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This research addresses three important questions for solving a general stochas-

tic optimization problem: proper modeling of the uncertainties and their interac-

tions, use of decomposition techniques to solve the resulting optimization problems,

and the impact of stochastic dependencies to the optimal solution. In particular, we

develop sampling methodologies for scenario generation that preserve the cointegra-

tion properties of financial time series, create a new conditional decision-dependent

probability model for the lifetime of components in nuclear power plants, define the

corresponding stochastic optimization problems, and construct decomposition algo-

rithms to solve them. We investigate the impact of the input (in terms of different
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stochastic dependencies) to the solution of the corresponding optimization problem.

For the last issue we concentrate on the general financial asset allocation problem.
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Chapter 1

Introduction

We live in an era of continuous information that comes to us via Internet, TV, radio,

newspapers, magazines, and billboards (to name a few). Thousands of decisions are

made on a daily basis in every single sector of our society - financial, military,

manufacturing, energy, entertainment, etc. Most of these decisions (if not all of

them) involve the input and analysis of a vast amount of data that come from many

different sources. We will refer to the data-source couple as a “data stream”.

The same information could be sent to us via different sources - for instance,

the measurements of the gas pressure in a nuclear containment taken by two differ-

ent measurement units, or the same news delivered by different news channels or

newspapers. In general, any decision-making process will have many data streams

as inputs. We will assume that the data streams are “dependent”, which is obvious

in the first example but not so obvious in other cases.

One of the main objective of this research is to investigate the impact of the

dependencies among the data streams to the decision making process and to the

optimal decision that it generates for our use. For this purpose we will investigate:

(i) how to model dependencies, (ii) how to use them in the optimization process,

(iii) whether or not the resulting decisions impact the characteristics of future data
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streams, and (iv) what is the impact of including dependencies into the optimal

decision making process. The resulting stochastic optimization problem will be (in

general) based on continuous distributions. We concentrate on creating sampling

algorithms that preserve the stochastic dependencies. The resulting stochastic ap-

proximation problem (SPA), see Figure 1.1, is in general difficult to solve. We

develop decomposition techniques to find its optimal solution Zspa. Some of the

problems that we attempt to solve are time-dynamic. We allow the uncertainty

model P to depend on the previous decisions when we want to find the optimal

preventive maintenance policy for a system of items.

 

Uncertainty 
Model (P) 

Objective 
function Constraints 

Stochastic Optimization 
Problem (SP) Solution spZ  

Stochastic Approximation 
Problem (SPA) Solution spaZ  

Sampling 

Figure 1.1: Model Specification

We will first present several methods and algorithms for sampling and opti-

mization that we later use to solve problems from quantitative finance and reliability.

In particular, we investigate cointegration and how it can be exploited in different
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settings. We construct a Decision Dependent Preventative Maintenance model that

captures interdependencies between items in a system and discuss how it can be

solved.

1.1 How to model dependencies

We will assume that the inputs (data streams) to the optimization process are

either realizations from a random vector (time-independent) or from a multivariate

stochastic process (time-dependent). In both cases, we will assume that there are

finite number of data streams.

We first start with the time-independent case modeled by a random vector

X = (X1, . . . , Xn)T . It is defined by its joint distribution function F which is the

most general model describing the underlying dependencies.

The covariance, Anderson (1984), is the most popular measure of depen-

dency.

Definition:

Let X and Y be two random variables with finite variances. The covariance coeffi-

cient for X and Y is

Cov(X, Y ) = E(XY )− E(X)E(Y ),

Definition:

Let X and Y be two random variables with nonzero finite variances. The correlation

coefficient for X and Y is

Cor(X, Y ) =
Cov(X, Y )√

V ar(X)V ar(Y )
.

The notion of covariance and correlation can be extended to the multivariate

case:
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Definition:

Let X = (X1, . . . , Xn)T and Y = (Y1, . . . , Ym)T be two random vectors. The cross-

covariance between X and Y is given by

Cov(X, Y ) = E[(X − E[X])(Y − E[Y ])T ].

Definition:

Let X = (X1, . . . , Xn)T be a random vector with nonzero V ar(Xi) ≤ +∞ for all

i’s. The n× n matrix ΣX = (ai,j), where ai,j = Cov(Xi, Xj)(ai,j = Cor(Xi, Xj)) is

called a covariance(correlation) matrix of X.

Properties of covariance:

Let X = (X1, . . . , Xn)T and Y = (Y1, . . . , Ym)T be two random vectors. A and B

are n×m real matrices, a and b are real n-vectors. Then

• ΣX = E[(X − E[X])(X − E[X])T ] = E[XXT ]− E[X]E[XT ]

• covariance matrix ΣX is positive definite

• Cov(X, Y ) = Cov(Y, X)T

• Cov(X1 + X2, Y ) = Cov(X1, Y ) + Cov(X2, Y )

• Cov(AX + a,BX + b) = ACov(X, X)BT

• if X and Y are independent, then Cov(X, Y ) = 0.

The correlation and covariance measure the strength of the linear relationship

between the underlying random variables, see Theorem 4.5.7, Casella & Berger

(2002). In the context of simulations, to generate random variables with given

covariance (correlation) multivariate normal or multivariate lognormal distributions

are used. For modeling of nonlinear dependencies one could consider using copulas.

The following paper provides a review of copulas and related research: P. Em-

brechts & McNeil (2001). Also one might look into U. Cherubini & Vecchiato (2004)
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for more information on copulas and examples of copulas applications.

Definition:

An n-copula is a function C of n variables on the unit n-cube [0, 1]n with the fol-

lowing properties:

1. the range of C is the unit interval [0, 1]

2. for any u ∈ [0, 1]n such that there exists i for which ui = 0, C(u) = 0

3. if for some u ∈ [0, 1]n there is a k satisfying uk < 1 and uj = 1 ∀j 6= k then

C(u) = uk

4. C is n-increasing ,i.e. for some a, b ∈ [0, 1]n and a ≤ b the value assigned to

the n-box [a, b] is nonnegative,

see P. Embrechts & McNeil (2001).

In other words, a copula, C : [0, 1]n → [0, 1], is a multivariate distribution

function whose marginals are uniform [0, 1] random variables.

An important result is given by the next theorem:

Sklar’s Theorem

Let H be an n-dimensional distribution function with marginals F1, . . . , Fn. Then

there exists an n-copula C such that for all ∀x ∈ Rn ∪ {+∞,−∞},

H(x1, . . . , xn) = C(F1(x1), . . . , Fn(xn)).

If F1, . . . , Fn are all continuous, then C is unique; otherwise C is uniquely deter-

mined on RanF1× . . .×RanFn, where RanFi is the range of Fi. Conversely, if C is

an n-copula and F1, . . . , Fn are distribution functions, then the function H defined

above is an n-dimensional distribution function with marginals F1, . . . , Fn.
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For the proof, see Sklar (1996).

Calculating Conditional Probabilities

Let Ck(u1, . . . , uk) = C(u1, . . . , uk, 1, . . . , 1), k = 2, . . . , n − 1 denote k-dimensional

marginals of the n-copula C. Let U1, . . . , Un have joint distribution function C and

u1, . . . , uk are some values of U ’s . Assume ∂k−1Ck(u1,...,uk)
∂u1...∂uk−1

and ∂k−1Ck−1(u1,...,uk−1)
∂u1...∂uk−1

exist and the latter derivative is not equal to zero. Then the conditional distribution

of Uk given values of U1, . . . , Uk−1, is given by

P (Uk ≤ uk|U1 = u1, . . . , Uk−1 = uk−1) = Ck(uk|u1, . . . , uk−1) =

=
∂k−1Ck(u1, . . . , uk)

∂u1 . . . ∂uk−1
/
∂k−1Ck−1(u1, . . . , uk−1)

∂u1 . . . ∂uk−1
,

see P. Embrechts & McNeil (2001).

Assume C(u) is of known form and its parameters explain the dependencies

between components of a multivariate random vector X with arbitrary marginals

F1, . . . , Fn. In general, an algorithm to simulate random variates with a given copula

and marginals depends on the type of copula in question. However, the following

algorithm that uses conditional probabilities, Law & Kelton (2000), although being

not the most efficient, can be implemented:

Generation Algorithm:

1. Let k=1. Generate m ∼ U(0, 1) and assign u1 = m

2. Let k = k + 1

3. If k > n Stop

4. Generate m ∼ U(0, 1)

5. Find uk such that m = Ck(uk|u1, . . . , uk−1)
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6. Goto Step 2.

Another important research result is the Frechet-Hoeffding Bounds for Joint Distri-

bution Functions:

The Frechet-Hoeffding Bounds for Joint Distribution Functions

If C is any n-copula, then for every u in [0, 1]n,

max{u1 + . . . + un − n + 1, 0} ≤ C(u) ≤ min{u1, . . . , un}.

See P. Mikusinski & Taylor (1992).

Popular Copulas

Bivariate Gumbel Copula:

C(u, v) = exp−[(− ln u)θ+(− ln v)θ]
1
θ , where θ ≥ 1.

Multivariate Gaussian Copula:

C(u1, u2, . . . , un) = ΦΣ(Φ−1(u1),Φ−1(u2), . . . ,Φ−1(un)), where Φ(x) is a univariate

standard normal cumulative distribution function, ΦΣ(x1, x2, . . . , xn) - multivariate

normal distribution function with covariance matrix Σ.

Example: Copulas vs Correlation

In this example we illustrate the difference between copula and correlation using

two pairs of stock price data: AT&T with Verizon (VZ) and IBM with Procter

and Gamble (PG). Monthly returns from July 1987 to January 2007 were used, see

Figures A.1 and A.4.

After applying Principal Component Analysis, Tsay (2005), we estimated

the correlation coefficient between AT&T and VZ to be 0.75, and the correlation

between IBM and PG as 0.076. A correlation of 0.75 suggests that there is a strong

stochastic dependency between AT&T and Verizon, on the contrary, a correlation
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of 0.076 for IBM and PG implies no dependency using this approach.

Next we simulated Bivariate Normal Distribution and estimated a Gumbel

copula model with Generalized Pareto Distribution (GPD) marginal distributions

for the pairs in question. All calculations were performed in SPLUS with Finmetrics

installed, 1000 observations were simulated. Means for AT&T and VZ were esti-

mated as 0.00562 and 0.00303, standard deviations as 0.07 and 0.0682, correlation

as 0.75. Upper tail parameters ξ and β of the GPD (see Finmetrics documentation

for details) were estimated as (-0.113, 0.048) for AT&T and (0.215,0.0293) for VZ.

The corresponding lower tail parameters are (-0.185, 0.055) and (-0.126,0.046) and

the estimated parameter θ of the Gumbel copula is 2.1145. The means of IBM

and PG are 0.00245 and 0.00868, standard deviations 0.0849 and 0.0651, and cor-

relation 0.046. The upper tail GBD parameters are (-0.065,0.0555) and (0.0437,

0.0278), the lower tail are (0.0385, 0.0491) and (0.3966, 0.0326) and the Gumbel

copula parameter is 1.0748.

As can be seen from Figures A.2, A.3, A.5, A.6 the simulated returns using

Gambel copula model are very different from returns simulated via the Bivariate

Normal Distribution. If we compare these simulated returns to the historical scatter

plots, we will choose the ones that come from the Gumbel copula model.

The example above shows how important it is to use the right uncertainty

model. The copula model is more difficult to implement, however it will lead to

the same results as the Bivariate model if they were both put as an input to the

Markowitz model, see Markowitz (1952). However the results might be very different

for the Conditional Value at Risk model, see Rockafellar & Uryasev (2000).
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1.2 Stochastic Dependencies in Financial Time Series

To analyze financial data and to build decision support tools time series models are

commonly used. In general, time series model is a random vector X of the form

X = (X1t, X2t, . . . , Xnt, X1t+1, X2t+1, . . . , Xnt+1, . . . , X1t+p, X2t+p, . . . , Xnt+p).

From the modeling stochastic dependencies point of view, time series models are

not that different from models for a random vector. Correlations and copulas are

still used, however in time series model they are dependent on time indexes in some

way. The most widespread time series models are Autoregressive, Moving average,

Autoregressive moving average, Autoregressive conditional heteroscedasticity and

Generalized autoregressive conditional heteroscedasticity, see Tsay (2005) or your

favorite time series book. Particular models are used to capture distinctive proper-

ties of the time series in question. In this research we are interested in investigating

the impacts of cointegration.

In contrast to correlation, cointegration is a measure of long-term dependen-

cies (see Engle & Granger 1991). We will briefly outline the notion of cointegration.

In order to do so, we need to first define stationary and integrated time series.

A stochastic process Yt is stationary if its first and second moments are time

invariant: in particular if E[Yt] = µ, ∀t and E[(Yt − µ)(Yt−h − µ)T ] = ΓY (h) =

ΓY (−h)T , ∀t,h = 0, 1, 2, . . ., where µ is a vector of finite mean terms, and ΓY (h)

is a matrix of finite covariances. Such a process is known as integrated of order 0

and denoted by I(0). A univariate process is called integrated of order d, I(d), if

in its original form it is non-stationary but becomes stationary after differencing d

times. If all elements of the vector Xt for t = 1, . . . , N , are I(1), and there exists a

vector b such that bT Xt is I(0), then the vector process Xt is said to be cointegrated,

and b is called the cointegrating vector. For example, two time series X and Y are
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cointegrated if X, Y are I(1), and there exists a scalar b such that Z = X − bY is

I(0).

Assume now that we have N ≥ 2 cointegrated financial assets, and their

log-prices are I(1) processes. It is widely assumed that stock returns are integrated

of order 0, whereas the stock prices are integrated of order 1 (see Alexander et al.

2002).

Denote the vector of the asset prices by Pt = {P 1
t , . . . , PN

t }. Each of its

elements can be written as P i
t = P i

0e
Pt

j=0 ri
j , i = 1, . . . N , where r = {r1

t , . . . , r
N
t } are

the continuously compounded asset returns, and P 1
0 , . . . , PN

0 are the initial prices.

(Without loss of generality, we can assume that P 1
0 = . . . = PN

0 = 1). Then,

the log-prices can be written as lnP i
t = ln P i

0 +
∑t

j=0 ri
j , i = 1, . . . , N . Denote

the corresponding cointegrating vector by b = (b1, . . . , bN ). By the definition of

cointegration, the resulting time series Yt =
∑N

i=1 bi lnP i
t will be stationary and

integrated of order 0.

The next two propositions lead to derivations of new properties of cointe-

grated time series that we later use for the construction of a sampling algorithm for

cointegrated time series as well as new trading strategies.

Proposition 1 Assume that the log prices of N,N ≥ 2 assets, lnP i, i = 1, . . . , N ,

are cointegrated with a cointegrating vector b. Let Yt =
∑N

i=1 bi lnP i
t be the corre-

sponding stationary series, and {r1
t , . . . , r

N
t }be the continuously compounded asset

returns at time t > 0. Define Zt = Yt − Yt−1 =
∑N

i=1 biri
t.

If limp→∞Cov[Yt, Yt−p] = 0, then
∞∑

p=1

pCov[Zt, Zt−p] = −V arYt,

where Cov[Zt, Zt−p] =
∑N

i=1

∑N
j=1 bibjCov[ri

t, r
j
t−p].

Proof:

Define Zt = Yt − Yt−1 =
∑N

i=1 bi(lnP i
t − lnP i

t−1) =
∑N

i=1 biri
t, where ri

t =

lnP i
t − lnP i

t−1. We can write the covariance between Yt and Yt+p for some lag p > 0
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as:

Cov[Yt, Yt+p] = Cov[Yt, Yt + Yt+1 − Yt + Yt+2 − Yt+1 + . . . + Yt+p − Yt+p−1]

= Cov[Yt, Yt +
p∑

j=1

Zt+j ]

= V arYt +
p∑

j=1

Cov[Yt, Zt+j ]

= V arYt +
p∑

j=1

t∑
l=−∞

Cov[Zl, Zt+j ]

= V arYt + Cov[Zt, Zt+p] + Cov[Zt−1, Zt+p] + Cov[Zt−2, Zt+p] + . . .

+ Cov[Zt, Zt+p−1] + Cov[Zt−1, Zt+p−1] + Cov[Zt−2, Zt+p−1] + . . .

+ Cov[Zt, Zt+p−2] + Cov[Zt−1, Zt+p−2] + Cov[Zt−2, Zt+p−2] + . . .

+ Cov[Zt, Zt+1] + Cov[Zt−1, Zt+1] + Cov[Zt−2, Zt+1] + . . . .

Denote by Lagp = Cov[Zt, Zt+p]. Expand the above equation and apply this

new notation to get:

Cov[Yt, Yt+p] = V arYt

+Lagp +Lagp+1 +Lagp+2 +Lagp+3 +Lagp+4 + . . .

+Lagp−1 +Lagp +Lagp+1 +Lagp+2 +Lagp+3 + . . .

+Lagp−2 +Lagp−1 +Lagp +Lagp+1 +Lagp+2 + . . .

+Lagp−3 +Lagp−2 +Lagp−1 +Lagp +Lagp+1 + . . .

. . . . . . . . . . . . . . . . . .

+Lag2 +Lag3 +Lag4 +Lag5 +Lag6 + . . .

+Lag1 +Lag2 +Lag3 +Lag4 +Lag5 + . . .

= V arYt +
∞∑
i=1

min[i, p]Lagi.
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As we let p →∞, we get

V arYt +
∞∑
i=1

iCov[Zt, Zt+i] = 0.

Since Zt is stationary, Cov[Zt, Zt+i] = Cov[Zt, Zt−i].

Proposition 1 is a technical result that we need to prove the next proposition. In-

tuitively, it shows that the variance of the cointegration process (Yt) inadvertently

defines the auto-covariance of the asset returns.

Proposition 2 Assume lnP i
t , i = 1, . . . , N are the log-prices of N assets, and

{r1
t , . . . , r

N
t } are the continuously compounded asset returns at time t > 0. For

some finite vector b, the process Yt =
∑N

i=1 bi lnP i
t , given lim

p→∞
Cov[Yt, Yt−p] = 0, is

stationary, and therefore the time series of the assets’ log-prices are cointegrated, if

and only if the process Zt =
∑N

i=1 biri
t has the following three properties:

(i) EZt = 0

(ii) V arZt = −2
∑∞

p=1 Cov[Zt, Zt−p]

(iii)
∑∞

p=1 pCov[Zt, Zt−p] < ∞.

Proof:

(⇐) Given

EZt = 0

−2
∞∑

p=1

Cov[Zt, Zt−p] = V arZt and

∞∑
p=1

pCov[Zt, Zt−p] = C < ∞,

it must be shown that Yt is stationary.
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First, we show that E[Yt] is a constant over time. Indeed, for any p we have

E[Yt − Yt−p] = E[Yt − Yt−1 + Yt−1 − . . . + Yt−p+1 − Yt−p] =
p∑

i=1

E[Zt−i+1] = 0,

which implies E[Yt] = E[Yt−p] for any p.

The variance of Yt is given by

V arYt = Cov[
∑t

l=−∞ Zl,
∑t

m=−∞ Zm] =

+V arZt +Lag1 +Lag2 +Lag3 +Lag4 + . . .

+Lag1 +V arZt +Lag1 +Lag2 +Lag3 + . . .

+Lag2 +Lag1 +V arZt +Lag1 +Lag2 + . . .

+Lag3 +Lag2 +Lag1 +V arZt +Lag1 + . . .

. . . . . . . . . . . . . . . . . . .

Use V arZt = −2
∑∞

p=1 Cov[Zt, Zt−p] to get the result V arYt = −
∑∞

p=1 pCov[Zt, Zt−p].

Since
∑∞

p=1 pCov[Zt, Zt−p] is constant, it follows that the variance of Yt is con-

stant.

Now from the proof of proposition 1, we have that

Cov[Yt, Yt−p] = V arYt +
∞∑
i=1

min[i, p]Cov[Zt, Zt−i].

Obviously, Cov[Yt, Yt−p] depends on p only since V arYt is constant over time.

Hence, the process Yt is stationary.

(⇒) Given that Yt is stationary it must be shown that

−2
∞∑

p=1

Cov[Zt, Zt−p] = V arZt and

∞∑
p=1

pCov[Zt, Zt−p] = C < ∞.
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By assumption, limp→∞Cov[Yt, Yt−p] = 0. Use Proposition 1 to get

−
∑∞

p=1 pCov[Zt, Zt−p] = V arYt, which is a constant.

What is left to show is that V arZt = −2
∑∞

p=1 Cov[Zt, Zt−p]. Fix k, and

consider

Cov

[
t∑

l=t−k

Zl,
t∑

m=−∞
Zm

]
.

Add
∑k

p=1 Cov[Zt, Zt−p] to each term in
∑t

l=t−k Zl to get

Cov

[
t∑

l=t−k

Zl,

t∑
m=−∞

Zm

]
= −

k∑
p=1

pCov[Zt, Zt−p]

+
k+1∑
m=1

[
V arZt +

k∑
l=1

Cov[Zt, Zt−l] +
∞∑
l=1

Cov[Zt, Zt−l]

]
.

As k →∞ we have that

lim
k→∞

Cov

[
t∑

l=t−k

Zl,
t∑

m=−∞
Zm

]
= V arYt and

lim
k→∞

−
k∑

p=1

pCov[Zt, Zt − p] = V arYt

hence,

lim
k→∞

(k + 1)

[
V arZt +

k∑
l=1

Cov[Zt, Zt−l] +
∞∑
l=1

Cov[Zt, Zt−l]

]
= 0,

which implies that V arZt = −2
∑∞

p=1 Cov[Zt, Zt−p].

As a result of proposition 2, it follows that cointegration is a property related

to the 1st and 2nd moments of asset returns. In previous work, cointegration was

viewed as a property of asset prices. Here we show that under certain assumptions,
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cointegration is defined by the stochastic relationships among the returns.

Now presented is an example of cointegrated time series which illustrates

the results of the two propositions. Consider a model describing the log-return

movements of two assets r1
t and r2

t :

r1
t = r2

t + c + (γ − 1)Yt−1 + ξ1
t

r2
t = µ2 + ξ2

t

Yt = c + γYt−1 + ξ1
t ,

where µ2 is a real valued constant, and (ξ1
t , ξ2

t ) are bivariate normal random variables

with mean vector 0, variances σ2
1, σ2

2, and covariance ρ. γ is a parameter of the AR(1)

process Yt, and it is a constant between 0 and 1, whereas c is a parameter of the

AR(1) process Yt, a constant.

The log-prices of these two assets are cointegrated of order one with cointe-

gration vector (1,−1). The corresponding theoretical moments are:

E[r1
t ] = µ2, E[r2

t ] = µ2

V ar[r1
t ] = σ2

2 + 2ρ + 2σ2
1/(1 + γ), V ar[r2

t ] = σ2
2

Cov[r1
t , r

2
t ] = σ2

2 + ρ,Cov[r1
t , r

2
t−p] = (γ − 1)ργp−1, p = 1, 2, . . .

Cov[r1
t , r

1
t−p] = −(1− γ)σ2

1γ
p−1/(1 + γ) + (γ − 1)ργp−1, p = 1, 2, . . .

Cov[r2
t , r

1
t−p] = 0, p = 1, 2, . . . , Cov[r2

t , r
2
t−p] = 0, p = 1, 2, . . . .

We want to show that both propositions for this model hold. Below are the

left- and the right-hand sides of the propositions’ equations. We have:

E[Zt] = E[Yt − Yt−1] = 0
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V ar[Zt] = V ar[c + (γ − 1)Yt−1 + ξ1
t ] =

2σ2
1

(1 + γ)

V ar[Yt] =
σ2

1− γ2

Cov[Zt, Zt−p] = Cov[r1
t , r

1
t−p] + Cov[r2

t , r
2
t−p]− Cov[r1

t , r
2
t−p]− Cov[r2

t , r
1
t−p]

=
(1− γ)σ2

1

1 + γ
γp−1

∞∑
p=1

Cov[Zt, Zt−p] = −(1− γ)σ2
1

(1 + γ)

∞∑
p=0

γp = − σ2
1

(1 + γ)
∞∑

p=1

pCov[Zt, Zt−p] = −(1− γ)σ2
1

(1 + γ)γ

∞∑
p=0

pγp = − σ2
1

1− γ2
.

The equality holds for every pair.

1.3 Optimization and Decomposition

In the previous sections we discussed different models for stochastic dependencies.

Our final objective is to solve stochastic optimization problems that arise in finance

and reliability. What we encountered was the fact that these problems are based on

continuous distribution functions. Using sampling we create the associated stochas-

tic approximation problems that turn out to be large scale. In this section we discuss

some decomposition techniques that we later apply.

Generally speaking there are two different types of decomposition algorithms:

row and column generating. An example of a column generating algorithm is the

Dantzig-Wolfe algorithm, the row generating one is Benders’ decomposition algo-

rithm, see Lasdon (2002). For the problems we are working on the separation based

algorithms proved to be very useful ones. This has to do with the fact that in addi-

tion to large scale problems we also have robustness problem, for example, we want

our solution to be good for as many scenarios as possible, so we end up adding vast

number of additional constraints to satisfy that.
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The idea behind the separation decomposition algorithm is quite simple.

Let’s say we have a model:

min
x

f(x) (1.1)

s.t. x ∈ S

x ∈ B,

where the set S consist of small number of constraints and the set B of a larger

number. The model without the constraints in B is easy to solve. Now, assume

we have a fast way to tell if some candidate solution x̃ to (1.1) satisfies all the

constraints in B and if that is not the case we can find which constraint is violated.

We call the procedure that does it the separation subproblem. With the separation

subproblem for set B (1.1) can be solved iteratively. First we solve the relaxed model

by ignoring the constraints in B, then we check if the solution to the relaxed model

is in B; if not we add the violated constraint to the relaxed model and resolve it. We

keep doing that until the solution to the relaxed model satisfies all the constraints

in B. Thus, to solve the big model (1.1) we solve a number of smaller problems.

The worst case scenario will be that we end up solving model (1.1) itself but in

practice we will stop much earlier adding only a small fraction of the constraints in

B. In what follows we present a separation based decomposition algorithms for the

Conditional Value at Risk and Stochastic Dominance constraints, we also discuss

an algorithm to solve small positive semi-definite programming problems.

1.3.1 Handling Positive Semi-Definite Constraints

First, we demonstrate the separation based decomposition algorithm on the Covari-

ance Adjustment Problem which we describe now. Many portfolio models include

the covariance matrix of asset returns. This matrix is often estimated using tra-
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ditional approaches such as sample covariance or factor models. The estimated

covariance matrix Σ̃ might turn out not to be positive semi-definite (PSD). If this is

the case we want a matrix which is the closest PSD matrix to the estimated matrix.

This problem for an N by N matrix Σ̃ can be written as:

min
X

‖ X − Σ̃ ‖2 (1.2)

s.t. X is PSD ↔ aT Xa ≥ 0 ∀a > 0

X is symmetric,

where X is an N ×N matrix of decision variables , ‖ . ‖2 is the Euclidian norm and

a is an N-dimensional vector.

The model above falls into the area of Positive Semi-Definite Programming

and special algorithms exist to solve it (for example, Boyd & Xiao (2005), see

Sivaramakrishnan (2002) for overview of PSD Programming). Here we present one

way to solve it.

Model (1.2) has an infinite many linear constraints, but it can be solved using

Linear Programming solvers with finite number of them as follows:

• step 1: first solve the model ignoring the PSD constraint (called the Master

Problem)

• step 2: decide if the found solution violates the PSD constraint using a Sub-

problem, defined below

• step 3: in case when the PSD constraint is not satisfied form a linear constraint

that cuts the current solution, add it to the model from step 1

• step 4: repeat from step 1.

The subproblem that checks if the candidate solution X̂ is PSD is fairly simple.

All we have to do is to find the minimum eigenvalue λmin and the corresponding
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eigenvector qmin of the candidate solution X̂. X̂ is a symmetric matrix by construc-

tion, so it’s eigenvectors are all real. Also there are efficient algorithms available

for finding eigenvectors and eigenvalues of a symmetric matrix, see Teukolsky et al.

(2007). In case λmin is negative, X̂ is not PSD. Also for the case λmin < 0 we have

qT
minX̂qmin < 0 or in other words qT

minX̂qmin < 0 is a violated PSD constraint (for

any vector a, aT X̂a > 0 has to hold). To fix it we have to add qT
minXqmin ≥ 0

constraint to the master problem to force the solution in the PSD direction. Sum-

marizing we suggest the following algorithm:

• step 0: set l=0; set value of ξ

• step 1: solve Master Problem and obtain a candidate covariance matrix X̂

• step 2: find the minimum eigenvalue λmin and the corresponding eigenvector

qmin of X̂

• step 3: if λmin < 0 , set ql = qmin and add new constraint qT
l Xql ≥ ξ to the

master, else stop

• Step 4: set l=l+1, go to step 1.

The master model after L iterations will have the from:

min
X

‖ X − Σ̃ ‖2

s.t. qT
l Xql ≥ ξ, l = 1, . . . , L.

We will use the 3× 3 matrix
∑

to illustrate the algorithm above

∑
=


1 −0.43 0.2

−0.43 1 0.8

0.2 0.8 1

 .
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After running the algorithm for 3 iterations we get as an output the PSD

matrix
∑̃

with minimal eigenvalue of 0.00002.

∑̃
=


1 −0.4295 0.1995

−0.4295 1 0.7992

0.1995 0.7992 1

 .

We ran a slightly modified version of the described algorithm - we fixed the

diagonal values and we kept iterating until the adjusted matrix has a large enough

minimal eigenvalue. The algorithm was coded in C++, the optimization was carried

out by CPLEX and the eigenvalue calculation by LAPACK.

After running the first subproblem it was identified that the matrix is not

PSD and it’s minimum eigenvalue was -0.00117. The eigenvector associated with

that value was q1
min = (−0.4113,−0.6703, 0.6177)T , so we added a constraint

q1
min

T
Xq1

min ≥ 0 and re-solved the master problem. This time the minimal eigen-

value was 7 · 10−8 with eigenvector q2
min = (−0.4111,−0.6703, 0.6178). Although

the matrix we received is PSD, for the purpose of numerical stability we add an-

other constraint q2
min

T
Xq2

min ≥ 0.0002. The matrix that we got after re-solving this

master problem is the one we kept with minimal eigenvalue of 0.00002.

1.3.2 Handling Conditional Value at Risk Constraints

The common description of a stochastic optimization model is

min
x

E[f(x, z)] (1.3)

s.t. x ∈ X(z)

z ∼ Fz(.),

where
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• f(x, z) - objective function

• X(z) - structural constraints on x’s, i.e. X does not have special constraints

controlling distribution of output

• Fz(.) - uncertainty model.

This approach is rather restrictive. Models like (1.3) are called risk-blind stochastic

models because all uncertainty collapses to one number - the expected value of the

objective function. Risk-blind stochastic models provide a solution which is good

on average. We would like the stochastic model to give us a solution which stays

attractive under many scenarios. Speaking in popular terms we want an optimal

solution which is fairly safe or robust.

There is no single definition of what robustness is. Usually people optimize

tradeoff between expected value and worst case scenario (Ben-Tal & Nemirovski

(2002) and many others). We define robustness through the distribution of impor-

tant performance measures. This view is similar to the view of risk in portfolio

allocation models.

Definition 1 Let gm(x, z) m = 1, . . . ,M , denote performance measures that are

of interest to us. We say solution x is robust if for every m the distribution of

gm(x, z) satisfies all constraints in some set Zm.

The resulting stochastic model can be written in the following way:

min
x

E[f(x, z)] (1.4)

s.t. x ∈ X(z)

z ∼ Fz(.)

Fgm(x,z)(.) ∈ Zm m = 1, . . . ,M.
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One possible version of the general problem (1.4): we include only one performance

measure which is the objective function and we constrain the Conditional Value

of Risk (CVaR) of it’s distribution. Here we assume that the distribution of z is

discrete with finitely many realizations S with probabilities ps.

Definition 2 Conditional Value at Risk (CVaR) at level 1 − β can be represented

as follows:

CV aR1−β(V ) = sup
α
{α + (1− β)−1E[(α− V )+]}.

CVaR is equal to expected value of V in 1− β percentile. Varying β in (0, 1) CVaR

will give us values between the E[V ] and the max realization of V.

For a convex function f(x, zs) in x we can write the model with CVaR con-

straint on the objective function as follows:

min
x,u,α

S∑
s=1

psf(x, zs)

s.t. x ∈ X(zs) s = 1, . . . , S

α + (1− β)−1
S∑

s=1

psu
s ≤ C

us ≥ f(x, zs)− α s = 1, . . . , S

us ≥ 0 s = 1, . . . , S,

where x is the vector of main decision variables, α and u are variables required

to carry out CVaR modeling, C is the maximum allowed value of CVaR in 1 − β

percentile. More information regarding CVaR can be found in Rockafellar & Uryasev

(2000) and Dentcheva & Ruszczynski (2003).
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It is not hard to see that the model above can be easily decomposed using

the separation idea. Consider the following LP with x̂ ∈ X(zs) for ∀s:

max
γ

−C +
S∑

s=1

f(x̂, zs)γs (1.5)

s.t.
S∑

s=1

γs ≤ 1

γs ≤ (1− β)−1ps s = 1, . . . , S

0 ≤ γs ≤ 1 s = 1, . . . , S.

Proposition 3 Given x̂ and the optimal solution γ̂ to (1.5), the distribution of

f(x̂, zs), s = 1, . . . , S satisfies CVaR constraint if the objective function of (1.5) is

less than or equal to 0, otherwise the CVaR constraint is violated and

−C +
S∑

s=1

f(x, zs)γ̂s ≤ 0 (1.6)

provides a cut.

Proof:

The proof follows from the definition of CVaR. Model (1.5) directly calculates

expected value in the 1 − β percentile of the worst cases of the objective function

at the given point x̂, provided “bad” cases are the ones giving positive values of the

objective function. We want that expected value to be less or equal to C. If that is

not the case the cut is obtained in a straightforward manner. �

All the above gives as a decomposition algorithm:

• Step 1: Solve the risk-blind stochastic model with added cuts

• Step 2: Check if the CVaR constraint is satisfied using (1.5). If not, form a

cut (1.6) and add it to the risk-blind stochastic model. Go to step 1
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• Step 3: Stop.

When the above algorithm is terminated we will have a master problem of the form:

min
x

S∑
s=1

psf(x, zs)

s.t. x ∈ X(zs) s = 1, . . . , S
S∑

s=1

f(x, zs)γ̂s
m ≤ C m = 1, . . . ,M.

In the end we are looking for the solution which gives the minimum of the objective

function and provides a value of at most C for M adjusted objective functions. How

we adjust a given instance depends on our view of risk.

Let λ̂m, m = 1, . . . ,M be the optimal dual variables associated with the

added CVaR cuts. The master problem can be written as

min
x

S∑
s=1

psf(x, zs) +
M∑

m=1

λ̂m[
S∑

s=1

f(x, zs)γ̂s
m]

s.t. x ∈ X(zs) s = 1, . . . , S.

Re-arranging everything leads to:

min
x

S∑
s=1

psf(x, zs)[1 +
M∑

m=1

λ̂mγ̂s
m

ps
]

s.t. x ∈ X(zs) s = 1, . . . , S.

This model is the risk-blind stochastic problem with “adjusted” (in some way) ob-

jective function. It can be viewed as if we added value to some scenarios based on

the CVaR constraint.
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1.3.3 Handling Stochastic Dominance Constraints

In this section we discuss how to handle the second order stochastic dominance con-

straints (SDC). Stochastic dominance is a way of comparing two random variables,

see Hadar & Russel (1969). For two random variables V and Z, we say V stochas-

tically dominates random variable Z to the second order (V �2 Z) if the following

holds

F 2
V (x) ≤ F 2

Z(x) ∀x,

where FY (x) = P (Y ≤ x) and F 2
Y (x) =

∫ x
−∞ FY (m)dm = E[(x − Y )+]. For more

information on Stochastic Dominance see Dentcheva & Ruszczynski (2003).

A general model with SDC constraints has the form:

max
x

E[f(x,Z)]

s.t. x ∈ Xc

f(x,Z) �2 Y,

where Xc represents structural constraints on the decision variable x, Z contains all

the randomness and Y is a benchmark that given objective function f(x,Z) tries to

beat.

We use the portfolio model problem as an example with the same setup

as in Dentcheva & Ruszczynski (2003). That idea arises quite naturally, since if

V �2 Z, then for any risk-averse (concave) utility function u(.), we have E[u(V )] ≥

E[u(Z)], where E[u(V )] is the expected utility of random variable V . In other

words, the SDC portfolio model finds the portfolio that maximizes the expected

returns and stochastically dominates a given benchmark or finds a portfolio with

maximal expected returns which is preferred by any risk-averse agent, see Hadar &
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Russel (1969) for the proof. We intend to solve the SDC problem with at least 1000

scenarios.

We are going to use the following notation:

• N - number of assets in asset universe

• S - number of scenarios for stocks

• V - number of scenarios for benchmark

• xj - proportion of budget invested in stock j

• ri,s - return of asset i under scenario s in period t

• ps - probability of scenario s, in our case ps = 1
S

• Y - benchmark

• yi - ith realization of a benchmark Y

• F2(Y, z) = E[(Y − z)+] - expected shortfall below value z

• dis - dummy variable.

The original SDC model has the following form:

max
x,d

S∑
s=1

N∑
j=1

psxjrjs (1.7)

s.t.
N∑

j=1

rjsxj + dis ≥ yi s = 1, . . . , S i = 1, . . . , V

S∑
s=1

psdis ≤ F2(Y, yi) i = 1, . . . , V (1.8)

dis ≥ 0 s = 1, . . . , S i = 1, . . . , V (1.9)

x ∈ X.
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The set of constraints (1.8-1.9) makes the problem large. With a separation

idea in mind, instead of solving (1.7) with all constraints we relax them and solve

a smaller problem - without the SDC constraints, (1.8-1.9). The solution of the

relaxed model could violate some constraint in the original SDC problem, (1.7).

If it is the case we add that constraint to the relaxation and resolve it. Once we

obtained a feasible solution we are done. All we need to make this algorithm work

is to find a violated constraint or to prove that there is none.

Proposition 4 Consider the following SDC separation problem:

max
d,θ

θ (1.10)

s.t. θ ≤ ds +
N∑

j=1

x̂jrjs s = 1, . . . , S

S∑
s=1

psdi′s ≤ F2(Y, yi′)

d ≥ 0.

Let x̂ ∈ X, i′ fixed, (d̂, θ̂) the optimal solution to (1.10) and θ̂ ≤ yi′, then there is

no d̃ ≥ 0 such that
∑N

j=1 x̂jrj + d̃i′s ≥ yi′ and
∑S

s=1 psdi′s ≤ F2(Y, yi′) for all s.

Proof

Assume the statement in Proposition 4 is false, i.e., there is a d̃ ≥ 0 such that∑N
j=1 x̂jrj + d̃i′s ≥ yi′ and

∑S
s=1 psdi′s ≤ F2(Y, yi′) for all s. Clearly, the pair d̃ and

θ̃ = yi′ is feasible to (1.10). Thus, θ̃ ≥ θ̂. It is a contradiction, which completes the

proof. �

The next formulated problem is the SDC dual separation problem:

min
π,µ

S∑
s=1

N∑
j=1

x̂jrjsπs + F2(Y, yi′)µ (1.11)
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s.t.
S∑

s=1

πs = 1

−πs + psµ ≥ 0 s = 1, . . . , S

π ≥ 0

µ ≥ 0.

Variables π are dual variables to the first set of constraints and µ is associated with

constraint
∑S

s=1 psdi′s ≤ F2(Y, yi′) of the model (1.10).

Using (1.10) we can construct a problem violated by the x̂ constraint. How-

ever, if we take the dual to (1.10) we can get a much better separation problem for

our algorithm, since only the objective function changes as we change i′ and the

feasible region stays the same.

Consider the following problem (we will call it the master problem):

max
x

S∑
s=1

N∑
j=1

psxjrjs − 0.5ρ‖x− x̂‖2
2 (1.12)

s.t. x ∈ X.

Algorithm:

• step 0: set ρ = 0

• step 1′: solve the master problem (1.12) and obtain its solution x̂, set ρ = 1.

Goto step 2

• step 1: solve master problem (1.12) and obtain x̂

• step 2: set i′ = 1, k = 0

• step 3: solve sub-problem (1.11) with objective coefficients x̂ and F2(Y, yi′);

get optimal solution (π̂, µ̂)
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• step 4: if
∑S

s=1

∑N
j=1 x̂jrjsπ̂s+F2(yi′)µ̂ ≤ yi′ then add a cut

∑S
s=1

∑N
j=1 rjsπ̂sxj ≥

yi′ − F2(Y, yi′)µ̂ to the master and increment k = k + 1

• step 5: if i′ ≤ V i′ = i′ + 1 and goto step 3

• step 6: if k = 0 and ρ = 0 then x̂ is optimal. Stop

• step 7: if k = 0 and ρ = 1 set ρ = 0

• step 8: goto step 1.

We ran decomposition algorithm and original model for different randomly

generated instances with parameters:

• N = 10, 20, 30, 40

• V = S = 200, 500, 800, 1000, 2000

• Use equally weighted portfolio as a reference portfolio.

For the current presentation we used the historical price series for up to

40 stocks downloaded from Yahoo Finance. We estimated the parameters of a

multivariate lognormal distribution and generated scenarios from it which we used

as input to our SDC model.

We used CPLEX and computer with Pentium Xeon 3Ghz processor, 2Gb

of RAM installed. In tables B.1 and B.4 one can find time it took to solve the

generated instances. Clearly our algorithm performed much better in comparison

to solving (1.7). CPLEX could not solve the original model for several instances,

because the memory needed to store an instance was enormous. For example, when

S = V = 1000 it had to solve a model with one million plus constraints and variables.

Our decomposition algorithm had to solve the final master problem with at most

715 added constraints. NOTE: We have also observed that if we use sorted yi’s,

then violated constraints more likely appear in the beginning of the search. In fact
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this little detail has improved the performance of our algorithm a lot. For example,

the running time of an instance of a size S = V = 800 was reduced from around 600

to just 66 seconds, on average running time was reduced by a factor of 10.

1.4 Vector Auto-Regressive to Anything

One of our goals is to investigate cointegration. Here we describe a Vector Auto-

Regressive to Anything sampling algorithm that we use later to simulate cointe-

grated time series.

VARTA simulates stationary multivariate time-series processes (V AR(p)),

with marginal distributions from the Johnson translation system, Engle & Granger

(1949), and a specified autocorrelation structure (lag). Such multivariate process

can be simulated by generating base Gaussian vector autoregressive process whose

autocorrelation structure is adjusted in such a way that after inverse transformation

of the base process we get time-series with specified Johnson marginal distribution

and given autocorrelation structure.

Below is VARTA algorithm as described in Biller & Nelson (2002):

• step 1: Estimate the parameters of the Johnson distribution for each compo-

nent of the original process Xt and specified autocorrelation lag

• step 2: Estimate the parameters of a base Gaussian process Zt defined as

Zt =
∑p

j=1 αjZt−j + ut

• step 3: Simulate Zt

• step 4: Transform the generated base process into the original process with

specified marginals by taking the inverse Johnson cumulative distribution func-

tion of the simulated values.
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In general, the Johnson Translation System for a random variable Z is defined

by a cumulative distribution function that has the form

FZ(z) = Φ[γ + σf [(z − ξ)/λ]], (1.13)

where γ and σ are shape parameters, ξ is a location parameter, λ is a scale parameter,

and f(·) is one of the following transformations:

f(y) =



log(y) for the SL (lognormal) family,

log(y +
√

y2 + 1) for the SU (unbounded) family,

log( y
1−y ) for the SB (bounded) family,

y for the SN (normal) family.

In this research we use an unbounded family of the Johnson System, since

we use VARTA to model asset returns. To estimate parameters γ, σ, ξ and λ

of the Johnson System (1.13) in step 1 one can use the Weighted Least Squares

method, J. J. Swain et al. (1988) (or any other estimation methodology, see Hill

et al. (1976), Storer et al. (1988) and Slifker & Shapiro (1980)). Step 2 is equivalent

to fitting a normal copula. Parameters of estimated copula form a system of linear

equations, it’s solution consists of the parameters of the base process Zt, for details

see Biller (2006). Biller & Nelson (2005) shows that combining step 1 and step 2

can produce better estimators for both original and base processes. Steps 3 and 4

are straightforward.

Every once in a while in step 1 and step 2 autocorrelation matrixes that are

not PSD might appear. In step 1 it might be the case because of the algorithm used

to estimate the input autocorrelation function. In step 2 in progress of transfor-

mation that might be the case due to the kind of operations performed. That was

reported in Ghosh & Henderson (2002). If at some point the input autocorrelation

matrix or the transformed autocorrelation matrix become not PSD we run the ma-
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trix adjusting model described earlier to make it PSD. It is our experience that it

does not happen often, at least with data we used, but one should be aware of the

possibility.

1.5 Simulation of Cointegrated Time Series

Proposition 2 says that cointegration under some assumptions is a property of the

first 2 moments between time series. We can also conclude that to simulate cointe-

grated time series one needs an algorithm that keeps that special structure of the

first 2 moments. It also shows that the cointegration effect spreads over an infinite

number of auto-covariances. VARTA can simulate time series preserving given ex-

pected values as well as auto-covariances between them up to a finite lag p, so we

can totally control the first 2 moments up to some finite lag. Hence in order to

make a time series generated by VARTA cointegrated with cointegration vector b,

we need to assure that the conditions i, ii of proposition 2 are satisfied and after

lag p the simulated time series will have zero auto-covariances. Based on this idea

we formulate the Auto-Covariance Adjusting model that finds an auto-covariance

satisfying the conditions described above.

Notation used:

Parameters

• N - number of time series

• P - specifies number of auto-covariance lags in consideration

• K, K < P - specifies auto-covariance lags that can be changed

• b - cointegration vector of size N

• Σ̂p, p = 1, ..., P - estimated auto-covariance matrix of lag p, N ×N matrix
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• Σ̂ - estimated “big” auto-covariance matrix, NP ×NP matrix of a form

Σ̂ =



Σ̂0 Σ̂1 Σ̂2 Σ̂3 . . . Σ̂p−1 Σ̂p

Σ̂1 Σ̂0 Σ̂1 Σ̂2 . . . Σ̂p−2 Σ̂p−1

Σ̂2 Σ̂1 Σ̂0 Σ̂1 . . . Σ̂p−3 Σ̂p−2

. . . . . . . . . . . . . . . . . . . . .

Σ̂p−1 Σ̂p−2 . . . Σ̂2 Σ̂1 Σ̂0 Σ̂1

Σ̂p Σ̂p−1 . . . Σ̂3 Σ̂2 Σ̂1 Σ̂0



• Φ - class of matrices that have same structure as Σ̂.

Variables:

• X - matrix of variables associated with Σ̂

• Xp, p = 1, . . . , P - N ×N sub matrix of X.

We want to find a matrix Σ̃ that satisfies the following properties:

• Σ̃ is positive definite

• Blocks Σ̃0, Σ̃1, . . . , Σ̃p of Σ̃ satisfy bT [Σ0 +2
∑p

i=1 Σi]b = 0 - condition (i) from

proposition 2

• After a given K, Σp = 0 for ∀p > K ′ - artificial way to force auto-covariances

even after lag p to be 0.

With these conditions in mind the Auto-Covariance Adjusting Model can be

formulated as follows:

Adjusting Model:

min
X

‖ X − Σ̃ ‖2 (1.14)
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s.t. X ∈ Φ

bT [X0 + 2
P∑

p=1

Xp]b = 0

Xp = 0 p = K + 1, . . . , P

X is PSD.

Condition X ∈ Φ can be modeled using simple linear equalities. We showed

how to deal with positive semi-definite type of constraints earlier using Covariance

Adjusting Problem (1.2) as an example.

Algorithm for Simulation of Cointegrated Time Series

• Estimate Auto-Covariance up to lag p, the parameters of Johnson distribution

and the cointegration vector b

• Using the estimated auto-covariance and cointegration vector solve the Fitting

Model (1.14) to obtain the Adjusted auto-covariance

• run VARTA using the estimated parameters of the Johnson distribution and

the Adjusted auto-covariance as input.

1.5.1 Examples

In this section we will use our approach to simulate cointegrated time series.

Theoretical Example

Consider the same bivariate model as earlier describing the log-returns movements

of two assets r1
t and r2

t :

r1
t = r2

t + c + (γ − 1)Yt−1 + ξ1
t

r2
t = µ + ξ2

t
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Yt = c + γYt−1 + ξ1
t ,

where

• µ - real valued constant

• (ξ1
t , ξ2

t ) - bivariate normal random variable with mean vector of 0, variances

σ2
1, σ2

2, and covariance ρ

• γ - parameter of AR(1) process Yt, it is a constant between 0 and 1

• c - parameter of AR(1) process Yt, it is a constant.

The log-prices of these two assets are cointegrated of order one with cointe-

gration vector (1,−1). The theoretical moments for that model are:

E[r1
t ] = µ

E[r2
t ] = µ

Var[r1
t ] = σ2

2 + 2ρ + 2σ2
1/(1 + γ)

Var[r2
t ] = σ2

2

Cov[r1
t , r

2
t ] = σ2

2 + ρ

Cov[r1
t , r

1
t−p] = −(1− γ)σ2

1γ
p−1/(1 + γ) + (γ − 1)ργp−1, p = 1, 2, . . .

Cov[r1
t , r

2
t−p] = (γ − 1)ργp−1, p = 1, 2, . . .

Cov[r2
t , r

1
t−p] = 0, p = 1, 2, . . .

Cov[r2
t , r

2
t−p] = 0, p = 1, 2, . . . .

We set parameters to the following values: µ = 0, ρ = 0, γ = 0.75 and

σ2
1 = σ2

2 = 0.25. In this case for p=30, k=7, the true auto-covariance matrix has

the form:

Σ0 =

 0.5357 0.25

0.25 0.25

 ,Σ1 =

 −0.0357 0

0 0

 ,
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Σ2 =

 −0.0268 0

0 0

 ,Σ3 =

 −0.0201 0

0 0


Σ4 =

 −0.0151 0

0 0

 ,Σ5 =

 −0.0113 0

0 0

 ,

Σ6 =

 −0.0085 0

0 0

 ,Σ7 =

 −0.0064 0

0 0


Σp =

 0 0

0 0

 , p = 8, . . . , 30.

The Adjusted auto-covariance matrix after solving the adjusting model (1.14)

is:

Σ0 =

 0.5357 0.2506

0.2506 0.25

 ,Σ1 =

 −0.0363 0.0006

0.0006 −0.0006

 ,

Σ2 =

 −0.0274 0.0006

0.0006 −0.0006

 ,Σ3 =

 −0.0207 0.0006

0.0006 −0.0006

 ,

Σ4 =

 −0.0157 0.0007

0.0007 −0.0007

 ,Σ5 =

 −0.012 0.0007

0.0007 −0.0007

 ,

Σ6 =

 −0.00919 0.0007

0.0007 −0.0007

 ,Σ7 =

 −0.0071 0.0007

0.0007 −0.0007
,

 ,

Σp =

 0 0

0 0

 , p = 8, . . . , 30.

We have run VARTA for both cases and generated time series of length 6000.

The cointegration test for time series when we used true auto-covariance up to lag

7 failed. At the same time the same test indicated that the time series generated by

VARTA using adjusted auto-covariance are cointegrated with probability 0.99 with

cointegration vector (1,-1.06). Plots A.10 and A.9 show the simulated time series.

The cointegration Rank Test results for adjusted and true covariance matrices are

in Tables B.5, B.6.
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Real life Example

We used historical data of four indexes AEX, DAX, CAC and FTSE to test our

approach on real data. These time series are cointegrated and the estimated coin-

tegration vector can be found in Table B.9. We ran the VARTA algorithm with

p = 15 and k = 8. Increasing p leads to instability in VARTA algorithm, that is

why we reduced it. We simulated 6000 data points. Cointegration tests for adjusted

and non-adjusted cases are presented in Table B.7 and Table B.8. As before if we

do not adjust auto-covariances we fail the test, however by adjusting them we pass

the test with 99% confidence.

It is worth noting that the estimated cointegration vector of simulated data

is quite far from input vector. This is probably due to fundamental differences of

our approach and Johansen Test procedure.

In this chapter a set of required tools for later research for was introduced. In

the next chapter “Trading in the Presence of Cointegration” we investigate effects of

cointegration on decision making in different settings. In chapter “Decision Depen-

dent Uncertainty” we develop a new model for preventative maintenance scheduling

problem and discuss how it can be solved.
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Chapter 2

Trading in the Presence of

Cointegration

Hedge funds have become a popular alternative investment class. One of the reasons

for their success is the use of a vast variety of strategies that explore different anoma-

lies observed in the financial markets. Focus has shifted to a group of strategies that

rely on “quantitative analysis” (also known as “statistical arbitrage”). Quantitative

analysis strategy developers use sophisticated statistical and optimization techniques

to discover and construct new algorithms. These algorithms take advantage of the

short term deviation from the “fair” securities’ prices. Pairs trading is one such

quantitative strategy - it is a process of identifying securities that generally move

together but are currently “drifting away”. They rely on the validity of the as-

sumption that due to the existing long-term relationship among the securities, they

will eventually revert to moving together once again. Exploring such spreads has

the potential to be profitable. Many equity hedge funds are using and have used

similar approaches. One of the commonly used methods for finding such spreads is

based on correlation. Since correlation is a short term measure, frequent rebalanc-

ing of a portfolio to reflect the constantly changing spreads has become necessary,
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and as a result, high transaction costs are usually observed. Additionally, there is

evidence that the correlation could be a very unreliable measure during financial

market crises, like the collapse of the Long Term Capital Management in 1998.

A measure of the long-term dependencies in financial time series is cointe-

gration. Since the seminal work of Engle & Granger (1987, 1991), many researchers

in finance and economics have used cointegration to model the dependencies be-

tween securities prices. Several statistical test procedures for cointegration have

been developed (see Engle & Granger 1991). Tsay (2005) presented numerous ex-

amples and a detailed justification of using cointegration in modeling financial time

series. Alexander et al. (2002) used cointegration to construct an index tracking

portfolio. Alexander et al. (2002) showed that the optimal index tracking portfolio

has stationary tracking errors, and that efficient long-short hedge strategies can be

achieved with relatively few stocks and less turnover. Alexander (2001) discussed

in detail all the relevant published work in finance that used different properties of

cointegration for portfolio optimization or the construction of trading strategies. In

summary, published research on the use of cointegration in portfolio construction

(specifically on constructing time-dynamic trading strategies) is limited mainly to

those aforementioned.

To better understand the relationship between cointegration and asset allo-

cation, we need to first describe two methods for asset allocation. The process of

selecting a target asset allocation or index is called strategic asset allocation. The

variation from the target is called tactical asset allocation. One can think of the

strategic asset allocation as a process of selecting the appropriate benchmark for

a portfolio. For example, pension plans regularly go through such a benchmark

selection process in order to establish their investment policies. Also, tactical asset

allocation is usually identified with active portfolio management. For example, how

one should maintain the allocation of sixty percent stocks and forty percent bonds
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over time comes into question.

Available research investigating the relationship between cointegration and

asset allocation shows that cointegration affects strategic asset allocation. In other

words, the decision about optimal portfolio mix (or setting the appropriate bench-

mark) is influenced by the common stochastic trend between assets. Lucas (1997)

presented a model where a portfolio manager maximized the expected utility of to-

tal earnings over a finite time period. The associated time-series model captured

cointegrating relations among the included assets. He showed that cointegration

affects strategic asset allocation while error-correction mainly affects tactical asset

allocation.

Using cointegration for trading or portfolio allocation implies the existence

of a long-term stochastic trend. In general, this is a contradiction with the hypoth-

esis that the stock price returns follow a random walk. Lo & MacKinley (1988)

tested the random walk hypothesis with weekly stock market returns by compar-

ing variance estimators derived from data sampled at different frequencies. If the

stock returns indeed followed a random walk, then the variance should have grown

with the square root of time. Lo & MacKinley (1988) rejected the random walk

hypothesis and showed that the rejection was due largely to the behavior of small

stocks. Additionally, they showed that the autocorrelations of individual securities

were generally negative, and the autocorrelations of equally and positively weighted

CRSP indexes were positive.

Technical trading strategies that explore different short term market ineffi-

ciencies have also been widely used by hedge fund managers. Gatev et al. (2006)

showed how to construct a “pairs trading” strategy with profits that typically ex-

ceeded conservative transaction-cost estimates. Gatev et al. (2006) linked the prof-

itability of this strategy to the presence of a common factor in the returns different

from conventional risk measures.
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Lo & MacKinley (1990) showed a particular contrarian strategy that sold

“winners” and bought “losers” with a positive expected return, and that despite

negative autocorrelations in individual stock returns, weekly portfolio returns were

strongly and positively autocorrelated due to important cross-autocorrelations. Brown

& Jennings (1989) showed that technical analysis (or use of past prices to infer pri-

vate information) had value in a model where prices were not fully revealing, and

where traders had rational conjectures about the relationship of prices to signals.

Conrad & Kaul (1998) analyzed a wide range of trading strategies from 1926-1989.

They showed that momentum and contrarian strategies were equally likely to be suc-

cessful. Additionally, they found that the cross–sectional variation in mean-returns

of individual securities included in the strategies was an important determinant

of their profitability. Conrad & Kaul (1998) stated that the cross-sectional varia-

tion could potentially account for the profitability of momentum strategies, and it

could also be responsible for some of the profits from price reversals to long-horizon

contrarian strategies. Cooper (1999) showed evidence of predictability by filtering

lagged returns and lagged volume information to uncover weekly overreaction profits

on large cap stocks.

Our goal is to investigate effects of cointegration on decision making. First

we introduce a cointegration based trading strategy. Our strategy evolves from the

above described history of models and strategies. We believe that our theoretical

and empirical results improve the understanding of how financial markets adjust

to new information. Our trading strategy exploits short-term pricing anomalies

revealed through deviation from the long-term stochastic trend. These anomalies

are consistent with the weak form of cross-market integration as documented in

Chen & Knez (1995). Our results also show support for the cointegrated type of

asset pricing models as in Bossaerts (1988).

Throughout this research we use new properties of cointegrated time series
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introduced earlier, see Proposition 1 and Proposition 2. These new properties help

construct a dynamic trading strategy. It is proved that the expected return of the

strategy is positive. Its practical implementation is reached using four world stock

market indexes, and presented is a detailed analysis of its performance. In-sample

(as well as out-of-sample) results show that long-term dependencies can be profitably

exploited in a variant of “pairs trading” strategy. The results do not vanish when we

perform an out-of-sample test. The problems with in-sample overfitting were well

documented by Bossaerts & Hillion (1999), Pesaran & Timmermann (1995), Cooper

(1999), and Conrad et al. (2003). Additionally, the “data snooping” problem and

its relation to out-of-sample tests (as documented by Conrad et al. 2003, Cooper

& Gulen 2006, Sullivan et al. 1999) is not a problem for us, since our trading

strategy is based on a theoretical relationship that we identify for cointegrated time

series. In particular, we prove that cointegration is a property related to the 1st

and 2nd moments of asset returns. In previous work the cointegration was viewed

as a property of the asset prices. We show that under certain assumptions the

cointegration is defined by the stochastic relationships among the asset returns.

In addition, we investigate if our trading strategy can be improved by using

information provided by VARTA. We also discuss if in presence of cointegration

good tracking results can be achieved by less frequent rebalancing.

This section is organized as follows. First, the strategy construction and the

proof of its positive expected return are given in §2.1. The detailed in-sample and

out-of-sample empirical studies are presented in §2.2. Then, we discuss extension

of developed trading strategy using SDC model coupled with VARTA and present

results for it. In the end tracking an index model is introduced.
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2.1 Construction of a Daily Trading Strategy

We introduce a trading strategy by exploiting the theoretical results derived in the

previous section.

Summarizing the results from the two propositions: for process Zt = Yt −

Yt−1 =
∑N

i=1 biri
t, we have that V arZt = −2

∑∞
p=1 Cov[Zt, Zt−p] and EZt = E[Yt −

Yt−1] = 0. Consider a strategy where each time period we buy −biC
∑∞

p=1 Zt−p

value of stock i, i = 1, . . . , N and sell everything in the next time period. C is a

positive scale factor. The reason for which we include constant C will become clear

later.

At any point in time we can compute the profit of this strategy by multiplying

the next period return by the shares purchased:

πt =
N∑

i=1

−biC

 ∞∑
p=1

Zt−p

 ri
t = −C

∞∑
p=1

Zt−pZt.

Given that EZt = 0 and Cov[Zt, Zt−p] = EZtZt−p − EZtZt−p,p > 0, the expected

profit of this strategy is:

E [πt] = E

−C
∞∑

p=1

Zt−pZt

 = −C
∞∑

p=1

Cov [Zt, Zt−p] =

= 0.5CV arZt.

Since V arZt and C are positive, the expected profit of the proposed strategy is

always positive and proportional to the scale factor C.

The reasoning behind this strategy is fairly simple. The cointegration re-

lations between time series imply that the time series are bound together. Over

time the time series might drift apart for a short period of time, but they ought to

re-converge. The term
∑∞

p=1 Zt−p measures how far they diverge, and
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sign
(
−bi

∑∞
p=1 Zt−p

)
(where sign(a) = +1 if a > 0 and −1 if a < 0) provides

the direction of the trade for stock i. Specifically, +1 stands for a long position,

whereas −1 denotes a short trade. Such a trading strategy is a variant of pairs-

trading where one usually bets on identifying spreads that have gone apart but are

expected to mean revert in the future. The spreads of typical pairs-trading strategy

get identified by using correlation as a similarity measure and standard deviation as

a spread measure. A trade, for example, will be put in place if the assets are highly

correlated but have gone apart for more than 3 standard deviations. The trade will

unwind when the assets converge or some time limit is reached.

Our approach uses cointegration as a measure of similarity. Cointegration is

the natural answer of the question: How do we identify assets that move together?

Proposition 2 provides the answer of the question: How far do the assets have to

diverge before a trade is placed? As a result, the decision to execute a trade is

driven by cointegration properties of the assets.

Having positive expected profit is excellent news for any strategy. The pro-

posed strategy has some shortcomings. The initial amount of money needed each

period is a random variable, and the resulting portfolio is not dollar neutral (i.e.

the total dollar value of the long position is not equal to the total dollar value of

the short position.) To construct a dollar neutral long-short portfolio, we will first

partition the cointegrated time series into two sets L and S:

i ∈ L ↔ bi ≥ 0

i ∈ S ↔ bi < 0.

Next, depending on what set a given asset belongs to, we purchase the value of

−biCsign

 ∞∑
p=1

Zt−p+1

 /
∑
i∈S

bi, i ∈ L
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biCsign

 ∞∑
p=1

Zt−p+1

 /
∑
i∈L

bi, i ∈ S.

The return of this modified strategy is identical to the proposed earlier. Hence, the

expected profit for that strategy is also positive.

Indeed (without loss of generality) assume that sign
(∑∞

p=1 Zt−p

)
= −1.

The long returns RL
t and the short returns RS

t of our original strategy are

RL
t =

∑
i∈L−biC

∑∞
p=1 Zt−pP

i
t+1/P i

t∑
i∈L−biC

∑∞
p=1 Zt−p

− 1 =
∑

i∈L biP i
t+1/P i

t∑
i∈L bi

− 1

RS
t = 1−

∑
i∈S −biC

∑∞
p=1 Zt−pP

i
t+1/P i

t∑
i∈S −biC

∑∞
p=1 Zt−p

= 1−
∑

i∈S biP i
t+1/P i

t∑
i∈S bi

,

where sets S and L are defined above.

The modified strategy has the following returns from the short and long

positions:

RL
t =

∑
i∈L

−biP
j∈L bi Csign(

∑∞
p=1 Zt−p)P i

t+1/P i
t∑

i∈L
−biP
j∈L bi Csign(

∑∞
p=1 Zt−p)

− 1 =
∑

i∈L biP i
t+1/P i

t∑
i∈L bi

− 1

RS
t = 1−

∑
i∈S

biP
j∈S bi Csign(

∑∞
p=1 Zt−p)P i

t+1/P i
t∑

i∈S
biP

j∈S bi Csign(
∑∞

p=1 Zt−p)
= 1−

∑
i∈S biP i

t+1/P i
t∑

i∈S bi
.

The above derivations indicate the return of the modified strategy is the same as

the original one, therefore its expected profit is positive (since we proved that the

expected return of the original strategy is positive).

Now we can explain why we have included the constant C. In the modified

strategy, every time period the value of C is invested in short and long positions.

Hence, the money needed for each time period in order to execute the new strategy

is a constant, and the portfolio we obtain is dollar neutral.

In reality, we cannot compute the true value of
∑∞

p=1 Zt−p (the cointegration
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vector b.) We estimate them, and with the above theoretical results in mind, we

propose the following trading strategy:

• Step 1: using historical data, estimate the cointegration vector b

• Step 2: using the estimated cointegration vector b̃ and historical data, con-

struct Z̃t - realizations of the process Zt =
∑N

i=1 biri
t

• Step 3: compute the final sum
∑P

p=1 Z̃t−p+1, where P is a parameter

• Step 4: partition the assets into two sets L and S (depending on values of b̃)

• Step 5: buy (depending in which set the asset belongs to) the following number

of shares (round down to get integer number of shares):

−b̃iCsign

 P∑
p=1

Z̃t−p+1

 /

[
P i

t

∑
i∈S

b̃i

]
, i ∈ L

b̃iCsign

 P∑
p=1

Z̃t−p+1

 /

[
P i

t

∑
i∈L

b̃i

]
, i ∈ S

• Step 6: close all the open positions the following trading day

• Step 7: update the historical data set

• Step 8: if it is time to re-estimate the cointegration vector (which happens

every 22 trading days), go to step 1, otherwise go to step 2.

In the next section we describe the procedures used to test the strategy and

present the numerical results.
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2.2 Trading Strategy - Performance and Analysis

To test the proposed trading strategy, we use historical data for four equity world

indexes: AEX1, DAX 2, CAC3 and FTSE4. Then, we present the results from several

backtests. The process of backtesting is an implementation of a trading strategy on

available historical data where we go back in time and start trading while pretending

the past is now. It gives us a picture of how the strategy would have performed

if we were to use it in the past. Such procedures are commonly used by financial

professionals when a particular trading rule/strategy is suggested for actual trading.

There are two types of tests: in-sample and out-of-sample. For in-sample

backtesting, all available data is used to estimate all the parameters of the strategy.

Performance measures are always better for in-sample testing, since we pretend that

we can “see” the future by using all the available historical information. Out-of-

sample testing is a fair backtesting process where information is available only up

to the trading moment.

The number of days used to perform the estimation of the parameters is called

a window and is denoted by W . For example, a window size of 1000 (W = 1000)

means that we used the last 1000 daily observations for estimation.

Realizations from 01/02/1996 to 12/28/2006 were used for AEX, DAX, CAC

and FTSE indexes. Missing data due to difference in working days in different

countries was filled using one of the SPLUS FinMetrics functions that interpolates

the missing value using a spline. We also used the SPLUS vector auto regression
1The best-known index of Euronext Amsterdam, the AEX index, is made up of the 25 most

active securities in the Netherlands. This index provides a fair representation of the Dutch economy.
2DAX 30 (Deutsche Aktien Xchange 30) is a Blue Chip stock market index consisting of the 30

major German companies trading on the Frankfurt Stock Exchange.
3The CAC 40, which takes its name from Paris Bourse’s early automation system Cotation

Assiste en Continu (Continuous Assisted Quotation), is a French stock market index. The index
represents a capitalization-weighted measure of the 40 most significant values among the 100 highest
market caps on the Paris Bourse.

4The FTSE 100 Index is a share index of the 100 most highly capitalized companies listed on
the London Stock Exchange.
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estimation function to get the order of the autoregressive process and its Johansen

(1995) rank test to estimate the cointegration vector. Trading for all tests started

on 11/06/2001 and ended on 12/28/2006. Transaction cost per share was set to 1

cent. For out-of-sample testing we re-estimated the cointegration vector b every 22

days. The value of the long/short positions each day was set to 10,000,000 dollars

(this value may differ due to rounding.)

2.2.1 In-sample Results

To estimate the parameters for the in-sample test, we used all available historical

data. Results from this test for different values of P (the lag parameter) can be found

in Tables B.11 and B.12, where Table B.11 shows the results without transaction

costs, and while Table B.12 shows the statistics after transaction costs of 1 cent

per share. The long-term relationship between the four indexes is estimated and

described by the following cointegration vector:

Z = 3.69×AEX − 4.66× CAC + 13.57×DAX − 21.49× FTSE.

The resulting process Z is I(0).

Both tables report various performance measures: best and worst days, per-

centage of up and down days, average daily gains and losses, volatility of positive

and negative returns, Sharpe and Sortino ratios, median, skewness and kurtosis of

the daily returns, as well as the average, standard deviation and maximum run

down5.

As the value of the lag parameter changes from 10 to 40 days, the performance

statistics change as well. The best results (in terms of the corresponding Sharpe and

Sortino ratios) are for P = 30 days. For that particular value of the lag parameter,

the Sharpe ratio is 1.15 and the Sortino ratio is 1.66. The annual return is 15.43%
5Run down is the number of consecutive days with negative returns.
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with a volatility of 13.44%. The maximum number of days with consecutive negative

returns is 8, and the average run down days are 2. The performance statistics are

based on 1320 trading days. The total return for the covered period is 80.82%

without transaction costs and 78.23% with transaction costs.

Table B.12 shows in-sample results after transaction costs. Note that the

results slightly deteriorate, but the pattern stays the same. For that reason, we will

report results without transaction costs, since they are different for different types

of investors6.

Figure A.11 shows the profit and loss plot (P&L) for the strategy, as well

as the four market indexes. The trading strategy performs better than a simple

buy-and-hold of the individual indexes.

Table B.13 shows the correlation between the strategy’s and individual in-

dexes’ daily returns. The results show that the performance of strategy is almost

neutral or negatively correlated with the individual indexes.

2.2.2 Out-of-sample Results

An out-of-sample test is the only available tool to truly test how a strategy would

have performed if traded in the past. One of its drawbacks is the fact that we

are testing the performance of the strategy on one sample path only. Another

drawback is that we face the Uncertainty Principle of Heisenberg (see Bernstein

2007). The practical interpretation is that one cannot measure the risk of an asset

on the basis of past data alone. Once we enter the first trade, effectively we are

changing the market, and any type of backtest will not be a perfect predictor about

future performance.

We designed several out-of-sample backtests by changing the values of the

critical parameters. All of them start on 11/06/2001. The amount of historical data
6Results with transaction costs are available from the authors upon request.
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used (or the size of the window) varies from 1000 to 1500 days. For the first set of

out-of-sample tests, we used a sliding window to compute the parameters. Every 22

days the parameters of the cointegration vector were re-estimated by using the last

1000, 1250 and 1500 days. A second set of out-of-sample backtests used a cumulative

window, where the initial window was 1000, 1250 and 1500 days. With every new

trading day, the historical window used increased by one day.

Tables B.14, B.15 and B.16 show performance measures for the first set of

out-of-sample tests with sliding windows 1000, 1250 and 1500, respectively.

Note that relative to the in-sample results, the strategy performance did not

change dramatically. For values of the lag parameter equal to 25 or 30 days, the

Sharpe ratio varied between 0.93 and 1.51, while the Sortino ratio varied between

1.26 and 2.26. The best results in terms of Sharpe and Sortino ratio were obtained

for a sliding window of 1000 days and a lag parameter of 25 days. For this particular

case the Sharpe ratio was 1.35 and the Sortino ratio was 1.98.

Figure A.12 presents the total return of the strategy (fixed window setup)

as a function of the two parameters of interest: the lag P and the window size W .

Figure A.13 is the same for the cumulative window case. From here we can conclude

that the lag parameter is more important for the performance of the strategy than

the window size.

Figure A.14 shows the profit and loss for the strategy, when the lag parameter

is 25 days and the sliding window is 1000 days. Similar to the in-sample test, the

strategy performs better than buy-and-hold of the four indexes.

Table B.17 shows the correlations of the strategy with the individual indexes.

Similar to the in-sample test, the strategy is almost neutral to the four market

indexes.

Figure A.15 shows the time series of the cointegration vector.

Figures A.14 and A.15, if analyzed together, show an interesting property
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of the long-term relationship between the indexes. The values of the cointegration

vector do not change substantially from 11/06/2001 to 3/25/2003. During this

period, the strategy performs extremely well. During the same time period, all four

indexes lose approximately 60% of their value, while the strategy gains almost 50%.

The cointegration vector changes dramatically on 3/25/2003 - a couple of days after

the start of the Iraq war7. The next time point at which a major adjustment in

the parameters of the cointegration vector occurred is 8/16/2005, almost one month

after the terrorist attack in London.

Tables B.18, B.19 and B.20 show performance measures for the second set

of out-of-sample tests. Cumulative windows are used starting with 1000, 1250 and

1500 days, respectively. The best results in terms of Sharpe and Sortino ratio were

obtained for lag parameter of 25 days and cumulative window starting at 1500 days.

The Sharpe ratio was 1.39, and the Sortino ratio was 2.02.

Figure A.16 shows the profit and loss for the strategy when the lag parameter

is 25 days, and the cumulative window starts at 1500 days. Similar to the in-sample

test, the strategy performs better than buy-and-hold of the four indexes.

Table B.21 shows the correlations of the strategy with the individual indexes.

Similar to the in-sample test, the strategy is almost neutral to the four market

indexes.

Figure A.17 shows the time series of the cointegration vector.

With a cumulative window, the values of the cointegration vector are not

highly variable. The only period in time when some changes are visible is at the start

of the Iraq war. One can conclude from the two different designs of out-of-sample

tests that the Iraq war caused some major changes in the long-term relationship

among financial assets.

Performance statistics from Tables B.14 and B.20 indicate that sliding win-
7Iraq war started on 3/19/2003.
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dow design is better than cumulative window design. This outcome is not surprising

if we refer to Proposition 1. One of the assumptions there is that there will be a

value of the lag parameter P for which the long-term relationship will be almost non-

existent. The results from the sliding window design provide empirical confirmation

for that assumption.

2.3 SDC Adjusted Daily Trading Strategy

VARTA is a powerful path generation tool. It generates multivariate time series

that preserves first 4 moments and auto-covariance up to a given lag. However, the

decisions we make are as good as our decision making model. Not every model can

benefit from what VARTA has to offer. Recall the SDC portfolio model described in

the introduction. It finds a portfolio that in the second order stochastic dominance

sense beats a given benchmark in one time period. It would be interesting to see if

VARTA provides some information that SDC can use to find a better portfolio than

some benchmark. We decided to test that idea on data set we used in the Trading

Strategy section. Backtest setup was modified to the following:

• Step 1: using historical data, estimate the cointegration vector b, auto-covariance

up to a given lag p and parameters of the Johnson Distribution

• Step 2: using the estimated cointegration vector b̃ and historical data, con-

struct Z̃t - realizations of the process Zt =
∑N

i=1 biri
t

• Step 3: compute the final sum
∑P

p=1 Z̃t−p+1, where P is a parameter

• Step 4: partition the assets into two sets L and S (depending on the values of

b̃)
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• Step 5: Calculate weights of the trading strategy portfolio, given by:

−b̃iCsign

 P∑
p=1

Z̃t−p+1

 /

[
P i

t

∑
i∈S

b̃i

]
, i ∈ L

b̃iCsign

 P∑
p=1

Z̃t−p+1

 /

[
P i

t

∑
i∈L

b̃i

]
, i ∈ S

• Step 6: Generate one-period sample paths using VARTA

• Step 7: Construct realizations of the benchmark portfolio using VARTA output

from step 6 and portfolio weights from Step 5

• Step 8: Solve SDC portfolio model using as input the VARTA output from

Step 6 and the benchmark from Step 7

• Step 9: Purchase the portfolio obtained in Step 7 and close all open positions

the following trading day

• Step 10: update the historical data set

• Step 11: if it is time to re-estimate the cointegration vector (which happens

every 22 trading days), go to step 1, otherwise go to step 2.

SDC model we used was slightly changed to allow short sales and has the

form(using the same notation as in Introduction, Dealing with SDC Constraints):

max
x+,x−,d,z

S∑
s=1

N∑
j=1

psrjs[x+
j − x−j ]

s.t.
N∑

j=1

rjs[x+
j − x−j ] + dis ≥ yi s = 1, . . . , S i = 1, . . . , V

S∑
s=1

psdis ≤ F2(Y, yi) i = 1, . . . , V
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N∑
j=1

x+
j = 1

N∑
j=1

x−j = 1

x+
j + zj ≤ 1

x−j − zj ≤ 0

xj ≥ 0 j = 1, . . . , N

dis ≥ 0 s = 1, . . . , S i = 1, . . . , V

zj − binary j = 1, . . . , N,

where x+
j - portion of the total long value invested in stock j, x−j - portion of the

total short value invested in stock j. The binary variables zj ’s and some additional

constraints were included to not allow short and long positions for the same stock.

The decomposition scheme was not changed. The average running time of

the decomposition for a model with 1500 simulated paths was 367 seconds. We

did not use VARTA algorithm adjusted to cointegration because it would not affect

results by much. Cointegration is a long term, time related property and in the

setting above we have an optimization model for just one time period.

Plot A.18 shows the dynamic of the total returns. As you can see the adjusted

by SDC model allocation performed better than the original strategy. The original

model had Sharpe ratio 1.51 and Sortino ratio 2.26, adjusted by SDC strategy has

Sharpe ratio of 2.1 and Sortino ratio of 3.67. The total return for the original

strategy was 85.45% and for the adjusted 129.08%. Detailed results can be found

in Table B.22.

We conclude that VARTA provides additional information about stock prices

that SDC model can exploit. In addition to the fact that time series in question are

cointegrated, decision making process takes into account higher moments of marginal
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distributions and structure of auto-covariance. This additional information helps to

produce better decisions.

2.4 Tracking an Index with Cointegrated Time Series

In previous section we tested VARTA output in one period setting. It would be

interesting to see if paths produced by VARTA also carry some useful information

for time dependent models. With that in mind, in this chapter we discuss how

output of the VARTA simulation algorithm can be used to find a portfolio that

tracks an index. We also test our approach on a set of Pacific Region indexes using

a backtest procedure and the results of that backtest are presented.

Tracking an index is a wide spread practice. Typically one wants to track a

given index exactly plus some small premium called alpha. This type of strategy

can be classified as Market Neutral since our portfolio by design moves together

with the index.

Using cointegrated with given index assets for tracking purposes is a natural

choice since there is a strong evidence of long term relationships between the index

and the assets in question. One approach presented by Carol Alexander (Alexander

et al. (2002)) suggests to regress assets prices on index prices and then use the

regression coefficients to find the portfolio weights. Another approach, the one we

discuss here, would be to simulate the possible “future” and use the simulated data

as an input to a tracking portfolio model.

In the same settings as before(N assets for which log prices are cointegrated)

we want, without loss of generality, to track asset N using 1, 2, . . . , N−1 assets. We

propose using VARTA to simulate possible future scenarios and then use the output

as an input to the following tracking model:
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min
x+,x−

S∑
s=1

[
N−1∑
i=1

(x+
i − x−i )

T∑
t=1

ri
t,s −

T∑
t=1

rN
t,s]

2 (2.1)

s.t.
N−1∑
i=1

[x+
i + x−i ] = 1

x+
i ≤ zi i = 1, . . . , N − 1

x−i ≤ 1− zi i = 1, . . . , N − 1

x+
i ≥ 0, x−i ≥ 0 i = 1, . . . , N − 1

zi − binary i = 1, . . . , N − 1.

The solution to (2.1) is a portfolio which under all scenarios provides the

smallest overall difference of the total portfolio and the total index returns( which

is a sum of log returns). The Tracking Model allows for short and long sales. It is

assumed that Net Portfolio Value is a constant, so x+
i , x−i are fractions of the total

value which we invest.

Our approach is different from the one proposed by Carol Alexander. In

the case of regression, we are optimizing along just one sample path. This enforces

good tracking among just that path. In addition by valuing the fit every time period

we do not take into account that series might diverge for some time but will come

back in a long run. In general, this approach might lead to over re-balancing. Our

approach in turn finds a portfolio that is a good fit overall under many scenarios

and do not enforce tracking every time period (we care only about total returns in

the end).

To test our approach we use the following backtetst:

• Estimate the cointegration vector b using historical window of data

• Estimate all VARTA parameters using historical window of data
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• Generate S paths of length T

• Solve the Tracking Model (2.1) and get the tracking portfolio, hold it for H

time periods

• Record daily performance of the portfolio

• Update historical window (remove H oldest observations and add H new ones)

• Repeat from above.

In this section we use another data set to validate our approach. We have

tested our approach on data of MSCI Australia, Japan, Hong Kong and Pacific

Indexes. First we check quality of VARTA simulation output. Historical data from

5-31-2002 until 5-17-2006 (999 observations) were used for VARTA parameters and

cointegration vector estimation. We chose VARTA lag parameter to be equal to

three. Our choice was based on the resulting ACF plot, Figure A.20. We also fitted

VAR model to the data and simulated 50000 observation to check ACF plot, Figure

A.21. It showed significant first three auto-covariances. ACF plot of one simulated

path is included. The adjustments of the covariance matrix for cointegration were

quite small.

We simulated 1000 paths of length 300 using VARTA with adjustment for

cointegration input; then we tested all 1000 paths for cointegration, 890 paths have

passed cointegration test with 95% confidence. The cointegration vector that we

get after fitting Error Correction Model (ECM), Tsay (2005), into simulated data

differs from the one we use as input. We believe the reason for that lies in the

fundamental differences between VARTA and ECM models. One such difference

is the assumption regarding the underlying marginal distributions. VAR assumes

normality and VARTA in our case uses unbounded Johnson family. Johnson family

is very flexible and as can be seen from plots it gives a much better fit of marginals,

see Figures A.23, A.25 and A.24.
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Overall, based on the two examples above, we conclude that our procedure

for simulating cointegrated time series using VARTA works. Next we try to track

the Pacific Index using Australia, Hong Kong and Japan Indexes.

We use two Input Models to the Tracking Optimization Model - VARTA and

the Brownian Motion Model (BM) for log-returns. Tracking period is 420 days,

historical window used for parameters estimation is 999. Re-balance frequency used

is 5 and 10 days. Simulation paths of length 10, 15 and 20 were used. The number

of generated paths for the optimization model was 5000. Start date is 5/18/2008

and the end date is 1/17/2008.

Tracking results can be found in tables B and B. Plots A.26 and A.27 show

total returns for the Pacific Index and our portfolio for the BM Input Model and for

VARTA Input Model, when T = 20 with 10 day rebalancing frequency. It can be

seen that VARTA has preserved important properties of the time series and that is

why simulated paths used by optimization model helped produced better tracking

results. On average for every setup the maximum difference between the total

portfolio and index returns was about 6% when using VARTA. The corresponding

best BM result was 16%. It is also interesting to note that in the VARTA case,

going from rebalancing frequency of 5 to 10 did not affect tracking results by much.

For example, the case when T = 20 the Maximal Difference between Index and

Portfolio total returns went from 5.9% to 6.2% and average difference from 1.6%

to 1.7%. That stability of results can be explained by the cointegration property

of time series in question. Since the time series we are using are cointegrated they

are bounded together in time, so good tracking can be achieved with less frequent

rebalancing.
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Chapter 3

Decision Dependent

Uncertainty

In this chapter we address two important problems for the maintenance and oper-

ation of nuclear power plants: proper modeling and analysis of dependent failures

and the impact of maintenance interventions on the future failure behavior of the

system being analyzed.

Event/fault trees is the common methodology used in practice to model in-

ternal dependencies and estimate the probabilities of the “top” events. One disad-

vantage of this approach is that it is a static model of the system and time-dynamics

(i.e. how the failure behavior of the system evolves over time) cannot be incorpo-

rated. The use of Markov processes to describe the time evolution of the system,

makes the assumption that the history of the failure process is not important, and

only the current state of the system is sufficient to forecast the future.

There is an enormous literature on optimal maintenance policies for a single

item that dates back to the early 1950s. The majority of the work covers mainte-

nance optimization over an infinite horizon, see Valdez-Flores & Feldman (1989) for

an extensive review. The problem that we address in this research is over a finite
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planning horizon, which comes from the fact that every nuclear power plant has a

license to operate that expires in a finite predefined time. In addition the form of

the policy is effectively predefined by the industry as a combination of preventive

and corrective maintenance, as we describe below. Marquez & Heguedas (2002)

present an excellent review of the more recent research on maintenance policies and

solve the problem of periodic replacement in the context of a semi-Markov decision

processes methodology. Su & Chang (2000) find the periodic maintenance policies

that minimize the life cycle cost over a predefined finite horizon.

A review of the Bayesian approaches to maintenance intervention is presented

in Wilson & Popova (1996). Chen & Popova (2000) propose two types of Bayesian

policies that learn from the failure history and adapt the next maintenance point

accordingly. They find that the optimal time to observe the system depends on

the underlying failure distribution. A combination of Monte Carlo simulation and

optimization methodologies is used to obtain the problem’s solution. In Popova

(2004), the optimal structure of Bayesian group-replacement policies for a parallel

system of n items with exponential failure times and random failure parameter is

presented. The paper shows that it is optimal to observe the system only at failure

times. For the case of two items operating in parallel the exact form of the optimal

policy is derived.

The reliability literature on models and policies that allow for a change of

the future failure behavior of the system is limited. There are several papers that

could be classified as either models where repair actions reduce the rate of failures,

or models where the repair action reduce the (virtual) age of the system, see Rau-

sand & Høyland (2004), page 287, for details. Such problems where the decisions

made influence the future stochastic nature of the system are referred as decision-

dependent-randomness. For a general overview of the existing literature that relates

to this class of problems, see Morton & Popova (2001). Models with decision de-
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pendent uncertainty are discussed by Jonsbr̊aten (1998) and T.W. Jonsbr̊aten &

Woodruff (1998).

We analyze a system of N components that could be in any dependent

structure. The time horizon T is finite. At the beginning of each time period,

t ∈ /1, 2, . . . , T/ we observe the state of the system and must decide whether or not

to perform preventive maintenance (PM) to each of the N items. Each PM restores

the state of the item to “as good as new”. At the end of each time period we ob-

serve the system and if any of the items have failed during the past time interval,

we perform corrective maintenance (CM) that keeps the age of the repaired item

the same (i.e. it is repaired to “as good as old” state). We will assume that the

time increases in increment of 1 unit.

Each item i, i = 1, . . . , N can fail independently and in addition can trigger

the failure of any of the other N − 1 items. The collection of all N items constitute

the system and it’s failure will be a function of the items’s failures. We introduce

the notion of failure pattern bellow and show that the system failure is a subset of

the set of all failure patterns.

Notation

Sets:

t ∈ {1, 2, . . . , T} – optimization horizon

i ∈ {1, 2, . . . , N} – number of items in the system

p ∈ {1, 2, . . . , P} – enumerated failure patterns

a ∈ {1, 2, . . . , A} – enumerated ages of the system

Constants:

Pmi
t – preventive maintenance cost of item i in the time period t

Cmi
t – corrective maintenance cost of item i in the time period t

Up – failure pattern, it shows which items have failed and which are still
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U1 = (1, 0, 0, 0) U6 = (1, 0, 1, 0) U11 = (1, 1, 1, 0)
U2 = (0, 1, 0, 0) U7 = (1, 0, 0, 1) U12 = (1, 1, 0, 1)
U3 = (0, 0, 1, 0) U8 = (0, 1, 1, 0) U13 = (1, 0, 1, 1)
U4 = (0, 0, 0, 1) U9 = (0, 1, 0, 1) U14 = (0, 1, 1, 1)
U5 = (1, 1, 0, 0) U10 = (0, 0, 1, 1) U15 = (1, 1, 1, 1)
U0 = (0, 0, 0, 0)

Table 3.1: Failure Patterns, N = 4

working

Bp – additional aftermath costs associated with failure pattern Up

fa,p – the probability of getting failure pattern Up with age structure a

D – large constant used in the optimization model

Resourcest – the available resources to perform preventive maintenance in

time period t

MaxAgei – an upper bound on the age of item i.

Variables:

di
t – decision variable, it equals 1 if we perform preventive maintenance on

item i at time t, 0 otherwise

agei
t – age of item i at time period t

za
t – index of the current age structure of the system

yi
t – artificial variable used to calculate the age of item i at time period t

with a given maintenance policy.

In what follows we explain in detail the notation introduced above using a

system of 4 items, i.e. N = 4. First, a particular i, i = 1, . . . , 4 corresponds to

exactly one item in the system. If we say 3-rd item has failed then we know which

item had failed and where this item is positioned in the system.

Table 3 shows the list of all failure patterns for a system consisting of 4
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Pattern, p Aftermath Cost, Bp

1 $0
2 $100

. . . . . .
10 $1500

Table 3.2: Aftermath Cost Matrix

items. For instance, U9 = (0, 1, 0, 1) means that we have observed failure pattern

p = 9 where items numbered 2 and 4 had failed, and items numbered 1 and 3 are

still functioning. For the case N = 4 there are 16 such patterns. In general we will

have P =
N∑

i=0

N !
i!(N − i)!

failure patterns.

The system failure is obviously a subset of the set of all failure patterns. For

instance, if the above system consists of all 4 items in parallel, then system failure

will be equivalent to observing the failure pattern U15; for a series system, it will

be the occurrence of any of failure patterns U1, U2, U3, U4; etc. This way we can

accommodate and model any structural dependency, if needed.

Each item i, i = 1, . . . , N at the end of time period t will have an age ai
t. As

a result the state space of all ages in a given time period t will be the N -dimensional

vector at = (a1
t , a

2
t , . . . , a

N
t ). For instance, if age2 = (2, 1, 0, 2) then the item with

index 1 is two-period old in time period 2, item with index 2 is one-period old in

time period 2, etc. If we assume we start with a new system at time 0, then the size

of the age state space is (T + 1)N .

The aftermath cost matrix B includes costs that can occur due to a particular

failure and are not included into the repair cost. An example is the production loss

due to equipment failure. Table 3 is an example of this additional cost. For instance,

for p = 10 the aftermath cost is 1500. It means that if we see items numbered 3 and

4 failed (which will be equivalent to observing the failure pattern U10 = (0, 0, 1, 1))

we expect to lose additional 1500. In our setting, the aftermath cost will be different
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for each failure pattern p.

3.1 Optimization Model

We obtain the optimal preventive maintenance intervals for all N items by solving

the following optimization problem:

min
d,age,z

T∑
t=1

N∑
i=1

Pmi
td

i
t +

T∑
t=1

P∑
p=1

([
N∑

i=1

Cmi
tU

i
p + Bp]

A∑
a=1

fa,pz
a
t ) (3.1)

s.t.
A∑

a=1

aza
t =

N∑
i=1

i∏
j=1

(MaxAgej−1 + 1)agei
t

t = 1, . . . , T
A∑

a=1

za
t = 1 t = 1, . . . , T

MaxAgeidt
i ≥ −agei

t + agei
t−1 + 1 i = 1, . . . , N t = 1, . . . , T

agei
t − agei

t−1 ≤ 1 i = 1, . . . , N t = 1, . . . , T

agei
t ≤ 1 + MaxAgei(1− di

t) i = 1, . . . , N t = 1, . . . , T

agei
t ≤ MaxAgei t = 1, . . . , T i = 1, . . . , N

N∑
i=1

ri
td

i
t ≤ Resourcest t = 1, . . . , T

di ∈ Si, i = 1, . . . , N

agei
t ≥ 0 i = 1, . . . , N t = 1, . . . , T

di
t- binary, i = 1, . . . , N t = 1, . . . , T.

The objective function is to minimize the total expected cost in T time

periods. The total cost consists of two terms - the first one,
∑T

t=1

∑N
i=1 Pmi

td
i
t, is the

planned (PM) maintenance cost, and the second one,
∑T

t=1

∑P
p=1([

∑N
i=1 Cmi

tU
i
p +

Bp]
∑A

a=1 fa,pz
a
t ), is the unplanned (due to failure) cost.
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The first two constraints make sure that the probability weights from the

probability matrix f(a, p) in the objective function correspond to the right age

structure of the system. The second constraint allows us to set to 1 only one z vari-

able in each time period t. The righthand side of the first constraint transforms the

age structure vector into age structure index. The third, fourth and fifth constraints

modify the age structure in the time period t that depends on our decisions d up to

time t.

3.2 Example

There are four circulating water (CW) pumps in each of the two STPNOC reactors.

The water pumped by the CW pumps is necessary for the plants to generate elec-

trical power. We describe one of the pumps and the equipment that supports its

operation.

Referring to Figure 3.1, the pump is driven by an electrical motor supplied

with 13,800 volt ac current through a circuit breaker used to control power to the

motor. The motor is quite large, requiring about 1 megawatt when fully loaded to

the pump. Contained within the motor is a mechanism that prevents the pump from

spinning in reverse when it is shut off (current interrupted by the circuit breaker).

If the mechanism fails, the motor and pump will be destroyed by spinning

rapidly in the reverse direction under certain circumstances occurring during plant

operation. The circuit breaker must also operate correctly to prevent damaging

the motor. In particular, all phases of the 3-phase circuit must be interrupted

simultaneously to avoid motor electrical failure.

The electric motor drives the pump with a shaft and moves water up from a

large man-made reservoir into a piping network through a shut-off valve. Because

the pump capacity and flow rate are so large, the shut-off valve operates under a

program to prevent sudden operation from causing a shock to the pump casing.

65



Figure 3.1: Schematic Diagram Of One The Circulating Water System Pump Ar-
rangements

Sudden shutting of the valve can cause a shock large enough to destroy the pump

casing.

When a failure of one of the components in the system leads directly to the

failure of another component, we will refer to that type of transition as “dependent”

other transitions are referred to as “natural”.

Table 3.2 describes all possible states of the system with the corresponding

failures.

We now describe how to obtain the probabilities, f(a, p) from a set of real

data for the CW example described above.
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State Type Summary
0 dependent Motor reverse mechanism

failure leads to pump and
motor failure

1 dependent Breaker failure leads
to motor failure

2 dependent Failure of valve leads
to failure of pump

3 natural Valve failure prevents
operation

4 natural Breaker failure prevents
operation

5 natural Motor failure prevents
operation

6 natural Pump failure prevents
operation

Table 3.3: Failure States

The main steps of the procedure are:

• step 1: compute the probability of independent failure of each of the items in

the next time period given its age, P i
agei

t

• step 2: compute P (Ũind = Uj |age1
t , age2

t , . . . , ageN
t ), the probability of observ-

ing failure pattern j in the next time period as a result of independent item

failures

• step 3: compute the “dependent-adjusted” probabilities,

fa,p = P (Ũdep = Up|age1
t , age2

t , . . . , ageN
t ),

where Spj corresponds to the probability of jumping from pattern j to pattern

p due to interaction between items in the system.
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Item Shape Scale
Pump 3.13 817.37
Motor 1.79 2333.21
Breaker 0.94 13954.20
Valve 0.99 8034.33

Table 3.4: Estimated Parameters Of The Marginal Time-To-Failure Distributions

In summary,

fa,p = P (Ũdep = Up|age1
t , age2

t , . . . , ageN
t )

=
P∑

j=1

SpjP (Ũind = Uj |age1
t , age2

t , . . . , ageN
t )

=
P∑

j=1

SpjΠN
i=1[U

i
jP

i
agei

t
+ (1− U i

j)(1− P i
agei

t
)]. (3.2)

We now have to compute the probabilities P i
agei

t
for i = 1, . . . , 4 and t =

1, . . . , 12. The time steps will be measured in years, i.e. we will solve the mainte-

nance scheduling problem assuming a finite time horizon of 12 years.

Assume that the marginal time-to-failure time distributions for each of the 4

items, Xi are Weibull(λi, αi), where λi are the shape and αi are the scale parameters.

We estimate them using data (right censored) that start in 1998 and end in 2005.

Table 3.2 shows the estimated parameters for each of the items where the time is

measured in days. Then the probabilities,P i
agei

t
, for agei < t, will be equal to

P i
agei

t
= P [Xi < t|Xi > agei] =

Fi(t)− Fi(agei)
1− Fi(agei)

, (3.3)

where Fi(t), i = 1, 2, 3, 4 are the corresponding Weibull cumulative distribution func-

tions evaluated at t, t = 1, . . . , 12 for all agei < t.

The transition matrix, Spj , p = 1, . . . , 16, j = 1, . . . , 16, contains the proba-

bilities for transition from a failure pattern j to a failure pattern p. Since our system
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From pattern To pattern Transition probability
2 5 0.00051
3 8 0.000254
4 7 0.000508

Table 3.5: Estimated Transition Probabilities

Item Cpm Ccm

Pump $6149 $413
Motor $117 $3060
Breaker $404 $700
Valve $100 $100

Table 3.6: Estimated Costs

is made of 4 units, then we will have a total of 16 failure patterns and as a result the

dimension of the matrix S is 16 × 16. Table 3.2 shows that we have 3 dependent

states. Translating this into our failure pattern terminology: the non-zero transition

probabilities will be for transition from pattern 2 to 5, 3 to 8, and 4 to 7. The rest

will equal to 0. We assumed that the time-to-dependent-failures, Dj , j = 1, 2, 3, are

exponentially distributed with parameters γj . We estimated them from the set of

failure data. Table 3.2 shows the estimated transition probabilities.

The other parameters that are part of the objective function are the pre-

ventive (Cpm), and corrective (Ccm) maintenance costs, the aftermath cost for each

failure pattern, and the max age for each of the four items. We used historical data

to estimate Cpm and Ccm for time 0. Assuming 4% rate, we projected these costs

for the rest of the time horizon (8 years) using present value discounting. The after-

math cost was assessed from past data and experts’ opinions. The maximum age is

assumed to be 10 years for all of the four systems. Table 3.2 shows the estimated

preventive and corrective maintenance costs at time 0, and Table B the aftermath

cost matrix, B.

The optimization problem (3.1) was run on a computer with Xeon 3.00Ghz
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CPU and 2Gb of RAM installed. CPLEX 9.1 branch and bound algorithm solved

described above instance to optimality in 4436 seconds (1 hour and 14 minutes).

Table B shows the optimal replacement schedule.

The results are intuitively appealing: the marginal failure time distributions

of the breaker and valve have a decreasing failure rate functions and therefore it is

not optimal to do preventive replacement; the cost for buying a new motor is less

than the cost of repair, hence, it is optimal to replace it rather than to repair it;

the pump fails too often and that is why we have to preventively replace it every

period. The total expected cost when following the optimal policy is $445,215.00.

3.3 Approximation of the Optimization Problem

As T grows large the time to solve the optimization model (3.1) and its size increases

exponentially. In attempt to speed up the optimization process we propose to use

an approximation of the original model. The most time consuming part of our

problem is the modeling of the system’s expected corrective maintenance costs. We

will denote by ht(age1
t , . . . , ageN

t ) the second part of the objective function in the

original model (the expected corrective maintenance cost).

The mapping between all possible ages at a given time period and the corre-

sponding costs is done using the 0-1 variables z’s. Every age combination requires

one binary variable. This formulation is doomed as the size of the problem grows.

Our idea is to split the space of all possible age combinations into regions and to

approximate the costs in those regions by hyperplanes. This will allow us to use

only a couple of binary variables to tell the model in which region we are and what

hyperplane for that region should be used as a cost function.

To illustrate our idea we consider a system of two items. Item A has a

failure time that follows Weibull distribution with parameters λ = 1.4, θ = 20000.

Item B’s failure time distribution is Weibull with parameters λ = 1.5, θ = 17000.
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Corrective Maintenance costs are 30000 for item A and 20000 for item B. It is

assumed that items function independently of each other. The function h(age1, age2)

(the expected corrective maintenance costs for a given age combination) is plotted

in A.30. As it can be seen h(age1, age2) curves quite a bit along the axes where

both items are aging. We hypothesize that this features of h(.) still holds in the

N -dimensional case and therefore our approximation should have them.

Based on the above, we suggest to split the space of all possible age combina-

tions using N “slicing” hyperplanes (since we have N items, we have N-dimensional

function h, so we need N “slicing” hyperplanes) and L “splitting” hyperplanes (we

choose L to get a desirable fit). The “splitting” hyperplanes will divide the space

into pyramids and the “slicing” hyperplanes will separate the axes in these pyra-

mids. N -dimensional “splitting” hyperplane that crosses axes x1, . . . , xN at points

L1, . . . , LN is given by

N∑
i=1

Πj 6=iLjxi = ΠN
j=1Lj . (3.4)

The N -dimensional “slicing” hyperplane that separates axis xi and has a slope of

tan(α) is given by

tan(α)xi −
∑
j 6=i

xj = 0. (3.5)

We illustrate our splitting approach for the case of L=1, N = 2 and N = 3.

tan(α) = 0.5. When N = 2 we split 2 × 2 rectangular, when N = 3 we split 2

cub. For N = 2 “splitting” line crosses axis at 1.5, 1.5. For N = 3 hyperplane goes

through (1.5, 0, 0), (0, 1.5, 0), (0, 0, 1.5), see Plots A.29 and A.28. When N = 2 we

have 2 “slicing” lines y = 0.5x and y = 2x and one “splitting” line y = 1.5 − x.

These equations and for the case when N = 3 are obtained using (3.4) and (3.5).

Using that idea, we will have 6 distinct regions for the case when N = 2 and 8
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regions for N = 3.

In general, approach above will create (L + 1)(N + 1) regions, so this many

fitting problems have to be solved to carry out approximation for function h for

every time period. We locate each region using two indexes j = 1, . . . , L + 1,

l = 1, . . . , N + 1. j = 1 if age combination is below first “splitting” plane, j = 2

if age combination is above first and below the second “splitting” hyperplane, etc.

l = 1 if age combination is near the first axis, l = 2 if age combination is near the

second axis, l = N + 1 if age combination is far from all axes. For a region j, l, the

fitting model for a given set of age combinations {ages
1, . . . , ages

N , s = 1, . . . , S} has

the form:

minajl

S∑
s=1

(
N∑

i=1

ai
jlages

i + aN+1
jl − h(ages

1, . . . , ages
N ))2 (3.6)

(ages
1, . . . , ages

N ) ∈ region j, l.

With estimated parameters ãjl, approximation function h̃(age1, . . . , ageN ) of

h(age1, . . . , ageN ) is given by

h̃(age1, . . . , ageN ) =



∑N
i=1 ãi

11agei + ãN+1
11 , if age ∈ region 1, 1

. . .∑N
i=1 ãi

jlagei + ãN+1
jl , if age ∈ region j, l

. . .∑N
i=1 ãi

LN+1agei + ãN+1
LN+1, if age ∈ region L + 1, N + 1.

In addition to regular unconditional Minimum Least Squared fit, model (3.6),

we could obtain two more approximation functions, one that is always beneath

original function and another that is always above. That is easily done by adding

required constraints to fitting model. These functions later can be used in modified

optimization model to get three different solutions and form an optimality gap.
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Also, as N grows large, it is impossible to solve fitting model with all possible

combinations of ages for a given region as it gets enormous. One should instead

generate a fixed amount of age combinations using Monte-Carlo simulations.

We ran the described approximation procedure to approximate function h(.)

with function h̃(.) for our example of two items. We used two “splitting” hyper-

planes. One goes through points (6.5, 0) and (0, 6.5), the second hyperplanes goes

through (11.5, 0) and (0,11.5). Parameter tan(α) for “slicing” hyperplanes is equal

to 0.5. Graphical result of approximation can be found in Plots A.31-A.32. Esti-

mated parameters ã can be found in Table B.27. As can be seen, the approximation

function keeps some of the features of the original function.

In what follows, we split function h̃t
jl[age1, . . . , ageN ] into two parts:

ĥt
jl[age1, . . . , ageN ] =

∑N
i=1 ãi

jlagei and et
jl = ãN+1

jl . The following modifications

should be made to the original optimization model to use approximated function

h̃(.):

Additional variables:

st
l – “slicing” region locator variable, st

l = 1 if age combination in period t

falls into region close to axis l

ut
j – “splitting” region locator variable, ut

j = 1 if age combination in period

t falls into region between j − 1 and j “splitting” hyperplanes

qt
jl – region locator variable, qt

jl = 1 if age combination in period t falls into

region j, l

vt
jli – age variables of region j, l. vt

jli = agei
t if age combination is in region

j, l and vt
jli = 0 otherwise.

Approximation Optimization Model:

min
d,age,z,q,v,u,s

T∑
t=1

N∑
i=1

Pmi
td

i
t +

T∑
t=1

L∑
j=1

N+1∑
l=1

[ĥt
jl[v

t
jl1, . . . , v

t
jlN ] + et

jlqjl] (3.7)
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s.t.

tan(α)aget
i −

N∑
l=1,l 6=i

aget
l ≥ M(1− st

i) i = 1, . . . , N

t = 1, . . . , T

tan(α)aget
i −

N∑
l=1,l 6=i

aget
l ≤ Mst

i i = 1, . . . , N

t = 1, . . . , T
N∑

i=1

Ljt
i agei

t ≤ Ljtut
j + M

L∑
m=1,m 6=j

ut
m t = 1, . . . , T

j = 1, . . . , L
N∑

i=1

Lj−1t
i agei

t ≥ Lj−1tut
j t = 1, . . . , T j = 2, . . . , L + 1

vt
jli ≤ Mut

j i = 1, . . . , N t = 1, . . . , T l = 1, . . . , N

j = 1, . . . , L + 1

vt
jli ≤ Mst

l i = 1, . . . , N t = 1, . . . , T l = 1, . . . , N

j = 1, . . . , L + 1

vt
jN+1i ≤ M(1−

N∑
l=1

st
l) i = 1, . . . , N t = 1, . . . , T

j = 1, . . . , L + 1
L∑

j=1

N+1∑
l=1

vt
jli = aget

i i = 1, . . . , N t = 1, . . . , T

qt
jl ≤ ut

j t = 1, . . . , T l = 1, . . . , N j = 1, . . . , L + 1

qt
jl ≤ St

l t = 1, . . . , T l = 1, . . . , N j = 1, . . . , L + 1
N+1∑
l=1

L∑
j=1

qt
jl = 1 t = 1, . . . , T

MaxAgeidt
i ≥ −agei

t + agei
t−1 + 1 i = 1, . . . , N

t = 1, . . . , T

agei
t − agei

t−1 ≤ 1 i = 1, . . . , N t = 1, . . . , T

agei
t ≤ 1 + MaxAgei(1− di

t) i = 1, . . . , N t = 1, . . . , T
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agei
t ≤ MaxAgei t = 1, . . . , T i = 1, . . . , N

N∑
i=1

ri
td

i
t ≤ Resourcest t = 1, . . . , T

di ∈ Si, i = 1, . . . , N

agei
t ≥ 0 i = 1, . . . , N t = 1, . . . , T

di
t- binary, i = 1, . . . , N t = 1, . . . , T.

The first four sets of constraints find the region where the current age com-

bination falls. Next four sets of constraints set which approximation function h̃(.)

should be used in the objective function, given the region where current age com-

bination falls into. Next three sets set which constant should be used. We use only

the one constant corresponding to the region where current age combinations falls.

Other constraints are the same as before.

Assuming MaxAge for every item is greater than T , original model handled

modeling of h by having TN binary variables and 3 constraints. Formulation above

does it by having 3TN + 2LT + (2N + 3)TN(L + 1) constraints and (TN + T )(L +

1) + TN binary variables. For example, for T = 10, N = 10, L = 2, original model

has 1010 binary variables and 3 constraints and approximation model has 430 binary

variables and 7240 constraints. It is clear that approximation reduces the model’s

size dramatically.

Formulation above even though is correct is not tight enough. Because we are

approximating concave-like functions and trying to minimize their sum, it will take

a lot of time to solve it to optimality. In particular, our solver has hard time figuring

out what u variable should be set to 1. Additional constraints should introduced to

tighten the LP relaxation. We found the following constraints very useful:
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N∑
i=1

Lj−1t
i vt

jli ≥ Lj−1tqt
jl t = 1, . . . , T l = 1, . . . , N j = 2, . . . , L + 1.

These redundant constraints makes sure that variables v are in the same “splitting”

region as variables age.

Next set of constraints we call Proper Life-cycle constraints. They make sure

that age combinations do not jump all over the place. If in time period t − 1 age

combination is in “splitting” region j and no maintenance was performed in time

period t, then age combination in period t should stay in region j or jump to the

next region. At the same time if the age combination in time t − 1 was neither in

“splitting” region j − 1 nor j and no maintenance was performed in period t, then

the age combination will not fall into “splitting” region j. This type of constraints

with similar logic has the form:

N+1∑
l=1

qt
j−1l +

N+1∑
l=1

qt
jl ≥

N+1∑
l=1

qt−1
j−1l −

N∑
i=1

di
t t = 1, . . . , T j = 2, . . . , L + 1

N+1∑
l=1

qt
jl ≥

N+1∑
l=1

qt−1
jl −

N∑
i=1

di
t t = 1, . . . , T j = L + 1

N+1∑
l=1

qt
jl ≤

N+1∑
l=1

qt−1
jl +

N+1∑
l=1

qt−1
j−1l +

N∑
i=1

di
t t = 1, . . . , T j = 2, . . . , L + 1

N+1∑
l=1

qt
jl ≤

N+1∑
l=1

qt−1
jl +

N∑
i=1

di
t t = 1, . . . , T j = 1.

The last and the most important set of constraints is the one that set the

initial conditions of the system. We assume that in the beginning we have a new

system, so no maintenance is required in period 1, and the age of each item in the

end of the period will be 1. Age combination will fall into first “splitting” region

and middle “slicing” region. Given all of the above, we should add the following
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constraints to the model:

di
1 = 0 i = 1, . . . , N

u1
1 = 1

s1
l = 0 l = 1, . . . , N

agei
1 = 1 i = 1, . . . , N.

With these tightening constraints approximation becomes solvable. Next we

examine the quality of our approximation approach. We solve PM scheduling prob-

lem for two items with T = 15 time horizon. We choose preventative maintenance

costs in such a way that we have three cases in optimality: Rare Preventive Main-

tenance Schedule, Frequent Preventive Maintenance Schedule for both items and

Frequent Preventive Maintenance Schedule just for one item. To achieve these re-

sults we use for the first case Preventive Maintenance costs of (26000, 27200) for item

A and item B respectively, (10000, 12200) for the second case and (10000, 27200) for

the third case. Results for these three cases can be found in Tables B.28,B.29. z̃

provides optimal value of the objective function (evaluated at the solution provided

by original DDP model). ẑ is the value of the objective function at the solution of

approximation problem. Since solution of approximation model is feasible to the

original model, we have z̃ ≤ ẑ. As can be seen from Table B.28, only for the case

of Rare PMs approximation found a solution that provides slightly higher value of

objective function (absolute gap is 0.73%). In two other cases approximation model

found the same solution as original model. In the same time, see Table B.29, time

to solve approximation model was at least 2 times less.

These three cases indicate that our approximation approach seems to con-

serve crucial information about function h(.) that is required to make good decisions,

but more experiments should be carried out. Using same two-item example, we solve
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150 instances with randomly generated PM costs and report results. For PM cost

of item A and item B we use uniformly distributed random variable between 10000

and 27000. Average running time of the original model and approximation model

was 698 and 202 seconds respectively. The average difference in the values of the ob-

jective functions, z̃− ẑ, was 347. In the worst case that difference was 3475 which is

about 0.77% of the total optimal costs for this case. The average value of optimality

gap was 0.08%. In 100 out of 150 cases the gap was equal to 0.

Based on the results above we conclude that developed approximation ap-

proach produces good solutions while reducing computational times.
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Chapter 4

Conclusion

We have derived a set of new properties of cointegrated financial time series. Using

them allowed us to create a new trading strategy. We proved that the expected profit

of this strategy is always positive, and we showed its practical implementation by

using the daily closing prices of four world stock market indexes.

In-sample and out-of-sample tests showed that the designed strategy signifi-

cantly outperformed a simple buy-and-hold of the individual indexes. Additionally,

the time series of the cointegration vector exhibited how the strategy adapts to big

stress events (like the start of the Iraq war and the terrorist attack in London) in

the financial markets.

We have showed that the performance of the developed trading strategy can

be greatly improved by using detailed stochastic model along with a state-of-the-

art decision making model that takes into account all the dependence information

stochastic model has to offer.

Adjusted for cointegration VARTA algorithm was tested once again on dif-

ferent data set. Results proved that this algorithm indeed generates cointegrated

paths.

In addition, a tracking model for an index was developed. Using two stochas-
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tic models we showed that including additional stochastic dependencies does improve

tracking, i.e. leads to better decisions. It was also shown that the rebalancing fre-

quency can be reduced if tracking is done using cointegrated time series. It was

shown that the commonly used practice of tracking an index by finding a portfolio

that minimizes deviation from daily returns should rather be called replicating an

index. It is possible to have a small error for daily returns; however, in the long run

the portfolio and the index total returns diverge.

We present a new model for optimal scheduling of preventive maintenance

when the future behavior of the system is influenced by the maintenance performed.

The size and complexity of the problem grows exponentially with the number of

components. To solve that problem we developed an approximation model. We

demonstrated that approximation model preserves crucial information and hence

produces good solutions requiring less computational time.
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Appendix A

Figures

Figure A.1: Plot of historical Verizon and AT&T returns
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Figure A.2: Plot of 1000 simulated Verizon and AT&T returns using Bivariate
Normal Model

Figure A.3: Plot of 1000 simulated Verizon and AT&T returns using Copula Model

Figure A.4: Plot of historical IBM and Procter and Gamble returns
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Figure A.5: Plot of 1000 simulated IBM and Procter and Gamble returns using
Bivariate Normal Model

Figure A.6: Plot of 1000 simulated IBM and Procter and Gamble returns using
Copula Model
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Figure A.7: Theoretical Model: Simulated Time Series using VARTA with adjusted
Auto-covariance with p=30 and k=7
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Figure A.8: Theoretical Model: Simulated Time Series using VARTA with true
Auto-covariance with p=30 and k=7
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Figure A.9: Real Example: Simulated Time Series using VARTA with adjusted
Auto-covariance with p=15 and k=8

86



-1

-0.5

0

0.5

1

1.5

2

1 365 729 1093 1457 1821 2185 2549 2913 3277 3641 4005 4369 4733 5097 5461 5825

Figure A.10: Real Example: Simulated Time Series using VARTA with true Auto-
covariance with p=15 and k=8
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Figure A.11: Total return for the in-sample backtest vs the four indexes.
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6

AEX CAC DAX FTSE COINTEGRATION STRATEGY

This figure shows the dynamics of the cumulative returns from the in-sample backtest without
transaction costs, compared to the corresponding returns of the four indexes (AEX, CAC, DAX,
FTSE). The horizontal axis is the time, and the vertical axis is the total cumulative return.
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Figure A.12: Total return for out-of-sample test as a function of the lag parameter
and window size, fixed case, no transaction costs.

This figure is a 3 dimensional plot of the total return of the cointegration daily strategy (out-of-
sample test) as a function of the window size and the lag. The strategy was run using the following
values of the window size 1000, 1250 and 1500; the values of the lag were 10,15,20,25,30,35 and 40.
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Figure A.13: Total return for out-of-sample aggregate test as a function of the lag
parameter and window size, no transaction costs.

This figure is a 3 dimensional plot of the total return of the cointegration daily strategy (out-of-
sample aggregate test) as a function of the window size and the lag. The strategy was run using the
following values of the window size 1000, 1250 and 1500; the values of the lag were 10,15,20,25,30,35
and 40.
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Figure A.14: Total return for the out-of-sample backtest (lag 25, window size 1000)
vs the four indexes.
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6

AEX CAC DAX FTSE Strategy

This figure shows the dynamics of the cumulative returns from the out-of-sample backtest done
with a lag of 25 days and a window size of 1000 days without transaction costs, compared to the
corresponding returns of the four indexes (AEX, CAC, DAX, FTSE). The horizontal axis is the
time, and the vertical axis is the total cumulative return.
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Figure A.15: Time plot of the estimated cointegration vector.
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This figure shows the estimated cointegration vector as a function of time. The vector is re-estimated
every 22 days using the Johansen cointegration rank test with data from the previous 1000 days.
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Figure A.16: Total return for the out-of-sample backtest (lag 25, cumulative window
starting at 1500) vs the four indexes.
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AEX CAC DAX FTSE Strategy

This figure shows the dynamics of the cumulative returns from the out-of-sample backtest done with
a lag of 25 days and a cumulative window starting at 1500 days without transaction costs, compared
to the corresponding returns of the four indexes (AEX, CAC, DAX, FTSE.) The horizontal axis is
the time, and the vertical axis is the total cumulative return.
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Figure A.17: Time plot of the estimated cointegration vector when the lag parameter
is 25 days, and the cumulative window starts at 1500 days.
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AEX CAC DAX FTSE

This figure shows the estimated cointegration vector as a function of time. The vector is re-
estimated every 22 days using the Johansen cointegration rank test using all data up to the current
time period
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Figure A.18: Total returns of Adjusted Trading Strategy: Adjusted by SDC model
trading strategy using VARTA as Input Model
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Figure A.19: Real Example: Log prices of MSCI Australia, Japan, Hong Kong and
Pacific Indexes
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Figure A.20: Real Example: Empirical ACF plot
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Figure A.21: Real Example: ACF plot of fitted VAR model
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Figure A.22: Real Example: empirical ACF plot of VARTA simulation output
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Figure A.23: Real Example: Empirical histogram
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Figure A.24: Real Example: Histogram of returns simulated by VAR
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Figure A.25: Real Example: Histogram of returns simulated by VARTA
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Figure A.26: Tracking Results: Total Portfolio and Index returns when using
VARTA as input, T=20, 10 day rebalancing frequency
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Figure A.27: Tracking Results: Total Portfolio and Index returns when using BM
as input, T=20, 10 day rebalancing frequency
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Figure A.28: Example, Splitting age combinations space in regions, N=2
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Figure A.29: Example, Splitting age combinations space in regions, N=3
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Figure A.30: Example, Expected corrective maintenance costs as a function of ages,
N=2
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Figure A.31: Example, Approximation of Expected corrective maintenance costs
function, N=2
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Figure A.32: Example, Approximation and Expected corrective maintenance costs
functions, N=2
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Appendix B

Tables

Table B.1: Running Time: Decomposition Algorithm(seconds)
S\N 10 20 30 40
200 11 18 27 29
500 86 113 119 146
800 328 435 339 435
1000 621 574 613 607
2000 - - - 5412

Table B.2: Running Time: Original Model(seconds)
S\N 10 20 30 40
200 36 43 58 49
500 846 6338 7660 failed
800 failed failed failed failed
1000 failed failed failed failed
2000 failed failed failed failed
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Table B.3: Decomposition Algorithm: Cuts Added
S\N 10 20 30 40
200 79 140 208 278
500 103 225 287 570
800 187 237 248 628
1000 196 268 327 424
2000 - - - 715

Table B.4: Decomposition Algorithm: Iterations
S\N 10 20 30 40
200 9 15 23 30
500 12 25 30 58
800 21 26 27 65
1000 22 28 34 44
2000 - - - 73

Eigenvalue Trace Stat 99%CV 95% CV Max Stat 99% CV 95% CV
H(0) 0.0015 8.7263 12.53 16.31 8.7254 11.44 15.69
H(1) 0 0.0009 3.84 6.51 0.0009 3.84 6.51

Table B.5: Theoretical Model: Johanson Cointegration Rank Test Results for sim-
ulated time-series using true auto-covariance

Eigenvalue Trace Stat 99%CV 95% CV Max Stat 99% CV 95% CV
H(0) 0.0089 53.6002 12.53 16.31 53.5957 11.44 15.69
H(1) 0 0.0045 3.84 6.51 0.0045 3.84 6.51

Table B.6: Theoretical Model: Johanson Cointegration Rank Test Results for sim-
ulated time-series using adjusted auto-covariance

Eigenvalue Trace Stat 95% CV 99%CV Max Stat 95% CV 99% CV
H(0) 0.0034 40.7659 47.21 54.46 20.3613 27.07 32.24
H(1) 0.0026 20.4046 29.68 35.65 15.5304 20.97 25.52
H(2) 0.0008 4.8743 15.41 20.04 4.802 14.07 18.63
H(3) 0 0.0723 3.76 6.65 0.0723 3.76 6.65

Table B.7: Real Example: Johanson Cointegration Rank Test Results for simulated
time-series using estimated auto-covariances
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Eigenvalue Trace Stat 95% CV 99%CV Max Stat 95% CV 99% CV
H(0) 0.0061 55.26 47.21 54.46 36.4144 27.07 32.24
H(1) 0.0021 18.8456 29.68 35.65 12.5605 20.97 25.52
H(2) 0.001 6.2851 15.41 20.04 6.2816 14.07 18.63
H(3) 0 0.0035 3.76 6.65 0.0035 3.76 6.65

Table B.8: Real Example: Johanson Cointegration Rank Test Results for simulated
time-series using adjusted estimated auto-covariances

AEX CAC DAX FTSE
Input 3.685894 -4.65918 13.56943 -22.3922

Normalized Input 1 -1.26406 3.681448 -6.0751

Table B.9: Real Example: Input cointegration vector

AEX CAC DAX FTSE
Estimated -8.02297 4.124011 -9.56094 13.29872

Normalized Estimated 1 -0.51403 1.191697 -1.65758

Table B.10: Real Example: Estimated cointegration vector using simulated data
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Table B.11: In-sample test results without transaction costs.

Performance Measures Lag Parameter P
10 20 25 30 40

Best Day 6.09% 6.09% 6.09% 6.09% 6.09%
Worst Day -4.64% -4.06% -4.06% -4.06% -4.06%
Percentage of Up Days 51.14% 52.50% 52.35% 53.41% 53.03%
Percentage of Down Days 48.86% 47.50% 47.65% 46.59% 46.97%
Average Daily Gain 0.57% 0.59% 0.60% 0.60% 0.59%
Standard Dev. of Positive Returns 9.97% 10.32% 10.58% 10.39% 10.20%
Average Daily Loss -0.58% -0.56% -0.55% -0.55% -0.56%
Standard Dev. of Negative Returns 9.81% 9.40% 9.06% 9.28% 9.53%
Annual Return 2.83% 10.10% 12.90% 15.43% 11.70%
Standard Dev. 13.47% 13.46% 13.45% 13.44% 13.45%
Sharpe Ratio 0.21 0.75 0.96 1.15 0.87
Sortino Ratio 0.29 1.07 1.42 1.66 1.23
Skewness 0.12 0.36 0.48 0.39 0.32
Kurtosis 5.30 5.26 5.23 5.25 5.27
Average Run Down (days) 2 2 2 2 2
Standard Dev of Run Down (days) 1 1 1 1 1
Max Run Down (days) 8 8 9 8 8
Total Return 14.81% 52.91% 67.60% 80.82% 61.30%
Days Traded 1320 1320 1320 1320 1320

This table presents eighteen performance measures for the in-sample backtest without transaction
costs as functions of the lag parameter P . The Best Day is the highest daily return observed, and
the Worst Day is the lowest. The Percentage of Up Days is the fraction of days with positive
returns, whereas the Percentage of Down Days corresponds to the negative returns. The Average
Daily Gain is the average of the positive daily return, and the Standard Deviation of Positive
Returns is the annualized volatility of the positive daily returns. The Average Daily Loss is the
average of the negative daily returns with the corresponding Standard Deviation of Negative Returns
(annualized). The Annual Average is the annualized average daily return. The Standard Deviation
is the annualized volatility of the daily returns. The Sharpe ratio equals to the annualized average
return divided by annualized volatility. The Sortino ratio equals to the annualized average return
divided by annualized standard deviation of the negative returns. The Skewness and Kurtosis
are standard statistical measures for the degree of asymmetry of the distribution of the daily
returns. The Run Down corresponds to the number of consecutive days with negative returns,
and the Average Run Down, Standard Deviation of Run Down and Maximum Run Down are the
corresponding average, volatility, and maximum. The Total Return is the cumulative total return
of the strategy, and Days Traded are the total number of trading days in this backtest. The values
of the lag parameter are window sizes of 10, 20, 25, 30, and 40 days.
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Table B.12: In-sample test results with transaction costs.

Performance Measures Lag Parameter P
10 20 25 30 40

Best Day 6.09% 6.09% 6.09% 6.09% 6.09%
Worst Day -4.64% -4.06% -4.06% -4.06% -4.06%
Percentage of Up Days 50.91% 52.27% 52.05% 53.18% 52.88%
Percentage of Down Days 49.09% 47.73% 47.95% 46.82% 47.12%
Average Daily Gain 0.57% 0.59% 0.60% 0.60% 0.59%
Standard Dev. of Positive Returns 9.97% 10.32% 10.59% 10.39% 10.21%
Average Daily Loss -0.58% -0.56% -0.55% -0.55% -0.56%
Standard Dev. of Negative Returns 9.81% 9.40% 9.06% 9.28% 9.53%
Annual Return 2.33% 9.61% 12.41% 14.94% 11.21%
Standard Dev. 13.47% 13.46% 13.45% 13.44% 13.45%
Sharpe Ratio 0.17 0.71 0.92 1.11 0.83
Sortino Ratio 0.24 1.02 1.37 1.61 1.18
Skewness 0.12 0.36 0.48 0.39 0.32
Kurtosis 5.30 5.26 5.23 5.25 5.27
Average Run Down (days) 2 2 2 2 2
Standard Dev. of Run Down (days) 1 1 1 1 1
Max Run Down (days) 8 8 9 8 8
Total Return 12.22% 50.32% 65.00% 78.23% 58.71%
Days Traded 1320 1320 1320 1320 1320

This table presents eighteen performance measures for the in-sample backtest with transaction
costs as functions of the lag parameter P . The Best Day is the highest daily return observed, and
the Worst Day is the lowest. The Percentage of Up Days is the fraction of days with positive
returns, whereas the Percentage of Down Days corresponds to the negative returns. The Average
Daily Gain is the average of the positive daily return, and the Standard Deviation of Positive
Returns is the annualized volatility of the positive daily returns. The Average Daily Loss is the
average of the negative daily returns with the corresponding Standard Deviation of Negative Returns
(annualized). The Annual Average is the annualized average daily return. The Standard Deviation
is the annualized volatility of the daily returns. The Sharpe ratio equals to the annualized average
return divided by annualized volatility. The Sortino ratio equals to the annualized average return
divided by annualized standard deviation of the negative returns. The Skewness and Kurtosis
are standard statistical measures for the degree of asymmetry of the distribution of the daily
returns. The Run Down corresponds to the number of consecutive days with negative returns,
and the Average Run Down, Standard Deviation of Run Down and Maximum Run Down are the
corresponding average, volatility, and maximum. The Total Return is the cumulative total return
of the strategy, and Days Traded are the total number of trading days in this backtest. The values
of the lag parameter are window sizes of 10, 20, 25, 30, and 40 days.
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Table B.13: Correlations between the strategy in-sample returns and the
individual indexes.

AEX CAC DAX FTSE Strategy
AEX 1.00
CAC 0.94 1.00
DAX 0.84 0.87 1.00

FTSE 0.85 0.86 0.75 1.00
Strategy -0.06 -0.04 -0.01 -0.04 1.00

This table presents the correlations of the daily returns of the four indexes (AEX, CAC, DAX
and FTSE), and the daily returns of the trading strategy (in-sample backtest) without transaction
costs.
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Table B.14: Out-of-sample test without transaction cost, sliding window
size 1000 days.

Performance Measures Lag Parameter P
10 20 25 30 40

Best Day 3.77% 3.77% 3.84% 3.84% 3.84%
Worst Day -4.05% -4.05% -4.05% -4.05% -4.05%
Percentage of Up Days 50.91% 52.73% 53.26% 52.42% 50.91%
Percentage of Down Days 49.09% 47.27% 46.74% 47.58% 49.09%
Average Daily Gain 0.48% 0.50% 0.52% 0.51% 0.49%
Standard Dev. of Positive Returns 7.46% 7.59% 7.99% 7.61% 7.51%
Average Daily Loss -0.49% -0.47% -0.45% -0.46% -0.49%
Standard Dev. of Negative Returns 7.87% 7.75% 7.23% 7.70% 7.82%
Annual Return 2.00% 9.67% 16.31% 11.62% 2.21%
Standard Dev. 10.87% 10.86% 10.82% 10.85% 10.87%
Sharpe Ratio 0.18 0.89 1.51 1.07 0.20
Sortino Ratio 0.25 1.25 2.26 1.51 0.28
Skewness -0.14 -0.12 0.20 -0.13 -0.15
Kurtosis 4.34 4.38 4.33 4.40 4.34
Average Run Down (days) 2 2 2 2 2
Standard Dev. of Run Down (days) 1 1 1 1 1
Max Run Down (days) 9 7 7 8 10
Total Return 10.50% 50.67% 85.45% 60.86% 11.57%
Days Traded 1320 1320 1320 1320 1320

This table presents eighteen performance measures for the out-of-sample backtest with sliding
window size of 1000, without transaction costs, as functions of the lag parameter P . The Best Day
is the highest daily return observed, and the Worst Day is the lowest. The Percentage of Up Days
is the fraction of days with positive returns, whereas the Percentage of Down Days corresponds to
the negative returns. The Average Daily Gain is the average of the positive daily return, and the
Standard Deviation of Positive Returns is the annualized volatility of the positive daily returns.
The Average Daily Loss is the average of the negative daily returns with the corresponding Standard
Deviation of Negative Returns (annualized). The Annual Average is the annualized average daily
return. The Standard Deviation is the annualized volatility of the daily returns. The Sharpe
ratio equals to the annualized average return divided by annualized volatility. The Sortino ratio
equals to the annualized average return divided by annualized standard deviation of the negative
returns. The Skewness and Kurtosis are standard statistical measures for the degree of asymmetry
of the distribution of the daily returns. The Run Down corresponds to the number of consecutive
days with negative returns, and the Average Run Down, Standard Deviation of Run Down and
Maximum Run Down are the corresponding average, volatility, and maximum. The Total Return is
the cumulative total return of the strategy, and Days Traded are the total number of trading days
in this backtest. The values of the lag parameter are window sizes of 10, 20, 25, 30, and 40 days.
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Table B.15: Out-of-sample test without transaction costs, sliding window
size 1250 days.

Performance Measures Lag Parameter P
10 20 25 30 40

Best Day 3.78% 3.78% 3.86% 3.86% 3.86%
Worst Day -3.99% -3.99% -3.99% -3.99% -3.99%
Percentage of Up Days 50.23% 52.65% 52.73% 52.65% 52.50%
Percentage of Down Days 49.77% 47.35% 47.27% 47.35% 47.50%
Average Daily Gain 0.48% 0.49% 0.50% 0.49% 0.47%
Standard Dev. of Positive Returns 7.55% 7.50% 7.88% 7.50% 7.40%
Average Daily Loss -0.46% -0.46% -0.44% -0.45% -0.47%
Standard Dev. of Negative Returns 7.64% 7.68% 7.22% 7.69% 7.80%
Annual Return 3.20% 10.07% 14.82% 10.38% 6.43%
Standard Dev. 10.66% 10.64% 10.62% 10.64% 10.65%
Sharpe Ratio 0.30 0.95 1.40 0.98 0.60
Sortino Ratio 0.42 1.31 2.05 1.35 0.83
Skewness -0.06 -0.11 0.21 -0.11 -0.15
Kurtosis 4.74 4.79 4.73 4.80 4.77
Average Run Down (days) 2 2 2 2 2
Standard Dev. of Run Down (days) 1 1 1 1 1
Max Run Down (days) 8 7 10 7 10
Total Return 16.79% 52.76% 77.65% 54.38% 33.69%
Days Traded 1320 1320 1320 1320 1320

This table presents eighteen performance measures for the out-of-sample backtest with sliding
window size of 1250 days, without transaction costs, as functions of the lag parameter P . The Best
Day is the highest daily return observed, and the Worst Day is the lowest. The Percentage of Up
Days is the fraction of days with positive returns, whereas the Percentage of Down Days corresponds
to the negative returns. The Average Daily Gain is the average of the positive daily return, and
the Standard Deviation of Positive Returns is the annualized volatility of the positive daily returns.
The Average Daily Loss is the average of the negative daily returns with the corresponding Standard
Deviation of Negative Returns (annualized). The Annual Average is the annualized average daily
return. The Standard Deviation is the annualized volatility of the daily returns. The Sharpe
ratio equals to the annualized average return divided by annualized volatility. The Sortino ratio
equals to the annualized average return divided by annualized standard deviation of the negative
returns. The Skewness and Kurtosis are standard statistical measures for the degree of asymmetry
of the distribution of the daily returns. The Run Down corresponds to the number of consecutive
days with negative returns, and the Average Run Down, Standard Deviation of Run Down and
Maximum Run Down are the corresponding average, volatility, and maximum. The Total Return is
the cumulative total return of the strategy, and Days Traded are the total number of trading days
in this backtest. The values of the lag parameter are window sizes of 10, 20, 25, 30, and 40 days.
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Table B.16: Out-of-sample test without transaction cost, sliding window
size 1500 days.

Performance Measures Lag Parameter P
10 20 25 30 40

Best Day 3.79% 3.79% 3.92% 3.92% 3.92%
Worst Day -3.92% -3.92% -3.90% -3.90% -3.90%
Percentage of Up Days 50.91% 54.09% 53.94% 53.56% 52.65%
Percentage of Down Days 49.09% 45.91% 46.06% 46.44% 47.35%
Average Daily Gain 0.48% 0.48% 0.50% 0.48% 0.49%
Standard Dev. of Positive Returns 7.94% 7.93% 8.21% 7.69% 8.11%
Average Daily Loss -0.46% -0.45% -0.44% -0.46% -0.45%
Standard Dev. of Negative Returns 7.69% 7.68% 7.31% 7.97% 7.47%
Annual Return 4.99% 13.54% 16.41% 10.01% 12.23%
Standard Dev. 10.81% 10.78% 10.76% 10.79% 10.79%
Sharpe Ratio 0.46 1.26 1.52 0.93 1.13
Sortino Ratio 0.65 1.76 2.24 1.26 1.64
Skewness 0.05 0.00 0.27 -0.13 0.21
Kurtosis 5.20 5.27 5.19 5.27 5.19
Average Run Down (days) 2 2 2 2 2
Standard Dev. of Run Down (days) 1 1 1 1 1
Max Run Down (days) 8 8 10 8 10
Total Return 26.14% 70.91% 85.93% 52.42% 64.04%
Days Traded 1320 1320 1320 1320 1320

This table presents eighteen performance measures for the out-of-sample backtest with sliding
window size of 1500 days, without transaction costs, as functions of the lag parameter P . The Best
Day is the highest daily return observed, and the Worst Day is the lowest. The Percentage of Up
Days is the fraction of days with positive returns, whereas the Percentage of Down Days corresponds
to the negative returns. The Average Daily Gain is the average of the positive daily return, and
the Standard Deviation of Positive Returns is the annualized volatility of the positive daily returns.
The Average Daily Loss is the average of the negative daily returns with the corresponding Standard
Deviation of Negative Returns (annualized). The Annual Average is the annualized average daily
return. The Standard Deviation is the annualized volatility of the daily returns. The Sharpe
ratio equals to the annualized average return divided by annualized volatility. The Sortino ratio
equals to the annualized average return divided by annualized standard deviation of the negative
returns. The Skewness and Kurtosis are standard statistical measures for the degree of asymmetry
of the distribution of the daily returns. The Run Down corresponds to the number of consecutive
days with negative returns, and the Average Run Down, Standard Deviation of Run Down and
Maximum Run Down are the corresponding average, volatility, and maximum. The Total Return is
the cumulative total return of the strategy, and Days Traded are the total number of trading days
in this backtest. The values of the lag parameter are window sizes of 10, 20, 25, 30, and 40 days.
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Table B.17: Correlations between the strategy out-of-sample returns and
the individual indexes.

AEX CAC DAX FTSE Strategy
AEX 1.00
CAC 0.94 1.00
DAX 0.84 0.87 1.00

FTSE 0.85 0.86 0.75 1.00
Strategy -0.02 -0.03 0.01 -0.04 1.00

This table presents the correlations of the daily returns of the four indexes (AEX, CAC, DAX and
FTSE), and the daily returns of the trading strategy out-of-sample backtest, lag parameter of 25
and window size 1000 days, without transaction costs.
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Table B.18: Out-of-sample test without transaction cost, cumulative win-
dow, starting with window size 1000 days.

Performance Measures Lag Parameter P
10 20 25 30 40

Best Day 3.80% 3.80% 3.88% 3.88% 3.88%
Worst Day -4.03% -4.03% -4.03% -4.03% -4.03%
Percentage of Up Days 50.30% 52.12% 52.65% 53.11% 51.52%
Percentage of Down Days 49.70% 47.88% 47.35% 46.89% 48.48%
Average Daily Gain 0.47% 0.47% 0.49% 0.47% 0.46%
Standard Dev. of Positive Returns 7.41% 7.44% 7.89% 7.42% 7.46%
Average Daily Loss -0.45% -0.45% -0.43% -0.45% -0.46%
Standard Dev. of Negative Returns 7.71% 7.69% 7.15% 7.72% 7.68%
Annual Return 3.36% 8.51% 14.13% 10.49% 4.56%
Standard Dev. 10.52% 10.51% 10.49% 10.50% 10.52%
Sharpe Ratio 0.32 0.81 1.35 1.00 0.43
Sortino Ratio 0.44 1.11 1.98 1.36 0.59
Skewness -0.14 -0.15 0.22 -0.17 -0.10
Kurtosis 5.13 5.17 5.11 5.20 5.13
Average Run Down (days) 2 2 2 2 2
Standard Dev. of Run Down (days) 1 1 1 1 1
Max Run Down (days) 8 9 8 8 8
Total Return 17.59% 44.57% 74.01% 54.95% 23.89%
Days Traded 1320 1320 1320 1320 1320

This table presents eighteen performance measures for the out-of-sample backtest, cumulative win-
dow, starting with window size 1000 days, without transaction costs, as functions of the lag pa-
rameter P . The Best Day is the highest daily return observed, and the Worst Day is the lowest.
The Percentage of Up Days is the fraction of days with positive returns, whereas the Percentage
of Down Days corresponds to the negative returns. The Average Daily Gain is the average of the
positive daily return, and the Standard Deviation of Positive Returns is the annualized volatility of
the positive daily returns. The Average Daily Loss is the average of the negative daily returns with
the corresponding Standard Deviation of Negative Returns (annualized). The Annual Average is
the annualized average daily return. The Standard Deviation is the annualized volatility of the daily
returns. The Sharpe ratio equals to the annualized average return divided by annualized volatility.
The Sortino ratio equals to the annualized average return divided by annualized standard deviation
of the negative returns. The Skewness and Kurtosis are standard statistical measures for the degree
of asymmetry of the distribution of the daily returns. The Run Down corresponds to the number
of consecutive days with negative returns, and the Average Run Down, Standard Deviation of Run
Down and Maximum Run Down are the corresponding average, volatility, and maximum. The
Total Return is the cumulative total return of the strategy, and Days Traded are the total number
of trading days in this backtest. The values of the lag parameter are window sizes of 10, 20, 25, 30,
and 40 days.
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Table B.19: Out-of-sample test without transaction cost, cumulative win-
dow, starting with window size 1250 days.

Performance Measures Lag Parameter P
10 20 25 30 40

Best Day 3.76% 3.76% 3.88% 3.88% 3.88%
Worst Day -3.93% -3.93% -3.93% -3.93% -3.93%
Percentage of Up Days 50.23% 53.64% 53.26% 52.88% 52.27%
Percentage of Down Days 49.77% 46.36% 46.74% 47.12% 47.73%
Average Daily Gain 0.49% 0.49% 0.50% 0.48% 0.48%
Standard Dev. of Positive Returns 7.74% 7.67% 7.96% 7.46% 7.61%
Average Daily Loss -0.46% -0.46% -0.45% -0.47% -0.47%
Standard Dev. of Negative Returns 7.55% 7.61% 7.25% 7.85% 7.68%
Annual Return 3.29% 12.97% 13.65% 8.33% 7.05%
Standard Dev. 10.74% 10.71% 10.70% 10.73% 10.73%
Sharpe Ratio 0.31 1.21 1.28 0.78 0.66
Sortino Ratio 0.44 1.70 1.88 1.06 0.92
Skewness 0.05 -0.07 0.22 -0.17 -0.06
Kurtosis 4.91 4.99 4.90 4.96 4.94
Average Run Down (days) 2 2 2 2 2
Standard Dev. of Run Down (days) 1 1 1 1 1
Max Run Down (days) 8 7 7 7 7
Total Return 17.22% 67.92% 71.51% 43.65% 36.94%
Days Traded 1320 1320 1320 1320 1320

This table presents eighteen performance measures for the out-of-sample backtest, cumulative win-
dow, starting with window size of 1250 days, without transaction costs, as functions of the lag
parameter P . The Best Day is the highest daily return observed, and the Worst Day is the lowest.
The Percentage of Up Days is the fraction of days with positive returns, whereas the Percentage
of Down Days corresponds to the negative returns. The Average Daily Gain is the average of the
positive daily return, and the Standard Deviation of Positive Returns is the annualized volatility of
the positive daily returns. The Average Daily Loss is the average of the negative daily returns with
the corresponding Standard Deviation of Negative Returns (annualized). The Annual Average is
the annualized average daily return. The Standard Deviation is the annualized volatility of the daily
returns. The Sharpe ratio equals to the annualized average return divided by annualized volatility.
The Sortino ratio equals to the annualized average return divided by annualized standard deviation
of the negative returns. The Skewness and Kurtosis are standard statistical measures for the degree
of asymmetry of the distribution of the daily returns. The Run Down corresponds to the number
of consecutive days with negative returns, and the Average Run Down, Standard Deviation of Run
Down and Maximum Run Down are the corresponding average, volatility, and maximum. The
Total Return is the cumulative total return of the strategy, and Days Traded are the total number
of trading days in this backtest. The values of the lag parameter are window sizes of 10, 20, 25, 30,
and 40 days.
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Table B.20: Out-of-sample test without transaction cost, cumulative win-
dow, staring with window size 1500 days.

Performance Measures Lag Parameter P
10 20 25 30 40

Best Day 3.91% 4.07% 4.07% 4.07% 4.07%
Worst Day -4.37% -4.37% -4.37% -4.37% -4.37%
Percentage of Up Days 49.92% 52.80% 52.88% 53.18% 51.97%
Percentage of Down Days 50.08% 47.20% 47.12% 46.82% 48.03%
Average Daily Gain 0.50% 0.51% 0.52% 0.50% 0.52%
Standard Dev. of Positive Returns 7.92% 8.32% 8.42% 8.19% 8.68%
Average Daily Loss -0.49% -0.47% -0.46% -0.47% -0.46%
Standard Dev. of Negative Returns 8.30% 7.85% 7.71% 8.01% 7.41%
Annual Return 1.09% 12.23% 14.43% 11.42% 12.71%
Standard Dev. 11.24% 11.21% 11.20% 11.21% 11.21%
Sharpe Ratio 0.10 1.09 1.29 1.02 1.13
Sortino Ratio 0.13 1.56 1.87 1.43 1.72
Skewness -0.17 0.13 0.17 0.03 0.39
Kurtosis 5.20 5.21 5.21 5.23 5.13
Average Run Down (days) 2 2 2 2 2
Standard Dev. of Run Down (days) 1 1 1 1 1
Max Run Down (days) 8 8 8 8 8
Total Return 5.70% 64.05% 75.61% 59.82% 66.57%
Days Traded 1320 1320 1320 1320 1320

This table presents eighteen performance measures for the out-of-sample backtest, cumulative win-
dow, starting with window size of 1500 days, without transaction costs, as functions of the lag
parameter P . The Best Day is the highest daily return observed, and the Worst Day is the lowest.
The Percentage of Up Days is the fraction of days with positive returns, whereas the Percentage
of Down Days corresponds to the negative returns. The Average Daily Gain is the average of the
positive daily return, and the Standard Deviation of Positive Returns is the annualized volatility of
the positive daily returns. The Average Daily Loss is the average of the negative daily returns with
the corresponding Standard Deviation of Negative Returns (annualized). The Annual Average is
the annualized average daily return. The Standard Deviation is the annualized volatility of the daily
returns. The Sharpe ratio equals to the annualized average return divided by annualized volatility.
The Sortino ratio equals to the annualized average return divided by annualized standard deviation
of the negative returns. The Skewness and Kurtosis are standard statistical measures for the degree
of asymmetry of the distribution of the daily returns. The Run Down corresponds to the number
of consecutive days with negative returns, and the Average Run Down, Standard Deviation of Run
Down and Maximum Run Down are the corresponding average, volatility, and maximum. The
Total Return is the cumulative total return of the strategy, and Days Traded are the total number
of trading days in this backtest. The values of the lag parameter are window sizes of 10, 20, 25, 30,
and 40 days.
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Table B.21: Correlations of the daily returns of the strategy with the
daily returns of the four indexes when the lag parameter is 25 days and
the cumulative window starts at 1500 days.

AEX CAC DAX FTSE Strategy
AEX 1.00
CAC 0.94 1.00
DAX 0.84 0.87 1.00

FTSE 0.85 0.86 0.75 1.00
Strategy -0.04 -0.04 0.02 -0.03 1.00

This table presents the correlations of the daily returns of the four indexes (AEX, CAC, DAX and
FTSE), and the daily returns of the trading strategy out-of-sample backtest, lag parameter of 25
and cumulative window size starting at 1500 days, without transaction costs.
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Table B.22: Performance Results for Adjusted by SDC model trading
strategy using VARTA as Input Model

Best Day 7.26%
Worst Day -3.48%
Percentage of Up Days 53.41%
Percentage of Down Days 46.59%
Average Daily Gain 0.54%
Standard Dev of Positive Returns, Annualized 10.66%
Average Daily Loss -0.41%
Standard Dev of Negative Returns, Annualized 6.72%
Annual Return 24.64%
Standard Dev, Annualized 11.76%
Sharpe Ratio 2.10
Sortino Ratio 3.67
Median 0.0004
Skewness 1.84
Kurtosis 15.01
Average Run Down 1.88073
Standard Dev of Run Down 1.36381
Max Run Down 11.00000
Total Return 129.08%
Days Traded 1320

This table presents eighteen performance measures for the out-of-sample backtest with window
size 1000 days, without transaction costs. The Best Day is the highest daily return observed, and
the Worst Day is the lowest. The Percentage of Up Days is the fraction of days with positive
returns, whereas the Percentage of Down Days corresponds to the negative returns. The Average
Daily Gain is the average of the positive daily return, and the Standard Deviation of Positive
Returns is the annualized volatility of the positive daily returns. The Average Daily Loss is the
average of the negative daily returns with the corresponding Standard Deviation of Negative Returns
(annualized). The Annual Average is the annualized average daily return. The Standard Deviation
is the annualized volatility of the daily returns. The Sharpe ratio equals to the annualized average
return divided by annualized volatility. The Sortino ratio equals to the annualized average return
divided by annualized standard deviation of the negative returns. The Skewness and Kurtosis
are standard statistical measures for the degree of asymmetry of the distribution of the daily
returns. The Run Down corresponds to the number of consecutive days with negative returns,
and the Average Run Down, Standard Deviation of Run Down and Maximum Run Down are the
corresponding average, volatility, and maximum. The Total Return is the cumulative total return
of the strategy, and Days Traded are the total number of trading days in this backtest.
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Sims Ahead Max Difference Average Difference Tracking Error
VARTA BM VARTA BM VARTA BM

10 0.0638 0.1687 0.0204 0.0484 0.0005211 0.0004545
15 0.0616 0.1631 0.0176 0.0463 0.0005260 0.0004541
20 0.0594 0.1588 0.0157 0.0462 0.0005294 0.0004565

Table B.23: Tracking an Index Results: 5-day frequency re-balancing

Sims Ahead Max Difference Average Difference Tracking Error
VARTA BM VARTA BM VARTA BM

10 0.0660 0.1738 0.0200 0.0503 0.0005213 0.0004550
15 0.0616 0.1591 0.0172 0.0461 0.0005271 0.0004574
20 0.0623 0.1588 0.0177 0.0462 0.0005291 0.0004565

Table B.24: Tracking an Index Results: 10-day frequency re-balancing

Pattern Aftermath Cost
0 0
1 $70,138
2 $35,000
3 $7,900
4 $70,000
5 $3,000,000
6 $70,138
7 $9,000,000
8 $60,000
9 $70,000
10 $70,000
11 $3,000,000
12 $9,000,000
13 $9,000,000
14 $9,000,000
15 $10,000,000.00

Table B.25: Aftermath Cost Matrix, B
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Period Pump Motor Breaker Valve
1 0 0 0 0
2 1 1 0 0
3 1 1 0 0
4 1 1 0 0
5 1 1 0 0
6 1 1 0 0
7 1 1 0 0
8 1 1 0 0

Table B.26: Optimal Replacement Schedule, 1 = REPLACE, 0 = DO NOT RE-
PLACE

l j ã1 ã2 ã3

1 1 1299.15 3846.75 11979.2
2 1 4180.05 1148.65 11606.4
3 1 2492.57 2337.86 10662
1 2 491.568 2445.34 18735.7
2 2 2671.08 345.021 18506.6
3 2 983.014 835.998 20699.6
1 3 193.649 1179.26 25622.5
2 3 1343.13 74.5473 25260.5
3 3 376.721 255.983 29192.4

Table B.27: Fitting Results: Estimated parameters of h̃(age1, age2), N = 2, L = 2

z̃ ẑ Difference Gap
Rare PMs 454861 458197 3336 0.73%
Frequent PMs, both items 392974 392974 0 0.00%
Frequent PMs, one items 417894 417894 0 0.00%

Table B.28: Solution Results: Original and Approximation DDP Model

Original Approximation
79 38

3029 695
217 105

Table B.29: Running times: Original and Approximation DDP Model
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