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The success of high accuracy Finite Element (FE) simulations for complex,

curvilinear geometries depends greatly on a precise representation of the geometry

and a proper mesh generation scheme. Sizable errors are introduced into the nu-

merical predictions when the order of the geometric approximation is too low with

respect to the polynomial order of the discretization. In hp finite element meth-

ods, preserving exponential convergence rates for problems over curved domains

requires the use of either exact geometry elements or higher order (iso- or super-

parametric) geometry representations.

Radiation of electromagnetic (EM) waves from various sources, including

cell phones, and their absorption into the human body, has become a raising public

concern. This has motivated us to select the problem of scattering and absorption

of EM waves on the human head, as a driving application for the research on the

geometry induced errors in FE simulations.
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Maxwell equations are discretized usingH(curl)- conforming elements that

turn out to be more sensitive to geometry induced errors than standard H 1- con-

forming (continuous) finite elements. In this dissertation, we review the theoretical

framework for a general class of parametric H1, H(curl) and H(div)- conforming

elements, with both exact and isoparametric geometry description. A systematic

way of computing H1− and H(curl)− discretization errors, accounting for the

error in geometry approximation, is proposed. The technique is illustrated with nu-

merical examples and compared with the customary error evaluation neglecting the

geometry approximation error.

Two general geometry representation schemes have been addressed: CAD-

like geometric modeling and geometry reconstruction from discrete data.

A number of novel geometrical modeling techniques are explored and im-

plemented in the presented Geometric Modeling Package (GMP). The package is

used to generate an exact representation of complex objects, and provides a foun-

dation for a multi-block hp mesh generator. The package allows for maintaining a

continuous interface with adaptive codes to update the geometry information dur-

ing mesh refinements. In addition, an approaches have been developed to accelerate

preparation of geometry data by extracting topology information of a meshed model

from existing mesh generation toolkits.

The geometric model needs to be sufficiently smooth enough to produce a

finite element mesh free of local geometric discontinuities which create numeri-

cal artifacts in the EM solutions. An efficient biquartic G1 surface reconstruction

scheme is developed in this dissertation for general unstructured meshes. The poly-
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nomial parameterizations are inexpensive to compute and guarantee high regularity

of parametrization necessary in FE computations.

The new geometric representation techniques have been incorporated into

a 3D hp 1 coupled Finite Element/Infinite Element (FE/IE) codedeveloped in Dr.

Demkowicz group at the Institute for Computational Engineering and Sciences

(ICES). The new GMP and the coupled FE/IE hp code have been verified using

the Mie series solution for the problem of scattering a plane EM wave on a dielec-

tric sphere. The accuracy of FE/IE approximation has then been assessed using

the precise definition of the solution error incorporating the effects of geometry

approximation.

Finally, an explicit a posteriori error estimator for time-harmonic Maxwell

equations and arbitrary hp meshes on curvilinear geometries is implemented in the

hp FE code. The estimator is used to drive an h-adaptive strategy to solve the head

problem. The computed Spatial-peak and average Specific Absorption Rate (SAR)

values have been compared with results obtained by other numerical methods.

1In hp finite elements, element size h and order of polynomial approximation p are varied locally
to accommodate complex geometries and achieve high accuracy at minimum cost
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Chapter 1

Introduction

This document is a dissertation for a Ph.D research project on issues related

to geometry modeling and control of the geometry induced errors in adaptive FE

simulations of EM waves.

1.1 Motivation

Nowadays, there exist a variety of electromagnetic applications, ranging

from high-speed communications and computing up to medical applications [112].

The calculation and the measurement of electromagnetic energy absorption in hu-

mans for near-field exposure conditions are particularly important because of the

very high strengths of leakage fields (electric fields on the order of 200-1000 V/m

and magnetic fields of 0.22.0 A/m) from industrial Radio Frequency (RF) equip-

ment. In particular, cellular telephones and mobile wireless communication systems

are being introduced into society at a very rapid rate. This has resulted in public

concern about the health hazards of RF electromagnetic fields that are emitted by

those devices. The presence of the antenna of a cellular telephone in a close prox-

imity to the human head for a variety of time periods raises questions. The United

States Federal Communications Commission has adopted a modified version of the

1



safety guidelines [81], which limit human exposure to electromagnetic (EM) fields

from Mobile Telecommunication Devices (MTD)[82]. In short, the mass normal-

ized rate of energy absorption, i.e., Specific Absorption Rates (SAR) is limited to

1.6 W/kg averaged over any 1 g of tissue.

The proposed work is motivated by studying EM waves transfer properties

of the human head. One particular interest for the proposed work is the level and

distribution of SAR in the human head. The are two general approaches to the

determination of the SAR distribution in human tissue: by a physical measurement

or a numerical simulation. In order to assure a proper dosimetry one needs to be

able to do cost effective comparisons between field measurements and calculations

of fields and the associated SAR values.

Considerable effort has gone into improving the capabilities of computer

simulations and experimental techniques for quantifying the electromagnetic ab-

sorption from such devices. Unfortunately, both experimental and numerical sim-

ulations have some limits. For experimental setups, a major issue is to prove the

adequacy of the available simplified phantoms to model the real head. Numeral

simulations, on the other hand, are often criticized because they do not guarantee a

proper model of the internal substructures of the cellular telephone and the human

head, and rarely allow for studying effects of different positions of the telephone.

The Finite Element Method (FEM) allows for good approximations of com-

plex boundaries and, with edge elements, it performs well for Maxwell’s equations.

The introduction of higher-order elements has also led to a number of new, excit-

ing theoretical issues related to the convergence of the Maxwell problem, stability,

2



etc. In order to solve the electromagnetic problem, we need a numerical technique

that provides low discretization errors and, simultaneously, solves the discretized

problem without a prohibitive computational cost. In this context, the hp adaptive

Finite Element Methods developed at ICES seems to satisfy both properties. The

proposed work concentrates on the hp Finite Element approach as a main tool for

overcoming some of the limitations of numerical modeling.

There are several issues which must be resolved to use hp FE for EM waves.

One is the creation of accurate geometry for finite element meshes, i.e., modeling

of complex geometries in FE simulations. The advantages of hp FE Method is

achieved by the proper choice of meshing and mapping procedures as required to

preserve the superior rates of convergence. Sizable errors are introduced into the

prediction of parameters when the geometric approximation is too low with respect

to the polynomial order of the discretization. The hp method poses certain new

requirements for geometric modeling and mesh generation procedures. It is essen-

tial to use advanced mapping procedures so that the domain geometry is properly

represented and integrated into FE computations.

The use of finite elements for solving boundary value problems in complex

geometries consists of a double discretization. First, a mesh is introduced in order

to discrete the geometrical domain. Then, the solution function space is approxi-

mated by a finite dimensional function space. Both geometrical and function space

approximations introduce discretization errors into the solution. Studies of the con-

vergence and accuracy of the finite element method involves the issue of carefully

controlling geometrical error, thus allowing study of the functional error. Current

3



development efforts in hp methods are aimed not only at a curvilinear mesh ge-

ometry representation over curved domains, but also at the effective definition of

meshes consisting of mixed order elements.

1.2 Background
1.2.1 Numerical and experimental simulations of EM waves

A combination of experimental work and computer modeling was used to

gain an in-depth understanding of electromagnetic absorption in the human body.

The Impedance Method has been one of the earliest numerical methods

developed for the electromagnetic modeling. [40, 77, 85] used a 3-D impedance

method for calculations of induced current and electric field in the human head

model. The model is described using a uniform 3-D Cartesian grid and is com-

posed of small cubical cells or voxels. Assuming that, in each cell, the electric

conductivities are isotropic and constant in all directions, the model is considered

as a 3-D resistance network of impedances. In other words, the body is modeled

as a three-dimensional network of lumped -parameter impedances. Kirchhoff volt-

age equations are written around each loop in the system. The impedance for each

subcell is calculated by assuming that dielectric properties of each edge are equal

to the average of the properties of four cells adjacent to that edge. Each loop cur-

rent passes through four impedances. The closed loop voltage can be found from

Faraday’s law of induction. Once we know the components of the resultant current

density, we can solve for corresponding electric field distributions and SAR. The

method can calculate the fields, current densities, and power depositions in bod-
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ies of interest. However, the method is only useful at those frequencies where the

quasi-static approximation is valid. In other words, we assume that the phase of the

incident electric and magnetic field does not vary across the body being modeled.

This limits the impedance method’s usefulness to low frequencies only where this

supposition is valid.

The most popular choice for modeling of EM waves in biological media, be-

cause of its simplicity and efficiency, is Finite Difference Time Domain (FDTD)

method [111]. The FDTD method provides a direct solution of the coupled, time-

dependent Maxwell curl equations. The use of the FDTD method in bioelectro-

magnetics is well established as it is well suited to the modeling of electromagnetic

wave propagation through dielectric materials. The structure of the FDTD method

based on a lattice of rectilinear cells readily lends itself for application to vortex

models. As each point in the three-dimensional FDTD problem space can have a

different dielectric property, complex dielectric systems can be modeled. Studies

to determine the dielectric properties of each of the tissues have been carried out

[36] and, using this data, an accurate simulation of field distributions in the body

has been possible. [37, 60] uses FDTD method to calculate the power deposition

from a cellular telephone on a high-resolution model of a human head. The quan-

tity of output data from the FDTD simulation is enormous. Magnitude and phase

of the vector electric and magnetic fields at every location in the head model (and

outside, as well) is obtained, and the magnitudes of the electric fields are used to

calculate SAR (W/kg) in each vortex of the head model. Visualization has been

used to verify simulations [37], assisting in analyzing the data and understanding
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the physical aspects controlling the power absorption. Models of the involved di-

electric structure have been developed by a segmentation of magnetic resonance

imaging (MRI) scans [61]. A parallel FDTD algorithm [57, 114] has been devised

for use on high-performance supercomputers, which allows for the simulation of

much higher resolution problems. For accurate simulation at high frequencies, high

resolution (millimeter) models of the human head are required. However, the use

of higher resolution models is limited by several necessary requirements. Another

drawback of the FDTD is the staircase approximation of oblique boundaries, which

often results in a poor accuracy. Most of the time, the basic FDTD scheme is con-

structed on a Cartesian grid, and consequently, approximation of geometries that do

not conform to the underlying structured grid, will suffer from the staircase approx-

imation.

An alternative numerical method is a hybrid scheme that couples FDTD

with FEM. The hybrid method is based on the concepts of hexahedral edge ele-

ments and trapezoidal integration. The scheme applies FDTD in large volumes

which are combined with FEM near complex boundaries. The hybrid method is

constructed by applying FEM concepts everywhere, and it reduces to the FDTD

on the hexahedral grid, where we use trapezoidal integration. The resulting mass

and stiffness matrices are symmetric everywhere, even at the FEM-FDTD interface,

which guarantees reciprocity and helps to achieve stability [101, 102].

A dosimetry assessment system was used to experimentally evaluate the

absorbed electromagnetic (EM) power. Two dosimetry field scanning systems have

been developed [6, 105], both of which are restricted to measurements in shell phan-
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toms filled with a tissue-simulating liquid, the recipes for which are given in [70].

The results of this study, which was conducted using several head phantoms of

varying complexity, showed that the assessed spatial-peak SAR is always higher in

homogeneous head phantoms than in non-homogeneous phantoms.

[50] concluded that homogeneous modeling of the human head is suited for

assessing the spatial-peak absorption for transmitters operating at 900 MHz or be-

low. In the frequency bands of the new-generation cellular systems, i.e., 1.5-2.5

GHz, anatomical layered-structure models of the human head can lead to increased

absorption in the layers. However, the spatial-peak SAR assessed by a homoge-

neous phantom with the parameters of gray brain tissue are unlikely to be less

than the actual SAR value induced among all potential users and under all oper-

ational conditions, i.e., it would satisfy the worst-case criteria of [11]. The results

of the simulations confirmed the more complex relationship between absorption and

anatomical details at these higher frequencies. Nevertheless, it has been derived so

far that a homogeneous representation of the head is suited for assessing the maxi-

mum SAR in the head of the user of mobile telecommunication equipment (MTE)

if the appropriate dielectric parameters are chosen.

1.2.2 hp Finite Element (FE) method

The hp-adaptive FE methods are one of the most powerful methodologies

for simulating complex engineering problems, especially those involving singular

solutions, complicated geometry, or multiple media with varying properties. Two

main reasons motivate the use of hp-FE for wave propagation problems.
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1. Lower order methods (e.g. h-FE) are suitable for rough (non-smooth) func-

tions, but not for smooth functions. Conversely, higher order methods (e.g.

p-FE) approximate very accurately smooth functions, but not rough functions.

In real world applications, solutions usually exhibit both smooth and rough

components. In this context, the flexibility of the hp-version of FE allows

for approximating both parts of the solution very accurately. Indeed, the hp-

version of FE guided with an adequate adaptive strategy provides exponential

convergence rates for a large class of functions [2].

2. The dispersion (pollution) error for wave propagation problems decreases

considerably as p increases [55, 56, 84]. Thus, the h-version of FE is not

adequate for large frequencies. In other words, it is advantageous to use

higher-order elements not only to minimize the number of d.o.f. 1 (for regu-

lar functions, the best approximation error decreases faster for the p-method

than for h-discretization) but also to improve the stability of Galerkin ap-

proximations. This suggests that large, high-order elements should be used

whenever it is possible. On the other hand, small elements are needed to

capture geometrical details. Only hp-FE combines both these features: small

elements and high orders of approximation in one code.

The downside of the hp-FEM is the complexity both in the theoretical anal-

ysis and implementation involved. Hence, it is particularly important to design ade-

quate data structures, a posteriori error estimators, and adaptive strategies. It is im-

1degrees of freedom
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portant to mention the work in the area of data structures performed by Demkowicz

[28, 30], in the area of error estimation performed by Babuška [2, 3, 47] and Oden

[83], and in the area of automatic hp-adaptivity performed by Oden et al. [83], and

Demkowicz [31].

In order to solve Maxwell’s equations using finite elements, a family of

H(curl) conforming elements is needed, since the space of admissible solutions is

contained in H(curl). Nedelec introduced in 1980 [79] and 1986 [80] two families

of finite element that are conforming in the space H(curl; Ω)={E ∈ L2(Ω) :

∇×E ∈ L2(Ω)}, Ω ⊂ IR3. These families were constructed for both tetrahedrons

and hexahedrons, and are referred to as Nedelec’s elements or edge elements (since

for lowest order elements, d.o.f. are associated with edges).

In 1994, Monk [72] studied uniform hp-extensions of Nedelec’s curl con-

forming elements to establish interpolation error estimates for the hp-version of

edge FE with constant p. A detailed description of edge elements for a true hp-FE

code can be found in Demkowicz et al. [19, 32].

Crucial for the analysis of hp-edge elements is the so called de Rham dia-

gram, which relates two exact sequences of spaces, on both continuous and discrete

levels, and the corresponding interpolation operators. A 2D and 3D analysis of de

Rham diagram for hp-edge elements can be found in [24, 27].

hp-edge elements, resulting from the H(curl)-conforming FE approxima-

tion, involve the implementation of vector-valued shape functions with different

d.o.f., in order to take into account tangential and normal components of the elec-
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tric field. Rachowicz and Demkowicz implemented both a 2D [97] and a 3D [98]

hp-FE code for electromagnetics.

1.2.3 Geometric modeling and reconstruction methods

In the hp FE simulations, a meshed geometry serves two purposes: First,

to allow representation of an arbitrary body by a collection of elements on which

piecewise polynomial functions are defined, and second, to control the error of ap-

proximation in terms of the data of interest. The error of approximation depends on

the finite element mesh and the polynomial degree of elements. In our hp FEM, the

primary role of the meshed geometry is to represent the topological and geometric

description of the object being modeled by a collection of elements and the error

is controlled by both the element size h and the polynomial degree of elements,

denoted by p. The error is reduced as p is increased or element size h is decreased.

The appropriate geometric representation for hp FE elements is critical for solving

partial differential equations over a curved domain. In other words, the accuracy of

finite element solutions is strongly influenced by how well the geometry is approx-

imated. Consideration must then be given to a set of procedures being developed

for proper generation of curved elements.

The discipline of geometric modeling is an interrelated, although somewhat

loosely integrated, collection of mathematical methods that we use to describe the

shape of an object [75]. In the proposed research, we focus on the geometrical mod-

eling issues in context of Maxwell and other Partial Differential Equations (PDE’s).

There are rather few publications that address the issue of geometry involved errors
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in FE computations, especially in context of higher order elements. [67, 68] show

the importance of using properly curved mesh entities when using high order dis-

cretization to solve partial differential equations over curved domains. There are

many approaches to select appropriate geometric form of the mesh entities. The

influence of geometry induced errors in context of Boundary Element discretiza-

tion has also been studied in [13]. The effect of geometry approximation of the

p-version of the FEM, has been addressed recently in [18].

The investigated geometry representation schemes fall into two different

classes of techniques:

• geometrical modeling,

• geometrical reconstruction.

The technology is rather loose and many existing technologies combine elements

of both techniques simultaneously. In principle, in the geometrical modeling prob-

lems, the geometry is assumed to be known exactly and the only issue is its practical

representation. Solid Geometry Modeling techniques are the best example of this

group [75]. In the case of geometry reconstruction from MRI, scans or other dis-

crete data, the actual geometry is known only as a approximation. A continuous

representationof geometry, necessary for FE modeling, must be constructed.

Geometric Modeling. In previous work, [62, 63] present geometric modeling by

using multi-regions and parametric surfaces represented by NURBS. In this ap-

proach, geometric modeling is supported by a hybrid data representation scheme
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that allows for the detection of closed off solid regions described by surface patches

which result from parametric-surface intersections. Finite-element surface mesh

generation is performed in parametric space and combines a quadtree-based re-

finement with an advancing-front technique for the generation of an unstructured

mesh. Finite-element volume mesh generation uses the same concepts but an oc-

tree instead of the quadtree is used.

An alternative approach is to use appropriate geometric approximations for

the mesh entities that are determined once and stored with the mesh entities. The

most obvious option for such geometric approximation is appropriate order La-

grangian interpolant fit through selected points. An effective procedure for cre-

ating quadratic Lagrangian has been developed and implemented in a procedure

that curves initially straight-sided, planar faces meshes [14]. Consideration of the

extensions of this approach to higher order Lagrangian indicated that the proce-

dure quickly became computationally demanding and geometrically complex to the

point that qualifying how to control the geometric approximations in a predictable

manner became infeasible. Another alternative approach is to employ more gen-

eral geometric approximations based on Bezier curves and surfaces which possess

a number of properties [35, 76] that are advantageous to the construction of a mesh

curving procedure.

In hp finite element methods, preserving the convergence rate for problems

over curved domains requires that a curvilinear mesh geometry representation be

used [33]. The development of Geometrical Modeling Package (GMP) [23, 123]

was motivated by research on hp-adaptive discretization. It has provided a founda-
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tion for a multi-block hp mesh generator that has been used in many projects.

In our geometric modeling, a 2D object is presented as a union of curvilinear

triangles or rectangles, while a 3D object is represented with a FE-like mesh of

curvilinear hexahedral blocks. The geometry of the object is prescribed then by

constructing parameterizations for each of the blocks. In our geometrical modeling

system, each of the local edges or faces has its own global orientation. Adjusting

edge and face parameterizations for orientations involves transforming local edge

and face coordinates into the global ones. We handle the coordinate transformations

in a hierarchical manner and ensure the compatibility of parameterizations. The

small size of the package allows for maintaining a continuous interface with the

adaptive codes to update the geometry information during mesh refinements.

Geometric Reconstruction The geometric model needs to be smooth enough to

produce a finite element mesh free of local geometric discontinuities which would

create artifacts in the EM solution. In a smooth surface reconstruction, two main

forms are widely used to interpolate a G1 surface: parametric representations and

implicit representations.

There are various successful approaches of using implicit representation in

interpolating of a surface. Bajaj and Xu proposed an approach to model a smooth

surface from a surface triangulation by implicit surface patches - A-patches [4, 122].

First of all, a piecewise trivariate polynomial is constructed by building a surround-

ing hull of the triangulation. In order to guarantee that the constructed implicit

surfaces have non-singularities and have single sheets, A-patches [121] use prisms
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based on the idea of fat surface [8], instead of using tetrahedra which provides

heuristics [17, 48, 115], to constitute the hull. The zero contour of a polynomial

support at the the hull is then used to represent the surface. Other implicit schemes

include B-patches [53], and S-patches [65] which also provide elegant solutions to

the smoothing problem at the cost of a currently non standard patch representation.

A number of methods for constructing smooth parametric surfaces has been

proposed. Splines assembled from B-splines are widely used, because they have

explicit formulas and built-in continuity. However the tensor product B-spline rep-

resentation has a major shorting, the B-spline mesh must be a structured mesh.

Using non uniform rational B-splines (NURBS) does not solve this problem since

the trimming destroys one of the chief advantages of the B-spline representation, its

built-in smoothness so that one ends up with the tricky task of smoothly joining the

trimmed pieces [9, 35]. J. Peter pioneered the idea of G1 surface splines [87–90]

(see also [91, 99]), which devises a representation that removes the regularity re-

strictions at the cost of creating a refined mesh of quadrilateral subcells. The mesh

refinement can separate irregular vertexes by implementing initial mesh refinement,

edge cutting and quadratic meshing. The refined mesh guarantees that each original

vertex is surrounded by vertices of degree four. The approach is then reduced to the

B-spline paradigm by constructing surface parametrization using quadratic patches.

The scheme is in the same conceptual framework as tensor-product B-splines, and

local evaluates by averaging and obeys the convex hull property [42, 103]. In the

parallel work, H. Prautzsch [7, 94] presents a methodology enabling the construc-

tion of parametrized spline surfaces from one control net. The control net in IR3 with
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quadrilateral meshes is constituted by extraordinary vertices (points corresponds to

a non-four sided hole) and regular vertices (points has four adjacent patches). Reg-

ular vertices are viewed as the control net of a piecewise bicubic tensor product

spline surface. On the other hand, extraordinary vertices are represented as bisextic

splines. The bisextic representation of the surface allows for subdivision algorithms

[95, 96] in order to change the inner boundary such that they can be filled with a

smooth surface.

A novel technique based on biquartic parametrization has been proposed in

[127]

1.3 Summary of accomplishments

With the completion of this dissertation, we have achieved the following

objectives.

• A number of novel geometrical modeling techniques has been explored and

implemented in the new version of the Geometric Modeling Package (GMP).

• An interface with Mesh Based Geometry (MBG) has been developed to ac-

celerate preparation of a geometry input data for complex geometry.

• An efficient G1 surface reconstruction scheme has been developed.

• A proper definition of the FE error incorporating effects of geometry approx-

imation has been developed in context of arbitrary hp FE discretization for

both elliptic and Maxwell problems.
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• The new modeling package has been incorporated into a FE/IE Code, and

verified by using Mie series solution for the problem of the scattering of a

plane wave on a dielectric sphere.

• An explicit a posteriori estimator and an h-adaptivity procedure has been in-

vestigated.

• Energy distribution in the human head, corresponding to various EM sources,

has been assessed by evaluating average and spatial-peak values of SARs.

1.4 Outline of the dissertation

The outline of the presentations is as follows. In Chapter 2 we present an

hp Finite Element Method for EM Waves. In Chapter 3 we discuss the geometric

modeling issues, such as two key techniques for constructing compatible parameter-

izations and GMP interfaces. In Chapter 4 we elaborate on a surface reconstruction

scheme which provides us a G1 continuous model on unstructured biquartic rectan-

gular patches. Chapter 5 presents a proper definition of the geometry error as well

as a precise evaluation of hp FE discretization errors for both elliptic and Maxwell

problems. In Chapter 6 we verify of the FE/IE code using the Mie series solution.

Finally, Chapter 7 presents the numerical results of EM waves in the head model

and discusses the energy distribution.
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Chapter 2

An hp Finite Element Method for EM Waves

This chapter describes implementation details of modeling EM-waves in a

human head using hp Finite Element Method.

2.1 Absorption and diffraction model

The present work is motivated with the problem of simulating the absorption

and diffraction of EM-waves in a human head. We consider the following two

different sources as excitations

• plane wave;

• short dipole antenna.

The absorption and diffraction problems are set up in the whole space IR3,

however the use of finite elements forces us to truncate IR3 into a bounded domain.

Let Ω denotes a sphere with radius a occupied by a dielectric. We seek the solution

in terms of electric field E(x) defined in the internal domain Ω with material con-

stants µ, σ, ε and external free space domain Ω−0 with material constants µ0, ε0, see

Fig. 2.1. In FE/IE simulations, the free space domain Ω is partitioned into a near

field domain Ω−0 between the boundary of the scatterer Γ and a spherical truncating
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Figure 2.1: A model scattering and absorption problem

boundary Γ0; and a far field domain Ω+
0 outside of the truncating boundary. Finite

elements are used then to discretize the Maxwell equations within the truncating

boundary, i.e., .e, in Ω ∪Ω−0 , with the infinite element discretization applied to Ω+
0 .

The construction is motivated with large variations of the solution in the near field

domain( scattering from edges, vertices, rough surfaces), which requires good lo-

cal resolution capatibilities provided by finite elements. Typically, the truncating

boundary is placed one wave length away from the scatterer.
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2.2 Formulation of the problem

We shall discuss the simplest (linear, isotropic) version of Maxwell’s equa-

tions. Given a domain Ω ⊂ IR3, we wish to determine electric field E(x) and

magnetic fieldH(x) that satisfy:

• Faraday’s law

∇×E = − ∂

∂t
(µH) ,

• Ampere’s law

∇×H = J imp + σE +
∂

∂t
(εE) ,

• Gauss law for the magnetic flux

∇ · (µH) = 0,

• Gauss law for the electric flux,

∇ · (εE) = ρ.

Here µ, σ, ε denote the material data: permeability, conductivity and permittivity,

assumed to be piecewise constant, J imp denotes a prescribed, given impressed cur-

rent, and ρ is the corresponding free charge density.

In order to reduce the number of unknowns, the first order Maxwell system

is usually reduced to a single vector-valued wave equation, expressed either in terms

of E, orH . Assuming the “positive” anzatz E(x, t) = <(E(x)eiωt), the Maxwell

equations reduced into,

∇× (
1

µ
∇×E)− (ω2ε− iωσ)E = −iωJ imp. (2.2.1)

19



The sign in the anzatz time factor eiωt affects the phase of the EM fields. Substi-

tuting i instead of −i, we can easily switch in between the two formulations. Our

FE/IE code is using the positive anzatz, however, in most of the EE literature, the

negative sign is assumed. Once the electric field has been determined, the Faraday

equation can be integrated to find the corresponding magnetic field.

2.2.1 Excitations

For plane wave, the excitation is given in terms of an incident linearly polar-

ized plane wave of amplitude E0 and free space wave number k0. We shall assume

an x-polarized wave, propagating in z direction,

Einc
x = E0e

−ik0z. (2.2.2)

The total electric field Etot can be decomposed as,

Etot = Einc +Esca, (2.2.3)

where Esca is the unknown scattered field to be determined. The total field E tot

must satisfy the reduced wave equation (2.2.1), and the incident field E inc satisfies

the same equation in the free space, i.e., with µ = µ0, ε = ε0, σ0 = 0. With µ = µ0

in the whole space, this implies that the impressed current J imp can be expressed

as,

J imp =
ω(ε− ε0) + iωσ

−iω Einc. (2.2.4)

For a very short antenna polarized in z direction, the current density is given

as,

J = ẑ(Idl)δ(r)ejωt (2.2.5)
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where I is current and (r, θ, φ) are spherical coordinates. For this finite line source,

the magnetic vector potential A(r) can be obtained by integrating the product of

the current density and the 3D Green function g(r, r′) in free space,

A(r) =

∫

V

g(r′, r)Jd3r = ẑ

∫

V

e−jk0|r−r′|

4π|r − r′| (Idl)δ(r
′)d3r′ (2.2.6)

= ẑ(Idl)
e−jk0r

4πr

As a result, the corresponding incident electric fields can be obtained as,

E = −jωµ0A+
1

jωε0
∇∇ ·A, (2.2.7)

which implies,

Einc
r = (Idl)

e−jk0r

2πr2
(η0 +

1

jωε0r
)cosθ (2.2.8)

Einc
θ = (Idl)

[
jωµ0

e−jk0r

4πr
+

(
η0 +

1

jωε0r

)
e−jk0r

4πr2

]

2.2.2 Nondimensionalization of Maxwell equations

Dimensional analysis is performed for any numerical simulations which re-

quire equations to be independent of units of measurement. For reduced wave equa-

tion (2.2.1), the following scales are introduced,

• Material scale - ε0, µ0

For free space, ε0 ≈ 1
36π

10−9 [C2/Nm2 = F/m], µ0 = 4π10−7 [N/A2 = h/m].

Material constants can be expressed in terms of the relative permittivity εr,

and relative permeability µr

εr =
ε

ε0
, µr =

µ

µ0

,
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• Spatial scale - a

We shall use the radius of the sphere a as a spatial scale for defining nondi-

mensional coordinates corresponding to the physical coordinates x

x′ =
x

a
,

• Solution scale - E0

The total Etot and scattered electric fields Esca are scaled by the amplitude

of incident wave E0

Etot′ =
Etot

E0

,

Esca′ =
Esca

E0

, (2.2.9)

As a result, the corresponding nondimensional quantities are introduced,

• Nondimensional wave number (frequency) - Ω

Ω = ω
√
ε0µ0 a ,

• Nondimensional conductivity - Σ

Σ = σ

√
µ0

ε0
a ,

• Nondimensional impressed current - J imp′

J imp
′
=
J imp

√
µ0

ε0
a

E0

.
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The dimensionless form of reduced wave equation is identical with (2.2.1),

∇× (
1

µr
∇×Esca′)−

(
Ω2εr − iΩΣ

)
Esca′ = −iΩJ imp′ . (2.2.10)

In what follows, we shall drop the primes in the notation and return to the original

notation x, µ, ε, ω, σ, J imp, with the understanding that the original variables have

been replaced with their non-dimensional counterparts.

2.2.3 Boundary conditions and variational formulation

The scattering field Esca also satisfies the following boundary conditions:

• the interface conditions along Γ,

n× [Esca] = −n× [Einc] = 0 (2.2.11)

n× [
1

µ
∇×Esca] = −n× [ 1

µ
∇×Einc] = 0

Here [ ] denotes a jump of function f across Gamma,

• Silver - Müller radiation condition at∞,

lim
r→∞

r[n×Esca − jkoer × (er ×Esca)] = 0 (2.2.12)

where r is a spherical coordinate with corresponding unit vector er and ori-

gin at an arbitrary point (taken usually within the scatterer). This implies that,

asymptotically, the scattered field is an outgoing spherical wave with leading

factor e−jk0r

r
. Note that the incident field needs not satisfy the radiation condi-

tion. The interface and radiation conditions ensure uniqueness of the solution

[15].
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We select test functionsF that have continuous tangential components across

any material interface Γ. In the unbounded exterior domain Ω+
0 we assume that the

test function decays fast enough at infinity in order to guarantee that all the in-

volved integrals become Lebesgue integrable. Multiplying the reduced wave equa-

tion (2.2.1) by the appropriate test function F , integrating over the domain, and

then integrating by parts, we obtain the following weak formulation.

Find the scattered field E such that,

b(E,F ) = l(F ) (2.2.13)

where the sesquilinear and anti-linear forms b and l are defined as follows

b(E,F ) =

∫

IR

{
1

µ
∇×E ·∇× F − (ω2ε− iωσ)E · F

}
dx (2.2.14)

l(F ) = −iω
∫

IR
J imp · F dx

where J imp is the impressed current in (2.2.4). Since µr is one in our case, there is

no contribution from the surface integral over material discontinuities. The continu-

ity across the FE/IE boundaries is enforced in exactly the same way as between any

two finite elements, i.e. the tangential component of the electric field is continuous,

whereas the normal component may be discontinuous.

The space of test functions is a function space and it is infinite-dimensional.

The Galerkin’s idea is to approximate it with a finite number of linearly independent

functions (the basis functions) from the test space. For any boundary value prob-

lems (BVP), we construct a sequence of finite- dimensional spaces, and solve the

resulting linear systems for the corresponding approximate solution. The choice of
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the basis functions affects the conditioning of the final discrete system of equations

and may significantly influence the actual approximate solution.

While Galerkin’s method provides an elegant strategy for constructing ap-

proximations of solutions of BVP, it has one very serious shortcoming: there is no

systematic way of constructing reasonable basis function for the approximate test

functions. Finite element method provides a general and systematic technique for

constructing basis functions for Galerkin approximations of BVP. In our proposed

research, we focus on the hp Finite Element Method developed at ICES.

2.3 hp Finite Elements and Infinite Elements

In the our case of geometrically complex media and discontinuous mate-

rials, the Finite Element/Infinite Element (FE/IE) approach seems to be a natural

exact way to deal with the unbounded region problem [12, 39, 98]. The approach

used in the presented work bypasses certain difficulties common to hybrid finite

element-boundary integral type of methods by using H (curl)-compatible curvi-

linear finite and infinite elements. The idea of the discretization by the coupled

FE/IE is standard [25, 39]. The scatterer is surrounded with a truncating sphere,

and the truncated domain is discretized using hp finite elements. The mesh is then

matched with the infinite element discretization outside the truncating sphere with

a strong enforcement of the continuity conditions across the finite/infinite elements

boundary. From the algorithmical point of view, the infinite elements are treated as

standard finite elements, except for the definition of the approximation in the radial

direction. The method is supported with stability analysis and convergence proof
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[29] for a spherical truncating surface.

The IE discretisation of Ω+
0 is fully compatible with the hp-FE discretisa-

tion of the near-field domain Ω−0 . For H(curl)-conforming elements, this means that

the tangential traces of the IE shape functions must coincide with the tangential

traces of the FE shape functions for adjacent infinite and finite elements. For para-

metric elements, this implies that the parametrization of the truncating sphere(or its

isoparametric approximation) for the adjacent finite and infinite elements is iden-

tical, and the tangential trace space of the IE space of shape functions must be

identical with the corresponding FE trace space in the master coordinates. The ma-

jor components of the standard spherical formulation are reproduced below. Infinite

elements are images of a master infinite element

D̂ = {(ξ, η, r) ∈ IR3 : (ξ, η) ∈ (0, 1)2, r ∈ (0,∞)}, (2.3.15)

through the transformation

x(ξ, η, r) =
r

c
x̂(ξ, η). (2.3.16)

where c is the radius of the truncating sphere; x̂(ξ, η) is a parametrization of the

face of a selected finite element which is adjacent to the truncating sphere Γ0. For

exact geometry elements, parameterizations of this type can be constructed by uti-

lizing our Geometrical Modeling Package (GMP) [123]. In this way every infinite

element shares its base with exactly one finite element. For isoparametric elements

used in our code, x̂(ξ, η) denotes the isoparametric FE approximation of the trun-

cating sphere obtained in the mesh generation process by interpolating 1 the exact

1We use the projection-based interpolation
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parametrization. With each infinite element associated is a set of shape functions

which allow for enforcing the continuity of the tangential component of theE-field

across the truncating sphere, and which guarantee the O(1/r) decay of solution as

r → ∞. Unfortunately, this last condition and the requirement of integrability of

the appropriate expressions in the weak formulation require selecting the test func-

tions with a decay rate O(1/r3). That is, the trial functionsE and the test functions

F must be different and, therefore, the discrete formulation becomes unsymmetric.

The FE/IE method has been implemented in its most straightforward ver-

sion, with the trial shape functions in the radial direction derived from the asymp-

totic form of the solution in the spherical coordinates (6.1.25), and the test shape

functions selected in such a way that all the integrals exist in the Lebesgue sense.

The trial and test functions on a master element are defined as follows [12].

Ê =
N∑

n=0

K∑

m=1

Tmnψn(r){[êm(ξ, η)]1, [êm(ξ, η)]2, 0}

+
N∑

n=0

L∑

m=1

Rmnαn(r)[0, 0, ĝm(ξ, η)],

F̂ =

N∑

i=0

K∑

j=1

Uijφi(r){[êj(ξ, η)]1, [êj(ξ, η)]2, 0}

+

N∑

i=0

L∑

j=1

Sijβi(r)[0, 0, ĝi(ξ, η)], (2.3.17)

where êj are the two-dimensional vector-valued edge shape functions defined for

the common face, ĝi(ξ, η) are the scalar-valued shape functions defined for a square

master element, Tmn, Rmn, Umn, Smn are arbitrary coefficients. The functions ψn, αn,

φi, βi define the behavior of the approximation as r →∞. The choice of trial shape

27



functions is dictated by the form of the exact solution outside of the truncating

sphere,

ψn(r) =

{
e−jk0(r−c), n = 0[(

c
r

)n − 1
]
e−jk0(r−c), n > 0

(2.3.18)

αn(r) =
(c
r

)n+2

e−jk0(r−c).

The choice of the test shape functions is dictated by the Lebesgue integrability con-

dition, and the condition on reproducibility of gradients (exact sequence property,

see [12] for a detailed discussion),

φn(r) =
1

r
γn(r) (2.3.19)

βn(r) = γ′n(r)

where

γn(r) =

{ (
c
r

)2
e−jk0(r−c), n = 0[(

c
r

)n+2 −
(
c
r

)2
]
e−jk0(r−c), n > 0

(2.3.20)

In computations, infinite elements are processed in a way similar to hp-finite ele-

ments. Their shape functions are logically associated with appropriate edge, face

and central nodes. Their spectral orders are fully specified by the orders of approx-

imation on a common face of the adjacent finite elements, and by the number of

terms in the radial direction N. In evaluation of stiffness matrices, integration in the

radial direction is performed exactly while in the tangential directions via the stan-

dard Gaussian quadratures. The IE stiffness matrices are assembled into the global

stiffness matrix in a standard way.
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2.4 Exact sequence

The stabilized variational formulation involves two spaces: H1 andH(curl).

The relation between the two spaces is part of a more general, so called exact se-

quence of spaces and operators.

The gradient and curl operators, along with the divergence operator, form

an exact sequence,

IR −→ H1 ∇−→ H(curl)
∇×−→ H(div)

∇◦−→ L2 −→ 0 .

In an exact sequence of operators, the range of each operator coincides with the null

space of the operator next in the sequence. The exact sequence property is crucial

in proving stability for the variational formulation for the time- harmonic Maxwell

equations. This suggests to construct (piecewise) polynomial Finite Element dis-

cretization of the H(curl) space in such a way that the exact sequence property is

also satisfied at the discrete level. In our presentation, we restrict ourselves only to

hexahedral elements that are coded in the 3Dhp code discussed later.

Next, we focus on the master hexahedral element of variable order. All poly-

nomial spaces are defined on a unit cube. We introduce the following polynomial

spaces.
Wp = Q(p,q,r)

Qp = Q(p−1,q,r) ×Q(p,q−1,r) ×Q(p,q,r−1)

V p = Q(p,q−1,r−1) ×Q(p−1,q,r−1) ×Q(p−1,q−1,r)

Yp = Q(p−1,q−1,r−1) .
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Here Qp,q,r denotes the space of polynomials of order less or equal p, q, r with re-

spect to x, y, z, respectively. The polynomial spaces form again the exact sequence,

Wp
∇−→ Qp

∇×−→ V p
∇◦−→ Yp . (2.4.21)

In the hp method, the order of elements may vary locally. We start with the

space,

Q
(p,q,r)
(pf ,qf ),(pf ,rf ),(qf ,rf ),pe,qe,re

,

that consists of polynomials in Q(p,q,r) with the minimum rule restrictions:

pf ≤ p, qf ≤ q, rf ≤ r, pe ≤ pf , qe ≤ qf , re ≤ rf , for adjacent faces f .

The 3D polynomial spaces forming the de Rham diagram, are now introduced as

follows,

Wp = Q
(p,q,r)
(pf ,qf ),(pf ,rf ),(qf ,rf ),pe,qe,re

Qp = Q
(p−1,q,r)
(pf−1,qf ),(pf−1,rf ),pe−1,qf ,rf

×Q(p,q−1,r)
(pf ,qf−1),(qf−1,rf ),pf ,qe−1,rf

×Q(p,q,r−1)
(pf ,rf−1),(qf ,rf−1),pf ,qf ,re−1

V p = Q
(p,q−1,r−1)
(qf−1,rf−1) ×Q

(p−1,q,r−1)
(pf−1,rf−1) ×Q

(p−1,q−1,r)
(pf−1,qf−1)

Yp = Q(p−1,q−1,r−1) .

The face orders pf , qf , rf and edge orders pe, qe, re are determined from the

minimum rule: the order for the faces or edges is set to the minimum order of the

adjacent hexahedron, direction-wise. The minimum rule guarantee conformity of

the FE approximation [27].

As to the relation between operators, we study the parametric elements.

Given a bijective map x = xK(ξ) transforming master element K̂ onto a physical
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elementK, and master element shape functions φ̂(ξ), we define theH1-conforming

shape functions on the physical element in terms of master element coordinates,

φ(x) = φ̂(ξ) = φ̂(x−1
K (x)) = (φ̂ ◦ x−1

K )(x) .

The definition reflects the fact that the integration of master element matrices is

always done in terms of master element coordinates and, therefore, it is simply

convenient to define the shape functions in terms of master coordinates ξ. This

implies that the parametric element shape functions are compositions of the inverse

x−1
K and the master element polynomial shape functions. In general, we do not deal

with polynomials anymore. In order to keep the exact sequence property, we have

to define the H(curl)-, H(div)-, and L2-conforming elements consistently with

the way the differential operators transform. For gradients we have,

∂φ

∂xi
=

∂φ̂

∂ξk

∂ξk
∂xi

and, therefore,

ψi = ψ̂k
∂ξk
∂xi

.

For the curl operator we have,

εijk
∂ψk
∂xj

= εijk
∂

∂xj

(
ψ̂l
∂ξl
∂xk

)
= εijk

∂ψ̂l
∂xj

∂ξl
∂xk

+ψ̂l εijk
∂2ξl

∂xk∂xj︸ ︷︷ ︸
=0

= εijk
∂ψ̂l
∂ξm

∂ξm
∂xj

∂ξl
∂xk

.

But,

εijk
∂ξm
∂xj

∂ξl
∂xk

= J−1εnml
∂xi
∂ξn

,

where J−1 is the inverse Jacobian. Consequently,

εijk
∂ψk
∂xj

= J−1 ∂xi
∂ξn

(
εnml

∂ψ̂l
∂ξm

)
.
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This leads to the definition of theH(div)-conforming parametric element,

ϕi = J−1 ∂xi
∂ξn

ϕ̂n .

Finally,

∂ϕi
∂xi

=
∂

∂xi

(
J−1∂xi

∂ξk

)

︸ ︷︷ ︸
=0

ϕ̂k + J−1∂xi
∂ξk

ϕ̂k
∂ξl

∂ξl
∂xi

= J−1∂ϕ̂k
∂ξk

,

which establishes the transformation rule for the L2-conforming elements,

f = J−1f̂ .

Defining the parametric element spaces Wp,Qp,V p, Yp using the transformation

rules listed above, we preserve for the parametric element the exact sequence (2.4.21).

In the case of the isoparametric element, the components of the transforma-

tion map xK come from the space of the H1-conforming master element,

xj =
∑

k

xj,kφ̂k(ξ) =
∑

k

xkφk(x) .

Here xj,k denote the (vector-valued) geometry d.o.f. corresponding to element

shape functions φk(x). By construction, therefore, the parametric element shape

functions can reproduce any linear function ajxj . As they also can reproduce con-

stants, the isoparametric element space of shape functions contains the space of all

linear polynomials in x - ajxj+b, in mechanical terms - the space of linearized rigid

body motions. The exact sequence property implies that the H(curl)-conforming

element can reproduce only constant fields, but the H(div)-conforming element,

in general, cannot reproduce even constants. This indicates in particular that, in
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context of general parametric (non affine) elements unstructured mesh generators

should be used with caution. The critique does not apply to (algebraic) mesh gen-

erators based on a consistent representation of the domain as a manifold, with un-

derlying global maps parameterizing portions of the domain used in our research.

Upon a change of variables, the original problem can then be redefined in the refer-

ence domain discretized with affine elements [123].

The discrete spaces, both for the master and parametric elements form an

exact sequence that parallels the exact sequence of energy spaces on the continuous

level. The two sequences, along with approximately defined interpolation operator,

form the well known de Rham diagram.

2.5 Implementation: 3Dhp90

Several codes claiming hp-adaptivity are in fact, p-adaptive codes that com-

bine an optimal initial mesh design with optimal or even uniform p-refinements. A

true hp-adaptive version of FE method allows for varying both h and p locally.

The main features of 3Dhp90 code developed at ICES [30] are the follow-

ing.

• The code uses isoparametric hexahedra, and supports both H 1 and H(curl)

conforming elements.

• It allows for both isotropic and anisotropic mesh refinements.

• It interfaces with a Geometrical Modeling Package (GMP) for an initial mesh
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generation and mesh refinements.

• It reconstructs nodal connectivities and constrained element information by

ascending and descending within trees of nodes, an abstraction for element

vertices, edges, and interiors.

• It separates logical operations in the mesh refinement routines into two levels:

1. operations for nodes - problem independent.

2. operations for nodal d.o.f. - problem dependent.

• It incorporates a fully automatic hp-adaptive strategy [31].

The hp-adaptive strategy presented in [31] produces a sequence of optimally

hp-refined meshes that deliver exponential convergence rates in terms of size of the

discrete problem (number of d.o.f.). A given (coarse) hp-mesh is first refined glob-

ally both in h and p to yield a fine mesh, i.e. each element is broken into four

element sons (eight in 3D), and the order of approximation is raised uniformly by

one. Then, we solve the problem of interest on the fine mesh. The next optimal

coarse mesh is then determined by minimizing the projection based interpolation

error of the fine mesh solution with respect to the optimally refined coarse mesh.

The algorithm is very general, and it applies not only to H1-conforming but also to

H(curl)- and H(div)-conforming discretization as well [22, 27]. Moreover, since

the mesh optimization process is based on minimizing the interpolation error rather

than the residual, the algorithm is problem independent and can be applied to non-

linear and eigenvalue problems as well.
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Chapter 3

Geometric Modeling

This Chapter presents a geometric modeling method, which is originally

presented in [23]. The new edition has been implemented in FORTRAN90 with the

following changes made:

• A new data structure, based on user defined objects and supported by FOR-

TRAN90, has been developed. With descriptive names allowed in FOR-

TRAN90 and naturally defined geometrical objects, the logic of the code is

easier to follow.

• The code supports the concatenation of two separate, geometrically compati-

ble, objects. This helps dealing with more complicated manifolds which can

be separated into disjoint pieces (sub-manifolds), with each piece modeled

separately. In practice, GMP input files for non-trivial objects are prepared

by writing small auxiliary programs. It is easier to write such programs for

smaller, isolated sub-manifolds.

• Inconsistencies, related to the orientation of surfaces, and orientation of faces

for prismsand hexahedrons, have been corrected.

• Transfinite interpolation prism and hexahedron have been added.
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In addition, we present in this Chapter two new approaches which allow us to extract

topology information of a meshed model from existing mesh generation toolkits.

The geometrical representation can be used to generate FE meshes of arbitrary high

order, and make geometry updates during mesh refinements.

3.1 Geometric Modeling Package (GMP)

The topological entities in the GMP are classified into seven geometric ob-

jects: Surfaces, Points, Curves, Triangles, Rectangles, Prisms, and Hexahedra.

Each of them includes a complete connectivity information, a particular Type, and

two dynamically allocated arrays for storing a number of integer and real attributes

of the entity. The geometric objects are then placed in seven separate global arrays.

The geometrical objects are placed then in separate seven global arrays.

All entities are prescribed in a global Cartesian system of physical coordi-

nates. Each of the geometric objects is identified with its corresponding parameter-

ization. For example, a potato-like 2D object shown in Fig.3.1, can be represented

as the union of three rectangles and two triangles. Mathematically, each triangle

or rectangle is identified with its corresponding parametrization. More specifically,

rectangle II is a transformation xR from reference coordinates into physical coor-

dinates. In the same way, triangle I can also be represented by a transformation xT .

In this case, five mappings are used to parameterize the geometric object and we

should treat them as describing separate objects.

Conceptually, the parameterizations are classified into two classes: explicit

parameterizations, and implicit parameterizations. In the first case, a mapping is
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Figure 3.1: A 2D example of an object and its corresponding parameterizations

defined explicitly by a specific formula. The simplest examples include objects

which are characterized uniquely by entities of lower dimension, and a specific

interpolation rule, for example, a segment of straight line is defined by its endpoints,

a plane triangle is defined by its edges. In the second case, an object is defined

implicitly by a system of nonlinear algebraic equations. In order to assess the value

of the mapping for some specific choice of reference coordinates, the system has to

be solved using typically a few Newton-Raphson iterations [108].

The new written GMP [123] has the following changes compared with the

original one [23]:

• A new data structure, based on user defined objects and supported by FOR-

TRAN90, has been developed. With descriptive names allowed in FOR-

TRAN90 and naturally defined geometrical objects, the logic of the code is

easier to follow.

• The code supports the concatenation of two separate, geometrically compati-
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ble, objects. This helps dealing with more complicated manifolds which can

be separated into disjoint pieces (sub-manifolds), with each piece modeled

separately. In practice, GMP input files for non-trivial objects are prepared

by writing small auxiliary programs. It is easier to write such programs for

smaller, isolated sub-manifolds.

• Inconsistencies, related to the orientation of surfaces, and orientation of faces

for prisms and hexahedra, have been corrected.

• Transfinite interpolation prism and hexahedron have been added.

3.1.1 Compatibility of parameterizations

In this section, we briefly explain the compatibility conditions. Parame-

terizations for adjacent hexahedra must be compatible with each other. Roughly

speaking, on the face shared by the hexahedra, when we use either of the two pa-

rameterizations, we must obtain the same FE mesh. The compatibility condition is

handled in a hierarchical manner. We begin first by setting coordinates of points.

The curve parameterizations are constructed next in such a way that they conform

to the existing vertex coordinates. Next, the parameterizations for rectangles must

conform to the parameterization of the curves. And finally, in the most complicated

case, the parameterizations for hexahedra must conform to the parameterizations of

the rectangles.

Let us discuss a typical example - a 2D triangle shown in Fig. 3.2. Assume

that the reference triangle is mapped onto the physical triangle using a map xT :
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Figure 3.2: Compatibility of parameterizations for a triangle

(η1, η2) −→ xT (η1, η2). Each of the physical triangle edges, a curve, comes with

its own global orientation (illustrated with the arrow). On the other side, the natural

parameterizations η = ηe(ξ) for the reference triangle edges e,
{
η1 = ξ
η2 = 0

{
η1 = 1− ξ
η2 = ξ

{
η1 = 0
η2 = 1− ξ (3.1.1)

induce local orientations for the edges. Consider edge e of the triangle coinciding

in the physical space with a curve e, and let xc(ξ) denote the parameterization for

the curve provided by GMP. We request that

xT (ηe(ξ
′)) = xc(ξ) (3.1.2)

where ξ′ =
{
ξ if parameterizations are compatible
1− ξ otherwise

We then ensure that the triangle parameterizations conform to the parameteriza-

tion of the existing global curves, under the assumption that those curve parame-

terizations are constructed in such a way that they conform to the existing vertex

coordinates. A similar condition is enforced for rectangles.

The situation is more complicated for 3D hexahedra. We need to adjust

each of its six face parameterizations for orientations, having ensured that point
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Figure 3.3: Compatibility of parameterizations for a hexahedron

parameterizations and curve parameterizations satisfy the compatibility conditions.

The hexahedron case is shown in Fig. 3.3. First , the local orientation of a face

can be illustrated with a local face system of coordinates. Fig. 3.4 shows the local
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Figure 3.4: Local face orientations in reference hexahedron

orientations for each of six faces of the reference hexahedron, corresponding to the
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lexicographic coordinates,

bottom : η1 = ξ1, η2 = ξ2, η3 = 0
top : η1 = ξ1, η2 = ξ2, η3 = 1
front : η1 = ξ1, η2 = 0, η3 = ξ2

right : η1 = 1, η2 = ξ1, η3 = ξ2

rear : η1 = ξ1, η2 = 1, η3 = ξ2

left : η1 = 0, η2 = ξ1, η3 = ξ2

(3.1.3)

There are now eight possible transformations that relate the local and global refer-

ence coordinates for a face, depicted in Fig. 3.5.

Let xR be now the parameterization for one of the hexahedron faces f . It is

required that

xH(ηf(ξ(ζ))) = xR(ζ) (3.1.4)

where ξ(ζ) reflects the orientation of the face, and corresponds to one of the eight

cases depicted above, ηf(ξ) is the local coordinates of the face, and xH(η) is the

parameterization of the hexahedron.
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Figure 3.5: Transformations between local and global reference coordinates for a
rectangular face
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3.1.2 Two techniques of constructing parameterizations

Two important techniques are used to construct compatible parameteriza-

tions in the Geometrical Modeling Package. The first one is the standard transfinite

interpolation parameterizations with linear blending functions. The second one is a

unique technique of implicit parameterizations developed at TICAM [23].

The main purpose of applying Implicit Parameterizations is to construct

geometric model conforming to high order surfaces. For instance, we can construct

the exact parameterizations of curves and rectangles lying on any given high-order

surfaces. In this case, we can precisely model any desired high-order geometric

objects.

• Implicit curves An implicit curve is constructed by two intersecting surfaces

in physical coordinates, with its two endpoints cut off by another two sur-

faces, shown in Fig.3.6. What we know is the starting point, and the four

intersecting surfaces that constitute the curve. Denoting the surface equa-

tions by ϕi(x, y, z) = 0, with i = 1, . . . , 4 we solve the following system of

nonlinear equations,

ϕ1(x, y, z) = 0

ϕ2(x, y, z) = 0 (3.1.5)

(1− ξ)ϕ3(x, y, z) + ξϕ4(x, y, z) = 0

The physical coordinates can be now expressed as mapping x(ξ), y(ξ), z(ξ)

with ξ ∈ [0, 1]. By differentiating the equation above with respect to refer-
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Figure 3.6: Implicit curve

ence coordinate ξ, we obtain,

∂ϕ1

∂x
∂x
∂ξ

+ ∂ϕ1

∂y
∂y
∂ξ

+ ∂ϕ1

∂z
∂z
∂ξ

= 0

∂ϕ2

∂x
∂x
∂ξ

+ ∂ϕ2

∂y
∂y
∂ξ

+ ∂ϕ2

∂z
∂z
∂ξ

= 0

−ϕ3 + (1− ξ)
[
∂ϕ3

∂x
∂x
∂ξ

+ ∂ϕ3

∂y
∂y
∂ξ

+ ∂ϕ3

∂z
∂z
∂ξ

]
+ (3.1.6)

ϕ4 + ξ
[
∂ϕ4

∂x
∂x
∂ξ

+ ∂ϕ4

∂y
∂y
∂ξ

+ ∂ϕ4

∂z
∂z
∂ξ

]
= 0

Once the coordinates x, y, z are determined, the linear system above is solved

for the derivatives ∂x
∂ξ
, ∂y
∂ξ
, ∂z
∂ξ

.

• Implicit triangles The triangle is defined by four surfaces, surfaceϕ1(x, y, z),

the triangle is located on, and three surfaces ϕi(x, y, z) = 0, i = 2, . . . , 4,

defining the edges of the triangle, see Fig.3.7. We solve the following non-

linear system of equations,

ϕ1(x, y, z) = 0

(1− f(ξ))ϕ2(x, y, z) + f(ξ)ϕ4(x, y, z) = 0 (3.1.7)

ξ1[(1− f1(ξ1 + ξ2))ϕ5(x, y, z) + f1(ξ1 + ξ2)ϕ3(x, y, z)] +

ξ2[(1− f2(ξ1 + ξ2))ϕ5(x, y, z) + f2(ξ1 + ξ2)ϕ3(x, y, z)] = 0
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Figure 3.7: An Implicit Triangle

where

– ϕ5(x, y, z) is the equation of the degenerated sphere with center at

the first vertex of the triangle,

ϕ5(x, y, z) = (x− x1)2 + (y − y1)2 + (z − z1)2 (3.1.8)

with x1, y1, z1 being the coordinates of the first vertex.

– ξ = 1
2
ξ2−ξ1
ξ2+ξ1

+ 1
2

– f(ξ), f1(ξ), f2(ξ) are stretching functions determined by requesting

the compatibility of the triangle parameterization with the existing, spec-

ified parameterizations of its edges:

(1− f(ξ))ϕ2(x2
c(ξ)) + f(ξ)ϕ4(x2

c(ξ)) = 0

(1− f1(ξ1))ϕ5(x1
c(ξ1)) + f1(ξ1)ϕ3(x1

c(ξ1)) = 0 (3.1.9)

(1− f2(ξ2))ϕ2(xc
3(ξ2)) + f2(ξ2)ϕ3(x3

c(ξ2)) = 0

where x1
c(ξ1),x2

c(ξ),x
3
c(ξ2) denote the parameterizations of the edges.
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Figure 3.8: An Implicit Spherical Triangle

From the equation above, we get the physical coordinates in terms of refer-

ence triangle coordinates ξ1, ξ2, ξ3 and the parameterization map is defined

now as x(ξ1, ξ2), y(ξ1, ξ2), z(ξ1, ξ2). As in the case of the implicit curve def-

inition, the two systems of equations are differentiated with respect to the

reference coordinates, to yield a corresponding linear system of equations for

derivatives of x, y, z with respect to ξ1, ξ2.

• Implicit spherical triangle by area coordinates (Type = ’ImSphTri’) The

area coordinates for a point x′ on the octant of a sphere are defined as λi = Pi
P

where Pi are the areas of the curvilinear triangles determined by geodesics

passing through x′ , and P is the total area of the triangle (Fig. 3.8),

P = P1 + P2 + P3 =
πr2

2
(3.1.10)

With ϕ and χ being the usual spherical coordinates, the formulas for P1 and

P2 read as follows,
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ϕ+ arcsin(
sinψ√

sin2 ψ + cos2 ϕ cos2 ψ
−

arcsin(
sinϕ sinφ√

sin2 ψ + cos2 ϕ cos2 ψ
= (ξ1 + ξ2)π

2
(3.1.11)

ϕ+ arcsin(
cosϕ sinψ√

sin2 ψ + cos2 ϕ cos2 ψ
−

arcsin(
sinφ√

sin2 ψ + cos2 ϕ cos2 ψ
= ξ2

π
2

By relating the area coordinates to the reference coordinates in the usual way,

λ1 = 1− ξ1 − ξ2, λ2 = ξ1, λ3 = ξ2

the system of equations is solved for ϕ and χ, which in turn determines coor-

dinates x′i, i = 1, 2, 3 and,upon adding a possible translation and rotation, the

physical coordinates x, y, z. As usual, by differentiating the equations, one

obtains the corresponding system of equations for derivatives of x, y, z with

respect to the reference coordinates.

• Implicit rectangles The implicit rectangle lies on a given surface with its

four edges cut off by four additional surfaces, see Fig. 3.9. Denoting the

surface equations by ϕi(x) = 0, i = 1, . . . , 5, we introduce the following
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nonlinear equations:

ϕ1(x) = 0

(1− ξ2)(1− f1(ξ1))ϕ5(x) + f1(ξ1)ϕ3(x)

ξ2(1− f2(ξ1))ϕ5(x) + f2(ξ1)ϕ3(x) = 0 (3.1.12)

(1− ξ1)(1− f3(ξ2))ϕ2(x) + f3(ξ2)ϕ4(x)

+ξ1(1− f4(ξ2))ϕ2(x) + f4(ξ2)ϕ4(x) = 0

ϕ
ϕ (x,y,z)=0

(x,y,z)=0

ϕ

ξ
ξ

1

(x,y,z)=0

1

5

3
ϕ

2

(x,y,z)=0ϕ

(x,y,z)=0

4
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Figure 3.9: Implicit rectangle

where fi(ξ), i = 1, . . . , 4 are the stretching functions determined by request-

ing the compatibility of the rectangle parameterization with the existing, spec-

ified parameterizations for its edges:

(1− f1(ξ1))ϕ(x1
c(ξ1)) + f1(ξ1)ϕ3(x1

c) = 0

(1− f2(ξ1))ϕ(x3
c(ξ1)) + f2(ξ1)ϕ3(x3

c) = 0

(1− f3(ξ2))ϕ(x4
c(ξ2)) + f3(ξ2)ϕ4(x4

c) = 0 (3.1.13)

(1− f4(ξ2))ϕ(x2
c(ξ2)) + f4(ξ2)ϕ4(x2

c) = 0

with x1
c(ξ1),x2

c(ξ2),x3
c(ξ1),x4

c(ξ2) being the parameterizations of the edges.

47



(  )2

(  )5 (  )3

(  )4

(  )1

���������������������������������������������

������������������������������������

�����������������������������������������

�������������������������������������������
��
��
��
��
��
�

z

x

R=8

r = 4

y

l

l

ll

2

1

3

4

3

2
1

4

(  )4

(  )1
(  )3

(  )2

(  )5

Figure 3.10: An example of Implicit Rectangle

From the equation above, we can get the physical coordinates in terms of parameter

ξ1, ξ2 The parameterization map is x(ξ1, ξ2). Derivatives ∂xi
∂ξj

are determined the

same way as for the implicit curve. Figure 3.10 shows an implicit rectangle made

up of 5 surfaces.

Now, we review shortly the classical technique of transfinite interpolation

[45],[44]. The objective of applying Transfinite Interpolation Parameterizations is

to construct parameterizations of a geometrical entity using given parameterizations

of lower-dimensioned entities. In such case, geometric parameterizations can be

defined by building it from the ”bottom up”. For instance, the parameterization

of a rectangle can be obtained once we know the parameterizations for its four

edges(curves). The edge parameterizations are extended to the whole reference
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rectangle using the classical transfinite interpolation and linear blending functions

technique.

η
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Figure 3.11: Local topological information for a reference hexahedron

Similarly, we can construct the parameterization for a transfinite interpola-

tion hexahedron. The connectivity of a hexahedron on the reference coordinates

is shown in Fig.3.11. The connectivity information includes the local ordering of

vertexes, edges and faces(illustrated with numbers), and the orientations for each of

the twelve edges and six faces(illustrated with arrows).

We introduce the following notation,

φ(η1, η2, η3) =
8∑

1

xvψv +
12∑

1

φeψe +
6∑

1

φsψs. (3.1.14)
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• xv denote the global physical coordinates of the vertex v.

• ψv is the corresponding vertex blending function,

ψv = χiχjχk (3.1.15)

where χi, χj and χk are the 1D shape linear functions of η1, η2 or η3.

The eight vertex trilinear blending functions are listed in Table 3.1.

Vertex ψv
Number

(1) (1− η1)(1− η2)(1− η3)

(2) η1(1− η2)(1− η3)

(3) η1η2(1− η3)

(4) (1− η1)η2(1− η3)

(5) (1− η1)(1− η2)η3

(6) η1(1− η2)η3

(7) η1η2η3

(8) (1− η1)η2η3

Table 3.1: The hexahedron blending functions for each vertex

• φe is the edge bubble function. It can be expressed as:

φe(ξe) = φ̂e(ξe)−
2∑

i=1

xviψvi (3.1.16)

where

– ξe is the local parameter for the edge, see Table 3.3.

– φ̂e(ξe) is the GMP parametrization for the edge, adjusted for orientation,

– xvi are the physical coordinates of the edge end points, i = 1, 2 listed

in order corresponding to the edge local parametrization,
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Edge ψe Surface ψs
Number Number

(1) (1− η2)(1− η3) (1) 1− η3

(2) η1(1− η3) (2) η3

(3) η2(1− η3) (3) 1− η2

(4) (1− η1)(1− η3) (4) η1

(5) (1− η2)η3 (5) η2

(6) η1η3 (6) 1− η1

(7) η2η3

(8) (1− η1)η3

(9) (1− η1)(1− η2)

(10) η1(1− η2)

(11) η1η2

(12) (1− η1)η2

Table 3.2: The hexahedron blending functions for each edge and face

– ψvi are the corresponding vertex blending functions, restricted to the

edge.

• ψe is the corresponding edge bilinear blending function, see Table 3.2.

• φs is the face bubble function. It can be expressed as:

φs(ξs) = φ̂s(ξs)−
4∑

i=1

xviψvi −
4∑

i=1

φeiψei (3.1.17)

where

– ξs is the local parametrization for the face, ξs = (ξs1 , ξs2), see Table

3.3,

– φ̂s(ξs) is the GMP parameterization for the face, adjusted for orienta-

tion.

– xvi are the physical coordinates of the face vertexes.
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Edge ξe Surface ξs
Number Number

(1) η1 (1) (η1, η2)

(2) η2 (2) (η1, η2)

(3) η1 (3) (η1, η3)

(4) η2 (4) (η2, η3)

(5) η1 (5) (η1, η3)

(6) η2 (6) (η2, η3)

(7) η1

(8) η2

(9) η3

(10) η3

(11) η3

(12) η3

Table 3.3: The parameterization of the edges and faces

– ψvi are the corresponding vertex blending functions, restricted to the

face.

– φei are the bubble functions for the four edges of the face,

– ψei are the corresponding edge blending functions, restricted to the face.

• ψs is the corresponding face linear blending function, see Table 3.2.

In the construction of the transfinite interpolations defined in this section,

we refer to parameterizations of edges and faces in terms of local coordinates. The

GMP parameterizations for edges and faces are provided in terms of global coor-

dinates, and adjusting for the orientation of edges and faces involves transforming

local edge and face coordinates into the global ones.
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3.1.3 Concatenation scheme and GMP examples

In this section, we discuss how to concatenate two different geometrical

objects; see Fig. 3.10 for the example of concatenation of two bricks. When con-

catenating two different geometrical objects, we make the following assumptions:

1. The two objects to be concatenated have been described by two separate input

files.

2. Besides the input files for the two objects, an extra input file is provided,

which lists all the geometrical entities from objects1 that lie on the interface.

3. The two objects are described in the same system of physical coordinates.

4. All entities on the interface that belong to both objects must have the same

types and orientations.

We describe now the concatenation algorithm.

Step1: We begin by inputing the geometrical data stored in files input1 and input2

and storing them in two different data structure moduli GMP1.f and GMP2.f.

This is done in routines input geometry1.f and input geometry2.f which are

exact copies of routine input geometry.f except for the different data structure

moduli.

Step2: We loop through all geometrical entities corresponding to the interface and

referred to in terms of object1 data structure, and perform a global search

through entities of object2 to identity the corresponding entity numbers in
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Figure 3.12: Concatenation of two bricks
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Figure 3.13: Mock0 model with a tower

object2. This is done in routine input inter.f. Upon its execution, for each

interface entity, we know the corresponding numbers in both data structures.

For example, from input file interface, see Fig. 3.12, we know that the 1st

point on interface is the 3rd point in object1. The point’s type is regular and

it coordinates are (1, 1, 0). By looping through all the points of object2, we

can locate the point with the same type and the same coordinates, i.e., the

4th point in object2. Then we store the connectivity data for point 1 on the

interface as INTPOINTS(1,1) = 3 and INPOINTS(2,1) = 4.

Step3: Knowing all the connectivities for the interface, we can modify now the
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geometrical data structure in object2. This is done in routine changeoj2.f

which loops through all the geometrical entities in object2 and changes their

numbers according to the connectivity information. If an entity from object2

lies on the interface, we change its number to the corresponding number of

matching entity in object1, otherwise we assign it a new number equal to the

current total number of the entities plus one.

For example, see Fig. 3.12. we know the 4th point in object2 is on inter-

face, and we change the number from 4 = INTPOINTS(2,1) to 3 = INT-

POINTS(1,1). We also know the 6th point in object2 is not on interface. This

point is the 5th point in object2 that is not on interface, and there are totally 8

points in object1. Therefore, the point number is changed from 3 to 11, i.e.,

8 + 3 = 11.

Along with the change of numbering, we change all the connectivity infor-

mation in object2.

For example, the curves’ numbers that meet at the point 11 in object2 are

POINTS1(11)%CurvNo(1:3) = (5, 6, 10). In order to concatenate, we change

the point’s connectivity to POINTS1(11)%CurvNo(1:3) = (16, 17, 9), see

Fig. 3.12.

Step4: We list the entities on the interface only once and update their connectivity

information. For example, number of curves meeting at the point 7 on their

interface is changed form 3 to 4, and the curve’s numbers change from

POINTS1(7)%CurvNo(1:3) = (6,7,11) to POINTS1(7)%CurvNo(1:4) =

56



Figure 3.14: An dipole antenna in a sphere

(6,7,11,18), see Fig. 3.12.

Step5: Now, after we have modified the data structure of object2 , we concatenate

the two objects by looping through all the entities in the two objects sepa-

rately, outputting the concatenated data to file input3. This is done in routine

joint.f.

Step6: We read in the geometrical data from file input3 and store them into a single

module GMP.f. This is done in routine input geometrical.f. As a result, we

get the concatenated object shown in Fig. 3.12.

We conclude our presentation of the revised GMP with a couple of typical

examples. Fig.3.13 presents a Mock0 model of a submarine that has been used
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for solving elastic scattering problems [13]. A simple model of a dipole antenna

enclose din a truncating surface and used for hp FE simulation [32] is shown in

Fig.3.13 In both examples, the corresponding input files were prepared manually.

3.2 Interface with Mesh-Based Geometry (MBG)

The relatively simple GMP code was written at the expense of a labor in-

tensive preparation of input data. The geometrical object has to be first partitioned

by hand into geometrical entities, then denumerated so that a complete topological

information on the object can be specified manually by the user. The topological

information includes coordinates of all points, the specified ordering for local en-

tities, and the orientations of edges and faces. For practical engineering problems,

this method is slow and expensive. Hence, it is necessary to reduce the time that

it takes to generate the connectivities for hex meshes of complicated, interlocking

assemblies.

We present two approaches we use to make the preparation of such data

fully automatic [124]. The first approach is based on an interface with CUBIT, a

mesh generation tool suite developed at Sandia National Labs. We use the Exodus

II international standard to import Mesh Based Geometry, which has the necessary

connectivities generated by CUBIT, into our Geometrical Modeling package. Then

we run GMP to construct the actual parameterizations.The technique is used to

generate geometric models and corresponding hpmeshes for Induction Logging In-

strument. In the second approach, we interface GMP with coarse meshes generated

from MRI scans using geometry reconstruction techniques, developed at Center for
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Figure 3.15: (a) Geometric model of an cylindrical shell. (b) Hexahedron meshes of the
cylindrical shell generated in CUBIT

Computational Visualization(CCV) at ICES. The work is heading toward modeling

of EM waves in the human head.

3.2.1 CUBIT models

This section presents the implementation details of an interface between

Geometrical Modeling Package (GMP) and Mesh-Based Geometry (MBG) from

CUBIT. The interface uses connectivities, i.e., the topology information stored in

MBG, and partitions a 3D geometrical object into a FE-like mesh of curvilinear

hexahedra. Using the interface, the GMP then automatically constructs a parame-

terization for each hexahedron in the GMP mesh. In order to describe the function-

ality of the interface, we will use the example of a cylindrical shell shown in Fig.

3.15(a).We present here only the main steps of the approach,

Step1: Geometry construction and mesh generation process.
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Figure 3.16: The geometric model for cylindrical shell in GMP

Step 2: Element blocks creation and topological information exporting process.

Step 3: Construction of linear hexahedra parameterizations.

Step 4: Construction of curvilinear hexahedron parameterizations.

Step 5: Standard GMP input file exporting.

Detailed implementation is described in [124] and the resulted curvilinear model in

GMP is shown in Fig.3.16.

We now present two examples generated from the GMP interface with CU-

BIT.

Modeling of a T-type antenna. This model was provided by Dr. Adam Zdunek

from the Swedish Aeronautical Institute. Fig.3.17(a) presents a meshed T-type an-
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Figure 3.17: (a) MBG of T-type antenna in CUBIT. (b) Geometric model of T-type antenna
in GMP

tenna generated by CUBIT. The geometric model construction and mesh generation

process in CUBIT is stored as a journal file.

The connectivity information of the T-type antenna model generated in CU-

BIT is saved in the text file. After running the interface, we get the geometric

model of the antenna model in GMP, see Fig.3.17(b). Numbers of all GMP entities

are listed in Table 3.4.

NRSURFS NRPOINT NRCURVE NRTRIAN
41 44 99 0

NRRECTA NRPRISM NRHEXAS
76 0 20

Table 3.4: Numbers of global entities in GMP for the antenna model

Modeling of EM logging devices. We present now a more complicated example

related to simulating of EM fields for an Induction Logging Instrument. The struc-
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Figure 3.18: Tool model in CUBIT

Figure 3.19: MBG of the Tool Model with all generated hexahedra

ture of the tool is symmetric so that we need to model half of the tool only. The

whole model will then be constructed using the concatenation capabilities of GMP.

The half tool model consists of an axial drill, two titled coils and two cor-

responding shields, and it is embedded in a 3D volume. The first figure in Fig.3.18

shows the solid geometric model of the tool in CUBIT without the two shields.

Given the geometric data, we mesh the solid tool model in CUBIT, see Fig.

3.19. Then we export the topological information into our GMP interface. Once

the topology information for the 3D geometric model of the tool is obtained, i.e.

the object can be partitioned into a FE-like mesh of linear hexahedra, the GMP can

construct parameterizations for each linear hexahedron according to the implemen-

tation steps listed in last section. Using the connectivity information for the four

curvilinear surfaces in MBG. we can finally get all parameterizations for both lin-
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Figure 3.20: Geometric Model in GMP

ear and curvilinear hexahedra. Fig. 3.20 shows the generated geometric model of

the tool in GMP by using the interface. Then we save the global geometric data to

a standard GMP input file. The GMP global data are shown in Table 3.5.

GLOBAL ENTITY NUMBER
NRSURFS 1021
NRPOINT 5109
NRCURVE 14568
NRTRIAN 0
NRRECTA 13860
NRPRISM 0
NRHEXAS 4400

Table 3.5: Numbers of global entities in GMP for the cylindrical shell model

The obtained GMP mesh with curvilinear and linear hexahedra can be used

later to generate the actual FE meshes of arbitrary high order, and make geometry

updates during mesh refinements.

3.2.2 Linear surface reconstruction models

In this section, we present an approach for obtaining the connectivity infor-

mation extracted directly from volumetric imaging data, i.e., primarily Computed
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Figure 3.21: 3D human head model in a sphere

Tomography (CT) and Magnetic Resonance Imaging (MRI). The extracted Mesh

Based Geometry always has complicated topologies. For our high order finite ele-

ment simulations, it is important to generate high resolution models consisting of a

minimum number of hexahedra.

In our approach, we interface GMP with coarse meshes generated from MRI

scans using geometry reconstruction techniques, developed at Center for Compu-

tational Visualization (CCV) at ICES. The coarse meshes, represented as unions

of hexahedra, provide nodal topological information. The information includes in-
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dexes of eight nodes of each hexahedron and coordinates of nodes. Let’s take a

human head model for example. By translating the topology of the meshed head

into the standard geometric data in GMP, we construct the parameterizations of

trilinear hexahedra to reproduce the geometry.

Simulation of EM waves in the human head, involves enclosing the head

within a truncating sphere and meshing the entire volume within the sphere, and

the head. Special absorbing boundary conditions are then imposed on the truncating

sphere to model the interaction with the rest of the space. A cross section through

the sphere with the enclosed head is shown in Fig. 3.21.

We use the algorithm in last section to construct (tri)linear hexahedra. The

connectivity information for the human head can be transformed into the standard

geometric data in GMP by using the interface. Figure 3.22 shows the generated 3D

GMP model of a human head. The head model was reconstructed in the form of

a (tri) linear hexahedra parameterizations, which can be used later to generate the

actual FE meshes of arbitrary high order, and make geometry updates during mesh

refinements. The numbers of all the GMP entities are shown in Table 3.6.

GLOBAL ENTITY NUMBER
NRSURFS 0
NRPOINT 25744
NRCURVE 8448
NRTRIAN 0
NRRECTA 4424
NRPRISM 0
NRHEXAS 704

Table 3.6: Numbers of global entities in GMP for the human head model
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Figure 3.22: 3D geometric model of a human head without the outer sphere.

In this Chapter, we have explored a number of novel geometrical modeling

techniques and implemented them in our GMP. The GMP not only supports the

construction of exact parameterizations for a general class of 2D (BEM) [20] and

3D (FEM) [30] manifolds in IR3, but also provides the derivatives of the mappings

with respect to reference coordinates for any given points in reference frame. In

summary, our method has the following characteristics:

• High accuracy geometric representation, especially for complex 3D high or-

der geometry.

• Compatibility of parameterizations, required by meshing procedures.

• Compact yet powerful implementation in Fortran90 based on an open data

structure.

66



Chapter 4

Reconstruction of G1 Surfaces

In this Chapter, we present an approach to reconstruct a G1 surface that

interpolates given vertices with prescribed normal vectors. The G1 surface is rep-

resented in a parametric form implemented in two main steps: construction of a

curve network using Hermite curves, followed by a construction of corresponding

cubic normals, and G1 surface fitting using biquartic rectangular patches interpo-

lation. The proposed scheme is based on the idea of C0- and G1- compatibility

conditions for the curve net and the rectangular patches, respectively. The vertex

enclosure constraints are also been satisfied by formulating necessary compatibility

conditions.

In last Chapter, we interfaced the Geometric Modeling Package(GMP) with

a geometric data to obtain the connectivity information, and constructed a 3D piece-

wise trilinear model of the human head [124]. The geometric data is generated from

MRI scans by extracting adaptive meshes directly from volumetric imaging data,

using a top-down octree subdivision coupled with the dual contouring method[129].

As a result, the head model is represented in terms of vertex normal pair [5], which

is defined as vertexes with attached normals on the extracted isosurface generated

by Marching Cubes algorithm (MC)[66]. The head model is represented in terms
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of the following nodal information:

• Nodal connectivities for each hexahedron.

• Coordinates pi of each node in a physical frame.

• Normal vectors ni for each node on the surface of the head.

Sizable errors are introduced into the parameter prediction when the geometric ap-

proximation is too low with respect to the polynomial order of the discretization.

In addition, the geometric model needs to be smooth enough to produce a finite

element mesh free of local geometric discontinuities which would create artifacts

in the EM solution. The hp-adaptive method requires at least a G1 continuous ge-

ometry reconstruction. Otherwise, the hp FE code adapts meshes to resolve the

non-physical scattering of waves on edges resulting from the poor, low order geom-

etry representation.

The term interpolation is used here to describe ways of fitting a curve or

surface to a set of data points or curves [104]. The objective of this project is

to reconstruct a G1 surface that interpolates given vertices with prescribed normal

vectors. The proposed surface reconstruction scheme is based on a parametrized

surface by implementing a local interpolation on rectangular patches, and it has the

following properties:

• local control of shape,

• numerical stability,

68



• smoothness and continuity,

• ability to evaluate derivatives.

The reconstruction of free-form geometry is the main modeling challenge.

Generally speaking, there is no restriction on the number of cells meeting at a mesh

point or the number of edges adjacent to a mesh cell. The surface mesh cells need

not be planar.

Constructing Gk surface of arbitrary shape by existing methods is quite

cumbersome. The proposed G1 surface reconstruction scheme is based on an ex-

plicit parametric representation of rectangular patches focusing on an arbitrary un-

structured surface mesh. The scheme has been implemented within our GMP, fit-

ting into a general class of both explicit and implicit parameterizations. Compared

with implicit parameterizations, parametric representations have the advantage of

simplicity and better represent the effect of the geometric data (in our case -an un-

structured surface grid of bilinear quadrilaterals with normals prescribed at the grid

points) on the ultimate shape of the reconstructed surface.

4.1 Analysis of constraints and conditions

The resulting surface must form a G1 manifold where the patches join with

G1 continuity. Two rectangular patches X1 and X2 are G1 compatible if and only

if the normal to surface X1 is well defined (non-vanishing) and agrees with the

normal of X2 at each point of the edged shared by the two patches, the so called

oriented tangent plane continuity[86]. Even if the curve network can be embedded
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into a G1 manifold then there does not necessarily exists a polynomial solution for

the above interpolation problem. The issue is related to the so called twist incom-

patibility or vertex enclosure problem[5].

The G1 Constraints. Consider a rectangular patch X1 with parameters u, v and

its neighbor patch X2 with parameters u,w as illustrated in Fig. 4.1. Concentrate

on the common boundary where v = w = 0. If both rectangular patches are suffi-

ciently smooth, X1 and X2 are G1 compatible if and only if the surface normal to

X1 is well defined and agrees with the normal ofX2 at each point of the boundary:

∂X1/∂v × ∂X1/∂u

|∂X1/∂v × ∂X1/∂u|
=

∂X2/∂u× ∂X2/∂w

|∂X2/∂u× ∂X2/∂w|
. (4.1.1)

∂X1/∂v × ∂X1/∂u 6= 0 guarantees non-vanishing normals.

X 2(       )wu,

X1(       )v,u

0

0

1

1

u

v uv

w

1

1

w

u

Figure 4.1: Parametrization of two abutting rectangular patches

In the proposed methodology, the G1 surface reconstruction will be done in

two steps,
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Step 1: Construction of a curve network. We construct admissible parametric curves

ξ ∈ [0, 1] → Xci(ξ) ∈ IR3, which are G1 continuous at the vertices. Conti-

nuity is achieved by using an alternative sufficient constraint that forces the

mesh curves to interpolate vertex data pi,ni while having compatible nor-

mals ξ ∈ [0, 1] → N ci(ξ) ∈ IR3 specified at each point on the boundary of a

rectangular patch, i.e., along the mesh curves, see Fig.4.2.

1p
2

p

n1

n2N

X’

X

(   )ξ

(   )ξ

(   )ξ

Figure 4.2: A parametric curve Xc(ξ) and its normal vector N c(ξ)

Step 2: G1 surface fitting. We interpolate between curves of the network obtained

in Step 1 using a smooth parametrized surface, by implementing an algorithm

for local interpolation of rectangular patches, see Fig.4.3. A rectangular patch

is the image of a bivariate polynomial X parametrized with parameters ξ =

(ξ1, ξ2) restricted to a standard domain, ξ ∈ [0, 1]2 →X ∈ IR3.

The compatibility conditions for curves should guarantee the G1 smooth-

ness as well as conformity to the boundaries. They consist of two parts,

G1 compatibility conditions for curves:
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Xc(0) = p1; X ′c(0) · n1 = 0

Xc(1) = p2; X ′c(1) · n2 = 0 (4.1.2)

G1 compatibility conditions for normals:

F (ξ) = X ′c(ξ) ·N c(ξ) ≡ 0. (4.1.3)

In the case of a regular parametric surface, ∂2X
∂ξi∂ξj

·N are the so called coefficient

functions of the second fundamental form. From (4.1.3), on the boundary of the

rectangular patch we have

∂2X

∂ξi∂ξj
·N = −∂X

∂ξi
· ∂N
∂ξj

. (4.1.4)

For any C2-parameterization, includes the biquartic parameterization under con-

struction, the second order mixed derivative do not depend upon the order of differ-

entiation. This implies the necessary twist compatibility condition [5]. A surface

patch X(ξ1, ξ2) has compatible twist vectors at each vertex if any of the two nor-

mals N ci ,N cj on curvesXci ,Xcj meeting at one vertex, it satisfies,

Twist compatibility conditions for normals:

N ′ci ·X ′cj = N ′cj ·X ′ci (4.1.5)

In a similar way, the compatibility conditions for rectangular patches also

consist of two parts,

72



C0 compatibility conditions for patches:

(1) X(ξ1, 0) = Xc1(ξ1); (2) X(1, ξ2) = Xc2(ξ2);

(3) X(ξ1, 1) = Xc3(ξ1); (4) X(0, ξ2) = Xc4(ξ2); (4.1.6)

G1 compatibility conditions for patches:

(1)
∂X

∂ξ2

(ξ1, 0) ·N c1(ξ1) = 0; (2)
∂X

∂ξ1

(1, ξ2) ·N c2(ξ2) = 0;

(3)
∂X

∂ξ2

(ξ1, 1) ·N c3(ξ1) = 0; (4)
∂X

∂ξ1

(0, ξ2) ·N c4(ξ2) = 0,

where N c(ξ) is the normal function along the curve; ∂X
∂ξi

, i = 1, 2 are the Cross

Boundary Derivatives (CBDs).
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Figure 4.3: Interpolation of a rectangular patch

Why cubic curve? We usually want the reconstructed curve to be as smooth as

possible, i.e.,

• minimize the wiggles.
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• avoid using high-degree polynomials.

Cubic curves are commonly used in graphics because curves of lower order com-

monly have too little flexibility, while curves of higher order are usually considered

unnecessarily complex and can easily introduce undesired wiggles. The use of cu-

bic curve can also be explained in an optimization sense. As the second derivative

of curveXc(ξ) approximates curvature, we determine an optimal curve reconstruc-

tion scheme by seeking the solution to the following variational problem:

Given endpoints p1,p2 and normal vector n1,n2 , find a curve parametrization
Xc : [0, 1] → IR3 which satisfies compatibility conditions in equation (4.1.2) and
minimizes the mean (linearized) curvature,

I =

∫ 1

0

|X ′′c (ξ)|2dξ → min. (4.1.7)

The problem can be stated formally in space H2(0, 1), and it admits a

unique solution which satisfies the following (equivalent to the minimization prob-

lem) variational statement,

∫ 1

0

X ′′cδX
′′
cdξ = 0, (4.1.8)

for every parametrization, test function δX c satisfying homogeneous essential bound-

ary conditions,

δXc(0) = 0; δX ′c(0) · n1 = 0 (4.1.9)

δXc(1) = 0; δX ′c(1) · n2 = 0.
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Integration by parts leads to
∫ 1

0

X ′′cδX
′′
cdξ = −

∫ 1

0

X ′′′c δX
′
cdξ +X ′′cδX

′
c|10

=

∫ 1

0

XIV
c δXcdξ −X ′′′c δXc|10︸ ︷︷ ︸

=0

+X ′′cδX
′
c|10. (4.1.10)

Restricting ourselves first to test functions that vanish on the boundary along with

their first order derivatives, we get
∫ 1

0

XIV
c δXcdξ = 0 ∀δXc ∈H2

0(0, 1). (4.1.11)

This implies that XIV
c = 0 and, therefore, Xc must be a cubic polynomial Xc ∈

P 3. The variational statement reduces to,

X ′′c (1)δX ′c(1)−X ′′c (0)δX ′c(0) = 0.

Assuming δX ′c(1) 6= 0, δX ′c(0) = 0, we conclude that

X ′′c (1)δX ′c(1) = 0. (4.1.12)

The unit tangent vector t̂ on the curve is defined as t̂(ξ) = X ′
c(ξ)

|X ′
c(ξ)|

. The direction

of unit binormal b̂ is determined by b̂(ξ) = X ′
c(ξ)×X

′′
c (ξ)

|X ′
c(ξ)×X

′′
c (ξ)|

. The unit principal

normal n̂(ξ) = b̂(ξ) × t̂(ξ). Decomposing X ′′c (1) and δX ′c(1) into their tangent

and principal normal components,

X ′′c (1) = (X ′′c (1) · n̂)n̂+ (X ′′c (1) · t̂)t̂

δX ′c(1) = (δX ′c(1) · n̂)n̂+ (δX ′c(1) · t̂)t̂, (4.1.13)

we reduce equation(4.1.12) to,

(X ′′c (1) · n̂)(δX ′c(1) · n̂) + (X ′′c (1) · t̂)(δX ′c(1) · t̂) = 0. (4.1.14)
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This, together with essential conditions for test function in equation (4.1.10), im-

plies the final natural boundary condition at ξ = 1,

X ′′c (1) · t̂ = 0,

or equivalently, X ′′c (1)× n2 = 0. In the same way,

X ′′c (0) · t̂ = 0⇐⇒X ′′c (0)× n1 = 0. (4.1.15)

The cubic curve reconstruction has the following properties:

• it minimizes the mean (linearized) curvature,

• it provides the lowest order polynomials representation that interpolates two

points and allows for the gradient at each point to be defined which makes

the G1 continuity possible

• it reduces automatically to linear polynomials ( a straight line segment), for

appropriate vertex data.

The algebraic form of a parametric cubic curve is given by the following vector

equation:

Xc(ξ) = aξ3 + bξ2 + cξ + d, (4.1.16)

where a, b, c,d are vector algebraic coefficients.

The coefficients are not the most convenient way of controlling the shape

of the curve in typical modeling situations, nor do they contribute much to an intu-

itive understanding of the curve. A practical alternative is offered by the Hermite
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interpolation, which allows us to define a curve segment in terms of its endpoints

[75]. More specifically, we need to know the coordinates p1,p2 and tangent vectors

t1, t2 at both endpoints. Evaluating equation(4.1.16) and its derivative at ξ = 0, 1,

we obtain the algebraic coefficients in terms of the boundary conditions by solving

a set of four equations in four unknowns,

a = 2p1 − 2p2 + t1 + t2; b = −3p1 + 3p2 − 2t1 − t2;

c = t1; d = p1, (4.1.17)

Substituting the coefficients into equation (4.1.16) and rearranging the terms pro-

duces,

Xc(ξ) = (2ξ3 − 3ξ2 + 1)p1 + (−2ξ3 + 3ξ2)p2

+(ξ3 − 2ξ2 + ξ)t1 + (ξ3 − ξ2)t1

= H1(ξ)p1 +H2(ξ)p2 +H3(ξ)t1 +H4(ξ)t2. (4.1.18)

where Hi are the Hermite Basis Functions. Differentiating equation(4.1.18), we

get,

X ′c(ξ) = H ′1(ξ)p1 +H ′2(ξ)p2 +H ′3(ξ)t1 +H ′4(ξ)t2 (4.1.19)

= (6ξ2 − 6ξ)p1 + (−6ξ2 + 6ξ)p2 + (3ξ2 − 4ξ)t1 + (3ξ2 − 2ξ)t2.

Matrix algebra and its notation scheme offer a compact mathematical form for rep-

resenting a curve. We can rewrite equation (4.1.18) as a product of two matrices. in

matrix form,

X ′c(ξ) = FB, (4.1.20)
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where F is a 4× 4 Hermite basis transformation matrix,

F = [ξ3 ξ2 ξ 1]




2 −2 1 1
−3 3 −2 −1
0 0 1 0
1 0 0 0


 (4.1.21)

andB is the Hermite control matrix,

B = [p1 p2 t1 t2]T . (4.1.22)

Equation (4.1.20) is also known as the cubic Hermite spline equation.

Figure 4.4: Five basis functions and their first derivatives

Why cubic normal? To obtain the desired G1 conditions in equation (4.1.7), we

need to find the normal derivative along the mesh curves. The approach does away

with position vectors p1,p2 and tangent vectors t1 and t2, and uses an independent

normal function N c(ξ). In other words, the curve reconstruction involves not only

defining the curve but also specifying the variation of normals N c defined along

the curve and matching the normals at the endpoints,

N c(0) = n1; N c(1) = n2. (4.1.23)
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The parametrization for a rectangular patch X(ξ1, ξ2) is then requested to

satisfy C0 compatibility conditions (4.1.6) and G1 compatibility conditions (4.1.7).

The use of bicubic polynomials implied N c ∈ P 1 which in turn led to geometri-

cally unacceptable situation.

Biquartic functions involve linear combinations of twenty five monomials

in ξ1 and ξ2. The scalar-valued interpolation involves tensor products of five one di-

mensional shape functions, the Hermite basis Hi(ξ), i = 1, . . . , 4 and a fifth bubble

function H5(ξ), illustrated in Fig.4.4. The order of the surface interpolation intro-

duces four additional edge shape functions which result in a total of (4+4)×3 = 24

scalar unknowns to satisfy G1 condition. Thus, we have five coefficients per edge.

As Condition (4.1.7) must be enforced along each edge, the maximum polynomial

order ofN c(ξ) is three, N c ∈ P 3.

4.2 The construction
4.2.1 Curve network construction

The curve network construction includes Hermite curves interpolationX c(ξ)

along with its cubic normal interpolation N c(ξ). The curve network should satisfy

G1 compatibility conditions in (4.1.2) for curves and G1 compatibility conditions

in (4.1.3) for normals. The curve net will later be extended to a G1 smooth surface.

Hermite Curves. A Hermite curve is constructed by determining the vector coef-

ficients t1, t2 of polynomial (4.1.18). The two unknown vectors can be expressed in

terms of their Euclidean components, t1 = (t
(1)
1 , t

(2)
1 , t

(3)
1 ) and t2 = (t

(1)
2 , t

(2)
2 , t

(3)
2 ).
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The boundary conditions resulted from the variational principle are,

• essential boundary conditions:

X ′c(0) · n1 = t1 · n1 = 0;

X ′c(1) · n2 = t2 · n2 = 0, (4.2.24)

• natural boundary conditions:

X ′′c (0) = −6p1 + 6p2 − 4t1 − 2t2 = λ1n1;

X ′′c (1) = 6p1 − 6p2 + 2t1 + 4t2 = λ2n2. (4.2.25)

where λ1, λ2 are two unknown scalars. equations (4.2.24) and (4.2.25) yield a linear

system of 8 × 8 equations to be solved for the components of t1, t2, and constants

λ1 and λ2.

The cubic curve may degenerate to a lower order polynomial. In the case of

a straight line segment, Xc(ξ) ∈ P 1, the vector coefficients corresponding to the

third order and the second order terms vanish,

a = 2p1 − 2p2 + t1 + t2 = 0

b = −3p1 + 3p2 − 2t1 − t2 = 0. (4.2.26)

As the second derivatives of the curve vanishes,

X ′′c (ξ) = 0⇒ λ1 = λ2 = 0. (4.2.27)

System (4.2.25) can now be solved for t1 and t2,

t1 = t2 = p2 − p1, (4.2.28)
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which yields the final form for the curve,

X(ξ) = p1(1− ξ) + p2ξ. (4.2.29)

In this degenerated case, the nodal data of the curve p1, p2, n1 and n2 must satisfy

the compatibility conditions,

n1 ⊥ p2 − p1 n2 ⊥ p2 − p1. (4.2.30)

Assume now that the cubic curve degenerates to a second order polynomialX c(ξ) ∈

P 2, the vector coefficient corresponding to the third order term vanishes,

a = 2p1 − 2p2 + t1 + t2 = 0. (4.2.31)

The second derivative of the curve is a constant different from zero, which implies

that,

X ′′c (0) || X ′′c (1)⇒ n1 || n2. (4.2.32)

We have

a · n1 = 2(p1 − p2) · n1 + t1 · n1 + t2 · n2 = 2(p1 − p2) · n1 = 0. (4.2.33)

This implies condition (4.2.30) from which, in turn, follows that the curve must

degenerate to a line segment. Consequently, the cubic can never degenerate to a

second order polynomial.

Cubic Normals. The third order normals along the curve can be written as:

N c(ξ) = n1H1(ξ) + n2H1(ξ) + b1H3(ξ) + b2H4(ξ), (4.2.34)
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where b1, b2 are two unknown vector coefficients.

LetN c(ξ) be the cubic normal along curveXc(ξ), then the G1 compatibil-

ity conditions forN c are F (ξ) = X ′c(ξ) ·N c(ξ) ≡ 0. As the F (ξ) ∈ P 5, the above

G1 compatibility condition is equivalent to enforcing

F (0) = F (1) = 0,

X ′(0) ·N ′(0) = −λ1||n1||2 (4.2.35)

X ′(1) ·N ′(1) = −λ2||n2||2

F (1/3) = F (2/3) = 0.

The first equation has already been satisfied. The second and third equations come

from the natural boundary conditions.

If the curve network has M curves, the twist compatibility condition (4.1.5)

gives us 2M scalar equations to be satisfied. Along with the 4M equations in

(4.2.35), we obtain a linear global system in matrix form,

Ax = d (4.2.36)

where A is a 6M × 6M square matrix of coefficients; x is a vector of unknown

d.o.f. in terms of six unknown components of b1, b2 for each normal; d is a known

right-hand side vector. The matrix A may degenerate to a singular matrix. It is for

this reason, that we can not employ standard Gaussian elimination, and use Singular

Value Decomposition (SVD) techniques to minimize the distance to d in the least

square sense [38, 41, 78].
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Let’s study the uniformly stability for an ill-conditioned situation deals with

a cubic curve degenerating into a straight line segment in (4.2.30). Vanishing terms

in (4.2.35) results in a singular matrix A.

Figure 4.5: Stability of degenerated case for a curve with corresponding normals

The geometric data for the limit case are: n1 = (0, 0, 1),n2 = (1, 0, 0) and

p1 = (0, 0, 0),p2 = (0, 1, 0). Using SVD, we study the behavior of the matrixA as

n2 → (0, 0, 1). We use the curve reconstruction routine, with data n2 = (0, 1.0d−

k, 1), k = 0, 1, ..., 15. The code delivers uniformly stable results converging to the

limit case. Fig. 4.5(a) shows the results of the curve reconstruction for values n2

varying from (0, 1, 1) to (0, 0.01, 1) (the red curve), then we use different scales to

illustrated the convergence property in 4.5(b) from (0, 0.01, 1) to (0, 0, 1).
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4.2.2 G1 surface fitting

Once we have constructed the four edge functions X ci , i = 1, . . . , 4, along

with the corresponding cubic normal vectorsN cii = 1, . . . , 4, we proceed now with

a construction of parameterizations for the rectangular patches. A general biquartic

rectangular patch X(ξ1, ξ2) ∈ Q(4,4) can be written as the sum of vertex nodes

contributionsXv, mid-edge nodes contributionsXe, and middle node contribution

Xs,

X(ξ1, ξ2) = Xv(ξ1, ξ2) +Xe(ξ1, ξ2) +Xs(ξ1, ξ2). (4.2.37)

The biquartic parameterization is constructed by enforcing the C0 Compatibility

Conditions (4.1.6) and the G1 Compatibility Conditions (4.1.7) on the boundaries.

TheXs(ξ1, ξ2) in expression (4.2.37) can be written as,

Xs(ξ1, ξ2) = sψs(ξ1, ξ2), (4.2.38)

where s is a vector coefficient for the middle node contribution, and ψs is the cor-

responding face shape functions,

ψs = H5(ξ1)H5(ξ2). (4.2.39)

Note that the term ψs(ξ1, ξ2) vanishes along all four edges. In other words,

Xs does not affect the behavior of X(ξ1, ξ2) on the boundary. On the other side,

the first two contributions in (4.2.37) are uniquely determined by the boundary data

- edge functionsXci and normalsN ci . This results in a two step procedure:

Step1: Construct a G1 surface parameterization X∗(ξ1, ξ2) =

Xv(ξ1, ξ2) +Xe(ξ1, ξ2) interpolating the boundary data,
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Figure 4.6: Face shape function ψs

Step2: Determine vector s in (4.2.38) using a minimum energy principle.
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Figure 4.7: Vertex Node Interpolation

Vertex Nodes and Mid-Edge Nodes Contributions. The Xv(ξ1, ξ2) in (4.2.37)

is a standard bicubic Hermite surface interpolant Xv ∈ Q(3,3). It involves only

vertex data, see Fig.4.7. The total vertex contribution can be expressed as,

Xv(ξ1, ξ2) =
4∑

i=1

piψvi(ξ1, ξ2) +
2∑

j=1

4∑

i=1

tjiψtij(ξ1, ξ2) +
4∑

i=1

ciψvi(ξ1, ξ2).
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Here

• pi denote the position vectors for each of the four vertices i.

• ψvi are the corresponding bicubic vertex shape functions, listed in Table 4.1.

Vertex number i ψvi(ξ1, ξ2)

1 H1(ξ1)H1(ξ2)

2 H2(ξ1)H1(ξ2)

3 H2(ξ1)H2(ξ2)

4 H1(ξ1)H2(ξ2)

Table 4.1: The shape functions for position vector at vertex i

• tji are eight tangent vectors, where i = 1, . . . , 4 is the vertex number, and

j = 1, 2 is the index of ξj . For any rectangular patch, the eight tangent

vectors are obtained from the curve functionsX ci ,

{
t11 = X ′c1(0)
t21 = X ′c4(0)

{
t12 = X ′c1(1)
t22 = X ′c2(0)

{
t13 = X ′c3(1)
t23 = X ′c2(1)

{
t14 = X ′c3(0)
t24 = X ′c4(1).

(4.2.40)

• ψtij are the corresponding shape functions for tangent vectors at vertex i in

terms of ξj . The eight tangent vector shape functions are listed in Table 4.2.

Vertex number i ψti1(ξ1, ξ2) ψti2(ξ1, ξ2)

1 H3(ξ1)H1(ξ2) H1(ξ1)H3(ξ2)

2 H4(ξ1)H1(ξ2) H2(ξ1)H3(ξ2)

3 H4(ξ1)H2(ξ2) H2(ξ1)H4(ξ2)

4 H3(ξ1)H2(ξ2) H1(ξ1)H4(ξ2)

Table 4.2: The shape functions for tangent vectors at vertex i

• ci are the four unknown twist vectors (mixed derivatives) at each vertex i.
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• ψvi are the bicubic shape corresponding to each twist vectors. The four twist

vector shape functions are listed in Table 4.3.

Vertex number i ψci(ξ1, ξ2)

1 H3(ξ1)H3(ξ2)

2 H4(ξ1)H3(ξ2)

3 H4(ξ1)H4(ξ2)

4 H3(ξ1)H4(ξ2)

Table 4.3: The shape functions for twist vector at vertex i

TheXe(ξ1, ξ2) in (4.2.37) denotes the mid-edge nodes contributions,

Xe(ξ1, ξ2) =
2∑

j=1

4∑

i=1

eijψeij(ξ1, ξ2), (4.2.41)

where eij are eight vector coefficients to be determined, two per edge; ψeij are the

corresponding shape functions, see Table 4.4.

Edge number i ψei1(ξ1, ξ2) ψei2(ξ1, ξ2)

1 H5(ξ1)H3(ξ2) H5(ξ1)H1(ξ2)

2 H4(ξ1)H5(ξ2) H2(ξ1)H5(ξ2)

3 H5(ξ1)H4(ξ2) H5(ξ1)H2(ξ2)

4 H3(ξ1)H5(ξ2) H1(ξ1)H5(ξ2)

Table 4.4: The shape functions for edge i

The C0 Compatibility Conditions (4.1.6) and the fact that the curves have

been reconstructed using cubic polynomials only, X c(ξ) ∈ P 3, imply that contri-

butions corresponding to last four shape functions ψei2(ξ1, ξ2) must simply vanish,

i.e., ei2 = 0, i = 1, . . . 4. Note that the condition does not apply to the contributions

of the first four shape functions ψei1(ξ1, ξ2) which automatically vanish on the patch

boundary and contribute only with non-zero normals.
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The G1 Compatibility Conditions (4.1.6) require the knowledge of Cross

Boundary Derivatives (CBDs) along the boundary. The CBDs have a crucial ef-

fect on the shape of the constructed patches; they allow for the patches to ef-

fectively reflect the variation of the normals N ci . The CBD at any point on the

patch boundary is perpendicular to both the corresponding normal and the tan-

gent vectors. Given the reference coordinates (ξ1, ξ2) of a point on the rectangu-

lar patch, we first identity four corresponding points on the patch edges with co-

ordinates (ξ1, 0), (1, ξ2), (ξ1, 1), (0, ξ2). We compute then the four CBD functions

corresponding to each of the four edges of the patch:




∂X∗

∂ξ2
(ξ1, 0) = H1(ξ1)t21 +H2(ξ1)t22 +H3(ξ1)c1 +H4(ξ1)c2 + e1H5(ξ1)

∂X∗

∂ξ1
(1, ξ2) = H1(ξ2)t12 +H2(ξ2)t13 +H3(ξ2)c2 +H4(ξ2)c3 + e2H5(ξ2)

∂X∗

∂ξ2
(ξ1, 1) = H1(ξ1)t24 +H2(ξ1)t23 +H3(ξ1)c4 +H4(ξ1)c3 + e3H5(ξ1)

∂X∗

∂ξ1
(0, ξ2) = H1(ξ2)t11 +H2(ξ2)t14 +H3(ξ2)c1 +H4(ξ2)c4 + e4H5(ξ2).

Note that CBDs are fourth order polynomials along the edges ∂X∗

∂ξi
∈ P 4 and the

normals along the curve are third order polynomials N c ∈ P 3. In order to sat-

isfy the G1 compatibility conditions, the rectangular patch must satisfy the system

of four equations in (4.1.7). With ξ1 = ξ2 = ξ, the system of equations can be

expressed as,

Q(ξ) =
∂X∗

∂ξi
(ξ) ·N c(ξ) =

∂Xv

∂ξi
(ξ) ·N c(ξ) +

∂Xe

∂ξi
(ξ) ·N c(ξ)

= Qc +Qt +Qe = 0, (4.2.42)

where Qc and Qe are functions in terms of four unknown twist vectors ci and four

unknown vector edge coefficients ei, respectively. The parametric function for ver-
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tex contribution in equation (4.2.40) can be reduced to a matrix form,

Xv(ξ1, ξ2) = [H(ξ1) H(ξ1) H3(ξ1) H4(ξ1)]




p1 p4 t21 t24
p2 p3 t22 t23
t11 t14 c1 c4

t12 t13 c2 c3


(4.2.43)

×[H(ξ2) H(ξ2) H3(ξ2) H4(ξ2)]T .

We have,

Qc =




(c1 ·N c1(ξ)) (c2 ·N c1(ξ))
(c2 ·N c2(ξ)) (c3 ·N c2(ξ))
(c4 ·N c3(ξ)) (c3 ·N c3(ξ))
(c1 ·N c4(ξ)) (c4 ·N c4(ξ))


 [H3(ξ) H4(ξ)]T ,

(4.2.44)

and,

Qe =




(e1 ·Nc1(ξ))
(e2 ·Nc2(ξ))
(e3 ·Nc3(ξ))
(e4 ·Nc4(ξ))


H5(ξ). (4.2.45)

Qt is a matrix prescribed in terms of tangent vectors tij ,

Qt =




(t21 ·N c1(ξ)) (t22 ·N c1(ξ))
(t12 ·N c2(ξ)) (t13 ·N c2(ξ))
(t24 ·N c3(ξ)) (t23 ·N c3(ξ))
(t11 ·N c4(ξ)) (t14 ·N c4(ξ))


 [H1(ξ) H2(ξ)]T .

(4.2.46)

As Q(ξ) is a seventh order polynomial Q(ξ) ∈ P7, vanishing at the endpoints of the

edge, enforcing condition (4.1.7) Q(ξ) ≡ 0 is equivalent to enforcing,

Q(
i

N
) = 0, i = 1, N − 1, (4.2.47)

with N = 7. Solving a system of (7− 1)× 4 = 24 equations, we get values of the

components of eight vector coefficients ci and ei, i = 1, . . . , 4.
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Middle node Contribution Mathematical formulation of any boundary value

problem consists of a differential equation and boundary conditions. The connec-

tion between transfinite interpolation and the boundary values problems is explicit

in the last section. In this case, we exactly interpolate the prescribed boundary con-

ditions. However, the behavior of the interpolant away from the boundaries is quite

arbitrary. Thus, the solution of a boundary value problem can be viewed as the con-

struction of a function that extends the boundary conditions into the domain, with

differential equations playing the role of a constraining or smoothing operator.

Figure 4.8: The nose model of the human head.

The interpolation problem has no unique solution; there are infinitely many

functions interpolating any given data. An unique construction can be established

by putting additional constraints on the interpolant. Often such constraints appear as
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the minimization of some quantity. Many interpolation schemes use minimization

of energy [52] as a means for controlling the shape of the interpolant,

I =

∫

Ω

(4X(ξ1, ξ2))2dΩ→ min, (4.2.48)

where4 = ∂2

∂ξ2
1

+ ∂
∂ξ1

∂
∂ξ2

+ ∂2

∂ξ2
2
, Ω is the rectangular reference domain, and

X(ξ1, ξ2) = X∗(ξ1, ξ2) + sψs(ξ1, ξ2), (4.2.49)

with the first term X∗(ξ1, ξ2) interpolating the boundary conditions given in equa-

tion (4.2.37); s = (s(1), s(2), s(3)) is the vector unknown for the middle node; ψi

are shape function described before. The value of the coefficient s is obtained by

minimizing (4.2.48). Upon differentiating (4.2.49) with respect to sk, k = 1, . . . , 3,

we construct and solve a system of three linear equations for components of s,

∂I

∂sk
=

∫

Ω

3∑

k=1

(4X∗(k) + sk4ψi)4ψi = 0. (4.2.50)

4.3 Example: a G1 continuous human head

The discussed G1 continuous geometry reconstruction technique has been

applied to model the geometry of a human head, necessary for high accuracy 3D hp

FE simulation. The implementation has been done within our GMP interfaced with

software LBIE - Mesh Level Set Boundary and Interior-Exterior Mesher, developed

at Center for Computational Visualization (CCV) at ICES [128, 129]. The resulting

trilinear hex mesh provides a minimum coarse representation of the head topology
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Figure 4.9: Color map of isophotes of the nose.(a)C0 continuous model (b)G1 continuous
model

and a geometrical information on the surface of the head. The geometry informa-

tion is given by labeling the surface nodes and specifying the corresponding nor-

mals. The topological (hex to points connectivities), and geometrical (normals)data

is then imported into GMP, where the actual G1 continuous geometry reconstruc-

tion takes place. Before generating the whole human head model, we first test the

scheme on some feature parts of the head, e.g., the nose. Any hexahedron that con-

stitutes a part of the nose is a special case because all its eight vertexes are on theG1

surface. The obtained 3D linear nose model in Fig. 4.8(a) is then reconstructed into

a a curvilinear model, illustrated in in Fig. 4.8(b). Fig.4.9 displays the usual way

of visualizing isophotes on the suface [49, 93]. The isophotes here are computed

in the following way: choose a (small) interval and mark all points on the surface
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Figure 4.10: The color map of isophotes of the head model.

where the values of isophotes are in the interval. The result are not the isophotes

themselves but point set on the surface which give an impression of the behavior

of the isophotes. In particular we can see that point sets have varying “thickness”

[113].

The entire reconstructed head model involves enclosing the head within a

truncating sphere, and meshing the entire volume within the sphere, and the head.

The color map of its isophotes in Fig.4.10 shows the smoothness of the G1 contin-

uous surface.

93



The presented biquartic scheme seems to be the lowest order G1 continuity

construction for general unstructured meshes. The polynomial parameterizations

are inexpensive to compute and guarantee high regularity of parametrization neces-

sary in FE computations. The important property of the presented G1 reconstruc-

tion scheme is that it remain uniformly stable in the case of degenerated geometrical

data . Several nontrivial examples, on which we implemented theG1 reconstruction

scheme, are illustrated in [125]
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Chapter 5

Evaluation of FE and geometry error for curvilinear
geometries

In this Chapter, we discusses a general framework for handling curvilin-

ear geometries in high accuracy Finite Element (FE) simulations, for both elliptic

and Maxwell problems. Based on the differential manifold concept, the domain

is represented as a union of geometrical blocks prescribed with globally compati-

ble, explicit or implicit parameterizations. Functional error evaluation requires the

study of convergence and accuracy for domains where geometric error is carefully

controlled. Presented numerical examples indicate the necessity of accounting for

the geometry error in FE error calculations, especially for the H(curl) problems.

Ωhp

Ω̂

ξ 2

ξ 1

X ex

X hp u hp

uhpΩ

u

Figure 5.1: The exact and approximate domain of Finite Element Method.
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Solving Boundary Value Problems(BVP) in complex geometries using hp

finite elements consists of a double discretization. The element level integral is

represented abstractly as,

I =

∫

Ω

K(x)dx =

∫

Ω̂

K(Xex(ξ))dξ, (5.0.1)

whereK represents integrand associated with the interior of element domain Ω. The

approximations can be introduced at one or more following basic functional lev-

els: approximation of Ω, approximation of K, approximation of integration method

over domain Ω. To evaluate the integral, the traditional method uses isoparametric

geometry representationXhp(ξ) ∈ Ωhp, followed by the error integration on the ap-

proximate geometry domain Ωhp. We will refer to it as the Approximate Geometry

Integration (AGI),

I ≈ Ihp =

∫

Ωhp

Khp(x) d x =

∫

Ω̂

Khp(Xhp(ξ)) d ξ (5.0.2)

≈
∑

ξl

Khp(Xhp (ξl))ωl.

Here the weights ωl and quadrature points ξl are determined by the order of in-

tegration. Approximate geometry representation leads to inexact representation of

boundary and initial conditions and, therefore, inappropriate evaluation of element

level integrals. The exact solution u : Ω → IR cannot be compared directly to the

approximate solution uhp : Ωhp → IR because they are computed on different phys-

ical domains, see Fig.5.1. This prompts us to develop a element mapping scheme

resulting in a modified meaning of the FE solution defined on the exact physical

domain:

uhp : Ω→ IR (5.0.3)
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Our study is primarily motivated with geometry induced error control. In this Chap-

ter, we consider the following two issues:

• A proper definition of the geometry error and its assessment.

• A precise evaluation of hp FE discretization errors for both elliptic and Maxwell

problems.

Functional error evaluation requires the study of convergence and accuracy for do-

mains where geometric error is carefully controlled.

5.1 Element mapping scheme in the hp FE method

In the hp FE simulations, a meshed geometry serves two purposes. First, it

represents an arbitrary domain by a finite element mesh on which piecewise poly-

nomial functions are defined. Second, it controls the error of approximation. The

error of approximation depends on the finite element mesh and the polynomial de-

gree of elements. In our hp FEM, the primary role of the meshed geometry is to

represent the topological and geometric description of the object being modeled by

a collection of elements. The error is controlled by both the element size h and the

polynomial degree of elements p. The error is reduced as p is increased or element

size h is decreased.

Our finite element mapping scheme is based on an EGI geometric modeling

system, Geometrical Modeling Package (GMP) [23, 123]. This system relates mesh

entities directly to specific topological entities through an initial isotropic mesh
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generation scheme. The method is well suited for the hp-adaptive environment,

because it provides direct access to the shape information of the problem domain,

and makes possible to update geometry approximation during mesh refinements.

The geometry representation scheme for hp finite elements then breaks into two

parts: exact geometric modeling, and high order mesh generation.

In our geometric modeling, a 2D object is presented as a union of curvilinear

triangles or rectangles, while a 3D object is represented with an FE-like mesh of

curvilinear hexahedral blocks. The geometry of the object is prescribed then by

constructing parameterizations for each of the blocks.

XG : Ω̃ 3 η → x ∈ Ω (5.1.4)

where η are coordinates in reference domain Ω̃; x are coordinates in physical do-

main Ω, see Fig.5.2.

For an elliptic problem, any solution u ∈ IR can be approximated as a linear

combination of basis functions φi defined on physical domain Ω with unknown

coefficient d.o.f. ui [29,20],

uhp(x) =

N∑

j=1

uiφi(x). (5.1.5)

The integration of element matrices is always done in terms of master element coor-

dinates ξ, therefore, it is convenient to define the shape functions on master element

domain as φ̂(ξ). Given a bijective mapXK(ξ), we define theH1-conforming shape

functions on the physical element as compositions of the inverseX−1
K and the mas-

ter element polynomial shape functions φ̂,

φ(x) = φ̂(ξ) = φ̂(X−1
K (x)) = (φ̂ ◦X−1

K )(x) (5.1.6)
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Figure 5.2: The element mapping scheme based on exact geometric representations
and isotropic initial mesh generations.

Eq.(5.1.6) is a classical framework for the specification and evaluation of high or-

der shape functions on FE meshes. The element mapping that transforms a master

element onto a physical element, XK(ξ) : ξ ∈ Ω̂ → x ∈ Ω, is necessary for solv-

ing partial differential equations over a curved domain. Element map XK(ξ) can

either be used directly during element computations, or approximated to construct

element-level geometric approximations.

In the hp method, the mesh generators are based on a consistent represen-

tation of the domain as a manifold, with underlying global maps parameterizing

portions of the domain. GMP provides the scheme used to construct mapXG from

reference element Ω̃ to physical domain Ω. The reference hexahedron in Fig.5.2 is

divided into a 2× 2× 1 uniform grid. Any element in the grid (the red hexahedron
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in Fig.5.2) has a corresponding affine map from a master hexahedron element to the

reference hexahedron element,

ηM : Ω̂ 3 ξ → η ∈ Ω̃. (5.1.7)

Besides the number of subdivisions, we specify the corresponding order of approx-

imation, which may vary from one GMP entity to another.

Fig.5.2 depicts two geometric mapping schemes that can be used to in high

order FE computations: the isoparametric element (the red hexahedron in physi-

cal domain) and the exact geometry element (the underlying black hexahedron in

physical domain.)

In the isoparametric element mesh, the approximation of the exact geometry

is done with the same polynomials as those used to approximate the solution in

Eq.(5.1.5). The components of the transformation map XK come from the space

of the H1-conforming master element shape functions,

XK = XI(ξ) =

N∑

j=1

xjφ̂j(ξ). (5.1.8)

Here xj denote geometry d.o.f obtained by projection-based interpolation [21, 24],

and XI(ξ) ∈ Ωhp. The parametric element shape functions can reproduce any lin-

ear function ajxj . As isoparametric elements reproduce also constants, the space of

the shape functions contains the space of all linear polynomials in x. However, the

isoparametric element mesh, in general,does not reproduce the exact shape of the

curvilinear domain. In Fig.5.2, the red curvilinear hexahedron does not physically

match the underlying black hexahedron. Thus, it may be essential to use advanced
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mapping procedures so that the domain geometry is more precisely represented and

integrated into FE computations.

The exact geometry element mesh provides an ideal means to construct the

map XK(ξ) ∈ Ω based on the shape of the curvilinear domain boundary entities

within the GMP. Upon a change of variables, the original problem can then be

redefined in the reference domain discretized with affine elements. The desired

map can be obtained as

XK = XG(η(ξ)). (5.1.9)

In this case, the exact mathematical representation of the curvilinear domain is ex-

pressed within the reference element framework with corresponding order of ap-

proximation for each subelement. The association of mesh topological entities w.r.t.

the topological entities of the geometric model, is central to obtain the shape infor-

mation for individual mesh entities in Eq.(5.1.6).

This section focuses on the geometrical modeling issues in context of two

classes of PDEs: elliptic problems and Maxwell problems. In order to solve the

Maxwell’s equations using finite elements, a family of H(curl) conforming ele-

ments is needed, since the space of admissible solutionsE is contained in H(curl).

Nedelec introduced two families of finite elements that conform in H(curl,Ω) =

{E ∈ L2(Ω) : ∇ ×E ∈ L2(Ω)}, Ω ⊂ IR3 [79, 80]. The relation between the two

spaces, H1 and H(curl), is part of a more general exact sequence of spaces and

operators in (2.4). Recall that, in an exact sequence of operators, the range of each

operator coincides with the null space of the next operator in the sequence.
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To keep the exact sequence property, we define the H(curl)-, H(div)-

conforming elements according to transformation rule (5.1.6). The transformation

rule for gradients implies the transformation rule forH(curl) conforming elements,

∂u

∂xi
(x) =

3∑

k=1

∂û

∂ξk

∂ξk
∂xi

(5.1.10)

Ei(x) =
3∑

k=1

Êk(ξ)
∂ξk
∂xi

,

where Ei are components of the admissible solutions E ∈ H(curl,Ω), with cor-

responding Êk defined on the master element Ω̂. The transformation rule for the

curl operator implies similarly the transformation rule for the H(div)-conforming

elements,

(∇× E)i(x) =
3∑

k=1

J−1∂xi
∂ξk

(∇× Ê)k(ξ) (5.1.11)

Hi(x) =
3∑

k=1

J−1∂xi
∂ξk

Ĥk(ξ),

where J−1 is the inverse Jacobian. Defining the parametric element spaces using

the transformation rules listed above, we preserve for the parametric element the

exact sequence in Eq.(2.4). The hp-edge elements, resulting from the H(curl)-

conforming FE approximation, involve the implementation of vector-valued shape

functions with different d.o.f., in order to take into account tangential and normal

components of the electric field [97, 98].
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5.2 Geometry discretization error

The approximation error depends both on the finite element mesh and the

polynomial degree of elements. The accuracy of geometry approximation is a key

issue which must be accounted for, during element level computations within an

adaptive environment. Since the available theory is unable to specifically quan-

tify the influence of the geometry approximation, a simple numerical study was

performed. To assess the quality of the isoparametric approximation of exact ge-

ometry, we define the geometry error function as,

δ(x) = id(x)−Xhp(x) (5.2.12)

where functionXhp represents the approximate geometry map defined on the phys-

ical domain. More precisely,

Xhp(x) = (Xhp ◦ η−1
M ◦X−1

G )(x) = Xhp(ξ), (5.2.13)

where

XG(ηM (ξ)) = x. (5.2.14)

In a rather arbitrary way, we choose the H1-(semi) norm to measure the geometry

error, (according to FE error analysis [26], the W 1,∞ norm would a better choice),

and report always the geometry error related to the norm of the exact geometry

element map,

Eg,H1 =
||δ||H1(Ω)

||id(x)||H1(Ω)

, (5.2.15)
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where ||id(x)||H1(Ω) is equal to three times of the volume of Ω. The H1 semi norm

of the geometry error function is evaluated on the corresponding reference domain

Ω̃ by using GMP parametrization and the affine map ηM ,

||id− xhp||H1 = ||δ||H1 =

(∫

Ω

(
∂(id− xhp)

∂x

)2

dx

)1/2

(5.2.16)

=

(∫

Ω̃

[
3∑

k=1

3∑

l=1

akl
∂δ

∂ηk

∂δ

∂ηl

]
J1dη

)1/2

.

The derivatives of δ w.r.t. reference coordinates are calculated as follows,

∂δ

∂ηi
(η) =

∂XG

∂ηi
(η)−

N∑

j=1

xj

3∑

k=1

∂φ̂j
∂ξk

(ξ)
∂ξk
∂ηi

(η); (5.2.17)

where ηM(ξ) = η; J1 is the Jacobian,

J1 =

∣∣∣∣
∂x

∂η

∣∣∣∣ , (5.2.18)

and akl is the metric resulting from the change of variables from x to η,

akl =
3∑

p=1

∂ηk
∂xp

∂ηl
∂xp

. (5.2.19)

In order to sustain the exponential rate of convergence of hp-refinements, the ge-

ometry error should also converge exponentially.

5.3 A precise definition of FE discretization errors

In this section, we propose a precise definition of the FE error incorporating

the effects of geometry approximation. We discuss then the computation of the

error for both elliptic and Maxwell boundary-value problems.
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5.3.1 H1 norm for elliptic problems

Solution u of an elliptic problem is contained in H1(Ω), and the relative FE

error is defined as,

Es,H1 =
||u(x)− uhp(x)||H1(Ω)

||u(x)||H1(Ω)

. (5.3.20)

Here uhp represents the FE solution evaluated on the exact geometry,

uhp(x) =
(
ûhp ◦ η−1

M ◦X−1
G

)
(x) = ûhp(ξ) (5.3.21)

where x is given by (5.2.14).

For the case of second-order elliptic equations, the first order norm can be

replaced with the (equivalent) first order semi-norm,

||e||L2 =

(∫

Ω

3∑

i=1

∂e

∂xi

∂e

∂xi
dx

)1/2

. (5.3.22)

The norm of the exact solution is integrated in practice in the reference domain,

||u||2L2 =

∫

Ω

3∑

i=1

∂u

∂xi

∂u

∂xi
dx =

∫

Ω̃

3∑

i=1

∂u

∂xi

∂u

∂xi
J1dη. (5.3.23)

Let e(x) be the difference between exact solution and hp FE solution, e(x) =

u(x) − uhp(x). We transform the difference e from physical element Ω to refer-

ence element Ω̃ by using the transformation rule for the H1-conforming element in

Eq.(5.1.6),

e(x) = u(x)− uhp(x) (5.3.24)

= (ũ ◦X−1
G )(x)−

(
ûhp ◦ η−1

M ◦X−1
G

)
(x)

= ũ(η)−
N∑

i=1

uiφ̂i(ξ),
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where x is given by (5.2.14) and ũ(η) = u(XG(η)). Consequently, the finite

element discretization error evaluated with EGI is,

||e||H1 =

∫

Ω̃

[
3∑

k=1

3∑

l=1

akl
∂ẽ

∂ηk

∂ẽ

∂ηl

]
J1dη,

where

∂ẽ

∂ηk
=

3∑

i=1

∂u

∂xi

∂xi
∂ηk
−

3∑

i=1

∂ûhp

∂ξi

∂ξi
∂ηk

. (5.3.25)

Note that ∂xi
∂ηk

and ∂ξi
∂ηk

are derived from exact geometry map XG(η) in (5.1.4) and

initial mesh affine map η−1
M (η) in (5.1.7), respectively. ∂û

∂ξi
are the derivatives of

exact solution w.r.t. master element coordinates,

∂uhp

∂ξk
=

N∑

j=1

uj
∂φ̂j
∂ξk

. (5.3.26)

As a result, the approximate error now can be expressed on the reference element. In

order to eliminate quadrature error, we evaluate the EGI error by using an adaptive

tensor-product Gaussian quadrature integration.

5.3.2 H(curl) norm for Maxwell problems

The relative approximation error, measured in H(curl) norm can be ex-

pressed as,

Es,H(curl) =
||E(x)−Ehp(x)||H(curl)

||E(x)||H(curl)

. (5.3.27)

Here

||e||H(curl) =

(∫

Ω

|e|2 + |∇ × e|2 dx
)1/2

.
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In view of (5.1.12), the use of curl term in the definition indicates that the geometry

induced error may have more impact on the H(curl) norm.

Once the exact solution is known, the corresponding norm is evaluated by

integrating on the reference domain,

||E||2H(curl) =

∫

Ω̃

(
|E(x(η))|2 + |∇ ×E(x(η))|2

)
J1d η (5.3.28)

The error evaluation is more complicated for the FE error function e(x) = E−Ehp,

as the FE solution involves the use of Piola-Kirchhoff transformation.

Integration on the physical element is performed by changing variables and

moving function e from the physical to the reference element. The exact geome-

try XG(η) in (5.1.4) is used to transform the integrals to the reference parametric

elements by using transformation rule for the H(curl) -conforming elements,

ei(x) =

3∑

k=1

ẽk(η)
∂ηk
∂xi

(x). (5.3.29)

Equivalently,

ẽk(η) =

3∑

i=1

ei(x)
∂xi
∂ηk

(η). (5.3.30)

Similarly, using the transformation forH(div)-conforming elements, we have

(∇x × e)i = J−1
1

3∑

k=1

∂xi
∂ηk

(∇η × ẽ)k, (5.3.31)

and,

(∇η × ẽ)k = J1

3∑

i=1

∂ηk
∂xi

(∇x × e)i. (5.3.32)
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where Jacobian J1 is given by (5.2.18). The finite element discretization error ofE

evaluated with EGI is,

||e||2H(curl) =

∫

Ω̃

3∑

k=1

3∑

l=1

[
aklẽkẽl + bkl(∇η × ẽ)k · (∇η × ẽ)l

]
J1dη,

where coefficients akl is given by (5.2.19) and bkl is also obtained from exact ge-

ometry modeling framework,

bkl =
3∑

i=1

(J−1
1 )2 ∂xi

∂ηk

∂xi
∂ηl

. (5.3.33)

The exact solution E = (E1, E2, E3), defined on physical domain, and the FE

solution Ehp =
∑N

j=1 ujφ̂j (uj are d.o.f.), defined on the master element, can

finally both switch to the reference element coordinates η. Since affine map ηM

does not induce any additional error, from Eq. (5.1.11) and (5.1.12), we have

ẽk(η) =
3∑

i=1

Ei
∂xi
∂ηk
−

3∑

i=1

N∑

j=1

uj(φ̂j)i
∂ξi
∂ηk

(5.3.34)

and,

(∇× ẽ)k(η) =
3∑

i=1

J1
∂ηk
∂xi

(∇x ×E)i −
3∑

i=1

N∑

j=1

J1
∂ηk
∂ξi

uj(∇ξ × φ̂j)i.

Here (φ̂j)i and (∇ξ× φ̂j)i denote the ith component of the corresponding vectors.

5.4 Numerical Examples

We illustrate the proposed error evaluation scheme with three numerical ex-

amples for elliptic and Maxwell problems defined on a unit spherical domain. The

technique is compared with a customary error evaluation procedure in which the

FE discretization error is evaluated directly on the approximate geometry, neglect-

ing the geometry approximation error.
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5.4.1 Elliptic problems

Figure 5.3: A Dirichlet problem for the possion equation. Contour plots of the exact
solution on the sphere and cross section z = 0

Example 1: A Dirichlet problem for the Poisson equation A numerical ex-

ample based on the solution of Poisson’s equation in three dimensions illustrates

the impact of the mapping scheme on the convergence rate of finite element error.

Consider the solution of boundary-value problem,

−4u(x) = f(x) |x| < 1, (5.4.35)

u(x) = 0 |x| = 1

where Ω is a sphere of unit radius and f(x) is specified such that the exact solution

is

u(x) = r2(1− r2), r = (
3∑

i=1

x2
i )

1/2. (5.4.36)

109



Example meshes are included to demonstrate features of the procedure. Fig.5.3

shows the exact solution evaluated on the initial mesh. The real physical domain Ω

(unit sphere) is represented by using a coarse curvilinear mesh consisting of seven

hexahedra with uniform subdivision number 1/h = 3. The exact energy of the

solution is

||u||H1 = 4π

∫ 1

0

∣∣∣∣
∂u

∂r

∣∣∣∣
2

r2dr = 4

√
π

5
. (5.4.37)
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Figure 5.4: A Dirichlet problem for the possion equation. Geometry and solution errors.

We compare the relative Laplace solution error Es,H1 evaluated on the ap-

proximate domain Ωhp with the one evaluated on the exact physical domain Ω, the

AGI and EGI, in Fig.5.4. Fig. 5.4 also plots the relative geometry error Eg,H1 ver-

sus the order of approximation p. Since the solution is smooth, the logarithm of the
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error is expected to decrease linearly with the approximation order p (exponential

convergence). Note that the AGI error is one order of magnitude bigger than the

EGI error. The EGI error curve seems also to be displaying less variation than its

AGI counterpart.

Example 2: A Neumann problem for the Laplace equation A more compli-

cated example for the Laplace equation is provided by the Neumann problem,

−4u(x) = 0, |x| < 1 (5.4.38)

∇nu(x) = g(x) |x| = 1

where g(x) is the Neumann boundary condition data on the sphere. Using spherical

coordinates (r, θ, φ) in (5.4.38), the separation of variables u = f(r)g(θ)h(φ) leads

to,

• Euler equation in r

∂

∂r

(
r2∂f(r)

∂r

)
− λ2f(r) = 0 (5.4.39)

with solutions

fn(r) = anr
n n ≥ 0 (5.4.40)

• Legendre equation in θ

θ

g(θ)

∂

∂θ

(
sinθ

∂g(θ)

∂θ

)
+ λ2sin2θ = const (5.4.41)

with solution
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Figure 5.5: A Neumann problem for the Laplace equation. Contour plots of the exact
solution on the sphere and cross section z = 0

gmn (θ) = bnmP
m
n (cosθ), 0 ≤ m ≤ n (5.4.42)

where Pm
n (cosθ) are Legendre functions defined in [74].

• second-order linear ordinary differential equation in φ

∂2h(φ)

∂φ2
= −µ2h(φ) (5.4.43)

with solutions

hm(φ) = Amcos(mφ) +Bmsin(mφ),∀m ≥ 0. (5.4.44)

We choose,

g(η, φ) =
4∑

m=0

Pm
4 (cosθ)(cos(mφ) + sin(mφ)). (5.4.45)

The corresponding exact solution is then

u(r, η, φ) =
4∑

m=0

1

4
r4Pm

4 (cosθ)(cos(mφ) + sin(mφ)). (5.4.46)
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Figure 5.6: A Neumann problem for the Laplace equation. Geometry and solution errors

Fig.5.5 shows the exact solution evaluated on the initial mesh with uniform subdi-

vision number 1/h = 3.

Fig. 5.6 plots the relative geometry error Eg,H1 and the relative solution error

Es,H1(x) versus order of approximation p. The logarithm of the errors in (5.2.15)

and (5.3.20) are expected to decrease linearly when the sphere is approximated with

seven hexadra with quadratic, cubic, quartic and higher order element maps. In this

case, the two curves are practically identical and display the expected exponential

convergence rates. (The AGI error is slightly less than the EGI error.)
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5.4.2 Maxwell problems

Example 3: Plane wave Our final example deals with a Dirichlet boundary value

problem for the time-harmonic Maxwell equation in a unit spherical domain,

∇× (
1

µ
∇×E)− (ω2ε− jωσ)E = −jωJ imp, |x| < 1 (5.4.47)

n×E = n×E0, |x| = 1.

Here ω, ε, µ, σ denote the angular frequency, permittivity, permeability and conduc-

tivity, respectively; J imp stands for an impressed surface current.

Figure 5.7: Plane wave. Contour plots of the exact solution Ex on the sphere and cross
section z = 0

A particular solution to the homogeneous ( J imp = 0) problem with con-

stant material data, is provided by the plane wave

E(x) = E0e
ik·x. (5.4.48)

The polarization vector E0 = (E1, E2, E3) and wave vector k = (k1, k2, k3) must
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satisfy the conditions,

E1k1 + E1k1 + E1k1 = 0 (5.4.49)

k2
1 + k2

2 + k2
3 = ω2ε− jωσ

We choose σ = 0, ω2εµ = 1,k = (0, 0, ω
√
εµ) = (0, 0, 1),E0 = (1, 0, 0).

Fig.5.7 shows the components of the exact solution evaluated on the initial

mesh with uniform subdivision number 1/h = 2. The evaluation of the error has

been discussed in Section 4.2. Fig.5.8 shows both the geometry error and the FE

errors using the two different error evaluation techniques. Both the error value and

the represented convergence rates depend strongly upon the way of evaluating the

error.

The Chapter reviews the theoretical framework for a general class of para-

metric H1−, H(curl)− and H(div) - conforming elements, with both exact and

isoparametric geometry description. A systematic way of computing the H 1− and

H(curl)− discretization errors, accounting for the error in geometry approxima-

tion, has been proposed. The technique has been illustrated with three numerical

examples and compared with the customary error evaluation. Compared with pro-

posed error definition, the traditional way of evaluating the FE error on the approx-

imate manifold may lead to results differing by one order of magnitude.
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Figure 5.8: Plane wave. Geometry and solution errors
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Chapter 6

Verification of the FE/IE code using Mie solution

In this Chapter, we review the construction of the Mie series solution for

the problem of scattering a plane wave on a dielectric, absorption sphere; and the

technology of coupled hp finite/infinite element discretization for a general class

of exterior Maxwell problems. The performed numerical experiments indicate that

G1-continuous geometry representation is sufficient for modeling propagation and

absorption of EM waves in curvilinear geometries. Two major contributions are

presented:

• Verification of the FE/IE code using the Mie series solution.

A complete mathematical solution to the problem of scattering of electro-

magnetic plane wave by a sphere first was obtained by Gustav Mie in 1908

[58], the well known Mie infinite series solution. The presented FE/IE code

is verified by comparing the magnitude and phase of both electric fieldE and

magnetic field H with the exact Mie solution for the benchmark problem.

• Assessment of geometry induced error, a proper definition of the FE error for

curvilinear geometries and H(curl)-conforming elements.

Following the general framework of handling curvilinear geometries in high

accuracy FE simulations [126], H(curl)−discretization errors are computed
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for Maxwell problems. The accuracy of FE/IE approximation is assessed us-

ing a precise definition of solution error incorporating the effects of geometry

approximation. Both geometry and solution error for curvilinear geometries

are computed and discussed.

6.1 Mie-Series solution for the scattering of a plane wave

The Mie series solution is a robust and efficient algorithm used to compute

electromagnetic plane wave scattering by a dielectric sphere of arbitrary radius and

refractive index. In this study, we implement the Mie-theory for a homogeneous

sphere with radius a′ = 1 (nondimensional), and material properties and angular

frequency specified in Table 6.1. Following the common approach, we position

εr µr Ω Σ
4 1 π 0

Table 6.1: Nondimensional material constants for a homogeneous sphere.

the truncating sphere one wave-length away from the scatterer, the radius of the

truncating sphere, c = a + 2πa
Ω

= 3. For the human head, a = 0.1m, and the

nondimensional frequency Ω = π compares to the physical frequency

f =
Ω

2πa
√
ε0µ0

≈ 150[MHz] (6.1.1)

We select the origin of a Cartesian coordinate system at the center of the sphere,

with the positive z axis along the direction of propagation of the incident wave.

The incident electric vector is polarized in the direction of the x axis. The incident

field Einc is defined in the whole space. The Mie solution will be represented in
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terms of the scattered field Esca outside of the spherical domain Ω−0 , and the total

field Etot within scatterer Ω0.

The boundary conditions require that the transverse components of the total

electric and magnetic fields are continuous across the material interface,

(Einc +Esca)× êr = Etot × êr (6.1.2)

(H inc +Hsca)× êr = H tot × êr

where êr is the unit outward normal vector of the sphere.

The FE/IE code is implemented for accurate and reliable numerical model-

ing of the Mie theory in modern way [10, 110, 116]. The incident plane wave E inc

as well as the scattering field Esca is expanded into radiating spherical vector wave

functions. The internal field Etot is expanded into regular spherical vector wave

functions. By enforcing the boundary condition (6.1.2) on the spherical surface, the

expansion coefficients of the scattered field can be computed.

Solutions to vector wave equation Taking gradient of (2.2.1), we learn that the

electric field must be divergence free in a homogeneous region,

−(ω2ε− iωσ)∇ ·E = −iω∇ · J imp = 0. (6.1.3)

Consequently, within any homogeneous region, solution of (2.2.1) reduces to the

vector Helmholtz equation,

∇2E + k2E = 0, (6.1.4)
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with k2 = ω2εµ− iωσ. Additionally, solution E must be divergence-free,

∇ ·E = 0. (6.1.5)

Solution of (6.1.4) and (6.1.5) can be expanded in terms of vector harmonics M

andN ,

M = ∇× (rψ) (6.1.6)

N =
∇×M

k
, (6.1.7)

where r is the pilot vector, and ψ is a solution to the scalar Helmholtz equation,

∇2ψ + k2ψ = 0. (6.1.8)

Thus, finding a solution of (2.2.1) in a homogeneous domain, has been re-

duced to the solution of the scalar Helmholtz equation. Separation of variables

ψ = f(r)g(θ)h(φ) leads to three separated equations,

• the Bessel equation in r,

d

dr

(
r2 df

dr
(r)

)
+ [(kr)2 − n(n+ 1)]f(r) = 0, (6.1.9)

• Legendre equation in θ

1

sinθ

d

dθ

(
sinθ

dg

dθ
(θ)

)
+

[
n(n+ 1)− m2

sin2θ

]
g(θ) = 0 (6.1.10)

• second-order linear ordinary differential equation in φ

d2h

dφ2
(φ) +m2h(φ) = 0 (6.1.11)

120



where the separation constants m2 and n(n + 1) have been determined from con-

ditions that g and h must satisfy. As a result, we generate two families of scalar

spherical harmonics,

ψemn = cosmφPm
n (cosθ)zn(kr), (6.1.12)

ψomn = sinmφPm
n (cosθ)zn(kr), m = 1, · · · , n

where subscripts e and o denote even and odd. Here Pm
n (cosθ) are associated Leg-

endre functions of the first kind, of degree n and order m; zn is any of the four

functions: spherical Bessel functions of the first and second kind, jn and yn, spheri-

cal Hankel functions of the first and second kind, h(1)
n and h(2)

n [74]. Because of the

completeness of functions cosmφ and sinmφ, solution to (6.1.8) may be expanded

into an infinite series.

Incident field In order to enable modal decoupling, it is necessary to expand the

plane wave in vector spherical harmonics,

Einc =
∞∑

n=0

l∑

m=−l
(BemnM emn +BomnM omn + AemnN emn + AomnN omn).

(6.1.13)

The orthogonality of all vector spherical harmonics implies that the coefficients in

the expansion (6.1.13) are of the form,

Bemn =

∫ 2π

0

∫ π
0
Ei ·M emnsinθdθdφ∫ 2π

0

∫ π
0
|M emn|2sinθdθdφ

(6.1.14)

with similar expressions forBomn,Aemn andAomn. Together with the orthogonality

of sin and cos, we get Bemn = Aomn = 0 for all m and n. Moreover, the remaining
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Figure 6.1: Reproducing a plane wave. Contour plots of the exact solution of (a) Ex and
(b) Hy on the internal domain Ω of the dielectric sphere and near field domain Ω−0

coefficients vanish unless m = 1 [10]. Therefore, the plane wave representation

becomes,

Einc =
∞∑

n=1

En(M o1n − iN e1n) (6.1.15)

H inc =
−k
ωµ

∞∑

n=1

En(M e1n + iN o1n). (6.1.16)

Here En is defined as,

En = in
2n+ 1

n(n+ 1)
E0; (6.1.17)
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The spherical harmonicsM o1n andN e1n are given as,

M o1n =




0
cosφπn(cosθ)zn(ρ)
−sinφτn(cosθ)zn(ρ)


 (6.1.18)

N e1n =



n(n+ 1)cosφsinθpin(cosθ) zn(ρ)

ρ

cosφτn(cosθ) [ρzn(ρ)]′

ρ

−sinφπn(cosθ) [ρzn(ρ)]′

ρ


 (6.1.19)

where πn = P 1
n/sinθ and τn = dP 1

n/dθ describe the angular scattering patterns of

the spherical harmonics.

For incident wave, ρ = Ωr in (6.1.19); zn denotes jn since yn(kr) possesses

a singularity at r = 0. Note that the derivatives of the spherical Bessel functions

can be calculated from,

[ρjn(ρ)]′ = ρjn(ρ)− njn(ρ). (6.1.20)

The other two harmonic vectors can be obtained as,

M e1n =
∂M o1n

∂φ
(6.1.21)

N o1n = −∂N e1n

∂φ
.

Near fields Near fields include two fields: the scattered wave outside the sphere,

and the internal wave produced inside the sphere itself. Both are similar to the ex-

pansion of the incident wave in form, but the scattered wave outside the sphere in-

volves spherical Hankel functions of the first kind, while that inside involves spher-

ical Bessel functions of the first kind .
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Figure 6.2: Reproducing the plane wave. The FE and geometry errors vs the order of
approximation

The boundary conditions (6.1.2) , the orthogonality of the vector harmonics

and the form of the expansion of the incident field (6.1.15) (6.1.16) dictate the

form of the expansions of the scattered field and the field inside the sphere: the

coefficients in these expansions vanish for all m 6= 1. The series of coefficients

obtained are denoted an, bn, cn and dn [43],

an =
I2jn(IΩ)[Ωjn(Ω)]′ − µ1jn(Ω)[IΩjn(IΩ)]′

I2jn(IΩ)[Ωh
(1)
n (Ω)]′ − µ1h

(1)
n (Ω)[IΩjn(IΩ)]′

bn =
µ1jn(IΩ)[Ωjn(Ω)]′ − jn(Ω)[IΩjn(IΩ)]′

µ1jn(IΩ)[Ωh
(1)
n (Ω)]′ − h(1)

n (Ω)[IΩjn(IΩ)]

′

cn =
mu1jn(Ω)[Ωh

(1)
n (Ω)]′ − µ1hn(Ω)[Ωjn(Ω)]′

µ1jn(IΩ)[Ωhn(Ω)]′ − hn(Ω)[IΩjn(IΩ)]′
(6.1.22)

dn =
µ1Ijn(Ω)[Ωhn(Ω)]′ − µ1Ih

(1)
n (Ω)[Ωjn(Ω)]′

I2jn(IΩ)[Ωhn(Ω)]′ − µ1hn(Ω)[IΩjn(IΩ)]′

Here I =
√
εrµr denotes the refractive index of the host medium. Often µr = 1,
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then the parameters used in radiative transfer Esca depend on an and bn, but not on

cn and dn. However in our case, the latter coefficients are needed when the electric

field inside the sphere is of interest, e.g. to test the field penetration in the sphere,

and to compute the distribution of absorption.

The total internal fields Et andH t for the internal fields are given by

Etot =
∞∑

n=1

En(cnM o1n − idnN e1n) (6.1.23)

H tot =
−kt
ωµt

∞∑

n=1

En(dnM e1n + icnN o1n) (6.1.24)

where ρ = rIΩ and zn = jn for the two spherical harmonics M e1n and N o1n in

(6.1.19).

Finally, the expansion of the scattered field is therefore,

Es =

∞∑

n=1

En(ianN e1n − bnM o1n)

Hs =
k

ωµ

∞∑

n=1

En(ibnN o1n + anM e1n). (6.1.25)

In the region outside the sphere, both jn and yn are well behaved; and, the expansion

of the scattered field involves a linear combinations of these two functions. One

of the two types of Hankel function hn is required by considering the asymptotic

expansions of hn [120],

h(1)
n (kr) ≈ (−i)neikr

ikr
(6.1.26)

h(2)
n (kr) ≈ −(i)ne−ikr

ikr
. (6.1.27)
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If the positive Anzatz is used, (6.1.26) represents an outgoing spherical wave and

(6.1.27) corresponds to an incoming spherical wave. Therefore,

zn = h(2)
n = jn(z)− iyn(z) (6.1.28)

is used in the two spherical harmonics M o1n and N e1n in (6.1.22). On the other

hand, if the anzatz time factor has a negative sign, we use zn = h
(1)
n instead. All infi-

nite series can be truncated after nmax terms. For this number Bohren and Huffman

(1983) proposed the value

nmax = Ω + 4Ω1/3 + 2 (6.1.29)

and this value is used here as well.

6.2 Modeling of absorption and scattering of EM Waves

We use the Mie theory to verify the hp-adaptive FE method described in

[32, 117]. The method is based on hexahedral elements, with locally variable or-

der of approximation p and element size h. The hp method is ideal for modeling

singular solutions such as those resulting from scattering of EM waves on irregu-

lar geometries or discontinuous materials. In general, the hp methods can model

highly irregular solutions, unaccessible with standard finite element or finite differ-

ence approximations. The used element generalizes Nedelec’s elements of the first

kind for hexahedra [79], and the approximation is based on H(curl)-conforming

shape functions.
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Figure 6.3: Reproducing the internal field. Contour plots of the exact solution (a) Ex and
(b) Hy of the internal fields domain Ω of the sphere.

6.2.1 Reproducing a plane wave

As a first test for the Finite Element code alone ( no infinite elements yet),

we attempt to reproduce the plane wave solution within the domain including the

sphere and the near field exterior domain Ω−0 . Free space material constants are

assumed throughout the domain, and the problem is driven with non-homogeneous

Dirichlet boundary conditions corresponding to the plane wave. Since the incident

electric vector of plane wave is polarized in the direction of the x axis, all field com-

ponents vanish except for Ex and Hy, see Fig.6.1. Seven curvilinear hexahedra are

used to represent the geometry of the dielectric sphere, and another six curvilinear

127



hexahedra are used for the near field domain Ω−0 .

The FE error is evaluated in relative H(curl) norm incorporating the L2-

norm of the electric field and the L2-norm of the curl of the electric field, pro-

portional to the magnetic field ∇ × E = iωµH [126]. The FE error is defined

and evaluated on the exact geometrical manifold (the sphere), with the approximate

solution Ehp defined as,

Ehp(x) = Ehp(xhp(x
−1
exact(x))) = (Ehp ◦ xhp ◦ x−1

exact)(x) (6.2.30)

where

• xexact is the exact parametrization for a particular curvilinear hexahedron,

defined on the reference hexahedron;

• xhp is the approximate parametrization using the geometry d.o.f.;

• Ehp is the FE solution defined on the approximate manifold.

The definition [126] includes thus the effects of approximating the geometry of the

spherical domain as well.

In the preasymptotic range, for linear and quadratic elements, the error

equals 82% and 15% as the mesh does not reproduce the wave form yet. The FE

error drops dramatically with p = 3 to an acceptable level of 4% and continuous to

decrease linearly on the linear-log scale, which indicates the expected exponential

convergence. Fig.6.2 demonstrates the exponential convergence plot according to
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Order of approximation Relative Error in H(curl) norm
p=1 8.2114E-001
p=2 1.5463E-001
p=3 4.3978E-002
p=4 1.2905E-002
p=5 3.7920E-003
p=6 1.0750E-003
p=7 2.9892E-004

Table 6.2: Reproducing a plane wave. Relative Error in H(curl) norm vs the order
of approximation

Table 6.2, along with the corresponding convergence curve for the geometry error

(See [126] for a precise definition).

We mention that the plane wave expansion into spherical harmonics has

been verified by comparing it numerically with the standard representation in Carte-

sian coordinates.

6.2.2 Reproducing the Mie series solution inside of the dielectric sphere

As a second test, we use the Finite Element code to reproduce the Mie series

solution within the dielectric sphere only. Material constants are summarized in

Table 6.1. The sphere is modeled with the same seven curvilinear hexahedra, each

of which is divided uniformly (in the reference domain) into 2 × 2 × 2 elements

(h = 1/2). Note that the radius of the sphere is equal to one wavelength a = λ.

Therefore, again, a minimum order p = 3 to reproduce the wave is expected.

For the internal field Etot and H tot, one propagating wave is clearly dis-

cernible in Fig.6.3. The accuracy of the simulation is reflected by the relative FE
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Figure 6.4: Reproducing the internal field. The geometry and FE solution errors vs the
order of approximation.

error evaluated over the exact physical domain, see Table 6.3. Fig.6.4 demonstrates

the exponential convergence of both geometry and the FE errors.

Order of approximation Relative Error in H(curl) norm
p=2 9.4643E-001
p=3 9.5275E-002
p=4 2.2658E-002
p=5 9.0123E-003
p=6 2.2718E-003
p=7 5.1947E-004

Table 6.3: Reproducing the internal field. Relative Error in H(curl) norm vs the
order of approximation for the total internal field of the sphere.
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6.2.3 Scattering of a plane wave on a dielectric sphere

We recall now the main idea of coupled FE/IE discretization. Finite ele-

ments are used only within scatterer domain the truncated domain Ω and the near

field external domain Ω−0 , hereforce called the finite element domain Ω ∪ Ω−0 . The

remaining far-field exterior domain Ω+
0 is discretized using infinite elements (IE).

Figure 6.5: Scattering of a plane wave on a dielectric sphere. Contour plots on cross
section z = 0 of the real and imaginary parts of exact solution (a) Ex and (b) Hy for the
scattered fields in domain Ω and Ω−0
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Figure 6.6: Scattering of a plane wave on a dielectric sphere. Magnitude and phase of Mie
and FE/IE solutions of electric field Ex in terms of z coordinate

The sphere with the same geometry, and material constants as in last section

are used here to verify the FE/IE code. (6.1.25) provides the exact solution for

scattered field outside the sphere in domain Ω−0 . According to (2.2.3), the internal

scattered field is then calculated by removing incident fieldE inc (6.1.15) from total

internal fieldEtot (6.1.24). Contour plots of selected components of scattered fields

Esca andHsca evaluated using the Mie series, are presented in Fig. 6.5.

The quality of the FE/IE discretization is illustrated in Fig. 6.6 and Fig. 6.7,

showing the variation of Ex and Hy components (magnitude and phase) along the

132



−3 −2 −1 0 1 2 3
0

5

10

15

20

25

30

35

m
ag

ni
tu

de
 H

y/H
0

Location z/cm

Exact solution
IE solution with p = 2
IE solution with p = 3

−3 −2 −1 0 1 2 3
−200

−150

−100

−50

0

50

100

150

200

P
ha

se
 H

x/H
0 in

 d
eg

.

Location z/cm

Exact solution
IE solution with p = 2
IE solution with p = 3

Figure 6.7: Scattering of a plane wave on a dielectric sphere. Magnitude and phase of Mie
and FE/IE solution of magnetic field Hy in terms of z coordinate.

z-axis. The solid blue line indicates the (exact) Mie solution. Recall that the order

of elements refers here to the order of the scalar-valued approximation in the de

Rham diagram. For the scalar master hexahedral element of order p × p × p, the

order of approximation for the Ex component is p − 1 × p × p, and the order of

approximation for the Hy component is p − 1 × p × p − 1. For affine meshes, the

variation of Ex and Hy components along the z-axis would have been a piecewise

polynomial of order p and p− 1, respectively. For curvilinear meshes, however, the

definition of the shape functions involves use of the Piola transformations and the
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interpretation of the FE results is less straightforward.

The green line in Fig. 6.6 and Fig. 6.7 corresponds to the FE/IE solution

obtained with quadratic elements yielding a global (relative) H(curl) error of 46%.

The quality of the approximation considerably improves with cubic elements that

deliver a global error of 10%. For quartic elements (p = 4), the global error drops to

2%, and thus the FE/IE and Mie solutions become visually indistinguishable. The

total fieldsEtot = Einc +Esca for internal domain Ω and near field domain Ω−0 are

also illustrated in Fig.6.9.

Order of approximation Relative Error in H(curl) norm
p=2 4.6364E-001
p=3 1.0219E-001
p=4 2.2091E-002
p=5 7.4803E-003
p=6 1.9685E-003

Table 6.4: Scattering of a plane wave on a dielectric sphere. Relative Error in
H(curl) norm in terms of order of approximation

The obtained results make us confident that the FE/IE code is bug-free and

can be used now to solve the actual human head problem.

6.3 Computation of SAR’s

We conclude our numerical experiments with the dielectric sphere problem

by computing Specific Absorption Rates (SAR’s) for material data corresponding

to the Eureka Project [16]. The experimental setup reported in [16] was supposed to

resemble the real like situation with the human head. The absorbing human tissue
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Figure 6.8: Scattering of a plane wave on a dielectric sphere. The geometry and FE/IE
solution errors vs order of approximation.

is simulated by adequately designed water solution of sugar, salt, hydroxyethylcel-

lulose, and bactericide filling a spherical flask made of glass. Its radius is around

100 mm. The material properties of the media are described in Table 6.5,

Frequencyf Relative permittivity εr Conductivity σ Density ρ
900MHZ 41.5 0.86 1 ∗ 103 kg/m3

Table 6.5: Material properties for the head model.

The corresponding input nondimensional variables for the FE/IE code are

as follows,
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Figure 6.9: Scattering of a plane wave on a dielectric sphere. Contour plots of cross section
z = 0 of the exact solution (a) Ex and (b) Hy of the total fields.

εr Σ µr Ω a c
41.5 32.42 1 0.6π 1 4.333

Table 6.6: Nondimensional data for the head model.

While in the experimental study, the sphere was opened at its northern hemi-

sphere, and filled with the solution only to about 3/4 of its height, our simula-
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Figure 6.10: Scattering of a plane wave on a head model. Contour plots of the exact
solution of (a) Ex and (b) Hy.

tion is performed for the whole sphere to simplify the mesh generation. Note that

a = 0.3λ0 ≈ 2λ, the head model consists of seven curvilinear hexahedral blocks

which are covered by 3× 3× 3 meshes starting with elements of order p = 2. The

near field of the head is modeled with six curvilinear hexahedra with the same sub-

division and element order as for the head model. Fig.6.10 presents the distribution
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Figure 6.11: Scattering of a plane wave on a head model. Magnitude and phase of Mie
and FE/IE solution of electric field Ex in terms of z coordinate.

of Ex-field and Hy-field in the FE domain. Note the refractive index

I =

√(
εr −

Σ

Ω
i

)
µr =

√
(41.5− 17.2i) · 1 = 6.5736− 1.3083i. (6.3.31)

Figures 6.11, 6.12 and 6.13 summarize the convergence experiments reported in the

same fashion as for the previous problem.
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Figure 6.12: Scattering of a plane wave on a head model. Magnitude and phase of Mie
and FE/IE solution of magnetic field Hy in terms of z coordinate.

Pointwise and average of SAR’s

In order to study EM waves transfer properties of the human head, the focus

is now on the level and distribution of SAR inside the head model. Once the electric

field in the head model is determined, the corresponding SAR is defined as,

SAR =
|Etot|2σ

ρ
[mW/g] (6.3.32)

averaged either over 1 or 10 g of the tissue mass. The value of SAR can be cal-

culated pointwise according to FE/IE solution |E| in terms of physical coordinates
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Figure 6.13: Scattering of a plane wave on a head model. Contour plots of the exact
solution of (a) Ex and (b) Hy.

x. From SAR distribution in the finite element domain of the head model, see

Fig.6.14(a), we observe relatively strong attenuation of the waves due to the ab-

sorbing properties of the liquid. The location of high value SAR in the head model

can be easily discernible as the red area in Fig.6.14(b).

The average SAR can be computed directly from the Mie series solution

[10]. This allows to test again the computational accuracy. The orthogonality of

spherical vector harmonics yields the formula for the integral of the total field in-

tensity,

∫

Ω

|Etot|2dx = π

∞∑

n=1

∫ 1

−1

d(cosθ)

∫ a

0

r2dr
(
|cn|2(mθ +mφ) + |dn|2(nr + nθ + nφ)

)

(6.3.33)
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Figure 6.14: Scattering of a plane wave on a head model. (a) SAR distribution in both the
head model and its near field domain. (b)SAR distribution within the head model

The integration over azimuth φ has already been performed, leading to the π factor.

Here mθ,mφ and nr, nθ, nφ are absolute-square values of the series terms of the

components of the vector-waves in (6.1.19),

mθ = gnπ
2
n(cosθ)|jn(ρ)|2; mφ = gnτ

2
n(cosθ)|jn(ρ)|2; (6.3.34)

nr = gnsin
2θπ2

n(cosθ)

∣∣∣∣
jn(ρ)

ρ

∣∣∣∣
2

; nθ = gnτ
2
nτn(cosθ)

∣∣∣∣
(ρjn(ρ))′

ρ

∣∣∣∣
2

;

nφ = gnnπn(cosθ)

∣∣∣∣
(ρjn(ρ))′

ρ

∣∣∣∣
2

.

Here gn stands for

gn =
2n+ 1

n(n+ 1)

2

(6.3.35)

Integrals in cosθ can be evaluated analytically,

mn =

∫ 1

−1

(mθ +mφ)d(cosθ) = 2(2n+ 1)|jn(ρ)|2 (6.3.36)

nn =

∫ 1

−1

(nr + nθ + nφ)d(cosθ) = 2n(2n+ 1)

{
(n+ 1)

∣∣∣∣
jn(ρ)

ρ

∣∣∣∣
2

+

∣∣∣∣
ρjn(ρ)′

ρ

∣∣∣∣
2
}2
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The final formula for the average SAR’s becomes,

SAR =
3σ

4ρa3

nmax∑

n=1

∫ a

0

(mn|cn|2 + nn|dn|2)r2dr. (6.3.37)

Substituting the head model data, we obtain the (head) average SAR = 2.581[mW/g].

A direct numerical evaluation using the FE/IE yields SAR = 2.607[mW/g].

In this Chapter, the Mie series solution is used to verify the FE/IE code.

The presented numerical results are certainly encouraging from the practical point

of view. The coupled finite/infinite elements provide a reliable approximation not

only within the truncated domain but outside it as well. The convergence tests

done for the presented benchmark problems, confirm fully the predicted exponential

convergence with respect to order of approximation p.
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Chapter 7

Simulation of EM Waves in the Head Model

Based on the results of the last Chapter, the reconstructed G1 head model

is now utilized to study the transfer properties of the EM waves from different

sources. In particular, radiation from a plane wave and a short dipole antenna which

models the cell phone, are discussed. The discretisation error is controlled by a self-

adaptive process, which is driven by an explicit a posteriori error estimate.

7.1 Scattering of a plane wave

Based on the G1 surface reconstruction scheme [127] and the transfinite

interpolation techniques in GMP [123], we have constructed a curvilinear hex-mesh

model with a G1 continuous surface for the 3D human head. The head model is

made of only 234 hexahedra, while there are 1782 hexahedra in between the head

model and the truncating sphere. The numbers of all the GMP entities are listed in

Table 7.1.

The numerical experiments in the last Chapter confirmed that infinite ele-

ments allow for exponential convergence which makes the combined hp FEM and

IE a competitive tool for obtaining accurate solutions. Following the similar ap-

proach, in this section we approximate the scattering of a plane wave on the head
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Figure 7.1: Scattering of a plane wave on the head model: (a) Cross section of FE/IE
solution |E| in the near field. (b) FE/IE solution |E| on the head surface.

GEOMETRY ENTITIES BEFORE DIVISIONS AFTER DIVISIONS
NRSURFS 2293 2293
NRPOINT 2635 3851
NRCURVE 7239 10279
NRTRIAN 0 0
NRRECTA 6621 9357
NRPRISM 0 0
NRHEXAS 2016 2928

Table 7.1: Numbers of global GMP entities for the head model before and after
divisions.

144



model. The radiation condition in the far field is satisfied automatically by means of

the IE approximation, which is also used to model the infinite space surrounding the

scatterer. The FE/IE approach is an alternative to the numerically exact Boundary

Element Method as opposed to popular absorbing boundary conditions (ABS) or

perfectly matching layer (PML) methods which introduce an irreducible modeling

error.

Due to limited computing resources, the simulation is first performed on a

coarse grid with p = 2 and h = 1 for this large GMP head model. The obtained

FE/IE approximation of |E| is shown in Fig. 7.1. In this case, the solution of the

Maxwell equations exhibits a complicated structure with limited regularity, display-

ing singularities near several corners and non-convex edges. Note that the irregular

high values of the solution (see the red spots on the head model in Fig.7.1), are

caused by a degeneration of derivatives of the GMP parameterizations from refer-

ence coordinates to physical coordinates. One way to solve the geometric degen-

eration problem is to develop an optimal parameterization algorithm. In our case,

we simply identify those degerated hexahedra and divide them into seven smaller

sub-hexahedra. Fig. 7.2 and 7.3 show that after divisions the solutions |E| has

significantly improved.

Using FE/IE on a practical level, one is faced with the problem of determin-

ing the actual error in a given discretization calculation. This is difficult to ascertain

due to the absence of exact solutions. For small problems, we can perform a mesh

convergence study in which the solution on a sequence of finer and finer meshes

is compared. Then an indicator of the overall accuracy can be obtained from the
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Figure 7.2: Scattering of a plane wave on the head model: The near field FE/IE solution
|E| after divisions.

change in the solution as the mesh is refined. Unfortunately for the head problem

which has complex geometry with large number of GMP entities, we can not af-

ford to refine a three-dimensional mesh by halving the mesh size before running

out of computing resources. Therefore, in order to improve a solution computed on
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Figure 7.3: Scattering of a plane wave on the head model: FE/IE solution |E| on the head
surface after divisions.

a coarse mesh, it is important to refine the mesh non-uniformly by addressing only

those parts of the domain that are currently causing the majority of the error. In

attempting to obtain a more accurate FE/IE solution for the head problem, we are

led to the following two questions:

• a posteriori error analysis: estimation of the error in a given solution after
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computing the solution,

• adaptivity: mesh modification to produce a more accurate solution.

Obviously the goal is to adapt the mesh to produce a solution of a desired accuracy

with close to minimum work.

7.2 An explicit a posteriori error estimator

General techniques for a posteriori error estimation are discussed in [1, 69]

but a posteriori error analysis for the Maxwell equations is not well developed yet,

and there are still many open questions. The analysis is hampered by the fact that

the bilinear form for the time-harmonic Maxwell equations is not coercive in the

H(curl) space. A posterior error estimates are available for e.g. electromagnetic

scattering [73, 118] and the adaptive solution of far field patterns [92], but they all

suffer from significant limitations. We study the explicit error estimate following

the theory presented [92].

We recall the bilinear form b(·, ·) : H(curl,Ω) ×H(curl,Ω) → IR defined

in (2.2.15),

b(u,v) = (µ−1∇× u,∇× v)− k2(u,v) (7.2.1)

where k2 = ω2ε− iωσ. The variational form of (2.2.15) is to find E ∈ H(curl,Ω)

such that

b(E,F ) = (−iωJ imp,F ), ∀F ∈ H(curl,Ω) (7.2.2)
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We denote the finite element subspace of H(curl,Ω) corresponding to degree-p

edge elements. In order to estimate the (L2(Ω))3 norm of eh = E −Ehp, Ehp ∈

Hhp(curl,Ω), we start by introducing the following variational dual problem.

Find Z ∈ H(curl,Ω) such that b(F ,Z) = (F , eh) ∀F ∈ H(curl,Ω)(7.2.3)

The dual solution Z exists uniquely and

||Z||H(curl,Ω) ≤ C||eh||(L2(Ω))3 (7.2.4)

Using Helmhotz decompostion,Z can be written uniquely as the sum of divergence

free vector Z0 ∈ H(curl,Ω) and a scalar p ∈ H1/IR,

Z = Z0 +∇p, (7.2.5)

Thus,

||∇p||(L2(Ω))3 =
√
||Z||2(L2(Ω))3 − ||Z0||2(L2(Ω))3 (7.2.6)

≤ ||Z||(L2(Ω))3 ≤ C||eh||(L2(Ω))3 .

Choosing the test function F = eh, Eqn.(7.2.3) can be written as,

b(eh,Z0) + b(eh,∇p) = (eh, eh). (7.2.7)

Moreover, the standard orthogonality condition of the error in the Galerkin projec-

tion holds, b(eh,F h) = 0. Equation (7.2.7) becomes,

b(eh,Z0 − F h) + b(eh,∇(p− ξh) = (eh, eh), (7.2.8)

∀ξ ∈ H1
0 and F h ∈ Hh(curl,Ω).
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Using the notation (u,v)K =
∫
K
u · v̄dV for a hexahedron element K, and <

u,v >f=
∫
f
u · v̄dA for a rectangular face f , we have

b(eh,Z0 − F h) =
∑

K

{(
µ−1∇× eh,∇× (Z0 − F h)

)
K
− k2 (eh,Z0 − F h)K

}

=
∑

K

{(∇× µ−1∇× eh,Z0 − F h

)
K
− k2 (eh,Z0 − F h)K

}

+
∑

K

∑

f∈∂K

{〈
µ−1∇× eh,n× (Z0 − F h)

〉
f

}
. (7.2.9)

We introduce the notation for residual functionals,

r = −iωJ imp −
(∇× µ−1∇×Eh − k2Eh

)
(7.2.10)

R1 = n× [µ−1∇×Eh].

Using the Cauchy-Schwarz inequality (7.2.9) becomes,

b(eh,Z0 − F h) =
∑

K

(r,Z0 − F h)K +
∑

f

< R1,Z0 − F h >f (7.2.11)

≤
∑

K

||r||L2 ||Z0 − F h||L2 +
∑

f

||R1||L2 ||Z0 − F h||L2

The second term on the left-hand side of (7.2.9) is estimated similarly, using the

fact that k2∇ ·E = iω∇ · J imp,

b(eh,∇(p− ξh)) = −k2
∑

K

(eh,∇(p− ξh))K (7.2.12)

=
∑

K

(
−iω∇ · J imp − k2∇ ·Eh, (p− ξh)

)
K

+
∑

K

∑

f∈∂K
k2 〈n · eh, (p− ξh)〉f

Defining

R2 = iω∇ · J imp + k2∇ ·Eh (7.2.13)

R3 = −n · [eh] = n · [Eh]
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we have

b(eh,∇(p− ξh)) ≤
∑

K

||R2||L2 ||p− ξh||L2 +
∑

f

||R3||L2 ||p− ξh||L2

Substituting (7.2.12) to (7.2.9), we obtain,

(eh, eh) ≤
∑

K

(||r||L2 ||Z0 − F h||L2 + ||R2||L2 ||p− ξh||L2) (7.2.14)

+
∑

f

(||R1||L2 ||Z0 − F h||L2 + ||R3||L2 ||p− ξh||L2)

To derive a classical residual based error estimator, we now need to make

some specific choices of ξh and F h. We choose ξh = Πξ where Π is the Projection

based interpolant defined in [24, 27]. Thus

∑

K

||R2||L2 ||p− ξh||L2 +
∑

f

||R3||L2 ||p− ξh||L2

≤ C

(∑

K

h2
K ||R2||2L2 +

∑

f

hf ||R3||2L2

)1/2

×
(∑

K

1

h2
K

||p−
∏

ξ||2L2 +
∑

f

1

hf
||p−

∏
ξ||2L2

)1/2

≤ C

(∑

K

h2
K ||R2||2L2 +

∑

f

hf ||R3||2L2

)1/2

||eh||L2 (7.2.15)

where C is a constant; hK is the element size and hf is the face size. The estimation

of the term involving Z0 − F is similar,

∑

K

||r||L2 ||Z0 − F h||L2 +
∑

f

||R1||L2 ||Z0 − F h||L2

≤ C

(∑

K

h2
K ||r||2L2 +

∑

f

hf ||R2||2L2

)1/2

||eh||L2 (7.2.16)
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Figure 7.4: Scattering of a plane wave on the sphere model: (a) The exact Mie series
solution |E|. (b) The FE/IE solution on the coarse mesh (c) The FE/IE solution on a first
level adaptive mesh. (d)The FE/IE solution on a second level adaptive mesh.
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Substituting (7.2.15) and (7.2.16) into (7.2.15), we obtain the final form,

||eh||L2 ≤ C

{∑

K

h2
K

(
||r||2L2 + ||R3||2L2

)
+
∑

f

hK
(
||R1||2L2 + ||R2||2L2

)
}1/2

(7.2.17)

The above equation shows that it is necessary to use both jumps in the tangential

and normal components across element faces. The constants in this error estimate

are difficult to estimate and depend on wave number k.

A posteriori error estimation is an essential component of the adaptive tech-

nique for two reasons. First, it allows one to asses the quality of the solution on

the current mesh and to decide if the accuracy is sufficient. Second, the distribu-

tion of error indicators is used to govern adaptivity indicating the regions which

require (additional) refinements. The adaptive meshing strategy is discussed in the

following section.

7.3 Adaptive meshing strategy

Although the explicit an posteriori error estimation in (7.2.17) is inadequate

to set a proper error bound, the attractive feature of this posteriori method is that it

is very inexpensive, especially for complex problems. Moreover, it is an accurate

error indicator for h mesh refinement. Disregarding the constant C in (7.2.17), we

refine any elements whose error in L2 norm exceeds one third of the maximum

value of ||eh||L2 in the whole meshed model.

The exact Mie series solution for scattering of plane wave on a dielectric

sphere is given in (6.1.25). The coarse mesh for the sphere model in Fig. 6.5 is

based on seven hexahedra with p = 2 and 1/h = 2. The magnitudes of electric
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Figure 7.5: Scattering of a plane wave on the sphere model: comparison of the L2- a
posteriori error estimate with the L2-error.

field E display an obvious difference with the exact solution, see 7.4(a), and the

FE/IE solution in the initial mesh, see Fig. 7.4(b). After looping through each ele-

ment in the initial mesh, the code captures elements with relatively large errors by

using the explicit an posterior indicator. The first h adaptive refinement subdivides

84 elements(around 80% of the initial mesh), see Fig. 7.4(c), while the second re-

finement subdivides only 20 elements (around 3% of the first refined mesh), see

Fig. 7.4(d). The essential influence of adaptivity on the results are obviously dis-

cernible, and the corresponding number of elements and d.o.f. are listed in Table

7.2.

In order to assess the constant C in (7.2.17), we compare the L2- a posteriori
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Entities Initial Mesh First Refined Mesh Second Refined Mesh
Elements 104 692 832

d.o.f. 2751 18915 22279

Table 7.2: Scattering of a plane wave on the sphere model: The number of elements
and corresponding d.o.f.

error estimate with L2 error ||Eexac − Ehp||L2 , where Eexac is obtained from Mie

series solution in (6.1.25). The log-log scale of relative error versus d.o.f. for h-

adaptive refinement gives us two nearly parallel lines, see Fig.7.5. The L2 errors

for E field reduce from 64.3% to 23.7%, then to 21.5% respectively. Note that the

uniform p-refinement with 1/h = 3 delivers a faster convergence rate than adaptive

h-refinement with p = 2, see Fig.6.8. In order to obtain high-accuracy simulation,

we should adopt higher order of approximations (p ≥ 3) for h-adaptive refinement

(the radius of the sphere a = 1.932λ). However for complex real-life problems,

e.g., head model, the limitations of computing resources put restriction on the size

of the refined mesh. For instance, in the head model, the d.o.f. for refined mesh can

not exceed twice the d.o.f. for the initial mesh. For the problem of scattering of a

plane wave on the sphere, we take C = 16.8 and use it later to estimate the error

for the head model.

The same h-adaptive strategy is used to refine the initial mesh of the head

model in Fig.7.2. The first refinement uniformly subdivides 123 elements (4% of

the initial mesh), see Fig.7.6. The head model is not symmetric about the z axis,

the corresponding refined elements are therefore not distributed symmetrically as

in the case of the sphere model. The second refinement involves less than 5% of

the first refined mesh (173 elements), see Fig.7.7. The total increase of d.o.f. is
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Figure 7.6: Scattering of a plane wave on the head model: the FE/IE solution |E| after the
first h adaptive refinement.

estimated about twice the d.o.f. of the initial mesh, see Table 7.3. Using the same

value of C as in the sphere problem, the error range for the head model is about

43.8%− 21.7%. The problem required over 25G disk space and 41 h CPU-time on

a AMD Athlon(tm) MP computer.

We believe the FE/IE could deliver a substantially smaller discretization

error if we used higher order of approximation p.

Entities Initial Mesh First Refined Mesh Second Refined Mesh
Elements 2928 3789 5914

d.o.f. 79405 96371 142435

Table 7.3: Scattering of a plane wave on the head model: the number of elements
and corresponding d.o.f.
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Figure 7.7: Scattering of a plane wave on the head model: the FE/IE solution |E| after the
second h adaptive refinement.

The magnitude of electric field |E| in the head model is analogous to the

corresponding |E| in the sphere model, see Fig. 7.4(a). Similarities are obviously

observed between the two FE/IE approximations, and the location of high value

SAR in the head model are easily discernible as the red area in Fig.7.9.

7.4 Example of adaptive solution: scattering from a dipole an-
tenna

The studies above focused on EM waves transfer properties of the human

head when exposed to an incident plane wave. The first step necessary for an as-

sessment of the potential risks of using handheld mobile MTE, is to analyze and

quantify the EM field induced in the human head. Therefore, in this section, we
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Figure 7.8: Scattering of a plane wave on the head model: the L2- a posteriori error
estimate.

investigate absorption patterns in the human head corresponding to a field emitted

by a handheld cellular phone, which is a RF transmitting device normally operated

at the user’s ear.

Although the time averaged output power of the cellphone is below 1 W, the

safety limits for human electromagnetic exposure are not intrinsically granted. The

excitation source is modeled as a short dipole positioned at a distance of 15 mm

from the head and with an orientation parallel to the z axis. In the far field of EM
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Figure 7.9: Scattering of a plane wave on the head model: Pointwise SAR distribution
within the truncating sphere and on the surface of the head model after second h adaptive
refinement.

waves emitted by a short dipole, we have,

Eff
θ ≈ jk0η0(Idl)

e−jk0r

4πr
sinθ

Hff
φ ≈ jk0(Idl)

−ejk0r

4πr
sinθ. (7.4.18)

and Hff
r = Hff

θ = 0. The corresponding output power is,

P =

∮
Re[Eff ×Hff ]ds = (Idl)2k

2
0η0

6π

We take P = 600(mW ) for frequency f = 900(MHz), and the corresponding

Idl = 7.96(A ·mm) is used to compute the incident waveE inc in (2.2.8). The head

model utilizes appropriate dielectric properties of homogeneous tissue equivalent
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liquid for SAR compliance testing, see Table 6.5. [51] suggested that homogeneous

dielectric properties overestimate the worst-case nonhomogeneous modeling. [71]

concluded that the spatial peak SAR is scarcely affected by the size and the shape of

the human head for electromagnetic sources at a defined distance from the human

head. Compared to other factors, such as distance of the source from the head

and design of the devices, the effects caused by the complex anatomy are minor

especially in the case of volume-averaged values. [34] states the spatial-peak SAR

values obtained with the homogeneous modeling were always larger than those

from nonhomogeneous modeling. The comparison of the results obtained from the

inhomogeneous and homogeneous phantoms suggests that homogeneous phantoms

are highly suited to be used in tests for handheld MTE operating in the 900 MHz

band.

The same adaptive meshing strategy is applied to the initial coarse mesh

for the dipole problem. 92 elements are subdivided in the first refinement and 103

elements in the second refinement. Most of the refinements occur on the left side of

the head model where the dipole antenna is placed. The entities are listed in Table

7.4.

Entities Initial Mesh First refined Mesh Second Refined Mesh
Number of Elements 2928 3572 4915

Number of d.o.f. 79405 91695 120034

Table 7.4: Scattering of EM waves from a dipole antenna on the head model: num-
ber of elements and corresponding d.o.f.

Absorption patterns in the human head are now investigated on the bases
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Figure 7.10: Scattering of EM waves from a dipole antenna on the head model: Pointwise
SAR distributions in the near field within the truncating sphere after the second h adaptive
refinement.

of SAR values. Fig. 7.10 and Fig. 7.11 show the qualitative SAR distributions

in the head model in xz plane. High SAR values are in red, low SAR values in

blue. The most critical value is the local peak SAR limit. Once the electric field in

the head model is determined, the corresponding SAR can be computed in (6.3.32)

averaged over 1g of the tissue mass. The resulting spatial peak and average SARs

are listed in Table 7.5. The ANSI safety guidelines suggested that the whole-body-

average SAR should be smaller than 0.08W/kg and the peak SAR values should

less than 1.6W/kg [81]. The numerically calculated values of SAR’s for the head
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SARs Initial Mesh First Refined Mesh Second Refined Mesh
Average 60.1 58.5 61.4

Spatial Peak 781.5 891.8 875.1

Table 7.5: Scattering of EM waves from a dipole antenna on the head model: the
average and spatial peak SARs (mW/kg) as average over 1g of tissue.

model are all below the safety standards. Compared with the results obtained from

high-resolution FDTD simulation [114], the average and peak SAR values are very

similar as expected. Note the range of SARs in Table 7.5 is not affected dramatically

by the refinements. In other words, the refinements show very little effect on the

SAR distributions for region of highest EM absorption close to antenna. However,

the adaptive refinement is essential for assessing the accuracy of the finite element

method in practical computations of our head model. The region with high absorp-

tion values in the head model concentrate on the left-hand side of the head model,

close to the dipole antenna. In most parts of the head the EM field is relatively

low. All these differences can be directly explained by the energy absorption mech-

anism. According to 6.3.32, the induced SAR is primarily determined by the square

of the E-field which drops inversely proportional to the square of the distance from

the source. In the case of transmitters very close to the head, variations of the bone

conductivity in the vicinity of the source have scarcely any effect on the absorption

in the brain tissue. In other words, the distance dependence dominates the field at-

tenuation due to absorption and the strong radial decay of the E-field in the vicinity

of the source. This is another reason why we can only use a homogeneous model

to test the EM transfer properties in the head.

Based on the presented results, we conclude that the first stage in simulating
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Figure 7.11: Scattering of EM waves from a dipole antenna on the head model: Pointwise
SAR distributions on the surface of the head model after the second h adaptive refinement.

EM waves of the head model, i.e., the homogeneous head model, has been accom-

plished. It is anticipated that the study of an inhomogeneous head model will be

implemented in the future. The FE/IE approach has been shown to be practically

feasible, and provides a promising approach for numerical simulation of scatter-

ing problems in electromagnetics. The work is a step forward making hp-adaptive

techniques and error estimation available for numerical simulation of problems in

three-dimensional electromagnetics.
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Chapter 8

Conclusions and Future Work

8.1 Accomplishments of the Dissertation

The dissertation focuses on geometry modeling and the control of related,

geometry induced errors in hp FE simulations. The work is driven by a class of

problems where the geometry is reconstructed from MRI scans with the problem

of simulating EM waves in the human head being the prime motivating example.

Based on the results presented in this dissertation, we can summarize the main

accomplishments of the presented work as follows.

• Exact geometric modeling for hp FE simulations.

A new version of the Geometric Modeling Package (GMP) was developed.

The package is used to generate an exact geometry representation for a class

of complex objects involved in hp-adaptive Finite Element simulations. The

object, represented as a differential manifold, is partitioned into curvilinear

hexahedral blocks, each of them coming with an individual parameterization

map. The parameterizations have to be compatible on block interfaces. The

original GMP package [23] has been rewritten in Fortran 90, correcting a

number of errors in the original version (e.g. handling of orientations for

hexahedral faces), and expanded (general transfinite interpolations hexahedra
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and prisms have been added). The GMP package constitutes a natural and

flexible framework in which most of the reported work has taken place. The

geometrical representation can be used to generate FE meshes of arbitrary

high order, and make geometry updates during mesh refinements. The two

fundamental parametrization techniques supported by the package: implicit

parameterizations and transfinite interpolation, have supported the geome-

try modeling for many research projects performed at ICES, and it has been

proven to be well suited for hp-adaptive finite element simulations.

• Accelerating preparation of a geometry input data.

The critical practical issue of facilitating and accelerating preparation of a

geometry input data, has been addressed in [124], by developing an interface

with Sandia’s hexahedral mesh generator - Cubit. Starting with a data base

for implicitly described (algebraic) surfaces, an input is prepared for Cubit

which, in turn, generates a coarse mesh of trilinear hexahedra for the pre-

scribed 3D domain. The element to vertex connectivities are then imported

back into GMP, and the implicit parameterizations and transfinite interpo-

lation techniques are used to upgrade the trilinear cubes to fully nonlinear

hexahedra, reproducing the prescribed geometry exactly. In process of devel-

oping the interface with Cubit, a new, simplified format for specifying con-

nectivities (topology) has also been developed. Among other applications,

the software has been tested on geometries related to modeling EM tools in

oil exploration.
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• G1 surface reconstruction on an unstructured rectangular mesh.

An efficient G1 surface reconstruction scheme has been developed for com-

plex solid models used in FE simulations. The technique based on low

geometric degree (biquartic) polynomial interpolation, allows to construct a

smooth surface on arbitrary unstructured (irregular) rectangular meshes. A

suitable parametric representation of the surface as well as a local control of

individual rectangular patches is achieved via simultaneous surface fitting of

a curve network with corresponding cubic normals. Necessary compatibil-

ity conditions have been formulated, and proved to satisfy the tangent plane

continuity and vertex enclosure constraints. The scheme has been applied to

the geometric reconstruction in context of geometries reproduced from MRI

scans, and mesh generation for high order hp FE discretization.

• Evaluation FE and geometry errors for curvilinear geometries.

A general framework for handling curvilinear geometries in high accuracy

FE simulations, for both elliptic and Maxwell problems has been discussed.

A systematic way of computing the H1−, and H(curl)− discretization er-

rors, accounting for the error in geometry approximation, has been proposed.

Based on the differential manifold concept, the domain is represented as a

union of geometrical blocks prescribed with globally compatible, explicit

or implicit parameterizations. The idea of parametric H1−, H(curl)− and

H(div) - conforming elements has been reviewed, and the concepts of exact

geometry elements and isoparametric elements have been discussed. We fo-
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cused on isoparametric elements, and two ways of computing FE discretiza-

tion errors: a popular one, neglecting the geometry approximation, and a

precise one, utilizing the exact geometry representation. Two fundamental

issues have been discussed:

– A proper definition of the geometry error and its assessment.

– A precise evaluation of hp FE discretization errors for both elliptic and

Maxwell problems.

Presented numerical examples indicate the necessity of accounting for the

geometry error in FE error calculations, especially for the H(curl) problems.

The two errors may differ by an order in magnitude, motivating the care with

which convergence results for higher order elements on curved geometries

should be reported.

• Verification of the FE/IE Code using Mie series solution.

The problem of scattering a plane wave on a dielectric, conductive sphere

has been investigated. The Mie series solution has been implemented in the

hp code. The FE/IE code has been verified by comparing the magnitude and

phase of computed electric field E and magnetic field H with the exact Mie

solution for the benchmark problem. The accuracy of FE/IE approximation

has then been assessed using the precise definition of the solution error in-

corporating the effects of geometry approximation. The performed numerical

experiments indicate thatG1-continuous geometry representation is sufficient
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for modeling propagation and absorption of EM waves in curvilinear geome-

tries.

• An explicit a posteriori estimation and mesh adaptivity procedure.

Following [92], an explicit a posteriori error estimator for time-harmonic

Maxwell equations and arbitrary hp meshes on curvilinear geometries has

been implemented. The estimator involves both residuals and jumps in the

tangential components of magnetic field H and the normal components of

electric field E. It has been used to drive an h-adaptive strategy to solve the

head problem.

• Evaluation of energy distribution in the head model. All described tech-

niques have been studied in context of the problem of modeling the electro-

magnetic waves in the human head. Radiation from different sources includ-

ing a model of a cell phone, has been studied, and the corresponding Specific

Absorption Rates (SAR) has been computed.

8.2 Directions of Future Research

Based on the completed work, possible directions of future research include:

• Study, design and implementation of automatic goal-oriented adaptive

strategies.

For a number of EM applications, a refinement strategy based on the explicit

a posteriori error estimator may be inadequate. Thus, it is necessary to work
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out a goal-oriented adaptive strategy that minimizes the error of an arbitrar-

ily prescribed quantity of interest. Ideally, we could like to develop a 3D

Maxwell version of the goal-oriented hp-adaptive shortly presented in [119],

but simpler technique may have to be investigated earlier.

• Generalization of the G1 biquartic reconstruction technique to a hierar-

chy of techniques of arbitrary order. Future use of elements of order p > 4,

necessitates a parallel development of geometry reconstruction techniques of

arbitrary order. Ideally, there should have a hierarchical structure, based on a

more complete information than surface points and normals.

• Study the EM transfer properties of a nonhomogeneous head model.

The head model should be approximated by a layered structure consisting

of skin, fat, muscle, skull, dura, and gray and white brain matter. Since ef-

fects from standing waves may result in enhanced spatial-peak absorption,

the worst-case tissue composition is not known and a full analysis seems to

be necessary.
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