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The introduction of M-Code to the GPS signal structure can redefine the accuracy of

the broadcast ephemeris. Existing ephemeris generation systems use dual frequency

observations, obtained through the tracking of existing precise codes on the L1

and L2 frequencies. These codes are modulated using Binary Phase Shift Key

(BPSK) modulation. The modernization signal M-Code is modulated using Binary

Offset Carrier (BOC) modulation. In this study pseudorange observables derived

from the tracking of M-Code are proven to have greater accuracy than those from

existing precise codes, given equivalent receiver designs and operating conditions.
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In addition, the error due to specular multipath is derived. These general models

of noise and multipath can be applied to any BOC modulated signals, including

Galileo and QZSS. When applied to M-Code, the models predict that the maximum

multipath error in the pseudorange is reduced in magnitude by 50% compared to

the existing precise codes. However the range of multipath delays for which M-Code

observables exhibit multipath is approximately twice that associated with existing

precise BPSK codes.

Existing ephemeris generation processes use the ionosphere free combination

and carrier phase smoothing of the pseudorange to form smoothed pseudoranges.

The smoothed pseudoranges are then input as measurements to an ephemeris fil-

ter. The analytic models of multipath error in the pseudorange and carrier phase

observables are applied to predict errors in the smoothed pseudorange. Multipath

error, amplified by ionosphere free combination, causes a bias in the smoothed pseu-

dorange when parameterized as a function of multipath delay. There are conditions

under which the bias is zero mean, and in those conditions multipath is suppressed.

The mechanism for those conditions is solved and discussed, for both BOC and

BPSK signal tracking.

The solution of carrier phase multipath for BOC modulated signals also

admits solutions with a special quality not seen in the BPSK solution. There are

multipath delays for which the carrier phase multipath is identically zero regardless

of the multipath phase. The zero carrier phase multipath condition may be the most

promising feature associated with observables derived from BOC modulated codes.
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Chapter 1

Introduction

Regardless of its size or purpose, each GPS receiver is bound by the same physics.

The receiver listens to the allocated radio band for the signals of multiple GPS

satellites. Each signal, once detected is intricately unwrapped by the receiver in a

real-time process referred to as tracking. The tracked signal provides range mea-

surements to each satellite. That same signal also yields a low bit rate navigation

message that describes the orbit and clock of each satellite. The part of the navi-

gation message that provides the orbit and clock descriptions that are used in the

the solution of the navigation problem is referred to as the broadcast ephemeris

message. The receiver uses the range and broadcast ephemeris message to solve for

the its position, thereby solving the navigation problem. Because the solution only

uses information tracked by the user’s receiver and not from external sources this

approach to positioning is referred to as autonomous.

The performance of autonomous positioning is bound by two factors. First,

errors in signal tracking result in range measurement errors. Range errors then

insert error into the position solution. The mapping of ranging error into position

error is termed dilution of precision. Second, errors in the satellite trajectories and

clock descriptions introduce concomitant errors into the position solution. To a

1



great extent the former is under the control of the receiver designer. However, the

latter factor is common to all receivers and wholly under control of the organization

that maintains and operate GPS, the GPS Operational Control Segment (OCS).

The OCS uses receivers placed at fixed, known locations to track the signal of each

satellite. A system used to collect range measurements from a known location is

referred to as a reference station. Range measurements from the OCS reference

stations are used to create a best estimate of the satellite ephemerides, which are

formatted into the navigation message, then uploaded for broadcast to the user

community.

Some applications of GPS demand better accuracy than can be provided

via the broadcast navigation message. Those missions rely on trajectory and clock

models that have been solved after-the-fact. Such a model is referred to as a precise

ephemeris. Precise ephemerides are made available over the Internet by multiple

organizations. One such organization is the International Global Navigation Satel-

lite System Service (IGS), a global collaboration among both research and academic

institutions [1]. Range measurements from hundreds of reference stations are con-

tributed daily to the IGS ephemeris process.

The National Geospatial-Intelligence Agency (NGA) is a civilian organiza-

tion under the Department of Defense (DoD) that also produces precise ephemerides.

The NGA product serves as a trusted source of data to other DoD agencies. NGA

precise ephemerides are available to the public over the Internet. The NGA and

the OCS collaborate by the exchange of range measurements and ephemeris solu-

tions. This improves not only the quality but also the robustness of their respec-

tive ephemeris products. In 2006 and 2007 this cooperation yielded unprecedented

improvement in the broadcast ephemeris, transparently improving autonomous po-

sitioning for every GPS user with no change to his or her equipment. Because the

range measurements exchanged between the NGA and the OCS play a key role in

2



the performance of the broadcast ephemeris, the quality of those measurements are

the subject of study in this dissertation.

Both agencies use the widely known practice of smoothing in the ephemeris

production process. The goal of the smoothing process is to create a best estimate

of range to a given satellite, associated with a fixed epoch. Related smoothing

processes can be found in every application context of GPS, wherever ranging pre-

cision and robustness are of critical importance. Smoothing has been implemented

within receiver firmware, baseline determination applications, aircraft navigation

algorithms and orbit determination software.

A process that performs smoothing or a smoother combines two kinds of

ranging measurements that are produced by tracking the GPS signal. These two

measurements are the signal delay and the phase offset of the radio carrier. The

signal delay is in units of time and is multiplied by the speed of light c to create a

range measurement. Because both the satellite and the receiver clocks are imperfect,

a range derived from the delay is also imperfect. For that reason this measurement

is referred to as a pseudorange. The phase offset is tracked continuously along with

a count of how many times that phase wraps from 2π radians to zero. The count

is begun when a satellite is first tracked. This measurement is referred to as the

carrier phase. The true count of cycles between the receiver and the satellite cannot

be known in real-time for an autonomous user. Therefore the carrier phase not

only contains the clock error common to the pseudorange but an additional cycle

ambiguity. The noise level of the pseudorange is larger than that of the carrier phase.

Where the noise in the pseudorange is meter level or greater, it is not uncommon for

the noise level of the carrier phase to be centimeter level. If signal multipath error

is ignored, then error in the carrier phase can be sub-millimeter in scale. Because

the pseudorange and carrier phase measurements are the indirect products of signal

tracking, they are referred to as observables. Where a measurement is subject to
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simply noise, an observable is subject to both noise and bias.

Smoothing combines the best qualities of the pseudorange and carrier phase

observables. The range estimate features the precision of carrier phase and the

accuracy of the pseudorange. The process is based on two assumptions. First, for

each satellite in track there is a single bias between the observed pseudorange and

carrier phase observables that is constant. Second, all other differences between the

two observables are modeled as random processes.

Errors that are common to both types of observables disappear when they

are differenced. Therefore such delays are not modeled by the smoother and re-

main in the final range estimate. Examples of common delays are those due to the

troposphere and the offset between the receiver and satellite clocks. Historically,

smoothers based on these principles have proven successful.

The smoothers used by the NGA and OCS have operated without change

since both networks were founded. At that time the concept behind carrier phase

smoothing of the pseudorange had been established by Hatch in 1982 [2]. While

the smoother algorithm has remained unchanged, practically every other aspect of

these two networks has been improved. The dynamic models used by the ephemeris

generation processes have been updated. How the observations are used within the

filters has been updated to use modern differencing techniques.

Furthermore, GPS technology has changed. Receiver and clock technologies

have greatly improved. Two dozen years of research have yielded great insight into

the role of multipath and ionosphere delay on the GPS signal. Finally, new codes

are being added to the GPS signal structure.

The new signals provided by GPS are already improving the ranging accuracy

available to properly equipped users. One of those signals, called L2C, when fully

deployed will enable civil users to remove the impact of ionosphere delay on range-

type observables. In fact, each new signal will provide the user with more observables
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by which to solve the navigation problem. It is conceivable that the performance

of the navigation problem will be bound by the ephemeris. Fortunately, the same

modern signals that have the potential to create a demand for improved ephemeris

can themselves be used to assist in that improvement. One of the new signals,

M-Code, is uniquely suited to the task. M-Code belongs to a new class of GPS

signals based on a modulation technique referred to as binary offset carrier (BOC)

modulation. BOC modulated signals are more resistant to noise and interference

than existing signals that are based on Binary Phase Shift Key (BPSK) modulation.

Furthermore, most of the new signals are BPSK modulated, and M-Code is the only

new signal present on multiple frequencies.

1.1 Thesis Statement

The accuracy of the ephemerides produced by the NGA and GPS OCS is tied to the

accuracy of the range measurements produced by their almost identical smoothers.

While smoothing greatly reduces the impact of noise and interference from mul-

tipath, systematic errors remain. Those systematic errors can be attributed to

properties of BPSK modulation and receiver design parameters. If the networks

were to substitute the BOC modulated M-Code for the BPSK modulated codes

currently tracked by their receivers, the smoother products would show character-

istically smaller error due to noise.

1.2 Approach

The argument presented in this dissertation is that a smoother that processes observ-

ables derived from M-Code has improved quality compared to the existing smoother.

Each chapter addresses one point in that argument. First the performance of the

existing smoother is developed theoretically based on filter theory and those results
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are connected to field performance. Then the error characteristics of tracking BOC

modulated code are derived and applied to M-Code. From those characteristics, the

expected performance of an M-Code based smoother are predicted.

The motivation for improving the smoother is first established in Chapter 2.

Basic concepts behind GPS are described qualitatively. The roles of NGA and GPS

OCS in supporting the GPS mission are described. Two movements to improve the

performance of GPS are described, the Accuracy Improvement Initiative (AII) and

Modernization.

An analytic description of performance associated with the tracking of GPS

follows in Chapter 3. Performance models for the tracking of GPS signals are de-

rived from first concepts. A nominal receiver architecture is defined in that chapter.

The error associated with tracking the GPS signal can be stated in terms of the

signal characteristics, such as modulation parameters, and the receiver design char-

acteristics, such as correlator distance. With those parameters, the effect of noise

on receiver tracking is rederived. Classic solutions to short and long term multipath

error due to a single reflector [3, 4, 5] are reproduced. For reference stations it has

been shown that the largest source of multipath error is coherent reflection from the

ground [6, 5, 7]. Noise and multipath both contribute to the observables input to

the smoothing process.

The smoothing process is the subject of Chapter 4. Carrier-phase smoothing

is bound in accuracy not only by noise but also by multipath. Each step in smoothing

is described and how that step is affected by noise and multipath is analyzed. In this

manner trends in observables are mapped to trends in the smoothed pseudorange

and carrier phase products output by the smoother. It is in this chapter that the full

relationship between noise, multipath and smoothing is established. Based on that

development, the conditions under which smoothing can fully mitigate multipath

are solved.
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A departure from the existing signal and smoothing process is made in Chap-

ter 5. All of the signals proposed as part of GPS Modernization are reviewed. In that

chapter the general attributes of BOC modulation are described and contrasted with

BPSK modulation. Those properties are used to derive the expected noise and mul-

tipath properties of BOC modulated codes. Prior work has characterized the noise

and multipath rejection capabilities of BOC modulated code, but only for specific

receiver designs that would not be used in reference stations. In this development

a high fidelity receiver is assumed. The error models are derived parametrically so

that performance can be predicted in terms of a number of variables, including mod-

ulation parameters, receiver design properties, noise level and multipath reflection

conditions.

The founding papers by Betz [8, 9, 10, 11] formulate the BOC modulated

M-Code. Those papers predict the pseudorange observable’s noise using the Cramer-

Rao Lower Bound. In those derivations, the receivers are assumed to utilize signal

tracking based on noncoherent discrimination. However, for receivers that support

ephemeris generation, coherent discrimination is a more representative design choice.

In this chapter an existing approach published by Van Dierendonck [12, 3] and

Spilker [13] for predicting the ranging accuracy associated with the coherent tracking

of BPSK codes is extended to the general case of all BOC modulated signals. Those

results are applied to predict the pseudorange noise of M-Code.

Closed form models for multipath error in pseudorange and carrier phase

based on the tracking of M-Code are also derived in Chapter 5. The derivations are

stated in terms of the BOC modulation parameters, as well as correlator spacing.

The models assume the presence of a single, strong coherent reflector. The analytic

model of multipath error in M-Code established in this chapter compares favorably

with the numerical and statistical plots of multipath error found in prior work [8,

14, 15, 16].
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The final development in Chapter 6 uses analytic models from Chapter 5

to predict the performance associated with smoothing observables derived from

M-Code. Improvements to both the true and expected covariance of the smoother

products are predicted. The systematic trends in bias due to multipath are reduced.

The extent to which the M-Code based smoother can remove multipath is derived

and compared to the equivalent conditions associated with the tracking of BPSK

codes.

Finally, the results derived and presented in this dissertation are discussed

in Chapter 7. Implications of those conclusions and the models that support them

show promise for future investigations. Chapter 8 describes possible future studies

based on the work of this dissertation.

1.3 Contributions

These are the original contributions of this dissertation:

1. Prediction of performance associated with smoothing measurements based on

M-Code. M-Code is a new signal associated with GPS. There are no produc-

tion M-Code receivers to the knowledge of this author, and only one prototype

receiver has been created by Space and Naval Warfare Systems Command

(SPAWAR). At the time of this writing, the NGA, the Air Force and other

agencies have released a Request For Information (RFI) to investigate the pos-

sibility of commissioning a receiver that can track M-Code and other signals.

By exploring the potential of M-Code from first concepts, this study assists in

justifying the benefits of M-Code tracking receivers to ephemeris production.

Those benefits are the the subject of Chapter 6. Furthermore, the measure-

ment models developed in Chapter 5 can provide insight to those involved

with acquiring, designing or testing M-Code receivers.
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2. A fully closed form model to predict multipath error for BOC modulated sig-

nals. The literature associated with BOC modulated signals such as M-Code

demonstrate the response of signal tracking in the presence of multipath [8, 9,

11, 15]. Those report are derived from signal simulation at fixed signal-to-noise

ratios and fixed receiver design parameters. In addition those simulations use

signal tracking that is insensitive to signal phase. Only one report presents a

statistical model assuming a large number of reflectors [15]. For the purpose of

this dissertation, it was necessary to generate an analytic model of multipath

caused by coherent reflection from a single reflector. This is the first known

analytic model of multipath for the BOC modulated signals. The model is de-

rived in Section 5.4.3. In order to validate the approach taken to generate the

BOC model, the same approach was applied to standard BPSK signals. Each

result was verified against results in the literature [3, 4, 5, 17, 18, 19, 20, 21].

3. Prediction of zero multipath conditions for both BPSK and BOC modulated

signals. Because the models of multipath in this dissertation are analytic,

they can be used to predict characteristics of multipath error that might not

otherwise be found through simulation. The condition requires that the phase

added by the multipath reflection is randomly valued, evenly from zero to

2π. In the condition, the mean pseudorange multipath error is zero mean for

narrow correlator receivers. That condition is derived in the context of BPSK

signals in Section 3.4.4 for pseudoranges and in Section 3.4.6 for carrier phase.

The condition offers a possible explanation as to why smoothing sometimes

defeats multipath. A zero mean condition in field measurements is plotted

in Figure 4.8(b). The equivalent condition for pseudoranges derived from

BOC modulated signals is completed in Section 6.2. Furthermore, a new

condition for zero multipath in the carrier phase is discovered and linked to

the correlation properties of BOC modulated signals in Section 6.3.
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4. An error analysis connecting signal and ephemeris errors to errors in the

smoother products. The existing documentation describing the NGA and Air

Force OCS smoothers only describes their algorithms [22, 23]. In one of those

documents [22], an error analysis is performed, but its extent is limited to

justify the one difference between the two smoothers. In this dissertation,

the performance of the smoother is predicted, in terms stochastic parameters

such as noise, model parameters such as ephemeris clock error, and geometry-

based errors such as multipath. Both smoother algorithms and an analysis

of their common errors are the subjects of Chapter 4. In that development,

smoother errors are stated generally so that the analysis is decoupled from

site, campaign or receiver specific parameters. The resulting fundamental re-

lationships between multipath phenomena, signal noise, and smoother error

are experimentally verified using hardware simulation in Section 4.4.2. Those

relationships are applied to predict improvements to the smoother when it is

applied to M-Code based observables in Chapter 6.

Publication of these contributions has begun. The models of noise and specu-

lar multipath error have been presented at the PLANS 2008 conference in Monterey,

California, in May 2008. The presentation is developed more fully in the conference

proceedings as Reference [24].
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Chapter 2

Background

2.1 The Global Positioning System

The Global Positioning System (GPS) employs an array of modern technologies to

provide one of the most ancient human needs: knowing one’s location. Provided with

the right equipment and access to the sky, a user can determine his or her location

on Earth at any time under most conditions. As the size and cost of electronic

equipment continues to shrink, GPS is becoming more pervasive. GPS capabilities

can now be embedded in spacecraft, automobiles, laptops, cellular phones, watches

and even shoes.

The GPS receiver extracts range measurements, orbit descriptions, and clock

information from the broadcast signal. The receiver uses the orbit and clock solu-

tions along with the range measurement to calculate a best estimate of its position.

Because this kind of position solution only uses observations from the receiver and

not from any other sources of information, it is referred to as autonomous.

GPS is referred to as a one-way ranging system. The ideal model for the one

way range measurement is

ρ = c(tr − tt) (2.1)
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where c is the speed of light, tr is the receive time, tt is the transmit time, and ρ is

referred to as the pseudorange [25]. The measurement is referred to as a pseudorange

because the receiver and satellite clocks are different clocks. In practice the satellite

clock model is provided as input to the navigation problem, and the receiver clock

offset is solved as an unknown with the receiver position.

The user position is the product of a number of supporting technologies.

The receiver uses digital signal processing to detect and decipher the GPS radio

signal. The source of that radio signal is a constellation of GPS satellites orbiting

the Earth at an altitude of over 20,000 kilometers. The operation of those satellites

and their payloads is provided by the OCS. The OCS itself tracks the GPS signal

using essentially the same receiver technology as general users.

The performance of a GPS receiver is bound by its ability to receive and

detect the GPS signal structure. Most if not all receivers employ unique features to

enhance their signal tracking ability. These features, such as advanced correlation

techniques or specialized antennas, can vary by manufacturer. While studying the

impact of receiver specific features would be productive, it is beyond the scope of

this dissertation. Without that analysis it is still possible to predict the benefits

associated with tracking the modernized signal. The properties of the signals can

be used to predict the relative quality of the observables, as processed by a nominal

receiver design.

Attention to the details of receiver and signal design is necessary because

unlike other satellite telecommunication systems, the GPS signal level is beneath the

environmental radio noise present on the surface of the Earth. For this reason, the

GPS signal is referred to as subthermal. The power allocated to signal generation is

on the order of the power of an incandescent light bulb. The C/A signal’s power, for

example, is approximately 27 watts at its source [26]. That signal is then distributed

across the face of the Earth, causing a spatial loss of power. Figure 2.1 qualitatively
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Figure 2.1: The GPS signal loses power as it spreads across the surface of the Earth.

portrays this loss of power between the satellite and the Earth’s surface. Also, the

atmosphere absorbs from 0.5 to 2 dB signal amplitude. In the end, the receiver on

the surface of the Earth receives approximately −133 dBW/m2 [26].

To make the signal observable, it is spread across a range of frequencies. The

GPS signal is often referred to as spread spectrum. There are additional advantages

to the use of spread spectrum signals. First, the spread signal is less susceptible

to inadvertent jamming. Second, multiple codes can be layered together to make

efficient use of the frequency bands allocated to GPS.

This signal design is optimized for simple operation of the receiver. The

antennae used to track GPS are omnidirectional and typically do not take advantage

of aperture size to amplify the signal. Receivers on different hemispheres can track

the same signal despite having different Doppler shifts relative to the source.

More detail is required to represent the phenomena introduced by practical

realizations of the emitters and receivers used in GPS. For this system, the one-

way range is implemented as a radio broadcast, directed from a constellation of

satellites to the Earth. The satellites emit on the same bands. In order to separate

the signals, they are encoded using independent, time-varying patterns or codes.

The codes can be likened to the characteristic voice of a friend speaking to you in

a crowded cafe from across the room. You, the receiver, know your friends voice
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Figure 2.2: The GPS receiver as a sequential filter

and can distinguish it from the rest, despite that he is speaking in the same vocal

range and similar volume as others. Similarly, the receivers use codes to extract

signals from multiple satellites from just one set of radio samples. Furthermore, the

receiver takes advantage of the fact that the code is a known function of time. By

matching its internally generated signal to the detected signal, the receiver can form

an estimated time delay in the receipt of the signal.

The receiver must track the values of fundamental parameters in order to

generate an internal replica of code. Those parameters must be tracked with great

precision for the received code to be correlated against the internally generated

signal. The parameters are largely associated with fundamental physical quantities:

distance, frequency and frequency offset. For this reason, the parameters are often

treated as measurements, but because they are the products of a filter, here they

are referred to as observables.

A GPS receiver can be seen as an optimization machine. This machine seeks

the best parameters to maximize a cost function. The cost function is the correlation

of an internally generated signal to an externally sampled signal. The parameters
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are essentially the GPS observables. This concept of receiver operation is credited

to Reference [26] and is illustrated in Figure 2.2.

2.2 The NGA Monitor Station Network

The National Geospatial-Intelligence Agency (NGA) operates a global network of

GPS reference stations. This network provides high quality observations to NGA

and the Air Force OCS [27]. These observations are also contributed to the IGS.

All of the agencies use the observations to produce ephemerides. NGA currently

produces precise ephemerides as a batch process. This section describes the NGA

network and its ephemeris production.

2.2.1 The Monitor Station Network

The NGA Monitor Station Network (MSN) is a system developed to collect, verify

and distribute GPS observations to a variety of customers [28]. The system has been

established for over twenty years. For that timespan the Space and Geophysics

Laboratory, part of Applied Research Laboratories at the University of Texas at

Austin, has provided lifecycle engineering support for the system.

The MSN as a system is composed of reference stations and a control center.

The reference stations are distributed globally. Figure 2.3 depicts the locations for

the MSN. In that figure the locations for the OCS ground stations are included for

comparison.

Each reference station collects high quality GPS observations. The stations

utilize the Ashtech Z(Y)-12 receiver that generates observations by tracking precise

military signals on both L1 and L2. The receiver antenna utilizes a choke ring that

mitigates interference of the signal from reflections (signal multipath). All stations,

except one, are equipped with cesium atomic clocks to provide a reference standard.

The exception is the station at the U.S. Naval Observatory, which uses that steered
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Figure 2.3: Global distribution of the NGA and USAF OCS reference stations (Im-
age courtesy Brent Renfro)

bank of atomic clocks at the site, known as the Master Clock. Finally, each station

collects weather measurements using a calibrated pair of meteorological probes.

The observations are collected by a control computer, which runs the smoother

to produce the smoothed pseudorange and a smoothed carrier phase measurements.

Both the collected and derived measurements are transmitted over a wide area net-

work (WAN) using TCP/IP to the NGA MSN GPS Control Center (MSNCC) in St.

Louis, Missouri. At the time of this writing, all but one of the eleven MSN stations

communicate in real-time using a dedicated line.

At the MSNCC, the observations are delivered to customers in real-time. A

dedicated crew of operators and analysts monitor the dataflow and system. On

a daily basis the observations are packaged and delivered to the NGA Precise

Ephemeris team for processing. In addition, observations are delivered in real-time

to a large number of customers, again using dedicated TCP/IP communications.
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Chief among those customers is the Air Force OCS.

2.2.2 NGA Ephemeris Production

The NGA Precise Ephemeris team uses MSN observations to provide a range of

services and models to the GPS community. On a daily basis, the team generates

precise ephemerides and Earth orientation models using the Orbit Mensuration and

Navigation Improvement System (OMNIS). As of this writing, May 2008, NGA is

in the process of replacing OMNIS with a new system, Estimation and Prediction of

Orbits and Clocks to High Accuracy (EPOCHA). A chief new feature of EPOCHA

is that it will produce ephemerides in real-time. Both ephemeris production sys-

tems are designed and maintained by the Naval Surface Warfare Center, Dahlgren

Division (NSWC:DD).

2.3 Accuracy Improvement Initiative

In 1995, the U.S. National Research Council published its recommendations to en-

hance the accuracy of the GPS. That study recommended, among other things,

improvements to dynamic models of the OCS and the inclusion of NGA observa-

tions into the OCS Kalman filter [29]. This effort is now referred to as the Accuracy

Improvement Initiative (AII). AII was first implemented using existing systems in

an effort called Legacy AII or L-AII which is depicted in Figure 2.4. As of this

writing the improvements associated with L-AII are also implemented in the mod-

ernized ground control system referred to as the Architectural Evolution Program

(AEP) [30].

Figure 2.5 depicts reduction in error of the ephemeris and clock models as

L-AII was implemented. The metric of error used is the User Range Error, a value

that represents the contribution of ephemeris and clock error, on a global scale, to

the navigation solution. A more detailed definition of URE is noted in subsequent
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Figure 2.4: Processing flow associated with Legacy AII (Image courtesy Brent Ren-
fro)
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Figure 2.5: Reductions in the OCS Kalman filter residuals (Image courtesy Brent
Renfro)

text. Some of the improvements introduced via L-AII improved physical models

in the Kalman filter associated with Earth and satellite dynamics. Those events,

such as the incorporation of new tidal or eclipse models, are noted as events in

Figure 2.5. Improvement is also attributed to inclusion of smoothed observations

from the MSN stations into the OCS Kalman filter [30]. Those events are marked

as blue vertical lines. Figure 2.5 depicts the drop in Kalman filter residuals as

each NGA monitor station was incorporated into the measurement model. Other

events are noted on the figure, in particular eclipse seasons, noted by orbital plan.

Improvements to the Kalman filter result in improvements for the autonomous use

of GPS. The improvements seen as part of L-AII and AEP inspired this dissertation.

Unfortunately, some of the accuracy improvement associated with AEP de-
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grade on the way to the user. The OCS Kalman filter operates in real-time to define

a best estimate of each satellite ephemeris. The latest estimate of ephemeris is re-

ferred to as the Zero-Age-of-Data (ZAOD) ephemeris. Navigation messages that

describe the ZAOD are uploaded to each satellite as it passes over the OCS master

control station (MCS). Therefore, the orbit and clock models broadcast in the nav-

igation message are updated once every twelve hour orbit. By nature the uploaded

broadcast ephemeris contains errors even upon upload. Once uploaded, perturbing

forces cause those errors to drift unpredictably.

The difference between broadcast and true ephemeris results in a range error.

That range error can be evaluated by differencing the range prediction associated

with the broadcast and precise ephemerides. A metric based on that difference is

the User Range Error (URE).

URE = ~δeph · −−−→LOS − cδclk

URE
2

=
1

SV

∫

S

(

~δeph · −−−→LOS − cδclk

)2
dS

URE ≈
√

c2δ2
clk + 0.96δ2

rad + 0.02δ2
hor − 1.96δradδhor

where
−−−→
LOS is the line of sight vector; ~δeph is ephemeris error with radial and hor-

izontal components, δrad and δhor; δclk is clock error; dS is a unit of the Earth

surface; and SV is total Earth surface. Figure 2.6 shows changes in the URE over

the span of years. A comparison of trends in Figures 2.6 and 2.5 shows that the

lag between upload and reception of the navigation inserts error into the broadcast

ephemeris. However, both figures show that improvements to the ZAOD ephemeris

result in improvements to the URE, despite the unpredictable dynamics that reduce

the quality of the broadcast ephemeris. The quality of the URE is due in part to the

quantity and geometric diversity of observations provided to the ephemeris filter.

Further improvements to the URE are then made possible by increasing observa-
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Figure 2.6: Reductions in the GPS User Range Error (Image courtesy Brent Renfro)
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tion accuracy. New signals being introduced as part of GPS Modernization offer an

opportunity for exactly such an improvement.

2.4 GPS Modernization

The motivation for GPS accuracy improvement can be compared to a battle with

two fronts. In the navigation problem the two adversaries are measurement and

ephemeris errors. AII and AEP have addressed accuracy in the broadcast ephemeris

by changing the ground segment. The space segment is being improved as well by

the addition of new signals. For the purposes of this dissertation, the new signals

are referred to collectively as modernized signals. A number of studies in the mid

and late 1990’s resulted in recommendations for additional signals [31]. While these

studies did not immediately result in changes to the GPS system, they did provide

the necessary direction for a series of White House directives [32, 33, 34]. Those

directives were aimed at simultaneously improving the performance of GPS for civil

users while ensuring system integrity for military users.

2.5 M-Code and the Proliferation of GNSS

The value associated with solving the navigation problem is hard to overstate. In

order to retain the capabilities of GPS as an asset, each set of users seeks to con-

trol the system or invent one like it. This has led to the proliferation of satellite

navigation systems. The term Global Navigation Satellite System or GNSS is an

abstraction of systems like GPS. Currently, there is only one other operating GNSS,

GLONASS, which is still maintained by Russia. The European Union is establish-

ing a new GNSS called Galileo. A number of other nations are planning regional

systems. All of these systems will by design operate on the same signal bands: L1,

L2 and L5.
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In light of this proliferation of GNSSs, the U.S. military will one day no

longer be able to deny users the ability to solve the navigation problem by simply

denying them GPS. The threat of such denial loomed for years over the international

community of GPS users, serving as a motivation for proliferation of GNSS systems.

The U.S. government has sought to ameliorate the perceived threat of GPS denial

by announcing the deactivation of Selective Availability (S/A) [35, 36]. In order to

preserve strategic advantage in light of the deactivation of S/A and the proliferation

of GNSS technology, the U.S. military has introduced a new signal called M-Code. A

key feature of M-Code is that its spectrum is distributed away from the band centers

of L1 and L2, so that it can be detected when other GNSS signals are jammed. Later

this dissertation will prove that this spectral distribution designed for security also

promises better accuracy.
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Chapter 3

Tracking Performance of Classic

GPS Signals

Before the benefits of incorporating M-Code observables into the smoother can

be predicted, the performance of the existing smoother must be established. The

smoother performance is defined not only by its design but also by its inputs. The

purpose of this chapter is establish the error models for those inputs, the raw pseu-

dorange and carrier phase observables. The breadth of error sources associated with

GNSS signals will be reviewed, however many will only be briefly discussed. These

errors are common to observables input and the primary smoother output, the car-

rier phase smoothed pseudorange. These errors are modeled later in the ephemeris

generation process. The errors related to ionosphere delay and clock alignment are

examined in depth, and noise and multipath errors are deeply discussed. Their val-

ues are connected to properties of the classic BPSK signals and to design parameters

for a nominal receiver design. The final products of this chapter are statistical and

analytic error models for the pseudorange and carrier phase observables.

The development in this chapter supports later developments in two ways.

In Chapter 4, these error models are used to explain smoother performance. The
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approach to developing the error models is applied again in Chapter 5 to predict

the errors associated with the tracking of BOC modulated signals.

The description and development of error models are presented in the same

sequence as they occur in the signal tracking process, from signal generation to

correlation to the formation of observables. Both physical and computational phe-

nomenon are treated. First, the broadcast signal is defined in both the time and

frequency domains. Spatial concepts relevant to the propagation of the signal are de-

fined, such as the topocentric frame. Effects that occur along the propagation path

are then considered. Signal processing within the receiver is defined and modeled in

detail with an emphasis on the effect of signal multipath. Finally, analytic models

of observable error are derived as a function of signal-to-noise ratio and multipath

reflector properties.

3.1 GPS Signal Models

The goal of this section is to establish practical models of the GPS signals. The

models will be used to establish the theoretical accuracy of range and phase ob-

servations derived by an idealized receiver. Aspects of the signal are presented in

three domains: time, frequency and space. All three domains are required to fully

characterize the errors associated with tracking BPSK signals.

A comprehensive description of the signals that could be generated by the

GPS satellites is beyond the scope of this dissertation. Instead, a practical model

associated with the current operational configuration is used. Each satellite is de-

signed with a degree of flexibility in the signal structure, as the designers knew that

the operational requirements of GPS could shift greatly over time. For example,

each Block II satellite has the ability to broadcast C/A code on L2 in place of P-

or Y-Code. In this dissertation that feature is assumed inactive. The following is a

list of GPS system configurations that are assumed here.
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• The antispoofing (A-S) feature of GPS is on. At the time of this writing Y-

Code is being broadcast by all GPS satellites. When the antispoofing (known

as A-S) feature of GPS is off, the Y-Code is replaced by the P-Code. It is

public information that Y-Code is an encrypted form of P-Code, to prevent

spoofing. The nature of that encryption, and even the process for generating

P-Code, are beyond the scope of this dissertation. It will be assumed that the

transformation of P-Code to Y-Code generates negligible error. Therefore, the

properties of Y-Code will be taken to be the same as P-Code.

• Selective Availability (S/A) is off. The GPS system can dilute the accuracy of

user tracking by the intentional insertion of ephemeris error and clock error.

This feature of the GPS system is called Selective Availability or S/A. S/A

was turned off in May, 2000 [35]. Assurances have been made by the U.S.

federal government that S/A will not be reactivated [37]. Furthermore, most

recently, the White House has announced that S/A capabilities will not be

present in the next generation of GPS satellites, GPS III [36].

3.1.1 Time Domain Description

The GPS satellites broadcast on two L-band radio signals. These frequencies are

labeled L1 and L2, at 1575.42 MHz and 1227.6 MHz, respectively [38]. All of

the GPS satellites emit carrier frequencies on L1 and L2. The carriers are phase

modulated by a time-based ranging code and data code. The time-based code

changes much faster than the data code.

The codes and their impact on the GPS carrier signal can be productively

modeled as functions of time. The modulated signals on L1 and L2 as broadcast
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from each satellite are parameterized as [39]:

SL1 =
√

2PP,1XP (t1)D(t1) sin(2πf1t1 + φ1) +
√

2PC/AXC/A(t1)D(t1) cos(2πf1t1 + φ1) + ǫ1(t1) (3.1)

SL2 =
√

2PP,2XP (t2)D(t2) sin(2πf2t2 + φ2) + ǫ2(t2) (3.2)

t2 = t1 + TGD12 (3.3)

Conceptually the terms in Equations 3.1 through 3.3 are:

The satellite clock is parameterized as t1. All the satellite signals are derived

coherently from a single oscillator, tied to an atomic clock. The clock is therefore

extremely stable over long periods (days to weeks). A Cesium atomic clock drifts

one part in 1012 over the span of a day. A rubidium atomic clock has slightly less

stability. The clocks on each satellite are monitored and steered by the GPS OCS.

The carrier wave form is represented with the sinusoidal terms. Those por-

tions of the signal that are aligned with phase multiply with the cosine terms. Those

that are said to be in phase quadrature are multiplied by the sine terms.

The Coarse/Acquisition or C/A code is denoted as XC/A(t), and its relative

power is PC/A. The precise code is represented using XP (t). The relative powers

associated with the codes on L1 and L2 are denoted PP,1 and PP,2, respectively.

All of the codes are functions of time, but only take the value ±1. Each code

is a piecewise continuous function that changes value only at discrete, regular times.

The minimum time between possible switches is referred to as a chip. A generalized

model for a code is in essence a sum of time shifted and scaled chips. Each chip can

be represented using the box function defined by References [40] and [26] as:

⊓(t) =







1, |t| < 1
2

0, elsewhere.
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Any BPSK code X(t) can be represented as a sum of shifted and scaled box func-

tions.

X(t) =
N−1
∑

n=0

xn ⊓
(

t − nTX

TX

)

(3.4)

Here X(t) represents any theoretical code. The time period of each chip of code X

is represented as TX . The magnitude of the nth chip is xn and can take the values

of ±1. In the case of C/A, N is 1023 total chips per sequence. The duration of each

C/A code chip TC/A is 1/1.023 microseconds. The C/A sequence of chips repeats

approximately every millisecond. The chip rate of C/A code is 1.023 × 106 chips

per second (cps).

The precise code is denoted in Equations 3.1 and 3.2 as XP (t). The code

associated with each can be a publicly defined code called P-Code. The chipping

rate of P-Code is ten times that of C/A-Code [38]. When the antispoofing (A-S)

feature of GPS is enabled, as it has been since January 3, 1994, the precise code is

a different sequence called Y-Code. Y-Code is an encrypted code which can only be

tracked by appropriately keyed receivers.

For the purposes of this dissertation, the properties of P-Code will be used

for XP . Presumably, for these networks, the GPS receiver will be able to decrypt

Y-Code to reconstruct P-Code. Then the signal tracking properties of P-Code,

as defined by the IS-GPS-200 [38], will dominate the performance of the receiver

tracking. Therefore, the nature of that decryption is irrelevant to this development,

since the details of P-Code generation are not required. The noise and multipath

associated with tracking precise code can be productively modeled when the code

is assumed to be purely random.

The codes are represented as coefficients that multiply each carrier, a method

known as amplitude modulation. However, this is a mathematical convenience.

Code values that take the form of ±1 alternatively could be represented by phase

shifts of ±π. The GPS signal is considered a premier application of phase modu-
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lation. Because the phase shifts take the form of two discrete values, this form of

encoding is referred to as binary phase shift keying, or BPSK . In the literature as-

sociated with GPS modernization, the term BPSK(k) is used to represent the series

of pulses defined by Equation 3.4, where k represents the chipping rate as a multiple

of the rate associated with the C/A-Code. Then the codes associated with C/A-,

Y- and P-Code can be written as:

XC/A(t) = BPSK(1)(t) (3.5)

XP (t) = BPSK(10)(t) (3.6)

The code amplitude associated each pulse, xn, is subsequently dropped in this no-

tation. Chip rate is the only parameter.

A low frequency navigation message is represented using D(t). D(t) carries

information regarding the current status of the GPS system and specific information

regarding the satellite under track. Like the codes, the data message only takes

the values ±1. The frequency of change in the data message is much lower than

that associated with the timing codes. The data message is organized into frames

composed of 1500 chips per frame. The frames cycle every 30 seconds, with a

subsequent chipping rate of 50 cps. The data message, or navigation message, is

further divided into five even frames of 300 chips or bits. For each frame, there

are three subframes dedicated to the broadcast ephemeris message, and two frames

dedicated to the almanac message. The broadcast ephemeris contains information

pertinent to the satellite under track: health status, a clock model and an orbit

model. The remaining two subframes in the almanac are dedicated to the almanac.

The almanac provides a status of the entire constellation. The contents of the

almanac are distributed among multiple, subsequent frames. The precise format of

the almanac and broadcast ephemeris messages are beyond the scope of this analysis,

and are further defined in Reference [38].
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The codes, the carrier and the data message in this model describe an ideal

signal design. However, the mathematically designed signal must be implemented

in a real circuit as a payload on the satellite, which result in two tangible effects to

model. First, the circuits which broadcast the L2 signal are delayed with respect

to L1. This delay is modeled here as TGD12. Second, environmental radiation and

quantum fluctuations in the signal generation hardware generate noise. That noise

is represented here using ǫ.

3.1.2 Frequency Domain Description

Analyses which characterize the performance of the GPS signal must evaluate the

strength of the signal relative to background noise. That strength can be described

in terms of energy. The energy E of a signal Y (t) over a period of time t0 to tf is a

function of its amplitude:

E Y =

∫ tf

t=t0

|Y (t)|2dt (3.7)

This form of energy requires that the signal Y be fully described in the time domain,

from t0 to tf . However this only describes the energy associated with a period, and

cannot fully characterize a signal of infinite duration. A full characterization would

take t0 to −∞ and tf to +∞. By summing the energy in the signal for all time, it

is possible to take advantage of Parseval’s or Rayleigh’s Theorem [40]:

Y (f) = F{Y (t)}

∫

∞

t=−∞

|Y (t)|2dt =

∫

∞

f=−∞

|Y (f)|2df (3.8)

The continuous Fourier transform is denoted using the operator F . The theorem

states that the energy in the signal is equivalent in the time and frequency domains.

However E cannot be evaluated for the GPS signal as it is defined for all times and

therefore has infinite energy. To characterize this form of continuous signal, the
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power spectral density is used. The power spectral density for a finite energy signal

is the integrand of the right hand side of Equation 3.8. For power limited signals,

the power spectral density is defined as [26]:

SY (f) = lim
T→∞

E{|Y (f)|2}
T

(3.9)

where E is the expectation operator, and T is a sample period for which the signal

is defined. The power spectral density plays an key role in bounding the signal

tracking performance of a receiver in the presence of noise.

Equation 3.4 defines a BPSK signal of unit amplitude. Assuming a chip

length TX , a power spectral density can be derived. First the Fourier transform of

the BPSK function is found.

X(f) ≡ F{X(t)}

= F{
N−1
∑

n=0

xn ⊓ (
t − nTX

TX
}

= F{⊓(
t

TX
) ∗

N−1
∑

n=0

xnδ(t − nTX)}

= F{⊓(
t

TX
)} · F{

N−1
∑

n=0

xnδ(t − nTX)}

= TX sinc(πfTX) ·
∫

∞

−∞

N−1
∑

n=0

xnδ(t − nTX)e−j2πftdt

= TX sinc(πfTX) ·
N−1
∑

n=0

xne−j2πfnTX

where ∗ represents convolution and δ represents the unit impulse function. The
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power spectral density is then:

SX(f) = lim
T→∞

E{|X(f)|2}
T

= lim
T→∞

E{X(f)X(f)}
T

, as |M |2 = MM

= lim
T→∞

T 2
X sinc2(πfTX) · E

{

∑N−1
n=0 xne−i2πfnTX ·∑N−1

k=0 xne−i2πfkTX

}

T

= lim
N→∞

{

T 2
X sinc2(πfTX)

NTX
E

{

N−1
∑

n=0

xne−i2πfnTX

N−1
∑

k=0

xke
+i2πfkTX

}}

,

= lim
N→∞

{

TX sinc2(πfTX)

N
E

{

N−1
∑

n=0

N−1
∑

k=0

xnxke
−i2πfnTX e+i2πfkTX

}}

= lim
N→∞

{

TX sinc2(πfTX)

N
E

{

N−1
∑

n=0

N−1
∑

k=0

xnxke
−i2πf(n−k)TX

}}

where T = NTX and the overbar represents complex conjugation. Assuming xj is a

random sequence, E{xnxk} = 0 where n 6= k. This allows a final form of the power

spectral density to be written as:

SX(f) = lim
N→∞

{

TX sinc2(πfTX)

N

N−1
∑

n=0

x2
ne−j2πf(n−n)TX

}

= lim
N→∞

{

TX sinc2(πfTX)

N

N−1
∑

n=0

1

}

= lim
N→∞

TX sinc2(πfTX)

N
N

= TX sinc2(πfTX) (3.10)

A number of factors can alter the received spectrum of the signal from that described

in Equation 3.10. These higher order effects are not quantified in this dissertation,

including additional spreading by data messages or shifts in the frequency, such as

those caused by Doppler shifts or oscillator frequency offset. Higher order variation
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also occurs because the series xi is actually pseudorandom [26].

The power spectral density of the classic signals of GPS is depicted in Figure

3.1. The power associated with C/A-Code is concentrated about the center of the
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Figure 3.1: Classic GPS Signal Spectrum

L1 band. Most of the power of C/A-Code can be found within one MegaHertz of

band center. Receivers that just track C/A need only be sensitive to that small band

near L1 and are referred to as narrowband receivers. Consumer grade receivers are

typically narrowband. In comparison the power of P/Y-Code is spread more widely.

Receiver that track P- or Y-Code are necessarily wideband receivers.

3.1.3 Spatial Domain

Errors and other receiver tracking phenomena are correlated with the geometry

between the satellite and receiver. For receivers at static reference stations, the

topocentric frame is used to describe the satellite to receiver geometry. The topocen-

tric frame is fixed to the Earth. The origin of the frame is the receiver antenna phase

center. The local horizon is the reference plane in the topocentric frame. The nor-

mal to the local horizon is defined by two points: the local origin and the center

of the Earth. The origin is included in the reference plane. Also confined in this

plane is a vector aligned with true, geometric North. Using these reference vectors
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Figure 3.2: The topocentric frame defines the angles associated with line of sight,
azimuth and elevation.

and plane, a number of critical directions and coordinates can be defined. Zenith is

defined as a vector from the origin, perpendicular to the horizontal plane, pointing

up. Opposite to zenith is nadir . The vector from the origin to a satellite is referred

to as a line of sight or LOS. The direction of the LOS vector is described in spherical

coordinates by two angles. Elevation is the angle between the satellite and the local

horizon. Azimuth is the angle from true North to the satellite in the horizontal plan,

measured clockwise, or, equivalently, north through east. The angles and positions

defined by the topocentric frame are depicted in Figure 3.2.

One form of receiver testing involves using two or more receivers sharing a

topocentric frame. This is implemented by connecting the receivers to the same

antenna. This is referred to as a zero baseline configuration. Signal delays and

errors that are geometry dependent will then be common for all receivers in this

configuration.

3.2 Propagation Phenomena

As the GPS signal propagates from the satellite to the receiver, distortions are

introduced. Because signal tracking is used to produce observables, these distortions

become biases or errors. The signal is delayed as it passes through the atmosphere.
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These delays are due to the charged portion of the atmosphere, the ionosphere, and

the uncharged portion, the troposphere. Another systematic distortion occurs due to

the effects of relativity. Because GPS is tracked using omnidirectional antennae, the

signal is subject to interference from its own reflection. Distortion due to reflection is

called multipath. Phase tracking features a long term systematic distortion referred

to as phase windup. Effects due to antenna gain and phase distortion also are present

at both the transmitter and receiver antennas.

The following subsections briefly describe the aforementioned propagation

delays and distortions. The physics behind each delay or distortion is summarized,

its observability is stated, and its magnitude is described.

3.2.1 Ionosphere Delay

The ionosphere is that portion of the atmosphere that carries an electrical charge.

As the atmosphere expands into the cold vacuum of space, the conditions become

favorable to the birth and survival of charged particles. Ultraviolet and X-ray ra-

diation from the Sun hit the neutral molecules of the upper atmosphere, liberating

electrons. In that region, the atmospheric pressure and temperatures are low com-

pared to the rest of the atmosphere. The rate of collision between the particles

is lower as well, giving the freed electrons and ions time to exist before reacting

with other particles. It is the freed electrons that have an observable effect on the

propagation of L-band radio waves [41].

The impact of the ionosphere on the GPS signal is therefore sensitive to a

number of factors, some of which are predictable. The general distribution of the

ionosphere is a function of altitude and Solar time. Other factors such as magnetic

storms cause unpredictable variability in the ionosphere. Fortunately, the delay

due to the ionosphere is also a function of frequency. Consequently, GPS users can

estimate the path delay using dual frequency receivers. This requires relating the
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range observable to electron content along the signal path, as a function of frequency.

The propagation of an electromagnetic wave in a medium is characterized by

its index of refraction n, which relates propagation speed v to the speed of light in

a vacuum c:

n =
c

v
(3.11)

Recognizing that the index of refraction can change over the signal path l, the

cumulative error δρ associated with the signal can be written as follows:

δρ =

∫

l
(1 − n)dl (3.12)

The Appleton-Hartree equation parameterizes the index of refraction for

right hand polarized wave propagating through the ionosphere as:

n2
φ = 1 − X

1 − Y 2 sin2 θB
2(1−X) −

√

Y 4 sin4 θB
4(1−X)2

+ Y 2 cos2 θB

(3.13)

where nφ is the index of refraction associated propagation of the carrier wave and

θB the angle between the magnetic field and the direction of propagation. X and

Y are frequency ratios defined as:

X =

(

fp

f

)2

(3.14)

Y =
fg

f
(3.15)

where fp is the plasma frequency and fg is the gyro frequency. They are evaluated

as follows:

f2
p =

Nee
2

meǫ0
(3.16)

fg =
|e|B
me

(3.17)
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where e is the charge of an electron, Ne is the electron number density, me is the

rest mass of an electron, ǫ0 is the permittivity of free space, and B is the Boltzmann

constant.[42]. Typically fg is 1.5 MHz and fp is less than 20 MHz [41].

Equation 3.13, though complete, is unwieldy. This equation can be effectively

simplified taking advantage of the fact that X is small. Reference [42] shows that:

nφ ≈ 1 − X

2
(3.18)

Applying Equation 3.18 to 3.12 yields:

δρφ =

∫

l
(1 − nφ)dl

=

∫

l

[

1 −
{

1 − 1

2

(

fp

f

)2
}]

dl

=
1

2f2

∫

l
f2

p dl

=
e2

2meǫ0f2

∫

l
Nedl (3.19)

≈ 40.3

f2

∫

l
Nedl (3.20)

The quantity
∫

l Nedl is the total electron content or TEC in electrons per square

meter integrated along the signal path [41]. Therefore, according to this model,

the delay varies linearly with TEC and with the inverse square of frequency. When

carrier phase observations are collected simultaneously on L1 and L2, they can be

combined to form an ionosphere-free carrier phase. The carrier phase observables

are then most simply stated as:

φ1 = d +
κ

f2
1

+ η1 (3.21)

φ2 = d +
κ

f2
2

+ η2 (3.22)
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where 1 and 2 represent L1 and L2, respectively, d is the true distance traveled by the

signal, η1 and η2 represent measurement errors in the respective carrier phases, and

κ = e2

2meǫ0
· TEC. The error terms ηi can represent any true error in measurement,

such as carrier phase ambiguity or thermal measurement noise. By combining the

two measurements, and introducing a new constant γ =
(

f1

f2

)2
, an estimate of the

ionosphere delay on L1, î1, can be derived as:

φ1 − φ2 = κ
(

f2
2−f2

1

f2
1 f2

2

)

+ η1 − η2

= κ
f2
1

(1 − γ) + η1 − η2

î1 ≡ φ1 − φ2

1 − γ
=

κ

f2
1

− η1 − η2

1 − γ

This ionosphere delay can be combined with φ1 to form a version of the (optimisti-

cally named) ionosphere free carrier phase combination.

φif = φ1 − î1 (3.23)

= d + η1 −
η1 − η2

1 − γ
(3.24)

Here it can be seen that the ionosphere free combination contains amplified versions

of the nondispersive errors in φ1 and φ2.

Equation 3.20 derives from the simplification of the full Appleton-Hartree

equation in Equation 3.13. Brunner and Gu [43] state that this simplification is

subject to errors on the order of one centimeter. They further state that retention

of not just the first term X
2 but the next two terms in the simplification of nφ

would theoretically result in ionosphere corrections accurate to the millimeter level.

A number of recent studies [42, 44, 45], motivated by GPS modernization and the

signal structure proposed for European Galileo, numerically support the predictions
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by Brunner and Gu.

Equations 3.18 through 3.20 solve the impact of dispersion due to large scale

changes in frequency. The full GPS signal also contains small scale changes in fre-

quency. These are the code modulations illustrated in Figure 3.1. The modulations

are often referred to as a group as they cluster about the carrier frequency. The

velocity of the group differs from the velocity of the carrier according to a differential

constraint referred to as the Rayleigh Equation [46]:

np = nφ + f
dnφ

df
(3.25)

where np is the index of refraction of the group and nφ is that index for the carrier.

Substituting Equations 3.18 and 3.14 into 3.25 yields:

np ≈ 1 +
X

2
(3.26)

The prior development of an ionosphere free combination can be applied directly to

paired pseudorange observations. However, the sign of the error is inverted. The

ionosphere free pseudorange, based on observations on L1 and L2 of ρ1 and ρ2, is

then:

ρif = d + ǫ1 +
ǫ1 − ǫ2
1 − γ

(3.27)

where ǫ1 and ǫ2 are the measurement errors associated with ρ1 and ρ2, respectively.

3.2.2 Troposphere Delay

The electrically neutral portion of the atmosphere is referred to as the troposphere.

For L-band radio signals, the troposphere is nondispersive. The delays associated

with pseudorange and carrier phase are then equal. This means that they are

not a function of frequency, like ionosphere delay, so models must be applied to

remove them. The models predict the error associated with a satellite at zenith,
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as a function of meteorological measurements, such as temperature, pressure and

humidity. Sometimes the models also take into account the geographic latitude

of the receiver. All of the models scale the zenith error by an obliquity factor .

The obliquity factor uses a mapping function that accounts for the signal path not

coming along zenith but along a true line of sight. Reference [47] surveys a number

of troposphere delay models and mapping functions.

The error associated with the troposphere delay ranges from two to five

meters. For many years, the OCS has operated without weather probes using default

weather measurements [48]. One study by this author has shown that for the NGA

reference stations, troposhere delay can be predicted in the absence of weather

station observations with an error within one centimeter [49].

Because the troposphere delay is modeled as part of an ephemeris filter,

choice of troposphere delay model is beyond the scope of analyses conducted in this

dissertation. A valid troposphere delay model is assumed present when applying

smoother outputs to either navigation or ephemeris generation processes.

3.2.3 Relativistic Delays

The effects of relativity are so subtle as to be overlooked by human perception.

However, ignoring their effect when processing the GPS signal can lead to ranging

errors on the order of tens of meters. The theory of relativity plays a significant

role in many applications of GPS, especially navigation and time transfer. For this

reason GPS has been referred to as the longest running experiment in relativity.

There are two forms of relativity, special and general. Both theories were

founded by Einstein at the turn of the 20th century. In essence, both theories explain

a seeming paradox, that the speed of light appears constant in every reference frame.

The theory of special relativity predicts, among other things, that a clock in motion

with the observer will appear to operate at a measurably different frequency than
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an identical clock fixed in the frame of the observer. The theory of general relativity

predicts a similar effect when the clock is accelerating with respect to the observer.

Subsequently, any phenomenon that imparts acceleration or velocity on the

receiver, or unexpected acceleration or velocity on the satellite, can impart rela-

tivistic delays on the received signal. The GPS literature is then understandably

resplendent with textbooks and articles that describe the effects of relativity on

the GPS signal. Ashby and Spilker survey the relativistic effects on the GPS sig-

nal [50] and [51].

The IS-GPS-200, the signal specification for GPS, describes the largest scale

effect, which must be modeled for the navigation solution and in the ephemeris

generation process. This effect is caused by the GPS satellite moving out of its

nominally circular orbit to a slightly different altitude. The change in Earth’s grav-

itational acceleration impacts the speed of the onboard time standards according to

the following relation:

∆t = 2
−→r · −→v

c2
(3.28)

where −→r is a vector describing the position of the satellite, −→v is a vector describing

its velocity and c is the speed of light.

For the GPS signal, the most significant relativistic delays are a function

of trajectory. This delay equally affects both pseudorange and carrier phase, and

disappears when they are differenced. In the ephemeris generation process, the delay

due to relativity is therefore modeled outside the smoother and within the ephemeris

filter.

3.2.4 Multipath Delay

Multipath occurs when reflections of an electromagnetic wave interfere with the

line-of-sight (LOS) wave. Because the antennas that track GPS are typically omni-

directional, multipath is a primary mode of error for its measurements. Multipath
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interference corrupts the signals on both the GPS frequencies, L1 and L2. Figure 3.3

depicts how multipath is generated in the local environment. Two modes of multi-

Figure 3.3: Modes of multipath error.

path reflection are depicted, specular and diffuse. Specular reflection is caused by

large, flat reflectors. Diffuse reflection is caused by small or curved reflectors. While

both modes of reflection induce errors in GPS observables, specular reflection is a

greater threat than diffuse. The energy associated with a diffuse wave dissipates with

the inverse square of the distance from the reflector. In contrast, waves associated

with a specular wave remain approximately parallel just like the LOS wave. They

are coherent . The energy of a coherently reflected wave dissipates geometrically at

the same rate as the LOS signal, with the inverse square of the distance travelled

from the satellite. While some energy may be absorbed at the point of reflection,

no spatial loss occurs between the reflection and reception of the multipath signal.

The codes that modulate the GPS signal are designed to reject multipath.

For BPSK based codes, multipath delays longer than one chip should be rejected

by the receiver. When the delay is less than one chip, then multipath does interfere

with signal tracking, and both the pseudorange and carrier phase observables are

corrupted. The errors are expressed in the observables in different ways.
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Figure 3.4: A multipath mitigating choke ring.

It is common to mitigate multipath using hardware. The antenna receive

pattern can be shaped to amplify LOS signals while damping those associated with

multipath [52]. In addition a choke ring such as that depicted in Figure 3.4 can be

used to reduce the amplitude of multipath reflections that travel through free space

to reach the antenna. Within the receiver, multipath can be mitigated using linear

or nonlinear combinations of multiple correlators [19, 53]. However, performance

of correlator-based tracking of the GPS signal is fundamentally bounded by the

observability of the signal itself [21].

Other multipath mitigation approaches can be applied to observables in post-

processing. When the reflection environment is simple or well-known then it is pos-

sible to predict the errors caused by multipath. These reflections can be simulated

as if they were optical reflections. When those waves travel through free space, they

can be modeled using the Geometric Theory of Diffraction (GTD). Researchers have

successfully used GTD to predict the effect of multipath on observations when a re-

ceiver is in a controlled environment [54]. Furthermore, predictive models have been

studied to compensate for multipath in environments where all nearby reflectors are

specular and can be rigorously modeled, such as in the space environment [55].

At static reference sites, the multipath environment may be too complex to
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maintain a predictive model. However, those environments tend to be controlled and

more or less static. The multipath they cause is simply a function of the relative

geometry between the antenna and the satellite. Furthermore, for static reference

stations, because the GPS orbit period is approximately twice the rotation rate of

the Earth, the relative geometry repeats approximately every sidereal day. It was

in this environment that Evans first noticed multipath [56]. His observation that

the repeatability of multipath can be exploited by creating templates has lead to a

number of investigations and applications.

The performance of template techniques is limited. Many schemes rely on

the day-to-day repeatability of multipath. Studies have shown that templates per-

form more reliably when the true satellite period is utilized [57, 5]. When the

templates are formed from observable differences, then biases derived from the ob-

servables involved are present. The Dual Frequency Method (DFM) is a technique

that simultaneously solves the problem of biases and timing associated with multi-

path templates [58]. In the DFM, templates are defined using a topocentric system.

In the case where multipath reflections are generated by predominantly local reflec-

tors and the local environment does not change, a topocentric map can provide in

essence a source of calibrations [7, 59]. Because the DFM correlates multipath to

local coordinates, the technique does not suffer timing issues.

The observation combinations that expose multipath are biased, due to biases

in the pseudorange and carrier phase observables. When carrier phase observables

are used, the bias is constant for an entire overhead pass. The DFM solves for the

biases associated with the observation of multipath by first forming linear combina-

tions that are dominated by multipath. Those linear combinations are organized as

vectors by overhead pass. Where overhead passes intersect, the vectors are differ-

enced, forming a measurement of the difference in the respective biases. Over a long

span of data collection, the set of bias difference evaluations is greater in number
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than the number of overhead passes. As the problem of solving the bias differences

is overdetermined, then those bias differences can be solved in batch using a least

squares estimate. The full details of the DFM process and its extension by this

author are the subjects of Appendix A.

It is possible to use the DFM to characterize the specular environment of a

site by processing long timespans of observations. Over a single day, the DFM will

only characterize the multipath associated with a small subset of possible azimuth

and elevations. Over the span of several weeks, perturbation naturally precesses the

GPS orbit. After two years, typically, enough precession occurs to fully trace every

possible section of the sky. An example of such a characterization is depicted in

Figure 3.5. In this example, a multipath combination is mapped to bins of azimuth

and elevation. In the region of the sky where the satellites do not pass, a value

of zero is adopted for readability. Interference patterns can be seen caused by the

ground under the antenna and nearby rooftop structures.

3.2.5 Phase Windup

The GPS signal and the antennae designed to track it are right hand circularly

polarized. The polarizations are generally not aligned. The lack of alignment causes

a bias in the phase as received by the antenna. This phenomenon is referred to as

phase windup. The fundamentals of phase windup are described in Wu, et al [60].

At a reference station, the antenna is fixed and its boresight points to zenith.

The phenomenon of phase windup is then solely a function of the fixed orientation

of the antenna and the slow, time varying relative orientation of the satellite. Phase

windup can induce slow variation in the carrier phase measurement on the order of

a wavelength. It is expected that for static reference stations, phase windup will

cause a slow bias in the phase observable that sweeps through a range of values as

the satellite rises and sets. While the theory behind phase windup appears credible,

45



Figure 3.5: Composite of two years of multipath NGA Reference Station 85405 in
Bahrain, 2000 to 2002
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its application to ephemeris generation using OMNIS has not been fruitful. Because

this phenomenon requires further study, it is not modeled as part of this dissertation.

3.2.6 Antenna Gain Pattern

Though a GPS antenna is omnidirectional, its ability to amplify the GPS signal is

not uniform. The gain pattern describes the gain as a function of coordinates fixed

with respect to the antenna. The gain pattern is considered constant. For receiver

systems that are static with respect to the ground, such as reference stations, the

gain pattern is designed to suppress reflection of the signal from below the antenna.

For the Dorne Margolin antenna used by the NGA reference stations, signals which

enter the underside lose from 18 to 40 dB relative to a signal from zenith [17].

3.3 Receiver Process Models

While the products of receiver tracking–pseudorange, phase, and Doppler–are con-

sidered physical measurements, in truth they are the products of sequential filtering

within the receiver. The satellite navigation community adopts the term observable

for these products. Perhaps this distinction between measurement and observable is

intentional. At a gross level, observables can be considered measurements with addi-

tive white, Gaussian noise and bias(es). For many applications, these assumptions

are sufficient, including meter-level accuracy autonomous navigation, centimeter-

level surveying and centimeter-level real-time kinematics. However, the assumption

that these observables are Gaussian, biased measurements limits the effectiveness of

any precise orbit determination processes upon which they are based.

The errors in the observables are the product of errors in tracking processes

within the receiver. For a generic receiver, it is possible to anticipate these errors.

While receiver designs will differ internally, they have much in common. Receiver

tracking performance can be modelled using key design parameters that are universal

47



to all receivers. This form of analysis predicts receiver error characteristics due to

inescapable artifacts of GPS processing. Some of these artifacts include interference

due to noise and multipath. Another artifact relates to the practical realization of

linearized tracking loops within a receiver.

Figure 3.6 summarizes the nominal receiver architecture used in this devel-

opment. The notation in the figure is defined in the following discussion.

3.3.1 Downconversion

The spectra associated with the GPS signal structure exist in the L-band portion

of the electromagnetic spectrum. In theory, it is possible for a receiver to directly

sample these signals. Such receivers are referred to as direct-sample receivers. In

contrast, the vast majority of GPS receivers shift the received spectrum to a lower

frequency to sampling. This process is called downconversion. The electronics re-

quired for direct-sample receivers are expensive compared to that required for down-

conversion. In addition, direct-sample equipment is more sensitive to environmental

disturbances such as temperature variations and electromagnetic noise.

Downconversion is accomplished through mixing . In terms of linear system

theory, mixing is simply the act of multiplying two signals in the time domain. Mul-

tiplication in the time domain corresponds to convolution in the frequency domain.

In a downconverting receiver, the sampled signal is mixed with a simple sinusoid.

The downconversion results in two images of the input sample spectrum, at differ-

ent frequencies. For this reason the downconverted signal must be further processed

with a band pass filter. Often downconversion is implemented in multiple steps.

How far the input signal can be downconverted also depends on the how it will be

sampled [61].
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Figure 3.6: Nominal receiver architecture
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3.3.2 Sampling

A simple form of sampling is uniform sampling, or real sampling [61]. Real sampling

is rarely used. More often a form of sampling that can be referred to as complex

sampling is used [61]. Complex sampling generates two signal samples per sample

period, both timed using the phase of the local oscillator signal. The two signals are

typically sampled at 0 and 90 degrees. Interlaced signals of this type are referred

to as being in phase quadrature. The two collected samples are referred to as the

in-phase and quadrature phase signals.

In this dissertation, it will be assumed that complex sampling is used in the

idealized receiver. Signals sampled in phase quadrature have many benefits over

those sampled with uniform sampling. They can be downconverted to a center fre-

quency of zero Hertz, as complex sampling can be used to distinguish negative from

positive frequencies [61]. As the center frequency moves from zero Hertz, additional

bandwidth sensitivity is required of the ADC, which already must accommodate

the natural bandwidth associated with the signal being tracked. Therefore complex

sampling is a more representative design choice for receivers designed to optimize

observable precision. Even if real sampling is performed, it is possible to transform

the measurements to complex samples. This is referred to as heterodyning .

There is another benefit to complex sampling. As the name suggests, signals

sampled in phase quadrature can be represented mathematically as a time series

of complex values, allowing system designers to more easily model the tracking

systems in the complex frequency domain. Then the pair of samples can be denoted

compactly as a complex variable as follows

M̃i = MI,i + jMQ,i (3.29)

where i is an index, j =
√
−1, MI the in-phase sample and MQ is quadrature phase
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sample.

3.3.3 Quantization Effects

When analog signals are detected and stored with limited precision, this process is

referred to as quantization. Quantization necessarily degrades the sampled signal,

as the analog signal is now being represented as a time series of digital values. In this

dissertation, quantization effects are omitted. This involves a number of assumptions

regarding the idealized receiver. These assumptions are briefly discussed below.

The most significant result of quantization is simply the discretization of the

signal–the fact that signal is sampled at discrete times. The rate of sampling must

be sufficient to track the signal. A well-known example comes from real sampling,

where the sample frequency must exceed twice the highest signal frequency in the

range of downconverted frequencies. This guideline is the result of the Nyquist

sampling theorem [62, 40]. The analogous theorem for complex signals is presented

in Tsui [61]. This dissertation will follow the assumption that the complex sampling

will be performed at a rate sufficient to track the signal.

In the literature of GPS receiver design, one quantization effect that is well

documented is the size of the digital samples in bits [61]. One bit sampling represents

the sample entirely with zeroes and ones. Two-bit sampling, a common implemen-

tation, allows for four possible values. While quantization is important in receiver

design, this study will not incorporate or simulate losses due to quantization. It

will be assumed that losses associated with quantization are acceptably minimized

by the receiver design. Also, it is assumed that losses will be common to all signals

tracked by the receiver, both classic and modernized, and therefore cannot be used

to justify inclusion of modernized signals into ephemeris generation processes.

A final, important aspect of quantization is saturation. The mapping of real

analog levels to finite binary numbers implies that some analog signal levels cannot
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be represented. The GPS signal level must be tuned to the sensitivity of the ADC

circuit. Many receivers employ automatic gain control or AGC. For this discussion

it is assumed that the receiver will not suffer from losses due to saturation.

3.3.4 Correlation

The codes, and their corresponding signals, can be distinguished from noise and one

another because of their correlation properties. The autocorrelation of a signal f is

defined as:

Rf (t) ≡
∫ +∞

−∞

f(u)f(t − u)du (3.30)

The crosscorrelation of a signal f with another signal g is defined as:

Rf,g(t) =

∫ +∞

−∞

f(t)g(t − u)du (3.31)

Two GPS codes X and Y have the following idealized autocorrelation and crosscor-

relation functions:

RX(t) =







1 − | t
TX

|, where −TX < t < TX

0, otherwise
(3.32)

RX,Y = 0 (3.33)

where TX is the period of one chip.

Because the codes are derived from pseudorandom sequences, the correlation

functions feature systematic variances from the ideal correlation function. The vari-

ations are referred to as lobes. Figure 3.7 depicts the difference between the ideal

and actual autocorrelation functions for the C/A-Code of PRN 11. The actual cross-

correlation between the C/A-Code of PRNs 11 and 21 can be found in Figure 3.8.

Both figures depict correlation on the same time scale. While the entire period of

C/A (1000 microseconds) is not shown, the structure of the autocorrelation peak
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Figure 3.7: Autocorrelation function of C/A-Code, PRN 11

and lobes can be clearly seen at this scale. The figures omit the distortions that

would occur due to signal noise, multipath, and navigation data.

The shapes of the lobes are similar to the peak associated with the autocor-

relation curve. The lobes are a characteristic of codes derived from the family of

pseudorandom sequences called Gold codes. The size of the lobes relative to the

peak of the autocorrelation curve is a function of chip length [26]. For these codes

Alobe ∼
1√
N

(3.34)

where A is a representative height of the lobes and N again is the number of chips

in the code. Longer codes have relatively smaller lobes. As correlation is a linear

process [62], the lobe size varies directly with signal amplitude. It is possible to

increase the power of one signal so that its crosscorrelation lobes can be mistaken

for the autocorrelation peak of another signal. This is the near-far problem. False

tracking of a lobe is the likely cause of the biased pass phenomenon [63].

The process of correlation is related to power spectral density. For any two
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Figure 3.8: Crosscorrelation function of C/A Codes, PRN 11 and 21

signals X(t) and Y (t), the crosscorrelation of the two signals RXY (t) is related to

their spectra via the Correlation Theorem [40]:

F{RXY (t)} = X(f)Y (f) (3.35)

where X(f) and Y (f) are the spectra or Fourier transforms associated with the

signals X(t) and Y (t), respectively, and the overbar indicates complex conjugation.

Then the autocorrelation of a signal X(t) can be related to the power spectrum as

follows:

F{RX(t)} = X(f)X(f)

= |X(f)|2 (3.36)

These relationships between power spectral density and correlation requires

full access to the power spectrum, from f = −∞ to f = +∞. An ideal receiver

implementation will not have access to the full spectrum, but instead to a frequency

bandwidth βr. In turn the autocorrelation function that can be formed by the
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Figure 3.9: Effect of bandwidth on the C/A correlation curve

receiver is reshaped [11]. The resulting bandlimited autocorrelation function is

RX(t) = F
−1

{

X(f)X(f) · ⊓
(

f

β r

)}

=

∫ βr
2

−
βr
2

X(f)X(f)e+j2πftdf (3.37)

where F
−1 represents the inverse Fourier transform. Figure 3.9 depicts this rela-

tionship. The correlation curve for C/A is realized for three sampling bandwidths:

1, 2, and 40 MHz.

The correlations in Figure 3.9 are idealized autocorrelations, modeling only

bandwidth limitations. Correlators implemented in receivers must track the corre-

lation of internally generated code against an externally sampled radio signal. The

sampled signal contains noise and is of nonunit magnitude. Given an ideal signal

S(t), a series of baseband sampled measurements Mi, an internally generated code
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S(ti) which is offset from the satellite clock by ∆τ , the correlator output Z̃ is then:

Z̃ =
∑

i

MiS(ti)

=
∑

i

(
√

2PXX(ti)cos(2πfti + φt) + ǫi)S(ti)

=
∑

i

(KS(ti − ∆τ) + ǫi)S(ti)

≈ 1

T

∫ T

t=0
KSX(t)SX(t − ∆τ)dt + ǫM

=
K

T
R(∆τ) + ǫM (3.38)

≡ R̃(∆τ) (3.39)

Here the R̃ is introduced to represent correlation of an inbound signal with an

ideal signal S. It is clear Z̃ is sensitive to signal power and signal noise level. The

correlation realized at a correlator, Z̃, is linearly related to the autocorrelation of the

ideal signal. Also the sampling noise carries through as noise in correlator output.

In this dissertation, three correlators will be used, early, prompt and late, defined

as follows:

Z̃E = R̃

(

∆τ − ∆

2

)

Z̃P = R̃ (∆τ)

Z̃L = R̃

(

∆τ +
∆

2

)

where ∆ is the correlator spacing. It is these three correlators that are used to ex-

tract delay and carrier phase from the signal. The early and late correlators together

are used to define delay, which becomes the pseudorange observable. The prompt

correlator is used to extract phase, which becomes the carrier phase observable. The

act of operating on correlator output is called discrimination and is the subject of

subsequent sections. The distance between the early and late correlators ∆ is a key
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Figure 3.10: Spacing of early, prompt and late correlators

design parameter. This parameter characterizes the noise and multipath level found

in receiver observables. This spacing is depicted in Figure 3.10.

3.3.5 Accumulation

The correlators in a GPS receiver are correlating complex sampled signals S̃ against

an internally generated code. Therefore, noise is inserted into the correlation func-

tion. For this reason, many receivers incorporate accumulators, simple filters that

effectively combine sequential correlations. Sometimes these processes are referred

to as integrators. Often accumulators are implemented as moving averages or box-

car filters [26]. For the purposes of this study, it will be assumed a box-car filter

is used. Its integration window will be denoted as TCO seconds. The value of TCO

will vary depending on the chipping rate, TX , for a given code. Obviously, to be

effective, TCO > TX . The effectiveness of accumulation also depends on whether the

receiver actively models the data bit modulations D(t). This is known as databit

wipeoff . Without databit wipeoff, if an accumulation period straddles a data bit

inversion, correlation is distorted [26, 61, 13]. For the purposes of this dissertation,

it is assumed that the receiver performs databit wipeoff.

One of the fundamental assumptions associated with smoothing is that the
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noise is uncorrelated between measurement epochs. When dual frequency receivers

output observables at a high rate, over 1 Hz, then the noise of those receivers can be

correlated, reaching correlation coefficient values as high as 0.9 [64]. Clearly, if the

accumulation period TCO is larger than the period between output observations, Ts,

noise correlation will occur. For the purpose of this dissertation, it will be assumed

that TCO < Ts and that noise in successive observations is uncorrelated.

3.3.6 Discrimination

While in theory a receiver could directly observe the correlation curve to generate its

observables, in practice such processing is not feasible. Generating the full correla-

tion curve is computationally intensive. Many receivers only evaluate the correlation

curve along a finite, small number of points. Classical GPS tracking requires only

three continuous correlation evaluations, or correlators, per satellite. Furthermore,

direct observation of the correlation curve is not feasible because of signal fading ,

the natural fluctuation of power in the GPS signal. The receiver necessarily could

not distinguish between variation in the correlation curve due to received signal

power versus other parameters of the correlation such as time offset.

Instead of directly tracking the correlation curve, receivers instead track a

function of that curve called a discriminator. There are a number of discriminators

that can be used. Each discriminator eliminates a set of nuisance parameters, such

as the aforementioned parameter power, in order to isolate signal parameters of

interest. The following discriminator L(t) can be used to tracking codes,

Lτ (τ) = R

(

τ − ∆

2

)

− R

(

τ +
∆

2

)

(3.40)

where ∆ is used to denote a time shift. It is this time shift that is referred to as

the correlator spacing. Generally, the correlator spacing is at most equal to the chip

length of the code: ∆ ≤ TX . Tracking using this curve is referred to as coherent,
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Figure 3.11: Band limited C/A-Code discriminators, ∆ = TC

as the discriminator assumes both the received and generated signal share the same

phase. The bandwidth-limited discriminator curves for C/A-Code are plotted in

Figure 3.11. This figure shows three curves, each corresponding to different band-

width limit. Receivers cannot track the entire discrimination function. They only

evaluate the discrimination function at a few points. Furthermore, the discrimina-

tion is based on correlation against noisy sampled data. Each discriminator takes

as input the output of a correlator. The code discriminator used in this dissertation

is the coherent delay lock loop (DLL), which is:

L̃τ (∆τ) = Re{Z̃E} − Re{Z̃L}

=
√

PXD(t)

[

R

(

∆τ +
TX

2

)

− R

(

∆τ − TX

2

)]

+ ǫτ

For code discriminators, the observable of interest is time offset which ideally would
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Figure 3.12: Carrier phase defined as relative to the in-phase, prompt correlator

be kept at zero value. The linearized behavior of the discriminator about this point

is as follows

L̃τ (∆τ) ≈ L̃X(0) +
∂L̃τ

∂∆τ
|τ=0∆τ

≈ kτ∆τ + ǫτ

The values of kτ and ǫτ are the key performance indicators for the tracking of time

offsets.

Whereas pseudorange observables are based on the output of the early and

late correlators, the carrier phase observable is based on just the prompt. However

a single correlation cannot remove the nuisance parameter of power, nor can it

sufficiently isolate the relative phase. In essence two prompt correlators are required,

one out of phase with the other. Often these correlators are 90 degrees apart.

Each correlation provides one component of the phase angle observation. The

phase is simply seen as the angle of the signal in the phase defined by receiver in

Figure 3.12. A number of discriminators have been documented that can produce

a phase measurement. The most fundamental is the arctangent discriminator Lφ

which is defined as:

Lφ = tan−1 Im{Z̃P }
Re{Z̃P }

(3.41)

60



3.3.7 Delay Lock Loop

As discussed in Section 2.1 and in Misra and Enge [26], the GPS receiver can be seen

as an optimization process. The process optimizes the correlation of an internally

generated signal with the sampled signal. The correlation is a product of three

variables: time delay, phase offset and Doppler shift. When the peak correlation

has been found and is under track, the receiver maintains or tracks a constant

estimate of those three quantities. Time delay, multiplied by the speed of light c

becomes the pseudorange observable. Phase offset is integrated over time to become

the carrier phase.

Each code is here described as having a characteristic kτ which is the slope

of the discriminator curve at ∆τ = 0. For BPSK(M) signals such as C/A- and

P-Code, kτ is related to signal properties as follows:

kτ =
2
√

PX

TX
(3.42)

This relationship can be derived using the geometry in Figure 3.13. The curves in

blue are shifted, ideal autocorrelation curves. One curve is for the early discrimina-

tor, one is for the late. The curve in magenta, representing the ideal discriminator

curve, is the sum of the two.

Given the spectral density of ǫ(t) and a coherent averaging time TCO, the

noise in the pseudorange ǫτ can be predicted. The following derivation is borrowed

from Misra and Enge [26, 65] as well as from Spilker [13]. The derivation predicts

variance of ǫτ tracking in the presence of white noise using a coherent discriminator.

The final results of the derivation are modified from the original so they can be later

applied to BOC modulated code in Chapter 5. A downconversion to zero frequency

is assumed. Also perfect tracking of Doppler and phase are assumed. This form of

analysis is referred to as baseband analysis. Because the carrier replica mixed into
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Figure 3.13: Geometry of the ideal discriminator curve
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the downconverted signal is perfect, the result after mixing is purely noise and the

code modulation.

ǫτ ≡ Re{(Z̃E − Z̃L) −
√

PxD(t)Lτ} (3.43)

= ηE − ηL (3.44)

where ηE and ηL are the sampled noise in the signal ǫ(t) correlated against a perfect

code replica X(t). Based on the assumption that the navigation bit stream D(t) is

perfectly tracked, it is wiped from the signal. Therefore, errors associated with the

early and late correlators are only due to the crosscorrelation between noise and the

code:

ηE =
1

TCO

∫ TCO

0
ǫ(t)X

(

t − τ +
∆

2

)

dt (3.45)

ηL =
1

TCO

∫ TCO

0
ǫ(t)X

(

t − τ − ∆

2

)

dt (3.46)

The noise figure for ǫ(t) is given not as function of time, but of frequency. In fact

it represents a constant value over all frequencies with a power spectral density of

N0/2 W/Hz. If an infinite precorrelation bandwidth is assumed, the inverse Fourier

transform of the power spectral density is the autocorrelation function. Then the

autocorrelation function for ǫ(t) is:

Sǫ(f) =
N0

2

Rǫ(τ) = F
−1{Sǫ(f)}

=
N0

2
δ(τ)

where δ(τ) is the unit impulse function.
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The variance of ǫτ is then:

var(ǫτ ) ≡ E{(ǫτ − E{ǫτ})2} (3.47)

= E{ǫ2τ} (3.48)

= E{(ηE − ηL)2} (3.49)

= E{η2
E − 2ηEηL + η2

L} (3.50)

The variances and covariance of ηE and ηL can now be solved and introduced into

Equation 3.50.

E{η2
E} = E

[

1

TCO

∫ TCO

0

ǫ(t)X(t − τ + ∆/2)dt
1

TCO

∫ TCO

0

ǫ(s)X(s − τ + ∆/2)ds

]

=
1

T 2
CO

∫ TCO

0

∫ TCO

0

E [ǫ(t)ǫ(s)] X(t − τ +
∆

2
)X(s − τ +

∆

2
)dtds

=
1

T 2
CO

∫ TCO

0

∫ TCO

0

{

N0

2
δ(t − s)X(t − τ +

∆

2
)X(s − τ +

∆

2
)

}

dtds

=
N0

2T 2
CO

∫ TCO

0

X2(t − τ +
∆

2
)dt

=
N0

2TCO

Similarly, for the late correlator, E{η2
L} = N0

2TCO
. For the cross correlation between

the two correlators, the early-late correlator separation, ∆, becomes a factor.

E{ηEηL} =
1

T 2
CO

E

(∫ TCO

0

∫ TCO

0
E{ǫ(t)ǫ(s)}X(t − τ +

∆

2
)X(s − τ − ∆

2
)dtds

)

=
N0

2T 2
CO

∫ TCO

0
X(t − τ +

∆

2
)X(t − τ − ∆

2
)dt

=
N0

2TCO
RX(∆)
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Finally, the variance ǫτ can be expressed as:

var(ǫτ ) = E{η2
E − 2ηEηL + η2

L} (3.51)

=
N0

2TCO
− N0

TCO
RX(∆) +

N0

2TCO
(3.52)

=
N0

TCO
− N0

TCO
RX(∆) (3.53)

= {1 − RX(∆)} N0

TCO
(3.54)

The variance of ǫτ can be solved in terms of a dimensionless detector gain factor,

kτ , defined as follows:

kτ = kτ

TC/A

PX
(3.55)

This new term is later used to unify the noise relationships of BPSK and BOC

modulated signal. It is the slope of the discriminator function near zero offset,

normalized by the time rate of C/A and normalized by signal power. It is the

sensitivity of a receiver to the signal, independent of that signal’s power. In a sense,

kτ represents the natural observability of a signal.

Next, the dimensionless correlation RX(t) is expressed in terms of kτ .

RX(t) = 1 − kτ

2

t

TC/A
(3.56)

Combining Equations 3.54 and 3.56, with t = ∆, yields a final expression for the

variance of ǫτ .

σ2
ǫτ

=

{

1 −
(

1 − kτ

2

∆

TC/A

)}

N0

TCO
(3.57)

=
kτ

2

∆

TC/A

N0

TCO
(3.58)
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3.3.8 Phase Lock Loop

Like the DLL, the PLL is a control loop that tracks the relative phase between the

incoming signal and the phase of the local signal source. A standard model for the

variance of the noise associated with the PLL is as follows [14, 3, 12]:

σ2
ǫθ

=
C/N0

2TCO

(

1 +
1

2TCOC/N0

)

(3.59)

where the units are radians squared. For small errors and for nominal tracking

conditions, this error is independent of which discriminator is used. Furthermore, the

magnitude of this error is very small. Zero baseline studies conducted at ARL:UT

have shown the order of σǫθ
to be submillimeter in size.

3.4 An Analytic Model of Multipath Error for BPSK

Modulated Signals

The effect of coherently reflected multipath on receiver signal tracking can be derived

in the case of a single reflector. The reflection causes a bias in both pseudorange and

carrier phase measurements. While the coherent reflection is by nature a linear, time

invariant phenomenon, its effect on tracking is nonlinear because of discontinuities

in the correlation curve.

3.4.1 Coherent Reflection

When the GPS signal is reflected by a flat surface with a characteristic size larger

than one wavelength, the path followed by the reflected wave follows the same physics

as optically reflected light: the angle of incidence equals the angle of reflection. The

phenomenon of multipath and its nomenclature are depicted in Figure 3.14.

At the point of reflection, energy is absorbed by the reflector, causing atten-
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Figure 3.14: Geometry of coherent reflection

uation and a shift in phase. The additional path length, compared to the line of

sight (LOS) signal, causes delay in both code and carrier phase measurements.

Coherent reflection adds a scaled and delayed duplicate of the line of sight

(LOS) signal to the direct signal received. In the presence of a single coherent

reflector, the GPS signal takes the following generalized form:

ŜX(t) =
√

PX (X(t) cos(ωt + φ) + αmX(t − dm) cos(ω(t − dm) + φm)) (3.60)

where

ŜX is the signal received,

PX is the power of the line-of-sight (LOS) signal,

X(t) is the modulating code,

ω is the frequency of the carrier,

αm is the ratio of the multipath to LOS signal strength,

dm is the total delay associated with the additional path length and

φm is the phase shift associated with reflection.
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Note that αm can vary over time. Therefore αm can generally model the relative

attenuation seen between the LOS and multipath signals as they pierce different

portions of the antenna gain pattern.

3.4.2 Impact on Receiver Processing

The key to predicting the impact of coherent reflection on the measured signal is

recognizing linearity in receiver processing. From sampling to correlation, from

correlation to discrimination, each process sees an additional image that is shifted

in time by dm, shifted in phase by φm and attenuated by a factor αm.

The final stage in tracking is performed by the DLL and PLL. The coherent

signal adds additional terms to the discriminator function, here noted as D(τ). Then

the loop follows the new function, resulting in a biased solution in the tracking of

code time offset τ [4].

D(τ) + αm cos φmD(τ − dm) = 0 (3.61)

where D(τ) is a generalized discriminator function, that could be tracked by a DLL

or a PLL.

3.4.3 Prior Work

Solutions to Equation 3.61 are essentially models of multipath error, stated as a

function of reflection parameters dm, αm and φm. Published papers and journal

articles contain a number of analytic solutions to Equation 3.61. Unfortunately, in

each case, the solution is too limited for this dissertation. The most authoritative

source is Braasch [4], in which a solution is presented for multipath assuming the

early-late distance ∆ equals one chip width TX . This assumption is common to other

solutions as well. Reichert and Axelrad [6] present solutions and their applications,

but those solutions assume a standard correlator spacing (∆ = TX) and short delay
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Figure 3.15: P-Code multipath error envelope, numerical solution, αm = 0.5 and
∆ = TP

2

multipath (dm < TX
2 ). Choi [20] presents a solution that lumps αm cos φm as a single

parameter, which discards the time varying phase change associated with coherent

reflection.

Braasch and Van Dierendonck [3] establish the multipath error envelope,

which graphically depicts solutions to Equation 3.61 in terms of minimum and max-

imum possible values, as a function of dm for a given αm. Figure 3.15 depicts a

numerical solution to the multipath error envelope for P-Code. In this solution, αm

is 0.5, or equivalently, it is said that the multipath signal is attenuated 6 dB relative

to the LOS signal. The discriminator is narrow, with ∆ = TP
2 . In the figure, the
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blue line represents multipath error for in-phase coherent reflection, φm = 0. The

red represent the out-of-phase solution, φm = π.

3.4.4 Model of Pseudorange Multipath Error

In order to analytically predict the impact of multipath on smoothing, its impact

on the basic measurements of pseudorange and carrier phase multipath must be

determined. The analytic model incorporates reflection parameters dm, αm and φm

as well as the key receiver design parameter ∆. The following steps outline the

solution.

1. Two correlation curves are linearly combined to form a discrimination curve.

2. Two discrimination curves are linearly combined according to Equation 3.61

to create a multipath perturbed discrimination function. The zeros for the

function are found, for three cases.

3. The conditions on dm, αm and φm on each case are solved.

The resulting solutions form a complete parameterization of multipath for

BPSK codes. That parameterization is then depicted in the form of a multipath

performance envelope. The following text shows the solution in detail.

1. Two correlation curves are linearly combined to form a discrimination

curve.

The ideal discrimination curve for coherent tracking has already been de-

veloped. The geometry of the solution is shown in Figure 3.13. To simplify the

development, the power term
√

PX is dropped as signal levels within the receiver
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Region I: −∆/2 ≤ τ ≤ ∆/2
Region II: ∆/2 ≤ τ ≤ TX − ∆/2
Region III: TX − ∆/2 ≤ τ ≤ TX + ∆/2

Table 3.1: Region definitions for ideal BPSK discriminator

are arbitrary. Then the idealized discrimination function can be written as:

D(τ) =











































∆
TX

− 2
TX

(τ + ∆
2 ), where −∆

2 ≤ τ ≤ ∆
2

− ∆
TX

, ∆
2 ≤ τ ≤ TX − ∆

2

− ∆
TX

+ 1
TX

(

τ − TX + ∆
2

)

, TX − ∆
2 ≤ τ ≤ TX + ∆

2

−D(−τ) −TX − ∆
2 ≤ τ ≤ −∆

2

0, elsewhere.

(3.62)

The function has a discontinuous first derivative with respect to τ . The discon-

tinuities define five regions that are nonzero and that are analytic (i.e, smooth

functions that are infinitely differentiable). Because the curve is an odd function,

i.e., D(τ) = −D(τ), only three of those regions are uniquely defined. Furthermore,

in the next step, only those sections for which τ > 0, which includes three regions,

need to be considered. For later reference the regions are labeled using numeral I,

II and III as defined in Table 3.1.

2. Two discrimination curves are linearly combined according to Equa-

tion 3.61 to create a multipath perturbed discrimination function. The

zeros for the function are found, for three cases.

The multipath disturbed discrimination function must be evaluated for three

cases. Each case represents interference of the delayed discrimination function region

I, II and III on the LOS discrimination function region I. Following the naming

convention established by Braasch, the cases are numbered according to the delayed
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Figure 3.16: Multipath disturbed discrimination function, Case I (Short delay)

region. Case I is commonly referred to as short delay and Case III as long delay.

Case I is depicted for αm = 1
2 and φm = 0 (in-phase) in Figure 3.16. The component

discriminator functions are drawn instead of the sum. The multipath component is

aquamarine and the LOS component is violet. The combination of regions for which

the zero solution of the sum is assumed are highlighted in yellow.

The intersection of Region I LOS and Region I multipath discriminator func-

tions leads to the solution of Case I multipath. The solution to Equation 3.61 is as
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follows:

∆

TX
− 2

TX

(

τ +
∆

2

)

= −αm cos φm

{

∆

TX
− 2

TX

(

τ +
∆

2
− dm

)}

∆ − 2

(

τ +
∆

2

)

= −αm cos φm

{

∆ − 2

(

τ +
∆

2
− dm

)}

2(1 + αm cos φm)

(

τ +
∆

2

)

= 2αm cos φmdm + (1 + αm cos φm)∆

(1 + αm cos φm)

(

τ +
∆

2

)

= αm cos φmdm + (1 + αm cos φm)
∆

2

(1 + αm cos φm)τ = αm cos φmdm

τ =
αm cos φmdm

1 + αm cos φm
(3.63)

The final result in Equation 3.63 matches the results stated in the literature [3, 20, 5]

The multipath error can be solved for in Cases II and III in a similar manner,

this time substituting the multipath discrimination curve Region I for Regions II

and III, respectively. For Case II, the two component discrimination functions are

shown in Figure 3.17. The regions for which the zero will occur are again highlighted

in yellow. The solutions for the multipath errors caused by intersection of these two

regions are as follows:

∆

TX
− 2

TX

(

τ +
∆

2

)

= −αm cos φm
∆

TX

−2

(

τ +
∆

2

)

= −∆ − ∆αm cos φm

τ +
∆

2
=

∆

2
+ ∆

αm

2
cos φm

τ = ∆
αm

2
cos φm (3.64)

Equation 3.64 shows the function of narrow correlation. The minimum and maxi-

mum bound for multipath error in the pseudorange is directly proportional to ∆.

The minimum and maximum cases correspond to φm = ±π. For these cases the
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Figure 3.17: Multipath disturbed discrimination function, Case II

value of the multipath error is then τ = ±αm
2 ∆. This solution to minimum and

maximum values matches that presented in Braasch [3].

The two regions involved in Case III are highlighted in Figure 3.18. The

solution for the multipath error caused by these regions is:

∆

TX
− 2

TX

(

τ +
∆

2

)

= −αm cos φm
1

TX

(

τ + TX +
∆

2
− dm

)

∆ − 2

(

τ +
∆

2

)

= −αm cos φm

(

τ + TX +
∆

2
− dm

)

(−2 + αm cos φm)τ = −αm cos φm

(

TX +
∆

2
− dm

)

τ =
αm cos φm

(

TX + ∆
2 − dm

)

2 − αm cos φm
(3.65)

If the value for ∆ is taken to be one chip width TX then the result in Equation 3.65

matches those provided in the literature in References [20] and [5].
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Figure 3.18: Multipath disturbed discrimination function, Case III (Long delay)

3. The conditions on dm, αm and φm for each region are solved

While the mode of multipath error is predominantly determined by the dis-

tance induced by the new path of reflection dm, it is also a function of relative

phase of the multipath signal φm. The conditions on φm and dm for each case can

be solved by examining the transition region between the cases. The transition

condition between Case I and II is as follows:

τI = τII

αm cos φmdm

1 + αm cos φm
=

αm

2
cos φm∆

dm =
∆

2
(1 + αm cos φm)

Therefore, the condition on dm for Case I is

0 < dm <
∆

2
(1 + αm cos φm) (3.66)
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The same approach determines the transition conditions between Cases II

and III as follows:

τII = τIII

αm

2
cos φm∆ =

αm cos φm

(

TX + ∆
2 − dm

)

2 − αm cos φm

∆

2
(2 − αm cos φm) = TX +

∆

2
− dm

dm = −∆

2
(2 − αm cos φm) + TX +

∆

2

dm =
∆

2
(αm cos φm − 1) + TX

Now the conditions for Cases II and III can be stated. For Case II:

∆

2
(1 + αm cos φm) < dm <

∆

2
(−1 + αm cos φm) + TX (3.67)

and for Case III as:

∆

2
(−1 + αm cos φm) + TX < dm < TX +

∆

2
(3.68)

The upper limit of the conditions in Equation 3.68 can be seen in Figure 3.18.

The transitions between two conditions is also referred to as a corner con-

dition. The corner condition can be stated independently of φm. This allows the

Cases to be stated purely as a function of dm, thus defining regions of multipath

error m and dm for each case. This form of the corner condition is useful solving

multipath error envelopes. Between Regions I and II the corner condition can be
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solved as:

mI = mII

αm cos φmdm

1 + αm cos φm
= ∆

αm cos φm

2

dm

1 + αm cos φm
=

∆

2

dm =
∆

2
+

∆αm

2
cos φm

dm =
∆

2
+ m, as m = mII = ∆

αm cos φm

2

m = dm − ∆

2
(3.69)

Between Regions II and III the solution is

mII = mIII

αm cos φm

2
∆ =

αm cos φm

(

TX + ∆
2 − dm

)

2 − αm cos φm

∆

2
=

TX + ∆
2 − dm

2 − αm cos φm

∆

2
=

TX + ∆
2 − dm

2 − 2m
∆

∆

2

(

2 − 2

∆
m

)

= TX +
∆

2
− dm

m =
∆

2
− TX + dm (3.70)

Equations 3.69 and 3.70 provide insight into receiver design. The transition

regions are independent of αm. The transition curves associated with the equations

are functions of dm and φm, which cannot be controlled by the designer, and ∆,

which is a design parameter. ∆ also defines the upper and lower bounds in Case II.

Therefore, reducing ∆ should in turn reduce the total multipath seen by the receiver.

Common sense would suggest that it would be impossible to take ∆ to zero, because
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system noise will cause pseudorange and carrier phase to become unobservable. The

design trade between observability of pseudorange and carrier phase and reduction

in ∆ merits further study beyond that in this dissertation.

This completes the derivation of the impact of multipath on BPSK modulated

signals. To maximize precision, the receiver has been assumed to use coherent

discrimination. There is an arbitrary distance ∆ between the families of early and

late correlators. The multipath signal has a relative strength of αm to the LOS

signal, a relative phase prior to correlation of φm, and induces a total delay dm.

The analytic model for this error τ is restated fully as follows:

τ =























































αm cos φmdm

1+αm cos φm
, where 0 ≤ dm ≤ (1 + αm cos φm)∆

2

αm
2 cos φm∆, (1 + αm cos φm)∆

2 ≤ dm ≤
∆
2 (−1 + αm cos φm) + TX

αm cos φm(TX+∆

2
−dm)

2−αm cos φm
, ∆

2 (−1 + αm cos φm) + TX ≤ dm <

TX + ∆
2

0, elsewhere.

(3.71)

The relations in Equation 3.71 can also be used to support stochastic analysis

of multipath. If φm is taken as a random variable with a uniform distribution

from −π to π, then the mean pseudorange multipath is zero. Statistical theory

predicts the mean multipath error when this distribution exists. In Reference [66],

the expectation of an analytic function of a random variable is defined as follows.

E[f(X)] =

∫

∞

−∞

f(x)pX(x)dx (3.72)
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where f is the analytic function, X is the random variable and pX(x) its probability

density function. Applied to Region II:

E [τII ] =

∫ π

−π

(

∆
αm

2
cos φ

1

2π

)

dφ = 0 (3.73)

The condition for zero mean multipath presumes a particular distribution of

multipath relative phase φm, a uniform distribution. The condition explains why

multipath does not distort the results of processes that ingest large amounts of

observations, e.g., a smoother. The even distribution of φm is only one possible

distribution for a given data set. For a small data set, the satellite/receiver ge-

ometry will be relatively fixed. Because delay and phase are functions of relative

geometry, φm will not vary over a short period and then should have a narrow dis-

tribution. However, as more data is added to a given set, and more variation occurs

in satellite/receiver geometry, the distribution of φm should become more even.

A Monte Carlo simulation of multipath in P-Code was created that supports

this conclusion. In the simulation, reflection delay was moved from zero to the end of

the multipath error envelope at dm = TP + ∆
2 , where the distance between correlator

banks ∆ is half the chip length TP of 30 meters. At each value of dm, the phase of

the multipath φm was allowed to vary randomly over 10,000 samples. The amplitude

ratio between the multipath and LOS signals αm was 1
2 . Finally, no thermal noise

was simulated. The results of the simulation are depicted in Figure 3.19.

The simulation also provided insight regarding the trajectory dependence of

statistics associated with multipath error. While there are three regions associated

with pseudorange multipath, in this simulation for a given dm sometimes two regions

contributed the statistic, depending on the random value of φm. For this reason, the

bias computed in simulation can be approximated with five line segments. There is

one line segment for each region of multipath, and one line segment for the transition

between the regions.
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Figure 3.19: Numerical simulation showing bias in BPSK multipath

3.4.5 Numerical Verification of Pseudorange Multipath Model

Equations 3.63, 3.64 and 3.65 can be verified by comparing them to numerically

derived multipath error envelopes. An example of such a solution is presented in

Figure 3.15. For each multipath case, the envelope values can be solved as a function

of dm, by choosing values for αm and φm. To generate the envelope, φ = 0 for in-

phase multipath, and φm = π for out-of-phase multipath. Then for each case there

are two values of multipath error. For Case I the solution is:

mI =







αm
1+αm

dm, for φm = 0

αm
αm−1dm, for φm = π

(3.74)

For Case II the envelope is:

mII = ±αm

2
∆ (3.75)
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where the ± is positive for in-phase and negative for out-of-phase. For Case III the

envelope values are:

mIII =







αm
2−αm

(

TX + ∆
2 − dm

)

, for φm = 0

− αm
2+αm

(

TX + ∆
2 − dm

)

, for φm = π
(3.76)

In Figure 3.20, both numerical and analytically solved envelope values are plotted

for αm = 1
2 ; corner conditions are plotted, as well. The analytically derived curves

for envelope and corner condition values are depicted in green.

Additional solutions were found beyond the analytic. When the numerical

solution is seeded with a solution of zero multipath at dm = 0, and when the solution

search ends upon finding the first zero to Equation 3.61, then a single solution is

always defined. However, when the solution space is extended to the full domain of

solutions to dm = TX + ∆
2 , multiple roots are found to Equation 3.61. Figure 3.21

depicts an example of these additional solutions.

In as much as receiver tracking serves the same purpose a the numerical

search processes discussed here, then it can be concluded these solutions solutions

would not interfere with receiver tracking. In the receiver, the solution to Equa-

tion 3.61 is tracked and not searched. It is not possible to branch from the standard

solution because the solution curves do not intersect. However, these curves could

be followed when an acquisition initializes to the wrong τ . Such an acquisition would

result in a tracking condition in which the tracked pseudorange is biased. This fail-

ure mode could explain the biased pass phenomenon that occurs in multiple receiver

platforms such as the Ashtech Z(Y)-XII, TurboRogue and BlackJack receivers.

3.4.6 Model of Carrier Phase Multipath Error

Multipath distorts the carrier phase observable as well as the pseudorange. That

distortion is depicted in Figure 3.22, where key variables associated with the tracking
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Figure 3.20: Analytic and numerical solutions to multipath envelope for P-Code,
αm = 0.5
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Figure 3.21: Additional solutions to P-Code multipath, αm = 0.5 and ∆ = TP
2
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Figure 3.22: Multipath adds a vector quantity to the phase of the signal.

of carrier phase are defined in a phase diagram The phasor is aligned with the in-

phase prompt correlator. The true phase is denoted φ∗ and corresponds to the vector

in blue. The red vector is multipath, which adds to the true vector. The angle of

the multipath relative to the true phase is φm. The resultant of the two are what is

tracked by the PLL. The true error associated with that tracking is symbolized as

ǫφ.

As in the prior derivations, the multipath signal is coherent. It is the same

signal as the LOS signal shifted in time by delay dm and in phase φm. Its strength is

parameterized as a fraction of the LOS signal αm. Given the correlation curve R(τ)

and the assumption that φm is constant, the well known model for carrier phase

error is [4, 3, 67]:

ǫφ = tan−1

(

αmR(τ − dm) sin(φm)

R(τ) + αmR(τ − dm) cos(φm)

)

(3.77)

Like pseudorange multipath, the carrier phase multipath error is bounded when αm

is fixed and a value for τ , the error in the clock offset, is chosen. As a function of

dm, taken from 0 to the full chip length, extrema in ǫφ can be collected to define an

error envelope. Figure 3.23 describes the carrier phase multipath associated with
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Figure 3.23: Mean and extrema of simulated carrier phase multipath error

the Monte Carlo simulation performed in Section 3.4.4. The error envelopes agree

precisely with the simulations in Reference [67]. In that reference, the minimum

and maximum values for carrier phase error at dm = 0 for αm = 1
2 are reported as

30 degrees.

Another feature of carrier phase multipath depicted in Figure 3.23 is the mean

carrier phase multipath value. In the simulation, the mean carrier phase is shown to

be zero everywhere. For the phase discriminator defined in Equation 3.41, the zero

mean condition can be proven. As in pseudorange multipath, the expectation for

carrier phase multipath can be solved by applying the relationship in Equation 3.72:

E [tan ǫφ] =

∫

∞

−∞

tan (ǫφ(φ)) fφ(φ)dφ

=

∫ π

−π

(

αmR(τ − dm) sin φ

1 + αmR(τ − dm) cos φ

1

2π

)

dφ

= 0 (3.78)

Carrier phase multipath error plays a dominant role in the quality of smoother’s

outputs. This noise is inserted directly into the carrier phase smoothed pseudor-
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ange and the smoothed carrier phase products. The DLL does not have to perform

perfectly Equation 3.78 to hold true. That is, nonzero values of τ do not affect

the integration any more than nonzero values of dm. Numerical the coupling was

modeled in the prior simulation. In Figure 3.23 the mean of ǫφ is zero everywhere

despite the coupling.

An important implication for ephemeris generation is suggested by this zero

mean multipath condition in the carrier phase. Carrier phase has the potential

to provide multipath free observation so long as φm is evenly distributed. If the

ephemeris process is too sensitive to carrier phase, then φm may not be evenly

distributed, resulting in a possible bias due to multipath. The longer the time span

of carrier phase that go into an ephemeris solution, the more likely that φm is evenly

distributed.
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Chapter 4

Performance Models for the

Existing Smoother

The goal of this chapter is to connect errors inserted into the NGA and Air Force

OCS smoothers in the form of noise and multipath to errors in the smoother prod-

ucts. First, classification of the smoother as an optimal estimator is discussed. Then

the specific steps within the smoother are delineated. Errors in the smoother are

presented using smoother products from the NGA network. Trends in the smoother

errors provide motivation for modeling specific modes of error. Each step of smooth-

ing then undergoes error analysis. The result of that analysis is a relationship be-

tween multipath and noise and the error statistics of the smoother products. That

relationship is then verified using hardware simulation.

Prior chapters developed analytic models of noise and coherent multipath

errors on GPS observables. In this chapter, the next step in ephemeris production

is considered, the smoother. The smoother process is defined as a series of transfor-

mations of the GPS observables. All but one of those transformations is linear. The

transformations are used to map errors. Multipath is shown to be a key limiting fac-

tor in smoother accuracy. That conclusion is supported by examination of smoother
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errors that are isolated using known station locations and precise ephemerides from

the NGA network, and from simulated tracking using known station locations and

perfect ephemerides. The impact of multipath on the smoothed pseudorange itself

appears in two modes. In the first mode, the bias of multipath directly inserts into

the smoothed pseudorange. In the second mode, multipath appears to be removed

by the smoother. Analytic models of multipath developed in prior chapters are used

to explain those two modes of behavior in the smoother.

4.1 The Smoother as an Optimal Estimator

Carrier phase smoothing of the pseudorange is a basic GPS signal processing tech-

nique. The goal of carrier phase smoothing is to create a best estimate of range to a

given satellite, associated with an epoch. The range estimate is derived from a time

series of observations. Carrier phase smoothing can be found in every GPS applica-

tion context, wherever ranging precision and robustness are of critical importance.

Carrier phase smoothing has been implemented in most receiver firmware, baseline

determination applications, WAAS and LAAS algorithms, and orbit determination

software.

The application of statistical estimation in orbit determination dates back

to the work of Legendre and Gauss in the early 1800s [25]. A wide range of optimal

estimators have since become available to today’s designer. Before dissecting the

smoother algorithm, it is necessary to distinguish how the NGA and Air Force OCS

smoothers fit into the general family of optimal estimators.

Generally, the smoother is an optimal estimator. An optimal estimator is

any computational algorithm that processes measurements in order to provide a

best estimate of a system state by utilizing known properties of measurement noise

and system dynamics [68]. The relationship between the time of processing and

the time associated with the state estimate, the causality of the estimate, is a key
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Figure 4.1: Classes of optimal estimators

characteristic of an optimal estimator. When the time associated with the estimate

is the time of processing, this is referred to as a filter. When the measurements

spans a range of epochs, and the desired state estimate falls on an epoch within that

range, this is referred to as a smoother. When the epoch associated with the desired

state estimate falls outside the range of times associated with the measurements,

this is referred to as prediction. A simple graphic of these three classes of optimal

estimators is depicted in Figure 4.1. The time of processing is represented as tp, and

the epoch associated with the estimated state is ts. As filters use measurements up

to the time tp, this kind of optimal estimator lends itself to real time applications. In

contrast, smoothers utilize measurements before and after ts, and therefore, create

better estimates than filters [69]. This kind of processing is also referred to as batch

processing . Predictors are required when estimates must be prepared in advance of
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their use. The predictor must use system dynamics to extrapolate the state of the

system to a time outside measurement timespan. Consequently, the quality of the

prediction is limited by the ability to model the system dynamics.

The next section will show that the smoother as defined by the NGA and the

Air Force OCS technically bears the correct moniker. Though it can be reconfigured,

the NGA smoother is operated very closely to a filter, since the time difference

between ts and tp is only three seconds, compared to the smoothing period of 900

seconds.

4.2 The Smoother Algorithm

The goal of the smoother is to provide a best fit estimate of pseudorange and car-

rier phase at an epoch aligned with GPS time. These estimates are produced using

pseudorange and carrier phase observations. For the NGA smoother, the broadcast

ephemeris is required to resolve the offset between GPS and receiver time. The

product of the smoother is a carrier-phase smoothed pseudorange and a smoothed

carrier phase measurement. The carrier-phase smoothed pseudorange is sometimes

referred to as simply a smoothed pseudorange. The smoothed carrier phase mea-

surement is also referred to as an Accumulated Doppler Range (ADR) measurement.

These products are input to the ephemeris generation filters where they are modeled

as biased range measurements with white, Gaussian noise.

In an ideal ephemeris generation system, the smoother itself would not be

necessary. The raw measurements of pseudorange and phase would be incorporated

directly into the ephemeris generation filters. However, there are practical benefits

to the current implementation. The smoother provides computational assistance to

the ephemeris process. The smoother as it currently functions reduces the number

of observations to be processed by a ratio of 1200:1. In the current implementation,

600 observations of dual frequency range and phase are transformed into a single
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ionosphere free smoothed pseudorange and phase every fifteen minutes. While per-

forming those transformations, the smoother in essence edits observations. Known

error modes associated with the observations such as cycle slips are removed.

The errors associated with the smoother products are the direct product

of errors present in its inputs. Prior sections have developed error models for the

observables input to the smoother. Within the smoother, the observations are com-

bined, filtered and interpolated. For over twenty years, both the NGA and the Air

Force OCS have used nearly identical smoothers. The NGA smoother is defined and

discussed in Reference [22]. The equivalent smoother used by the Air Force OCS is

defined in Reference [23].

Both documents provide a description of the smoother from the perspective

of its algorithm. Only those parts of the algorithm which affect product accuracy

will be addressed in the following description. These common parts are intention-

ally identical between the two algorithms with one exception. Those parts of the

algorithms that are not identical apply mostly to data editing. While these steps

are essential to performance of the ephemeris generation process as a whole, they

do not affect the smoother quality under standard operation. Therefore, while the

processes used by NGA and the Air Force OCS are not identical, they can be treated

as the same process in this development.

Figure 4.2 depicts how the two smoothers fit into the ephemeris generation

processes. Many steps in smoothing are identical between the two smoothers. Both

take as inputs pseudorange and carrier phase observables on both L1 and L2. Delay

due to the ionosphere is removed through an ionosphere free linear combination.

This creates ionosphere free pseudorange and carrier phase observations, R and Φ.

The bias between the pseudorange and carrier phase observation is estimated. The

carrier phase observations are fit to a polynomial in time. This last step is the only

step that differs between the two smoothers.

91



Figure 4.2: Process flow for both NGA and Air Force OCS Smoothers
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The resolution of the phase polynomial requires knowledge of the satellite

clock. In the NGA smoother, the broadcast ephemeris is used to model the satellite

clock, and the range measurements are used to deduce the associated time of flight.

In contrast, the Air Force OCS smoother forwards the range minus phase model

and the phase polynomial model to the ephemeris process. The most recent clock

estimate from the ephemeris Kalman filter is used to deduce both the clock and the

time of flight.

The outputs of the NGA smoother are a carrier phase smoothed pseudorange

Rsm and an interpolated carrier phase Φsm also known as an ADR. These products

are generated in real time at the NGA reference stations then forwarded via the

NGA control center in Saint Louis, Missouri to the Air Force OCS at Shreiver Air

Force Base in Colorado Springs, Colorado. The NGA observations are inserted as

is into the ephemeris Kalman filter as observations. Similarly, once derived the Air

Force OCS sends Rsm and Φsm for its stations to the NGA precise ephemeris system.

It is this sharing of smoother products that has lead to improvement to the URE

discussed briefly in Section 2.3 and extensively by Renfro [70].

Smoothing is accomplished through a series of computational steps. Each

step in the smoothing process feeds the next. Each step is described in the following

text. The following sections describe only those steps that define the nominal output

of the smoother. No editing steps are discussed. Also the mapping of error from

input to output is not discussed. Error analysis is the subject of Section 4.3.2.

4.2.1 Ionosphere Free Combination

αi =

(

fL1

fL2

)2

1 −
(

fL1

fL2

)2

=
γ

1 − γ

93



Then the ionosphere free pseudorange and phase observables can be formed as:

R = ρ1 + αi(ρ1 − ρ2) (4.1)

Φ = φ1 + αi(φ1 − φ2) (4.2)

where ρ and φ represent pseudorange and carrier phase observables respectively and

1 or 2 indicate tracking a precise code on L1 or L2, respectively. The precise code

could be either P- or Y-Code.

4.2.2 Range-Minus-Phase Bias Removal

The ionosphere free pseudorange and carrier phase observations differ by an un-

known bias BR−Φ. After editing, that bias is computed by taking the mean of

R − Φ over NR−Φ observations:

BR−Φ =
1

NR−Φ

N
∑

i=1

Ri − Φi (4.3)

Secondary statistics are computed as well. The standard deviation of the above

quantity is defined as:

σ2
R−Φ =

1

NR−Φ − 1

NR−Φ
∑

i=1

(R − Φ − BR−Φ)2 (4.4)

The quantity σR−Φ is an observation covariance of the time series R − Φ . It is

the basis for another quantity output by the smoother, the noise of the smoothed

pseudorange σρsm . The two noises are related as follows:

σρsm =
1

√

NR−Φ − 1
σR−Φ (4.5)
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In the document that defines the interactions between the NGA and the Air Force

OCS, the ICD-GPS-211, the quantity σρsm is termed the “Measurement Noise

Value” [71]. Based on the normalization using the number of smoothed points,

it appears that this noise is intended to represent the estimated noise in the carrier

phase smoothed pseudorange. In the Air Force smoother, another term is computed

and added to the quantity, the noise of the smoothed carrier phase.

The two smoothers differ with respect to handling the noise reported for the

smoothed carrier phase, here denoted σΦsm . In the NGA smoother, the noise is set

to a constant of one centimeter. In the Air Force OCS smoother, the covariance

associated with phase interpolation is used to estimate σΦsm . Furthermore, in the

Air Force OCS smoother, the coupling between σρsm and σΦsm is recognized as:

σ2
ρsm

= σ2
R−Φ + σ2

Φsm

Phase interpolation, the subject of the next section, provides a value for σΦsm .

4.2.3 Phase Interpolation

The observations collected on any GPS receiver are necessarily aligned with that

receiver clock. The time frame associated with those observations is defined by a

local clock. One of the roles of the smoother is to assist in propagating observables

to the GPS time frame. The smoother generates a polynomial that can be used to

propagate carrier phase observables to any time defined in the receiver time frame.

Later, in the ephemeris generation process, that polynomial is evaluated to estimate

the carrier phase at a fixed epoch in the GPS time frame. In the NGA smoother

documentation, the formation of the polynomial is considered part of the time tag

correction process.

Both smoothers fit a second order polynomial to the ionosphere free carrier

phase data at the last five epochs surrounding the smoother epoch TRX . This TRX is

95



in the receiver time frame. The relationship between the carrier phase observations

and the coefficients of the polynomial is:

p = Ab (4.6)

where

p =











































ΦT−2dt

ΦT−dt

ΦT

ΦT+dt

ΦT+2dt











































, A =























1 −2 4

1 −1 1

1 0 0

1 1 1

1 2 4























, and b =



















b0

b1dt

b2dt2



















(4.7)

and dt is the sample rate. The polynomial coefficient are then determined:

b̂ = (AT A)−1AT p

=
1
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This defines a polynomial that can propagate the phase observable as a function of

time defined in the receiver time frame:

Φ(TRX + δt) = b0 + b1 · δt + b2 · δt2 (4.8)

where δt is a small offset from the nominal epoch that defines the polynomial TRX .

While the phase polynomial serves the same purpose in both smoothers, it is

evaluated differently. In the NGA smoother, the phase polynomial is evaluated to

provide a time-of-flight correction in real-time. In the Air Force OCS smoother the

phase polynomial is not used in the smoother process but is considered an output
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of the smoother. This sole variation between the two smoothers is depicted in

Figure 4.2.

4.2.4 Time Tag Correction

The smoothed carrier phase observable is defined as the ionosphere free carrier phase

emitted by the satellite at the epoch TGPS . However, the ionosphere free carrier

phase is formed in alignment with the time of reception as defined in the receiver

time frame. Therefore, the phase polynomial defined in Section 4.2.3 defines carrier

phase as a function of the receiver time frame as well. What remains in the smoother

process is to solve for the time of reception (T + TR)RX in the receiver time frame

that corresponds to a signal emitted at time TGPS in the GPS time frame. Then

the smoothed carrier phase observable is evaluated as Φsm = Φ(T + TR). This

calculation of TR is referred to as time tag correction [22].

How the TR is computed differs between the two smoothers. In the case of

the Air Force OCS smoother, the latest ephemeris and clock estimates from the

Kalman filter are used. In the case of the NGA smoother, because the smoother

operates independently of any ephemeris filter, the time-of-flight is derived based

on observations and the broadcast ephemeris clock. In either smoother, once TR is

calculated, the two primary products of the smoother can be formed, the smoothed

pseudorange and the carrier phase observations. Finally, the products are submitted

to the ephemeris generation processes for both agencies. This exchange is depicted

in Figure 4.2.

In the NGA smoother, the computation of the time tag correction is governed

by the following relationship [22]:

(4.9)

where δGPS,SV is an evaluation of the satellite clock as defined by the broadcast

ephemeris. Note that this is an implicit equation for TR. Equation 4.9 is solved the
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first time using an initial value for TR set to 76 milliseconds. One more solution is

performed to achieve sufficient convergence in TR.

4.2.5 Smoother Output

The final products of the smoother are two estimates, the carrier phase smoothed

pseudorange ρsm and the smoothed carrier phase φsm. The phase polynomial is

evaluated at t = T + TR as:

Φsm = Φ(T + TR) (4.10)

Then the carrier phase smoothed pseudorange can be formed.

ρsm = Φsm + BR−Φ (4.11)

The outputs of the smoother are inputs to ephemeris generation filters at NGA and

the Air Force OCS.

4.3 Error Models

The errors in the smoothed pseudorange and carrier phase define the quality of the

ephemeris solution. The field performance of the smoothed pseudorange Φsm is

presented in Section 4.3.1. Section 4.3.2 provides an error analysis linking errors in

observables to errors in Φsm and ρsm.

4.3.1 Field Results

The quality of the smoother products can be assessed by differencing the smoothed

pseudorange from a truth source for pseudorange. This difference is referred to as a

range residual by the NGA or an Observed Range Deviation (ORD) by the Air Force

OCS. Precise ephemerides are used as the truth source. They have higher accuracy
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than the broadcast ephemeris becuase they are generated as a batch process as

defined in Section 4.1.

Figure 4.3(a) is a plot of range residuals for station 85405 on Julian day of

year 302 in 2007. The NGA precise ephemeris product was used to provide truth.

For comparison the range residuals for ionosphere free pseudoranges used to form

those smoothed observations are plotted in Figure 4.3(b). The latter observations

are referred to as raw observations in the NGA smoother documentation [22] to

distinguish them from the smoothed pseudoranges. Both plots depict one range

residual per satellite per epoch. For smoothed pseudoranges, the interval between

epochs in the plot is 900 seconds. For raw observations, the interval is 30 seconds.

The units of time are GPS seconds of week, and the errors are given in meters. All

range residuals computed for all satellites in track are shown save the few outliers

beyond the 10 meter plot range. The range residuals for both plots are computed

in the same manner. The same station positions and precise ephemeris models were

used to generate the truth range. The receiver clock was modeled similarly for both

sets, in which the model is allowed to drift as a free, estimated parameter epoch

by epoch. In both cases the truth model was compensated using known physical

phenomena. Troposphere delay as described in Section 3.2.2 is removed from the

truth range. Relativistic delays as modeled in Section 3.2.3 are removed as well.

Range residuals as shown in Figure 4.3 demonstrate the primary benefits of

smoothing. The number of observations is greatly reduced. The spread of the range

residuals is greatly reduced for smoothed pseudoranges. However, there are still

errors associated with the smoothed pseudorange. The eye can perceive at this level

possible trends in the smoothed pseudorange residual.

The smoothed pseudorange residuals for a subset of satellites are isolated

and depicted in Figure 4.4. The smoothed pseudorange residuals appear to follow

a trend that is unique to each satellite in track. At this stage, the physics behind
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(a) Smoothed pseudoranges

(b) Pseudorange observables input to smoother

Figure 4.3: Range residuals for station 85405, Julian day of year 302, 2007
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Figure 4.4: Range residuals for selected satellites, Station 85405, Julian day of year
302, 2007

the trends is not evident. The residuals could result from a process governed by a

random walk. They could result from a time or spatially correlated systematic inter-

ference; however, that process would necessarily need to vary by satellite. When the

pseudorange residuals are correlated to the relative geometry between the receiver

and the satellite, a trend becomes clear.

Figure 4.5 demonstrates the strong correlation between receiver/satellite ge-

ometry and the smoothed range residual for two satellites. Again the NGA precise

ephemeris product is used as truth in the computation of range residuals. The blue

dots correspond to smoothed range residuals, and the red depicts a linear combi-

nation of residuals associated with the ionosphere correction used in Equation 4.1.

Because the smoothers as of this writing only generate one smoothed pseudorange

per satellite in track every 900 seconds, the topocentric geometry of smoothed points

does not repeat from day to day. To capture geometric repeatability from pass to

pass many days of observations must be used. The time period associated with the
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(a) PRN 26

(b) PRN 27

Figure 4.5: Geometric correlation of residuals and multipath for Station 85405,
DOYs 302 to 329, 2007
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residuals in Figure 4.5 spans from DOY 302 to 329, 2007. This time span estab-

lishes the strong geometric repeatability of smoothed pseudorange residual. The

geometric repeatability is a function of elevation as well. Figure 4.6 is a surface plot

for the range residuals associated with PRN 26. The trend in residuals is clearly a

function of both azimuth and elevation. In this plot the residuals have been sorted

into bins according to azimuth and elevation angle. The bins measure 0.5 degrees in

azimuth and elevation. The mean residual for each bin is represented using a color

map. Note that due north, zero degrees azimuth, appears on the rightmost end of

the polar chart. Zenith is the origin. Each pass for PRN 26 can be seen. A value of

zero has been applied to bins through which PRN 26 did not pass.

The geometric trend is not common among satellites. Figure 4.7 shows how

the trends differ among passes. Inspection of the grid values at pass intersections

shows that the trends are inconsistent between any two passes. This implies that

the trend is path dependent.

The path dependence of the smoothed pseudorange residual is more clearly

seen when the range of geometry is restricted. Figure 4.8(a) depicts the smoothed

pseudorange residual in blue against the combination Ri − Φi in red. Again the

NGA precise ephemeris is used as truth for residual computation. The bias combi-

nation Ri − Φi is in fact a multipath combination as discussed in Section 3.2.4 and

more generally by this author in Reference [72]. The bias combination shows the

same trend as the smoothed pseudorange but the trend is shifted in space, which

is explained by the accumulation inherent to smoothing. Generally, the satellites

travel in the topocentric frame from the west to the east. Measurement errors in the

raw observations will affect smoothed points to the east. While some of the trend

is attributable to unmodeled errors in ionosphere or troposphere delay, the strong

geometric quality of the smoother bias combination supports the conclusion that

the residual trends are strongly influenced by multipath.
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Figure 4.6: Surface described by range residuals, PRN 26, Station 85405, DOYs 302
to 329, 2007
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Figure 4.7: Surface described by all range residuals for Station 85405, DOYs 302 to
329, 2007

105



(a) Lag in trends between range residual and multipath in PRN 26

(b) Removal of multipath in PRN 27

Figure 4.8: Smoother residual trends seen in Station 85405, DOYs 302 to 329, 2007
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Another connection between multipath and the range residual can be seen

in Figure 4.8(b). The red indicates a strong multipath signature in the ionosphere

correction; whereas, little error is seen in the blue smoothed pseudorange residuals.

Roughly speaking, the multipath signature is evenly distributed above and below the

mean. This supports the accumulation of bias assertion. In this case, the smoother

appears to have defeated multipath. The mechanism for bias accumulation in the

smoother and the special case in which multipath can be eliminated by smoothing

are subjects of subsequent analyses which follows.

4.3.2 Error Analysis

As the goal of smoothing is to mitigate errors present in GPS observations, it is

of interest to characterize that mitigation. An error analysis maps errors present

in the process inputs to its outputs. Some errors are reduced in magnitude, where

others pass through. Most of the errors passed to the ephemeris process are explic-

itly modeled as states or are corrected using standard models within the ephemeris

generation process. The error associated with multipath, in contrast, creates sys-

tematic biases in the smoother outputs. The influence of multipath not only biases

the smoothed pseudorange and carrier phase product, but also inflates the estimated

covariances associated with those products.

All of the errors in the smoothed pseudorange and carrier phase can be

traced to errors in the raw observations collected by the receiver. The first step in

the smoother process is a linear combination of observables that mitigates the delay

due to the ionosphere. The observables and their error sources are summarized as:
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ρP1 = d + cδt + iL1 + ν + t + MP1 + ǫP1 (4.12)

ρP2 = d + cδt + iL2 + ν + t + MP2 + ǫP2 (4.13)

φP1 = d + (NP1 + ϕP1)λL1 + cδt − iL1 + ν + t + mP1 + ηP1 (4.14)

φP2 = d + (NP2 + ϕP2)λL2 + cδt − iL2 + ν + t + mP2 + ηP2 (4.15)

where

d is the true distance travelled by the signal

N is integer wavelength ambiguity of the carrier

ϕ is the phase ambiguity of the carrier

λ is the wavelength of the carrier, λ = c/f

c is the speed of light

δt is the sum of the true offsets of the receiver and satellite clocks

if is the ionosphere delay

ν is the delay due to relativity

t is troposphere error

M, m are multipath delays of the code and phase, respectively

ǫ, η are the measurement noises of code and phase, respectively

In this form of observation equations, P/Y Code on L1 is simply denoted P1 and

similarly for P2. Then the linear combinations defined in Equation 4.1 and 4.2 can
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be applied to predict errors in the ionosphere free pseudorange:

R = ρP1 + αi(ρP1 − ρP2)

= d + cδt + if + ν + t + MP1 + ǫP1

+αi(iL1 − iL2 + mP1 − mP2 + ǫP1 − ǫP2)

= d + cδt + ν + t + MP1 + ǫP1 + iL1 + αi(iL1 − iL2)

+αi(mP1 − mP2 + ǫP1 − ǫP2)

= d + cδt + δi + ν + t + (1 + αi)(MP1 + ǫP1) − αi(MP2 + ǫP2) (4.16)

Residual error in the ionosphere, as described in Section 3.2.1, is represented with

δi. This variable carries subcentimeter level error associated with ionosphere delay

that is not linearly related between the L1 and L2 frequencies.

A similar error analysis can be performed for the ionosphere free phase com-

bination:

Φ = φP1 + αi(φP1 − φP2)

= d + (NP1 + ϕP1)λL1 + cδt − δi + ν + t + mP1 + ηP1 (4.17)

+αi{(NP1 + ϕP1)λL1 − (NP2 + ϕP2)λL2 + mP1 − mP2 + ηP1 − ηP2}

= d + (NP1 + ϕP1)λL1 + (1 + αi)(NP1 + ϕP1) − αi(NP2 + ϕP2)λL2

+cδt − δi + ν + t + (1 + αi)(mP1 + ηP1) − αi(mP2 + ηP2) (4.18)

The bias estimation computation first isolates the contribution of phase and wave-

length ambiguity present in Equation 4.18 by forming a difference. The error accu-
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mulation in this difference is

R − Φ = −(1 + αi)(mP1 + ηP1) + αi(mP2 + ηP2) + 2δi

+(1 + αi)(MP1 + ǫP1) − αi(MP2 + ǫP2)

−(1 + αi)(mP1 + ηP1) + αi(mP2 + ηP2)

= B + 2δi + (1 + αi)(MP1 + ǫP1) − αi(MP2 + ǫP2)

−(1 + αi)(mP1 + ηP1) + αi(mP2 + ηP2) (4.19)

where B is the true bias between the ionosphere free pseudorange and carrier phase

observations. The computation to estimate B is completed by taking the mean of

R − Φ. That computation is a specific form of the expectation operation as used in

statistics. The expectation operator is E(X) where X is a random variable. In this

case the expection operator has a specific meaning:

E(X) =
1

DT

∫ t

τ=t−DT
X(τ)dτ (4.20)

However, because this is an expectation operation, it holds the same properties

found elsewhere, in particular linearity: E(aX) = aE(X). With this operator, the

bias estimate can be written:

B̂R−Φ = E(R − Φ)

= B + 2E(δi) + (1 + αi)E(MP1 − mP1) − αiE(MP2 − mP2) (4.21)

The expectation of noise resolves to zero in this solution. The error in the estimate

of B can be defined as:

ǫ∆ ≡ B̂R−Φ − B∗

= 2E(δi) + (1 + αi)E(MP1 − mP1) − αiE(MP2 − mP2) (4.22)
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where B∗ is the true bias between range and phase.

The expectation operator can be reapplied to define the second order statis-

tics of BR−Φ as follows:

σ2
∆ = E[R − Φ − E(R − Φ)2]

= E[{(1 + αi)(MP1 − mP1) − αi(MP2 − mP2)

+(1 + αi)(ǫP1 − ηP1) − αi(ǫP2 − ηP2)

−(1 + αi)(E(MP1 − mP1)) + αi(E(MP2 − mP2)}2]

= E[{(1 + αi)(dMP1 − dMP1) − αi(dMP2 − dMP2)

+(1 + αi)dEP1 − αidEP2}2] (4.23)

For brevity, two new notations have been introduced. The expectation operation

is represented with an overbar. The difference between pseudorange and carrier

phase errors derived from the same code tracks is noted with a d. Specifically,

dMX = MX − mX and dEX = ǫX − ηX , where X stands for a code. With those
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notations the squaring in Equation 4.23 can be expressed as

σ2
∆ = E[{(1 + αi)(dMP1 − dMP1) − αi(dMP2 − dMP2)}2]

+E[2{(1 + αi)(dMP1 − dMP1) − αi(dMP2 − dMP2)}

{(1 + αi)dEP1 − αidEP2}]

+E[{(1 + αi)dEP1 − αidEP2}2]

= (1 + αi)
2E
[

(dMP1 − dMP1)
2
]

+αi(1 + αi)E
[

(dMP1 − dMP1)(dMP2 − dMP2)
]

+α2
i E
[

(dMP2 − dMP2)
2
]

+ 2(1 + αi)
2E
[

(dMP1 − dMP1)dEP1

]

−2αi(1 + αi)E
[

(dMP1 − dMP1)dEP2

]

−αi(1 + αi)E
[

(dMP2 − dMP2)dEP1

]

+α2
i E
[

(dMP2 − dMP2)dEP2

]

+(1 + αi)
2E
[

dE2
P1

]

− αi(1 + αi)E [dEP1dEP2] + α2
i E
[

dE2
P2

]

(4.24)

The multipath errors should not correlate to noise.

E
[

(dMP1 − dMP1)dEP1

]

=

E
[

(dMP1 − dMP1)dEP2

]

=

E
[

(dMP2 − dMP2)dEP1

]

=

E
[

(dMP2 − dMP2)dEP2

]

= 0

Furthermore, the noise and multipath between the codes on L1 and L2 should not

correlate.

E [dEP1dEP2] = E
[

(dMP1 − dMP1)(dMP2 − dMP2)
]

= 0
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This allows a number of terms to be removed from Equation 4.24.

σ2
∆ = (1 + αi)

2E
[

(dMP1 − dMP1)
2
]

+α2
i E
[

(dMP2 − dMP2)
2
]

+(1 + αi)
2E
[

dE2
P1

]

+ α2
i E
[

dE2
P2

]

(4.25)

The following form of the covariance of ∆ results after simplification.

σ2
∆ = (1 + αi)

2
{

E[dMP1]
2 − E[dM2

P1]
}

+α2
i

{

E[dMP2]
2 − E[dM2

P2]
}

+(1 + αi)
2E[dE2

P1] + α2
i E[dE2

P2] (4.26)

The covariance σ2
∆ then splits neatly into two components, one associated with noise

in the pseudorange and other with multipath.

The final step in forming the range minus phase bias is computing an esti-

mated covariance σBR−Φ
.

σ2
BR−Φ

=
1

NR−Φ
σ2

∆ (4.27)

It is the square root of σBR−Φ
that the smoother reports as the noise associated

with the smoothed pseudorange σρsm . However, the relationship between variances

in Equation 4.27 is not true. That equation holds only when all errors are white

with a normal (Gaussian) distribution. Since multipath is nonzero mean and nonzero

variance, the true noise associated with the smoothed pseudorange is smaller than

reported. The estimate of noise in the smoothed pseudorange would be more correct

if a multipath model were added to the process. Another improvement would be to

replace the noise estimate with a residual in the ephemeris generation process.

The last remaining errors associated with smoothing are in the formation of
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Φsm. Evaluating Equation 4.10 at t = T + TR yields:

Φsm = b0 + b1TR + b2T
2
R

A first order error analysis relates the true errors in bi and TR to the true error of

Φsm, denoted δφ.

δΦ ≡ Φsm − Φ∗

TR

= (b∗0 + δb0) + (b∗1 + δb1)(T
∗

R + δTR) + (b∗2 + δb2)(T
∗

R + δTR)2

−(b∗0 + b∗1T
∗

R + b2(T
∗

R)2)

= δb0 + δb1T
∗

R + b∗1δTR + δb1δTR + b2[2T ∗

RδTR + (δTR)2]

+δb2[(T
∗

R)2 + 2T ∗

RδTR + (δTR)2]

where the superscript ∗ denotes the true value and the prefix δ indicates true error.

Ignoring terms smaller than 10−3, the order of magnitude corresponding to one

millimeter of wavelength, yields:

δΦ = δb0 + δb1T
∗

R + b∗1δTR (4.28)

Each term in Equation 4.28 may be driven by either tracking or ephemeris error.

Phase tracking errors map directly into the terms δb0 and δb1. Since there

is a linear relationship between the terms in b to carrier phase measurements in p

as defined in Equation 4.6, the relationship between errors in b and p are linear as
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well. The specific relationship is defined as follows:

p∗ + δp = A(b∗ + δb)

(AT A)−1AT (p∗ + δp) = (AT A)−1AT A(b∗ + δb)

b∗ + (AT A)−1AT δp = b∗ + δb

(AT A)−1AT δp = δb (4.29)

Any error term in Equation 4.18 can be mapped linearly using the relationship in

Equation 4.29 from Φ to Φsm and therefore Rsm. If multipath and noise as chosen

as the errors, then p can be written as

p =











































mT−2dt + ηT−2dt
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For the high rate of raw data collection used to feed the existing smoothers,

the multipath can be assumed static over this brief period, 1.5 seconds. Specifically,

p =
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Then it can be shown that the true error in phase polynomial calculation is merely
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the bias introduced by multipath at epoch T .

E(δb) = (AT A)−1AT E
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(4.30)

Then the carrier phase multipath at epoch T is the primary driver for error in the

Φsm, as E[b2] and E[b3] are zero. Finally E[δφ] can be solved:

E[δφ] ≈ mT (4.31)

This suggests that the entire phase polynomial assessment could be replaced if an-

other means to predict phase rate and phase rate drift could be introduced. Those

values can be predicted using ephemerides. A fruitful enhancement to the smoother

would be to replace the time tag correction routine with one not based on poly-

nomial evaluation ,but rather on the known phase rate and phase rate drifts. The

state transition matrix is defined generally in References [68], [69] and is a means

of extrapolating the state of system from one time to the next when the dynamics

are known. This concept is developed in the context of observing GPS and other

satellite signals in References [25] and [73].

Ephemeris errors contribute to δΦ through time tag correction as described

in Section 4.2.4. That correction lies in the solution to TR, defined by Equation 4.9.

Three inputs to Equation 4.9 are the phase polynomial, the bias estimate and the
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broadcast clock model. Errors in the phase polynomial and the bias estimate are

at most on the order of meters. That contribution to the estimate of TR is scaled

by the inverse of speed of light c, approximately 3 × 108 meters per second. True

error in the broadcast clock δ is mapped directly into TR, which in turn is amplified

within the phase polynomial. As the following development shows, the contribution

of error denoted in time-of-flight δTR to δΦ is at the centimeter level.

The phase polynomial term b1 represents observed range rate linearized about

the epoch T . For a GPS satellite the range rate is on the order of 1 kilometer per

second. The clock frequency stability is one part in 1012 over a one day period. Yhe

average age of ephemeris is 12 hours, which allows for roughly 43,000 seconds of

drift. Therefore, the true error in the clock could be as large at 430 microseconds.

Multiplied against range rate of 1000 meters per second, this results in an error of 4.3

millimeters. Hence, the error contribution of the broadcast clock to the smoothed

carrier phase is negligible.

However, when the broadcast model for a satellite is updated this can cause

discontinuity in the smoothed carrier phase. Clock models are routinely updated

over time as clocks drift. Clock contribution is the largest part of the URE. Fur-

thermore, contingency uploads due to unexpected clock dynamics or clock swaps

will cause jumps in the smoothed carrier phase. In the 2002 to 2003 time frame,

the Naval Surface Warfare Center at Dahlgren, Virginia investigated jumps in the

smoothed carrier phase observable. The jumps were centimeter to decimeter level

and did not correspond to corresponding shifts in the range minus phase bias com-

putation. Furthermore, the jumps seemed to occur simultaneously at different sta-

tions. While no explanation was found at that time, this relationship between the

broadcast ephemeris and the broadcast clock could be the mechanism for that error

condition. If the smoothing process were based on zero aged ephemeris, then this

mechanism for error would not occur.
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The last step of the smoothing process involves forming the carrier phase

smoothed pseudorange as defined in Equation 4.11. Then a simple variational anal-

ysis of Equation 4.11 yields the error ǫρsm associated with ρsm:

ǫρsm = ǫBR−Φ
+ δφ (4.32)

The error and variance both follow that same additive relationship:

σ2
ρsm

= σ2
BR−Φ

+ σ2
φsm

(4.33)

4.3.3 Smoother Bias Model

Multipath creates a bias in the smoothed pseudorange. Given the interference asso-

ciated with a single coherent reflector, the error in the smoothed pseudorange can be

predicted. Combining the errors solved by Equations 4.22 and 4.31 to Equation 4.32

yields:

E(ǫρsm) = E(ǫBR−Φ
+ δφ)

= 2E(δi) + (1 + αi)E(MP1 − mP1) − αiE(MP2 − mP2)

+(1 + αi)E(mP1) − αiE(mP2) (4.34)

This relationship can be simplified assuming that the contributions due to

ionosphere and phase multipath are negligible. In Section 3.2.1 the residual iono-

sphere in the ionosphere free range combination is discussed and represented as δi.

That residual error is a centimeter or less in size and can be reasonably ignored

in the smoothed pseudorange bias estimate. Similarly, the error associated with

multipath in the carrier phase is discussed in Section 3.4.6. Unlike residual iono-

sphere delay error, carrier phase multipath can take values that are significant or

large. However, in Section 3.4.6, it is established that when the multipath phase φm
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Figure 4.9: Simulated smoother bias due to a single coherent multipath reflector of
varying strength

is uniformly distributed, the carrier phase multipath mean is zero. The following

simplification can be made:

E(ǫρsm) = (1 + αi)MP1 (dm, αm, φm) − αiMP2 (dm, αm, φm) (4.35)

While in this formulation thus far it is assumed that the phase of multipath

φm is uniformly distributed, the parameters dm and αm are neither fixed nor pre-

dictable in general. For the purpose of illustrating the scale of influence of multipath

on smoothing, a simple time history or trajectory of values for dm and αm can be

chosen.

Several similar Monte Carlo simulations of multipath error were conducted to

demonstrate the range of values described by the relationship in Equation 4.35. The

results of each run are shown in Figures 4.9 and 4.10. In each simulation, multipath

associated with P-Code tracking was numerically computed. The reflection delay
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Figure 4.10: Smoother error envelope to a single coherent multipath reflector of
varying strength

was moved from zero to the end of the multipath error envelope at dm = TP + ∆
2 .

The distance between correlator banks ∆ was half the chip length TP of 30 meters.

At each value of dm, the phase of the multipath φm was allowed to vary randomly

over 4,000 samples. In each run the relative power of the multipath reflector to the

power of the direct signal was held constant. However, in each run a unique value

of αm was used. In addition, no thermal noise was simulated.

4.4 Error Model Verification

In this chapter, a number of substantial conclusions have been reached regarding

the impact of noise and multipath on smoother processing. The conclusions are

supported using analytic solutions or numerical simulation. Further support can be

found using field observations and observations collected using real receivers con-

nected to hardware-based GPS simulator. From field data, the systematic influence
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of multipath on the range minus phase can be shown. Using the simulator, the

noise and multipath properties of the GPS signal can be directly controlled. Raw

and smoothed data from both sources of observation support the error models de-

veloped in this chapter.

4.4.1 Multipath in the Smoother Bias Combination

As described briefly in Section 3.2.4 and in more detail in Appendix A, it is possible

to isolate multipath and noise using combinations of carrier phase and pseudorange

observables. The combination used to estimate the range-minus-phase bias is one

such combination. That combination is defined in Equation 4.19 and its error anal-

ysis is established in Equation 4.32. When the combination is subjected to spatial

processing, as described in Section 3.2.4 and Appendix A, it is possible to compile

a long term survey of multipath error. When the multipath error is mapped to

topocentric coordinates of azimuth and elevation, consistent patterns can be seen.

One such result is displayed as a surface plot in Figure 3.5, geometry dependent

features become evident. Figure 4.11 is such an image, compiled from almost three

years of observations collected at the NGA reference station in Ecuador from 2006

through 2008. A key feature of this plot is the strong signature of the ground when

satellites. Near zenith a strong interference pattern can be seen. That same interfer-

ence pattern can be traced all the way to the horizon. The scope and symmetry of

these rings supports the conclusion that they are due to ground reflection. Further-

more, plots of other stations located on split level rooftops support the conclusion

that the rings are due to ground (technically, rooftop) reflection.

4.4.2 Causality between Multipath and Smoother Bias

In contrast to observables collected in the field, the errors associated with observables

collected using a hardware simulator can be directly controlled.
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Figure 4.11: Three years of range minus phase combinations mapped to topocentric
coordinates from the NGA Ecuador station
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A Spirent GS7700 hardware simulator was used to control the multipath

and noise tracked by an Ashtech Z(Y)-XII receiver used by the NGA MSN reference

stations. In addition, the error between the broadcast ephemeris and true ephemeris

were held to zero. The observations collected from these simulations were smoothed

using the NGA smoother. The range residuals of those observations show a strong,

direct correlation to multipath inserted into the signals.

The simulator provides a number of methods for configuring the power level

and multipath associate with a signal. The overall noise level was held fixed as a

function of all elevation, where the LOS power level for all satellites in track was

raised in increments of 5 dB. In the simulator, multipath can be generated for a fixed

offset and phase reflector; however that option does not represent the time varying

nature of multipath collected in the field. Instead, ground reflection was simulated,

providing an infinite plane for reflections. Ground reflection is a key influence in

field observations. The relative power between the multipath and LOS signals was

varied with each run, from 6 dB to 35 dB.

In order to fully characterize the influence of multipath, the distance added

by the ground was required. The full relationship between the LOS vector and

the distance induced by ground reflection are derived in Appendix B. According

to the derivation, the distance added by the ground when a satellite rises is zero

meters. At zenith the distance added by the ground is two times the height of the

antenna. To support the full range of delays, the simulation was configured so that

at least one satellite passed from zero to 90 degrees elevation. Because the Ashtech

correlation and discrimination processes are proprietary, a conservative upper bound

of 70 meters was chosen. Therefore, the simulated antenna was placed 35 meters

above the reflecting ground.

The error in the raw range-minus-phase difference for a simulation in which

the power of the multipath signal is 6 dB below the power of the LOS signal is
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Figure 4.12: Range minus phase combination from simulator, 6 dB multipath power,
mapped to dm

plotted in Figure 4.12. The 6 dB ratio of power corresponds to a ratio of α = 1
2 .

The raw difference is plotted against dm, as well as a boxcar average of 600 seconds.

Both quantities are by nature arbitrarily biased. In this plot they were debiased

using the assumption that the first few observations correspond to the condition

dm ≈ 0. Assuming the short delay multipath affects the Ashtech tracking loops

similarly to the theoretical receiver used in this chapter, then the multipath at that

point should be zero as well. Then the value of the first few differences is the

assumed bias applied to the remainder. This assumption corroborates with the long

delay error again returning to same value. A surprising result is that the mean
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multipath in this combination is not zero at mid-pass. This suggests that one or

more assumptions chosen in this chapter are not valid. One incorrect assumption

is the Ashtech uses a simple early-late delay discriminator. Also, multipath phase

may not be evenly distributed.

The boxcar average in Figure 4.12 represents a projection of multipath error

into a smoother with a similar period for averaging. Additional simulations were

completed for other reflector strengths. The corresponding reflector strengths were

chosen to represent true ground reflection. For each simulation, in addition to com-

puting the boxcar average of range-minus-phase multipath, the observations were

processed using the NGA smoother. Both the boxcar averages and the smoother

shared a sample period of 300 seconds. The resulting smoothed pseudoranges were

then used to compute observed range deviations (ORDs) using the orbits broadcast

by the simulator as truth. In computing the ORDs, the simulated receiver position

is fixed. The boxcar averages and ORDs for one satellite are plotted together for all

simulations depicted in Figure 4.13.

One set of ORDs required removal of a bias similar to that applied to the

multipath combinations. In the case associated with a strong reflector, just 6 dB in

power relative to the LOS signal, the ORDs demonstrated a constant offset. This

offset has been investigated through additional simulation runs. It is believed that

the Spirent GS7700 introduces either time delays or clock model biases. The ORD

offset appears to be correlated with the receiver clock solution. When the receiver

clock offset is less than 105 meters, the ORD offset disappears. This unexpected

error source is under investigation at ARL:UT. To remove the bias, the ORD values

were computed for induced reflections greater in length than 55 meters. Because

measurements at these distances should not be affected by multipath, the corre-

sponding ORD values should equal the bias induced by the simulator.

As anticipated, the size of the bias in the boxcar averages increases with
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Figure 4.13: Correlation between multipath bias and smoother error in Ashtech
Z(Y)-XII receiver tracking multipath induced by a Spirent GS7700 simulator
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signal strength. Furthermore, in the two additional cases, the debiasing steps again

result in solutions that return to zero for long delay multipath. The trends associated

with the ORDs almost identically mirror those of the running averages associated

with multipath. The correlation confirms that the bias associated with multipath is

directly inserted into the smoothed pseudorange. Furthermore, these plots confirm

that ground multipath of typical strength contributes up to 20 centimeters of bias

into the smoothed pseudorange. Clearly, multipath not only can but does contribute

error to the smoothed pseudorange.

The results as depicted in Figure 4.13 do not fully represent the field op-

eration of the smoother. As stated before, the ORDs associated with the 6 dB

multipath case were shifted to compensate for what is believed to be a shortcoming

of the Spirent simulator. Also, in this simulation, a number of effects have been

intentionally simplified in order to reveal the systematic impact of multipath on the

smoothed pseudorange. As mentioned before, the strength of the multipath reflector

relative to the LOS signal has been held fixed. In reality the gain pattern on the

underside of the Dorne-Margolin antenna ranges widely from -18 dB to -40 dB [17].

Troposphere delay as discussed in Section 3.2.2 was omitted as this error source is

modeled by ephemeris generation filters. Ionosphere delay was simulated, but its

model followed the standard assumptions outlined in Section 3.2.1. Finally, because

the satellite position was simulated, the ephemeris error was in essence null.

4.4.3 Inflation of Smoother Noise Estimate

The smoother not only computes smoothed pseudorange and carrier phase obser-

vations, but also an estimate of noise on the smoothed pseudorange. The result of

that computation is summarized in Equation 4.5. An error analysis of that com-

putation is performed in Section 4.3.2. The analysis culminates in Equation 4.26,

proving that the smoother noise estimate is influenced not only by noise, but also
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by multipath.

The effect of pure noise on the smoother noise estimate was explored using

a set of hardware simulations, where the system noise was held fixed and the signal

power for all satellites in track were raised in increments of 5 dB above nominal. The

simulations did not include ground multipath. In every other respect the simulations

were identical to those described in Section 4.4.2. The noise estimates are plotted

in Figure 4.14. In the figure, the noise figure is plotted against simulation time for

each satellite in track. For each run, the noise figure for a particular satellite is

similarly colored. The signal-to-noise ratio as reported by the receiver is used in

the legend in order to facilitate comparison of these results to those from live sky

measurements.

The noise estimates in Figure 4.14 conform to the trends that can be pre-

dicted from Equation 4.26. In the absence of multipath, the noise estimate grows

with system noise. The noise estimates are flat throughout the simulation, an in-

tentional effect. The simulator was set to uniform noise as opposed to noise that is

a function of elevation.

The influence of multipath on the smoother noise estimate was explored

by using the hardware simulations described in Section 4.4.2. The noise values

mapped to reflector distance and relative power are presented in Figure 4.15. Three

simulations are presented. In two cases, multipath is set to strong and weak powers

relative to that of the LOS signal. In the last case, no multipath was simulated.

However, to ensure uniformity the noises for the last case are mapped to reflector

distances. It is clear from these simulations that value of the noise as computed

by the process of smoothing is inflated due to multipath. Also, it can be seen that

there are excursions of the noise values, which take the form of oscillations. Those

oscillations appear to vary in size with the reflector strength. It can be inferred

from these results that not only the bias, but also the higher order terms associated
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Figure 4.14: Smoothed pseudorange noise calculation as a function of LOS SNR
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Figure 4.15: Influence of multipath on the smoothed pseudorange noise estimate
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with multipath are inserted into the smoothed pseudorange noise estimate.
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Chapter 5

Tracking Performance of BOC

Modulated Signals

While the intention of M-Code is to provide a military signal that is cleanly sepa-

rated from civilian signals, it will also provide a signal that can be more accurately

tracked than existing military signals. In this chapter models that can be used to

predict the noise and multipath rejection capabilities of M-Code are derived. The

derivations mirror those found in Chapter 3 that model the noise and multipath re-

jection capability associated with the tracking of BPSK modulated codes. The error

models formed in this chapter are used to predict the performance of an M-Code

based smoother in Chapter 6.

5.1 Time Domain Description of the Modernized Sig-

nals

Modernization encompasses a variety of new signals, each with a distinct modulation

and target user group. The following description of those signals places M-Code

in context as just one signal among many being introduced to GPS. Only two of
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the proposed signals are BOC modulated. The remainder are BPSK modulated.

Furthermore, some signals such as L2C employ multiple codes.

5.1.1 L2C-Code

The first modernized signal that has been added to the operational system is L2C-

Code. This code is added solely to the L2 signal on block IIR-M and later satellites.

At the time of this writing, May 2008, there are six satellites bearing L2C-Code,

PRNs 7, 12, 15, 17, 29 and 31. The L2C signal can be described in the time domain

as:

SL2C(t) =
√

PL2CXL2C(t)DL2C(t) cos(2πf1t2 + φ2) (5.1)

Operationally, the code associated with L2C, XL2C , can be defined by three different

codes: C/A, CL and CM [74, 75]. The CL-code contains 767,250 chips and repeats

every 1.5 seconds, aligned with the Z count, a fundamental code rate of GPS. When

CL code is transmitted, the signal bears no navigation data: DL2C ≡ 1. The CM-

Code contains 10,230 chips and repeats every 20 milliseconds. Unlike the CL-Code,

the CM-code can be modulated with data. The data message can be frames and

subframes associated with C/A, or the new structure associated with L5 called

CNAV. The CNAV format for the data message will chip at 25 bits per second, and

contain forward error correction. The code associated with their signal contains both

CL and CM code, multiplexed chip by chip. That is, the chips alternate between

being defined by CL and CM code. Regardless of which modulations are present,

the chipping rate will match that of C/A-Code on L1, 1.023 × 106 cps. The signal

itself can then be represented as:

XL2(t) = BPSK(1)(t) (5.2)
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5.1.2 L5 Signal

The first proposals to provide a second civil signal on a second frequency involved

new signals at L2. However, the spectrum containing L2 is not protected globally.

For reliability, the aviation community requires a signal that is protected. To support

the aviation community an additional civil signal will be introduced at L5, centered

at 1176.45 MHz. This frequency falls within the aeronautical radio navigation service

(ARNS) band. This signal will be carried by GPS IIR satellites. This signal can be

modeled as:

SL5 =
√

2PI5DI,L5(t5)XI,L5(t5)GI(t5) cos(2πf5t5 + φ5) +

√

2PQ5XQ,L5(t5)GI(t5) sin(2πf5t5 + φ5) + ǫ5(t5) (5.3)

t5 = t1 + TGD15 (5.4)

This signal model has similarities to those prior as defined in Equations 3.1

and 3.2. In this model the in-phase and quadrature components of the signal are

represented with cosine and sine terms, respectively. Each component in modulated

using codes. Also, the bias between the signal generation on L5 and L1 is symbolized

using TGD15. Noise is represented using ǫ5.

The codes associated with L5 differ from those on L1 and L2. Two codes are

present, denoted XI,L5 and XQ,L5, on the in-phase and quadrature signals, respec-

tively. These codes are not based on Gold codes but instead on Weill sequences.

The chipping rate of these codes match the chipping rate of P-code, 1.023 × 107

chips per second. Using the notation associated with modernization literature, the

codes on L5 can be represented using:

XQ,L5 = BPSK(10)(t) (5.5)

XI,L5 = BPSK(10)(t) (5.6)
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A data message is defined on L5, noted with DI,L5, with twice the chip rate of

the data message on L1 and L2, at 100 cps. No data message is present on the

quadrature signal, an intentional choice to support precise applications of L5. There

are two components of the signal introduced to spread the signal’s spectrum in a

predictable manner with a highly predictable code. Two forms of Neumann-Huffman

encoding are applied, a 10 bit encoding symbolized with HI,L5, and a 20 bit encoding,

with HQ,L5. This encoding is designed to provide forward error correction (FEC)

capability[76]. The details of fully generating the L5 message is beyond the scope

of this dissertation. The details of generating the data messages, the codes and

Neumann-Huffman encoding are completely defined in the IS-GPS-705 [77].

5.1.3 M-Code Signal

The M-Code signal will be broadcast by Block IIR-M satellites. The stated purpose

of M-Code is to provide a modernized signal to military users that is separate from

civilian signals. The signal’s spectral signature isolates it from civilian signals.

M-Code will be added coherently to the existing signal structure. A high

level time domain description of the M-Code signal is

SM,L1(t) =
√

PM,L1XM,L1(t)DM (t) sin(2πf1t1 + φ1) (5.7)

SM,L2(t) =
√

PM,L2XM,L2(t)DM (t) sin(2πf2t2 + φ2) (5.8)

M-Code, denoted in this description as XM,L1 and XM,L2, is a departure from the

BPSK techniques associated with the C/A, P, and L5 codes. Each chip of M-Code

is further modulated with an additional code that splits each chip into subchips.

This subcarrier multiplies the M-Code to produce the following signal:

XM (t) =

N−1
∑

n=0

xn

M−1
∑

m=0

{(−1)m ⊓ (
t − nTsc

Tsc
)} (5.9)
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where ⊓(t) is the box or square impulse function defined in Equation 3.1.1. Each

subchip has a period Tsc ≡ TC
M . Note that the subchips have alternating signs, with

two chips forming a complete cycle. This technique is called Binary Offset Carrier

(BOC) modulation. The variable xn is used to denote the pseudorandom sequence

associated with M-Code. While the algorithm used to generate xn is classified,

unclassified references state that it will be appear effectively random in nature [11].

The relative rate of subchips to chips is a dominant characteristic that can

be used to predict the performance of a BOC signal. This characteristic is denoted

using BOC(α, β), where α:β is the ratio of subchip cycles to the number of chips.

Both α and β are normalized as multiples of the C/A chip rate at 1.023×106 Hertz.

Some authors use the BOC notation in mathematical notation as well. In this case

the M-Code can be written as:

XM (t) = BOC(10, 5)(t) (5.10)

5.1.4 L1C-Code

More recently, the United States has collaborated with the European Union to

design a new civil signal for L1. This code, L1C, will be broadcast by the GPS III

satellites [78] and will provide interoperability with Galileo, the nascent European

satellite navigation system, and with QZSS, Japan’s satellite navigation system [79].

As the latest signal to be defined, the L1C signal is the most complex. The

commonality of the signal between GPS and Galileo is officially stated in a treaty

between the U.S.A. and the E.U. [80]. The goal of the agreement is for the open

signal service of Galileo to be interoperable with the signals associated with GPS

III. The agreement defines the signal as being a BOC(1,1) modulation on L1, with

a pseudorandom code defined by Weill sequences. The treaty supports modification

of the signal by both parties. At the time of this writing a technical working group
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containing E.U. and U.S. members has established modification to the base design

that recommends adding a BOC(1,6) signal. The additional signal, at roughly 10%

of the amplitude of the BOC(1,1) signal, will provide a high fidelity capability for

geodetic quality measurements. The two signal can be combined either linearly

or in a time-multiplexed fashion similar to the multiplex of L2C. Either technique

provides similar characteristic with respect to accuracy [81].

The chipping rate of L1C will be 1.023×106 cps, similar to that of C/A- and

L2C-Code. In the time domain the signal can be described as follows

XL1C(t) =
10

11
BOC(1, 1)(t) +

1

11
BOC(6, 1)(t) (5.11)

= MBOC(6, 1,
1

11
) (5.12)

Here MBOC(α, β, f) is used to represent the composition of a BOC(1, 1) signal of

amplitude 1 − f with a BOC(α, β) signal of amplitude f .

The new codes on L5, the new civil code L2C, and L1C have been designed

for improved crosscorrelation properties, compared to C/A [76, 75, 79, 11]. While

these codes are not Gold codes, they do feature longer sequences.

5.2 Frequency Domain Description of BOC-Based Sig-

nals

The power spectral density associated with BPSK codes was introduced in Sec-

tion 3.1.2. An equivalent power spectral density associated with BOC modulation

helps explain the benefits of BOC modulation. BOC code is defined generally in

Equation 5.9. The complex spectrum associated with a signal XB(t) = BOC(α, β)(t)
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is derived as follows [26]

XB(f) ≡ F{BOC(α, β)(t)}

= F

{

N−1
∑

n=0

xn

M−1
∑

m=0

[

(−1)m ⊓
(

t − mTsc

Tsc

)]

}

= F

{

⊓
(

t

Tsc

)

∗
N−1
∑

n=0

M−1
∑

m=0

xn(−1)mδ(t − mTsc)

}

, where M =
2α

β

= F

{

⊓
(

t

Tsc

)}

· F
{

N−1
∑

n=0

M−1
∑

m=0

(−1)mxnδ(t − mTsc)

}

= Tsc sinc(πfTsc) ·
M−1
∑

m=0

(−1)m
N−1
∑

n=0

xn F{δ(t − mTsc)}

= Tsc sinc(πfTsc) ·
M−1
∑

m=0

(−1)m
N−1
∑

n=0

xn

∫

∞

−∞

δ(t − mTsc)e
−i2πftdt

= Tsc sinc(πfTsc) ·
M−1
∑

m=0

(−1)m
N−1
∑

n=0

xne−i2πfmTsc

where Tsc is length of a subchip .

The power spectral density of the modernized GPS signal is depicted in

Figure 5.1. The power of BOC modulated code is pushed away from the central
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Figure 5.1: Modernized GPS Signal Spectrum

band. From a security perspective the advantages are twofold. First the bandwidth

required for adversaries to jam M-Code is simply larger for M-Code than for P/Y-
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Figure 5.2: Autocorrelation curve for M-Code, bandlimited to 100 MHz

Code. Second it remains possible to jam the civilian frequencies that are narrow

band, leaving the M-Code intact. In this sense, the military can retain GPS as an

advantage without resorting to the use of Selective Availability.

5.3 Tracking Model for a Coherent Tracking, Modern-

ized GPS Receiver

5.3.1 Correlation Model

The observability of BOC modulated code is due to its autocorrelation function.

Autocorrelation and its relationship to power spectral density are introduced in

Section 3.3.4. Using the relationships in that discussion, the autocorrelation curve

for BOC(10, 5) code evaluates to the function presented in Figure 5.2. In that evalu-

ation, the spectrum associated with sampling the signal, or precorrelation bandwith,

has been limited to 100 MHz. Also shown is the correlation curve for a BPSK(5)

code, which bounds the BOC correlation curve. This property is general and is

predicted by Betz [11].

The correlation curve is sensitive to precorrelation bandwidth. The design

139



Figure 5.3: One chip of BOC(4,1) signal and a delayed replica

trade between precorrelation bandwidth, design cost and tracking sensitivity are

beyond the scope of this dissertation. Instead an ideal correlation will be derived.

This correlation is in effect the infinite precorrelation bandwidth associated with

Equation 3.37.

Autocorrelation is defined in Equation 3.30 and repeated here for reference:

Rf (t) ≡
∫ +∞

−∞

f(u)f(t − u)du

The integrand associated with evaluating the autocorrelation of a BOC(4,1) signal is

plotted in Figure 5.3. The blue line corresponds to the ideal signal, and the red line

corresponds to a delay of τ seconds. Here α = 4 and β = 1; therefore, the number

of subcarrier cycles (square cycles) per chip is α
β = 4. In the figure, only three of the
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four subcarrier cycles have completely identical cycles of ideal and delayed signals.

This similarity will be used in computing the autocorrelation. The period of the

chip is then Tc =
TC/A

β . The period of the subcarrier is Tsc =
TC/A

α .

First, the correlation associated with a small, positive τ is solved. This

portion of the correlation curve is used for modelling noise in the pseudorange and

carrier phase. Assuming unit magnitudes of both signals, the general autocorrelation

for small positive lag in a BOC(α,β) signal is:

R′

BOC(τ) =

∫ +∞

−∞

SBOC(t)SBOC(t − τ)dt

=

∫

−Tc/2+Tsc

−Tc/2
SBOC(t)SBOC(t − τ)dt

+

(

α

β
− 1

)∫ Tsc

0
SBOC(t)SBOC(t − τ)dt

+

∫ Ts/2+τ

Ts/2
SBOC(t)SBOC(t − τ)dt

=

(

α

β
− 1

)

(−4τ + Tsc) + (−3τ + Tsc)

This autocorrelation can be scaled to create a unit value at zero lag.

RBOC(τ) =
R′

BOC(τ)

R′

BOC(0)

= 1 − β

[

4

(

α

β
− 1

)

+ 3

]

τ

TC/A
(5.13)

This result can be validated using Equation 9.81 from Reference [26] that predicts

the peaks of the autocorrelation curve for a BOC modulated signal. The peaks

are numbered m = −M,−(M + 1), . . . , (M − 1), M , where M = 2α
β , the number of

subchips per chip. Using that notation, the value of peak m is:

RBOC(τ = mTsc) ≈ (−1)m

( |M − m|
M

)

(5.14)
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Both Equation 5.13 and 5.14 predict the value of the first peak in M-Code, at t = Tsc,

to have the value of −3
4 . This value also correlates to the numerically computed

correlation curve of 100 MHz bandwidth, depicted in Figure 5.2, a result derived

from Reference [11].

The slope of the autocorrelation curve for M-Code for small, positive lags is

then:

RBOC(τ) = 1 − 35
τ

TC/A
(5.15)

The correlation with a real input signal of power
√

PBOC can be modeled as:

R̃BOC(τ) =
√

PBOCRBOC(τ) + ǫτ (5.16)

For large values of τ , the correlation curve is more complex. This form of

the correlation curve is required when considering the impact of multipath error on

the discrimination process. Because τ now spans more than a single subchip Tsc

in length, it will be necessary to account for phase inversions in the integral. For

this reason the integer count of subchips within τ must be incorporated using the

variable n, defined as:

n ≡
⌈

τ

Tsc

⌉

(5.17)

where the operator ⌈⌉ represents rounding upward. Therefore, this correlation curve

is a function of not only τ but also n = n(τ).

While introduction of n allows evaluation of autocorrelation of BOC modu-

lated code in closed form, the additional parameterization breaks the classical even

symmetry associated with autocorrelation. Stated purely in terms of τ , the auto-

correlation is well known to be an even function: R(τ) = R(−τ). While this must

still hold true, the autocorrelation function is not even in n. It cannot be stated

that R(τ, n) = R(−τ, n(−τ)) because n(τ) is itself not even. For this reason the

correlation curve must be evaluated separately for positive and negative values of τ .
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Figure 5.4: BOC modulated chip and a replica with a large positive offset, α
β = 4

The symbolic integration of the BOC correlation curve is then required.

First, the τ > 0 case is solved. The variables of integration are depicted in Figure 5.4.

In that figure, there are four subcarrier cycles and therefore eight subchips. As

introduced in Reference [26] the number of subchips in a chip is M . Here, M = 8.

Using the variables and distances as defined in Figure 5.4, the evaluation of the

autocorrelation in Equation 3.30 is:

RBOC(τ) =

∫ +∞

−∞

SBOC(t)SBOC(t − τ)dt

=

∫ τ−
TX
2

−∞

0dt + (−1)n−1

∫

−
TX
2

+nTsc

τ−
TX
2

1dt +

(−1)n−1(M − n)

{

−
∫

TX
2

−Tsc+τ−(n−1)Tsc

TX
2

−Tsc

dt +

∫

TX
2

TX
2

−Tsc+τ−(n−1)Tsc

dt

}

= (−1)n−1 {nTsc − τ + (M − n) [−2τ + (2n − 1)Tsc]}

A normalized form of this equation is required so that the value of the correlation
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Figure 5.5: BOC modulated chip and a replica with a large negative offset, α
β = 4

evaluated at τ = 0 is unity. At τ = 0, n = 1. The value of RBOC(0) is then:

RBOC(0) = (−1)0 {Tsc + (M − 1)(Tsc)}

= MTsc

Now a new correlation function can be defined R′

BOC(τ).

R′

BOC(τ) =
RBOC(τ)

RBOC(0)

= (−1)n−1

[

n + (M − n)(2n − 1)

M
+

−1 − 2(M − n)

M

τ

Tsc

]

(5.18)

where τ > 0.

A separate though similar development is required for τ < 0. Still n is defined

using Equation 5.17, and for this case is nonpositive. The variables associated with

evaluating the autocorrelation integral for this case are depicted in Figure 5.5. Again

in this case M = 8. In the drawing two lengths are introduced for the purposes of
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calculating the autocorrelation, ∆1 and ∆2. Their lengths are:

Tsc = ∆1 + ∆2

∆1 = nTsc − τ

∆2 = (1 − n)Tsc + τ

The autocorrelation is then solved as follows:

R′

BOC(τ) =

∫ +∞

−∞

SBOC(t)SBOC(t − τ)dt

=

∫ τ−
TX
2

−∞

0dt + (−1)n−1(M + n − 1)

∫

−
TX
2

+Tsc

−
TX
2

SBOC(t)SBOC(t − τ)dt

+(−1)n−1(M + n − 1)

∫

TX
2

+nTsc

TX
2

+(n−1)Tsc

SBOC(t)SBOC(t − τ)dt

+

∫

∞

TX
2

+nTsc

0dt

= (−1)n−1(M + n − 1) [(M + n − 1) {∆2 · 1 + ∆1 · (−1)} + ∆2 · 1]

= (−1)n [{(M + n − 1)(1 − 2n) + (1 − n)}Tsc + {2(M + n − 1) + 1} τ ]

This result can now be normalized to obtain a unity result at τ = 0.

RBOC(τ) =
R′

BOC(τ)

R′

BOC(0)

= (−1)n

[

(M + n − 1)(1 − 2n) + (1 − n)

M
+

2(M + n − 1) + 1

M

τ

Tsc

]

In summary the full correlation curve for a BOC modulated signal S, defined
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as S(t) = BOC(α, β), can be expressed in closed form.

RBOC(τ) =



















(−1)n−1
[

n+(M−n)(2n−1)
M + −1−2(M−n)

M
τ

Tsc

]

, 0 ≤ τ ≤ TX

(−1)n
[

(M+n−1)(1−2n)+(1−n)
M + 2(M+n−1)+1

M
τ

Tsc

]

, −TX ≤ τ ≤ 0

0, elsewhere.

(5.19)

where

n =
⌈ τ

T sc

⌉

TX =
TC/A

β

M = 2
α

β

Tsc =
TX

M

Equation 5.19 is depicted for BOC(10,5) code in Figure 5.6(a) and for BOC(1,1) in

Figure 5.6(b).

The subsequent development is sufficient to describe the correlation curve

for a BOC modulated signal analytically. This development will be used in the

following text to derive a discriminator model. As frequent reference will be made

to the correlation curve, it will be convenient to establish a simplified notation. The

simplified notation can make use of simple patterns in the correlation curve: each

line segment is flat and occurs at regular intervals of Tsc; the peaks are symmetric

and occur at multiples of Tsc; the slopes of the lines take values of alternating signs.

The peak of each point is derived here and in Reference [26] as:

rk = ±M − k

M
(5.20)

where for τ > 0, k = ⌊ τ
T sc

⌋ and ⌊⌋ is the floor rounding operator. The slope for each
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(a) BOC(10,5) ideal correlation curve
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(b) BOC(1,1) ideal correlation curve

Figure 5.6: Ideal autocorrelation curves for BOC modulated signals.
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-

Figure 5.7: Example of simplified correlation mode, for BOC modulation α
β = 2

line segment with respect to τ is mk and that takes the value:

mk = (−1)k−1 {−4α + (2k + 1)β} 1

TC/A
(5.21)

=
1 + 2(M − k)

M

1

Tsc
(5.22)

Figure 5.7 depicts the simplified model for a BOC modulated signal for α
β = 2

such as for M-Code.

5.3.2 Discrimination Model

One of the design goals of M-Code is to provide an enhanced signal using existing

receiver technology. It is anticipated that the same processing will be applied to

M-Code as has been applied with BPSK codes. As with BPSK tracking, the next

stage after correlation is discrimination. A full discussion of discrimination has

been presented in Section 3.3.6. The goal of this section is to develop an analytic

expression describing the discrimination curve for all BOC modulated signals.

Numerical models have been presented in the literature for both M-Code
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Figure 5.8: M-Code discriminators, 100 MHz BW, Varying ∆

and other BOC modulated codes. A numerically generated family of discriminator

curves is shown for M-Code in Figure 5.8. All of the curves correspond to a precor-

relation bandwidth of 100 MHz. The difference among these curves is the distance

between the early-minus-late correlators ∆. From this set of discriminator curves,

it can be seen that the performance of an M-Code receiver is intrinsically tied to

its correlator spacing ∆. Because the performance of discrimination is clearly tied

to ∆, this analysis will retain ∆ as a free parameter. As with BPSK codes, narrow

correlation is achieved through the choice of ∆. Narrow correlation is only possible

when ∆ is less than one subchip in length. This conclusion was reached upon in-

spection of numerical solutions to the discrimination curve. It will be assumed in

this development that 0 < ∆ ≤ Tsc. Optimal choice of ∆ is a topic reserved for

efforts beyond this dissertation.

An analytic model of code discrimination is required in order parameterize

code tracking performance of a receiver. An important parameter is the early-

minus-late distance ∆. Under ideal circumstances the early and late correlators are

distanced from the prompt by ±∆
2 . For a BOC signal with modulation constants

α
β = 2, such as for M-Code, Figure 5.9(a) shows the linear combination representing
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early-minus-late discrimination and its characteristic shape. The red line is the dis-

crimination function, the composite of the two scaled and shifted correlation curves.

The blue is the early correlation curve; the brown is late. Like the correlation func-

tion, the discrimination function is a continuous function composed of line segments.

The slope of the line segments with respect to τ is zero for alternating segments.

The zero slope segments are spaced Tsc apart. Figure 5.9(b) depicts the ideal early

minus late discrimination curve for a BOC modulation of α
β = 2. The figure shows

the constants associated with each line segment. Dn is the value of the discrimi-

nation in the zero slope region k, where k =

⌈

τ+∆

2

Tsc

⌉

. The nonzero slope value for

region k is denoted D′

k. Once known, the constants Dk and D′

k fully parameterize

the discrimination function.

Figure 5.10 provides an expanded view of the ideal discrimination function

in Figure 5.9(a), zoomed to region k = 1. In this figure, the relationship between

the constants that define the discriminator function, Di and D′

i, are related to the

constants that summarize the correlation function, ri and mi. Here it can be seen

that:

|D1| = r0 + {r1 − m0(Tsc − ∆)}

which can be generalized for regions beyond k > 1 to:

|Dk| = rk+1 + rk − mk(Tsc − ∆)

=
M − (k − 1)

M
+

M − k

M
−
[

1 + 2(M − k)

M

1

Tsc

]

(Tsc − ∆)

=
2M − 2k + 1

M
− 1 + 2(M − k)

M

Tsc − ∆

Tsc

=
2M − 2k + 1

M

(

1 − Tsc − ∆

Tsc

)

=
2(M − k) + 1

M

2α∆

TC/A

Dk =

[

2(M − k) + 1

M

]

2α∆

TC/A
(−1)k (5.23)
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-
(a) Combination of correlation curves.

(b) Constants used in discrimination function model.

Figure 5.9: Ideal early-minus-late discrimination function for α
β = 2
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Figure 5.10: Relationship between correlation and discriminator parameters
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The distance in time τ between zero slope line segments is ∆. This fact can

be used to compute the slope for the case k > 1.

D′

k =

[ |Dk| + |Dk−1|
∆

]

(−1)k

=

[

2(M − k) + 1

M
+

2(M − k + 1) + 1

M

]

2α∆

TC/A

1

∆
(−1)k

= (−1)k [4β(1 − k) + 8α]
1

TC/A
(5.24)

In the case k = 1, the solution can be seen by inspection of Figure 5.10.

D′

1τ = 2m0τ

= (2β − 8α)
τ

TC/A
(5.25)

In region k = M + 1 the early correlator does not contribute to the discrim-

inator. For this region, the discriminator slope with respect to τ is then:

D′

M+1 = mM

. =
1 + 2(M − M)

M

1

Tsc

=
β

TC/A
(5.26)

The constants Dk and D′

k can be used to form a full analytic expression of

the discrimination curve. The early minus late discrimination function for a BOC
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modulated signal S(t) = BOC(α, β) can be expressed in closed form as:

DBOC(τ) =



















































































(2β − 8α) τ
TC/A

0 ≤ τ ≤ ∆
2

Dk
∆
2 + (k − 1)Tsc ≤ τ,

τ ≤ −∆
2 + kTsc

Dk−1 + D′

k

{

τ + τ
2 − (k − 1)Tsc

}

−∆
2 + (k − 1)Tsc ≤ τ,

τ ≤ ∆
2 + (k − 1)Tsc

DM + (−1)M+1 β
TC/A

(

τ − TX + ∆
2

)

TX < τ < TX + ∆
2

0 τ ≥ TX + ∆
2

−D(−τ) τ < 0

(5.27)

where

M = 2
α

β

k =

⌈

τ + ∆
2

Tsc

⌉

, k = 1 . . .M

TX =
TC/A

β

Tsc =
TX

M

D′

1 =
2β − 8α

TC/A

D1 =
∆

2
D′

1

D′

k = (−1)k [4β(1 − k) + 8α]
1

TC/A
, where k = 2 . . .M

Dk =

[

2(M − k) + 1

M

]

2α∆

TC/A
(−1)k, where k = 2 . . .M

For later reference, the analytic regions of the ideal discriminator function

are labeled. The function consists of M pairs of analytic regions. Each pair will be

referred to as a node, reflecting the fact that they result from nodes in the BOC
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Figure 5.11: Analytic region labels for ideal BOC discrimination function

correlation function. For each discriminator node, the two constituent analytic

regions are referred to as subnodes. The subnodes are simply numbered I and

II. Any portion in the discriminator function can be specified using the node

and subnode pairs (k, l), where 1 ≤ k ≤ M + 1, and l is I or II. As defined

in Equation 5.27, for a given clock offset τ , the node k can be computed using

k =

⌈

τ+∆

2

Tsc

⌉

. Then the subnode can be computed. If τ − (k − 1)Tsc < ∆, then the

subnode value is j = I, else the value is j = II. Figure 5.11 depicts an example of

region labeling for the case when M = 4, which is true for M-Code and other BOC

modulated codes with the ratio of α
β = 2.

5.3.3 Code Error in the Presence of White Noise

The ideal discriminator curve described in Equation 5.27 is a function of clock offset

τ . For M-Code, the slope of the ideal discriminator curve in the linear region about

τ = 0 is:

kτ,M =
√

PM
70

TC/A
(5.28)
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Code kτ

C/A 2

P 20

M 70

Table 5.1: Scaled detector gains associated with coherent tracking of C/A-, P- and
M-Codes

This expression is in essence the sensitivity or gain of the coherent DLL associated

with errors in tracking the time offset of the M-Code. The associated gains for

tracking the BPSK-based C- and P-Codes are given by Equation 3.42. The detector

gain can be scaled using the chip length of C/A and signal power of the given code.

The detector gain factor is defined as follows:

kτ,X = kτ,X

TC/A√
PX

(5.29)

In a sense, the detector gain factor summarizes the efficiency of a code as it cor-

relates with the power required to achieve unit sensitivity. Table 5.3.3 provides a

comparison of the detector gain factors for C/A, P-, and M-Code. These results for

kτ are true in the region where tracking error τ is positive or negative, but it must

remain small. The existence of this linear region can be seen in Figure 5.8, which

again is numerically derived using methods from Reference [11]. Note that the value

for kτ in Equation 5.28 is optimal. From Figure 5.8 it can be anticipated that kτ is

highly sensitive to available bandwidth and to the distance between the early and

late correlators.

References [26] and [12] similarly derive relations for pseudorange and carrier

phase measurements based on signal and receiver attributes described in previous

sections. Assuming that the delay τ is tracked using a delay lock loop of one-sided
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bandwidth Bτ,1, the following equation predicts variance in that measurement:

var(∆τ) =
2var(ǫτ )Bτ,1TCO

k2
τ

(5.30)

where the units of the result are seconds squared. Substituting previously derived

expressions for var(ǫτ ) and kτ yields:

var(∆τ) =
2
(

kτ
2

∆
TC/A

N0

TCO

)

Bτ,1TCO

PX

T 2
C/A

k
2
τ

=
1

kτ

∆

TC/A

Bτ,1T
2
C/A

C/N0
(5.31)

Figure 5.12 depicts pseudorange noises as a function of signal-to-noise ratio given

the model described in Equation 5.31 for the three codes of interest. The receiver de-

sign parameter tracking bandwidth Bτ,1 and early-late spacing ∆ are representative

values for survey grade tracking. That is, these values favor precise tracking of the

signal over dynamic tracking. The design parameters for both P- and M-Code are

set equal in order to demonstrate the relatively higher precision inherent to tracking

the latter.

5.3.4 Carrier Phase Error in the Presence of White Noise

The phase observable is the simplest observable associated with tracking either

BPSK or BOC modulated signals. While there are a number of possible discrimi-

nators, in this investigation the model adopted for phase discrimination is the same

for BOC modulates signals as it is for BPSK signals, the arctangent discriminator.

The variance of the error associated with the tracking of BOC modulated signals is

then taken to be that defined in Equation 3.59.
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C/A, 0.5 MHz BW, E-L Spacing 977.5 ns

P, 10 MHz BW, E-L Spacing  97.8 ns
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Figure 5.12: Pseudorange noise envelope for coherent tracking
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5.4 Multipath Model for BOC Modulated Signals

The goal of this section is to develop a model to predict the performance of BOC

modulated signals in the presence of a single reflector. The development that follows

mirrors that found in Section 3.4.4.

5.4.1 Prior Multipath Models

The response of the DLL and PLL to multipath while tracking M-Code was first

described by Betz [8, 9, 10, 11]. These responses were calculated in a simulation fea-

turing limited precorrelation bandwidth and noncoherent discrimination. Hegarty,

Tran and Betz describe the response to a large number of reflectors in Reference [15].

5.4.2 Numerical Solutions

The zeros to Equation 3.61 can be solved numerically, given the modulation param-

eters α and β, a known reflector strength αm, and the correlator spacing ∆. Fig-

ure 5.13 depicts two sets of numerical solution to multipath error, for α = 10, β =

5, αm = 1
2 and a narrow correlator spacing ∆ = Tsc

2 . The two solutions form a

bounding envelope of multipath error. In-phase error, where φm = 0, corresponds

to the blue curve. Out-of-phase error, where φm = π, corresponds to the red curve.

One of the challenges associated with tracking BOC modulated code is the

presence of multiple peaks in the correlation curve. If the wrong peak is tracked,

the multipath solution will not resemble Figure 5.13. Another condition in which

the multipath solution would differ is when the multipath signal is acquired instead

of the LOS signal. In these two cases, the resulting multipath solution would be

derived from the multiple zeros in the solution to Equation 3.61. The multiple

solutions corresponding to the aforementioned cases are shown in the Figure 5.14.
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Figure 5.13: Numeric solution to multipath error envelope of BOC(10,5). αm =
0.5, ∆ = Tsc/2
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Figure 5.14: Full set of numeric solutions to the multipath error envelope,
BOC(10,5), αm = 0.5, ∆ = Tsc/2
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5.4.3 Analytic Solutions

The impact of multipath on BOC modulated code can be predicted using the same

methods as were used for BPSK codes. This development follows the development in

Section 3.4.4. Solutions to the multipath perturbed discriminator function defined

in Equation 3.61 are desired, where D(τ) is defined by Equation 5.27. As evidenced

in the numerical solutions to the error envelope for M-Code shown in Figure 5.14,

for any given delay, dm, there are multiple solutions to Equation 5.27. The LOS

and multipath discriminator functions that contribute to Equation 3.61 each consist

of M + 1 unique analytic regions. In this analytic solution it will be assumed that

after a successful acquisition, the receiver clock is within subregion (1, I) of the

discrimination function. Then Equation 3.61 can be solved by considering variation

in dm and φm, while αm is considered constant.

Only the multipath component of the multipath perturbed discrimination

function will be allowed to drift among its 2(M +1) regions. Therefore, the solution

to Equation 3.61 consists of one case per region in the multipath component. There

will be M + 1 cases in the solution, and these cases will be numbered according

to the subnodes applied in the multipath discriminator function: (1, I), (1, II),

(2, II), etc. Each node of the solution k is a function not of τ , but instead of dm,

the path delay associated with the multipath signal. That is each node k of the

multipath component of the multipath perturbed discrimination function is defined

as k =

⌈

d+∆

2

Tsc

⌉

.

In this development, the full solution requires not only the solution to each

case but also the derivation for its conditions. The same approach to case solu-

tion will be applied as used in Section 3.4.4. The continuity of the multipath error

between cases will be exploited. The continuity condition provides the corner con-

dition that defines the transition between cases. First, each case will be solved, then

the transitions between cases will be developed.
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The solution to case (1, I) is:

D′

1(τ) + αm cos φmD′

1(τ − dm) = 0

αm cos φm(τ − dm) = 0

(1 + αm cos φm)τm = dm cos φm

τm =
αmdm cos φm

1 + αm cos φm
(5.32)

where the constants Dk are defined in Equation 5.27. This result is the same as that

for BPSK multipath Case I. However the regions for these similar solutions differ as

Region I in BPSK differs from Region (1, I) in the BOC solution.

In contrast to the Case (1, I) solution, all of the cases in which the zero

solution involves region II can be solved together. The solution to Cases (k, II)

where 1 < k < M is:

D′

1(τ) + αm cos φmDk = 0

(−8α + 2β)
τ

TC/A
= −αm cos φm

[

2(M − k) + 1

M

]

2α∆

TC/A
(−1)k (5.33)

τ =
αm cos φm

(

4α
β − 2k + 1

)

−8α
β + 2

∆(−1)k (5.34)

The solutions for Cases (k, I) though slightly more complex than Cases (k, II) are

solved similarly.

D′

1(τ) + αm cos φm

[

Dk−1 + D′

k

(

τ − d +
∆

2
− (k − 1)Tsc

)]

= 0

(D′

1 + αm cos φmD′

k)τ = αm cos φm

[

Dk−1 − D′

kd + D′

k

(

∆

2
− (k − 1)Tsc

)]

τ = αm cos φm

Dk−1 − D′

kd + D′

k

(

∆
2 − (k − 1)Tsc

)

D′

1 + αm cos φmD′

k
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τ = −αm cos φm(−1)k−1

(

4α
β
− 2k + 3

)

∆ +
{

4(k − 1) − 8α
β

}{

d + ∆
2 − (k − 1)

TC/A

2α

}

−8α
β

+ 2 − αm cos φm(−1)k+1
{

−8α
β

+ 4(k − 1)
}

(5.35)

Case (5, II) is trivial as the region of the multipath discrimination function,

Region (M + 1, II), is zero. Case (5, I) is solved as follows:

D′

1τ + αm cos φmD′

M

(

τ − dm + TX +
∆

2

)

= 0

(D′

1 + αm cos φmD′

M )τ + αm cos φmD′

M

(

−dm + TX +
∆

2

)

= 0

τ =
αm cos φm(−1)M

(

−dm + TX + ∆
2

)

−8α
β + 2 − (−1)Mαm cos φmβ

(5.36)

where M = 2α
β .

For each analytic region, there are conditions on dm and φm. As these

variables change and move outside their respective condition, the multipath error

moves to another case. Because the multipath error is assumed to be continuous, the

conditions for transition can be solved by equating neighboring cases. The values

of dm and φm at transition become the conditions that defines each case.

First, the boundaries for Case (1, I) require that dm ≥ 0. Since the slope of

Case (1, I) is not a function of node number k, the transition between Cases (1, I)

and (1, II) must be considered separately from the other nodes. The transition is
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solved as follows:

τ(1,I) = τ(1,II)

αmdm cos φm

1 + αm cos φm
=





αm cos φm

(

4α
β − 2k + 1

)

−8α
β + 2

∆(−1)k





k=2

dm

1 + αm cos φm
=

−4α
β + 1

−8α
β + 2

∆

dm = (1 + αm cos φm)
∆

2

Therefore, the conditions for Case (1, I) are:

0 ≤ dm ≤ (1 + αm cos φm)
∆

2
(5.37)

A more general transition condition involves the transition between subnodes

in the same node. The solution begins the same as the prior transition solution

where:

τ(k,I) = τ(k,II)

−αm cos φmDk

D′

1

= −−αm cos φm

[

Dk−1 + D′

k

(

dm + ∆
2 − (k − 1)Tsc

)]

D′

1 − αm cos φmD′

k

Dk(D
′

1 − αm cos φmD′

k) = D′

1

[

Dk−1 + D′

k

(

dm +
∆

2
− (k − 1)Tsc

)]

1 − D′

k

D′

1

αm cos φm =
Dk−1

Dk
+

D′

k

Dk
dm +

D′

k

Dk

[

∆

2
− (k − 1)Tsc

]

αm cos φm(−1)M
(

−dm + TX + ∆
2

)

−8α
β + 2 − (−1)Mαm cos φmβ

dm =
Dk

D′

k

(

1 − Dk−1

Dk

)

− Dk

D′

1

αm cos φm

−∆

2
+ (k − 1)Tsc (5.38)

Equation 5.38 contains a number of ratios among the constants that define
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the discriminator curve. These ratios must be solved not only for Equation 5.38,

but for future transition cases as well. It can be shown that these ratios are:

Dk

D′

k

=

[

2(M−k)+1
M

]

2α∆
TC/A

(−1)k

(−1)k [4β(1 − k) + 8α] 1
TC/A

=
2(M − k) + 1

4(M − k) + 4
∆ (5.39)

D′

k

D′

1

=
(−1)k {4β(1 − k) + 8α} 1

TC/A

β
(

−8α
β + 2

)

1
TC/A

= (−1)k+1

(

1 +
6 − 4k

8α
β − 2

)

(5.40)

Dk−1

Dk
= −2(M − k) + 3

2(M − k) + 1
= −

(

1 +
2β

4α + β(−2k + 1)

)

(5.41)

Substitution of Equations 5.39 through 5.41 into 5.38 yields the solution for the

distance dm where the transition between cases (k, I) and (k, II) occurs.

dm =
2(M − k) + 1

2 − 4M
(−1)k+1αm cos φm∆ +

∆

2
+ (k − 1)Tsc (5.42)

The transition conditions between cases (k − 1, I) and (k, II) can be solved

similarly.

τ(k−1,I) = τ(k,II)

−αm cos φmDk−1

D′

1

= −−αm cos φm

[

Dk−1 + D′

k

(

dm + ∆
2 − (k − 1)Tsc

)]

D′

1 − αm cos φmD′

k

dm = −Dk−1

D′

1

αm cos φm∆ − ∆

2
+ (k − 1)Tsc

dm =
2(M − k) + 3

2 − 4M
(−1)k+1αm cos φm∆ − ∆

2
+ (k − 1)Tsc (5.43)

The final node in the solution is k = M + 1. The transition solution can

be found by equating Equation 5.36 to Equation 5.34, evaluated at k = M . The
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transition condition is solved as follows:

τM+1 = τ(M,II)

αm cos φm(−1)M
(

−dm + TX + ∆
2

)

−8α
β + 2 − (−1)Mαm cos φmβ

=





αm cos φm

(

4α
β − 2k + 1

)

−8α
β + 2

∆(−1)k





k=M

−d + TX +
∆

2
=

−4M + 2 − (−1)Mαm cos φmβ

−4M + 2
∆

dm = (−1)M αm cos φm

−4M + 2
β∆ + TX − ∆

2
(5.44)

This completes the analysis of the impact of multipath on BOC modulated

signals. In review, the error induced by a single, strong reflector on tracking the

delay of any BOC(α,β) modulated signal has been derived. To maximize precision,

the receiver has been assumed to use coherent discrimination. There is an arbitrary

distance ∆ between the receiver’s families of early and late correlators. The multi-

path signal has a relative strength of αm to the LOS signal, a relative phase of φm,

and induces a total delay dm. The analytic model for this error is restated fully as:

τ =







































































αmdm cos φm

1+αm cos φm
0 ≤ dm ≤ (1 + αm cos φm)∆

2

αm cos φm

“

4α
β
−2k+1

”

−8α
β

+2 ∆(−1)k dt2,k−1 ≤ dm ≤ dt1,k

−αm cos φm(−1)k−1·
“

4α
β
−2k+3

”

∆+
n

4(k−1)−8α
β

o



d+∆

2
−(k−1)

TC/A
2α

ff

−8α
β

+2−αm cos φm(−1)k+1

n

−8α
β

+4(k−1)
o dt1,k ≤ dm ≤ dt2,k

αm cos φm(−1)M(−dm+TX+∆

2 )
−8α

β
+2−(−1)Mαm cos φmβ

dtM ≤ dm ≤ TX + ∆
2

0 elsewhere.

(5.45)
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where:

k =

⌈

dm

Tsc

⌉

TX =
TC/A

β

M = 2
α

β

Tsc =
TX

M

dt1,k =
2(M − k) + 3

2 − 4M
(−1)k+1αm cos φm∆ − ∆

2
+ (k − 1)Tsc

dt2,k =
2(M − k) + 1

2 − 4M
(−1)k+1αm cos φm∆ +

∆

2
+ (k − 1)Tsc

dtM = (−1)M αm cos φm

−4M + 2
β∆ + TX − ∆

2

5.4.4 Numerical Verification of Pseudorange Multipath Model

The equations that define the multipath error for BOC modulated code, including

the corner conditions, can be verified by comparing them to the numerically derived

multipath error envelope found in Figure 5.13. Figure 5.15 overlays the predicted

envelope, which is the analytic model evaluated at φm = 0 and φm = π. The small

difference in the two plots can be attributed to the fact that the precision of the

numerical search was limited. This shows another benefit to an analytic model.

Not only are such models amenable to parameterization, they also provide better

precision than simulations or searches.

5.4.5 Model of Carrier Phase Multipath Error

In Section 3.4.6 a model was presented for the effect of multipath on the carrier

phase tracking of BPSK signals. A similar model of carrier phase tracking can be

adopted for the tracking of BOC signals. The essential relationship between tracking
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Figure 5.15: Analytic and numerical multipath envelope for M-Code, αm = 0.5
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Figure 5.16: Carrier phase multipath error envelope for BOC(10,5) signal

of carrier phase and code delay is the same, as stated in Equation 3.77:

ǫφ = tan−1

(

αmR(τ − dm) sin(φm)

R(τ) + αmR(τ − dm) cos(φm)

)

(5.46)

The extrema as a function of delay form an envelope. A numerically evaluated

envelope is depicted in Figure 5.16 for αm = 1
2 . In this solution, the multipath phase

φm and delay were systematically varied to produce the envelope. The multipath

phase φm was randomly generated with an even distribution from −π to π for

each multipath distance dm. The distance dm was incremented from 0 to TX . At

each increment of dm, φm was varied randomly 10, 000 times, noting the mean,

minimum and maximum values. The solution shows similarity to that for BPSK

codes described in Section 3.4.6. The mean carrier phase error is zero. The overall

shape of the envelope shrinks to zero at dm = TX . Unlike the BPSK solution to

carrier phase multipath error, there are points of constriction in the envelope. This

property of the carrier phase multipath derived from tracking BOC modulated codes

is proven later in the context of smoother performance in Section 6.3.
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Chapter 6

Expected Performance of an

M-Code-based Smoother

In this chapter, the performance for a smoother based on M-Code observables is

predicted. In this hypothetical smoother the pseudorange and carrier phase observ-

ables from BPSK codes are substituted one for one with their M-Code equivalents.

Chapter 5 provides models of errors in BOC modulated signals. Those errors are

evaluated for the M-Code and applied to the smoother bias model developed in

Chapter 4. The errors will be systematically evaluated creating performance mod-

els, each of which takes the form of an error envelope. Each envelope is compared to

its BPSK equivalent. The multipath rejection capabilities of the smoother change

when M-Code is utilized. The conditions for zero mean multipath become more

complex. Also, new conditions arise wherein the smoothed carrier phase exhibits no

multipath.
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6.1 Multipath Error in the Dual Frequency Combina-

tion

Multipath errors in raw observables project directly into errors in the smoothed

pseudorange. The causality between multipath and smoothed pseudorange error is

proven in Chapter 4. That development demonstrates that within the smoothing

process the ionosphere free combination of observables amplifies the influence of

multipath error. It is the performance of the ionosphere free combination that

defines the performance of the smoothed pseudorange.

It is the goal of this section to characterize the impact of multipath on the

ionosphere free combination by systematically presenting the resulting error in the

form of an envelope. Typically, multipath error envelopes are used to portray the

ability of a receiver’s delay lock loop to reject multipath. An envelope maps the

limits of possible multipath error as a function of three parameters: distance added

to the signal by the reflector and the relative phase and amplitude between the LOS

and multipath signals. The error is plotted for a fixed amplitude and phase, over a

domain of distances. Multipath error envelopes are introduced for BPSK signals in

Section 3.4.3. Pseudorange multipath models and envelopes are rederived for BPSK

modulated signals in Sections 3.4.4 and 3.4.6. The equivalent models and envelopes

for BOC modulated signals are derived in Section 5.4.3.

When applied to the modulation associated with M-Code, the models in

Chapter 5 predict the multipath error for the observations on just a single frequency.

Chapter 4 analyzes how errors on observables from two frequencies map to errors in

the smoother. In particular Section 4.3.2 provides error analysis for the smoothed

pseudorange and smoothed carrier phase. Equation 4.22 shows how errors on L1

and L2 map into the single error ǫ∆, the true error in the estimate of ionosphere free

range minus phase bias. This is the dominant error in the smoothed pseudorange.

Consequently, errors in ǫ∆ should systematically distort the smoothed pseudorange
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and are therefore the subject of this error analysis.

Another component of error in the smoother’s products is attributed to mul-

tipath in the carrier phase. In the error analysis of Section 4.3.2, that error is

represented with the variable δφ. That analysis shows that the raw carrier phase

multipath at the nominal smoother epoch T maps directly into both the smoothed

carrier phase product as well as the smoothed pseudorange.

Multipath performance models for the smoothed pseudorange can then be

assessed by systematic evaluation of ǫ∆ and δφ. A series of numerical simulations

were executed to model multipath in a BOC modulated signal with the same mod-

ulation parameters as M-Code. Narrow correlation was used and set to ∆ = Tsc
2 .

In each simulation the amplitude of the multipath signal was held fixed, while the

distance to the reflector was incremented. At each increment, the relative phase

was allowed to randomly vary 10,000 times. The distribution of phase was evenly

distributed from −π to π. For each increment, the mean, minimum, and maximum

ǫ∆ were recorded and the minimum and maximum of δφ were recorded as well.

Those results are graphed in Figure 6.1. The extrema for ǫ∆ are summarized in

Figure 6.1(a). The means of ǫ∆ are depicted in Figure 6.1(b). Extrema for δφ are

found in Figure 6.1(c).

The performance models in Figure 6.1 exhibit common trends. In each en-

velope or bias model, errors reduce as the relative strength of multipath signal

decreases. Also the errors take the form of a pattern that repeats four times, one

for each subchip in the BOC(10,5) signal. Finally, the errors occur over the same

domain, from zero to over 60 meters of distance induced by the multipath reflector.

The expected performance of the smoothed pseudorange is best represented

by the latter two figures, 6.1(b) and 6.1(c). Recall that the carrier phase pseudor-

ange is essentially an interpolated ionosphere free phase, plus the range-minus-phase

bias. The performance of M-Code to reject ground multipath can be seen in these
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(c) Envelope of bias error in smoothed carrier phase

Figure 6.1: Numerically evaluated performance models for the ionosphere free com-
bination. Multipath interference noted using power beneath LOS signal.
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plots. Signals powers for ground multipath should range from an 18 dB ratio of

LOS to multipath signal powers and above. In those cases both the pseudorange

bias and carrier phase error are less than two centimeters each.

6.1.1 Comparison to BPSK Dual Frequency Combination

For each simulation described in Section 6.1, a similar one was performed for

BPSK(10) signals. A narrow correlator is assumed, with ∆ = TP
2 . The BPSK(10)

code represents the performance associated with tracking P- or Y-Code. The results

for two simulations are presented in Figures 6.2 and 6.3, which depict the cases of

LOS to multipath signal power strengths of 6 dB and 18 dB, respectively.

This direct comparison of performance between BPSK and BOC modulated

code yields suprising insights. As expected, for each observable, the maximum

magnitude of multipath error is lower for the BOC(10,5) modulated code than for

the BPSK(10). In contrast, for longer distance values, the BOC modulated code

is susceptible to multipath where the BPSK code is not. The domain of multipath

vulnerability for BOC(10,5) code is apparently twice that of BPSK(10) code. This

ratio may be explained by the chip lengths associated with the two signals. The

chip length of the pseudorandom BPSK(10) code has a chip rate ten times that of

C/A, at thirty meters. The pseudorandom portion of the BOC(10,5) signal has a

chip rate only five times that of C/A, for a chip length of 60 meters. Interestingly,

the nonrandom part of the BOC(10,5) signal, chipping ten times faster than C/A,

does not change the domain associated with the multipath error envelopes.

The simulation case depicted in Figure 6.3 can be used to represent a worst

case ground multipath condition. Given the pervasiveness of ground multipath, this

case can represent a known error source associated with long term signal tracking.

The maximum error associated with the smoothed pseudorange bias is less by a

factor of two to three when comparing BOC to BPSK-based smoothers. If limiting
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(c) Envelope of bias error in smoothed carrier phase

Figure 6.2: Ionosphere free combination performance comparison, BPSK(10) versus
BOC(10,5) modulated signals, 6 dB LOS/multipath power ratio
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Figure 6.3: Ionosphere free combination performance comparison, BPSK(10) versus
BOC(10,5) modulated signals, 18 dB LOS/multipath power ratio
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the maximum error associated with ground multipath is an objective, then in this

case the BOC(10,5) is the preferable signal.

6.2 Zero Mean Multipath Conditions

When a narrow correlator is used within a receiver, multipath error in the pseu-

dorange is limited. The interplay between narrow correlation and pseudorange

multipath in BPSK modulated signals is derived in Section 3.4.4. An equivalent

formulation for BOC modulated signals is found in Section 5.4.3. Both formulations

show that the narrow correlator affects pseudorange multipath only under certain

conditions, defined predominantly by the length of the multipath delay compared

to the width of the narrow correlator. The condition occurs in BOC modulated

domains defined as subregions (k, II) in Section 5.4.3:

dm ≥ 2(M − k − 1) + 3

2 − 4M
(−1)kαm cos φm∆ − ∆

2
+ (k − 2)Tsc

dm ≤ 2(M − k) + 1

2 − 4M
(−1)k+1αm cos φm∆ +

∆

2
+ (k − 1)Tsc

where

TX =
TC/A

β

M = 2
α

β

Tsc =
TX

M

k =

⌈

dm

Tsc

⌉

= 1 . . . M

For M-Code, the modulation is BOC(10,5), resulting in M = 4 regions where the

narrow correlation reduces the amplitude of multipath in the pseudorange.
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Under this condition the pseudorange multipath has a zero mean when the

phase φm has an even distribution. The proof for this follows a similar argument for

BPSK based pseudoranges developed in Section 3.4.4. In this case, the pseudorange

multipath M takes the following analytic form:

M

c
=

αm cos φm

(

4α
β − 2k + 1

)

−8α
β + 2

∆(−1)k (6.1)

The expectation of that quantity can be evaluated using the relationship defined in

Equation 3.72. Assuming an even distribution of φ from φ0 to φ0 + 2π, the mean of

M is as follows:

E

[

M

c

]

=

∫ φ0+2π

φ0





αm cos φ
(

4α
β − 2k + 1

)

−8α
β + 2

∆(−1)k 1

2π



 dφ = 0

The zero mean regions are defined independently of wavelength or frequency.

Therefore the zero mean regions persist through the ionosphere free combination of

pseudoranges. Because the error associated with the ionosphere free combination

dominates error in the smoothed pseudorange, then in this condition, the multipath

error in the smoothed pseudorange is zero mean. Figure 6.2(b) depicts a simulation

of multipath in the BOC(10,5) modulated signal. The four regions of zero mean

multipath are evident in the figure.

6.3 Zero Multipath Condition

Multipath in the carrier phase is modeled the same for both BOC and BPSK signals.

The phase of the prompt correlator is the only source of carrier phase measurement.

The relationship defining carrier phase multipath is described in Section 3.4.6 and
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stated in Equation 3.77. For reference that equation is restated here

ǫφ = tan−1

(

αmR(τ − dm) sin(φm)

R(τ) + αmR(τ − dm) cos(φm)

)

In the case of the BPSK code, the autocorrelation function R(t) is a linear function

ranging from unity to zero over the domain of interest, zero to one chip length.

However the autocorrelation functions for for all BOC modulated codes cross zero

M times in the same domain. An illustration of this can be seen in Figure 5.6.

In the case of a perfectly performing DLL, τ = 0. In that case the zeros of the

autocorrelation curve correspond to zero multipath in the carrier phase. If error

in the DLL is modeled, there is a residual error in the carrier phase, as shown in

Figures 6.1(c), 6.2(c) and 6.3(c). In the simulations of this chapter, the coupling

between carrier phase and pseudorange multipath was modeled. Even in the 6 dB

case, the ionosphere free combination of carrier phase is centimeter level or less in

size. These zones of multipath free carrier phase measurement may provide rich

opportunities for further study.
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Chapter 7

Conclusions

The results presented in this dissertation indicate that a smoother based on M-

Code observables represents a potential enhancement over the existing one. By

design, the M-Code signal supports the same objectives as smoothing: reduction

in noise and mitigation of multipath. Under the same tracking conditions and

equivalent receiver architectures, the pseudorange observables generated from M-

Code should contain less noise than those from BPSK(10) code. With regard to

multipath error, the situation is more complex. The error inserted into the smoother

by multipath has been shown in Figures 6.2 and 6.3 potentially larger when M-Code-

based observables are smoothed. However, under those conditions, Figure 6.1 shows

that the bias inserted was confined to one centimeter or less, even under the influence

of a strong reflector. Furthermore, those conditions are practically impossible in

reference stations for which the ground or nearby rooftop is the primary source of

multipath.

The means by which multipath inserts error into the smoother is in the iono-

sphere free combination upon which the smoother is based. Both the NGA and Air

Force smoothers share this step. The ionosphere free combination amplifies multi-

path found in receiver observables. Furthermore, the presence of such multipath is
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not sporadic, but instead ubiquitous. At all times, the ground appears to coher-

ently reflect the LOS signal. Those signals propagate to the antenna where they are

subject to a gain pattern that reduces but does not eliminate their influence.

In this study, the ability of a hypothetical receiver to separate multipath

from the LOS signal was examined. The receiver featured the most sensitive dis-

criminators to track pseudorange and carrier phase, the coherent early-minus-late

delay and the arctangent discriminators, respectively. A multipath error model was

derived analytically from first principles for first the BOC then the BPSK codes.

A pure function describing the autocorrelation curve for any BOC modulating code

was derived. That correlation curve served as the basis to model an early-minus-late

delay discrimination function. In the discrimination function, the early-late spacing

∆ was left as a free parameter. Under the influence of a single coherent reflector,

receivers track a perturbed discrimination function, comprised of two discrimination

functions, one for the LOS and one for the multipath signal. Solving for the roots of

the discriminator function defines the multipath seen in the pseudorange. It is this

analytic solution that represents the most general contribution of this dissertation.

The autocorrelation functions for BPSK and BOC signal were also used

to solve for the carrier phase error envelopes. These solutions provided suprising

results. There are conditions for which BOC modulated signals are free of multipath

in the carrier phase. These conditions correspond to when the multipath delay equals

a multiple of the length of one subchip. For example, for M-Code, there are four

such regions. These regions could provide the capability to perform multipath-free

carrier phase processing.

Another surprising result of this study is that for both pseudorange and

carrier phase, the multipath envelope for P-Code can, under the same tracking con-

ditions, be smaller than that of M-Code. This simple fact complicates the assess-

ment as to whether an M-Code based smoother would improve or degrade existing
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ephemeris generation processes. Figures 6.2 and 6.3 show how the error envelopes

impact the ionosphere free combination as a function of multipath delay. The contri-

bution of multipath to the smoothed pseudorange is essentially lowered for M-Code.

However, the contribution of multipath for the carrier phase, and therefore, the

smoothed carrier phase, can be higher in the case of M-Code. The difference be-

tween the envelopes is on the order of one centimeter for strong multipath. New

ephemeris production filters based solely on carrier phase would then be expected to

perform worse if only the carrier phase of M-Code is used. The zero mean multipath

condition for carrier phase can be exploited to improve those results.

M-Code also promises reduced noise in the pseudorange. A baseband analysis

was derived that generalized to both BPSK and BOC modulated signals, again

leaving the early-late distance ∆ and other DLL parameters as free variables. The

analysis resulted in a function that predicts pseudorange noise as a function of

post-correlation signal-to-noise ratio. In that function the effectiveness of a code

was isolated to a single parameter kτ that varies with the slope of the discriminator

function at zero delay error. This parameter was used to prove that under equivalent

conditions the tracking of M-Code will result in pseudoranges with less noise than

P-Code.

Further study may be required to determine how best to incorporate M-Code

into the smoother or directly into the ephemeris generation filters of NGA or the

Air Force OCS. The full design space associated with adding the new observables

should be explored. Subsituting P-Code based pseudoranges and carrier phases for

their M-code equivalents does not produce uniform improvements to the smoother.

In some conditions, the products are slightly degraded in accuracy. Assessing the

likelihood or relative contribution of those conditions to the process of ephemeris

generation is beyond the scope of this dissertation. However, the models, derivations

and techniques developed in this research could assist that effort. While the integra-
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tion of M-Code into existing ephemeris generation processes is considered by many

inevitable, the success of that effort is maximized when the full impact of the inte-

gration is known to system designers beforehand. If this dissertation can contribute

to that simple mission, to communicate how a modernized signal impacts part of

the ephemeris generation process, then this dissertation will have been successful.
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Chapter 8

Future Work

The purpose of this chapter is to preserve ideas regarding the future directions

suggested by the investigations and analyses presented in this dissertation. Many of

those ideas address the process of ephemeris generation. Those ideas would either

improve a given step in the ephemeris generation process, unify steps or improve

communication between those steps. Other ideas involve improving the multipath

resistance in receiver systems. In the process of forming a nominal receiver system

design, a number of simplifications have been adopted that warrant verification or

more detailed modeling. In addition, there are system design parameters that could

be exploited. Still other ideas are more theoretical. Those efforts would address the

general signal tracking performance associated with the panoply of future GNSS

signals. All of the tracking and error models developed in this dissertation can be

applied to the proposed L1C signal, as well as the half dozen or more signals planned

for the EU’s Galileo system.
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8.1 Smoothing and Ephemeris Generation

The most obvious next step would be to use the analytic models of BPSK and BOC

error to enhance the existing smoother. The smoother itself could be enhanced to

accommodate the effect of one or two reflectors. Two reflector models accommodate

the known interference from the ground. Empirical models have been considered in

this development and have been proven a consistent way to evaluate the multipath

environment [7, 72]. Those same empirical models could be used to evaluate and

debug a new smoother that models multipath reflectors. Alternatively, the ana-

lytic models could be abandoned in favor of empirical ones. This latter smoother

enhancement may prove difficult to field as the approach is oriented to batch pro-

cessing. A final possible enhancement to the smoothing process would be to exploit

the zero multipath conditions found in carrier phase tracking.

Any enhancement that separates multipath from the estimation of range

minus phase bias would improve that estimate. Moreover, the estimated error of

that estimate, the smoothed pseudorange noise, would then more closely reflect the

true error.

If the smoother is seen as one subsystem among others in the ephemeris

generation process, then a new family of future work can be considered. The new

family becomes more obvious when the process of ephemeris generation is seen as

a cascade of optimal estimators. That cascade is delineated in Figure 8.1. In this

drawing, the width of each arrow indicates qualitatively the bandwidth requirement

between the last and next stages of the cascade. The arrow size also hints at the

computation requirement for the receiving step in the cascade. This development

has addressed two of the three steps. The first estimator is the receiver; that in

effect is a filter that estimates range and carrier phase based on the GPS signal.

The receiver reduces Gigahertz level of sample bandwidth to a stream of perhaps

six dozen measurements per epoch. The second estimator, the smoother, reduces
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Figure 8.1: Ephemeris generation process as a cascade of estimators

noise and to a great extent multipath. The smoother reduces bandwidth of informa-

tion. In the current configuration of the smoother, dual frequency pseudorange and

carrier phase observations taken at 1.5 second intervals are reduced to two smoothed

products generated every 900 seconds. The final estimator generates the ephemeris.

The efforts of a great many engineers and scientists are spent on local improvements

isolated to just one of these three steps. Perhaps more improvements could be won

by either unifying the steps in the cascade or sharing information among them. A

few examples are discussed in the following.

The most simple and inexpensive modification to the ephemeris generation

process is to share state estimates upstream. Since each step reduces information

by orders of magnitude, adding information upstream is likely negligible bandwidth

cost. However, it does require that the upstream filter can handle the information.

For example, the ephemeris system could assist smoothing by providing a zero aged

ephemeris to the NGA smoother. The NGA smoother would not require a broadcast

ephemeris to operate. Also, the NGA receiver could be freed from dependency on

the almanac if a zero age ephemeris were provided. If that is not possible due

to latency conditions, then perhaps an extrapolated ephemeris could be utilized in
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Figure 8.2: Alternative ephemeris generation system designs

smoothing. Then the receiver could anticipate rise times and Doppler offsets without

requiring a navigation message at all. If clock models were shared upstream to the

smoother process then this could help alleviate the need for highly stable clocks

in both the NGA and Air Force systems. However these clocks must be modelled

in the ephemeris filter. With a sparse network, it would be an extreme challenge

to observe the drift of the satellite clocks using clocks driven by crystal oscillators

associated with receivers.

The price of unifying the cascade of filters is more expensive than the cost

of sharing information among them. The benefit of three separate estimators is

that at each step a large amount of data is distilled into an essential minimum of

information. The communication bandwidth and computational requirements for

unifying the steps would need to be considered. The upgrade in bandwidth would

require new communication methods and higher computational costs. Two alterna-

tive unification arrangements are illustrated in Figure 8.2. The first alternative is

perhaps the most obvious disposition of the existing NGA smoother. In that alter-

native design the raw observations from the receiver would be processed directly in

the ephemeris generation filter. This design would require real-time communication

between all receivers and the ephemeris process. While the bandwidth requirement

may not prove challenging to arrange, the computational costs would increase on
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the order of 1000.

If that bandwidth is too expensive or unavailable, or if the processing cost

is too prohibitive, the NGA smoother may not be unified directly with the its

ephemeris design process. An equivalent solution may be utilizing the zero aged

ephemeris in the smoothing process. If that design were based on a state transition

matrix as discussed in Section 4.3.2, it could at a later time be incorporated into the

state transition matrix of the ephemeris generation process, when such an integrated

design is more feasible.

Another alternative unification of cascade filters is more radical and at this

time only theoretical. In this alternative design, all receivers would be replaced with

simple A/D front ends. The uncorrelated samples would be communicated over the

network to a central processing facility. Assuming three bands with a one sided

bandwidth of 40 MHz each and two bit sampling, this would require station-to-

NCC communication bandwidths of about 480 Mbps. While modern LANs feature

1- and 10 Gbps networks, those same bandwidths are not available to WANs. In

comparison, such a bandwidth is five times the bandwidth that connects the na-

tion of French Polynesia to the Internet backbone. Beyond a possible conceptual

elegance, the only practical benefit to this idea is the possibility of housing the gen-

eration of M-Code in a central facility, alleviating some security, maintenance and

operation concerns.

The latter cascade unification is in essence made by brute force. It requires

treating a WAN connection like an A/D bus. A lighter touch might prove more

feasible. It may be possible to reduce the bandwidth required by implementing

a BOC phase lock loop (BPLL) . Once locked, the BPLL would be used to wipe

the samples. The signals would be transformed from BOC(10,5) to BPSK(5). The

bandwidth requirement would then be reduced by a factor of 8. Also, it might prove

acceptable for three bands to share a sample band, a practice implemented in some
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GPS+GLONASS receivers. This would increase noise on the signal moderately, but

the bandwidth requirement would again reduce by a factor of 3, for a final bandwidth

of 20 Mbps. Global acquisition of a dedicated WAN link of that bandwidth is

possible but expensive.

8.2 Multipath Resistance in Receiver Systems

Multipath is the Gordian knot of GNSS accuracy. It has a palpable effect on the GPS

orbit determination process via systematic trending seen in the smoother. Its effect

is doubled when differencing techniques are used, such as those used in differential

GPS. Multipath is seen as inescapable and unobservable. That is true given the

nominal design of modern receivers. Even the most advanced receivers, that use

thousands of correlators, are reported to see multipath.

Einstein said, “Problems cannot be solved at the same level of consciousness

that created them.” This insight can provide guidance to the task of receiver design.

Receivers can reject noise but not multipath. However, it is clear that multipath

can be seen by humans when error is mapped to large time blocks or to topocentric

space (azimuth and elevation). It is also clear that a human can see multipath

when viewing a full correlation or discrimination curve. To an extent, multipath is

observable. The delay lock loops and phase lock loops inside receivers cannot see

them because the data fed to them are limited. They only look at milliseconds of

data at a time. From the perspective of the statistical estimation theory, receivers

are sequential filters. Multipath is the inescapable result of sequential filtering within

a receiver.

If multipath is to be defeated in the receiver, it will take a new architecture,

one in which samples are processed in blocks to produce a fuller correlation and

discrimination curve. Block processing has been proposed as an alternative to purely

sequential processing inside receivers [82]. However, this work was only applied
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to narrowband signals such those of C/A and L1C. Block processing, applied to

wideband processing, could cut the Gordian knot of multipath.

Block processing of GNSS signals does incur large costs in computation and

communication bandwidth. New systems would need to designed, prototyped and

tested. More moderate steps could be taken to further mitigate multipath in the

ephemeris generation process. There are two system design parameters that show

promise. First, the choice of correlator distance ∆ directly influences the amount

of multipath output by a receiver. However, it is not acceptable to choose a value

of ∆ that is practically zero, then the GNSS signal would become unobservable. A

system trade could be made for the choice of ∆, in which the quantity of multipath

would be traded for tracking characteristic associated with acquisition and tracking.

A second set of system design parameters that could be explored are associated with

zero mean multipath. It may be possible to place the reference station antenna at

a height that maximizes the amount of data with zero mean multipath recorded by

the receiver.

8.3 Extension to other Modernized Signals, Galileo and

Other GNSS

The analytic derivations provided in this dissertation provide a flexible framework

by which to explore new signals and new receiver designs. The error models for

both BOC and BPSK modulated signals are stated purely in terms of modulation

parameters α and/or β. Those two modulation schemes form the basis for all other

GNSS signals. Equally well, the noise and multipath error models in this dissertation

form a basis for the error models of the new GNSS signals.

The parametric models used in this development can also be used to explore

alternative receiver designs. Figure 8.3 illustrates how multipath could be made
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Figure 8.3: Multipath error envelope for small and large ∆

more observable in the tracking of M-Code. In that figure two pseudorange mul-

tipath error envelopes are plotted. Both correspond to in-phase multipath. The

blue envelope corresponds to a correlator distance ∆ = 1
2Tsc, the red corresponds

to ∆ = 3
2Tsc. The change in slope of the two curves in the (II,k) regions indicates

that within those regions if both sets of correlator pairs are used, then the difference

between those sets has a linear relationship with dm.
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Appendix A

Multipath Observability

through the Dual Frequency

Method

The key challenge behind the removal of multipath from observables is the lack of

observability. While it is not possible to directly observe multipath, it is possible to

form combinations of observables in which multipath is exposed. Those combination

are biased. In Reference [58] Drs. Kee and Parkinson derive a method called the

Dual Frequency Method or DFM that uses the spatial correlation of multipath

to eliminate the biases. The products of the DFM process are purely empirical.

When the DFM is applied for long time scales, the produces provide insight into the

nature of multipath as seen at a GPS reference station. Applications of the DFM

have motivated the analysis of this dissertation. Lack of observability of multipath

inspired the dissection of receiver processing. sFurthermore the DFM process can

be used to demonstrate the correlation of multipath bias and error in the carrier

phase smoothed pseudorange. The products of the DFM are an essential part of this

motivation and validation for this dissertation. For this reason the DFM process as
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Figure A.1: Nodal graphs showing all possible pseudorange and carrier phase ob-
servable combinations when tracking C/A-, P- and L2C-Codes

studied by this author in References [7] and [72] will be defined.

A.1 Linear Combinations

The first step of the DFM is to linearly combine observables to expose the influence of

multipath. Two steps are required in most cases. Each step requires the calculation

of a difference or divergence. The set of divergences that can be used to observe

multipath grows exponentially with the number of range-type observables that are

formed by a receiver. The family of multipath combinations grows quickly as well.

However most of the multipath combinations are linear combinations of one another.

Ultimately the number of observable multipath combinations is severely limited.

Figure A.1 is a nodal graph that depicts the set of possible divergences that

can be used for either multipath or for ionosphere delay. Each observable that

can be derived from a receiver is marked with a colored, circular node. Light blue

nodes represent time delay or pseuodorange observables. Light green nodes represent

carrier phase observables. It is not possible to distinguish between these nodes using

data recorded in the RINEX versions 1 and 2. The standards are ambiguous on the

nature of the phase observation recorded when receivers track multiple codes [83,
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84, 85]. However the proposed RINEX 3.00 standard provides the ability to make

this distinction [86].

In Figure A.1 the lines that connect nodes represent unique divergences. Red

lines represent divergences between frequencies. Blue lines represent divergences be-

tween observables that share a frequency. Green lines represent divergences between

similar observables on a shared frequency.

The nodal graph is specific to a given receiver or conguration of receivers,

as the types of codes, frequencies, and observables can vary from design to design.

Figure A.1 applies to single, hypothetical receiver that can simultaneously track

C/A and P codes on L1, and L2C and P codes on L2.

There are two steps in forming linear combination dominated by multipath:

a first divergence, and, if necessary, a second divergence to solve for ionosphere

delay. The final combination will be a function of multipath, a bias, and noise.

The following variable µ will be used to denote in a general sense any of these

combinations. As a function of time and space, then µ can be written as

µ = m(α, e) + Bµ + ǫ(t) (A.1)

In Equation A.1 µ is the sum of three terms: a multipath value m that is strictly

a function of azimuth α and elevation e, a constant bias Bµ, and a thermal noise

term ǫ(t).

The process can be illustrated with an example. Consider a receiver that

tracks P code on L1 and L2C code. Then the observation equations generally stated
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in 4.15 are realized as follows

ρP1 = d + cδt + iL1 + ν + t + MP1 + ǫP1

φP1 = d + (NP1 + ϕL1)λL1 + cδt − iL1 + ν + t + mP1 + ηP1

ρL2C = d + cδt + iL2 + ν + t + ML2C + ǫL2C

φL2C = d + (NL2C + ϕL2)λL2 + cδt − iL2 + ν + t + mL2C

+ηL2C

There are no ionosphere free combinations of just two observables available for this

hypothetical receiver. Therefore two divergences are required. Two are selected,

∆1 = ρL2C − φP1 and ∆2 = φP1 − φL2C . Error analysis of these two divergences is

as follows.

∆1 = ρL2C − φP1

= −(NP1 + ϕL1)λL1 + iL2 + iL1 + ML2C − MP1 + ǫL2C − ǫP1 (A.2)

∆2 = φP1 − φL2C

= (NP1 + ϕL1)λL1 − (NL2C + ϕL2)λL2

−iL1 + iL2 + mP1 − mL2C + ηP1 − ηL2C (A.3)

Introducing γ defined in Section 3.2.1 now a final difference is formed that fits the

form of Equation A.1.

µ = ∆1 − ∆2

= ML2C − γ

γ − 1
mP1 +

1

γ − 1
mL2C

−2(NP1 + ϕL1)λL1) + (NL2C + ϕL2)λL2

+ǫL2C − ǫP1 − ηP1 + ηL2C

= m(α, e) + Bµ + ǫ(t)
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where

m(α, e) = ML2C − γ

γ − 1
mP1 +

1

γ − 1
mL2C

Bµ = −2(NP1 + ϕL1)λL1)λL1 + (NL2C + ϕL2)λL2

ǫ(t) = ǫL2C − ǫP1 − ηP1 + ηL2C

The following are three more concrete examples of multipath combinations derived

using this generalized process. These are based on observables from a receiver

tracking the classic signals of GPS.

µ1 = ρP1 − φP1 −
2

γ − 1
(φP1 − φP2)

µ2 = ρC/A − ρP1

µ3 = ρP1 − ρP2 +
1

γ − 1
(φC/A − φP2)

The number of multipath combinations that can be formed in this process is

large and grows exponenentially with the number of range-type observables avail-

able. Furthermore the number of combinations is infinite as multipath combinations

can be linearly combined to create new ones. The following combinatorics show

that the process leads to a large design space for multipath combinations. For the

hypothetical receiver in Figure A.1 the number of unique divergences Nd can be

calculated as follows.

Nd = C(No, 2) =
No!

2!(No − 2)!
= 28 (A.4)

where No = 8. Some of those unique divergences are ionosphere free, for example

ρC/A−ρP1. The number of ionosphere free divergences Nd can be found by inspection

Nif = 4 (A.5)
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Description Nmc

Dual frequency receiver via RINEX 2.2 73
Dual frequency receiver via RINEX 3.0 158
Dual frequency receiver tracking P on L2 with L2C 556
YMCA receiver 2, 874

Table A.1: Nmc by Receiver Design

The remainder of unique divergences Nic then must carry information about the

ionosphere.

Nic = Nd − Nif = 24 (A.6)

If one of these divergences is used to observe multipath, then in order to preserve

observability another must be used to remove ionosphere. Then the total number

of ionosphere corrected combinations Ntc is

Ntc = Nic · (Nic − 1) = 24 · 23 = 552 (A.7)

Finally the total number of multipath combinations Nmc is the sum

Nmc = Nif + Ntc = 556 (A.8)

The number of multipath combinations for a number of receiver designs are listed

in Table A.1. Here YMCA is a term for a receiver that tracks both Y- and M-Code

on L1 and L2 and C/A-Code on L1.

A.2 Multipath Observability

While the family of combinations formed by this DFM process is large and the

number of multipath combinations is infinite, the number of unique multipath com-

binations is limited. For each observable with No observables, the number of unique
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combinations is No − 1. This relationship is proven as follows. At any given epoch

for a satellite in track any multipath combination µi generated as described in Sec-

tion A.1 can be written as

µi = (ma − mb) + c(mc − md) + Bµ,i + ǫi (A.9)

where c is a multiplier to correct for ionosphere delay, a through b are indices over

the numbered set of observables, m is the instantaneous value of multipath on an

observable and ǫ is the instantaneous noise. The set of N multipath combinations

can be written as a matrix:
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(A.10)

where I is an identity matrix. The matrices D1 and D2 each have N rows and No

columns. These are difference or inicidence matrices commonly used in other GNSS

applications such as differential processing [87]. The rank of any difference matrix

Dm×n has a rank one less than its smallest dimension. If Bµk
are constant across
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epochs then they could be solved reducing Equation A.10 to
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(A.11)

As the rank of D1 and D2 each is no greater than No − 1 then sadly mi are not

observable uing a maximum likelihood estimator. If Equation A.11 is rearranged

to form a new state, it can have at most No − 1 elements. In the next section the

states are redefined to reflect that fact and to take advantage of spurious spatial

correlation in mi. The argument that Bµk
is observable is unfortunately not true.

The new state will be formed with a new set of biases that are observable.

A.3 Bias Estimation and Removal Using Overhead Pass

Intersections

The key to the DFM is nding points in overhead geometry where two satellite

passes, j and k, cross. Figure A.2 depicts the results of intersections for one day of

observations. Each intersection is marked with a red diamond. In the case of GPS,

the solution will be almost identical from day to day.

The observability of multipath bias is founded on the assumption that mul-

tipath for two passes at an intersection must be the same. By forming the difference

in µi −µj for each satellite at that point, the difference Bµk
−Bµk

can be observed.

The following bias estimate process repeats what is found in the original

Reference [58] describing the DFM. Some simplifications have been made. The

intersection search process is ommitted for the sake of brevity. A thorough discussion

of the intersection search process are found in References [7] and [72].
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Figure A.2: Example of overhead pass intersections for one day

For each intersection i, between passes j and k, the following difference is

formed.

yi = µj − µk = Bµj − Bµk
+ ǫj − ǫk (A.12)

By collecting one difference for each intersection an overdetermined set of equations

can be formed into a matrix observation equation.

ym×1 = Hm×nxn×1 + ηm×1 (A.13)

The total number of intersections found is m and total number of passes for which

intersections are found is n. Each row i in y corresponds to one intersection. The

201



matrix elements in A.13 are defined as follows.

yi = µj − µk, where 1 < i < m

xq = Bµ1
− Bµq , where 1 < q < n

Hi,j = 1

Hi,k = −1

Hi,p = 0, where p 6= j, p 6= k, 1 < p < n

ηi = ǫj − ǫk

The matrix H is a difference matrix and is rank deficient. By partitioning H to

remove the first element of x, an observable state becomes possible.which
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y′m−1×1 = H ′

m−1×n−1xn−1×1 + ǫm−1×1 (A.14)

The state can now be solved using standard methods such as least squares.

A.4 Long Term Model Formation

The DFM process results in the estimation of bias differences. One bias remains

unsolved for the system. If we introduce the artificial constraint than µ = 0 then that
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bias can be resolved. This allows solution to Bµk
for all passes k. Then Equation A.9

can be solved for (ma − mb) + c(mc − md). The solutions can be collected into a

model that is a function of azimuth and elevation. As orbit precession moves the

orbits, greater portions of sky are covered by the satellite passes. After two years,

in general, the entire sky is covered.

The consistency of the solution is a function of many parameters, including

stability of the local environment. While the bias of multipath has not yet been

proven to be zero, it appears close because as the spatial consistency of long terms

solutions is high at sites where there are few reflectors. The long term solution

using the range-minus-phase ionosphere free combination for the NGA station in

Ecuador depicted in Figure 4.11 demonstrates the stabilty of using the zero mean

assumption. However at sites with many reflectors, the day-to-day consistency of

the zero mean assumption is questionable.
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Appendix B

Solution to Multipath Distance

Caused by Ground Reflection

Long term studies of station multipath error at ARL:UT have shown that for each

reference station the strongest multipath reflector is the ground underneath the

antenna. If the height of the antenna phase center above ground h is known then

the distance induced by the reflection dm can be determined. In addition, given

an assumed behavior of phase at reflection, then the relative phase φm can be

determined as well. However the behavior and mechanism of phase reflection from

the ground is not well known nor is it directly observable. A closely related and

highly observable quantity is the time rate of change of φ. The following sections

outline the geometry and mathematics required to compute dm, φm and φ̇m.

The geometry of reflection is defined in a topocentric frame with an origin

placed a distance h beneath the antenna center. The ground is assumed to be an

infinite plane. The source of the signal is located by azimuth and elevation angles.

The geometry of reflection is defined by two conditions. Both conditions involve

the location of the point of reflection relative to the coherent wavefront shared by

the LOS and MP signals. Figure B.2 depicts the geometry of coherent reflection
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Figure B.1: Ground reflection geometry for elevations greater than 45 degrees.

for steep elevations. Here the steep reflection condition occurs when the point of

reflection is on the side of the plane opposing the source of the LOS signal. The

relationship between elevation e and incidence angle i depicted in Figure B.1 are as

follows.

π − 2e +
π

2
+ i = π

i − 2e = −π

2

i = 2e − π

2

i > 0 ⇒ e >
π

4

The distance from the coherent wavefront to the point of reflection is l and is solved

as follows.

cos(π − 2e) =
l

m

l = cos(π − 2e)m
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Figure B.2: Ground reflection geometry for elevations less than 45 degrees.

The distance from the point of reflection to the antenna phase center is m.

cos
(π

2
− e
)

=
h

m

m =
h

cos
(

π
2 − e

)

The reflector distance dm is the sum of the two distances l and m.

dm = l + m

= m[cos(π − 2e) + 1]

= h
cos(π − 2e) + 1

cos
(

π
2 − e

) (B.1)

The converse to the steep reflection condition is shallow reflection. Shallow

reflection is depicted in Figure B.2. In the shallow reflection condition the point of

reflection lies on the same side of the coherent wavefront as the signal source. The
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path length dm in this condition is the difference between path lengths l and m.

cos
(π

2
− e
)

=
h

m

2e +
π

2
+ θ = π

i = 2e

cos i =
l

m

l = m cos 2e

dm = m − l

= m(1 − cos 2e)

= h
1 − cos 2e

cos
(

π
2 − e

) (B.2)
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