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Suspension flows in varied settings and at different concentrations of particles are 

studied theoretically using various modeling techniques. Particulate suspension flows are 

dispersion of particles in a continuous medium and their properties are a consequence of 

the interplay among hydrodynamic, buoyancy, interparticle and Brownian forces. The 

applicability of continuum modeling techniques to suspension flows at different particle 

concentration was assessed by studying systems at different time and length scales. The 

first two studies involve the use of modeling techniques that are valid in systems where 

the forces between particles are negligible, which is the case in dilute suspension flows. 

In the first study, the growth and progradation of deltaic geologic bodies from the 

sedimentation of particles from dilute turbidity currents is modeled using the shallow 

water equations or vertically averaged equations of motions coupled with a particle 

conservation equation. The shallow water model provides a basis for extracting grain size 

and depositional history information from seismic data. Next, the Navier-Stokes 

equations of motion and the convection-diffusion equation are used to model suspension 

flow in a biomedical application involving the flow and reaction of drug laden 
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nanovectors in arteries. Results from this study are then used prescribe the best design 

parameters for optimal nanovector uptake at the desired sites within an artery.  

The third study involves the use of macroscopic two phase models to describe 

concentrated suspension flows where interparticle hydrodynamic forces cannot be 

neglected. The isotropic form of both the diffusion-flux and the suspension balance 

models are solved for a buoyant bidisperse pressure-driven flow system. The model 

predictions are found to compare fairly well with experimental results obtained 

previously in our laboratory. 

Finally, the power of discrete type models in connecting macroscopic 

observations to structural details is demonstrated by studying a system of aggregating 

colloidal particles via Brownian dynamics. The results from the simulations match 

experimental shear rheology and also provide a structural explanation for the observed 

macroscopic behavior of aging.   
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Chapter 1.  Introduction 

      Nature is replete with multiphase flows of particles dispersed in a continuous medium. 

Examples of these flows include large scale geological flows like turbidity currents and 

landslides composed of siliclastic and/or carbonate particles suspended in water or 

pyroclastic flows, that are mixtures of hot gases and rock fragments resulting from volcanic 

eruptions. Blood flow is a biological example of these multiphase flows, which involves 

the flow of red and white blood cells, platelets, etc. suspended in plasma. As with other 

things, man has come up with many ingenious means of exploiting the properties of 

multiphase flows in many useful applications. One of these includes the sol-gel process, 

which is widely used in coating operations. Other applications include drug delivery 

devices which are used to inject drug-laden particles dispersed in an appropriate carrier 

fluid. 

 The abundance of these multiphase particulate flows makes it imperative to develop 

a thorough understanding of their physics in order to fully exploit their properties in useful 

applications like drug delivery devices and to limit the devastating consequences of 

dangerous flows like landslides and pyroclastic flows. Gaining a fundamental 

understanding of the physics of these suspensions is hinged on knowing how the buoyancy, 

hydrodynamic, interparticle and Brownian forces interact and determine the properties of 

the system. A firm understanding of the way these forces interact would thus shed light on 

why they exhibit complex rheological behaviors like viscoelasticity, shear thinning and 

thickening, thixotropy and other non-Newtonian behavior. 

It is usually desirable to model the behavior suspensions using continuum models or 

macroscopic transport equations because they are often easier to solve and allow more 

flexible boundary conditions than discrete-element models. However, constitutive 
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equations are required for these macroscopic transport equations, and these constitutive 

equations are often determined from discrete-element simulations as well as experiments. 

The macroscopic equations must be validated by comparing their predictions to 

experimental results before they can be used directly in engineering designs like the 

optimization of particulate drug delivery devices and in making accurate predictions of 

potentially dangerous natural phenomenon like landslides. 

In this dissertation three different macroscopic techniques have been extended and 

applied to dilute and concentrated suspension flows spanning different length and time 

scales with the aim of demonstrating their validity. A final study is presented to 

demonstrate the power of discrete-element simulations in connecting observations over 

different length and time scales. Chapter 2 is a study on the structure-morphology 

relationship in deltas. This study involved the use of the “shallow water equations” which 

are vertically averaged conservation equations for sediments, fluid and momentum to 

model the dynamics of a dilute turbidity current and a conservation equation to model the 

sediment growth with the aim of predicting the grain size and depositional history from 

macroscopically observable data contained in normal two dimensional seismic data. This 

study also proved quantitatively, for the first time, that the evolution of a delta at very long 

times can be modeled as a traveling wave. Accurate analytical expressions useful in 

extracting grain size and depositional history information of a delta were also derived for 

the progradation velocity of and sediment thickness. This work presents a unique method of 

identifying hydrocarbon bearing zones during petroleum exploration using minimal 

information.  

The study presented in chapter 3 also focuses on the transport of dilute suspension, but 

this time in a biological setting where drug-laden nanaovectors dispersed in an appropriate 
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fluid are used to dissolve fatty plaques deposited on arterial walls. The particulate phase 

here is the hollow nanovector that has been proposed for use as a drug carrier. The process 

modeled here with the Navier-Stokes equations of motion coupled with the convection 

diffusion equation resulted in the identification of three distinct regimes of mass transfer in 

the limit of high nanovector uptake characterized by the Peclet number Pe, which is the 

ratio of nanovector transport by convection to diffusion. The optimal design parameters in 

terms of the position of the injector from the plaque, the ratio of velocity of injection to that 

of the bulk blood flow, the ratio of viscosity of the suspending fluid to that of blood, and 

the width of injector were then specified for each of the three regimes of mass transfer with 

the sole aim of accessing the viability of the drug delivery device. 

Having described two techniques for describing macroscopically dilute suspension 

transport attention is then focused on concentrated suspension transport in chapter 4. 

Concentrated suspensions are more desirable process-wise because of the relative low post 

processing costs due to the limited presence of the continuous phase. However, they pose a 

different kind of modeling challenge because of the significant interparticle interactions in 

the particulate phase. To model concentrated suspensions accurately, two phase models are 

required to describe the suspension and fluid phases. Historically, for low Reynolds number 

flows, two competing methods, namely, the diffusion-flux and suspension balance models, 

have been used in describing flows of concentrated suspension. The validity of these two 

approaches is investigated in chapter 4 by comparing their predictions to experimental data. 

The particular type of flow investigated here is the pressure-driven flow of a bidisperse 

suspension. The suspension studied involved the flow of buoyant particles of disparate 

densities and sizes - a novelty, because this is the first attempt at modeling buoyant 

polydisperse systems. The isotropic model predictions matched experimental observations 
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from electrical impedance tomography experiments qualitatively with a fair comparison 

obtained quantitatively. The results also indicate that the suspension balance model does a 

better job of predicting the particle phase distributions. 

In chapter 2 a methodology for extracting grain size distribution which is usually on a 

micron scale from seismic data that has a resolution on the order of meters was presented. 

Similar arguments are used in chapter 5 for extracting microstructural details from bulk 

rheological measurements with the sole aim of gaining a fundamental understanding on 

why systems of aggregating colloids age over time. Brownian dynamics simulations were 

used to study the steady state rheology and rheological aging of a model system of 

aggregating colloids as a function of particle volume fraction, interparticle forces, shearing 

and buoyancy forces. The steady state rheological calculations show that the model fluid 

behaves like a real system of aggregating colloids. The simulation results also show that the 

three common aging time trends observed experimentally namely so-called low, flat and 

progressive behaviors can be realized simply as a function of particle volume fractions and 

interparticle forces. Design parameters for each aging trend were also prescribed for use in 

engineering aggregating fluids with different aging qualities.  

The studies presented in this dissertation span a range of about ten orders of magnitude 

of length and time as shown in Fig. 1.1. The methods presented in these studies or their 

combinations may thus be applicable to problems of similar length and time scales.  

Chapters 2-5 in this dissertation have been submitted or already published as four 

papers in different journals. 
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                           Figure 1.1: Relevant length and time scales of the suspension flows 
investigated 
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Chapter 2.  Sedimentary Structure – Morphology Relationship in Deltas 

 

2.1 SUMMARY 

The connection between the morphology of a delta and its grain-level sedimentary 

structure was investigated numerically with the aim of extracting sedimentological and 

depositional history information from seismic data. Such an ability to extract the 

sedimentary structural information from the gross seismic horizon data will be very 

valuable, especially for oil exploration from ultra-deep water where the exploratory well 

cost is exorbitant. The model developed describes a deltaic system in terms of three main 

dimensionless parameters, RN , RH  and ζ , which respectively account for: (i) the 

tendency of particles to settle out of the turbidity current or remain suspended in it; (ii) 

the ratio of the sediment deposit bed thickness to the turbidity current thickness; and (iii) 

the ratio of the Stokes settling velocity to the inlet velocity of the current. The average 

grain size of the particles constituting a delta can be explicitly inferred from the match of 

the model prediction to the measured seismic horizon, and this can be used to determine 

the hydrocarbon bearing capacity of a formation, especially when core data, well and 

production logs are unavailable.  

The results from our simulations suggest that the dominant mechanism for the 

evolution of a delta is particle transport via convection, contrary to the commonly held 

assumption that bulk transport processes represented grossly as geomorphic dispersion 

are responsible for deltaic evolution. Based on our hydrodynamics-based delta 

progrdation model, an analytical approximation for the progradation velocity of the delta 

was also derived using material balance arguments. The performance of the model was 

successfully validated using field data from the Mississippi and the Rhine deltas. 
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2.2  INTRODUCTION 

The abundance of seismic data in recent years has stimulated interest in obtaining 

information about depositional processes and sediment characteristics of geological 

bodies from the shape of observed clinoforms that can be deduced from seismic data 

(Fulthorpe and Austin 1998). Given that sedimentary processes significantly alter the 

earth’s morphology initially characterized by tectonic processes (Gorsline 1991), and 

actually rival the latter in passive margins or cratonic basins (Schlager and Adams 2001), 

the parameters that characterize the sedimentary processes, if determinable, could shed 

light on the sediment composition of geological bodies. Establishing this link holds 

important promise for petroleum, environmental and other forms of mineral related 

disciplines which depend on an accurate delineation of hydrocarbon/mineral bearing 

rocks. For example, for the ultra-deep water oil exploration, the search for oil-bearing 

formation has to rely mainly on the low-resolution seismic data because of the high well 

costs: thus any additional information on the genesis of the rock formation under 

consideration will be extremely valuable. 

  The thrust of research has been to determine the internal structure and 

depositional history of clinoforms from their morphology that is easily discernible from 

seismic information. The efforts made so far have resulted in the development of 

analytical models (Kenyon and Turcotte 1985, Pirmez et al., 1998) and empirical 

correlations (Adams et al., 1998, Adams and Schlager 2000, Schlager and Adams 2001) 

relating the shape of the clinoforms to sediment composition and possible transport 

processes. The diffusion model (Kenyon and Turcotte 1985) considered the transport of 

sediments as bulk processes like creep and landslides, and related the respective transport 

coefficients to the slope of the assumed initial topography. In addition to the other 

assumptions made in the development of the model, an analytical solution to the diffusion 
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equation was proposed based on the observation that the front of the geological body in 

question, a delta, evolved as a traveling wave. A depositional shape that shows 

exponential decay, and that compared decently with geological data, was obtained based 

on this unsubstantiated “diffusion” assumption. Pirmez et al. (1998) obtained sigmoidal 

clinoforms as a function of shear induced sediment dispersal by using assumed sediment 

and fluid concentration profiles whose bases were not substantiated theoretically or 

experimentally. A rigorous solution of their model should include an actual solution of 

the conservation equations. The empirical correlations developed by the Schlager group 

(Adams and Schlager 2000) are based on their analysis of 150 seismic profiles from 

different depositional settings of varying scales. This is an important contribution, but  

does not provide a basis for a quantitative assessment for the formation of clinoforms  

We model the evolution of a river delta by assuming that the settling sediments 

from a dilute hyperpycnal current of thickness oh , velocity ou , and particle volume 

fraction oC  flowing down a shelf edge of thickness oη  onto the slope and then into the 

basin. As shown in Fig. 2.1, the deposition from this turbidity current is assumed to be 

responsible for the formation and progradation of the delta. It is also assumed that the 

ambient fluid, as well as the particles eroded by the current from the bed, can be 

entrained into the current, as schematically shown in Fig. 2.1. 
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                         Figure 2.1: Schematic cross-section of a prograding river delta front 
showing the  variables describing the system. 

 

A delta forms at the point where a river flows into a large water body such as an 

ocean or lake. The fluid mechanics-based model adopted in this study for the formation 

of a delta, though simplistic in the sense that the actual hyperpycnal flow could be 

stochastic, nevertheless captures the basic hydrodynamic physics of a prograding process. 

This approach offers the advantage of being able to relate characteristics of the sediment 

and current to clinoform shapes without recourse to field data including the average rate 

of sediment supply and the rate of progradation of the delta front. This is not the case 

with the aforementioned methods that utilize parameters from actual geological data, 

which may not always be available a priori. The model by Kenyon and Turcotte (1985), 

used by Adams and Schlager (2001) to explain observed exponential slopes, depends on a 

diffusion coefficient and a progradation velocity that must be evaluated from the actual 

rate of sediment supply, a value which may not be explicitly available. 

 In the next section the hydrodynamic equations that describe the transport of 

sediments and their deposition at river delta fronts are formulated. The model equations 
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are then put into dimensionless forms so that the important dimensionless scaling groups 

can be identified. The model equations are then solved numerically and sample results are 

presented. As many delta fronts show progradation in the manner of traveling wave 

(Kenyon and Turcotte 1985), the validity of such an assumption is then examined.  The 

predictions from our model are then compared with progradation observations from the 

Mississippi and Rhine deltas. 

2.3 MODEL DEVELOPMENT 

The “shallow-water” equations, as developed by Parker et al. (1986), are the basis for 

modeling density or “turbidity” currents. The original equations have been modified over 

time by others (e.g., Bonnecaze et al., 1993, 1995) and successfully used in reproducing 

experimental results thereby establishing their effectiveness. The shallow-water model 

consists of vertically averaged equations for the conservation of sediments, fluid and 

momentum. It assumes that there is no transient and areal variation of the velocity and 

concentration profiles in the vertical direction, except around the head and origin of the 

current. Since the deposition of sediment happens within the main body of the turbidity 

current, the shallow water approximation is valid. The model is solved only in the flow 

direction (x-direction) since the shape and extent of the resultant clinoforms that are of 

interest here are prograding essentially in one dimension (1-D). Based on these 

approximations, the governing equations are characterized in terms of the vertically 

averaged flow velocity ( )txu ,  and particle concentration, ( )txC , , the sediment-laden 

fluid thickness ( )txh , , and the deposit thickness ( )tx,η , where t is time and x is the 

length in the horizontal direction. The fluid conservation equation describes the variation 

in the height of the current in terms of the divergence of the flux and a source/sink term. 

The conservation of fluid is given by, 
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( )

ue
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hu

t
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,                                            (2.1)    

                              
where the entrainment coefficient ew is given by a correlation developed by Parker et al. 

(1986): 

                                                            
,
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                                              (2.2) 

and the Richardson number iR  is defined by,                  

      

                                                                Ri =
RgCh

u2
,                                                    (2.3)       

 1 where, −=
w

p
R

ρ

ρ
, ρp

 and ρw
 denote the particle and fluid densities, respectively, and g 

is the acceleration due to gravity. 
 

The conservation of momentum in the sediment laden fluid is given by: 

                            
( ) 222

2
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x
hRgCh

RgC
hu

xt

hu
−

∂
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−=








+

∂

∂
+

∂

∂ η
,                             (2.4)                             

where the terms from left to right account, respectively, for the rate of increase of 

momentum, net rate of momentum transport, net total pressure force, component of 

gravitational force down the slope and frictional effects at the bottom of the turbidity 

layer. 

The conservation of sediment in the current is given as the balance among the 

accumulation of sediment, the convection of sediment, the particles settling out of the 

current and particles being entrained into the current. The overall concentration of 

particles in the sediment-laden fluid is given by, 

                                                   
∂ Ch( )

∂t
+

∂ Chu( )
∂x

= −D,                                                 (2.5)                                

                                                 
where    

                                                        .sos EvCrvD −=                                                     (2.6)    
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D is the difference between the rate of sedimentation ( osCrv ) and erosion ( sEv ), where 

vs is the settling velocity of a particle in the fluid. ro is a multiplicative constant that 

depends on the grain size but is typically a value between 1.6-1.8 in accordance with the 

experimental evidence given by Garcia (1990). 

If the sediment particles have different grain sizes, a conservation equation is 

written for each grain size, so that         

                                                     
( ) ( )

,i

ii D
x

huC

t

hC
−=

∂

∂
+

∂

∂
                                          (2.7)      

where ( )txCi ,  and iD  are the concentration and net rate of sedimentation of the i
th

 grain 

size. It is assumed here that there is a single particle.                                  

Using the relation proposed by Garcia and Parker (1993) for the rate of erosion 

was used in this modeling study. The erosion rate is defined as, ( )3.01 55 aZaZE += , 

where a =1.3 ×10−7  is a constant and ( )22
1

1

αα ps RvufZ = , where f is the friction factor. 

The particle Reynolds number is defined in terms of the particle diameter d 

as Rp = Rgd
3

v , v being the kinematic viscosity of the fluid. The parameters ( )21 ,αα  

are assigned the value ( )6.0,1  for 36.2 >pR  and ( )23.1 ,586.0  for 36.2 ≤pR . 

The rate of increase of the bed thickness is given in terms of the bed load 

transport qs and net deposition of sediment. The evolution of a bed height η with an 

average porosity φ  is expressed as,       

                                                         1− φ( )
∂η

∂t
+

∂qs

∂x
= D,                                              (2.8)  

where                    

                                                        qs = α s Rgd
3 τ ∗ − τ c

∗( )
n

,                                         (2.9)                               

                                                                  τ ∗ =
fu

2

Rgd
.                                                   (2.10)                                
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and ∗
cτ  is the critical Shield stress, a measure of the threshold stress required for sediment 

motion. A useful correlation for estimating  ∗
cτ  is given by Brownlie (1981) in terms of 

the particle Reynolds number as, 

                                                  ( )6.06.0 77.17exp06.022.0 −−∗ −+= ppc RRτ                       (2.11)                               

The value of sα  was chosen to be 10 as its value is usually greater than unity. Changing 

its value from 1 to 100 was found not to affect the result significantly. The value of the 

exponent n in Eq. 2.9 varies from 1.5 to 2.5 and a value of 1.6 was chosen for all the 

calculations here. 

2.4 NON-DIMENSIONALIZATION 

The conservation equations listed above were non-dimensionalized using the 

following variables: 

for spatial variables, 

                                         

  
x =

x

bo

, h =
h

ho

, η =
η

ηo

                                                 (2.12) 

      for velocity variables, 
 

                                                       
o

s

o u

v

u

u
u == ζ ,                                                      (2.13) 

      and for sediment and time variables, 
 

                                     

  

C i =
C

Co

,  t =
tuo

ho

, q s =
qs

α Rgd3( )
                                           (2.14)                                

where 
s

oo

o
v

uh
b =  and uo, ho and Co are the values of u, h and C at the river mouth.  

 
The resulting non-dimensionalized equations are, 

 

                                                       
∂h 
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+
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ζ = ewu ,                                               (2.15)    
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  where, for  Eqs  2.17 and 2.18 
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                                                                   ( )22
1

1

α

ζ
α pR

u
fZ = .                                    (2.21) 

                                                       
                                                          

The dimensionless boundary conditions imposed at the shelf edge are, 
 

                                                  h 0,t ( )= C 0, t ( )= u 0,t ( )= η 0,t ( )=1.                          (2.22)    

 
The above inlet boundary conditions provide a mathematical definition of a hyperpycnal 

current. The value of η  was also fixed at a constant value at the turbidity current inlet to 

reflect the fact that the height of the shelf edge is constant in most deltaic systems. An 

additional constraint ( ) 1, ≤txη  was imposed on the system to prevent the growth of 

sediment bed above the shelf edge. This condition finds counterparts in nature when the 

rate of sedimentation and hence progradation are high with little vertical movements of 
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the shelf edge (Kenyon and Turcotte 1985). Ice sheets are also known to keep the level of 

margin constant (Larter and Barker, 1989). 

The relevant dimensionless parameters that characterize the system of equations listed 

above are: 

  
RN =

RgCoho

uo

2
,  RH =

ηo

ho

,  ζ =
vs

uo

 ,                               (2.23) 

which respectively determine: the tendency of particles to settle out of the current or 

remain suspended; the ratio of the bed to current thickness; and the ratio of the Stokes 

settling velocity, vs to the inlet velocity of the current. Characteristic values of the 

dimensionless numbers used in solving the problems are listed in Table 2.1. 

Table 2.1: Typical parameter values of turbidity current and bed sediment 

Parameter Value 

Inlet current thickness, 
o

h  2-20 m 

Inlet current velocity, 
o

u  1m/s 

Inlet current particle volume fraction, 
o

C  5-10% 

Density of fluid, 
w

ρ  1000  kg/m
3
 

Density of particles, 
p

ρ  2650  kg/m
3 

 

Particle diameter, d 15-100 mµ  

Viscosity of fluid, 
o

µ  1cP 

Bed friction factor, f  0.005 -0.02, (Whitaker 1984, pp, 350-353) 

Bed porosity, φ  0.2- 0.5 

2

N o o oR RgC h u=    0.1-10 

H o o
R hη=  3-50 

s o
v uζ =  0.0001-0.001 

 

2.5 NUMERICAL SOLUTION 

Eqs. 2.15 – 2.21  that define our model were solved for the physically meaningful 

parameters listed in Table 2.1, by implementing the equations into a commercial finite 
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element package, COMSOL. Typical results of the highly non-linear hyperbolic system 

of equations are shown in Fig. 2.2.  The first plot, Fig. 2.2a, shows the time evolution of 

the sediment bed. The advancing front of the delta deposit seems to indeed prograde as a 

traveling wave, as assumed by Kenyon and Turcotte (1985) in the derivation of their 

analytic model. The second plot, Fig. 2.2b, depicts the evolution of the current thickness 

in time while the third plot, Fig. 2.2c, shows the spatial exponential decay of the 

concentration of the suspended load in the turbidity current. The final plot shown, Fig. 

2.2d, is the velocity of the turbidity current. 

 

 

 

 

 

 

 

 

 

 

                           Figure 2.2: Numerical solution of the equations for RN  = 1.65, RH  = 

52,ζ = 0.0002. (a) Sediment thickness profile (b) Sediment-laden fluid 

thickness profile (c) Sediment-laden fluid concentration profile (d) 
Sediment-laden fluid velocity profile.  

It is indeed tempting to see if the behavior of the system of equations at long times 

can be approximated by a traveling wave solution.  Granted that the simplified model 

sought would still have to be solved numerically, the main attraction is the mechanism-

based validation of the widely used traveling wave approximation of delta fronts. The 

h

C

η

x

x

x

x

u
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first step in accomplishing this is to convert the above model describing the deltaic 

system employing the steady moving coordinate, and this is detailed in the next section. 

2.6 TRAVELING WAVE APPROXIMATION 

As discussed above, the most widely referenced diffusion-model for deltas 

(Kenyon and Turcotte 1985) was employed on the assumption that deltaic progradation 

can be modeled as a traveling wave which results when competing effects or mechanisms 

balance out. Here the validity of this traveling wave assumption is investigated 

employing the shallow-water model described above. This was done by comparing the 

predictions from the shallow-water model with the diffusion model which has been found 

to reasonably reproduce observed geologic data. 

If a delta front progrades as a slowly traveling wave, the dimensionless Eqs. 2.15 

to 2.18 can be expressed, respectively, in terms of the moving coordinate, tvx −≡ξ , as: 

                                                     ( )( ) uevuh
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∂

∂
+
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∂
−

3

11  ,    (2.27)    

where v  is the progradation velocity. 

For the traveling wave approximation, the transient terms ( )ξt∂∂  in the equations are 

neglected resulting in a set of ordinary differential equations (i.e., all of the ξ∂∂  terms 

are replaced by ξdd  ).  This results in a solution in which the dependent variables move 
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without changing shape or by constant translation only.  We will check that this is so 

below. 

The progradation velocity was determined by Kenyon and Turcotte (1985) as the 

ratio of the average sediment supply rate to initial bed thickness at the origin. The value 

of the sediment supply may not be available and so an expression independent of it was 

obtained by solving Eqs. 2.26 and 2.27 at steady state. This is based on the fact that, at 

the surface point such as the river mouth, the rate of bed increase must be equal to the 

rate of net sedimentation.  

Combining Eqs. 2.26 and 2.27 produces 
 

                     ( ) ( )( )
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Integrating Eq. 2.28 between ∞+∞−  and  yields, 
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(2.29) 

Imposing the boundary conditions as ∞+∞+∞+ η,,Cu =0 and 1,, =∞−∞−∞− ηCu , it is found 

that,  
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The numerator of the expression for the progradation velocity can be viewed as having 

two separate parts, the first term accounting for the dependence of progradation on 

suspended load transport and the second term the dependence on bed load transport. 

Evaluating the value of the progradation velocity using typical geological parameters 

listed in Table 2.1 shows that  

                                                   
hoCo

ηo

ζ >>
Rgd

3

uoηo

ζ q −∞( ),                                          (2.32) 

which suggests that progradtion is solely a consequence of suspended load transport. 

Based on this observation, the progradation velocity can  be expressed more simply by  

                                                       v =

hoCo

ηo

ζ

1− φ( )+
hoCo

ηo

.                                                 (2.33) 

Having derived an expression for the progradation velocity by material balance 

arguments, Fig. 2.2a was transformed into a moving coordinate and the resulting plot is 

shown in Fig. 2.3. The transformed plot of the sediment thickness does indeed show that 

the delta front progrades as a traveling wave as shown by the virtual overlap of sediment 

thickness profiles at long times. This proves for the first time the validity of the widely 

held assumption of a travelling wave. 
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                        Figure 2.3: Numerical solution of the equations after coordinate 
transformation of the sediment thickness profile.  

2.7 MODEL VALIDATION 

The model was validated using bathymetric data from the Mississippi and Rhine 

deltas. These deltas were chosen because they have been extensively studied by other 

authors (Kenyon and Turcotte 1985, Fisk 1961, Fisk et al., 1954) thus providing a basis 

for the comparison of the result of our models. Diffusion models (Kenyon and Turcotte 

1985) require that the grain size in deltas should be fine enough (sand grains or smaller) 

to ensure that failure and hence progradation occurs only by bulk processes.  

Based on the assumed turbidity current thickness of approximately 2-20m and the 

fact that 
o

η can be obtained from seismic or bathymetric data, the range of 
H

R  can be 

assumed to be fixed for a particular deltaic structure. For instance, the values of 
o

η for the 

Rhine and Mississippi deltas are 65m and 107m, respectively (Kenyon and Turcotte 

1985). The invariance of the shape of the delta front to changes in parameters, like the 

η

 ξ



 21 

friction factor f and the porosity φ  suggests that the model can be initialized with 

reasonable values like 0.01 and 0.3, respectively..  

For both super-critical and sub-critical values of
N

R , the values of ζ that matched 

the observed geological data were estimated and hence the average grain size of the 

particles in suspension obtained from regression thus provides its possible range. The 

grain size information obtained from this regression analysis can then be used to augment 

other information to decide if a formation is a hydrocarbon bearing zone or not. On the 

other hand, if the average particle size in the formation were known beforehand, then the 

hydrodynamic parameters of the model that matched the observed geological data can 

then be used to infer information about the actual depositional conditions which could 

shed more light on the detailed sequence stratigraphy of the formation.  

2.7.1 The Mississippi River Delta 

The Mississippi River delta is a complex deltaic structure with overlapping lobes. 

Sediment transport (deduced qualitatively) via diffusion processes has been documented 

extensively (Coleman, 1981; Fisk et al., 1954). The model developed here is applied to 

the Southwest pass distributary of the delta because it has a defined channel through 

which sediment sources have flowed over the years. Also progradation data for the delta 

front, obtained by Fisk et al., (1954) is available for comparison to the prediction of 

equation 33. 

A typical result of the regression process on bathymetric data obtained from the 

Mississippi delta (Southwest pass region) is shown in Fig. 2.4 with the actual map of the 

river delta shown in Fig 2.5. The grain size of the suspended load obtained for this 

particular match is 15µm . Exploring the range of parameters listed in Table 2.1 gave a 

range of 15- 50µm  for the particle size distribution, which compares well with the 
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measured average particle size of 30µm  in the Southwest Pass region of the Mississippi 

River delta. The prediction of the range of progradation velocities for this range of 

particle sizes is m/s102.4108.3 67 −− ×−× . This compares well with the estimate of 

Kenyon and Turcotte (1985) of m/s104.2 6−× , based on the pre-1908 progradation data 

obtained by Fisk et al., (1954) as shown in Fig. 2.6. The good comparison between our 

model prediction and geological observations clearly shows that the results attributed to 

diffusion processes can be recovered using a fully hydrodynamics-based, suspended load 

argument. These results remain unchanged when the bed load transport was turned off in 

the model, suggesting that the dominant mode of sediment transport is convection as 

opposed to diffusion. 

 

 

 
 

 

 

                       

 

                        Figure 2.4:  Comparison between actual bathymetry and model prediction 
for the Mississippi delta. RN  = 1.65, RH = 52,ζ = 0.0002. 
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                           Figure 2.5:  Modern delta of the Mississippi River showing the location 
of the Southwest Pass distributary (Morgan et al., 1968 published with 
permission of the Geological Society of America) 

 

 

                      Figure 2.6: Longitudinal profiles of the mouth of the Southwest Pass 
distributary,  showing its progradation (Fisk et al., 1954 published with 
permission of the Geological Society of America). 

2.7.2 The Rhine River Delta 

The Rhine delta is situated within the eastern section of Lake Constance, formed 

by the deposition of sediments from the flow of the Rhine River from the eastern side of 
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the lake as shown in Fig. 2.8. It is a shallower delta compared to the Mississippi delta 

with a shelf edge height of 65 m. Muller (1966) has studied this delta extensively and the 

data for the comparison done in this section is from to his work. Simulations performed 

on the Rhine river delta gave a range of 50 – 150µm . Fig. 2.7 is the plot of the regression 

calculations for a particle size equivalent to 50µm . The prediction of the progradation 

velocity using Eq. 2.33 yields a range of m/s102.61003.7 46 −− ×−× . The estimate of the 

progradation velocity obtained by Kenyon and Turcotte (1985) based on the last two 

profiles in Fig. 2.9 is m/s106.1 6−×  and is only slightly outside the range predicted by our 

model. Based on their estimate, it is reasonable to assume that the height of the turbidity 

currents for the Rhine River deltaic system is less than the lower limit of the current 

height assumed in this study and the average particle size in the delta would be less than 

50µm . Another possible cause of the discrepancy may be due to the assumed value of the 

inlet concentration of the current which could be much smaller than the lower limit of 

5%. 

 

 

 

 

 

 

 

 

          Figure 2.7:  Comparison between actual bathymetry and model 

prediction   for the  Rhine delta.  RN  = 1.65, RH  = 32,ζ = 0.0022. 

η

ξ
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 Figure 2.8:  Map view of the eastern end of Lake Constance, showing the 
Rhine delta (Muller, 1966 published with permission of the Geological 
Society of America). 

 

        

Figure 2.9: Cross section along the N-S from above, showing progradation of the   
subaqueous (Muller 1966 published with permission of the Geological Society of 
America). 

2.8 MODEL SENSITIVITY TO INPUT PARAMETERS 

In the section detailing the description of the model, it was pointed out that the 

model results are insensitive to input parameters like the friction factor f and the porosity 

φ  and can thus be initialized with reasonable values like 0.01 and 0.3, respectively. This 
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section presents the results on which the above assertion was based and other results 

showing the relative importance of the dimensionless parameters. These dimensionless 

parameters are, RN , which is a measure of the relative strength of the buoyancy forces to 

inertial forces, RH , which is the ratio of the shelf edge thickness to turbidity current 

thickness and ζ  which is defined as the ratio of the Stokes settling velocity to the inlet 

velocity of the current from which the grain size of the suspended particles can be 

extracted. The sensitivity of the prediction for the Mississippi delta is presented in Table 

2.2. The methodology used, as pointed out earlier involved solving an inverse problem to 

determine the dimensionless parameters that corresponds a given seismic profile. 

         Table 2.2: Sensitivity of particle size to input parameters for the  Mississippi Delta 

Run 
 

RN 
 

RH 
 

d ( µm) 

 

f 
 

φ  

 

1 1.65 52 15 0.020 0.5 

2 1.65 52 15 0.020 0.4 

 3 1.65 52 15 0.020 0.3  

4 1.65 52 15 0.020 0.2 

5 1.65 52 15 0.010 0.5 

6 1.65 52 15 0.005 0.5 

7 0.17 52 17 0.020 0.5 

8 0.02 52 17 0.020 0.5 

9 16.50 5.2 49 0.020 0.5 

10 1.65 5.2 49 0.020 0.5 

11 0.17 5.2 49 0.020 0.5 

12 0.02 5.2 49 0.020 0.5 

13 8.25 10.5 35 0.020 0.5 

14 0.83 10.5 35 0.020 0.5 

15 0.08 10.5 34 0.020 0.5 

   
The first four runs in Table 2.2 show the result of the parametric study on porosity 

at constant values of RN  and RH . The results clearly indicate that the estimation from the 

model prediction for the grain size (d) remains unchanged at the four porosity values 

considered. Varying the friction factor at a constant value of RN  and RH  (runs 5 to 6) 

was also found to have no effect on the value of the grain size prediction.  
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Runs 7 to 15 show the effect of varying the Richardson number RN  on the 

prediction of the grain size. The variation of RN  over a range spanning sub-critical and 

super-critical values shows the insensitivity of the grain size prediction at constant values 

of the other parameters. Clearly, the results show that the main dimensionless number 

affecting the prediction of the model is RH , which is simply the ratio of the thickness of 

the delta at the shelf edge to the current thickness. Similar trends though not presented 

were observed for the simulations on the Rhine deltas.  

2.9 A GEOMORPHIC APPROXIMATION TO THE TRAVELING WAVE SOLUTION 

The solution to the geomorphic model presented by Kenyon and Turcotte (1985) 

matched geological observations regardless of the underlying assumptions on which the 

model is based. Their model is shown below was solved with the assumption that a delta 

front progrades as a traveling wave. 

                                                      
2

2
D

t x

η η∂ ∂
=

∂ ∂
                                             (2.34)            

The traveling wave approximation assumes that ( ) ( ),x tη η ξ= , where x vtξ = − . The 

solution to their model has an exponential form that is comparable to the solution of the 

model presented here. Essentially, the sediment thickness predicted by Kenyon and 

Turcotte (1985) is given by, 

                                                               







−= ξη

D

v
exp                                             (2.35) 

where D is a dispersion coefficient typically extracted from progradation velocity and 

sediment supply data, which are not always available. We have shown earlier that the 

progradation velocity can be estimated with parameters that describe our model (Eq. 

2.33), thus minimizing the overall dependence on geological data that may be 
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unavailable. A further interesting prospect is to see if our model can produce an estimate 

of D. If this can achieved, then the limit in which the geomorphic model (diffusion 

model) matches our detailed model can be determined and the underlying reasons for the 

diffusion processes described as “slump” and “landsliding” in the geomorphic model by 

Kenyon and Turcotte (1985) can be ascertained. The simplest way to go about this is to 

derive a functional form for η  in terms of our model parameters that can be compared to 

Eq. 2.35 in order to infer what is the expression for the transport coefficient D.  

 Our simulations show that several simplifying assumptions can be made to our 

detailed model Eq. 2.24 to 2.27 to facilitate the derivation of an expression for η . The 

results presented in Fig. 2.2c as in other simulations show that the “particle-load” or 

concentration of the turbidity current decays practically exponentially like that of the 

prograding delta front. This means that the variation of the current concentration over the 

basin length can be approximated by, 

                                                                ( )ξ1exp kC −= ,                                            (2.36) 

where k1 is a parameter to be determined later. It can also be assumed that the 

entrainment of particles into the turbidity current is negligible compared to the 

sedimentation of particles implying that Eq. 2.19 can be approximated by,  

                                                                      CrD on ζ≈ ,                                             (2.37) 

Delta progradation by bedload transport was also found to be weak compared to that by 

suspended load transport leading to the approximation of Eq. 2.27 by  
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Combining Eqs. 2.36, 2.37 and 2.38 and integrating between 0 and +∞ yields, to  
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which  gives, 
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and  
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Rewriting Eq. 2.41 in terms of Eq. 2.35, it is found that,              
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Comparing Eqs. 2.35 and 2.41 shows that the expression for the transport coefficient D in 

terms of the parameters of our model is given by, 
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In order to determine limitations of Eq. 2.42, its predictions are compared to 

numerical results as shown in Fig. 2.8. The sediment thickness presented in Figs. 2.8a, b 

and c correspond to three different particle diameters, namely 15, 50 and 150µm  

respectively.  

Figures 2.10a and 2.10b show a decent match between the theoretical predictions 

and numerical results with an exact match obtained for the calculations involving the 

heaviest particle in Fig. 2.10c. The conclusion that can be drawn from these results is that 

the theoretical model represented by Eq. 2.42 and hence the geomorphic model by 



 30 

Kenyon and Turcotte (1985) is a valid in the limit of negligible entrainment of  particles 

into the current and a high sedimentation rate of particles into the basin. 

 

 

 

 

 

 

 

 

 

                        Figure 2.10: A comparison of numerical and theoretical predictions of the 
sediment thickness profile at three conditions. (a) RN  = 1.65, RH = 52, 

=ζ 0.0002 (b) RN  = 1.65, RH  = 32, =ζ 0.0022 (c) ) RN  = 16.5, RH  = 

3, =ζ 0.02. 

These two conditions become very significant as the particle size gets larger as the results 

in Fig. 2.10 show. Also, the numerical predictions in Fig. 2.10 are independent of bedload 

transport so it can be safely concluded that the process described by Kenyon and Turcotte 

as diffusion based could well be a high rate sedimentation of particles from turbidity 

currents. This purely convection process that mimics a diffusive behavior seems to be a 

Taylor-dispersion-like phenomenon on a geological scale. 

The prediction of structure from the morphology obtained from seismic or 

bathymetric data using Eq. 2.41 underscores the value of this analysis because differential 

equations need not be solved at least in the limit of the validity of the equation. 

Combining Eqs. 2.31 and 2.42 results in 

ξ

η

η

η
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an expression that can be used to predict the grain size range of the particles 

corresponding to a particular morphology and possible depositional history of the  delta 

using reasonable input parameters. 

As mentioned above, the value of D given by Eq. 2.43 determines the shape of the 

resulting morphology. The slope of the clinoform or delta front is gentle when spreading 

mechanisms are dominant as characterized by large values of D. These spreading 

mechanisms could be; relatively large HR  which is the ratio of the initial bed thickness to 

initial current thickness, small initial concentration of sediments in the turbidity current 

or the transport of relatively small sized sediments  like clay particles that settle out 

slowly from a turbidity current.  The slope of the front is sharp when sharpening 

mechanisms dominate. Small HR  values, large sediment concentration (must be below 

15% for our assumptions to be valid) and large particle sizes would thus characterize 

these sharpening mechanisms.   

2.10 IMPLICATIONS FOR HYDROCARBON EXPLORATION 

The methods presented so far amongst other potential applications holds a good 

promise for the exploration of hydrocarbon reserves especially in formations located in 

the deep sea where the cost of drilling exploratory wells could be prohibitive. At the early 

stage of exploration in these regions, when well logs and rock samples are unavailable, 

all that the petroleum geologist may have to decide on where to drill exploratory wells 

would most likely be seismic data. Our approach will certainly help in discerning regions 
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with grain size ranges large enough to serve as hydrocarbon accumulation zones. Granted 

that a reasonable porous region may not contain any hydrocarbon and be indeed saturated 

with water, but having a means of delineating these more porous regions, with a better 

understanding of their genesis, does improve the chances of finding oil.  

2.11 CONCLUSIONS 

The mechanism responsible for the progradation of a typical delta was 

investigated numerically with the ultimate goal of establishing the connection between 

the morphology and sedimentary structure of a delta. The relative importance of particle 

transport by diffusional and convective mechanisms was investigated, and the dominant 

transport mechanism is shown to be the suspended load transport. This is contrary to the 

generally held notion that diffusive bulk transport (creep and landslides) processes are 

dominant in the evolution of a delta.  

A scheme for extracting useful sedimentolgical and depositional history 

information from seismic data, using the model developed here, was also devised. The 

model provide a means to extracts this information in terms of three dimensionless 

parameters RN , RH and ζ , which respectively account for the tendency of particles to 

settle out of the current or remain suspended; the ratio of the bed to current thickness; and 

the ratio of the Stokes settling velocity to the inlet velocity of the current. The model was 

successfully used to predict a range of physically meaningful grain sizes for both the 

Mississippi and Rhine deltas. An analytical expression for the velocity of progradation 

was also developed using material balance arguments. The predictions of this velocity 

matched the independent estimates for both deltas from geological data.  

An analytical expression for predicting the sediment thickness, valid in the limit 

of a high sedimentation rate and negligible entrainment of particles was also developed as 
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an approximation to the solution of the more complex differential equations describing 

the deltaic system. 

The model as currently constituted does not include the physics necessary to 

model compaction, and thus is not appropriate for geological formations where 

significant compaction has occurred. Our model does demonstrate that a fully 

hydrodynamic description of the sediment transport and deposition, despite its 

complexity, is a valid approach for understanding the genesis and internal structure of a 

sedimentary formation. 
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2.12 NOMENCLATURE 

oC            initial particle volume fraction 

C             dimensionless particle volume fraction 

d              particle diameter [dimension L] 

we             entrainment coefficient 

f              friction factor 

E              erosion rate 

oh             initial current thickness [dimension L] 

h             dimensionless current thickness 

or             sedimentation multiplicative constant 

HR            ratio of initial sediment thickness to initial current thickness 

NR            Richardson’s number, dimensionless 

ou             initial current velocity  [dimension LT
-1

] 

u              dimensionless current velocity 

sv              particle Stokes settling velocity [dimension LT
-1

] 

oη             initial sediment thickness [dimension L] 

η             dimensionless current thickness 

pρ            particle density [dimension ML
-3

] 

wρ            fluid density [dimension ML
-3

] 

φ              bed porosity, fraction 

sα             bedload multiplicative constant 
∗τ             critical Shields stress 

ζ              ratio of particle settling velocity to inlet current velocity, dimensionless 
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Chapter 3.  Drug Delivery from an Arterial Catheter 

 

3.1  SUMMARY 

The design of efficient delivery of drugs encapsulated in nanovectors from an 

arterial catheter to restonotic plaques in coronary arteries is undertaken. The design 

considers effects of the rate of uptake of nanovectors by the plaque, diffusional and 

advective transport, relative flow rate and viscosity differences between the injector and 

arterial fluids, and the geometry of the plaque. Drug delivery is most efficient in the limit 

of fast uptake of the nanovectors relative to their diffusivity. In this limit three regimes of 

mass-transfer are identified and characterized by the Peclet number Pe, which is a ratio of 

mass-transfer by convection to diffusion. In the limits of low, medium and high Pe there 

are different optimal conditions of operations. Overall, the efficiency of delivery is 

maximized at low Pe values with the amount delivered maximized at high Pe values.  

Conditions which optimize these extreme mass-transfer behaviors are specified by 

varying the velocity of bulk flow, the viscosity ratio of the fluid suspending the 

nanovectors to that of blood, the ratio of the velocity of injection to that of bulk blood 

flow, and the width of injection. 

3.2 INTRODUCTION 

Coronary artery disease is a leading cause of death in the U.S., accounting for 

about half a million deaths every year (1 out of every 5.3 deaths). Coronary heart disease 

is caused by atherosclerosis, the narrowing of the coronary arteries due to build up of 

plaque and is likely to produce angina pectoris (chest pain), heart attack or both. About 

16 million people alive today have a history of heart attack, angina pectoris or both. As 
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per the American Heart Association (AHA) statistics, this year an estimated 1.2 million 

Americans will have a new or recurrent coronary attack.   

The use of stents in treating coronary artery disease has dramatically increased 

since their approval by the United States Food and Drug Administration in 1994. In order 

to overcome the problem of restenosis, specifically formation of plaques composed of 

excessive endothelial cell associated with the use of bare metal stents, drug-eluting stents 

(DES) were developed and subsequently introduced in the US in 2003.  In this paper we 

consider the delivery of anti-restonotic agents via a catheter following the emplacement 

of a metal stent as an alternative to DES. 

Atherosclerotic plaques are fatty deposits on the walls of arteries. These deposits 

are mostly plasma proteins that carry cholesterol and triglycerides. The growth of these 

plaques on arterial walls results in attendant ailments due to the hindrance of normal flow 

of blood. The rupture of these fatty plaques leads to the formation of clots or thrombus 

that have more severe health implications. Thrombosis, a term coined by Rudolph Carl 

Virchow (Virchow 1856, Hellemans and Bunch 1988, Blann and Lip 2001) describes the 

formation of a clot or thrombus in a blood vessel causing obstruction to the flow of blood 

within the circulatory system. Arterial thrombosis leads to complications like stroke 

(cerebrovascular accident), which results from a shortage of blood flow to the brain due 

to obstructions within arteries, and myocardial infarction or heart attack, which occurs as 

a result of the interruption of blood flow to the heart. Aside from the incidences of 

morbidity and mortality, disabilities arising from complications of atherosclerosis and the 

attendant treatment costs also pose a potentially grave economic implication in both 

developed and developing countries (Captur 2004).  
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The emergence of coronary bypass surgery and subsequently coronary 

angioplasty about thirty years ago marked the beginning of modern treatment of 

arteriosclerosis (Grech 2003, MacGillivary and Vlahakes 2002, Decuzzi et al., 2006). 

Coronary bypass surgery usually involves an insertion through the center of the heart 

(sternotomy) to gain access to the blocked artery (Durrleman and Massard 2006).This 

highly invasive technique provides easy access to the arteries in question thereby 

minimizing the risk of misidentifying the plagued arteries. Angioplasty on the other hand 

is less invasive (Grech 2003, MacGillivary and Vlahakes 2002) but has been associated 

with a high incidence of restenosis after the initial restoration or revascularization of 

affected arteries ( MacGillivary and Vlahakes 2002). The application of angioplasty has 

continued to grow since its introduction ten years after the inception of coronary bypass 

surgery.  

Angioplasty is a less invasive technique that involves the mechanical widening of 

a blocked artery. It involves the use of a balloon inserted into the artery via a catheter to 

push back the plaques or fatty tissues that obstruct the flow of blood. The ineffectiveness 

of this process due to restenosis, a renarrowing of the treated artery, has led to the 

introduction of stents which are left in-situ within the arteries to prevent the plaques from 

re-occurring (Grech 2003, MacGillivary and Vlahakes 2002). Introduction of a stent 

lowers the occurrence of restenosis ( MacGillivary and Vlahakes 2002). Drug eluting 

stents, which are basically bare metal stents (BMS) coated with a drug that is known to 

block the process of restenosis, can potentially reduce restenosis and thereby sustain 

long-term revascularization (MacGillivary and Vlahakes 2002). 

The advent of DES created a revolution in interventional cardiology. The 

mechanism of restenosis that the DES targets has been extensively researched and 
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understood (Ellis et al., 2004), and DES has been very successful in combating 

restenosis. However, cautionary voices have been raised amidst all the euphoria over the 

success of DES (Venkatraman and Boey 2007). One should bear in mind that most of the 

DES data to date have come mainly from de novo lesion treatment. However, higher rates 

of thrombotic events (McFadden et al., 2004, Virmani et al., 2004, Kedia and Lee 2007, 

Luscher et al., 2007) such as inflammation, malapposition, and late remodeling observed 

in commericial application of DES in comparison to BMS has caused growing concern 

among physicians.  Further, a number of reports imply that thrombosis rates of DES may 

even be higher in the “real world” than in clinical trials (Iakovou et al., 2005, Ong et al., 

2005). Therefore, even though DES has improved the outcome of coronary intervention 

with lower incidences of restenosis and target lesion revascularization (TLR), they have 

created an elevated risk for thrombosis. Several factors that contribute to thrombosis have 

been recognized. These include procedure-related factors, patient and lesion related 

factors, anti-platelet therapy, thrombogenecity of the stent and impaired re-

endothelialization associated with DES. Of these the last two factors can be controlled by 

the use of appropriate stent designs, polymers used for stent coatings and choice of 

drug(s). 

 In order to provide an alternative to treatment of coronary occlusions using DES, 

it can be hypothesized that a bare metal stent be used followed by delivery of drug loaded 

nanovectors. The drug loaded nanovectors can contain anti-restenotic agent(s) such as 

everolimus, sirolimus or paclitaxel to prevent/minimize the occurrence of restenosis. The 

release profile of the drug(s) from the nanovectors can be controlled such that it is 

commensurate with temporal sequence of the pathogenesis of restenosis and the 

effectiveness of selected drug based upon the targeted biological processes. This 
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treatment method will eliminate the issues of sub-acute and late thrombosis associated 

with DES.   

In this paper we explore theoretically a method to deliver anti-restonotic drugs to 

restonotic plaques. The method of delivery would entail the use of nanovectors which 

would be filled with the active ingredients and injected through a catheter some distance 

upstream of the stented region. The nanovector, for example, could be a hollow structure 

with a capacity to hold onto drugs (Decuzzi et al., 2006).  

Several issues arise on how best to implement the method. The most pertinent 

question is that of delivering the drug to the desired site in a way that would minimize 

systemic delivery and maximize the amount of drug delivered. Minimization of systemic 

delivery is essential in order to prevent possible side effects from the anti-restonotic 

agents. It is also important to be able to deliver the right dosage of the active ingredient to 

effect the desired cure. In this paper, the effects of the velocity of blood in the artery, the 

ratio of the viscosity of the fluid suspending the nanovectors to the viscosity of the blood, 

the ratio of the velocity of injection to that of the bulk flow and the width of injection on 

the efficiency of delivery and amount delivered were investigated. A continuum 

modeling approach was adopted in the study and the details are presented as in the next 

section.  

3.3 MODEL DESCRIPTION 

To understudy the mass-transfer problem, we consider the following idealized 

flow with a plaque.  The plaque is assumed to be symmetric within a cylindrical artery 

and hemi-ellipsoidal in shape. The symmetric configuration of the model problem 

dictates that only a half plane cut through the model needs to be considered as shown in 

Fig. 3.1. As will be seen, a boundary layer is formed in most cases, and thus the precise 



 40 

shape of the plaque is not critically important.  In this study the length of the artery is 

assumed to be 5.5 times the arterial radius (R), with the plaque situated at the center of 

the artery with a semi-major axis length of 0.75R and a semi-minor axis length of 0.25R. 

Nanovectors are assumed to be injected at a distance of 2R upstream of the plaque at a 

width of injection defined asω . The problem is posed in the cylindrical coordinate 

system with r and z denoting the radial and axial axes, respectively.  

 

                        Figure 3.1: A half plane cut through the artery showing the radius and the width of 
injection denoted asω . 

The equations listed below (Eq. 3.1-Eq. 3.4) were solved to determine the velocity 

and concentrations fields within the artery. The flow field in the artery was determined by 

solving the dimensionless Navier-Stokes equations, 

                                ,0=⋅∇ u                                                            (3.1) 

                                    ( ) ( )1 T

s
p Re µ φ−  ⋅∇ = −∇ + ∇ ⋅ ∇ + ∇ u u u u                                (3.2)    

where p is the pressure, u the velocity and
o B

Re Ru ρ µ=  is the Reynolds number. Here 

uo is the mean velocity of blood flow, and
B

µ  and ρ  representing the viscosity and 

density of blood, respectively. In general, the viscosity µ is allowed to vary in the flow to 

allow for different viscosities in the arterial and injector fluids. It is assumed that the 

injected fluid and arterial blood could have different viscosities. The fluids are assumed 

to be miscible, and there is an ideal mixing rule for the dimensionless viscosity, given 
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by, ( ) ( )( )( )1
s S B B

µ φ φ µ µ µ= + − , where s
µ  is the viscosity of the suspending fluid 

and 
B

µ the viscosity of the blood.                                                                    

The convection-diffusion equations,   

( )
1

sPe φ µ φ φ
− ⋅∇ = ∇ ⋅ ∇

 
u ,                                   (3.3) 

                             ( )
1

s s sPe φ µ φ φ
− ⋅∇ = ∇ ⋅ ∇

 
u ,                                 (3.4) 

where φ  and φs  respectively, are the concentrations of the nanovectors and the 

suspension respectively. B oPe 6πµ au R kT= and Pes = uoR Ds  are the Peclet numbers of 

the nanovectors and suspending fluid, respectively. In the case of identical injector and 

blood viscosities, 
B S

µ µ µ= =  and Eq. 3.4 need not be solved. Distances were non-

dimensionalized by the radius of the artery, R and the velocities by the mean velocity of 

blood flow, uo. 

 No slip boundary conditions were applied at the walls of the arteries and plaque. 

The pressure at the end of the artery was set to zero, without loss of generality. A zero 

flux boundary condition was imposed at the walls of the artery aside from surface of the 

plaque. Far downstream of the plaque, convection was assumed to be the sole mode of 

nanovector transport at the outlet of the artery. Though chosen a priori, the results 

obtained validated this assertion.  In summary the quantitative boundary conditions are 

given by, 

                                                      1at       0 == ru ,                                                       (3.5) 

                                                ω−≤≤==⋅ 10 ,0at  1 rznu ,                          (3.6) 

                                               11 ,0at  ≤≤−==⋅ rz ωαnu ,                                        (3.7) 

                                                       ∞== zp at   0 ,                                                       (3.8)                                    



 42 

                                                         0at   1, == zsφφ ,                                                   (3.9) 

                                                     1at    0, ==∂∂∂∂ rnn sφφ ,                                   (3.10) 

                                                      ( ) tumoron the φφ ⋅=∇ Da ,                                   (3.11) 

                                                   Rznn s 5.5at    0, ==∂∂∂∂ φφ ,                               (3.12) 

where, RDa k R D= is the dimensionless Damkholer number Da, where kR is the rate 

constant for the surface reaction and D the diffusivity coefficient of the nano-particles. 

The nanovectors are assumed to be adsorbed by the plaque surface of the plaque 

according to a first-order process.  

 Typical values of the dimensionless parameters of the problem are listed in Table 

3.1.  The value of Re in small arteries is typically around 40 and the values investigated 

in this study ranged from 610−  to 40.  For the convection diffusion equation, the resulting 

dimensionless group is the Peclet number Pe, which measures the ratio of mass transport 

by convection to diffusion. The Peclet number Pe is defined as B o6πµ au R kT , where Bµ  

is the viscosity of blood, k is the Boltzmann constant, T is the absolute temperature and a 

the radius of the nanovector. A typical value of Pe in arteries is O(10
7
). Due to 

computational limitations, we investigated a range of Pe up to 10
6
 in this study. We show 

later how to extrapolate the results to higher Pe. Similarly, Pes is defined in terms of the 

suspending fluid diffusivity as PeS = uoR DS  with DS representing the diffusivity of the 

solvent.  
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                          Table 3.1: Characteristic parameter values of an artery 

Parameter Value 

Length of artery  20 mm 

Radius of artery 3.6 mm 

Viscosity of Blood 3 cP 

Density of Blood 1056  kg/m
3
 

Mean Velocity of Blood 3 cm/s 

Nano Vectors 50 nm 

Pe Range 1-10
7
 

Da Range  0-10
8
 

Re Range 10
-6

-10 

 

3.3.1 Mathematical statement of objectives 

The objective of this study is to establish design parameters that minimize the 

systemic delivery of the active ingredients embedded in the nanovectors while 

maximizing the delivery of the drug. The efficiency of systemic delivery is measured by 

determining the amount of injected drug adsorbed by the plaque, which is simply the 

integral of the flux of nanovectors on the plaque divided by the injected amount 

nanovectors. The second objective is determined by the actual amount of drug that 

reacted. Quantitatively, these objective functions are expressed as: 

                                 

( )

∫

∫

⋅

∇⋅

==

−

S,injector

nu

n

ds

ds
Pe

S

s

F
φ

φφµ

χ

11

 fraction  adsorbed   ,                       (3.13)        

and  

                                   ( )( )∫ ∇⋅−==
−

S

s dsφφµχ 1

A amount  adsorbed n ,                         (3.14) 

where S is the surface of the plaque. 

The other parameters used in characterizing the solutions to the problem are the 

following: β  is the ratio of the viscosity of the fluid suspending the nanovectors to that of   
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blood,α  is the ratio of the velocity of injection to that of the bulk flow andω  is the width 

of injection. 

The model equations together with the boundary conditions were solved with a 

commercial finite element package, COMSOL.  The number of Lagrange quadratic 

elements used varied from 3,000 to as much as 30,000 depending on the convective 

strength of the flow. All the solutions were obtained at a tolerance of 10
-6

. The model 

elements were refined for all the runs until the solution became insensitive to the number 

of elements. This was done manually in most cases, except at low Pe, where the adaptive 

mesh routine was used. 

3.4 RESULTS 

A typical result obtained by solving the model is shown in Fig. 3.2., which depicts 

the concentration profile of the nanovectors and the axial velocity profile. Fig. 3.2a shows 

a mild dispersion of the nanovectors in the radial direction with convection being the 

dominant mode of particle transport as shown by the concentration of the nanovectors at 

the outlet. The fairly high concentration of the nanovectors at the outlet suggests 

inefficient delivery. Fig. 3.2b shows that our assumption of having the flow fully 

developed before the nanovectors come in contact with the plaque was achieved, thus a 

reasonable distance for the injecting the device from the actual plaque should is about 1.5 

times the artery diameter.  
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                        Figure 3.2:  Numerical solution of the model equations for system   

with a Pe=713, α =1, 1β = , ω =0.1 and Da = ∞ . (a) Volume fraction of 

nanovectors;(b) dimensionless axial velocity distribution with the red lines 
representing the streamlines. 

3.4.1 Effect of relative absorption rate   

  The relative effect of the kinetics of the uptake of the nanovector to its diffusion, 

(as measured by the Damkholer, Da) on the efficiency was investigated first. Fig. 3.3 

shows the fraction of nanovectors absorbed as a function of Da for two different Pe. 

There is a plateau at both low and high Da values which correspond to the limits due to 

reaction and mass-transfer, respectively. A linear trend in absorbed amount is observed at 

intermediate Da values. Based on these results, the most interesting problem to address is 

that involving very fast uptake of the nanovectors by the plaque. As expected, the 

efficiency of delivery is higher at lower Pe because of increased nanoveactor interaction 

with the plaque, but the general shape of the curve remains essentially the same. 
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Figure 3.3: Effect of Da on the efficiency of adsorption.                   

α =1, 1=β ,ω = 0.1 and Da = ∞ . 

3.4.2 Effect of flow rate 

The Peclet number measures the relative importance of particle transport by 

convection and diffusion. Simulations were performed to determine the effect of altering 

the velocity off the bulk flow within an artery while injecting the nanovectors at the same 

bulk velocity on systemic delivery. Surgeons routinely shut off blood flow through 

arteries in procedures like carotid endarterectomy (Lyons and Galbraith 1957). In these 

procedures, blood flow is totally stopped or redirected using a shunt. We envisage that a 

similar procedure could be used to deliver nanovectors. The effect of Pe on systemic 

delivery was obtained over eight logarithmic cycles as shown in Fig. 3.4. The plot shows 

two distinctive regions connected by a transition zone. Here we define, the regions as low 

Pe (1-40), medium Pe (500-4,000) and high Pe (>7,000).  The results show that Fχ  

scales as 1 3
Pe

−  at low Pe and as 2 3
Pe

−  at high Pe.  



 47 

 

                        Figure 3.4: Adsorbed fraction as a function of Pe, α =1, 1=β , ω =0.1 and 

Da = ∞ .                

3.4.3 Effect of shape and total flooding 

  In order to gain an understanding of the above trend, simulations were performed 

at different Pe values for a flat reaction zone (plaque). The results in Fig. 3.5a show that 

the shape of the plaque has no effect on the fraction of nanovectors adsorbed by the 

plaque. This is also true for the adsorbed amount of nanovectors as shown in Fig. 3.5b. 

Having eliminated shape as the reason for the different scalings with respect to Pe values, 

simulations in which nanovectors were injected into the bulk flow in the artery and not 

just a confined region were performed in order to ascertain the effect of the dispersion of 

the nanovectors in the radial direction had anything to do with the observed regimes. 

These correspond to a width of injection equal to 1, which are shown as total flooding in 

Fig. 3.5. Interestingly, at the total flooding conditions, the scaling at high Pe extend 

throughout the whole regime of Pe investigated indicating that another mode of particle 

3 

2 

3 

1 
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transport becomes significant at low Pe a regime which is responsible for the different 

scaling obtained ( 1 3
Pe

− ). The diffusion of nanovectors at low Pe is significant in the 

axial direction. Nanovectors concentration profiles at low Pe values indicate that 

significant spreading occurs in the radial direction such that the concentration upstream 

of the reaction zone could be an order of magnitude lower than the injected value. To 

explain this observed trend, a scaling analysis was done around the region of the artery, 

just before plaque.  
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                       Figure 3.5: Effect of shape and total flooding on the adsorbed fraction and amount 

at different Pe. α =1, 1β = , ω =0.1 and Da = ∞ . (a) Adsorbed fraction, (b) 

Adsorbed amount. 
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                        Figure 3.6. Schematic of the boundary layer around the plaque. 

To obtain an estimate of the concentration boundary layer thickness, we first 

define the time available for the diffusion of nanovectors as tD,  

                                                             ( )
~

D

o

z
t

z
u

R

δ 
 
 

,                                           (3.15) 

where z represents the axial coordinate, ( )zδ , the boundary layer thickness in the radial 

direction and ( )o
u z Rδ , the velocity of the boundary layer fluid in the vicinity of the 

plaque.  The distance over which diffusion occurs is given by  
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where D is the isotropic diffusion coefficient of the nanovectors. Combining Eq. 3.15 and 

Eq. 3.16 yields,  
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At high Pe values,  
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injφ φ= ,                                                (3.18) 

because of the limited spread of the nanovectors in the radial direction. An estimate of the 

adsorbed amount and fraction can be obtained by scaling analysis. The adsorbed amount 

is simply the integral of the flux over the plaque which is quantitatively defined as   
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where the limits represent the span of the plaque. 

Substituting Eqs. 3.17 and 3.18 into Eq. 3.19 yields  
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Dividing Eq. 3.22 by the amount of particles injected, 
2

inj P o
L uφ  gives   
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and thus recovering the scaling obtained from the simulations at high Pe values. 

 

     Eq. 3.18 does not hold at low Pe numbers as is observed from the numerical 

solutions   because of the axial dispersion of nanovectors. To obtain the concentration of 

the nanovectors just before the leading edge of the plaque, a material balance around the 

artery taking into account both the diffusive and convective modes of transport yields: 
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Defining the inlet concentration of the injected particles as injφ , Eq. 3.23 becomes  
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Solving for φ  and using Eq. 3.17, the expression for the concentration of the nanovectors 

at the leading edge of the plaque, where zP is the defined as the distance from the point of 

injection to the leading edge is given by, 
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Eq. 3.25 shows that the axial diffusion of nanovectors becomes significant at low Pe 

values, where oPe u R D=  in this analysis. 

A plot of Eq. 3.25 and the numerical results of the concentration values at the 

leading edge of the plaque are shown in Fig. 3.7. An excellent quantitative match was 

obtained between the theoretical and numerical results at low Pe values. 
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                           Figure 3.7: Concentration of nanovectors at the leading edge: Numerical 
and theoretical predictions. 

To obtain the adsorbed amount of nanovectors on the plaque, Eqs. 3.17 and 3.25 

were substituted into Eq. 3.19 to give, 
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Integrating over the length of the plaque defined as LP, the adsorbed amount becomes:                                          
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Dividing Eq. 3.24 by the injected amount of nanovectors which scales as 
2

inj P o
L uφ yields 

the expression for the adsorbed fraction given as:  
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From Eq. 3.25 we recover the scaling observed from the numerical solution at low Pe 

values, i.e, Fχ ~ 1 3
Pe

− .  

3.4.4 Effect of viscosity of injected fluid 

The effect of the viscosity of the fluid suspending the nanovectors on systemic 

delivery was investigated by varying the value of the parameter β , defined as the ratio of 

the viscosity of the suspending fluid to that of blood. The value of β  was varied from 0.1 

through 50 and the resulting plots are shown in Fig. 3.8. Fig. 3.8a shows the plot of the 

adsorbed fraction scaled by the adsorbed values at β =1. This was done to quantify the 

improvement or otherwise that the increased viscosity of suspending fluid had on the 

efficiency of adsorbtion.  

Systemic delivery of nanovectors was found to improve with decreasing viscosity 

of the suspending fluid ( )1<β . The effect of decreasing the viscosity of the suspending 

fluid essentially reduces the effective Pe of the system due to an increase in the transport 

of nanovectors by diffusion thereby shifting the operating point on the plot shown in Fig. 

3.4 to the left.  At the lowest Pe investigated (Pe = 7.12) an improvement of about 80% 

was obtained and is attributable to an increase in the diffusion of the particles along the 

axial direction. The enhancement in delivery was however found to wane until about 

3,560 where it increased again. This can be viewed as a shift in the regime of operation 
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because of the reduction in viscosity. The very pronounced increase at the highest Pe 

investigated (Pe = 71,200) is also a consequence of the shift in the operating regime from 

the high to medium Pe regime.  

Systemic delivery was found to wane with increasing viscosity of the suspending 

fluid ( )1>β . This is also a consequence of a shift in the operating point on Fig. 3.4 to the 

right because of an increase in the effective Pe number due to the decrease in the 

transport of nanovectors by diffusion. A significant decrease was observed at the lowest 

Pe investigated, 7.12, because of the reduction in the transport of nanovectors via 

diffusion in the axial direction. Though the dispersion of nanovectors in the radial 

direction is curtailed, the increased viscosity of the suspending fluid inhibits the 

migration of the nanovectors towards the plaque. It is interesting to note that the adsorbed 

fraction stayed almost constant for all β  at Pe = 71.2 because the effective Pe stayed 

within the medium Pe regime for the range of β  investigated. All the other Pe showed a 

sharp decrease in the fraction of nanovectors absorbed because of the increase in 

effective viscosity. Fig. 3.8b shows that the amount of nanovectors absorbed is highest at 

1≤β  with the amount decreasing with increasing β . 

 



 56 

 

             

                           Figure 3.8: Viscosity effect of on the adsorbed fraction and amount. (a) 
Adsorbed fraction (b) Adsorbed amount.   
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3.4.5 Effect of width of injection  

The width of injection was investigated to determine the possible dimensions of 

the injecting device. The plots shown in Fig. 3.9 show the effect of the width of injection 

on the fraction and amount of drug delivered. Fig. 3.9 (a) shows the plot of the adsorbed 

fraction of nanovectors scaled by the adsorbed amount at an ω =0.1 As expected, ω had 

no effect on the efficiency of delivery at low Pe numbers as shown in Fig. 3.9a. Reducing 

the width of injection at a constant velocity of injection is equivalent to reducing the 

amount of injected nanovectors thereby making the surface adsorbtion more limited in 

terms of availability of nanovectors (concentration) as shown in the reduced amounts of 

nanovectors adsorbed at low Pe numbers (Fig. 3.9b). The efficiency of the delivery 

process however improved at higher Pe numbers because the excessive injected 

nanovectors is reduced by shrinking the width of injection. The efficiency of delivery 

increased by almost a factor of 4 for the highest Pe investigated while the actual amount 

stayed the same.  

 

 

 

 

 

 

 



 58 

 

 

                            Figure 3.9:  Effect of width of injection on the adsorbed fraction and 
amount. (a) Adsorbed fraction (b) Adsorbed amount. 
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3.4.6 Effect of velocity of injection  

The impact of injecting the nanovectors at a velocity different from that of the 

bulk blood flow was also investigated. α characterizes the ratio of the velocity of 

injection to that of blood flow and the range of α explored ranged from 0.1 through 10. 

The results of these simulations are shown in Fig. 3.10. Based on the results obtained 

previously for α =1, systemic delivery improved or stayed almost constant with 

decreasing velocity of injection (α <1) for the four Pe values probed, see Fig. 3.10a. This 

is attributable to the decrease in the amount of nanovectors that goes into waste with the 

effect becoming pronounced at high Pe values. However, the increased efficiency leads 

to a decrease in the actual amount of nanovectors delivered as the reduced velocity of 

injection translates directly to the amount of nanovectors injected as shown in Fig. 3.10 b.   

Increasing the value of α  > 1 had an opposite effect on the adsorbed fraction of 

nanovectors at all Pe values investigated because of the decrease in the time of contact 

with the plaque due to the increase in the convective strength of the nanovectors. 
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                          Figure 3.10: Injection velocity effect of on the adsorbed fraction and     
amount. (a) Adsorbed fraction (b) Adsorbed amount.      

 



 61 

3.5 CONCLUSION 

 
A numerical study of a conceptual drug delivery device was undertaken to 

establish its viability for use in treating coronary artery diseases. Simulations were 

performed over a range of Da, and it was determined that an important limit is where 

diffusion controls the uptake of nanovectors by the plaque.  The conditions for delivering 

carefully engineered drugs encapsulated in nanovectors were established at different 

arterial bulk blood flow rates characterized by the Peclet number, Pe. Three different 

regimes of mass-transfer were identified and categorized as low, medium and high with 

respect to the Pe. The conditions of minimizing systemic delivery of nanovectors and 

maximizing the amount drug delivered were determined for the three Pe regimes.  

It was determined that the amount of nanovectors delivered increases with Peclet 

number though at the expense of the efficiency of delivery. At low Pe numbers, the   

diffusion of nanovectors in the axial direction was found to be as significant as the 

convective mode of particle transport leading to a scaling of Fχ ~ 1 3
Pe

− , Fχ  being the 

adsorbed fraction. The width of the injector ω  was found to have no significant effect on 

the efficiency of systemic delivery of nanovectors. In addition it was found that the ratio 

of the velocity of the injected, drug-laden fluid to that of the blood flow should be 

comparable (α ≈ 1) and the ratio of the viscosity of these fluids should be less than unity 

( 1<β ) to maximize  the efficiency of delivery and the amount delivered at low Pe. 

No definitive scaling for the adsorbed fraction was established at medium Pe 

values. For these values, optimal operating conditions are β <1, 1α ≈  and  0.1ω ≈                              

At high Pe numbers, 

1 3

2 3

F

P

R
Pe

L
χ − 

=  
 

, which shows lower systemic delivery 
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efficiency than at low Pe numbers. Optimal operating conditions at high Pe are β <1, 

α <<1 and ω <<0.1.   

These conclusions are a drawn for steady-state flow and injection.  The 

predictions of uptake rates for viscosity ratios and injection rates near unity should not be 

affected by pulsed injection and/or ambient flow. However, at higher flow rates the 

transient nature of the delivery of the nanovectors could shift the optimal operating 

conditions with respect to viscosity ratios and injection rates. 
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3.6  NOMENCLATURE 

a              radius of nanovector [dimension L] 

Da           Damkholer number, dimensionless 

sD            diffusivity coefficient of suspending fluid [dimension 2 1L T − ] 

k              Boltzmann constant [dimension 2 2 1
L MT θ− − ] 

p             dimensionless pressure 

Pe            Peclet number of nanovectors, dimensionless 

sPe           Peclet number of suspending fluid, dimensionless 

R              arterial radius [dimension L] 

Re            Reynold’s number, dimensionless 

 T             Blood Temperature [dimension θ ] 

ou             mean velocity of blood flow  [dimension LT
-1

] 

u              dimensionless velocity vector 

α              ratio of the velocity of injector to that of blood flow, dimensionless  

β              ratio of the viscosity of the fluid suspending the nanovectors to that of blood 

ρ              blood density [dimension ML
-3

] 

φ               concentration of nanovectors, fraction 

sφ              concentration of suspending fluid, fraction 

Bµ             viscosity of blood, [dimension ML
-1

T
-1

] 

sµ              viscosity of suspending fluid, [dimension ML
-1

T
-1

] 

µ              dimensionless viscosity, dimensionless 

Fχ             adsorbed fraction 

Aχ             adsorbed amount 

 ω             width of injector, dimensionless 
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Chapter 4.  Particle-Phase Distribution of Pressure-Driven Flows of 
Bidisperse Suspensions 

4.1 SUMMARY 

The viability of existing macroscopic transport equations for predicting bidisperse 

pressure driven flows of buoyant particles was investigated by comparing the results of 

these theoretical models to experimental data obtained from multi-frequency electrical 

impedance tomography measurements. Two theoretical models, the diffusion-flux and 

suspension balance models, were solved and compared to measured concentration 

profiles. Qualitatively, the models match experimental data very well. The quantitative 

match was found to be fair with the suspension balance model giving the better 

agreement. 

4.2 INTRODUCTION 

Suspensions in most industrial and natural flows are concentrated, and these cannot 

be approximated as Newtonian fluids as can be done for dilute suspensions because of 

the significant interactions among the particles. In addition the particles that compose the 

suspensions can have disparate sizes and densities. Here, one type of polydisperse 

suspension flow is considered, namely the low Reynolds number pressure-driven pipe 

flow of a suspension composed of two types of particles with different densities and 

particle radii.  

Extensive research has been devoted to understanding the particle distribution in 

low Reynolds number viscous suspension flows, where inertial effects are negligible.  

The migration of particles from regions of high to low shear in a low Reynolds number 

suspension flow in a Couette rheometer was observed indirectly by Gadala-Maria & 

Acrivos (1980). They observed that the migration was a strong function of concentration 
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and that the long-term viscosity of the suspension decreased possibly as a result of the 

migration of the particles to the regions of low shear in the reservoir of the rheometer. 

Experimental and theoretical studies have focused on the migration of 

monodisperse particles in low Reynolds number suspension flows (for example see, 

Hampton, Givler & Fukushima 1991; Koh, Hookham & Leal 1994; Hampton et al.1997; 

Lyon & Leal 1997a,b; Butler & Bonnecaze 1999; and Norman, Nayak & Bonnecaze 

2005); however, only a few investigators have focused on viscous suspension with more 

than one particle type.  Shauly, Wachs & Nir (1998, 2000) investigated the effect of 

particle radii on shear-induced particle migration of neutrally buoyant particles in a 

Couette device and also developed a phenomological model to describe the observed 

experimental trends. They observed a higher concentration of the particles with the 

largest radii in the low shear rate zone of the flow.  Lyon and Leal (1998b) investigated a 

bidisperse (different radii) suspension of neutrally buoyant particles in a pressure-driven 

channel flow.  They used laser Dopler-velocimetry (LDV) to determine the concentration 

profile of each particle type.  Similar to the studies by Shauly et al., they found that the 

particles segregated with a greater fraction of large particles in the centre of the channel 

with the segregation of particle size more noticeable at lower concentrations. 

 Other studies of bidisperse suspensions focused on systems with particles of 

differing density.  For instance, Tripathi and Acrivos (1998) studied viscous resuspension 

in a Couette type flow where one type of particle was heavier than the suspending fluid 

and another particle type was density matched to the suspending fluid.   They observed 

that the initially settled bed of heavier particles were resuspended into the fluid 

containing the neutrally buoyant particles when a shear was applied to suspension, and 

that the resuspension height of the particles was greater when neutrally buoyant particles 
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were present.  This is due to the increased shear-induced migration from the addition of 

neutrally buoyant particles.  Tripathi & Acrivos also extended the diffusion flux model to 

predict this resuspension phenomenon.   

The diffusion flux model was developed by Leighton and Acrivos (1987) to 

explain their observations of shear-induced migration in a Couette rheometer. The 

migration of particles is described by the diffusion of particles with a diffusion 

coefficient that is proportional to the product of the shear rate and the square of the 

particle radius with the diffusion arising from the irreversible interaction between several 

smooth particles or two rough particles. The model was then extended to pressure-driven 

flows by Phillips et al. (1992) with the introduction of two mechanisms for particle 

migration. The first mechanism accounts for the dependence on particle concentration 

with the rate of interaction being proportional to the product of the shear rate and volume 

fraction leading to more hydrodynamic interactions at high volume fractions which 

would ultimately force the particles to regions of low shear. The second mechanism 

accounts for the hydrodynamic collisions of particles in regions of non-uniform viscosity 

resulting in the migration of particles towards the regions of lower viscosity. The 

extended model was successfully used by Zhang and Acrivos (1993) to model the viscous 

resuspension of particles in fully developed laminar pipe flows but assumes implicitly 

that the flow is unidirectional. Shauly, Wachs & Nir (2000) added an additional flux to 

the original model by Phillips et al. (1992) to account for the movement of particles in 

the direction of lower streamline curvature in a shear field with curved streamlines of 

non-uniform curvature Krishnan et al. (1996). 

The volume average suspension balance model developed by Nott and Brady 

(1994) has its roots in the Stokesian dynamics they performed to simulate the pressure-
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driven flow of neutrally buoyant particles in a channel. The Stokesian dynamics 

simulations revealed that particles migrated irreversibly even in the absence of surface 

roughness and that variation in normal stress difference is another mechanism for the 

observed migration. Constitutive equations for the suspension and particles stresses were 

developed in addition to the introduction of suspension temperature to account for 

fluctuations in the velocities of the particles. The model developed by Nott and Brady 

(1994) assumed that the contribution of the particle stress to be the sum of the isotropic 

particle pressure, the deviotoric stresses and some function of normal stress differences 

but never really applied the model to curvilinear flows where normal stress differences 

are important. The model was found to predict trends not observed in experimental 

curvilinear flows by Morris and Boulay (1999) and led to their development of a normal 

stress dependent viscosity and a material tensor that incorporates the anisotropy of the 

particle stress contribution to the total stress. The model produces experimentally 

realizable results with these modifications. To model the effect of buoyancy on flow, 

Morris and Brady (1998) incorporated an additional force in terms of the buoyancy 

number and found good agreement with the Stokesian dynamics simulations of pressure-

driven flow of buoyant particles. They observed an increase in the deposition of heavy 

particles which increased with increasing buoyancy number and an adverse density 

gradient where a more dense fluid is over a light fluid for smaller buoyancy numbers. 

Carpen and Brady (2002) have shown that the adverse density gradient is unstable for the 

gravity-driven flow of non-neutrally buoyant particles.  

In this study bimodal suspensions of particles with two different radii and density 

are investigated.  Specifically, the ability of theoretical models to predict the particle 

phase distribution of each particle obtained from multiple frequency electrical impedance 
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tomography of suspensions at low Reynolds number in pressure-driven pipe flows is 

studied. The diffusion flux model introduced by Shauly, Wachs & Nir (2000) and the 

suspension balance model introduced by Morris & Brady (1998) are solved for a 

suspension of buoyant bimodal particles and the numerical predictions compared to the 

experimental results. To my knowledge, this is the first theoretical study on bimodal 

buoyant suspensions.  

4.3 EXPERIMENTAL BACKGROUND 

It is instructive to give a summary of the previous work carried out in our group 

on the imaging of bimodal suspension of buoyant particles undergoing pressure-driven 

flow using electrical impedance tomography (Norman 2004). Electrical impedance 

tomography (EIT) is a non-invasive technique that is based on the variation of potential 

fields due to the current applied through a material with varying impedance. Current is 

usually applied via electrodes attached to the plane of interests and the resulting potential 

field measured at the unused electrode points. The potential measurements are then 

converted to a conductivity field using a nonlinear inverse algorithm with the 

conductivity field being subsequently transformed into concentration fields of the 

multiphase flows using established correlations. 

The method outlined above was used to determine the concentration fields of a 

suspension containing an equal volume fraction φ  of silver coated spheres Ag and poly-

methyl methacrylate PMMA dispersed in a suspending fluid undergoing low Reynolds 

number pressure-driven flow using the experimental flow setup shown in Fig. 4.2. The 

process involved pumping the suspension using a progressive cavity pump through clear 

PVC pipes onto which four inline sensor arrays are fixed at a constant flow rate. An 
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inline mixer was inserted at the entrance of the flow loop to ensure an initial uniformly 

distributed suspension flow.  

 

                           Figure 4.1:  Schematic of the flow loop used for the experiments.  A Moyno progressing 
cavity pump is used to create a pressure-driven flow through 2.04 cm ID pipe.  A static 
mixer just downstream of the pump exit ensures an initially uniform distribution of the 
particles.  Four sensors are shown, along with the Mk.2 system for measurement and a 
computer interface for data acquisition and manipulation.  The total length of the flow 
loop is approximately 17 m. 

The details of the constituent of the bimodal suspension are given in Table 4.1. 

The table shows that the particles are different in weight and size with the Ag particles 

having an average particle radius a, of 0.003 cm and a density pρ  of 2.5 g cm
-3

 with the 

values for the PMMA particles being 0.018 cm and 1.19 g cm
-3

 respectively. It was found 

that the concentration field of the bimodal system can be fully characterized by 

measuring the potential distribution at two different frequencies. Specifically, the 

conductivity fields obtaining from the measurements at 1 kHz gave the total 

concentration field of both the Ag and PMMA particles thereby  giving some insight into 

how both particles interact while that from measurements at 17.5 kHz gave the 

concentration field of the PMMA particle phase. Using this results this multi-frequency 

EIT technique, measurements were obtained at three different flow rates characterized by 
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the buoyancy number which is a measure of the ratio of the buoyancy to viscous forces. 

The buoyancy number for a particular phase is given as,  

                                             
( )

( )AQ
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fp

b
η

ρρ 2

9

2 −
= ,                                         (4.1) 

where Q represents the average volumetric flowrate, A the cross sectional area of a pipe 

of radius R,  sη the viscosity of the suspending fluid and fρ the density of the suspending 

fluid. The ratio Q/A is the average axial velocity and g the acceleration due to gravity. 

                     Table 4.1: The average radii of the particles a, the density of the particles 
p

ρ  and the  

volume fraction of particles in the suspension φ.  

Particles properties         a (cm)        ρp (g cm
-3

)            φ       

 

Conduct-O-Fil
®

 S3000-S                    0.003              2.50         0.15             

        

Elvacite
®    

2401                                    0.018             1.19        0.15 

 

Table 4.2 gives the three experimental conditions in terms of the buoyancy number of 

each phase. The results of interests to me in this study are the experimental concentration 

fields obtained from the sensor situated closest to the end of the experimental set up 

which corresponds to a distance of 13 m from the inline mixer on the flow loop, see 

Norman (2004) for details. 

The results of the measurements obtained at 1 kHz for the total concentration and 

17.5 kHz for the PMMA particle phase are presented next in Fig. 4.2. The first column 

shows the concentration distribution of the suspension obtained from the last inline 

sensor placed at a distance of 13m from the inline mixer at increasing flow rates while the 

second column shows the results of measurements taken at 17.5 kHz for the PMMA 

phase also at increasing average flow rates. The concentration profiles for both the mixed 
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and PMMA phases show that clear regimes of accumulation and depletion of particles 

exist at low flow rates which correspond to high buoyancy numbers because particles 

have sufficient time to settle. As the flow rate increased, however, the effect of the 

viscous forces begin to dominate thus distorting the previously clear regimes of 

accumulation and depletion as shown in Fig’s. 4.2e and 4.2f a situation characterized by 

low buoyancy numbers. The concentration profiles for the Ag phase though not measure 

explicitly can be calculated by subtracting the concentration of the PMMA phase from 

that of the suspension.  

  Table 4.2:  Summary of the experimental conditions.  Where the average volumetric 
flow rate is given by Q, the pressure gradient G measured at the end of the pipeline, the 
pipe-Reynolds number Repipe, and the buoyancy number given in terms of the average 
axial velocity (U). 

Experiment       Q                     G                  Repipe         ( )b PMMAN ρ        ( )b Ag
N ρ          

           (cm
3
s

-1
)           (g cm

-2
s

-2
)                                         

1                      4.02         331                0.14  1.87       26.4                  

2                      5.46         336      0.19  1.38       19.5       

3                      9.83         1307      0.34  0.77       10.8  

 

 The objective of this study is to evaluate macroscopic suspension transport 

equations. Here we examine the two competing suspension transport equations, namely,  

the diffusion-flux and suspension balance models mentioned earlier to predict the 

concentration profiles at the conditions given in Table 4.2 in order to determine how well 

the models reproduce experimental results qualitatively and quantitatively.   



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Figure 4.2:  Experimental results (left-hand column) and PMMA particle phase (right-
hand column) for the suspension obtained at 13 m after the inline mixer. The data are 
presented   for all the flowrates. (a) Q=4.02 cm

3 
s

-1
, suspension; (b) Q=4.02 cm

3 
s

-1
, 

PMMA phase; (c) Q=5.46 cm
3 

s
-1

, suspension; (d) Q=5.46 cm
3 

s
-1

, PMMA phase; (e) 
Q=9.86 cm

3 
s

-1
, suspension; (f) Q=9.86 cm

3 
s

-1
, PMMA phase (Norman 2004).
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4.4 DIFFUSION-FLUX MODEL 

The diffusion flux presented here incorporates the three mechanisms for particle 

diffusion presented in the model developed by Shauley et al. (1998). The presence of two 

particle types in suspension necessitates the description of each phase with a conservation 

equation which must then be solved with the momentum equations of the suspension to 

determine the distribution of each particle phase. The hindered settling function adopted 

for the bimodal suspension is,  

                                                        f (φ) =
1− φ

η
,                                               (4.2)     

where η is the viscosity of the suspension defined as, 

                                                                  η = 1−
φ

φm

 

 
 

 

 
 

−1.82

,                                            (4.3) 

and is a function of the total particle concentration defined as 1 2φ φ φ= + and a bimodal 

maximum packing fraction mφ  estimated from the expression,  

                                           

1.5

1.5 1 2

0

3
1  

2

m

m

b
φ φ φ

φ φ φ

    
= +    
     

,                             (4.4) 

where 1 2

1 2

a a
b

a a

−
=

+
, 0 0.68mφ =  and 1 2,a a  represent the particle radii. 

The model is posed in a way as to calculate the in plane velocity of flow 

explicitly. The particle conservation equations are presented with the index indicating the 

corresponding particle phase.  Here, 1 indicates the PMMA particle phase and 2 indicates 

the Ag particle phase. 

The corresponding particle conservation equation for the i
th 

particle phase is given 

by, 
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                                                               i i iu Jφ⋅∇ = −∇ ⋅ ,                                              (4.5)  

where iJ is the combined flux defined as the sum  of the shear induced and sedimentation 

fluxes for each particle phase. The sedimentation flux is defined as  

                                                             Jgi =
2

9

gai

2 ρi − ρs( )
ηs

f iφi ,                                    (4.6)      

where ( ) 22111)1( φρφρφρφρφρρ ++−=+−= ∑ fjjfs . Also the shear induced flux is 

defined as  

                             ( )ln 1 ln 1 lndi i i i

i i

a a
J aa K R

a a

λ λγ φφ φ γη η
    

= − ∇ − − ∇ − − ∇    
     

,  (4.7) 

where,  , 

n

i i
n i

i

i

a

a

φ

φ φ
φ

= =
∑

∑  and R is the  curvature. 

For the special case of steady state flow with streamlines of constant curvature 

and orthogonal to the direction of gravity and the shear-flux, 

                            Ji = −γa aiφφiK ∇ ln φiγ( )+
a 

ai

∇ lnηλ
 

 
 

 

 
 +

2

9

gai

2 ρi − ρs( )
ηs

f iφi .               (4.8) 

K is a dimensionless coefficient given in a tensorial form in anticipation that the shear-

induced diffusivity is anisotropic. parallelk  is the value of k when the velocity gradient is in 

the direction of gravity and larperpendicuk  is the value of k when the velocity gradient is 

normal to the direction of gravity. parallelk  and larperpendicuk  are assigned the values of 0.4 

and 0.12 respectively. 

The non-dimensional fully-developed, steady state continuity equation for 

suspension is 

             0∇ ⋅ =u .                                                (4.9)     
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The non-dimensional fully-developed, steady state momentum equation for the 

suspension are given by,  

                                                ( ) ( ) ( ) 02 21 =−−⋅⋅∇+∇− ybyb NNP ee φφφη e ,            (4.10) 

where the buoyancy number is, 

               ( )
( )ˆ i f

b i
i

g
N

G

ρ ρ
φ φ

−
=                                   (4.11) 

Here φ is the volume fraction of particles, P is the pressure, which is non-

dimensionalized by GR where G P y= −∂ ∂ . Further, u is the velocity of the suspension 

phase, which was non-dimensionalized byGR
2 η f , x  was scaled by the radius of the 

pipe  R and the buoyancy number is ( ) GgN fibi ρρ −=ˆ .  The buoyancy number ˆ
b

N  is 

related to the buoyancy number in Table 4.2  by ˆ
b

N = (9ηU/2GR
2
)

b
N .  Also, e is the 

bulk rate of strain. For the bimodal suspension ( )1 2φ φ φ= + .  The shear rate is given in 

terms of the bulk rate of strain as, 

           [ ]2

1

: ee=γ .                              (4.12)            

4.5 SUSPENSION BALANCE MODEL 

 The suspension balance model incorporates averaged equations for the 

suspension phase and the particle phases.  Norman et al. (2005) successfully applied the 

suspension balance model to determine the particle distribution of single particle-type 

suspensions in pressure-driven suspension flows.  When more than one particle type is 

present in the suspension, additional momentum and continuity equations are required to 

describe all particle phases.  Furthermore, the hindered settling function and the viscosity 

functions must incorporate the effect of the additional particle phases.   A recent study by 
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Altobelli & Mondy (2002) has shown that the hindered settling function for a bimodal 

suspension is adequately expressed by, 

               ( ) ( )
4.4

1f φ φ= − ,                    (4.13)  

where 1 2φ φ φ= +  is the total volume fraction, 1φ  and 2φ being the concentration of 

particles of type 1 and 2 respectively.  Storms, Ramaro & Weiland (1990) performed 

experimental studies and found that the relative viscosity of a bimodal suspension is 

given by, 

                                                              

3.3

1
1

m

s

m

φ

αφ
η

φ φ

  
= +  

−  
.                   (4.14) 

The parameter α is a function of the ratio of particle sizes and the volume fraction of the 

smallest radii particle.  The parameter 
m

φ  is maximum packing, which is dependent of the 

size of the particles in the suspension.  For the bimodal suspension investigated here, the 

best values for these parameter are 0.92α =  and 0.74
m

φ =  (Storms et al. 1990).   

The suspension balance model is developed here for a bimodal suspension.  The 

model is expressed so that recirculation in the cross section and the phase slip are 

explicitly calculated.  The particle equations are presented where the index indicates the 

corresponding particle phase.  Here, 1 indicates the PMMA particle phase and 2 indicates 

the Ag particle phase. 

The non-dimensional fully-developed, steady state continuity equation for the i
th 

particle phase is given by, 

      ( ) 0u
i i

φ∇ ⋅ = .                                          (4.15)  

The corresponding momentum equation for the i
th 

particle phase is given by, 
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( ) ( ) ( )
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2

u u e e
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−∇Π − − + ∇ ⋅ + = 

 
,          (4.16) 

where the particle pressure 
i

Π  is assumed to follow the ideal mixing relationship of  

                                                       ∑ 







=Π

i

i

ni
φ

φ
γη � ,                                       (4.17)   

where 
i

Π  is the partial pressure of species i, and the parameter 
n

η  is the normal viscosity 

given in terms of the suspension viscosity as,   

            

2

m

n n s
K

φ
η η

φ

 
=  
 

.                             (4.18) 

The parameter 
n

K is a constant parameter, which was chosen as 0.75 for this study.  

Additionally the suspension viscosity is given in (4.15).  Further, the buoyancy number 

for the respective particle phases is given by Eq. 4.12.                        

In the above equations γ�  is the shear rate, φi is the volume fraction of the 

respective particles and ( )













−=

φ

φ
ηη i

spi 1 .  The parameter mφ is the maximum packing 

value of the particles (0.74).   

The non-dimensional suspension equations require further explanation.  In tensor 

form the fully developed, steady state momentum equations is given by, 

                                                               0+ ∇ ⋅ =b ∑∑∑∑ ,                                            (4.19) 

where b  is the buoyancy force and ∑∑∑∑  is the total stress of the suspension.  The 

buoyancy force for the suspension is that due to the density difference of each particle 

type to the suspending fluid density.  Therefore, the total buoyancy force is given as, 

                                                    ( ) ( )1 1 2 2f f
ρ ρ φ ρ ρ φ= − + −b g g .                          (4.20) 
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The total stress on the system is the stress due to the fluid and the stress due to the 

particles.  The total stress is given by,  

 
1 2

2P η= − + + +I e∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑ ,                               (4.21) 

where the stress attributed to the particle phases is given by, 

  
1 2

2I epηη+ = − ∏ +∑ ∑∑ ∑∑ ∑∑ ∑ .                           (4.22)              

                

Using the relationship of 
p

η  to 
s

η  the total suspension stress is given by, 

                                                   ( ) 2I esP ηη= − + ∏ +∑∑∑∑ .                           (4.23) 

Using these relationships, the non-dimensional, fully developed, steady state suspension 

equation are now formulated.  The continuity equation for the suspension is given by, 

       0u∇ ⋅ = .                    (4.24)    

The momentum equation for the suspension are given by,  

                                      ( ) ( )
1 2

ˆ ˆ2 0e
s b y b y

P N Nη φ φ−∇ − ∇Π + ∇ ⋅ + + =e e .             (4.25)    

Here φ is the volume fraction of particles, ηs is the suspension viscosity given by Eq. 

4.15.  The parameter Π  is the particle pressure (given in equation 4.18) and P is the 

pressure, which are non-dimensionalized by GR where G P y= −∂ ∂ .  Further, u is the 

velocity of the suspension phase, which was non-dimensionalized by 2GR η , x  was 

scaled by the radius of the pipe R and the buoyancy number is Nbi = ρi − ρ f( )g G .  Also, 

e  is the bulk rate of strain.  For the bimodal suspension ( )1 2φ φ φ= +  and 0.74
m

φ = .  

The shear rate is given in terms of the bulk rate of strain as, 

1

2:e e=   �γ .                 (4.26) 
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4.6        NUMERICAL CONSIDERATIONS 

The nonlinearity of the hindrance and effective viscosity functions makes the 

set of equations describing both the diffusion-flux and the suspension balance models 

very difficult to solve. The system is assumed to be slightly compressible for both the 

diffusion-flux and suspension balance models with a slight modification made to the 

suspension continuity equation. Equations 4.10 and 4.25 are thus replaced by, 

                                                               
y

v

x

u

t

p

c ∂

∂
+

∂

∂
=

∂

∂
2

1
.                                                (4.28) 

where c is an artificial compressibility term. Using this approach, a value is chosen for c 

and the problem solved over a large time scale to ensure that the right hand side of the 

equation vanishes, Chorin (1967).Essentially pressure ceases to be a primary field 

variable and would indeed reduce computational requirements especially with a possible 

extension of the numerical analysis to fully three dimensional suspension flow. 

A commercial finite element package, FEMLAB, was used to solve the equations. 

The time dependent solver implements the method of lines algorithm and the iterative 

solver is deemed to have converged when the global error is less than or equal to 10
-6

. 

The computational domain is a circle with a non-dimensional radius of one. The mesh is 

composed of 316 Lagrange quadratic elements with 5320 degrees of freedom. 

4.7  NUMERICAL RESULTS 

     Figures 4.3 and 4.4 are representative of the type of results obtained from solving 

the diffusion-flux and suspension balance equations, specifically at the intermediate 

flowrate of Q=5.46cm
3
s

-1
 for the bimodal suspension. Figures 4.3a and 4.4a show the 

concentration profiles for the PMMA particle phase while Figs. 4.3b and 4.4b depict the 

corresponding profile for the Ag particle phase for the diffusion-flux and suspension 

balance models respectively.  The combined particle concentration profiles are captured 



 80 

by Figs. 4.3c and 4.4c. The axial velocity distributions for a fully developed steady-state 

flow are shown as Figs. 4.3d and 4.4d. Though pressure was treated as a dependent 

variable, the pressure profiles obtained represented by Figs.  4.3e and 4.4e compare well 

with the profile obtained for the monodisperse case by Norman, Nayak & Bonnecaze 

(2005).The vector plots in Figs. 4.3f and 4.4f represent the in-plane velocities, which 

were found to be very weak and are four orders of magnitude smaller than the axial 

velocity.  

Figures 4.4a and 4.4b clearly show that buoyancy forces affect the distribution of 

PMMA and Ag particles respectively, with the particles accumulating the bottom of the 

pipe. However, the effect of these buoyancy forces on the lighter particle phase (PMMA) 

is less significant because of the associated low buoyancy number. The combined 

concentration distribution profile for both particle phases, Figs. 4.3c and 4.4c show the 

same trend. The axial velocity profile distribution, Fig. 4.3d and 4.4d shed light on the 

effect particle concentration on the velocity distribution. The maximum velocity occurs 

as expected in the region where the total concentration of particle and hence suspension 

viscosity are minimal, i.e., above of the centre of the pipe. The computed pressure 

distribution profile, Figs. 4.3e and 4.4e show the cross-sectional variation of this 

parameter. The vector representation of the in-plane velocities, Figs. 4.3f and 4.4f show a 

recirculation pattern (though weak) which is responsible for the qualitative and 

quantitative trend in the concentration distributions as these were absent when the 

numerical solutions were performed without considering the in-plane velocities. 
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Figure 4.3:  Numerical solution of the isotropic diffusion-flux equations. These results 
represent a suspension of particles with the properties represented in table 2 for Q =5.46 
cm

3
s

-1
. (a) Volume fraction of PMMA distribution; (b) Volume fraction of Ag 

distribution; (c) Volume fraction of PMMA and Ag distribution; (d) non-dimensional 
axial velocity distribution; (e) non-dimensional pressure distribution; (f) vector 
representation of the in-plane velocity distribution. 

e 
f 

c d 

a b 



 82 

           

           

            

Figure 4.4:  Numerical solution of the isotropic suspension balance equations. These 
results represent a suspension of particles with the properties represented in table 2 for Q 
=5.46 cm

3
s

-1
. (a) Volume fraction of PMMA distribution; (b) Volume fraction of Ag 

distribution; (c) Volume fraction of PMMA and Ag distribution; (d) non-dimensional 
axial velocity distribution; (e) non-dimensional pressure distribution; (f) vector 
representation of the in-plane velocity distribution. 

e 
f 

c d 

a b 
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4.8 COMPARISON BETWEEN EXPERIMENTAL RESULTS AND NUMERICAL 

PREDICTIONS 

The main reason this research was undertaken is to determine if the predictions by 

diffusion-flux and suspension balance models match qualitatively and quantitatively the 

experimental data obtained from EIT imaging. The experimental results are therefore 

compared with the numerical results, specifically the experimental result at 17.5 kHz 

(PMMA) and the results from the theoretical models for the PMMA phase are compared. 

Further comparison is made between experimental result at 1 kHz and the total 

concentration distribution profile obtained from the diffusion-flux and suspension 

balance models. 

Figure 4.5a represents the experimental volume fraction of PMMA compared with the 

prediction of the diffusion-flux and suspension balance models. All the experimental 

profiles match the numerical prediction by the theoretical models qualitatively. In 

addition, there is an excellent match between the experimental concentrations and 

predicted values within the depletion and accumulation zones at the top and bottom of the 

pipe respectively. The diffusion-flux and suspension balance models profiles and the 

experimental results show very similar curvatures in the concentration profiles. The large 

discrepancy noticed between the theoretical and experimental profiles at the centre of the 

pipe in the monodisperse case by Norman, Nayak & Bonnecaze (2004) is conspicuously 

absent in this bimodal study. The near uniform concentration value observed 

experimentally at the flow rates Q = 4.02 and 5.46 cm
3
s

-1
 which hovered around the bulk 

concentration value compare well with predictions by the diffusion-flux and suspension 

balance models. This may be attributable to the fact that another phase is present to 

hinder the settling of the PMMA particle phase and thus concurring with the point raised 

by Norman (2004) about the difficult inherent in resolving the conductivity of  this 
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uniform concentration zone. Alternatively, the better match may just be a direct result of 

modifying the continuity equation and not inaccuracy in the resolution of the conductivity 

field. 

The experimental concentration profile of the PMMA phase at the highest 

flowrate, Q = 9.86 cm
3
s

-1
 in Fig. 4.5a shows some interesting trends. The experiment was 

performed at a relatively high flow rate; hence a low buoyancy number and the 

concentration profile may not represent the fully developed flow. The large concentration 

of PMMA particles around the centre alludes to this, but more interestingly is the fact that 

the adverse density gradient in the centre was sufficiently resolved by the sensors. The 

predicted concentration profiles at this flow rate show a less adverse density gradient 

which corroborates the fact that the experimental trend noticed may just be transitioning 

towards a more stable state. The fact that the sensors were able to resolve the 

conductivity differences at the centre for this relatively large flow rate casts some doubts 

on the argument by Norman (2004) that discrepancies between experimental and 

theoretical profiles observed at the centre for the first two flow rates may be due to 

imaging errors. 

The total concentration profiles, Fig. 4.5b show similar trends as exhibited by the PMMA 

particle phase discussed above. 

 A direct comparison between the diffusion-flux and suspension balance models 

shows that both models match the experimental results qualitatively. However, the 

suspension balance model gives a better qualitative match than the diffusion flux model 

as can be observed from Fig. 4.5 and is thus the preferred model for predicting complex 

polydisperse flows. 
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                           Figure 4.5:    Comparison of theoretical and experimental results.  (a) PMMA particle 
phase. (b) Suspension concentration. 

(a) 

(b) 
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4.9 CONCLUSIONS 

 The theoretical predictions of the diffusion-flux and suspension balance models 

were compared to experimental data obtained from multi frequency electrical impedance 

tomography experiments. The experimental results involved the migration of particles in 

a bimodal suspension of 15 percent by volume of buoyant PMMA particles and 15 

percent by volume of buoyant Ag particles. The theoretical predications of the diffusion-

flux and suspension balance models qualitatively match the experimental observations 

very well. Further, there is fair quantitative agreement between the predictions and the 

observations of the phase distributions of each type of particle. For the suspension 

balance model, this is gratifying considering the ad hoc assumption of the partial 

pressures of the particle phase following an ideal mixing relationship.  

Our results show that the suspension balance model does a better job than the 

diffusion-flux model in reproducing experimental data making it the better model to 

predict the phase behavior of this particular flow. 
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4.10 NOMENCLATURE 

a              average radii of particle [dimension L] 

A             cross sectional area of pipe [dimension 2L ] 

g             acceleration due to gravity [dimension 2LT− ] 

G             pressure gradient [dimension 2 2ML T− − ] 

f             hindered settling function, dimensionless  

,p P        dimensionless pressure 

bi
N          buoyancy number of the i

th
 phase, dimensionless 

Q            arterial radius [dimension 3 -1L T ] 

R            pipe radius [dimension L] 

pipe
Re      Reynold’s number of pipe, dimensionless 

 U           average axial velocity [dimension LT
-1

] 

u             dimensionless velocity vector  

p
ρ           density of particle [dimension ML

-3
] 

i
Π           particle pressure of species i, dimensionless 

f
ρ           density of fluid [dimension ML

-3
] 

1φ             volume fraction of PMMA phase, fraction 

2φ             volume fraction of Ag phase, fraction 

φ              total volume fraction, fraction 

0m
φ           maximum packing fraction, fraction 

s
η             viscosity of suspending fluid, [dimension ML

-1
T

-1
] 

,
s

η η         viscosity of suspension, dimensionless 

n
η            normal viscosity, dimensionless 

,γ γ�          shear rate, dimensionless 
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Chapter 5:  Structure, Rheology and Origins of Aging in Systems of    
Aggregating Colloids 

5.1 SUMMARY 

The rheological and aging properties of a model colloidal fluid characterized by 

interparticle, Brownian, hydrodynamic and buoyancy forces were investigated with a 

molecular dynamics simulation to determine the underlying structural reasons for 

observed macroscopic behavior. The effect of volume fraction, strength of interaction and 

buoyancy on the steady state rheological properties as well as aging tendencies were 

explored. Steady state rheology results show that the model fluid shear thins at low Pe 

values, reaches a plateau at moderate values and shear thickens at higher Pe numbers. 

The transition from the plateau to the shear thickening regime was found to be a 

consequence of an order – disorder transition from a string like structure to a disordered 

cluster formation. The presence of an attractive component in the interparticle potential 

delayed this transition. The three experimentally observable aging trends namely, low 

flat, high flat and progressive behaviors were also found as a function of volume fraction, 

strength of interparticle interactions and buoyancy forces.  

 

5.2 INTRODUCTION 

Aggregating colloids are dispersions of attractive particles in a continuous 

medium. They display a richer tapestry of rheological behavior than well dispersed hard 

sphere system where the particles are stabilized by electrostatic or steric barriers to 

prevent then from aggregating. The behavior exhibited by aggregating colloids include, 

shear-thinning [Boersma et al. (1995); Silbert et al. (1999)], shear-thickening [Boersma 



 89 

et al. (1995)], thixotropy and rheopexy [Chen and Doi (1989)]. The rheological landscape 

of aggregating systems has been explored extensively industrially in processes like the 

sol-gel process [Brinker and Scherer (1990)], which is the underlying basis for many 

coating technologies including spin coating, roll coating, etc. Another important material 

that uses aggregating colloids are drilling fluids [Briscoe et al. (1994)]. The drilling 

operation involves the use of a drilling fluid or “mud”, which is often composed of a 

dispersion of attractive colloidal clay particles in oil or water to hold rock cuttings in 

suspension thus preventing them from settling to the bottom of the hole being drilled. The 

aggregating colloids in drilling muds form an extensive network during the cessation of 

flow that is capable of holding cut rock fragments in suspension. The strength of this 

stress bearing network formed, characterized by the “gel strength” of the mud is known 

to increase or “age” with time and may display any of the three trends illustrated in Fig. 

5.1. The desirable behavior for a drilling fluid is the low flat behavior where the gel 

strength of the mud increases only slightly with time before reaching a plateau value. The 

low flat behavior is desirable because the pump power required to the recirculate the mud 

after a waiting period is just minimally higher that before the cessation of flow unlike the 

progressive behavior where the gel strength increases significantly with the wait time 

resulting the very high power requirements that may cause actual equipment failure. The 

high flat behavior is also undesirable because of the very high yield stress that must be 

overcome to cause the mud to flow that could result in fracturing of the reservoir. 

The ability to fully exploit the rheological behavior of aggregating colloids is 

limited by our understanding of why colloidal systems behave the way they do. A precise 

understanding of the structure-property relationship of aggregating colloids is desirable to 
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engineer new materials and processes and to optimize existing ones. For example, a 

fundamental understanding of why aggregating colloids exhibit the type of behavior 

shown in Fig. 5.1 would give engineers the power and flexibility to design fluids with 

appropriate behavior. 

 

                         Figure 5.1:  Schematic of gel strength over time for drilling fluids. 

 Studies on aggregating colloidal systems are limited compared to systems of hard 

spheres. Studies in the literature on the structure and steady state rheological behavior of 

aggregating colloids at low concentrations (volume fractions of colloids φ  less than 0.4) 

include the experimental efforts of Patel and Russel (1987), de Rooij et al. (1993), 

Hoffmann and Rauscher (1993) and the numerical simulations of Melrose and Heyes 

(1993), Wessel and Ball (1992), Potanin et al. (1995),  Potanin and Russel  (1996), Chen 

and Doi (1989), Dickson (2000) and Hecht et al. (2005). Studies done at volume fractions 
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of colloidsφ  greater than 0.4 include the experimental efforts of Buscall et al. (1993), 

Verduin et al. (1996), Rueb and Zukoski (1997) and the simulations of Wilemski (1991), 

Boersma et al. (1995), Silbert et al. (1997, 1999) and Hutter (2000).  

Fewer investigations have been aimed at understanding why aggregating colloids 

age and most of the body of work done in this regard have been focused on drilling fluids 

mainly because of the importance of the phenomenon of aging to drilling operations. 

These aging studies have largely been experimental and offer little or no structural 

explanations for the type of macroscopic behavior shown in Fig. 5.1. Research on aging 

as it concerns aggregating colloids include the gel strength measurements of Speers et al. 

(1987), Briscoe et al. (1994) and Wu et al. (2002). Other studies on aging are on 

deformable soft particle materials. These are not aggregating systems per se, but systems 

in which the volume fraction of the dispersed phase is usually higher than the maximum 

volume fraction of spheres. Examples of these are the studies performed by Cloitre et al. 

(2000) and Derec et al. (2000). 

The aim of this work is to determine the structural reasons for the observed 

macroscopic behavior of aggregating colloidal systems using numerical simulations over 

a range of particle volume fractions spanning low to high values at different interaction 

strengths. This entails a detailed steady state rheological study of our adopted model fluid 

and aging to determine the reasons for the existence of the trends shown in Fig. 5.1. Our 

model fluid does not include multibody hydrodynamics representation and is in principle 

similar to the Brownian dynamics simulations of Wilemski (1991) which produced 

experimentally observable rheological features. Chen and Doi (1989) have also obtained 



 92 

physically meaningful results using their deterministic sticky sphere model which neglect 

a full representation of the hydrodynamics due to the underlying fluid.  

5.3 SIMULATION METHOD 

5.3.1 Equations of motion 

The Brownian dynamics simulation technique developed by Ermak and 

McCammon (1978) was used to calculate the particle trajectories in this study with the 

simple addition of a term to account for gravitational effects on the particles. Periodic 

boundary conditions were imposed on the cubic simulation box of volume Ω , in the y 

and x directions which are the directions of vorticity and shear respectively with a non 

periodic wall imposed in the z or gradient direction. The volume fraction of the system φ  

is evaluated via the particle number density ρ  defined as ΩN  where N is the number of 

particles representing the aggregating colloids as ( ) 36 dρπ , where d is the diameter of a 

particle. The N-body Langevin equation for our system of particles in a Newtonian 

background solvent is written as: 

                                           BPHG

dt

d
FFFF

x
M +++=⋅

2

2

,                                      (5.1) 

where the left hand side of the equation is essentially zero because of the negligible 

contribution of inertial effects to the system with M representing the mass matrix and x 

the trajectory of the particles. The force vectors in Eq. 5.1 are respectively, buoyancy 

forces GF , hydrodynamic forces HF , interparticle forces PF  and Brownian forces BF .  

The buoyancy force acting on a particle is given by, 
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                                                         ( )gF sp

G
d ρρ

π
−= 3

6
,                                         (5.2) 

where pρ  and 
s

ρ  represent the density of the particle and solvent, respectively, and g is 

the acceleration due to gravity. 

The frictional drag on the particles is due to their interaction with the implicit 

solvent and is modeled simply as the Stokes drag given by, 

                                                           ( )
iisd uuF H

i −= πη3 ,                                      (5.3) 

where iu  and iu  are the velocity vectors of the i
th

 particle and the average velocity of 

the particles respectively, and sη  is the viscosity of the background solvent. Many-body 

hydrodynamic interactions are neglected here since interparticle and Brownian forces are 

most important as stated earlier. 

The interparticle force P

iF  is the derivative of the sum of the attractive potential 

given by Eq. 5.5 and repulsive potential given by Eq. 5.6 with respect to the interparticle 

distance, that is  
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AH  represents the Hamaker constant of the particles with a denoting the radius of the 

particle. The interparticle distance is r12 and σ  is the size of a constituent particle which 

forms the basis of the large particles. For our simulations, we fixed the value of σ  as 

0.1d where d is the diameter of the particle. To vary the well depth, minU  in our 

simulations, we altered the value of the Hamaker constant, AH as shown in Fig. 5.2 where 

HAU 625.0min = . 

Brownian forces describe the fluctuating forces the large particles receive from the 

background solvent. The basis for describing Brownian forces is the Wiener processes 

W(t) [Ottinger (1996) and Kloeden and Platen (1992)] which have the properties 

( ) 0=tW  and ( ) ( ) ( )Itttt
T ′=′ ,minWW  where t and t ′  denote two different times. The 

relationship between the Wiener processes and Brownian forces is then given by 

( ) )(32 tddTkdtt sB

B WF ηπ= with dW(t) retaining the definition of the Wiener 

processes given above with Bk  representing the Boltzmann constant. 
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 Figure 5.2:  Interparticle pair-potential U(r) with d = 10, d1.0=σ , 

TkA BH = 6, 12 and 24. 

5.3.2 Computation of the stress tensor 

The bulk stresses tensorσσσσ , in this study was computed as the sum of two separate 

parts as given by, 

                                            
Ω

+
Ω

=

∑∑
>

3

ji

ijij

B

Fr
TNk

σσσσ .                                          (5.7) 

The first half of Eq. 5.7 is the kinetic energy contribution while the second is the viral 

contribution that accounts for the stresses due to the pair-wise interactions.                                                       

The apparent viscosity of the system is given by,  

                                                             ( )
( )

γ

γσ
γη

�

�
�

zx= ,                                                   (5.8) 



 96 

where zxσ  represents the shear-gradient component of the stress tensor, and γ�  is the 

shear rate defined as the ratio of the velocity at which the wall  of the simulation box is 

moving and the height of the box in the z direction.  

5.3.3 Computational aspects 

The relevant scaling parameters for time and stresses for our simulations are 

Tkd Bsη3  and 3dTkB , respectively. The Peclet number Pe was used to quantify the 

relative effects of shearing to Brownian forces and is defined as, 

                                                                     
Tk

d
Pe

B

sηγ�3

=  .                                             (5.9) 

The interaction strength in our simulations is defined in terms of the well depth or 

minimum of the pair potential and is expressed non-dimensionally by min /
B

U k T . 

The dynamical equations were solved with the LAMMPS parallel molecular 

dynamics package [Plimpton (1995)] using the range of parameters listed in Table 5.1. 

Simulations were initialized with an ordered simple lattice structure, and then thermally 

equilibrated for dimensionless time of 50 to create a disordered structure before shearing 

the system. Details of the technique employed for the aging calculations are given later. 

Detailed rheological and aging calculations were performed using the model 

described above principally to gain a fundamental understand on why aggregating 

colloids age in order to use the knowledge so obtained to design useful systems involving  

attractive colloidal particles. Results of steady state rheological calculations are first 

presented to see if the model fluid does behave like real life aggregating colloids. 
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                            Table 5.1: Relevant parameters used in the simulations 

Parameter Value/Range 

Viscosity, sη  0.001Pa s 

Particle diameter, d m108.0 6−×  

Energy  minimum, minU  TkB1575.3 −  

Wait Time, wt  s1020-0.5 -3×  

Peclet number, Pe 0.1-60000 

 

Aging calculations are then presented next to show how and why the gel strength of 

systems of aggregating colloids increases with time. 

Simulations performed using a system size of N = 1,100 and 8,800 show that the 

size of the box has negligible effect on the results indicating that the observed trends are 

not a consequence of finite size effects of the box. The steady state rheological 

calculations where exact for both system sizes with some spread observed during the 

aging calculations. Specifically, the gel strength results obtained for the system 

containing 8800 particles were consistently higher than the value at N = 1100. The reason 

for this is unclear, but the possibility of it being a consequence of the non-periodicity in 

the z direction was eliminated based on the similarity of the results obtained for the same 

simulations performed using non equilibrium molecular dynamics techniques which 

required periodic boundary conditions in all directions. However, the size of the 

simulation box had no effect on the observed microstructre thereby rendering the results 

of this work valid. 
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5.4 STEADY STATE RHEOLOGY RESULTS 

Before seeking to determine the origins of aging in aggregating colloidal 

suspensions, it is important to establish that the steady state rheology of the model fluid 

matches that of its real life counterparts at least qualitatively. Steady state rheological 

calculations were performed over six decades of Pe numbers at different volume fractions 

φ  of particles and interaction strengths min /
B

U k T . Typical results from our simulations 

are presented in Fig. 5.3. The steady state simulation results show that the fluid shear 

thins at low values of Pe, reaches a plateau at moderate Pe and then shear thickens at 

higher values of Pe. The trends presented below qualitatively match theoretical and 

experimental data that have been reported in the literature. The shear thinning region is 

comparable to the experimental results reported by Buscall et al. (1993) and Russel et al. 

(1991) for depletion-flocculated suspensions and Rueb and Zukoski (1997) on colloidal 

gels. The theoretical studies performed by Silbert et al. (1999) also compare well with the 

results in the shear thinning regimes with the results reported by Boersma et al. (1995) 

qualitatively matching our simulations in the shear thickening regimes as shown in Fig 

5.3.  

The underlying reasons for the observed macroscopic behavior shown in Fig. 5.3, 

have been explained previously in the literature in terms of the microstructure at the 

different values of Pe. The shear thinning behavior at low Pe values has been attributed 

to the dominant contribution of the repulsive forces [Silbert et al. (1999)] or Brownian 

stresses [Phung et al. (1996)] to the overall viscosity. Systems sheared at low values of 

Pe only experience minimal perturbations to their equilibrium structure and are restored 

back to their original positions by the dominant Brownian and/or repulsive forces. As the 
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shearing forces increase, the restoring effect of the Brownian and repulsive forces begins 

to wane and hence their contribution to the overall viscosity of the system as flow 

becomes significant. Silbert et al. (1999) and Boersma et al. (1995) also observed that an 

aggregating system undergoes shear transitions from a disordered to an ordered state as 

the significance of the hydrodynamic and Brownian/repulsive forces become comparable. 

Shear thickening is observed to ensue once the hydrodynamic forces become dominant at 

higher values of Pe due to the formation of “clusters” after the break down of the 

previously ordered structures.  

The interesting question to ask at this point is if the deductions given above hold 

for our system. Since our system does not involve a full multi-body representation of 

hydrodynamics as in the references cited, a direct comparison may not be feasible.  
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                 Figure 5.3: Relative viscosities of model system at φ = 52% and 

TkTkU BB 15 and 75.3min = . Silbert et al. (1999) at TkU B9min = ,  

Boersma et al. (1995) at TkA BH 7.0= . 

 
To gain a structural understanding of the observed macroscopic behavior in Fig. 

5.3, an obvious option is to plot the instantaneous configurations of the particles in the 

simulations at different values of Pe as shown in Fig. 5.4. Figure 5.4 shows three 

instantaneous plots of the particle configurations at min 15
B

U k T=  and three values of Pe, 

namely 4, 600 and 4000 which span the range shown in Fig. 5.3. The plots do not give a 

consistently clear insight into the structure of the system because it is difficult for the 

naked eye to discern unobvious trends. In fact, one might erroneously conclude that 

similar structures exist at the three values of Pe.  
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                                         Slice in the z-x plane      Slice in the z-y plane 

 

Pe = 4 

 

Pe = 600 

 

Pe = 600 

 Figure 5.4:  Instantaneous snapshots of the particle configurations in the 

simulation box at φ = 52% and TkU B15min =  in the z-x and z-y planes.  

In this study, the structure of the system was studied by computing the projections 

of the pair distribution function. This was done by calculating the distance of each 

particle to all the other particles in the system. The average number densities of particles 
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around the probe particles based on these calculated distances is then determined by 

dividing the cubic simulation box into smaller cubic bins and then counting the number 

of particles in each bin. The result is then normalized by dividing by the volume of a bin 

and the number density of the whole simulation box to determine the distribution 

function g(x,y,z). 

 The projections of the pair distribution functions of the particles computed are 

shown in Fig’s. 5.5 and 5.6 for the two interaction strengths presented respectively. 

Figure 5.5 shows the projections of the pair-distribution functions in the flow-gradient 

plane, gradient-vorticity  and flow-vorticity planes as g(z,x), g(z,y) and g(x,y) plots at 3 

different values of Pe representing the shear thinning, plateau region and the shear 

thickening regimes as shown in Fig. 5.3 for the system with a strength of interaction of 

TkU B15min = . 

The dark and light colors represent low and high probabilities, respectively. 

During the shear thinning phase represented by Pe = 4, the structure of the fluid is a mix 

of a disordered structure and an evolving lattice structure as shown by the first row of 

plots in Fig. 5.5. The g(z,x) plot shows a fairly consistent ordered layers of particles 

aligned along the direction of flow. The structure when viewed from the from the two 

other planes, i.e., g(z,y) and g(x,y) indeed shows that the near equilibrium structure is a 

layered arrangement of particles in the simple crystal format mixed with a disordered 

phase. Increasing the rate at which the fluid is being shear results in a decrease in the 

viscosity of the system as shown in Fig. 5.3 because the repulsive forces that  restore the 

particles to their equilibrium positions begins to wane compared to the shearing forces. 
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                    g(z,x)                                g(z,y)                                 g(x,y) 
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Pe = 600 

                               

     Pe = 4000 

                        Figure 5.5:  Projections of the pair-distribution functions of the model 

system at φ = 52% and TkU B15min =  in the flow-gradient, flow-vorticity 

and gradient- vorticity planes at 3 different shear rates. 
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However, at around Pe = 600 which is within the almost plateau region in Fig. 

5.3, the shearing forces are balanced by the repulsive forces and string like configurations 

are formed as shown by the second row of Fig. 5.5. The strings are aligned in the 

direction of flow as shown in the g(z,x) plot. The strings are arranged in an hexagonal 

manner as shown in the g(z,y) and g(x,y) plots. This ordering has been interpreted as a 

consequence of repeated collisions among the particles, which leads to a realignment of 

their trajectories because of the effect of repulsive forces. These observations are similar 

to the results obtained by Silbert et al. (1997) where a study on aggregating colloidal 

particles involving full multi-body hydrodynamics showed the formation of strings and 

Boersma et al. (1995) for a 2D system. It is interesting to note that the strictly hard 

spheres Stokesian dynamics simulations of Phung et al. (1996) yielded the same results, 

suggesting the ordering of particles into strings is simply a consequence of repulsive 

forces.  

Beyond Pe = 600, the fluid begins to shear thicken as occasioned by the 

increasing viscosity values in Fig. 5.3. The microstructure that is representative of this is 

the last row of Fig. 5.5. The system is a largely disordered microstructure with a slightly 

ordered band of particles around the shearing axis. The high viscosity value observed in 

this shear thickening regime is a consequence of the fact that the particles are brought 

into very close proximity due to the very high shear rates thus leading to high repulsive 

forces. The projections of the pair distribution function do not show this observation 

clearly, but the radially averaged pair distribution function g(r) computed around the first 

nearest neighbor peak where the angular dependence of the pair distribution function can 

be ignored shown in Fig 5.6 clearly supports our deduction. 
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                          Figure 5.6: Radially averaged pair-distribution functions of the model  

system at φ = 52% and kTU 15min =  at different shear rates.  

 

The effect of the attractive component of the interparticle is considered next. The 

well depth minU  of the interparticle potential in the previous simulation was reduced by a 

factor of 4 to kT75.3 , thereby bringing things closer to a hardsphere system of colloids. 

The results of the bulk rheological calculations at this well depth are also included in Fig. 

5.3. It must be pointed out that reducing the value of minU  reduces both the repulsive as 

well as the attractive strength of the interparticle potential because of the way it is 

formulated, but the relative magnitude of the repulsive component increases with 

decreasing minU . Figure 5.3 shows that shear thickening starts at a lower Pe at 

kTU 75.3min = . To understand the reason for this trend, the microstructure at 

kTU 75.3min =  is shown as Fig. 5.7. Comparing Fig’s 5.5 and 5.7, one observes shear 
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ordering or the formation of strings at a Pe of 4.0 at kTU 15min =  (see Fig. 5.4) which is 

not the case at kTU 75.3min = (see Fig. 5.6), where the near equilibrium structure is 

mixture of a layered and disordered phase. This string like structure observed at 

kTU 15min =  shown in Fig. 5.5 persists until about Pe = 600 after which the fluid begins 

to shear-thicken as explained earlier. Based on these observations, the role of the 

attractive force in our simulations can viewed as that of an order – disorder transition 

“inhibitor” because of the fact that shear thickening begins at a lower value of Pe in the 

system with a shallower well depth of kTU 75.3min = .  

Since we have been able to reproduce experimentally observable results with our 

Brownian dynamics simulations which have neglected multi-body hydrodynamics, it 

might be instructive to ask what the actual role of hydrodynamic forces are in systems of 

strongly aggregating colloids. Shear thinning is definitely not a consequence of 

hydrodynamic interactions while shear thickening was also observed in our simulations 

even in the absence of even lubrication forces leading us to conclude like Hutter (2000) 

that the role of hydrodynamic forces is simply to increase coagulation times and possibly 

retard the rate of aging in systems of aggregating colloids. 
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                           Figure 5.7: Projections of the pair-distribution functions of the model system at 

φ = 52% and TkU B75.3min =  in the flow-gradient, flow-vorticity and gradient-

vorticity planes at three different shear rates. 
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5.5 AGING SIMULATIONS 

The relaxation of aggregating colloids after shear is characterized by the formation 

of an extensive network of stress bearing clusters. The strength of these clusters is 

characterized macroscopically by the so-called “gel strength” measurement of the 

sample, which is the maximum shear stress measured when applying a very low rate of 

strain. As mentioned earlier, the gel strength is very crucial to the petroleum industry, 

particularly for designing and characterizing drilling fluids.  

Here we seek to characterize the structural transformation that takes place during 

the relaxation phase of a previously sheared system in order to understand why the 

suspension ages, i.e., why does the gel strength of aggregating systems increase with the 

time following the cessation of flow. To do this, the simulation described above is used 

with some slight modifications. The experimental measurement of the gel strength of a 

fluid as described by Speers et al. (1987) involves the shearing of the fluid at a very high 

rate to ensure that any structure in the sample is destroyed. The fluid sample is then 

allowed to wait for the characteristic waiting time before the sample is deformed at a 

much lower shear rate to probe the elastic property of the fluid sample. To reproduce the 

gel strength measurement scheme computationally, the sample is sheared at a vey high 

rate which for these simulations Pe = 2300 is found to be sufficiently large. The sample is 

then allowed to relax for a specified gel or waiting time after which a low shear (Pe = 

375) is applied to probe the gel strength of the fluid. A typical stress-strain plot from 

numerical aging experiment is shown in Fig. 5.8. The suspension is sheared at a high rate 

(Pe = 2300) until steady state is reached as indicated by point A. The straining force is 

then removed to allow the system to relax. The fully relaxed system at point B is then 
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allowed to wait till point C which marks the waiting period after which the low shear (Pe 

=375)  is applied. The peak stress value is the gel strength as indicated by point D. 

Simulations of this kind were repeated at different volume fractions φ  and strength of 

interactions minU  for a range of waiting times wt . 

 

 Figure 5.8: Stress-strain plot at φ = 20% and kTU 5.7min =  showing the 

relevant simulation points. 

5.5.1 Effect of volume fractions on aging 

We first studied the effect of the volume fraction φ  on the gel strength Sτ of the 

model system at an interaction strength of TkU B5.7min = . Three values of φ , namely 20, 

42 and 52% were considered. The particles have the same density as the background 

solvent, and so there are no effects due to buoyancy forces. Applying the methodology 

detailed in the last section, gel strength values Sτ were computed over a range of 

dimensionless waiting times wt  ranging from 10
-3

 to 0.1 at each volume fraction. The 
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results are presented in Fig. 5.9. For φ  = 52%, the gel strength shows the low flat 

behavior in Fig. 5.1.  This is counterintuitive since the largest number of pairwise 

interactions are expected to be formed at the highest volume fraction, and yet it has the 

lowest gel strength. The colloidal suspension at φ  = 20% exhibits progressively 

increasing gel strength with waiting time and in fact it ultimately has the largest gel 

strength. Finally, the high flat behavior is exhibited at φ  = 42%.  

 To connect these bulk macroscopic rheological observations to structural changes 

in the model fluid, projections of the pair distribution functions were computed at four 

different dimensionless wait times wt , just prior to the probe shear as shown in Fig. 5.10. 

 

 Figure 5.9: Gel strength-wait time plots at φ = 20, 42 and 52% and 

TkU B5.7min = . 
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As pointed out earlier, the bright colors indicate high probability while the dark 

ones represent low probability. Projections in the flow-gradient plane are presented since 

it reveals the most relevant information about the evolution of the microstructure, 

beginning with the projection at the end of the high shear regime indicated by point C in 

Fig. 5.8.  The projections for g(x,z) for φ  = 20% are presented in the first column of Fig. 

5.10. The structure at the end of the high shear regime marked as wt  = 0 is completely 

disordered. However, the near-field distribution function increases as particles are 

attracted to one another due to the interparticle forces.  This structure continues to evolve, 

forming an extensive percolating cluster at wt  = 0.4 that is responsible for the high gel 

strength observed at this volume fraction. 

At φ  = 42% the suspension is not entirely disordered and some structure still 

persists at the end of the high shear region at wt  = 0. The crystallization of the fluid into a 

lattice begins subsequently as shown by the plots at wt  = 0.004, 0.04 and 0.11. It is 

interesting to note that the layers of the crystal are practically perfect with the near 

absence of any form of disorder at wt  = 0.11.The high flat wS t  versusτ observed at φ  = 

42% is a consequence of the high stresses that develop in shearing these ordered crystal 

lattices. 

At φ  = 52%, the g(z,x) projections shown in third column show that the resulting 

structure at the end of the high shear part of our simulations is string-like with the strings 

aligned in the direction of shear. The results show that the structure at the end of shear 

persists throughout the waiting period investigated in this explaining why the 
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wS t  versusτ behavior at φ  = 52% remained fairly constant and flat. These well aligned 

strings in the direction of shear formed at φ  = 52% are easier to shear because the strings 

are not as close to each other as the lattice layers are at φ  = 42% leading to the low-flat 

behavior observed.  

To summarize, the progressive behavior appears from the formation of 

percolating clusters in the dilute quiescent suspension from the disorderd, highly sheared 

system due to the attractive interparticle forces.  For more concentrated systems, the gel 

strength evolves quickly if at all with waiting time leading to a so-called flat behavior.  

The intermediate concentration forms a crystalline material while the higher 

concentration forms a string like microstructure that is easier to shear.  At the higher 

concentration, it appears that the system is frustrated from forming a crystalline structure 

from the highly sheared state.   

We next consider the effect of changing the strength of interaction. 
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                            Figure 5.10: Projections of the pair-distribution functions of the model  

system   at φ = 20, 42 and 52% and TkU B5.7min =  in the flow-gradient 

plane at 4 wait times. 
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5.5.2 Effect of interparticle forces on aging 

  Here the effect of the strength of the interparticle interaction on aging is studied for  

the additional minU  = 3.75 and TkB15  at all volume fractions (φ  = 20%, 42% and 52%). 

5.5.2.1 Observations at φ  = 20% 

It was concluded earlier that the progressive increase in the gel strength is a 

consequence of the formation of percolating clusters from a disordered, dilute quiescent 

suspension. The gel strength exhibits low flat behavior by reducing the well-depth of the 

interparticle potential from 5.7  to TkB75.3  as shown in Fig. 5.11a. As shown in the first 

column of Fig. 5.12., the microstructure at this low interaction strength is essentially 

constant for all the waiting times and it does not form a percolating structure.This is due 

to the relative importance of the Brownian forces preventing the formation of large 

clusters.  

Increasing the well depth of the interparticle potential  from 5.7  to TkB15  results 

in an initially more rapidly increasing gel strength that  behavior plateaus quickly as 

shown in Fig. 5.11a. The gel strength evolves more quickly and reaches a greater value 

due to the stronger attractive forces among the particles.   

5.5.2.2 Observations at φ  = 42% 

Results at TkU B5.7min = , presented earlier show that the gel strength increases 

rapidly  to a relatively large plateau value as a consequence of the formation of a crystal 

lattice structure. Reducing the strength of interaction by a factor of two to 

TkU B75.3min =  reduced the plateau value of the gel strength also by about a factor of 
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two as seen in Fig. 5.11b, because the perfect crystallization of the system is delayed at 

the shallower well-depth as shown in the first column of Fig. 5.13.  

At a pair potential well depth TkU B15min =  gel strength rises more quickly but to 

the same plateau value observed at TkU B5.7min =  as shown in Fig. 5.11b.  The more 

rapid transition to the plateau value at the deeper well-depth is a consequence of particles 

being attracted to one another faster. The absence of a perfectly formed crystal structure 

and a stronger attraction between the particles shown in the third column of Fig. 5.13 

both contribute to the observed macroscopic behavior.  

5.5.2.3 Observations at φ  = 52% 

At φ  = 52%, simulations were performed only at TkU B15min = . The 

wS t  versusτ behavior is expected to remain “low flat” at values of minU  less than TkB5.7  

and so were not pursed. The wS t  versusτ plots presented in Fig. 5.11c show an increase 

over the previous trend ( TkB5.7 ) at TkU B15min =  The projections of the distribution 

function in the second column of Fig. 5.14  show that the formation of the string-like 

structure is frustrated at the deeper well depth yielding a slightly more crystalline 

structure.    

These observations justify our previous conclusions that: the progressive behavior 

is due to the formation of percolating structures; the high-flat behavior a consequence of 

crystalline structures; and finally, the low flat behavior a result of the formation of string-

like structures which are easier to shear that lattice structures. 
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    Figure 5.11: Gel strength versus waiting time.(a)φ = 20%   

    (b) φ = 42% and (c)φ = 52%. 
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 Figure 5.12: Projections of the pair-distribution functions g(z,x) of the 

model system at φ = 20% and TkU B15 and 5.7 ,75.3min =  in the flow-

gradient plane at 4 wait times 
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                           Figure 5.13: Projections of the pair-distribution functions g(z,x) of the 

model system at φ = 42% and TkU B15 and 5.7 ,75.3min =  in the flow-

gradient plane at 4 wait  times.        
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                           Figure 5.14: Projections of the pair-distribution functions of the model 

system at φ = 52% and TkU B15 and 5.7 min =  in the flow-gradient plane 

at 4 wait times.      
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5.5.3 Effect of gravity on aging 

To determine the effect of buoyancy forces on the model system, simulations 

were performed at the three values of volume fractions, φ  = 20, 42 and 52% at different 

strength of interaction minU . The results show that buoyancy effects are most significant 

at the lowest volume fractions with buoyancy effects waning with increasing volume 

fraction of particles. The results presented in Fig. 5.15 show that the value of the gel 

strength Sτ , increased almost two fold when buoyancy forces are included in the system 

at φ  = 20%. The plots of the projection of the pair distribution function in the flow-

gradient plane for both the neutrally and negatively buoyant cases at a wait time 

11.0=wt  are shown as the first column of the Fig. 5.16. As explained earlier, percolating 

clusters are observed in the neutrally buoyant case at 20%. As explained earlier, these 

structures, are difficult to shear and are responsible for the undesirable progressive 

behavior described in Fig. 5.1. Including the effect of gravity in the simulation yields a 

different structure that gives the higher wS t  versusτ  mentioned earlier. The gravity 

induced structure is a more definite percolating structure formed around the compressive 

and extensional axes. The difficulty in breaking this “glass like” structure is responsible 

for the higher gel strength observed in the presence of buoyancy forces.  

 The lattice structure obtained at φ  = 42% for the neutrally buoyant system is 

present even in the presence of gravitational effects  as shown in the second column of 

Fig. 5.16, suggesting that buoyancy forces are not as significant as they were at φ  = 20%. 

This is confirmed by the modest increase in the gel strength for the negatively buoyant 

system as shown in Fig. 5.15. A careful look at the projection of the negatively buoyant 
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system, show the development of an almost diagonal connection between particles across 

layers because of the compressive effect of gravity on the system. This is the main cause 

of the increase in gel strength values of the negatively buoyant system at φ  = 42%.  

 Our simulations show that there is no sedimentation of particles φ  = 52% and 

hence no structural difference in the simulations results for the neutrally and negatively 

buoyant systems as shown by the wS t  versusτ  plot in Fig. 5.15 and the projection in the 

third column of Fig. 5.16. 

It can be concluded that the overall effect of buoyancy forces is to increase the gel 

strength of a sample by fostering better contacts between the particles via compression 

leading ultimately to the formation of stronger bonds. The effect of gravity wanes with 

increase in the volume fraction of the particles. 

Based on all these observations, it can be concluded that gravitational forces are 

also responsible for aging in aggregating systems and its effect can simply be minimized 

by matching the density of the suspending fluid to that of the colloidal particles or simply 

operating ant high volume fractions. 
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 Figure 5.15: Gel-strength time plots of the model system at φ = 20, 42 

and 52% and TkU B 5.7 min = . Solid markers represent negatively 

buoyant particles and open faced markers neutrally buoyant particles. 
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 Figure 5.16: Projections of the pair-distribution functions of the model 

system at φ = 20, 42, and 52% and  and 5.7 min TkU B=  in the flow-

gradient plane at single wait time  wt  = 0.11, showing the effect of 

buoyancy forces. 
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5.5.4 Design parameters for different aging behavior 

Aging in systems of aggregating colloids is strongly connected to the influence of 

excluded volume effects, gravitational, diffusional and interparticle forces. In this section 

the combination of parameters that would produce each of the three trends described in 

Fig. 5.1 are presented and discussed. The ultimate goal is to establish parameters to guide 

fluid designs of engineering aggregating systems displaying desired aging tendencies. 

The parameters are listed below in terms of the volume fraction of the aggregating 

colloidal suspensions and the common aging trends presented in Fig. 5.1. Fig 5.17 shows 

an incomplete phase diagram of the design parameters in terms of particle volume 

fraction and strength of interaction. 

Table 5.2: Design parameters for different wS t  versusτ behavior.  

 Volume Fraction  Low Flat behavior   High Flat behavior    Progressive behavior 

%52=φ  TkU B5.7min =  TkU B15min =   

%42=φ  TkU B75.3min =  TkU B15 and 5.7min =   

%20=φ  TkU B75.3min =    TkU B15 and 5.7min =  
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             Figure 5.17:  Schematic diagram of the aging behavior as function of φ  and 

TkU B/min . 

5.6 CONCLUSIONS 

We have studied a complex model fluid compose of particles characterized by 

attractive, repulsive, hydrodynamic, Brownian and buoyancy forces in order to gain an 

insight into its steady state rheological and aging properties by connecting bulk 

macroscopic measurements to observed microstructure. The effect of the volume fraction 

φ , interaction strength minU  and buoyancy forces on the steady state rheology and aging 

were investigated. 

Our steady state rheological measurements show that the model fluid shear thins at 

low values of Pe, plateaus and subsequently increases at high Pe values. The 

microstructure determined in terms of the pair distribution functions show that repulsive 
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forces are dominant in the shear thinning regime of our simulations, restoring particles 

back to their equilibrium positions at low values of Pe. The model fluid continues to 

shear thin as the shearing forces become significant leading finally to the formation of 

hexagonally arranged string like structures when the shearing forces match the repulsive 

forces. The simulations also show that the ordered string like structures are broken down 

at high Pe values leading to the shear thickening of the fluid and possible formation of 

clusters. The effect of the attractive part of the interparticle potential was identified as 

that of an inhibitor to the trend identified above mainly shifting the transition point of the 

ordered string like structure to the disordered structures to higher values of Pe.  

Aging calculations identified the volume fraction, strength of interaction and 

buoyancy forces as factors affecting the relaxation properties of our model fluid and 

aggregating fluids in general. Our simulations shows an undesirable progressive 

wS t  versusτ  behavior at φ  = 20% because of the ability of the particles constituting the 

system to form percolating clusters which are difficult to break and hence the 

progressively higher gel strength Sτ with increasing wait times wt . The results further 

show that the transition to the steady state gel strength value is accelerated at a higher 

strength of interaction minU .  

At a higher volume fraction φ  = 42%, excluded volume are more relevant and limit 

the diffusivity of the particles resulting into the formation of crystalline layered structures 

that are easier to shear than clusters leading to the formation of an equally undesirable 

high flat behavior. The fidelity of the layered structures formed was found to be 
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dependent on the strength of interaction. As at φ  = 20%, the transition to the maximum 

gel strength value was found to be accelerated at higher strengths of interaction. 

Simulations performed at yet higher volume fractions φ  = 52%, show the 

dominance of excluded volume effects at very high concentrations with the gel strength 

of the model fluid after any wait time being just a consequence of the microstructure at 

the end of the pre shear. The wS t  versusτ  plot at this volume fraction displayed the 

desirable low flat behavior. 

Buoyancy forces were found to significantly affect the aging properties of the 

model fluid with its effects waning with increasing volume fraction. Buoyancy forces 

were found to increase the gel strength of the model fluid by almost a factor of 2 at the 

lowest volume fraction investigated, i.e., φ  = 20%, with the effect decreasing until 

becoming negligible at φ  = 52%.  

Design parameters for engineering model fluids displaying different aging 

characteristics are also prescribed and the effects of the size of the simulation box on the 

results were also established. 
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5.7 NOMENCLATURE 

a              radius of particle [dimension L] 

d             diameter of particle [dimension L] 

H
A           Hamaker constant [dimension 2 2ML T− ]   

g             acceleration due to gravity [dimension 2LT− ] 
GF           buoyancy force [dimension 2MLT− ] 
HF           hydrodynamic force [dimension 2MLT− ] 
BF           Brownian force [dimension 2MLT− ] 
PF           interparticle force [dimension 2MLT− ] 

B
k            Boltzmann constant [dimension 2 -2 -1L MT θ ] 

N            number of particles, dimensionless 

Pe           Peclet number , dimensionless 

12r            interparticle distance [dimension L] 

w
t            wait time, dimensionless 

T             Blood Temperature [dimension θ ] 

i
u             velocity vector of particle [dimension LT

-1
] 

iu          average velocity tensor [dimension LT
-1

] 

minU         well depth  [dimension 2 2ML T− ]   

σ             size of constituent particle [dimension L] 

σσσσ             stress tensor, dimensionless 

p
ρ            density of particle [dimension ML

-3
] 

s
ρ            density of fluid [dimension ML

-3
] 

φ              volume fraction of system 

s
τ             gel strength, dimensionless 

Ω             volume of simulation box, dimensionless 

s
η             viscosity of suspending fluid [dimension ML

-1
T

-1
] 

γ              shear rate [dimension T
-1

] 
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Chapter 6. Summary and Conclusions 

Four different studies have been presented to demonstrate the applicability of 

various modeling techniques to complex particulate flows. The “holy grail” sought by the 

modeler of a complex particulate flow is a macroscopic transport model, similar to the 

Navier-Stokes equations that is capable of elucidating the underlying physics at different 

time and length scales. This is so because the macroscopic transport equations are often 

easier to solve in terms of their computational requirements and the ease of imposing 

boundary conditions. The first three studies presented provide insight into how to model 

macroscopically particulate flow at different time and length scales for systems involving 

varying concentrations of particles. The final study showcases the power of discrete type 

simulations in connecting the microstructural details to bulk macroscopic measurements. 

In chapter 2 the “shallow water model” was successfully used to describe the 

evolution of a delta from a dilute turbidity current flow. The results from the model prove 

quantitatively for the very first time that the widely held assumption of deltas prograding 

as a travelling wave. An accurate analytical expression for the progradation velocity was 

also derived in terms of the model parameters. The most important contribution of this 

study is the application of the shallow water model to extract grain size information, on 

the order of microns from seismic measurements which have a resolution typically on the 

order of meters, thus making it possible to judge the fluid or hydrocarbon bearing 

capacity of a delta based on the particle size because of the direct correlation between 

porosity, permeability and grain size. An algebraic expression for the sediment thickness 

in terms of the model parameters valid in the limit of high sedimentation rate was also 

presented to avoid the huge computational efforts required in solving the more detailed 

shallow water equations. This study shows that mechanistic models such as the one 
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applied here can be used to augment the information usually available on the subsurface 

using only seismic information. It is envisaged that this approach can be eventually used 

to complement current methods used by geologists in estimating porosity and 

permeability fields which are largely statistical at the moment. This would entail solving 

the two dimensional “shallow water equations” to determine an areal spread of particle 

distribution with appropriate compaction models which have been left out in this study.  

Continuing with the transport of dilute suspensions, chapter 3 is a study on the 

transport of drug laden nanovectors, which are proposed for use in dissolving arterial 

plaques which cause complications like stroke and heart attack. The Navier-Stokes 

equations of motion coupled with the appropriate convection-diffusion equations for both 

the nanovectors and the suspending fluid phases were successfully used to describe this 

biomedical system. Three regimes of nanovector transport were identified in terms of the 

Peclet number Pe, which measures the relative importance of nanovector transport by 

convection to diffusion. As expected, the dominant mode of transport was found to be 

convection in the axial direction of flow at high Pe leading to the adsorbed fraction of 

nanovectors scaling as 32−
Pe . At low Pe diffusion was found to be as significant as 

convection in the axial direction causing the adsorbed fraction of nanovectors to scale as 

31−
Pe .  Design parameters including the width of injection, position of the injector to the 

plaque, ratio of the viscosity of blood to that of the suspending fluid, and the ratio of the 

velocity of injection to that of the bulk blood flow were specified to maximize the 

efficiency and amount of drug delivered for each regime of flow. 

Chapter 4 focused on concentrated particulate suspension flows, which are 

important in many industrial processes where it is often desirable or necessary to work at 

high concentrations. The isotropic forms of two competing macroscopic models for 

particulate suspensions, namely the diffusion-flux model and the suspension balance 
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model, were successfully applied for the first time to simulate the distribution of a 

bidisperse suspension involving buoyant particles of different sizes and densities in a 

pressure-driven flow.  The numerical results from the simulations were compared to 

experimental measurements obtained previously. The predictions and observations 

matched very well qualitatively and fairly quantitatively. The quantitative mismatch 

between the experimental data and simulations may be related to the fact that the 

rheology, which was assumed to be isotropic in the models may not be accurate. Thus, a 

more detailed model incorporating the possible anisotropic nature of the flow should be 

pursued. Also, an empirically or theoretically determined expression for the particle 

pressure for a bidisperse suspension should be developed for use in the suspension 

balance model to replace the ad hoc ideal gas approach used in this thesis. This could 

involve discrete particle simulations that have been used before to determine constitutive 

relationships for macroscopic transport equations. 

Finally, a discrete simulation study was carried out to illustrate its power in 

shedding light on issues that cannot be resolved by the macroscopic transport equations. 

Specifically, a Brownian dynamics simulation was used to investigate the rheological and 

aging properties of a model aggregating fluid characterized by interparticle, Brownian, 

hydrodynamics and buoyancy forces in order to gain an insight into the structural reasons 

for macroscopic observations. The effect of particle volume fraction, strength of 

interaction and buoyancy on the steady state rheological properties and aging tendencies 

were explored. The results from the simulations match literature values qualitatively and 

also shed light for the first time on the underlying reasons for aging in aggregating 

colloids. As expected, the model fluid shear thins at low values of Peclet Pe, which is the 

ratio of shearing to Brownian forces. At moderate Pe values, the fluid plateaus and shear 

thickens at high Pe numbers. The three experimentally observable aging trends namely, 
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the so-called low flat, high flat and progressive behaviors were prescribed as a function 

of excluded volume effects, strength of interaction and buoyancy forces making it 

possible to determine a priori the combination of parameters for a desired aging 

behavior. Additional simulations need to be performed to determine the exact boundaries 

for each aging behavior.  
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