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Chapter 1: Introduction 

1.1 MOTIVATION 

Since the mid-1980s, electricity industry restructuring has been spreading around 

the world including the United States.  In the conventional regulatory regime, three 

main components of the industry, that is, generation, transmission, and distribution, have 

typically been vertically integrated within a utility.  Electricity industry restructuring 

involves unbundling these three rather distinct components of the industry and 

introducing a marketplace to trade electric energy in the wholesale sector [1-3].    

Compared to other commodity markets, wholesale electricity markets have been 

considered to be very complex due to their underlying physical constraints such as 

supply-demand balancing condition and transmission network constraints [1-3].  

Considering the complexity of the markets and a relatively small number of large market 

participants, the concern for market participants’ strategic manipulation of the market has 

been increased, and much research has been performed on this subject.  Many such 

studies applied game-theoretic equilibrium theory in order to explicitly consider the 

strategic interactions of the market participants, and provide enhanced understandings 

about various wholesale electricity market issues.  However, few would disagree that 

there is still strong need for further studies on this area, in particular, regarding analyzing 

behaviors of market participants. 

 

1.2 RESEARCH GOALS 

The goals of this study are to address specific concerns in restructured electricity 

markets based on game-theoretic equilibrium concepts and to understand the strategic 
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behavior of the market participants in wholesale electricity markets. This research 

focuses on three specific goals as follows: 

• Analyzing the competitive effects of ownership of financial transmission 

rights (FTRs), 

• Developing a dynamic game model considering the ramp rate constraints 

of generators, and 

• Analyzing strategic behavior in electricity capacity markets. 

 

1.3 DISSERTATION OVERVIEW 

This dissertation is composed of 6 chapters.  Chapter 1 (this chapter) is a general 

introduction to this research.  Chapter 2 provides background on electricity industry 

restructuring, economic equilibrium theory, and game-theoretic equilibrium models of 

electricity markets.  In chapter 3, a study on the competitive effects of ownership of 

financial transmission rights is presented.  Chapter 4 presents a dynamic game model 

considering the ramp rate constraints of generators.  In chapter 5, strategic behavior of 

generators in electricity capacity markets is analyzed.  Finally, chapter 6 provides a 

summary of results and conclusions for the research presented in this dissertation.  

Suggestions for future research are also provided in that chapter. 
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Chapter 2: Background 

2.1 INTRODUCTION 

In Chapter 2, I will describe electricity industry restructuring and physical 

characteristics of power systems as challenges for designing well-performing wholesale 

electricity markets.  Game theory and the Nash equilibrium concept will be also briefly 

described in this chapter.  Additionally, game-theoretic equilibrium models applied to 

electricity markets will be addressed. 
 

2.2 ELECTRICITY INDUSTRY RESTRUCTURING 

There are three relatively distinct sectors recognized in the electricity industry: 

generation, transmission, and distribution.  Before restructuring, these three sectors of 

the electricity industry were typically vertically integrated within a utility.  The main 

justification of the vertical integration of the industry was wide-spread consensus that 

each sector was a natural monopoly [1, 2].  In particular, the natural monopoly argument 

in the generation sector was supported by the economies of scale in generation 

construction costs. 

However, this justification in the generation sector has been weakened by the 

declined optimal scale of generating plants due to technology improvements.  Motivated 

by this, unbundling the three sectors in the industry and introducing competition in the 

generation sector have been spreading around the world during the last two decades in the 

hope of making the industry more efficient and technologically innovative.  

Consequently, the regulatory framework for the wholesale sector of the electricity 
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industry has been changed by the creation of wholesale electricity markets where 

generating firms compete to serve demand.  

Even though the motivation and the desired results of the competitive wholesale 

electricity markets are very clear, designing well-performing electricity markets has 

proven not to be a straightforward task due to various unique characteristics of the 

electric power system, which is the underlying infrastructure of electricity markets [1-3].  

One of the major physical characteristics of electric power systems is that there is no 

economic way to store bulk electric power.  This characteristic results in the supply-

demand balancing constraint that the electric power supply has to be equal to the power 

demand at any given moment in order for reliable power system operation.   

Another unique characteristic is that the power flow through the transmission 

lines is highly constrained by Kirchhoff’s laws.  That is, the electric power flow through 

the transmission network cannot be controlled in an arbitrary manner, but is instead 

determined by the physical laws.  Combined with the transmission capacity constraints, 

this characteristic is one of the most challenging factors to be considered for wholesale 

electricity market design.   

The physical and engineering characteristics including the above two are very 

important for designing well-performing wholesale electricity markets, and, therefore, 

there has been strong need for clearly understanding the competitive effects of these 

characteristics.  Responding to this need, many studies have been performed, and 

provided enhanced understandings on the issue.  However, few would disagree that 

there is still strong need for further studies on this area, in particular, regarding analyzing 

behaviors of market participants.    
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2.3 GAME THEORY 

In recent years, game-theoretic reasoning has been applied to a variety of areas 

and game theory has certainly played a dominant role in contemporary mainstream 

economics.  Following general equilibrium theory, game theory to a very large extent 

took over as the analytical tool of microeconomic theorists.  The most frequently 

applied part of game theory is “non-cooperative” game theory, of which the most 

commonly used equilibrium concept is the Nash equilibrium [4-7]. 

 

2.3.1 Definition and Representation of Games 

In economics, the term “game” is used for denoting an economic situation with 

“strategic interdependence” of multiple decision makers.  In contrast to individual 

decision making where the decision maker’s payoff depends only on the choices he or 

she makes, in multiple decision maker situations with strategic interdependence, each 

decision maker’s payoff depends not only on his or her own actions but also on the 

actions of other decision makers.  The use of the term “game” highlights this central 

concept of the game.  That is, the decision makers are concerned with strategy and 

winning in the general sense of utility or profit maximization [4]. 

A game is generally characterized by three components: a set of players, 

strategies available to players, and payoffs to each player for each combination of 

strategies [4-6]: 

� Players: decision makers, 

� Strategies: the possible set of actions by each decision maker, 

� Payoffs: the decision makers’ preferences over the possible outcomes. 

There are two popular forms in which we can formally represent games: the 

extensive form and the normal form [4-7].  The extensive form representation is a 
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graphical way based on a game tree, while the normal form representation usually relies 

on a tabular form.  For static games in which all players choose their actions at the same 

time, the normal form representation is usually used since the normal form captures all 

the strategically relevant information with a condensed representation.  On the other 

hand, in dynamic games, players choose actions over time, and the extensive form 

representation is generally used since the normal form representation omits the sequence 

of players’ movements.  

 

2.3.2 Nash Equilibrium 

In applications of game theory to economics, the most widely used solution 

concept is that of Nash equilibrium [4-7].  In a Nash equilibrium, each player’s strategy 

choice is a best response to the Nash equilibrium strategies played by the other players.  

That is, in a Nash equilibrium, no player has an incentive to deviate from his equilibrium 

strategy given that the other players will play their Nash equilibrium strategies. 

According to the specific competition models, there are several well-known 

equilibrium notions based on this unifying principle.  The most traditional examples are 

Cournot and Bertrand equilibrium models [4,5].  These two models were proposed for 

explaining firms’ behavior in imperfectly competitive markets.  In Cournot competition, 

firms compete in their production quantities, and the market price is determined by firms’ 

quantity decisions.  On the other hand, in Bertrand competition, firms compete in their 

price decisions.  These two equilibria of the two models are just Nash equilibria, but it is 

also common practice to speak of these equilibria as “Cournot equilibrium” and 

“Bertrand equilibrium,” respectively.  Another example is a “supply function 

equilibrium” [8].  In the supply function equilibrium model, firms determine their 
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supply functions relating their price and quantity, and a supply function equilibrium is a 

Nash equilibrium applied to a supply function model.  

 

2.4 Game-theoretic equilibrium models applied to electricity markets 

As described in section 2.2, wholesale electricity markets have physical and 

operational characteristics that are unique amongst commodity markets.  Due to this 

market complexity as well as a relatively small number of large market participants, 

limited competitiveness and strategic behavior of market participants have been one of 

the big concerns for designing and operating electricity markets.  Therefore, many 

efforts have been made to analyze strategic behavior of market participants and its 

consequences in wholesale electricity markets, and game-theoretic methods have been 

widely used in order to explicitly consider strategic interactions of market participants.   

Among other equilibrium models, both the Cournot model and the supply 

function equilibrium model have been applied extensively to model electricity markets 

[9-14].  Cournot models have been applied to electricity markets since they are easy to 

solve and they yield, under reasonable conditions, a unique Nash equilibrium.  

Moreover, the tractability and flexibility of the models allows researchers to focus on 

analyzing the complexity of physical and operational characteristics such as network or 

generation constraints, which are unique to electricity markets, rather than focus on 

dealing with the complexity of the equilibrium model itself.   

In typical electricity markets, the market rules require suppliers to offer a price-

quantity schedule rather than make simple quantity offers, and there has been an 

argument that while Cournot models are easy to calculate, the results may not represent 

reasonable market outcomes.  Supply function equilibrium models, on the other hand, 

are considered to model electricity markets in a more realistic way than Cournot models 
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since supply function equilibrium models assume that the suppliers offer price-quantity 

functions rather than simple quantities. 

Many studies have discussed the game-theoretic equilibrium models applied to 

electricity markets.  Kahn [9] reviewed economic equilibrium models applied to 

electricity markets and compared the Cournot equilibrium approach and the supply 

function equilibrium approach.  In his paper, he concluded that the supply function 

equilibrium approach is conceptually superior to the Cournot equilibrium approach since 

the strategy space of the former includes both price and quantity, but the Cournot 

equilibrium approach is much more flexible and computationally tractable and can 

incorporate more easily the technical features of electricity markets.  Day et al. [10] 

provided a survey of equilibrium models of electricity markets and compared conjectured 

supply function models with the Cournot equilibrium and the supply function equilibrium 

approaches.  Baldick [11] has demonstrated that how supply functions are parametrized 

can have a significant effect on the equilibrium, and has compared the equilibrium 

outcomes with those of the Cournot equilibrium models.  Ventosa et al. [12] presented 

an extensive survey of the literature on electricity market models including optimization 

models, equilibrium models, and simulation models.  Baldick [13] discussed the 

formulation, the solution, and uses of electricity market equilibrium models including the 

Cournot and the supply function equilibrium models.  Willems et al. [14] compared the 

Cournot and the supply function equilibrium models and analyzed the German electricity 

market data.  Based on the results that the supply function equilibrium model is less 

sensitive to the choice of parameters, they suggested using the Cournot models for short 

term analysis with more market details and using the supply function equilibrium models 

for long term analysis. 
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As discussed in some of the above studies [9,12,14], when electricity markets 

need to be modeled in detail involving the markets’ physical and operational 

characteristics, Cournot models have been the preferred choice amongst major electricity 

market equilibrium models.  In the research in this dissertation, three specific 

applications involve unique characteristics of electricity markets such as transmission 

constraints, generator ramp rate constraints, and capacity markets.  Therefore, the 

Cournot equilibrium models are utilized in this research. 
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Chapter 3: The Competitive Effects of Ownership of Financial 

Transmission Rights in a Deregulated Electricity Industry 

In this chapter, it is investigated how generators’ ownership of financial 

transmission rights (FTRs) may influence the effects of the transmission lines on 

competition.  In order for concrete analysis, a simple symmetric market model is 

introduced and and FTRs are modeled in three different forms: uni-directional FTR 

options, bi-directional FTR options, and FTR obligations.   

Borenstein et al. [15] examined a similar model without FTRs and showed that a 

sufficiently large capacity line between the markets is needed to achieve the full benefit 

of competition.  The study in this chapter shows that introducing FTRs in an appropriate 

manner may reduce the physical capacity needed for the full benefits of competition.  

Among the competitive effects of ownership of FTRs, the study focuses on the effects on 

two possible pure strategy equilibria: the unconstrained Cournot equilibrium and the 

passive/aggressive equilibrium.  This study also analyzes an extension of the model: 

asymmetric markets.  Based on this analysis, the effects of ownership of FTRs on 

generators’ market power with varying demand are investigated for more practical 

applications of the theory.  The competitive effects of ownership of financial 

transmission rights with varying demand are also evaluated.  Finally, a numerical 

illustration of applying the analysis is presented. 

This chapter has been published in the 2008 second quarter edition of Energy 

Journal [16]. 
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3.1 INTRODUCTION 

Recently, the electricity industry is being restructured around the world.  As 

restructuring continues to deepen, economic agents in the industry are interested in the 

impact of the unique characteristics of electricity on competitive electricity markets.  

One of the most important elements in a deregulated electricity industry with respect to 

competition among the generators is electric transmission facilities.  

Much research has focused on understanding the roles of transmission networks 

in a deregulated electricity industry.  Borenstein et al. [15] studied the competitive 

effects of a transmission line that connects two electricity markets.  They showed that 

there may be no direct relationship between the competitive effect of a transmission line 

and the actual line flow on the line.  Moreover, with a sufficiently large capacity line, 

the full benefits of competition can be achieved even in cases where the equilibrium line 

flow is zero.  For sufficiently large line capacity, the market outcome is equivalent to 

the case where the markets are merged; that is, where there is unlimited capacity between 

the markets.  Their work also included an empirical analysis of the California electricity 

market modeled as a duopoly.  Willems [17] studied a very similar market model to that 

of Borenstein et al. and investigated the role of the network operator for promoting 

competition among the generators.  Quick and Carey [18] applied the “dominant firm 

price-leadership model” to assess market power in Colorado’s electricity industry and 

showed that strategies exist to reduce market power.  Leautier [19] studied regulatory 

contracts for the operators of transmission networks and proposed a regulatory contract 

that induces network operators to “optimally” expand the grid.  

Stoft [20] investigated market power issues when the generators serve a demand 

with capacity constrained transmission lines.  He considered the effect on market power 
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of financial transmission rights (FTRs) and the resulting distribution of the congestion 

rent.  Joskow and Tirole [21] also analyzed the market power effect of the allocation of 

transmission line rights in a more general context.  In their work, they also discussed 

possible regulatory mechanisms.  Cho [22] investigated the competitive equilibrium in 

electricity markets over a network with finite capacity.  He suggested a tool to check 

whether an equilibrium is efficient.  He also examined markets for firm transmission 

rights in a market with a specific structure.  Most recently, Gilbert et al. [23] studied the 

market power effects of the transmission rights.  In their work, the analysis has been 

performed for a simple two-node network model as well as for meshed networks. 

In many restructured electricity markets, FTRs are used to hedge volatility in 

locational marginal price differences.  In this chapter, the effects of ownership of FTRs 

on the strategic behavior of the electricity generators is analyzed in a Cournot framework.  

Following Borenstein et al. [15], this study primarily considers two markets that are 

identical in every respect, but geographically distinct.  These two markets are linked by 

a single transmission line.  It is assumed that each market has an identical monopoly 

supplier whose costs are identical to each other.  The framework is similar to that of 

Borenstein et al. [15], but generalizes it by considering transmission rights.  This study 

provides unified results by considering various FTR models, analyzing the effect on 

competition of FTR ownership by generators. 

Joskow and Tirole [21] also studied FTRs using a two-market model.  Pritchard 

and Philpott [24] considered a very similar model.  However, in their analysis, they 

assumed that only one market has a demand and the other has only suppliers.  They 

considered several alternative market power configurations; however, these are limited to 

monopolistic and oligopolistic competition only in one market with the other market 
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competitive.  This does not model the competitive effects of transmission rights in the 

more typical case where generators in both markets are imperfectly competing. 

Cho [22] analyzed electricity markets for firm transmission rights by a simple 

two-stage market model.  This model consists of the first stage transmission right 

market and the second stage energy market.  In this model, Cho assumed that players 

behave strategically in the first stage, but that they are price takers in the second stage.  

By analyzing equilibria, he showed that inefficient equilibria may exist.  However, the 

market structure in his model is different from that of most actual electricity markets and 

his results cannot be directly applied to realistic electricity markets. 

Gilbert et al. [23] proposed a three stage game model considering first 

transmission right allocation and then trading, and finally output determination in the 

energy market.  The model is solved backward, starting with the energy market.  

However, their proposed market model, in particular, the two-node network model is 

limited in the following manner.  The model considers competition among the 

generators located only in one market and assumes the other market is perfectly 

competitive.  As in Joskow and Tirole’s model [21], this does not model the competitive 

effects of transmission rights when generators in different markets are imperfectly 

competing.  Moreover, the transmission link is assumed always to be used at full 

capacity.  Since this limitation will affect the results of each stage of the game and, in 

particular, affect the analysis of the energy market, which is the basis of their backward 

analysis, the final results may also be limited. 

Many game-theoretic studies focused on the competitive effects of FTRs have 

tried to address mixed strategy equilibria.  Borenstein et al. [14] discussed it based on a 

numerical method.  Gilbert et al. [23] presented analytic results for mixed strategy 

equilibria but, due to the limitation of the model, their study could not be applied to the 
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analysis of the competitive effects of transmission rights when generators in different 

markets are imperfectly competing.  To the best of my knowledge, no study so far has 

been performed for mixed strategy equilibria explicitly when generators in different 

markets are imperfectly competing under the transmission capacity constraint.  

In this study, interactions between two incompletely competitive markets are 

examined.  In order to analyze the interplay of firms, a game-theoretic model, 

specifically a Cournot competition model, is adopted.  In this setup, by examining best 

response curves, the effects of ownership of FTRs on achieving the unconstrained 

Cournot equilibrium are investigated.  It is shown that by endowing generating firms 

with FTRs in an appropriate manner, from the generator to another market, the amount of 

the connecting line capacity needed for the full benefits of competition can be less than 

suggested by Borenstein et al.’s work [15].  This direction of FTR hedges exposure to 

prices in the generator’s market, mitigating its market power.  In contrast, if generating 

firms possess FTRs from another market to the generator then there is a negative effect 

on competition.  The latter FTR increases exposure to prices in the generator’s market, 

increasing its market power.  The study also extends the model to include analysis of 

asymmetric markets and where one of the markets is competitive. 

In Section 3.2, the market model with two identical markets and two identical 

firms is described.  In Section 3.3, I introduce the reference model without FTRs and 

then, following Hogan [25], three different models: the uni-directional FTR option 

model, the bi-directional FTR option model, and the FTR obligation model.  The best 

responses and possible equilibria in each model are analyzed.  The effects of each FTR 

model on pure strategy equilibrium are also investigated and policy implications for FTR 

ownership rules discussed.  In Section 3.4, FTR models are extended first by 

considering asymmetry of markets and second by assuming that one of the markets is 
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perfectly competitive.  In Section 3.5, the competitive effects of each FTR model with 

varying demand in asymmetric markets are analyzed.  Several assumptions are made to 

clarify the analysis and policy implications are discussed for mitigating market power.  

Section 3.6 presents a numerical example, and, finally, section 3.7 summarizes the 

results. 

 

3.2 MARKET MODEL 

Following Borenstein et al. [15], I consider a model of two identical markets.  

Demand in each market is assumed to be identical and to be characterized by the same 

inverse-demand function denoted by P : ℜ
+
→ ℜ

+
.  These two markets are linked by a 

single transmission line whose capacity is K.  In each market there is a single generating 

firm. I also assume that both firms have an identical cost function C : ℜ
+
→ ℜ

+
.  The 

transmission line is operated by a third entity and the pricing follows the nodal pricing 

rules (Schweppe et al. [26]).  Both generating firms try to maximize their profits by 

employing quantity strategies (Cournot). 

In order for the model to be more concrete, I make the following assumptions: 

• The inverse demand P(q) in each market is represented by an affine curve with a 

negative slope: 

 

( )P q qα β= − + , where α, β ∈ ℜ
+
,      (3.1) 

• Generating firms’ generating costs C(q) are represented by a convex quadratic 

function: 

 

( ) 2

2

a
C q q bq c= + + , where a, c ∈ ℜ

+
, and b ∈ ℜ.    (3.2) 
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3.3 COMPETITIVE EFFECTS OF FINANCIAL TRANSMISSION RIGHTS 

In this section, I derive analytical expressions for the best response of each firm 

for a reference model without financial transmission rights (in section 3.3.1) and for three 

models of financial transmission rights (FTR) [25]: the uni-directional FTR option model 

(in section 3.3.2.1), the bi-directional FTR option model (in section 3.3.2.2), and the FTR 

obligation model (in section 3.3.2.3).  I also analyze the competitive effects of the 

corresponding financial transmission rights for each model using best response analysis. 

Following Borenstein et al. [15], for the best response analysis, we define two 

categories of optimal responses: optimal aggressive output and optimal passive output.  

First, suppose that firm i is in the situation such that the opponent, firm j, is producing 

nothing (more generally, that firm j is producing so little energy that there is transmission 

congestion on the line in the direction from market i to market j).  In this case, the best 

response of firm i is to produce its optimal quantity given that the line is congested from i 

to j.  Under the nodal pricing scheme, this quantity will be the same as the monopoly 

output for firm i when the market is isolated but with the demand shifted to the right by 

K.  This is called the optimal aggressive output for i and denote it with a superscript +. 

Now, suppose that firm i is in the situation such that the opponent, firm j, is 

producing a great amount of electric power (more generally, firm j is producing enough 

energy to cause line congestion from market j to market i).  In this case, the best 

response of firm i is to produce its optimal quantity given that the line is congested in the 

direction from market j to market i.  Under the nodal pricing scheme, this quantity will 

be the monopoly output for firm i when the market is isolated with the demand shifted to 
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the left by K.  This monopoly quantity is called the optimal passive output for i and will 

be denoted with a superscript −. 

Besides the optimal aggressive and passive outputs, one more category of best 

response behavior is needed to cover the uncongested case. Since the resulting quantity is 

equivalent to the unconstrained Cournot best response output for the merged markets, this 

output is called the Cournot best response output and is denoted with a superscript C. 

An FTR is a financial contract for collecting an amount of money determined by 

the difference between two nodal prices.  I define the “direction” of FTRs from the point 

of view of the generating firm that holds the transmission rights.  I say the “sourcing” 

direction for FTRs that are in the direction from the market where the right holding 

generating firm is located to the other market.  That is, the payoff of sourcing FTRs is 

defined by the nodal price in the other market minus the nodal price at the generator.  

The opposite direction is called the “sinking” direction.  That is, the payoff of sinking 

FTRs is defined by the nodal price at the generator minus price in the other market.  

These two directions are illustrated in Fig. 3.1. 

 

Gen 

Right Holder 

Sinking Direction 

Network 

Sourcing Direction 

 

Figure 3. 1  FTR Directions 
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3.3.1 Reference model 

As a reference model, the case is considered such that neither firm has any rights 

on the transmission line.  The reference case will be denoted with a superscript r.  In 

this case, the optimal aggressive and passive outputs, and the Cournot best response 

output, which are denoted by q
r+
(K), q

r-
(K), and q

i

rC
(q

j
) respectively, are expressed by 

(3.3), (3.4) and (3.5).1   
 

( )
2

r K b
q K

a

β α
α

+ + −
=

+
,       (3.3) 

 ( )
2

r K b
q K

a

β α
α

− − −
=

+
,       (3.4) 

( ) ( )2

rC

i j j

b
q q q

a a

α β
α α

−
= − +

+ +
.      (3.5) 

 

Here, it can be observed that the function q
r+ 

is increasing in its argument while 

the function q
r-
 and the function q

i

rC
 are both decreasing in their argument (Note that q

r+
 

and q
r-
. are functions of line capacity K, while q

i

rC
 is a function of production by the other 

firm, q
j
.). 

This reference model is equivalent to the symmetric two-firm model of 

Borenstein et al. [15].  This section serves to review their results.  The line will be 

congested only when the difference between the outputs of two firms is greater than 2K, 

since otherwise, by transferring a smaller amount of electricity than the line capacity K, 

the two markets’ prices would be equalized.  

                                                 
1 There is no case where (3.3) and (3.4) are achieved in an equilibrium in a symmetric model; however, in 
an asymmetric model, passive/aggressive equilibria are possible, in which case a pair of (3.3) and (3.4) will 
be an equilibrium output pair. 
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Let us consider the best response of firm i with respect to the other firm j’s 

strategy, q
j
.  When firm j is producing any amount up to ( ) 2r

q K K
+ − , firm i can 

maximize its profit by producing the fixed amount ( )r
q K

+ .  As firm j’s output increases 

above ( ) 2r
q K K

+ − , however, firm i can maximize its profit and still export K by 

producing 2K more than firm j.  That is, firm i maximizes its profit by producing q
j
 + 

2K, accounting for the segment of slope 1 in the best responses shown in Fig. 3.2.  Note 

that as q
j
 keeps increasing, firm i’s resulting payoff from maintaining an aggressive 

response is decreasing.  As firm j’s output continues to increase, two situations can be 

thought of.  

On the one hand, if K is small, then producing the optimal passive output ( )r
q K

−  

becomes more profitable for firm i before the value of q
i
 = q

j
 + 2K reaches the 

unconstrained Cournot best response ( )rC

i jq q .  This is shown by the dashed curve in 

Fig. 3.2. 

On the other hand, if the line capacity is large enough, say, 'K K>  as shown in 

Fig. 3.2 as the solid curve, then firm i’s best response will change from q
j
 + 2K to 

( )rC

i jq q .  However, even in this situation, as q
j
 keeps increasing, producing ( )r

q K
−  will 

eventually be more profitable for firm i than producing ( )rC

i jq q .  This accounts for the 

transition in the best responses to ( )r
q K

− ′  and ( )r
q K

− , respectively, for high enough q
j
. 

To summarize, the situations for the two values of line capacity are illustrated in 

Fig. 3.2.  The solid curve shows the case of relatively large capacity 'K  where firm i’s 

optimal response includes some values equal to the Cournot unconstrained best response.  

The dashed curve shows the case of relatively small capacity K where the best response 

never includes values equal to the Cournot unconstrained best response. 
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Figure 3. 2  Best Response Curves For Firm i (K < K’). 

 

As shown in Fig. 3.2, the best responses of both firms will have different 

characteristics according to the transmission line capacity K.  Specifically, increase of 

physical line capacity implies both increase of the optimal aggressive output q
r+
(K) and 

decrease of the optimal passive output q
r-
(K).  Borenstein et al. [15] shows that this, in 

turn, implies an increase in the competion-promoting effects of the transmission line:  

• decrease in the equilibrium price of the mixed strategy equilibrium, and  

• increase in the range of market demand conditions that result in the pure strategy 

Cournot equilibrium.  

The results of Borenstein et al. [15] also shows that if K is very small, then there 

is no pure strategy equilibrium, while if K is large enough, the Cournot duopoly 

equilibrium will be reached as the unique equilibrium.  That is, the equilibrium is 

specified by (3.5), with zero flow along the line but with the line providing the full 

competitive benefits of merged markets.   
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3.3.2 FTR option and obligation models 

An FTR option is a financial contract for collecting the amount of money 

determined by the locational price difference and the share of the right.  This option 

gives the owner the right to collect a portion of the congestion rents when the price 

difference is positive, but does not require payment when the price difference is negative.  

In this study, FTR options are differentiated into two types: uni-directional or bi-

directional ones.  A uni-directional FTR option has a specified exercise direction and if 

the nodal price difference is positive in this direction, then the FTR provides a positive 

payoff.  There is zero payoff for price differences in the other direction.  This means 

that each firm i has two possible directions for his FTR option in this two market model; 

that is, a direction from market i to j (the sourcing direction) and one from j to i (the 

sinking direction).  Each directional FTR option is analyzed separately in section 

3.3.2.1.  Uni-directional FTR options are implemented in the Electric Reliability 

Council of Texas (ERCOT) zonal balancing market as “flowgate” rights [27] and are 

being introduced in several other markets in the United States, including the ERCOT 

“nodal” market in 2009 [28]. 

Unlike a uni-directional FTR option, a bi-directional FTR option does not have an 

exercise direction.  By obtaining a bi-directional FTR option, a firm can collect a 

portion of congestion rents whenever price difference occurs.  A bi-directional FTR 

option consists of two uni-directional options: one in each direction.  The bi-directional 

FTR option model is analyzed in section 3.3.2.2.   

An FTR obligation is a similar financial contract to an FTR option, but it has 

negative payoff if the nodal prices reverse.  That is, if the price difference is positive, a 

holder collects the congestion rents of the transmission line, while for the negative price 
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difference, the holder makes a payment.  Obligation-type rights also have two possible 

directions.  FTR obligations are implemented in several markets in the Eastern US, 

including PJM [29], and will also be available in the ERCOT nodal market [28]. 

 

3.3.2.1 Uni-directional FTR option model 

Let ij

iη  and ji

iη  denote generating firm i’s FTR option share from market i to j 

and from market j to i, respectively, such that [ ], 0,1ij ij

i iη η ∈ .  That is, ij

iη  describes the 

share of sourcing FTR, while ji

iη  describes the share of sinking FTRs.  I use superscript 

uo to denote options. 

We have: 
 

Lemma 1. Let +uoij

iq , −uoij

iq , and uoijC

iq  be the optimal aggressive, passive, and 

Cournot responses for firm i holding share ij

iη .  Let +uoji

iq , −uoji

iq , and uojiC

iq  be the 

optimal aggressive, passive, and Cournot responses for firm i holding share ji

iη .  Then: 

 

 ( ) ( )( )KqKq
ij

i

rij

i

uoij

i ηη += ++ 1, ,       (3.6) 

( ) ( )KqKq
ruoij

i

−− = ,          (3.7) 

( ) ( )
j

rC

ij

uoijC

i qqqq = ,            (3.8) 

( ) ( )KqKq
ruoji

i

++ = ,            (3.9) 

 ( ) ( )( )KqKq
ji

i

rji

i

uoji

i ηη += −− 1, ,                (3.10) 

( ) ( )
j

rC

ij

uojiC

i qqqq = .          (3.11) 

 

Proof: See Appendix. 
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Lemma 1 suggests that the ownership of an FTR option is equivalent to 

expanding the capacity of the line in one direction.  This specific relationship is mainly 

from the linearity of demand.  When the demand linearity is relaxed, this relationship 

would change, but a similar qualitative effect would be expected. 

To summarize, an FTR option results in the change of either the optimal 

aggressive output (see (3.6)) or optimal passive output (see (3.10)) compared to the 

reference model.  By possessing an ij

iη  FTR option, firm i’s optimal aggressive output 

increases as indicated by (3.6), observing that by (3.3), q
r+
 is increasing in its argument.  

By possessing an ji

iη  FTR option, firm i’s optimal passive output decreases as indicated 

by (3.10), observing that by (3.4), q
r− is decreasing in its argument.  The change of the 

best response due to an FTR option is illustrated in Fig. 3.3.  Note that, in order to 

differentiate two different response curves in Fig. 3.3, there are some line segments that 

are illustrated as being close together although they are in fact coincident.  
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j
q  

( ) 2r
q K K

+ −  
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( ) ( )ijuor
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q K q K

−− =  ( ) ( )( ), 1ijuo ij r ij

i i i
q K q Kη η+ += +  

reference model 

 

uni-direct ional FTR 

opt ion model w ith ij

iη  

( ), 2ijuo ij

i i
q K Kη+ −

 

(a) Best Response Curves for Firm i without FTRs and with ij

iη . 
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( ) ( )jiuor

iq K q K
++ =

Unconstrained 

Cournot 

best-response 

function 

jq

( ) 2r
q K K

+ −

qi 

 
( )r

q K
−

 

reference model 

 

uni-directional FTR 

option model with ji

iη  

( ),uo ji

i iq K η−

 

(b) Best Response Curves for Firm i without FTRs and with ji

iη . 

Figure 3. 3. Comparison of Best Response Curves. 

 

As shown in Fig. 3.3, according to its direction, each FTR option has one of two 

different effects: either increase of the optimal aggressive output as shown in Fig. 3.3(a) 

or decrease of the optimal passive output as shown in Fig. 3.3(b).  This, in turn, affects 

the range of conditions for realization of the pure strategy equilibrium.  Here, I focus on 

the effect on the occurrence of three forms of equilibrium: the unconstrained Cournot 

equilibrium, passive/aggressive equilibrium, and mixed strategy equilibrium [15]. I do 

not consider overlapping equilibria as described in the work of Borenstein et al. [15].  

Increase of the optimal aggressive output has no effect on achieving the 

unconstrained Cournot equilibrium since the unconstrained Cournot best response region 

is the same as that in the reference case and the range of conditions for the unconstrained 

Cournot equilibrium will be also the same as shown in Fig. 3.3(a).  On the other hand, 
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decrease of the optimal passive output reduces the unconstrained Cournot best response 

region since the right holder becomes more inclined to the optimal passive output.  That 

is, the transition of its best response from the unconstrained Cournot response to the 

optimal passive output occurs at a smaller value of the other firm’s output as shown in 

Fig. 3.3(b). 

Consider a case where, without FTRs, the capacity of the transmission line is 

enough to achieve the unconstrained Cournot equilibrium.  Fig. 3.4(a) illustrates this 

case.  From the previous argument, if firm i possesses an ij

iη  FTR option and/or firm j 

possesses an ji

jη  FTR option, then the resulting equilibrium will be the same as the 

unconstrained Cournot equilibrium in the reference case as shown in Fig. 3.4(b).  

In contrast, suppose that firm i possesses an ji

iη  FTR option.  In this case, the 

resulting equilibrium may change from the unconstrained Cournot equilibrium to a mixed 

strategy equilibrium.  This is illustrated in Fig. 3.4(c).  Fig. 3.4(c) shows that by i 

possessing an ji

iη  FTR option, the change of best response curve of firm i may result in a 

mixed strategy equilibrium instead of the unconstrained Cournot equilibrium that is 

achieved without FTRs (Fig. 3.4(a)).  A similar effect can occur if firm j possesses an 

ij
jη  FTR option. 
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(a) Best Response Curves without FTRs. 
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(b) Best Response Curves with FTR option ij

iη  and ji

jη . 
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(c) Best Response Curves with FTR option ji

iη . 

Figure 3. 4. Illustration of the Effects of FTR Options on the Cournot Equilibrium. 

 

However, for the range of ]1,0[∈ji

iη , the introduction of FTR options cannot 

create enough asymmetry to yield a passive/aggressive equilibrium.  
 

Lemma 2. Suppose that, without FTRs, the capacity of the transmission line is 

enough to achieve the unconstrained Cournot equilibrium.  In this case, by firm i’s 

possessing an ji

iη  FTR option, the resulting equilibrium cannot change to a 

passive/aggressive equilibrium. 
 

Proof: Suppose that, with firm i’s possessing an ji

iη  FTR option, a 

passive/aggressive equilibrium is achieved.  Then, the price difference ( )
jiij qqP , , 

between two markets is obtained as: 
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2
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−

+
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K
a

KqPKqPqqP

ji

ir

j

uoji

i

r

j

uoji

iij α
α

αη
 (3.12) 

 

This contradicts the assumption of achieving a passive/aggressive equilibrium 

since, with negative price difference, FTR options will not generate any additional 

payoffs and, therefore, firm i’s best response will not become the optimal passive output. 

Q.E.D. 

 

3.3.2.2 Bi-directional FTR option models 

Firm i’s FTR option share is denoted by a pair of ( ),ij ji

i iµ µ  such that 

[ ], 0,1ij ji

i iµ µ ∈ .  The competitive effect of this option is exactly same as that of possessing 

two uni-directional options, ij ij

i iη µ=  and ji ji

i iη µ= .  That is, firm i’s optimal aggressive 

output increases and optimal passive output decreases.  I use superscript bo to denote bi-

directional options.  Let ( ),bo ij

i i
q K µ+ , ( ),bo ji

i i
q K µ− , and ( )boC

i jq q  denote firm i’s optimal 

aggressive and passive outputs and Cournot best response output with ( ),ij ji

i iµ µ , then 

three outputs are expressed as follows: 

 

( ) ( ) ( )( )
1

, 1
2

ij

ibo ij r ij

i i i

K b
q K q K

a

β µ α
µ µ

α
+ +

+ + −
= = +

+
,    (3.13) 

( ) ( ) ( )( )
1

, 1
2

ji

ibo ji r ji

i i i

K b
q K q K

a

β µ α
µ µ

α
− −

− + −
= = +

+
,    (3.14) 

( ) ( ) ( )1

2

boC rC

i j j i j

b
q q q q q

a a

β
α α

−
= − + =

+ +
.     (3.15) 
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Fig. 3.5 shows a comparison between best response of reference model and that of 

bi-directional FTR option model. 
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Figure 3. 5. Comparison of Best Response Curves for Firm i. 

 

A bi-directional FTR option has both of the effects of uni-directional FTR 

options: increase of the optimal aggressive output and decrease of the optimal passive 

output.  This has a negative impact on achieving the unconstrained Cournot equilibrium 

by reducing the unconstrained Cournot best response region.  Consider a case where the 

unconstrained Cournot equilibrium is achieved without FTRs. Fig. 3.6(a) illustrates that, 

due to the sufficient line capacity, the two best response curves intersect at the 

unconstrained Cournot equilibrium without FTRs.  Here, I consider only the effect of 

firm i’s possession of bi-directional FTR options.  As shown in Fig. 3.6(b), with i 

possessing an ( ),ij ji

i iµ µ  FTR option, decrease of the optimal passive outputs and increase 

of the optimal aggressive outputs of firm i may result in the change of the pure strategy 
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equilibrium from the unconstrained Cournot equilibrium to a passive/aggressive 

equilibrium. 
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(a) Best Response Curves without FTRs. 
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(b) Best Response Curves with Bi-directional FTR options. 

Figure 3. 6. Illustration of the Effects of Bi-directional FTR Options on the Cournot 
Equilibrium. 
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3.3.2.3 FTR obligation models 

Let the FTR obligation share of firm i be denoted by [ ]1,1iγ ∈ − , where the 

sourcing direction is assumed positive.  That is, firm i collects or pays iγ  portion of the 

total congestion rents.  I use superscript ob to denote FTR obligations.  

We have: 

 

Lemma 3: 

 ( ) ( ) ( )( )1
, 1

2

iob r

i i i

k b
q k q k

a

β γ α
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α
+ ++ + −

= = +
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,    (3.16) 
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,    (3.17) 

( ) ( ) ( )1

2

obC rC

i j j i j

b
q q q q q

a a

β
α α

−
= − + =

+ +
.    (3.18) 

Proof: See Appendix. 

 

These results imply that firm i possessing iγ  FTR obligation has the same effects 

on the firms’ strategic behaviors as having two directional transmission lines with 

different capacities: capacity ( )1 i Kγ+  MW from market i to j and capacity ( )1 i Kγ−  

MW from market j to i.  The resulting competitive effects are different depending on the 

sign of iγ .  

First, suppose that 0iγ ≥ .  This means that, in terms of its effect on competitive 

behavior, the effective line capacity increases by the amount of i Kγ  MW in the i to j 

direction, while the effective line capacity decreases by i Kγ  MW in the opposite 
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direction.  This results in an increase of both the optimal aggressive output and the 

optimal passive output compared to those in the reference model2.  

On the other hand, if 0iγ < , the opposite results are obtained; that is, the optimal 

aggressive and passive outputs decrease.  Fig. 3.7 shows these effects of an FTR 

obligation. 
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(a) Best Response Curves For Firm i without FTR and with 0iγ > . 

 

                                                 
2 Of course, the amount of power transferred over the line remains limited to K. 
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(b) Best Response Curves For Firm i without FTR and with 0iγ < . 

Figure 3. 7. Comparison of Best Response Curves. 

 

As shown in Fig. 3.7(a), a positive FTR obligation will have positive effect on 

achieving the unconstrained Cournot equilibrium by increasing the unconstrained 

Cournot best response region.  A negative FTR obligation will have negative effect on 

achieving the unconstrained Cournot equilibrium as shown in Fig. 3.7(b).  Suppose that, 

without FTRs, the unconstrained Cournot equilibrium is achieved as illustrated in Fig. 

3.8(a).  Here, I consider only the effect of firm i’s possession of FTR obligations.  In 

this case, if firm i possesses a positive FTR obligation then the only possible pure 

strategy equilibrium will be the same unconstrained Cournot equilibrium as shown in Fig. 

3.8(b).  

Now consider a case where, without FTRs, the capacity of the transmission line is 

not enough to achieve the unconstrained Cournot equilibrium.  Fig. 3.8(c) illustrates this 

case.  As shown in the figure, due to the insufficient line capacity, two best response 

curves do not intersect at the unconstrained Cournot equilibrium.  Without FTRs, only a 
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mixed equilibrium can occur.  By Borensein et al. [15], the expected price will be higher 

than in the Cournot equilibrium.  Fig. 3.8(d) shows that by i and j each possessing a 

positive FTR obligation, two best response curves intersects at the unconstrained Cournot 

equilibrium due to both firms’ changed Cournot best response regions.  As illustrated in 

Fig. 3.8(d), a positive FTR obligation may result in the unconstrained Cournot 

equilibrium when it was impossible without FTRs. 

On the other hand, Fig. 3.9 illustrates that negative FTR obligations may result in 

a passive/aggressive equilibrium while the unconstrained Cournot equilibrium is 

achieved without FTRs.  Fig. 3.9(a) illustrates that, due to the sufficient line capacity, 

two best response curves intersect at the unconstrained Cournot equilibrium without 

FTRs.  Here, I consider only the effect of firm i’s possession of FTR obligations.  As 

shown in Fig. 3.9(b), with i possessing a negative FTR obligation, a passive/aggressive 

equilibrium is achieved.  
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(a) Best Response Curves without FTR. 
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(b) Best Response Curves with Positive FTR Obligations. 
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(c) Best Response Curves without FTR. 
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(d) Best Response Curves with Positive FTR Obligations. 

Figure 3. 8. Illustration of the Effects of Positive FTR Obligations on the Cournot 
Equilibrium. 
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(a) Best Response Curves without FTR. 
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(b) Best Response Curves with Negative FTR Obligations. 

Figure 3. 9. Illustration of the Effects of Negative FTR Obligations on the Cournot 
Equilibrium. 

 

3.3.2.4 Summary 

I have analyzed the competitive effects of three forms of FTRs: uni-directional 

FTR option, bi-directional FTR option, and FTR obligation.  I considered how 

ownership of FTRs changes the players’ best responses and investigated the 

corresponding equilibrium by considering the intersection of both players’ best 

responses. 

First consider uni-directional FTR options in the sourcing direction.  Such uni-

directional FTR options do not change the range of conditions under which the Cournot 

response is the best response and so they do not have any effect on achieving the 

unconstrained Cournot equilibrium.  Under the assumption that without FTRs the 

unconstrained Cournot equilibrium is achieved, such uni-directional FTR options do not 
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change the resulting equilibrium and so result in the same unconstrained Cournot 

equilibrium.  

On the other hand, consider uni-directional FTR options in the sinking direction. 

Such uni-directional FTR options decrease the range of conditions under which the 

Cournot response is the best response and therefore make the unconstrained Cournot 

equilibrium less likely to be achieved.  Such uni-directional FTR options may result in a 

passive/aggressive equilibrium instead of the unconstrained Cournot equilibrium. 

Bi-directional options make the holder’s optimal aggressive output decrease and 

the passive output increase.  As I discussed, this decreases the range of conditions under 

which the Cournot response is the best response.  This may result in a 

passive/aggressive equilibrium when the unconstrained Cournot equilibrium would have 

been achieved without FTRs. 

Now consider positive FTR obligations in the sourcing direction.  Such FTR 

obligations increase the range of conditions under which the Cournot response is the best 

response, making the unconstrained Cournot equilibrium more likely to be achieved.  

On the other hand, negative FTR obligations decrease the range of conditions under 

which the Cournot response is the best response. 

 

3.4 MODEL EXTENSIONS 

In the work of Borenstein et al. [15], several extensions of the reference model 

were provided and analyzed.  Most of them are also valid in other FTR models in a 

straightforward manner.  In this paper, we comment on only two extensions of an 

asymmetric markets and a competitive market.   
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3.4.1 Asymmetric markets 

Borenstein et al. [15] showed that for the reference model, if markets are 

asymmetric enough, then even a very thin transmission line can provide a pure strategy 

equilibrium: a passive/aggressive equilibrium.  Moreover, they showed that, with a 

sufficiently large line, the unconstrained Cournot equilibrium is the unique pure-strategy 

equilibrium and that this is the same as the case of symmetric markets.  

With our other FTR models, under certain conditions, a passive/aggressive 

equilibrium is possible even for the case where, without ownership of FTRs, the 

unconstrained Cournot equilibrium is the unique pure-strategy equilibrium.  This shows 

that FTRs may effectively increase asymmetry of markets that, otherwise, is not enough 

to yield a passive/aggressive equilibrium.  However, by the same reasoning as for the 

reference model, with a sufficiently large line capacity, the unconstrained Cournot 

equilibrium will be the unique pure-strategy equilibrium even with FTRs.  

Consider a case where, without FTRs, asymmetry of markets is small enough to 

achieve the unconstrained Cournot equilibrium.  Fig. 3.10(a) illustrates this case.  

Suppose that firm i possesses an ji

iη  FTR option.  In this case, the resulting equilibrium 

may change from the unconstrained Cournot equilibrium to a passive/aggressive strategy 

equilibrium.  This is illustrated in Fig. 3.10(b).  Fig. 3.10(b) shows that by i possessing 

an ji

iη  FTR option, asymmetry of markets increases enough to result in a 

passive/aggressive equilibrium instead of the unconstrained Cournot equilibrium that is 

achieved without FTRs (Fig. 3.10(a)).  
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(a) Best Response Curves without FTRs. 
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(b) Best Response Curves with FTR Option ji

iη . 

Figure 3. 10. Illustration of the Effects of FTR Options on the Cournot Equilibrium. 
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3.4.2 Competitive market 

In the work of Borenstein et al. [15], the reference model was compared to a 

variant in which one of the markets is perfectly competitive.  The result was that the 

effect of a transmission line on the reference model is greater than the effect on a model 

where one of the markets is competitive.  This is mainly because the strategic 

interaction of two firms in the reference model leads to the Cournot duopoly quantity, 

while in the other model with a perfectly competitive market, the best response of a firm 

confronting the competitive market will be the monopoly quantity, given imports from 

the competitive market equal to the line capacity.  

Joskow and Tirole [21] studied a similar model with FTRs.  In their model, one 

market has a demand and a strategic supplier, while the other market has only 

competitive suppliers.  Consequently, the direction of line flow is only in the direction 

to the market with demand and any strategic interaction among firms is not considered.  

They have shown using this setup that if only the strategic firm in the demand market 

holds FTRs, then these rights will enhance its market power. 

Unlike Joskow and Tirole’s model, in FTR models presented in this study, each 

market has both supply and demand and both directions of line flow must be considered.  

By assuming that one of the markets is competitive, there is no strategic interplay 

between firms.  To correspond to Joskow and Tirole’s model, I assume that firm i is the 

only strategic firm and that firm j is perfectly competitive.  I consider the cases of uni-

directional and bi-directional FTR options and FTR obligations in sections 3.4.2.1 to 

3.4.2.3. 

Since firm j is perfectly competitive, the following equation holds: 

 

( )j j jC q cq b p′ = + = ,       (3.19) 
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where jp  is the price in market j.  The price jp  is determined by the supply 

quantities as follows: 
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From (3.19) and (3.20), the quantity jq  is represented by (3.21):  
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Consequently, jp  can be rewritten as (3.22): 
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Now, based on the above analytic results, each FTR model is analyzed in the 

following sections. 

 

3.4.2.1 Uni-directional FTR option model 

We have: 
 

Lemma 4.  

Firm i’s optimal output 
ij
i

iq
η  ( ji

iq ) with ij

iη  ( ji

iη ) is: 

 

( )1

2

ij
i

ij
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i

b K
q

c

η
β α η

α

− + +
=

+
,      (3.23) 

( )1

2

ji
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ji
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i

b K
q

c

η
β α η

α

− − +
=

+
.      (3.24) 

Proof: See Appendix. 

 

This shows that the larger ij

iη , the larger 
ij
i

iq
η , while the larger ji

iη , the smaller 

ji
i

iq
η .  Joskow and Tirole’s result [21] corresponds only to (3.24) since they considered 

only the flow direction from j to i. 

 

3.4.2.2 Bi-directional FTR option model 

We have: 

 

Lemma 5. 

Firm i’s optimal output with a bi-directional FTR option ( ),ij ji

i iµ µ will be either 

( )1

2

ij

ib K

c

β α µ

α
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( )1

2
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Proof: See Appendix. 
 

Lemma 5 shows that possessing a larger portion of FTR options increases 

(decreases) the optimal aggressive (passive) output for the same reason as in the uni-

directional FTR option case.  
 

 

3.4.2.3 FTR obligation model 

We have: 
 

Lemma 6. 

Firm i’s optimal output with an FTR obligation iγ  will be either 

( )1

2

ib K

c

β α γ

α

− + +

+
 or 

( )1

2

ib K

c

β α γ

α

− − −

+
.  

 

Proof: See Appendix. 

 

Note that [ ]1,1iγ ∈ − , where the sourcing direction is assumed positive.  By 

investigating the analytic representation of the optimal output, we can easily see that by 

possessing larger iγ , both the optimal aggressive and passive outputs will increase.  

Although Joskow and Tirole’s model [21] also considers FTR obligations, their 

model cannot examine the whole characteristics of FTR obligations, i.e., the negative 

revenue from FTR obligations, since they limited the direction of line flow.  As stated in 

3.4.2.1, their model actually corresponds to the uni-directional FTR option model with 

ji

iη  corresponding to negative iγ .  They concluded that if the firm i “holds financial 

rights, these rights will enhance its market power”, but this conclusion depends on the 

assumed directions of the flow and FTRs.  The conclusion in this subsection is that, by 
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possessing larger positive iγ , both the optimal aggressive and passive outputs will 

increase.  That is, larger FTR obligations will mitigate the right holding firm’s market 

power in this case.   

 

3.4.2.4 Summary 

In this section, we considered two extensions of the model: asymmetric markets 

and a competitive market.  If markets are asymmetric then the basic results of the 

symmetric market case do not change. 

The case where one of the markets is perfectly competitive is investigated for 

each FTR model.  From the analysis, we could conclude that FTR options make the 

aggressive or passive output larger or smaller when the right holder maximizes its profits 

under the aggressive or passive output, respectively.  On the other hand, with larger 

FTR obligations, both the optimal aggressive and passive outputs will increase. 

 

3.5 VARYING DEMAND IN ASYMMETRIC MARKETS 

So far, we discussed the competitive effects of ownership of FTRs in a snapshot 

setting.  Although this approach can provide a basic understanding of financial 

transmission rights in terms of their competitive effects, this is not sufficient to 

comprehensively assess the competitive effects in realistic situations where the market 

condition, in particular, demand, changes over time.  In this section, I analyze the 

competitive effects of ownership of financial transmission rights with varying demand in 

asymmetric markets. 

As previously, I consider two markets i and j connected with a transmission line 

whose capacity is K. In each market, there is a generating firm and a demand.  Two 
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markets are asymmetric such that one of the markets i is an importing market whenever 

there is a flow in the transmission line.  In this model, the chronological inverse 

demands ( )tqPi ;  and ( )tqPj ;  of the markets i and j, respectively, are represented by: 

 
( ) ( )tqtqP iii βα +−=; ,      (3.25) 

( ) ( )tqtqP jjj βα +−=; ,      (3.26) 

where α
i
, α

j
, β

i
(t), β

j
(t), t ∈ ℜ

+
. 

If we assume that there is perfect correlation between the intercepts of two inverse 

demands, then the inverse demands can be rewritten as: 

 
( ) ( )tqtqP iii βα +−=; ,      (3.27) 

( ) ( )tmqtqP ijj βα +−=; ,       (3.28) 

where m ∈ ℜ
+
. 

If ( )tiβ  is assumed to be uniformly distributed between β  and β  with ββ <  

then the varying intercept ( )tiβ  is characterized by the normalized duration curve ( )βd  

as: 
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For very low demand, equivalently, for a very small value of β , the transmission 

line capacity K is relatively large enough to result in the unconstrained Cournot 
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equilibrium.  On the other hand, for very high demand, equivalently, for a very large 

value of β , the transmission line capcity K is relatively small enough to result in the 

passive/aggressive equilibrium.  Borenstein et al. [15] showed that, given a fixed 

demand, as the line capacity K increases from a very small value the market equilibrium 

changes from a passive/aggressive equilibrium to a mixed strategy equilibrium, and then, 

eventually, to the unconstrained Cournot equilibrium.  Using a similar argument in the 

context of fixed transmission capacity, but varying demand, there is an interval of β  in 

which a mixed strategy equilibrium is achieved.  Here, we assume that β  is small 

enough to result in the unconstrained Cournot equilibrium and β  is large enough to 

result in a passive/aggressive equilibrium. 

In the following sections, based on the results of the sections 3.3 and 3.4, the 

competitive effects of ownership of financial transmission rights with the proposed model 

for varying demand are discussed for the firm in each of the importing and the exporting 

markets.  For the analysis presented in the following sections, all FTRs are assumed to 

be held by the generating firm considered in each section. 

Before the actual analysis, properties of a mixed strategy equilibrium should be 

discussed, since varying demand involves a mixed strategy equilibrium but sections 3.3 

and 3.4 have only presented pure strategy results. We make the following assumptions 

concerning a mixed strategy equilibrium: 
 

1. The expected market price under a mixed strategy equilibrium is higher than 

the price corresponding to where the Cournot best response curves would 

intersect.  
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2. The expected price under a mixed strategy equilibrium is monotonically 

increasing with respect to β. 

 

3. If the passive/aggressive equilibrium price of a FTR model is higher (lower) 

than that of the reference case, and if, for the FTR model, the transition from 

the unconstrained Cournot equilibrium to a mixed strategy equilibrium 

occurs at a value of β smaller (larger) than or equal to the value for the 

reference case, then the expected price under a mixed strategy equilibrium 

for the FTR model is also higher (lower) than for the reference case for any 

given β . 
 

Assumption 1 can be intuitively understood by the observation that the price 

corresponding to where the Cournot best response curves would intersect is the lowest 

price among the prices any pure strategy equilibrium could provide and that the overall 

expected price under a mixed strategy equilibrium is obtained by averaging pure strategy 

outcomes.  However, it is different from the well-known fact that a mixed strategy can 

never give a higher payoff than the best pure strategy since the market price does not 

correspond to player’s payoff.  

Intuitively, assumption 2 is quite natural since increase of β simply means 

increase of load and increase of load will lead to increase of the market price.  

Moreover, increase of β is equivalent to a relative line capacity decrease, which makes 

the resulting price increase.  

Assumption 3 says that the relative order between the expected prices for a FTR 

model and for the reference case will not change if the expected price for a FTR model at 

the transition from the unconstrained Cournot equilibrium to a mixed strategy 
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equilibrium is higher (lower) than that for the reference case and if the passive/aggressive 

equilibrium price of a FTR model is higher (lower) than that for the reference case.  

That is, the effect of FTRs on the expected market price at the transition would be 

consistent such that if ownership of FTRs increases or decreases the expected market 

price compared to the price for the reference case at a given value of β at the transition, 

then such ownership would have a similar effect at the other values of β at the transition.  

I have not proved that these assumptions hold in general.  However, they are 

plausible and do hold for the examples I have considered.  The assumptions allow 

detailed qualitative evaluations of the effects of ownership of FTRs. 
 

3.5.1 FTRs held by generating firm in the importing market 

3.5.1.1 Sinking direction 

In the sinking direction, all three FTR models have the same effects on the market 

equilibrium.  In this case, additional revenue from the possession of FTRs will make the 

generating firm in the importing market i more willing to choose the passive output.  

Therefore, the deviation from the Cournot equilibrium to a mixed strategy equilibrium 

and from a mixed strategy equilibrium to the passive/aggressive equilibrium may occur 

for a smaller value of β  than in the reference case.  The optimal passive output 

decreases compared to that without FTRs and therefore, the price at market i at the 

passive/aggressive equilibrium is higher than that without FTRs.  The price at market j 

at the pure strategy equilibrium is the same as that without FTRs.  

Fig. 3.11 illustrates the cases where the possession of the FTR in the sinking 

direction changes the value of β  at the transition from the Cournot equilibrium to a 

mixed strategy equilibrium.  Consider a case where, for a given β , the reference case 
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results in the Cournot equilibrium as shown in Fig. 3.11(a).  For the same β , i’s 

possession of an FTR in the sinking direction can result in a mixed strategy equilibrium 

as illustrated in Fig. 3.11(b).  

In the case where firm i has FTRs in the sinking direction the mixed strategy 

equilibrium assumptions imply that the expected price at the importing market i will 

always become higher than that of the reference case for sufficiently large β  since a 

passive/aggressive equilibrium will be achieved with decreased optimal passive output of 

firm i and the expected price of a mixed strategy equilibrium will be always higher than 

that of the reference case.  For small values of β , the expected price at market i is the 

same as that of the reference case since both prices are from the same Cournot 

equilibrium.  Therefore, for any value of β , the expected price will not be lower than the 

reference case price.  There may be a range of β  where the expected price at the 

exporting market j is higher than that of the reference case, and it will not be lower than 

the reference case price.  
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(a) Best Response Curves without FTR. 
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(b) Best Response Curves with i’s Sinking Directional FTR. 

Figure 3. 11. Illustration Of The Effects Of Sinking Directional FTR. 

 

3.5.1.2 Sourcing direction 

In the sourcing direction, uni-directional FTR options do not have any effect since 

the resulting profits are the same as those for the reference case.  Since bi-directional 

FTR options are equivalent to uni-directional FTR options in each direction, the effects 

are the same as those for possessing uni-directional FTR options in the sinking direction.  

However, FTR obligations result in less profits for the passive output compared to 

the reference case.  Therefore, the transition from the unconstrained Cournot 

equilibrium to the mixed strategy equilibrium and from the mixed strategy equilibrium to 

the passive/aggressive equilibrium may occur for a higher value of β  than in the reference 

case.  The Cournot equilibrium prices at the importing market i are the same as those of 

the reference case, while the passive/aggressive equilibrium prices at the importing 
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market i will be lower than those of the reference case.  The prices at the exporting 

market j at the pure strategy equilibrium will be the same as those of the reference case. 

In the case where firm i has FTR obligations in the sourcing direction, the 

expected price at the importing market i will always be lower than that of the reference 

case for sufficiently large β .  For small values of β , the expected price at market i is the 

same as that of the reference case, but it will not be higher than the reference case price.  

There may be a range of β  where the expected price at the exporting market j is lower 

than that of the reference case, and it will not be higher than the reference case price.  
 

3.5.2 FTRs held by generating firm in the exporting market 

3.5.2.1 Sourcing direction 

In the sourcing direction, all three FTR models have the same effects on the 

market equilibrium.  In this case, additional revenue from the possession of FTRs will 

make the firm in the exporting market j more favorable to the aggressive output.  

Therefore, the deviation from the Cournot equilibrium to the mixed strategy equilibrium 

and from the mixed strategy equilibrium to the passive/aggressive equilibrium may occur 

for a smaller value of β  than in the reference case.  The optimal aggressive output 

increases compared to that of the reference case and, therefore, the price at market j at the 

passive/aggressive equilibrium is lower than that of the reference case.  The price at 

market i at the pure strategy equilibrium is the same as that of the reference case.  

In this case, the expected price at the exporting market j will always be lower than 

that of the reference case for sufficiently large β .  For small value of β , the expected price 

at market j is the same as that of the reference case, but it will not be lower than the 

reference case price.  There may be a range of β  where the expected price at the 
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importing market i is lower than that of the reference case, and it will not be higher than 

the reference case price. 
 

3.5.2.2 Sinking direction  

In the sinking direction, uni-directional FTR options do not have any effect since 

the resulting profits are the same as those for the reference case.  Since bi-directional 

FTR options are equivalent to uni-directional FTR options in each direction, the effects 

are the same as those in the sourcing direction.  However, FTR obligations result in less 

profits for the aggressive output.  Therefore, the transition from the unconstrained 

Cournot equilibrium to the mixed strategy equilibrium and from the mixed strategy 

equilibrium to the passive/aggressive equilibrium may occur at a higher value of β  than in 

the reference case.  The Cournot equilibrium prices at the exporting market j are the 

same as those of the reference case, while the passive/aggressive equilibrium prices at the 

exporting market j will be higher than those of the reference case.  The prices at the 

importing market j at the pure strategy equilibrium will be the same as those of the 

reference case.  Suppose that the transition value of β  from the Cournot equilibrium to 

the mixed strategy equilibrium is higher than that of the reference case.  In this case, 

between the transition value of β  for the reference model and that for the FTR obligation 

model, the expected price at the exporting market for the FTR obligation model is lower 

than that for the reference model, since the Cournot equilibrium price is assumed to be 

lower than the mixed-strategy equilibrium price.  However, for the values of β   large 

enough to result in the passive/aggressive equilibrium for both models, the exporting 

market price for the FTR obligation model is higher than that for the reference model. 
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3.5.3 Summary and policy implications 

In sections 3.5.1 and 3.5.2, I considered the competitive effects of ownership of 

financial transmission rights with varying demand in asymmetric markets.  Table 3.1 

summarizes the results.  The effect of an FTR is deemed to be “good” if it lowers prices 

towards competitive levels in both markets.  It is deemed to be bad if it increases prices 

in both markets. 

Ownership of FTRs in the sinking direction owned by generating firms in the 

importing market is uniformly bad.  Such FTRs have no role in hedging risk for the 

owner since they involve increasing exposure of the firm to nodal prices at its location.  

From a policy perspective, such ownership of FTRs should be discouraged, as implied by 

the results of Gilbert et al. [23].  

On the other hand, ownership of FTRs in the sourcing direction by generating 

firms in the exporting market is uniformly good.  Such FTRs hedge risk for the 

generating firm by reducing the exposure of the firm to nodal prices at its location.  

Such ownership of FTRs should be encouraged. 

In the other cases, the results are less definitive.  However, other than the FTR 

obligation model in the sinking direction for a generating firm in the exporting market, 

the result for each FTR model provides information that has not appeared previously [20, 

21, 23, 24]. 
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Table 3. 1 Competitive Effects for Each FTR Model 

 (B: bad effect, G: good effect, N: no effect, X: no definitive conclusion) 

 

• Generating firm in the importing market 

 Sinking direction Sourcing direction 

Uni-directional FTR option B N 

Bi-directional FTR option B B 

FTR obligation B G 

 

• Generating firm in the exporting market 

 Sinking direction Sourcing direction 

Uni-directional FTR option N G 

Bi-directional FTR option G G 

FTR obligation X G 

  

In several markets, such as ERCOT, there are limitations on the possession of 

FTRs that are aimed at mitigating market power.  However, these limitations are 

typically independent of the location of the owner.  The results in this section indicate 

that such a policy is inappropriate, both because it allows a generating firm in the 

importing market to own any FTRs in the sinking direction and also because it limits the 

ownership of sourcing FTRs by generating firms in the exporting market.  To implement 



 56 

such a policy considering the location of the owner, there needs to be rules on acquiring 

FTRs both in an initial allocation auction and in any secondary market. 

 

3.6 NUMERICAL EXAMPLE 

In this section, I present a numerical example for an asymmetric market that will 

help to make concrete the results from the previous sections.  In this example, I consider 

varying demand in asymmetric markets and the inverse demand of each market is as 

follows: 
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where the inverse-demand duration curve ( )βd  for β  is as shown in Fig. 3.12. 
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Figure 3. 12. Inverse-Demand Duration Curve. 

 

The cost function of each firm is as follows: 
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The capacity of the transmission line K is set to 3.  With this setup, the market i 

is always an importing market at equilibrium whenever there is a flow on the 

transmission line.  In this example, the mixed strategy equilibrium is computed using 

the fictitious play method described by Borenstein et al. [15].  Fig. 3.13 shows the 

expected price of each market as a function of the different values of β for the reference 

case; that is, without FTRs. 
 

 

Figure 3. 13. Expected Price Curves in The Reference Case. 

 

We consider 4 different cases according to the right holder and to the direction.  

 

β  
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Case 1: FTR ownership of the generating firm in the importing market in the 

sinking direction 

In this case, firm i owns all the FTRs in the sinking direction.  All three FTR 

models have the same results and Fig. 3.14 shows the results of the bi-directional FTR 

option model compared with those of the reference case.  Fig. 3.14(a) shows the 

expected price at market i and Fig. 3.14(b) shows the expected price at market j.  In both 

markets, the expected price with FTRs is always higher than or equal to, and is never 

lower than that without FTRs for each possible value of β.  
 

 

(a) Expected Price Curves at Market i. 

β  



 59 

 

(b) Expected Price Curves at Market j. 

Figure 3. 14. Expected Price Curves in Case 1. 

 

 

Case 2: FTR ownership of the generating firm in the exporting market in the 

sourcing direction 

In this case, firm j owns all the amount of FTRs in the sourcing direction.  In this 

case, all three FTR models have the same effects on the expected price at each market: 

the expected price at any market is lower than or equal to, and not higher than, the 

expected price for reference case for each value of β.  Fig. 3.15 shows the results of 

FTR obligation model compared with those of the reference case. 
 
 

β  
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(a) Expected Price Curves at Market i. 

 
(b) Expected Price Curves at Market j. 

Figure 3. 15. Expected Price Curves in Case 2. 

 
 

Case 3: FTR ownership of the generating firm in the importing market in the 

sourcing direction 



 61 

In this case, firm i owns all the amount of FTRs in the sourcing direction.  In this 

case, uni-directional FTR model does not have any effect on the expected price.  Bi-

directional FTR option model has the same effects as in case 1 since bi-directional FTR 

options are equivalent to uni-directional FTR options in each direction.  For the FTR 

obligation model, the expected price at any market for FTR obligation case will not be 

higher than the expected price for reference case for each value of β.  Fig. 3.16 shows 

the results of FTR obligation model compared with those of the reference case. 
 

 
(a) Expected Price Curves at Market i. 
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(b) Expected Price Curves at Market j. 

Figure 3. 16. Expected Price Curves in Case 3. 

 
 

Case 4: FTR ownership of the generating firm in the exporting market in the 

sinking direction 

In this case, firm j owns all the amount of FTRs in the sinking direction.  In this 

case, uni-directional FTR model does not have any effect on the expected price.  Bi-

directional FTR model has the same effects as in case 2 since bi-directional FTRs do not 

have directions.  For the FTR obligation model, no definitive conclusion is made as 

discussed in section 3.5.  Fig. 3.17 shows the results of FTR obligation model compared 

with those of the reference case.  As shown in Fig. 3.17(b), we can observe that the 

expected price curves of both cases criss-cross. 
 

 
(a) Expected Price Curves at Market i. 
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(b) Expected Price Curves at Market j. 

Figure 3. 17. Expected Price Curves in Case 4. 

 

3.7 CONCLUSIONS  

As stated in the work of Borenstein et al. [15], the full benefits of competition can 

be achieved by connecting two markets with a sufficiently large capacity line so that each 

generator would compete over the merged market instead of over a residual market of its 

own.  In this study, I have demonstrated how to analyze the impact of ownership of 

FTRs on competition, and showed that, by introducing FTRs in an appropriate manner, 

the physical capacity needed for the full benefits of competition can be reduced.  It has 

also shown that, by introducing FTRs, we may reduce the required physical capacity of 

the transmission line that is necessary to achieve a pure strategy equilibrium, particularly 

for achieving the unconstrained Cournot equilibrium that gives the full benefits of 

competition of a merged market.  I have provided separate results for FTR option 

models and for a FTR obligation model in this study.  This enables the results to be 
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applied for a market using a specific FTR model.  For example, FTR obligations are 

relevant to Northeast markets while the uni-directional FTR option model is relevant to 

the ERCOT zonal market. 

I also extended the FTR models by considering asymmetric markets and by 

assuming that one of the markets is perfectly competitive.  Asymmetry of markets 

makes it possible for the ownership of FTRs to change market equilibrium from the 

unconstrained Cournot equilibrium to a passive/aggressive equilibrium.  By constraining 

one market to be competitive, I could show a similar result to that in the work of Joskow 

and Tirole [21].  Moreover, other results from the same model were also obtained and 

some of them show that FTRs may reduce the firm’s market power while Joskow and 

Tirole showed only the result of enhancing the firm’s market power.  Based on the 

model, I also analyzed the competitive effects of ownership of FTRs in asymmetric 

markets in order for more practical applications of the theory.  Competitive effects of 

each FTR model are evaluated and policy implications discussed.  A numerical 

illustration of applying the analysis is presented. 

Finally, I observe that the model has assumed particular ownership of FTRs.  In 

future work, I plan to analyze the incentives for acquiring FTRs and for entering into 

forward energy contracts.  FTRs can be considered to be forward contracts for 

transmission service.  I plan to investigate whether results analogous to Allaz and Vila 

[30], where the joint equilibrium in the forward and spot market is more competitive than 

the spot market alone, also hold for FTRs. 
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Chapter 4: Dynamic Game Model for Deregulated Electricity Markets 

Considering the Ramp Rate Constraints 

4.1 INTRODUCTION 

As discussed in section 3.1, among many physical characteristics of electricity, 

much research has focused on understanding the roles of transmission networks in a 

deregulated electricity industry.  In contrast to the many studies on transmission 

network constraints, generation unit’s physical constraints have been less studied in the 

context of markets.  Baldick and Hogan [31] applied a supply function equilibrium 

model to analyze electricity markets with capacity constrained generators.  Arroyo and 

Conejo [32] described a market clearing tool that considers generator’s minimum up and 

down time constraints.  

One of the important constraints that considerably affects generators’ economic 

production is the ramp rate constraint.  Wang and Shahidehpour [33] proposed an 

algorithm to solve unit commitment problems considering the ramp rate constraint in the 

vertically integrated industry environment.  Lee et al. [34] presented a price-based ramp 

rate model.  However, they did not consider generators’ strategic interaction in the 

market.  Shrestha et al. [35] studied the ramp rate constraint in deregulated markets. 

Even though they addressed generators’ strategic dispatch decision, they did not consider 

strategic interaction. 

In this study, a dynamic game model is proposed in order to consider generators’ 

strategic interaction with the ramp rate constraints.  The solution of the game is obtained 

based on the subgame perfect Nash equilibrium concept [4-7].  Backward induction 

approach is adopted for characterizing the subgame perfect Nash equilibrium of the 

game.  After equilibrium analysis, the inter-temporal nature of the ramp rate constraints 
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shows that the equilibrium strategy should be a Markov strategy.  That is, the subgame 

perfect Nash equilibrium is characterized by the Markov perfect equilibrium [5].  As an 

illustration, a simple numerical example is presented.  

This chapter is organized as follows.  Section 4.2 describes the electricity market 

model with explicit representation of the ramp rate constraints.  In section 4.3, a 

dynamic game model is presented and the market equilibrium is analyzed.  Section 4.4 

presents a simple numerical illustration of the approach.  Finally, the conclusion is 

provided in section 4.5. 

This study has been submitted to IEEE Transactions on Power Systems [36], and 

it is now under revision.   

 

4.2 ELECTRICITY MARKET MODEL 

 I consider a series of electricity spot markets of which time index is denoted by 

{ }Tt ,,2,1 L∈ .  There are N generators in the market and the production cost function 

++ ℜ→ℜ:iC of generator i, where { }Ni ,,2,1 L∈ , is of a quadratic form: 

 

( ) iiiiiii cqbqaqC ++= 2

2

1
,       (4.1) 

where ],0[ ii qq ∈  is generator i’s production, iq is generator i’s maximum 

capacity and ,, ii ba  and ic  are parameters.  Demand in the market at time t is assumed 

to be characterized by an inverse-demand function denoted by P
t
 : ℜ

+
→ ℜ

+
 and is 

represented by an affine curve with a negative slope: 

 

( ) tqtqtP βα +−= , where α
t
, β

t
 ∈ ℜ

+
.    (4.2) 
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Let q
i,0

 denote the initial production quantity of generator i.  Let, also, ∆q
iu
 and 

∆q
id
 denote generator i’s ramp up rate and ramp down rate for the interval between two 

consecutive time indices, respectively.  Then, generator i’s ramp rate constraints are 

written as: 

 
{ } iuqtiqtiqidqtiqTt ∆+−≤≤∆−−∈∀ 1,,1,,,,2,1 L ,   (4.3) 

where q
i,t
 is generator i’s production quantity at time t. 

 

4.3 MARKET EQUILIBRIUM ANALYSIS 

4.3.1 Game model 

In the game model, generators compete against each other by choosing their 

production quantities (Cournot assumption). Generators’ ramp rate constraints described 

in (4.3) are inter-temporal constraints in nature and, therefore, dynamic game theory is 

applied in order to fully characterize generators’ strategic interaction in the markets.  

Fig. 4.1 shows the extensive form representation [4, 5] of the dynamic game for the 

electricity market considered in this study.  Following the standard representation, the 

dot on top of Fig. 4.1 represents the root of the game tree which is the starting point of 

the propagation of strategic decisions. 
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Figure 4. 1. Extensive Form for the Electricity Market 

 

In this game model, there is a static game embedded in the whole dynamic game 

at each time t and these static games are depicted as ellipses in Fig. 4.1.  That is, at each 

t, generators compete against each other to serve demand at that time by ‘simultaneously’ 

choosing their production quantities.  

One of the popular solution concepts in dynamic game theory is the subgame 

perfect Nash equilibrium [4-6].  In this study, the market equilibrium is defined by the 

subgame perfect Nash equilibrium.  To characterize every subgame, we define generator 

i’s payoff function ti,Π  for the subgame from time t to T: 

 

 ∑
=

=Π
T

t

iti

τ
τπ ,, ,       (4.4) 

where ti,π  denotes generator i’s profit from the spot market at time t.  
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4.3.2 Equilibrium analysis 

 One way to characterize a subgame perfect Nash equilibrium is backward 

induction [4-6].  Backward induction is applied for equilibrium analysis in this study.  

The first step of this approach is analyzing the last node subgames at time T.  

At time T, generator i’s subgame payoff function is its profit Ti,π  at time T and 

the profit is defined as: 

 

( )TiiTiT

N

j

TjTTi qCqq ,,

1

,, −












+−= ∑

=

βαπ .    (4.5) 

 

Due to the ramp rate constraint, the possible production choice Tiq ,  is restricted 

according to generator i’s production quantity 1, −Tiq  at the previous time T-1.  More 

generally, the ramp rate constraint at time { }Tt ,,2,1 L∈  is expressed as: 

 

tititi
qqq ,,,

≤≤ ,      (4.6) 

 

where ( )idtiti
qqq ∆−= −1,,

,0max , and ( )iutiiti qqqq ∆+= −1,, ,min . 

Due to the ramp rate constraint, there are three cases for characterizing the best 

response BR
Tiq ,  of generator i for the subgame at time T.  Since Ti,π  is a concave 

function and 
Ti

Ti

q ,

,

∂

∂π
 is an increasing function with respect to Tiq , , the best response BR

Tiq ,  

is expressed as: 
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The third row of (4.7) is derived by the first-order necessary condition for 

unconstrained maximization of (4.5): 

 

0,,

1

,
,

, =−−−+−=
∂

∂
∑
=

iTiiTiTT

N

j

TjT
Ti

Ti
bqaqq

q
αβα

π
.   (4.8) 

 

The Nash equilibrium strategy profile ( )Nash
TN

Nash
T

Nash
T qqq ,,1 ,,L=  for the spot market 

at time T is determined by simultaneously solving (4.7) for all generators.  Moreover, 

the Nash equilibrium payoff profile ( )Nash
TN

Nash
T

Nash
T ,,1 ,, ΠΠ=Π L  for the subgame at time T is 

obtained using the determined equilibrium strategy profile Nash
Tq .  An important 

observation is that the equilibrium strategy profile Nash
Tq  for the subgame at time T 

would be a function of the production quantity profile ( )1,1,11 ,, −−− = TNTT qqq L  at the 

previous time T-1 through the dependence of 
Ti

q
,

 and Tiq ,  on 1, −Tiq .  This holds in 

general for the subgame from time t to T.  That is, the equilibrium strategy profile Nash
tq  

for the subgame from time t to T would be a function of the production quantity profile 

( )1,1,11 ,, −−− = tNtt qqq L  at time t-1.  

This explicitly shows the nature of the inter-temporal dynamics of the ramp rate 

constraints.  Since the ramp rate constraints restrict generators’ production quantities at 

only two consecutive times, the subgame perfect equilibrium strategy should be a 
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Markov strategy.  That is, the subgame equilibrium strategy profile Nash
tq is only 

dependent on the previous production profile 1−tq .  That is, a given 1−tq , the profile 

Nash
tq  does not depend on the production profiles before time t-1, 21 ,, −tqq L :  

 

( ) ( )111 ,, −− = t
Nash
tt

Nash
t qqqqq L .     (4.9) 

 

This, in turn, suggests that the subgame perfect equilibrium of the proposed model 

should be Markov perfect equilibrium [5].  

Now, suppose that we have the solution for the subgame from time t to T.  Then, 

the subgame equilibrium strategy profile Nash
tq 1−  is obtained by simultaneously solving: 

 

( ) { },,,1,,,,,maxarg 1,1,1,11,1,

1,

Niqqqq
Nash

tNti

Nash

tti
q

Nash

ti

ti

LLL ∈∀Π= −−−−−
−

 (4.10) 

where ( )Nash
tN

Nash
ttititi qq ,,11,1,1, ,,L−−− Π+=Π π .  Since we have determined the 

equilibrium for the subgame at time T in terms of the production quantity profile 1−Tq , by 

using the backward induction procedure, the Markov perfect Nash equilibrium strategy 

profile Nashq  can be obtained as: 

 

 ( ) ( )( )Nash
TN

Nash
N

Nash
T

NashNash qqqqq ,1,,11,1 ,,,,,, LLL= .   (4.11) 

 

The Markov perfect equilibrium path can also be obtained by determining the 

actual equilibrium outputs sequentially from the initial production profile 

( )0,0,10 ,, Nqqq L= .  
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4.4 EXAMPLES 

In order to show the validity of the proposed approach, two examples are shown. 

The first example is a discrete strategy game example and mainly aimed to provide an 

illustration.  The second example is a numerical example using a simple market 

model.  
 

4.4.1 Discrete strategy game example 

In order to illustrate how the equilibrium strategy can be specified in a simpler 

way due to the Markov property, a discrete strategy game example is presented.  

Suppose that there are two strategic generators competing with each other.  Three 

consecutive spot markets at t = 1, 2, 3 are considered with a given initial production 

quantity ( )0,20,1 ,qq  for the market at t = 0.  At each spot market, generator i, i = 1, 2, 

determines one of two choices: ramping up up
iR  and down down

iR .  It is assumed that, at 

each spot market, the ramping up and down rate of each generator i are the same and 

denoted by iq∆ .  Following the Cournot game framework, the strategy of generator i at 

market t is defined as generator i’s output quantity tiq , .  Fig. 4.2 shows the extensive 

form representation of the game. 
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Figure 4. 2. Extensive Form Representation of the Game 

 

Let us consider generator 1’s Nash equilibrium strategy Nashq 3,1  in the market at t = 

3.  Without considering the Markov property, there will be 16 equilibrium strategies for 

Nashq 3,1 , 16,
3,1

1,
3,1 ,, NashNash

qq L , and Nashq 3,1  can be represented as (4.12): 
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   (4.12) 
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On the other hand, if we utilize the Markov property, then there will be only 9 

equilibrium strategies for Nashq 3,1 namely, 9,
3,1

1,
3,1 ,, MarMar

qq L , which are Markov perfect 

equilibrium strategies. Using the Markov perfect equilibrium concept, Nashq 3,1  is 

represented as (4.13): 

 














∆+=∆+=

=∆−=

∆−=∆−=

=

.2,2

,2

,2,2

20,22,210,12,1
9,

3,1

,0,22,210,12,1
2,

3,1

20,22,210,12,1
1,

3,1

3,1

qqqqqqifq

qqqqqifq

qqqqqqifq

q

Mar

Mar

Mar

Nash

M

   (4.13) 

 

As shown in this example, even though we considered only 3 markets and 2 

discrete strategies for each player at each market, the number of equilibrium strategies in 

the final stage game reduced considerably.  For more realistic cases with a large number 

of stages and with continuous strategy spaces, consideration of the Markov property 

would significantly simplify equilibrium strategy representation. 
 

4.4.2 Numerical example 

A two stage game is considered with t = 1,2, and the market at t = 0 is assumed to 

have been cleared previously.  The market clearing result at t = 0 is given as an initial 

condition as the initial production quantity profile [ ]25.0,25.00 =q . 

There are two generators with the same cost function: 

 

( ) 2,1,
2

1 2 =+= iqqqC iiii .     (4.14) 
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The ramp rates for two generators are: 

 

.05.0

,1.0

22

11

=∆=∆

=∆=∆

du

du

qq

qq
      (4.15) 

 

The considered time horizon is set to 2, that is, { }2,1∈t .  The inverse demand 

functions in the two stages are: 
 

( )
( ) .2

,42

2

1

+−=

+−=

qqP

qqP
      (4.16) 

 

Following the backward induction procedures, first consider the subgame at t = 2. 

The equilibrium strategies for the subgame are determined as: 
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Considering all the feasible values of ( )1,21,11 ,qqq = , the equilibrium strategy 

profile for the subgame is obtained as: 
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( )25.0,25.02 =Nashq .      (4.19) 

 

Note that (4.19) is not a value but a function with a constant value.  The 

equilibrium payoff profile for the subgame is also determined as: 

 

( )0938.0,0938.02 =ΠNash .     (4.20) 

 

Now, consider the subgame from t = 1 to t = 2.  The payoff profile for this 

subgame is: 

 
( )
( ).0938.0,0938.0

,

1,21,1

1,21,11

++=

ΠΠ=Π

ππ
    (4.21) 

 

By finding Nash equilibrium for this subgame considering the initial production 

quantity profile, the Markov perfect Nash equilibrium strategy profile is obtained as: 

 

( ) ( )( )
( ) ( )( ).25.0,3.0,25.0,35.0

,,,, 2,21,22,11,1

=

= NashNashNashNashNash
qqqqq L

    (4.22) 

 

Both generator 1 and generator 2 ramp up for t = 1 and down for t = 2. 

 

4.5 CONCLUSIONS 

This study proposed a game theoretic approach for studying generators’ strategic 

interaction in the deregulated electricity markets considering generators’ ramp rate 
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constraints.  In this study, a dynamic game model has been proposed in order to 

consider generators’ strategic interaction with the ramp rate constraints.  The subgame 

perfect Nash equilibrium has been adopted as the solution of the game.  Backward 

induction approach has been applied to determining the subgame perfect Nash 

equilibrium of the game.  The inter-temporal nature of the ramp rate restricts the 

subgame perfect equilibrium strategy to be a Markov strategy.  This, in turn, 

characterizes the subgame perfect Nash equilibrium of the proposed game as the Markov 

perfect equilibrium.  Finally, as an illustration, we presented two examples including a 

simple discrete strategy example and a numerical example. 
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Chapter 5: Strategic Behavior In Electricity Capacity Markets 

5.1 INTRODUCTION 

One of the most controversial issues in electricity industry deregulation is 

capacity market design.  Some argue that there is no need for capacity markets [37], 

while others argue that they are essential for reliable system operation [38].  Responding 

to the controversy, many studies have been performed on capacity markets [39-43]. 

Creti and Fabra [39] analyzed installed capacity markets (ICAP) and addressed 

regulatory issues such as the optimal choice of the reserve margin and the capacity 

deficiency rate.  Stoft [40] investigated operating reserve markets and analyzed the 

conditions for capacity markets.  Oren [41] and Chao and Wilson [42] suggested call-

option approaches instead of capacity markets.  Cramton and Stoft [43] investigated 

flaws in early capacity markets and proposed a capacity market for New England. 

Many problems related to capacity markets including market power exercise and 

price distortion have been addressed in the literature.  However, there is another 

possible problem in the conventional capacity markets that is rarely discussed in the 

literature: an exaggerated capacity offer.  

Consider the following capacity market.  An independent system operator (ISO) 

has the responsibility for the provision of adequate capacity resources to ensure the 

security of the system.  In order to procure the required capacity, the ISO operates the 

capacity markets where generators compete to provide the capacity.  As in typical 

implementations, the demand in the capacity market is fixed as determined by the ISO.  

The capacity market is cleared by a uniform price auction.  In the considered capacity 

markets, a generator possibly has incentives to offer more than its true capacity. Unless 
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the ISO actually issues dispatch instructions to the generator to produce more than it can 

produce, the generator will receive the capacity payments for the capacity it exaggerated.  

This study presents a simple capacity market model, represented as a two player 

game.  The solution of the game is defined by the Nash equilibrium.  In this setup, I 

focus on two pure strategy Nash equilibria: an equilibrium at which generators offer their 

true capacities, and an equilibrium at which generators offer exaggerated capacities.  I 

show that the exaggerated capacity offer case is more probable in practical electricity 

markets.  I also show that, with the considered capacity market design, the more 

conservative the independent system operator’s capacity procurement, the higher the risk 

of exaggerated capacity offers.  

This chapter is organized as follows.  Section 5.2 briefly describes the capacity 

market model that is considered in the chapter.  In section 5.3, I describe a two player 

game model following the capacity market model and present equilibrium analysis.  

Section 5.4 presents a numerical example for illustration.  Finally, the conclusion drawn 

from the study is provided in Section 5.5. 

This study has been presented at the Fourth Annual Carnegie Mellon Conference 

on the Electricity Industry [44].   

 

5.2 CAPACITY MARKET MODEL 

I consider electricity markets where an ISO operates the capacity markets as a 

uniform price auction where generators compete to provide the capacity.  The demand 

in the capacity market is fixed in terms of MW as determined by the ISO.  

In order for simplicity of the analysis, I assume that among all generators in the 

capacity market only two generators are strategically seeking an opportunity for 

increasing profits by offering more capacity than the amount that they can actually 
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provide when the ISO issues dispatch instructions to them.  Furthermore, the two 

strategic generators are assumed to be identical.  That is, the two generators have the 

same cost function and the available capacities of two generators for the capacity market 

are the same.  The other generators are assumed to offer their true available capacities. 

Each strategic generator is assumed to have two options in the capacity market: 

either to offer its true capacity TC  or to offer EC , where ET CC <  so that EC  is more 

than its true capacity.  I assume that the generators are able to follow the ISO’s dispatch 

instruction in the real time market only when the instructed dispatch is less than or equal 

to TC .  Therefore, the generators will fail to follow the ISO’s dispatch instruction when 

the instructed dispatch is greater than TC .  Furthermore, in order to avoid 

complications, I assume that the total available capacity, 2 TC , of the two strategic 

generators is greater than or equal to the demand minus total supply from the other 

generators. 

If both of the two strategic generators offer truthfully in the capacity market, both 

generators receive capacity award A
TTC  with the capacity market clearing price TTP .  

The capacity award A
TTC  is less than or equal to the capacity offer TC .  Then, the 

capacity payments TTπ  for each generator are determined as: 

 

A
TTTTTT CP=π .      (5.1) 

 

Since T
A

TT CC ≤ , both generators will successfully follow the ISO’s dispatch 

instruction and, therefore, there will be no charge for failure to follow the ISO’s 

instructions.  

On another hand, suppose that one of the two strategic generators, generator 1, 

makes the exaggerated offer EC , while the other generator 2 offers its true available 
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capacity TC .  Due to the offer capacity increase, the capacity market clearing price ETP  

would not be greater than TTP .  The awarded capacities for generator 1 and 2 are EA
ETC ,  

and TA
ETC , , respectively.  I assume that T

EA
ET CC >,  and T

TA
ET CC <, .  Furthermore, the 

awarded capacity for generator 2 satisfies A
TT

TA
ET CC <,  due to the increased capacity award 

of generator 1.  The capacity payments E
ETπ  and T

ETπ  of generator 1 and 2, 

respectively, are determined as: 

 

EA
ETET

E
ET CP ,=π ,      (5.2) 

TA
ETET

T
ET CP ,=π .      (5.3) 

 

In this case, it is clear that TT
T
ET ππ < .  However, E

ETπ  can be either greater or 

lower than TTπ .  Here, I assume that E
ETπ  is higher than TTπ .  This assumption is 

plausible because the generator with an exaggerated offer will take some part of the 

capacity demand that would have been served by the truthfully offered generator had 

both generators offered truthfully.  

However, generator 1 has a risk with this strategic behavior.  If the ISO actually 

issues dispatch instructions for producing more than generator 1’s truly available capacity 

in the energy market, generator 1 will fail to follow the ISO’s dispatch instructions, and 

should pay a penalty F  for the dispatch deviation.  I assume that this case will happen 

with probability ETProb . 

The case where generator 2 offers EC  and generator 1 offers TC  is symmetric 

with the previous case, and the same analysis results hold in a symmetric manner.  

Finally, consider the case where both strategic generators make exaggerated 

offers EC .  The capacity award for each generator is A
EEC , and I assume that A

EEC  is 
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greater than TC .  The capacity market clearing price in this case is denoted by EEP .  

The capacity payments of both generators are the same and defined by EEπ : 

 

A
EEEEEE CP=π .      (5.4) 

 

Here, EEπ  is assumed to be higher than TTπ , but to be less than E
ETπ .  This is 

plausible since the additional capacity award to a generator by offering exaggerated 

capacity would decrease if the other generator also offers exaggerated capacity.  

Furthermore, in this case, the probability EEProb  of failing to follow the ISO’s dispatch 

instructions and paying the penalty F  for the dispatch deviation would be greater than 

ETProb .  This is because of the larger amount of the exaggerated capacity in the total 

awarded capacity.  

 

5.3 GAME ANALYSIS 

5.3.1 Two player game model 

Following the market model, a two player game model is set up.  Two strategic 

generators are modeled as players.  Each player has two strategies: either to offer its true 

capacity ( TC ) or to offer an exaggerated capacity ( EC ).  Each player’s strategy is 

denoted by is , i = 1,2.  Each player’s payoff 2,1, =iiπ , is his profits from the capacity 

market considering the penalty for failing to follow ISO’s dispatch instructions.  Each 

player aims to maximize his expected payoff in this game.  From the market model 

setup, a normal form representation of this game is: 
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Table 5. 1 Normal Form Representation of the Game 

 

( 21,ππ ) 
C

T
 C

E
 

C
T
 ( TTπ , TTπ ) (

T
ETπ , FProbET

E
ET −π ) 

C
E
 ( FProbET

E
ET −π , T

ETπ )  ( FProbEEEE −π , FProbEEEE −π ) 

 

In the normal form representation of the game shown in Table 5.1, the strategies 

in rows are generator 1’s strategies while those in columns are generator 2’s.  Note that, 

whenever player’s payoff involves the penalty for failing to follow ISO’s dispatch 

instructions, the expected value of the payoff is obtained and written in the corresponding 

cell.  For a solution of the game, we adopt the Nash equilibrium concept. 

 

5.3.2 Equilibrium analysis 

The Nash equilibrium of the game shown in Table 5.1 will depend on the market 

parameters. In this study, I investigate two cases of unique pure-strategy Nash 

equilibrium3: the true capacity offer case and the exaggerated capacity offer case. 

 

5.3.2.1 Case 1: true capacity offer case ( FProbET
E
ETTT −> ππ  and FProbEEEE

T
ET −> ππ ) 

In this case, the unique Nash equilibrium of the game is ( TC , TC ).  That is, both 

generators will offer their true capacities at equilibrium.  From the point of view of 

market operations, this equilibrium is preferable.  In this sense, the ISO will try to 

achieve this equilibrium.  Fortunately, there is a parameter that the ISO can control: the 

                                                 
3 The remaining case involves mixed strategy equilibrium. This case is intentionally excluded from this 
study since the case will make the analysis complex with little useful interpretation. 
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penalty F .  By setting F  to a very high value, the conditions for case 1 will be always 

satisfied and the only market equilibrium will be truthful offer. 

However, there is a practical difficulty for this solution.  When the probabilities 

ETProb  and EEProb  are usually very small, the value for F  in order to satisfy the case 1 

conditions might become unreasonably high so that market participants are not willing to 

accept such penalty.  Moreover, the accurate measurement of capacity availability in the 

capacity markets is typically very hard.  Due to this difficulty, generators might 

unintentionally fail to follow ISO’s dispatch instructions.  This also makes market 

participants reluctant to agree to a very high penalty. 

 

5.3.2.2 Case 2: exaggerated capacity offer case ( FProbET
E
ETTT −< ππ  and 

FProbEEEE
T
ET −< ππ ) 

In this case, the unique Nash equilibrium is ( EC , EC ).  That is, both generators 

will offer the exaggerated capacities.  The risk of exaggerated capacity offer in the 

capacity markets would be high if the probabilities ETProb  and EEProb  is small.  These 

probabilities will be small if the ISO procured a large amount of capacity in the capacity 

market.  That is, the more conservative the independent system operator’s capacity 

procurement, the higher the risk of exaggerated capacity offers. 

 

5.4 NUMERICAL EXAMPLE 

I present a numerical example in order to illustrate the analysis.  As in the 

model, I consider two strategic generators 1 and 2, both of which have available capacity 

of 100 MW for the capacity market.  Both generators have two strategies: offering 100 

MW truthfully and offering over-capacity of 150 MW.  Suppose that the capacity 

market clearing price is 10 $/MW regardless of generators strategy selections and that 
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A
TTC  = 100 MW, EA

ETC ,  = 130 MW, TA
ETC , = 80 MW, and A

EEC = 110 MW.  Then, 

following (5.1), (5.2), (5.3), and (5.4), the capacity payments are TTπ  = $ 1,000, E
ETπ  = 

$ 1,300, T
ETπ  = $ 800, and EEπ  = $ 1,100.  Suppose the penalty F is $ 10,000. 

 First, consider a case where ETprb  = 0.05 and EEprb  = 0.1.  In this case, the 

normal form representation of the game is shown in Table 5.2. 

 

Table 5. 2 Normal Form Representation of the Example 

( 21,ππ ) C
T
 C

E
 

C
T
 ($ 1,000, $ 1,000) ($ 800, $ 800) 

C
E
 ($ 800, $ 800) ( $ 100, $ 100) 

 

From Table 5.2, it can be easily verified that (C
T
, C

T
) is the Nash equilibrium.  

That is, the Nash equilibrium strategy for both generators is to offer their available 

capacity truthfully. 

Now, consider a case where ETProb  = 0.005 and EEProb  = 0.01, and the normal 

form representation of the game is presented in Table 5.3.  

 

Table 5. 3 Normal Form Representation of the Example 

( 21,ππ ) C
T
 C

E
 

C
T
 ($ 1,000, $ 1,000) ($ 1,250, $ 800) 

C
E
 ($ 800, $ 1,250) ( $ 1,000, $ 1,000) 

 

The unique Nash equilibrium of this game is (C
E
, C

E
), that is, the Nash 

equilibrium strategy for both generators is to offer more than their available capacity. 

The above two cases illustrate that, when ETProb  and EEProb  is low, the 

exaggerated capacity offer case occurs.  Following section 5.3.2.2, this, in turn, shows 
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that the more conservative the independent system operator’s capacity procurement, the 

higher the risk of exaggerated capacity offers.  

 

5.5 CONCLUSIONS 

Capacity markets are regarded as an essential part of some restructured electricity 

markets [43].  However, in order for the capacity market to perform successfully, the 

market should be designed properly.  

In this study, I have demonstrated the possibility of a new weakness of a simple 

capacity market design: exaggerated capacity offers.  I have provided a simple capacity 

market model and a two player game model in this chapter.  Two types of pure strategy 

equilibria and the conditions for each equilibrium have been provided.  I have also 

provided separate analysis results for two pure strategy Nash equilibria.  One type of 

equilibrium corresponds to the exaggerated capacity offer case, and consideration of 

practical electricity markets suggests that the exaggerated capacity offer case might be 

more probable.  The analysis on the conditions for the exaggerated capacity offer case 

equilibrium shows that the more conservative the independent system operator’s capacity 

procurement, the higher the risk of exaggerated capacity offers.  Finally, a numerical 

example was presented for illustration. 
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Chapter 6: Conclusion 

This dissertation examines game-theoretic equilibrium analysis applications to 

deregulated electricity markets.  In particular, three specific applications are discussed: 

analyzing the competitive effects of ownership of FTRs, developing a dynamic game 

model considering the ramp rate constraints of generators, and analyzing strategic 

behavior in electricity capacity markets. 

 

6.1 THE COMPETITIVE EFFECTS OF OWNERSHIP OF FTRS 

This study investigated how generators’ ownership of FTRs may influence the 

effects of the transmission lines on competition.  As stated in the work of Borenstein et 

al. [14], the full benefits of competition can be achieved by connecting two markets with 

a sufficiently large capacity line.  The analysis in this dissertation showed that, by 

introducing FTRs in an appropriate manner, the physical capacity needed for the full 

benefits of competition can also be reduced.  It has also been shown that, by introducing 

FTRs, the required physical capacity of the transmission line that is necessary to achieve 

a pure strategy equilibrium may be reduced, particularly for achieving the unconstrained 

Cournot equilibrium that gives the full benefits of competition of a merged market.  

Separate results for an FTR option model and for an FTR obligation model have been 

provided, and, therefore, the results can be applied to a market using any specific FTR 

model.   

The competitive effects of ownership of FTRs with varying demand in 

asymmetric markets have been analyzed in order for more practical applications of the 

theory.  Competitive effects of each FTR model were evaluated and policy implications 

discussed.  A numerical illustration of applying the analysis was presented. 
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The model has assumed particular ownership of FTRs.  Future studies will 

consider the incentives for acquiring FTRs and for entering into forward energy 

contracts.  FTRs can be considered to be forward contracts for transmission service.  In 

future work, it will be investigated whether results analogous to Allaz and Vila [15], 

where the joint equilibrium in the forward and spot market is more competitive than the 

spot market alone, also hold for FTRs.  

 

6.2 A DYNAMIC GAME MODEL CONSIDERING THE RAMP RATE CONSTRAINTS OF 

GENERATORS 

In this study, a dynamic game model was proposed for studying generators’ 

strategic interaction in deregulated electricity markets considering generators’ ramp rate 

constraints.  The subgame perfect Nash equilibrium has been adopted as the solution of 

the game and the backward induction approach has been applied to determining the 

subgame perfect Nash equilibrium of the game.  The inter-temporal nature of the ramp 

rate constraints restricts the subgame perfect equilibrium strategy to be a Markov 

strategy.  This, in turn, characterizes the subgame perfect Nash equilibrium of the 

proposed game as the Markov perfect equilibrium.  

In future work, the proposed model will be applied to get insights about the 

competitive effects of the ramp rate constraints of generators.  Example future directions 

include analysis about what extent the ramp rate constraints enhance or mitigate market 

power and how social benefits will change if ramp rate constraints can be relaxed.  

 

6.3 STRATEGIC BEHAVIOR IN ELECTRICITY CAPACITY MARKETS 

In this study, a new possible flaw of a simple capacity market design has been 

discussed.  That is, it has been shown that there is a possibility of generators’ offering 
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more than their true capacity in a simple capacity market design.  This has been 

demonstrated using a simple capacity market model and a two player game model, and 

two types of pure strategy equilibria and the conditions for each equilibrium have been 

addressed.  One type of equilibrium corresponds to the exaggerated capacity offer case, 

and the equilibrium analysis shows that the more conservative the independent system 

operator’s capacity procurement, the higher the risk of exaggerated capacity offers.   

In future work, the model will be extended to consider more strategy choices, 

possibly continuous strategies.  By this extension, the model will be able to explain the 

other strategic behavior of generators: withholding capacity offers.  This extended 

model will also explain how strategic generators choose between exaggerated offers and 

withholding offers according to the conservativeness of the independent system 

operator’s capacity procurement. 
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Appendix 

 

This appendix provides proofs of the Lemmas. 
 

Proof of Lemma 1:  First, we consider the direction of option share from market 

i to j.  Suppose that there is no congestion.  In this case, prices are equated across 

markets so each market gets half of the total output of both firms.  On the other hand, if 

there is congestion, then the prices of the markets are different.  Two congested 

situations can be differentiated: one is to import K MW with line congestion, and the 

other is to export K MW with line congestion.  Here, I notice that line congestion can 

occur only when the output difference of both firms is greater than 2K MW.  More 

precisely, market i imports with congestion when q
i
 < q

j
 − 2K, and exports with 

congestion when q
i
 > q

j
 + 2K.  In this setting, the profit of firm i is represented by the 

profit function iπ : 

 

( ) ( ) ( )( ) ( )

( ) ( )

( )

, 2 ,

, 2 ,

, 2 2 ,
2

ij

i i i j i i i j

i i i i i j

i j

i i j i j

P q K q K P q K P q K C q if q q K

P q K q C q if q q K

q q
P q C q if q K q q K

η

π


 − + + − − − > +


= + − < −


+  − − ≤ ≤ +   

 (A1) 

where q
i
 is firm i’s output and q

j
 is firm j’s output. 

   

Using the explicit forms of demand and costs from (3.1) and (3.2), the profit 

function of firm i is:  
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( ) ( )( )

( )

2

2

2

2 , 2 ,
2

, 2 ,
2

, 2 2 .
2 2

ij

i i i i j i i i j

i i i i i i j

i j

i i i j i j

a
q q K K q q K q bq c if q q K

a
q q K q bq c if q q K

q q a
q q bq c if q K q q K

α α β η α α

π α α β

α β


 − + + + − − − − − > +



= − − + − − − < −

 + 

− + − − − − ≤ ≤ +  
  

 (A2) 

 

From (A2) and the definition, firm i’s optimal aggressive and passive outputs and 

Cournot best response output, which are denoted by ( ),ijuo ij

i i
q K η+ , ( )ijuo

i
q K

− , and ( )obC

i jq q , 

respectively, are obtained by (A3), (A4), and (A5):  

 
 

( ) ( ) ( )( ) 2, arg max 2
2

ij

i

uo ij ij

i i i i i i j i i
q

a
q K q q K K q q K q bq cη α α β η α α+  = − + + + − − − − −  

, (A3) 

( ) ( ) 2arg max
2

ij

i

uo

i i i i i
q

a
q K q q K q bq cα α β−  = − − + − − −  

,                     (A4) 

( ) 2arg max
2 2

ij

i

uo C i j

i j i i i
q

q q a
q q q q bq cα β

 +  
= − + − − −  

  
.         (A5) 

 

By solving (A3), (A4) and (A5), the optimal aggressive and passive outputs and 

the Cournot best response output can be explicitly expressed as (A6), (A7) and (A8): 

 

 ( ) ( )1
,

2

ij

ij

iuo ij

i i

K b
q K

a

β η α
η

α
+ + + −

=
+

,     (A6) 

 ( )
2

ijuo

i

K b
q K

a

β α
α

− − −
=

+
,       (A7) 

( ) ( )2

ijuo C

i j j

b
q q q

a a

α β
α α

−
= − +

+ +
.       (A8) 

 

By comparing (A6)-(A8) with (3.3)-(3.5), we can easily observe that (3.6)-(3.8) 

hold. 
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Similarly, for the case in which firm i possesses an ji

iη  FTR option in the other 

direction, the following results are obtained: 

 

( )
2

jiuo

i

K b
q K

a

β α
α

+ + −
=

+
,     (A9) 

 ( ) ( )1
,

2

ji

ji

iuo ji

i i

K b
q K

a

β η α
η

α
− − + −

=
+

,    (A10) 

( ) ( )2

jiuo C

i j j

b
q q q

a a

α β
α α

−
= − +

+ +
,    (A11) 

 

Therefore, we also observe that (3.9)–(3.11) hold. 

Q.E.D. 

 

Proof of Lemma 3: In the FTR obligation model, the profit of each firm i is 

represented by the profit function iπ : 

 

( ) ( ) ( )( ) ( )

( ) ( ) ( )( ) ( )

( )

, 2 ,

, 2 ,

, 2 2 ,
2

i i i j i i i j

i i i i i j i i j

i j

i i j i j

P q K q K P q K P q K C q if q q K

P q K q K P q K P q K C q if q q K

q q
P q C q if q K q q K

γ

π γ


 − + + − − − > +


= + − + − − − < −


+ 
− − ≤ ≤ + 

 

 (A12) 

where q
i
 is firm i’s output and q

j
 is firm j’s output. 

Using the explicit forms of demand and costs of (3.1) and (3.2), the profit 

function of firm i is rewritten such that: 

 

( ) ( )( )

( ) ( )( )

2

2

2

2 , 2 ,
2

2 , 2 ,
2

, 2 2 .
2 2

i i i i j i i i j

i i i i j i i i i j

i j

i i i j i j

a
q q K K q q K q bq c if q q K

a
q q K K q q K q bq c if q q K

q q a
q q bq c if q K q q K

α α β γ α α

π α α β γ α α

α β


 − + + + − − − − − > +



= − − + − − − − − − < −

 + 

− + − − − − ≤ ≤ +  
  

 (A13) 
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From (A13) and the definition, firm i’s optimal aggressive and passive outputs 

and Cournot best response output, which are denoted by ( ),ob

i i
q K γ+ , ( ),ob

i i
q K γ− , and 

( )obC

i jq q  respectively, are obtained by (A14), (A15), and (A16).  

 

( ) ( ) ( )( ) 2, arg max 2
2i

ob

i i i i i i j i i
q

a
q K q q K K q q K q bq cγ α α β γ α α+  = − + + + − − − − −  

, (A14) 

( ) ( ) ( )( ) 2, arg max 2
2i

ob

i i i i i j i i i
q

a
q K q q K K q q K q bq cγ α α β γ α α−  = − − + − − − − − −  

, (A15) 

( ) 2arg max
2 2i

i jobC

i j i i i
q

q q a
q q q q bq cα β

 +  
= − + − − −  

  
.    (A16) 

 

By solving (A14), (A15) and (A16), the optimal aggressive and passive outputs 

and the Cournot best response output can be explicitly expressed as (3.16), (3.17) and 

(3.18). 

Q.E.D. 

 

Proof of Lemma 4: The profit of firm i, 
ij
i

i

ηπ , with an FTR ij

iη  is represented as: 

 

( ) ( )( )

( )

( )( ) ( )( )

( )( ) ( )( )

( )( )

2

2

2

1
, 2 ,

2

1
2 ,

2 2 2

1 1
2 2 ,

1 2 ,
2

1
2 .

ij
i

i i i

i i

i i

ij

ij i

i i i

i

c
q b K q a if q b c K

c

c c
q b c b q a

c c

if b c K q b c K
c c

Kc
q b K q a b c K

c

if q b c K
c

η

α α β β α
α

α
β α

α α

π β α β α
α α

αη
α α η β β α

α

β α
α

  − + − + − − < − − +  + 

   − + − − + −   + +   

= − − + ≤ ≤ − + +
+ +

 − + − − + − − − − + +  + 

> − + +
+
















 

(A17) 

 

The profit of firm i, 
ji

i

i

ηπ , with an FTR ji

iη  is represented as: 
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( )( ) ( )( )

( )( )

( )

( )( ) ( )( )

( ) ( )( )

2

2

2

1 2 ,
2

1
2 ,

1
2 ,

2 2 2

1 1
2 2 ,

1
, 2 .

2

ji
i

ji

ji i

i i i

i

i i i

i

i i i

Kc
q b K q a b c K

c

if q b c K
c

c c
q b c b q a

c c

if b c K q b c K
c c

c
q b K q a if q b c K

c

η

αη
α α η β β α

α

β α
α

α
π β α

α α

β α β α
α α

α α β β α
α

  − + − + + − − − − − +  + 

< − − +
+

   = − + − − + −   + +   

− − + ≤ ≤ − + +
+ +

 − + − − − − > − + +  + 
















 (A18) 

 

Since there is no strategic response from market j, firm i faces the above profit 

function to maximize.  Each of 
ij
i

i

ηπ  and 
ji

i

i

ηπ  has three different regions with respect to 

iq  and we need to compare the maximum profit in each region to identify firm i’s 

optimal output.  Since we can observe that the possession of FTRs only affects the third 

row of (A17) and the first row of (A18), we need to consider only these two rows in order 

to assess the effect of FTR rights.  So, suppose that the maximum profit is obtained by 

the third row of (A17) or the first row of (A18) with the FTR option ij

iη  and ji

iη , 

respectively.  Then, firm i’s optimal output 
ij
i

iq
η  ( ji

iq ) with ij

iη  ( ji

iη ) will be (3.23) 

((3.24)). 

Q.E.D. 

 

Proof of Lemma 5: The profit of firm i with a bi-directional FTR option ( ),ij ji

i iµ µ  

is denoted by i

i

µπ  and is given by: 
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( )( ) ( )( )

( )( )

( )

( )( ) ( )( )

( )( )

2

2

2

1 2 ,
2

1
2 ,

1
2 ,

2 2 2

1 1
2 2 ,

1 2
2

i

ji

ji i

i i i

i

i i

i

i

ij

ij i

i i i

Kc
q b K q a b c K

c

if q b c K
c

c c
q b c b q a

c c

if b c K q b c K
c c

Kc
q b K q a b c

c

µ

αµ
α α µ β β α

α

β α
α

α
β α

α απ

β α β α
α α

αµ
α α µ β β

α

 − + − + + − − − − − +  + 

< − − +
+

   − + − − + −   + +   =

− − + ≤ ≤ − + +
+ +

 − + − − + − − − − + +  + 
( )( )

( )( )

,

1
2 .i

K

if q b c K
c

α

β α
α
















 > − + + +

 (A19) 

 

In order to focus on the effect of FTR options, suppose that the maximum profit is 

obtained either by the first row or by the third row of (A19).  Then, firm i’s optimal 

output will be either 
( )1

2

ij

ib K

c

β α µ

α

− + +

+
 or 

( )1

2

ji

ib K

c

β α µ

α

− − +

+
. 

Q.E.D. 

 

Proof of Lemma 6: We denote by i

i

γπ  firm i’s profit with an FTR obligation iγ . 

It is given by: 

 

( )( ) ( )( )

( )( )

( )

( )( ) ( )( )

( )( ) ( )( )

2

2

2

1 2 ,
2

1
2 ,

1
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2 2 2

1 1
2 2 ,

1 2 ,
2

i

i

i i i

i

i i

i

i

i

i i i

i

Kc
q b K q a b c K

c

if q b c K
c

c c
q b c b q a

c c

if b c K q b c K
c c

Kc
q b K q a b c K

c

if q

γ

αγ
α α γ β β α

α

β α
α

α
β α

α απ

β α β α
α α

αγ
α α γ β β α

α

 − + − + − − − + − − +  + 

< − − +
+

   − + − − + −   + +   =

− − + ≤ ≤ − + +
+ +

 − + − − + − − − − + +  + 

> ( )( )1
2 .b c K

c
β α

α
















 − + +
 +

 (A20) 
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To examine the effect of FTR obligations, we suppose that the maximum profit is 

obtained either by the first row or by the third row of (A20).  Then, firm i’s optimal 

output will be either 
( )1

2

ib K

c

β α γ

α

− + +

+
 or 

( )1

2

ib K

c

β α γ

α

− − −

+
. 

Q.E.D. 
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