Setting 

The study was conducted either in a vacant classroom, in the library, or in a 

conference room, depended on availability, at the participants’ school. The vacant 

classroom that was used for this study was either an art classroom or a science classroom. 

Each room was equipped with tables and stools and various science or art displays. If the 

art classroom or science classroom was not available, the instruction would move to 

library. The library was twice as big as a regular classroom. Occasionally, two or more 

instruction groups needed to share the library at the same time. When neither classroom 

nor library was available, instruction then would move to a conference room. The 

conference room perpetually had people working in there. Many times I had to share the 

conference room with another teacher and a small group of her students. Distraction was 

inevitable when I had to share the same room with another instructor (s). More time was 

used to manage students’ behavior when this situation occurred. Participants worked with 

the investigator in small Groups during instruction phases. Tests were administrated one-

to-one to each participant.  

Instructional Materials 

NUMBER SENSE INSTRUCTION  
Number sense instruction was an interventional that explicitly instructs students to 

make associations among counting numbers (i.e., spoken language such as “one’, “two”, 

“three” … etc), formal symbols (i.e., written numerals such as 1, 2, 3 …etc), and 

quantities (the real quantities that exist in space and time). The instructional activities 
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were carefully sequenced so that they conformed to the typical development sequence of 

children’s math competence.  

Instructional activities in number sense instruction were adapted from two 

instructional programs which were developed based on a basic number sense framework 

by McIntosh, Reys, and Reys (1992). The two instructional programs were: (1) Number 

Sense: Simple Effective Number Sense Experiences (McIntosh, Reys, & Reys, 1997): 

This program was designed to promote thinking and reflection about numbers. The 

activities in this program help students develop number sense through exploring patterns, 

developing mental computation skills, understanding different but equivalent 

representations, recognizing reasonableness, and acquiring estimation skills. (2) Number 

Sense and Operations (Burton, Mills, Lennon, & Parker, 1997): This program is part of 

the Curriculum and Evaluation for School Mathematics Addenda Series, Grades K-6. It 

was published by National Council of Teachers of Mathematics (NCTM) and the 

instructional activities and topics in this program was designed to support the 

development of both number sense and operation sense described in the Curriculum and 

Evaluation Standards for School Mathematics proposed by NCTM. Four areas of 

instruction that can promote students’ number sense and number operations in natural 

number system were implemented: estimation, number relations, operations, and patterns 

to ten (McIntosh, Reys, & Reys,1992). 

1. Estimation: In estimation instruction, activities were adopted to help children to 

produce answers that are close enough to allow for good decision without making 

extremely precise measurements or doing elaborate computations. Estimation activities 

included estimating the number of objects, estimating the number of objects by 
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comparing to a benchmarks number, using one Group of objects as a benchmark for 

estimating the number of objects in other Groups, and compare the relative sizes of 

objects (see Appendix 3 for examples).  

 2.  Number relations: In number relation instruction, opportunities were provided 

for children to understand how the Arabic number system is organized and how this 

organization aids in considering numbers. Activities involved in this area of instruction 

included counting, relating magnitude of numbers, number line representation, multiple 

representations of numbers, and decomposition and recomposition of numbers (see 

Appendix 3 for examples).  

3. Operations: Instruction regarding operation was designed to help students to 

understand the operations of addition and subtraction. Activities were designed to 

facilitate children’s understanding of the effect of operations, awareness of mathematical 

properties of operations (i.e. commutative law), and awareness of the relationship 

between operations (see Appendix 3 for examples).  

 4. Place value:  Place value instruction tended to facilitate children’s 

understanding of multi-digit system up to 100. Activities were designed for students to 

familiarize themselves with the regularity of the system, quantity of each multiunit 

position, and trades between values (see Appendix 3 for examples).  

REPEATED PRACTICE  
A constant time delay technique was used in repeated practice instruction. The 

constant time delay technique was adapted from the procedure designed by Koscinski and 
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Hoy (1993) to teach LD students’ multiplication facts. A similar procedure was used to 

teach students’ addition and subtraction facts.   

Constant time delay instruction procedure was as follow: 

1. Rule instruction: prior to instruction, investigator communicated with students 

about the rules of the constant time delay procedure and asked students to 

follow the rule: (1) read the problem aloud; (2) wait for 3 seconds and tell the 

answer if you are sure you know it; (3) don’t guess; (4) wait if you are not sure 

you know the answer. I will tell you the answer; (5) after I tell you the answer, 

read the problem again and tell me the answer. 

2. Instructor modeling: in each instructional session, instructor randomly drew 5 

facts from a pool of unknown facts. Then the instructor asked students to read 

the problems aloud and modeled the correct answer of each problem with zero-

second delay. Student then read the problem again and stated the answer. 

Instructor’s modeling was terminated after at least two or three trials for each 

fact.  

3. Constant time delay: students were asked to respond to each trial by following 

the rules described above. Student’s responses were recorded in data sheet 

sheets (see Appendix 7 for a sample of record sheet). Five response categories 

were categories: (1) non-wait Error (NWE): Error responses before the 

provision of prompt; (2) wait Error (WE): Error responses after the provision 

of prompt; (3) unprompted Correct (UC): Correct responses before the 

provision of prompt; (4) prompted Correct (PC): Correct responses after the 
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provision of prompt; (5) no Response (NR): No response after the provision of 

prompt. 

4. Repeat step 2 and 3 till students memorized all facts. 

Measures 

IDENTIFICATION MEASUREMENT 
The following assessment tools were used in this study to identify the eligibility 

of participants:   

1. Woodcock Johnson III tests of achievement assessment (Woodcock, McGrew, 

& Mather, 2001). Woodcock Johnson III batteries are designed to provide information for 

determining patterns of strengths and weaknesses based on discrepancy norm. The 

Woodcock Johnson III test of achievement assessment can provide information especially 

on intra-achievement discrepancies. The intra-achievement discrepancies are based on 

broad curricular areas: reading, mathematics, oral language, and writing. The subtests 

used from Woodcock Johnson III tests of achievement assessment including: (1) 

Calculation: the task includes mathematical computations from simple addition facts to 

complex equations; (2) Applied Problems: the task involves analyzing and solving 

practical mathematical problems; (3) Quantitative Concepts: the task requires applying 

mathematical concepts and analyzing numerical relationships; (4) Letter-Word 

Identification: the task requires identifying and pronouncing isolated letters and words; 

(5) Reading Fluency: The task requires rapidly reading and comprehending simple 

sentences; (6) Word Attack: the task requires pronouncing non-words that conform to 

English spelling rules (Mather & Jaffe, 2002). 
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2. Screening test: A researcher developed test which consists of 126 problems: 45 

single-digit addition problems with combinations of the integers 2 to 9 (i.e., 2+3, 7+5 

…etc.), 36 non-tie single digit subtraction problems (4 – 3 is a non-tie problem, while 3-3 

is a tie problem), and 45 2-digit minus 1-digit problems (i.e., 18 – 9, 14 – 6 ….etc.). 

Screening test problems can be seen in Appendix 4. Each problem was printed 

horizontally on a 3”x 5” index card. Students were provided with blocks, pen and pencils 

and were told to use whatever strategies they were comfortable using to solve the 

problems. Each student’s answers and strategies used were observed and recorded on a 

Response Observation/Record Sheet (see Appendix 5 for an example). 

RESPONSE MEASUREMENT 
Response measurement consisted of researcher developed tests that includede 126 

problems: 45 single-digit addition problems with combinations of the integers 2 to 9 (i.e., 

2+3, 7+5 …etc.), 36 non-tie single digit subtraction problems (4 – 3 is a non-tie problem, 

while 3-3 is a tie problem), and 45 2-digit minus 1-digit problems (i.e., 18 – 9, 14 – 6 

….etc.). Response measurement was conducted during baseline phases and at the end of 

each instruction session. In each test, 5 problems were randomly drawn from a pool of 

unknown facts identified in screening test. Each problem was printed horizontally on a 

3”x 5” index card. Students were provided with blocks, pen and pencils and were told to 

solve the problems using a strategy of choice. Each student’s answers were recorded on a 

Response Observation/Record Sheet. Facts that were correctly retrieved within 5 seconds 

were considered as retrieved facts. Strategies used were also observed and recorded on 

the Response Observation/Record Sheet. 
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MEASUREMENT OF UNTAUGHT PROBLEMS 
Measurement of untaught problems was a researcher developed test and was 

administered after each intervention phase. The untaught problem test contain 3 types of 

problems: (1) eight missing addend or missing subtrahend/ minuend problems, (2) word 

problems (14 problems), and (3) eight 2-digit addition problems. (See Appendix 6)The 

types of problem are described as follows.   

1. Word problems: The word problems included all the problem types categorized 

by Greeno and his associates (1983) except for two referent unknown problems (i.e., 

Jerry has 10 marbles. He has 4 more marbles than Bob. How many marbles does Bob 

have? And Tony has 10 marbles. He has 5 marbles less than Henry. How many marbles 

does Henry have?) . A study conducted by Ostard (1998) showed that most second 

graders without disabilities could solve all the problem types except for the referent 

unknown problems. Therefore, no referent unknown problem type was included in the 

untaught problem test. Since there were 14 word problems and they might be too much 

for students to solve in one administration, the 14 word problems were split into 2 sets 

with 7 problems each and students solve each set in separate days.  

2. Number-format problems with one addend or minuend/subtrahend missing: 

This type of problems was based on Greeno and his associate’s (1983) word problems 

and translated them into corresponding addition and subtraction number-format 

problems. Therefore, no reading abilities were required to solve this type of problems. 

The four categories were: a + ( ) = c, ( ) + b = c, a – ( ) = c, and ( ) – b = c. Both types of 

missing addend problems (first addend missing and second addend missing) included one 

problem that had a sum greater than 10 (i.e., 7 + ( ) = 16) and one problem that had a sum 
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smaller than ten(i.e., 3 + ( ) = 7). The missing subtrahend problems included one problem 

that had a minuend greater than ten (i.e., 12 – (  ) = 8) and one problem that had a 

minuend smaller than ten (i.e., 6 – ( ) = 4). The missing minuend problems included one 

problem that had the missing minuend greater than 10 (i.e., (  ) – 6 = 7) and one problem 

that had the missing minuend smaller than 10 (i.e., (  ) – 2 = 5).  

3. Number-format multi-digit computations. Two -digit plus one- or two- digit 

addition problems with or without regrouping were included (i.e. 16 + 5, 11 + 2, 12 + 24, 

and 17 + 14). Each problem was printed horizontally on a 3”x 5” index card.   

Each student’s answers and strategies used were observed and recorded on a 

Response Observation/Record Sheet. 

POST TEST 
The post tests were researcher developed tests that contained single digit addition 

and subtraction problems. Post tests were administered after each intervention phase. The 

problems of each post test included all the unknown facts that had been taught during 

each intervention phase. The test procedure was identical to the procedure of screening 

test.  

Procedural Overview 

IDENTIFICATION 

Phase 1 Identification 
Prior to the study, teachers of students were asked to recommend students who 

had math learning difficulties and had poor math performance when compared to their 
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peers. Thirteen students who were indicated to be likely to have math learning difficulties 

were recruited and then participated in phase 2 identification.    

Phase 2 Identification 
Students who were identified by their teachers first received Letter-Word 

Identification, Reading Fluency, and Word Attack subtests of WJ III in phase 2 

identification. Four students were eliminated from the possible candidates list due to their 

reading ability significantly below grade level, since reading difficulties can affect varies 

area of math performance (i.e., problem solving). Therefore, only nine students whose 

reading abilities were slightly below grade level, at grade level, or above grade level 

received the Calculation, Applied Problems, and Quantitative Concepts subtests of WJ 

III. Test results showed that all 9 students had below grade level math performance and 

they had large intra-achievement discrepancies between reading and math abilities.  

All 9 students were kept for next identification phase.   

Phase 3 Identification  
All nine students who had below grade level performance on the Calculation, 

Applied Problems, and Quantitative Concepts subtests of WJ III further received a 

screening test in this phase. A screening test that consisted of 45 single digit addition 

problems, 36 single-digit subtraction problems, and 45 two-digit minus one-digit 

subtraction problems were conducted. Each problem was presented horizontally on an 

index card. I presented one problem at a time and students were encouraged to get the 

answer as possible as they can. I observed the strategies used by students to solve the 

problems were observed and recorded. Strategies used by students were classified as one 
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of the four strategies described by Siegler and Robison (1982): (a) counting fingers-

children use their fingers to physically represent the problem integers and then count their 

fingers to reach a sum; (b) fingers-children use their fingers to represent the integers but 

do not visibly count them before giving an answer; (c) verbal counting - children count 

audibly or move their lips as of counting implicitly, and (d) memory retrieval – retrieve 

answers from memory (Siegler & Robison 1982).  After each trial children was asked to 

describe how they reached the answer. Previous studies have shown that children can 

accurately describe arithmetic problem solving strategies if they are asked immediately 

after the problem is solved (Siegler, 1987; Geary & Brown, Geary, 1990; 1991). During 

the test, whether the child responded correctly or incorrectly, no feedback, physical or 

verbal prompts were given. Previous studies showed that first and second graders tended 

to use retrieval on about 35% addition problems (Geary, 1990). Therefore, students used 

retrieval on less then 35% of the total 126 facts were recruited in this study. Facts that 

students did not know or did not answer correctly in 5 seconds with memory retrieval 

were defined as unknown facts.  

After phase 3 identification, seven students who met the entire selection criterion 

were included in this study. However, due to severe behavior problems, one student was 

dropped from the study. Therefore, only 6 students participated in this study. The six 

students who met the entire selection criterion, at most, could be considered as having 

math learning difficulties rather than having math learning disabilities based on the test 

results of the identification measures. However, test results from WJ III showed that 

these students were possibly at-risk for math learning disabilities. Moreover, observation 

during the administration of the screening tests showed that all six students used 
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immature problem-solving procedures to solve single digit addition problems (using 

counting fingers, counting all, and counting on from first addend strategies), which 

reveals a common characteristic of individuals with math learning disabilities.  

INSTRUCTIONAL PROCEDURE 

General  
Prior to intervention, students were divided into two groups. To fit two teachers’ 

class schedules, participants from Class A went to Group 1 (Jake and Dona) and 

participants from Class B were in Group 2 (Kate, Tracy, Nina, and Lucy). Students in 

Group 1 first received number sense instruction followed by repeated practice instruction 

using a constant time delay procedure. To examine whether a sequence effect occurred, 

students in Group 2 received repeated practice instruction using a constant time delay 

procedure followed by number sense instruction. 

Prior to the intervention, the unknown facts identified on the screening test were 

randomly assigned to two instructional sets with equal difficulty level so that the 

difficulty level of facts were controlled and balanced for each instruction method. The 

difficulty level of addition facts was determined by the size of the answers. Each 

instructional set contained 8 addition problems that have sums less than and equal to 10 

and 9 problems that have sums greater than 10. The difficulty level of subtraction facts 

was determined by the size of subtrahends. Each instructional set contained 20 problems 

that have subtrahends less than and equal to 5 and 18 problems that have subtrahends 

grater than 5.  I conducted the intervention in a vacant room. Students in each groups 

received 30-minute instruction daily for a total of 40 session’s instruction. Students in 
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each Group received both repeated practice and number sense instruction and each 

instruction took same amount of instructional time. In other words, 20, 30-minute 

sessions of instruction for repeated practice and 20, 30-minute sessions of instruction for 

number sense. Two sets of unknown facts with equal level of difficulty were taught in 

each instructional phase. Students in Group 1 first received baseline sessions (A1) for the 

first set of unknown facts. After baseline sessions, students in this Group received 

number sense instruction (B). Some of the first set unknown facts were used as examples 

in number sense activities in this phase. After phase B1 intervention, the first set of 

untaught problem test (U1) was used to test students’ generalization. First set post test 

was also conducted after phase B intervention. The second baseline phase (A2) was 

followed by the first set post test. After phase A2 baseline, students then received 

constant time delay procedure instruction (C) and the second set of unknown facts were 

taught in this phase. Second set of untaught problem test (U2) and second set of post test 

(P2) were conducted after B2 instruction as the same fashion.  

To examine sequential effect, the instructional procedure for students in Group 2 

was identical to Group 1 students except that the instruction sequence was different: 

students in Group 2 first received repeated practice instruction as phase C instruction and 

then received number sense instruction as phase B instruction. Untaught problem test 

were also conducted after each phase of intervention. 

Baseline probe (A1)  
Four baseline sessions were conducted and each baseline assessment in A1 phase 

consisted of five single digit addition and subtraction problems. The problems were 
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randomly drawn from the first set of unknown facts. Baseline sessions test procedure was 

identical to the screening test procedures. No instruction was provided in this phase. 

Number sense instruction  
Twenty, 30-minute sessions of instruction for number sense was first introduced 

to students in Group 1. Students in Group 2 received the identical number sense 

instruction after they received repeated practice instruction. .Number sense instruction 

was implemented by the investigator. Four areas of instruction were implemented: (1) 

Estimation; (2) Number relations; (3) Operations: and (4) Place value. A detail 

instruction plan can be seen in Appendix 4. Response measurement was administered at 

the end of each section.  

Untaught problem test (U1) 
Students received the first set of tests on untaught problems in this phase. Three 

types of problem were used:  number-format problems with one addend, minuend, or 

subtrahend missing, 2 set of word-format problem test with 7 problems each, and 

number-format multi-digit computations.  

Post test (P1) 
Post test 1 was consisted of all the first set known facts and each problem was 

presented horizontally on an index card. Investigator presented one problem at a time and 

students were encouraged to get the answer as possible as they can. The post test was to 

examine how many facts from the first set of unknown facts students could retrieve after 

phase 1 instruction. 
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         Number of problems retrieved/completed Correct  
=                                                                                         x100 
                          Total Number of Problems 

Baseline probe (A2) 
Three baseline sessions were conducted and the baseline establishment in A2 

phase was identical to A1, except that the baseline trials in this phase were drawn from 

the second set of unknown facts. 

Instruction using constant time delay 
Students in group 1 received twenty, 30-minute sessions of constant time delay 

instruction after they received number sense instruction. Students in Group 2 received 

constant time delay instruction prior to number sense instruction. Response measurement 

was administered at the end of each section.  

Untaught problem test (U2).  
Students received the second set of tests on untaught problems after instruction. 

The types of problem and the level of difficulty were identical to the tests used in U1.  

Post test (P2) 
Students also received the second set of post test. The test procedure was identical 

to post test 1 except that the post test 2 was consisted of all the second set unknown facts. 

Screening test, baseline assessment test, instruction, and untaught problem test 
scores 

For each test, a percentage of problem retrieved correctly (screening test, baseline 

assessment test, instruction) or percentage of problem complete correctly was derived 

from each participant using following formula: 

Percentage of Problems 

Retrieved (Completed)  

Correctly  
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                         Agreements 
=                                                                   x100 
                Agreements + Disagreements 

Reliability 
During the screening test, baseline assessment, instruction, and post tests, students 

were asked to describe the strategies they used to solve the problems. The percentage of 

agreement between the student and investigator was calculated using following formula: 

 

Percent of Agreement 

 

The average agreement between students and investigator was 91.4%  

Experimental Design 

A single subject multiple treatments (A-B-A-C and A-C-A-B) design (Cooper et 

al. 1987) across subjects was used. A-B-A-C (and A-C-A-B) design is one variation of 

withdrawal designs. The basic steps of A-B-A-C design are as follow: (1) collect target 

behavior before an intervention during baseline phase;(b) first intervention is introduced; 

(c) the intervention is withdrawn to determine if the target behavior reverses back to 

baseline level; and (d) introduce the second intervention. This design was chosen because 

this design allowed investigator to test the effects of more than one independent variable 

after each baseline phase. The functional relationship between each treatment and 

behavior change can be established because of the return to the baseline (Richards, 

Taylor, Ramasamy, & Richards, 1999). Also, using two Groups and alternating 

instructional sequence allowed investigator to examine the sequencing effects of the 

instructions. 
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CHAPTER IV 

RESULTS 

This chapter contains data obtained to address the two research questions: (1) 

How do second-grade students with MLD assigned to either a repeated practice or 

number sense intervention perform on a fact retrieval test? (2) How do second grade 

students with MLD perform in untaught number format addition and subtraction 

problems and word problems after receiving number sense intervention? Figure 5-10 

shows the number of problems retrieved/completed correctly by each participant across 

Baseline 1, Intervention 1, Untaught test 1, Baseline 2, Intervention 2, and Untaught test 

2 phases of the study. Visual analysis using mean performance analysis and trend 

analysis was applied to examine performance changes across phases. 
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Figure 5:  Percentage of Problems Retrieved/Completed Correctly by Jake (student in Group 1). Note: W= Word Problems, 
M= Missing Addend or Missing Subtrahend/Minuend Problems, D= Double-digit Addition Problems. 
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Figure 6:  Percentage of Problems Retrieved/Completed Correctly by Donna (student in Group 1). Note: W= Word Problems, 
M= Missing Addend or Missing Subtrahend/Minuend Problems, D= Double-digit Addition Problems. 
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Figure 7:  Percentage of Problems Retrieved/Completed Correctly by Kate (student in Group 2). Note: W= Word Problems, 
M= Missing Addend or Missing Subtrahend/Minuend Problems, D= Double-digit Addition Problems. 
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Figure 8:  Percentage of Problems Retrieved/Completed Correctly by Tracy (student in Group 2). Note: W= Word Problems, 
M= Missing Addend or Missing Subtrahend/Minuend Problems, D= Double-digit Addition Problems. 
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Figure 9:  Percentage of Problems Retrieved/Completed Correctly by Lucy (student in Group 2). Note: W= Word Problems, 
M= Missing Addend or Missing Subtrahend/Minuend Problems, D= Double-digit Addition Problems. 
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Figure 10:  Percentage of Problems Retrieved/Completed Correctly by Nina (student in Group 2). Note: W= Word Problems, 
M= Missing Addend or Missing Subtrahend/Minuend Problems, D= Double-digit Addition Problems. 
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Fact Retrieval 

STUDENTS IN GROUP 1 

Jake 
Students in Group 1 received number sense instruction followed by constant time 

delay instruction. In Baseline 1 phase, four consecutive baseline assessment tests showed 

a stable trend (retrieved 20% of facts on each test) in Jake’s fact retrieval performance. 

The average retrieval rate during the baseline phase was 20%. When the number sense 

intervention was introduced Jake’s performance occurred after the eighth session. 

Although the improvement was variable, a trend analysis using a split-middle line 

method showed an accelerating trend. The accelerating trend suggested overall 

improvement in Jake’s fact retrieval during the phase 1 intervention. The average 

retrieval rate during the number sense instruction phase increased to 29% from 20% 

during the baseline condition. After twenty first phase intervention sessions, Jake could 

retrieve 29 of 72 first set facts on post test 1.  

In the Baseline 2 phase, the three baseline assessments were relatively stable with 

an average of 33.33 of fact retrieval rate (20%, 40%, 40% facts respectively on each 

assessment). In the second intervention phase (constant time delay), the number of 

retrieved facts increased with the introduction of the constant time delay phase 

intervention. Trend analysis showed an upward trend with the average fact retrieval rate 

increased to 59% which was higher than the average retrieval rate obtained in phase 

1intervention. After the 20 sessions of the second phase instruction, Jake could retrieve 

50 of 72 second set facts on post test 2.   
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Donna 
The results of four Baseline 1 assessment tests showed a downward trend, as 

Donna retrieved 0%, 40%, 0%, and 0% facts respectively and the session average 

retrieval rate was 10%. During the first intervention phase (number sense), a trend 

analysis showed an upward trend. The accelerating trend suggested that Donna’s fact 

retrieval performance increased to 30%. After receiving the first phase intervention, 

Donna was able to correctly retrieve 31 of 72 first set facts on post test 1. 

The results of the three Baseline 2 assessment tests were variable in (retrieval 

rate: 40%, 20%, 40%), with an average of 33.33% retrieval rate. When the second phase 

of intervention was introduced (constant time delay), improvement occurred 

immediately. Trend analysis revealed an upward trend suggesting improved fact retrieval 

through phase 2 intervention sessions. The average fact retrieval rate increased to 57% 

during the second phase intervention, as figure that was higher than the phase 1 

intervention. Overall, Donna was able to correctly retrieve 48 out of 72 second set facts 

on post test 2 after receiving the second phase intervention.  

STUDENTS IN GROUP 2 

Kate 
For the students in Group 2, the sequence of implementing the interventions was 

reversed. They received constant time delay instruction followed by number sense 

instruction. The Baseline 1 assessment produced unstable fact retrieval performance, but 

all results were relatively low, retrieved 20%, 0%, 40%, 20% of the facts with an average 

retrieval rate of 20%. When the first phase of intervention (constant time delay) was 

introduced, improvement in Kate’s fact retrieval performance occurred after six sessions 
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of instruction. A trend analysis of this phase showed an upward trend which suggested 

that Kate had improved her fact retrieval performance. The average retrieval rate 

increased to 42% during the first phase of intervention and Kate was able to retrieve 38 of 

72 first set facts on post test 1.  

The baseline 2 assessment test results were stable. On average Kate retrieved 20% 

of facts on each baseline assessment test. After the introduction of phase two intervention 

(number sense instruction) improvement in Kate’s fact retrieval performance occurred, 

albeit the improvement trend was variable. The average retrieval rate increased to 37%, 

and Kate could retrieve 31 of 72 second set facts on post test 2. The average score in this 

condition was lower than the mean identified during the intervention 1 condition. 

Tracy 
The results of the Baseline 1 assessment were stable as Tracy could not retrieve 

any facts. After the introduction of the Phase 1 intervention (constant time delay), 

improvement of Tracy’s fact retrieval performance occurred after 4 sessions of 

instruction. Trend analysis in this phase showed an upward trend.  The accelerating trend 

suggested that Tracy progressed in fact retrieval performance during the first intervention 

phase. The average retrieval rate increased from 0% to 35%, and retrieved 33 of 72 first 

set facts on post test 1.  

The results of the Baseline 2 assessment tests showed low retrieval rate (0%, 

40%, 20%) but unstable fact retrieval performance. The average retrieval rate during 

baseline 2 assessment was 20%. The fact retrieval performance remained a bit unstable 

after the introduction of the Phase 2 intervention (number sense intervention). However, 
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trend analysis revealed an upward trend suggesting that Tracy’s fact retrieval 

performance improved during the second intervention phase. The average retrieval rate 

increased to 36% which was slightly higher than the Phase 1 average. Tracy retrieved 31 

out of 72 facts on post test 2 after receiving the second phase intervention 2.  

Lucy 
The Baseline 1 assessment tests produced a stable trend. Like Tracy, Lucy could 

not retrieve any facts on the consecutive baseline tests. After the introduction of the 

Phase 1 intervention (constant time delay), improvement of Tracy’s fact retrieval 

performance occurred after 6 sessions of instruction. Trend analysis in this phase showed 

an upward trend. The average retrieval rate increased from 0% to 46%, and Lucy 

retrieved 38 of 72 first set facts on post test 1.  

The results of the baseline 2 assessment tests yielded low but unstable fact 

retrieval performance, 0%, 20% and 0% retrieval rate with a average retrieval rate of 

6.67%. The performance of fact retrieval improved rapidly after the beginning of the 

intervention 2 (number sense intervention), but the improvement trend dropped after she 

missed two sessions. The trend was stable for most of the reminder of the second phase 

of intervention. The retrieval rate during the second intervention was 30% which is lower 

than the phase 1 intervention mean. After the second phase intervention, Lucy retrieved 

23 out of 72 second set facts on post test 2.  Lucy did not attend all the lessons at the 

second phase. She missed about 1/4 of the sessions. 
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Nina 
The results of the Baseline 1 assessment tests yielded a stable trend, 20%, 0%, 

20%, and 20% retrieval rate. The average retrieval rate during this phase was 15%. After 

the introduction of the phase 1 intervention (constant time delay), improvement of Nina’s 

fact retrieval performance occurred after 5 sessions of instruction. A trend analysis in this 

phase showed an upward trend suggesting that Nina progressed in fact retrieval 

performance. The average retrieval rate increased to 44%, and Nina retrieved 43 of 72 

first set facts on post test1 after receiving the first phase intervention.  

The results of the Baseline 2 assessment produced a stable fact retrieval 

performance (retrieved 0%, 20%, 20% facts each test) with an average of 13.33% 

retrieval rate. The performance of fact retrieval improved rapidly after the beginning of 

the second intervention (number sense instruction) and then the trend remained stable for 

most of the second phase of intervention. Trend analysis in this phase yielded a stable 

trend suggesting that Nina’s fact retrieval performance did not improve over the progress 

of time, although average performance analysis showed that Kate’s fact retrieval 

performance improved after she received number sense instruction. The average retrieval 

fact increased to 40%, which is slightly lower than the 44% mean for constant time delay 

intervention. She retrieved 33 of 72 facts on post test 2 after receiving the second phase 

intervention.  

The average fact retrieval performance during each phase (Baseline1, Intervention 

1, Baseline 2, and Intervention 2) and post test performance are summarized in Figure 11 

and 12 respectively.   
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Figure12:  Post Test Performance (percentage of problems retrieved correctly) for each 
set of unknown facts after each intervention phase  
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Summary of fact retrieval performance 
Baseline 1 assessment data points showed that prior to Phase 1 intervention, all 

students retrieved only few facts correctly. After receiving Phase 1 intervention (students 

in Group 1 received number sense instruction and students in Group 2 received constant 

time delay instruction) all students performed relatively better on fact retrieval 

performance when compared with their performance during Baseline 1 phase. When 

comparing the fact retrieval performances of students in Group 1 to those of students in 

Group 2 during Phase 1 intervention, the data points showed that the levels and trends 

improved relatively more significantly and rapidly among Group 2 students who were 

introduced to the constant time delay procedure. During Phase 1 intervention, students in 

Group 2 generally had higher level improvement after 5 sessions of instruction. The 

upward trends were stable and obvious across all 4 students who were in Group 2. The 

performance levels and trends in Group 1 students were not as obvious as those in Group 

2 students. Students in Group 1 generally reached higher level performance after 8 

sessions of instruction. After 8 sessions of instruction, their performance improved very 

gradually but was stable. Posttest 1 data showed that students in Group 2 could retrieve 

slightly more facts after Phase 1 intervention than students in Group 1.  

Baseline 2 assessment data points showed that the performance level of students 

in Group 1 who received number sense instruction during Phase 1 intervention did not 

regress to Baseline 1 performance levels, while the performance levels of students in 

Group 2 who received repeated practice instruction during Phase 1 intervention regressed 

to Baseline 1 performance levels. During Intervention 2 phase, both students in Group 1 

showed almost immediate improvement after introduction of Phase 2 intervention, while 
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the performance levels and trends of students in Group 2 during Phase 2 intervention 

were more similar to those of students in Group 1 during Phase 1 intervention. Posttest 2 

data showed that students in Group 1 outperformed students in Group 2 after Intervention 

2 phase.  Note that the order of intervention seemed to produce differential effects on 

students who received number sense instruction followed by constant time delay 

procedure in that the test results yielded less regression during the return to baseline 2 

phase.  

 Untaught problem 

STUDENTS IN GROUP 1 

Jake 
On the first untaught problem test after Phase 1 instruction, Jake could solve 10 

problems correctly on the word problem test. When solving world problems, it appeared 

that on most occasions Jake could comprehend the sentence, represent the problem 

situations using blocks or fingers except for change-start unknown problems, and 

compare-quantity unknown problems. On the missing addend and missing 

minuend/subtrahend problems, Jake solved 7 out of 8 problems correctly. The strategies 

he used to solve this type of problem included using retrieval, using fingers to represent 

problems, and using blocks to represent problems. He missed the missing minuend 

problem with the minuend greater than 10. On the 2-digit addition problems, Jake solved 

all of the problems correctly. He used blocks to solve most of the 2-digit plus 2-digit 

problems but used count on from large to solve 2-digit plus 1-digit problems. When using 

blocks, Jake could use ten-unit items to present two-digit numbers (i.e., used 2 tens 
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blocks and 6 single blocks to represent 26), which showed the signs of understanding 

multiunit quantities structure.  

Jake performed similarly on the second set of untaught problems test as he did on 

the first set of untaught problems test. However, instead of using blocks or fingers to 

represent problem situations, Jake solved some problems directly without manipulating 

any objects. 

Donna 
On the first set of untaught problem test, Donna solved 12 problems correctly on 

the word problem test. Like Jake, Donna could comprehend most of the problems and 

could use blocks to represent problem situations. Like Jake, Donna also had difficulty 

representing the change-start unknown problems. On the missing addend and missing 

minuend/subtrahend problems, Donna solved 8 out of 8 problems correctly. The 

strategies she used to solve this type of problem included using fingers and using blocks 

to represent problems. On the 2-digit addition problems, Donna solved all the problems 

correctly. She used blocks to solve most of the 2-digit plus 2-digit problems, but used 

counting on from large to solve 2-digit plus 1-digit problems. When blocks were used, 

Donna could use ten-unit items to present two-digit numbers, which showed the signs of 

understanding of multiunit quantities structure.  

 Donna performed similarly on the second set of untaught problem test as she did 

on the first set of generalization tests. Like Jake, Donna did not use blocks to represent all 

the problem situations; instead, she solved some problems using verbal counting or using 

finger patterns.  
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Kate  
On the first untaught problem test, Kate solved 4 out of 14 problems correctly on 

the word problem test. Kate drew pictures to solve both of the exchange of quantity result 

unknown problems and change unknown problems. She used a drawing to represent the 

problem situations, although she constantly made counting errors when she tried to count 

the objects she drew. For example, she drew 9 squares and 3 squares but indicated the 

answer was 13 after she counted all the squares. She also tried to use blocks to solve 

problems but it did not show that she successfully represented the problem situations. 

Most of the time, she just operated (added or subtracted) numbers that appeared in the 

problems without really solving the problems.  

Kate solved all of the problems correctly on the missing addend and missing 

minuend/subtrahend problems. She happened to memorize all the facts that appeared in 

this test, therefore, filled in all the missing numbers correctly. On the other hand, she only 

solved two 2-digit addition problems correctly, although she did so with the help of 

blocks. Kate held a unitary view of 2-digit numbers. For example, she would get 26 

single blocks to represent 26. Therefore, for a problem such as 46 + 21, she would first 

get 46 single blocks and then get 21 single blocks and finally counted all of then starting 

from 1. Ultimately, she had a mass pile of blocks and ended up making counting errors.  

After receiving number sense instruction, the results of the second set of untaught 

problems test showed that Kate had improved substantially when compared to her 

performance on the first set of untaught problems test, especially on the word problem 

solving test and the 2-digit addition problem test.  On world problems, it appeared that 

Kate could use blocks to represent most of the problem situations correctly. On the 2-
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digit addition problems, this time, Kate could use ten-unit items to present two-digit 

numbers. She also used the count on from large strategy to solve 2-digit plus 1-digit 

problems. 

Tracy  
On the first set of untaught problem test, Tracy solved 5 out of 14 world problems 

correctly on each set of the world problem test. Tracy tried to use blocks to represent 

problem situations, but most of the time she failed to do it successfully. Sometimes, she 

would pick one of the numbers that appeared in the problem and write it down as an 

answer. Tracy solved 6 out of 8 correct on the missing addend or missing 

subtrahend/minuend problem test. She had difficulty solving missing minuend problems. 

She mainly could retrieve the facts and then filled in missing numbers. On the two-digit 

addition problem test, she solved 5 out of 8 problems correctly. Like Kate, Tracy also 

held a unitary view of 2-digit numbers after Phase 1 instruction. However, she made 

fewer counting errors than Kate. 

Tracy also showed great improvement on the second set of untaught problem test, 

especially on the world problem solving test, when compared to her first set of untaught 

problem test. This time, Tracy could more successfully use blocks to represent problem 

situations. She solved 10 out of 14 problems correctly on each set of word problem test. 

Tracy showed sign of understanding multiunit quantities structure on the second set of 

generalization tests. She could use ten-unit items to present two-digit numbers and use 

them to solve 2-digit addition problems.  



 75

Lucy  
On the first set of untaught problem test, Lucy solved 4 out of 14 problems 

correctly on the word problem test. She rarely used blocks to represent problem 

situations. Like Tracy, Lucy would select one number that appeared in the problem and 

then wrote it down as answer. She solved 5 out of 8 problems correctly on missing 

addend or missing subtrahend/minuend problem test. She mainly used retrieval or 

counting fingers to solve this type of problem. Like Kate and Tracy, Lucy also held a 

unitary view of 2-digit numbers on the first set of double-digit addition problems test. 

She also made some counting errors when she tried to count blocks. 

Lucy showed some improvement on the second set of untaught problem test, 

especially on two-digit addition problems. She showed a great understanding of multiunit 

quantities structure this time. 

Nina 
On the first set of untaught problem test, Nina solved 5 out of 14 problems correct 

on the world problem test. It appeared that Nina comprehended most of the sentences but 

had difficulty representing the problem situations using blocks. She mainly using 

retrieval to solve the missing addend or missing subtrahend/minuend problems but 

sometimes she used blocks to help her get answers if she failed to retrieve facts.  

Nina seemed to have some understanding of multiunit quantities structure. For 

example, she would use 2 tens blocks and 6 single blocks to represent 26. However, 

instead of using count-on strategy, she used count-all to solve 2-digit addition problems. 

For example, to solve 46 + 21, she first got 4 tens blocks and 6 single blocks and then got 
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2 tens blocks and 1 single block. Finally, she counted all the blocks starting from 1. Nina 

solved 4 out of 8 correctly on two-digit addition problems.   

 On the second set of generalization tests, Nina showed some improvement on the 

world problem solving tests. However, she had the greatest improvement on two-digit 

addition and missing addend and missing subtrahend/minuend test, when compared to her 

first set of generalization tests. Nina represented world problem situations more 

successfully this time and showed more understanding of multiunit quantities structure. 

For example, to solve 12 + 35, she first got 1 tens block and 2 single blocks and then got 

3 tens blocks and 5 single blocks. This time, instead of counting all from 1, she counted 

tens blocks first and then counted the single blocks to get answer. 

The untaught problem tests performance are summarized in Figure 13. 
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Figure 13: Untaught Problem Tests Performance (percentage of problems complete correctly) after each intervention phase 
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Summary of untaught problem tests performance 
In word problem solving, students in Group 1 generally had no difficulty solving 

all the problem types except for 2 change-start unknown problems after Phase 1 

instruction. They tended to use fingers or verbal counting to solve relatively easy 

problems, such as the exchange of quantity result unknown and combine value unknown 

problem types. For example, to solve this problem: Joe had 3 cubes. Then Tom gave him 

5 more cubes. How many cubes does Joe have now? Both Jake and Donna counted on 

from 3 and used fingers to help them keep track: showed 1 finger and counted 4, showed 

the second finger and counted 5, showed the third finger and counted 6,…until showed 

the fifth finger and counted 8 and indicated that 8 was the answer. When they found out 

that they could not “see” the operation and answers directly from the problems, they used 

blocks to demonstrate problem situations and then solved the problems. For example, to 

solve this problem: Jane has 12 cubes. Mary has 7 cubes. How many cubes does Jane 

have more than Mary? Students in Group 1 could first get 12 blocks to represent Jane’s 

cubes and then get 7 blocks to represented Mary’s cubes. They then align each set of the 

blocks and, comparison between the sets, and counted the differences to get answer. 

These students’ performance and strategies used during the first set word problems test 

maintained to the second set word problems test. Group 1 students had similar 

performance on the second set word problems test except that they did not used concrete 

objects to represent problem situations as frequently as they did in the first set word 

problems test. 
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On the other hand, students in Group 2 could only solve the easiest problem type, 

which was the change of quantity result unknown problem (i.e., Joe had 3 blocks. Then 

Tom gave him 5 more blocks. How many blocks does Joe have now?). Even though they 

were being constantly reminded that they could use blocks to help them solve problems, 

most of the students in Group 2 did not use blocks as frequently as students in Group 1. 

The strategies they used to solve the word problems included: (1) picked one of the 

numbers that appeared in the question and indicated that the number was the answer, (2) 

guessed, (3) drew pictures to represent problem situations, and (4) used blocks but did not 

use blocks to represent problem situations. For example, to solve this problem: Jane has 

12 cubes. Mary has 7 cubes. How many more cubes does Jane have than Mary? Some of 

the students would pick a number that appeared in the problem, say 12, and then 

indicated the answer was 12. Other students would get a set of 12 blocks and a set of 7 

blocks but did not make comparison between the two sets of blocks. Instead, they would 

just say the answer was 7 or 12.  Only Kate occasionally would use drawing to solve the 

problems. Group 2 students’ word problem performance improved on set 2 untaught 

problem test after they received number sense instruction. They were more likely to use 

blocks or fingers to represent problem situations and could solve problems more 

successfully. Like students in Group 1, students in Group 2 also had difficulties solving 2 

change-start unknown problems, even after receiving number sense instruction. However, 

they generally had no difficulty solving the rest of the problem types after number sense 

instruction. 

In number-format problems with one addend or minuend/subtrahend missing, 

students in Group 1 generally had no difficulty solving missing addend and missing 
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subtrahend problems on the first set untaught problem test. They used counting blocks or 

finger patterns to solve these two types of problems. However, these students tended to 

have difficulty solving missing minuend problems especially when the missing number 

was greater than 10 (i.e., (  ) – 6 = 7). They could solve the missing minuend smaller than 

10 by retrieving or using trial-and-error. Group 1 students’ performance and strategies 

used during the first set test also maintained to the second set word problems test. 

Students in Group 2, except for Lucy, tended to perform well on this type of 

problem on first set test after receiving constant time delay instruction. On the first set 

untaught test, they relied on retrieval to solve this type of problems. If they could not 

retrieve, they tended to use their fingers to solve the problems. During the second set 

untaught problem test, they relied less on retrieval but used more counting or finger 

patterns to solve this type of problem. Their performance improved slightly on this 

problem type on the second set untaught problem test. As students in Group 1, Group 2 

students also had difficulty solving missing minuend problem with the minuend larger 

than 10.   

In two-digit plus one- or two-digit addition problems, students in Group 1 tended 

to use count-on-from large to solve the two-digit plus one-digit addition problems (i.e. to 

solve 5+16, they counted 5 more starting from 16). When they used blocks to solve two-

digit plus two-digit addition problems, they showed some understanding of multi-unit 

quantity structure on two-digit numbers. For example, when asked to get twelve blocks, 

instead of getting a pile of 12 unit blocks, they could get one tens block and 2 unit blocks. 

When solving 12 + 24, they would get one tens block and 2 unit blocks, get 2 tens blocks 

and 4 unit blocks, put them together, and then count tens blocks first (ten, twenty, thirty) 
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and then count the unit blocks ( thirty-one, thirty-two,… thirty six) to get answer. 

Students could not automatically regroup when solving regrouping problems unless they 

were specifically reminded to do so.  

Students in Group 2 used blocks to solve all the two-digit addition problems on 

the first set untaught problem test. The strategy that these students used to solve this type 

of problem did not show that they had understanding of multi-unit quantity structure. 

When asked to solve 12 + 24, they usually got a pile of 12 unit blocks and a pile of 24 

unit blocks, and then put them together and counted. It was quite common for these 

children to make counting mistakes while counting the final answers because they needed 

to count a huge pile of unit blocks. After receiving number sense instruction, Group 2 

students’ strategies used to solve the two-digit addition problems showed that they 

became familiar with multi-unit quantity structure. They started to get one tens block and 

2 unit blocks for the number 12 and get 2 tens blocks and 4 unit blocks for 24. When 

counting the final answer, they counted tens blocks first and then the unit blocks. 

However, as Group 1 students, these students could not regroup automatically.  

Summary 

The main focus of this study was to compare the effect of number sense 

instruction versus constant time delay instruction on the performance of fact retrieval 

performance of second graders who have math learning difficulties. Untaught problem 

tests were used to examine the extra utilities of each instruction. Mean performance level 

and trend analysis were used to assess the effects of the instructional programs on 

subjects’ fact retrieval performance. A stable baseline was obtained for all but one 
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student at the baseline 1 phase. Students’ fact retrieval rate during baseline 1 phase 

ranged from 0% to 20%. During Phase 1 intervention, the improvement of students who 

received number sense intervention was not as substantial as that of students who 

received constant time delay instruction (Group 1 students’ fact retrieval rate rage ranged 

from 29% to 30% whereas Group 2 students’ fact retrieval rate ranged from 35% to 

26%), although students in both Groups showed improvement as a result of the 

introduction of the first phase interventions. First set untaught problem test results 

showed that students who received number sense instruction during Phase 1 intervention 

outperformed students who received constant time delay instruction during Phase 1 

intervention. Group 1 students’ word problem complete correct rate ranged from 71% to 

85.7%; missing number complete correct rate ranged from 87.5% to 100%; 2-digit 

addition problem correct rate were 100% on both Group 1 students. Whereas Group 2 

students’ word problem complete correct rate ranged from 28.6% to 42.9%; missing 

number complete correct rate ranged from 50% to 100%; 2-digit addition problem correct 

rate ranged from 25% to 62.5%. 

The results of the baseline 2 assessment tests were more variable for most 

students. Baseline 2 assessment data showed that Group 1 students’ performance levels 

on Baseline 2 did not regress to Baseline 1 levels (retrieval rate was 33.3% for both 

students in Group 1) while Group 2 students’ performance levels during Baseline 2 were 

more similar to their performance levels during Baseline 1 phase (retrieval rate ranged 

from 6.6% to 20%). During the second intervention phase, students, again, in both 

Groups showed improvement on the level and trends after the introduction of 

interventions. However, students who received number sense instruction followed by 
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constant time delay instruction had greater improvement on fact retrieval performance 

(retrieval rate ranged from 57% to 59%). Students in Group 1 maintained their 

performance on the second set untaught problem test and students in Group 2 showed 

improvement on the second set untaught problem test after they received number sense 

intervention. Their word problem complete correct rate ranged from 57.1% to 85.7%; 

missing number complete correct rate ranged from 75% to 87.5%; 2-digit addition 

problem correct rate ranged from 90% to 100%. 

The results showed that in this study, both type of instructions had positive effects 

on students’ fact retrieval performance since the dependent variable (fact retrieval 

performance) systematically changed as the results of independent variables. However, 

only number sense instruction had positive effect on students’ untaught problem test 

performance as the observation of the problem solving strategies showed that students 

were able to transfer what they had learned to untaught problem solutions. In addition, 

the order effect of number sense instruction followed by constant time delay was superior 

to the constant time delay followed by number sense instruction order. The number sense 

instruction followed by constant time delay sequence produced higher retrieval accuracy 

on the second baseline phase and the second post test.   
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CHAPTER V 

DISCUSSION 

The problems addressed in this study were whether number sense instruction can 

have a positive influence on Mathematics Learning Disabilities (MLD) students’ fact 

retrieval performance, whether students can perform better on fact retrieval performance 

when they receive number sense instruction followed by repeated practice, and whether 

students can perform better on untaught problem tests after receiving number sense 

instruction. Given that the emerging theory indicated that lack of number sense can 

causally affect MLD students’ fact retrieval performance, it was hypothesized that 

number sense intervention could improve MLD students’ fact retrieval performance. 

Since number sense instruction could enhance students’ conceptual understanding of 

numbers, number system and operations, it was also hypothesized that students who 

received number sense instruction could have better generalization performance when 

compared to students who received drill-and-practice instruction only. The research 

questions addressed in this study were: (1) How do second-grade students with math 

learning disabilities perform on fact retrieval across two types of interventions: repeated 

practice versus number sense instruction? (2) How do they perform in untaught problems 

after receiving number sense intervention? The questions are discussed below. 

Research Question One 

How do second-grade students with math learning disabilities perform on fact 

retrieval across two types of interventions: repeated practice versus number sense 

instruction?  The results of this study showed that both students in Group 1 and all 
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students in Group 2 have demonstrated improvement on fact retrieval performance after 

the introduction of Phase 1 intervention. Students’ responsiveness to interventions could 

also be observed during Phase 2 intervention. Therefore, both number sense instruction 

and repeated practice instruction had a positive effect on students’ fact retrieval 

performance for six students involved in the study.  

It is not surprising to find that repeated practice instruction had a positive effect 

on students’ fact retrieval performance. Data obtained from Phase 1 intervention (refer to 

Figure 5 -10) and Posttest 1 (refer to Figure 12) even showed that students who received 

repeated practice intervention had better performance than students who only received 

number sense intervention. This finding is not unexpected because repeated practice has 

been used to enhance fact retrieval performance of students with MLD (Gersten & Chard, 

1999) and it has been documented that intervention using over learning approach can 

quickly boost students’ fact retrieval performance (See Appendix 2 for a list of 

intervention studies using repeated practice). However, it is interesting to find that 

number sense instruction itself could also have had a positive effect on students’ fact 

retrieval performance in this study, given that students were not practicing any facts at all 

during number sense instruction. It is possible that the positive effect of number sense 

instruction on fact retrieval performance resulted from the counting activities involved in 

the number sense intervention. It has been documented that a well-developed repertoire 

of counting strategies is essential to fact retrieval (Cumming & Elkins, 1999, Fuson, 

1992, Sevenson & Sjoberg, 1983). Children need to first develop counting strategies and 

then transit from counting procedures towards fact retrieval. Moreover, the more efficient 

counting strategies (i.e., counting-on from large addend strategy) the children develop, 
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the less cognitive capacity was demanded when solving addition problems, hence, 

increasing the likelihood to retrieve answers (Geary, 1994). The counting activities 

involved in the number sense intervention provided students with opportunities to 

practice in saying the number-word sequence and in counting objects with this sequence. 

The sequence then might become an efficient tool for students to solve addition and 

subtraction problems. Furthermore, the more efficient counting strategies taught in the 

number sense intervention might enable students who received number sense instruction 

to count-on for addition and count-back for subtraction mentally more easily. Therefore, 

students could have better performance after receiving number sense instruction. 

Although the results showed that all 6 participants were responsive to both types 

of intervention and that repeated practice intervention had a greater initial effect on 

students’ fact retrieval performance, a careful examination of the performance levels and 

trends in each intervention phase across students showed that it was also evident that 

students who received number sense instruction followed by repeated practice 

outperformed students who received repeated practice followed by number sense 

instruction on fact retrieval. First, students who received number sense instruction 

followed by repeated practice had higher performance levels during Phase 2 intervention. 

Jake and Donna’s average retrieval rate was 59 and 57 respectively, while Kate, Tracy, 

Lucy, and Nina’s retrieval rate was 37, 36, 30, and 40 respectively. Jake and Donna’s 

performance during Phase 2 intervention also exceed what Kate, Tracy, Lucy, and Nina 

had during Phase 1 intervention (retrieved 42, 35, 46, and 44 respectively). Second, the 

performance level of both Group 1 students during Baseline 2 phase did not regress to 

their Baseline 1 level, while the performance level of 3 students (Kate, Lucy, and Nina) 
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in Group 2 during Baseline 2 phase regressed toward their Baseline 1 level. Finally, 

Posttest 2 data showed that the retrieval rate of both students in Group 1 exceeded the 

retrieval rate of students in Group 2 on both Posttest 2 and Posttest 1. The better 

performance of Group 1 students during Phase 2 intervention, higher retrieval rate on 

Posttest 2, and the performance level of students in Group 1 during Baseline 2 phase not 

regressing toward Baseline 1 level suggest that there might be a sequence effect: the 

preliminary evidence suggested that it is possible that students who received number 

sense instruction first might be more “ready” for drill practice, hence, resulting in better 

performance. If there was no sequence effect, the performance levels of students in 

Group 1 during Phase 2 intervention would have been similar to those of students in 

Group 2 during Phase 1 intervention given that the identical repeated practice 

intervention was implemented during these phases. The preliminary finding of the 

possible sequence effect is consistent with Dehaene (1997) and Gallistel and Gelman, 

(1992) suggestion and correspond to McCloskey’s Abstract-modular model (McCloskey, 

Caramazza, & Basilli, 1985, Sokol, McCloskey, Cohen, & Aliminosa, 1991; McCloskey, 

1992; McCloskey, 1995; Whalen, et. al., 2002) that quantitative representation of 

numbers is the foundation of math competence and it plays an important role in the 

development of various aspects of math abilities. The finding also corresponded to the 

recent raised assertion that calls for attention to identify the cognitive deficits underlying 

MLD students’ fact retrieval difficulties (Robinson, Menchetti, & Torgesen, 2002) and to 

seek intervention approaches that can intervene in MLD students at the cognitive level 

(Gersten & Chard, 1999). This study provided evidence that, for students who showed 

early signs of MLD, exposing students to instruction that can help them develop 
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quantitative representation of numbers and familiarize them with relations among 

numbers and number systems can be essential.  

This finding can be of value to current instruction practice for students who 

demonstrate math learning disabilities or math related learning difficulties. Although 

traditional intervention strategies using repeated practice have been used to improve 

MLD students’ fact retrieval performance and such intervention strategies have been 

proven to be effective, the results of the present study showed that the effectiveness of 

such intervention can be limited, especially when compared to intervention approaches 

that incorporate number sense components. The results suggested that providing students 

with number sense instruction prior to providing them repeated practice instruction could 

result in greater effectiveness than providing students with instruction that only helps 

students to familiarize the association between problems and answers in their 

phonological representation.  

Research Question Two 

How do they perform in untaught problems after receiving number sense 

intervention? The preliminary findings of this study showed a possible functional 

relationship between number sense instruction and their performance on untaught 

problems test. Students who received number sense instruction had better performance on 

untaught problem tests when compared to students who only received repeated practice 

(refer to Figure 13). Observation of students’ strategies used showed that students who 

received number sense instruction could use more strategies to solve problems and in a 

more meaningful way. This finding is consistent with Griffin, Case, and Siegler’s (1992) 
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findings on low SES students that after students received number sense instruction, they 

had better performance on word problems and double-digit problems.  

This finding also addressed the concern of students’ generalization ability. It has 

been a concern that students’ generalization was rarely observed in instruction strategies 

that more focused on rote memorization. The results of this study provided preliminary 

evidence that students can memorize facts after receiving repeated practice instruction 

but they are unsure as to when or how to use what they know. It corresponds to Gersten 

and Chard’s (1999) assertion that repeated practice instruction may be insufficient and 

can hinder students’ development of mathematical competence. On the other hand, the 

preliminary finding suggested that higher performance on untaught problem test of 

students who received number sense instruction showed that instruction approach that 

was able to enhance students’ knowledge of numbers, number relations, and number 

operations could not only improve students’ fact retrieval performance, but also improved 

students’ word problem solving abilities, multi-digit computation and place value 

concepts. 

Another finding worth noting is that students tended to have difficulties solving 

change-start unknown word problems (i.e., Allen had 9 blocks. Then Ken gave him some 

more blocks. Now Allen has 13 blocks. How many blocks did Ken give him?) and 

missing minuend with the minuend larger than 10 problems (i.e., (  ) – 4 = 8) even after 

receiving number sense instruction. According to Ostard (1998), only 33% of second 

graders without disabilities can solve the change-start unknown word problems correctly 

and only and 37% of second graders without disabilities can solve solving missing 

minuend with the minuend larger than 10 problems correctly. It is possible that the part-
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whole relation understanding that are involved in solving such problem types was not 

acquired by students who participated in this study, although observation of students’ 

strategy use showed that students who received number sense instruction started to have 

basic understanding of part-whole relationship of numbers. For example, when asked to 

get 9 blocks, instead of counting 9 unit blocks, students could get a one tens block and 

take off one unit block from the tens block.    

The results of untaught problem tests showed that after receiving number sense 

instruction, the participants could solve word problems, missing addend and missing 

minuend/subtrahend in more flexible and meaningful ways. It is possible that during 

number sense instruction, a problem-solving environment was created in which students 

were encouraged to solve problems. Students were encouraged to use various strategies 

to solve problems and to explain their strategies to other people. Observation of students’ 

strategy use showed that students were more likely and were more comfortable using 

blocks or fingers to represent the problem situations and solve the problems, which might 

imply that students viewed problems in a more meaningful way.  

Limitations of the Study 

There are three limitations to this study. First, participants were not officially 

identified as having math learning disabilities. Although tests results revealed that it was 

possible that they were at risk for math learning disabilities, it was also possible that other 

factors contributed to their learning difficulties (i.e., lack of informal math learning) 

rather than their learning disabilities. Second, due to the limitation of participants in this 

study, even though this study derived desirable outcomes, it only can be concluded that 
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the effectiveness of number sense instruction holds true on the selected participants but 

may have different outcomes for other individuals so that it cannot be generalized to the 

population. Finally, the duration of this study was short for both types of instructions (5 

weeks for each instruction) when compared to other intervention studies (ranged from 8 

weeks to 17 weeks). Therefore, it is possible that students’ inability to reach a mastery 

level of fact retrieval resulted from short instruction time.  However, it is also possible 

that the participating students were not developmentally ready so that they could not 

acquire the more effective strategies (i.e., composition and decomposition) to memorize 

the more difficult facts. Unlike those addition facts involving only one large addend 

(which can be solved using count-on-from-larger strategy easily) and the subtraction facts 

involving one small subtrahend (which can be solved using counting back strategy), the 

strategies used to solve larger addend facts and large subtrahend facts can be more 

sophisticated (i.e., strategies used to solve 8 + 9 could be 8+ 8 = 16, 16 + 1 =17, or 9 + 1 

= 10, 10 + 7 = 17, etc.). These strategies involved part-whole relation understanding and 

it is possible that the participating students were not developmentally ready for such 

strategies, given that such cognitive understanding and strategies were more frequently 

observed among children at later elementary school years (Carr & Hettinger, 2003).  

 Practical Implications and Future Research Suggestions 

The study addressed the recently raised concern that students with math learning 

disabilities may have weak number sense and that this cognitive deficit can causally 

affect MLD students’ fact retrieval performance. One result from this study showed that 

participating students who received number sense instruction followed by constant time 
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delay drill-and-practice had better performance on facts memorization. The result further 

suggested that providing instruction that can help students make associations among 

counting numbers, formal symbols, and quantities prior to giving repeated practice 

instruction can be more beneficial for students who have fact retrieval difficulties. 

Moreover, students who received number sense instruction had better 

performance on word problem solving and had better understanding of multi-unit 

structure of multi-digit numbers when compared to students who received drill-and-

practice instruction only. This result suggested that giving opportunities for students to 

experience the association between numbers and quantities can be crucial for the 

development of children’s math competence. 

There are several questions that remain to be answered. First, although the results 

of this study showed that number sense instruction had positive effects on students’ fact 

retrieval and untaught problem performance, long-term effects of number sense 

instruction were unclear. It is of interest to examine the long-term effects of number 

sense instruction on MLD students’ different aspects of math performance especially on 

multi-digit subtraction problems, whole number multiplication problems, and whole 

number division problems. A longitudinal study can reveal valuable information 

regarding how number sense can affect different aspects of math performance of MLD 

students. Second, students with MLD are a heterogeneous group. Although fact retrieval 

difficulty is one of the commonly seen characteristics of students with MLD, the 

underlying cognitive deficits that cause fact retrieval difficulty can be different. It is 

unclear whether number sense instruction can be beneficial to all, or at least most, of the 

MLD students who manifest difficulty in fact retrieval. Further research that examines 
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the effectiveness of number sense instruction on subgroups of MLD population (i.e., a 

group of students with co-morbid reading disabilities and math disabilities vs. a group of 

students with math disabilities only) can reveal information on the overall effect of 

number sense instruction. Finally, although it is hypothesized that lack of number sense is 

one of the cognitive deficits that can cause math learning difficulties of MLD population, 

to date, there is no standardized, normed test of number sense (Robinson, 2002). 

Therefore, it is unclear whether the participating students’ poorly developed math 

competence was disability-related (deficits in biological mechanism of numbers and 

quantities association) or socioeconomic and/or instruction-related (insufficient math 

experience and/or instruction but biological mechanism intact). The problem is further 

compounded by the fact that students participating in this study were too young to have a 

history of response to math instruction. As a result, it is unclear whether the effectiveness 

of number sense instruction in this study was remedial for students’ biological-related 

number representation deficits or if it was a compensation of insufficient math instruction 

and/or experience. Although a tremendous amount remains to be learned about how 

number sense can be evaluated, the present study provides evidence that early 

identification of and intervention with at-risk students for math learning disabilities can 

result in positive effects on the development of students’ math competence.  

Summary 

It is evident from the results of the study that both number sense instruction and 

constant time delay procedure were effective on fact retrieval performance of the six 

participants. However, a possible sequence effect was observed in which students who 
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received number sense instruction followed by constant time delay instruction could 

memorize facts more easily and could retrieve more facts. This finding was consistent 

with the results of previous research that number sense is the foundation of math 

competence (Gallistel & Gelman, 1992; McCloskey, 1992; McCloskey, 1995; Whalen, 

et. al., 2002). The other finding was that students who received number sense instruction 

had better performance on untaught problem tests and that they were more willing to use 

various strategies to solve problems. This finding was consistent with Griffin et al (1992) 

finding on low SES students that the effectiveness of instruction that incorporates number 

sense components is not limited to fact retrieval performance but can also enhance 

children’s ability to solve more novel problems.  

The findings of the study showed preliminary evidence that instruction combining 

number sense and repeated practice and giving instruction in that order can result in 

greater performance on fact retrieval. The results of this study also showed that 

instructional approach that enhances students’ understanding of numbers, number 

systems, and association among numbers and quantities can not only improve students’ 

fact retrieval performance but can also promote students’ performance on novel tasks. 

Although further replication of these preliminary findings is necessary, the findings of 

this study can shed some light on current instruction practice for students who have MLD 

or have math related learning difficulties, given that current interventions for these 

students are more focused on rote memorization of facts and procedures than on 

understanding of numbers, number systems, and association among numbers and 

quantities. The present study also showed the effectiveness of early identification and 

early intervention. To provide early intervention that enhances students’ understanding of 
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numbers and number systems to students who show early signs of math learning 

disabilities can be critical for these students’ later development of math competence.   
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Appendix 1  

Behavioral characteristics of students with MLD 

Area of Math Learning  Behavioral Characteristics 
Math language and symbols  Has difficulty with the language of math 

 Misspells number words 
 Fails to read accurately the correct value of multi-

digit numbers because of their order and spacing 
 Misplaces digits in multi-digit numbers 
 Makes errors when reading Arabic numbers aloud 
 Does not remember number words or digits 
 Writes numbers illegibly 
 Can not copy numbers accurately 
 Exhibits left-right disorientation of numbers 
 Omits digits on left or right side of a number 

Number concept  Fails to verify answers and settles for first answer 
 Reaches “unreasonable” answers 
 Disregards decimals 

Computation  Has difficulty with multi-step problems 
 Can not recall number facts automatically 
 Takes a long time to complete calculations 
 Makes “borrowing” errors 
 Counts on fingers 
 Calculates poorly when the order of digit presenting 

is altered 
 Orders and spaces numbers inaccurately in 

multiplication and division 
 Misaligns vertical numbers in columns 
  Fails to carry 
 Jumps impulsively into arithmetic operations 
 Misaligns horizontal numbers in large numbers 
 Skips rows or columns when calculating 
 Misreads computation signs 
 Reverses numbers in problems 
 Starts the calculation from the wrong place 
 Does not recognize operation signs 

Problem solving  Has difficulty with Word problems 
Others  Does not follow spatial commands or directions 

 Has difficulty learning to tell time 
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 Appendix 2  

 Intervention studies for students with MLD using repeated practice 

Studies N Grade/
Age 

Experimental 
Design 

Length of  
Intervention 

Treatments Dependent 
Measure(s) 

Results Follow-
up/Maintenance 

Generalization 

Christensen 
& Gerber 
(1990) 

23 
LD 

3rd -6th 
grades 
10.2 
years 
old 

Pre/post 
Group 
comparison 

6mins/day 
5days/ week 
13 weeks 

CAI drill and practice 
(game vs. non-game) 

Addition facts Non-game format CAI 
was more effective than 
game (mean score 82.1 
vs. 71.6; full 
score=100) 

N/A N/A 

Greene 
(1999) 

23 10.7 
years 
old 

Within-
subject 
counterbalan
ced design 

20 mins/day 
5 days/week 

Mnemonic (pegwords) Multiplication 
facts 

Mnemonic training 
contributes to the 
retention of math facts 
(mean scores of 7.96 at 
post test vs. 3.56 at 
pretest, total=14) 

Retention was 
relatively long 
lasting (24-hr. 
and 7-day 
follow-up) 

N/A 

Koscinski 
& Gast 
(1993) 

5 3rd – 
5th 
grades
9-11 
years 
old 
 

Single 
subject- 
multiple 
probe 

4 days/week 
48, 39, 39, 
45, and 47 
sessions for 
students 1 to 
5 

Constant time delay  Multiplication 
facts 

All students reached 
100% accuracy  
criterion after 
intervention 

N/A Generalized to 
paper-and-pencil 
tasks, to 
horizontal 
format, to 
reverse problem. 
Not generalized 
to missing-factor 
problems 
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Studies N Grade/

Age 
Experimental 
Design 

Length of  
Intervention 

Treatments Dependent 
Measure(s) 

Results Follow-
up/Maintenance 

Generalization 

Koscinski 
& Gast 
(1993) 

6 9 and 
10 
years 
old 
3rd  
and 4th 
grades 

Single 
subject 

1 
session/day 
4 days/week 

CAI incorporated with 
constant time delay 
procedure 

Multiplication 
facts 

Students reached 100% 
accuracy  criterion after 
intervention 

N/A Generalized to 
paper-and-pencil 
tasks, horizontal 
format,  reverse 
problem, and to 
verbal response. 
Generalization 
assessment 
indicated 
variable 
performance 
across students 

Majsterek 
& Simmons 
(1996) 

4 9.2 – 
10.10 
years 
old 

Single 
subject-
alternating 
treatments 
design 

30 mins/day  
 

Drill and practice (CAI 
vs. teacher-directed 
instruction) 

Multiplication 
facts 

Students mastered ,pre 
facts under TDI 

N/A N/A 

Pavchinski, 
Evans, & 
Bostow 
(1989) 
 

1 12 
years 
old 

Single 
subject- 
change 
criterion 

 Token reinforcer Addition, 
subtraction, 
multiplication 
and division 
facts 

Reached 100% 
accuracy  criterion 

88.7% correct 
rate 4 weeks 
after 
intervention. 
 
 
 
 
 

N/A 
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Studies N Grade/
Age 

Experimental 
Design 

Length of  
Intervention 

Treatments Dependent 
Measure(s) 

Results Follow-
up/Maintenance 

Generalization 

Williams & 
Collins 
(1994) 

4 9.6-
13.10 
years 
old 

Single 
subject – 
multiple 
probe   

15 mins/ day 
5 days/week 
 

Constant time delay 
with material prompts 
(chips, number line, 
fingers) 

Multiplication 
facts: 6s, 7s, 
8s. 

All students reached 
criterion ( 3 consecutive 
days at 90% accuracy) 
after intervention 

Maintained 
criterion after 
intervention 
(except that one 
students  
required 
remedial trials 
for the 7s) (a) 

Students 
demonstrated 
generalization to 
2- and 3- digit 
multiplication 
problems and 
story problems 
with (mean 
percentage of 
92% to 98.8%) 
 
 
 
 

Intervention studies for students with MLD using rule instruction 

Studies N Grade/
Age 

Experimental 
Design 

Length of  
Intervention 

Treatments Dependent 
Measure(s) 

Results Follow-
up/Maintenance 

Generalization 

Van Houten 
(1993) 

4 9-11 
years 
old 

Single 
subject 

15mins/day 
5 days/week 

Rules instruction vs. 
rote memorization 

Subtraction 
facts with 
subtrahend was 
7 and 9 

Students received rules 
instruction reached 90% 
correct criterion faster 
than students who used 
rote memorization 

Remained 90% 
correct criterion 
on follow-up 
one month after 
study 

N/A on LD 
participants 

Beirne-
Smith 
(1991) 

20 
LD 

8.7 
years 
old 

Pre/post 
Group 
comparison 

30mins/ 
sessions 
4 weeks 

Peer tutoring (count-on 
vs. rote memorization) 

Addition facts Count-on procedure 
was more effective than 
rote memorization but 
not significant (40.8 vs. 
30.7; full score = 60) 
Peer tutoring had 
significant effect 
compared to control 
 
 
 

N/A N/A 
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Studies N Grade/
Age 

Experimental 
Design 

Length of  
Intervention 

Treatments Dependent 
Measure(s) 

Results Follow-
up/Maintenance 

Generalization 

Wood, 
Frank, & 
Wacker 
(1998) 

3 3rd  
and 5th 
grades 

Single subject-
multiple 
baseline 

31-45 
mins/day 
5 days/week 
3 weeks 

Rule instruction on 
facts 0, 1, 2, 5, 9 
Mnemonic strategy on 
other facts (15 facts not 
belong to previous 
categories) 

Multiplication 
facts: 0s, 1s, 
2s, 5s, 9s and 
15 other facts 
(facts not 
belong to 
previous 
categories) 

All students Achieved 
100% accuracy on 0s, 
1s, 2s, 5s, 9s facts after 
treatment. Only one 
student reach 100% 
criterion on other facts 

All students 
maintained 
100% accuracy 
on facts 0s, 1s, 
2s, 5s, 9s after 
intervention. 
Only one 
student remain 
100% accuracy 
on other facts 
(b) 

No 
generalization 
occurred to 
untrained facts 

 

Intervention studies for students with MLD using strategies 

Studies N Grade/
Age 

Experimental 
Design 

Length of  
Intervention 

Treatments Dependent 
Measure(s) 

Results Follow-
up/Maintenance 

Generalization 

Harris, 
Miller, & 
Mercer 
(1995) 

12 
LD 

7.11-
9.6 
years 
old. 
2nd 

grades 

Single 
subject -
multiple 
baseline 

8 weeks Strategy 
instruction 
(Concrete- 
semiconcrete- 
abstract 
procedural) 

Multiplication 
facts 

Reached 80% criterion on 
at least 89% of the lessons 

N/A N/A 

Miller & 
Mercer 
(1993) 

12 
LD 

7.11-
9.6 
years 
old 
2nd 
grade 

Pre/post test 21 lessons Strategy 
instruction 
(Concrete- 
semiconcrete- 
abstract 
procedural) 

Multiplication 
facts 

Statistically significant gain 
between pre and posttest 

N/A N/A 

Van Luit & 
Naglieri 
(1999) 

21 130.6 
months 
old 

Pre/post 
Group 
comparison 

45mins/day 
3 days/week 
17 weeks 

Strategy 
(MASTER) 
instruction 
(from concrete 
to abstract) 

Multiplication 
and division 
facts 

Use of MASTER program 
appears effective in 
improving achievement of 
students with LD (mean 
scores of 35.8 vs. 15.9/total 
score=40) 

Show little decrease 
(35.5)in comparison 
to posttest scores in 
3-month follow-up 

Transferred to  
more difficult 
problem types 
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Appendix 3  

Number senses instruction lesson plan 

Estimation 
Objectives: Practice estimation strategies: looking for patterns and comparing with 
numerical benchmarks 
Activity Description Material 

 
Estimate the number of 
cans that are a particular 
color 

1. Estimation within 10 
 (Tell students that) you will see a 

row of 10 cans of cat food. The 
gray can for the gray cat and the 
white cans are for the white cat. 

 Are there more cans for white cat 
or for gray cat? 

 About how many cans are there 
for white cat? For gray cat?  

 Focus on estimation but not 
counting 

2. Estimation within 20 (2 colors) 
 (Tell students that) you will see a 

row of 20 cans of cat food. The 
gray can for the gray cat and the 
white cans are for the white cat. 

 Questions are identical to those in 
estimation within 10 

3. Estimation within 20 (3 colors) 
 (Tell students that) you will see a 

row of 20 cans of cat food. The 
gray can for the gray cat, the 
white cans are for the white cat, 
and the black cans are for the 
black cat. 

 Are there more cans for white cat, 
for gray cat, or for black cat? 

 About how many cans are there 
for white cat? For gray cat? For 
black cat? 

 Focus on estimation but not 
counting 

 

Pictures of cans 

Use half as “benchmark” 1. Estimation within 10 Pictures of dots 
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to making estimation  (Tell students that) you will see a 
picture of 10 dots.  

 Are more than half of the dots 
white? (or was the number of the 
dots less than 5?) 

 Can you share how you decide? 
 Estimate the number of white (or 

black) dots in this picture. 
2. Estimation within 20. 

 (Tell students that) you will see a 
picture of 20 dots.  

 Are more than half of the dots 
white? (or was the number of the 
dots less than 10?) 

 Can you share how you decide? 
 
 

Use one Group of objects 
as a benchmark for 
estimating the number of 
objects in other Groups 

1. Use 20 as benchmark 
 (Tell students that) here are 20 

pennies (show picture with 20 
pennies) 

 Show  the first picture with 
pennies one at a time and ask: 

 Are there more than, less than, or 
about 20 pennies in this picture? 

 How many pennies do you think 
are in this picture? (estimate, not 
exact answer) 

 Make a list of estimates and ask: 
how did you make the estimation. 

 Repeat the procedure with the 
remaining pictures. 

2. Use 20 as benchmark (use other 
objects rather than pennies) 

3. use 50 as benchmark 
 

Pictures of 
pennies 
 
 
 
 
 
 
 
 
 
 
 
 
 
Picture of 
buttons 
Pictures of dots 
 

Estimate the number of 
objects in a collection 

1. (tell students that) here is a picture of 
a Group of bears 
 Show the first picture and ask: 
 Is the number of bears you see 

more than 5? More than 10? More 
than 15? More than 20? 

 How did you make the 
estimation? 

 Repeat the procedure with the 

Pictures of 
bears 
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remaining pictures 
Compare the relative 
sizes of objects and to 
quantify the relationships 
that are observed 

1. Show one object (base 10 
blocks. Counters, or coins) next 
to a square, which can be filled 
with 10 to 20 objects, and ask 
student to estimate how many 
will fit in the square without 
going over its edges. 

 Ask student to share their 
thinking and record the range of 
estimates. 

 Ask student to fill to square with 
objects. 

 When the square is about half 
full, ask whether student wants to 
change estimate. 

 When as many objects as possible 
are in the square, count the total 
and compare it with the estimates. 

 Discuss the estimates that are 
reasonable. 

2. Choose an object of different size and 
repeat the activity 

3. Use shape other than square and 
repeat the same activity. 
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Number sequence and order 
Objectives: Learn to say the forwards and backwards number word sequences 
Activity Description Material 

 
Count forwards and 
backwards 

1. Ask students to clap as they count in 
ones (starting from 1) 
 Show the numbers on the index 

cards as they are said.  
2. Pick a number (between 1 and 100) 

and ask students to count in one 
starting from the number 
 Show the numbers on the index 

cards as they are said.  
3. Ask students to clap as they count 

backwards starting from 100. 
 Show the numbers on the index 

cards as they are said. 
4. Pick a number (between 1 and 100) 

and ask students to count backwards 
starting from the number 
 Show the numbers on the index 

cards as they are said.  
 

 Index cards 
with one 
number on each 
card (1-100) 

Number line 1. Stretch a string along the chalkboard, 
place the 0 and 30 cards at the ends of 
the line using clothespins 
 Point to the center of the string 

and ask: what’s the number this 
point represents? 

 Can you hang the card on the 
line? 

 Point slightly to the left of 15 and 
ask: what number might go there? 

 Why do you think the number 
might go there? 

 Repeat this activity till students 
identify all the numbers. 

 Encourage children to explain 
their thinking, emphasizing the 
use of terms such as between, 
more than, and less than. 

2. Stretch a string along the chalkboard, 
place the 0 and 20 cards at the ends of 
the line using clothespins 

 Hang a blank card slightly to the 

String 
Index cards 
with one 
number on each 
card (1-100) 
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left to 20 and ask: what number 
belongs on the blank card? 

 Repeat this activity using other 
endpoints. 

Skip-counting 1. Skip-count in twos 
 Ask students to touch their knees 

and silently think “one”, then 
clap and say “two, then touch 
their knees and think “three”, 
then clap and say “four”…… 

 Show the numbers on the index 
cards as they are said. 

 Repeat skip-counting by twos 
using blocks. 

2. Similarly skip-count by fives and 
tens. 

Blocks 

Skip-counting on the 
number line 

1. Put pegs on the number line to show 
the multiples of two being learned by 
skip-counting. 

 (Ask students to) say the 
sequence as pointing to the pegs. 

 Will 21 be pegged if the skip-
counting continue? 30? 37….? 

 Why do you think this number 
will (will not) be pegged? 

2. Similarly skip-count by fives and tens 
on the number line 

Large number 
line 
Pegs  
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Ordering numbers 
Objectives: Learn to order number in different ways 
Activity Description Material 
How many more/less 1. Instructor get 2 stacks of blocks with 

different quantities 
 Give one stack to student and 

instructor keep one 
 Ask student who has more 

blocks? How many more? Who 
has fewer blocks? How many 
less?  

2. Repeat activity 1 using different 
stacks of blocks 

Blocks  

More and less 1.  Ask one student to choose an index 
card from a pile of cards that has 
numbers from 5 to 30.  
 Ask the second child to tell what 

number is 2 more than the named 
number. Pick the number card and 
place it on the right of the first 
card. 

  Ask the third child to tell what 
number is 2 less. Pick the number 
card and put it on the left of the 
first card 

 Point on the first (and then the 
third) card and ask: how does this 
number compare to the number 
on the left? 

 Point on the third card and ask: 
how does this number compare to 
the number on the left end? 

 Repeat this activity with other 
numbers. 

 Eventually, 2 lines will be 
formed. Discuss the result.   

2. Repeat activity 1 but ask students to 
pick a number is 3 more and 3 less. 
 Eventually, 3 lines will be 

formed. Discuss the results. 
3. Pick a number and find the double of 

the number. 
 Explain double if students don’t 

understand. 
 Did you find a double? 

 Index cards 
with one 
number on each 
card (5-30) 
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 If you can’t find a double, why? 
What the double would be? 

 Is anyone’s double an odd 
number? Why or why not? 

 
What number am I 1. Ask a student to pick up a number 

(for example 5) and tell the Group 
something about the number. For 
example: 
 It is less than 7, it is odd, it is 

more than 4, and it equals 3 + 2. 
 Create a list of ideas. 
 Ask other students to guess the 

number. 
2. Give each children 2 – 4 numbers 

(number between 1 and 10) and read 
the clues. 

 Ask students to guess the 
answer and ask that each one 
agree on an answer for the set of 
clues. 
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Counting strategies 
Objectives: 1. Use “min” counting strategy to solve addition problems. 

2. Use “counting backwards” to solve subtraction problems 
Activity Description Material 
Which is easier (addition) 1. (Tell students that) I am holding 2 

candies in one hand and 9 candies in 
the other and want to know how 
many candies I have all together.  
 Can you help me count how many 

candies I have? 
 Write down the strategies that 

students used. 
 If students do not use “min” 

strategy, ask: can I count it 
starting with 9? 

 Which strategy is easier? 
 Why it is easier to start with the 

larger number? 
2. Give other examples 

 Candies  

Which is easier 
(subtraction) 

1. (Tell students that) I have 12 candies 
and I am going to eat 3 of them. How 
many candies will I have after I eat 3 
candies? 
 Can you help me count how many 

candies left? 
 Write down the strategies that 

students used. 
 If students do not use “counting 

backwards” strategies, 
demonstrate: after I eat 1 candy, 
how many do I have now? After I 
eat one more, how many do I 
have now? How about I eat one 
more? So can I count backward 
starting from 12 and stop at the 
third number like this: 11, 10, 9? 

 Which strategy is easier? 
 Why it is easier to count 

backwards? 
2. Give other examples. 
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Mental Computation 
Objectives: Be able to see spatial relationships, recognize and analyze patterns, and use 
relationships and patterns to count and qualify 
Activity Description  Material 
Patterns to 5 1.stacks of 10 blocks made up of five 

blocks of each color 
 Stack 5 blocks with same color. 

Show it to students and tell 
students that there are 5 blocks. 

 Add on block of other color and 
ask: how many blocks did I just 
add? 

 How many blocks are there in 
this tack? 

 How did you know it was 6 
without counting? 

 Repeat with other numbers 

Base ten blocks 

Patterns to ten 1. stacks of 10 blocks made up of five 
blocks of each color 
 Without the students seeing, take 

some blocks from the stack. 
 Show the remaining blocks and 

ask students to say how many 
blocks were taken 

 How did you know without 
counting? 

 Repeat with other numbers 
 

Base ten blocks 

How many dots 1.  Show a grid of 10 squares (10 
frames) that has ten dots in each 
square and establish the fact that a 
filled frame holds 10 dots. 
 Show the first set of dots for 

several seconds. Cover the image, 
and invite the children to say how 
many dots they think they saw. 

 Emphasize that they are not 
estimating the number bit finding 
a way to mentally calculate it. 

 Invite children to share their 
answers and strategies. 

 Show the rest set of dots. 
2. Expand the grid to a grid of 20 

squares. 
 

 10 frames 
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Ones and Tens 
Objectives: Be able to count objects by creating Groups of 10 from materials 
Activity Description  Material 
Groups of ten 1. (Tell students that) your job at the 

factory is to bundle up sweets and 
send them to the shops. Each bundle 
has exactly 10 sweets in it. At the 
end of the day, you have to write 
down how many sweets you have 
packed. 
 Each time give 10 – 20 materials 

to students. 
 Ask students: how many bundles 

do you have? 
 How many sweets are in one 

bundle? 
 How many sweets totally do you 

pack? 
2. Increase the materials up to 50. 
 

 About 50 items 
of loose 
material 

Tens and ones 1. Students in turns draw a card from a 
pile of index cards with one number 
on each card. 
 The other students make up this 

amount using base ten blocks 
 Discuss the ways students use to 

make up the number 
 Ask students use the combination 

of tens and ones to make up the 
number 

 

Index cards 
with one 
number on each 
card (10-100) 

Hundreds, tens, and ones 1. Repeat the previous activity with 3-
digit numbers starting with 101-199. 

2. Expand the three-digit numbers 
grater than 200. 
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“Teen” and “Ty” numbers 
Objectives: Be able to identify “teen” and “ty” numbers 
Activity Description  Material 
“teen” is ten and  1. Ask one student to show 10 fingers 

 The instructor shows any numbers 
from 3 to 9, say 6. 

 Student says “10” and instructor 
says 6 and together say “is 
sixteen”. 

 Repeat with other teen numbers 
 Record ten numbers as equations, 

for example 10 + 4 = 14. 
 Ask students say ten and four 

equal 14. 
2. Instructor point to a number between 

10 and 20  
  Ask one student to read the 

number 
  Student and instructor together 

show that many fingers (10 and a 
number) 

 Repeat with other teen numbers. 
3. Ask students use bask ten blocks to 

make up a teen number 
 Ask students to use one ten 

block and several one block to 
produce a teen number 

 Repeat this activity till all teen 
numbers are used 

 Base ten blocks 

Identify a number of 
objects Grouped in ten 
and ones 

1. Out of sight of the students create a 
“teen” number using a ten block and 
several single blocks. 

 Show the blocks briefly. Do not 
allow time to count from 1. 

 Encourage students to recognize 
the pattern of teen number is ten 
plus a single digit number 

 Repeat this activity till all teen 
numbers are used 

Base ten blocks 

“Ty” words 1. Show 2 ten blocks to students 
 Ask students, how many blocks 

can you see? 
 Link the number of tens to the 

structure of the word. For 
example, eight tens is eighty 

Base ten blocks 
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Identify a number of 
objects Grouped in tens 
and ones 

1. Out of sight of the students create a 
“ty” number using several ten blocks 

 Show the blocks briefly. Do not 
allow time to count by tens. 

 Encourage students to recognize 
the number of ten blocks. For 
example if the number of ten 
blocks is 6, they need to say 
instantly there are 60 blocks 
instead of counting by ten (10, 
20, 30…60). 

 Repeat this activity till all ty 
numbers are used 

2. Out of sight of the students create a 
“ty” number using several ten blocks 
and several single blocks 

 Show the blocks briefly. Do not 
allow time to count by tens. 

 Encourage students to recognize 
the number of ten blocks and the 
combination of ten blocks and 
single blocks. For example, 68 is 
six ten blocks and eight single 
blocks. 

Base ten blocks 
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Addition and subtraction connections 
Objectives: Discover and use relationships between addition and subtraction 
Activity Description Material 
 Spot addition and 
subtraction connections 
among sets of  three 
numbers 

1.  Here is a Group of numbers. Can you 
choose 3 numbers and use add or 
minus sign to connect them? 

 Give example if students don’t 
understand  

 Make a list of the relationships as 
more as possible, for example: 
3+4=7 
4+3=7 
7-4=3 
7-3=4 

2. Use another Group of numbers 
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Number relation (addition) 
Objectives: Quickly see the relationships among numbers. 
Activity Description Material 
Pairs of numbers that 
make 5. 

1.  (Ask students to ) show 3 (1, 4, 2) 
fingers and ask: 

 How many fingers do you see?  
 How many more to make 5?  

  

Five and  Groupings 1. (Ask students to) show 5 fingers.  
 How many more to make 8 (6, 7, 

9)? 
 How do you know it is 8 (6, 7, 9) 

without counting from 1? 

 

Pairs of numbers that 
make 10. 

1. (Ask students to) show me 5 fingers 
and ask: 
 What do you do to make 6 (7, 8, 

9)? 
 How many more to make 10? 

2. (Ask students to) show me 2 (1, 3, 4, 
5) fingers and ask: 
 How many more to make 10? 

 

Four and  Groupings 1. (Ask students to) show 4 fingers.  
 How many more to make 6 (5, 7, 

8, 9, 10)? 
2. Practice 1 (2, 3, 6, 7, 8) and  

Groupings if necessary 

 

Missing objects 1. (Show students) a card with the five 
flies and a number (8) on the front. 

 How many flies there will be on 
the back? 

 If students can’t get the correct 
answer, ask following questions: 

o Show 5 on your fingers 
o How many fingers you 

need to show on the other 
hand to make 8? 

2. Repeat this activity using fly flip 
cards with number 5, 6, 7, 9, 10 on 
the front. 

Fly flip cards 

Identify pairs of numbers 
that add to 10 

1. (Show students) the paper with 
numbers on it. 

 Identify pairs of numbers that 
add to 10. 

 Mark the pairs until only one 
digit remains.  

2 Groups of 
number 1 to 10 
randomly 
printed on an 
A4 paper 
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Target number 1. (Tell students that) our target is 5. 
 Try to make the target by adding 

two numbers 
 Try to make the target by adding 

three numbers 
2. Repeat this activity using 7, 8, 9, 10. 

Numbers on 
index card 
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Number relation (subtraction) 
Objectives: Quickly see the relationships among numbers. 
Activity Description Material 
Pairs of numbers that 
make 5. 

1. (Ask students to ) show 8 (6, 7, 9) 
fingers and ask: 

 How many fingers do you see?  
 How many fingers you need to 

take away to have 5?  

  

Pairs of numbers that 
make 10. 

1. (Ask students to) show me 10 fingers 
and ask: 
 How many fingers you need to 

take away to make 5 (6, 7, 8, 9)? 
 How many fingers you need to 

take away to make 4 (3, 2, 1)? 

 

Missing objects 1. (Show students) a card with 8 flies 
and a number (8) on the front. 

 How many flies are on the card? 
 How many flies need to fly away 

so that we will have 5 (6, 7, 1, 2, 
3, 4) flies left? 

 If students can’t get the correct 
answer, ask following questions: 

o Show 8 on your fingers 
o How many fingers you 

need to take away to 
make 5 (6, 7, 1, 2, 3, 4)? 

2. Repeat this activity using fly flip 
cards with number 5, 6, 7, 9, 10 on 
the front. 

Fly flip cards 

Target number 1. (Tell students that) our target is 5. 
 Try to make the target by 

subtracting two numbers 
 Try to make the target by 

subtracting three numbers 
2. Repeat this activity using 7, 8, 9, 10. 

Numbers on 
index card 
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Appendix 4  

Screening test problems 

 Single digit addition and subtraction problems: 

 1 2 3 4 5 6 7 8 9 
1  1 + 1  2 -1  3 - 1  4 - 1  5 - 1  6 - 1 7 - 1   8 - 1  9 - 1 
2  2 + 1  2 + 2  3 - 2  4 - 2  5 - 2  6 - 2 7 - 2  8 - 2  9 - 2 
3  3 + 1  3 + 2  3 + 3  4 - 3  5 - 3  6 - 3 7 - 3  8 - 3  9 - 3 
4  4 + 1  4 + 2  4 + 3  4 + 4  5 - 4  6 - 4 7 - 4  8 - 4  9 - 4 
5  5 + 1  5 + 2  5 + 3  5 + 4  5 + 5  6 - 5 7 - 5  8 - 5  9 - 5 
6  6 + 1  6 + 2  6 + 3  6 + 4  6 + 5  6 + 6 7 - 6  8 - 6  9 - 6 
7  7 + 1   7 + 2   7 + 3   7 + 4   7 + 5   7 + 6   7 + 7  8 - 7  9 - 7 
8  8 + 1  8 + 2  8 + 3  8 + 4  8 + 5  8 + 6  8 + 7  8 + 7  9 - 8 
9  9 + 1   9 + 2   9 + 3   9 + 4   9 + 5   9 + 6   9 + 7   9 + 7   9 + 9 

 

Two-digit minus one digit problems 

 10 11 12 13 14 15 16 17 18 
1 10-1 11-1 12-1 13-1 14-1 15-1 16-1 17-1 18-1 
2 10-2 11-2 12-2 13-2 14-2 15-2 16-2 17-2 18-2 
3 10-3 11-3 12-3 13-3 14-3 15-3 16-3 17-3 18-3 
4 10-4 11-4 12-4 13-4 14-4 15-4 16-4 17-4 18-4 
5 10-5 11-5 12-5 13-5 14-5 15-5 16-5 17-5 18-5 
6 10-6 11-6 12-6 13-6 14-6 15-6 16-6 17-6 18-6 
7 10-7 11-7 12-7 13-7 14-7 15-7 16-7 17-7 18-7 
8 10-8 11-8 12-8 13-8 14-8 15-8 16-8 17-8 18-8 
9 10-9 11-9 12-9 13-9 14-9 15-9 16-9 17-9 18-9 
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Appendix 5  

Response observation/record sheet 

Student Date 
  
Problem Student’s 

Answer 
Observed Strategy Used Strategy Used Describe by 

Student 
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Appendix 6  

Untaught problems test 

Missing addend and missing minuend/subtrahend problems: 

3 +  = 8  7 +  = 13 

 + 6 = 9   + 8 = 11 

7 -  = 5  15 -  = 9 

 - 3 = 2   - 4 = 8 

 

Two-digit addition problems: 

11 + 3 =   4 + 18 =  

26 + 11 =   13 + 35 =  

46 + 21 =   30 + 20 =  

16 + 15 =   28 + 24 =  

 

Word problems: 
Problem Type Example 
Exchange of quantity 
result unknown  

1. Joe had 3 blocks. Then Tom gave him 5 more blocks. 
How many blocks does Joe have now? 

2. Terry had 8 blocks. Then he gave 5 blocks to Pat. How 
many blocks does Terry have now? 

Change unknown 1. Allen had 9 blocks. Then Ken gave him some more 
blocks. Now Allen has 13 blocks. How many blocks did 
Ken give him? 

2. Janet had 14 blocks. Then she gave some blocks to Sue. 
Now Janet has 6 blocks. How many blocks did she give to 
Sue? 

Change 
(CH) 

Start unknown 1. Emily had some blocks. Then Ana gave her 8 more 
blocks. Now Emily has 14 blocks. How many blocks did 
Emily have in the beginning?  

2. David had some blocks. Then he gave 6 blocks to Jim. 
Now David has 9 blocks. How many blocks did David 
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have in the beginning? 
Equalize 
(EQ) 

Exchange but most 
give away to get 
something 

1. Rose has 7 blocks. Dora has 10 blocks. How many 
blocks must Rose get to have as many as Dora? 

2. Nancy has 6 blocks. Eve has 3 blocks. How many blocks 
does Nancy need to give away to have as many as Eve? 

Combine vale 
unknown 

1. Fred has 7 blocks John has 5 blocks. How many blocks do 
the have altogether? 

Combine 
(CB) 

Subset unknown  1. Eddie and Roy have 11 blocks altogether. Eddie has 4 
blocks. How many blocks does Roy have? 

Different unknown 1. Jane has 12 blocks. Mary has 7 blocks. How many 
blocks does Jane have more than Mary? 

2. Jack has 11 blocks. Luis has 3 blocks. How many blocks 
do Luis have less than Jack? 

Compare 
(CP) 

Compare quantity 
unknown 

1. Bill has 9 blocks. James has 7 more blocks than Bill. 
How many blocks does James have? 

2. Joe has 12 blocks. Tom has 3 blocks less than Joe. How 
many blocks does Tom have? 

 

 

 

 

 

 

 

 

 

 

 



 121

Appendix 7  

Response record sheet used in constant time delay procedure 

Student 
Date   Fact set #   
Start time   End time   
 
Fact UC PC NWE WE NR 
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