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The principal objective of this dissertation is to develop and apply coarse-grained models 

for mechanical characterization of proteins, in particular strong proteins. This work may 

be regarded as the initial stage of the broader efforts toward the mechanical 

characterization of proteins. 

 In this dissertation, we proposed a simple topological model of a cross-linked 

chain model. The purpose of this model is to identify the optimal cross-links topologies 

with respect to the strength and/or toughness. The model predicts that strong proteins 

possess the so-called “parallel strands” cross-links. This simple topological model of a 

cross-linked chain was extended to understand the role of kinetic effects on the 

mechanical characterization of a protein. That is, we identified the optimal topology in 

terms of strength and/or toughness with respect to the loading rate. This extended model 

indicates us why the terminal parallel strands exhibits such remarkable strength and 

toughness in atomic force microscopy experiments. 

 vi



 Furthermore, we developed a coarse-grained model consistent with the molecular 

dynamics. In this modeling, we are not concerned with strong protein per se. One may 

regard this approach as the homogenization of molecular dynamics. This approach is 

based on the relationship between stiffness matrix and correlation matrix, which can be 

calculated in molecular dynamics simulations. With this model, we demonstrate that the 

dominant deformation mode of retinol binding is twist and bending. Moreover, the 

stiffness matrix of a coarse-grained model is dictated by the contact map. This means that 

the equivalent mass-spring system for a protein can be constructed based on the topology 

of contacts. 
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Chapter One 

Introduction 
 

 

1.1. Remarkable properties of proteins 

Currently it is well recognized that certain proteins exhibit remarkable combinations of 

yield strength and toughness, defined as the stored strain energy density until failure 

occurs, often superior to those of man-made materials. For instance, the spider dragline 

silk protein is a relatively soft material with Young’s modulus equal to 10 GPa, which is 

an order of magnitude less than most metals and alloys. Nevertheless its yield strength is 

about 1.1 GPa, which is comparable to that for high tensile steel, and toughness estimated 

to be close to 160 MJ/m3, which is twice of that of Kevlar [37]. Even some extremely soft 

proteins, like spider viscid silk, possess remarkable combinations of yield strength and 

toughness. For spider viscid silk, Young’s modulus is only 3 MPa, which is three orders 

of magnitude less than Young’s modulus of rubber, but its yield strength is about 0.5 GPa 

and fracture toughness is about 150 MJ/m3 [37].  

 Our experience with conventional engineering materials like metals suggests that 

the remarkable properties of proteins can be understood and, in the long run, mimicked 

only thorough detailed characterization of structure-property relationships. In contrast to 

metals, where many structure-property relationships can be understood on micron scales, 

for proteins, characterization of structure-property relationships must involve atomistic 

scales simply because proteins are large molecules. Furthermore, even for biological 

materials made of strong proteins, characterization on micron scales may be often 

inadequate. For example, it is well known that spider silk has semi-crystalline structure 

consisting of stiff β-sheet crystals surrounded by amorphous glycine-rich domains [32, 

109]. Those observations led Termonia [109] to suggest that the high stiffness and yield 

strength of dragline spider silk are due to the β-sheet crystals, whereas the high  

 1



 
(a) Stress-strain curve for spider silk proteins (MA silk, and viscid silk) [37] 

 

 
(b) Microstructure of the spider silk protein suggested by Termonia (1994) [109]: The 

β-sheet crystals are connected by amorphous chains. 

 

Figure 1.1. Spider silk proteins: (a) stress-strain curve by experiments [37] (b) proposed 

microstructure of spider silk protein [109]  
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Figure 1.2. The molecular structure of spider dragline silk protein suggested by 

Vollrath et al (2002) [117]: The β-sheet crystals are embedded in a matrix where 31 

helices are dominant secondary structures parallel to the fiber axis. 
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extensibility comes from the amorphous glycine-rich domains. While this suggestion 

appears to be reasonable, basic micromechanical models [80] fail to predict Young’s 

modulus of spider silk from those of the constituents. This suggests that crystalline and 

amorphous phases may have additional interaction mechanisms that cannot be described 

in the continuum setting. Indeed, in a recent study, van Beek et al [117] revealed a 

secondary structure of the glycine-rich domains, and thus showed that they are not 

amorphous (Figure 1.2). At this stage, the role of that secondary structure is unclear, but 

its characterization requires atomistic considerations. 

 Experimental characterization of mechanical structure-property relationships for 

proteins is often carried out using atomic force microscopy [11, 14, 15, 24, 40, 41, 72, 

84-87, 103, 104]. Those studies reveal that under mechanical loading proteins unfold 

gradually, one domain at a time. The commonly held view is that, during such an 

unfolding process, strong proteins sustain the peak force and at the same time dissipate a 

significant amount of energy [11, 14, 15, 72, 84-87, 103, 104]. The signature of the 

unfolding process is a saw-tooth force-displacement curve under constant velocity 

loading conditions. Such curves have been reported for many proteins: spider silk [87], 

nacre [103], tenascin [86], titin [72] (e.g. Figure 1.3). However, a force-displacement 

curve obtained from atomic force microscopy experiments is affected by the loading 

device stiffness (cantilever beam in atomic force microscopy). This issue has not been 

well addressed in the scientific literatures, whereas such an issue has been well 

understood, among other fields, in fracture mechanics [3]. If the cantilever of an atomic 

force microscopy is very stiff, then the pulling experiment is under the displacement 

control, so that the force drop can be observed when unfolding of a domain occurs. 

Consequently, the force-displacement curve has a saw-tooth pattern under displacement 

control. On the other hand, if the cantilever is very soft, the pulling experiment is load-

controlled, so that unfolding results in a slope increase. In general, the unfolding process 

is rate dependent, and therefore accompanied by visco-elastic effects; such effects have 

been discussed for titin [113]. In addition to atomic force microscopy, mechanical testing 

of proteins can be carried out with optical tweezers [50].  
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Figure 1.3. A force-extension curve for a spider silk protein obtained by atomic force 

microscopy experiments [87]. The solid curves in B and C are obtained from the worm-like-

chain model. Each peak indicates unfolding of a domain. 
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Figure 1.4. Molecular dynamics simulation of unfolding of muscle protein titin [60]: (a) 

sequence and secondary structure, (b)-(d): the molecular structure of titin immunoglobulin-

like (Ig) three phase of unfolding under tension 
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  Theoretical characterization of mechanical structure-property relationships for 

proteins is often carried out using molecular dynamics (for details, review the ref [12, 

73]). Such simulations allow one to examine details of the unfolding process that cannot 

be examined experimentally. For example, molecular dynamics simulations of the giant 

muscle protein titin showed that the immunoglobulin (Ig) domain controls the peak force 

that the protein can sustain [10, 33, 60, 96] (e.g. Figure 1.4). Further, molecular dynamics 

simulations suggested that the high unfolding force of the Ig domain is attributed to a 

particular structure of hydrogen bonds. Molecular dynamics can be also applied to 

characterization of sub-domains, that is, basic secondary structures like α-helixes and β-

sheets [9]. Such simulations allow one to understand the essential structure of strong 

protein domains and how the secondary structures can be combined to achieve the 

desired properties. The popularity of molecular dynamics simulations is due to the 

availability of the computer power and several public and commercial programs. 

 Despite significant advances accomplished with atomic force microscopy and 

molecular dynamics simulations, there are many issues remain unresolved. Of particular 

concern to this dissertation is inability of molecular dynamics simulations to address 

many problems relevant to engineering applications. In particular, as far as engineering 

applications are concerned, molecular dynamics simulations are restricted to very small 

structures and very short times. To remedy this situation one needs to develop less 

detailed but nevertheless reliable models capable of capturing the essential features of the 

mechanical response over larger spatial and temporal scales. 

 

 

1.2. Modeling of protein molecules 

 

1.2.1. Molecular dynamics  

Molecular dynamics has been a very useful simulation tool for studying solids and fluids 

at the molecular level. Molecular dynamics dates back to the work of Alder and 

Wainwright in 1957 [1] who studied a system of hard spheres. Rahman in 1964 [92] was 
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the first one to use realistic inter-atomic potentials for liquid argon. The first molecular 

dynamics simulation of proteins was published by McCammon and co-workers in 1977, 

who studied the bovine pancreatic trypsin inhibitor (BPTI) [74].  

The basic ideas behind molecular dynamics simulations are quite simple. 

Molecular dynamics simply integrates the Newtonian equations of motion for a system of 

particles. The forces acting on the particles come from inter-atomic potentials and 

thermal motion. The potentials have empirical functional forms, and the constants are 

obtained from fine-scale models, like quantum mechanics. Often the potentials include 

the interactions with atoms in a surrounding environment. For example, in modeling 

proteins in water, it is desirable to account for water through the effective potentials.  

Also a surrounding environment often contributes to viscous forces. At this stage, there 

are a large number of inter-atomic potentials that involve not only atom-to-atom 

interactions but also interactions of atomic groups [2] 

 The mostly used numerical scheme for integrating the equations of motion is 

Verlet’s algorithm [118]. This is a second order explicit scheme which does not require 

one to compute the velocities. A similar third order time-stepping scheme was introduced 

by Beeman [6].   

 

1.2.2. Molecular chain models 

Molecular chain models allow one to understand the mechanical behavior of protein 

chains. Those models originated from the concept of entropic elasticity. That is, 

stretching lowers the chain entropy and increases its free energy, which in turn generates 

resistance to stretching.  

 The simplest chain model is the one for which the end-to-end distance obeys the 

Gaussian statistics [21, 30, 31, 123]. This assumption is valid only for sufficiently long 

chains, for which the central limit theorem of probability theory holds. Also the Gaussian 

statistics gives rise to a linear force-elongation relationship.  The model, as is, is hardly 

useful for describing experimental data on proteins that undergo unfolding. Nevertheless, 
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it may become useful if it is generalized to include cross-links responsible for unfolding. 

However, such a generalization cannot be treated analytically and requires simulations. 

 A more advanced chain model is the freely-jointed chain model [21] which 

assumes that the rigid chain links can rotate freely. For long chains, the freely-jointed 

chain model also obeys Gaussian statistics for end-to-end distance. Nonetheless, for short 

chains, the freely-jointed chain is characterized by a non-linear force-elongation 

relationship. The continuum analog of the freely-jointed chain model is known as the 

worm-like-chain model [71]. In that model, the dominant deformation mechanism is 

bending. The freely-jointed chain and worm-like-chain models exhibit similar nonlinear 

mechanical responses. The worm-like-chain model has been very successful in predicting 

the mechanical response of single-stranded DNA molecules [13]. However, like other 

chain models, the worm-like-chain model is inapplicable to strong proteins because it 

does not take into account cross-linking. 

 

1.2.3. Coarse-grained models 

Coarse-grained models of proteins have become useful computational tools for large-

scale problems which cannot be routinely analyzed by molecular dynamics. These 

models involve two types of simplifications. First, the underlying molecular structures 

are replaced with coarse-grained ones. That is, only dominant structures such as the 

backbone structure are taken into account, so that the majority of insignificant atoms are 

removed. The other simplification is to replace the complex transient response with 

modal analysis. Since the masses of atoms are well-known, the key to modal analysis is 

the stiffness matrix. Modal analysis assumes a linear response, which is a reasonable 

assumption as long as the protein does not move far away from the equilibrium position. 

Typically, this assumption does not hold over long times, as the protein experiences large 

movements from equilibrium and goes through different equilibrium states.  

 There are three ways of constructing the stiffness matrix. First, normal mode 

analysis allows one to obtain the stiffness matrix from the second derivative of the 

potential field [43]. This derivative is evaluated about the equilibrium position which 
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corresponds to the minimum of the potential energy. This approach may be difficult to 

implement when the energy landscape is not convex and does not have well-separated 

minima. 

 A simpler approach is the Gaussian network model [38]. In this model, it is 

assumed that the atoms are connected by the isotropic Gaussian entropic springs. The 

Gaussian entropic spring has the unusual deformation. If one end of a spring is fixed, the 

other end moves in all directions rather than in any particular direction. This leads to an 

obscure notion of force, as it only depends on the elongation but not on the direction. As 

a result, in a Gaussian network model of size N, the stiffness matrix is N x N matrix rather 

than 3N x 3N. In spite of this obscure notion, this model is successful for certain 

predictions on protein dynamics. 

 The better model than the Gaussian network model is the model of Tirion [112]. 

According to this model, the molecular structure is replaced with a truss. The truss is 

constructed following a simple binary rule: If the distance between two atoms is less than 

critical distance (10 Ǻ), then the link stiffness is set to a constant, otherwise it is set to 

zero. This model is successful for predictions on thermal vibration of proteins.   

  

 

1.3 Objective and relevance 

The principal objective of this dissertation is to develop and apply coarse-grained models 

for the mechanical characterization of particularly strong proteins. Considering the state-

of-the-art in this field, we regard the present work as an initial stage of a broader effort 

towards the mechanical characterization of proteins. Therefore many important issues 

such as protein folding have not been addressed and the proposed models have not been 

sufficiently scrutinized. Nevertheless, we believe that this work provides some interesting 

insights in the mechanical behavior of proteins and will be useful for further studies. 
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1.4 Dissertation structure 

The remainder of the dissertation is organized as follows. In Chapter 2, we present a 

model for a simple topological model for a cross-linked chain model. The purpose of that 

model is to establish a topological structure of cross-links that leads to optimal values of 

strength and toughness. The model predicts that the strong proteins must contain the so-

called “parallel strands” cross-links. The material of Chapter 2 has been published in 

Journal of Physical Chemistry B [22]. 

In Chapter 3, we extend the model developed in Chapter 2 to the characterization 

of kinetics of protein unfolding under mechanical loading. This study allows us to 

understand the importance of rate effects, and identify optimal rate-dependent cross-link 

topologies. This chapter has been published in Physical Review E [23]. 

In Chapter 4, we construct a mechanical model of a protein using molecular 

dynamics simulations as the basis. In contrast to existing models, the proposed model 

identifies twisting rather than bond stretching as the dominant deformation mechanism.  

In Chapter 5, we summarize key results of this study and discuss directions for 

future research. 
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Chapter Two 

Mechanical properties of a cross-linked single molecule chain 

 
Proteins that perform mechanical functions in living organisms often exhibit 

exceptionally high strength and elasticity. Recent studies of the unfolding of single 

protein molecules under mechanical loading showed that their strength is mostly 

determined by their native topology rather than thermodynamic stability. To identify the 

topologies of polymer molecules that maximize their resistance to unfolding, we have 

simulated the response of cross-linked polymer chain under tensile loading and have 

found that chain configurations that maximize the unfolding work and force involve 

parallel strands. Chains with such optimal topologies tend to unfold in an all-or-none 

fashion, in contrast to randomly cross-linked chains, most of which exhibit low 

mechanical resistance and tend to unfold sequentially. These findings are consistent with 

AFM studies and molecular mechanics simulations of the unfolding of β-sheet proteins. 

In particular, parallel strands give rise to the high strength of the immunoglobulin-like 

domains in the muscle protein titin. 

 

 

2.1. Introduction 

Proteins intended for load-bearing functions in living organisms (e.g. titin, tenascin, and 

spider silk protein) are very resistant to unfolding under mechanical loading [24, 29, 84, 

89, 93, 103]. The high resistance to unfolding is believed to give rise to the unique 

strength and toughness of natural fiber [103]. In contrast, the resistance to unfolding is 

low in proteins that are not required to perform mechanical functions [9, 111, 126]. 

Several recent studies suggested that whereas the mechanical strength of proteins is often 

uncorrelated with their thermodynamic stability [10, 86] their mechanical unfolding 

mechanism is largely determined by their native topology [52]. Here we use a solvable 

model of cross-linked Gaussian polymer chains to investigate the relationship between 
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topology and mechanical response of polymer molecules and identify the optimal 

topologies that maximize their mechanical load-bearing capacity. 

 

 

2.2. Topological optimization problem 

Consider a polymer consisting of L + 1 beads (numbered 0,1, …,L) connected into a 

chain by L links. Assume the chain obeys the Gaussian statistics such that probability 

distribution for the distance between any two monomers i and j is Gaussian [21, 30, 31, 

123]: 

 ( )
23/ 2

exp
2 2

i j
i jP

kT i j kT i j

γγ
π

⎛ ⎞−⎛ ⎞ ⎜− = −⎜ ⎟⎜ ⎟ ⎜− −⎜ ⎟⎝ ⎠ ⎝ ⎠

r r
r r ⎟

⎟      

where ri is the position of the ith bead, k is the Boltzmann constant, T is the temperature, 

and γ has units of a force constant and is related to the mean-square length of a link by 
2

13 / i ikTγ += −r r . 

 Suppose now that there are cross-links connecting some of the beads. A cross-

link between a pair of beads is formed by connecting them with a harmonic spring with a 

very large force constant and zero equilibrium length. A cross-link between beads i and j 

is labeled {i, j}. The chain topology is then defined by the cross-link list: 

{ } { } { }{ }1 1 2 2, , , , , ,N NC i j i j i j= L  (Figure 2.1). 

 Now suppose that we stretch the chain by moving its ends apart slowly enough 

that the time scale of stretching is much longer than that of the polymer’s thermal 

motions. Further assume that a cross-link ruptures once the force it transmits attains a 

critical value equal to fc. When the distance between the ends of the chain e is short 

enough that the internal forces in the cross-links are all below fc, the force F(e) generated 

by the chain in our model is a linear function of e [70]. As the extension e is increased 

and the cross-links start rupturing, F(e) becomes a piecewise linear function with jumps 
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Figure 2.1. Unfolding of a cross-linked polymer. (a) The configuration of a polymer with 

and with cross-links {{8,18},{15,47},{16,43},{42,48},{23,39}}. (b) The force-extension 
curve of this polymer. The force is measured in units of f

50L =
c, and the extension, in units of fc/γ, 

where γ is the effective force constant of a single chain link. Each peak corresponds to the 
rupture of one or more cross-links, as indicated on the top of each peak. The shaded area is 
equal to the excess work W required to extend the cross-linked chain as compared to that 
for the “denatured” chain.  
 

  

(Figure 2.1). Each jump corresponds to a rupture event, which may involve one or more 

cross-links and results in an abrupt drop in the chain’s stiffness and, consequently, a 

decrease in force F. Once all of the cross-links are broken, F(e) attains the slope γ/L of 

the “denatured” chain without cross-links (note that γ = 3kT/b2 in (1.2.1)). In the 

following text, we quantify the chain resistance using two quantities: (1) The excess work 
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( ) ( 2
0 / 2eW F s ds e Lγ∆ = −∫ )  performed when unraveling the cross-linked chain as 

compared to the work expended on extending the denatured chain. This excess work is 

equal to shaded area shown in Figure 2.1. (2) The peak force Fp = max[F(e)] recorded in 

the course of polymer stretching. The choice of W and Fp as the measures of resistance is 

consistent with the notions of toughness and strength, respectively, which are well 

accepted in the characterization of solids. 

 Our optimization problem is as follows: For given L, N, γ, and fc, we seek the 

optimal sets C maximizing (a) the excess work ∆W and (b) the peak force Fp provided 

that any two monomers can be connected by no more than one cross-link. 

 

 

2.3. Methods 

 

A. Simulating the unfolding of cross-linked polymer chains 

The method by which we calculate the entropic elasticity of cross-linked Gaussian chain 

is described in ref [70]. This approach utilizes the mathematical equivalence of the 

mechanical response of a network of Gaussian polymers and that of a system of 

mechanical springs with suitable chosen force constants [67, 69, 70]. Specifically, a 

segment of the chain between monomers i and j such that it contains no cross-links is 

replaced by a mechanical spring with a force constant of ( )23 /ijk kT i j s= − , where the 

effective length s is related to the mean-square end-to-end distance for a free chain 

consisting of i j−  links, 2 2r s j i= − . Each cross-link is treated as a spring with a 

large force constant of kcl>>3kT/s2. The effective force constant of the equivalent system 

of linear springs and the force in each cross-link were calculated by the finite element 

method described in ref [70]. To obtain the force-extension curve for a given initial set of 

cross-links C, we (i) calculate the overall force constant k = dF / de of the chain for the 

current set of cross-links, (ii) calculate the critical extension e and the corresponding 

force F, for which the force in the most loaded cross-link achieves the critical value fc, 
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(iii) remove the most loaded cross-link, and (iv) repeated steps i-iii with the new cross-

link configuration. These steps were repeated until all of the cross-links were eliminated. 

 

B. Topological optimization 

To find the optimum cross-link configurations maximizing either ∆W or Fp, we used 

either exhaustive searches or “random hill-climbing” strategies that tested local maxima. 

In the latter case, one creates a random cross-link configuration C0 with the prescribed 

number of cross-links N and subsequently attempts to improve upon it via a series of 

local moves. To this end, a random cross-link {i, j} is selected from C0, and the optimal 

configuration among {i, j} and {i ± 1, j ± 1} is determined. Then the search proceeds to 

another cross-link. Once C0 can no longer be improved, one generates a new initial 

configuration C1 and so forth. The typical number of configurations tested in the course 

of a search was on the order of 107. 

 

 

2.4. Optimal configurations 

 

A. Small number of cross-links 

We found analytically that for N = 1 and L = 2l the optimum is realized by any cross-link 

of the type {i, i + l}. For N = 2, through an exhaustive enumeration of all cross-link 

configurations we found that the optimal sets are of the form { } { }{ }, , 1, 1i i l i i l+ + + + . To 

find the optimal chain configurations for  and L = 50, we had to resort to the 

random search strategies described in section 2.3.B. Some of the optimal configurations 

found for N = 3 – 5 are shown in Figure 2.2. All of these configurations share two 

features: (i) they optimize both ∆W and F

3N ≥

p and (ii) they have the topology of parallel 

strands (i.e. they can be represented in the form {{i1, j1},{i2, j2}, …,{iN, jN}} where 

). For the best configurations found for N = 2 - 4,  1 2 1 2Ni i i j j j< < < < < < <L NL
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Figure 2.2. Optimal polymer configurations. (a) The cross-linked configurations for 
polymers with L = 50 links and N = 2~5 cross-links, maximizing the excess work W. These 
configurations also maximize the peak unfolding force Fp. (b) The force-extension curve for 
the optimal polymer configurations with N = 1~4. 
 

 

 the cross-link rupture at once as soon as a critical force reached, leading to a single peak 

in the force-extension curves shown in Figure 2.2. 

 To give more insight into the structure of the optimal configurations that were 

found, consider a continuous optimization problem where chain length L and indices 0 < i 

< L enumerating beads are regarded as continuous quantities. In the limit as the chain 

becomes continuous, that is L and , the topological constraint that any bead 

can be connected to only one cross-link can be relaxed because, as fat as the mechanical 

response is concerned, neighboring beads become indistinguishable. Therefore, one can 

create a SCL by placing all N cross-links between the same points, {i, i+l}. Then the 

→∞ 0b →
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cross-links share the load equally so that the force in each cross-link is F/N, and the SCL 

acts like a single cross-link that can sustain a maximum force of Fm = Nfc resulting in an 

excess work of unfolding equal to 

 (
2 2

2

02
cN fW l∆ = −

Γ
% % )l

/ 2

  with  /l l L=%

 Then the optimum with respect to ∆W is achieved by choosing the two points as {x, x + 

L/2} with 0 x L≤ ≤ , as dictated by the optimal solution for N = 1. As a result, we obtain 

∆ 2 2 /8cW LN f γ= , Fp = Nfc. 

 For a discrete chain, we cannot achieve the SCL configurations because of the 

imposed constraint prohibiting multiple cross-links between the same monomers. 

Nevertheless, it turns out that the constrained optimal solutions are very close to the 

SCL’s, and they involve parallel strands. We refer to such configurations as “nearly super 

cross-links” or NSCL’s (Figure 2.2). The force in each of the cross-links is the NSCL 

configuration is approximately the same. Further, within model I, rupture of one cross-

link in an NSCL configuration results in an increase of the force in each of the remaining 

cross-links such that NSCL’s rupture in an avalanche-like manner. Because of that the 

force vs. displacement curve F(e) has only a single maximum, similar to the case of a 

single cross-link. 

 The fact that this avalanche rupture scenario optimizes not only the unfolding 

force Fp but also the work W is rather surprising: One could expect that having to 

“restretch” the polymer performing extra work against the polymer’s entropic elasticity 

each time a cross-link is ruptured and the “slack” is created in the chain would provide a 

useful strategy to maximize the work W. Our results indicate that this strategy inferior to 

the one that maximizes the rupture force by ensuring that all cross-links share the load 

and break simultaneously. The optimal conformations are “unique” in that an 

overwhelming majority of random cross-link configurations were found to unfold in a 

sequential fashion (exemplified in Figure 2.2) and to exhibit a much lower unfolding 

force and unfolding work. In particular, for N = 4, the mean excess work <W> found by 
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averaging W calculated for random cross-link configuration is about 5 times smaller than 

the excess work W required to unfold the optimum conformation shown in Figure. 

 

B. Large number of cross-links 

For N<<L, Fm and ∆W are proportional to N and N2, respectively. This study has 

suggested that these scaling rules do not hold for large N, as both Fm and ∆W tend to 

saturate with increasing N. 

 Here we study in more detail the case where each bead is connected to another 

bead so that the total number of cross-links is N = L/2 (for an even L) or (L+1)/2 (for an 

odd L). In this case, the search space is large and for this reason we limited our analysis 

to short chains, L = 19. The key result of our computations can be stated as follows. 

(a) All optimal configurations contained the subset of three cross-links 

{ } { } {{ }}*
3 , / 2 , 1, 3 / 2 , 4, 4 / 2C i i L i i L i i L= + + + + + + + , 

which, again, is a “clamp” of parallel strands. The excess work for the 

configuration  in the absence of any other cross-links is equal to *
3C

* 20.79 /cW f L γ∆ = . 

(b) By adding seven random cross-links to the clamp, one is more likely to reduce 

than to increase ∆W in comparison to ∆W*.   

(c) The maximum ∆W is 20.93 /m cW f L γ∆ = , corresponding to the configuration 

{ } { } { } { } { } { } { }{
{ } { } { }}

(10) 1,15 , 2,11 , 3,16 , 4,14 , 5,17 , 6,10 , 7,9 ,

8,18 , 13,20 , 12,19
mC =

 

which also maximize Fm. 

(d) The mean value of toughness for randomly generated cross-link configurations is 
20.35 /cW f L γ∆ ≈ , and only a small fraction of configurations have a toughness 

close to ∆Wm. 
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Figure 2.3. Probability distributions for (a) Fm and (b) ∆W for randomly generated 
configurations containing (L+1)/2 cross=links (L=19), and configurations including the 
clamp  with the remaining 7 cross-links generated randomly. The full random 
configurations are denoted by the squares and those containing the clamp by the circles.

*
3C
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These results are further illustrated in Figure 2.3, where we plot the histograms for Fm 

and ∆W corresponding to randomly generated cross-link configurations and 

configurations containing the subset . The latter, on the average, have larger values of 

both F

*
3C

m and ∆W, as compared to random cross-link arrangements. However, adding 

random cross-links to  does not necessarily improve the mechanical resistance of the 

chain: only a relatively small fraction of such configurations perform better than .    

*
3C

*
3C

 

 

2.5. Discussion 

Our simple model cannot be expected to be an adequate description of protein unfolding. 

It entirely ignores any details of the energetics of protein folding, which are known to 

affect the mechanical resistance of globular proteins [55] significantly. It further ignores 

the stiffness of the protein backbone. We also note that our analysis does not apply to the 

case of isotropic deformations of biological or artificial polymer networks. With these 

caveats in mind, one may wonder whether forming parallel strands could provide a 

possible mechanism by which the mechanical resistance of proteins could be optimized. 

Indeed, the known mechanical properties of single protein molecules appear to be 

consistent with the above findings. The immunoglobulin-like I27 domain in the muscle 

protein titin is one of the best studied examples of a protein domain showing remarkable 

mechanical strength [24, 50, 72, 89, 93, 96]. Recent simulations [60, 61, 66] suggest that 

the unfolding of I27 involves the simultaneous rupture of hydrogen bonds forming 

parallel strands (Figure 2.4). The present study supports the conjecture [10] that those 

strands are responsible for the high strength of I27. 

 Additional support for the optimality of parallel strands comes from our 

molecular mechanics studies of the unfolding of I27 and several other β-sheet proteins. In 

those studies, the distance between the ends of a molecule was increased in small 

increments, and constrained energy minimization was performed for each distance [96]. 
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Figure 2.4. Molecular mechanics stretching of β-sheet protein domains. (a) The structure of 
the I27 (pdb code: 1TIT) and FN III (pdb code: 1FNA) domains. This plot was created by 
using VMD software [45]. The “clamp” formed by parallel strands in I27 is indicated by an 
arrow. (b) Force-extension curves of Ig27 (black, green, and red lines) and of FN III (blue 
line) were calculated by molecular dynamics simulation. 
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Such simulations can be thought of as “zero-temperature” stretching experiments. 

Because in the experimentally accessible regime thermal fluctuations allow barrier-

crossing events to speed up the domain unfolding, the forces that are measured 

experimentally are much lower than those observed in our simulations. 

 Shown in Figure 2.4 are several simulated force-extension curves for the I27 

domain from titin (pdb code 1TIT) and for the 10th type-III cell adhesion module of 

human fibronectin (pdb code 1FNA). The two domains have comparable lengths and 

exhibit very similar β-sandwich folds. The three different force-extension curves for I27 

shown in Figure demonstrate the sensitivity of F(e) to the initial molecular configuration, 

which was selected in each case by quenching, via steepest descent minimization, of 

three random configuration of the I27 molecule encountered in the course of an 

equilibrium, room-temperature molecular dynamics simulation. All three curves exhibit 

similar values of peak force. The largest peak force (at about 1200-1400 pN) seen in all 

of the I27 pulling curves corresponds to the separation of the parallel strands. In contrast, 

the fibronectin domain exhibits much lower strength and unfolds in a sequential manner. 

The key structural difference between the two domains is the presence of a “clamp” 

formed by the parallel strands in the I27 domain [60, 61], as shown in Figure. These 

findings are consistent with the previous simulations of the force-induced unfolding of 

fibronectin and immunoglobulin domains at room temperature [61, 88]. We obtained 

similar results for other β-sheet protein domains that did not involve the parallel strands, 

and none of them was as strong as the I27 domain. 

 Further our simple model provides that adding random cross-links to an optimal 

NSCL configuration can be viewed to some extent as a way to mimic the effect of 

nonnative interactions in our Go-like model. As seen in Figure, these interactions can 

both reduce and enhance the resistance of the chain to the mechanical unfolding. This 

suggests that given the native topology, further optimization with respect to the protein’s 

mechanical stability can be achieved via mutations that alter non-native interactions [55]. 

 We finally note that the present study does not take into account kinetic effects 

and assumes that the mechanical unfolding of polymers is a deterministic process. 
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Depending on the temperature and the rate of loading, the rupture of chemical bonds in 

polymers may be driven by thermal fluctuations, leading to a distribution of rupture 

forces and to the inherently stochastic nature of the measured force-extension curves. 

Whether the optimality of the obtained polymer configurations will be changed by these 

effects remains to be seen in next chapter. 
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Chapter Three 

The kinetics of mechanical unfolding of a cross-linked chain molecule 
 

We have used kinetic Monte Carlo simulation to study the kinetics of unfolding of cross-

linked polymer chains under mechanical loading. As the ends of a chain are pulled apart, 

the force transmitted by each cross-link increases until it ruptures. The stochastic cross-

link rupture process is assumed to be governed by first order kinetics with a rate that 

depends exponentially on the transmitted force. We performed random searches to 

identify optimal cross-link configurations whose unfolding requires a large applied force 

(measure of strength) and/or large dissipated energy (measure of toughness). We found 

that such optimal chains always involve cross-links arranged to form parallel strands. The 

location of those optimal strands generally depends on the loading rate. Optimal chains 

with a small number of cross-links were found to be almost as strong and tough as 

optimal chains with a large number of cross-links. Furthermore, optimality of chains with 

a small number of cross-links can be easily destroyed by adding cross-links at random. 

The present findings are relevant for the interpretation of single molecule force 

spectroscopy studies of the mechanical unfolding of “load-bearing” proteins, whose 

native topology often involves parallel strand arrangements similar to the optimal 

configurations identified in the study. 

 

 

3.1. Introduction 

A number of proteins exhibit a combination of strength and toughness that cannot be 

matched by artificial materials [5, 87, 103, 110]. Recent single molecule force probe 

spectroscopy experiments suggest that these remarkable properties are accomplished 

through the mechanical response of individual protein domains, which are capable of 

dissipating large energy upon their mechanical unfolding [5, 99, 103]. 
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 In single molecule pulling experiments employing the atomic force microscopy 

(AFM), one end of the protein is attached to a substrate and the other end is attached to a 

cantilever (see, e.g. Refs [8, 41, 53] for a review); the cantilever then can be displaced at 

a constant rate. During such an experiment, one measures the pulling force, and then 

presents the data in the form of the force-displacement curve. The forces generated by 

different proteins under typical experimental conditions range from a few piconewtons to 

several hundred piconewtons and generally depend on the pulling rate. If one were to 

perform an equilibrium, reversible stretching experiment by pulling on the molecule at a 

sufficiently low rate, then the measured force-displacement curve would become rate 

independent and the work done by the pulling force would be equal to the free energy 

difference between the folded and stretched states of the molecule. In practice, stretching 

of a molecule is nearly an equilibrium process if the time scale of pulling is longer than 

that of the molecule’s conformational change. This equilibrium regime is rarely achieved 

in AFM pulling studies. It further appears that many proteins that perform “load-bearing” 

functions in living organisms operate far away from equilibrium; as a result their 

mechanical stability is often uncorrelated with their thermodynamic stability [8, 9-11, 14]. 

 For example, the work required to unfold the molecule of the muscle protein titin 

in a typical AFM pulling experiment is about 2 orders of magnitude higher than that of its 

free energy of folding, indicating that this is a highly non-equilibrium process [99]. 

Similarly, the difference between the force-extension curves measured in the course of 

stretching and subsequent relaxation of spider capture silk proteins [5] reveals that 

stretching is a nonequilibrium process, in which extra energy is dissipated. In contrast, 

the work required to unfold the myosin coiled-coil via pulling on it at similar pulling 

rates is comparable to the free energy of folding, indicating that this is a nearly 

equilibrium process [99]. 

 The mechanical resistance of a protein is thus determined both by its structure and 

by the loading rate. In the previous chapter, we studied a model of a cross-linked polymer 

chain, which we used to identify the chain configurations that lead to its high mechanical 

resistance. In that model, we considered a Gaussian chain with rigid cross-links. 
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Unfolding of the chain under mechanical loading occurs as a result of rupture of the 

cross-links. Each cross-link ruptures once its internal force reaches a critical value. Thus, 

as the chain ends are being pulled apart at a constant rate, the force in each link increases 

until it ruptures. As the loading proceeds, all the cross-links become ruptured and the 

chain unfolds. The excess work done on the cross-linked chain, as compared to the work 

done stretching the unconstrained chain is a measure of the chain toughness. Given the 

total number of cross-links, one may seek the optimal cross-link configurations that 

maximize either the excess work or the maximum force during the unfolding process. 

Our rationale for studying such a simple model was the previous finding [8, 10, 11, 14] 

that the unfolding mechanism is largely determined by the native topology of the protein. 

This view is further supported by the success of simplified, Go-like models in predicting 

the mechanisms of mechanical unfolding [18-20, 102]. Although Gaussian cross-linked 

chains are merely caricatures of real biopolymers, they may adequately capture the 

effects of topology on the unfolding mechanism. Indeed, there are good reasons to 

believe they do. Specifically, the key finding of our study in previous chapter is that the 

optimal configurations that maximize the peak force and the dissipated energy must 

involve the parallel strands. This finding is consistent with experimental studies [8-10, 24, 

29, 85, 89, 93, 94] and molecular dynamics simulations [46, 60, 61, 72, 96] of the protein 

domain exhibiting high unfolding forces, such as the I27 domain in titin. Further, this 

finding has led to the prediction that protein domains with the ubiquitin fold, which 

features terminal parallel strands similar to those in I27, exhibiting superior mechanical 

properties, despite the fact that they have no apparent mechanical functions in living 

organism [58]. This prediction is supported by both experiments [15] and molecular 

dynamics simulations [57, 58]. 

 While providing results that are qualitatively consistent with atomistic scale 

studies, our model [22] entirely ignored stochastic and rate-dependent aspects of 

unfolding. This is an unrealistic assumption in many cases because, in general, rupture of 

a chemical bond is a chemical reaction, i.e. a stochastic process whose rate is affected by 

the transmitted force [7]. Further, as we mentioned earlier, load-bearing proteins exhibit 
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high toughness and strength precisely because they are loaded at high rates so that 

unfolding is a non-equilibrium irreversible process accompanied by large energy 

dissipation. 

 Models of force-induced rupture of chemical bonds are well known in the 

contexts of protein unfolding and ligand unbinding [93, 94] and fracture [48]. In those 

models, rupture of a bond is described by first-order kinetics and its rate depends on the 

force transmitted by the bond. The main purpose of this chapter is to adapt our model of 

cross-linked Gaussian chains to study how the optimal chain configurations that 

maximize the excess work and/or the maximum force depend on the loading rate. To this 

end, we have assumed that rupture of each cross-link is described by first-order kinetics 

with a force-dependent probability and performed kinetic Monte Carlo studies of the 

chain unfolding. The main finding of this study is that the parallel-strand arrangements 

remain optimal even when the stochastic nature of bond breaking is taken into account; 

While always featuring such parallel strands, the found optimal configurations generally 

depend on the loading rate. 

 

 

3.2. The Model 

Consider a polymer chain consisting of L + 1 beads connected by L links. The chain is 

assumed to obey Gaussian statistics so that the probability distribution for the distance 

between bead i and j is given by  

 ( )
23/ 2

2

33 exp
2 2

i j
i jP

b i j i j bπ 2

⎡ ⎤⎡ ⎤ −⎢ ⎥− = −⎢ ⎥ ⎢ ⎥− −⎢ ⎥⎣ ⎦ ⎢ ⎥⎣ ⎦

r r
r r     (3.1) 

where b is the root-mean-square length of a single link. One way to construct such a 

Gaussian chain [21, 30, 31, 123] is to connect neighboring beads by harmonic springs 

such that its potential is given by 

 2
0 1

1

1
2

L
i i

i
U γ +

=
= −∑ r r   with 0 2

3kT
b

γ =    (3.2) 

where k is the Boltzmann constant and T is the temperature. 
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 The motion of the chain is constrained by N cross-links. Each link is designated 

by the indices of its end points, so that the entire set of cross-links is denoted by CN = {{i1, 

j1}, …, {iN, jN}}. Each cross-link is regarded as rigid; alternatively, one can model a 

cross-link as a spring with a spring constant γc>>γ0. We assume that no bead can be 

attached to more than one cross-link, so that the maximum number of cross-links is N = 

(L + 1)/2. 

 The chain ends (monomers number 1 and L + 1) are pulled apart at a constant 

speed v so that the distance between them grows linearly as a function of time t: 

 0L e vt− ≡ =r r         (3.3) 

We suppose that loading is slow compared to a typical time-scale of thermal Brownian 

motion of the chain. In this case, we assume that the value of the pulling force F(t) 

recorded at any instant t is the force averaged over the thermal motion. At the same time, 

the time scale of cross-link rupture may be comparable with that of loading and so the 

rupture of a cross-link may result in a measurable change in F(t). 

 We consider stochastic rupture models for the cross-links. In this model the 

rupture of a cross-link is a stochastic process described by first-order kinetics. 

Specifically, the conditional probability that the cross-link that is intact at time t ruptures 

in the time interval from t to t + ∆t depends only on the instantaneous value of the 

internal force f(t) and is given by [7] 

 ( ) ( )
0

exp
c

f t
f t t k

f
κ

⎡ ⎤
⎡ ⎤ ∆ = ∆⎢ ⎥⎣ ⎦

⎣ ⎦
t       (3.4) 

where k0 is the rupture rate constant at zero force and fc is a reference force. Equation 

(3.4) is a commonly used model, which assumes that the free energy barrier to rupture 

decreases linearly with the force f [7, 94]. Although this equation is not necessarily 

quantitative [57, 59], it is sufficient for qualitative predictions, as it properly identifies the 

rapid increase of ( )f tκ ⎡⎣ ⎤⎦  once the internal force exceeds fc. 

 Because the rate of equation (3.4) is not zero at zero force, then, strictly speaking, 

any cross-link configuration in model II is unstable and the chain will unfold irreversibly 

on a time scale of order  even if no force is applied. This is not realistic since the 1
0k−
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folded state of a protein at zero force is expected to be thermodynamically more stable 

than its unfolded state. It is necessary to allow for the recombination of cross-links in 

order to restore the detailed balance in the system [66, 68, 69]. At zero force, the rate of 

recombination for a cross-links would be higher than k0 thereby rendering it 

thermodynamically stable. Here, we assume that the time 1
0k−  is much longer than the 

time scale of loading. Under this assumption recombination of cross-links during 

unfolding is unlikely because forces in each cross-link will quickly reach values large 

enough to destabilize each bond thermodynamically such that the ruptured bond state has 

lower free energy than that with the bond intact; in other words, once the bond is broken 

it will be unlikely to reform unless the loading force is removed. For these reasons we did 

not include the cross-link recombination in our model; It would therefore not be 

applicable to very slow, nearly equilibrium pulling experiments. In this respect, the 

physical regime explored by the present work is quite different from the reversible 

stretching conditions assumed in the theoretical studies of RNA and DNA mechanical 

denaturation [34, 35, 62, 63] and in the theories of the reversible stretching of protein-like 

heteropolymers [44, 54, 101]. Note, however, that non-equilibrium effects have been 

considered in Ref [54]. 

 When the ends of Gaussian chain are pulled apart, its response follows Hooke’s 

law [30, 31], which also holds in the presence of cross-links [70]. However, the spring 

constant of the entire chain changes upon cross-link rupture. Under constant velocity 

loading conditions, the force-displacement curve F = F(e) is a piece-wise linear function 

with jumps and different slopes (see Figure 3.1). Once all the cross-links are ruptured, the 

slope is reduced to the effective spring constant of the unconstrained chain, 0 0 / LγΓ = . 
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Figure 3.1. Unfolding of a cross-linked chain, whose configuration is a L=50 chain with the 
cross-links {{7,19},{15,47},{16,42},{21,35},{40,48}}. The force-extension curve of this chain is 
in the case of the deterministic unfolding scenario. Each maximum corresponds to the 
rupture of one or more cross-links. The mechanical resistance of the chain is characterized 
by two parameters: The excess work ∆W required to extend the cross-linked chain relative 
to that for the “denatured” chain (equal to the shaded area) and the maximum force Fm.  
 

 

 The mechanical response of a cross-linked chain is represented by two quantities 

(cf. Figure 3.1): (i) the maximum force Fm and (ii) “toughness”, i.e. the excess work 

done upon unfolding: 

 ( ) 2
0

0

1
2

u
W F e de u∆ = − Γ∫       (3.5) 

where u is the distance between the 1st and the L+1st beads at the end of the pulling 

experiment, once all the cross-links have been ruptured. 
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 In our model, rupture is a stochastic process. Accordingly, for a given set CN, it is 

necessary to determine the averages of Fm and ∆W over sufficiently large number of 

realizations of the stochastic unfolding process; we denote those quantities by mF  and 

W∆ , respectively. 

 The adopted model will be used in the following settings. 

• Characterization problem: Given L, CN, γ0, k0, fc, and v determine mF  

and W∆ . 

• Optimization problem: Given L, N, γ0, k0, fc, and v determine the 

configuration(s) CN that maximize(s) mF  and W∆ . 

 

 

3.3. Methods 

 

A. Elasticity analysis 

Between two rupture events, the cross-linked chain responds as a collection of Hookean 

springs [70]. The springs are identified as follows. 

(1) Arrange the 2N beads belonging to the cross-links in the ascending order: 

1 2 2 1 21 N Ni i i i L−≤ < < < < ≤L  

(2) Identify each chain segment between two consecutive members of this set as a 

spring 

(3) Assign to each spring the spring constant γ0/n, where n is the number of the chain 

links in this segment. 

Once the springs and their spring constants have been identified, the entire assembly can 

be analyzed using the finite element method [70]. The results can be expressed as 

 ( ) ( )F t t= Γ vt         (3.6) 

and 

 ( ) ( ) ( )k kf t t Fα= t        (3.7) 
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where Г(t) is the instantaneous overall spring constant of the cross-linked chain, fk(t) is 

the internal force in the kth cross-links, and αk(t)’s are dimensionless coefficients. The 

procedure for finding these coefficients is detailed in Ref [70]. Note that Г(t) and αk(t) 

depend on the current configuration of the cross-links and remain constant between 

rupture events; in general, they are piecewise constant functions of time. 

 

B. Kinetic Monte Carlo method 

To simulate the stochastic unfolding process we use the kinetic Monte Carlo method [66, 

76, 122, 128]. Suppose that at time t0, there are n cross-links. Let us evaluate the 

probability that the first rupture among those cross-links occurs at a later time, in the time 

interval between t and t + ∆t. This probability is equal to the probability S(t, t0) that no 

cross-link has ruptured in the time interval between t0 and t, times the sum of the 

probabilities for each of the cross-link to rupture in the time interval between t and t + ∆t: 

      (3.8) ( ) ( ) ( )0
1

,
n

m
m

t t S t t f t tκ
=

Φ ∆ = ⎡ ⎤∆⎣ ⎦∑

Also, in the time interval between t and t + ∆t the survival probability is reduced by 

, so that ( )t tΦ ∆

 ( ) ( ) ( ) ( )0 0, , /t t S t t t S t t dS dt t−Φ ∆ = + ∆ − = ∆  

This leads to the differential equation for S(t, t0): 
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n

m
m
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Using equations (3.4), (3.6), and (3.7) we have ( ) ( ) ( )0 0 0exp /m m cf t k t t vt fκ α⎡ ⎤⎡ ⎤ = Γ⎣ ⎦ ⎣ ⎦ ; 

substituting this into equation (3.9) and integrating we obtain 
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  (3.10) 

and 

 33



 ( ) ( ) ( ) ( )0 0
0 0

1
, exp

n m

m c

t t vt
t k S t t

f
α

=

⎡ Γ
Φ = ⎢

⎣ ⎦
∑

⎤
⎥     (3.11) 

 The standard method [66, 76, 122, 128] for generating the time t on a computer is 

to solve the equation 

 ( )0,S t t ξ=         (3.12) 

where ξ is a uniformly distributed random variable in the interval [0,1]. We use modified 

Newton’s method to solve this equation numerically. Once the time t is generated, we 

need to determine which of the n cross-links ruptures. This is done by computing the 

weighted probability of rupture for each of the cross-links: 

 

( )

( )
1

exp

exp

m

c
m n j

j c

f t
f

w
f t

f=

⎡ ⎤
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⎣= ⎦
⎡ ⎤
⎢ ⎥
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∑
  with 1, ,m n= L    (3.13) 

Next, we divide the interval [0,1] into n subinterval whose lengths are wm. Finally, we 

generate λ, a realization of a random variable uniformly distributed in the interval [0,1], 

and identify the subinterval containing λ. The index of this subinterval is equal to the 

index of the cross-link to be ruptured. This process is followed starting with t = 0, n = N 

and until all the cross-links are ruptured. 

 The quantities mF  and W∆  for a given set CN are computed by averaging over 

NMC realizations of the unfolding history; we used NMC  = 5000. 

 

C. Optimization 

We used two optimization methods for finding the configurations that maximize mF  

and/or W∆ . In cases where the search space was sufficiently small, we exhaustively 

searched over all possible sets CN. When an exhaustive search was to time-consuming, 

we resorted to the following “random-hill climbing” procedure. 

(1) Generate a random set  with N cross-links. (0)
NC

(2) Select a cross-link { },i j  from the set . (0)
NC
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(3) Evaluate mF  (or W∆ ) for , and the “adjacent” sets from  upon 

replacing 

(0)
NC (0)

NC

{ },i j  with { }, 1i j ±  or { }1,i j± . Of course, the sets { }, 1i j ±  and 

{ }1,i j± must be admissible, in the sense that no bead can be connected to more 

than one cross-link. 

(4) Choose the optimal set among the five sets identified at step (3). 

(5) Repeat steps (2)-(4) for all other cross-links to complete the first sweep. This 

defines a new configuration . (1)
NC

(6) Repeat steps (1)-(5) until ( ) ( )1i i
N NC C+ = . 

(7) Generate new and repeat steps (2)-(6). (0)
NC

 

 

3.4. Results 

 

A. Single cross-link 

The model parameters give rise to the dimensionless time 

 0k tτ =  

and dimensionless pulling rate 

 0

0 c

vv
k f
Γ

=%  

Following the analysis in Section 3.3.B, it is straightforward to obtain the probability 

density function for the dimensionless rupture time τ, 

 ( ) ( ) ( )1, exp exp 1 expτ θ θτ θτ
θ
⎧Φ = ⎡ −⎨ ⎣⎩ ⎭

⎫⎤⎬⎦     (3.14) 

where the parameter θ combines the dimensionless loading rate and geometric parameters, 

 
1

v
l

θ =
−
%
%

 

This combination arises naturally for N = 1 but not for N > 1. At the moment of rupture 

we have 
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and 
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1 1 11 1
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l
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and therefore we obtain 

 ( )
0

,m cF f dθ τ τ θ τ
∞

= Φ∫  

and 

 ( ) ( )
2

2 2

0 0

1 1 ,
2

cfW l l dθ τ τ θ
∞

∆ = − Φ
Γ ∫% % τ  

The integrals involved in these expressions can be evaluated numerically only. 

Nevertheless, one can obtain asymptotic approximations valid for 1θ >> : 

 ln ln
1m c c

vF f f
l

θ≈ =
−
%
%

      (3.16a) 

 ( ) ( )
2 2

2 2 2 2

0 0

1 1ln ln
2 2 1

c cf f vW l l l l
l

θ∆ ≈ − = −
Γ Γ −

%% % % %
%

   (3.16b) 

The meaning of equation (3.16a) is simple: This is the force [Eq (3.15)] corresponding to 

the most probable rupture time that maximize the probability density of equation (3.14) 

[27, 28]. As expected, this asymptotic expression for <Fm> reveals the logarithmic 

dependence on the loading rate [7, 27, 28]. Further, <Fm> increases indefinitely as , 

i.e., the largest forces are generated by chains with terminal cross-links. The case of 

is pathological: In this case the ends of a cross-link itself are pulled apart with the 

speed v. Since in our model the intrinsic spring constant of a cross-link is infinite, this 

leads to a divergent force in equation (3.16a). This pathology does arise in the model in 

the previous chapter, referred to model I, where, by construction, the cross-link ruptures 

at the force f

1l →%

1l =%

c. 
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Table 3.1. Single cross-link: The dimensionless loop length Wl∆%  that maximizes W∆  as a 
function of the dimensionless pulling velocity v . %
 

 

 

 The excess work also grows logarithmically with , but in contrast to <Fv% m>, its 

optimization leads to values of l that depend on v . In particular, for v  the optimal 

value is . In general, for moderately large values of v  the optimal value of l are 

in the range 1/  (see Table 3.1). All of these conclusions are straightforward to 

derive from the asymptotic approximations of equation (3.16) and are confirmed by 

computing the exact expressions. 

% % →∞%

1/ 2l →% % %

2 1l< <%

 It is instructive that the optimal chain configuration maximizing the excess work 

<∆W> in model in this chapter, referred to model II, in the limit of infinitely fast loading 

is the same as the optimal configuration predicted by model I. The fast pulling limit of 

model II, where a cross-link rupture is unlikely until the internal force attains a 

sufficiently large value, cf f≥ , can be roughly approximated by model I. The two 

models however do not become equivalent in this limit: The unfolding force for a single 

cross-link is independent of the chain configuration and equal to a constant value of fc in 

model I while it depends on both loading rate and the cross-link location in model II. 

 

B. Small number of cross-links 

Remarkably, we found that the NSCL (see chapter 2) configurations appear to be optimal 

with respect to both mF  and W∆ , although the configurations optimal for mF  are 

not necessarily optimal for W∆ , and vice versa. This statement is difficult to verify 

conclusively, because even for N = 3 the search space is too large for an exhaustive 

search. Nevertheless, using the search algorithm described in section 3.3.C, we could not  
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Table 3.2. The NSCL configuration made of three cross-links: The dimensionless loop 
length   that maximizes Wl∆% W∆  and the dimensionless loop length 

mFl% that maximizes 

mF , as functions of the dimensionless pulling velocity .    v%
 
 
 

find a configuration better than the NSCL of the form {{i, i+l},{i+1, i+2+l},{i+3, 

i+3+l}}, where the optimal value of l was determined by the exhaustive search with 

respect to l. The optimal values of l maximizing mF  and W∆  are different, which is 

similar to the conclusion reached with the model for N = 1. Furthermore, the values of 

 that optimize /l l L=% mF  are close to 1l =%  and the optimal values of l that maximize %

W∆  depends on  in a way similar to the case of N = 1 (see Table 3.2). We also found 

that 

v%

mF  and W∆  grow logarithmically with  (Figure 3.2). v%

 An attempt to predict the response of NSCL configurations using the rate-

dependent SCL model was only partially successful. In particular, the rate-dependent 

SCL model was able to follow the trends predicted by the simulations but the agreement 

was mostly qualitatively. Furthermore, the predictions of the rate-dependent SCL model 

was qualitative similar to those obtained from the analysis for N = 1. Let us mention that 

the rate-dependent SCL model was successful in predicting the first but not the last 

rupture events, especially for intermediate loading rates. In the limit v , one can use 

the asymptotic approximations developed for N = 1, with the provision that k

→∞%

0 and fc are 

replaced with Nk0 and Nfc respectively. 
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Figure 3.2. (a) The maximum force mF  and (b) the excess work W∆  as a function of the 
pulling rate for NSCL configurations with different values of the loop length l. 
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3.5. Discussion: Implications for force-induced protein unfolding experiments 

Cohesive interactions in proteins are delocalized and thus rarely can be adequately 

described as cross-links. For this reason, we expect our model not to make quantitative 

predictions but rather to provide a guide to the relationship between the overall folding 

topology and its mechanical response. In certain situations disulphide bonds, hydrogen 

bonds, or groups of hydrogen bonds in proteins can be modeled as cross-links [46, 61]. It 

may further be possible to synthesize cross-linked polymers, in which cross-links are 

placed in a mental test ground of our theory and also exhibit novel mechanical properties. 

 Our result can be used to screen the protein databank to identify the proteins that 

exhibit the topology that may potentially lead to optimal mechanical stability. While this 

approach has been pursued systematically yet, there is evidence that it may result in 

useful predictions. In particular, the mechanical unfolding of the immunoglobulin domain 

I27, ubiquitin, and protein G – all containing terminal parallel strands – has been 

observed [15, 93, 94] and/or predicted via atomistic simulations [58] to require forces 

much higher than those in case of “generic”, non-mechanical proteins [8]. This is in 

accord with the conclusion reached here that configurations involving parallel strands are 

optimal with respect to the unfolding force and work. We reached same conclusion in the 

previous chapter where we used the model ignoring the statistical nature of bond rupture 

[7, 27, 28]. The study in this chapter demonstrates that rate dependent effects that are 

well known to be important in force probe spectroscopy pulling experiments [9, 14, 29, 

53, 55, 56, 84-87, 93, 95, 129] do not change the conclusion about the optimality of 

parallel strands. 

 In addition, several other observations may be of relevance in the context of 

mechanical stability of proteins. 

(1) For sufficiently slow pulling rates, parallel strands formed between the ends of the 

chain (i.e. those with l ≈ L) lead to higher values for both Fm and ∆W. In contrast, 

for very high pulling rates, parallel strands with l ≈ L/2 are optimal with respect to 

∆W while terminal parallel strands still maximize the unfolding force. Since the 

loading rates are expected to be slower under physiological conditions as 
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compared to AFM experiments or molecular dynamics simulations (see below), 

the above observations may explain why most protein domains with superior 

mechanical properties contain terminal parallel β strands [9-11, 15]. 

(2) The configurations that include the optimal NSCL configurations are superior to 

random structures (see section 3.4.C). This result may shed light on the recent 

finding that proteins with different folds may display similar mechanical 

resistance. In particular, the unfolding mechanisms of the all β I27 domain of the 

muscle protein titin [60, 61, 93, 94] and of the α/β ubiquitin domain [15, 58] are 

very similar and are characterized by a high unfolding force because both of these 

domains feature the same hydrogen-bond clamp by their terminal parallel strands 

Our study may also elucidate the effect of the loading regime on the mechanical function 

of proteins. Under physiological conditions, proteins are subjected to forces that are often 

quite different from those in AFM studies and/or simulations. Likewise, the time scales at 

which they are loaded are different from those of pulling experiments. For example, in 

AFM studies of the muscle protein titin [93, 94], individual immunoglobulin-like 

domains are unfolded in the range of forces fu ~ 150-250 pN, depending on the stretching 

rate that is typically in the range of v = 0.1 – 10 nm/ms. The rate of loading in these 

experiments can be roughly estimated as 

 df/dt ~ fu/τ ~ fuv/∆l 

where the domain stretching time τ is estimated as ∆l/v and ∆l is the contour length of the 

domain. This gives df/dt ~ 10-9 – 10-7 N/s for v = 0.1 – 10 nm/ms. 

 By contrast, in the experiments that probe viscoelastic behavior of skeletal 

myofibrils [77], individual domains are subjected to much lower forces (fu ~ 10 pN) over 

a time scale of a few seconds and their unfolding events are rare (yet believed to be 

physiologically important [77]). Using τ ~ 1- 10 s, this gives a loading rate of fu/τ ~ 10-12 

– 10-11 N/s, several orders of magnitude lower than that in AFM experiments. 

 To make connection to the present study, consider the dimensionless loading rate 

parameter v introduced in section 3.4: %
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k f
Γ

=%         (24a) 

where Г is the overall spring constant of the chain prior to rupture. This parameter 

characterizes the loading time scale relative to that of internal dynamics of the chain. The 

optimal chain configurations are generally different in the limits of and (cf. 

Table 3.1 and Table 3.2). To estimate this parameter for a protein domain undergoing 

unfolding via the two-state mechanism, we rewrite (24a) in the form 

1v >>% 1v <<%

 
0

/

c

df dtv
k f

=%         (24b) 

Equation (24b) is more informative because in most AFM studies the domain of interest 

is part of longer chain; the velocity at which the ends of the entire chain are separated is 

different from the speed at which the ends of the domain are moved apart and thus the 

linkage between the domain and the pulling device affects the unfolding dynamics [25, 

26]. Equation (24b) is written in the form that is independent of the linkage. 

 Using the values of 4
0 5 10k −= × s-1, fc = 16 pN deduced from the AFM data for the 

I27 domain [14] we estimate  for the experiments that probe titin 

viscoelasticity [77] and for AFM experiments. 

210 10v = −% 3

7510 10v = −%

 Given the above difference in the loading rates, what can we learn about 

biological function of load-bearing proteins from AFM pulling studies? Our study 

suggests that AFM data can be extrapolated to lower loading rates. Specifically, we have 

shown the following. 

(a) Configurations containing parallel strands are optimal for both slow ( 1~ <<v ) and 

fast ( 1~ >>v ) loading. Further, the optimal configuration with respect to the 

unfolding force is the same in both regimes. 

(b) Unlike the case of generic random configurations, the behavior of optimal 

configurations is close to that predicted by a simple two-state model over a wide 

range of loading rates. In particular, the unfolding force exhibits logarithmic 

dependence on the loading rate, similar to that derived from the two-state model. 
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This supports the use of two-state model [94] to extrapolate AFM data outside the 

range of experimental loading rates. 
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Chapter Four 

Coarse-grained modeling of protein dynamics 
 

 

4.1. Introduction 

Molecular dynamics simulations are commonly used for mechanical characterization of 

protein molecules [12, 73]. Currently, those simulations are well accepted by the 

scientific community and several commercial and public domain programs have been 

developed [2, 36, 64, 97]. Unfortunately, molecular dynamics simulations require very 

small time steps (typically 10-15 seconds) and are limited to very small structures 

(typically millions of atoms). These restrictions are particularly prohibitive for 

engineering applications.  

 The limitations of molecular dynamics led to the development of simplified or 

coarse-grained models. Typically, those models involve two types of simplifications. 

First, the underlying molecular structure is coarse-grained. That is, instead of considering 

the true molecular structure, one considers a simplified backbone structure, from which 

the majority of atoms (roughly 90%) are removed. The removal process is not 

straightforward because one must develop the interaction potentials for the backbone 

atoms, and those potentials are obtained from molecular dynamics simulations of the 

entire molecule. The other simplification involves the replacement of the complex 

transient response with modal analysis. This replacement implies that the protein 

response is linear, which may be a reasonable assumption if the motion is not far away 

from an equilibrium position. Over long times, this critical assumption does not hold 

because usually proteins have multiple equilibrium positions. Nevertheless, modal 

analysis is of interest because it provides a useful alternative to molecular dynamics and 

it lends itself to comparisons with experimental data obtained with X-ray crystallography 

[43]. 
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The two ingredients of modal analysis are the mass and stiffness matrices. The 

former is unambiguously defined, while the latter can be constructed in a variety of ways. 

We divide existing approaches to constructing the stiffness matrix into three groups: 

1. The straightforward approach is to derive the stiffness matrix as the 

second derivative of the interaction (strain) energy. This derivative is 

evaluated at a local equilibrium position, and that position is determined 

via minimization of the non-quadratic potential energy [43]. The key 

advantage of this approach is that it requires molecular statics rather than 

dynamics. The key drawback is that energy minimization is difficult 

because typically the energetic landscape is not convex and does not have 

well-separated minima.  

2. In Gaussian network model [38], interactions within a coarse-grained 

molecular structure are approximated by connecting neighboring atoms 

with isotropic Gaussian springs. Such springs obey the usual linear force-

elongation law. However, isotropic Gaussian springs lack any orientation. 

That is if one end of a loaded Gaussian spring is fixed the other end, the 

radial position of the other end is determined by force-elongation law, 

while the orientation is a random variable uniformly distributed over the 

surface of a unit sphere. This lack of directionality leads to the obscure 

notion that the force in a Gaussian spring is a scalar. As a result, the 

stiffness matrix representing N atoms has the dimensions  rather 

than  Also the isotropic Gaussian network model cannot reflect 

the directional structure of the molecule. Despite its obscurity, the 

isotropic Gaussian network model has been reasonably successful in 

predicting certain experimental results [26, 39, 125]. 

NN ×

.33 NN ×

3. Tirion [112] proposed a very simple model, which in effect replaces the 

molecule with a truss. The stiffness of the individual members of that truss 

is defined by a very simple binary rule. If the distance between two nodes 

is less than a critical distance (10 Å) than the stiffness is set to a constant, 
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otherwise it is equal to zero. That constant is chosen such that it matches 

slow vibration modes (or “macroscopic response”) of the molecule. This 

matching procedure is consistent with a theoretical result of Teeter [107], 

who showed that the density of low vibration modes is independent of 

details of the inter-atomic potentials. Despite its simplicity, Tirion’s model 

has been very successful [78, 105, 106]. The model of Bahar and co-

workers [4], to which they refer as the anisotropic network model, is 

essentially identical to Tirion’s model.  

 In this chapter, the principal objective is to develop an approach that allows us to 

construct the stiffness matrix directly from molecular dynamics simulations. Also the 

proposed approach allows us to develop a simple mechanical model, which can explain 

why simple coarse-graining (e.g. Tirion’s model) can successfully predict the low-

frequency response of proteins.  

The rest of the chapter is organized as follows. In section 4.2, we develop 

equations required for constructing the stiffness matrix from molecular dynamics 

simulations. In section 4.3, we describe the retinol binding protein molecule and outline 

details of molecular dynamics simulations of this molecule. In section 4.4, we construct 

the stiffness matrix and develop the coarse-grained model for retinol binding protein. 

Finally, in section 4.5, we summarize key results of the current work and suggest 

directions for future research.   

 

 

4.2. Linear systems under the thermal fluctuations 

Consider a one-degree-of-freedom harmonic oscillator. The strain energy of such an 

oscillator is 

 21
2

V eγ=  

where γ is the spring stiffness, and e is the spring  elongation. As it is well known in 

statistical mechanics [16, 75, 123, 124], for the oscillator driven by thermal fluctuations 
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near equilibrium, e is described by Boltzmann’s distribution with the probability density 

function 

 ( )
1/ 2 2

exp
2 2

ee
kT kT

γ γρ
π
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Here T is absolute temperature and k is Boltzmann’s constant. Since Boltzmann’s 

distribution is a particular case of the Gaussian distribution, 
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Thus, if necessary, γ can be computed from mean-square fluctuation of the elongation. 

 Now let us consider thermal fluctuation of a three-dimensional linear system of N 

particles, not constrained against rigid body motion. The strain energy of that system can 

be expressed as 

 1
2

TV = u Ku  

where u is the displacement vector and K is the stiffness matrix. The dimensions of u and 

K are 3Nx1 and 3Nx3N, respectively. Since the system is not constrained against rigid 

body motion, K has a non-trivial null space. This space can be revealed through the 

spectral decomposition  

ΛRRK *=  

where R is the orthogonal matrix formed by the eigenvectors of K, Λ is the diagonal 

matrix containing the eigenvalues of K, and the asterisk denotes transposition. 

Unconstrained rigid body motion implies that six diagonal entries of Λ are equal to zero; 

we choose to number those eigenvalues from one to six.  

 Let us introduce the vector 

  Ruv =

so that the expression for the strain energy can be rewritten as  
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Thus the first six components of the vector v represent the rigid body motion, while the 

remaining 3N-6 components represent the deformation; accordingly, each  represents 

the stiffness of its deformation mode. From the equi-partition theorem [16, 75, 123, 124], 

each v

iλ

i is described by Boltzmann’s distribution with probability density function 
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Furthermore, for the deformation modes, the equi-partition theorem implies orthogonality 

in the sense of ensemble averaging: 0i jv v = for i j≠ . As a result we can write the 

matrix in the block form 

  1−>=⊗< Λvv kT  

where the bar denotes the deformation modes, so that v  and Λ  have the dimensions  

(3N-6)x1 and (3N-6)x(3N-6), respectively.  

Now let us construct u  corresponding to v in which the rigid body motion modes 

are suppressed: 

⎥
⎦

⎤
⎢
⎣

⎡
=

v
Ru

0*  

Then we can construct the correlation matrix 

RRuuC ⎥
⎦

⎤
⎢
⎣

⎡
Λ

>=⊗=< −1
*

0
00

kT  

Thus the procedure for identifying the stiffness matrix is as follows: 

 

1. Compute C .  

2. Determine the eigenvalues and the eigenvectors of C . 
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3. Construct the matrices R and Λ . 

4. The eigenvectors of K are contained in R. 

5. The non-zero eigenvalues of K are obtained from the equation 

i
i

kT
µ

=λ  

where µi is the i-th eigenvalue of C . 

6. Construct the stiffness matrix from the spectral decomposition: ΛRRK *= . 

  

Available molecular dynamics programs are better suited for computing C rather than C . 

To obtain C  using such programs one must eliminate the rigid body motion modes a 

posteriori. The widely used procedure is as follows: (1) the translational rigid body 

motion mode is removed by fixing the center-of-mass. (2) the rotational rigid body 

motion mode is eliminated by finding the instantaneous rotation matrix Q via 

minimization of the distance 

 ( ) ( ) 2
0

1

1 N

i i
i

d t
N =

= −∑ r r t   

Here ri(t) is the position of the i-th particle at current time t, and ri(t0) is position of the  

i-th particle in the initial configuration. This procedure has been proposed in [49]. 

 

 

4.3. Molecular modeling 

In this chapter, we choose the retinol binding protein as the model system. The atomistic 

structure of a retinol binding protein has been determined with a 1.65 Ǻ resolution using 

X-ray crystallography [127] (pdb code: 1aqb.pdb). The retinol binding protein is a β-

barrel protein consisting of eight anti-parallel β-strands and an α-helix near the C-

terminus. The secondary structures, such as β-barrel and α-helix, are connected by 

flexible loops (Figure 4.1). The retinol binding protein belongs to the super-family of 

lipocalins which binds hydrophobic ligands in its interior [81]. 
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Figure 4.1. The molecular structure of RBP is generated by Visual Molecular Dynamics 

(VMD) [45]. The structure colored yellow is the β-barrel protein and the cylindrical 

structure colored violet is the helix structures. The secondary structures such as β-barrel 

and helices are connected by the blue loops. 

 

 

The functional role of the retinol binding protein is to intake or release retinol by large 

“hinge-bending” motion of flexible loops near the entrance of the β-barrel protein [116]. 

That motion has been observed in the low-frequency vibration modes [17]. 

 We studied molecular motion of the retinol binding protein using the molecular 

dynamics program TINKER that implements the standard anharmonic potential field 

known in the literature as charmm 27 [98]. Thermal fluctuations of the retinol binding 

protein were studied with constant-temperature molecular dynamics simulation technique 

known as Nosé-Hoover’s thermostat [44, 83]. In this setting, the equations of motion take 

the form 
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iiiiim rfr &&& ζ−=  

where the first term in the right-hand-side is the inter-atomic force acting on the i-th atom 

and iζ  is the effective viscosity. It depends on the positions and velocities of the entire 

system, and it is determined from the evolution equation 

⎟
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where T is the thermostat temperature and  is a temperature-dependent parameter.

 From molecular dynamics simulations, one can compute the cross-correlation 

matrix

0C

C , with the rigid body motions modes removed as described in the previous 

section. This matrix was computed with respect to the equilibrium (rather than initial) 

configuration. The equilibrium configuration is defined by the time-average positions ir .  

Results of these computations will be discussed in the next section. 

For comparisons with experiments, we also computed the so-called B-factors. For 

the i-th atom 

)(
3

8
3,313,1323,23

2

iiiiiii CCCB ++
π

= −−−− . 

The B-factors calculated from molecular dynamics simulations are qualitatively similar to 

that obtained from X-ray crystallography experiments (Figure 4.2). Also molecular 

dynamics simulations confirm hinge-bending fluctuations of the flexible loops that 

correspond to the peaks in Figure 4.2.  
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Figure 4.2. The thermal vibration (Deye-Waller or B factor) of the retinol binding protein 

by molecular dynamics simulation is compared to that obtained by X-ray crystallography 

experiments [127]. Molecular dynamics predicts the B factor qualitatively but not 

quantitatively when compared with experiments.  

 

 

 

 

 

 

 

 

 

 

 52



4.4. Coarse-graining  

In this section, we develop a coarse-grained model based on results of molecular 

dynamics simulations. 

 First, we establish relationships between the correlation matrix C and deformation 

(or internal) degrees of freedom. Those represent bond stretching, bending, and twisting. 

The formal definitions are as follows. Let the i-th bond vector be defined as . 

Then the internal degrees of freedom are defined as (Figure 4.3): 

1i i+= −b r ri
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where bi is the bond length, θi is the valence angle, and iφ is the dihedral angle. The 

deformation degrees of freedom are defined as ∆bi, ∆θι, and ∆φι, and induced by an 

infinitesimal configurational change from ri to ri+∆ri. The variables ∆bi, ∆θι, and ∆φι, 

represent bond stretching, bending, and twisting, respectively. For a system of N atoms, 

there are N-1 stretching degrees of freedom, N-2 bending degrees of freedom, and N-3 

twisting degrees of freedom, so that the total number of deformation degrees of freedom 

is equal to 3N-6. 

Using the definition, it is straightforward to construct the (3N-6) x 3N matrix that 

relates the infinitesimal displacements ui=∆ri  to the deformation degrees of freedom: 

Luψ =  

Here ψ  is the column vector containing the 3N-6 deformation degrees of freedom. The 

matrix L is determined with respect to the equilibrium configuration, and therefore 

regarded as a constant. 

 The strain energy of the molecule can be expressed as 

 ψKψKuu **
ψV

2
1

2
1

==  
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Figure 4.3. Schematic view of carbon backbone chain consisting of Cα atoms for a protein 

 

 

where ψK is the ( ) stiffness matrix for the deformation degrees of 

freedom. The stiffness matrix 

(3 6 3 6N N− × − )

ψK is then obtained as 

  11 −−= )(LLLKL)(LLK ***
ψ

The operator L is constructed in such a way that ψK has a 3x3 block structure, with the 

first (N-1)x(N-1) diagonal block Kbb representing the stretching degrees of freedom, the 

second (N-2)x(N-2) diagonal block Kθθ representing the bending degrees of freedom,  

and the third (N-3)x(N-3) diagonal block Kφφ representing the twisting degrees of 

freedom; the off-diagonal blocks represent interaction between the deformation modes.  

 The matrix maps for the diagonal blocks of ψK are shown in Figure 4.4. All three 

blocks are diagonally dominant matrices, as dictated by the relative weakness of the long-

range interactions. Further, the diagonal entries of Kbb are one order of magnitude larger 

than those of Kθθ and two orders of magnitude larger than those of Kφφ. If the molecule 

could be regarded as a truss (a stiff structure), then energetically the dominant stiffness 

would be Kbb. However, the molecule is a soft frame-like structure, and therefore its 

mechanical behavior is controlled by the softest deformation mode, that is, by bending 

i+3 
Cαi+1 

Cαi 

i+2 
Cα Cα

Cα
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(a) extracted stiffness matrix for bond stretching 

 
(b) extracted stiffness matrix for bending (valence angle change) 
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(c) extracted stiffness matrix for torsion (dihedral angle change) 

 

 

Figure 4.4. The stiffness matrices for bond stretching (a), bending (b), and torsion (c) 

 

 

and twisting. This conclusion is easy to verify using results of molecular dynamics 

simulations. In Figure 4.5 we plot the time histories for the stretching, bending, and 

twisting components of the strain energy normalized by the total strain energy. This plot 

shows clearly that the twisting strain energy is dominant, with the bending energy playing 

a secondary role, and the stretching energy having a negligible contribution. In addition, 

we computed the interaction strain energies associated with the off-diagonal blocks of  

ψK  and found that those energies are even less than the stretching energy. The 

dominance of the twisting and bending modes implies that the protein chain behaves like 

a chain formed by rigid links connected by the pin joints, but the pin joints are capable of 

resisting to twisting and bending.  
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Figure 4.5. The energy histories for bond stretching, bending, and torsion, respectively  
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Figure 4.6. Torsional (twist) compliances of the Cα joints. The peaks correspond to joints 

connected by flexible loops. 

 

 57



Let us take a closer look at the matrix Kφφ. Its diagonal elements are presented in 

Figure 4.6.  There along the horizontal axis we plot the twisting degree of freedom 

number and along the vertical axis we plot the inverse of the corresponding diagonal term. 

Use of the compliances rather than stiffnesses allows us to reveal three peaks (soft 

degrees of freedom). Those degrees of freedom correspond to the hinge-bending motion 

of flexible loops. Note that the soft degrees of freedom are energetically insignificant. 

That is, the flexible loops move like rigid bodies, without storing any significant amount 

of the strain energy.  

Now, let us use results of molecular dynamics simulations to evaluate the 

isotropic Gaussian network model [38]. According to that model, the motion of the Cα 

atoms must be consistent with the behavior of the Gaussian entropic springs. In particular, 

if one atom is fixed, the other atom must have a trajectory with respect to the fixed atom 

such that its projection on a unit sphere, centered at the fixed atom, is uniformly 

distributed over the surface of that sphere. This means that both the valence angle 

(associated with bending) and dihedral angle (associated with torsion) must be uniformly 

distributed in the intervals [0,π] and [0,2π], respectively. In Figure 4.7 we present history 

plots for the dihedral and valence angles for the Cα atom # 10. This choice is 

representative of the histories for other Cα atoms. It is clear from the history plots that 

neither angle is uniformly distributed over its range. Furthermore, the history plots 

suggest that the angles oscillate near equilibrium values, and the amplitudes of 

oscillations are relatively small. Thus, the Gaussian entropic spring model is 

inappropriate for a chain between two neighboring Cα atoms.  

Next, let us use results of molecular dynamics simulations to evaluate the model 

of Tirion [105]. Qualitatively, this model is consistent with results of molecular dynamics 

simulations, in the sense that the model captures the anisotropic nature of the trajectories 

of the Cα atoms. The quantitative evaluation of the model can be obtained using the 3N x 

3N stiffness matrix, as described in section 4.2. According to Tirion’s model the 

backbone is a truss whose members connect only closely-spaced Cα atoms, and every 

member has the same stiffness (Figure 4.8). The model of Tirion is easy to verify by 
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Figure 4.7. Typical molecular dynamics trajectories of valence angle (bending) and dihedral 

angle (twist) for particle #10 
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d = 10Å 

i 

d

Cα atoms
 

Figure 4.8. Schematic view of Tirion’s model: The reference atom (red) is connected to its 

nearest neighbors (orange) by springs with the same stiffness. There are no direct 

interactions between the reference atom and its remote neighbors (blue).  

 

 

extracting the stiffness matrix from molecular dynamics simulation. Molecular dynamics 

simulation shows that the stiffness matrix has the characteristic that dominant interaction 

is short-range pair interactions rather than long-range pair interactions (Figure 4.10). This 

indicates that Tirion model may be appropriate model for proteins. 

Let us consider Tirion’s model in greater detail.  Mechanically, Tirion’s model 

represents the protein by a frame, whose response is dominated by bending and torsion. If 

the protein were modeled as a truss, which is a “stiff” structure, then the response would 

be dominated by stretching. However, in Tirion’s model, the bonds are endowed with 

axial stiffness only, which is a signature of a truss rather than frame. Actually, there is no 

contradiction here. Indeed, in the true molecular structure, the Cα atoms are connected via 

relatively long links, and the stiffness of those links is dictated by bending and torsion 
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F F 

Figure 4.9. Two mechanical systems: (a) two rigid rods and a bending spring at O, (b) two 

rigid rods connected by a frictionless pin at O and a spring at the other ends.  

 

 

rather than stretching. Furthermore, the stiffness depends on the length of the chain 

between the two atoms, and therefore the stiffness must be regarded a coarse-graining 

parameter rather than a true physical constant. Basic structures shown in Figure 4.9 

explain how a torsional stiffness translates into a stretching stiffness. System A is formed 

by two identical rigid links pined together. The angular motion at the pin is constrained  

k 
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Figure 4.10.  The stiffness map of the molecular spring network for a retinol binding 

protein 

 

 

 

by a torsional spring with stiffness kt. System B is formed by the same links and pin, but 

instead of the torsional spring the remaining ends of the links are connected by an axial 

spring with stiffness ka. It is easy to verify that, under small vibrations, systems A and B 

have the same response if  

2
cos22 θ

= lkk at . 

Here l is the length of the links and θ is the angle between the links that defines an 

equilibrium position about which small vibrations occur. 
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Figure 4.11. The contact map for a retinol binding protein: The red color is reserved for Cα 

atoms that are within 6Å from each other. 

 

 

Next, let us consider contact and stiffness maps (Figure 4.10 and Figure 4.11). 

The contact map is a plot of the incidence matrix for Tirion’s model. In Figure 4.10, 

matrix elements equal to one are shown in red, and matrix elements equal to zero are 

shown in white. The stiffness map has a similar structure, as it shows the spring stiffness 

for all pairs of atoms, as obtained from molecular dynamics simulations. According to 

Tirion’s model, these maps must be identical. While molecular dynamics gives a more 

complicated stiffness map, it is fair to say that the contact and stiffness maps are in good 

agreement. Let us mention that the contact map was constructed using the threshold 
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distance equal to 6Å and the stiffness map was constructed with a singular value 

decomposition filter such that all frequencies exceeding the first frequency by a factor of 

104 were eliminated.  

 

  

4.5. Conclusion 

A simple mechanical model for thermal fluctuation of the retinol binding protein has 

been developed based on results of molecular dynamics simulations. In this model, 

although the dominant deformation modes are bending and twisting, the protein is 

represented by an axial spring system whose dominant deformation mode is stretching. 

This construction lends further support to Tirion’s model.  

The proposed model needs to be further tested through applications to other 

proteins, especially under conditions involving external mechanical loading, like those 

imposed in pulling single-molecule experiments. If the model is successful, it allows one 

to describe the mechanical response of single molecules and structures made of few 

molecules over the time scales relevant to biomedical and engineering applications. Such 

applications involve the understanding of relationships between the structural, 

mechanical, and functional properties of proteins. The model can be also used as a 

component in multi-scale simulations, where different parts of the structure are 

represented by different models. Such approaches allow one to use fine-grained models 

where the precision is important and coarse-grained models where the precision is 

secondary. 
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Chapter Five 

Closure 
 

In this dissertation, we presented coarse-grained models suitable for mechanical 

characterization of proteins. Such models are much simpler and computationally 

affordable than molecular dynamics, and, often, can provide a good qualitative 

understanding of the essential structure-property relationships. Coarse-grained models are 

particularly important for biomedical and engineering applications, where size and time 

scales are too large to be handled with molecular dynamics. 

In Chapter 2, we developed a topological model that allowed us to identify 

topological configurations of cross-links optimal with respect to both strength and 

toughness. While those configurations, known as parallel strands, have been previously 

linked to strong proteins, our model provided a simple mechanical explanation why 

parallel strands improve both strength and toughness. In Chapter 3, the model developed 

in Chapter 2 was extended to include rate-dependent effects. Again, despite (or may be 

because of) its simplicity, the model provided us with a simple explanation of how the 

structure of parallel strands was optimized with respect to the loading rate. Further, it 

showed that, for all practical purposes, optimality was achieved by very simple parallel 

strand substructures. This means that high strength and toughness is relatively easy to 

realize, and those properties should be easy to reproduce in nature. In Chapter 4, we were 

not concerned with strong proteins per se, but rather with developing coarse-grained 

models consistent with molecular dynamics. One may regard our approach as 

homogenization of molecular dynamics. Our approach was based on exploiting an 

existing rigorous relationship between the stiffness and correlation matrices for systems 

under thermal fluctuations near equilibrium. With our model, we were able to 

demonstrate that the dominant deformation mechanism in the retinol binding protein was 

bending and twisting. Although this conclusion disagrees with existing ad hoc models in 

which the dominant deformation mechanism is either bond stretching [112] or entropic 
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elasticity [38], we showed that the protein can be coarse-grained by weak axial springs. 

Moreover, it is shown that the structure of molecular spring system for a protein is 

closely related to the native topology based on contact formations.   

This work is a first step in a broader effort directed toward mechanical 

characterization of proteins. We are particularly interested in further development of the 

approach presented in Chapter 4. That approach needs to be applied to other proteins, 

especially under mechanical loading. In this regard, we expect that the mechanical 

behavior of strong polymers may be controlled by bond rupture (breaking the contacts). 

Another major issue that was not addressed at all in this dissertation is the presence of 

multiple equilibrium states. Without resolving this issue, one cannot claim that the 

coarse-scale model is valid for long time histories, because those histories do involve 

multiple equilibrium states. Finally, it is interesting to consider multi-scale modeling 

approaches in which coarse-grained models are combined with molecular dynamics or 

even finer-scale models. For example, molecular dynamics can be used to characterize 

transitions from one equilibrium state to another, while coarse-grained models can be 

used near equilibrium. 
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